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Crucial to a knowledge of the perturbations of Robertson-Walker cosmological models are
complete sets of functions with which to expand such perturbations. For the open RobertsonWalker cosmology an answer to this question is given. In addition some observations
concerning explicit solution by separation of variables of wave equations for spin 1 in a
Riemannian space having an infinitesimal line element of which the Robertson-Walker models
are a special case are made.

1. INTRODUCTION
The original investigations of Lifshitz’ and Lifshitz and
KhalatnikovZ into the gravitational stability of the Robertson-walker (RW) isotropic cosmological models” demonstrated the utility of scalar, vector, and tensor harmonics in
giving a complete description of small perturbations. In particular these authors ‘+2 showed that in the synchronous
gauge all perturbations involving pressure, density, velocity,
and metric fluctuations can be obtained once a complete set
ofsuch functions is found for S, (three-dimensional sphere),
E3 (Euclidean three-space), or Hs (three-dimensional hyperbolic space).
In Sec. I of this article we discuss the functions necessary to expand a tensor field h,, on these three manifolds.
For E, and S, this is basically a review. However, for H3 a
complete set of such functions is derived using results of
group theory culminating in the orthogonality and completeness relations (2.32). In Sec. II spin 1 field equations
(which include Maxwell’s equations) are solved by a separation of variables ansatz relative to a particular choice of
frame for the metric given in local coordinates by the line
element
ds2=dt2-~a’(t)(dx2+b2(~)(dy2+c2(y)diL)).

(1.1)

This line element is a generalization of the Robertson-Walker one. What this section does is to provide further examples
of spin equations that are solvable by the separation of variables ansatz but are not characterized as eigensolutions of
first-order operators. These examples also show how a natural choice of frame can be intrinsically characterized in
terms of Killing-Yano tensors and their duals.
II. VECTOR AND TENSOR HARMONICS ON THREEDIMENSIONAL SPACES OF CONSTANT RIEMANNIAN
CURVATURE
The choice of three-dimensional manifold is determined
by whether the closed, flat, or open RW model is used. In the
book by Landau and Lifshitz3 a complete set of basis functions is derived for the conformally flat RW model in which
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a general tensor field h, on E3 can be expanded in terms of
three families of functions related to three-dimensional
plane waves.
( 1) Using the scalar function Q = &“‘r the tensor functions

Qaa= + g,,,Q, Pap= (f ga, - s)Q,
l

Pa, = 0
(2.1)

are formed. These plane waves in the conformally flat model
correspond to perturbations in which the gravitational field,
velocity, and density vary.
(2) With the transverse vector waves S = seiner,sn = 0
the tensor &a = n,S, + n$,
satisfies S”, = 0. These
waves correspond to perturbations in which the gravitational field and velocity vary but not the density.
(3) The transverse tensor waves Gap = Uapein*’where
the symmetric tensor U,, satisfies W,Gn, = 0, Uaa = 0.
These waves correspond to gravitational waves.
The expansion of a symmetric tensor h,, can then be
given in terms of the three families of functions. In fact the
various families can be invariantly characterized on E, according to
AW,,=(V’V,)W,,T=

-n2Wag,

(2.2)

where
W,, = Q<,~~Pap&~G~~
V”G,,

= O,S’“, = G”,

t
= P”,

= 0.

(This set of functions is not the only choice possible. Spherical coordinates could have been chosen for r and the componentsof the tensor h, expanded in a suitable complete set of
spherical waves. ) The isometry group of E3 is the six-dimensional Euclidean group E3 generated by translations and rotations in the Cartesian coordinatesxa,a = 1,2,3. A basis for
the Lie algebra E, of E3 consists of infinitesmal translations
P, and infinitesmal rotations 1M, whose nonzero commutation relations are
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[MflJfDl
= %pvMu,
a,/?= 1,2,3.

[l&P@]

In order to obtain a complete set of functions with which to
expand second-order tensors we proceed as outlined above.
( 1) Scalar functions Q that satisfy

= E&P,,

AQ=

Furthermore

s

Wnpw* 4 dr = 0 ,

(2.3)

(2.10)
- (1 +p*)Q
are readily obtained. A complete set of such functions in the
coordinate basis given above is

when Was, w,, are not from the same type and each contributing tensor harmonic satisfies
P, W,, = ~3, W,, = in, W&,,

(2.4)

the P, being the translation generators as above.
The problem for the closed RW universe has been solved
by Gerlach and Sengupta.4 A general tensor field on S’, is
expanded in terms of three families of functions in direct
analogy with the flat space case.
( 1) From scalar eigenfunctions of the Laplace operator
Q on S’,, viz.,
AQ=

(V”V,,Q=

-(n*-

1)Q

QPJM= ~J(a)D~M(0,08(r/2)
o<p<

where D J,,,,N($,S,$) is a matrix element of the rotation group
in the Euler parametrization and @$;(a) the matrix element of the group element e - N*’in an angular momentum
basis for the unitary irreducible representation of SO( 3,1)
labeled by [m,@] . (See the Appendix for definitions of the
Lorentz group and its Lie algebra.) The completeness and
orthogonality relations for these functions is well known’
and follows from Eqs. (A9) for m = O.viz.,
s

Q$M(a,8,q5)Q$‘,~ (a#+$) dvl dv2 dv-3
VO

Qap=fsnpQ,Pap= W (n'-UlV&Q+Qa,,
P”, =o

= 2n(W+

V”G,,

=0,

G”, =O.

