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Abstract

The language p-Charts is one of many Statechart-like languages, a family of
visual languages that are used for designing reactive systems. We introduce
a logic for reasoning about and constructing refinements for u-charts. The
logic itself is interesting and important because it allows reasoning about
p-charts in terms of partial relations rather than the more traditional traces
approach. The method of derivation of the logic is also worthy of report. A
Z-based model for the language p-Charts is constructed and the existing logic
and refinement calculus of Z is used as the basis for the logic of u-Charts. As
well as describing the logic we introduce some of the ways such a logic can be
used to reason about properties of u-Charts and the refinement of abstract
specifications into concrete realisations of reactive systems.

A refinement theory for Statechart-like languages is an important contri-
bution because it allows us to formally investigate and reason about proper-
ties of the object language pu-Charts. In particular, we can conjecture and
prove general properties required of the object language. This allows us
to contrast possible language design decisions and comment on their conse-
quences with respect to the design of Statechart-like languages.

This thesis gives a comprehensive description of the u-Charts language
and details the development of a partial relations based logic and refinement
calculus for the language. The logic and refinement calculus are presented
as natural deduction style proof rules that allow us to give formal proofs of
language properties and provide the basis for a formal program development
framework. The notion of refinement that is encoded by the refinement rules
is also extensively investigated.
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Chapter 1
Introduction

The language p-Charts (65, 67, 66, 72, 74, 77, 78] is one of many Statechart-
like languages: a family of visual languages that are used for designing reac-

tive systems.

In the following, we introduce and investigate a logic for reasoning about
and constructing refinements for u-Charts. We give a “proof-theoretic” treat-
ment of the language, in that we present the logic in terms of a series of
introduction and elimination rules that can be used in proofs about reactive

system specifications.

The reported work fulfils two primary tasks. Firstly, we aim to provide
a complete core framework that will stand alone as the latest definition of
the evolving language u-Charts. This includes the core logic that should be
used for future conservative extensions to the language. In this sense, one
might view the work as a rational reconstruction of the language which was
originally introduced by Scholz, most recently in [78]. The logic and therefore
the meaning of the language have been reconstructed using a methodology
more common to the world of state-based system specification than to the
usual traces of behaviour semantics for reactive systems. The second purpose
of this work is to show how we can use an existing logical framework and
methodology to induce a logic for another language, the significant advantage
of this approach being the ability to investigate properties of the language in

terms of other well-known formalisms.

Investigating refinement theories for Statechart-like languages is an im-
portant contribution because it allows us to formally investigate and reason
about properties of the object language u-Charts. In particular, we can con-
jecture and prove general properties required of the object language. This

allows us to contrast possible language design decisions and comment on



their consequences with respect to the design of Statechart-like languages.

Developing systems and providing correctness proofs hand-in-hand has
not yet been widely adopted in practice, though the results from attempting
to build such frameworks have. For example, the idea of using formal tools
for checking an implementation’s behaviour with respect to a specification is
becoming common in practical software development. Adding specification-
like statements, e.g. “assert” statements (or assertions), to software code and
therefore allowing more sophisticated correctness checking is also becoming
commonplace. This practice is often attributed to the work of Hoare [40] in
the late 1960s.

In the future, a robust framework for using refinement to guide design is
necessary, at least, to provide proper empirical evidence to support or deny
the claim that using such a design methodology is a practical alternative.
The most common way to use refinement theories to date is in a “posit
and prove” role; i.e., specification and implementation are developed and
then refinement is used to show, after the fact, that the implementation
implements the specification.

In the remainder of this chapter we provide a broad outline of the context
in which the research belongs and the additional contributions presented here.
Section 1.1 gives more general motivation as to why we consider this research
to be important and interesting. Sections 1.2 through 1.4 give an overview of
relevant literature. In particular: Section 1.2 describes the part of computer
science covering reactive systems; Section 1.3 introduces the specification
language Z and gives a detailed introduction to the work that formulated
the methodology employed here; Section 1.4 describes the foundations of
the notion of refinement. Finally, sections 1.5 and 1.6 list the significant
contributions of the work presented and outline the contents of the remaining

chapters.

1.1 Why formalise?

In computer science we often use the term refinement to refer to a step-wise
process of transforming an abstract specification of desired system behaviour
into an executable implementation of that behaviour. The resulting program
must embody or implement the functionality described by the specification,
by definition.

To allow formal refinement, 1.e., refinement by application of formal rules,

guaranteeing the retention of specified behaviour, ¢.e. system verification, we



must start with a suitable formal specification. To obtain a formal specifica-
tion, a formal mathematical language must be used that allows unambigu-
ous descriptions of requirements to be formulated at an appropriate level
of abstraction. Not only does this facilitate formal refinement, but it can
also help to minimise misunderstanding between the client and developer.
Importantly, a formal specification allows the developer to have a rigorous
methodology for analysing the specification and help to detect differences
between a client’s requirements and the formal specification early in the de-
velopment life-cycle; that is, it allows more rigorous specification validation.
Though unambiguous in its statements, typically we require a language that
allows partial or “loose” specification, generally through the use of nondeter-
minism or under-specification. This enables details which are unimportant
to the client or outside of the problem domain that requires a formal treat-
ment to be left unspecified and the choice of their implementation can be
left to later stages in the program derivation. Also, the ability to abstract
from low-level implementation details allows a lucid description of required

behaviour without the complexity and constraints of implementation details.

While the above description of a formal development should be considered
the ideal for software engineers, it is difficult to deny that this theoretically
appealing idea of development is still not widely adopted in practical soft-
ware development. It is clear, however, that some of the results from the
extensive formal methods research are becoming common practice in soft-
ware development, such as the use of assert statements and model-checking
technology. There is also an increasing number of well-known successful ex-
amples of large-scale uses of highly formal development, such as the driverless
line 14 of the Paris Metro where the “driver” is a fully-proved 87,000 line Ada
control program. This development included roughly 100,000 lines of specifi-
cation and refinement, together with 28,000 proofs all fully proved (about 10
percent of them interactively). Another example is the software developed
for smart cards.

There are several accounts that outline the benefits of a formal approach
to development available in the literature, for examples see [9, 10, 24, 34, 44,
85]. It also appears that there is significantly less effort expended in refuting
these arguments; e.g., see [27]. However, it still appears that the uptake
of formal methods-proper is minimal, particularly considering the effort and
people involved in the research developing these formal methods. Rather
than reconsidering the existing arguments that discuss why the adoption

of formal methods has been surprisingly slow, we outline why we find this
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particularly surprising. That is, we consider some of the observed problems

with existing alternative software development methods.

One such common development approach is to adopt an informal ap-
proach to gathering and documenting requirements. For example consider
the following scenario. A project begins with a specification written in natu-
ral language developed through consultation with a client. This specification
is taken and refined by an informal design process and “coded” into a program
written in a popular programming language. The program is debugged and
tested, and then presented to the client (often still containing unfound errors)
for their acceptance. Some of the significant problems with this process stem
from the fact that the client and the developer typically have different expec-
tations and motivations. The informal nature of the specification allows it to
be ambiguous; that is, it can be interpreted differently depending on “how
you look at it”. Significantly, the first formal description of the functionality
is typically the program itself (i.e. described in the programming language of
the eventual implementation). An adverse effect of this is that the complex-
ity of implementing the functionality described in the informal specification
is not realised until near the end of the first implementation.! The resources
expended by this stage of development are generally too substantial to allow
major changes in the specification. Therefore, if the client and developer
have different expectations of the requirements, it is difficult to resolve who

will bear the additional costs required to align their expectations.

Again considering natural language specifications as an example, most
natural language is prone to being ambiguous and open to interpretation.
The more precise the specification, the more wordy the specification, for ex-
ample consider prose used in legal jargon—it is often particularly verbose in
an attempt to be unambiguous. The verbose nature of unambiguous require-
ments specifications is one of the likely factors that contributes to insufficient
requirements documentation. This, in turn, contributes to the phenomenon
common to software development known as “project explosion”, where a soft-
ware development project gets to the implementation stage of development,
or further, before it is realised that unexpected complexity of the required

solution has caused or will cause expenditure of resources well exceeding the

I'We use the term “first implementation” here because it is commonly believed that
most current program development practices spend a large percentage of the development
time “debugging” or rewriting the initial program code. For example, during an invited
talk at FME97 Robin Bloomfield (of Adelard [70]) said that their long-range data showed
that testing accounts for about 50% of development costs
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budgeted amount. This is the point at which a lot of program developments
currently fail [43].

Given this situation it is not surprising that there is increasingly more ef-
fort being made to integrate more rigorous methods into the formal abstract
specification of requirements. When viewed in the context of being able
to help prevent “project explosion”, the often criticised “additional” effort
required to produce formal specifications of requirements no longer appear
economically infeasible. The complexity of formal specification can be jus-
tified because the complexity of the eventual solution is displayed from the
very beginning for both developer and client [22]. According to Turski [83],
“the specification’s ‘resistance’ to change (expressed in the effort needed to
do so properly) is.not an obstacle, but a warning about the real magnitude
of effort required to accommodate a change in the application domain.”

In [45], Chapter 4, Horrocks gives a good description and supporting ex-
ample that outlines some of the problems with natural language specifications
for graphical user interface design.

Another adverse consequence of the program code being the first formal
description of the required functionality? is the inability to guarantee pro-
gram correctness given the size and complexity of most realistic code-based
programs. This situation generally leads to the client, and often even the de-
veloper, relying on the operational characteristics of programs to test whether
or not their functionality respects the functionality that is required. Again
this relies on having a specification of the requirements to test against. Also,
it is well-known that testing can only confirm the presence of program errors,
not their absence [23].

Jacky [49] suggested that one of the barriers to the introduction of more
formalisation at the beginning of a software project may be that the for-
malisation of behaviour from the outset is harder than the alternatives, for
example “letting testers or users figure it out for themselves”. Jacky also
suggests several significant benefits that are offered by elucidating complex-
ity from the beginning of project development. One such advantage is that
a significant investment at the start of a software project can produce signif-

icant savings in the time required for tasks, such as debugging, testing and

2In fact it could be argued that some of the popular programming languages currently
used to describe programs are not completely formal, considering formal to at least mean
completely unambiguous, because they often lack a proper formal semantics. Therefore
their operational semantics depends on which (of many) compilers are used to interpret

the program statements.



refactoring, that are almost always required after implementation.
In [44], Holloway presents a compelling argument that supports the sug-
gestion that “formality will eventually become the norm in software devel-

opment”. Briefly his rationale is as follows:

Software engineers strive to be true engineers; true engineers use
appropriate mathematics; therefore, software engineers should
use appropriate mathematics. Thus, given that formal meth-
ods is the mathematics of software, software engineers should use

appropriate formal methods.

Examples such as the recent Model Driven Architecture (MDA) initia-
tive of the Object Management Group (OMG) [63] demonstrate that it is
true that formalism is becoming an important consideration of practising

engineers.

1.2 Specification languages for reactive sys-

tems

When designing computer systems, it is common (if not essential) to break
down the task that we wish the system to perform into subtasks. This is
generally done repeatedly until we are left with manageable pieces of “the
puzzle” to solve. Once the pieces have been solved then they are recombined
to solve the whole problem.

Obviously this process requires considerable care and a careful eye to
ensure that the parts can be smoothly recombined. This type of activity has
led to at least two conceptual models of computing systems. These models
were derived by considering the way in which the parts or processes interact
with one another.

The first model is that of sequential systems—where the individual parts
that make up a program are assumed to carry out computation in some
predefined order; i.e., one after the other or one calls another waiting for
termination before continuing. The second is the concurrent model. In this
model the processes that combine to create the system are assumed to be
able to carry out their computations at the same time as other processes.

The concurrent notion may be considered more powerful because it allows
the introduction of parallelism, and also sequential computation can easily be

characterised in a concurrent model but not necessarily vice versa. As usual
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there is a trade off between expressibility and complexity: the addition of
concurrency may allow increases in the efficiency of solutions; however these
solutions are generally more complex and so harder to think about. Hence
the need for formal modelling to deal with the added complexity is even more
prevalent.

A common characterisation of computing systems is to say they are one of
the following types: transformational—the system has all of its input at the
beginning of execution; reactive—the system’s computation is determined
nondeterministically (in time) by input from its environment; or interac-
tive—the system prompts the environment for input as necessary. The term
reactive system was introduced by Harel and Pnueli and originally was used
to refer to what are now commonly divided into reactive and interactive sys-
tems [33]. Most modern computer-driven systems can be broken down into
a mixture of reactive and interactive concurrent parts [5].

While the concurrent model of computation was initially introduced to
help with the complexity of modelling parallelism it was later realised that
the same model was useful, if not essential, for modelling reactive systems.
The sequential model is good for describing transformational systems but
is difficult to extend to reactive systems whose timing characteristics are
determined by their environment.

This thesis will concentrate on reactive systems and therefore this sec-
tion concentrates on formalisms that have been introduced that allow us to
describe, reason about and implement systems using a concurrent model.
Similar results may hold for interactive systems, however these are outside
of the scope of this work.

We discuss a further choice of model that is introduced when consid-
ering concurrency and describe how the literature motivates the choice of
one model over the other for describing and constructing reactive systems.
Also we briefly introduce and contrast some of the existing formalisms for
describing reactive systems using a concurrent model.

When considering a concurrent model of systems, often the processes
described above are termed agents [57]. Such a process can be thought of as
an autonomous deterministic “black box” that has some input and output
interface. A reaction [6] is some finite collection of interactions between
these processes that performs some desired task in the system. From these
assumptions it seems natural that we should model the behaviour of the
system or program by considering only the way in which these processes

interact, i.e. their communication.



Milner [57] presents this model of the communication between concurrent
processes as describing each subtask of a system by describing its observable
characteristics, where to observe a process is exactly to communicate with it.
He formalised this notion when describing the concurrent formalism process
calculus which was based on the earlier and well known Calculus of Com-
municating Processes (CCS) [56]. Milner also defines several equivalence re-
lations for agents: the two main equivalences that are introduced are strong
bisimilarity and weak bisimilarity. Strong bisimilarity requires not only in-
put/output equivalence, i.e. two agents have the same external behaviour,
but also requires the internal transitions of the two agents to simulate one
another exactly. Weak bisimilarity is more liberal in that an internal transi-
tion of one agent can be matched by zero or more internal transitions of the
other agent.

As we shall see in Section 1.4, having a notion of equivalence between
processes is important to allow us to prove that replacing an abstract de-
scription of a process with a more concrete description is a valid refinement
of the overall system. Milner [57] also introduces instantaneous communica-
tion between processes which will be explored below.

The process calculus encodes asynchronous agents or processes that syn-
chronise via communication. As in [57], we will use the term asynchronous
processes to refer to concurrent processes or agents that proceed at inde-
terminate relative speeds, and synchronous processes to refer to concurrent
processes that proceed in lock-step.

In [6], Berry and Gonthier describe why the synchronous processes model
is essential for the construction of reactive systems by giving the failings of the
alternative asynchronous approach. These criticisms, which were formulated
through practical considerations whilst developing the language Esterel for
reactive programs, are broadly as follows: processes or reactions can compete
with each other, e.g. new inputs can arrive from another process before the
current reaction is finished and therefore the behaviour of the reaction is
not atomic, i.e. it can depend on the timing characteristics of concurrent
reactions; reasoning about temporal properties of a program can be arduous
and never completely rigorous—there is no completely accurate way (in terms
of time) to determine when a process is finished; finally, each process has its
own perception of the entire system, i.e. processors may see the system in
different states during the same reaction: for example, a single sensor, read by
two concurrent processes in the same reaction, could differ in value because

it is read at different times. These problems are claimed to be resolved by
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using a strong synchronous model, which claim Berry and Gonthier describe
as the synchrony hypothesis.

In (78] Scholz gives a different categorisation of the notion of synchrony
where he describes three distinct types of synchrony. Firstly, clock synchrony
refers to a system where any concurrent components or parallel processes ad-
vance in lock-step with a common clock, e.g. a “tick” of the processors’ global
system clock. Clock synchrony is the same as the synchronous processes de-
scribed above. The second form is termed I/0 synchrony and refers to a
system where it is assumed that no time elapses between receiving input and
sending output, that is the processes’ internal computation is assumed to
take no time, and the output is available at the same instant as the input.
Finally message synchrony refers to a system in which the initiating source of
a message is blocked until the recipient is ready-to-receive, that is, message
synchrony is what we have referred to as ‘synchronising via communication’
above but it is also commonly referred to in the process algebra world as
synchronous communication. The term perfect synchrony, which is related
to the synchrony hypothesis described above, refers to a system that obeys
both clock synchrony and 1/0 synchrony.

Another notable formalisation based on an asynchronous processes model
is Communicating Sequential Processes (CSP) that was introduced by Hoare
in [42]. CSP is also based on the communicating process model of concur-
rency. The work that led to the creation of CSP was born out of the re-
alisation that the traditional method of implementing concurrency through
the use of a shared-store was inadequate because it could lead to severe
implementation problems with the prevailing hardware technology. Also,
Hoare identified [41] that a shared store implementation made attempting
to construct correct programs difficult. CSP uses handshake communication
as does CCS, described above, as a means of enforcing synchronisation via
communication, therefore processes are asynchronous but the communication
between them can force synchronisation.

The difference between CCS and CSP is so subtle that a detailed expla-
nation is outside of the scope of this work. Briefly, the CCS composition
operator implements private point to point communication and has a spe-
cific operator that enforces synchronisation whereas the CSP composition
operator enforces synchronisation between like-labelled transitions and has a
separate operator that makes that communication private.

Clearly, there are significant differences between the asynchronous pro-

cesses approach of CCS and CSP and the perfect synchrony approach of
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Esterel. The synchrony hypothesis described in [6], i.e. assuming reactions
take no time and that processors adhere to a global clock, was developed as
a high-level abstraction technique for describing low-level reactive systems.
Some of the observations in [6], which justify the synchrony hypothesis as
a reasonable abstraction, include: “synchrony is a natural abstraction from
a user’s point of view: the user of a watch does not worry about internal
reaction times, as long as he perceives that his watch reacts instantly to
his commands.”; “that synchrony hypotheses are very classical in physics:
instantaneous body interaction is the basis of Newtonian Mechanics, instan-

taneous propagation of electricity is the basis of Kirchoff’s laws.”

More specifically Scholz [78] explains that the abstraction made by 1/0
synchrony, i.e. that input and output are available at exactly the same time,
can be reduced to assuming that the computation of any reaction can be
carried out before the next input arrives. This argument is less convincing
when one is considering how to ensure the correct implementation behaviour
of executing arbitrary sequential communicating programs in parallel on dif-
ferent processors. In [56] Section 9.3, however, Milner also investigates giving
a calculus similar to that for CCS that assumes process synchrony. Some
interesting observations that he makes are: that this synchronous process
calculus, i.e. based on the assumption that processes proceed in lock-step,
“has a greater claim to completeness of expression [than CCS itself|—and
hence a claim to be less arbitrary”; and that the assumption of synchronous
processes “somewhat offends the popular relativistic view, since it suggests
the idea of a global clock”; also “the synchronous view leads to a delight-
fully simple calculus, and in fact asynchrony can be achieved within it just
by introducing an explicit waiting action.” Milner also points out that the
asynchronous calculus does suffer from excessive expansion in the context of
n-way composition, see [56] for details.

According to Huizing and Gerth [46], some of the benefits that the prin-
ciple of perfect synchrony give when specifying reactive systems are that:
concrete reaction times (i.e. 0) are known and therefore we can still correctly
model the important timing characteristics of a reactive system; we do not
need to fix any of the eventual implementation reaction times at this level
of abstraction, therefore the reaction time is as short as possible, and we
do not need to introduce artificial delays; reactions can be refined to several
sub-reactions without changing the timing behaviour of the specification,
i.e. 0 + 0 = 0. Huizing and Gerth also formalise three properties or criteria

that describe useful semantic properties of languages for describing reactive
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systems. They have labelled these properties responsiveness, modularisation
and causality. We will briefly summarise each of these in turn and then
present a more detailed description of causality.

Responsiveness refers to the language having the abstraction that allows
a reaction to take no time. A system’s output is available simultaneously
with the input that caused it. When breaking the description of a reactive
system into parts the parts or processes should be symmetric in their view
of events, i.e. they should be clock synchronous and communication between
a system and its environment happens in the same way as communication
between the parts of the system. This property is labelled modularisation.
The final formal property, causality, insists that a collection of events that
constitute a system reaction must be causal. That is, there must be some
external event that directly or indirectly causes a reaction and there must be
no causal loops, e.g. the output from one process in the reaction must not
eventually cause another transition in the same process or prevent the initial
transition from happening. Huizing and Gerth go on to prove that these
three properties cannot be present together in one semantics for a language

for describing reactive systems.

Because of this result it is common for languages designed for describing
reactive systems to incorporate responsiveness and modularisation and to
deal with causality separately. Causality is often identified [33, 46, 65, 84]
as a problem with the synchronous model of concurrency, but because it is
a static semantic problem, that is it can be identified by static analysis of
the description of the reactive system, it is tolerable. One suggested method
for dealing with reactive system descriptions containing causality problems
is to perform static analysis on the description of a system and reject it
if it is possible that it contains a causality problem, e.g. Esterel takes this
approach [6]. The problem with this is that it may rule out some descriptions
of reactive systems that do not actually contain causality problems and static
analysis requires a thorough state exploration which, even with current model
checking technology, could be intractable [65]. Another method described
in [78] is to ignore causality in the description of reactive systems and remove
it during refinement. This is also the approach that we take here. For a
more in-depth discussion about how causality affects the semantics of u-
Charts given by the Z model presented here, the interested reader should
consult [73].

Apart from the formalisms CCS, Esterel and CSP, another method for
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describing reactive systems is Statecharts.? Statecharts were introduced by
Harel in [14] and according to Berry [5] it is a “quasi-synchronous formalism”,
i.e. based on a model for reactive systems that assumes processes behave
periodically, they all have nearly the same period but no common clock and
they communicate by means of shared memory (2, 12]. Because Statecharts
are based on finite-state automata, which are easily represented in a graphical
form, they were the first of many “visual” specification languages. It is
commonly claimed (e.g. [31]) that the ability to use diagrams to represent
specifications has made Statecharts a popular specification tool for software
engineers.

The well-known Unified Modelling Language (UML) [64] adopted “object-
based variants of Harel Statecharts that incorporate several concepts defined
in ROOMcharts, a variant of the Statechart defined in the real-time object-
oriented modelling (ROOM) language” [79] known as UML statecharts or
UML state machines [69].

The invention of Statecharts marked the beginning of extensive research
into making precise their semantics, given informally in [14]. In particular,
some of this research led to the creation of another visual specification lan-
guage for reactive systems called pu-Charts. pu-Charts is a simplified version
of Statecharts and is the language that is the basis of the reported research.
Section 1.2.1 introduces the formalism u-Charts and Section 1.2.2 gives a

brief comparison of u-Charts with respect to the original Harel-Statecharts.

1.2.1 p-Charts

The pedigree of u-Charts is a chain of formalisms starting with Statecharts,
as described above, and includes Mini-Statecharts [62], an extended version
of Mini-Statecharts [76], the u-Charts of [65], the u-Charts of [78] and the
p-Charts of [74]. More specifically, u-Charts was created and developed by
Philipps and Scholz in [65, 66] with the aim of showing how to give it a
proper denotational semantics, and also to use these results to generalise to
Statecharts, hence showing how to give a denotational semantics to State-
charts and where problems occur with the original description. Later in (78],
Scholz continued to develop u-Charts and, as expected, gives some program

development rules and a notion of implementation. Subsequently a transla-

3Hereafter we follow a common naming convention, similar to that used by André
in (1], where we use “Statecharts” and “u-charts” to refer both to several charts and (with

a capital ‘C’ in the case of u-Charts) to name the language in which the charts are written.
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tion method from u-Charts into the Z specification language has been de-

veloped (72, 73, 74] (also included in Appendices) in conjunction with the
ISuRF and Z, research projects [48, 55].

Like Statecharts, u-Charts allows the description of a reactive system
via a Mealy-like finite-state automaton such as that of Figure 1.1. The
description of the chart contains states denoted by ovals, including an initial
state which is distinguished by a double ring, and transitions denoted by
arrowed lines. The transitions are labelled with a trigger and an action
separated by a “/”. The trigger is a boolean expression over the input set. For
example, in Figure 1.1, the transition label s/p means the labelled transition
can occur if the chart is in its initial state A and the signal s is in the input.
When this transition occurs its action is to output the signal p and move
into state B. For completeness, the other trigger featured in Figure 1.1, i.e.
—s, means the appropriate transition can occur when the chart is in state B
and the signal s is not in the input set.

u
s/p

-s/o

Figure 1.1: Simple sequential u-chart

Given the basic building block for charts, complex specifications of reac-
tive systems are constructed by composing charts together and allowing them
to communicate by the instantaneous broadcast of particular output signals.
The most general type of composition is demonstrated in Figure 1.2 where
the charts named A and B are assumed to react in perfect synchrony and
communicate by broadcasting the signal . The other type of composition
allowed is a special case that is often referred to as decomposition. Decom-
position is visually denoted by replacing an atomic state of one chart with
another p-chart. The meaning of decomposition is the same as composition
except that the “embedded” chart has additional conditions implicitly on all
of its transitions that will only allow them to fire when the chart in which it

is embedded is in the “enclosing” state.

A detailed account of u-Charts’ syntax and semantics is given in chap-
ters 2 and 3.

It is important to remember that when we write specifications describing

systems we may want to write them in an abstract manner so as to remove
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{b}

Figure 1.2: Composed p-charts

low-level implementation details such as architecture dependent information,
communication timing considerations, etc. We want to concentrate on fully
capturing user requirements and developing a high-level knowledge of the
functionality required in the proposed reactive system. pu-Charts provides
such a specification language partly by allowing nondeterminism—choices
can be left unspecified or nondeterministic in order that decisions can be
made later in the design process. Also u-Charts allows the abstraction mech-
anism often identified as a strength of Statecharts where we can describe an
entire system as an abstract process and then decompose each of the states
as though they are subprocesses of the system.

The semantics for u-Charts was designed to obey perfect synchrony, that
is, it employs the synchrony hypothesis and therefore, according to Berry [6],
is suited to describing reactive systems. The synchrony hypothesis means
that a p-chart’s transitions are assumed to take no time, i.e. time only passes
when a p-chart is in a particular state, and instantaneous feedback is used
as the model of signal broadcasting. Because output signals are available at
the same instant as input, broadcast outputs from one chart are available to
all other charts in scope.* Importantly, subscribing to the principle of per-
fect synchrony allows u-charts to capture the required timing characteristics
of a reactive system, as identified above, by abstracting on the communica-
tion timing characteristics of the eventual implementation. This abstraction
also allows us to give a (reasonably) eloquent Z model to charts based on Z

descriptions of their transitions. This Z model of charts provides the foun-

4Signals that can be broadcast from a u-chart are represented in the graphical represen-
tation (see Figure 1.2) by attaching a rectangle, containing the set of feedback signals, to
the box surrounding a p-chart. Any broadcast output from any sequential chart enclosed
by this box is in scope, i.e. can see the output and consider it as input.
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dations of the Z semantics for charts which includes a logic and refinement
rules.

Other important reasons for choosing the u-Charts formalism include:
p-charts are simple in construction and allow structuring of specifications
through composition operators; the formalism was originally conceived with
the aim of providing both a formal denotational semantics and a notion of
formal refinement; finally, there was an existing link between p-Charts and
the specification language Z.

Initially this link between u-Charts and Z 72, 74] was considered as a
translation of the existing language u-Charts into the language Z. Now we
consider the Z model of p-Charts and the resulting logic and refinement
notion as giving the semantics of the language.

1.2.2 p-Charts and Statecharts

We give a brief overview of the difference between the language u-Charts that
is the topic of this dissertation and the original Statecharts language (that is,
the account, see [35], of the semantics of the orignal Statecharts developed by
Harel in [14]). From [35], the interested reader can find numerous papers that
describe all of the Statecharts variants and how they differ. This includes the
state machines that are part of the Unified Modelling Language (UML) and
a survey paper by von der Beeck [84] that discusses around twenty variants
of Statecharts.

First we make the important observation that the language p-Charts is,
by design [78], assumed to be an extremely cut-down, and therefore sim-
ple, language based on the original Statecharts language. This decision was
intentionally made (initially by Scholz) to allow a formal semantic investi-
gation of the defined language, without the complication of considering an
excessive number of language constructs. The investigation presented in this
thesis does not go any further in terms of defining new “syntactic sugar”™
for the simplified language, instead the emphasis is placed on an extensive
investigation of the refinement notion that is part of the language definition.
The complication of considering the refinement notion for just the simplified
language suggests that a formal investigation should indeed begin with this
small core language. The idea being that once the core language is under-
stood and has a suitable set of formal tools allowing us to reason formally
about language design decisions then the core language can be extended by

a series of conservative extensions towards something that may, or may not,
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allow all of the constructs that are part of the language Statecharts and its
associated variants. This is the point at which all of the useful practical
considerations that have been made for these languages can be considered
for the future development of u-Charts.

We note that one essential extension that will be needed, in order that
the core language pu-Charts scales to allow specification of realistic reactive
systems, is the addition of local variables, along with the associated notions
of assignment and variable-dependent guards. Work to this effect can be
found in [7]. Also, [29] describes an approach that may be taken towards
constructing other high-level language constructs.

An attribute that is common to Statecharts-like languages is the duality
between “states” and “charts” that commonly occurs when describing the
behaviour of a Statechart. We note that the description of Statecharts given
in [35] deals with this duality by considering all “charts” as being themselves
states; one of which is denoted the root state and therefore could be consid-
ered “the” Statechart. In Statecharts-speak [35], u-Charts does implement
the three core language constructs of Statecharts, which are: OR-states—
a state of a “chart” that is itself a “chart” description of behaviour, i.e. a
decomposed p-chart; AND-states— “states that have orthogonal components
that are related by and” [35], i.e. composed p-charts; and basic states—states
that contain no substates, i.e. sequential u-charts.

Statecharts have several additional features that are not part of the lan-
guage p-Charts presented here (referred to simply as u-Charts henceforth).
We briefly discuss some of these differences in the following.

The label on a transition in a Statecharts state has the form e[c]/a, where
e is an event that triggers the transition, ¢ is a condition that must evaluate
to true before the transition can happen, and a is the action that happens
when the transition is taken. p-Charts implements transition triggers whose
truth value depends just on an evaluation of the signals that are present (and
absent) at the moment that a step is evaluated. In the pu-Charts there are
no conditional statements, at least in the sense of the expression [c] of the
Statecharts transition trigger above, because there is no state-based informa-
tion on which such a condition could be evaluated. However, the previously
mentioned work of [7] adds a similar conditional expression language to the
transition triggers of u-Charts. Also, Statecharts implements more sophisti-
cated events, for example, the special event timeout(e, d) occurs d time units
after the most recent occurrence of the event e.

Similarly, the transition actions implemented by Statecharts allow a more
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expressive language of actions, for example, allowing a transition to update
local variables and more sophisticated actions like schedule(a,d)—action a
can be scheduled for d time units later.

Statecharts allows activities to be associated with states, for example,
static reactions take the form of a transition label but “are carried out (when-
ever enabled) as long as the system is in (and is not exiting) the state in
question” [35]. Static reactions are described as syntactic sugar that are
described semantically by orthogonality. Other state-based activities can,
however, be explicitly associated to be active throughout state S or active
within state S.

Statecharts allow transitions to cross state boundaries, that is, a tran-
sition can go directly from a state in one chart C to a particular state (or
states) of a subchart (or substate) of chart C. Related to this, Statecharts
defines several types of transition connectors, for example joint, fork and two
types of history connectors, that allow the user to specify different ways to
join transitions. fork allow a transition to split to have multiple destination
states (in an orthogonal substate). Two transitions can join together to have
an equal destination in the parent of an orthogonal substate. And a transi-
tion can enter the history connector for a substate which is taken to mean
that the last state, in which the substate resided, is entered.

The differences discussed so far appear to be additional functionality that
could be defined as conservative extensions to the language p-Charts. How-
ever, more significantly there is a fundamental difference between the se-
mantics of Statecharts and the semantics of u-Charts. The step semantics
of pu-Charts is based on the perfect synchrony hypothesis as discussed. Im-
portantly a u-Charts step is restricted so that each chart (or in Statecharts-
speak, each state) must make one and only one transition. Also, the time
between instantaneous transitions is not necessarily uniform. The State-
charts semantics, according to [35], has two models of time. The first is
named the asynchronous model and obeys the perfect synchrony hypothesis.
However, in this asynchronous model any chart (or state) can make several
transitions in a single step—until there are no longer any valid transitions
left-and is therefore different to the u-Charts semantics. The second model
of time is name the synchrony model and does not obey the perfect synchrony
hypothesis. Therefore, the Statecharts semantics and the u-Charts semantics
must be fundamentally different.

The obvious question of whether the different semantic models of Stat-

echarts and p-Charts can be defined in terms of one another is outside of
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the scope of this thesis. To prove this hypothesis will require defining both

semantic models in the same formal framework, or inter-defining them.

1.3 7Z and Z,

The specification language Z is based upon typed set theory and first-order
predicate calculus and includes the notion of schemas used to encapsulate
mathematical objects and their properties by declaration and constraint. Z
is a model-based notation usually used to represent abstract specifications of
systems by describing observations of their state and some operations that
can change that state. One of many (see (36, 49, 68, 71, 81, 88, 90]) examples
of using Z is given in (8].

Though Spivey [80] demonstrated the use of a logic for Z, the first at-
tempt to give a provably sound logic for Z was the account of the Z-logic
W by Brien and Woodcock in [89]. Martin (incorporating changes due to
the criticisms of Henson [37]) gave a logic for standard Z in [54]. An inter-
national Z standardisation effort was completed in 2002 (see [47] and [82]).
This includes a denotational semantics for Z but not the proposed standard
logic for Z; to reason about “standard” Z specifications requires reasoning at
the semantic level.

Henson and Reeves [38] provide a rational reconstruction of Z that they
called Z; (standing for “Z core”), which provides a sound logic for Z. This

is the foundation of the Z-logic that we use to derive a logic for u-Charts.

1.3.1 Z;

The language Z¢ is a typed set theory that includes schema types which
describe unordered, label-indexed tuples called bindings. The logic given for
Zc (see [38]) is presented as a natural deduction system. A proof of the
soundness of the logic is given by supplying an interpretation of Z; in ZF,
where schemas are considered to represent sets of bindings. The schema
calculus of traditional Z is then reconstructed by conservative extensions to
Zc. The rules of the logic were developed by taking all of the usual rules for
set theory and adding rules for schemas. An overview of the Z. logic that is
prevalent throughout the following is given in Appendix A.

Now, given a sound logic for Z¢, correct reasoning about Z¢ specifications,
and therefore Z specifications, can be carried out in Z. using rules at the

level of the language itself. This has several advantages among which is
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the ability for a user of Z¢ to reason about a specification syntactically, i.e.
without needing to know its semantics. After reconstructing Z from a formal

foundation Henson and Reeves go on to develop refinement and program
derivation rules for Z..

1.4 Refinement

The principal idea of formal refinement is to allow program development
which, by definition, guarantees that an implementation respects the be-
haviour described by a formal specification.

In Section 1.4.1 we describe some of the historical research that focused on
giving meanings to programs and which led to the idea of program develop-
ment via stepwise refinement. Section 1.4.2 deals specifically with refinement
as it relates to the Z specification language, that is, we describe the context

of the refinement notion that is employed in this work.

1.4.1 From proving programs to stepwise refinement

As early as 1966, Naur [61] described the lack of influence of mathematics
and proof in the way that computer programs are constructed. He illustrated
a method of proving the correctness of algorithms by taking snapshots of
the state on which the algorithm is being executed. These snapshots allow
the description of static properties that exist whenever the execution of an
algorithm reaches a particular point and therefore allows us to prove that an
algorithm respects the expected behaviour (that it describes) correctly.

In 1967, Floyd [25] published work on giving meanings to programs. Floyd
showed that we could give a proper meaning to a program by describing,
for each statement of a program, a relation that is true of the program
variables or program state before an operation and a similar relation after the
operation. Together these relations give a mathematical model that exactly
defines the meaning of program statements and allows the proof of program
properties. This was demonstrated by annotating flow charts with assertions.

Closely following this work, Hoare [40] gave a set of axioms and rules
of inference that can be used, following methods first applied in the study
of geometry, i.e. axiomatic methods, to prove the correctness of programs.
This paper presented the axiomatic system as a way to prove properties of
existing programs, and it gave the foundation which can be seen to be one of

the bases for formal methods of program development as it is known today.
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This axiomatisation of computation led to the idea of axiomatic semantics for
programming languages, as opposed to the traditional operational semantics,
and Hoare later described using the proof of a program in conjunction with
the program’s construction as a sound program development method. A
particularly insightful comment in [40] describes how the proof of a program
in a machine-independent axiomatic system can illustrate machine-dependent
features of an algorithm and alleviate the burden of porting a program from
one platform to another, a problem which is to this day being addressed by
the software development community.

In [23], Dijkstra introduced the notion of predicate transformers and gave
the weakest precondition meaning to a small programming language. Pred-
icate transformers are defined to give the weakest precondition for which a
program will terminate and satisfy a stated postcondition. He also shows how
predicate transformers can be used as a calculus to aid in program develop-
ment. While Floyd introduced the idea of invariant based programming, i.e.
defining the invariant property for loops in the program, and Hoare empha-
sised its usefulness, Gries [30] states that it was Dijkstra [23] who presented
the first useful technique for developing loop invariants before loops.

These early works, together with others not mentioned and all that fol-
lowed, made it possible to give a proper, i.e. not operational, semantics to
programs. It now seems an obvious progression that leads to abstract speci-
fication followed by provably consistent implementation.

In the early 1970s, Dijkstra [22] and Wirth [86] proposed the idea of step-
wise refinement as a way to develop programs. Dijkstra [22] describes step-
wise refinement to be the cognitive composition process of a well-structured
program, given in great detail. In particular he points out the advantages
of allowing the programmer to make one decision at a time and to be able
to leave other choices to a later stage of refinement. This work introduces
the inspirational idea of using the proof of a program in conjunction with its
creation as a way to ensure correct program construction. Dijkstra described
this idea as stemming from the formalisation of the process undertaken by a
programmer whilst convincing themselves of program correctness during an
informal development of code.

