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Lie theory and the wave equation in space-time. 5. R-
separable solutions of the wave equation y,~2,y =0

E. G. Kalnins

Department of Mathematics, University of Waikato, Hamilton, New Zealand

W. Miller, Jr.

School of Mathematics, University of Minnesota, Minneapolis, Minnesota 53453

(Received 9 November 1976)

A detailed classification is made of orthogonal coordinate systems for which the wave equation

Y, —App =0 admits an R-separable solution. Only those coordinate systems are given which are not
conformally equivalent to coordinate systems that have been found in previous articles. We find 106 new
coordinates to give a total of 367 conformally inequivalent orthogonal coordinates for which the wave

equation admits an R-separation of variables.

INTRODUCTION

In this article we continue our investigation of the
orthogonal R-separable coordinate systems for which
the wave equation in space—time,

Upe = By =0 (*)

admits an R-separation of variables.!~* In a previous
article? we have studied coordinate systems for which
the Klein—Gordon equation

Pp = D= AP (**)

admits a separation of variables. Such coordinate sys-
terus also admit a separation of variables for the wave
equation (*). In Paper 4 of this series we found 261 con-
formally inequivalent coordinate systems of this type.

It is the purpose of this article to find coordinate sys-
tems for which (*_) admits a strictly R-separable solu-
tion. By this we mean those coordinate systems for
which (%) admits an R-separable solution and for which
there is no conformally equivalent coordinate system
such that () is simply separable. As with the treatment
of the wave equation in two space dimensions, ® we clas-
sify the different types of orthogonal coordinate systems
whose coordinate curves are cyclides or their degen-
erate forms.

The content of the article is arranged as follows. In
Sec. I we discuss the relevant details concerning co-
ordinate systems whose coordinate curves are cyclides
of most general type. This is a development of the
methods in the fundamental book by Bécher.® Also in
this section we give the various differential forms cor-
responding to the coordinate systems of interest. In
Sec. II we present the coordinate systems together with
the corresponding separation equations and triplet of
mutually commuting operators {L,, L,, L,} which de-
scribe each such system.

I. R-SEPARABLE DIFFERENTIAL FORMS FOR THE
WAVE EQUATION

Here we classify orthogonal differential forms for
which the wave equation (x) admits a strictly “R-sepa-
rable” separation of variables. We recall that if ® is a
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solution of (x) which is R-separable in terms of some
new coordinates x; (i =1, 2, 3,4), then ¥ can be written
in the form

$=exp[Q(xy, xp, x5, x) O (1.1

where the equation for the function ¢ is such that it ad-
mits a separation of variables. The factor exp@ is
called the modulation function and has a definite form
for each R-separable coordinate system. In addition no
part of the function @ should contain the sum of functions
f; of only one of the variables x;. For a strict R-sepa-
rable system the modulation function @ should not be
zero. In a previous article’ where we treated the wave
equation in two space variables, it was shown that only
c¢yclidic coordinate systems whose coordinate surfaces
were degenerate forms of confocal cyclides of the most
general type were strictly R-separable. All remaining
cylidic R-separable coordinate systems could be trans-
formed into coordinate systems for which the Klein
Gordon equation (8,, — A,)¢ = A also admits a separa-
tion of variables. This was done by a suitable trans-
formation of the O(3, 2) conformal symmetry group of
(3;, — 8,)¢ =0. The same situation holds in the case of
three spatial dimensions, and it is accordingly the pur-
pose of this section to discuss confocal families of cy-
clides of general type and their degenerate forms. We
now briefly outline the properties of cyclides of this
type and refer the reader for details to our previous
article® and the book by Bécher.® Families of confocal
cyclides have their natural setting in a six-~-dimensional
projective space. Elements of this space are specified
by six homogeneous coordinates vy : vy Vg iy Vs v,
which are not all simultaneously zero and which are
connected by the relation

(1.2)

The space—time coordinates are related to the homo-
geneous coordinates via the relations
v =i(p% = g% = %~ s% + u?),

Vo=pP-gi-riostou?,

¥ vt vt f v =0,

Ve =2pw, V4= 2iqw, (1.3)
Vo= 207w, Vg=2isw,
Copyright © 1977 American Institute of Physics 1741



where t=p/w, x=q/w, y=v/w, 2=s/w. A cyclide is
then defined as the locus of points lying on the quadric
surface

e

.
I,
&

=2 a;p9;,=0

1
with a;; = a;; and det(a;;) #0. The classification of cy-
clides under the group of orthogonal transformations
which preserves the form

6
Zz.\’iz
i=l

is then the problem of classifying the intersections of
two quadratic forms in six-dimensional projective
space. This is performed by the method of elementary
divisors applied to the two quadratic forms. (For the
details of this classification see Refs. 5, 6).

The equation describing the most general family of
confocal cyclides in this six-dimensional projective
space is

yiz

M-

Mo

Mm

:0’ yizzo, (1.4)

-
[N

Here A is one of the new curvilinear coordinates and
e;#*e; ifi#j ({,j=1,...,6). If we choose an ortho-
gonal coordinate system in space—time whose coordi-
nate surfaces have equations of the type (1.4), then the
line element in terms of these new coordinates becomes

1 [& (= x ) — %) (5, — %) ]
2__ i= XX = X)X — % 2
ds =Tt [12:1 7] dx,; (1.5)
where
6 - 1 6
flx) =T (x;—e;) and —==2,ew,;%
j=1 o ga

The coordinates v; are related to the curvilinear coor-
dinates x; via the equations
vi=0o(e)/flle), i=1,...,6, (1.6)

where ¢(A) =114 (X~ x,). If we write the solution ¥ of
the wave equation as

b= ("2, (1.7)
then & satisfies the differential equation

& 1 azcb) ] 5

2 —— =3} +3x;9] -2 L,ei)szo, (1.8)

A [<¢'(xf) 9, ! <i=1

where 2dv; =dx,;/Vf(x;). This equation admits separable
solutions for the function ®, i.e.,

4
$=1TI Ej(x]-).
j=1

Each of the functions E; satisfies the differential
equation

2 6
%E}u [3xj4 - 2(21 e,-) x;% +Ax,;®+ Bx; + c] E;=0.
7 i=

(1.9
We now proceed to classify coordinate systems of this
type by considering the expression inside the square
brackets in (1.5) and finding out what ranges of the co-
ordinates x; permit this differential form to have over-
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all negative signature. We must also consider degen-
erate forms of these general coordinate systems which
result when some of the e¢; become equal. In addition
we should mention that two confocal families of cyclides
of type (1.4) are equivalent under the action of real
linear transformations of the coordinates y; which pre-
serve the quantity %%, v,? if their parameters ¢;, e;’
and coordinates ¥;, x;’ are related by the equations

_oe’ 4B

_ax +
P oyve 4+ 60

=T (1.10)

where @, 8,7, 8c R and ad~ 3y#0.