Gerlach and Sengupta4 developed a complete set of solutions
for tensors of these types in terms of an angular momentum
basis. The results are correct but can be derived more neatly
using a knowledge of the group representation theory of
SO(4) acting on S,. In the open RW model the problem of a
complete set of basis functions has, as far as we know, yet to
be fully elucidated. In this article we explicitly compute a
basis with which to expand second-order tensors h, on H3.
This is done by using the completeness results due to Naimark’ and Gelfand et al.’ for the decomposition of the left
(or right) regular representation of the Lorentz group into
unitary irreducible constituents. The manifold H3 is realized
on the upper sheet of the two-sheeted hyperboloid:
%$J>l.

v = (vo,v,,v*,v33)
= (cash a,sinh a sin 0 cos I$,
sinh a sin B sin 4,sinh a

cos

0-ca-c c0,

0<4<2rr

0)
(2.8)
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‘~1
3,l) and the inner product is

for g&0(
(Q,R)

=

fQR*
J

dv1dv2dv3,
VO

where (dv, dv, dv,) vO- ’ = sinh* a sin 8 da de d4 is the invariant measure on HA.
(2) Vector harmonics S’, . The functions we require in
this case must be eigenfunctions of A and divergenceless.
Taking the choice ofcoordinates given in ( 1.9) we may write
v=

(%vo,~,,~~,%)
-

d2MI(

=

R,(

4

=

R3(

$Pl(QN3(a)Y,

-

@N,(a)R,(aM,(

PW3(fW

(2.13)

where Y = ( 1,O) and a, /I, y are arbitrary. Given a relativistic vector field S,, b = 0,1,2,3 the action on S, induced by
the Lorentz group is
T,S, (x) = D ‘oV2’bc(g)S, ( g- ‘x) ,
x = t-v, g&0(3,1),

(2.14)

r>O.

This is just the transformation law for relativistic fields. We
define new vector fields by
s;, ( g) = D ‘“*2’bC( gw, ( g-w
(2.15)
.
These new fields transform according to
T,Sl(g)

=D ‘“‘*‘b=( gg’)S, ( g’- ‘g- ‘Y)
(2.16)

=S;,(gg’),

with line element
ds* = da’ + sinh* a(d0 * + sin* t9 dqi*).

T,Q(v)= Qk-

where

We choose spherical coordinates on the unit hyperboloid,
VIZ.,

0<8<r,

(2.12)

-p’)

The representation space is the natural one

v=sa = 0.

(2.7)
( 3) From tensor eigenfunctions of the Laplace operator
G,,, one can construct solutions that are symmetric, divergenceless, traceless,

*<-4-1{-4=1,

l)N@$J$

(2.6)

are constructed.
(2) From vector eigenfunctions of the Laplace operator
S, which are divergenceless, a tensor S,, = V,S, + V,S,
can be constructed where

AG,@ = - (n* - 3)Gap,

(2.11)

1,2,..., IMI<J,

(2.5)

and for n an integer, the tensor fields

As, = - (n2 - 2)S,,

co, J=

- 4)

(2.9)

i.e., the individual components of the new vector fields, S L
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transform independently. For the Euler parametrization of a
Lorentz group element given in (2.13) we can write S L ( g)
as
%, ( g) = D ‘oT2tbc(RG’, WA@
R = R3( - y)R,(

-B)R,(

,

-a)

(2.17)

.

The functions S ;I ( g) transform under the Lorentz group
according to the regular representation and are of the specific form given in (2.17). From the decomposition of the regular representation of the Lorentz group into its unitary irreducible components, a complete set of basis functions can be
taken as
DhA( - y, -b’, - a)~Pt;~(a)D~,(O,B,(17-/2)
o<p< co; m = 0, + 1, & 2,...;
J,l=

- 4),

(2.18)
INl<l,
IMl<J,
lil I<min(Z,J) .
For functions of the form (2.17) the expansion functions for
S, (a,@,+1 are
WYa)D,k,(W,(d2)
- 4) ,
Z,m = 0, + 1; J= Iml,lmj + I ,...;
o<p<w;
(2.19)

J.

e,, ,,dxi = r da ,

eC2j,dx’=

(I/$)

rsinh a(d8 + isin Bdq5) ,

et3), dx’=

Cl/@) rsinha(de-isin8d#).