This notion is acknowledged in similar work by Hoare mentioned previ-
ously. Importantly Dijkstra identifies notions of data refinement, where the
programmer must make more concrete the data structures to be used to store
the program’s data, and operation refinement, where the programmer refines

the actions that are taken on that data. Wirth [86] also describes by example
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the process of developing a program by a sequence of refinement steps where
at each step one or several instructions are decomposed into more detailed
instructions. Wirth also makes the distinction between data refinement and
program refinement and states that it is natural to refine program and data
specifications in parallel. Wirth’s treatment of stepwise refinement is much
less formal than that of Dijkstra.

In the mid 1970s, Burstall and Darlington [11] and Gerhart [26] identified
a trade off between writing comprehensible programs and efficient programs.
This lead them to introduce a transformational approach to programming.
They give rules for transforming inefficient programs into more efficient pro-
grams correctly, thus allowing a programmer to write their program without
considering efficiency concerns but rather with an eye to eloquence and un-
derstandability.

In [3], Back combines the ideas of stepwise refinement, the program trans-
formation approach and the invariant-based approach to program construc-
tion to define the Refinement Calculus. The Refinement Calculus is based on
earlier work by Back in which he added the notion of a specification statement
to Dijkstra’s Guarded Command Language. Hence the Refinement Calculus
then allows the specification of a program to be given by possibly nondeter-
ministic program statements that are not necessarily executable. Also the
calculus defines rules that allow the (possibly non-executable) specification to
be transformed, stepwise, into a program that is necessarily executable and
by definition correctly refines the initial specification. Back describes the
notion of correct refinement by a satisfaction relation. This relation allows

the definition of correct refinement to be as follows:

A program S is said to be correctly refined by another program S’
if S’ preserves the correctness of S, in the sense that S’ satisfies

any specification that S satisfies.

Morgan [58] and Morris [60] also developed a Refinement Calculus. Mor-
gan published a comprehensive guide to programming using the Refinement
Calculus [59] in which he emphasises the view that all specifications and im-
plementations are programs and that there is a refinement order between pro-
grams. Like Back’s, Morgan’s Refinement Calculus uses Dijkstra’s Guarded
Command Language, extended to include specification constructs, to write
programs.

In [4], Back describes two differences between Morgan’s and his own work.

The first is that the Morgan’s Refinement Calculus introduces different spec-
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ification statements and the second is that the calculus presented in [59)
reformulates the original refinement calculus in a way that is influenced by
the Z specification language.

To summarise: this section described the conception of formal stepwise
refinement. Firstly we described the inspiring work of researchers such as (in
no particular order) Floyd, Naur, Hoare and Dijkstra, whose work, among
many others not mentioned, made it possible to reason about programs using
mathematical logic as opposed to the insufficient methods of testing the oper-
ational characteristics of programs. We then described a change in traditional
thinking which introduced the idea of a satisfaction relation, as opposed to a
stricter equivalence relation, between programs. This change led to the cul-
mination of the notion of formal program semantics and the idea of a formal
refinement calculus. Most importantly, the satisfaction relation allows the
partial specification of a problem to be refined in manageable steps into a
computable function. Presuming correct instantiation of the calculus rules,
this function or algorithm is guaranteed to satisfy all functional constraints
of the specification.

Clearly this overview acknowledges only a few of the core publications
whose work contributed to the formulation of the notion of program refine-

ment.

1.4.2 Specification and stepwise refinement

We start the second thread of the development of refinement with the con-
ception of the Z specification language (see Section 1.3). The reasons that
we divide the discussion in this way is because Z is used as the meta-notation
for the semantics of u-Charts given here, and Z was developed as a dedicated
specification language for which it was later realised a notion of refinement
was required [13]. In comparison, the Refinement Calculus notion of speci-
fication was derived from studying the transformations that allow successful
implementation, as described in the previous section. The Refinement Calcu-
lus is not renowned for having an algebra of constructs that allows high level
structuring of specifications (though it does in fact have sequential compo-
sition, demonic and angelic choice, if-then-else statements and loops as part
of the programming constructs of the language—these along with the mono-
tonic algebra could be used to structure and reason about specifications).
When the Z specification language was created the connection between

the specification and the implementation was informal. In [80] Spivey gives a
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semantics to Z using set-theoretic structures and describes a 7 specification as
giving a description (possibly a “loose” description) of the behaviour to which
the eventual implementation must adhere, i.e. the Z specification describes a
nondeterministic mechanism or abstract data type whose behaviour can be
interpreted from the set-theoretic model given by the semantics. The onus is
then on the implementor to ensure that the eventual implementation is one
which satisfies the mechanism described by the specification.

Later, in [81] Spivey describes the notions of operation refinement and
data refinement as separate design decisions that must be made during pro-
gram development. Rules are given that allow the simplest form of operation
refinement, which is to show that one operation (given in Z) is a refinement
of another Z operation. He also points out that operation refinement must be
extended in two ways to be useful in program development, one of which is
adding programming constructs (which is not attempted), the other is data
refinement. The simple operation refinement given reduces nondeterminism
in the specification by weakening preconditions and/or strengthening post-
conditions while data refinement can be used to change the data structures
described in the specification.

The precondition/postcondition approach described above can be consid-
ered proof-theoretic [20] because we use the predicates defining operations to
show that one operation is a refinement of another, i.e. to define the refine-
ment relation. Another approach is the model-theoretic approach, i.e. the
refinement relation is defined in terms of the relationship between the set-
theoretic models that give the semantics of the operations. This approach is
suggested in [88] and [16]. Here the relations represented by a specification
are lifted with the special element L, which represents undefined or non-
termination, and totalised (turned from a partial relation to a total relation)
to represent chaotic behaviour outside of the precondition. Now the data
refinement part of refining operations is defined in terms of set containment,
i.e. one operation is considered a refinement of another if and only if the lifted
relation describing the first operation, i.e. its model, is a subset of the lifted
relation of the original operation. In [20], it is shown that the proof-theoretic
and model-theoretic approaches described are the same.

Again, no Z-based code introduction method is given in [88] or [16],
though the program derivation process suggested in [88] is to perform data
refinement as described above until a concrete Z specification is reached and
then translate that specification into a Refinement Calculus program state-

ment. This translation is based on work presented by King in [50] and later
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extended by Cavalcanti and Woodcock [13]. [50] gives rules for translating Z
specifications into a Z Refinement Calculus program statement from which
implementations can then be derived. This paper gives a general rule for
the translation and also attempts to utilise the structure provided by the Z
specification calculus to derive more sophisticated rules of translation. Un-
like King, Cavalcanti and Woodcock have defined a new language called ZRC
that has a notation compatible with Z and encompasses many of the rules
of the Refinement Calculus. More recently, this work has been extended to
include executable commands from Dijkstra’s guarded command language,
like assignments, conditionals, and loops, and with reactive behaviour from
CSP, including communication, parallelism, and choice, to define a new pro-

gramming language known as Circus [87].

1.4.3 2, and program derivation

The language Z, [39] is an extension of the language Z¢. Z, incorporates
a notion of implementation of operation schemas into the logic for Z¢ in
order to provide program derivation and refinement rules for the existing
logic. The notion of implementation that is the basis of these rules is to
model a specification as a set of legitimate implementations, i.e. the meaning
of a specification is given by the set of all of the programs that correctly
implement it. Now, given a program p and a specification U, the relationship

where p correctly implements U is expressed as:
pe U

where the meaning of this proposition is given by:®

[p € U], =4 [p]; € [U],

that is p correctly implements U when the meaning of p (a function in the
A-notation) is one of the functions that correctly implements the specification
U.

Given this notion of implementation, refinement is defined simply as set
containment, i.e. a specification Uy is a refinement of a specification U; as
long as the set of functions [Up], is a subset of the set of functions [Ui],.

That is, we have:

SNote that the semantic functions, i.e. [.], are annotated to denote the presence of
three different semantic functions, where [.], is the semantics of implementation, [.]; is

the semantics of functions, and [.] is the semantics of specification.
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[Uo 2 U] =4 [W0], € [U1],

Therefore a development from specification to implementation is a finite
sequence of design steps or refinements where each nontrivial step eliminates
some of the possible implementations of the previous specification. Each step
in the development process is verified as a correct refinement using the rules
of the logic for Z,. The development ends when the set of implementations
has been reduced sufficiently so that all remaining implementations are ac-
ceptable. If the set of implementations is empty then the developer must
review the design steps, possibly all the way back to the original specifica-
tion. In some cases the original specification itself may have been infeasible
and therefore changes may be required of the specification itself.

Contrary to the other program derivation methods discussed, when de-
riving programs in Z, each step happens at the level of the specification
language, therefore one must conceptualise a two-dimensional process of pro-
gram derivation. One dimension consists of the sequence of refinements from
abstract specifications to more concrete specifications (i.e. no program state-
ments). This process often entails introducing more refined structure to the
specification as well as reducing nondeterminism. For example, splitting an
operation schema into the composition of more specific operation schemas.
Another example is making the described data types more concrete, i.e. the
activities associated with traditional data refinement. On the other dimen-
sion, at any point in the refinement sequence there may be a program that
clearly implements part of the specification. For instance consider the re-
finement sequence S, 3 ... O §; that results in the specification S,, that
implements the specification S;. Now assuming S, =gef Sn.1§ Sn.2, Where
the specification S, | represents a program (provable by the implementation
relation), then we know what part of the eventual program will be, i.e. the im-
plementation of S, ;. This type of program development is possible because
Z, refinement is monotonic and it allows the structure of the specification to
be adopted in the implementation. The program derivation is documented,
and shown correct, by a proof that includes the use of rules that are derived
from the implementation relation.

The notion of refinement used in the Z, method of program deriva-
tion (¢.e. subset of implementations) has been shown equivalent [20] to both
the proof-theoretic and the model-theoretic notions of refinement introduced

above.
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1.4.4 Program development for u-Charts

Scholz (77, 78] describes refinement rules for u-charts that are applicable
as syntactic transformations and are equipped with syntax-based context
conditions. He argues that these properties allow a designer to apply a
refinement rule providing its specific syntactic requirements are met and
therefore the designer does not need to be aware of the formal semantics
of p-Charts to apply the rules. This highlights the emphasis Scholz puts on
the practical considerations of using these rules in development.

The refinement rules given are categorised into Behavioural Refinement
and Interface Refinement which are outlined in the following and discussed
in detail in Chapter 5.

Behavioural refinement allows the refinement of the input/output be-
haviour of a u-Charts specification. A specification S, is a behavioural re-
finement of a specification S if and only if any observable behaviour of S,
can also be observed of S;. The set of possible inputs, or the input inter-
face, of S; is equal to the input interface of S, and the output interfaces
of §; and S, are also equal. Note this allows (and we would generally ex-
pect) S; to remove behaviour of Si, therefore making S, more deterministic.
In other words, behavioural refinement is the restriction of nondeterministic
behaviour without changing the input/output interfaces for a specification.
Of course, a chart is trivially a refinement of itself. Formally, behavioural

refinement is expressed by the predicate,
I[SZ]Iio Q |[Sl]|io A In(Sl) = In(Sg) A OUt(Sl) = OUt(SQ)

where [S];, denotes the trace semantics, with respect to the observable in-
put and output behaviour, for the specification S. In(S) denotes the input
interface, i.e. the set of possible input signals, for S and Out(S) denotes the
output interface for S.

Interface refinement is the refinement of the input/output interfaces of a
specification by the adding of new signals. Another way to consider interface
refinement is that it allows a designer to describe new observable behaviour
that was not described at the previous level of abstraction. In the Scholz
semantics, a specification S, is an interface refinement of a specification §; if
and only if the input and output interfaces for S; are proper subsets of the
respective interfaces for S;. Any behaviour in S,, affecting signals present in
the interfaces of S;, is behaviour in S;. In other words an interface refinement
entails adding signals to the input and/or output interfaces without creating
new [/O behaviour for previously existing signals. Formally, this can be
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expressed by the predicate,

{(ilin(sy)» Aoue(sy)| (85 0) € [S2lio} = [Si]io A
In(S;) C In(S2) A Out(S1) C Out(S2)

where s|y denotes the restriction of elements (events) in the trace s to the
signals in X.

These two notions of refinement are combined into one single notion of
refinement. This formal definition now states a specification S, is a refine-
ment of a specification S (represented symbolically by S; ~ S,) if and only
if:

{(lin(sy) Adouecsy) | (i, 0) € [S2lio} € [Si)io A
In(Sl) - I’I’L(Sz) A Out(Sl) - Out(Sz)

Two important properties that Scholz proves for the refinement rules
given are transitivity and the monotonicity of refinement with respect to
composition (Scholz chooses to call this compositionality—we prefer the term
monotonicity). Transitivity allows stepwise refinement to be carried out,
hence allowing incremental system development. Transitivity gives us, for
arbitrary specifications Si, S and S3, if S} ~ S, and S, ~~ S3 then S; ~ S;.

Monotonicity ensures that the refinement of part of a system is also a
refinement of the overall system. Scholz refers to this property as composi-
tionality. To show the refinement rules are monotonic Scholz had to show
that given arbitrary specifications S, S; and Sz, such that S; ~ S, then the
composition of the u-charts S; and S; is refined by the composition of the
pu-charts Sy and Ss.

In his conclusions Scholz states that his notion of refinement for u-Charts
is based on the restriction of nondeterministic behaviour. A refinement step
in this framework is guaranteed to make a pu-Charts specification more con-
crete and never more abstract. The construction of the rules given was based
on practical, rather than theoretical, considerations. Therefore the calculus
presented is not complete in a mathematical sense. For example there exist
pairs of specifications, say S; and S,, such that S is a legitimate refinement
of Si, however, S, cannot be derived from S, using the syntactic refinement

rules given.

1.5 Contributions

The aim of this thesis is to provide and investigate a new semantics and

logic for u-Charts. We extend the logic to include a calculus that allows us
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to reason about the structure of charts and refinement. We reiterate that
the work presented has two motivations: to represent a complete description
of the latest version of u-Charts; and to report on the process of using an
existing logical framework to induce a logical framework for pu-Charts.

We give an extensive description of the language pu-Charts that we as-
sume. This is necessary because it is different from that presented by Scholz
in [78]. Essentially, where Scholz chose to reduce the language description
to a minimum by showing that the decomposition operator can be defined,
as syntactic sugar, in terms of the composition operator, we have chosen
to include each of the language operators, composition, decomposition and
interface description, as semantically defined operators, the primary reason
being that it is as easy to define the decomposition operator directly in the
semantics as it is to introduce it in terms of composition. There are also
semantic differences between the language definitions. The definition given
here was guided both by what Scholz described as the language u-Charts
(recall there are several versions of this work also, e.g., 62, 65, 78, 76]) and
by the task of encoding the semantics in Z.

For the logic and refinement rules we closely follow the methodology in-
troduced by Deutsch, Henson and Reeves. That is, we begin by formally
modelling p-Charts in an appropriate meta-language, Z¢, and then use the
logic of Z¢ to derive a logic for u-Charts. Because Z; itself was developed
in this fashion, i.e. via a model in ZF set theory, we have shown how a se-
mantics and logic for u-Charts can be constructed based on set theory. A
chart’s semantics is denoted by a set of bindings. Each binding represents
an allowable transition of the chart.

Given this semantics we develop a calculus, in the form of introduction
and elimination rules, that allows us to reason (via proof) over the structure
of the language. That is, given a composite chart we can deduce properties of
its parts, and given propositions about parts of a chart we can reason about
a chart as the structured composition of those parts.

We extend the logic further to include rules that allow us to reason about
the refinement of u-Charts. Together, the rules of the logic and those for
refinement give us a refinement calculus that is a basis for a formal frame-
work allowing formal developments of reactive systems. Naturally, the re-
finement rules for charts are given in the same style and language (i.e. nat-
ural deduction-style introduction and elimination rules using the language
Zc) as the core logic. The derivation of these rules (given in detail in Chap-

ter 6) closely follows similar derivations of refinement rules for Z presented by
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Woodcock and Davies in [88] and later in a similar presentation by Boiten and
Derrick in [16]. We rely on the extensive work of Deutsch, showing how each
of the existing refinement notions for Z—that appear to differ significantly—
are in fact strongly related, to ensure that the result of our derivation gives
a sensible notion of refinement. A significant difference between the refine-
ment that we derive for charts and the derivations on which the refinement
notion is based is that we allow refinements that change the input/output

characteristics of the respective abstract and concrete specifications.

This extension to the traditional Z data refinement treatments is due to
the notion of interface refinement (as opposed to the more traditional be-
havioural refinement) that was suggested by Scholz in [78]. We discuss this
distinction in detail in Chapter 5. Apart from introducing this distinction,
the detailed account of the refinement notion for u-Charts serves another sig-
nificant purpose. This account of refinement is given using a more traditional
trace semantics approach. That is, we discuss the meaning of refinement in
terms of the “traces of input/output behaviour” of charts. While we consider
that a logic based framework is superior for reasoning about refinements, it
is still the case that the more traditional trace semantic interpretation of
reactive systems is a useful tool for describing what the provable refinements

actually mean.

Part of the construction of the model for charts is the description of charts
in Z; the semantics for charts is derived via the Z; semantics of that Z. A side-
effect of this process is that the presentation of the required Z in Chapter 3
provides a concise description of the Z-model, in general, for u-Charts. This
provides a definitive account of what in previous published work (formally
considered a translation from p-Charts into Z) was introduced via specific
examples. This ties in another body of work that shows how traditional Z
techniques and tools can be used to reason about u-Chart specifications of

reactive systems.

Finally, the “experimental” work presented is a brief investigation of the
monotonicity properties of the resulting notion of refinement for charts pre-
sented in Chapter 7. We consider this a form of experiment because it is the
first example of integrated proofs using the rules of the developed logic. The
development of this chapter provided significant insight into decisions about

the form of the rules of the logic.
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1.6 Outline

Chapter 2 presents the syntax of u-Charts. A textual syntactic definition is
given in parallel with describing the graphical representation of the language.
The textual syntax is defined formally using a context free grammar. The de-
scription of the syntax is broken down into sections based on the structuring
operators of the language.

Chapter 3 introduces the formal semantics for u-Charts. The structure
of the semantic definition follows that of the syntactic definition. For each of
the language constructs we give an informal description of the language, the
Z that is used to model the construct and the introduction and elimination
rules that follow from the Z model and form the logic for u-Charts. Also,
some general rules (that hold over all charts) are presented.

In Chapter 4, we introduce and contrast some possible trace semantic
interpretations that can be assigned to the language. The definition of each
of these trace semantic notions provides a necessary link between the natural
traces of observable behaviour semantics for charts and the rule-based logic
that is the core of this thesis.

Chapter 5 provides an extensive investigation of the refinement notion
for u-Charts in the traces-of-behaviour model that is common to such for-
malisms. This includes a lattice-based analysis of what refinement for u-
Charts means.

The derivation of a refinement calculus for u-Charts is detailed in Chap-
ter 6. The derivation of the calculus is presented for two of the trace refine-
ment notions of Chapter 5. Along with the derivation this chapter contrasts
the refinement for charts with more traditional notions of refinement for Z.

The important monotonicity properties of the resulting refinement calcu-
lus are outlined in Chapter 7. Finally, Chapter 8 summarises the contribu-
tions of this thesis and suggests future work that follows naturally from the

investigation reported here.
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Chapter 2
Introduction to y-Charts

This chapter defines the syntax for the language pu-Charts. We present a
textual syntactic definition in parallel with describing the graphical repre-
sentation of the language. First we define the basic building block for u-
Charts specifications which are sequential charts. Then we introduce the
syntactic operators that can be used to combine sequential charts into more
sophisticated p-charts. In particular we give the operators for allowing the
composition of two charts, the decomposition of a chart, i.e. embedding an
arbitrary chart into a state of a sequential chart, and the interface operator
that allows a chart designer to specify the context of the chart, that is, the
signals with which a chart interacts with its environment. Unlike the previ-
ous definition of the language by Scholz in (78], we introduce decomposition
of a u-chart as a language operator in its own right rather than defining it as
syntactic sugar using composition. This was done because, from the outset,
decomposition appeared to warrant a separate semantic treatment, though
in the end we manage only to treat composition fully. A similar case can be
made for the interface operator. Both of these operators are key to u-Charts
and therefore require a clear and distinct definition.

We formally define the textual syntax of the language using a context
free grammar. The graphical syntax is presented using examples.

The set of all possible syntactically correct p-charts is given by the set

1 Charts as defined by the following grammar:

wCharts = Charts | ( Charts)
Charts == pChart | pCompChart
| wDecChart | pChartio

In the following we give productions for the non-terminals puChart,
wCompChart, pDecChart and uChartio:
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2.1 Sequential p-Charts

The smallest unit of u-Charts is a sequential u-chart. In general a simple se-
quential chart is the specification of the allowable behaviour of a named finite
state automaton that takes input from its environment and instantaneously

produces output accordingly.

A sequential chart contains the name of the automaton, a nonempty set of
control states, including a special start state (denoted by a double outline in
the graphical notation), a feedback set (described in Section 2.2), and labelled
transitions between states. For example, Figure 2.1(a) shows a sequential
chart named AChart_z_y. It contains two control states A and B, of which
A is uniquely identified as the initial state. Chart AChart_z_y contains one
transition which has the guard in_z and action out_y. Informally we could
describe this transition as follows: “if the chart AChart_z_y is in state A
and the current input event contains the signal in_z then we instantaneously

move to control state B outputting signal out_y”.

AChart_x_y AChart_a_b

(a) (b)

Figure 2.1: Examples of simple sequential p-charts

Notice that we have also introduced a naming convention for charts. Due
to the form of the name AChart_z_y it is understood that the chart is pa-
rameterised on the labels z and y. Because we never use or refer to the
abstraction AChart itself, it is not necessary to define this mechanism in
terms of usual abstraction, that is using variables, definitions and instantia-
tions. Rather we assume the convention that, when given a chart definition
such as AChart_z_y, we are free to consider the chart AChart_a_b with the
understanding that it is defined as AChart_z_y where all occurrences of z
are replaced by a and similarly y by . The chart AChart_a_b is pictured in
Figure 2.1(b).

To describe the attributes of charts formally, we introduce the following
lexical classes: Signal, Name, State and Param, each of which denotes an
abstract set of terminals that appear in the syntax grammar. These sets are
assumed to contain all labels used to identify signals, chart names, control

states, variables and parameters respectively.
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We also introduce the sets Chartname and pSignal whose elements are
defined using the following grammar:!

Chartname = class-name|_param-list]
wuSignal n= signal-name|_param-list|
param-list == Param{_Param}
class-name = Name

signal-name = Signal

Now, consider the reactive systems that we might want or be able to
specify using a p-chart. The set Chartname is the set of labels used to name
sequential charts. The set pSignal contains labels that name (possible pa-
rameterised) signals that these reactive systems can use to interact with their
environment, and/or use for internal communication between their compo-
nents.? Similarly, State is the set of labels used to name control states.

Each sequential chart contains a set of transitions. Each transition is
a member of the set uTransition and is made up of a tuple of the form
(S, St, label) where Sy represents the state from which the transition origi-
nated, S; represents the destination state of the transition and label defines
under what conditions the transition can be taken and the resulting action of
that transition. The label of the transition is an element of the set Transition.
We define the necessary sets as follows:

uTransition == ( State , State , Transition )
Transition == guard / action

guard n=signal-ezpr {& signal-ezpr}
signal-ezpr == [-]Signal

action = {[signal-list]}

signal-list == Signal {, Signal}

Now we can define the set uChart of all allowable sequential charts:

IThe context free grammar presented here uses the bracket notation [...] to represent
the optional inclusion of the term enclosed in the bracket. The repetition construct {...},
e.g. {-Param}, means zero or more occurrences of the enclosed expression, e.g. _Param.
Also, the tokens of u-Charts are given in bold font, in particular the construct {...} is
distinct from the language tokens ‘{’ and ‘}’ used for example to enclose a list of signals

in a transitions action.
2Context permitting, we use the elements of each of these sets to refer to both the label

itself and the object that the label represents.
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uChart == ( Chartname, control-states, initial-state,

feedback-set, transitions|, signal-list] )

control-states ::= { initial-state [, states-list] }
initial-state = State

states-list = State [, states-list|
feedback-set = {[signal-list]}

transitions m={ [transition-list] }
transition-list = pTransition {, pTransition}

According to this definition, sequential charts, i.e. elements of the set uChart
above, are described as a tuple that has the fields (C, %, o, ¥,d) where:

e ( is the name of the chart

e ¥ represents the finite set of control states

o names the initial state, noting o € &
e U represents the finite set of feedback signals
e /) represents the finite set of transitions that are defined in the chart

Notice that every sequential chart must have at least one state (the initial
state) but can have empty sets of feedback signals and transitions.

Each sequential chart has an input and output interface. These interfaces
represent the sets of signals that the chart can react to and output respec-
tively. From the definition of a chart (either textual or graphical) we can
typically derive these interfaces from the signals that appear in the triggers
of transitions and the signals that appear in the actions of the transitions
respectively. Henceforth, we refer to these derived interfaces as the natural
input/output interface of a chart. We do so because it proves useful if the
designer of a chart can specify the interfaces of a chart that differs from the
natural interface. The interface definition operator is described in Section 2.5.

There is a clear relation between the textual form of the syntax that
is presented here and the graphical presentation of sequential charts, for
example Figure 2.1(b). The chart name is presented in the upper-left corner
of the chart and each of the control state are labelled ovals etc. However it is
worth noting that the textual definition of charts does not suppose to encode
any spatial layout of a graphical chart. Hence, for any “textual chart” there

are a great number of equivalent but different looking “graphical charts”.
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Though we have not yet discussed how the input and output of a chart
can interact, it is possible for a sequential chart to contain a feedback loop
that causes some of the output of the chart to be instantaneously fed back
and act as input. As introduced, the description of sequential charts contains
a feedback set . This is used to specify which output signals can be instan-

taneously fed back and hence act as input. The following section introduces
sequential charts with feedback.

2.2 Feedback signals

The feedback set in sequential charts allows us to model the instantaneous
feedback of designated output signals in sequential charts. For example the
chart (AChart_a_b,{A, B}, A, {in_a, out_b},8) for § = {(A, B,in_a/out_b)} is
pictured in Figure 2.2.

AChart_a_b

I(in_a.out_b)l

Figure 2.2: Sequential chart AChart_a_b with feedback set {in_a, out_b}

If a signal is in the feedback set then whenever that signal is output by
the chart it is also instantaneously available as input. If we consider the
input/output behaviour that a sequential chart describes as a black box that
has a wire carrying input and a wire carrying output then the feedback of
signals can be considered as a loop-back wire that connects the output to

the input and carries only the signals designated by the feedback set.

In the graphical representation of charts the feedback set is presented
in a box attached to the outline that encloses the chart. Notice that the
diagrammatic representation, e.g. Figure 2.2, allows the shorthand which is
to omit the feedback box to represent a symbolic chart with the empty set
in place of feedback ¥. On the other hand Figure 2.2 shows a sequential
chart AChart_a_b that feeds back all of its signals, i.e. it has the feedback set

containing in_a and out_b.

It is also worth noting that, in a fashion similar to CSP, the output
signals that are feedback are not hidden from the environment, i.e. they can

still control the environment like normal output.
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2.3 Composition of u-charts

Now that we have introduced the basic building block of the language, i.e.
sequential charts, we present the operators that can be used to combine

arbitrary charts into more sophisticated p-charts.

Given any two charts C; € uCharts and C, € uCharts and a set of signals
¥, we denote the composition of these charts in parallel by an expression of
the form C; | ¥ | C;. The set of all such charts formed using the composition

operator is defined by the set uCompChart:

uCompChart == pCharts | { [signal-list] } | pCharts

From this definition we can see, as one might expect, the feedback of
signals is intimately coupled with the composition of charts. When you
compose two charts you need to specify how they interact; because of this,
the feedback set is included in the composition operator. The feedback set
can be empty, in which case the composition would represent two charts that

proceed in lock-step but do not affect one another in any way.

The graphical notation, like the case for sequential charts, uses two con-
ventions for feedback between composed charts, i.e. a composed chart with
no feedback box represents a composition with the empty feedback set. Con-

sider the two composed charts in Figure 2.3.

AChart_a_b AChart_a_b
° in_a/out_b o o in_a/out_b °
BChart_b BChart_b

|(out_b)|

(a) (b)
Figure 2.3: Composed charts with and without feedback

The chart in Figure 2.3(a) represents the chart AChart_a_b|{} | BChart_b
where AChart_a_b is (AChart_a_b, {A, B}, A, {}, {(A, B,in_a/out_b)}) and
BChart_b is similarly defined. The chart of Figure 2.3(b) represents the chart
AChart_a_b | {out_b} | BChart_b.
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2.4 Decomposition of a p-chart

A decomposed p-chart is a sequential chart that has other charts embedded
into some or possibly all of its states. The purpose of decomposing a state in
a sequential chart is to mimic a master/slave relationship between the charts.
The sequential chart that has its states decomposed can be considered the
master in the relationship because it effectively allows the decomposing chart,
i.e. the slave, to react to input from the environment only when the master is
in the state that the slave decomposes. Of course a master can have several
slaves. A slave, however, has only one master which is always a sequential
chart. The master may itself be a slave, i.e. there can be more than one level

of decomposition.

The syntax for decomposition is defined by the following grammar:

uDecChart = Dec pChart by { dec-states }
dec-states = ( State , pCharts ) [, dec-states ]

In the graphical representation of a decomposed chart the decomposed
states of the master are written as rectangles (rather than the usual oval state
representation). The slave chart is then given in a separate chart diagram.
Figure 2.4 presents an example of a decomposed chart given by the textual

expression

Dec (AChart_a_b, {A, BChart_b}, A, {(A, BChart_b,in_a/out_b)})
by {(BChart_b , (BChart_b, {C,D}, C, {(C, D, out_b/sigc)}))}

AChart_a_b BChart_b
in_a/out_b out_b/ si
®_-;, BChart_b ° kad o
(a) Master (b) Slave

Figure 2.4: Simple decomposed pu-chart

Notice that unlike Statecharts the p-chart that decomposes a state is
always given in a separate diagram. This is due to the tool AMuZed [55]
used to create the diagrams rather than being a significant property of u-
Charts. Drawing chart BChart_b inside of its enclosing state BChart_b would

be an acceptable graphical presentation of a u-chart.
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2.5 The interface operator

We refer to the final chart operator that we introduce as the interface opera-
tor. As we discussed above each sequential chart has a natural input/output
interface associated with it. That is, the signals that occur on the triggers
of transitions together make up the input interface while the signals that

appear in the actions of transitions form the natural output interface.

However, it is often the case that the natural interfaces of a chart are
not those that are intended by the designer. The most common situations
where explicit interfaces are required is when a chart designer wishes to
hide signals. A complex specification is (in general) constructed by com-
bining several sub-charts using the operators that we have already intro-
duced in this chapter. We can consider each sub-chart as sharing an ob-
servable interface with its environment. For example consider the composi-
tion (with feedback) of the sequential charts AChart_a_b and BChart_b pic-
tured in Figure 2.3(b). The “effective” environment, i.e. what a chart sees
and allows to be seen, for the respective charts AChart_a_b, BChart_b and
AChart_a_b | {out_b} | BChart_b are all different things. It is usually the case
that we wish to distinguish between the way that one part of the specifica-
tion, e.g. AChart_a_b, interacts with its environment and the way that the
overall specification, e.g. AChart_a_b|{out_b} | BChart_b interacts with its en-
vironment. In this example we may want the signal out_b to be used only for
internal communication between AChart_a_b and BChart_b. Hence the inter-
face that these charts share individually must contain signal out_b, however
we want to hide this signal from the observable interface of the specification
AChart_a_b | {out_b} | BChart_b. This can be achieved using the interface
operator.

Another way that the interface operator can be used is to specify that the
output interface of the chart is larger than its natural output interface. The
reason a designer would wish to do this becomes clearer when we consider
the entire definition of the language, in particular the refinement calculus
for u-Charts. In brief, the u-Charts language makes the assumption that the
output interface of a chart (whether left unspecified, i.e. the natural interface,
or explicitly defined) specifies the context in which the chart designer expects
the reactive system to reside. The refinement calculus for charts allows us
to extend this output context using refinement. Such refinements allow new
output behaviour over the added signals of the new context. Hence, specify-

ing an output context that is larger than the natural output interface of the
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chart allows a designer to indicate that a chart chooses not to output some
signals that control its environment.

As we have seen, there are two interfaces for any chart, the input interface
and the output interface. The interface operator allows us to explicitly specify
either or both of these sets of signals. Restricting the input interface, i.e.
defining an explicit input interface that is a subset of the natural interface,
can be considered as filtering input from the environment, that is, these
filtered signals are never received as input from the environment. Restricting
the output interface means the hidden signals, i.e. signals that are in the
natural output interface but not in the explicit output interface, are not
observable as output from the specified reactive system.

The set of syntactically correct charts that contain hiding are given by
pChartio which is defined as follows:

pChartio == (inpun) [ pCharts | [outputl]
inputl = { [signal-list] }

outputl = { [signal-list] }
signal-list = Signal [, signal-list]

Notice that both the explicit input interface (on the left) and the explicit
output interface (right) are optional. This allows the obvious shorthand
notation such that x[C] =4ef x[Cloutc and [Cly =def inc[Cly-

The graphical notation includes the explicit definition of interfaces in the
box attached for feedback. The feedback box for a chart that employs the
interface operator can be written as “in = input-interface | feedback-set | out =
output-interface” . For example the chart (i, o)[AChart_a_b| {0-b} | BChart_b]
pictured in Figure 2.5 hides the signal o_b from the input interface of the
chart. This means that the only way that chart BChart_b can be affected
by the input signal o_b is if that signal is output from the chart AChart_a_b.
Note, however, that the signal o_b is still observable output from this speci-

fication.

| in = {in_a} [ {o_b} ] out = {o_b,sigc} ]

Figure 2.5: Example use of the interface operator
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Again, we define some common shorthand notation that is useful when
using the graphical notation for charts. Given in¢c and outc are the respective
natural input/output interfaces for some chart C then we are free to use the

following shorthand conventions:
in=1[V)] =4 in=1[¥]out=outc
[Y]out =0 =4 in=1inc[¥]out=o0
U =44 in=inc[ V) out=outc
in=1t out=o0 =g in=1t[S]out=o0

where ¥, «, and o represent arbitrary sets of signals.

2.6 p-chart names

We often find that we wish to refer both to a chart’s name and the chart itself
using the same identifier. When the context does not make this distinction

precise we use the function w that has the following signature.

w : Chartname + pCharts

We assume that w is defined such that when it is applied to some chart
name it returns the full symbolic definition of the chart with the same name.
Also, we will often introduce a complex u-Charts specification and give it
a simpler name, for example the expression Ci; = C) | F | C; defines the
function w such that w Ci2 =g4¢f w C) | F |w C,. Again context permitting we

use the name Cj, to refer to the chart w Cis.
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Chapter 3
Language Semantics

Our formal semantics for u-Charts is given by a method for constructing a
Z model for an arbitrary chart. The kernel logic Z¢ for Z [38], introduced
in Appendix A, gives the Z model a meaning grounded in typed set theory.
Hence, the combination of these gives us a semantics for u-Charts grounded
in typed set theory.

As we have already seen a p-chart, specifying the behaviour of a reactive
system, can be (and in most interesting cases is) made up by using language
operators to combine simple sequential charts into more complex specifica-
tions. We present the semantics by giving an informal account of the meaning
of the language constructs in parallel with describing the general method for
creating the Z model and hence the formal semantics.

A core assumption of the semantics for u-charts is that all constituent
sequential sub-charts, that are combined to describe a reactive system, pro-
ceed in lock-step. When a step happens is determined by the environment
in which the chart resides. That is, when the environment produces input
each sequential chart makes a transition. Note that we distinguish between
an input signal and input (or an input event), which is a set of input signals.

Initially, we give a step semantics for charts. This describes the behaviour
of a chart in terms of the output that the chart produces in response to input
from the environment assuming a given state. The step semantics essentially
relates the current configuration of a chart! and input to a new configuration
and the resulting output. This relation describes every possible step that a
chart can take.

Later we show how this step semantics can be lifted to give a trace se-

1The term configuration is used to refer to the “state” of a chart because a u-chart
that has several sequential sub-charts can be in several states at the same time, that is,

each sequential sub-chart has its own current state.
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mantics that abstracts away the information about the chart’s configuration.
This gives the meaning of charts in terms of sets of observable input/output
traces that an implementation of the specification can exhibit over time. The
trace semantics is given (see Chapter 4) primarily to relate the account of
p-Charts refinement given here back to the previous work describing refine-
ment [78]. The notion of chart refinement presented here is characterised
in terms of the step semantics. Hence it is not strictly necessary to have
the trace semantics at all, though the trace semantics helps to give a more
intuitive understanding of the resulting refinement relation.

Building the Z model for charts requires two separate tasks. The first part
of the process is to create a general model for each of the separate constituent
sub-charts in the u-chart being described. We call this the transition model.
As one might expect given the language, this process is recursive in nature
and follows exactly the structure of the chart being modelled. The overall
transition model is built up by initially describing the model for each of the
sequential sub-charts followed by the description of each of the new sub-charts
created using the language operators. The final model describes the entire
chart which is the specification of a reactive system. The modular nature
of the language is such that the model of an arbitrary sub-chart can be
considered as a “black-box”. The following diagram demonstrates both the
informal “circuit diagrams” that we use to motivate the semantic description
and the “black-box” characteristics of the transition model for an arbitrary
chart C.

active

The circuit diagram gives the structure of the general transition model
for a chart. That is, we can consider the model of any chart with arbitrary
structure as a circuit that has two inputs and one output. The chart model
defines a relation between the two inputs and the output along with the
associated change of state.

Sections 3.1 to 3.6 give both an informal description and a formal treat-
ment that introduces the transition model for each of the language constructs.
The formal treatment has two parts. The first gives a generic process for cre-
ating a Z model for an arbitrary p-chart. The Z description of the chart

can be used in the standard Z fashion to investigate the behaviour of the
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chart. Using available proof assistant and Z animation tools is a useful way
to perform some validation of the u-chart’s behaviour. The second part of
the formal treatment uses the meaning of the Z itself, via the Z-logic of [38],
to give a logic for reasoning about u-charts. This logic is presented in terms
of introduction and elimination rules for each of the language constructs. It
can be used to reason about the model of a p-chart. The rules are presented
in a natural deduction style, closely following the work of Deutsch, Henson
and Reeves [20, 21].

