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ABSTRACT
We investigate the dynamical relaxation of a disturbed X-type magnetic neutral point in a periodic
geometry, with an ignorable coordinate, for an incompressible fluid. We find that the properties of the current
sheet cannot be understood in terms of steady state reconnection theory or more recent linear dynamical solu
tions. Accordingly we present a new scaling law for magnetic reconnection consistent with fast energy dissi
pation, i.e., the dissipation rate at current maximum is approximately independent of magnetic diffusivity (r,).
The flux annihilation rate, however, scales as r, 114, faster than the Sweet-Parker rate of r, 112 but asymptotically
much slower than the dissipation rate. These results suggest a flux pile-up regime in which the bulk of the free
magnetic energy is released as heat rather than as kinetic energy of mass motion.
The implications of our results for reconnection in the solar atmosphere and interior are discussed.
Subject headings: MHD - Sun: flares - Sun: magnetic fields
the fluid is incompressible. An independent compressible
coronal calculation has recently been performed by Craig &
McClymont (1992). The fact that the coronal calculation shows
substantially the same development as our incompressible
current sheet suggests that our findings may apply within a
wider context than the solar convection zone. Indeed, steady
state flare reconnection theory traditionally assumes an incom
pressible fluid (e.g., Parker 1963; Petschek 1964).
In the following section we present a new scaling for the
nonlinear evolution of a current sheet in our dynamical calcu
lations and contrast our scaling laws with both the steady state
models (Forbes & Priest 1987; Petschek 1964) and the recent
linear dynamical solutions of Craig & McClymont (1991). In
§ 3 the model equations and numerical method are presented.
The results are discussed in § 4. The implications of our results
for magnetic fields in the solar atmosphere and interior are
presented in § 5.

1. INTRODUCTION

Magnetic fields in the Sun are continually changing on time
scales that range from seconds to tens of years. Topological
changes in the magnetic field are needed to release energy in
solar flares (100 s time scales) and to change the orientation of
the Sun's toroidal field (11 yr time scales). The only way the
topology of a magnetic field can change is through the effect of
finite resistivity. The time scales for such changes scale as tq L2 /r,*' where 1/* = c 2 /4mr is the magnetic diffusivity of the fluid
and L is a characteristic length scale of the magnetic field. Since
the solar plasma has a high conductivity a � 10 7 T 3 i 2 e.s.u.
(Spitzer 1956; Parker 1979) the characteristic scale over which
the magnetic field changes must be very small for solar flares
(T � 106 K) l = 30 m but comparatively large (T � 106 K)
l = 50,000 km for the toroidal field of the solar cycle.
How strong magnetic field gradients are formed in the Sun
depends, in part, on the form of the magnetic field. If the field is
fibril, then strong gradients may be formed when oppositely
directed fibrils are brought together. If the field is diffuse,
shearing motions associated with turbulent eddies can produce
strong field gradients. While it is well recognized that the
surface magnetic field is fibril, models of the magnetic field
generation within the convection zone often assume a diffuse
magnetic field (DeLuca & Gilman 1991; Stix 1989). It is
assumed in these models that the turbulent diffusion can effi
ciently dissipate the magnetic field on time scales comparable
to the solar cycle. Recent work by Vainshtein and collabo
rators (Vainshtein & Rosner 1991; Cattaneo & Vainshtein
1991; Vainshtein, Parker, & Rosner 1991) has cast doubts on
the efficiency of turbulent diffusion.
The present paper is motivated by the possibility that fields
in the convection zone are fibril in nature and that magnetic
reconnection of oppositely directed fields is responsible for the
changes seen in the toroidal magnetic field. For magnetic
reconnection problems the major distinction between the solar
atmosphere and interior is the compressibility of the fluid. To
model conditions in the solar convection zone we assume that

2. SCALING LAWS

When considering the reconnection of magnetic fields, the
key question becomes the dependence of the rate of reconnec
tion on the magnetic Reynolds number, Rm = LV/r,*' where L
is a characteristic length scale and V a characteristic velocity.
In the Sun the magnetic diffusivity is so small and the length
scales are so large that only a very weak dependence of the
reconnection rate on Rm is tolerable. We will define the recon
nection rate to be fast if the dependence on Rm is weaker than
any power law. (Note: we will often use I'/= R;;; 1 the dimen
sionless magnetic diffusivity, in the Sun 1/ - 10- 1 2). The rate of
reconnection is known to depend on the geometry of the
neutral point and the boundary conditions on the velocity and
magnetic fields (see Forbes & Priest 1987). In our calculations
we consider the spontaneous reconnection of a disturbed
X-type neutral point in a periodic geometry. The computation
is entirely dynamic allowing for simple and unambiguously
specified boundary and initial conditions-and thus eluding
many of the interpretive difficulties associated with driven
679
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TABLE 1
SCALING PROPERTIES OF DIFFERENT MODELS

MODEL

COMMENTS

Sweet-Parker .......................................
Petschek ............................................
Craig & McClymont 1991 .........................
Biskamp & Welter .................................
Flux pile-up• ........................................