(2.20)

Then the components of the vector field S, referred to this
frame, viz., S, can be expanded in terms of the functions
-41,

S, =.h(r)Q)

- 41,

m = 0, f 1 ,

-#I,

m = 0, + 1 ,

~~ta)D&,MW%(d2)

S3 =fi(r)QPY’,J(a)DJm=O,&

,M(0,e,(d2)

$3 = @,lpf iJ(a)DJ-

,,(0,8,(7~/2)

(2.23)

- 4))

for
O<p<

ca; J=

1,2,...;

JM(<J.

Even and odd parity states can be constructed by realizing
that the parity operation corresponds to the repIacement
a-+ - a and the matrix element functions @ fAy(a) satisfy
l)‘-JCDP,;m(

-a).

(2.24)

(3) Tensor harmonics GaB. The functions we require in
this case must be eigenfunctions of A, traceless and divergenceless. As with the case of vector harmonics we consider
the relativistic tensor fields that transform under the Lorentz group according to
(2.25)

.

Defining new vector fields
‘“.3’bcde(g) Gde( g- ‘Y)
Gi,(g)=D
then these fields transform according to

(2.26)

g) = DL0*3jbcd“(gg’)Gde( g’ ‘g- ‘Y)

T,.Gi,(

(2.27)

= G&t gg’) .
Then writing
G&t g) = D’“.“Jbcd~(R)G,d(a,8,~)

(2.28)

,

where R = R,( - y)R,( -,h’)R,( -a),
we argue just as
we did in the vector case that the suitable basis of expansion
functions for functions G,,(a&#) areas in (2.18), but with
O<p<

00; Z,m=O, rt l,t2;

i/2 [(min(l,

J=

lmf,[m[ + l,...;

J),IMI<J.

If we fix a frame as before by taking a = P = y = 0, we can
identify Gcd(a,&#) as our set of tensor fields. In order to
identify which components of GCd(a,@,~#)enable the canonical action of the rotation group to be realized we use the
tetrad defined by (2.20). A suitable choice of tensor harmonics is
% (a)D &JW,(d2)

G,, = [&fDW%

- 4),

(a) + $fJ(r)@gG(a)]D$M

x(0+4),
f,(r)@f&(a)

(2.21)

the r dependence being chosen so as to obtain a complete set
of functions on H3. This is done by taking f, = 0 and choosing solutions of A’S,, = (VT, )S, = 0 to have f,(r) = F’.
The vectors S, are then solutions of

700

- 41,

- 41,

1,

AS, = (VT’,)S,

s2 = @ f’:J ‘(a)D~,(O,e,(d2)

Go0 = f;(r)@

S,=f,(r)Q)~~(a)D~,(O,B,(rr/2)
S2 =fi(r)~‘~(a)D:,(0,8,(1T/2)

-#),

T,G,, (xl = D ‘0q3’bcde(
g)G, ( g-*x)

In choosing a frame in space-time at each point we can without loss of generality take the arbitrary parameters
a = fi = y = 0 and consider the vector fields S, (a,&#) instead of S,, (x) . The above expansion functions ( 2.19) then
form a complete set for a general vector field. Proca’s equation (and hence Maxwell’s equations) can be solved in these
coordinates. Agamaliev, Atakashiev, and Verdie? have indicated how this can be done in Minkowski space-time. Returning to the problem on the manifold H3, we seek transverse fields corresponding to spin 1 as a result of the
condition VaSa = 0. These functions can be obtained from
considerations in Minkowski space-time as follows. Consider a general point in Minkowski space-time as x = rv and
choose the frame of one forms
efoji dx’ = dr,

3, =~P~‘(a)D~~(0,8,(71-/2)

@$?(a) = (-

(m(,lml + l,... ,

i/2 I<min(Z, J),fMI<

and VpSfl = 0, i.e., a suitable basis for transverse vector funtions relative to the frame e,,, , a = I ,2,3 consists ofthe functions

= - ( p* + 2)S,,

fi=
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1,2,3,
(2.22)

D&
I

x(w+d),
Go2 = Ci/~)f,(r)@f’T
Go3= (i/$1

.
,,(a)D”!

,M(0,6,(r/2)

fz(r)Q, C;;(a)D fM(Ot6?(d2)

G,, = CUfi) fi (r)Q, %&ID

~&~,(n/2)

- (6),

- 41,
- 4) ,

E. G. Kalnins and W. Miller, Jr.
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Gu=

(i/JZ)f,(r)(P4m_,J(a)DJ_,,(0,e,(~/2)

G,, = fi(r)cp’;m_*J(~)DJ_2M(O,B,(~/2)
G,, =fi(~)Q)f2mJ(a)D:,(0,8,(rr/2)
Gz3 = (i/3)G,

- (l/&)G,,

III. SEPARATION OF VARIABLES FOR

-$),

GENERALIZATIONS

-4,
- $1,
(2.29)

.

Here, m = 0, -h 1, + 2 where appropriate. The functionsA,
i = 1,2,3 are chosen in such a way as to make the orthogonality relations for the functions Gbc coincide with those conditions given in the Appendix. If we now seek divergence free
solutions which satisfy VbGb, = 0 we take G,,, = 0 for all a.
Then we obtain the two independent solutions by taking
f, =r- ’+ ‘f which are solutions of
(2.30)

AGay = (V”V, )GBu = - (3 +p2)Gfiy
and PC,,

GPrn
22JM

=

@%(d%,(O,6(~/2)

- 4,

-

G$;rJM = ( - $)GI;zM,

m L f 2.