The final step (Section 3.7) in building the model for a u-chart is to hide
the machinery that is present in the transition model, that is, the additional
constructs required to model the inherent structure of charts. We refer to
this model of a chart as the step semantics or partial relations semantics for
a chart.

3.1 Sequential charts

A sequential chart is essentially a finite state automaton that describes the
set of output signals that results from reacting to a set of inputs in a given
state. The general transition model of a sequential chart has two notions of
state, the first being the usual automaton notion of state which is determined
by the transitions that have happened due to input since the automaton was
initialised. This state is denoted in a chart diagram by labelled ovals or rect-
angles. The second notion of state represents whether or not the sequential
chart is active. The reason that a chart can be active or inactive is because
it may be the slave of another chart in the specification via decomposition.
Finally, a sequential chart can instantaneously feed back output signals. This
means that, during any step of the chart, fed back output is also considered
as input.

The structure of the transition model of a sequential chart (C,X, 0, ¥, )

is demonstrated by the following circuit diagram.

active

This diagram can be separated into three logical parts as described above.

The finite state automaton specification of the input/output relationship is
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denoted by the component labelled ¥, 8. The active/inactive state mechanism
is denoted by the input labelled active. And the feedback mechanism is
represented by the line labelled .

Consider the chart (C, {4, B}, 4, {},6) (where § is the appropriate transi-

tion description) pictured in Figure 3.1.

c
c/d

Figure 3.1: A simple sequential u-chart

We can clearly see the finite state description of the input and output
behaviour from this typical sequential p-chart. Informally the behaviour
that this chart captures can be described as: the chart starts in state A; if it
is in state A and the signal a is input then signal b is output and the chart
changes to state B; and similarly if it is in state B and c is input then d is
output and the new state is A. Notice that we have not yet described what
happens when the actions on the transitions are not satisfied. Hence the
term partial relations semantics. We consider the meaning of a chart outside

of its defined transitions after we introduce the Z semantics.

The ability of a sub-chart to be active or inactive is necessary for a chart
that is embedded in the state of (i.e. a slave of) some other chart in a
decomposition. When a chart is active it reacts to input as specified by its
finite state description. When it is inactive it ignores input, remains in the
same state and gives no output. In fact, no output actually means the output

is the empty set of signals.

The behaviour of the feedback mechanism is uninteresting in this example
because there are no signals fed back. However, in general, a sequential chart
can feed back its output signals which then instantaneously act as input. This
is represented in the circuit diagram by the link labelled ¥ that creates a loop
between output and input and is assumed to carry only the specified feedback
signals. We discuss in more detail exactly what feedback in sequential charts

means semantically in Section 3.3.
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3.2 The Z transition model for sequential u-
Charts

The essence of the general transition model for a sequential p-chart is the
description of each of its transitions using a separate Z operation schema.
These operation schemas (one for each transition in the chart) are combined
using Z schema disjunction to give one schema that describes the abstract
transition behaviour of the chart. The Z state of the model has an observa-
tion that determines the current configuration of the chart. The operation
schema describing a transition describes how and when that state changes.
We proceed by introducing the Z that is given as the transition semantics of

a chart and then discussing the meaning of that Z.

For a general sequential chart (C,ZX,o09,¥,d) we introduce the following
definitions (left) that encode the chart’s states, input interface and output
interface in Z.

statesc 1 P pig e Chartc == [cc : statesc]
inc : P uSignal
outc : P uSignal

¥ : P uSignal Initc
statesg = X Chartc
g =in C cc = 0
outc = out C

The general state schema Chartc (top right) models the automaton state
for the chart C. And the initial state of the chart is modelled by the schema
Initc (bottom right).

A separate state schema is also given for each automaton state in the

chart. So for all ¢ € ¥ there exists a schema such that

Co == [Chartc | ¢cc = 0]

Now we give an operation schema for each chart transition. That is,
for all (Sy, St, guard/action) € § we define an operation schema that has the

following structure.
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— 05,5,
CSy
CS;
ic : Ping
act : P"I’State
op : Poutc

C € act

p(guard)
0 = action

Note that part of the definition of atomic charts—the observation act—
allows for the definition of the decomposition operator. Here it is sufficient
to understand that a chart can be active or inactive. Defined transitions only
happen when an atomic chart is active, hence the predicate C € act is part
of the precondition of the operation schema dg;s, .

The predicate p(guard), introduced in schema ds,s,, stands for the Z
predicate that models the syntactic guard of a chart transition. If we consider
a transition’s guard in general as a (possibly empty) list of signal expressions,
separated by the conjunction symbol &, then each of the elements in the list
can be classified into two categories: either a positive signal expression—
simply the name of a signal; or a negative signal expression—the signal name
is prefixed with a minus sign. A positive signal expression, say sig where
sig € inc, is denoted by the Z expression sig € ic U (o N ¥). A negative
signal expression, say - sig, is denoted by the Z expression sig € ic U (o NY).
The syntactic construction process denoted by p determines the appropriate
predicate for each signal expression and connects them together using the Z
logical conjunction operator A. If the list is empty the predicate (produced
by the process p) would be true. So, for the transition labelled a/b in chart
C of Figure 3.1 the predicate produced would be a € ic U (o N {}) since
the guard of this transition is just a and there is no feedback associated with
chart C.

This general scheme for giving the Z for a transition defines the semantic
function [.], such that for an arbitrary transition (S;, S, guard/action)

[(Ss, S, guard/ action)] 2 def ds;s,

where the schema 05,5 results from the method described above.
Along with the schemas for each transition we also need a single schema
that models the behaviour of the chart when it is inactive. For the general

sequential chart (C, X, 09, ¥, 4), the inactive schema is given as follows.
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__Inactivec
ZChartc
ic : Ping
act : P pugyq,
oy : Poute
C ¢ act
og ={}

The transition model for a sequential chart can now be given by the
following definition.?

II(Cv ¥, a0, v, 6)]121 =def JC
where

dc == (V{[tl,, | t € 6}) V Inactivec

This concludes the presentation of the Z that is used to give the transition
model for a sequential chart. We now consider the meaning of this Z in terms
of the particular example that is pictured in Figure 3.1.

The following Z schemas result from giving the transition model for this
chart.3

__daB ___Inactivec
CA ZChartc
CB' ic : Ping
ic:Ping act : Ppug,,.
act :Ppug,e op : Poutc
op : Poutc C ¢ act
C € act op = {}
a€icU(opNY)
og = {b}

The transition in chart C from state A to B results in the Z schema 64p.
Rather than describing the schema in terms of its syntax we proceed directly
to describing the set [045], ; in the theory Z¢ [38] the meaning of a schema
is given as a set of bindings (see Appendix A). The schema d4p is denoted

by the following set comprehension.*

2We use the notation \/ X to denote the schema disjunction of all the schemas in the
set X.

3We assume that all of the entities given in the presented Z whose definitions are

omitted have the appropriate type and obvious definitions.
4The schema type T follows the type notation conventions outlined in Section A.2.
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|[<5,43]]]I;CTu =gef {{ cc2 A, ic1i, act Sactive, co=B, 0x={b} ) |
i Cing A active C pg, . ® C € active A a € i}

We can see from this definition that each binding in the semantic set has

five labelled observations. The meanings of these are:

e cc—the state of the chart before the transition happens, in this case
the state A;

e ic—the set of input signals which are offered by the environment that

are in the input inteerface of the chart;
e act—a set that denotes all currently active charts;

e c,,—the state of the chart after the transition happens, in this case
state B;

e o,—the output generated by this sequential chart, in this case the set

containing the signal b.

Hence each transition description is “parameterised” on the current con-
figuration of the chart c¢, the input from the environment ic and whether
or not this chart is active. If the precondition of the schema holds, i.e. the
chart is active and a transition’s guard evaluates to true, then the output
contributed by this sequential chart is defined by the set oj,. Note that in
the schema itself the expression (o;, N¥) models the feedback mechanism for
the sequential chart. In this case ¥ = {}, that is the feedback set is empty. A
similar schema to d45, that models the transition from state B to A, called
dpa, would also be given.

The second schema Inactivec describes the behaviour of the sequential
chart when it is inactive. We can see from the following set of bindings that
the schema Inactivec faithfully models the inactive behaviour of the chart as
described above.
L

[Inactivec
{{ cc=s, ic2i, act Dactive, cxDs, 0={} ) |
s € {A, B} A active C pg,,,, N1 C inc o C & active}

Now the complete transition model for chart C is defined as the disjunc-
tion of each of the individual transition schemas to be d¢ == d4p V dga V
Inactivec. By definition of schema disjunction the set [dc],, . contains all of

the bindings from the sets [045], ., [684] . and [Inactivec],,..

48



This method of investigating the semantics of the transition model for
charts, that is, considering the meaning of schemas as sets of bindings, is
somewhat informative in the simple example presented above. However, in
general we do not want to resort to complex set definitions and manipulations
to reason about the meaning of charts. Therefore we give a set of rules that
characterise and allow us to reason about the Z semantic model for charts.
These and other rules, presented later, give us a logic for charts.

First, we formalise what it means for a binding of the transition model to
satisfy a specific (syntactic) transition of the chart. Given an arbitrary tran-
sition of the form t = (Sy, St, guard/action), from the chart C, and assuming
[1t].],, has type P T, we have,

Trans t 27° =4¢ 2.cc = t.8; A p(t.guard)[aT/z.aT] A
z.co =t.S; A z.0p = t.action

The terms ¢.S; etc. are assumed to be defined in the obvious way such
that t.S; gives the “from state” of a transition, t.guard gives the guard com-
ponent of a transition, ¢.S; gives the “to state” and t.action returns the action
component. p is as defined above, i.e. it constructs an appropriate predicate
from the transition’s guard.

Now we give the formal definition of the transition model for charts di-

rectly in terms of the meaning of the Z model.®
Definition 3.2.1 For the arbitrary sequential chart (C, X, 09, ¥, §), we have,
ﬂ&c]]gfa =ger {27 | C & z.act A z € EChartc A z.0p ={} V
CezacthNItede Trans t 2}
From this definition we derive the following introduction and elimination
rules. Note that, while these rules may initially appear to be non symmetri-
cal, when taken in conjunction with the rules of Proposition 3.2.2, they are

symmetrical as expected.

Proposition 3.2.1 Given the sequential chart (C, X, 09, ¥, d), where ﬂéc]ln;fa,

for arbitrary binding z 73 we have,

2€6c actvCz te€b Transt zF P
P (Z

actvCz t€d Trans t z
z €8¢

(2,%)

where T® < T; and assuming the usual conditions for ¢t and P (due to the elimi-

nation of an existential quantifier).

5The notation € is defined in Appendix A.2, page 172.
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Proofs of these rules are given in Appendix B.1. For an atomic chart C
the predicates actv C z and inactv C z are defined as follows:

actv Cz =4¢ C € z.act

inactv C 2z =gq¢f — actv C z

We also introduce useful rules that allow us to reason about inactive
charts. Eventually we show that these rules hold in general for charts with

arbitrary structure.

Proposition 3.2.2 Given the sequential chart (C, X, 09, ¥, ), where [d¢]

for arbitrary binding z7* we have,

PT
2

¢ !

z€d8c inactvCz = _ 2 €6c inactv Cz
= (iact;)
z € ZChartc z.0p = {}

(iact;;)

inactv Cz z € EChartc  z.0p = {

z € b¢

where ﬂdcﬂg(:ﬂ and T < T;.

Given these rules we can start to investigate some of the properties of the
transition model. In particular, the following propositions allow us to reason
about which bindings are in the transition model and which are not.

Firstly, we make the observation that the transition model given makes
a distinction between two sources of input that can contribute to the signals
that trigger a transition. The external input to the chart generated by the
environment ic and the fed back output from the chart itself, i.e. for the
chart (C, X, 09, ¥,9) the set denoted by o, N¥. We formalise this observation

in the following proposition.®

Proposition 3.2.3 For the arbitrary sequential chart (C, X, 09, ¥,d) and bind-

ings 27 and z73 we have,

z€d¢ T=r2 2icUfb,=r.icU fb; z

: )
T € d¢

t
where [6c]L”", T, =qef T®~ Vi and T® < Ty,

The term fb, is a shorthand for the expression denoting the feedback that

is applicable to a chart. That is, fb, = 2.0, N ¥ in the case above.

6We use the expression T® — V' to represent the exclusion of the input observation
ic from the schema type T®. This is equivalent to defining T; = U Y V?, except the
former is more indicative of the notion of this proposition.
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Here we give the rule (z¢) just for sequential charts. In the following
sections we prove the same rule for charts that are constructed using each
of the chart operators. Together these proofs are an example of a proof by
induction over the structure of the language. The proof for sequential charts
here, provides the base case for the induction. Hence, eventually, we have
that this property holds in general for charts.

3.3 Feedback of signals in u-Charts

The semantics of feedback in sequential charts is encoded in the transition
model as given in the previous section. In this section we give two patho-
logical examples that demonstrate exactly the semantics of sequential charts
with feedback.

The examples C, = (Cy, %, 0,{a},d;) and G = (G, T, 0,{a}, §2) (for appro-
priate ¥, o, 6; and &) are given in Figure 3.2. The only syntactic difference
between these two u-charts is that the transition in the chart C; is triggered
by the presence of the signal a whereas the transition in chart C, is triggered

by the absence of the signal a. Both examples output and feed back a.

C1 C2

[@] =]

(a) (b)
Figure 3.2: Pathological sequential charts with feedback

The encoding of feedback is present in the schemas that describe the

respective transitions in these charts.

g — 045
C1A CA
C\B’ CyB’
ic,: Ping ic,: Ping,
act : ]PouState act : ]Pﬂ'State
oc, : Poutc, ocy : Poutc,
C € act Cy € act
a € ic,U (o) NY) a € ic,U(og, NY)
001, = {a} 002/ = {a}

Given ¥ = {a}, the respective predicates a € ic,U (oc/ N¥) and a ¢ ic,U
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(o, N ¥) mean that both of the transitions’ guards rely not only on the
environment’s input, e.g. ic,, but also on the fed back output, e.g. (o¢,/N{a}).
Now we can state and prove lemmas that describe exactly the meaning
of the two examples.
Firstly, for the chart pictured in Figure 3.2(a), we show that the transition
from state A to B happens regardless of the input from the environment. For

simplicity we make the assumption that the charts are active.”
Lemma 3.3.1 Given (Cy,%,0,%,4,), where £ = {4,B}, 0 = A, ¥ = {a} and
61 = {(A, B, a/a)}, for arbitrary 27® and input i C inc we have,

actv C1 2z z={ c, DA, 1021, co, =B, oc/=2{a} )
z € é¢,

where IIJCI]]HZ)(T“ and T% X T,

Therefore, the transition from state A to state B always happens in the
first step of the chart Cj, regardless of the input that the environment offers—
the signal a is output and fed back. This also implies that this chart has
identical behaviour to a similar chart in which the transition is labelled /a,
i.e. it has an always true trigger.

Likewise, we show that the transition model for the chart C, pictured in
Figure 3.2(b) does not contain any bindings, and therefore does not model
any transitions from state A to B. This is because the single candidate
transition in chart C, never happens in the presence of feed back. Essentially,
the presence of signal a, instantaneously fed back from the output, means

that the trigger —a is always false. This is expressed by the following lemma.

Lemma 3.3.2 Given (C3,%,0,¥,8;), where . = {A,B}, 0 = A, ¥ = {a} and
82 = {(A, B,—a/a)}, for all 27,

actv Cy z
2 ¢ 602

where [[6021|ECTG

In this simple example the set of bindings, modelling the chart’s transi-
tions, is empty because the only candidate transition’s guard is inconsistent
with its own fed back output, and therefore it is not part of the transition

model.

"The notation = is defined in Appendix A.2, page 172.
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3.4 The composition operator

The composition operator allows us to take two p-charts C) and C; and join
them together to form a new more complex chart C, | ¥ | C, where ¥ is
a set of signals. As mentioned, we assume that the charts run separately
but synchronously, i.e. in lock-step with one and other. Their only medium
of communication is asynchronous via the multicast of signals. The set ¥
denotes the signals that the charts C; and C, can use to communicate. The
communication is asynchronous in that output is always enabled; a chart
can always broadcast signals. However there is no guarantee that the other
chart in the composition is listening (that is, ready to react on the signals
broadcast). Signals persist only during one step of the chart.

The following diagram demonstrates the structure of the composed chart
(C1,£1,01,%1,8,) | ¥ | (Cy, Ba, 02, U3, 53).

I active

]

.8

:I‘—%——(ﬁ__}—
z

22

Notice that any signals that the sets ¥ and ¥, (respectively ¥ and ¥,)
have in common will be fed back on two separate paths in this diagram.
Also, the composition operator not only allows C; to communicate with C,
using the signals in ¥ but effectively changes the feedback characteristics of
C) itself. The output that C) treats as input via feedback is now all of the
signals in ¥; U W.

Both charts in the composition have an equivalent active state, i.e. one
chart is active if and only if the other is active. In the circuit diagram we
use dotted lines as a shorthand to indicate that the single active input to
the composition is linked to both of the active inputs from the parts of the
composition.

This example of the composition operator assumes that C; and C, are
sequential charts. The operator in general, however, is defined over arbitrary
charts. That the transition model of a composed chart takes the same type

of inputs and produces the same type of outputs as that of a sequential chart
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demonstrates the modular nature of the model; the model of a composed
chart can be “plugged in” to replace one of the sequential charts in the
above diagram.

The general picture for a composed chart C, | ¥ | C;, where C; and C;

are arbitrary charts, is as follows:

active

. Y
i

Cy

b 4 o
:_l | | SEN—
1
C, —

The transition model for composed charts is constructed by recursively
constructing transition models for the two constituent parts of the composi-
tion. The base case being when the parts are themselves sequential charts.
The models of the parts are then combined to create the transition model
for the composition.

The transition model for the composed chart C = (C; | ¥ | C3) contains
the following Z definitions and schemas. This Z makes the obvious assump-
tion that any entity subscripted with C; comes from the transition model of
the chart C) and similarly for C;.

statesc : P phgyare Chartc
e : P uSignal |~Ch‘"'t01
outc : P uSignal Chartc,
¥ : P uSignal
statesg = Initc
. stc.ztesc1 U statesc, ‘7 Inite,
me =g, Uing, Initc,
outc = outc, U oulc,

Yo
A Chartc
ic : Ping
act : ]P“State
op : Poutc

Ci€acte C € act

Cy€act e C € act

Jicy, icy 0cy s 0c; : P uSignal e ic, = (ic U (0 N¥)) Ning, A
ic,= (ic U (op NW¥)) Ning, A o = oc/ Uog, Ade, Adc,

o4



Importantly, the bindings that inhabit the set [5¢] 2., (i-e. the semantics of
the schema d¢) have a similar signature to those in both [6c,);. and [éc,]),. -
This shows that the Z model is consistent with the modular na'ture of chart’s
demonstrated by the informal circuit diagrams.

As with sequential charts we give the definition of the transition model
for composed charts directly in terms of the meaning of the Z model.?

Definition 3.4.1 Given an arbitrary composed chart C = C) | ¥ | C; we have,

[Bcle™ =aer (27| C1 € z.act & C € z.act A
C; € z.act & C € z.act A
Jo1,02 0 2.0, =01 U0y A
zx ( ic,2(2.ic U fb;) Ning,, o/ o1 ) € o, A
z % { ic(z.ic U fb;) Ning,, 0c, D02 ) € 8¢, }

where fb, = z.0,, N P.

The following introduction and elimination rules for composed charts are
derived from this definition. The proofs of these rules are given in Ap-
pendix B.3.

Proposition 3.4.1 Given C = C, | ¥ | Cj, for the binding 273 and arbitrary

sets o3 and o4, we have,®

z.0p = 01 U 0y,
z € ¢ zx { ic2(z.1c U fb;) Ning,, o/ =01 ) € ocys
2% ( ic2(z.ic U fb,) Ning,, 00,02 ) € 6, F Q
Q

(-1

z.0p = 03U 04

z2x { ic2(2.1c U fb,) Ning,, 001'503 ) € dc,
zx (i =>(2.ic U fb,) Ning,, 002’904 ) € dc,
actv C z V inactv C 2z

. (I-1"
2z €d¢

where the usual conditions hold for 01, 02 and Q, [d¢] zo and T X T;.

8The binding, binding concatenation and typing notation used in the following defini-

tions is defined in Appendix A.2, page 171.
9Note that there is an implicit typing constraint for rule (|_|~). The type T; must

be disjoint with respect to each of the types V!, V,°, V} and V,?—the operands of the

binding concatenation operator * must be of disjoint type.
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The predicates actv C z and inactv C z are defined for the composed chart
C=0C|¥|C as:

actv C z =4¢5 actv Cy z A actv Coz A C € z.act

inactv C 2z =gef inactv Cy z A inactv Coz A C € z.act

Notice that the property inactv C z < = (actv C z) does not hold in gen-
eral for all bindings z in the type of the semantics of composed chart C. This
is why the fourth assumption is required in the introduction rule—we cannot
use the law of the excluded middle to show actv C z V inactv C z. However, we
do have that the weaker property, z € ¢ + inactv C z V actv C z holds. This
weaker property is stated and proved in Lemma B.3.3 of Appendix B.3. The
proof relies on other properties (lemmas B.3.1 and B.3.2), which are interest-
ing because they demonstrate more examples of rules that are (eventually)
proved in general for any chart regardless of structure. Like for the rule (z§)
of Proposition 3.2.3, this is achieved using structural induction over each of
the u-Chart operators where the base case is again that the property holds
for sequential charts.

Now, from (j_|-) and (- |*), we give other useful introduction and elimina-

tion rules. Again these rules are proved in general using structural induction.
Proposition 3.4.2 Given C = Cy | ¥ | (3, for arbitrary binding 273 we have,

z€b¢c inactv C z (iactr) z €6¢c inactv C z
. 1
z € EChartc z.0p = {}

(tact;)

inactv Cz z € EChartc  z.0p = {}

2 €6¢

where ﬂdcﬂ]zfa and T < Ts.

Proposition 3.4.3 shows that the basic requirement of symmetry holds for

the introduced composition operator.

Proposition 3.4.3

(I - loym)
Beiviel,, = Bowel,,

Proposition 3.4.4 shows that the show property (z¢) holds for composed
charts.

Proposition 3.4.4 Given C = C; | ¥ | C,, for arbitrary bindings z7* and z 7

we have,
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2€6c = =r, 2 2.icUfb, =z.icU fb, (Z6)
T € ¢ t
where ﬂ&clll;fa, T, =4e T* — V' and T® < Ts.

As expected, given the instantaneous feed back of signals in charts, when-
ever the fed back output from one part of the composition, say C, triggers a
transition in the other part, say C,, there is a corresponding binding in the
transition model of the composition. This binding represents a transition of
the composition that is triggered by the same input as the transition in C
and outputs the combination of the outputs from the respective parts. That
this is the case follows directly from Proposition 3.4.4.

We give a concrete example of using this rule. Consider the following
pu-chart.

Figure 3.3: Composed p-chart with feedback {b}

Given this chart we can easily show that
(3.1) {cc, DA, cg, 2B, ic,2{a},act 2{C1, Ca}, o,/ =2{b} ) € ¢,
(82) {(cc,2C, c,2D,ic,>{b},act 2{C1, 2}, oc,2{c} ) € dc,
From (3.1) and (3.2) by (-I+) we have,

co, DA, c,2C, ¢, 2B, ¢, 2D,
ic=>{a, b}, act {C1, C2}, o =2{b,c} ) € éc.

Now from (3.3) and Proposition 3.4.4, given that {a} U{b} = {a, b} U {b},
we can show that

(3.3) {

(3.4) { cciDA, c,=C, ¢, 2B, ¢, 2D,
ic=>{a}, act 2{Cy, C2}, oc=>{b,c} ) € dc.

also holds. This binding realises the behaviour of the composed chart C,
which is: assuming initial states, on input a, both charts C; and C, make
a transition. Clearly the transition in C; is triggered by the input a. The
transition in C,, however, is triggered by the instantaneous feedback of the

output signal b.
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This example demonstrates that the transition model essentially recur-
sively ”sequentialises” composed charts. By “sequentialise” we refer to the
process of taking the cross product of all of the transitions in each part of the
composition and creating a transition in the composition model that repre-
sents both of these transitions happening together. This process is recursive
whenever the parts of the composition are not sequential u-charts. Consider

the following illustration of this process.

o
e T .4
To g T c.3 ‘
c/d c/d
‘ l kb,c)]u ~ — \ [=rba oo [ ‘
(a) (b)
c.s

| in={a,b,c} [ {b.c} ] |

(c)
Figure 3.4: The sequentialisation of a composed chart
The chart Cy of Figure 3.4(b) is the sequential representation of C; |

{a,b} | C;. Chart Cs is the sequential representation of Cy | {a, b} | C3. That
the following holds,

{cci=24, cc,2C, co,2E, ¢, 2B, c,=D, cc,>F,
ic=>{a,b,c}, act {1, Cs, C3}, ofz=2{b,c,d} ) € d¢.

and hence,

{ cci=A, cc,=C, ce,2E, ¢, 2B, c,2D, c,=F,
ic2{a}, act ={C1, Cy, C3}, 0px-=>{b,c,d} ) € d¢.
is trivial to show, given C = (Cy | {b,c} | C2) | {b,c} | C3) (i.e. the chart in
Figure 3.4(a)), using the same proof method as that demonstrated for the
example chart in Figure 3.3.

Of course, that this process works correctly, that is models our intuition
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for charts that contain negated signals, requires that the combination of

inconsistent transitions is not represented in the transition model. Take for
example the following chart:

15T

Figure 3.5: Composed chart with inconsistent transitions

The following lemma states, assuming the charts C; and C, are active,
that the transition model for this chart contains no bindings that represent
a transition from the configuration A4, C. Hence, even though there are ex-
plicitly defined transitions in charts C; and C, respectively, the result of
combining these two charts using composition is that the composed chart

has no transitions that can be made.

Lemma 3.4.5 Given C = C; | {b} | Ca, where C; and C, are the sequential
charts of Figure 3.5, for arbitrary z7° we have,
actv C 2

2 € d¢

where [[60]]531“

In this example we prove that there are no bindings in the model that
represent active transitions. This is because the example has only two can-
didate transitions that can combine to become an explicit transition that
the composition can make. Because these transitions cannot occur together
in the presence of feedback, i.e. the output b from C; makes the trigger of
the transition in C, false, means the resulting model contains no bindings

representing active transitions.

3.5 The decomposition operator

Another of the useful structuring mechanisms of y-charts is the decomposi-
tion operator. The decomposition of a sequential chart refers to replacing
a state in the chart with another y-chart. This creates a master/slave rela-
tionship between a sequential chart (master) and an arbitrary chart (slave)

that replaces a state in the master.
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Intuitively, we can consider the behaviour of a master and a slave in such
a chart as though they are composed in parallel. Consider the following cir-
cuit diagram representing the chart:
Dec (Master,%;,01,%;,68,) by {(o1,(Slave,X3,02,¥3,62))}, that is, a decom-
posed chart called Master with a state called o, which itself contains a chart
called Slave

active

Master
E:I—%W'—l;b—

There are two subtle but significant differences between this diagram and
the corresponding circuit diagram for the composition operator. The first
being that the active state of the slave is determined by the master and not
by the active input to the overall decomposition. This is because the state
of the master determines whether or not the slave is active. The second
difference is that the feedback signals that the master and slave share or
communicate on are determined by the feedback set that is present in the
definition of the master, i.e. denoted by the links labelled ¥, in the diagram.

Hence when the master is in the state decomposed by the slave, that is
both charts are active, then the decomposition is exactly the same as the
composition of the master and slave with the feedback set equivalent to that

of the master chart.

Again, the structure of the circuit diagram assumes both the master and
slave are sequential charts; in general the slave can have arbitrary structure.

However, unlike composition, the master must be a sequential chart.

The semantics that results from adhering exactly to this model of de-
composition produces some “unexpected” behaviour (at least behaviour that
may be considered somewhat counter to intuition). For example consider the
decomposed chart C = Dec (w Cy) by {(Cs,w C3)} pictured in Figure 3.6.
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K]
c2
a/b
c/d
e/t 9/h
/
A B

Figure 3.6: Decomposed chart C,

The semantics of the example decomposed chart is demonstrated by the
composed chart C" =(; .. 0 [C1 | {activeC2} | C2)(b,a,5,) Pictured in Fig-
ure 3.7(a). The chart C3 (Figure 3.7(b)) is the sequential equivalent of C’.
Therefore, the chart C3 exhibits identical behaviour to the original decom-
posed chart C.

c&g/{dh}

activeC2&g/h

(IR e :

(a) (b)

Figure 3.7: Sequential equivalent of composition

The behaviour of the chart C3 does not appear to capture the intention
of the decomposed chart C under any standard interpretation. However,
consider the following examples of complimentary interpretations that we
may wish, in the future, to capture using the decomposition operator. Under
some situations we may wish that the slave chart C, is initialised each time
a transition in the master enters the slave. On the other hand we may wish

that the slave remembers what state it was in when it was last exited by the
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master. It may be the case that the master should be idle, that is remain
in the slave’s state and produce no output, while the slave is free to make
transitions or we may wish to allow the master to perform some task in
parallel with the slave, for example counting the number of transitions the
slave makes. Importantly, each of these interpretations can be implemented
using explicit transitions in the original decomposed chart, such that, the
new behaviour is a refinement of the behaviour that is assigned to chart
C. To make explicit in the semantic model one of these interpretations for
the chart C would have the side-effect that the alternate interpretation is
no longer expressible at all. By giving the most general semantics we allow
different interpretations to be assigned in the future without modifying the
core language.
The transition model for the decomposed chart C where

C = Dec (w M) by {(S,w S)} and w M = (M,%,0,¥,6) and arbitrary S,

contains the following Z definitions and schemas:

statesc : P pgyg;e Chartc
e : P uSignal |~Cha7'tM
outc : P uSignal Charts
statesg =

statesys U statesg Initc
ing = iny U ing Inity
outc = outpy U outg I‘Im'ts

N Yo!

A Chartc
ic : Ping
act : ]Piu’State
op : Poutc

M € act & C € act
S €act < (C € act A (MS V MS))
Jim, is, 0}y, 05 : PuSignal e iy = (ic U (o NW)) Niny A
is = (ic U (0p NW)) Ning A o = o), U og A dy A ds

Again we give the definition of the transition model in terms of sets of

bindings.

Definition 3.5.1 Given the decomposed chart C = Dec (w M) by {(S,w S)},
where w M = (M, X, 0,¥,6) and arbitrary S we have,
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ﬂdcﬂgfﬂ =def {27 | M € z.act & C € z.act A
S€zact e (C€zactA(zey=8V z.chyy =8)) A
J0m, 05 ® 2.0 = 0y U0y A
zx (| iy=(2.ic U fb,) Ningyg, ofy Doy ) € A
z % { is=>(z.ic U fb,) N ing, 03503 D € ds}

Now the introduction and elimination rules for decomposed charts are as
follows.

Proposition 3.5.1 Given C = Dec (w M) by {(S,w S)}, where
wM=(M,Z,0,¥,6), for the binding 273 and arbitrary sets o; and o2 we have,!°

2.0 = om U 0,
zx { iy=(z.ic U fb;) Ninpg, o) = om | € du,
zx ( is=(z.ic U fb;) Ning, 05=0, ) € ds,

actv C z V inactv C z FQ
0 (Mg)

Zé(sc

z.0p = 01 U 0g

zx ( iMD(2.ic U fb,) Niny, o) =01 ) € oy
zx (| 15 (z.ic U fb;) Ning, 0502 | € ds
actv C z V inactv C z

- (M)
2 €d¢ 3

where the usual conditions hold for o,,, 0s and @, ﬂ&c]g;‘ra and T¢ < T.

The predicates actv C z and inactv C z, for decomposed charts, are defined
as follows:

actv Cz =gef actv M 2 A (actv Sz & (z.cy =SV z.¢)y = S)) A C € z.act
inactv C z =gep inactv M z A inactv Sz A C € z.act

Appendix B.4 presents proofs for all propositions in this section, includ-
ing showing that the property act gy of Lemma B.3.3 and other associated
properties hold for decomposed charts.

When the master is not in a decomposed state the slave contributes no
output and does not change state, that is, the slave makes no transition.

Hence we derive further elimination rules as follows.

10As for composed charts, there is again an implicit typing constraint on type T for
rule (MJ).

63



Proposition 3.5.2 Given C = Dec (w M) by {(S,w S)}, for arbitrary S and
wM=(M,%,0,¥0,5) and 272 we have,

2€0c zem#S zcy #S
Sll)

inactv S z
2€6c zem#S zcy #S
zx (| iyDz.ic Niny, oy Dz.0p ) € oy
2€6c zem#S 2.y #£S
zx (| ig>z.ic Ning, 05=>{} ) € b5

(Ms 1)

(Mgv)
where T% < T,.

The rules (iact] ), (iact;;) and (iact*) hold for decomposed charts.

Proposition 3.5.3 Given C = Dec (w M) by {(S,w S)}, for arbitrary S,w M =
(M,X,0,¥,6), and binding 273 we have

2 €6¢c inactv C 2 (iact) 2z €dc inactv Cz

z € ZChartc z.0p = {}

(iact;;)

inactv Cz z € EChartc  z.0p = {}
2z € 50

(iactt)
where [[éclllzfa and T® < Ts.

Also, like sequential and composed charts, simple decompositions do not
distinguish between the source of input, that is, the rule (z€) holds for de-

composed charts.

Proposition 3.5.4 Given C = Dec (w M) by {(S,w S)}, for arbitrary S, w M =
(M,%,0,¥,6) and bindings z7® and 273 we have,

2z €6¢ T=12 2zicUfb, =z.icU fb =

: <)
z € d¢

t
where [6c]5”", T, =gy T~ Viand T° < T,

Until now we have assumed that all decomposed charts have just one state
replaced by another chart. Of course, in general any subset of a chart’s states
can be decomposed. This more general case of the decomposition operator
requires additional definition in the Z model of decomposition.

First, the Z definition of a general chart requires additional definitions
and schemas. Suppose that we have the generic decomposed chart C =
Dec (w M) by {(S1,w S1),(S2,w S2), ..., (Sp,w Sp)} where w M = (M,X,0,¥,4)
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and {81, 52, ..., Sn} € . From the simple transition model above we can gener-
ate the transition model for the master chart M paired individually with each
of the respective slaves. That is, we get the schemas OMs, 1 OMs, s - OMs, by
modelling each of the respective charts Ms, = Dec (w M ) by {(S1,w S1)}, Mg, =
Dec (w M) by {(S2,w S2)}, ..., Ms, = Dec (w M) by {(Sn,w Sn)}. Now the generic
Z definition of the transition model for decomposed chart C is as follows:

statesc : P gy,
e : P uSignal
outc : P uSignal

statesc = statesy; U statespg, U ... U statesys,
ing = inyg U inMS2 U...Uinymg,
outc = outMsl U outMS2 U...U outpmg,

__ Chartc Inite
Cha'l”tMsl InitMsl
Chartyy, Inity,,

ChaﬂMsn InitMs"

__d¢
A Charte

ic : Ping
act : ]Piu’State
op : Poutc

C€acte M e act
FiMg, s iMgy s -+ IMs,, » O;Vlsl , O;Wsz’ <y Opg, P pSignal e
iMsl = (icU (o N¥))N inMsl A
'iM32 = (ic U (O'C NnNY)N inM52 A A
Mg, = (ic U (06 NnNY))N inpg, N
[N | / /
Oc = Oy, ) OMs, U..Uopy, A
5M51 A 5M52 A A ‘SMS,.

The semantic definition for the general case of the decomposition operator
is given in terms of a recursive scheme. The relationship between the defini-
tion and the generic schema given above is not trivially equivalent. However,
unwinding the recursion, using the specific case of one decomposed state as
the base case, will always result in a definition that looks like the encoding

given by the generic Z schema é¢ above.
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Definition 3.5.2 Given the decomposed chart M = (Dec (w M) by II), where
wM=(MZoV)), II; CXand #II > 2, for arbitrary S € Il and Mg =
(Dec (w M) by (IT\ {(S,wS)}) we have,!!

]I(SMH]]R:,(T“ =def {27" | Mo € z.act & M € z.act A
‘ S € z.act & (Mn € z.act A (z.cy = SV z.¢jyy = S)) A
3 Oy s 05 ® 2.0)y = Omy U 05 A
2 % { iny 2 (2.0 U fb2) N inpgy , 0y, = 0my, ) € Snty A
zx (| isD(2.ipy U fby) Ning, 05 os | € ds)

The chart Mg is the result of removing the decomposition of just one
state, namely state S, from the decomposed chart M. Thus applying this
definition recursively results in the case where just one state is decomposed,
that is, the base case described earlier.

Because this recursive definition for charts with multiple decomposed
states has the same form as the definition of the base case, that is Defi-
nition 3.5.1, all of the rules described in propositions 3.5.1 to 3.5.4, and their
respective proofs, generalise to decomposed charts in which multiple states

are decomposed.

3.6 Chart context and signal hiding

The final structuring mechanism of u-Charts is the interface operator. As we
have already mentioned, the interface operator allows the designer to specify
the assumed context for a chart. This operator allows two conceptually
different types of behaviour to be specified. The first is signal filtering and
signal hiding. The second is choosing not to output particular signals.

Signal filtering and signal hiding is typically used to internalise the com-
munication between parts of a complex specification. Often it is a require-
ment that two sub-charts composed together communicate with each other
privately. Private communication between the parts can neither be observed
or interfered with from outside of the composition. This type of behaviour
can be modelled by specifying the internal communication between the sub-
charts and then using the interface operator to localise the signals used for
the internal communication.

Alternately, a designer may wish to identify that the context can be con-

trolled by some signal but choose not to output that signal. This is modelled

UThe set IT; represents the set containing all of the first elements from the set of pairs

I1.
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using p-Charts by specifying an output interface that contains more signals
than the natural output interface for a chart. It is not until we consider re-
finement of u-charts that the justification for this subtle distinction between
the natural and explicit output interfaces of a chart becomes apparent. Given
the finite state machine nature of charts, it is tempting to think that the nat-
ural output interface of a p-chart describes all of the signals that the chart
can output regardless of what context it is placed in. In fact, the ability to
specify an explicit interfaces for a chart allows a designer to specify both the
assumed context of a chart plus the input output behaviour of the reactive
system in that context. The refinement calculus that we define for charts
then allows refinements that both refine the behaviour described as well as
change the assumed context of the chart.