We now give the classification of the strictly R-
separable coordinate systems, in particular the differ-
ential forms.

[1] The first type of differential form corresponds to
R-separable coordinate systems of the type (1. 6) for
which all the e; are real. In addition the relations (1.10)
can be used to standardize these quantities so that ¢,
=, ¢,=a, e;=0b, gg=c, e5=1, e,=0witha>b>c
>1., The differential form then becomes

2 *3)12 —G\(Xi‘xj)(xi—x )(Xi—-)«’) ]
ds _<4w4 )['1)_:/1 h(Xi)k l dxia (1.11)

where h(x) = (x - a){x - b)(x = ¢)(x = 1)x. The ranges of
variation of the variables x; are

Xy, Xpy Xg T @ Xy hy Xy, X > a> b >y e x>

Xy, Xgy Xg & a ™ b T Xy G

Xy ANy Xy Wb > e xg > (1.12)

Ny, Xg > A= Xy ™ b > xy >

Xy >a>b x> ¢ x> x> 0.

[2] The differential forms of this type are as in (1.11)
but with b =a*=a-iB, @ Bc R. The ranges of variation
of the variables x; are

Xy, Xgy X3 € Xy > 103

1.13
Xy, X P e x> 1> >0, ( )
[3] In this case the quantities e; can be taken to be

ey =%, eX*=c,=7+1i0,

ey=e;=a+1iB, eg=0, 8,7 0.

The differential form is given as in (1.11) with
hx) =[(x = )2+ 82 (x — )% + B%]x.

The ranges of variation of the variables x; are then

X1, Xp, X3 > 0y Xy 207X, Xy, (1.14)
The simplest types of degenerate differential forms
corresponding to cyclides of general type (1.4) are ob-
tained by allowing pairs of the quantities e¢; to become
equal. This is achieved by the prescription given by
Bécher, ® e.g., if ¢, and ¢, become equal then they do
so according to the prescription

ey =e,+€ x3=e,+ex’ (1.15)
where € is a first order quantity. With this substitution

and the subsequent use of the relations (1. 10) to take

E.G. Kalnins and W. Miiler, Jr. 1742



€, ==, the differential form becomes

ds?=[_ (3, +3’zz)>
T 4t

dx, " £ (v =) (x; — %)
x[xl'(fﬁ,‘ 1)_iZ=2

R 2
ea dxi] , (1.16)

where h(x) = (x = a)(x —= b)(x — ¢)(x —= d). If we make the
same substitution in (1.6) relating the coordinates v,%,

we obtain
ni=1-x', vl=x'

2_ (Xa—e) (x5 — eg) (xy — €g)
2 (63 = 94)(63 - 95}(03 - @6) ’

kY

2_ (¥p = ey) (g — eg) (xy — €y)

(eg— e5)(ey — e5) (e, = ¢g)’ 1.17)

z (x5~ e5) (3 — e5) (v, — e5)
T (es—eg)les — ey)es ~ eg)’

, 2 (Xg— eg)(xg = eg) (g ~ ¢)
Yo "~ (eg = e3)(eg = ey (e5~ €5)’

In addition we note that the coordinate surface for the
coordinate x;’ has the equation

(1.18)

From the form of the coordinates in (1. 6) we see that
the real linear transformations which preserve the
quantity $8,v,% form a group isomorphic to O(4, 2). In
fact the representation of a point in space—time by the
six coordinates is such that the generators L;; =y;0,,
-~ v;0,. are directly related to the canonical generators
of the conformal symmetry group of the wave equation.®

More specifically we have the relations

Liy,=3(Ky=Py), Liy=(/20(K) = Py), Ly={(i/20(K,-P,)},
Lig=(i/2)(Ky = Py), Lyg=1iD, Lgg=iNy, Ly=iN,,
Log=(i/2(P + Ky), Lys=M
Lyg=—-3(P1+Ky), Lig=-5(Py+K,),
Lyg=—5(Py+Ky). (1.19
Here we have used the notation of Refs. 3 and 4 for the
generators of the conformal symmetry group.

Taking note of these relations, we see that coordi-
nate systems of the type given by (1. 17) correspond to
the diagonalization of the generator Ly, =¥,9,, - ¥;3,,
This generator may correspond to a rotation or a hyper-
bolic rotation in pentaspherical space. If a hyperbolic
rotation, we may always use an O(4, 2) group motion
to ensure that L, =D. The resulting coordinate system
in space—time is then equivalent to one of the radial
coordinate systems discussed in reference 4. According-

ly in classifying differential forms of type (1. 16) we
need only consider those for which 0 <x;' <1,

~¢=1"d=0 then we have the

w2/ (" = 1) +3,%/x" =0.

Ly =iN,, Loy =My,

25

L45 :M].J

[4] If we choose a~ b
possibilities
a>x,>b>x,>1>x,>0,

Npg™>a™Ng, Xy >0 x> a, 1>x5,%,>0;

Xp>a>x3>b>1>x,>0; b>x,>1>x4,%,>0;

Xpy Xgy Xy > ;O > X5, Xg, %4 > 15 0> x5, Xg, Xy,

XpyXg >, b>x,>15 x,>a; (1.20)
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b>xg,x,>1, 0>x5,%, b>x3>1>0>x,,

b>%y % >1>0>x5 0>x,>1>0>x,,%,;

a>xy %3 >b; b>x,>1, 0>x4;

a>x,>b>1>x3>0>xy.

(5] fa=b*=0a+iB, a,Bc Rand c=1, d=0, then we
have the possibilities

Xpy Xy Xy > 15 Xy 005 >1> 0>y (1.21)
Xy > 1> x5, 54> 0.
[6] If we have a=b* as above and c=d* =y +6, 7, 6
€ R then the variables X,, X5, X4 can be any real numbers.