(2.31)

(a,e,~)G,“~~~‘;‘“‘(a,e,~)*
dvf c; dv3
s G$JM
1)6,&,,‘~,,‘&

J$2 iJmi,~*

p-p’)

,

4
NPm

s

- em4

H~~,(a,B,~)G~~!“‘(a,B,~)*

dvl yf

H~~,~(a,e,~)H~‘O’(a,e,~)*

dv, dv, dv,
y”

eo,,dx’ = $

ab(dy + ic dz),

e,,,,dx’=

ab(dy - ic dz) .

m,m’=

- m(e

(dt+adx),
(3.2)

$-

Kamran and Fels” demonstrated that the Dirac equation
could be solved by a separation of variables procedure that is
described by second-order symmetries. We demonstrate
that Maxwell’s equations in their spinor and vector potential
forms also admit separable solutions in direct analogy with
what happens for the RW metrics, but that for spin 02 the
solution mechanism breaks down. The null frame can be
intrinsically characterized by using the observation that the
Riemannian space with line element (2.1) admits a valence
two Killing-Yano
having nonzero component K yZ
= l/( abc). If we look for simultaneous eigenvectors of K bc
and its dual K ;c = ~~~~~ K dethe corresponding eigenvectors
are

- 47 ,

et,, = (1, - d40),
e),
ef3) = (O,O,l,isin

8)

,

(3.3)

dv3 = 0,

TABLE I. Eigenvalues corresponding to the eigenvectors given in Eq.
(3.3).

*dp,e’,~‘)
(a,e,~)H~~~(a’
-NG
J$oMipJs,m
HGJM
= sinh2 1, sin e h

ecljidxi=$

with eigenvalues given according to Table I.
The null frame specified by the forms (3.2) is the natural one for the spinorial form of Maxwell’s equations. However, for the vector potential form the quasidiagonal tetrad is
more suitable. This can be characterized intrinsically by

2J

1
6ta - m(e
sinh’ a sin 0

(dt-Udx),

eio, = (LGAO),
i = (O,O,l,isin
e(2)

GzFJM(a,e,+)

xG%““(a’,B’,+‘)*

e(o)idx’=$

41,

By using the forms of the transverse vector fields S, and the
scalar field Q, the traceless fields given previously and the
recurrence formulas of the Appendix, all the traceless components in the expansion of the field h,, are then given by
allowing m = 0, + 1, f 2 in (2.31). The remaining component having trace is simply HasJM@ = g,,@gJ (a)D &,
(O,e,(n/2) - 4). This then gives the complete set of functions with which to expand a tensor on H3.
The orthogonality and completeness relations are

= 2nN$(2J+

(3.1)

In the null frame specified by the one-forms

,,(a)DJ_ ,,(O,B,(n/2)
- 41,
G75.w = WJZNY
GPm
-+m
2-2J(a)DJ-2,(0,e,(1T/2)
41,
33JM
-

s

ds’=dt*-u2(t)(dx2+b2(x)(dy2+c2(y)dZ2))
= g,, dx” dxb .

- 4) 3

GP"
,2JM = (i/Jz)(pr;;nJ(,)D:,(o,e,(~/2)

=

In addition to the problem of determining complete sets
of functions for the expansion of vector and tensor fields on
H3 there has been considerable interest in the intrinsic characterization of solutions of the nonscalar equations of mathematical physics. Considerable attention has been paid to
this topic and we mention, in particular, studies of the Dirac
equation’-’ ’ and Maxwell’s equations.12 In this section we
discuss some extensions of the results of Kamran and Fels.13
These authors studied the metric given in local coordinates
by the line element

= 0. A suitable basis of functions is

G””l,JM = dmwxa)~:,(0,8,(~/2)

OF ROBERTSON-WALKER-TYPE

SPACE-TIMES

- ewc4

0, * 1, + 2,

- 93,

(2.32)

I (0,
10,
I (2)
I (1,

Eigenvaluesof

Eigenvaluesof

KC+
0
*
i
-i

KE
l/be
- I/be
0
0

with N $” as in (A9).
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realizing that there is also a Killing-Yano tensor of valence 3
for the Riemannian space with line element (3.1) with components &cd = EbcdrKewhere the only nonzero element of
K,is K, = a. If we now look for simultaneous eigenvectors
of K,, = K,K, - ( vdKd ) gb, and K,, we recover eigenvectors in the quasidiagonal tetrad. In the case of the form of
Maxwell’s equations written in terms of the vector potential,
we solve the more general problem of the massive spin 1
equation, viz.,
VdAd = 0.

