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This paper begins a study of one- and two-variable function space models of irreducible
representations of ¢ analogs of Lie enveloping algebras, motivated by recurrence relations
satisfied by g-hypergeometric functions. The algebras considered are the quantum

algebra U,(su,) and a g analog of the oscillator algebra (not a quantum algebra). In each
case a simple one-variable model of the positive discrete series of finite- and infinite-
dimensional irreducible representations is used to compute the Clebsch—Gordan coefficients.
It is shown that various ¢ analogs of the exponential function can be used to mimic

the exponential mapping from a Lie algebra to its Lie group and the corresponding matrix
elements of the “group operators” on these representation spaces are computed. It is

shown that the matrix elements are polynomials satisfying orthogonality relations analogous
to those holding for true irreducible group representations. It is also demonstrated that
general g-hypergeometric functions can occur as basis functions in two-variable models, in
contrast with the very restricted parameter values for the g-hypergeometric functions
arising as matrix elements in the theory of quantum groups.

1. INTRODUCTION

In this paper we begin a study of function space mod-
els of irreducible representations of ¢ algebras. The alge-
bras and models that we consider are motivated by recur-
rence relations satisfied by g-Jacobi, g-Laguerre, and ¢-
Hermite polynomials. The point of view is that espoused
in Ref. 1. Simple one-variable models of irreducible rep-
resentations of the ¢ algebras are used to compute model-
independent properties of the representations, and these
results are then applied to the more complicated two-
variable models. In this approach ¢g-hypergeometric func-
tions depending on arbitrary complex parameters arise as
basis functions in two-variable models. This contrasts
with the results of the elegant theory of quantum groups,
where special functions usually arise as matrix elements
of quantum group operators. In the quantum group the-
ory these spherical functions are very restricted classes of
g-hypergeometric functions.>™

In the Introduction we review the basic facts about
the finite-dimensional irreducible representations of the
quantum algebra Uq(suz),“’7‘10 and examine a model of
these representations in which the representation space
consists of polynomials in the complex variable z.!! We
use this model and a ¢ analog of the exponential function
to give an alternate derivation of the Clebsch—Gordan
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coeflicients for the tensor product of two irreducible rep-
resentations. %12

In Sec. II we review the basic facts about the positive
discrete series of unitary irreducible representations of the
quantum algebra analog of su( 1,1).5513 we study a one-
variable model of these representations in which the
Hilbert space consists of analytic functions on the unit
disk. Again we use the model to give an alternate deriva-
tion of the Clebsch—-Gordan decomposition.

In Sec. IV we introduce a ¢ analog of the four-
dimensional oscillator Lie algebra. This ¢ analog is mo-
tivated by the recurrence relations for ¢, basic hypergeo-
metric functions, and is not a quantum algebra.
Nevertheless, the model techniques still prove effective.
We study a family of irreducible infinite-dimensional rep-
resentations of this ¢ analog and find two distinct one-
variable models: the first defined on a Hilbert space of
functions analytic in the unit disk and the second'! on a
Hilbert space of entire functions. In Sec. V we use the
disk model to work out the Clebsch—Gordan coefficients
for the tensor product of two of these representations.

In Sec. VI we examine briefly the quantum algebra
Wp(l). We show that a particular representation of
W,(1) can be identified with a particular representation
of the algebra in Sec. IV, corresponding to a model of

© 1992 American Institute of Physics 2365

Downloaded 29 Oct 2008 to 130.217.76.77. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



2366 Kalnins, Manocha, and Miller : Representations of unitary and oscillator of g-algebras

bosons, but, in general, these algebras are distinct. [On
the other hand, if Uy(su,) and W,(1) are considered as
complex algebras with identities, then
Upiz(suy) =Wy(1).]

In Sec. VII we give some examples showing how the
various models of g-algebra representations can be used
to derive identities obeyed by g series associated with the
models. We draw our examples from the oscillator alge-
bra of Sec. IV, though the ideas apply generally. Using
two more g analogs of the exponential function we mimic
the exponential mapping from a Lie algebra to its Lie
group and compute the matrix elements of “group oper-
ators” with respect to a standard basis in the representa-
tion space. Depending on which ¢ analog of the exponen-
tial we employ we obtain various ¢ analogs of the
associated Laguerre polynomials L{"~"(x) for m, n
non-negative integers. We demonstrate that these matrix
elements themselves form bases for two-variable models
of irreducible representations of the oscillator algebra and
that indeed they are special cases of models involving ¢
analogs of the Laguerre polynomials L{Y~" (x) for gen-
eral real y. We show that the polynomials in each exam-
ple satisfy orthogonality relations that are g analogs of
the orthogonality relations for matrix elements of irre-
ducible representations of the oscillator group.

In forthcoming papers we will extend the ideas in
Sec. VII, explore the discrete orthogonality and biorthog-
onality relations for g analogs of Laguerre and other poly-
nomials, obtained by multiplying the matrix of a “group
operator” by its inverse matrix, and explore the various
identities that arise from a knowledge of these matrices
and the Clebsch—Gordan coefficients.

For the most part, the notation used for the ¢ series in
this paper follows that of Gasper and Rahman.!*

Il. MODELS OF FINITE-DIMENSIONAL. U (su,)
REPRESENTATIONS

The quantum algebra U, (su,) is the associative alge-
bra generated by the elements H, E, E_, which obey the
commutation relations

[HE,]=E,, [HE_]|=—-E._
_,—H
[E+,E_]=—q—q17Hz__—Z_m. @.1)

Here we take g to be a real parameter, such that 0 < ¢ < 1.
In the limit as g— 1 relations (2.1) go to the usual com-
mutation relations for the complexification of the Lie al-
gebra su,. Finite-dimensional irreducible representations
of U,(su,) are determined by the integral or half-integral
number u: 2u=0,1,2,... . The corresponding representa-
tion D(2u) is defined on the (2u--1)-dimensional
Hilbert space H,, with orthonormal basis {e,:m=—u,
—u+1,...,u}, such that

E+em=([u_m]q[u+m+1]q)l/zem+lr

E_en=([u+m]Ju—m+1],)"%,_,,

He,,=me,, (2.2)
where
qm/2_q—m/2 o 1)/2(1 _qm)
m|, = —1r=q " . (2.3)
[m], =4 T—g

A second convenient basis for H,, is the set {f.:n
=0,1,...,2u}, such that

E+fn=_q_l[2u_n]qfn+1’
e_f,,= _q[n]qfn——b
Hf,=(—u+n)f, (2.4)

Here

fe (=12 9"(g9)0) 2 (2.5)
" (g=*q), —utn :

Since the element

—12, —Ht122
+

qJ:vz q—l/22 (2.6)

g’ °—q""")

C=E.E_+

commutes with each generator of U,(su,), it corresponds
to a multiple of the identity operator I on H,,. Indeed,

qu+1/2+q—u-—1/2
C=—m———mz ! 2.7
(g% —¢g="%) (2.7)

on H,,.
Given the irreducible representations D(2u;) and
D(2u,) on the spaces H,, and Hyy, respectively, we

define the tensor product representation
D(Q2u;) @ .D(2u;) of Uq(suz) on the space
Hy, @ H,, by the operators

Fi=0(E,)=E,0q¢"+¢“ VieE,,
F_=A,(E_Y=E_oq'""H 4q=HgFE_,

L=A,(H)=HeoI+I®H, (2.8)

where a is a real number. The operators F ., L satisfy the
same commutation relations as the operators £, H:

g—q "