Order of magnitude
Semi-analytic
Linear exact
Empirical
Empirical

L
1/ 2
11
11

11

11
1/2
2 /3

1/ 2
11

11

0

11
1/2
11
0

11
11

0

Jmax

2
1/
11-1
11

1
111
11- /4

11-3

w.,
11

1/2
11

ln(11)/ 2
1
11- 3
11

0

"'

1/ 2
11

ln(11)
ln(11)
11 /4
1
11
0

• Both the Craig & McClymont 1992 coronal calculation and our incompressible calculation are well represented by the flux pile-up
model.

steady state reconnection studies as discussed by Forbes &
Priest (1987). However, the interpretation of the solution may
require more care since steady state measures of "fast
reconnection" no longer apply.
In the steady problem the rate of reconnection is measured
by the inflow speed of the advected "external" magnetic field
into the diffusion layer. The earliest result is the order of mag
nitude calculation of Sweet (1958) and Parker (1957, 1963) in
which the reconnection rate scales as ,, 112 • This rate is too slow
for solar flares but Petschek (1964) showed that a "fast,"
I ln(ri) I, rate could be achieved, for steady state driven flow, by
modifying the flow topology in the advection region. More
recent steady state modeling has confirmed that fast magnetic
merging is possible for a far wider class of flow topologies
(Forbes & Priest 1987). That fast reconnection can be achieved
dynamically for prescribed initial conditions is shown by the
exact linear calculations of Craig & McClymont (1991). Their
analysis breaks down, however, for finite amplitude energy
release (Craig & McClymont 1992).
In a dynamic calculation, the steady state reconnection rate
has little meaning, and it is far more instructive to analyze the
properties of the current sheet, in particular the dependence of
the length, breadth, and current density with resistivity. In the
Sweet-Parker mechanism the length of the sheet is invariant
(fixed by the geometry), the width scales as ,,1 12 and the current
density has an f/- 1 1 2 dependence. Table 1 summarizes the
dependencies of the current sheet based on a selection ofrecon
nection studies. It should be remarked that an important
aspect of the Petschek calculation is the fixed aspect ratio of
the current sheet with resistivity-a property also shared by
the fast mechanism of Craig & McClymont (1991). The steady
state numerical simulations of Biskamp (1986) are contrary to
this behavior and are more in keeping with the scalings of the
Sweet-Parker mode (although, see the critique of Forbes &
Priest 1987).
The table also indicates the scaling of"flux pile-up" solu
tions. Although pile-up solutions can be difficult to interpret in
terms of steady state theory (Forbes & Priest 1987), they
appear to be a common feature of dynamic simulations. A
rationale for the pile-up scaling is as follows:
Consider disturbing a force free equilibrium by a pertur
bation; the perturbation can be thought of as consisting of two
parts: a part that has distorted the equilibrium without chang
ing the topology and a part that has changed the topology of
the equilibrium. The former perturbations can be removed by
fluid motions alone, while the latter require reconnection to be
removed. If all dissipation mechanisms are absent then the
perturbation energy must ultimately appear as the magnetic
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and kinetic energy associated with the formation of singular
current structures. If viscous dissipation is allowed, but no
ohmic dissipation, the kinetic energy will be dissipated, and we
will be left with the perturbation magnetic energy contained in
singular current sheets. Hence for a fixed perturbation ampli
tude and small enough resistivity the magnetic energy associ
ated with the sheet formation should be independent of the
resistivity. Craig & Watson (1991) give an exact analytic
description of the formation of the current singularity for the
case of small displacements about simple two-dimensional
X-point equilibria.
In the present analysis the X-point is three-dimensional but
possesses an ignorable z-coordinate. Accordingly, the magnetic
energy in the current sheets is proportional to B; a., where B. is
the characteristic magnetic field strength in the sheet and a. is
the area of the sheet. Now a. - r2 or 12 if the current"sheet" is
cylindrical (as is the case for the linear Craig & McClymont
1991 model), and a. - lL if the current sheet is long and thin.
(We use l to denote the width of the current sheet and L to
denote the length.) The morphology of the current singularity