If in addition we allow ¢; and ¢, to become equal ac-
cording to the prescription of Bdcher,

ea=e,+€, Xyme,+ex,, (1.22)
The differential form is then
(24, ) [ dx,?
2 _
ds®= ( 4.° x (x" = 1)
(ey = x3)(eq — Xy) dx,"
{eg—eg)leg—eg) %/ (1= x,7)
deg®  dx,?
- =3 __ 1.23
+(»‘4 X3) (P(Y3) P(X4) £ ( )

where P(x) ={x - ¢,)(x = ¢;)(x = eg). For all such differ-
ential forms 0<,’ <1, Differential forms of this type
fall into classes in which the quantities e, e5, ¢5 can be
chosen as 0,1, or a.

[T1e,=0, e5=1, es=a; a>1.

The variables x5, x, vary in the ranges:

0<x,<1<x,<qa; 1<x,<a<x,; x<0<1<x,<a,

(1.24)

[8]6‘4:1, es=0, e;=a; a>1,

1<xy<a<x; x<0<x<l; x3<0<1<x,<g
(1.25)

Now by the usual prescription, the differential form
becomes, with ¢, =1 and eg=0,

=8 “H’zz})[ dx " . dx,"™
ds = ( 430* v (g -1)+(1-'\4)x2’(1—x2')

O0<xy<l<a<x,.

dx, " dx,®
+X4X3'(l—,\‘3') +X,4(1_x4) . (1.26)
There is only one differential form of this type.
(9] For this case all the variables x;’ (i=1, 2, 3), x,

lie in the interval [0, 1].

A further class of differential forms can be obtained
by taking
€y =05 +a€, e5=e5+¢,

x;=eg+ex;’, i=3,4,

(1.27
© in the resulting differential form

(-l +r%+y z)> [ ( T

If we also put ¢4=
we obtain

dxz
Plx,)

b X dx?
+ (xa =X ) <Q(x3’) - Q(X4') ’ (1- 28)
E.G. Kalnins and W. Miller, Jr. 1743



where P(x) = (¥ — ¢{)(x - €,) (x — ;) and Q(x) = (x - @)

X (x = 1)x. This differential form corresponds to the re-
ductions O(4, 2) > O(3)® O(2, 1) and 04, 2)D> O(2, 1)

® O(2, 1) when expressed in elliptic coordinates in the
case of the two reductions O(3)> L and 0(2,1)D L',
Here L and L’ are second order symmetric operators
in the enveloping algebras of O(3) and O(2, 1),
respectively.

With the exception of the reduction O(2, 1)2 0O(1, 1),
which can be conformally transformed into a radial sys-
tem, we can in principle write down all the differential
forms corresponding to the reductions of type O(4, 2)

2 0(3)® 0(2,1) and 0(4, 2)> 0(2, 1)®0(2, 1) by consider-
ing degenerate forms of the differential form (1. 28),
but we do not do this here.

The remaining distinct type of differential form of
interest in this section is obtained by taking x, =¢eg
+€'x,” and ey =eg+ €’ subsequent to the substitutions
(1.27) and then allowing es~ >, We then obtain the dif-
ferential form

ds® = (@32 + yqz +3’52 +y52)> [ dx12 + dlez
4w’ x(l-x) %, 00" = 1)
wor oo fdxyt dxy?
+ X, (Xa —-X ) (———Q(xa,) ———Q(x4’) . {1.29)

[10] In each class we have 0<x,; <1, 0<x,’ <1. The
remaining variables vary in the ranges

’ ’ . ’ ’,
0<x"<1<x,"<a; 1<x;'<a<x,’;

? ’, ’ 4
X3 <O0<1<a<zxy; x'<0<x <1,

[11] A further dfiferential form can be obtained
from taking the limits a=1+¢€", x;"=1+¢€"x,”. This
gives one new differential form

ds? = ( 012+ +3’32+3’42)>[ dx,®
au? %(1 = xy)

dx,'® dx,"?
+ w0, (e, = 1) t <(1 %1 )xs”(xa’ -1

L7
%, ("= 1)

where all the variables lie between 0 and 1.

(1. 30

We have shown in this section how to get orthogonal
coordinate systems by various limiting procedures ap-
plied to coordinate systems of the most general cyclidic
type. We have as yet not fully understood in what sense
these procedures are complete.

Il. R-SEPARABLE COORDINATES FOR THE WAVE
EQUATION

In this section we give the coordinate systems cor-
responding to the differential forms in section I together
with the separation equations. We also present the trip-
let Ly, L,, Ly of mutually commuting second order sym-
metric operators in the enveloping algebra of Q(4, 2)
whose eigenvalues are the separation constants for each
coordinate system presented. We tabulate the coordi-
nate systems of interest starting with the most general
real cyclidic type.

1744 J. Math. Phys., Vol. 18, No. 9, September 1977

Coordinate systems of Class |

(1)—(5): (a) A suitable choice of coordinates is
l (x1 A x, - a)x, - a)x, — a)|1/?
R (a=b)a-c)a~-Na ’
}_ [(vl—b (5= B)(xg = B)(x, = D) ] 1/2
"R b=-a)b-c)b-1)b ’ 2.1)
}_[(ﬁ‘c (rp =€) (3 — ) (xy - )]1/2
R c—a(c—b)(c—l) ’
1 [(x1 = 1) (xy— 1 xg = Dix, - 1)] e
*=R A-al-b1-0 ’

where R = (1+[M] 1/2)0
abe

The solution of the wave equation then assumes the form
$=R®, where ®=01}_E,(x,) typically. The separation
equations for the functions E; are

d?E, 1 1 1 1 1 1\ dE;
dxjé +§(xj-(;+xj—b+.\’j—c+xi-1+\f> dx
(—2x +hy B+ lw; + 1)
E; =0, 2.2
T3, - al, - B, - O, =1, =0 2.2)

The operators L; whose eigenvalues /; are the separa-
tion constants are

Li=ia+b+o)(Py + K2+ 5{a+ b+ 1)(P, + K,)*

+rl@a+c+ 1P +E)2 =1+ e+ D(Py+Ky)E

+ ((l + ())1’\112 + (0 + C)z’\fzz - (b + C)N':;z

= (c+DNZ— (b + NS+ (a+1)M,E,
L,=%(ac +bc+ab)(Py+K;)*

+{ab + a+b)(Py+ K2+ 5 (ac+a+ )Py + Ky)?