[L)F:i:]‘_“‘:tFt, [F+,F._]=qT/2tq—_l77. (2.9)
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(If we require that F is the adjoint of F_ and L is
self-adjoint, then we must have a=3, which is the usual
definition of the tensor product; see Refs. 7 and 8. Thus
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where T,f(z)=f(qz). The basis functions {f,=z"n
=0,1,...,2u} satisfy relations (2.4). We define a bilinear
form (-,*) on H,,, such that

the interest of representations with general a relates pri-

marily to nonunitary

nonunitary infinite-dimensional representations to be
considered in the next section. However, we will work out
the details of the Clebsch—-Gordan decomposition of a
also in the finite-dimensional case.) It is straightforward

to show that

representations, particularly the

(f.g)= f f:o [(2)g(2)p(z,2)dx dy,

where z=x+ iy and dx dy= — (i/2)dz dz. Further, we re-
quire that

(E.f.g)=(fE_g), (Hfg)=(fHg),

g oHeH A grHe =), _,, (2.10) for all f,geH,, A straightforward computation gives
o p(2,2) =p(2z) =p(w), where
(1+q-u—5/2w)
(b—172)Ho HA (1/2-bYHe H__ A w) =————1m——pw
q 1729 b plqw) =~ =172,y P(W)
and the operators A, are equivalent to the operators A, /. or
In order to decompose D(2u;) ® ,D(2u,) into irre-
ducible subspaces, we introduce a convenient one- (—wg*~V%q) K
variable model of D(2u)."! Here the vector space H,, pw)=K (—wg " %g) . (—wqg * %) .
consists of polynomials f(z) of maximum order 2u in the 1 Hw 7 ’ 2&‘5 21 2)
complex variable z. The action of U,(su,) is defined by
the operators Since
—172 © dw u+5/2 1y g—1!
9 2 12 —ugi2 f 9 g
E.= 1—¢q (T ¢ T, o (~wg™ = 5g)s,n (1—g**!) "’
g " " we choose
E"=z(1—¢])(Tz =, ] g+
K=qu—+57)Tq_‘f s (2.12 )
=—u+z‘5, (2.1D) so that (1,1} = { f4./fo) ==1. The functions
|
@ (g:9) 522"
en(z)= - =
m (q(u+3/2)(u+m)q (u+-m)(u+m 4)/2(q;q)u+m(q;q)u—m)1/2
(q_zu;q)u+m
=zt*tm - , m=—u—u+1,.,u, 2.13
§ ‘[(—qm DE Py * @13

form an orthonormal basis for H,, in this model. This
Hilbert space has the kernel function

u

It follows from (2.8) and (2.10) that the operators
correspond to the tensor product D(2u;) ® ,D(2u,) take
the form

S(Z2)= 2 em(ZVen(2)=(—g*"¥229) 2,

m=-—u

so that
(8,5(2,"))=g(2")
for z’e€ and geH,,,
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(2.14)

_ 1 {q_.auz-—I/ZZ(qusz—l/Z_q—ulT;/2)T-(LIU

Fi=1—

+q( —a- l)ul_l/ZW(quzT,; I/Z_q——uleIu/Z) Tz_1+a}y
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q3/2 q( —14a)u,

F=12 =

(Ti/z__ T;—I/Z) T;‘H_l

AUy
H

q

_{__w_(T:U/Z_ T; 1/2) Tz—-a ,

d d

L=——u1——u2+zz’+w%. (2.15)

The functions
pzw)=2%" k=0,1,..2u;; 1=0,1,...,2u,,

form a basis for qui ® H,, .Weuse the method of highest
weights to decompose Hy, ® H,, 2into irreducible sub-

spaces. The eigenvectors of L such that F_f=0 are given
by

fio= - (g~ ;q)’q—(—Za—l)rzlzzs
5!

r=0 (q;q)r

w r
% _q—(—-l—a)(uz——au|+(d+1/2)3 .
z

(2.16)
Note that in the case a=3}, expression (2.16) can be
summed explicitly:

((w/2)g=ODm-mg),

= (w/z q—!/2u1—-1/2u2+s;q)w

f 50

w
=zs(; q—(1/2)u1-—(1/2)u2;q) ,

5
Lfo=(s—u;—u)f50 5=0,1,...,min(2u,2u,). (2.17)

We introduce a bilinear form (-,-), on H2“1
® Hy,, such that

Py 1pPiyly) a

=8klk281112( — 1)k1+llq(3/2)(kl+ll)—ulkl—uzll
(a0, (g:9),,

% (2a—1) (uyly+ugky — ko 1) - — .
7 (@59)i (g~ 7%0),,

(2.18)

By construction,

<F+pl»p2)a=(pr—P2)m <Lpl’p2>a=<pl’LP2>w (2.19)

for all py, p, € Hy, © Hy,,. [For a= 1, this agrees with
the inner product on H,, ® H,,, induced by (2.12)
and (2.13).] A straightforward computation yields

<f1;,0sf;,o)a= (— 1)’q‘"1’+ (2a—1)uys+(3/2)s

(g;9) (g~ 2~ 2ts—lgy,
(g=*19) (g7 *%q);

(2.20)

Now we define vectors f;, recursively, by

—q
fs,k+l— [2u1+2u2_2s__k]qF+fs,k

s=0,1,...,min(2u,,2u,). (2.21)

Using the recurrence relations (2.9) and the Casimir op-
erator

qL—1/2+q—L+l/2
C=F,F_+—7m——=n5 >
-G =TT

we can verify the following.
Lemma 1.

(1) Fofor=—q "[2u1+2u3—25—k), foks1r

(2) F_fou=—qlklyfok—1

(3) Lfsp=(—ui—uy+s+k)fsr
In particular, F f;5, 424,-2,=0. For fixed s the {f;;}
form an orthogonal basis for a subspace of

H,, , @ Hz,,ztransforming according to the irreducible rep-
resentation D(2u, 4 2u,—2s).

Lemma 2:
min(2uy,2u5)
D(2u,) ® D(2u,) = g,o ® D(2u;+2u, —2s).
Lemma 3:
(fonfsw?
=8Bk

X (—1 )k+.wq—u1s+(2¢z— Dups+(3/2)s4k( —uy—upy+543/2)

. (G0 (g:q) (g 172+ Lg),
(q—2u1;q)s(q—2u2;q)s(q—Zul—2u2+2s;q)k .
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Instead of the orthogonal basis { f;;} we can pass to
the orthonormal basis {e.,}, where

efn= ”fs,k” _1fs,k:

and v=u,+uy,—s, m=—u;—u,+s+k, so that

(2.22)

v=uytupuy+uy— ., | Uy —uy|,
m=—v,—v+1,.,0.

To derive a generating function for the Clebsch—
Gordan coefficients we apply a ¢ analog of the exponen-
tial of F to f5y and expand the resulting expression in
terms of the monomial p,, ,, basis:

[ k(k+1)/4

To compute the right-hand side of (2.23) we need to
evaluate the terms F’ﬁrp,,,,,,, where p, ,,=2"w™ and

F,=Y+X, Y=E,_0¢¥% X=¢"VisE,.
(2.24)

Note that YX=¢XY. Moreover, a straightforward induc-
tion argument using this property (see Refs. 4 and 14, p.
28], yields the following.