is therefore a critical factor in the reconnection problem.
Consider first the case where the current structure is
cylindrical-the case of small amplitude disturbances. Then
the implosive collapse toward singularity is governed by cylin
drical wave equation 1/111 = r 2 V2 1/1 (Craig & Watson 1991). (The
Alfven speed is proportional to r if we assume that the field
varies linearly with the distance from the neutral point.) It
follows on equating the diffusion (ri/r) and advection (r) speeds
that the area of the sheet must scale as f/· The invariance of
the magnetic energy in the sheet then leads to the Craig &
McClymont (1991) scaling summarized in Table 1 (r2 =
l2 - f/, B; r2 - ri0 => B. - ,,- 1 12 ; Jmax - Bjl - ,,- 1). For this
scaling the total current in the sheet I. = Jmax a. is independent
of the resistivity.
For larger amplitude disturbances, however, the cylindrical
structure is lost as the background field becomes overwhelmed
by the perturbation field. The sheet becomes quasi-one
dimensional-the length of the sheet being determined by the
local cancellation of the background field at some stage during
the advective implosion. What follows is a highly nonlinear
quasi-one-dimensional implosive collapse toward long thin
singular current sheet. In the simplest approximation we
replace the cylindrical wave equation by its one-dimensional
counterpart 1/1" = x 2 V 2 1/J. (The magnetic field is assumed to
vary linearly with distance from the neutral line.) Matching the
diffusive and advective speeds again gives x = l - ,,1 12 but now
the length of the current sheet L - ri0• Combining these scal
ings with the assumption that the total magnetic energy in the
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sheet is constant give the flux pile-up scaling summarized in
Table 1 (B; IL - f/ o ==> B. - ,,- 1 /4; Jmax - Bsll -f/- 3 !4). While
the width in this model scales as f/ 112 the total current in the
layer builds up as Jmax IL - ,,- 1 14• It is this built-up current/
flux over the diffusive layer that allows the possibility of fast
reconnection.
For time-dependent problems two definitions of the recon
nection rate will be employed: one measure is the rate of flux
annihilation at the neutral point given by ot/J/ot - -,, I Jmax I
where 1/1 is the flux function and Jmax is the maximum current
in the sheet. An alternative is the energy dissipation rate, W,,
f/ J 2 ds , determining the conversion of free magnetic energy to
heat in the current sheet. These measures are discussed in the
Biskamp studies (Biskamp & Welter 1980; Biskamp 1986) and
summarized in Table 1 for the various reconnection models.
The Biskamp & Welter scaling for the energy dissipation rate
must break down as f/---> O; they argue that below a critical
value of f/ the reconnection rate will approach the Sweet
Parker rate.
For brevity a mechanism is described as "fast" if either
ot/J/ot or W,, are independent of any power or f/. In fact only the
dynamic model of Craig & McClymont (1991) is fast according
to both measures; yet it is consistent with the Petschek mecha
nism in that flux annihilation dominates ohmic dissipation in
the limit of small f/. More generally, our diagnostics determine
whether the excess magnetic energy is converted mainly to heat
or to kinetic energy of mass motion. In what follows we
approximate the energy dissipation rate as W,, - f/l!ax LI.
Recently, Biskamp & Welter (1989) have examined the
scaling properties of decaying, two-dimensional, MHD turbu
lence. They use very high resolution (10242) simulations to
resolve the dissipation scales of the high Reynolds number
calculations. Figure 10 of that paper shows the development of
long thin current sheets after just 1.5-2.0 Alfven transit times.
These current sheets are clearly limited in length by the
geometry of the box. The current sheets in this calculation are
unstable to tearing modes and quickly generated fine-scaled
structures within the sheet. Biskamp & Welter (1989) argue
that after the current sheets become turbulent the dissipation
rate becomes independent off/. We are attempting to show that
the necessary conditions for fast reconnection occur in a
laminar current sheet around the time of current maximum.

=

f

3. MODEL EQUATIONS AND NUMERICAL METHOD

Our model equations are the viscous, resistive MHD equa
tions for an incompressible fluid. The full equations are
P

OU
1
+ p(ro x u) = -VP+ J x B + pv* V2 u ,
ot
4n

oB

at+ (u • V)B = (B · V)u +

"* V B ,
2

(1)
(2)

V · u= 0 ,

(3)

V • B= 0 .