The respective roles of the input and output interfaces for charts is dis-
cussed in detail in Section 5.3.3. The following diagram demonstrates the
general structure of the model for a chart C =x [Ci]y, that is, chart C; with

explicitly defined input interface X and output interface Y.

active

1 Hi"x C| oo"‘Y

The following Z definitions and schemas provide the transition model for
the chart C =x [Ci]y.

statesc 1 P pgyoye Chartc == Chartc,
e : P uSignal
outc : P uSignal Initc == Initc,

statesc = statesc,
me =X
outc =Y

__é¢
A Charte
ic :Ping

act : ]P/J'State
oy : Poutc

C € acte C) € act
Jic, OCI/ : PuSignal @ ic Ning, = i, A O/C = o¢,/ Noutc A dc,
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Notice that apart from the obvious distinction between the schema ¢
and the existing é¢,, i.e. the new predicate that restricts the output, there
are some more subtle differences introduced using the Z type system. In
particular the input observation ic has the type Pinc rather than Ping,.
When reasoning about the schema ¢ this observation gets normalised so
that its type, as for the input observation i¢, in é¢,, is P uSignal. However, the
normalisation also adds the additional constraint ic C in¢ to the predicate
part of the normalised version of the schema §c. Thus restricting the set of
binding from é¢, to those that take input from the new input interface for

the chart C and hence modelling the hiding of input.
Interestingly, the process of hiding input restricts the set of binding that

is the model of the original chart, whereas, output hiding requires that we
modify the bindings that inhabit the model of the original chart. When we
restrict the input interface of a chart we are making the specified reactive
system less reactive. That is, there are less signals that the environment can
use to effect a reaction from the system in question. On the other hand,
hiding output does not affect the reactivity of the specified system, rather it

lessens the ability of system to affect its environment.

Once again, we give the definition of the transition model in terms of the

meaning of the Z. Given the chart C =x [C)]y we have,

[[Jc]llz:jra =4ef {27 | C1 € z.act & C € z.act A
Jo; ® z.0p = 01 Noutc A
zx (| ieDz.ic Ningy, 0¢/201 ) € d¢, }

Notice that the definition of the type T implies that z.ic C in¢c. This
demonstrates how important the type system of Z¢ is in the description of
the logic for p-charts presented.

The following introduction and elimination rules follow trivially from this

definition.

Proposition 3.6.1 Given C =x [C]y, for the binding 27* we have,!?

z.0p = 01 Noutc,
z % ( icDz.ic Ning,,0¢c/=01 ) € d¢c, F P
P

z €d¢

(x[1y)

12Again type T, is implicitly constrained, such that it is disjoint with respect to each
of the types Vi, V%, so that the use of the operator * is well defined.

68



z.0p = 01 Noutc,
zx (| icDz.icN ing,, 0c/ o1 ) € o
actv C z V inactv C 2

: (x0¥)
z €4¢ xRy

where the usual conditions hold for o; and P, [60]2(?“ and T® <X Ts.

The predicates actv C z and inactv C z are defined for charts with hiding as,

actv C z =4¢5 actv Cy 2z A C € z.act
inactv C z =g4¢f inactv Cy z A C € z.act

The rules (iact]), (iact;;) and (iact*) hold for charts that contain hiding.
Proposition 3.6.2 Given C =x [C]y, for arbitrary binding z7* we have,

z€6c inactvCz z €8¢ inactv Cz
iact;)

z € ZChartc z.0p = {}

(iacty;)

inactv Cz z € EChartc  z.0 = {}

z € 6¢

where ﬂéc]]]z:w and T® <X T;.

And finally the rule (z€) holds for charts with hiding.

Proposition 3.6.3 Given C =x [Ci]y for arbitrary bindings z73 and zT3 we
have,
2 €6¢ T=p2 zicUfb,=2z.icU fo,
T €é¢

(z5)

where [[50]]53"‘, T. =qef T® - Viand T® < Ts.
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3.7 Partial relations semantics

In this section we give the general method for defining the step semantics for
a chart.

The step semantics is no more than the transition model of the top-most
subchart of a u-chart with the active state machinery hidden. Given an
arbitrary p-chart called C, the step behaviour of C is defined by another

schema which, by convention, we call CSys.

— CSys
A Chartce
ic : Ping
op : Poutc

Jact : Pug,,, ® C € act Adc

The schema CSys hides the active state observation and specifies that the
top-most chart of any hierarchical structure is active. Now we have that the

Z model for an arbitrary chart C is defined as:
[C]l, =des CSys
The meaning of the model is given as usual as a set of bindings.
Definition 3.7.1 For arbitrary chart C we have,
|I[[C]|Z]|]2UT =def {27 | Ellea e zi=rzANactvCz A2z €d¢c}
Note that, for the sake of presentation, we typically refer to [[C],],,

simply as C whenever the context makes clear the intended meaning. From

this definition we derive introduction and elimination rules.

Proposition 3.7.1 For arbitrary chart C, and bindings 273, we have,

2€EC 2%2,€0c, actvCzxzg - P
P (ZS)

z2x T, €8¢ actv Cz* 1,
z€C

z)

act

where IIC]]zT(,’ ﬂéc]]gf, T <X T,, T®! £ T,, and the usual conditions hold for 2
and P.

The schema CSys and its meaning describes the step semantics for u-
Charts. We often refer to the step semantics as the partial relations seman-

tics. This is because the meaning of the schema CSys can be considered
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as a relation that maps the before state of a chart and input to its after
state and output. This relation is often partial because an abstract y-Chart
specification describes the reaction to some input events and not others.
We now give lifted versions of the introduction and elimination rules for
each of the chart operators.’® Using these lifted rules we can reason about
complex charts using just their partial relations semantics, i.e. without re-
verting to the transition model.
For the composition operator we have,
Proposition 3.7.2 Given arbitrary charts Ci, C; and C = C, | ¥ | G, and

U U V 10 V 10 V 10 v 10 V V
bindings 2", %%, zc ,u ', uy? yl , y2 yv¢ ,w ' and w,? , for arbitrary

o1 and o9 we have,

2 xT *x Y| *v] € Cp,
22 % Ty % yh x vy € Co,
ArxnFTrY * YL € C mig = (Tc.ic U fby,) Ning,,
Tp.ic, = (Zc.ic U fby,) Ning,,
Ve.0¢ = v1.0¢,U p.0c, = P
P

(Z|:|)

2 xu xy)xw € C

zo % up % yh x wh € Cy

u1.3c, = (Z¢.ic U fby, ) Ning,
u2.1c, = (Z¢.ic U fby,) Ning,
VUe.0c = wy.0¢, U un.og,

) (1)

zl*zg*zc*y{*yé*v’ €

where fby, =gof ve-0cN¥, [CIET, [C1 ]Il; n |[02]|P Tz, and the usual conditions hold
ll() Vll) Vl 0

N N A v2V' and P. This rule contains a side-condition (labelled 1)

Z:

for z

i0 act
which requires that we can show that V27" e 3 zaT o actv C 2% 2,.

The form of these introduction and elimination rules is motivated by the
refinement rules introduced later. Also, notice that the side-condition of this
rule is not given as one of the assumptions of the rule itself. This presentation
of the rule is chosen because this side-condition is considered a syntactic
restraint that should be placed on u-Charts. It describes a desirable global
property of a specification which ensures that the Z model is sensible rather
than a property related to individual transitions. Consider the following
example chart which illustrates the category of charts for which this side-

condition fails.

13See Appendix B.6 for the proofs of the introduction and elimination rules in this

section.
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This is an example where the chart C; appears both as part of the com-
posite chart C = w C; | {} | w C; and as the decomposition of state C; in
chart w C;. The Z model of this chart contains no bindings that represent
the chart starting a transition from its initial states. This is because it is
not possible for chart C, to be both active (as part of the composition) and
inactive (as part of the decomposition) at the same time. The reason that
we present the property as a side-condition rather than an assumption of the
rule is because this situation is likely to never arise in practice. In terms of
“charts as an engineering tool” it would be easier to restrict the language
with the stronger condition requiring that one of the examples of chart C;
be renamed, i.e. distinguished from the other. However, in terms of “charts
as an eloquent formalism” we may wish to prove properties of the language
suchas § J., S|{}|Sand S|{}|S 3,; S.

For the interface operator we have,

Proposition 3.7.3 Given chart C =x [Cy]y for arbitrary C; and bindings 2Y,

: 0
yio yio
T

1%
,yY, vV and T, ', we have,

/ 1
. ) o zxxxy *xu € C
zxzxy xv' € C z1.i¢, = z.ic Ning, 1 ’
v.oc = uj.oc,Noutc - P

5 )

zxupxy *w] € O wic, = zicNing v.0c = wi.oc,N outc

zxzxy v €C

where [[C]]gCT and [[CII]E(,TI the usual conditions hold for ulvlw, and P. The side-

10 act
condition t requires that we can show that V27" e 3 zaT o actv C zx 2,.

We conclude this chapter by examining the relationship between compo-
sition and decomposition. As expected, given the definition of decomposed
charts, we can show that two charts that share a master/slave relationship
react in the same way as if they are composed in parallel whenever the mas-
ter is in the decomposed state and vice versa. This gives us another useful

introduction and elimination rule.

72



Proposition 3.7.4 Given Mg = (Dec (w M) by {(S,w S)}), for arbitrary S,
wM=(MZX,0,¥,06), and MSy = [w M | ¥ |w S],, then for arbitrary zT* we
have,

z.cM=SVz.cjw=S Zé(sMs

. (Mg y)
FAS (5qu,

zey =SVazcy, =8 z€0dus,

; (M)
FALS 6Ms

where |I5MS]]E(T“ and T* < T;.

The Z model presented in this chapter gives a full account of the assumed
semantics of u-Charts. The introduction and elimination rules for each of the
language constructs give a logic that can be used to reason about p-Charts.

In Chapter 4, we investigate further the semantics of charts using the

more common-to-reactive-systems view of a trace semantics.
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Chapter 4
Trace Semantics

This chapter introduces a trace semantics for pu-Charts. First we consider
what we mean by “trace semantics”. A trace semantics for u-Charts gives
a meaning to charts in terms of their observable input/output behaviour.
Hence it is an abstraction on a state-based view, in that the state informa-
tion explicit in a chart diagram is not present at all in the trace semantics.
The trace semantics considers only the interactions of the chart with its en-
vironment and therefore is a record of the sequence of outputs that a chart

produces given a sequence of inputs.

We use infinite traces to model the behaviour of charts. The reason for us-
ing infinite traces is solely because this work closely follows that of Scholz [78]
where infinite traces are used. An alternative approach, introduced by Hoare
in [42], is to use finite traces without saying how long they are. This entails
constructing subsequence complete (or “prefix complete” ) sets of finite traces.
For example, the well known CSP process CLOCK = (tick — CLOCK) has
a finite trace behaviour described by the set {(), (tick), (tick, tick),...}. We
could, and in some respects do, use this method to encode each of the infi-
nite traces that together give a chart its trace meaning. However, there is no
simple congruence between the “trace semantics” that one would associate
with a process algebra such as CSP and the trace semantics that we give

here for charts.

Roscoe ([75], page 172) points out that the only situation under which an
infinite trace model conveys more information than the alternate finite trace
model for CSP is when a process can exhibit all of the finite prefixes of an
infinite trace but not the infinite trace itself. By the same reasoning, we could
use prefix closed sets of finite traces in place of infinite sequences. Charts are

finite in state and transition and therefore cannot rule out an infinite trace
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for which all of the finite prefixes are possible. In fact, in Section 4.6 we use
the limit of the prefix closed sets of finite traces to define infinite traces.

For an example of a trace semantics for p-Charts that closely follows
Hoare’s approach see [28].

In fact, the trace semantics presented plays a reasonably minor role in this
work—our ultimate goal is to investigate the possibility of giving a partial
relations-based refinement framework for pu-Charts.

However, so that we can attempt to relate the investigation presented here
back to previous work done on charts [78], we describe, not one, but several,
trace semantics. The difference between them is not due to differences in the
objects that we use to formalise the meaning but rather differences in the
meaning assigned to charts. Specifically, we consider the implicit behaviour
of a chart when explicit behaviour is not defined for some input sequence.

Also, we introduce the different trace semantics so that we can use the
intuitive operational nature of traces to informally discuss the different no-
tions of refinement. This gives us another view from which we can consider
the defined notions of refinement. That the traces view of these types of
formalisms provide an intuitive way to talk about reactive systems is best
described by Hoare’s description [42] of what a trace semantics represents:
consider an observer with a note book recording the behaviour of the system
as it is running.

In the following we show that the choice of how we totalise the partial
relations that describe charts can be considered synonymous with choosing a
different trace semantic interpretation for charts. In particular, if we define
refinement via the partial relations semantics, the necessary choice of total-
isation is related to the choice of trace interpretation. We introduce four
different trace interpretations to help motivate where each of the commonly-
known partial relation completion models, and hence refinement notions, fits
into our treatment of y-Charts.

The ability to use the same partial relations to describe different trace
interpretations via refinement could be considered one of the significant ben-
efits of this type of partial definition of behaviour. The idea being that, given
the partial relations semantics, the user simply picks the set of tools (i.e., the
appropriate refinement rules) to suit their required trace interpretation. The
denotational semantics of charts is actually the partial relations semantics
plus a set of refinement rules. Each of the different sets of rules assign a
different denotation to charts.

We begin to outline the alternatives by considering the example chart
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pictured in Figure 4.1.

C

Figure 4.1: p-chart description of a simple reactive system

The question is: what output should this chart give when reacting to the
input ({a}, {a}, {a},... )7 To answer this we outline four different choices. For
each choice we give examples of: the traces that will inhabit the semantics
of the chart; a chart that makes explicit the transitions encoded by the
given trace semantics; and the necessary completion of the partial relation
semantics so that the partial relations based refinement and traces notion of
refinement match. To accord with the formalisation of the semantics that
follows, the trace semantics of a chart can be considered a total relation

between input traces and output traces.

Finally, Section 4.6 gives formal definitions for each of the discussed trace

semantic interpretations.

4.1 Do-nothing semantics

The first choice we consider is the do-nothing semantics that we denote as
[C]s. for the chart C. The do-nothing semantics states that if no transition
is defined for an input then the chart outputs nothing, i.e. outputs the empty
set, and remains in its current state. Hence the resulting output trace for the
input ({a},{a},{a},... ) is ({s,t},{},{}, ... ). Alternatively, we could write,’

(({a}, {a},{a},.. ), ({s: 2} {} {}: ) € [CLL,

Recalling that the trace semantics must contain at least one trace for all
input sequences, we can give a more general scheme that illustrates the do-
nothing trace semantics of chart C. Assuming that the sequence v is an

INote that the ... notation used to demonstrate trace behaviour means the trace con-
tinues indefinitely as it was most recently, rather than repeating all of the previous sets of

signals.
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infinite sequence of inputs i such that each i C {a} then we have,

(er. = {4, {4,
(({a})’\v, <{3’t}v{}’{}v"-))a
({1 {ah v, (b {s th {1 4L ),
({5 {ah 7oy (s th {1 ),

}

Note that the first pair of sequences in this set demonstrates that we cannot
assume that the environment will ever produce signal a as input.

The explicit encoding of this semantics is demonstrated by the chart C;
as follows where the two additional loop-transitions explicitly encode the

do-nothing interpretation for the original chart C in Figure 4.1.

C1

The following diagram represents (using solid black lines) the partial re-

lation interpretation of the chart C and (using dotted lines) the necessary
completion of the partial relation to give the required semantics. Note that
the domain of the relation is a tuple consisting of the current state of the

chart and the input, the range is the tuple containing the resulting state and

the output.
(X {}) @ oo o (X,{})
(X,{a}) e (X,{s}
(Y. () &\ o (X, {t})
(Yoa) e N e (X {sit])
‘..,,...I.‘.:;:H. (Y,{})

o (Y, {s})
o (Y. {t}h
(Y. {s,t})

Again, the reason we give the relational view of the different semantic
encodings is that it begins to make obvious the link between the choice of
trace semantics and the partial relation completions, some of which, are

related to well-known state-based refinement techniques.

4.2 Partial-chaotic semantics

Another possible interpretation, that we will call the partial-chaotic seman-

tics, [C]~ is the first of the so-called chaotic interpretations. Under the

p-chaos?
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do-nothing semantics, when there is no defined transition for an input, the
only acceptable reaction of an implementation is to do nothing. In other
words, ignore unexpected input until an appropriate input is present. Hence
leaving behaviour undefined in the specification is saying something about
the suitable implementations. Under a chaotic interpretation any reaction
that an implementation chooses, when a specific reaction is not stated, is
acceptable. That is, leaving behaviour undefined should be taken to mean
the specifier does not care what happens in this situation.

The partiality of this chaotic semantics is due to the fact that during the
step in which chaotic behaviour is permitted, the implementation is free to
choose the reaction, including the state to which the chart moves. However,
at the next step the implementation is again constrained to react as the
specified chart.

Some of the possible output traces for the example chart C resulting from
the input ({a}, {a},{a},...) include,

({sth {1}
({s:t} {s}. {}, )
({s:t} {th {}, . )
({s:th{s, e} {}, )
({s;th {} {s,t}, )

The explicit encoding of this semantics is demonstrated by the chart C, as
follows. Note that the output label AO is used as a shorthand to represent
an arbitrary output such that AO C {s,t}, i.e. some subset of outc,; the
output interface of the chart. Each transition that has output AO actually

represents four separate transitions.

[o7]

—a/AO o$'° /A0

The appropriate completion of the partial relation semantics is as follows.

(Y, {a}) ®)

(Y. {s,t})
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4.3 'Total chaotic semantics

Another form of chaotic semantics for charts is the total chaotic semantics
denoted by [C]?.,...- This semantic interpretation encodes behaviour that is
not only chaotic at one step where no behaviour is described but is chaotic
for that step and any steps following.

The actual difference between this and the partial-chaotic semantics is
very subtle but significant none the less. Sections 5.2 and 6.3 give a detailed
account of this difference and how it arises. From the outset the given en-
coding of the total chaotic semantics makes the difference between it and
the partial-chaotic semantics obvious. It may appear that the difference is
itself caused by the choice of model for the respective trace semantics rather
than more fundamental differences between the two models. In fact, the op-
posite is true. The original encoding was modified to properly capture the
difference. First we explain what the total chaotic semantics is and how it
is modelled, then we explain the trace model for the total chaotic semantics.

Consider again chart C of Figure 4.1 with input ({a},{a},{a},...). The
output traces that are part of the total chaotic model for this chart include
all of those from the partial-chaotic model and some new output traces such

as the following.

({s,th {L} {1} -.)
({5, th {5, L}, {13 )
s th {6 L1 L] )
({s,t}, {s,t, L}, {L},...)
({s,t},{L}, {s,t,L},...)

The signal L denotes a special output value that is used implicitly in the
semantic model to indicate that the chart has begun acting chaotically. It
cannot be explicitly used as an output signal in the chart itself.

We give two charts that explicitly encode this semantic interpretation
in Figure 4.2, both of which exhibit the appropriate traces. Note we again
use the label AO as a shorthand for arbitrary output. We also introduce
AO; which is shorthand for arbitrary output from the set outc U {1}, that
is AO; C {s,t,L}. Regardless of which completion we choose the explicit
encoding of a total chaotic semantics requires an additional state. This state
is necessary in general to model the behaviour where the chart continues to
act chaotically from the first undefined step on. The encoding demonstrated

in Figure 4.2(a) realises both the partial chaos, as described above, as well as
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the ability to continue reacting chaotically indefinitely. The second encoding,
demonstrated in Figure 4.2(b), shows that, when we ignore state (i.e. consider
only traces), the observable behaviour of a chart reacting chaotically is a

superset of the behaviour that is to recover and resume reacting in a defined
manner.

(a) (b)

Figure 4.2: Alternative explicit encodings of the total chaotic semantic model

Not surprisingly, the completion of the partial relation semantics also has

two possibilities.

(X {}) @ o (X,{}) (X, {}) o o (X, {})
(X,{a}) o (X,{s) (X, {a}) . o (X,{s})
(Y.{}) o o (X, {t}) (Y. ) o\ o (X,{th
(Y,{a}) »; o (X,{s,t}) (Y. {a}h) o " N\ o (X, {s,1})
Lohaos @ e (Y.{) Lonaos & N (VD)

TN e (V)
L4 (Yv{t}) 3 b (Yv{t})
(Y, {s,t}) e (Y, {st})

) L
® L haos L4 J-r,haos

That these two alternatives for completing the partial relation semantics
coincide may initially seem surprising. Given the existing literature that
describes the completion of partial relation semantics for abstract data types
(ADTs) described in Z, one might expect these different completions to give
significantly different semantics. However, the apparent difference can be
explained by the interpretation that we assign to the special value L pq0s.
We can see from the two charts above that the state L simulates all of
the other states in the chart. That is, if we ignore state information, any
behaviour that could be observed in any of the defined states can also be

observed from the state L. Hence, the fact that these two completion models
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coincide is not unexpected when we consider chart refinement in terms of
simulation relations, as we will see later.

Notice that we have made an assumption in the relational diagrams. The
value L .00, Not only stands for a state but also represents arbitrary input
and arbitrary output. Moreover, this arbitrary output can contain the spe-
cial output L. From a trace semantic point of view it is difficult to give a
satisfactory argument that justifies the inclusion of this special output L.

The necessity of L stems from allowing chaotic behaviour to be implicit
in the chart description of a reactive system. Implicit chaos is an important
abstraction mechanism of u-Charts. The user can choose to leave parts of
the design undefined (or rather “to be defined later”) in a chart specification.
Also recall that the chart semantics defined in Chapter 3 is designed such
that any p-chart which is made up by the composition of other charts can be
equally described by a non-composed chart. Due to implicit chaos, a property
of this semantics is that chaotic behaviour in one part of a composition affects
the other part of the composition. That is, if one part of the composition acts
chaotically then the composition itself also acts chaotically. Now consider the

following two charts.

Chaos True

<O oo

Given the “intrusive” nature of chaos, for arbitrary chart C and set of
signals ¥, the following properties hold.

(C | ¥ | Chaos) = Chaos
(C|¥| True) =C

From this observation it is clear that [Chaos]® , . # [True]?.,..., at least
its clear that the language would have undesirable compositionality proper-
ties if [Chaos]? , and [True]” , were equated. Hence the output value

T-chaos T-chaos

1 is used to distinguish Chaos from True.

4.4 Firing conditions semantics

If we want to describe the total chaotic semantics for charts, as we do here,
then we need the stated interpretation of L p... That is, the state L simu-
lates being in any of the defined states as we describe above. Alternatively,

there is another possible semantic model. When the specifier does not define
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a specific behaviour for an input in a given state, the interpretation is neither
“do-nothing” (i.e. ignore the input until another significant event occurs) nor
is it that the specifier does not care what happens (i.e. chaotic behaviour).
Rather the interpretation is that this behaviour is disallowed. While this
interpretation may not seem natural for specifying reactive systems—where
the underlying assumption is that the behaviour of the environment is out-
side of the control of the specified system—it is a natural interpretation for
abstract data types where allowing the environment to apply an operation
may be deemed unsuitable at the time of specification. This interpretation
of ADT specifications is often termed the firing condition semantics or the
guarded interpretation of specified operations. That is, the precondition of

an operation determines when it can be applied.

Despite the fact that this semantic interpretation may not seem natural
for the specification of reactive systems, we describe it here as a possible
semantic model. This is partly for completeness and partly because it may
in the future prove to be another useful way of using chart specifications. We
call it the firing condition semantics for chart C, which is denoted [C];.

This model may be considered as a way of modelling termination of a re-
active system. That is, after an event occurs that was not expected, i.e. not
defined in the specification, the reactive system stops reacting. To encode
this semantics using the same infinite trace framework that we have for the
other semantics requires that we decide what it means for a reactive system
to stop reacting. When considering a chart itself, changing the previous in-
terpretation of the state L to represent a trap state from which, the chart
cannot leave, nor output any further signals, appears to be a reasonable way
to encode termination. If one was able to observe the state of a reactive sys-
tem as it was running it would be obvious when the system had terminated.
The trace semantics of a chart, however, describes the behaviour of a reactive
system without any reference to state. Encoding termination as a continu-
ous trace of empty output does not capture enough information to properly
encode termination either. In particular, a chart that is intentionally out-
putting no signals cannot be distinguished from a chart that has terminated.
Therefore, to encode termination of charts in the trace semantics we again
use the special output value L. The output L is used in this case to indicate
that a chart has terminated.

Now the allowable behaviour of our original example chart C of Figure 4.1
can be defined in a similar (but not equal) fashion to the do-nothing trace
semantics. Assuming again that the sequence v is an infinite sequence of
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inputs i such that each ¢ C {a} then we have,

[C] = {({H v, ({1} {L} D)
(({ah) v, {sith {Lh {1} -}

The explicit encoding of this semantics is demonstrated by the chart Cs.

Cs

al/{st}

The completion of the partial relation semantics looks the same as one
of the alternatives for the total chaotic semantics (Figure 4.2(b)). However,
we reiterate that the value L used here is to be read as a special value that
indicates termination, that is, the output resulting from a transition to state
1 is the special signal L.

(X, {}) e o (X, {})
(X.{a}) o o (X, {s})
(Y. (1 e\ o (X, {t})
(Y {ah) o N\ o (X, {s1})
Lg o . o (Y, {})

N (s
CUEIN e (VD)

e (Y (st
“o Ly

Notice that the completion is strict. That is, once an undefined event
has occurred, the chart will never again output any useful control signals.
A chart that makes a transition to state L then it must remain in state L.
Unlike the total chaotic completion for charts, here the state L does not
simulate all other states in the chart. It represents a special state that, when
entered, stops the chart from partaking in any further interesting interaction

with its environment.

4.5 Discussion

From the different possible semantics that we have described in this section
we can see that two quite separate views of what a specification actually is
have emerged. This is not only true for charts but for formal specification in

general. One view is that a specification is partial. That is, it describes just
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the parts of the system that the specifier is interested in. An assumption that
appears to underlie this approach is that some sort of formal step-wise design
will follow specification. This design process ends either in a specification
that is deterministic and therefore easily implemented or, in the case of some
languages, with the implementation itself. In each step more and more of
the previously unspecified behaviour is decided. It appears to fit with this
view that refinement will be used as a tool to guide design. Also, this view
appears to coincide with the assumption that the environment in which the
specified system will reside is outside of the control of the system, that is the
environment is considered to be completely nondeterministic in its behaviour.
The total chaotic semantics described above is an example of this paradigm.

The alternative view generally treats a specification as a total description
of the behaviour of the resulting system. That is not to say that nonde-
terministic specifications are necessarily disallowed, but any nondeterminism
is explicit. This view seems to coincide with the assumption that the sys-
tem under consideration can inflict control upon its environment, i.e. rather
than being completely passive it can choose to which of the environment’s
requests it will react. Here it is typical for design to be a process of con-
structing alternate, possibly more possibly less implementable, specifications
and using refinement to check that one is valid with respect to the other.
The do-nothing and firing conditions semantic interpretations given here fit

well into this form of formal system design.

4.6 Defining the trace interpretations

Finally, we give formal definitions of each of the trace semantic interpre-
tations that we have outlined above. We have already identified that our
semantics will map all infinite input sequences to infinite output sequences
(assuming the appropriate interfaces for the chart).

In order to use and prove results about infinite sequences we define them
in a manner similar to that suggested by de Bakker and de Vink in [15],
namely using the theory of ultrametric spaces. As is usual we assume that
the set A* denotes the set of finite sequences over the alphabet A while A%
denotes the set of infinite sequences over the alphabet A. Of course, in our
case the alphabet A will represent all the subsets of some finite set of signals.
The set of all sequences, i.e. of finite and infinite length, is then denoted
by A%. Like [15], we assume all sequences in A% are functions that map

contiguous natural numbers (excluding 0) to elements of A. That is we have,
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Definition 4.6.1 Given a set of signals S,

AY =gef {Nj > A|N; =N\ {0} AA=PS}
A* =g {(1..n) > A|neNANA=PS}
A =def A*U A¥

We continue to use the literal () for the empty sequence, (ej, ey, ..., €n)
for a sequence containing n elements, and (ey, ez, ...) for an infinite sequence.
The truncation of an infinite sequence s € A¥, denoted s | n, gives a finite
sequence of length n, i.e. s | n € A*. The truncation operator is defined as

follows:

Definition 4.6.2 Given a set of signals S, e C S and the sequences w € A%

and (e)"w € A%, we have,

w0 =def ()
()In =def ()
(e)"w) [(n+1) =g () (w]n)

assuming the concatenation operation "~ is defined as usual and n € N.
We define the required ultrametric d using the so-called Baire-distance [15].
Definition 4.6.3 Given two sequences v, w € A%,

0 if v=w

—-n

d(v, w) =gef
where n = maz{k |vIk=w]k}

Now we have the important result, as shown in [15], that the ultramet-
ric space (A%, d) is complete. From this we can guarantee that any prefix
complete set of finite sequences has a limit or a least upper bound in A*. In
fact, the sequence that is the least upper bound of such a set will be infinite,
i.e. a member of A¥. Hence, we describe infinite sequences as the least up-
per bounds of sets of finite approximations. For example, consider the finite
sequence z, of length n defined as,

n =

Iny+1 = znf\(en>
where e, represents some set of signals. We can now describe the infi-
nite sequence (e, €1, €g, ..., €n,...) = | |{zn | n € N}, that is, the limit of the

set of finite sequences that converge to the infinite sequence. Furthermore,

we can give this type of description for all infinite sequences w € A as

[ J{w [n|neN}
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Henceforth, we freely use the notation {z, | n € N}y to represent such
converging chains of finite sequences. Note that the subscripted W repre-
sents a set of signals, each element in the respective sequences (denoted z,
above) is some subset of the signals W. Now we have that the set of in-
finite sequences A = | |[{X | X CA*A X ={z, |n€ N}ya}. This assumes
that each element in the alphabet A is a set of signals and that, in this case,
LI{e, e2,..} = {Uen]ea -}

Recall that the input interface of chart C is the set of signals denoted by
inc and similarly the output interface as outc. For convenience, assuming
an alphabet I = P(inc), we define the additional sets: Z%—the set of infinite
input traces over I; I3 —the set of finite sequences of length n over I; T5—
the set of finite sequences over I and I® = T4 UZ3. The sets 0%, O3,

¢ and O are similarly defined over the output interface. For convenience
we introduce the set outs =g outc U{L}. Also, 0% , O% , Of and OF
defined over the alphabet out}.

Notice, while the sets inc and outc can be empty, the respective sets
I¢, 0% and Of cannot. We use another result from [15], given (I, d;)
and (OF, dz) are complete ultrametric spaces then so is (IF x O%, d,), where

dp((z,9), (2", 9)) =daer maz{di(z,2'), d2(y,y')}.
We extend the definition of the truncation operator over infinite relations.

Definition 4.6.4 Given a relation R C T4 x O¢, and n € N then R[n C
I: x (92.l such that,

Rin =44 {(iIn,0[n)]|(i,0) € R}

Using all of the introduced machinery we give the general form of the
trace semantics for charts [C]. as follows:

[Cl: € T2 x 0%, A dom[C]: =14

To give the definitions of the four alternate trace semantics in terms of
relations between infinite sequences we use the same method as above. That
is, we describe how to build the semantic relation for a chart over equi-length
finite sequences and use the least upper bound of a chain of such relations
as the meaning for infinite sequences. Intuitively, this can be considered as
describing the input/output behaviour of a chart after one step, and then
after two steps and then after three steps, etc. Clearly, the infinite behaviour
can be considered as the limit to which the relation tends as we take more
and more steps. That such a limit exists is guaranteed by the metric space

results. Essentially, since the sequences (representing a chart’s behaviour)
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do not change once fixed “in the past” they get “closer and closer” towards
a limit. This “closer and closer” is what the Baire-distance of the metric
space measures. That the distances tends towards zero demonstrates that
the chain is tending towards a limit.
As with the linear case all appropriate chains over finite relations {4 C
& x O%, | n €N} have a least upper bound which is a member of ¢ x Og, .
Now, given the finite semantics [C]; C Z¢ x O x Chartc (which will be
defined shortly)? we have,

Definition 4.6.5 Assuming s, = {(¢,0) | 3c e (¢,0,c) € [C]}},

[C). =aes LU{sn |n €N}

Finally we define each of the alternate trace semantic relations in the finite

case. Note we use the precondition operator as defined in Appendix A.3.

4.6.1 Do-nothing semantics

Definition 4.6.6 For arbitrary si € I3, so € O%, 1 C in¢, o C outc and
¢ € Chartc,

[CL.,  =aes {((,0.¢)]|ce nitc}
[CILFY =ae {(s171,5070,c) | 3ci o (s1,50,ct’) € [C];, A
(Pre C 2z; A zix 2z, € CV = Pre C z A o={})}

where 2; = cix ( ic=i ) and 2z, = { 0cDo ) xc

4.6.2 Partial chaotic semantics

Definition 4.6.7 For arbitrary si € I%, so € O%, ¢ C in¢, o C outc and
¢ € Chartc,

IIC]](:-Chaos =d€f {(()1 ()’ cl) | c € In’ttc}
[CIith). =aef {(si7i,5070,¢) | 3cie(si,s0,ci’) € [C]" A

p-chaos p-chaos

Pre C zi = 2z x 2z, € C}

where z; = cix (ic=>1 ) and 2, = ( 0cDo ) x ¢

2The z in [C]; represents a place holder for any of dn for do-nothing semantics,
p-chaos for partial-chaotic semantics, T-chaos—for total chaotic semantics, or fc for the

firing conditions semantics.
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4.6.3 Total chaotic semantics

As we identified earlier on page 80, the encoding of the total chaotic semantics
in terms of partial relations requires the addition of a distinguished state L
and distinguished output L. Adding state 1 is commonly referred to as
lifting the relation.

We extend the type Chartc to include the distinguished binding L as
follows:

Definition 4.6.8

Charté: =def Chartc U {1}

Now the total chaotic definition is the same as that for the partial chaotic
semantics with the exception that elements outside of the precondition of the
partial relation (including state L with any input) are mapped to the target
of the relation (including both the state and output L). Hence the type of
()] has € TE x OF, x Chart}.

T-chaos —

Definition 4.6.9 For arbitrary si € I3, so € Og , i C inc, 0o C out} and
cE€ Charté:,

[C1 s =der {(050),¢) | ¢ € Initc}
[C: i =de {(si7i,5070,0) | Ici @ (si, 50, i) € [CT s A

T-chaos T-chaos

Pre C z; = zx 2z, € C}

where z; = cix { ic=>i ) and z, = { ocDo ) x ¢

4.6.4 Firing conditions semantics

Definition 4.6.10 For arbitrary si € I3, so € Og , ¢ C inc, 0 C outé) and
c€E Charté,

IIC]]?,., —def {((), <>’ C/) | cE Initc}
[CI.'" =ae {(5174,5070,¢) | Ici e (si, 50, ci') € [C]}, A
(Pre C 2z A zix2, € CV
~Pre CziNo={Ll}Ac=1)}

where z; = cix { ic=1 ) and z, = (ocDo ) x ¢
This completes the description and definition of the trace semantics for
u-Charts. In the following chapter, we introduce the notion of formal refine-

ment and use the trace semantics introduced here to investigate a notion of

formal refinement for u-Charts.
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Chapter 5
Trace Refinement

This chapter describes the different notions of refinement for u-charts. First
we describe exactly what we mean by the term “refinement”. Unlike some
formal languages, such as the refinement calculus [59], that contain syntax
to describe both specifications and implementations, u-Charts contains only
one type of construct which is a p-chart (or simply a chart). One way to
view a p-chart is to consider it as the description of a function (or several
functions in the nondeterministic case). Each function is a description of
the output trace that results from each possible input trace or in other words

a reactive system.

When we talk about a chart specification we typically mean a high-level
description of the behaviour of a reactive system. It is considered high-level
because it will describe some set of important behaviours and ignore other
behaviours; it is a partial description of the required reactive system. A chart
that describes several functions is typically considered a specification; there
are many reactive systems that implement the specification. At the other end
of the spectrum a chart that describes just one function could be considered
an implementation. Though u-Charts is not an implementation language as
such, when a chart describes just one trace function then there is no longer
any choice involved in implementing the correct reactive system. Of course,
in practice it may not be necessary to reduce the set of functions described
to just one. It may be the case that there are in fact several reactive systems

that are suitable, in which case the implementor simply chooses one.

u-Charts refinement is a relation between a specification and an imple-
mentation. In fact, there is likely to be a long chain of charts between a
specification and an implementation. Each chart in this chain is in turn

linked by the refinement relation. The transitivity of the relation then guar-
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antees that the implementation is correct with respect to the specification.
This is a formalisation of the common software engineering notion of step-
wise development; each step progresses down this chain. If we consider the
specification as describing a set of trace functions then the refinement rela-
tion is one of subset. That is, at each step in the development we reduce
the number of functions that implement the specification. The development
is complete when the set of trace functions is sufficiently small that we can
choose one of them as the implementation of the specified reactive system.

It is one thing to define the refinement relation informally but our goal is
to define tools that we can use to reason about refinements between charts.
That is, we wish to define a refinement calculus for u-Charts. As we alluded
to in Chapter 4, there are two ways that this calculus will typically be used.
The first is to use the rules to guide the design decisions made when trans-
forming or refining a chart specification into an implementation. This form
of using the refinement calculus closely follows Dijkstra’s notion that “we
develop program and correctness proof hand in hand” [23]. From the point
of view of developing such rules, this is the ideal because the usefulness of
the rules can be measured by their eloquence rather than their completeness.
The rules guide the developer in the design of a reactive system rather than
each particular development needing a new set of rules.

The second type of use, and probably more common, is to take two spec-
ifications and show that one is a refinement of the other. This form of devel-
opment follows more closely the practice against which Dijkstra warns, that
is, “first designing the program and then trying to prove its correctness”.
Given two arbitrary specifications, finding the appropriate proof is likely to
be difficult. Also if a proof can be found it is less likely to give insight into
or help document design decisions.