A’A, - R ;A, = m2Abr

(3.4)
If instead of the frame e;,, we choose the quasidiagonal
frame specified by
E’(0) = efot + e;,,,
E’(,) =e;,, -ccl,,I
E f,, = eikj k = 2,3
then Maxwell’s equations have the form

4%
( a26 )K

+

(

a,-ia,+"y
C

>

C

A,

[(?r-(+)]]A,

C
A KG

A,

A, = ( l/fi)a~z(y)e-id’,

A, = (1/8)a&(y)e-““,

(3.6)
where the functions g,, i = 0,1,2,3 satisfy the first-order system
@ - (2 /cl -I- (q4lgo(Y)

=&g,(y),

= &&AY),

a2 = fiih,,

a3 = fHi,,

tR,/b)h,

-t- (u -1-6’~ - 2b,/b)h,

(&‘b)h,

+ (u + a, - b,/b)h,

(2-3,

- b,/b)h,+&/bh,

k-a,

- 2b,/b)h,

= 0,
= 0,

=0,

+ (R,/b)h,

= 0.

a,=$b~,e-““,

a, =ri,b,g,e-“*,

a2 = ( l/fi)B,bzgoe-“‘,

a3 = ( 1/,ff)d,b~2e-i’z,

(3.11)
and require that the functions b,, i = 0,1,2 satisfy the consistent system of equations

(a, +f&)Ao

+(~)($+~az)A,=m2A2,

(3,bo = - cb,,
(8, + (2b,/b))b, = 3&, I- (u/b&,
eb, + (/zbJZb) = 0,

[A,,+(--&$&+(~)+(~)

/I = - j/i, = - jA3, A, = A, = pi.

+(&r+(-$)[($)‘-+j]4

(a, + (3~,/~))4,

+($)(J,,-2z)A,=m2A3,

- (3t-/a)ii,

= 0,

[a:+($)a,+($)+(-+)-3(:+,
6a,e

(4+%)Ao-(+)(&+$)A,

(3.13)

(4
G-6

+

a,++=

702

+:

N

a,+ia,+‘C

(3.12)

Then the Zi functions satisfy

-(~)(ay+)Ao

(

(3.9)

(2) For the second type of solution choose the components
of the vector field as

+(-$r+($)[f$(+)]]A2

+

(3.8)

(3.10)

-

- ($‘)

a, = 0,

[a;+(~)d,+($)+(~~+($)]zi=m%.

=m’A,,

a~~ccidz+i4;.)+(~)

-

A, =a,g,(y)e-“‘,

Then the function 2 satisfies the differential equation

>1

dy+~b’z+~

A, = a&,(y)e-“‘,

aI = iih,,
where

A,

+2(~)a.A,-(~)[(a,-fa,+~)A~
-

( 1) For the first type of solution we write

63, + (A/c) + &Jdlg,(y)
=A,g,(y),
(3.7)
which is consistent if /z,il, = ,12&. Then for the x &pendence of solutions of first type choose

=m2Ao,

[AKG+(%f+($+(-$)

There are two families of solutions for these equations:

(8, + (A /C))&(Y)

>1

~7~+>~+~

AKG = pa,a,.

@y - (A /c)lg, (Y) =&r*(Y),

[A~G+3(-f$3(;)2]A,,+2(;)(d,+~)A,
--

where

A,

>1
A,

C

>

=O,
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[ai 1(.(Z)
(3.5)

--

a:GZJY+.

2a,c
( a-‘ >

($.!i)

+ (:)I]&,

ii, = m”ci,.
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In particular, if the metric is chosen in local coordinates to
correspond to the open RW cosmological model, then
a = sinh’( $/2),
b=sinhx,

t

= j(sinh tc,- $),
(3.14)

c=siny.
(xW,J,

(O,Y,Z),

A, = ~,@~;;(XW,J,(O,Y,Z),

Gab + %c,,
VI;,, = 0,

A, = wwwm,(o,Y,z),
A3 = @YE IJ(x)DJ- IM(O,~,~A m = 0, + 1, (3.15)
we find that the solutions of Maxwell’s equations
(mass = 0) are given by
a,=O,a,=

[cosh(r//2)]-3’2P?;;;+2ip[cosh($/2)],
(3.16)

and
a,,= [cosh(~/2)]-3’2~~:::+Zip[cosh($/2)l,
a, = (1 +p*)-“*[i&n

+ 3 cosh($/2)]a,,

where P F (z) is a solution of Legendre’s equation.14
The second solution does not represent electromagnetic
waves and can be removed by a gauge-fixing transformation.
This solution represents the solutions of Maxwell’s equations in which the vector A = (A,,A,,A,J3)
is simultaneously in the synchronous and de Donder gauges.
The systems of first-order differential equations (3.7))
(3.9), (3.12) mimic the recurrence relations for the matrix
elements @$;(a), m = 0,l and DiM, [0,8,(~/2) - q5].
In fact if one examines the spinor equivalent of Maxwell’s equations, which are a special case of massive equations due to Wiinsch,‘” viz.,
VA.“qSAB= mqbsA’,
(3.17)
tii = - mdABp
where VAA’is the spinor derivative as defined by Penrose and
Rindler.‘” Then, relative to the null frame, e’,,, solutions can
be chosen such that
VcAA’

drn = a,hgoe-‘*‘,
4, , = a,hB,e - ‘*‘,

$,,* = -A,hd”e-““,

tC;,, =A,hg,e-““,

$,@ = -Ah,g,e-“‘,

(3.18)

where the functions a,, A, satisfy the coupled equations

($)(d,+% )-(f)a,=mA,,
(3.19)