(4)

Here u and B are the velocity and magnetic fields; P = Pgas
+ ipu 2 is the pressure; J = V x B is the current; p is the
density (assumed constant); v* is the kinematic viscosity, and
is the magnetic diffusivity.
The dimensionless equations are found by defining a charac
teristic speed, magnetic field strength and length scale for the
problem. Because the velocity fields in our problem result from

"*
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the Lorentz force, both the velocity and the magnetic field are
scaled by the Alfven speed, VA = [B 2 /(4np)J 1 i 2 • The character
istic length scale is X· (We will show below that the length of the
current sheet Lis limited by x the limit of small diffusivity.) The
characteristic time scale is the Alfven crossing time tA = x/VA
(our computational box will range from O to 2nx so the Alfven
crossing time for the entire box will be t� 6.3tJ. The pressure
scales as Vi, the vorticity scales as VAfx, and the current scales
as VAfx. Two-dimensionless numbers define the parameter
space for our problem: the Reynolds number R. = L VAfv* and
the Lundquist number Lu= ,,- 1 LVAff/* (or magnetic Rey
nolds number). The dimensionless momentum equation is

=

OU
- = -ro x u - VP+ J x B + R; 1V2 u.
ot

(5)

The assumption that we have an ignorable coordinate (of/
oz = 0 VJ), allows us to satisfy equation (4) by defining a flux
function 1/J. With B = (t/ly , -i/J x , b) and u = (u, v, w) the dimen
sionless induction equation becomes
(6)
for i/J and

for b; the notation I/Ix = ox is employed. We choose to satisfy
the incompressibility constraint, equation (4), by solving
V2 P = V · (J x B)+V · (ro x u).

(8)

Our numerical technique involves the use of a pseudo
spectral collocation method for the spatial dependencies, and a
combination of implicit and explicit time stepping routines.
The diffusion terms are treated implicitly by a second-order
Crank-Nicolson method and the nonlinear terms explicitly via
a second-order Adams-Bashforth method (see Canuto et al.
1988 for a discussion of these methods).
4. RESULTS

Table 2 summarizes some of the properties of the simula
tions we discuss below. We begin with a description of the
large-scale features of the solution and then discuss the scaling
properties of the current sheets.
4.1. Morphology of the Solutions
It is important to emphasize that the possibility of fast
reconnection in a closed topology, incompressible plasma
demands initial conditions that are not too simple. For
example, disturbances of a single X-type neutral point decay
only on the static diffusion time scale. The reason is clear: if the
initial condition has too much symmetry the Lorentz force can
always be balanced by a pressure gradient force and there will
be no flow. Thus fast reconnection in an incompressible fluid
requires either inflow and outflow boundary conditions on the
side walls (a driven problem) or else a closed circulation.
In our formulation an initial, periodic magnetic field is speci
fied in a zero initial velocity field. The initial field consists of an
equilibrium field Beq = (t/ly , -i/Jx , fit/I), where t/1 = sin x sin y,
and a perturbation Bpert = (i/J�, -t/1�, 0), where i/1' = cos2 y.
The initial magnetic field configuration is shown in Figure 1
(Plate 12). The arrows indicate the amplitude and direction of
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PLATE 12

FIG. !.-The initial magnetic field. The horizontal field is represented by arrows, the vertical field by colors; yellow-white positive (out of the page), red about
zero, blue-black negative.
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TABLE 2
SUMMARY OF SOLUTIONS
Y/

L.

N

0.03 ............
0.02 ............
0.0 1 ............
0.005 ...........
0.003 ...........
0.002 ...........
0.001 ...........
0.0005 ..........

33
50
100
200
333
500
1 000
2 000

48
64
64
128
128
128
1 92
384

0.22
0.1 6
0.1 1
0.0 7
0.05
0.0 4
0.03
0.02

L

Jmax

Bx

w.,

I

ke

lime

1.84
1.76
1.76
1.9 6
2.0 6
2.1 6
2.3 6
2.3 1

1.9 4
3.25
6.75
12.77
18.77
25.12
38.92
60.5 7

0.2 9
0.33
0.49
0.67
0.80
0.85
0.98
1.1 1

0.0 1 4
0.028
0.05 6
0.0 70
0.081
0.085
0.0 79
0.0 68

0.40
0.63
1.0 7
1.98
2.41
2.65
3.41
3.92

3.40
3.58
3.78
3.89
3.9 4
3.9 6
3.9 9
4.00

0.68
1.9 7
3.71
4.69
5.1 0
5.35
5.61
5.73

No1ES.-The Reynolds number R, = 10000 for all the solutions. N is the number of collocation points
used in each direction. Bx is the strength of the magnetic field at the edge of the current sheet. I= J/ixliy
over the current sheet. All the quantities are measured at the time of current maximum except the kinetic
energy and magnetic energy which are measured at the time of kinetic energy maximum.