Before introducing formal definitions of refinement we split refinement
into three distinguishable types—behaviour, input and output interface re-

finement.

5.1 Behaviour refinement and interface re-

finement

There are two distinct methods of abstraction that can be employed in a
chart specification. The first is the common notion of using nondeterminism

to represent choices that have yet to be made about system behaviour. The
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second is the description of some important subset of the total behaviour of
the reactive system. It is from this observation that the distinction between
behaviour and interface refinement arises.

In [78], Scholz introduces this useful distinction but does little by way
of investigating or describing exactly what interface refinement is. Interface
refinement allows the designer to introduce new interaction between a chart
and its environment via refinement. That is, where a specification identifies
the set of signals used to interact with the environment (the input and output
interface of a chart), there is an assumption that part of the design process
may be to extend these signals. Another way to consider this is that the
context for which the specification is designed may not be the same as the
context in which the eventual system will reside. The specification may have
chosen to ignore some interaction as an abstraction method for dealing with
complexity or the design process may wish to introduce new features that
were not specified in the early stages of design.

We begin by investigating the two separate types of refinement, that is,
removing nondeterminism and changing the interface with the environment,
separately. Then, like Scholz, we give one definition of the refinement relation
that incorporates both activities. As we will see it is almost always the case
that interface refinement by itself is uninteresting until we consider it in
conjunction with removing nondeterminism.

In fact, the interface refinement that we define is, by itself, not really
refinement at all. Changing the interface of a chart in isolation is defined in
terms of observational equivalence in terms of context. We will use the sym-
bol ~ to denote that an observational equivalence exists between two charts.
We still use the phrase interface refinement to describe such observational
equivalences.

Scholz comments that “in general, interface refinements could allow an
arbitrary modification of both input and output interfaces”, that is, to allow
the interfaces to get larger or smaller. The interface refinement that we define
here does allow both increasing and decreasing of interfaces, though not in
general. Unlike Scholz we do not use the definition to restrict refinements
to just those that increase the interfaces of a chart. Rather the definition
requires that refinements only ever increase the reactivity of a chart. From
such definitions, we show that this does impose some restrictions on how the
interfaces of a chart can be changed via refinement. In particular, given an
abstract chart A, it is always possible to increase A’s interfaces. However,

there are only limited situations when the interfaces can be decreased whilst
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maintaining A’s reactivity.

Two of the reasons that Scholz gives for allowing only increasing interfaces
are: refinement via combining sequential charts using the chart operators
only ever increases the interface, and allowing both increasing and decreasing
interfaces does not result in a transitive refinement relation. We will comment
on these reasons in Section 5.4.

Now that we have informally introduced our notion of refinement for
charts we introduce some formal structures to help describe refinement and

as a tool for comparing the different types of refinement presented.

5.2 The refinement semilattice

In order to discuss the trace definition of chart refinement more formally, we
consider refinement in terms of a semilattice. First we will deal with just be-
haviour refinement and then we will show how this framework is extended to
cope with interface refinement. We split chart refinement into three separate
types as follows: behaviour refinement 3, ; input refinement ~7z; and output
refinement ~¢.

As defined in Section 4.6, the infinite trace semantics for a chart C is
such that,’

[CI: C T¢x O, A dom[C]: =T

Notice that the informal discussion above talks about charts as being the
description of a set of trace functions but our formalisation of a chart’s trace
behaviour gives the meaning of a chart as a total relation between input
and output traces. In fact, there is a one-to-one correspondence between
such a relation and a set of total functions. When the total relation is itself
functional then the corresponding set of total functions contains just one
function (i.e. the relation itself). Hence a chart whose semantics is a function
would be considered an implementation. Whenever the total relation is not
functional then the corresponding set of total functions contains a different
total function for each of the non-functional behaviours in the relation. Hence

13

a non-functional relation represents a chart that is a specification, i.e. “not
yet” an implementation. This correspondence between total relations and

sets of total functions is monotonic with respect to subset. Therefore taking

INote we again use z in [C]} represents a place holder for any of dn—for do-nothing
semantics, p-chaos—for partial-chaotic semantics, T-chaos—for total chaotic semantics,

or fc for the firing conditions semantics.
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the subset of the relation that represents a chart is the same as reducing the
number of total functions that can be said to implement that chart.

Regardless of the particular semantic model that we pick, e.g. the do-
nothing semantics, the total chaotic sematic model etc., the trace semantics
of chart C' will be a total relation that is a subset of Z¢ x 0%, - In three
of the four semantic interpretations the reactivity of a chart is inferred by
the totality of its trace semantic relation. Of course, the firing conditions
semantics introduced in Section 4.4 allows us to use charts to model a system
that terminates, i.e. a system that is not guaranteed to be reactive. The
semantic relation is still total but the behaviour, which is to output just the
signal L forever, is arguably not reactive. In any case, charts cannot refuse
input under any of the semantic interpretations.

Behaviour refinement of charts is defined in Definition 5.2.1. In this defini-
tion (and most of the definitions that follow in this chapter) we have omitted
mention of the parameter z from the left hand side. This is done to simplify
an already cluttered notation. The omission does not cause problems since
we never mix instantiations of z in in any future definitions, propositions
or proofs, e.g. we never consider both “C Q;"A” and “C Q{; A” as distinct
statements within a single definition, proposition or proof. Of course, when-
ever a statement like C' J, A is replaced by its definition all occurrences of
z that then appear follow the usual rules for bound definition variables, i.e.
all occurrences of r have to be substituted for by the same value from the
set of values that z property z properly ranges over. The variable z is rein-
troduced in Definition 5.4.1 because this is the generalisation of all of the
separate notions that we discuss in this chapter. As such the refinement re-
lation 1% is used to link the trace semantics-based refinement to the partial

relations-based refinement later.

Definition 5.2.1 For arbitrary charts A and C we have,

C3y A =g Vi; 0eing = ing A oute = outy A
(ib(inc)’ OD(outé)) € IIC]]‘: = (iD(inA)a Ob(outj)) € IIAII:

where t;,(s) restricts the range of the sequence ¢ (pointwise) to the signals in the

set S. C J, A is pronounced “C refines the behaviour of A”.

Informally this definition states that the chart C refines (the behaviour)
of chart A if and only if chart C’s observable behaviour is a subset of A’s,
in any input providing context. We introduce this notion of observation and

context in more detail in the following. We derive the following introduction
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and elimination rules for behaviour refinement.?

Proposition 5.2.1 For arbitrary charts A,C, and infinite sequences ¢ and o we

have,
c3,A

Cc3,A
] outc = outy

—— (3;
me = ing

—Bl) (;'E”)

c3,4 (il>(inc)’ 0[>(outé:)) € HC]]:
(i[>(in,4)’ Ol>(out;1'-)) € IIA]I:

(Fg )

(ib(i"C)’ Ol>(outé:)) € IIC]]: F
(U (ina)> 0l>(out;'()) € [A]Y
C3,A -

g =1ing outc = ouly

(=hy)
AQbA g1

Given this definition, behaviour refinement of charts can now be consid-
ered in terms of the following meet semilattice. Given the set © = {z | z C
I x 04 A domz =TI}, the refinement semilattice R4 is defined by the
following partial order.

Ra =45 (©,2)

Notice that this semilattice is unusual because the largest element is the
bottom element. Hence the meet of any two elements in the lattice (or their
greatest lower bound) is the same as their union. The reason it appears to be
upside down is so that the discussion here accords with other lattice-based
descriptions of refinement where it is typical that a refinement is described as
moving up the lattice. That is, the least element represents the least refined
chart.

Now we can consider R4 as a model into which all possible behaviour
refinements for chart A fit. The properties that hold of R4 allow us to
describe properties of behaviour refinement. Note that the subscript A4 in
R 4 is used only to denote that the semilattice is parameterised by A’s input
and output interface. That is, if C J, A then R4 = R¢

A useful way to visualise a partially ordered set is by considering its Hasse
diagram. (See [51] for a description of Hasse diagrams for partially ordered
sets.)

The simple Hasse diagram of Figure 5.1 gives the general idea. Note that

this diagram represents a semilattice whose elements are total relations, such

2See Section B.7 for the proofs of all propositions in this section.
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d

Figure 5.1: Hasse diagram for a simple subset partially ordered set

that I = {(z,y) | z € {e1, e2},y € {e3, e4}} for some elements e;...eq, and has
the order D. Given that each element is a total relation, the elements k, I,
m and n are functions. As one can imagine, actually drawing this type of
diagram for a chart specification is not feasible. We use them here as an
aid to description rather than suggesting that they could be used to reason
about chart refinements.

For any chart C, R¢ contains a unique least element that we will call
chaosc such that chaosc = I x 0% . All reactive systems are valid imple-
mentations of chaosc. It is at this point that we need to consider again each
of the different trace semantic interpretations introduced. The behaviour
chaosc can only be captured by a chart under the total chaotic semantics.

Consider the following chart.

[

<O

Figure 5.2: Chart C: in¢ = {a} and outc = {s}

The total chaotic interpretation of this chart is chaosc and therefore

[CT:. e = T x O% . The partial chaotic interpretation of this chart is
Truec, where [C]% .., = T¢& x Og. Note that none of the output traces of

C contain the output L in this case. Under both the do-nothing and firing
conditions semantics this chart represents a chart that does nothing for any
inputs. That is, it either outputs nothing for ever input, or “terminates”
(outputs just L) respectively. In both cases the semantics are functional

relations over C’s interfaces and therefore cannot be (behaviourally) refined.

Hence, the refinement semilattice R¢ is general enough to represent each
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of the semantic interpretations, but the chosen interpretation determines
which element, of the lattice, any chart describes. For any chart that is totally
defined the trace semantics is the same under any of the interpretations.
Consider chart B of Figure 5.3.

B8
-a/b

—al{) alf)

a/b

Figure 5.3: Chart B: ing = {a} and outg = {b}

We have that [B]? = I x 0% = Truep under all four semantic interpre-
tations. Any total trace function that maps all input traces over the set {a}
to arbitrary output traces over the set {b} is a valid implementation of the
chart B.

In general, we can say that specifying a reactive system using a chart C
is analogous to picking a particular element in the order R¢. Refinement of
that chart is then the process of following the edges in the Hasse diagram
of R¢ from that point upwards. For example, a chart that specifies the
point a in our example Hasse diagram (Figure 5.1) is implemented by any
of the functional relations k, I and m. If the first design step is a refinement
analogous to taking the edge from point a to point f, then the effect is to
reduce the possible implementations to just those represented by k& and m.
The final design step is then a choice between the implementations k£ and m
themselves.

Note that R¢ is not a complete lattice, it does not contain a top element.
If it was complete we could show that for any two specifications A and B
there exists a least upper bound T. This T would itself be a specification
in the refinement order and therefore any implementation of T would also
be a valid implementation of A and B. In other words, if R¢ was a com-
plete lattice then there would be at least one implementation that satisfied
any two specifications. That R¢ is not complete highlights the fact that the
chart trace refinement is quite different from the trace refinement of process
algebras such as CSP [42]. In such refinement theories trace semantics are
often defined as the prefix closed set of finite observable traces that a pro-

cess can exhibit. Trace refinement is then defined as a subset relation over
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these sets. Hence the set containing the empty trace, i.e. the process that
does nothing, is a valid refinement of any process. This is not the case for
charts. By definition, all charts are reactive and therefore their semantics are
defined over all input sequences. Recall that each element in the semilattice
Rc represents a total relation with domain equal to the set of input traces
I¢. Thus refinement allows us to reduce nondeterminism, thereby removing
output sequences for an input sequence that is mapped to several output
sequences, but never remove all output sequences mapped to a given input.

Another attribute of the refinement order R¢ is that it contains points
that cannot be described by any chart. While there are examples such as
chaosc that can be described in one interpretation but not others there are
other elements in the lattice that cannot be described in any of the semantic
interpretations. This can be shown using the following arguments.

There is an infinite number of subsets of I§ x O¢ and therefore an
infinite number of points in the refinement semilattice. Charts, however, are
finite in state and transition and therefore there is only a finite number of
charts one can write down. The remaining elements of the lattice cannot
be described by a chart. The subset relation used to define refinement can
distinguish between individual infinite sequences. Charts on the other hand
can at best distinguish between a class of infinite sequences with common

finite subsequences. Consider for example the following chart C.

Figure 5.4: Chart C: in¢ = {} and outp = {a}

Now using the notational convention &“ = ({},{},...), a“ = ({a},{a},...)
and a* = {{{a}1,{a}2,.--{a}n) | n € N} we have that,

[C]: ={e“} x {y" 2" |y € a’}Ua”)

Now consider the relation R = {@“} x {z7@* | z € a“}, i.e. a similar
relation to [C]“ with the exception that there is no mapping to the infinite
sequence of a’s. It is the case that R C [C]?, and therefore R represents a
point in R¢c. However, there does not exist a chart (with finite states) that
has the same meaning as R. This is clear from the definition of the chart
trace semantics and because the relation R cannot be the limit of any chain of

finite relations. The only possible candidate chain would be {R [ n | n € N}.
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However, the least upper bound of this chain must contain @“ — «“ and
therefore is not equal to R itself.

Yet another way to explain these points in the refinement order is as the
limits of infinite chains. That is, we can have a refinement sequence of the
form ¢ 3, C1 3, C; 3, ... where C; has more states than C and C, has more
states than C; and so forth. This sequence can represent an infinite chain in
the refinement order. The limit of such a chain would represent a chart with
an infinite number of states and therefore is another example of a point in
the refinement order that is not representable by a chart.

As we have said, assigning different semantic interpretations to the same
syntactic chart C can be thought of, in general, as picking a different point
in the refinement semilattice R¢c. Hence even though the definition of re-
finement in terms of the partial relations semantics appears very different
for each of the alternate semantics, the differences can be attributed to the
implicit encoding of the specific trace interpretation using a single partial
relation semantics.

On the other hand, in terms of trace semantics, refinement under each
of the alternative interpretations is defined by the same relation. Therefore
in the following we can investigate this trace refinement relation in general.
The results apply to each of the semantic interpretations because the inter-
pretation is already encoded in the traces of the chart.

Naturally it follows that if we start from a chart for which each of the trace
semantic encodings agree, such as chart B of Figure 5.3 then the refinements
available under each interpretation are equivalent. More generally though,
we can describe how each of the trace semantic interpretations fit into the

lattice framework using the following diagram:

[T,
II C]] :' chaos
[[Cll;:‘ IIC]] ‘:-::lmus

chaosc

That chaosc = T¢ x O, is the least element in this order demonstrates

that each of the possible trace interpretations of the chart C picks an element
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from the semilattice Rc. The order represented by the diagram is the same as
Rc itself. Hence, we can see that the do-nothing meaning of C can always be
considered a refinement of the partial chaotic meaning. The partial chaotic
meaning is in turn always a refinement of the total chaotic meaning of C.
The firing conditions interpretation, however, is in general unrelated to any
of the other interpretations.

This order between the alternate semantics demonstrates that [C}*

T-chaos

is the greatest lower bound of [C]; and [C]“.,... in R¢. Thus it is the most
general semantic model of the three. In particular, if we assign the total
chaotic semantics to chart C, there always exists a valid refinement of C
that is to change its meaning (explicitly) to have behaviour consistent with
one of the other two. The firing conditions semantics, however, allows us to

describe behaviour that is quite different to the other three interpretations.

5.3 Interface refinement and R

As we have already identified, the interface refinement of a chart changes
the input and/or output interface of the chart. This is considered a useful
form of refinement because the partial specification of a reactive system may
ignore some signals. Hence during design the chart’s behaviour with respect
to these previously ignored signals is defined.

While behaviour refinement 3, allows only the reduction of nondetermin-
ism, interface refinement may or may not allow the introduction of additional
nondeterminism. In the following we we make more precise the concept of
nondeterminism with respect to charts; we extend the semilattice framework
to encompass interface refinement; and then consider each of the interface
refinement relations ~7 and ~¢ in turn.

Process algebras, such as CSP, often distinguish processes that model
internal choice from processes that offer external choice. In a similar fashion
we say that a chart contains internal choice (or is nondeterministic) when,
given some input, the chart has a choice between different resulting states
and/or different outputs. For example consider the chart in Figure 5.5(a).
When chart C is in state X and is presented with an input {a} the chart
can nondeterministically choose to give the output {s} or the output {t¢}.
This is an example of internal choice. We define external choice to mean
that the environment can make the choice between two transitions. For
example consider the chart in Figure 5.5(b). When chart C’ is in state X the

environment can choose the transition taken by giving either the input {a}
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or the input {b}. Note that in process algebras it is also common to refer to
a process that exhibits no internal choice as deterministic. We use the term

deterministic in the same fashion.

c c
als als
alt b/t
(a) Internal nondeterminism (b) External nondeterminism

Figure 5.5: Internal vs External Nondeterminism

Notice that the chart C’ of Figure 5.5(b) actually demonstrates a situation
where the environment can make the choice (by giving input {a} or {6}) or
allow an internal choice by giving the input {a, b}. That is, chart C’ contains
both internal and external choice. We use this distinction between internal

and external choice in describing the effects of interface refinements.

We extend the 3, semilattice framework to encompass interface refine-
ment. When the input and/or output interface of a chart is increased the
size of the relation chaosc (i.e. the relation I x O ) increases. Because R¢
is similar to a subset semilattice with respect to chaosc, it is clear that both
the number of elements in the refinement semilattice and the number of rela-
tionships between those elements increase when the size of chaosc increases.
In simpler terms, when we increase the interface(s) of a chart the Hasse di-
agram gets bigger. A nice way to consider interface refinement with respect
to the Hasse diagram model is to imagine the two dimensional diagram for
R ¢, which we have already described, and add to this a third dimension (out
of the page). As before, following an edge up the diagram is a behaviour re-
finement. Also, we can now follow an edge that moves further away from the
page that represents an interface refinement. Hence if we have that C ~7 A
(assuming chart C increases the input interface of chart A) then this three
dimensional diagram has an edge that moves us from R4 to R¢c where R¢ is
a larger semilattice defined over chart C’s interfaces. Hence we can imagine
this more general model as a series of Hasse diagrams one behind the other.
Each of these gets progressively bigger as we move further into the page.
Refinement, i.e. of behaviour and interface, can typically be considered as

moving from one point in this diagram (the specification) through a series
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of upwards and forward edges to another point (the implementation). We
denote this more general model, i.e. the set of semilattices R¢ for all charts
C, simply as R.

This framework can be used to describe all possible y-chart refinements.
Consider yet again the chart Chaos of Figure 5.6 under a total chaotic seman-

tic interpretation. This chart represents the bottom element of the refinement
order R.

Chaos

<O

Figure 5.6: Chaos: in¢c = {} and outc = {}

The reason that this appears to be a very strange type of chaos, i.e. its
only input trace is an infinite sequence containing the empty input while
its output traces represent all combinations of outputting nothing or the
output L, is because it has an empty input and output interface. In fact,
this chart is both refined by and a refinement of the chaotic chart over any
input and output interfaces. The reason that we consider it the bottom of the
refinement semilattice R is because it is the least description of chaos. For
example we demonstrate that the chart Chaos is equivalent to the chart C of
Figure 5.2 on page 97. Consider the refinement sequence C ~¢ A ~1 Chaos.
Here we assume that chart A refines the input interface of Chaos by adding
the signal a to the input interface. Then chart C refines the output interface
of A by adding the signal s to A’s output interface. The net effect of these two
interface refinements moves us from the bottom element of R to the point
that is the bottom element of R¢. The semilattice R¢ has several elements
and therefore several possible behaviour refinements.

Another reason why Chaos is considered the bottom element of R is that
almost all practical refinement steps will entail increasing the number of
signals in a chart’s interface. As we will see, increasing reactivity is the

fundamental requirement of chart refinement.

5.3.1 Input refinement

From the outset interface refinement is easily mistaken for the common notion
of weakening preconditions that is found in other refinement theories such as

that for Z. This weakening of preconditions refers to extending the number
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of states (in the original state space) over which the operation is defined.
In Z, this means reducing the number of states in which nondeterminism is
exhibited by chaotic behaviour.

This, however, is not the correct analogy for interface refinement. The
correct analogy in a Z refinement theory would be a refinement that extends
the state space itself. In other words, one might say we are applying an
operation in a state that has more observables than the operation originally
considered. Rather than the simpler notion of weakening preconditions this
type of refinement can be considered as simulating each of the original states
by a set of states. In terms of the relational view of an operation, this means
that the relation is uniformly expanded at each point of the domain and

range. For example consider the following relations,

S e —o S; 51T, o * 51 Ty

Sz .- d 52 Sl Tz ‘>< 31 T2
o —— . omn
S2 T2 S2 T2

Assuming the left hand relation describes some operation over the obser-
vations of state S, then the right hand relation is representative of applying
that operation over an extended state in which observations can be made of
both states S and T, noting that S and T are assumed to be disjoint.

Returning to input refinement defined over the trace semantics of a chart
we see a similar effect. Increasing the signals in the input interface of a
chart C extends the relation [C]* at each point in its domain. The shape of
the relation changes in a similar fashion to the relation demonstrated in our
example above, with the exception that the range remains constant. Hence,
each of the new input sequences introduced by extending the input interface
can be uniformly related back to one of the original input sequences by the
pointwise restriction of each element of the sequence.

Input refinement is defined as follows.
Definition 5.3.1 For arbitrary charts A and C we have,

Cr1 A =def Vi;oe (ib(inc)a 0) € IIC]]: And (i1>(in,4)’ 0) € IIA]]‘:
N outc = outy

where 7 (;n,) Testricts the range of the sequence i (pointwise) to the signals in the

set ny.

Until now we have considered the trace semantics for a chart C, formally,

as a relation between input and output traces such that [C]® C T¢ x 0%
T 1
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and dom [C]; = T§. That is, we have really described only the extension
of the relation. For the purpose of proving the following rules we point out
that [C]: is a proper relation with target and source sets that are T¢ and
O, respectively. Therefore, it follows from the equality [C]* = [A]* that
outc = outa, and similarly for the respective input interfaces.

From Definition 5.3.1 we can derive the following introduction and elim-

ination rules. The proofs for these rules are given in Section B.8.

Proposition 5.3.1 For arbitrary charts A and C, signal set ins and infinite

sequences i, i’ and o we have,

C ~r A Cc N1 A (ib(inc)v OD(outé)) € '[Cn‘: @)
— = (3> - = 3
OUtC = OutA (_II) (zD(i‘nA)’ OD(outj)) € ﬂAHz n
C=1 A (il>(inA)’ OD(outj)) € ﬂA]]: _ C=7A inc=ing __
: C w (;'IIII) Ilclw — lIAllw (;IIV)
(Zl>(inc)’ Ob(outé:)) € [[ ]Ix = z
C~1 B B%IA(:'_ ) C=1A ins=1ingNinc @s.)
C~r A TV (#(ing)» ©) € [A]Z & (ip(ins) 0) € [Al7 =77
ing = ins,
ing C ins outg = outy,
—C ~ 4 37 vir) Predi P 3z vir)
A zl’ C =1Vl P -
A ing = ins,
s (i € Yo
ins C ing (z.D(mA)’ o) €l ]I: outg = outy,
(7‘[>(ins)v O) € IIA]Iz B~7 AF P
(37.1x)

P

where we assume the usual conditions for B and P in (37,) and (27,).

outc = outa  (ip(inc) Op(ourt)) € [CI; € (Io(ina)s O (ourt)) € [AL7
C ~7T A

(=P

(€D =1A]7

Crz A =

+
Ill)
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Notice in our discussion we commonly refer to input refinement as though
there is a proper order imposed by the definition. That is, an input refinement
A ~7 C only increases the signals in A’s input interface. Yet the definition
does not necessarily impose any such order. Interface refinement is defined
specifically to capture an observational equivalence. The input and output
interfaces define the context or environment that we assume for the chart.
The definition of input refinement is given precisely to model the fact that
placing a chart in a new (input providing) context should not change the
chart’s observable behaviour. The notional order of input refinement comes
from the fact that you can always increase the input interface, and doing so
allows for new interesting behaviour refinement. It is not always possible to
decrease a chart’s input interface and when it is, the result is typically unin-
teresting. Also, assuming C ~7 A where the input interfaces of A and C are
not strongly related, then there always exists another observably equivalent
chart whose input interface contains just those input signals common to both

A and C. We formalise these three observations in the following lemma.

Lemma 5.3.2 For arbitrary charts A and C, traces i and o, and signal set ins,

ing C ins
dBeing =ins A Bx~7 A

s C ing
(3B eing =ins A B 1 A) = ((iD(inA)v 0) € IIA]]: = (iD(ins)a 0) € IIA]]:)

C"~“IA
EBOi’nBz(i’ncﬂinA)/\C%IB/\B%IA

Consider the example in Figure 5.7 that is representative of all situations

in which a valid input refinement decreases the input interface.

A
a&-b/s
adb/s -a&b/t
Cc
-a&-b/t
(a) ing = {a, b}, outq = {s,t} (b) inc = {a}, outc = {s,t}

Figure 5.7: Decreasing an input interface
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We can see from this example, in which C refines A and inc C ing, that
decreasing the input interface of A merely captures the fact that the input
signal b had no bearing on the output produced by chart A.

Now we describe some further implications of the definition of ~7 in
terms of the nondeterminism that the chart under refinement contains. The

following definition formalises what it means for a chart to be deterministic.
Definition 5.3.2 For the arbitrary chart C,

det C =g4ef Vi,0,0" @ (i,0) € [C]® A (i,0') € [C] = 0=0

The first situation that we consider is taking an arbitrary chart A4 that is
deterministic and increasing its input interface to give a new chart C, i.e. we
have that C =7 A. As expected the relation ~; guarantees that chart C will
also be deterministic. Recall that a deterministic chart can be considered
a reactive system implementation. That increasing the input interface of
an implementation does not change its behaviour demonstrates that we can
place the implementation in any (input providing) context and it remains
deterministic. This is particularly important for u-Charts because they allow
negated signals in their transition guard. That this property holds guarantees
that the guard -a means the signal a does not occur as input. Consider again
chart C pictured in Figure 5.7(b). It is clear that an implementation of C
should give the output ¢ for any input that does not include a.

We formalise this property in the following lemma.

Lemma 5.3.3 For arbitrary charts A and C we have,

detA C=7 A
det C

The situation in which chart A is nondeterministic is more complicated.
Here the refined chart C has the same internal choice as A but has the ability
to offer additional external choice (see for example Figure 5.9). In order to
explain exactly what this means we need to consider input refinement and
behaviour refinement together. To do so we introduce two additional types
of refinement that distinguish the order in which respective refinements are
performed.

The first of these is weak input refinement which is defined as follows.

Definition 5.3.3 For arbitrary charts A and C we have,

C3,A =4 3BeC~rBABJ, A
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The reason we term this type of interface refinement weak is because,
like behaviour refinement, it allows only the reduction of internal choice (see
Lemma 5.3.10 for proof). Using input refinement in this fashion achieves no
more than using just behaviour refinement itself. We can see from the defi-
nition that the chart B is observationally equivalent to chart C. That is, in
any context chart B and chart C are indistinguishable—any implementation
of chart B is an acceptable implementation for chart C. Moreover, given the
nontrivial refinement C 3, A such that ing C inc, the chart B is preferable
to chart C. Chart B has a simpler definition because it mentions only signals
in the smaller signal set ing4.

Not surprisingly, the class of available refinement is larger if we increase
a chart’s input interface and then eliminate internal choice rather than elim-
inate choice and then increase the interface.

Figure 5.8 illustrates this relationship.

= B
B A ‘
E Increasing
22 U 22 ! input interface
v
C 5 B

Figure 5.8: Commuting diagram of behaviour and input refinement

That this implication holds is shown by the proof of Lemma 5.3.4 in Appen-
dex B, page 226.

Lemma 5.3.4 For arbitrary charts A, B and C we have,
ingCing C=zB B, A
3JB'eCJ,B' AB' ~1 A

Weak input refinement describes just those refinements that can be de-
rived by following the top path in this semi-commuting diagram. Of course,
this implies that there is also an equal derivation following the bottom path.

The other category of input refinement that we introduce is angelic re-
finement. Angelic refinement describes just those refinements for which there
exists a bottom path but no associated top path. Angelic refinement is de-

fined as follows:

Definition 5.3.4 For arbitrary charts A and C we have,
CQAA =def (BBOC;'bB/\B%IA)/\—!(CQLA)
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The reason we term this angelic refinement is because the original internal
nondeterminism, which is being removed, can be considered intentional. That
is, the inclusion of internal choice is used intentionally in the specification
as a method of abstraction. Thus one might consider its meaning as angelic
in that it is assumed that any implementation of the specification will make
the appropriate choice depending on the context. Angelic refinement is then
the process of defining exactly how that choice is made externally.

While weak input refinement allows only the reduction of internal choice,
angelic refinement transforms internal choice into external choice. For exam-

ple consider the refinement sequence (which reads right to left in Figure 5.9).

Cc B A
alt als /s
-als

el,- ]
Q
%)

-als /t
alt
-alt

Figure 5.9: Changing internal choice into external choice

We see from this sequence that the internal choice in chart A has become
an external choice in chart C. In fact, angelic refinement always treats in-
ternal choice as intentional, that is, it does not allow internal choice to be
implemented by simply choosing one of the branches.

From the definition of angelic refinement we derive the following intro-

duction and elimination rules.

Proposition 5.3.5 For arbitrary charts A and C, and infinite sequences ¢ and

o we have,
P =Al _‘(C;L A) =All
C Ja A _ C 4 A (ib(inc)’ ol>(outé:)) € [[C]I: 1
outc = outs FAu (i (ina)» O (outt)) € (Al A
¢ ;I.A A - ¢ Q-A A (ib(i"lA)’ Ol>(outj)) ¢ IIA]]: _
(2av) 3av)

= (ing C iny) (ib(inc)’ OD(outé)) ¢ IICII:

assuming the usual conditions for B and P.
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To prove that angelic refinement coincides precisely with changing inter-
nal into external choice we return to considering the semilattice R. For all
charts 4 and C, such that ing C in¢c, the observational equivalence relation
between such charts (i.e. C ~7 A) can be considered a relation between the
respective semilattices R¢c and R4. That is, just as we described previously,
all input refinements link a point in R¢ to a point in Ry4.

First we show that this relation is injective, i.e. functional and one-to-one.

Lemma 5.3.6 For arbitrary charts A, A’, C and C’ we have,

me = e C%IA CI%IA mng = Ny CQIA C%IAI
[cr: =I1cn; [A]; = [A];

We have already shown in the first property of Lemma 5.3.2 that the
relation is surjective. That is, each point in R4 is related to a point in
Rc. Moreover, by definition the semilattice R¢ contains more elements than
the corresponding R 4. Therefore, it follows that ~7 is not a total relation
between the points in R and R,4. That is, there are some points in R¢
that are not related by ~7 to R 4.

Now we show that the domain of the relation =~z is equal to the domain

of the weak input refinement relation 3J,.

Lemma 5.3.7 For the arbitrary charts A and C we have,

C%IA CQLA
C3,A 3JAeCrnzdA

Hence, 3, is not a total relation either. However, each chart C in Re¢,
which is neither an input nor weak input refinement of some chart A, is
nevertheless an angelic refinement of some chart A in R4. That is, 4 is
derived from C by changing internal choice into external choice.

To prove this is the case, we start by showing that any chart C is related
by refinement to some chart with a smaller interface. That is, chart refine-
ment in general is a total relation between R¢ and R 4. It is trivial to show
that for any chart C, C 3, chaosc (where chaosc = I¢ x I¢%). Furthermore,
for any chart A, that chaosc ~1 chaos, is also easily shown. Hence, chart C
always refines chaosy for any A.

Following from this we can easily show that 3, U 3 4 is a total relation

between R¢ and R4 (at least between those points that represent charts).

Lemma 5.3.8 For an arbitrary chart C and signal set ins,

s C ing
JAeing=ins A(C3, AV C 3, A)
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By definition angelic refinement and weak input refinement do not coin-
cide. Also, we have shown that ~7; U 3 4 is a total relation from R¢ to Ry
where both ~z and J, are not. Therefore, it follows that the relation 3 A
allows refinements that cannot be achieved using either input or weak input
refinement.

The set of angelic refinements is exactly those refinements that can be
characterised as transforming internal choice into external choice.

Lemma 5.3.9 formalises the fact that any angelic refinement introduces ad-

ditional external choice.

Lemma 5.3.9 For arbitrary charts A, C we have that,

Ca,4
= 3 l,» oe 11>(in,4) = i’l>(in,4) A (iD(i‘nc)'l 0) € l[C]l‘: A (i,D(i‘nC)’ 0) ¢ EC]:

In words, given C 3, A, the environment has more choice about the
output from chart C than it did about the output from chart A. This is
represented by the fact that two different input sequences i and i’, which
cause different outputs in chart C, are considered equivalent by chart A.
Since, by definition [C]?, is a total relation it follows from Lemma 5.3.9 that
chart C is defined over the input sequence i’ but must give output that differs
from o. Therefore the environment can ask the output o of chart C using
input sequence : or alternatively, it can choose output o’ using the input 7'
This choice was not available in the chart A.

Finally, weak input refinement (and therefore input refinement) cannot

introduce additional external choice.

Lemma 5.3.10 For arbitrary charts A, C, input sequences i and i’, and all
output sequences o we have,
C3, A
Us(ing) = Vp(ing) = ((i(inc)r 0) € [C]; = (V5 (ine)s 0) € [C]2)

Now we have shown that weak input refinement and angelic refinement
are both disjoint and together describe the entire class of input refinements.
Therefore, we can characterise input refinement by saying that it is useful
exactly (and only) when we wish to change internal choice into external
choice, i.e. for angelic refinement. As we demonstrated with the introduction
of weak input refinement, if angelic refinement is not intended then input

refinement is not necessary.
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5.3.2 Output refinement

Like input refinement, we give the definition of output refinement based on
a notion of observational equivalence. Unlike input refinement, we cannot
claim observational equivalence in all contexts; by definition the observations
that one can make of a chart are precisely the outputs that the chart gives
for some input. While input refinement did not change the nature of those

outputs, clearly, increasing the output interface of a chart must.

The choice of the appropriate observational equivalence, on which we
base our definition of output refinement, is again motivated by ensuring
that refinement never decreases reactivity of a chart. Hence, for any input
sequence, a refined chart must exhibit at least the same amount of output
information as the original specification. This simple restriction may appear
to require that refinement never decreases the output interface. There is
however one special case where the defined output refinement allows the
output interface to decrease. This type of refinement maintains reactivity
at the level of the control information that a chart provides rather than at
the level of individual signals. We give an example and explain this in more

detail in the following.

Now, C =~p A implies charts A and C are observably equivalent in a
context that can observe the signals in outs N outec. In words, A and C
are observably equivalent if we observe just those output signals that are
common to both A and C. Because refinement only allows an output signal
to be removed from a chart’s interface when the chart’s behaviour is totally
chaotic with respect to that signal—in practice, we assume that a designer
will rarely write such a specification—output refinement will predominantly
be used to increase the output interface. In this case, C ~» A implies there
is no observable difference between A and C in a context expecting A. That
is, C and A are indistinguishable in an environment that recognises only the

signals that 4 could output.

In terms of existing internal choice, no subtle behaviour arises from ex-
tending the output interface of a chart. As expected, when one adds a new
output signal to a chart each transition can either output that signal or not.
That is, adding a new signal is the same as adding an additional copy of
each existing transition to the chart and then adding the new output to each
of these new transitions. The new transitions output their original signals
together with the new signal. The chart can now choose either the new or

old transition nondeterministically. The refined chart contains more internal
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choice regardless of whether the original chart was deterministic or not.

We define output refinement as follows.
Definition 5.3.5 For arbitrary charts A and C we have,
C =0 A =def Vl, oe (l, oD(outé)) € I[C]I: 54 (7/, OD(out:‘L)) € [AH::

where oy, outt) Testricts the range of the sequence o (pointwise) to the signals in
the set outs.

From this definition we derive introduction and elimination rules.

Proposition 5.3.11 For arbitrary charts A and C, signal set outs and infinite

sequences %, 0 and o’ we have,

Crp A C~o A (il>(inc)’ Ol>(out({:)) € I[CII;” B
———— (o) . ne o)
nc = 1ny (1‘l>(outj-)’ OD(outj)) € lI ]Iz
Cmo0 A (is(ing)» 0l>(outj-)) € [A]2 Qs ) C=pA outc = outy @5 )
(i[>(inc)’ o[>(outé:)) € [C]: —eu [cl; = (4, e
C=pB B=zpA @z ) C=p A outs = outs N outco (3= o)
CroA eV (i’ Ob(outj)) € HA]!: Aad (i’ ob(outsl)) € HAB: —ov
oulp = outs,
outyq C outs ing = ing4,
CzOA(a_ ) B=p A+ P o
A~g C =0V P Jo v
outg = outs,
4,0 e[A]l; « . .
outs C outy ( D(‘mtj)) I “’u ing = ing,
(7, 0[>(outsl)) € IIAII:: Brp AF P
P (2o .1x)
where we assume the usual conditions for B and P.
: : (% (inc)» Ob(outé)) €[C]; &
e = 1Ny (z . o ) ) c lIA]I‘“
>(ina)r > (outt) z @b )

C%oA

Cl: =4l
% Gou
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Our definition of output interface refinement again differs from that of
Scholz. Similar to input refinement, the definition of output refinement has
no explicit constraint that restricts refinements to those that increase the out-
put interface of a chart. However, there is a similar implicit order imposed on
output refinements. Consider the following properties that are consequences

of the definition of output refinement.

Lemma 5.3.12 For any arbitrary abstract chart specification A and signal set

outs,
outq C outs

dB e outg = outs AN B=xp A

C%(QA
3B e outg = outpNoutc N C~p BAB=p A

outc Couty C=p A
(AL, =[C | {} | True];

where True is a chart that allows any output behaviour over the additional outputs

of chart A. That is, inpe = inc and outpye = outg \ outc.

In words, the first property demonstrates that there always exists a valid
output refinement that increases the number of signals that the chart can
use to control its environment.

The second property shows that, when C = A, there exists a chart B
that is observationally equivalent to both charts A and C (in the context
of B’s output interface). Recall that output refinement, e.g. C ~o A, cap-
tures observational equivalence in a context that is concerned with just those
signals that are common to both charts, i.e. ing Ninc.

The last property shows that two charts C and A, related by output
refinement where one interface is a subset of the other, can be considered as
adding or removing completely nondeterministic behaviour over some signals.