~Ybe+b 4 ) (Py+ K2+ abM,® (2.3)

+acMy? = beN? ~ eNy %~ bNGE + aMy?,

L,=-tabc(Py +Ky)? - fab(P,+ K,)?
—tac(Py + K2 +5be(Py+ K2,

The coordinates x; vary in the ranges
Xy ra>b a0 ag > 1 x>0,

There are four more coordinate systems of this type.
We list below the complex transformation of the space
time coordinates which relates the coordinates of type
(a) to the new system, together with the new ranges of
variation of the coordinates x;. The separation equations
for the E,(x;) are the same in each case and the basis
defining operators can be obtained by the substitution
given. We now list the possibilities:

(b) (ta X, v, Z) g (iZ, X, v, Zf),
Xy, Xp At xg b
(e) (£, x, 8, 2)

Xy A>T Xy, Xg ™ b

(d) (t) X9, Z) i

~x, e,
~(x, t, iy, iz),
e~ xy Xy, Xy g ah e xg 1

(it, ix, iv, i2),

X Xp>a>b>x3 > cxy > 1,
(e) (t; X, y;Z _’(ta 1x,y,iz),
Xy, Xy X3 > @> Xy b,

E.G. Kalnins and W. Miller, Jr. 1744



{6)—(7) A suitable choice of coordinates is

L1 (20 - a)(x, - a)(xs = @) (x —a)]”2
“”:E[ @ b= oa-a ’

1 [(xl—c)(xg~c)(xa—c)(x4—c)]”2
Y=R (c~a)c=b)(c-1c ’

1 [(x1 =)= D= 1)(x, = 1)]1/2
=R N-a(1-0)1-0 ’

(2.4)

where R =[1+ (x1%,%,%,/abc)t /2] and a =b* = a +iB,
a, Be R.

The solution of the wave equation has the form ¢y =R®,
where each of the E; satisfy Eq. (2.2). The operators
whose eigenvalues are the separation constants are

Li=1Qa+c)(Py+ K32+ 1(2a+1)(Py + K,)?
+2aM 2+ i(a+c+ D[Py + K2~ (Py+Ky)?)
— (B/8(Py+ Ky, Py + Ky} + (@ +¢) (M2 = Ng?)
+ BNy, My} + (a+ 1) (M2 = N,2)
+ B{N,, Mg — (c + 1N,
Ly=—1%(2ac+ o? + 83 (P, + K,)?
~12a+ ®+ (P, +K,)*?
— (2 +BIM? + Hac + a+c)[(Py + K)?
—~ (Py + K2+ 18(c + DIP, + Ky, Py + Kot
+ac(Ng? = Mp2) = cB{M,, Ngt + cNy?
+ (N2 = M,®) < B{M,, N,
Ly==5(a?+BO)[c(Py + Ky)? + (P, + K,)?]
+(ac/D[(Py + K )2 - (P, +Ky)?]

(2.5)

~ (cB/4N Py + K,, Py+ K}, where {4, Bj=AB+ BA.

The coordinates x; can vary in the ranges
(a) 2y, x,>Cc>%x3>1>x,>0,
) (¢, x, v, 2) ~ (it, ix, iv, iz),
where xy, X5, X3 > ¢ >x, > 1> 0,

(8) A suitable choice of coordinates is

2ty - o= )y = o) —c)] 1/2
t-H}—[ : (c_(12)(5'—11)3(0—(1);f /R’

206 = @)y — @) (x5 — @)y, — a) ] /2
x:Im[ 1 (a—ba)(a_c)s(a—d); ] /R, (2.6)

2 =[=x,x5x,x,/abcd*/2/R,

where

R— 1+Re [_2<Xx-a>(xz-a)(xa-am-a)] 1/2

(a=-d)la-c)a-da
and a=b*=a+if, c=d*=v+i6, @,8,7 6 R.

The solution of the wave equation has the form ¥
=R®, where each of the E; satisfy the equation

dzEj 1 1 1 1 1 1\dE
41 _Lyeey
dsz 2(xj—a+xj-b+xj—c+xj-—d+xj)dxj

(= 2% +4x 2+ Lx; + 1)
4(x; = a)(x; - b)(x; = o) (x; = d)x;

E;=0, 2.7
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The operators whose eigenvalues are the separation
constants are

Ly =(Q2a+ Y (M%= N3 + 6{My, N}

+ 2y + a)[ M2 -3 (Py - K3)?]
+ 3B M,, Py — Ko} + 3¥(Py— K)? = 20N,
+(a+B)[i(Py- Kp? - $(Py - Kp)% + My® = Ny?]
+ 38Ny, Py— Kot +18{Pg = Ky, Py - Kt
- (N, Mg} ~ (B/2/{M;, P, ~ Ky,
L, =(0?+ P2 +2ay)(N® — My?) — 2a6{ My Ny}
+ (P + 8%+ 209 [ (P - Ky)? = M) = vB{M,, Py - K}
+ (02 + BINE + 5 (¥ + 83)(Py - Ky)*
+ a3 (Py - K% - 2 (Py- K)? + Ny % = My
— (¥8/2 Py - Ky, Ny} = (ab/4){P, - K,, Py~ Kj}
- (B6/2XM,, Py - Ky } = (B6/21{Ny, P, — Ko}
+ ad{Ny, My} + (vB/20{P, - K,, My},
Ly = (0 + B[ 7N - My?) = 8N, My} + (7% + 6%)
X[ a5 (Py = K2 ~ Mp?) — (B/2{ Py - Ky, My},

The variables x; can vary in the ranges x; > 0> x,, X3, %4
and xy, X, X3 >0 > x,.

(2.8)

Coordinate systems of Class |1

These are the coordinate systems in which the opera-
tor 3(P,~ K,) is diagonal.