I

the horizontal magnetic field, and the colors show the ampli
tude of the perpendicular magnetic field. There are three
X-type neutral points (X's) in the figure, two nearly perpen
dicular X's in the lower left and upper right-hand side of the
figure and an oblique X in the middle of the figure. In what
follows we shall regard the lower left and upper right-hand X's
as the primary X's-in fact these are created when the pertur
bation is superposed on the equilibrium field.
It is important to remember that the perturbation changes
the intrinsic topology of the equilibrium configuration. This
means that the equilibrium can only be regained through
reconnection, and dissipation. The need for topological change
can be demonstrated by running simulations with no resis
tivity, Y/ = 0, but a large viscosity. The final state is then a
singular force free configuration with current sheets (of
resolution dependent amplitude) overlaying the primary X's.
For the initial conditions described above, 59% of the per
turbed energy can be dissipated by the fluid motions alone.
The remaining energy is stored in the singular structures of the
final configuration. The magnetic energy that needs to be dissi
pated in the current sheets (when i/J is finite), is 14% of the total
initial energy.
A salient feature of Figure 1 is the six 0-type neutral points
(O's). The primary O's, in the upper left and lower right-hand
side, are topologically the same as O's in the equilibrium field.
They are distorted from their circular shape by the imposed
perturbation, but no reconnection is needed to restore them to
their equilibrium shape. The four weak O's above and below
the each of primary X's are the result of topological changes
caused by the perturbation. During the relaxation process the
initial magnetic field tends to relax back to the equilibrium
field with 0-type neutral points in place of the primary X's.
The strong current sheets are formed by the coalescence of the
weak O's.
Figure 2 (Plate 13) shows the horizontal velocity field and
vertical current at time t = 0.25. The coalescence of the weak
0-type neutral points is manifested by the emergence of a
vigorous circulation pattern. Much of this initial flow results
from the primary O's tending to relax to their circular shape.
Notice that the outflow from one of the primary X's forms the
inflow of the other. As already mentioned, the formation of
strong circulation patterns that connect the two current sheets
is an important feature of our solutions-it allows the possi
bility of fast reconnection. There is a weaker circulation
through the center X, which will also form a current sheet.

©

The evolution of the velocity, magnetic field, and vertical
current are shown for Y/ = 0.03 in Figures 3a and 3b (Plates
14-15). The color bar defines the amplitudes of the vertical
magnetic field and the vertical current in the two figures,
respectively. In the first frame of Figure 3a we see that after 1
time unit the magnetic field has changed only slightly from the
initial configuration. In the second frame oppositely directed
field lines are clearly visible where the primary X's were
located. The weak O's are moving toward the current sheet
and become wider. In the third frame the weak O's have
become squared off. The current sheet has reached its
maximum length and is starting to contract by this point.
Finally after 4 time units the 0-type points have almost
coalesced, and the current is nearly completely dissipated.
In Figure 3b we see that the centers of the primary O's are
becoming force free as manifested by the weak velocity field. As
the primary O's relax to their force free state, the circulation is
excluded from these regions. In the first frame the vertical
current is essentially unchanged from its initial configuration
(note that the color scale in Fig. 3b is different from that in 2).
The circulation still has nearly square cells with a small"figure
eight" around the central X. These cells become constricted as
the system evolves (t = 2), countercells are formed (t = 3), and
finally the flow is reversed (t = 4).
The flows are driven by the Lorentz force subject to the
constraint that V · u = 0. Initially the flow is dominated by the
relaxation of the primary O's and X's. As the system evolves
the current at the central X increases (t = 2) which, along with
the increasing size of the force f�ee region at the primary O's
tends to constrict the circulation pattern. In the third frame of
Figure 3a we can see that the primary O's have overshot and
are now longer top to bottom than side to side. This distortion
results in the counter cell seen in the third frame of Figure 3b.
At about the same time strong negative currents are formed at
the ends of the positive current sheet. These drive a back flow
which limits the length of the sheet.
4.2. Scaling Properties of the Current Sheet
The morphology of the large-scale flows and current systems
are determined by the interaction of the equilibrium field and
the perturbation; some of the free energy of the perturbation
(�E) is converted into kinetic energy (ke) and some is dissipated
in the current sheets (�me). For our initial conditions �E �
f TE= 9.87 (where TE is the total energy at t = 0). The mor
phology and strength of the magnetic fields and flows outside
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PLATE 14