We give an example where C ~p A and [A]?Y = [C | {} | True] in Fig-
ure 5.10.

als

"""""""""""""""""" -a/ a/{s.)

-al/t

(a) (b)

Figure 5.10: Output interface refinement and nondeterministic behaviour

114



This property demonstrates the notion of maintaining reactivity at the
level of control information. Output refinement can only ever be used to
remove a signal from the output interface of a chart if that signal encodes no
extra information. That is, the chart without that signal conveys the same

amount of information to its environment as the chart with the signal.

5.3.3 Discussion

The dichotomy of interface refinement demonstrates that there is a signif-
icant conceptual difference between input and output refinement of charts.
Considering both of these refinements together as one larger class of refine-
ment appears to make the definition of an intuitive notion of chart refinement
difficult. An outcome of the investigation presented is a clearer understand-
ing of the respective roles of the input and output interfaces of a chart in
terms of both specification and refinement. We discuss these in the following
subsections.

Not surprisingly we can discuss the effect of changing the input and/or
output interface of a chart by considering the context or environment into
which the reactive system will be placed. The only pieces of information
that a chart contains about its context are its input and output interfaces.
Therefore changing the signals contained in one or other of these, which is
interface refinement, is analogous to considering the meaning of the chart
assuming a new context. This analogy allows a plausible description of why
input refinement is quite different to output refinement.

The interaction between a chart and its context, input and output, can
be equally described (from a chart’s or chart designer’s perspective) as events
that are observable and events that are controllable respectively. Following
this analogy input refinement can be considered as increasing the amount of
information that a chart can observe of its context. Output refinement can

be consider as increasing the events that the chart can control.

5.3.3.1 The Input Interface and Refinement

The syntax of u-Charts (Section 2.1) allows both the implicit and explicit
definition of an input interface for a sequential chart. When left implicit the
input interface is assumed to contain all of the signals that appear in the
triggers of the chart’s transitions. We will refer to this implicit input inter-
face as the natural input interface for a chart. This presents three situations

that we need consider in order to describe the role of the input interface.
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The case where explicit input interface is a subset of the natural input inter-
face. The case where the input interface is the natural input interface. And
finally where the interface contains additional signals to those in the natural
interface.

The first situation is an example of input filtering; that is some of the sig-
nals that are used as trigger conditions on transitions will never actually be
seen as input to the chart. The simplest way to describe the semantic effect
of input signal filtering is to consider a semantically equivalent chart that
can be derived by replacing all positive occurrences of a filtered signal with
the trigger false and all negated occurrences with the trigger true. There-
fore, as expected, a chart that implements input filtering is, in general, not
semantically equivalent to the same chart with its natural input interface.

The second and third situations can be considered as forming a be-
havioural equivalence class. That is, the behaviour of a chart that has an
explicit input interface with more signals than its natural input interface is
equivalent (according to our definition of input refinement) to the behaviour
of the chart with its natural interface. This was initially surprising because

it is trivial to show that the following property holds.

Lemma 5.3.13 For arbitrary chart C, where Cy =gef incu{y}[C], for some signal

y € ing, we have,

[Cl; # (G

This inequality arises because the two semantic relations [C]? and [C,]*
are not defined over the same domain and therefore comparing them seman-
tically using equality is not meaningful. Input refinement however, compares
the two charts over arbitrary input sequences (that is, sequences that contain,
at least, signals from the union of the respective interfaces).

Hence, we consider two charts A and C equivalent if they are inter-
refinable, for example C ~; A. Moreover, we can argue that the ability
to define an explicit input interface for charts is necessary only for signal
filtering.

In terms of refinement, recall that input refinement of a deterministic
chart produces another deterministic chart. By definition, a deterministic
chart has determined behaviour based on what it can observe of its context.
For example a chart that has a transition with the guard a means that this
transition happens if the signal a is present in the input. To be deterministic,

there must also be another transition (or other transitions) that describes the
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chart’s action when signal a is not in the input. That signal a is either present
or not present is equally determinable in a context that can only produce
signal a as it is in a context that can produce signals a and b. Therefore it is
reasonable that input refinement does not introduce new internal choice to
a deterministic chart.

On the other hand, consider input refinement of a chart that does have in-
ternal choice. In this case, the extra information that the chart can observe
of its context can be used to determine which of the previously nondeter-
ministic transitions is taken. This refinement technique was dubbed angelic
refinement earlier. Of course, if we make the choice between nondeterminis-
tic transitions before increasing the interface, that is weak input refinement,
then the extra observable contextual information can have no bearing on that
choice.

5.3.3.2 The Output Interface and Refinement

The output interface for a chart can also be stated explicitly. Again we use
the term natural output interface to refer to an interface that contains just
those signals mentioned on the actions of transitions in the chart.

Like for the input interface, defining an explicit output interface that is
a subset of the natural output interface can be considered as signal hiding.
The case where the explicit output interface contains additional signals to
the natural interface, however, is significantly different. In general a chart
that has an expanded explicit output interface is not semantically equivalent

to the same chart with the natural interface. Consider the following charts:

A B C
/s It /s /s
(a) ina = {}, outs = {s,t} (b) ing = {}, (¢) inc = {},
outg = {s} outc = {s, t}

Figure 5.11: Natural and explicit output interfaces

For these particular charts we have that A ~o C (i.e., A and C can

be considered semantically equivalent), however, B Ao C (and consequently
B foA).
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This demonstrates that the explicit output interface of a chart allows
the designer to encode more specific behaviour for a chart than the default
natural interface. In particular, the specification of chart C stipulates that
the output context of C is one that can be controlled using signal ¢ but the
specified reactive system does not output ¢.

The original u-Charts language [78] identifies that charts B and C should
not be semantically equivalent (i.e., inter-refinable). It is conjectured that the
additional condition that restricted the original refinement theory to those
refinements that strictly increase the interface of a chart, was introduced
precisely to ensure this property holds. Like the original language, it holds
of this refinement theory that ¢ 3% B3 and B /1¥C. However, there is no
explicit condition that requires refinement increase the interface of charts.

In the refinement theory presented here, refinement is a judgement made
assuming a context that is controllable by (at least) the signals in the union of
the respective output interfaces. That is, the charts A and C of our example
above are compared assuming the environment is controlled by both signals s
and t. To consider the behaviour of chart B in a context that is controlled by
signals s and t requires that we find a semantically equivalent chart B’ such
that B’ ~» B and outpg: = {s,t}. Given the presented refinement, this means
that the chart B’ has the additional internal choice of outputting signal ¢,
or not, at each transition. That is, B’ is a chart like B with the additional
transition that outputs {s,t}. Chart C is then the behavioural refinement
of this B’. Moreover, this chart B’ describes the only observably equivalent
behaviour to chart B in a context controllable by signals s and t. Because
chart B’ contains more internal choice (or contains more nondeterminism)
than chart C' we have that B 27 A.

The separate investigation of input, output and behavioural refinement
has identified three important properties of the refinement theory presented.
The explicit definition of the input interface of a chart increases the express-
ibility of the language only in the case where the natural input interface is
restricted. The explicit definition of the output interface, however, increases
the expressibility of the language in both cases, i.e. extending or restricting
the output interface. Provided we accept that semantic equality is defined
by inter-refinability, and that the observational equivalences ~7 and ~¢ are
acceptable ways of considering the semantics of a chart when placed in a

new context, then the (seemingly arbitrary) restriction of increasing inter-

3Note that the relation ;l‘:——the combination of each of the separate notions of refine-

ment presented—is defined in Definition 5.4.1.
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faces placed on the original refinement theory is not necessary. Similarly,
the definition of the partial relations refinement theory must assume refine-
ment is a judgement made in the broadest output context with the proviso
that a chart can freely choose to output signals outside of its defined output
interface.

As we see later (see Definition 6.6.2 in Section 6.6.1), it turns out that any
refinement step that removes signals from a chart’s output interface cannot
be derived using a forward simulation relation alone.

5.4 Behaviour and interface refinement

combined

While it is useful for the sake of investigation to split refinement into three
categories, it is typical to use interface and behaviour refinement together.
Therefore we give a definition and associated rules that unifies the two.

Definition 5.4.1 For arbitrary charts A and C we have,
C ;l‘: A =def Viioe (i[>(inc)7 OD(outé)) € IICI': =

(i (ina)» O (outt)) € [A]7

where s, (x) restricts the range of the sequence s (pointwise) to the signals in the
set X.

From this definition we derive introduction and elimination rules.

Proposition 5.4.1 For arbitrary charts A and C, and infinite sequences i, o we

have,
c Q::J A (iD(i"C)’ o[>(outé)) € HCH:

(i (ina) O (outt )) € [A];

(27)

(il>(inc)v 0[>(outé)) € “Cﬂ: - (iD(inA)’ Ol>(outj-)) € IIA“: S+
C 2:; A (2

Aside from these two obvious rules we give additional rules that demon-
strate that the refinement relation 3% of Definition 5.4.1 is sound and com-
plete with respect to the three separate refinement relations 3J,, ~7 and
RO.

For presentation, these rules are split into four disjoint cases based on the

relationship between the respective input and output interfaces of the charts.
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Proposition 5.4.2 For arbitrary charts A and C we have,
Case 1: ingq C inc A outg C outc

. !
cov s CB. 3B; B'e C3, B' A
-z IN ~ IN s
5 a5) ] ah)
-

Case 2: ingq C ing A outc C outy

¢ A C ~p B, 3B; Be(Crp B A
T B'3,B,B~1 A+ P B'J,BAB~1 A .
P @) C o A (=)

Case 3: ing C ing A outc C outy

oy C ~p B, 3B; B e C~p B A
=z ' i
B'~r B,BJ,AFP B'~rBABJ, A
P @) C¥ A ah
=z

Case 4: ing C ingq A outy C outc

C A C=~1 B, iB; BeC=~1 B'A
-* B'J,B,Bro AP B'J,BAB=p A .
P (ng) CQL:A (;Ilf)

where we assume the usual conditions for B, B’ and P.

Now we return to consider the reasons given by Scholz in [78] for only
allowing, by definition, refinements that strictly increase the interface of a
chart.

Firstly, that combining sequential charts using the chart operators always
increases the interface of a chart is certainly something that the refinement
notion cannot disallow. However, we do not consider this a motivation for
unduly restricting the definition of refinement.

More importantly, that refinement is transitive is a critical property for
any stepwise refinement theory. Lemma 5.4.3 (and its proof in Appendix B.9,

page 244) shows that the refinement we define is indeed transitive.
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Lemma 5.4.3 For arbitrary charts A, B and C,

C1“B B2“4A
=

This concludes our investigation and description of u-Charts refinement
in terms of traces of behaviour. Next in Chapter 6 we show how this notion
of refinement can be defined in terms of just the partial relations semantics
for charts as given in Chapter 3
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Chapter 6

Defining Refinement via Partial

Relation Semantics

Now that we have defined exactly what refinement is in terms of the trace
behaviour of a chart, we show how this refinement can be equivalently defined
in terms of just the partial relations semantics of charts given in Chapter 3.
Where the trace refinement described in the last chapter was defined as one
notion that could be applied to each of the different trace interpretations,
the partial relations refinement theory requires a separate logic (set of rules)
for each of the trace interpretations. This is because, for trace refinement,
the trace interpretation was assigned to a chart and then the single trace
refinement notion applied to those traces. The partial relations refinement
theory combines both of these tasks, that is, the refinements allowed by the
particular set of rules determine the trace interpretation. The designer uses
just the partial relation description of a chart and the appropriate set of

refinement rules for the required trace interpretation.

In fact, the exercise of deriving these rules indicates that, for the language
u~-Charts defined here, where composition is defined in terms of the partial
relations of the composite parts, only two of the four trace semantics intro-
duced are sensible interpretations. The total chaotic and firing conditions
semantics for charts are sensible, the partial chaotic and do-nothing seman-
tics are not. Therefore we derive refinement rules for the total chaotic and
firing conditions semantics only. Section 6.3 outline why the partial chaotic
and do-nothing semantics are not sensible interpretations for the u-Charts

presented.

Before giving the rules for chart refinement in terms of partial relations,

we first describe how an existing partial relations refinement theory is related
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to the trace semantics refinement. This gives us the required link to demon-
strate that the rules we give for partial relations refinement are related to the
different trace semantics models and the resulting trace refinement that we
outline in Chapter 4. Rather than reconstructing this link from scratch, we
use the link that exists between charts and Z and existing work that relates
Z refinement to abstract data types (ADTs).

In [16, 88], a framework for considering Z specifications and Z refine-
ment in terms of ADTs is introduced. The idea is to map a “standard” Z
specification, i.e. state schema, initialisation schema and operation schemas,
into a relational setting. Broadly a relational ADT is a tuple of the form
(X, zi, zf, Ops) such that: X is a state space; zi is an initialisation relation;
zf is a corresponding finalisation relation; and Ops is an indexed set of rela-
tional operations. The initialisation and finalisation relations map a global
observable state into the ADTs private state and vice versa. A program of
an ADT is defined as a particular sequence of the indexed operations upon
a data type, preceded by initialisation and ended by finalisation. This map-
ping is used to derive a data refinement theory for Z specifications from the

existing refinement notion for partial relations ADTs.

Given that the partial relation semantics for u-Charts is defined via Z
we can fit charts into the same framework. Recall from Section 3.7 that
the translation of a chart into its “Z meaning” gives us a state space, an
initialisation schema and one operation schema, the operation schema being
the description of every step that the chart can take. So, if we view this Z
description of a chart in the ADT framework we can say that any program
allowed by the chart is an example of composing the step operation together
with itself again and again. Of course, since we want to compare this with the
trace semantics what we are really interested in is the sequences of inputs and
outputs that result from such programs. If we imagine running this program
over all possible input sequences and recording the resulting output sequences
then we have exactly the trace semantics of the chart. In fact, because we
have defined the trace semantics over infinite sequences of input and output

we need to imagine composing the step operation with itself indefinitely.

In the following we show how the Z / ADT results generalise to charts.
In particular we show that the ADT view of a chart can be considered as
giving the trace semantics of that chart. Then we define the two notions of
partial relations refinement for charts based on the existing notions of partial

relation refinement for Z.
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6.1 Relational ADTs with 10

In [16], Derrick and Boiten give a description of the ADT framework that
allows operations to deal with inputs and outputs. The central idea is that
there exists some global state G such that:

G = seq Input x seq Output

A program of an ADT can then be considered as a relationship between two
global states. The definition of refinement is given by comparing programs
from two different ADTs. It is typical to talk about an abstract and a
concrete ADT, where the assumption is that the concrete ADT is a refinement
of the abstract.

Consider the following diagram that is common to most descriptions of
ADT refinement.

; - I —
i AOp, . AOp, : ' AOp, '
] 1l 1 ' L}
v ' ' ' '
' "
Alnit 1 ; E ; | AFin
' [ ] '
(is, ©) 'R 'R 'R 'R R (is’, 0s)
' ' 1 ' '
Clnit ; E ! CFin
' . : ' '
' ' ' ' '
1 cop, : COp, : cop, !
; :

Figure 6.1: ADT Refinement Illustration

This diagram represents two ADTs, A = (AState, AInit, {AOp;}ien, AFin)
and C = (CState, CInit,{ COp; }ien, CFin) respectively.

We define the programs P} = Alnit 3 AOp; § AOp2§...3 AOp, § AFin and
P! = CInit §$ COp; § COp2 § ... § COpy, § CFin over the respective ADTs A and
C. P! and P! are conformal programs because they have the same length
and comparable operations. For example, it is assumed that the operation
COp; simulates the abstract operation AOp; in the concrete ADT. The data
type C is said to be a refinement of A when, for any pair of conformal
programs, any observation that can be made of the concrete program is a
possible observation of the abstract program. By observation we mean a
pair of global states that consists of the global state we start the program
in and the global state in which the program ends, in our case input and
output sequences. In this input/output sequence model, assuming that C
is a refinement of A, we have that any sequence of outputs os of length n
that the program P! can produce whilst consuming n elements of the input

sequence is is also a sequence of outputs that the program P? can produce
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whilst consuming the same input sequence.

Now we represent the meaning of the programs P? and P} respectively
as a relation between input sequences and output sequences of length n.
Assuming the global input sequences range over some type Input (modelling
the appropriate input context as described in Section 5.3) and similarly the
output sequences over some type Output, then the meaning [.]’, of the program
P™ is given as follows.!

[P1; € (T x 07)

With respect to the diagram of Figure 6.1 we have that [PZ2]’, is a relation
between the input sequence is and the resulting output sequence os. Notice
that there is an implicit assumption in the original ADT framework which is
that the sequence is has at least n elements. That is, applying the program
P! (assuming n > 0) from a state that represents an empty sequence of
inputs is not well defined. Also, the output sequence os always has exactly
n elements. We assume that the sequences in both the domain and range
of the relation [P"]) have exactly length n. In the original ADT framework
applying a program from a state that has more than n inputs takes us to the
same state as applying the program from a state that has exactly the first
n inputs only. Hence, that the relation [P"]’, only considers input sequences
of exactly length n captures all of the necessary information of the original
framework. The final assumption that we make is that [P"], is a total
relation. That is, it is defined over all sequences of inputs of length n.

From the standard account of data refinement we have the following def-
inition.

Definition 6.1.1 Given two abstract data types A and C as described above,

for all pairs of conformal programs P? and P! of length n we have,
C 3,4 =ay [P], CIP:];

In words, this definition states that the ADT A is a data refinement of
the ADT C if and only if the observable behaviour of running any program
in the concrete ADT is a subset of the behaviour observed when running
the conformal program in the abstract ADT. This definition follows directly
from the definition of data refinement where each different input sequence

represents a different state from which the program is started.

1We generalise the sequences that we introduced in Section 4.6 such that Z* denotes
the set of all finite sequences ranging over elements of the type Input and similarly O*
denotes all finite sequences ranging over Qutput. The infinite sequences 7% and (0* are
similarly defined.
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We have omitted an important detail so far, which is that the data re-
finement framework presented in both [88] and [16] assumes that the rela-
tional semantics of operations are total. Embedding Z-based ADTs into this
data refinement framework therefore requires the definition of a totalisation
scheme to make the partial relations semantics for Z schemas total. There are
several well-known [16, 88] and well-investigated [18, 19, 53, 20, 17] schemes
for totalising the partial relations. The two that we are interested in here are
the total chaotic completion and the firing conditions? totalisation models as
discussed in Chapter 4. Importantly, this means that we are using the d in
the relation 3, of Definition 6.1.1 and in the operator [.]; as a place holder
for two different notions of refinement. In particular, the d can be replaced
with 7-chaos to represent the total chaotic totalisation or fc to represent the
firing conditions model of data refinement.

Here we chose to deal with infinite input and output sequences. Recall
that the length of the output sequence is determined by the number of op-
erations in the program, that is, output is defined by performing one of the
program’s operations on an input. Therefore, to consider infinite output se-
quences, we need also consider programs that contain an infinite number of
operations. Fortunately, we only require programs that apply one of a finite
set of operations infinitely many times. In fact, our case is even simpler in
that there is only the one step operation of a chart to consider. Moreover, an
assumption of the relational ADT framework is that each relational operation
is total. These conditions mean that there is no unbounded nondeterminism
present in the programs and that we do not need to consider nontermina-
tion of an operation. Henceforth, we will refer to such programs as infinite
programs.

Now, given an arbitrary infinite program P = Init $ Op; § Op2 § ..., such
that for all i Op; is an element of a finite set of operations, we have that the

meaning [.];” of P is such that,

[PI € (2 x O%)

where parameter d is used again as described above.

We introduce notation to represent the finite truncation of an infinite
program. For the arbitrary infinite program P = Init § Op; § Op2 § ... the
expression P | n = Init$ Op; § Op2 §...§ Opy, § Fin, that is, the program P [ n

represents interrupting the infinite program P (i.e., applying finalisation)

2In the work presented by Derrick and Boiten [16] the firing conditions semantic inter-

pretation is referred to as the behavioural interpretation.

127



after the first n operations. Because of this finalisation we also have that
P | n = P" for all infinite programs P and associated finite programs P".

Now we can define [.]}” in terms of [.]; as follows.

Definition 6.1.2 For the arbitrary infinite sequences ¢ and o, and infinite pro-
gram P = Init $ Op; § Op2§ ...,

(i,0) € [P =aef Yno(ilmoln)€[PInl]

where the truncation operator s [ n is defined as in Definition 4.6.2 of Section 4.6.

Given this definition for the relation [P]}’, we can show that the Propo-
sition 6.1.1 holds for all infinite sequences of input and output, i.e. Defini-

tion 6.1.2 is monotonic with respect to subset.?

Proposition 6.1.1 For all conformal infinite programs P, = Alnit $ AOp; §
AOpy ... and P, = CInit § COp; § COp2 3 ... we have,

[P C [Py & Vne[P.[n];,C[Ps]n]]

Proposition 6.1.2 follows trivially from Definition 6.1.1 and Proposition
6.1.1.

Proposition 6.1.2 Given two abstract data types A and C as described above,

for all pairs of conformal infinite programs P, and P, we have,
CJgA & [P]y C Py

Given Proposition 6.1.2, if we can show a data refinement holds between
an abstract and concrete ADT then we have shown that any observation of an
infinite program over the concrete ADT must also be a possible observation

of its conformal program in the abstract ADT.

6.2 Charts and ADTs

We show how the partial relations semantics for charts fits into the relational
data type model.

The account of ADT refinement that we gave in the previous section made
the simplifying assumption that the types of inputs and outputs associated
with the two programs P? and P are the same. For our purposes this simpli-

fying assumption is too strict. Recall that the input and output interface of

3See Appendix B.10, page 245 for proof.
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a chart can be changed via refinement. Weakening the assumption of equiv-
alently typed input and output for both abstract and concrete programs is
achieved using the respective initialisation and finalisation relations in con-
junction with the notion of an observable context for charts. Recall that
our exposition of input and output refinement in Section 5.3 identified that
refinement is a judgement made in the broadest input/output context with
the proviso that a chart can choose nondeterministically to output signals
outside of its defined output interface.

We use the respective initialisation and finalisation relations to make
the ADT’s global state model the appropriate input/output context. The
observable behaviour of the ADT (i.e., the global state) is a context in which
the abstract and concrete charts share the same inputs and outputs. The
initialisation relation maps the global input sequences into appropriate input
sequences for the respective charts. Similarly, the finalisation relation maps
the outputs from the respective charts into the global output sequences.

From this we make the necessary link between the semantics for a chart
C given by embedding the Z model of a chart in an ADT framework, that
is, [Pc]}” where P, = Init} g CSys* 3 CSys*g...,* and the trace semantics that
we defined in Section 4.6 (page 85), i.e. [C]".

Proposition 6.2.1 For arbitrary chart C and sequences i € I% and o € O¥,
(i,0) € [Pe]y” & (i(inc) Ob(outé)) e [C];

Note that we use the variable d in the operator [.]4 instead of the z that
was introduced in chapters 4 and 5 (in particular in Definition 5.4.1, page
119) to ensure that both the left and right hand side of Proposition 6.2.1 are
parameterised by the same semantic interpretation, i.e. the variable d binds
properly. We rely on the careful construction of the framework presented and
the demonstration of the different possible trace semantic interpretations of
charts given in Chapter 4 as proof of proposition 6.2.1.

Now using Definition 5.4.1 and propositions 6.1.2 and 6.2.1 it is trivial to
show that the trace refinement defined in Section 5.4 (page 119) is equivalent

to data refinement between the appropriate ADTs for two charts.

Proposition 6.2.2 For arbitrary charts A and C,

CI4 e CJ, A

4The notation Im’té and CSyst is used to denote a suitable totalisation of the par-
tial relations described by the schemas Initc and CSys, respectively. The appropriate
totalisation is determined by the semantic model assumed for the charts as described in

sections 4.3 and 4.4.

129



As demonstrated in Chapter 4, the choice of the ADT refinement notion
(i.e., depending on how the partial relations-based operations and simula-
tions are made total) determines which of the total chaotic or firing cond:-
tions trace interpretations is assumed.

The remainder of this Chapter shows how we are able to follow the well-
known relational ADT approach (for example see [16, 88]) to derive refine-

ment rules for charts in terms of their partial relations semantics.

6.3 Implicit chaos vs. explicit permission to

behave

It is well known that the special value 1 is required for the standard em-
bedding of a partial relations semantics in a relational ADT framework for
refinement. This is also true for the u-charts partial relations semantics.
While the need for the special value L is well documented in the existing
literature, the exact role of this value is less clear.

In [88], and more recently [20], the use of L to lift the partial relations
semantics of Z is introduced and investigated.

Woodcock and Davies [88] illustrate that lifted totalisation (totalisation
after adding 1) ensures that undefinedness is propagated through relational
composition. Conversely, non-lifted totalisation (totalisation without adding
1) can lead to non-strict recovery from chaos. That is, if we consider rela-
tional composition in computing terms as applying one operation after an-
other, then chaotic behaviour by one operation can be recovered by applying

the next operation. This property is formalised in the following proposition.
Proposition 6.3.1 There exists a schema & such that:

Chaos gr.c = Chaos

© o o
Chaos gk =K

where § is the non-lifted totalisation of the relation S and S represents the lifted
(with 1) and totalised relation S.

From [88] it appears that this is the significant role of L in giving a partial
relations refinement theory. This role of L is clearly significant when we
consider refinement of conformal programs over respective ADTs. However,
it is not made clear that the additional refinements allowed by L, i.e. those

that allow chaos to persist, require that the concrete state space is extended
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to include a state that essentially simulates 1. That is, the generality of
data refinement is required to extend the abstract domain of the ADT. We
explain the notion of simulating L in terms of charts in the following. Also,
the Woodcock and Davies account [88] does not identify the other significant
role played by 1.

Deutsch, Henson and Reeves [20] show that introducing L to a partial
relations semantics allows a distinction to be made between implicit chaotic
behaviour and the explicit permission to behave chaotically. Using the nota-
tion of [20], this can be formalised as:

Proposition 6.3.2
True # Chaos

where True = [T | true], Chaos = [T | false] and ,;‘ represents the lifted (with L)

and totalised relation S.

The investigation of [19] is concerned with the rdle of L in defining a
partial relations theory for operation refinement (i.e. a subset of data refine-
ment where all simulations are identity relations). In operation refinement
the essential role of L is clearly not the propagation of undefinedness because
refinements that realise this role of L require the more general framework of
data refinement. For operation refinement the essential role of L is related
to the preconditions of operations, in particular distinguishing implicit chaos
from explicit permission to behave chaotically.

In terms of encoding chaotic behaviour in u-Charts, the value L also plays
two roles. The first is to allow chaotic behaviour to persist in general. That
is, after seeing an input for which no specific behaviour is defined, a chart is
free to behave in a chaotic manner indefinitely. This role can be seen clearly
in Section 4.3 where the name L is used for the additional state required to
encode total chaotic behaviour in charts. This role of L as a special “unde-
fined” state corresponds closely to the justification for 1L given by Woodcock
and Davies [88] outlined above. In chart terms, the state L models a state
that is reached when no defined transition can be taken. This state can
then be simulated by a new chart state during refinement. This new state
allows the refined chart to have behaviour that represents a refinement of
persistent chaos. In practice, undefined behaviour in a chart often represents
exceptional circumstances. The state L allows this exceptional or undefined

behaviour to persist. For example, consider charts 4 and C of Figure 6.2.
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C
ok / blinkGreen —ok / blinkRed

A
ok / blinkGreen —ok / blinkRed

& ok / blinkRed

Figure 6.2: Refining Persistent Chaos

In this example we have that C iy A (that is, C refines A using a
forward simulation). This refinement holds because the state Y simulates
the “state” L.

A model without the state L would allow only refinements that resolve
this unexpected behaviour in one step. This would rule out the refinement
demonstrated in the example in Figure 6.2. In particular, any refinement
would be constrained to output blinkGreen whenever the input ok was present.

The partial chaotic trace semantics for charts is an example of a seman-
tic interpretation that allows just one-step resolution of chaotic behaviour.
This one-step chaos was identified by Scholz [78] when attempting to give
a relational semantics to charts for the purpose of using model checking for
verifying chart properties. Scholz did not consider using any mechanism such
as 1.

The second role of L in charts is to distinguish between undefined be-
haviour and explicit permission to behave chaotically. This is a requirement
of p-Charts because of the definition of the language operators. The def-
inition of composition is given in terms of the partial relations semantics
of the composed charts. Chaotic (i.e. undefined) behaviour in one part of a
composite chart causes chaotic behaviour in the composition itself. However,
composition of defined behaviour (in particular explicit permission to behave
chaotically) in one part of a composite chart does not force the composition
to behave chaotically. Because the semantics differentiates between Chaos
and True then the refinement notion for charts must also. Proposition 6.3.3
demonstrates that the composition operator dictates that Chaos and True

are distinguishable.

Proposition 6.3.3 For the arbitrary chart C and signal set ¥, we have

[Chaos | ¥ | C]? = [Chaosc]?
[True | ¥ [ C], = [CIY

where Chaosc is similar to Chaos except that increes, = inc and outcreese =

132



outc.

Therefore, the mechanism L ensures that the refinement notion for charts
accords with the partial relations semantic definition. In particular, it ensures
that True J,, Chaos (i.e. True refines Chaos) but Chaos B, s True (Chaos is
not a refinement of True).

Of course, it is possible to give an alternative definition of the semantics
of composition that does not require this distinction between True and Chaos.
We discuss this possibility and the associated trade-offs in Section 7.2.

Now we consider this observation about the role of L in terms of the four
semantic interpretations for charts that we outlined in Chapter 4. For the
total chaos and firing conditions semantics, implicit (Chaos) is distinguishable
from explicit (True). That is by definition,

[Chaos]® # [True]” and,

T-chaos T-chaos

[Chaos];; # [True];

Moreover, in both of these models the composition operator behaves sen-

sibly. That is, the following lemma holds in general.
Lemma 6.3.4 For arbitrary charts A, B and C, and signal set ¥ we have,

(ALY cheee = [BI = [A]Y]|C) oo =B Y| CT]

T-chaos T-chaos T-chaos T-chaos
However, for the partial chaotic trace semantics we have,
Definition 6.3.1

[Chaos]* = [True]

p-chaos p-chaos

Hence, it follows from our general argument that the composition op-
erator for charts does not always behave sensibly. Under the do-nothing
interpretation we have a similar situation because the following property

holds.

Definition 6.3.2

[Chaos];, = [DoNothing]’,

dn

where the chart DoNothing explicitly encodes a chart that never outputs any

signals.

An interesting observation is that, given the defined semantics of compo-
sition, the firing conditions semantics relates to the do-nothing semantics in

the same way that the total chaotic semantics relates to the partial chaotic
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semantics. The chart Chaos introduced above behaves like Abort under the
firing conditions semantics. In particular, if the behaviour of one part of a
composite chart “aborts” then the composed chart itself “aborts”. In the
same situation, the do-nothing semantics behaves like a “one-step” abortive
process. That is, undefined behaviour (and therefore do-nothing behaviour)
in one part of a composite chart causes the composed chart itself to do-
nothing, but just for that particular input or step.

Two significant outcomes result from the investigation presented in this
section. The first is the identification of the purpose of the (somewhat mys-
tical) value L in the definition of the u-Charts language presented. That
is, the value L is firstly a technical device used so that implicit chaos is
distinguishable from explicit permission to behave chaotically. This is nec-
essary because the language operators encode an “intrusive” chaos due to
their definition in terms of partial relations. Secondly, L is required (in the
more general data refinement framework) so that charts can model persistent
chaotic behaviour.

We also note that the partial chaotic and do-nothing semantic interpre-
tations are not useful under the given definition of charts. In particular,
following the “usual” ADT embedding will not result in a refinement theory
that is comparable to the respective trace semantics. Any such refinement
theory will distinguish implicit ( True) from explicit (Chaos) where these trace
semantics do not. Therefore, attempting to derive such refinement theories

for these two semantic interpretations is not useful.

6.4 Simulation and corresponding states

Before we derive the refinement rules for the two relevant trace refinement
notions we briefly introduce and discuss the concept of simulation. When
comparing two charts based on input and output traces, that is, checking for
or calculating trace refinements, the state information of the charts is already
abstracted away. This is not the case, however, when working with the partial
relations semantics. We must have a way of comparing the states of one
chart with another. This is exactly the task of simulations, sometimes also
known as retrieve relations, abstraction relations, or coupling invariants [16].
Something as simple as changing the names of the states from the abstract
chart to the concrete one requires that we have a simulation relation that
maps the abstract state names into the new concrete state names.

Figure 6.1 of Section 6.1 (page 125) illustrates a simulation relation which
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is labelled R. A simulation relation encodes the relationship between the
states of the abstract specification and the states of the concrete specification.
As this figure illustrates, the simulation R creates a series of commuting
squares. This allows us to prove the necessary refinement properties for
each of the associated operations (in our case there is only one) and use
an inductive argument to show that the refinement holds when we compose
(in an appropriate order) operations together into programs. Because the
simulation R is a relation, it can be used in either direction. That is, we
can assume that R relates the abstract states to the concrete states or vice
versa. Except to say that we use the terms forward simulation and backward
simulation respectively to represent this notional order, we refer the reader
to [16] for a detailed description of the concepts of data type refinement.

According to the theme that has been common throughout this disserta-
tion, there are two ways in which simulation relations are used or created.
A simulation relation can be created in order to guide a refinement of one
chart into another. This type of simulation is common in the ADT world
where it is typical to consider data refinement as a way of refining some data
representation into another, for example refining sets into lists.

Alternatively, a designer may have created two charts and wish to show
that one refines the other. In this case, the importance of the simulation
relation is its existence. That is, given the two existing charts, we can show
that they are related by refinement by showing that a simulation relation
exists between them.

In the first case the relation is designed for a specific transformation
that the designer wishes to make to a specification. The new corresponding
operations can often then be calculated to ensure that programs (in our case
input/output traces) over the new state space have a refinement relationship
to those over the existing state space.

In the case of pre-existing abstract and concrete charts it is typical to
calculate the relation and then show that it is indeed a simulation. This again
means the relation itself is less likely be illustrative of the design decisions
that it captures. This type of use of simulation, however, is predominant in
process algebra refinement theories, for example the use of simulation in 10
Automata [52].

As discussed in Section 6.2, the initialisation and finalisation relations are
used to modify the observable input and output sequences to allow for the
interface refinement introduced in Section 5.3 (page 101). The simulation

relation must also account for interface refinement. We split the definition
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of the simulation relation into two separate parts. The first part is the
simulation between states of the respective abstract and concrete charts. We
will refer to this part of the simulation as the corresponding relation or Corr$
for a simulation between charts A and C. The following Z schema gives the

general scheme for the corresponding relation:

_ Corrg
Charty
Charty,

P

The predicate P defines the simulation relationship between the states of the
respective charts A and C.
Note that we use the notational convention Corr{ assuming:

Corr§ =4er [Chartc; Chart)y | PlaCharta/aCharty, aCharty, /o Chartc|]

The second part of the simulation relation accounts for interface refine-
ment as described in Section 5.3. Unlike the previous part of the simulation
relation, where the predicate P differs for each refinement application, the
relationship between input and output can be given in general for all refine-
ments. Using this general relationship in the framework presented guarantees
that the allowable interface refinements accord with those described in Sec-
tion 5.3.

For arbitrary input interfaces iny and inc, and output interfaces outy
and outc, we have,

—_I04
14 1 1n4

i ing
04 : outy
oy @ outc

g Ning = 'iIC Ning
04 Noutc = op N outy

The schema IO is constructed so that [IO0],  represents a relation from
bindings of type Vi° to bindings of type V2. Importantly, when this relation
is combined with the corresponding relation we get a schema representing the

simulation relation between charts 4 and C that has type P(Ti v T").?

5The schema [ OE is also defined in the obvious way.
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Definition 6.4.1 For charts A and C we have,
R =g4er Corr A 104

where [[R]Inz)((?",‘OYTgﬂ).

Significantly, when using the refinement theory presented the developer
need only define the relationship between states of the “refining” and “re-
fined” charts. The input/output relationship or interface refinement is always
constrained by the general relationship identified by the schema IO.

Given this inherent structure that is present in all simulations required
by the partial relations refinement calculus for charts we give the following

useful introduction and elimination rules.

Proposition 6.4.1 Given arbitrary charts C;, Cs, related simulation S, and

bindings z1T3, zQT“, we have

n*xzh €S _ nx2 €S
N — - - (S;01)
21.10,Ning, = 22.1¢,N ngy

S-
21.0¢, N outc, = z.0¢c,N outc, (Sio2)

7x2 €S 5= 2 x2 €S
103

104 )

zl*zééIng‘ zl*zQ’éCorrgz’

zx2p € Corrgz‘ zlusz'éIngl

+
10 )

nxz €S

where [ICg]]Z:_, HCI]]ZS,» T, < T;, T, X T, and T; and T, are disjoint.

The related proofs are given in Appendix B.11 (page 247). Also, lem-
mas B.14.1 and B.14.2 give specialised rules for dealing with simulations
between composed charts and charts that use the interface operator respec-

tively.

6.5 Partial relation refinement

Finally, we derive partial relations refinement rules that capture the total
chaotic and firing conditions trace semantic interpretations for charts. The
derivation of the different sets of rules closely follows a similar treatment by
Derrick and Boiten in [16].

We embed the Z-based chart ADT presented so far into a relational data

type as follows:
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Definition 6.5.1 For an arbitrary chart C and all sequences si and so, the Z
ADT semantics (Chartc, Initc,{CSys}) is embedded in the relational data type
(CState, CInit,{ CStep}, CFin), such that,

CState =gef T x O x Ue
Clnit =g4e {(5i = (Sip(ing)s (), 2)) | 2 € Initc}
CFin = gef {(8i5(ing)» S0 (oute)r 2) = 80 | z € Chartc}
CStep =g4er {(17 51, 50, 21) — (51,5070, 22) |
21 % (icDi, 0020 ) xz € C}
The embedding of the simulation R gives the simulation relation S between

the ADTs representing charts A and C.
Uc

For arbitrary sequences si and so, and bindings z,"¢ and zQUA we have,

S =def {(Sis(ina)s S0 (outa)> 21)  (Sis(ing) SO(oute) 22) | 21 % 2 € Corrd}

Note, the sequence so may represent the empty sequence when S is used
to relate the abstract ADT to the concrete ADT directly after initialisation.
The sequence s: is an infinite sequence and therefore cannot be empty.