As has been discussed in Ref. 3, the R-separable
solutions of (*) then have the form ¢ = (Y~ cosy)
Xexpli(2F + 1)p]@(V,, ¥y, Y5, V), where Y2+ ¥i2 + 1,2
+Y;%=1 and the space—time coordinates are given by

po_ s Y

T Yy-cosd’ T Y,-cosy’ 2. 9)
PN £ W S

Y,—- cosy Y,~cosy

i{2F + 1) is the eigenvalue of the operator 3(P,— K,),
and F is a positive integer or half-integer. The function
¢ satisfies the equation

(T2, + T2+ T}, + T% + T3+ T2)d = - 4F(F + 1) &,
(2.10)

where [y, ==3(P; +K;), Ti3==3(P,+K,), T1y=-5(P,
+K,), Tyg=M,, T'y,=~M,, and Iy, =M,. Here we are
using the notation of Ref. 3. The problem of separation
of variables for coordinate systems in which 3(Py— K,)
is diagonal reduces to the problem of separation of vari-
ables on the three-dimensional sphere S; in 4-space.
Acting on the functions &, the operators given above
have the form

Typ=Y o= Y13, TDy3=Yd,- Y2,

Ty =Y19, - Y,0,
Ty =Y,0, - Y;2,.

Ty, =Y 3 - Y38,
T = Y105 - Y32y,

(2.11)

This problem has been solved by Olevski’ and the six
coordinate systems on S, for which (2. 10) admits sepa-
ration of variables have recently been investigated.®

E.G. Kalnins and W. Miller, Jr. 1745



In the interest of completeness we give here the six
coordinate systems, the separation equations, the op-
erators describing the separation, and some comment
on the actual solutions.

(9) Ellipsoidal coovdinates: A suitable choice of co-
ordinates is

2 _ (%1 — @){xy — a)(x; - a)

Ty'= p-al-aa ’
lez_ (4 - b)(x, = b)(xs— b)
{a-b)(1-0)b (2.12)
Yz__(x1-1)(xa—1)(x3—1)
- (a-DB-1n
Y32:£%§§1

where 0 <x3;<1<x,<b<x; <a. The separation equations
for ® = Ey (%)) E,(x,) E4(x;) have the form

@1[1 1 1 1]@
X

de, 2lx;—a x,-b x,-1 x| dx;

[4F(F+ Vx+hx, +1,) o _o.

Al — (- D), - Dx; ¢ (2.13)

The operators whose eigenvalues are the separation
constants /; and I, are
Ly= 5Py + K%+ 30(P, + K,) 2 + £(b + 1) (P, +K,)?
+aM?+ (a+ 1)M,2 = (a + b)M,?,
Ly=3b(Py +Ky)? = aMy? — abM,2. (2.14)

(10) Elliptic cylindvical coovdinates of Type I: A
suitable choice of coordinates is

Yy=Vxx,/a cosgp, Y,=vVxx,/asing,
Yzzml - !1)(972— ay/a{a - D,

Y3:J(x1 - 1)—(.9(2— 1)/(1— (l),

where 0<x; <1<x,<a.

(2.15)

The separation equations have the form for & = E; (x)
X E,(x,)A():

e, 17 1 1 2| dE;
3 + = +—

de*  2|x;-a x;-1 x;) dx;

(4F(F + D)x% + Lix; +1,] £

(x; = a)(x; - Dx,2 (2. 18}

;=0

wherei=1, 2,
dzA

ad—<5'z+l2A:0.

The operators whose eigenvalues are the separation
constants /; and [, are

Ly = M2 4+ 5(Py + Kp)? + a[ M,?% + (P, + K3)?)
+1la+1)(P, + Ky,
L,=-%a(P, + K

(2.1

an alternative choice of coordinates is obtained by taking
%, =sn?(py, k) and x, = (1/%) dn®(p,, k') where a=1/k%,
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We then have that
¥¢=8np; dnp; cosg,
¥1 = 8NP, dnp, sing,
3, = dnpy 50, (2.18)
Y3 =Cnpy cnpy,
where 0<p; <2K and - K’ <p,<K’, [Note: sn(z, k) is a
Jacobi elliptic function. ] In terms of these coordinates
the solution for ® has the form
& = (snp; dnp,)" K5, (dnp,)

X KES( snpy) [cosm¢

sinma¢ (2.19)

Here K%3(z) is an associated Lamé polynomial as de-
fined in Ref. 8.

(11) Elliptic cylindvical coovdinates of Type II: A
suitable choice of coordinates is

Y=V - Dx, - 1)/(1-a) cosg,
Yy =V - D{x, - 1)/ - a) sing,
Yz:fm,

¥, =%~ a, @ /aa =T,

where 0<x; <1<x,<a.

(2.20

The separation equations have the form ¢ = E;(xy)

X Ez(xz)A(¢)I
UM 1 2 1) dE;
dx;® 2lx;—-a x;-1 x;§dx;
[4F(F + V)x% + Ix; +1,]

a0, - a)(x; - D, (2.21)

Ei:()

where i =1, 2,
d?A

The operators whose eigenvalues are the separation
constants I; and /, are

Ly = M2+ {a~ V(P +K)? + a(M2 + 5 (P, + K,)?),
(2.22)
L,=i(1-a)(P, +K,)2.

These coordinates can also be written in terms of
Jacobi elliptic functions by the same substitution as
used for system 10. We then obtain

Y,=cnp, cnp, cos¢,

Y, =cnp; cnp, sing,

Y4 =s8np, dnp,, (2.23)
Y, =dnp, snp,.

In terms of these coordinates the solution for ® has
the form
@ = (cnp, enpy) " Ki 3(— (ik'/k) cnpy)

cosmao

sinmo (2.24)

><K£:(cnp1>[
(12) Spheroelliptic coordinates: A suitable choice of
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coordinates is

Y,=sinavxx,/a,

Y, =sina \[(xl - j(xz -1)/(1- a);
(2. 25)

Y,=sinoy/ (x; - a){x, — a)/ala - 1),

where 0<x; <1<x,<a, O0<a<m,

Y;=cosa,

The coordinate system can also be written in terms
of elliptic functions as with coordinate systems 10 and
11. This gives the parametrization:

Y,=sinasnp, dnp,;, Y;=sinacnp; cnp,,

(2.26)

Y,=sinadnp, snp,, Y;=cosa.

A typical solution for & is of the form A(a)E;(p) Ey(p,),

where
E1(p1) Eylpp) = Fii(= ipy +iK + K', py) (2.27)

a product of Lamé polynomials defined in Ref. 7 and

A(@) = (sina)'Ci (cos a).