FIG. 3a
FIG. 3.--{a) The evolution of the magnetic field; rr = 0.003. (b) The evolution of the horizontal velocity and vertical current; rr = 0.003.
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FIG. 3b
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FIG. 4. -Dependence of the free energy on q. The solid curve shows the
maximum kinetic energy as a function of l'f· The kinetic energy arises from the
mamietic energy of the perturbation, AE � 10. The dotted line is the difference
between the asymptotic value of the kinetic energy, - 4, and the perturbation
energy, AE. This is value of Am if there was no dissipation. The dashed curve
shows the actual value of the free magnetic energy.

the current sheet are unchanged, asymptotically, as f/ --+ O.
What does change is the size and strength of the current sheet.
� n� measure of how close we are to the asymptotic limit f/ --+ O
is given by the dependence of ke and 1'!.me on f/. The maximum
ke as a function of f/ is shown in Figure 4 (solid curve). (The
maximum kinetic energy occurs before the current sheet is
formed; t ;::::; 1.6.) It is clear that the maximum ke is approach
ing a constant value ke0 - 4 ;::::; jl'!.E as f/ --+ 0. (Note that v =
R;; 1 = 10 - 4 < f/ for all our simulations). The dotted line
shows (1'!.E - ke0), the value of 1'!.me if there was no dissipation.
The dashed curve shows the actual value of l'!.me. The differ
ence between the dotted and dashed curves is a measure of the
effect of finite magnetic diffusivity on the large-scale fields (the
current sheets have not yet formed). For f/ < 0.01 we are in the
"asymptotic" regime where the fields and flows outside the
current sheet are nearly independent off/. Recall that in § 2 one
of the assumptions needed to "derive" the flux pile-up scaling
was that 1'!.me = B 2 1L - ri0 (all of the dissipation occurs in the
current sheet); Figure 4 shows that this assumption is justified
for f/ < 0.01.
I� the remainder of this section we will present an empirical
scalmg based on our numerical simulations. We take the sim
plest hypothesis and suppose-----in line with the demonstration
of Craig & McClymont (1991}-that the trends shown in the
simulations for f/ < 0.01 will continue to hold as f/ approaches
the solar value of - 10 - 1 2 . This extrapolation effectively
assumes (the tearing mode notwithstanding!) that the current
sheet remains stable as f/ --+ 10 - 1 2.
As l? reviously mentioned, the scaling properties of the length
and width of the current sheet together with the current ampli
tude are sufficient to determine the energy dissipation rate, and
the flux annihilation rate. Given that all quantities are strongly
time dependent, it is natural to evaluate these parameters at the
time of maximum current in the sheet. Evidence from linear
studies (see Craig & McClymont 1991) suggests that fast recon
nection at the time of current maximum is indeed a reliable
signature of fast reconnection in dynamic studies. Accordingly
we shall concentrate on evaluating the energy dissipation rate
at the time of the current maximum.
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T/
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FIG. 5.-Dependence of the current sheet length, L, on q. L becomes inde
pendent of 1'f as 11 ..... 0.

Figure 5 shows the length of the current sheet as a function
off/. The length is defined as the distance between the peaks in
the outflow velocity along the current sheet. (The same defini
tion as Biskamp 1986 used in his numerical solutions. ) The
length is seen to be approaching a fixed value of - 2.3 for small
fl· That the maximum current sheet length is determined ulti
mately by the geometry, is an almost universal result of finite
amplitude simulation studies (see Biskamp 1986; Biskamp &
Welter 1989; Strauss 1990).
Figure 6 shows the power-law behavior of the width, l. We
again follow Biskamp (1986) and define the width of the
current sheet by fitting the current profile with the function:
2
J = Jmax/(cosh [(x - x 0 )/l)] , where x 0 is the location of the
maximum current. Two fiducial lines are drawn with slopes of
0.5 (solid line) and 0.6 (dashed line). The product of the length
and the width is shown in Figure 7. The area of the current
sheet appears to scale as f/112 , consistent with the flux pile-up
model.
Finally Figure 8 shows the power-law behavior of the
maximum current. Again we provide reference lines for the
points f/ < = 0.01; where Figure 4 suggests our model should
be valid. Comparison of the points with the two lines shows
that the current seems to be turning over at the smallest values
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FIG. 6.-Scaling of the current sheet width. Fiducial lines with scaling of
5
0
11 ° · and q · 6 are presented for reference.
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reference.