We show how the simulation relation S relates to the simulation R in
propositions 6.5.1, 6.5.1 and 6.5.2.

Proposition 6.5.1 For arbitrary sequences si and so, and bindings leC, zQUA,
Tin T
z, * and 2, © we have,
((21.34) 7 St (inn)» 00 (outa)» 21) — ((T2.1C) 7 St (ine:)r SO (oute)» 22) € S
& [See Appendix B.12 (page 248) for details]
Vrzzedrye 2z xTyx 3% 25 x 2% T, € R
Proposition 6.5.2 For arbitrary sequences si and so, and bindings lec, z2U",

out Tout

4 and z, © we have,

T3
(885 (ina)» 595 (outa) (23:04), 21) = (Sip(inc)» S0 (oute) (Ta-0C), 22) € §
& [See Appendix B.12 for details]

Vzye3zi @2 %1y xT3 %25 % Ty * Ty € R

Proposition 6.5.3 For the arbitrary sequence si, and bindings zIUC and zQU"‘ we
have,

(82 (ing)» (1 21) = (Sip(ine), () 2) € S
& [See Appendix B.12 for details]

21 * 2y € Corrf
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6.6 Total chaos refinement

6.6.1 Forward simulation

We start by deriving the rules for the total chaotic interpretation. Derrick
and Boiten [16] give five refinement conditions that are necessary to show
that a relational data type C refines a relational data type A using a for-
ward simulation S. They begin by lifting and totalising the relations of the
respective data types. As expected, this lifting and totalising is the same as
the completion of the partial relations semantics that we outlined in Chap-
ter 5. Derrick and Boiten refer to the total chaotic interpretation as the
contract approach. After giving the necessary lifted totalised relations they
show how the five refinement conditions, referred to as initialisation, finalisa-
tion, finalisation applicability, applicability and correctness, can be simplified
(“relaxed”) to remove any reference to the introduce value L. We give the

five relaxed conditions and refer to [88] for their derivations.

Definition 6.6.1 Assuming data types A = (AState, Alnit, {AStep}, AFin) and
C = (CState, CInit, {CStep}, CFin), a forward simulation S is a relation from
AState to CState satisfying the following conditions:

CInit C Alnitg S (initialisation)
S g CFin C AFin (finalisation)
ran((dom AFin) < §) C dom CFin (finalisation applicability)
ran((dom AStep) < S) C dom CStep (applicability)
((dom AStep) < S) g CStep C AStepg S (correctness)

Now we use each of these conditions along with the relational embedding
defined in Definition 6.5.1 (page 138) to derive corresponding conditions ex-
pressed in Z.

Proposition 6.6.1 gives the Z condition related to initialisation:

Proposition 6.6.1

ClInit C AInity S
& [See Appendix B.13 for details]
Vyc® ye é Initc = 3t e 1) éInZtA /\tl*yé €R

Unlike the derivation provided by Derrick and Boiten [16], the finalisation
condition does not hold trivially for charts. This difference arises because

the derivation for Z refinement makes the assumption that both the abstract
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and concrete ADTs have equivalently typed input and output, whereas the
derivations required here do not. In Section 5.3.3.2 (page 117) we discussed
in detail the subtleties of the definition of the output interface of a chart.
Also, recall that the refinement for charts is a judgement made in the broadest
input/output context (i.e., an environment that can be controlled by at least
the signals from the output interfaces of both the abstract and concrete
specifications). Here the finalisation relation is used to map the behaviour of
each chart into this so-called “broad” context. This ensures that the derived
refinement notion accords with the trace refinement outlined in Section 5.
Now, if the output interface outs of the abstract chart A is not a subset
of the output interface outc of the chart C, then the finalisation condition
fails. Take for example the case where outc C outs: the simulation maps
the larger output interface of A into the smaller interface of C; the concrete
finalisation maps this smaller interface of C back into the “broad” interface
(in this case the interface of A); the composition of the simulation and the
concrete finalisation results in a non-functional relation, whereas the abstract
finalisation is the identity relation. That is, the case where outc is a subset of
outa is a counter-example that demonstrates why the finalisation condition

does not hold trivially for u-Charts.
Proposition 6.6.2

S s CFin C AFin
& [See Appendix B.13 for details]

outg C outc

Because the given finalisation relation is total over all output sequences

and states of the respective charts, the finalisation applicability condition
holds.

Proposition 6.6.3

ran(dom AFin < S) C dom CFin

& [AFin is total: dom S C dom AFin)]
ran S C dom CFin

& [CFin is total over the target set of S|

true

Unlike the derivations given in [16], we can show that Pre and “dom”

do coincide in the relational embedding given here. This is because, in this
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embedding, the relational operation CStep relates infinite input sequences to
finite output sequences. Hence it is never the case that ((), 0s, z) € dom CStep.
In other words, there is always an input available in the head of the input
sequence. That an empty input sequence is a possibility in the derivation of
the Z refinement rules (from the assumption that programs and hence their
respective input and output sequences are finite) is the reason that Pre and
dom do not coincide in the derivation given in [16).

For an arbitrary chart C we have:

Proposition 6.6.4

(Tic-ic” Sty (ine:) 50, 2) € dom CStep
<  [See Appendix B.13 for details]

Pre C (2 % Tic * Ty)

Now for the applicability condition we have:

Proposition 6.6.5

ran((dom AStep) < S) C dom CStep
< [See Appendix B.13 for details]
V Ya, Yc ® Pre ASys ya A ya xy. € R = Pre CSys y.

And finally, for correctness we have:

Proposition 6.6.6

((dom AStep) <1 S) g CStep C AStep s S
< [See Appendix B.13 for details]
VYa,Yerbze ¢ (Pre Aya Ayaxy, € RAycxkz.' € C) =
Jtey,xt' EANtxkz. €R

The derivations of propositions 6.6.1, 6.6.2, 6.6.5 and 6.6.6 give us the
Z conditions necessary to show that a relation R is a forward simulation be-
tween two charts A and C under the total chaotic interpretation of the partial
relations semantics. As we have shown (see Section 4.3 and Proposition 6.2),
it follows that chart C refines A in the total chaotic trace interpretation for
charts. In line with the natural deduction style presentation that we have
adopted, Definition 6.6.2 gives introduction and elimination rules for forward

simulation total chaotic refinement:
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Definition 6.6.2 For arbitrary charts A and C, and bindings yaT 4 ye €, and g, Te,

we have,

F outs C outc

Ye € Inite Foa; € Inity
ye € Initc Fa*xy.€R
Pre Avy,, ya*y. €R F Pre C y.

Pre Aya, Ya* Y. ER, yextz. €C Fy,xb €A
PreAya, ya*y.,:GR7 yc*l_Zc’éC '—bl*l_cheR

+
¢, 4 (27)
Ca,4 C 3,5 A y€ Initc aléIm'tA,al*y(’_.eRl—P(j_ )
outy C outc () P =rfn
CJ;A PreAys yarxy €R __
Pre C y, ;'ffm)
. Yo % b) € A,
CJ1.,A PreAy, yo*xy.€R *tz.'€eC
=rf Yo Yar*le Yo r T2 bixbz. €RFP
P (g"’flV)

where the usual conditions hold for a;, b; and P.

Notice, the rules for forward simulation refinement presented here are
(with the exception of the additional initialisation and finalisation conditions)
very similar to the rules presented by Deutsch and Henson in [19] for SF-

refinement.

6.6.2 Backward simulation

For backward simulation we introduce a simulation R? which is defined in
the same way as the simulation R, introduced in Definition 6.4.1 (i.e., using
schemas Corr§{ and 10{). R is defined in the obvious way such that the

following proposition holds:

Proposition 6.6.7 For arbitrary bindings 2; and z we have,
nx2zy €ERY & nxzl €ER

where ﬂR]]z'?)YTg and [[R'l]]:C_UYT;‘O .

Now the embedding of the simulation R! in the relational ADT gives the
backward simulation relation T C CState x AState.

T =des {(Sip(ing)s S0m(outc)s 21) — (Sis(ing)s SO (outs)s 22) | 21 % 2 € Corr§}
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The relationship between T and R? is described by Propositions 6.6.8 and
6.6.9. These propositions correspond closely to those of Propositions 6.5.1
and 6.5.2 for forward simulations.

Proposition 6.6.8 For arbitrary sequences si and so, and bindings z'¢, 2,4,
T:n Tl‘".
z; ¢ and z, * we have,
((zle)ASiD(in(;)v SO (oute:)s Z]) — (<$2-iA)ASil>(in,q)) SO (outa)r DZ) €T
¢ [See Appendix B.13 (page 255) for details]

Vz303x4oz1*xl*:c3*zé*z2'*:r‘;GR'I

Proposition 6.6.9 For arbitrary sequences si and so, and bindings zIUC, zQUA,

out T(mt

3¢ and 2, * we have,

(885 (inn)s 500 (outa)” (3.04), 21) — (Sip(ing)s S0p(oute) (T4.0¢),22) € T
& [See Appendix B.13 (page 256) for details]

Vo e31) @2 %1 %13 % 25 % Ty % T3 € R?

The five conditions necessary to show that a relation is a backward sim-

ulation, again taken from [16], are as follows.

Definition 6.6.3 Assuming data types A = (AState, AInit, {AStep}, AFin) and
C = (CState, CInit,{CStep}, CFin), a backward simulation S is a relation from
CState to AState satisfying the following conditions:

CInit3 T C Alnit (initialisation)
CFin C T§AFin (finalisation)
Vcec(|T| CdomAFin = c € dom CFin (finalisation applicability)
dom CStep C dom(T & dom AStep) (applicability)
dom(T & dom AStep) € CStepg T C T g AStep (correctness)

From these conditions we derive the necessary rules in terms of the partial
relations semantics for charts.

For initialisation we have:

Proposition 6.6.10 For arbitrary charts A and C we have,

CInit 3 T C Alnit
& [See Appendix B.13 (page 257) for details]
ina Cinc AVy,ze (y € Initc Ayxz' € RY) = 2 € Inity
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Again the finalisation condition for backward simulation refinement does
not hold trivially. As expected, the derivation that follows shows that, in
order for a relation to be a backward simulation between two charts, it must

be total over the states of the concrete chart.

Proposition 6.6.11 For arbitrary charts A and C' we have,

CFin C T g AFin
< [See Appendix B.13 for details]
Vy. eIt ey . xt] € R!

Finalisation applicability, on the other hand, holds trivially because the
relation CFin is total.
The following lemma is used in the respective derivations for both appli-

cability and correctness.

Lemma 6.6.12 For arbitrary sequences si and so, and bindings :rifgl, lec’ we
have,
(Tic-ic” s, 50, 21) € dom(T & dom AStep)
& [ See Section B.13 (page 260) for proof |

V Tim, 22, Tom Toc ® 21 X Tic * Toc * 2y * Tiy, * Th € R = Pre A (23 % Tim * Tom)

Now for applicability we have:

Proposition 6.6.13 For arbitrary charts A and C we have,

dom CStep C dom(T & dom AStep)
& [See Appendix B.13 (page 261) for details]
Vyce (Vs @y, xv, € R = Pre A w,) = Pre C y,

And finally for correctness:

Proposition 6.6.14 For arbitrary charts A and C we have,

dom(T & dom AStep) € CStepy T C T y AStep
& [See Appendix B.13 (page 262) for details]
Vye,Fze,Ya ® (Vg ® ye * v, € R = Pre A v,) A
Yexbz. ' € CAFz.xy, € R)) = 3ty ey xty € R? Atpxyl € A
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Following from these derivations, Definition 6.6.4 gives the introduction
and elimination rules for backward simulation refinement:

io

I?ﬁﬁnition 6.6.4 For arbitrary charts A and C, and arbitrary bindings ycT 3, yz Al
va?, and bz, TE | we have,

F inyg C ing

F yc.*a] € R}
ye € Initc, yc*yl € R F yq € Inity
Ye* v, € R1 = Pre A v, F Pre C y.

Yex Uy € R1 = Pre A vy, yoxbz,' €C, Fz.xy, € R Fy. +bj e R!
Yex v, € RT = Pre A vy, yoxbz.' €C, Fz.xy,€RY Fbxy, €A

()
c3, A ’
C3,,A ycxal€R'-P - C 3, A -
P =rb1 inA g inC (—fb ll)
C3d,A y€hitc yxy,eR' __
. . (;I‘rblll)
Yo € Inity
C3,,A vxv,€R' Pre Av, .
P’I’EC'UC —rbIV)
yexvl € R F , - 4 yex bl € R,
cd,A xFz,'€C bz *xy, € R! .
T Pre A v, Yo * T2 Zc* Ya byxy,€e AFP
(7o 1v)

P

where the usual conditions hold for a;, b; and P.

Again, these rules are very similar to the introduction and elimination

rules presented by Deutsch and Henson [19] for SB-refinement.

6.7 Firing conditions refinement

6.7.1 Forward simulation

To derive appropriate refinement rules for the firing condition semantic in-
terpretation, we need only strengthen the correctness refinement condition.
Again following the work of Derrick and Boiten [16] we strengthen the cor-

rectness condition of Definition 6.6.1 to the following.
Sg CStep C AStepg S
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Using a similar derivation to that for the correctness condition for forward

simulation refinement under the total chaotic interpretation we have,

Sy CStep C AStepy S
E=4

VYo, YerFze @ (Ua* Y. ERAyexbz. €C)=>Itr ey, xthE ANtaxtz. €R

Now we define the introduction and elimination rules for forward simula-

tion refinement assuming a firing conditions semantic interpretation.

10

Definition 6.7.1 For arbitrary charts A and C, and arbitrary bindings yc , yaT 4,
vT and Fz, T¢ , we have,

F outsq C outc

ye € Initc b a; € Inits
ye € Initc Fax*xy.€R
Pre A yo, ya*y. €R F Pre C y.

Yo* Y. ER, yexbz. ' €C Fy,xbj €A
ya*yéeR» yc*l—zc'éC Fbl*FZCIER

(25p)
C Jyy A

C_fcfA ~ C_ffA ycelmtc alélnitA,al*yéeRl-P ~
Suts C outg (1) P (Fes 1)

C sy A PreAy, yaxy €R

PreCyc gf_cnu)
. ya*biéAa
c3,.,A xy. €R xkz. €C
=fof 4 Ya* Ve Yo* T 2e btz €RFP
P (Zper )

where the usual conditions hold for a;, b; and P.

6.7.2 Backward simulation

To derive the appropriate rules for backward simulation refinement assuming
a firing conditions semantics we need again only strengthen the associated
correctness condition of Definition 6.6.3. That is, for correctness we need to

show the following holds.

CStepg T C T g AStep
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From the obvious derivation we now have,

CStepy T C Ty AStep
&

VYe,Yarbze ® Yo x bz, € CAbz.xy,€ R = It ey xth€e RAtxy, EA

The introduction and elimination rules for backward simulation refine-

ment assuming a firing conditions semantic interpretation are defined as fol-
lows.

10

Definition 6.7.2 For arbitrary charts A4 and C, and arbitrary bindings ycT 3, yz A,
TY T
ve?, and Fz. "€, we have,

F ing Cine

Fy.xa] € R!
ye € Initc, Ye xy, € R1 F yq € Inita
Ye* v, € R = Pre A v, F Pre C y.
YexbFz. ' €C, Fz.xy, € R F y.xb, € R
Yyexbz €C, Fz . xy,€RY F by, €A

(24s)
C P A
CchbA yexaj €ERTF P B C;lfch B
(Zfes,) ————— (Ffesy,)
P ing C inc n
C Tt Ay € Initc Yexy. € R? (2= )
B =fcb
Ya € Inity b
C Jjp A yexvy € R FPre Avg
Pre C Ye (;’fcblv)
. - yC * bi e R-l’
c 3, A xbz., €C Fz.xy. €R? )
_.be yC ZC ZC ya bl*yé e A I_ P B
P (Ffes )

where the usual conditions hold for a;, b; and P.

Notice that, unlike the trace semantics for charts, we do not have to add
any extra machinery, for example the special output signal L, to the partial
relations semantics to encode the abortive behaviour of charts.

The rules for both forward and backward simulation refinement assuming
a firing conditions semantic interpretation correspond respectively to the
SPF-refinement and SPB-refinement of Deutsch presented in [17].

147



In the following section we demonstrate how the refinement rules for
u-Charts, described here, can be used to reason about properties of the lan-
guage itself. In particular, we use the rules to derive the necessary side-
conditions that guarantee that a refinement of a chart is monotonic with

respect to composition.
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Chapter 7
Monotonicity

As with any language that provides operators allowing modular specifications
and a refinement calculus for step-wise development, the monotonicity prop-
erties of the u-Charts operators needs to be considered. These monotonicity
properties are important for u-Charts so that the language supports modular
development that compliments the modular specification of reactive systems.
Refinement is considered monotonic with respect to a language operator if
a refinement of one part of a composite specification implies a refinement of

the specification as a whole.

Both Deutsch, Henson, and Reeves [21] and Groves [32] show that in gen-
eral the “usual” Z schema calculus has poor monotonicity properties. Recall
that the semantics of u-Charts is defined using the Z schema calculus and the
refinement calculus for u-Charts is derived using two of the standard notions
of refinement for Z. Therefore, we expect that the refinement notion for u-
Charts will also have poor monotonicity properties. Section 7.1 describes the
side-conditions that are necessary to guarantee that refinement is monotonic

with respect to the chart composition operator.

Even though the monotonicity side-conditions described in Proposition
7.1.1 are presented before the monotonicity result itself, the conditions were
formulated and refined from the proof of the monotonicity property (see
Appendix B.14 page 264). That the process of proving the monotonicity
property allows us to state (and prove) these necessary side-conditions is
evidence that the goals of this thesis have been met. That is, the formal
framework presented allows us to formulate precise descriptions of general,
and typically non-obvious, language properties. In the case of the mono-
tonicity result presented here, the first of the three required side-conditions

is particularly non-obvious and at first reading may appear incorrect. How-
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ever, the proof of monotonicity and careful evaluation of what this condition
actually entails, makes the significance of the restriction clear.

Section 7.2, outlines the most significant difference between the original
p-Charts [78] and the semantics and refinement notion presented here. This
follows on from the observations made in Section 6.3 (page 130) where we
excluded the do-nothing and partial chaotic trace semantic interpretations

for the given chart semantics. Finally, Section 7.3 argues some conclusions.

7.1 Monotonicity of the u-Charts composi-

tion operator

We begin by showing that the composition operator of u-Charts is monotonic
with respect to forward simulation refinement only when appropriate side-
conditions hold. Like the investigation of [21], the monotonicity proof itself
is used to establish the necessary side-conditions. After ascertaining the
required side-conditions an intuitive (in chart terms) justification for their
necessity is given.

Recall that, by definition (Section 6.6.1, page 142), to show that a forward
simulation refinement holds between two charts requires that we show that
an appropriate simulation exists between the charts. The proof of mono-
tonicity relies heavily on splitting the definition of the simulation into two
parts, the simulation between the respective charts’ configurations using the
corresponding relation and the simulation between the allowable input and
output signals using the relation IO (see Section 6.4, page 136). This notion
of splitting the simulation relation was introduced in Section 6.4 where we
define the corresponding relation between two charts A and C as Corrg and
the input/output relation as I04. Where previously we have denoted (to-
tal chaotic) forward simulation refinement between two charts C and A as
C 3, A, here we supplement the relation with an explicit label that names
the simulation required for refinement. So, assuming that chart C refines

chart A using the simulation S, we will write C fo A.

7.1.1 Monotonicity result for forward simulation re-

finement

Proposition 7.1.1 states the monotonicity result for forward simulation re-

finement. The proof is given in Appendix B.14, page 269.

150



Proposition 7.1.1 If, for arbitrary charts A;, Cy, and signal set ¥, we have
that,

(41)y 2T (G}, 5

outq, NV = outg, N ¥ SCs

outa, Noutg = outg, N outp 5Cs

where T =g.f Corrff A IOE:’ for Cy =[C3)y and Ay = [A]y, then for arbitrary
chart B, we have the monotonicity result,

C; 2% A1 SC1 SCy SCy

(C2| W |B) 3% (A1|¥]|B)

where S =45 Cor'rgzl A C'orrg A IO4, and R = def Corrgz‘ A 10821.

Despite the intricate appearance of the three side-conditions required for
monotonic refinement of composed charts, these conditions are not unex-
pected when described in terms of charts themselves.

First consider the following property that holds in general for arbitrary
charts A; and C,, and feedback set .

Lemma 7.1.2
Gy fo Ay outqy, NV = outg, N
[Caly 2 (ALl

where T' =g¢f Corrgz‘ A IOé‘:’

Given this property holds it follows that, in the context of the monotonic-
ity proof of Proposition 7.1.1, i.e. where SC; holds, the charts A, and C; are
output equivalent with respect to the signals in the set ¥, i.e. [Co]y, =0 [A1)y-
In words, an environment that reacts to just those signals in the set ¥ could
not tell the difference between the charts A, and C,. Therefore, we see
that one of the properties required to guarantee monotonic refinement (with
respect to composition) is that refining one part of the composition, say re-
fining chart A; into C, cannot change the behaviour of A; with respect to
the signals in ¥ that are used to communicate with the other part of the
composition, e.g. chart B.

To explain the role of the side-condition SC; more specifically, with regard
to the monotonicity proof (Section B.14, page 269), we describe two distinct

parts that SC; plays in the proof.
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Firstly, SC; enforces that the precondition of the chart, i.e. the set of
state/input pairs for which the chart has explicitly defined behaviour, can
not be weakened. Note that here we use the term weakening of the precondi-
tion in a very strict sense; side-condition SC) restricts any weakening of the
precondition within the domain defined by the input interface of the abstract
specification. Extending the domain of definition for a chart specification,
i.e. increasing the input interface and weakening the precondition outside of
the original domain, is still permitted in general.

This first aspect of the side-condition SC) is required for the part of
the monotonicity proof related to the correctness property introduced in
Section 6.6.1, page 139.

Figure 7.1 presents a counter-example that illustrates why this part of
side-condition SC; is necessary in terms of charts. Given the charts 4 and
C we clearly have that C; d., Ay, yet it is not the case that C J,; A
That is, even though C, refines A;, the composed chart C is not a valid
refinement of A. The defined reaction of chart A given input {a} is to output
{w,t}, i.e. the two left hand transitions of chart A combine with respect to
feedback to create an overall chart transition triggered by just the input {a}.
However, chart C can nondeterministically choose to output {w, ¢} or {w, s}
given input {a}, ¢.e. both the respective left hand and right hand transitions
combine to give this nondeterministic behaviour. Therefore, C has additional

nondeterministic behaviour to A and no valid refinement holds.

Al - c2
i OC D o dly OS2
B B

Lwt ] Lt |

Figure 7.1: SCy, partl: Charts A= (4; | {w,t} | B) and C = (C; | {w,t} | B)

The second aspect of SC) is that it insists that the output behaviour, with
respect to feedback, of an abstract specification is not changed via refinement.
In the monotonicity proof, this aspect of SC) is represented by Lemma B.14.3
(see Appendix B.14, page 267). The property is required to prove the part
of the monotonicity result related to the applicability condition.

In terms of charts, Figure 7.2 illustrates another counter-example that
demonstrates why this second aspect of SC; is a necessary requirement for

monotonic refinement. Note that the output interface of the chart C; is
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assumed to contain the signal w, i.e. we assume G, is a behavioural refinement
of A, rather than an interface refinement. Again we have that the composed
chart C does not refine the chart A. This is because A is defined for input {a}
due to feedback on w where chart C is not. Therefore chart C acts chaotically

for input {a} and the resulting additional nondeterminism invalidates the
refinement relation.

Al % c2 1
| | |
................................... S
] i |
|
;
I(W)I {w)

Figure 7.2: SC, and SC;: Charts A= (A4; | {w} | B) and C = (C; | {w} | B)

The same charts from Figure 7.2 can be used to demonstrate why the
side-condition SC, is required for monotonicity. In this case, however, we
assume that the output interface of chart C, is reduced to the empty set
of signals, that is, in this case C, is an interface refinement of A; rather
than a behavioural refinement as above. Given this assumption SC; holds,
that is, [A1]y is a valid refinement of [Cy},. However, from inspection it is
obvious that SC; does not hold in this case, that is, outs, N ¥ # outc, N,
specifically, {w} N {w,t} # {} N {w, t}. The side condition SC;, is required to

prove monotonicity in relation to the correctness condition.

Finally, the side-condition SCj is required because u-Charts refinement
allows the designer to change the output context of a chart using interface
refinement. If an interface refinement of one chart in a composition extends
the control that the chart has over the environment using signals that were
originally used just by the other part of the composition, then there is the
possibility that this new behaviour, from both charts, will be inconsistent
when the charts are recombined in composition. For example, consider the

counter example illustrated by the charts of Figure 7.3.

Al c2

Figure 7.3: SCy(i): Charts A= (A4, || B) and C = (C; || B)
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Here the valid interface refinement C, iy A; allows C, to control its
environment over signals previously dealt with by the chart B, i.e. the signal
t. The result is that the composed chart C can output {s,¢} for input {a}
where chart A could only output {s} for input {a}. Hence, chart C has new
behaviour that was not specified by chart A and therefore C is not a valid
refinement of A.

Similar arguments can be used to show that the same side-conditions,
SCy, SC; and SCj, are sufficient to guarantee monotonic refinement with
respect to the composition operator for charts in the backward simulation

case.

7.1.2 The firing conditions interpretation of y-Charts

A requirement for monotonic refinement is that the preconditions remain un-
changed over the domain of definition of an abstract chart. This requirement
may cause an observant reader to question whether the total chaotic and fir-
ing conditions notions of refinement coincide in the case where refinements
adhere to the monotonicity conditions. In particular, the work of Deutsch,
Henson and Reeves in [17] shows that refinement based on a firing conditions
approach can be considered as a notion that insists on the stability of the pre-
condition. That is, refinement that allows the reduction of nondeterminism
but insists that the precondition is neither strengthened nor weakened.

In fact, we can show that total chaotic refinement is both sound and
complete with respect to firing conditions refinement when we insist that just
the first condition SCj, for monotonic refinement, is met. Any (guaranteed)
monotonic refinement that we can prove using the total chaotic rules can also
be proved using the rules for firing conditions refinement.

This is expressed by Proposition 7.1.3 which is proved in Section B.14,
page 276.

Proposition 7.1.3 For arbitrary charts A, C and signal set ¥ we have,

S T N
C 3 A (A 24 [C)y C iy A
C 35, A c2% A

where S =g Corré A 104 and T =def Corr§{ A IOE\:’ for Cy = [C], and
Ay = [A]\p-

Notice that the second aspect of the side-condition SC; and the condi-

tions SC, and SCj are still a necessary requirement to guarantee that firing
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conditions-based refinements are monotonic with respect to composition. In
particular, the property described by Lemma B.14.3 (Section B.14, page 267)
still needs to be shown to ensure a monotonic firing conditions refinement.
Therefore, while it is the case that using 3 1o for chart refinement implies
a “more monotonic” refinement calculus, the difference in reality is slight.
The exact difference between the two notions of refinement is that the
total chaotic model allows a refinement to weaken the precondition over the
abstract domain of definition where the firing conditions model does not. The
choice of the appropriate model can only be determined by the context of
the refinement application. We do point out, though, that the total chaotic

model provides the most general refinement framework.

7.2 Total correctness vs. partial correctness

Here we outline and investigate the most significant difference between the
original semantics for pu-Charts, in [78], and that given here. Apart from
the obvious difference, that is, the original operators were defined in terms
of infinite traces, the significant semantic difference is the meaning given
to charts that use structuring operators in their definition. In the previous
definition [78], the meaning of a composed chart is given in terms of the
“totalised” meaning of the two composite charts. Here the meaning of a
composed chart is given using the partial definition of the two composite
charts. “Totalisation” then happens to the partial meaning of the composite
chart.

First we give some examples that makes clearer exactly what is meant
by totalising before or after composition, then we discuss how the original
semantics might be encoded in a relational framework similar to the relational
framework used here. This allows us to consider further the divergence of
the two language definitions in terms of the notional charts Chaos and True
introduced in Section 6.3 , page 130. Finally, we will outline the some of
the ramifications, in terms of refinement, of choosing one or other language
definition. This includes further consideration of monotonicity concerns.

To illustrate the difference between the respective definitions of u-Charts,
we use the three so-called pathological examples of composition, introduced
by Scholz in Chapter 2 of [78]. For each of the examples we use a type of
chart “meta-notation” to describe the meaning of the example compositions
in terms of sequential charts. This “sequentialisation” of the composed charts

makes it easier to see the differences between the two semantic definitions.
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1 in=(4a:5il[~(42;:!;ii;);Jt=(é.b) |

Figure 7.4: General form of “pathological” examples

The idea of the “meta-notation” is that it allows us to encode explicitly the
chaotic totalisation that occurs under both of the semantic definitions. Recall
that the significant difference between the two definitions is due to when this
totalisation occurs.

Each of the three examples have the same form, which is described by
the generic chart S, = C; | {a, b} | C2 of Figure 7.4.

The three example charts S, S; and S; follow from the generic chart by

replacing the transition labels ¢, t2, r and r, as follows:
S1: i =a/b, tp=—a/, m =b/aand r, = —b/
Syt t1=—a/b, tp=a/, n =—-b/aand rp, = b/
S3: tp=a/b, to=—a/, 7 =—b/a and r, = b/

In the following we refer to the semantics given here as the total correct-
ness semantics and the original semantics (from Scholz [78]) as the partial
correctness semantics. These phrases are not suggesting that one semantics
is more “correct” than the other, simply that they differ in the meaning as-
signed to composed charts. We describe in the following exactly why one
may be considered “total” and the other “partial”.

Figure 7.5 demonstrates the total correctness semantic interpretation of
chart Sj.

[o=eol (2} Jout=(ap) | [o=ab] [(a.] Jout=(a0] |

Figure 7.5: Total correctness interpretation of pathological chart SC;
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The chart tcS; is derived from chart S, by using the sequentialisation
technique described in Section 3.4. Chart tcS] is then the total-chaotic to-
talisation of chart tcS; using our so-called meta-notation. This includes the
special state labelled L, the new signal L and four extra transitions. Note,
the labels on these transitions are a shorthand for four individual nondeter-
ministic transitions labelled “ / ”, « /a”, “ /b” and “ /{a, b}” respectively.
The transition label “ / ” denotes a transition with a true trigger condition,
i.e. it is triggered by any input, and the command that outputs the empty
set of signals.

Now consider the partial correctness interpretation of chart S;, demon-
strated in Figure 7.6. Here the partial correctness semantics is encoded
by totalising the two original sequential charts to give C] and Cj (left)
and then using the same sequentialisation technique to give the sequential
chart pcS; (right).

al/b

-al

pcS_1'

-ad&-b/

~—~~

a
b
{a.b)

y

/
Jo &>
/{a,b}

[ Goleoloeo | in=(a.b} [ {a.b] ] out=(a,b

Figure 7.6: Partial correctness interpretation of pathological chart SC)

The partial correctness meaning is essentially the same as the total cor-
rectness meaning. At least, in both cases tcS] and peSj, we could remove the
introduced meta-notion constructs and rely on the implicit chaotic semantic
interpretation to encode the meaning in each case.!

Now consider chart S;, the second example of the chart in Figure 7.4.
The total correctness interpretation of chart S, is demonstrated in Figure 7.7.

Chart tcS; is the result of sequentialising S, and chart tcS; gives the total

Note that the examples in [78] on which these are based appear to assume implicitly
the behaviour we have encoded explicitly using the generic transitions labelled t3 and 7.
That is, it appears that Scholz is assuming a “do-nothing” interpretation for the empty

input in the initial states.
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meaning of S,.

- I
Cw B B

| in={a,b} [ {a.b} ] out={a,b} | 1 in={a.b} [ {a,b} ] out={a,b} |

Figure 7.7: Total correctness interpretation of pathological chart SC,

Alternatively, Figure 7.8 demonstrates the partial correctness interpreta-
tion of S;. Here we see that pcS; is significantly different from tcS;. Where
tcS; represents persistent chaotic behaviour for any input after the chart
reaches one of states XV or YU, the chart pcS; does not. For instance, from

state XV, given the input {a}, chart pcS; gives exactly the output {a}.

Lin={a.0} [{a.b} ] out=fa.b} | Lin={a.b} [ {a.b} ] out=(a} |

Figure 7.8: Partial correctness interpretation of pathological chart SC,

This example demonstrates that the original partial correctness semantics
encodes unobservable chaotic behaviour. That is, one part of the composition
behaving chaotically does not affect the other part of the composition. This

is in contrast to the total correctness semantics given here that encodes in-
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trusive chaotic behaviour as described in sections 4.3 and 6.3 (pages 80 and
130).

Significantly, unlike the first example, we can no longer remove all of
the meta-notion from the chart pcS, and rely on an implicit encoding of the
required chaotic semantics. That is, if we were to remove the “meta-states”,
for example state L U, and the associated transitions leading to and leaving
from those states, the implicit encoding of chaotic behaviour thereafter would
no longer have the same meaning as the chart pcS, as pictured. However,
given that refinement uses simulation, we could still show that the original
example chart S, is equivalent (by a refinement relation in both directions)
to a chart like pcS; without state 1 .1.

Finally, for the example chart S3, the total correctness interpretation is

demonstrated in Figure 7.9:

tcS_3

| in={a,b} [ {a.b} ] out={a.b} | | in={a,b} [ {a.b} ] out={a,b} |

Figure 7.9: Total correctness interpretation of pathological chart SCs

/
/{a,b}

oo Tov@b) | [ n=(2.6) [ {a.b] ] out=(a.0] ]

Figure 7.10: Partial correctness interpretation of pathological chart SC;

The partial correctness interpretation however, given in Figure 7.10,
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demonstrates that in cases where composed charts have transitions that con-
flict for some input, the specification is essentially unimplementable as a
reactive system, for that input. In particular, chart pcS;, given the empty
input while in state XU, is undefined. Because the totalisation of undefined
behaviour happens before the composition in the partial correctness case the
point at which transitions conflict has no implicit meaning, it is simply un-
defined. Hence, there are no valid refinements that reintroduce behaviour for
that particular input, and therefore, there are no “reactive” implementations
for this specification. We discuss the ramifications of this in the following

section.

7.2.1 Refining composition

It is possible to define the composition operators for the language u-Charts,
using the methodology and framework presented here, so that it encodes
unobservable chaos, i.e. the partial correctness approach discussed above. A
simple approach would be to explicitly encode the necessary machinery, i.e.
the special state L and related transitions, directly in the model of charts.
Deriving refinement rules that encode this model implicitly is, however, still
an open research question.

While we cannot describe the exact form of a partial relations-based re-
finement calculus which implements a partial correctness semantics, we have
shown that one significant difference between the two approaches (partial
correctness and total correctness) will be the ability to resolve conflicting
behaviour introduced via the composition of two charts.

In the context of monotonicity concerns, this difference will impact on
the way that reactive systems can be developed from specifications to imple-
mentations via refinement. For example, consider the case where each part of
a composite specification is been developed separately using refinement, i.e.
the situation in which monotonic refinement is of concern. When the separate
developments are recombined to represent a more concrete implementation
of the original specification, the choice between a partial correctness model
and a total correctness model will become apparent if both of the separate
developments have defined behaviours over some previously undefined input
which turn out to be conflicting.

First, for the total correctness refinement model the point at which the
conflicting behaviour occurs will be represented by total nondeterministic

behaviour, i.e. chaotic behaviour. This chaotic behaviour remains to be
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refined to the appropriate deterministic implementation. That the conflicting
behaviour is represented as chaos means that the behaviour must have been
undefined, and therefore chaotic, in the specification itself. This is why the
conditions necessary for monotonicity are quite strong in the total chaotic
model.

On the other hand, assuming a partial correctness model, the conflicting
behaviour introduced by recombining the separate developments will be rep-
resented as an unimplementable point in the specification. This will require
that the designer(s) decide and fix the appropriate development so that the
conflicting behaviour is not introduced. Then the development can continue
to the implementation. Given that the conflicting behaviour will be rep-
resented as an undefined point in the domain of the specification suggests
that the conditions necessary to ensure monotonic refinement in the partial

correctness model will be significantly weaker than those described above.

7.3 Discussion

In this section we have shown how the formal framework presented in this
thesis can be used to prove general non-obvious properties that hold of u-
Charts.

In particular, we formulated and proved the side-conditions necessary
to guarantee monotonic refinement with respect to one side of a composed
pu-chart. Also, we discuss the significant difference between the semantic
definition of u-Charts given here and the original definition given by Scholz
in [78]. That is, the semantic definition that we give encodes an “infectious
chaos” or “observable chaos” through chart composition where the original
semantic definition captured a “restricted-to-one-chart chaos” or “unobserv-
able chaos”.

More generally, this section demonstrates the purpose of the formal frame-
work for p-Charts which is the contribution of this thesis. That is, firstly, the
ability to investigate properties of the language with a high level of confidence
that the properties are correct in general. We can see from the justification
of the monotonicity property by examples, that to formulate such proper-
ties using a case-by-case examples-based approach is at least difficult if not
impossible. Obviously it is impossible to prove general properties correct
by example. This frailty of formulating properties by example is reinforced
again in Section 7.2 where we discuss the differences between the respective

semantic definitions of u-Charts. Here we reconstruct three specific repre-
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sentative examples in an attempt to highlight these differences; however it
is almost certainly the case that the subtleties involved are difficult to see
using limited examples.

The second strength of a formal language is the ability to compare and
comment on language design issues. Though we have done little here by
way of a formal comparison of the different definitions of u-Charts, we have
shown that it is at least possible to give a similar notion of refinement for
charts using a partial relations-based formulation rather than the more usual
traces of behaviour approach. Also, the process of formalisation has allowed
us to make some insightful comments on the significant differences between
the respective language definitions; that these differences became clear was
strictly due to the process of formalising the language definition (including
refinement). In the literature there are several comprehensive examples of
comparing the significance of language design using the respective languages’

formal semantics; for examples see [20, 53].
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Chapter 8
Conclusions

The aim of this thesis was to provide a rational reconstruction of u-Charts via
a “proof-theoretic” treatment of the language. The intention of the work pre-
sented was to provide a thorough account of the language definition, including
a logic for reasoning over the structure of reactive system specifications and
about formal (i.e., including proofs) program development using refinement.
The work is meant to facilitate ongoing research that results in a formal
program development framework that can be used by practising engineers to
develop correct implementations of reactive system specifications.