[Here C%(2) is a Gegenbauer polynomial. ] The two op-
erators characterizing this system are

Ly =3(Py + K%+ 1(Py + Kp)% + M2,

2.28

L,=1(P, +K)? ++a(P, + K,)*? ( )

with eigenvalues — I(I + 1) and M?¢ respectively.
(13) Sphevical coordinates: A suitable choice of co-

ordinates is

Y, =sinasinfcos¢, Y,;=sinasinfsing,

Y,=sinacosf, Y, =cosa, (2.29)
where 0< @, Bsm, O0<¢ <2m,
A typical solution of the form A(a)B(B)C(¢) is
& = (sina)’ ChiL,(cos @) PT(cosB) exp(ime). (2. 30)

The two operators characterizing this system are
Ly =5(P; + K%+ 1 (P, + Kp)% + M2,

Lz:é(Pz+K1)2 (2.31)

with eigenvalues — /(I +1) and - m? respectively.

(14) Cylindvical coovdinates: A suitable choice of co-
ordinates is

Y,=sinacosp, Y,=sinasinf,

Y;=cosacosyp, Y,=cosasing, (2. 32)
where 0<a<mand 0<f, ¢ <27,
A typical solution A(@)B(B)C(¢) is
® = explime +ipBl(sina)®?(cos @)¥ -2~
X Fi (b~ F,a~F,a+b+1; -tan®a), (2.33)

where m=a+0b, p=a-0b. The two operators charac-
terizing this system are
Ly =5(P, + k)% and L,=M,? (2. 34)

with eigenvalues — p? and - mé, respectively.

Coordinate systems of Class |
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These are the analogs of the elliptical coordinates of
type 9. The difference is that coordinate systems of
this type correspond to the diagonalization of M,? rather
than $(P,- K,)%. We now list the possibilities.

(15) (a) A suitable choice of coordinates is

t=Q1/RWx,= @) - Q) = @)/ - )a - Dg,
x=(1/R) cosp, v=(1/R)sing,
z=(1/RW ;= B)(x3 = D) (x5, = ) /(b — @) (6 - 1)b

where

(2.35)

R=[VT =Dt = D, = D/{a= DB =1) + VX555, /ab].

The typical solution of the wave equation is ¥ =R®,
where 6 =E,(x,) E;(x,)A(¢). The separation equations

are the same as for system 9 with A(¢) =exp[i(2F + 1)o].
The variables x,, x5, X, vary in the ranges

Koy Xg>a>b>x,>1;
b>xp>1>05, %> 0; b5, %5, %, > 15

b>x,>1>0>%4,%y; a>x,,x3>b>x,>1,

The operators whose eigenvalues are the separation
constants are
Ly =(a+b)D*= }a+ 1)(P, - K,)?
+50+ V)P - K2 +1a(Py + K,)?
—10(Py+ K= NG, (2. 36)
Ly=abD*+ ;a(P, - K))% + 1b(Py - K2,

and, of course, L,=»M,%,

There are five further coordinate systems of this
type. In each case we choose the x and y coordinates
to be of the form

x=(1/R) cos¢,
Ly=Mg,

v=(1/R) sin¢, and the operator

The separation equations are the same as in system 9.
For each of these five systems we give the choice of R
and the coordinates / and z together with the form of
the operators L; and L,.

(16) (b) The modulation function R is

R= I:\/ (= Dxy = Dlxy = 1)/ (@a=1D(p=1)

+V{x, = B) (0, = D) (%, = ) /(@ = B) (b = 1) (2.37)
and the coordinates / and z are given by
t=(1/R)Vx,x5x,/ab,
2=(1/RWV{x,—a)(x; - a)(x,— a) /la= 0}(a=1a. (2.38)

The operators L, and L, are

Li=5(a+0)(Pi+K)i- e+ 1){P,- K)?

+ (b +1)NE+aD? - 10(Py + K)2 +1(Py - K)?
(2.39)
Ly==3ab(P)+ Ky)?+5a(Py- K;)? - bN,2.

The ranges of variation of the coordinates x,, x;, and
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X, are

Xy ™ A>Xg, X4 >0y Xp>a >b>x5, %> 15

Xpp X3, %4 > 45 b >, X5, %4> 1;

a>Xp Xy >b>x,>1; and x,>a>b>1>0>x,, x,.

(17) (¢) This coordinate system is related to 16(b) via
the transformation (¢, x, v, z) ~ (it, ix, iy, iz) of the space—
time coordinates, The variables x,, x4, X, vary in the
ranges

Xg™a>x3>b0>1>%,>0 and x,>a>b>1>x, x,>0,

(18) (d) This coordinate system is related to 16(b) via
the transformation {t, x, y, z) ~ {z, if, iy, {) of the space—
time coordinates. The variables x,, x5, and x, vary in
the ranges x,, X3 >a>b>1>0>xg; b>x,, x3>1>0>x%,,
and a > vz,x3>b>1\0 - Xy,

(19) (e) This coordinate system is related to 15(a) via
the transformation (¢, x, y, z2) ~ (z, ix, iy, {) of the space—
time coordinates. The variables x,, x5, and x, vary in
the ranges x, > a>b > xg, xg > 1.,

(20) (f) This coordinate system is related to 16(b) via
the transformation (¢, x, v, z) = (2, x, y, it) of the space—
time coordinates. The variables x,, x; and x4 vary in
the ranges a > x> b > 1>x; >0 >x,

In addition to the six types of coordinate systems we
have discussed in Class III we will also include co-
ordinate systems corresponding to the differential form
of type (1.18).

(21) A suitable choice of coordinates is

(z +it) :lﬁ [Z(XZ' a)(xg — )y ~ a)] 1/2’

(a-b)(a-1a (2. 40)
x:%cos@, y :}ésingb,
where
R=[Vl,- D= Dlx,- )/(a- DG -1)
+Vxgxx/ab]). (2.41)
The separation equations are given by (2.13). The op-

erators whose eigenvalues are /; and [, are
Ly =2aD?+ 5 (a+ D[{Py - K3)% = (Py— K]
— 3B(PoPy + Kol) + 5 ol (Py + K = (Py+ K)?] = N,
(2.42)
L, =(0® 4 BYD? 44 ol(P, - Ky)? = (Py— K)?]
+ 58Py - Ky, Py - Kb
The variables x,, x; and x, vary in the ranges
Xy Xgy Xy > e x> 12 x4, X4 > 0
Xg > 1> 0> x5, %,