of r,. It is not clear whether this is an indication of the flux
pile-up stalling (as suggested by Biskamp & Welter 1980) or is
due to inadequate resolution for the final data point. The pre
vious points are well fitted by an 17 - 314 power law.
In Figure 9 we show scaling of the dissipation rate W .
The solid line is W,, - r,lLJ!ax , and the dashed line is W,, ;
r, J 2 lJx lJy over the current sheet. The latter calculation is
somewhat noisy because the current sheet is very thin, but both
curves show the tendency for the dissipation rate to level off at
small values of r, . (For marginally resolved computations the
dissipation rate will be underestimated-to this extent our
results give a lower limit to both current maximum, and the
reconnection rate.)
Another way of checking the flux pile-up hypothesis is to
consider the scaled current r,141 3 • This quantity is independent
of 1'f in the flux pile-up model. Figure 10 shows the time evolu
tion of the scaled current for (r, :::::; 0. 005) for 3 Alfven transite
times. A weak dependence on r, is seen in the mild decline of the
reconnection rate compared with the theoretical prediction.
We are unsure at this moment whether this behavior is just an
artifact of the decreased (relative) resolution at low r, , or
whether a breakdown of the flux-limited hypothesis is signalled
at small enough resistivities. Figure 10 also shows that the time

L

W.

of maximum current is a function of r,, this means that even if
the dissipation rate is independent of r, the reconnection time
may have a weak time dependence due to the dependence of
the collapse time on r, (Vainshtein 1991). We are in the process
of investigating further the dependence of the collapse time
on r,.
We have examined the other scaling properties of the solu
tions around the current sheet and have found them to be
consistent with our model of a flux pile-up solution. For
example, both the maximum amplitude of the magnetic field
parallel to the current sheets (B x ) and the integrated current
scale should scale as r, - 0 - 2 5 in the flux pile-up model. The small
r, scalings for these two quantities are - 0.2 and 0.3, respec
tively.
5. CONCLUSIONS

5.1. Summary and Future Work
We have demonstrated that within the present parameter
range, the flux pile-up model of fast reconnection provides the
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FIG. 9.-The energy dissipation rate,
from the measurements of the length, width and maximurii current. The
based on the sum of r,J 2 over the current sheet in the solu
squares show
tions. The former curve lies above the latter as J!ax ;:::: J 2 •
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FIG. 8.-Scaling of the maximum current. Fiducial lines with scaling of
r, - 0 · 7 5 and r, -0 · 66 are presented for reference.
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FIG. 10.-Time evolution of the scaled current r,J4i 3 , for five different
values of r,. The flux pile-up hypothesis predicts that r,J4i3 is independent of r,.
We see a weak dependence here. Note also that the time of current maximum is
dependent on r,.
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most convincing explanation of our results. The energy dissi
pation occurs via the formation of classical X-type neutral
points in a divergent flow topology (the flow being directed
away from, rather than into, current sheets; see Forbes &
Priest 1987). The reconnection rate remains fast because, in a
dynamic calculation, reductions in the plasma resistivity are
compensated by enhanced magnetic field intensities-i.e., the
pile-up of flux-at the edge of the current sheet. Craig &
McClymont (1992) also see flux pile-up reconnection in their
two-dimensional, compressible (no gas pressure), finite ampli
tude calculations. However, their fast reconnection stalls when
sufficient gas pressure is introduced into the problem. When
there is no gas pressure the sound speed is zero and there is no
hindrance to flux-pile up in simple single X-type neutral point.
However, for finite sound speed (or infinite sound speed as in
the present calculations) a more complex flow topology is
needed to prevent the reconnection from stalling. The present
calculation shows that finite sound speed-and finite perpen
dicular field-need not inhibit fast reconnection in more
general flow topologies.
Interestingly, Strauss (1990) argues for fast reconnection in
his three-dimensional driven problem. He also sees evidence
for flux pile-up with scalings comparable to the Biskamp &
Welter model of Table 1. This result is somewhat enigmatic,
however, since Biskamp & Walter assert the breakdown of
these scalings at small enough resistivity. That fast reconnec
tion may stall at low enough resistivity is certainly a theoretical
possibility which cannot be overruled-and may even be sug
gested at the lower end of our resistivity range-by the present
computations. None the less the dominant trends suggested by
our best-resolved computations seem remarkably consistent
with the flux pile-up fast reconnection hypothesis. If these
results are confirmed with independent high-resolution calcu
lations, then we can expect fast reconnection to be a common
feature of astrophysical plasmas.
On a practical level it is clear that higher resolution runs for
smaller values of 17 are needed to firm up the physical picture.
Some of these will be done with the existing spectral code. In
addition we are working on a new spectral code which will
allow us to use Chebyshev polynomials with the end points
located at the current sheets. This will concentrate the collo
cation points in the current sheet where high resolution is
essential.
5.2. Implications for the Solar A tmosphere
The flux pile-up model is attractive for solar flares because
the free energy of the perturbed magnetic field is converted
directly into heat. In contrast, the Petschek (1964) model and
the linear Craig & McClymont (1991) model convert the free
energy into kinetic energy of strong outflows along the sheet
which must then be transformed into heat by some other
mechanism. The flux pile-up model is also distinguished by its
large aspect ratio (L/ij, compared wth the Petschek and Craig
& McClymont models.
We examine, briefly, the possibility that there are observa
tional implications of our scaling law. Our current sheets are
characterized by their large aspect ratio, and a rise time of a
few Alfven times. If there were no conductive cooling we might
expect high spatial and temporal resolution X-ray observa
tions, from say the SXT on Solar-A, to see thin lines of emis
sion brightening nearly uniformly before the loop is filled with
evaporated material from the chromosphere. Unfortunately,
estimates of the emission measure based on our incompressible
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FIG. 11.--{a-d) The change in topology of two toroidal fibrils due to recon
nection in the shaded area. The fibril fields are projected onto the equatorial
plane. Both fibrils are anchored in the overshoot layer and extend up through
the convection zone and the photosphere. After the reconnection takes place
the single fibril can contract, and dissipate as an isolated ring of field. Notice
that the net unsigned flux through the plane is reduced as a result of the
reconnection.