Lemma 4:

k

(:9)
(F+X)k= Y ik

e Xy,
i—o (@) (@@ x—;

The right-hand side of this expression is easily eval-

(exp, tF,) o= > 9 thifgo- (2.23) uated on the p, , basis. Then, making use of (2.16), we
U im0 (@) " obtain the expression
|
s o —s, —2uy+s—h, —2uy+-h,
(cxp tF )f" _ z (q ’q)h(q s :q)](q “2 l’q)lq(a—1/2)(lj—lh—h2)+(a+1/2)hj
¢ AV e e (@) a(a9) (g:9) (1—g) T
qu([l-—a][ul—s] +uy) +jluy—auy—s/2) + h([a—1luy—auy + [a+ I/Z]s)zs~h+jwh+ltj+1, (2.25)
where k=j+ /. On the other hand, from (2.21),
© (k+1)/74 N ( —2uy—2uy+2s, uy+uy—sy k
q ,q)k tq
exp, tF = ) ——tF = ( ) . (2.26)
(expy 74 )f0 ;Eo (B9 s0 ;Z’o (9« l1—¢ ok
Thus
£ () = ’i" gl= @D+ gy (g 59) s 4 (g7 *29),
SO S (@DA69) (@) (g7 ),
X (gt rig) gl @= VD k=) +(@a=1/2)s—atu—up) +1]
-5 uy—s+1 —r
X3¢2(q qlz—rzzl q_z’gz ; q;q2.v—2u1—2u2+k)zs+k—rwr. 227
From this result we can easily expand the orthonormal basis {e,} for H,, ® H,,,
(=D g50) 4yl 27 5D oy o BD s m(ED 0]
sk (q_“zul;Q)ul+u2—v(q_2u2;q)ul+u2—u(q;q)2v
qu/4(u2—m2)+(m+v)—-(1/2)u1(u1+u2—v)+(3/4)(u1+u2—v)+(a—1/2)u2(u1+u2—v)evm’ (2.28)
where

m=v,0—1,.,—v; V= -ty +uy— ., | u—us],

in terms of the orthonormal basis (2.18),

J. Math. Phys., Vol. 33, No. 7, July 1992
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172

(g7 21q) (g7 23q)
q 4 uy+ny q 4 it q(1/2—a)[ul(u;+n1)+u2(uz+nz)—(“1+”1)("2+”2)]

(q§q)ul+n1(q;q)u2+n2( -1 )u[+u2+n1+n2

#y L3

xq—(3/4)(“1+"2+"1+"2)+‘“1/2)(“‘+"‘)+("2/2)(“2+"2)Pul+nl,u2+n2r ni=upi— 1,0y — U (2.29)

U
n my, m enl®aen2. (2.30)
g

U uy; v ] u

nuny a

This defines the Clebsch~Gordan coefficients for the tensor product D(2u,) ® D(2u,). It follows from (2.27) that these
coefficients vanish unless m=n,--n,. Furthermore, the orthogonality of the two bases implies the identities

U, 4, v u, uy; v*
2 =6vv"
nay a n, np m g a ng n, m 7
r%
u, u; v U, u, v
2 o =8 (231)
v a nl n2 m g a nl n2 m

(In the second sum we require n,+n,=ni+n;=m, and * is complex conjugation.) From (2.27)-(2.30) we find

[ul u, Ul [(q_zu];q)ul+u2—u(q_2u2;q)ul+u2—v(q_2ul;q)u|+nl(q_zuz;q)u2+n2(q;q)v+m(q;q)ul+nl 2
a

nonmy om (6D 41008250 4ty (8750 vt (G50 1y

(qn1+v u+1,
—2u1

i)

’q)u1+u2—v

X (uy—uy) (uy+ug+ny—ny
(4:9) (g ¢

2,2
X q1/2[ — Uy 4 g+ 2uquy — 2upv— myuy 4 npuy — nyuy — nju )

v—uy—u uy—uy+uv+1 —uy—n
q12,q12++,q22

X3¢2(qv+n1—-u2+l q.—2u2 ;q; q—v+m)' (232)

In the case a=3 the sum (2.25) can be evaluated explicitly (through use of the ¢g-Vandermonde identity; Ref. 14, p.
236):

([2t/(1—q)1g7 %2 %g) o ( [wt/ (1—q) 1¢*V* =2+ %q) ((w/z)g~ ">~ “Z’Zq)s

1/2
(exp, tF ) fi% ([wi/(1—q)1g"7*+2=%g) ([2t/ (1—q) ] g1~ %q),, (2:33)

Thus, from (2.26), (2.28), and (2.29) we obtain the generating function (after some rescaling)

)

X
uytuy—ug [ 3y oy —us,
x2 q 1782 3’q P

x X,
uytup—wy [Tl it
X, gam g x|

l+u3 uy—uy,
x o’} g

Uy+uz—uy Uzt —uy Uy tuy—uy

=(—1)wth—u 4 (1/2)(ul+u2—u3)+u3(u,+u2)—(1/2)(uf+u§+u§)

y (—1)“1+“2—“3(q;q),,,+,,2_,,3(q—“'—"2—"3—‘;q)WZ_,,}]"2

(q7759) 4y (4

2;q)u1+u2—u3
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% z (— 1)u3+mx;‘3—mx’l‘l+"lx;‘2+"2ql/2[rn(u2-—u1+u3)+n1(u2—u3+u1)+n2(u3—u1+u2+2)]

ni
(@ 250) gt m (850D 4, (@75 gy gy (D772
X , (2.34)
(q;q)u3+m(q;q)ul+nl(q;Q)u2+n2 V2 n o n m g
I
where m=n;+n,. The left-hand side of (2.34) admits X3 Xy, Uz—Uy,

symmetries, which account for the 72 symmetries of the
Clebsch-Gordan coefficients.® Indeed, any even permuta-
tion of the indices 1, 2, 3 on the left-hand side induces a
symmetry. For example, the transformation

Xy— Xy, Uy— Uy,

induced by (132), which maps the generating function to
Xy—rqXy Uy —lly, g3t ¥~ times itself. The odd permutation (12)(3) in-
duces the transformation

Xy— X3, Uy— U3, .
X; =X, Up—Uy g-q

X3—X), Uz—Uy,

. . . . Xy—X], Uy—U

induced by the cyclic permutation (123), is a symmetry 270y D

(it maps the generating function to ¢2+t*~ " times it-

self), as is the transformation X3—X3, U3 Uz,

X|—gX3, Up—Us, which maps the generating function to

(__1)u,+u2+u3qz(uf+u§+u§)—(1/2)(u,+u2+u3)2+(3/2)u3—(1/2)14,..(1/2)u2
times itself. The transformation
xj_’xj_l’ U=y q—’q_l’ Jj=123,

2“1

followed by a multiplication by x| 2252

x, °x3 °, maps the generating function to

(—1 )u,+u2+u3q2(uf+u§+u§)~ 172y + 1y + u3) 2+ (3/2) w3 — (1/2)uy — (1/2)uy

times itself. The remaining symmetries are probably best understood from the examination of a new generating function.
In (2.34) we set x;=2z,/y,, X,=2,/y;, X3=23/y;, multiply by

(— 18+t (g sy YU+ 0081 (o Y312 (0 Y - i = s A+ 5 +48) = (i -t ag)?

b4

(q§q)u3+u2—ul(q;q)u3+u1-u2(q;q)ul+u2—u3
and sum over all possible values of u,, u,, u; to get

(739221439) o, (V25123859) oo (V15322059) o
(715223:9) o (3512239) o, (V25321959) o,

© u; Uyt U —uy wytuz—uy uj+uy—uy
2 5 5 53 Uyt 1ty Uy 4Ty By—m Uy—Ty Uy—N +
Qb ny Uy uy—m up—ny uyp—ny uy+m
= z (g:9) (g:9) (¢:9) “ 2, Zy ) Y, (=)™
iy b uy=0 m=—u; B9 uy )~ 0\ DG syt 03— 20\ DG D) ) 4 1y — iy