(22) Coordinate systems of this type can be obtained
from those of type 21 via the transformation (¢, x, v, 2)
- (it, ix, v, iz). The variables x,, x5, and x4 lie in the
ranges xp, Xy > 1> 0> %, 0>y X5, 445 and 1> x5, 23>0
= Xy,
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(23) A suitable choice of coordinates is

o 1T2(x, - a)(xy—a)(x, —a)]*/2
(z+zz‘):—-[ 2 — ] P
R (a=b)a-c)a-d) (2.43)
x:%cosq‘), :ﬁsmd),
where

R =Rew - Imuw,
v [2Fe= 0l = )y - ) 12
T (c=-a)c=b)c-qd)
The separation equations in the variables x,, x5, and
X4 are

d’E +1 1 +__1__+ 1 1 1dE;
a?xi2 2{x;—a x; -0 —-c x;=d] dx;
| -2
[4I<(F+1xi +11xi+12] £, =0. (2. 44)

4(Xi - (l)(Y,- - h)(Xi - C)(Xi Il (I)
The operators whose eigenvalues are /; and /, are
== 2aD% - 2yN2 + s(a+ NP, K} - {Py, K}

+50[py2 —P32+K32—K0 1= $8LP, Ko +{P3, Ky, )
(2.45

Ly=(a?+p5D*+ (¥* + ®)N® + s a¥ {PI}) Kyl ={Py, K}
+3ad[Pf— P + K — K21+ BO(P Py — K Ky)
- %SY[{ng Ko'ﬁ“{Po, Kytl;

the variables x,, x,, and x, can assume any real values.
(24) A suitable choice of coordinates is

t+z :%Im[(xl - a)lxy—a)(x; - a)]l/zy

(a-0)%
el 1)1 1 1
“f7R (=0 " 2)xy—a x,—a x,—af]’
1 1 .
,x:.-ﬁcosgb, 3 7»R-sm¢,

(2. 46)

. . 1/2
where R =2Re [(x‘ - (1)2-:12_—1)’;)2(33 — a)] .

The separation equations in the variables x,, x5, and x,
are

APE, 1 1 dE;
dx; + {xi-(1+xi—1J dx;

[4F(F + 1)x 2+ 1yx, +1,)

T Ca E,=0. (2.47)
The operators whose eigenvalues are /; and /, are
Li=a[4(Py- P~ — (D +Ny)?]
+ -;-B{Pa - Py~ K,— Ky, D+Nj}
o} (Py+ Py + Ky = K)) 2~ L (Py= Py + K+ Kp)?
- (N =D+ 3P+ Py + Ky~ Ky)?]
~ UP + Ky, Py + P+ Ky= Ko,
Ly=-4(P,+K;)%+ 5(a?+ B[ (P, +P3 + K, - K)®
— Py Py + K+ K)? - (N - (2.48)
~ P+ Pyt Ky Ky)®l -+ 50 - Bz)
X[ Py = Py = Ky= K3)* = (D + N))?]
~taf{Py— Po= Ky~ Ko D+ Ny}
+ (P +Ky), BD = Ny) = 3Py + Py + K= K3
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(25) This coordinate system is of similar type to co-
ordinate systems 10 and 11 appearing in Class II. A
suitable choice of coordinates is

t=Q1/RW{x; = a){x; = @ /ala=1),
x=(1/R) cospv (x; = D){x, - 1)/ (a=T1),
v=(1/R) cosp, z={(1/R)sing,

where (2.49)

R=v(x; -~ 1){x, - 1)/{a-1) sind + vV x,x,/q,

and X3, X, <0, or 0 <x,x,<1.

The solution ¢ of the wave equation has the form
==R®. The separation equations for & =E, (x;) E,(x,)
XA(P)B(¥) are
din+1[ 1 2 +1:|dEi

Z 5|7 < | v,
dx®;  2|x;—a x;-1 x;|dx;

. [4F(F+1)(x; = D2+ L(x; = 1) +1,]
4(x; - a)(x; - 1)%x;

E, =0, (2.50)

where i =1, 2:

d’A 2 A*B
= - 1) =1,B.
;ZEZ (2F +1) ‘A, (a 1)(1@'}{ Iy

The operators whose eigenvalues are the separation
constants are

Ly =(a-D[D?+ (P, ~ K)?] (2.51)
=[N 2+ 5Py + KB +3(a = 2)(Py + Ky)?
Ly=%{a=1)(P, +K,)% Ly=M,"
(26) A suitable choice of coordinates is
t=(1/RW ({5 = a)(x, = @) /la=1),
x=1/RcosiV ~ x x,/a,

v=(1/R)cos¢p, z=(1/R)sing, (2.52)

where

R=[Voxix,/asind +v{x, = (v, - 1)/ (1 = a)
and x; <0 <1 <x,<aqa,
The solution ¢ of the wave equation has the form

=R&. The separation equation for & = E; (x,) E,(x,)
xA(¢)B(¥) are

#E, 1T 1 1 2)dE,
dx;® 2 |x dx;
[AF(F+ U)x 2+ 1yx; +1,]

4(v; - a)(x; - 1)x;?

+ .
i—a x; =1 x,

E,=0 (2. 53)

where 7 =1, 2:

A*A 2 &*B ,
;[d’) :—(2F+1)A, (Id—wzzlab.

The operators whose eigenvalues are the separation
constants are
Ly=—a[D? + H(P, - K;)?] = N} + 1(Py+K,)?
+ila+ )P+ Ky)?,
Ly=-%a(Py +K,)%, L,=M,?2 (2.54)
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This completes the list of coordinate systems of Class
II1.

Coordinate systems of Class IV

Coordinate systems of this type correspond to the two
direct product reductions SO(4, 2) D SO(2, 1)& SO(2, 1)
and SO(4, 2) D SO(3)€ SO(1, 2). In each of these cases
coordinates can be chosen from the nine separable
classes of orthogonal coordinates on the two-sheeted
and one-sheeted two-dimensional hyperboloids and the
two separable classes of orthogonal coordinate systems
on the two-dimensional sphere. The coordinate systems
on these manifolds are given in the Appendix. In classi-
fying coordinates of this type we give the general form
of space—time coordinates in terms of the above men-
tioned two-dimensional manifolds.

(1) Coordinate systems corresponding to the reduction
S0(4, 2) > 80(3)® S0(1, 2).

A suitable choice of space—time coordinates is
t= Ez/(gl + ‘53), X = gl/(gl + &3);

(2.55)
y= gz/(gl + ga), 2= gs/(&l + 53),

where 512— ‘522_ 532:— 1 and é‘]z + 522 + §32:1u

With the exception of coordinate systems of type 8
(which can always be chosen such that D is diagonal)
there are 16 coordinate systems of this type on the sin-
gle and double sheeted hyperboloids.