This separation of variables procedure does not work if an
attempt is made to mimic the use of the recurrence formulas
of the Lorentz group to obtain solutions of free-field equations for spin >2. In fact, the procedure will only work if the
background metric dx2 + b ‘(x)(dy2 + c*(y)dZ)
corresponds to a three-dimensional Riemannian space of constant
curvature, i.e., the case which includes the RW metrics.
Rather than write out the equations in detail, we mention
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t:~;+2ip[cosh

r//2],

(3.20)

G cd - 2R,,,Gb, ’ = 0,
G”, = 0.

Any theory that explains exactly when a separation of variables procedure works would need to show exactly why it is
that spin 1 equations in the case of infinitesmal distance
(3.1) admit separable solutions whereas high spin equations
do not. This problem does not occur in the case of RW cosmological models, as group theory guarantees the results.
This section has shown that two formulations of spin 1
free-field equations in a background space-time corresponding to the metric (3.1) have solutions by means of a separated solutions for the components in appropriately chosen
frames. These frames are in the case of the spinor formulation (3.17) determined by the simultaneous eigenvectors of
the Killing-Yano tensor K bcand its dual K “‘. In the vector
formulation the quasidiagonal tetrad is determi%ed by
choosing eigenvectors of K bcand the Killing tensor K *bc.A
full understanding of what intrinsic properties enable explicit solution of complete sets of solutions to free-field equations will be the subject of further study.
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APPENDIX: THE LORENTZ GROUP SO(3,l) AND
COMPLETE SETS OF MATRIX ELEMENTS

qbo,= a,h,g,e-‘*‘,

Q& =A,h,g,e-“‘,

f, = [cosh(t,U2)]-3’2P

where P(: (z) is a solution of Legendre’s equation.14
For this choice of function 6, i = 1,2,3 the tensor Gob in
(2.29) is a solution of

Identifying
A, = q&E

that the solution to the equation for gravitational waves in
the simultaneous synchronous and de Donder gauges has
the form (2.29) with f2 = f3 = 0, m = + 2 and f, given by

We give here in summarized form, the relevant properties of the Lorentz group. We refer the reader to Gel’fand,
Minlos, and Shapiro.6
If R, (t) is the rotation about the ith spatial axis and
N, (t) the hyperbolic rotation in the Oi plane i = 1,2,3 then
the generators of these one-parameter subgroups denoted by
M,, N,, i = 1,2,3 satisfy the commutation relations
[M,,M,]
[N,,N,]

= +Jf,o
[M,,M,]
= - E+M~.

= +Nm
(Al)

Each irreducible representation (IR) of SO (3,1) is labeled
by a pair of numbers [ m,c] where c is complex and Irn 1 a
positive integer. There are two invariant operators
K, = M2 - N2,

K, = M*N,

(A21

such that in a given IR
K, = 1 - c* - m*,
The IRS of SO(3,i)

K, = icm.

(A31

are of two types:
E. G. Kalnins and W. Miller, Jr.
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1. Infinite dimensional

class

a%$(.) =4-m+

In this class c”# (/ml + n)* for any positive integer n.
The action of the generators of the Lie algebra on a canonical
SO (3) basis f;A is

M+f,
M-f,

iM, fix = /zf, ,
Kf;, =d~+lcCIh-l.ltl

--afi,-~-lA~f;~,l

+ a::_‘. A-*~,*lfi+l./t+It
= a:,- A+~cI~~-~.~-~ --‘-A,A-lAlfl,l-l

?I

(43)

N,

=N,&iN,,

@f,, (a)Q%y’*(a)sinh2

a da

= N$‘,“S,,~S(p -p’),

- a’-‘AcI+ I 15, I.RI
=M,+iM,,

dx(cosh a + x sinh a)+‘- ‘,

N,(c) = eKc
where
i= 1,2,3
and
d;,(cos 0)
= D fi, (O$,O).
An explicit expression for these functions has been obtained by Dao Wong due and Nguyen Van I-Iieu.17 These
functions satisfy the orthogonality relations

I+ I
-ffTu-lCI+I f I+,.,%-‘9
ilv,ffA = ai.-Acjfi- l,z -W&
MF

s' -I

xd:,dx)d:,W
x’ = (x + tanh a)/( 1 + x tanh a),

=a~+If~~+I~
=4.hA-l~

N-J;,

X

1)(2Js- 1)

(A4)

%%MY,,*Wdp

where

A,=imc,

S(a -a’)
sinh’a

= N$”

cI-+JF-$zy,

ICI+ 1)
afiu = J(Z-A)(/-

u).

j=min(j,J).