X (—1 )2(u2+u3)ql/2(u1+u2—u3) Xq5/2(u?+u§+u§)—2u1u2—u;(ul+u2)ql/2[m(u2—u1+u3)+n,(u2—u3+u1)+n2(u3-—u1+u2+2)]
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y (q;Q)u1+u2—u3(q_ul_u2_u3_I;q)ul+u2—u3(q_2u3;q)u3+m(q_2ul;q)ul+nl(q_zuz;q)u2+n2 2 U, uy; us
@50 w4y, 5D iy, sy m(ED sy 11, (GD w1, lmomm]]
(2.35)
T

All even permutations of the rows and columns of the E_e,=—([u+ m]q[ m—u——l]q)l/zem_l,

matrix,
»os1 oz He,,=me,, (3.1)
2 S22, (2.36) Here u is a negative real number. A second convenient
Vi 53 z3 basis is the set { f,:n=0,1,...}, such that

induce symmetries of the left-hand side of (2.35). For
example, the mapping of (2.36) to

Y3 Z3 53
Yo 22 521,
iz 5

is a symmetry, as is the mapping of (2.36) to

Y3 53 z3

N 51 Z,q9

v sz
and to

Y2 S2 Zg
Y3 539 23

1 5 2

[The last two examples correspond to cyclic permutations
of (2.34).] Another example is the mapping of (2.36) to

29 Y1 S

Z Y2 S2

3y s
All these symmetries together generate the full group of
72 transformations of the Clebsch-Gordan coefficients.®
Through the relation (2.32) the symmetries lead to trans-
formation formulas for the ;¢, polynomials.'*

11l. A CLASS OF INFINITE-DIMENSIONAL
REPRESENTATIONS OF U(su,)

Now we consider the discrete series t, of infinite-
dimensional representations of U,(su,). This is defined
on the Hilbert space H, with orthonormal basis {e,:m=
—u+4n, n=0,1,2,...}, such that

E ep=(Im—ul Ju+m+1],)" %, 1,

E+fn=q_l[n"'2u]qfn+l’
E—fn= _q[n]qfn—l

Hf =(~u-+n)f, (3.2)

On this Hilbert space £, =— (E_)* and H*=H, i.e,

(E,fg)=—(fE_g), (Hfg)=(f.Hg), (3.3)

for all f,geH, in the domains of the appropriate operators
E_ ,H. (In the limit as g— 1 these representations corre-
spond to the positive discrete series of unitary irreducible
representations of the Lie algebra su(1,1 ).} Here

g gq)
f,,=\/We_u+,,, n=0,1,2,.. (3.4)
b n

Note, however, that for each complex number u such that
2u70,1,2,..., expression (3.1) (with a suitable definition
of [[m—u],) or (3.2) defines an algebraically irreduc-
ible representation 1, of U,(su;) on an infinite-
dimensional vector space K, consisting of all finite linear
combinations of the basis vectors {e,,} or {f,}. In this
more general case we can define a symmetric bilinear
form (-,-), such that (e,,e,,) =35, Then with respect
to this form we have

(E+f’g)=_(fsE—g), (Hf,g)=(f1Hg)’ (3'5)

for all f,geK. Also

(372—u)ng .
q (g;9)
rnf ) =buw —(miy (3.6)
Given the irreducible representations ty, and t, we
define the tensor product representation ty, © oly, of
U,(su,) on the space K® K by the usual operators
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F,=A(E,)=E, ®an+q(a_l)H®E+’

F_=AJE_)=E_eoq'"9"1qHgE_,

L=A,(H)=HeI+I9H, 3.7)

where @ is a complex number. Again the operators F ., L
satisfy the same commutation relations as the operators
E,., H [If u; and u, are negative real numbers and we
require that F_ = (F )*, L=L* with respect to the inner
product induced from the unitary representations 1 up
tuy then we must have a=3. Since the equivalence rela-

tions (2.10) hold, we can relate the tensor product A, for
general a to A, ]

To decompose 1, ® ,t,, into a direct sum of irreduc-
ible representations we follow the procedure of Sec. II
and introduce a convenient one-variable model of 1,.!' A
basis for the vector space consists of the functions { f,,(z)
=2z"n=0,1,2,...} in the complex variable z. The action of
U,(suy) on functions f(z) is defined by expressions
(2.11). We define a bilinear form (-,*), such that

1 ok 9 —io
V=35, [ [ rirengtepya  de,
(3.8)

0

where z=re®, z=re=" and

k o
|, Fhdp=r-0) 3 Pk (39)
Requiring that
(E.f)=—(fE_g), (Hfg)=(fHg),

for all polynomials f,g we find that the (essentially)
unique solution is

[u__%]q(rzqu—l/z;q)°o
k=q—u+l/2’ p(,2)= q5/2(r2q”""5/2;¢1)w

» (3.10)

for uz-—3, normalized so that ||1]|*=(1,1)=1. In the
special case u= —j we define the bilinear form through
the limit

(f:8)~12= lim (f.8). . (3.11)

u—~1/2

If u is real and negative this bilinear form determines an
inner product {f,g)=(f.g). With respect to this inner
product we have relations

g2 " (q:q) ,

(fm.fn’) =6nn' .(q—- u;q)n s

(3.12)

in agreement with (3.6). Completing the vector space K
to the Hilbert space K*, the closure of K with respect to
this inner product, we see that K, consists of all functions

o

f(Z) = Z cnzni
n=0
such that
z (@27 "(g:q)
2 > n
el —————— 3.13
ngo el (g7%q), @ ( )
These are functions f(z) analytic in the disk |z] < g
4. The Hilbert spaces K, have corresponding kernel func-
tions
L% . (¢ Fz0).
Z)= - - T v
S(z',z) ngoe wtn(Z')e_yin(2) (¢" 2'%4) o
(3.14)
so that

(.S(z',")=¢g(2'),

for |2’} <g*>~¥* and gekK,.
Just as in Sec. II, the operators corresponding to the
tensor product 1, ® ,1,, take the form (2.15). The func-

tions
pk,,(z,w)=zkw1, k,1=0,1,2,...,

form an orthogonal basis for X, u, ® K. Again we will use

the weight vector calculations to decompose
K, ®K uzinto irreducible subspaces. For convenience, we
will consider only the case where u, and u, are negative
real numbers. [However, it is easy, via the bilinear form
(3.8), to carry out the corresponding computation for all
complex u,, u, such that 2u;, 2u, and 2(u,+u,) are not
positive integers or zero.] The eigenvectors f of L such
that F_f=0 are given by the expression (2.16), where
now s=0,1,2,... . In the case where a=% we can sum this
series explicitly:

((w/z)q—(1/2)u1——(1/2)u2;q)
Sso= ((w/2) g~ VD=0 Fsg)

w
=Z:(; q—(1/2)u1—(1/2)u2;q) ,

s
Lfs,0=(s—u1—u2)fs,0, S=O,1,... . (3.15)

Now we introduce a bilinear form (-,"), on K u ® K,,z,
such that
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(pkl,ll)pkz,12>a=5k1k261112q(3/2)(kl+11)_ulkl_uzll

X q(Za— l)(ulll + uzkz-klll)

(¢:9)x,(4:9),

—2“1, —21‘2.

(@) (a7 2a),,

X

It is easy to verify that

<F+plrp2>a= — (pl:F—PZ)m

for all py,p, € K, ® K, [For a= 3, this agrees

inner product induced on K, ® K, by (3.10) and (3.12).]

It follows that

(f:()’f:0>a=q_uls+ (2a—1)uys+(3/2)s

(g:q) (g~ 222+ Lg),
(g7 29),(g~*25q),

Vectors f;; can now be defined, recursively, by

Fonim —q
K+ 1120y +2u,— 25— K],

Lemma 5:

(Lp,p2) = p1,LP2) o

F.fue sk=0,L1,...