calculation indicate that the initial brightening would be well
below the threshold of detectability for the Solar-A. Density
enhancements (the result of a compressible flow) during the
collapse of the current sheet are probably needed for the early
brightening of the current sheet to be detectable.
5.3. Implications for the Solar Cycle
Fast reconnection of fibril fields within the solar convection
zone can provide a way of changing the sign of the toroidal
field every 11 yr without resorting to turbulent diffusion
(Parker 1982a, b). A simple cartoon model is presented in
Figure 11. Here we have projected the northern hemisphere
convection zone onto the equatorial plane. We consider two
oppositely directed flux tubes, rooted in the overshoot region.
The unsigned flux across a meridional plane (indicated by the
radial line in the figure) is 2<1>, where <l> is the strength of each
flux tube. If 17 = 0 the unsigned flux cannot decrease below 2
(unless the fibrils slip over the top of the pole). However, if
convective motions bring the tubes close together at one point,
and the tubes reconnect to form a single tube, then the
unsigned flux can vanish. Once the topology is changed the
fibril can collapse on itself and the flux will dissipate into heat.
We expect reconnection to occur when the time scale for
reconnection is short compared with the dynamical time scale
that brings the fibrils together and pulls them apart. Our calcu
lations show that the reconnection time scale is several, say 20,
Alfven transit times. Consider a flux tube with B = 104 G, and
<l> = 102 1 Mx, near the base of the convection zone, where
p = 0.2 g cm - 3 . The Alfven speed is VA � 6 x 10 3 cm - 1 , while
the diameter of the tube is L = 3 x 10 8 • This leads to a time
scale of tr - 20L/VA = 106 s or 12 days. The turnover time in
the convection zone is around 26 days. Clearly, there is no
difficulty reconnecting two fibrils brought together by motions
deep in the convection zone.
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Consider for a moment fibrils with a fixed amount of flux <I>
as the fibril stretched both the Alfven speed will increase and
the tube diameter will decrease. The time scale for reconnec
tion is proportional to the -3/2 power of B. So a 10 5 G tube
with 102 1 Mx will reconnect in less than a day (assuming a 20
Aflven transit time reconnection rate). Fibrils, subject to aero
dynamic drag, are able to be stretched until the field strength is
well above the equipartition strength (Parker 1982a, b). The
above reconnection rates indicate that the topology of these
strong fibrils can change very quickly.
Vainshtein, Parker, & Rosner (1991) have reformulated the
mean field dynamo equations to include the effects of recon
nection on the diffusion of strong toroidal fields. They have

made the conservative assumption that reconnection proceeds
at the Sweet-Parker rate r, 1 12 • Our results suggest that the
reconnection may proceed at a much faster rate which is
logarithmic in the plasma resistivity.
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