(A9)

The normalization factor is

The .?,Aspectrum for the IR [ m,c] is
I/z I</,

’

NY,” = 2~

I= lrnl,lrnl + l,... .

(L --j)![2(1+
l)!l*(j+ iml)!(j- [ml)!
(L +j)!(L -I- m + Z)!(L - m)!(L + I- m)!

The-representations are unitary if,
c=ip,

O<p<co,

m = 0, + 1, + 1, + j,...
where

(this is the principal series);
Imc=O,

O<c<l,

L = max(Z,J).

m=O

These functions obey the symmetry relations

(this is the complementary series).
2. Finite-dimensional

cp$?!AJ(a) = ( - l)i-J@p,sm(

class

In this class c2 = ( Im 1 + n) 2 for some positive integer n.
The action of the generators on a canonical SO( 3) basis is as
in (A4). The /,A spectrum for the IR [ m,c] is
IA 14,

I= /ml,

/ml + 1,“. fmj + n - 1.

The unitary IR [ m,ip] can be realized on the space of functions on the two-dimensional sphere via the orthonormal
angular momentum basis functions:
AA = [ (2/f
lil Id,

1 )/4?rl”2D:m

bjw,oh

I = lml,lml + l,... .

(A51
The action of the Lorentz group can be induced from the
action
T’“~“‘(g)a,(z,
=(~z++)~++‘(/3*z*+y*)-wP-’
x@[(az+SV(h+y)l
via the identification

= Qf_,“J(a).

(AlO)
By a straightforward extension of the arguments in Sec. I,
any tensor field representing the solution of a Lorentz invariant equation can in a suitable frame be directly expandable
in an appropriate choice of matrix elements [e.g., the components Gnb in (2.3 1) 1.
We know from the group theory arguments that each
component of a Lorentz invariant equation must be expandable in an appropriate choice of matrix elements. Recurrence formulas for the functions @,P,m,
(a) can be deduced by
realizing the matrix element D IT;;! (g) in the generalized
Euler parametrization in the form
Dk%)=p:,

lr

(&--f,-e,o)

X@fS(~W$,(a,l7,y).

(All)

For fixed J,R ’ the matrix elements provide a realization of
the unitary IR[ m&p] by the left regular representation

and with

T,D’“+‘,,.(g)
J’+‘+(z),

(A7)
the matrix element of N3 (a) in the angular momentum basis
has the integral representation
704

= ( - l)‘-JQ,;JQ-m(Cz)

(A61

IzI - ’ = tan 40, arg z = 4,

f(O,qS)= e-‘m6[sin’(6/2)

--a)

J. Math. Phys., Vol. 32, No. 3, March 1991

= D[“*“‘,~,(g’)D’“,‘p~~,(g).(A12)

Consequently invoking the canonical action of the infinitesma1 operators in (A4) we deduce the recurrence relations
that follow. These results are due to Strom:‘s
E. G. Kalnins and W. Miller, Jr.
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/[Cl+ l)‘-IZ21(d,

-Zcotha)Q%(a)

xd(z+/z)u+/z

+ l)(J$/2)(J-A

v’m@,

+A

[&~-n,cz-n

+ l>@Y~“,,J(U)

+ l)(J+R)(J+a

+ l)QP:+,J(u)

+ l)W,“,J(U)]

+ (I + 1)coth a)@f,“,(a) + f-&

+J(z-n)(l-a+

+ l)(J-A)(J+/z

l)(J+/z)(J-/z+

[Ju+nHz+a

l)~~,“,,.r(a)]

= [ (12- m2)(Z2+p2j ($+)I”*

a$2,nJ(u),
[&z+aHz-a+

(Aa, + ;1cotha + imps% (a) = &

-J(z-a)(z+a

l)(J+A)(J-a+

+ l)(J+a + l)(J-a)w,,+Ll(~),

a2+2cothud
a

(I -[z(z+1)+J(J+1)1+(1+coth2u)R2+I+p2-m2
sinh’ u
coth
a
= -[d(z+a,(z-n,(J+a,(J-a
+ l)q,,-,J(U)
sinh a
+JtZ+/z+

l)(Z-Az)(J+/Z+

l)Qr-,J(a)

>

q;(u)

1HJ-mT+,Jw].

(A13)
I

These relations enable the a dependence of solutions to relativistically invariant equations to be obtained in the form
given in e.g. ( 1.3 1). The matrix elements
@gdDh4

o<p< co,

EW,(T/2) - 41,
m = 0, f 1, * 2 ,...,

J,Z= Irnl,lrnl + l,...;

where Dj& (p,b,#) are the matrix elements of a general element of the SO( 2,1) group given in terms of the Euler parametrization
g = R,(p)N,(bM,(#)
and in the corresponding unitary irreducible representations
labeledbyj,e=
+ whereE= +, lAl<Z