: Representations of unitary and oscillator of g-algebras

(1) Fofor=—q "2u1+2u;— 25—k ofsjer1s
(2) F_for=—qlklfsi—1;
(3) Lfgy=(—uj—up+s+k)fop

s,k=0,1... .

For fixed s the {f;,} form an orthogonal basis for a sub-
space of K, ® K ,,ztransforming according to the irreduc-
ible representation t uytuy—s

Lemma 6:

(3.16)

0

(3.17) iy @aliy = Eo @ Tty

Lemma 7:

(Fsiols )

___6”’5kqu—-uls+ (2a—1)uys+(3/2)s+k( —uy—uy+s5+3/2)

with the

(@) i(g:9) (g~ 1~ Hats= gy,
(g~ 49) (g %3q) (g1~ 2% 55g),

Passing to the orthonormal basis {e!,}, where
em= okl " oo

m=—u;—uy+s+k,

(3.18)
v=u;+uy—S5,

we see that these basis vectors satisfy relations (3.1).

The derivation of a generating function for the
Clebsch—Gordan coefficients is very similar to the corre-
sponding computation in Sec. II. We apply a ¢ analog of
the exponential F_ to f5q, exactly as in (2.23). Applying
Lemma 4 and using (2.16) we again obtain (2.25). Sim-
ilarly, the generating function (2.26) and the explicit ex-
pression (2.27) for f‘;’ +(z,w) hold for the discrete series of
representations. From this result we can expand the or-
thonormal basis {e,,} for K, ® K,

(3.19)

Uy—uy—v—

(4;4)u1+u2—u(¢1_

l;q)ul+u2—v(q;q)v+m !

/2

= 5 5 5 q(1/2)(u,+u2—v)(—ul+[2a——1]u2+3/2)+(1/2)(M+v)(3/2—v)ev ,
—Ju = —v,
s (g l;q)u1+u2-—v(q uz;q)ul+u2—u(q ;q)m+v i
(3.20)
where
m=s+k—u —uy;, UV=U;+Uy—Ss,
in terms of the orthonormal basis
( —2uy, ) ( —2uy, ) 172
M e 9 "5 u+n\d 59wyt g 1/2=a [t m) +upi+ my) = (g ) (ipmy) ]
! i (q;q)u1+n1(q;q)u2+n2
Xq—-(3/4)(u1+u2+nl+n2)+(u1/2)(u1+n|)+(u2/2)(u2+nz)pul+n1'uz+n2, = —Uy— i+ 1,.. (3.21)
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U, U v

e (3.22)

v
m

1 #2
e "®.Le“.
n n
nyny a n n, m q 1 2

This last expression defines the Clebsch-Gordan coeffi-

Uy Uy U]
q9

n n, m
a

cients for the tensor product 1, @ 1y, Clearly, they van-
ish unless m=n,+n,. The orthogonality of the two bases
implies the orthogonality relations (2.31), except that the
sums are now infinite. We find

[ (q‘2“2;q)u,+uz_u(q‘z"‘;q)ulﬂ,(q‘z“z;q)u2+n2(q;q)u+m(q;q)ul+nl(q;q)u2+nz} 2

(g% l;q)ul+u2_v(q—2“1;q)u1+u2_v(q_2”;q)v+m

X (q”_“2+"l+l;q) - (qu2+n2+l;q) wq—(l/2)(ul+u2—v)(—u1+[1—2a]n2+3/2)+(m+v)((1/2)u1-—u2+ [a—1/2)ny—3/4)

Xq(ﬂ— 1/2)[ul(ul+n|)+u§-—n%—(ul+n1)(u2+n2)]q—(u1/2)(u1+n1)+u2(u2+n2)—au1(u2+n2)

q"—“l"“z’ qul—u2+u+l’ q—uz—nz

Xq(3/4)(“1+u2+ﬂl+n2)3¢2(qv+nl_u2+1 q_2u2 ; q;q—v-l-m)‘ (323)

Finally, in the case =3 the sum (2.25) can be evaluated explicitly to yield the generating function

([2t/(1 =) 1"~ %9) . ([we/ (1—g) 11~ %9)  ((w/2) g~ >~/ %59)y ny
(exp, tF. ) f50 = Y6 ETT) Ve ) (3.24)
7 i ([wt/(1—-g)]g* Do [22/(1—q) 1g*2 74275
I

IV. MODELS OF OSCILLATOR ALGEBRA He,=(A+n)e, %e,=lg e, (4.2)

REPRESENTATIONS

We introduce as a ¢ analog of the oscillator algebra
the associative algebra generated by the four elements H,
E,, E_, & that obey the commutation relations

[H’E+]=E+9 [HyE—]=_E ’

[E,E_1=—q %%, [%,E.1=[%,H]=0. (4.1)
These relations are motivated by the recurrence relations
obeyed by the g-Laguerre polynomials, although, as we
shall see, this associative algebra is not a quantum alge-
bra. In the limit as g— 1, expressions (4.1) reduce to the
commutation relations of the four-dimensional oscillator
Lie algebra.! The associative algebra admits a class of
algebraically irreducible representations f1,;, where A
are complex numbers and /5£0. These are defined on a
vector space with basis {e,:n=0,1,2,...}, such that

/q"”‘—l
E+e,,=1 —1:;——8,,.*.1,

If A and / are real, then 1, is defined on the Hilbert space
K, with orthonormal basis {e,}, and on this space we
have E, =(E_)*, H*=H and £*=¢. A second conve-
nient basis for K is { f,:n=0,1,...}, where

E fo=lg~"*Vf, L,

n

1—-¢
E——fn=lq_n/2 1 q fn——h

Hfy=A+n)fn Efo=Pg'f, (4.3)
Here, f, = (g;9),/(1—g)",.

Note that even in the case where / and A are complex,
we can define a symmetric bilinear form (-,-) on the
space K of all finite linear combinations of the basis vec-
tors {e,}, such that (e,e,)=35,,. Then, with respect to
this bilinear form, we have

(E. f8)=(f,E_g),

(8f8)=(/.€8), (4.4)

for all polynomials f,gek. Also,

(Hf’g)=(f’Hg)’
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(g:9)n
(fmf;z) =6nn' (quqq)n . (4.5)

The elements € =gq 7% +(¢—1)E_E_ and & lie in
the center of this algebra, and corresponding to the irre-
ducible representation t;; we have ¢ =PI, & =P¢"1,
where I is the identity operator on K|,

Given the irreducible representations 1, ;and

11,2,00 the Hilbert space K we define the tensor product
representation 1 1A, @ alna,on the space K, ® K, by the
operators

Fo=M(E)=E,@q¢"+¢"“ VieE,,

N . N — 8]
(9

F_=AE_)=E_&q¢ " 1qHoE_(x1g"+K;)

L=A,(H)=Hel+I®H,

F=A(8)=F I+Ie&=(Lg"'+ENIsl,

(4.6)
where
Rgh! R+ B
Kj=——3—, KO=—Z75 . (4.7)
L Lg"
Then we have
[LF ]=%F,, [F+:F_]=—~74_L,

in agreement with (4.1). Here a is a2 complex constant.
A second type of tensor product representation
1,4, ® aln4,is defined on K, ® K, by the operators

Fi =A(E,)=E, @ ¢ +g " VEQE, (£19"*7+£)),
F’_=A"1(E_) =E_ ®q(l_“)H—{—q_“H@E_(K1q1/2H+K2)
L'=A(H)=HelI+IoH,

F'=A(F)=F ol+]® $=(lfq‘1"+liq‘2“)lek1, )
4.9

where

Tl%qll —172
§l= - 122 ’

Tllq'{‘/z

1=~ B+

1 g'? Jhig"1+ g™
K1=;, K2=_W' (4.10)

Here a and 7 are complex constants. Neither of these
coproducts leads to a quantum algebra because, for ex-
ample neither satisfies the associative law.'