In each case the solution of the wave equation has the
form

=& + &) o (Ly, & £9)0(41, &5 &),

where the functions ¢ and 0 satisfy the equations
(M2 + M2+ Mo =~ 11+ 1),
[Py, K} + D310 =10 + 1)6, (2.56)

and ! is a positive integer. The operators correspond-
ing to each of the 16 possible coordinate systems can
then be read off from the Appendix, if we make the
identifications Ny =3(Py+K,), N,=D, and M s =3P

— K;) in the case of the SO(1, 2) coordinates.

(2} Coordinate systems corresponding to the reduction
80(4, 2) 2 80(2, 1)® SO(2, 1).
A suitable choice of space—time coordinates is
t= g1/(£1 -+ ‘53), X = 52//(51 + 53),
¥ = gg/(gl + 53), Z :ga/(gl + 53),

where £, - £,5 - gf=¢, §%-EP=n¢, €=x1.

(2.57)

Again with the exception of coordinate systems of
type 8 there are 64 coordinate systems. In each case
the solution of the wave equation has the form
=(&4 + &) (&, & &)oLy, Ls &3), where the functions ¢
and 0 satisfy the equations

(N2 + N2 MDY =35(7 +1)8,

[—{P1,K1}+Dz]¢) =i +1)o, (2.58)
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and j=-3+1ig, 0<g <%, for globally defined
solutions.

The operator corresponding to the SO(2, 1) algebra
associated with the vector (&, &, &) can be read off from
the Appendix with the identification N, =3(P, - K;), N,
=D, and M;=3(P; +Ky).

We have looked at four classes of coordinate systems
for which the wave equation (*) is strictly R-separable
and found 106 distinct such coordinate systems. This
added to the results of Ref. 4, gives a total of 367 in-
equivalent R-separable coordinate systems for the wave
equation (*).

APPENDIX

In this appendix we list the orthogonal separable co-
ordinate systems for the two-dimensional sphere,
single-sheeted and double-sheeted hyperboloids. In each
case we list the symmetric second order operator in
the enveloping algebras of the symmetry groups of these
manifolds which describes the coordinate system. The
coordinates (with the exception of the single-sheet hy-
perboloid) can be found in the article by Olevski’ and
the operator characterization is due to Winternitz et
al.®

l. Coordinate systems separable on the two-dimensional
sphere

i+t =1

It we write the generators M, = ;0 — £50¢,, My= 1§10,
= £30¢,, and Mz=1{0¢, - {,0¢, the coordinate systems
and operators are:

M =xx,/a, (E8)2=(0q- DA =-x,)/(a-1),

P =(v - a)(x,-a)/ala=1), 0<x,<1<x,<a.
(A1)
The operator is L =aM,?+ M2,
£'® = (cosxy, sinx; cosx,, siny; sinx, sinxy,). (A2)

The operator is L =M%,

1l. Coordinate systems on the one- and two-sheeted two-
dimensional hyperboloids

I R A T
We adopt the notation Ny = &105 + £28;, Np= 4§10,
+ &30y, and My =£,0, = &93,,.

(&P =x110/a, (E8)7=(x = Dlxp=1)/(a- 1),
(EM2 = (xy —a)(a—x5)/ala-1),
gL D (g2 - (g2 =

The coordinates on £: £=-1 are obtained by the sub-
stitution €% ~7£% and x, <0<1<x,<a. The operator
is L =Ny%+aN,2.

1<x <a<x,,

(&) (a3)

(622 = (= 1) (1 - x)) /(e =~ 1),
(£82)2 = - xyxp/a,
(82 =(xy — @) a - x,) /ala-1),

2 <0<l<a<x, EP.£9=1, (A4)
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The coordinates on the single-sheeted hyperboloid £- &
=-1 are obtained via the substitution £—~i£ and 1 <x,,
X, <a; x,%,>a. The operator is L =N,;%- aM,®.
(&9 +ig,®N2=2(x - @) (x; - @) /(a=b),
(A5)

a=br=a+iB, (§%)2=—xx,/ab, x, <0<x,,
ED B =1, For ¥ £8Y=_1 we have £~4£ and

¥y, X, >0, The operator is L = a(M,® - N,%) + p{M,, N,}.

EW 4 5® =V Tax,,
LW 5, oV xS,V = x, /0 VX, /Xy,
EOVT-RG-T, x<0<l<x, (46)
g9 . £ 1. The coordinates on the single-sheeted

hyperboloid are obtained via the substitution £—i§&
with xy, x,>1; 0<x,x,<1; x,x,<0. The operator is
L=N®— (N, + M,)?2,

8 5O VR
%) = £, =~ (Vo /x, +V, /5 +V 247, ),
L9 =V - Dlx, = 1), 0<x <1<x,, (am

£8). £% =1, The coordinates on the single-sheeted
hyperboloid are obtained via the substitution £—-¢§
with %, <0<x,<1. The operator is L =N%+ (N, + M,)2.

E® 45,0 Iy,
& 6) g (6) _(\1 _ Xz [4(_ 9”1”52)3/2];
WO =3[V X, x -V = x /x,], x <0<, (A8)

£ . £6) — 1, The coordinates on the single-sheeted
hyperboloid are obtained via the substitution £-~i£
with X1, x, > 0. The operator is L ={Ny, N, - M;}.
El(q) + g2(7) :\/"YI,
£ =x0 1,

7 v a2
£« £, =1/Vx +V X %57,

Xy, X, > 0. (A9)

E7 . £ =1, The coordinates on the single-sheeted
hyperboloid are obtained via the substitution £—~i§
with x; <0 <x,. The operator is L = (N, + M,)2.

£® — (coshx, coshx,, coshxy sinhx,, sinhx;),
E(B) R g(B) =1
gm = (sinhx; coshx,, sinhx; sinhy,, coshxy),

£8) = (sinx, sinhx,, sinx; coshx,, cosxy),

E®, E®) _ _ (A10)
The operator is L = N;2,

£9 — (coshx,, sinhxy cosx,, sinhy; sinx,),

I

£4(9) i i (AlD

£ = (sinhx,, coshx; cosx,, coshy; sinx,),

OO _ _q
The operator is L =M,
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