(MI<J, IA I<min(l,JL

then provide a suitable complete set of functions with which
to expand spin s fields O<Z<s, for further details see Refs. 7
and 19. There are, however, other systems of basis functions
possible corresponding to a different choice of group parametrization and coordinates on the hyperboloid. These functions are the analogs on H3 of vector and tensor expansion
functions corresponding to spherical, or cylindrical waves in
Euclidean three-space. We list below a briefsummary of other important sets of basis functions that are possible, together with the corresponding group parametrizations and coordinates on H3. In each case the new basis functions are
eigenfunctions of a definite subgroup chain of SO( 3,l). In
the case of spherical coordinates (2.9) the basis consists of
sets of eigenfunctions of the operators M 2 (angular momentum) and MS (its third component).
Two other coordinate systems on the hyperboloid are
the following.
( 1) Hyperboloid coordinates:

j=

j=O,l,...,

705

Irnl - 1; A,N=j+

l,j+2

-i+iq,

j=O,l,...,

O<q<co;

,...,

,...,

Hp;+(u)

A,N=O,+l,f2

Irnl - 1; R,N=

and integer.
The functions HALVE
tion:20

-j-

1,-j-2

,...,
,...,

have the integral representa-

=+d(Z++)

(j+$)

03
X

I

(coshucoshb

+sinhu)@-‘i”-’

0

Xd/,,(coshb)df,,(cosh0~)sinh

cos-,

co,O<b< cv,O<4<27~.

(AI4)
is

g = R,(~)N,(b)N,(u)R,(a)R(P)R,(y).
The appropriate basis functions are denoted by
Hf~(.)D::,(O,b,&,

A,N=O,+1,*2

E= - ,lil I<Z,
j=

cash a sinh b sin +,sinh a)
The corresponding group parametrization

O<q<w;

bdb,
(A161

where

Y = (cash a cash b,cosh a sinh bc,
- 03 <a<

-++iq,

E= + ,

J. Math. Phys., Vol. 32, No. 3, March 1991

d;,

= (coshbsinhu+coshu)
7
(cash b cash a + sinh a )
(cos 6) = D;, (O,@O),
g

and
(A151

H$;-(u)

= (-

l)‘-“H$“;m+(

-a).

(Al7)

AS expected, the recurrence formulas for these functions en-

able the complete decoupling of relativistically
E. G. Kalnins and W. Miller, Jr.

invariant
705

Downloaded 29 Oct 2008 to 130.217.76.77. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp

equations from the dependence on u,b,+ in a frame corresponding to the one forms
e fIfi dx’= da,

The other external matrix element can be obtained from the
symmetry condition
4y!!,J(U,

e,,,, dx’=

(l/\/Z)sinh

u(db + isinh bd #),

e (3)i dx’=

(l/fl)sinhu(db--isinhbd$).

(4418)

Bearing in mind that if we consider spinor equations, the use
of null trends is appropriate, the basis functions are eigenfunctions of N: + N: - M: and M3 with eigenvalues
- j( j + 1) and M, respectively.
(2) Horospherical coordinates:
Y = ( ;?ea + cash u,re“ cash #,re” sin +,i?e” - sinh a)
- co <Q < co,ogr<

00,0+<2n.

(4425)

(I)m=O
Q$Y- ,,(a) = @g./(a) =

2
JJ(J+

1) -2

x (sinh a$, + cash u)@&(u),
Q%/(a) =

(sinh ad, + cash CI) @$ (a)

2
&KG-n

(A19)

The corresponding group parametrization is

= qg- “(a).

The remaining functions can be obtained from the recurrence formulas as follows:

+ \iJ(J+

CA261

1) -2@%(a);

12) m=i

g = R3(~)T,(r)N3(u)R3(a)R,(B)R3(y),
where
T,(r) = e(N +.wr*

W,,(a)

=

(A201

The appropriate basis functions are denoted by
EC”, (u)J, - M(Xr)eiM’,
where Jv (z) is a Bessel function. I4 The functions Ep,“, (a)
have the integral representation’6
E&2 (a)

2
JJ(J+

1) - 2

x [sinhad,

@$&(a)
= sm2

+ coshu t- @]@$izJ(u),
[(sinhad,

X@S’+ IJ (~1 + dJ(J+

+coshu)

+@I

1) - 2@&&2);
(A27)

(3) m=2
2

+s; ,,(a) =

vovT-w-2
XJ,_,

(e-“Xtan;@d~~(cosO)sin@d&

(A21)

The corresponding frame of one-forms in which complete
decoupling of relativistically invariant equations occurs
from the variables u,r,# is
e,,,, dx’= da,
e C3),dx’=

eCzli dx’=

(l/fl)e-“(dr

(l/@)e-“(dr+
- ird$),

l)]/sinh2a)

- 2imp coth a + (I+

1)2 +p* - m*]@$“(u)

x#,(J+

706

1 - ip,J+

2
\~J(J+
X‘%;

[$(sinh

aa, + cash a)

1) - 2
,~(a) -J%J(J+

1) -2]@&(a).
(4428)

These expressions are deduced from the simplest recurrence
relations that enable all other matrix elements @,P,m,
(a) to be
deduced from the expressions for the external components.
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