Since relations (2.10) hold, the operators A, A} are
equivalent to the corresponding operators A, /,, A{ /. Us-
ing this equivalence we shall assume a= ; in the compu-
tations to follow.

We introduce two convenient one-variable models of
1,4- In the first case a basis for the vector space consists of
the functions {f,(z)=z"n=0,1,2,..} in the complex
variable z. The action of the oscillator algebra is given by
the operators

(7712172,

z

Iz
E, = T——l/2’ E_ =
*T g2 (1—q)z

d
H=A4z—, f:ﬂq"_ll,

Z (4.11)

where T2f(z)=f(g%). Thus relations (4.3) hold. We
define a bilinear form (3.8) and (3.9), such that

(E.f8)=(f,E_g), (Hfg)=(fHg),

for all polynomials f,g. The essentially unique solution is

1
k=Tq’ p(P)=(g(1—g)r59) s

1 (4.13)

see Ref. 2. For [ and A real the bilinear form induces an
inner product {-,*), such that

(E+f:g>=<f!E——g>9 (Hf’g)>=<f’Hg>:

for all polynomials f and g. The functions

1_ n
e,,=\/( 9) z", n=0,1,...,
(:9)n

form an orthonormal basis for the Hilbert space K|, of all
functions

0

f2)= 2 e
n=0
such that
o eal®
Eo (1—q)" <

J. Math. Phys., Vol. 33, No. 7, July 1992

Downloaded 29 Oct 2008 to 130.217.76.77. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



Kalnins, Manocha, and Miller : Representations of unitary and oscillator of g-algebras 2377

It follows that these functions are analytic in the disk
|z| < (1—g)~"2 The Hilbert space K, has the kernel
function

0

S(Z,2)= X en(F)ey(z) =

1
((—g7zg,”

so that

(8,5(z',y=g(z'),

for |z'| <(1—¢)~ % and feKo.

A second model of 1 m ! is determined by the basis
functions { f,(z) =¢""*142"n=0,1,2,...}, and the oper-
ators

E =kl E_=

—1
=gz T )

d
H=A+z—, &=P¢"'I

pt (4.16)

Then expressions (4.3) are valid. We define a bilinear
form, such that

var= [ [ re@pendsa,

where z=x+Iy and f,g are polynomials in z. Requiring
that conditions (4.12) hold, we obtain the solution

l—g
(—(1—q)zz;q) ,mIng~

P(Z,Z_)= i-

For / and A real this bilinear form induces an inner prod-
uct (-, for K, such that relations (4.14) hold for all
polynomials f and g. The functions

/(l—q)"
t o P+ 1)/4 ——27", n=0,1,..,
=9 (@:9)x

form an orthonormal basis for the Hilbert space K|, of all
functions,

o«

f2)= 2 e

n=0
such that

lcnl2 —n(n+1)/2
< o0.

>

n=0 (l_q)"

This is a space of entire functions; it has the kernel func-
tion

o

S(Z2)= 2 el(Z)el(2)=(—(1—g¢)gZ'zq).,.

n=0

(4.17)

V. TENSOR PRODUCTS OF OSCILLATOR
REPRESENTATIONS

We will make use of the model (4.11) of the oscilla-
tor algebra to decompose the representation t iy

® 1ha, into irreducible components. Thus we have

llz l

F+ 5172 T ——1/2q}_2/2T1/2+q T—1/2q—ll/2T—1/2

I
F = T-1/2 T1/2 2/2T1/2
a q)z( )¢t
g~ M2 T2 h (T7V2_TV?)
T et T
X (K1q12Tw+K2)’
L=A;4+A i
- 1+ 2+zd_z+wd—wf
F =B B, (5.1)
where
Rgh—! " +5g"
K= — %] = .

L’ = Le"
The functions

Pi, k, (z,w) =zFwke, ki,k,=0,1,...,

form a basis for K, ® K. The eigenvectors f of L, such
that F_f=0, are given by

(g7%q)k
(‘],Q)k(— (KI/KZ)qAZ-‘-l:q)k

foolzw)=2 Z

[wllq(,11+,12+3s)/2]k (52)

212K2

Using (2.23) and Lemma 4, we find
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(g% g"

(expy tF ) fo0= hE 2

S 20 (— (/) (@) n(350) (459,

2R 2] . .
[ 2 : zs—h-i—jwh-i-x’tj—i-l
\ b )

z
=@ wg) (@ g

We introduce a bilinear form {-,-} on Ky ® K|, such
that

(— (/i) 59,
(l—q)h'H

Dajw ) =0mSp (3:0)4(g:9) 5.

(5.4)

Then we have

(Fopip2) =pi,F_p2), (Lpnp2)={pi,.Lps),

for all p,,p,eKy® K,,.
Defining the functions f;;(z,w), recursively, by

fs,k+l=7;_1q(k+1)/2F+fs,k) S,k=0,1,...,

L= g (Bq~ "1 Bg~ ™), (5.5)

we obtain the following.
Lemma &:

(D) F+fs,k=7.sq_(k+1)/2fs,k+ 1
(2) F_fu=lg " 1(1=g" /0= 1fur_1s

(3) Lfgx=(A1+Ar+s5+k) fop

For fixed s=0,1,2,..., the { f;;} form an orthonormal ba-
sis for a subspace of K,® K|, transforming according to
the irreducible representation 17,3 44, +s

Lemma 9:
o
Tll”ll ®f A, = xgo ® TIr'q'l""lz'*'-"‘

Lemma 10:

(g:9)s(q:9)
9)* M= (k1/i) g2 sq),”

<fs,k’fs',k'> =5.¢s’8kk' ( 1—

From (5.5), we have

(q1-2/2—.r/211 )j(q—ﬂ.l/2—.\'/212)1

—3 2/2—3/2
7 7 hz Lwg/2 Ao 2+s

_k q‘2+1 N H Iz (5.3)
K
f
5 ("
(equ tF+ )fs,0= kz() (q;q)kfs,k’
and, comparing this result with (5.3),
fs,k(z’w)
~ (97%9),
— —k 2/2—3/2 k,
LN 1) 2 e Zen D g,
Ilwq/-,/2+12/2+s+k r
X )
z
q—" —k ___2 q——r—l2 q
X3¢2 Ky 5 45 F
l—r—s 272
q » 0
(5.6)

We can use this result to expand the orthonormal
basis {e':,} for Ko@Ko,

e.;c-:' “fs‘,k“_lfs,k, S,k=0,1,2,..., (5.7)

in terms of the orthonormal basis

€n ®€y,= ”Pnlnzll_lpnlnz’ (5.8)
s 2 LAy DAy s (5.9)
&= e, ®e,. 5.9

k nyny ny; ny; k 7 "1 2

These Clebsch—-Gordan coefficients vanish unless n,+n,
=s-k. Furthermore, they satisfy the identities

» [lh/ll; LAy 5] [hAs LAy s 5
| =Okk's
nny L 1 ny k gl 0 ny k 7
z Ay iy s WAy by s 5
skl mo ny k . ny; ny k q— nyny
(5.10)
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where ny+ny=n{+n;=s+k=s"+k’, and we are assum-
ing that /;,/, >0 and A,,4, are real. Explicitly, we find

[ll,/ll; byAy S]
q

ny; ny k

=z;—k(q,i.2/2—s/2l1 )k(q/l,/2+}.2/2+s+kll )nz(q—s;q)nz

172

(- (Kl/Kz)qA“I;Q)s(q;q)nl"?
X C /) 50, (@500, (G0 G2

- —k
q n2, q _2q_,,2_,12
X3¢, Ky ;¢ 9
gm0 Kol
(5.11)

VI. THE QUANTUM ALGEBRA W,(1)

Another ¢ analog of the enveloping algebra of the
oscillator algebra is the quantum algebra W,(1),>'>1¢2!
generated by the three elements H', E’, E’ with the
commutation relations

[H,sE;.]=E;.) [H,:E’_.]=_E’__:

\2H | ,—1/2H
V4 +p
ELE l=——mm =7 6.1

[EE] o (6.1)

where 0 < p < 1. The center of this algebra is generated by

74 l=p1/4pl/2H'_p3/4p— I/2H'+ (1 _p)E:I_EI .

W,(1) admits a class of algebraically irreducible rep-
resentations 1) where A is a complex number. These rep-
resentations are defined on a space with basis {e,n

=0,1,2,...}, such that

14
El e,

(n+-1)72 A+n/2y 1 1/2
= (A+n—1/2)/4 (1-p** ) (14-p*T77%)
=P en+l’

1—p
E' e,
/2 A+ (n—1)/2y11/2
=p—(a+n—3/2)/4{(1—[’” )(1+4p** )] .,
1—p n—b
He,=(A+n)e, (6.2)

If A is real then t} is defined on the Hilbert space K, with
orthonormal basis {e,}, and we have E’ = (E’ )*, and

(H"Y*=H'. A second convenient basis for K, is {f;n
=0,1,...}, where

B, fu=p I = Y f

—n/4__ ,n/4

P

LYY
E—fn=P(3/2 e 1—p Sav

H'fy=A+n)f, n=0,1,... (6.3)

In this case,

(pl/Z.p1/2) 1/2
fn= 172 n €n
(—=2"p"%),(1—-p)

Corresponding to the irreducible representation 1}, we
have €' ____p(3/2—-l)/2(p/1—— 172 1 )I.

In the special case A =3, expressions (4.2) and (6.2)
for the representations 1g/4and 11/, respectively, of
the two ¢ analogs of the oscillator algebra, take on almost
the same form when g=p. Indeed, we have

(6.4)

E; =E+q(b'+ 1/2)/4’ E_ =E_q(H—1/2)/4,

H'=H, I=%. (6.5)

In general, however, these analogs are distinct, the first
motivated by the recurrence relations for the functions
19, and ,¢, the second by the raising and lowering oper-
ators for bosons.

On the other hand, if we consider Ug(su,;) and
W,(1) to be algebras (with identity) over the complex
numbers then Up1/2(Su2) = Wp( 1). Indeed, if we set

ei7T/4
v [ i/
E+—q+1E+, E =" (g—1)E_,
ir
g _pln
H=H 2ing’ qg=p’* (6.6)

Egs. (2.1) and (6.1) are identical. Thus the basic facts
about tensor products of representations of the form 1t}
can be obtained easily from the results of Sec. III.

We remark that Biedenharn and Tarlini®? have
shown how to extend the notion of tensor operators for a
Lie algebra to g-tensor operators for a quantum algebra in
such a way that a generalized Wigner-Eckart theorem
holds. This relates to some of our g-algebra models.

VIi. GENERATING FUNCTIONS, ORTHOGONALITY
RELATIONS, AND “ADDITION FORMULAS”

Now we will present some examples to show how the
various models of g-algebra representations can be used
to derive identities obeyed by a g series associated with
the models. We will select all our examples from models
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of “oscillator algebra” representations, as studied in Sec.
IV. Examples associated with U,(su,) can be produced

by a similar procedure.
We will be concerned with the irreducible represen-

tation 1, defined by expressions (4.3) with respect to the

orthogonal basis { f,} of the Hilbert space K. In analogy
with a standard relationship between special functions
and the representations of Lie groups, we shall compute
the “matrix elements” of ¢ analogs of the group operators
eE+e*E— | with respect to the { f,} basis. Of course, there
are many g analogs of the exponential mapping, none of
which have all the properties needed to ensure that there
is a true “group” associated with the g algebra. Among
the ¢ analogs we shall limit ourselves to the two that are
most important:!*

0 k

eq(A)= }g_-:o (¢:9)’ Eq(A) - kgo

qk(k—-l)/Z

k
o ' 7.1

If A is a complex number, the first series converges to
1/(4;9) , for | 4| <1 and the second series converges to
(—4;q) , for all A. For our first example we consider the
matrix  elements T,,(a,f) of the operator
Eq(BE+)eq(aE_):

E(BE,)e(aE_)fpn= Z T (0B f (7.2)

It is most convenient to evaluate (7.2) in the model
(4.16) in which f,(z) =¢"""*1*2" In this case (7.2)
becomes the generating function,

al \™ q(1—gq)z
—m(m+1)/4| _ . LA
q (l—q)( Blz,q)w( o ,q)m

= 2 Tym(a,B)g "+ 14", (7.3)
n=0

convergent for all ,3. Thus

q(n—m)(n——m—1)/4(q;q)m(ﬁlq—m/2—1/2)n—m

T, P)=

wm(:B) (G0)»

.

XL(’!-'") lﬂlz_q_*f.

m l_q 4

=q—m(m+1)/4+n(n+l)/4 a_l e
1—g¢
_aB[zq—l—-m
(m—p)f __ """ 1
WL ( T ,q) (7.4)

where!423:24

L;y)(x; )_ n4+y+1

(g"*hq) g "
E 1 q, —Xxq

(3:9)» g'th
(7.5)

is a g-Laguerre polynomial. [Note that Lfnﬁ_m)(x;q)
=(—x)"""((g:0)/ (6:9) ML (x39) ]

We can obtain the matrix elements of the operator
e(BE )E(aE_) for free, since (E (BE . )e,(aE_))*
=e,(aE )E,(BE_). Defining matrix elements S,,,,(a,B)
by

eg(BE )E(QE_)fr= 2 S um(QB) frs (7.6)

we find

(q’q)m( )n—mﬁ
(g:9) I—q T,.(a,B), (7.7)

Sum(a,B) =
so, if [ is real,

Snm(a,B) qn(n+1)/4 m(m+1)/4 (q’q)"(Bl)m n

(B9 m
[2 —1l—m
Xlim_")(-aﬁ;lq_-‘r—w)- (7.8)

From the explicit expression (7.5), we can verify the
recurrence relations

1
=T HLY (xg) =g"LYHV (x59),

(1—g"(14+x)TILY (x;9) = (1 —g* LIV (x39),
k=0,1,..., (7.9)

where we adopt the convention that L‘7)(x;q)=0. Thus
the operators

E, =I(1—(14+x)T;'T,), H' =13,

Ig

E;=m(1—T;‘), &' =Ig !, (7.10)
and the basis functions
Falx0) = (g:0),g" VAL (i) A,
n=0,1,..., (7.11)

define a two-variable model of 1,;, i.e., they satisfy rela-
tions (4.3). For fixed m, we see from (7.8) that the ma-
trix elements S,,,(a,B) are the special case of this model,
where A= —m, and we have the identifications
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A
v 14 e
ators E,(BE', Je,(aE") on the monomial x™*(xt5£0) is

E(BE', Ye,(aE" )x™

(lag*~"/tx;q9) o (—IBtig) , (IBtxg=5+™q) ,

=x"f

(lag*/tx:q) . (—IBtg~°+™q) , ’
(7.13)
for |a|,|B| sufficiently small. From this result, (7.2) and
(7.11), we obtain the generating function

E(BE )e,(aEL) fm(x,1)

grimEDAG=At gy (_IBg) - (IBxg=* ™)
(—IBtg™"""q) .,

Xrl{-{’m

—m

g~  txg'*  —IBg™* ™ ¢ lag

3®2 o’ !
q—,1+ l’ lthq—l—m

= z() Tnm(a:B)fn(x7t)9

’ lagt

™ (7.14)

<1, |iBg™* ™ <1.

In the special case where the {f,} basis reduces to the
{S,,! basis, we can view (7.14) as a ¢ analog of an
addition theorem for Laguerre polynomials.!

Relations (7.9) can be used to derive orthogonality
relations for the g-Laguerre polynomials. Let S” be the
space of all real polynomials in x with inner product

W0),= [T ¥DOIp s, ¥OST,

where py(x) is a weight function to be determined. From
(7.9) we define operators

RY:SY—>S"+I, LY:S'Y—'SY_I,
by
R,,=(1/x)(1—T;'), L,=1-¢"(14+x)T,. (7.15)
Furthermore, we require that
(RY,0),,1=(V,L,,9), (7.16)

for all ¥eS?, ®eS "+, This leads to the conditions

Py+1(x)=xp,(x), p,(gx)=g"(1+x)p,(x).

The solution, unique up to multiplication by a function of

a7 alana 1g
[ @iviivy 15

p(x)=x"/(—x9) (7.17)
where we require ¥> —1 for convergence of the inner
product. It follows that the operators T,
=R, iL,:S"-S" are self-adjoint and map polynomials
of order m to polynomials of the same order. From (7.9),
we see that the polynomials L(V)(x,q) k=0,1,..., are ex-
npﬂv the mmanﬁmntmnq of T.. and that thev r‘nrreennnd

to the elgenvalues q"(1— k) Since elgenfunctlons of T,
corresponding to distinct eigenvalues must be orthogonal,
we have

(LDLYY,=8,,4L (7.18)
We can also use the recurrence relations (7.9) to help
determine 47, Setting W=L{",, ®=L{**" in (7.16), we
find @/LE DI, 1= (1= L2 2 Fence

Yt k=172

L |2= (7.19)

12 ..
(:9)% 0+

Furthermore, from the explicit expressions for LY and

p, we can write the 1dent1ty (LML 7’)) =0 in the form

1 =—(1—¢~""Hi1 It follows that
” I|Z+1 ( —Yl)cn—llnf+l)/2”1”2

M54 e= q’““,q)kq q
(g"*hq)
r=——"T1]. (7.20)
($:9)9"

A straightforward contour integration argument gives

(9 %9) &

2 1’7« —~k(k+1)/2
sin my(g;q) ’

[1]2=— I1li=1n g~ "(g:9):9

k=0,1,2,....

(For related works on orthogonality extending that of the
classical polynomials see Refs. 25-31.)

There are also ¢ analogs of the orthogonality rela-
tions for matrix elements of the oscillator group. In ex-
pressions (7.4) and (7.8) for the matrix elements we can
restrict the parameters o, so that a= re'd, B= re="
where >0 and 0 is real. Setting S,,,(a,8)=S,,,[0],
T,n(a,B)Y=T,,[r6], it is easy to see that

SmnSmn) =T pns T yrn) =0, (7.21)

unless m=m’, n=n’, where (-,*) is the inner product,

"o [0 Lt 0gte]
Ger= [ Tdo |7 T r1rnoleTnal
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We note that there exist many inner products, in ad-
dition to (7.18), for which the Laguerre polynomials
{L{®:k=0,1,..} are orthogonal. Indeed one can use a
technique analogous to the derivation of (3.10) to obtain
a family of orthogonality relations with discrete weight
functions Refs. 23, 24, and 14, p. 194).

As a second example of the computation of matrix
elements we consider the operator e, (BE e, (aE_):

&(BE Ve @B )fn= 2 Aun(@B)fy  (122)
n=
The result is
m(m—l)/4—n(n—l)/4(BI)n—m
A L=
(@) (&9 n—m
g™ 0 afl
201 gt 59 _1_q)
qn(n+3)/4—m(m+3)/4(q;q)m al \"— "
- (B m—n (G0 n (1—4)
g~", 0 apP
X2 gt L “1—q/
(7.23)

These functions are essentially the Wall polynomials.’
From the power series representation of the ,¢, poly-
nomials, we can verify the recurrence relations

(1/x)(To— D)LY (x:9) =g~ LI 4P (x:39),

(—g"+ T =g~ %T; YL (x59)

=(1—g"* LIV (xg), (7.24)
where
I:}!’(x'q)=Mz¢1(q_k’ 0 ;@ x). (7.25)
’ (:9) g’ !

Thus the operators

~ t ~
E+=q17z(-—qu,_l-i-T;l—q_lXT;l), H=13,+4,

q1/21
—— _ 2 __RA-1
E = ol & Py, (7.26)
and the basis functions
Fa(x8) = (@) g™ "~ VALY~ (x30) 1, (7.27)

define a two-variable model of t;; for each fixed complex
number y. Note that the matrix elements 4,,,(a,B) are
the special case of this model, for which y=m and

1 apl? (7.28)
==, X=—-7T—"T—. .

Bl (1—gq)

We can use relations (7.24) to derive orthogonality
relations for the g analogs L{” (x;q) of the Laguerre poly-
nomials. Let S” be the space of all real polynomials in x
with discrete inner product

W0),= [ WP (ndx (7.29)

[see (3.9)], where ¢ and py(x) are to be determined.
From (7.24), we define operators

RY:SY—»SV+1, Ly:S‘r__,S‘V—l’

by

R,=(1/x)(T,—1), L,=—q"+T;'—q~'xT".
(7.30)

We require that relations (7.16) hold:
<Ryw,®>‘y+ 1= <\II!L‘y+ l®>y »
for all WeS?, ®S?*!. This leads to the conditions

Y

g
€=¢, Prr1(X)=q"""xpy(x), p,(gx) =77 py(x).

We choose the solution

Py(x)=(x;q) xTg" T+ D72, (7.31)
where we require ¥> —1 for convergence of the inner
product. The operators T, R{ 1L,:S7—-S7 are self-
adjoint with elgenfunctlons L(" (x; q) and eigenvalues
q'(1— qk), k=0,1,... . Hence we must have

(LPLY) =8B (7.32)
Exactly as in the proof of (7.19), the recurrence relations
(7.25) yield the formula

—k(k—-1)/2
q ( )

=T

From the explicit expressions for L(Y) and p, we can write
the identity (L(") L(Y)) =0 in the form ||1|| 2 1} g1
—g"*1)|[1]2. Thus ||1||Y+k (g% q)quk+k( +3)/2”1”2
and

J. Math. Phys., Vol. 33, No. 7, July 1992

Downloaded 29 Oct 2008 to 130.217.76.77. Redistribution subject to AlIP'license or copyrlght see http://jmp.aip.org/jmp/copyright.jsp



Kalnins, Manocha, and Miller : Representations of unitary and oscillator of g-algebras 2383

(g7 Yq) g1+ 2"
(¢:9)»

7’=
n

1113 (7.33)
It is easy to evaluate the sum ||1||2 directly:

g 9(1—-9)(4;9) o
1= [ o= S S0 v,

) (7:34

In a manner similar to the derivation of (7.21) we
can also obtain orthogonality relations for the matrix el-
ements A,,,. [We note that recurrence relations of the
type (7.9), (7.24) are closely related to the factorization
method.?*?]
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