The method that we employ in this research closely follows that intro-
duced by Deutsch, Henson and Reeves in their investigation of the speci-
fication language Z via set theory. That is, we take the existing language
u-Charts and model it in another well-known formal language Z. From the
model and the existing logic for Z we deduce a logic specifically for u-Charts.
The process of using the logic to investigate properties of the language is used
to guide the design (i.e., the form of the logic rules required) of the logic itself.
The proofs of these properties are considered to be the experiments which
determine that the logic is sufficient for proving useful properties about the
language.

An outline of the contributions of this thesis is as follows:

e We provide a detailed syntactic and semantic description of the lan-
guage p-Charts. This includes the formulation of a set of rules that
provide a logic for u-Charts. The rules of the logic are given as a se-
ries of introduction and elimination rules that allows natural deduction

style proofs of language properties;

e We contrast several possible semantic interpretations that can be as-

signed to p-charts in the case where a specific definition of required
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behaviour is left unstated;

e We discuss in detail (in terms of the usual traces of behaviour semantics
for communicating systems) the notion of refinement that we assign to

the language via the definition of a calculus for refinement;

e We derive a calculus for the refinement of u-charts. This calculus
consists of introduction and elimination rules that allow a natural
deduction-style proof of correctness to be formulated to show that the
required refinement relationship holds between two u-Charts specifica-

tions;

e We briefly consider the important monotonicity properties of the re-
sulting notion of refinement. This includes outlining the significant
difference between the language described here compared with the def-

inition of u-Charts given by Scholz in [78].

8.1 Outcomes

Here we discuss several outcomes of the presented research that we consider
significant.

The examination of u-Charts presented here is a comprehensively docu-
mented reconstruction of a variant of the original language. We describe in
detail what p-Chart specifications denote and what it means when we prove
that a refinement relation holds between two specifications. The reconstruc-
tion of the language demonstrates the complexity of the language. This
complexity is easily forgotten given the graphical nature of the formalism.
That is, it is easy to convince oneself (wrongly) that required behaviour is
captured by a u-Charts specification. This emphasises the necessity of formal
specification verification and formal refinement for visual representations of
system requirements.

We have demonstrated how a partial relations-based semantics for charts
can be constructed that captures properly the behaviour of a p-Chart speci-
fication. This was identified as important in the original specification of the
language, by Scholz, as a practical means to aid in the formal verification
of reactive system specifications via model checking. However, the original
relational encoding gave denotations to a limited set of u-Chart specifica-
tions only. Here we show how we can define the language strictly in terms of

the denotational semantics provided by the Z model of charts. Rather than
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considering model checking as a means of formal verification, we concentrate
on allowing the formulation of formal natural deduction style proofs as a
method for formal verification.

We show how a well-known method for deriving data refinement rules for
Z can be extended to deal with a particular type of interface refinement. That
is, refinements that allow changes to the input and output characteristics of
a specification, as well as the usual changes in the state representation from
abstract to concrete specification.

Our investigation of the monotonicity properties of refinement highlighted
the significant difference between the u-Charts described here and the p-
Charts previously described by Scholz. The chart semantics described here
encodes an intrusive form of chaotic behaviour. If one chart in a composition
is considered chaotic the entire specification is considered chaotic. This is in
contrast to the previous semantics of Scholz [78] that allowed isolated chaos.
That is, chaos in one chart of a complex specification does not affect any
other charts. Significantly, this difference in the semantic definition of the
chart structuring operators affects the monotonicity of the resulting notion
of refinement. The side conditions required to guarantee refinement is mono-
tonic are stronger for the refinement described here than they are for the
refinement defined in the isolated chaos semantics. On the other hand, it is
possible, given the semantics defined here, to translate any complex specifi-
cation into a simple sequential specification, whereas, in the Scholz semantics
there exist complex charts that do not have an equivalent sequential chart.
Therefore, improvements in the monotonicity properties are offset by a loss of
the ability to reason using equality. We chose to retain the ability to reason
with equality, i.e. allowing a designer to conceptualise the behaviour of com-
posed charts as though they behave in the same manner as some sequential
chart, at the expense of stronger side-conditions for monotonic refinement.

Also, related to the previous observation, the given definitions of the
composition operators and refinement notion for charts presents a total cor-
rectness semantics. That is, if the composition of two charts is undefined,
from some state given some input, the result is that this undefined behaviour
is considered chaotic and therefore it can be correctly refined into any be-
haviour. On the other hand, the original semantics might be considered a
partial correctness semantics because a designer can specify a reactive sys-
tem that is not implementable. In some cases, given the semantics of the
composition operator, composing two inconsistent specifications can result

in a specification for which there exists no reactive system implementation.
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Of course, this remark assumes a context where a reactive system implemen-
tation is considered to be an implementation that is prepared to react to any

input provided by the environment.

8.2 What we have not done (Future work)

The following description of why the work presented is not yet complete is
the motivation for the future research questions that we propose.

At best the work presented here represents a core logic for u-Charts.
Unfortunately, it does not represent a “practical” tool that could be easily
adopted by practising engineers building reactive systems. The intention of
this work is to provide a solid foundation from which a formal framework
for reactive system development, including correctness proofs of program
derivations, can be constructed.

Significantly, we note that the only “experiments” that have been con-
ducted using the presented logic prove properties of the object language.
Though important from a language construction point of view, this does not
provide significant insight into how the logic should be developed further to
become a practical tool for its intended purpose, i.e. formal program devel-
opment of reliable reactive systems. While it is possible to prove that given
refinement steps are valid using the logic presented, it is not yet developed
enough to be considered a practical development tool. As Scholz suggested
in [78], the logic for refinement needs to be lifted into the object language.

This lifting of the logic should be developed carefully based on both the-
oretical and practical considerations. The logic should provide an extensible
“refinement toolkit” that is formed by practical attempts to develop reactive
systems from formal requirements. Several case studies that involve the re-
alistic development of reactive systems should provide the motivation for the
initial rules. Common program derivation steps should be encoded in the
logic. Like the well-understood notion of “software reuse”—common to the
development of large software systems—a similar concept of refinement reuse
should be adopted. In other words, refinement strategies can be developed
for particular, common program development tasks. The core logic here can
be used to ensure that the lifted logic is sound.

Another relevant question that remains to be answered is: does the for-
malisation of refinement itself suggest useful methods for developing reactive
systems? For example, it is common in presentations of data refinement to

consider the simulation relation, required to prove that a refinement exists,
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as a part of the design process. That is, the simulation relation is chosen
precisely to represent a particular type of refinement, for example chang-
ing abstract data types such as sets into more concrete data types such as
sequences. Identifying particular types of simulations that provide useful
program developments for reactive system could provide significant ways to
enrich the “refinement toolkit” for reactive systems.

Tool support will be a necessity for any practical formal development
framework. It is clear that tools that provide simple facilities, such as type
checking for Z specifications, offer significant benefits in user satisfaction. It
is almost certainly the case that even such small enhancements, offered by
tool support, significantly increased the usability of the language. Before we
can accurately determine whether working engineers can benefit from the
process of providing proofs of correctness for their program developments,
significant tool support would be required. The tools need to be built with
the eventual user in mind rather than considering just the technical aspects
of theorem proving. A significant requirement initially is a tool that aids
in providing natural deduction-style proofs using Z;. It should allow the
formulation of proofs in a manner natural to this style of proof. Some of
the obvious facilities required include: allowing both top-down and bottom-
up reasoning; managing undischarged assumptions that are introduced by
application of proof rules; facilitating subproof construction, including the
ability to contract or hide the details of subproofs leaving visible just the
assumptions and conclusion; the ability to easily rearrange proofs to allowing
whole subproofs to be selected and moved. The tools should be specific to
the object language—translating the object language into a “tool-suitable”
language is a significant overhead and source of mistrust and introduction of
€eITors.

The monotonicity properties of the language need to be investigated from
a user’s point of view. As we outlined above, the choice of model for the
language makes a significant difference to the monotonicity properties of the
language. The choice of the most appropriate model needs to be made by
investigating the effect of the monotonicity side-conditions and the ability to
reason using equality on “typical” reactive system designs. The monotonicity
side-conditions are strongly related to the interface between two parts of a
composite chart. It is not clear how this interface will be managed when
formal program development follows the structure of the specification, nor
whether it is sensible to expect that the structure of the specification should

guide the structure of the design. Using a semantics that provides monotonic
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schema operators for Z to model u-Charts and deriving a related logic, using
the method demonstrated here, will be necessary to contrast the alternative
monotonic chart operators in the same meta-language.

Finally, the integration of program development into the u-Charts lan-
guage needs to be considered. Currently, the language only deals with spec-
ification statements. Refinement is the process of transforming an abstract
specification into a concrete specification. As it stands the formal develop-
ment is complete when there is an obvious implementation of the concrete
specification. However, integrating program constructs into the language
should allow for formal development from specification to implementation.

In summary, necessary future work includes:

e Lifting the Z-based logic into a logic that allows useful “high-level”
refinements specifically designed for the development of reactive sys-
tems using the object language p-Charts. The logic, for the formal
program development of reactive systems, should be developed using
case study-based experiments to guide the design of appropriate logic
rules and completeness of the language. That the language is sound

can be proved using the logic presented here.

e An investigation into what parts of the formal design of the logic for
refinement, based on existing data refinement techniques, can be used
to identify useful formal development strategies for reactive systems.
In particular, the possibility that the simulation relation may be used

to guide and document design;

e Tool support should be developed for the formal program development
framework. The tools should obviously encode the formal semantics of
the framework properly, but also be constructed with the user in mind.
Integration with the object language should be seamless, and usability

concerns a significant objective.

e An investigation into the way in which the monotonicity properties of
refinement affect formal design. In particular, what strategies are use-
ful for dealing with the interfaces (communication) between parts of
complex reactive system specifications during formal program devel-
opment. Providing another logic for u-Charts, based on a monotonic

logic for Z, will be necessary for comparison.
e Investigating the integration of reactive system program constructs,
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and related program derivation rules, into the specification language
pu-Charts.

8.3 Concluding the conclusions

The task of providing a reconstruction of the language u-Charts itself pro-
vides significant insight into the task of developing complex systems. Several
analogies can be made between the task of a formal investigation of the lan-
guage, presented here, and the task for which the language is meant to be
used, that is, formal development of reactive systems. The specification of the
language p-Charts was taken primarily from the work of Scholz [78]. While
this language specification was concise and well-investigated, the subtleties of
the language itself were not fully understood until the task of formalising (or
implementing a logic for) the specification was undertaken. A rigorous for-
mal investigation of the language specification enforces a clear understanding
of the problem and resolution of unclear characteristics of the system. Also,
the formalisation provides clear documentation of design decisions.

If we view the task of implementing complex systems as ultimately a
formal encoding of an informal specification, then it is clear that the process
of implementing reactive systems will entail the same complexities as the
formal definition of the language itself. Formal program development must
then offer the same benefits as those identified in this investigation of the

language p-Charts.
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Appendix A
Zc and Type Conventions

In this appendix we give a brief introduction to the kernel Z-logic Z¢. The
introduction is very similar to that given in [19]. For a detailed description of
the logic Z¢ and examples of its use we suggest that the reader consults [19]
and [38]. We also introduce several conventions that are used throughout
this thesis. In particular, due to the uniform nature of the Z that is used to
give the semantics to u-Charts, we introduce several notational coventions

that are assumed when using the type system of Z¢.

A.1 The logic Z¢

Z¢ is a typed theory in which the types of higher-order logic are extended
with schema types. Schema type values are unordered, label-indexed tuples
called bindings. For example, given the indexed types T, and labels I; then
schema types take the form:

[lz : T,]
The bindings that inhabit this type are of the form:

(I l,%tz T‘... D

where each labelled observation [; takes the value denoted by the term ¢; of
appropriate type T;.

The symbols <, A and Y denote the schema subtype relation and the
schema type intersection and schema type union operators. The Z¢ meta-
operator o returns the alphabet set of labels for a schema type. That is,
given the schema types Tp = [...li : T....] and T, = [...m; : T;...], the expres-
sion a(T, Y T;) returns the set of labels {...,;...m;...}. In particular, we write

[@T/z.aT] to indicate the family of substitutions ...[};/z.l]... where z is some
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term and aT = {...};...}. For example, given the schema type T = [m : N] and
binding 27, we have (m < 0)[aT/z.aT) =4 2.m < 0.

The binding operator select, denoted by *.’, allows selection of the value of
a specific labelled observation from a binding instance, that is { (=t |).l =g t.
The operator filter, denoted by ‘|’ restricts a binding to include just those
observations in a specified schema type. For arbitrary binding 2z and schema
types T, < T, we have, 271 [ T, =45 yT2 where 2.t; = y.t; for all t; € aTy.
We also make extensive use of the binding concatenation operator, written
Ty with the assumption that the respective bindings z and y are of disjoint
type.

Now the interpretation of traditional Z schemas in Z¢ is simply sets of

bindings as follows:

[(S 1 Pllz. =des {2 € [S],, | [PleS/2.a5]],, }

In using the logic Z¢ we omit typing information and the semantic brack-
ets whenever the context permits. That is, we often write predicates of the
form z € S, where z is a binding and S is the name of a schema such that
S = [D | P] or more commonly:

—S
D

P

That the semantic brackets are omitted is clear from the use of the mem-
bership relation €. The typing information can be recovered from the decla-
ration part of the schema S (in our example the meta-variable D). That is,
assuming the schema type T = [D] then [S]}” and 27.

In order to reduce excessive use of the binding operator filter, we use
the Z+ notational conventions dotted membership, dotted equality and typed
equality which are defined respectively as follows:

2zTo & SPT =gef 21 Th €S [T\ % Tp)
20 =2 =g tg [(To A T0) =t [ (To A T)
= =g to | T=t, | T [T < Ty and T < T)]

Finally, we recapitulate the Z¢ definitions for schema renaming and hence
schema priming and binding priming. Renaming refers to the systematic
substitution of labels (e.g. [lo — i]— label  is renamed ;) and is defined by
the following rules:

t[b*—ll]GS[k)*——ll] - tGS[bhll]

(82)
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All occurrences of labels are systematically replaced, for example:

@) bt )lem] = (L[l m]DG[l—m] )
(i)  t.bo[l — m] = t{l — m].b[l — m]
(iii) [l — m] =m

(iv)  lolh — m] b when b #4

Now, schema and binding priming are defined simply in terms of renam-
ing. That is, given the generic schema type T = [...J;...], for schema SP7 and
binding zT we have:

S =qep Sl 1]

2! =def Z[...li — lz/]

The corresponding typing convention, that is T’ = [...Il...], is also assumed.
Importantly, the Proposition A.1.1 can be proved trivially using the def-
inition of priming and the rule (s#).

Proposition A.1.1 For the arbitrary schema S and binding z we have,

2€8 & 2efs

In the following section we introduce u-Chart specific notational conven-

tions, including a restricted form of the priming operator.

A.2 Type notation conventions

The previous section introduced some of the Z-logic Z¢ in all its generality.
The use of the logic in this dissertation, however, is much more restricted due
to the uniform nature of the types of schemas required to give the meaning of
u-Charts. Therefore, we introduce typing conventions here that are assumed
throughout the investigation of the Z-based semantics for charts.

Firstly, the schemas that describe the meaning of a chart can be consid-
ered, in general, as a relation between the before-state and input, and the
after-state and output of each transition. Therefore, we are able to introduce
the following typing conventions.

For arbitrary chart C we assume that the schema type U contains the ob-
servation(s) that describe the chart’s state information. That is, we assume,

ﬂChathﬂEf}

where the schema Chartc is defined, as in Chapter 3, to capture the state

information for chart C with arbitrary structure.
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The schema types Vi, V°, Tet T¢ T° and T%, in relation to a chart
C, are then defined as:

yi =def lic : inc]

VO =gy loc : outc]
Ve =4 ViV VO
Tact = def [act : Pllszate]
T" =4 UY VT

T® =g UYV?

T =44 UY T YT

Now we can easily describe the uniform relational type of the Z-meaning of
both the transition semantics (of sections 3.1 to 3.6) and the partial relation

semantics (of sections 3.7 onwards) for u-Chart C. We have:

I“I ]Iz ]IP(T“”YT'YT"')
IIIIC]“IP(T'YT"')

We abbreviate the two uniform relational types further by defining types
T and T as:

To =g Tty TPy T
T =def Tty T

Other, common notational conventions include using indexed meta-labels
éc in place of [C],, and C in place of [éc],, , for chart C.

Now, context permitting, we omit the type superscripts in most places
and assume freely that types of the form T, Vi, V°, T* and T° are defined
appropriately. For example, given [C 11;3“, the Z-semantics for chart C, the
predicate z x 2’ € C is a well-typed abbreviation for:

2T w2 e [IC], 5]

where the binding concatenation operator x is as previously defined on page
172.
Finally, we define the schema operator A for schema types such that:

AU=def Uy U

A.3 The precondition operator

The notion of the precondition of an operation schema U is formalised in a
similar fashion to [20]. That is, the precondition of and operation schema
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UPTYT*) is a set of bindings whose type contains (at least) the input obser-
vations of U, i.e. those observations in the type T*. If we again consider the
operation U as a relation, then the set representing the precondition captures

all input values of type T* for which the relation is defined. The operator is
defined as follows.

Definition A.3.1 Given a schema UPT, we have,

Pre UzTs =4 Jzez%2/ €U [T* < Ts)

Note that, as in [20], the operator Pre is generalised such that the set
of bindings that represents the precondition contains both binding of type
T* and related bindings whose type is an extension of Ti. The type of the
binding z is restricted only so that it is disjoint from the type T, of binding =
(by application of x). Binding z may even be a binding with an empty type,
in which case it must hold that T < T, and therefore that z € U. Like for
the operators € and = defined above, this generalisation is made to reduce
excessive use of the filtering operator in the presentation of proofs.

The precondition of the Z-semantics of a u-chart represents the set of all
before-state, input event pairs for which a transition is defined in the given
chart. While this is simple for the specific case of sequential charts, the pre-
condition of charts that contain structure and interaction via signals becomes
more cumbersome. We introduce the following rules for preconditions that
follow directly from Definition A.3.1.

Proposition A.3.1 Given the arbitrary chart C and the binding z 73, we have,

PreCz zxz €CFP
P

(Pre™)

zx2 € C

- +
Pre C z (Pre®)

where IIC]]];T, T? < T,, T° < T, and the usual conditions apply to z7* and P.

We give the following specialised rules that deal with the preconditions

of composed charts.
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Proposition A.3.2 Given arbitrary charts Ci, C; and C = C; | ¥ | (,, and
bindings leI, z2U2, :cvw, we have,

nxT xy) xv] € C,
zpx Ty x Yy x v € Co,
Pre C (1 x 2% 1) 2.0, = (z.ic U fby) Ningy,
Tp.ic, = (z.ic U fby) Ning,,
voc = vn.oc,Uwn.oc, - P
P

(Prel:l)

2 * T kY| * v € C)
2g % Ty * yh x vy € Cy
71.i¢, = (z.ic U fby) Ning,
Tp.i¢, = (z.ic U fby) Ning,
v.oc = 1.0, U 1.0¢,

Pre C (21 % 22 % 1)

(Pn‘:"tl)

where fby =gef v.0c NP, [[C]]ECT, [ P f‘, ﬂCg]]PP, and the usual conditions hold

z z
V. 0 V. 21'0 U1 U2 Vt'o V. 21'11 v io
fOI.:Ell'l"l:2 ,yl,yz,vll,vz , U and P.

Proof A.3.1
The proof for (Pre”)) is trivial using (Pre~) and Z7)- Similarly, (Pnel‘: D follows directly
using (Zl’_“l) and (Pret).

Also, rules (Pre;) and (Pref) are used to reason about the preconditions of

charts that use the interface operator.

Proposition A.3.3 Given arbitrary chart C, bindings -z, Vs uv\;'", :z:vm, and
signal set ¥, for Cy =g4¢f [C)y, we have,
Pre Cy bz, *xu T.ic = u.ic, (Prec)
Pre Clz . xzx
Pre CFz,xz wuw.ic, = T.ic (Pret)
Pre Cy Fz.xu
where [C 11;3" IIC\I;]]I;T\".
Proof A.3.2
For (Prej) we have,
<.-1 ’ 1/ 2
: . "Zc*f’:*i%*aec
I—zc*u*y,l*w’qu, T.ic = u.ic, Ninc Pre Ctz.xz 72
Pre Cy bz, xu Pre Chz. *z )

Pre Ctz.xzx (Pre™)(1)
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where ( is:

—_— VW 'd . .
u.ic, C inc, (V-4 T.0C = U.ic,
mey, = ngc I.1c = U.lg, NiNg,
T.ic = u.ic, Ningc
For (Pm:[“]L ) we have,
G
/ -
. (Vio-df) Fzoxuxy.xw € Cy (Pret)
Jw"Y e w.oc, = a.oc Noutc, Pre Cy bz, xu 32
P"'eCl_Zc*-T PTBC\],FZC*U,P_I SIS
Pre Cy bz, xu (Pre™)()
where (; is:
- - - - Vie-d
uic, = Tic U.ic, C ing, (Vy?-df) @
u.icy, Ningy, = T.ic g, = inc )
Fzoxzxy.xa € C u.ig, Ning = z.ic w.o¢, = a.0c N outc, (zH)
1l

Fzexuxy,xw € Cy
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Appendix B

Proofs

This section presents the proofs for the various propositions and lemmas
presented throughout this thesis.

B.1 Proofs for Section 3.2: The Z transition

model for sequential y-Charts

In order to prove Proposition 3.2.3 we introduce and prove the following
lemmas.

Lemma B.1.1 Given the arbitrary sequential chart (C, X, 0, ¥, §) and transition
t = (S, S, guard/action), such that ¢ € . For all bindings 273 and zT* we have,

p(guard)[aT®/z.aT?® z.icU fb, = z.ic U fb,
p(guard)[aT®/z.aT*]

where MIZT“’ T® < Ty;and T, = T — [i¢c : Pinc]

Recall that the function p (see Section 3.2) is defined recursively over
the syntactic structure of transition guards. A transition guard (as defined
in Section 2.1) is a list of signal expressions (either positive or negative)
separated by the symbol &. Hence we prove this lemma by an induction over
the number of signals in the guard.

When the guard is empty the function p returns the predicate true. Hence
lemma B.1.1 holds trivially.

Given an arbitrary signal expression sig_expr and a well formed guard
sigs containing zero or more signal expressions, assuming lemma B.1.1 holds
for the guard sigs, then we prove it holds for the guard sigs & sig_expr.
From the definition of p we know that p(sigs & sig_ezpr) =g p(sigs) A
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p(sig_expr). Hence, using the induction hypothesis, the proof is reduce to
showing lemma B.1.1 holds where guard = sig_expr. We split this into two
cases: one for a positive signal expression sig_ezpr; and one for a negative

signal expression.
For a positive signal expression we have,

p(sig_expr)[aT®/z.aT?]

d
(sig-ezpr € ic U (0p N¥))[aT®/z.aT? Ep- dj}))
Qa-
z.ic U fb, = z.ic U sig_expr € z.ic U (z.0p, NW
c U fb, c U fo g-ezp cU(z.0¢ )(sz,sz-df)

sig_expr € z.ic U (2.0 N'Y)
(sig-ezxpr € ic U(op NY))[aT®/z.aT?]
p(sig_ezpr)[aT?/z.aT?

(a-df)
(p-df)

The case where the signal expression is negative can be proved in the
same way where each occurrence of € is replaced with ¢.
Therefore, by induction, we have shown that lemma B.1.1 holds. Now

using Lemma B.1.1 we can show the following lemma holds.

Lemma B.1.2 Given the arbitrary chart (C,X,0,¥,d), and bindings 27 and

zT3, for all t € § we have,

Trans t z T =1, 2 z.icUfb, =1z.i1c U fb;

Trans t z
where IIJC]]E(TG, T < Tyand T, = T* — [i¢c : P uSignal]

Proof B.1.2

Trans t z
Trans-df )(A~
z.cc = t.5f N z.cp = t.5¢ A 2.0 = t.action (Trans-df)(n") T=r 2 C:l

T.cc =t.8f NzT.cc =t.5 A z.0 = t.action

(A*)

z.cc = t.5f A p(t.guard)[aT/z.aT) A z.cp = t.S; A z.0 = t.action (Tranoedy)

Trans t «

where (; is:
Trans t 2z
p(t.guard)[aT®/2.aT?] z2.ic U fb, = z.ic U fb, (
p(t.guard)[aT®/z.aT?

(Trans-df )(A™)

lem B.1.1)

We also introduce the following properties for dealing with the predicates

act and inact.
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Lemma B.1.3 Given the arbitrary sequential chart (C,%,0,%,9), for arbitrary
z and 2; we have,

z2=p,21 actvCz z2=r, 21 inactv Cz
3

(acty) T

actv C z; inactv C 2

(inacty)

where [6c]57", AU= T, and Te < T,

Proof B.1.3
. Z = Zl
_ inactv C z — £2 — (T%t < T5)
Z2=75 21 Tact < . -actv C z (df) T 41
actv C z (df) Z =qect 21 ( X Ts) C ¢ z.act 21.act = z.act
C € z.act z1.act = z.act C ¢ z.act
C € z.act - actv C 21
— 2 (4 —— Ay
actv C 2 (@) inactv C 21 (4)

Lemma B.1.4 Given the chart (C,X,0,¥,§), for arbitrary 273 we have,

2€6c CE€zact (actsr) 2€d0c C ¢ z.act
actv C 2 " inactv C 2

(inactyy)

where [[60]]2: and T® < Ts.

Proof B.1.4

Trivial from the definitions of actv C z and inactv C z.

Lemma B.1.5 Given the chart (C,X,0,¥,§), for arbitrary 27 we have,

id € 60 (act )

actv C z V inactv C z LeM
where ﬂéc]lz: and T¢ < T.
Proof B.1.5

- —_—
C € z.act C & z.act
—C (act") -—_— (actu)
(LEM) actv C 2 v+ inactv C 2 v

CezactV C¥z.act actv C z V inactv C 2 actv C z V inactv C z

actv C 2 V inactv C z (v
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Lemma B.1.6 Given the arbitrary sequential chart (C, X, 0, ¥, d), for arbitrary
z we have,

actv C 2 (actinr) wnacty C 2 (
C € z.act C ¢ z.act

inactyy)

Proof B.1.6

Trivial from the definitions of actv C z and inactv C z.

Proposition 3.2.1 Given the sequential chart (C, %, 09, ¥, ), where ﬂ&C]lE(T“,

for arbitrary binding z73 we have,

2€6c actvCz te€é Transtzh+ P
P

(2,7)

actvCz t€d Transt z
z € b¢

(z,%)

where T?® < T, and assuming the usual conditions for ¢ and P (due to the elimi-

nation of an existential quantifier).

Proof 3.2.1
For (2,7) we have,
2 €d¢c
(df)
: T €dc (af) (:1 sz
(C ¢ z.act Az € EChartec Nz.0p ={}) V P P
(Cez.actAnItede Trans t )
P (v

where T =47 2 | T

G is:
Trans t x 2 Z=re T (df)
. ted 2 Trans t z (Trans-df)
CezactAJtedeTranstz : :
dtebdeTranst z (A7) P
P 32
and (7 is:
s 1 d
C ¢ z.act Nz € EChartec Az.0p ={} 7=z (@)
actv C z (df) C ¢ z.act (A7) z.act = z.act
C € z.act C ¢ z.act

1 _
ﬁ(J—)
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For (z,*) we have,

ted Transt z
acty C z teédA Trans t 2

Ce€ z.act (actir) dtede Trans t z @
CezactANItede Transt 2z A"
(C ¢ z.act A z € EChartc A 2.0y = {}) V(C € z.act ATt € 5 o Trans t z)
2| T®*€éc
z €é¢

(A%

*)

v

(df)

Proposition 3.2.2 Given the sequential chart (C, %, 00, ¥,6), where [6c]5 ",

for arbitrary binding 273 we have,

2 €6¢c inactv Cz (iacty) 2z €bc inactv Cz

z € EChartc z.0p = {}

(iacty;)

inactv Cz z € EChartc 2.0 = {}

2z €6¢c
where [[60]]12(?“ and T¢ <X Ts.
Proof 3.2.2
For (iact;) we have,
z€6
Teoe @) G G

(df)

: £ = oy ={}V . S
(C & z.act A z € EChartc A z.0p = {}) 2 & ECharte 2 & ECharto

(Cez.act NItebe Trans t )

" (V7))
z € ZChartc )

where T =g¢f 2 | TC.

C] is:
1
g T _
Cdzacthz e EChartc N z.0¢ = {} ) T=rZ (df) .
l'GECha'l'tC [A=INTEA (AUjT)
z € EChartc
and (7 is:
CG:c.actABteéoﬂ‘anstzl_ z=rz Y
inactv C z (df) C € z.act (A7) z.act = z.act
C¢ z.act C € z.act

1

— (L7)
z € ZChartc
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Similarly, for (iact;;) we have,

2z €6¢
(df)
s G G2
e @ s
(C & z.act Az € EChartc ANz.0p ={}) V ol ={} z0h=1{)
(CezactnItebe Trans t 1)
2o =) (v
Oc =
where T =45 2z [ T.
¢ is:
C ¢ z.act A z € EChartc A 1.0 = {} 7=z (¥
7 (A7) 7
z.0p = {} 2.0 = T.0g
op =0
and (3 is:
CEI.act/\ElteéoTranstxl_ 7=z (¥
inactv C z (actu) Cez.act a7 z.act = z.act
C & z.act m C € z.act
1
(-
o=
For (iactt) we have,
€ EChartc  z.0p =
z artc  z.0p = {} ")

inactv C z (actur) -
C ¢ z.act M 3 & =Charte A 2.0 = {} )
A

C ¢ z.act A z € EChartc A 2.0 = {} )

(C & z.act A z € EChartc A 2.0, = {}) V(C € z.act ANt € 5 o Trans t z)
a (af)
2| T*€é¢

z €b¢

Proposition 3.2.3 For the arbitrary sequential chart (C, X, g9, ¥, §) and bind-

ings 2T and zT* we have,

z €d¢ T=r2 2zicUfb,=z.icU fo (26)
T €6c ‘

where [6c]5”", T, =qef T*~ V? and T* < T;,.

Proof 3.2.3

G
. ., ‘: Ce
= z2€40c actvCz z €d¢ _ :
. (Z,7)(2) .
actv C z V inactv C z (actLem) T €dc ‘ T €dc )
v

T €d¢
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Cl is:

i1 )
: actv C z T=7, 2
. 2 (acty)
Trans ty z t, €6 actvCa:(Z+)
T é 50 '
(1.1 is: )
Trans t; z T=r 2z z.icU =z.ic U
Ti c U fos (lem B.1.2)
Trans t; =
(o is:
. — 1
z€0c inactv Cz (iact?) =1, 2
tac out ) —_— 1
z.oc = {} " T=rwz (T 2T 1 fnactw Cz T=r 2
7 : - (inacty)
z.0p = {} : inactv Cz
(iactt)
T € d¢c

C2.1 is: 1
2€48 tnactv C z _
< ?,_ (iact;) T7Ti % (AU =Ty
z € ZChartc T =) 2 =0

t € EChartc
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B.2 Proofs for Section 3.3: Feedback of sig-
nals in u-Charts

Lemma 3.3.1 Given (C},%,0,¥,4,), where ¥ = {A,B}, 0 = A, ¥ = {a} and
61 = {(4, B, a/a)}, for arbitrary z7* and input i C inc we have,
actv Cyz 2= { c, 24,1021, cq, =B, oc/={a} )
z € ¢,

where [0¢, Efﬂ and T* <X T,

Proof 3.3.1

G

—_— (d
actv Cyz (A,B,a/a) € 8, (ar)

Trans (A,'B,a/a) z (
z € de,

z,%)
where (; is:
G
Dy, =( ce,DA,ic 214, cg, 2B, o¢/>{a} |
z.cc, = AN z.C'c1 = B A z.0oc/ = {a} A p(a)[aT®/2.aT?
Trans (A, B,a/a) 2

(Trans-df)

where (3 is:
z={cc,=A,ic,2i, ¢, =B, 0c/=2{a} )
a € z.ic,U ({a} N {a}) z.o¢, = {a}
a € z.ic,U (z.0¢,/ N{a})
p(a)[aT®/z.aT?]

Lemma 3.3.2 Given (C3,X,0,¥,6;), where ¥ = {A,B}, 0 = A, ¥ = {a} and
82 = {(A, B,—a/a)}, for all 2T,

actv Cy 2
z ¢ 602
where [[6(;2]]21“
Proof 3.3.2
t €6y 2
t€{(A,B,—a/a)} Transt:z 2
Trans (A, B,—a/a) 2z (Trans-df)
\ T /zaTs | "
2 €dc, ad zicU({a)n{a}) *
z€dc, actv C z L
N (2,7)(2)
1)1
2 d dc, (L)@
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B.3 Proofs for Section 3.4: The composition

operator

Before giving the proofs of the propositions of Section 3.4 we introduce and

prove some useful lemmas.

Lemma B.3.1 Given C = C; | ¥ | C, for arbitrary z and z; we have,

z2=r, 21 actvCz z=r,. 21 inactvCz
3 3
(actr)

(inacty)

actv C z inactv C 21

where ﬂ&c]]n;f“, AU= T; and T < T,.

Proof B.3.1
The base case for properties (act;) and (inact;), that is, that they hold for any sequential
chart, is given in Lemma B.1.3.!

The induction case for the left hand property is,

actv C 2 (df) actv C 2z (df) (.1
actv C z z2=1, 2 actv Cy 2 z2=r, 21 :
H. (I.H) :
actv C1 21 actv Cy C € z.act
(df)
actv C 2,
where ( is:
actv C z 2 =13 21
— = (d e act
C € z.act (@) z.act = zy.act (1% = Ts)
C € z.act
Similarly, for the right hand property we have,
tnacty C 2 nactv C 2z . (o
—_— _ ———= (df) _ .
inactv Cy 2z =7, 2 I H inactv Cy 2 2=7, 2 I .
wnactv C) 21 H) inactv Cy 21 (I.H.) C ¢ z.act
- (df)
inactv C z
where (] is:
inactv C 2 (inactyy) Z =oct 21
C €& z.act z.act = zj.act
C ¢ z.act
Lemma B.3.2 Given C = C, | ¥ | Cy, for arbitrary z73, we have,
2€6c CE€zact z€6c C¢zact
(actyr) (inactyy)

actv C 2 actv C z

where [[50]];‘ and T% <X T;.

INote that each use of the induction hypothesis (I.H.) is well typed because, by defini-
tion, AU, < AU and T2 < T%t. Therefore it follows from AU < T; and T%! < T,
that AU; < T3 and T2t < T;. A similar argument holds for the types related to d¢,.
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Proof B.3.2

The base case for the properties (act;;) and (inact;) is given in Lemma B.1.4.

The induction case for the property on the left is,

2€0¢ (g G C2 7=z (¥
z€dc (df) z.act = z.act C € z.act
Jdo; C outc,; 02 C outc, @ actv Ciz actv Coz C € z.act @)
.0 =01Uo02 A actv Cz
I € (5(;l A T2 € (502
actv Cz @O =z @)

(acty)

actv C z

where T =g4¢f 2 [ T?, 1 =q¢f T % | ic;2(z.ic U fbz) Ning,, 0c/=0; ) and
T2 =def T * { ic>(z.ic U fbz) Ning,, 002'502 D.

( is:
z€d¢c
- d,
$=T,,z(f) I€5c(f)(df)
C € z.act z.act = z.act Cy € z.act &
d C € z.act
Ty =12 T (df) C € z.act
11.act = z.act C) € z.act -
C) € 1y.act I € 601
- I.H.
=T (df) actv C 1y ()
t
actv Cy = (actr)
and (2 is:
z €éd¢
— (d, d,
$=T«z(f) I€5C(f)(df)
C € z.act r.act = z.act Cy € z.act &
af) C € z.act
Ty =r1a T ( C € r.act
Ip.act = z.act Cs € z.act -
Cy € 15.act T € dc,
- 1.H.
T =qat T (df) actv Cy 1o ( )
t
actv Co (acts)

Similarly, for the right hand property, assuming the same definitions for z, z; and zo,

we have,
€4
j: € JC @) o @
< (df) : :
Jo1 C outc,; 02 C outc, ® inactv Cy ¢ inactv Coz C ¢ T.act
, - (df)
T.00 =01 Uo02 A inactv C x
T € dey A\ 12 € dc,
inactv C z G710 T=gei 2 (df)

(inacty)

inactv C 2z
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(i is:

z €é¢

— (df
7=z ) zeée D
C ¢ z.act z.act = z.act —— ()
C) € z.act &
(df) C & z.act
Ty =1 I C € z.act
zj.0ct = T.act C, € z.act 1
C € 1y.act Y € éc,
=z Y inactv Ci 1 (LH)
tnactv C z (inacts)
and (» is:
z € 50
2 =7a T (df) c JC (df)
C¢&z.act z.act=r.act (df)
Cy € T.act &
(df) C & z.act
Ip=rs T C € z.act
Ty.act = z.act Cy & r.act 1
Cy € x5.act 1 € bc,
I1.H.
Tp =1 T (4f) inactv Co 13 (L.H.)
inactv Co x (inacty)
Lemma B.3.3 Given C = C; | ¥ | Gy, for arbitrary 272, we have,
2 € b¢ (actiom)
actv C z V inactv C z LEM
where IIJC]IZT: and T¢ <X T.
Proof B.3.3
z €8¢ CEz.actl z€6c C¢z.act l.
(LEM) actv C 2 (actir) nacto C (inactyy)
+ +
C€zactV actv C z V inactv C z V) actv C z V inactv C 2z v
C ¢ z.act

(v

actv C z V inactv C 2

Lemma B.3.4 Given C = C; | ¥ | Cy, for arbitrary binding 27 we have,

actv C 2 (actir) inactv C 2
C € z.act C ¢ z.act

(inactyyr)

Proof B.3.4

Trivial from the respective definitions of act and inact.
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Proposition 3.4.1 Given C = C; | ¥ | C,, for the binding 273 and arbitrary

sets 03 and o4, we have,

z.0p = 01 U o0y,
2z €d¢ zx (| ic=2(z.ic U fb;) Ning,, oc/ =01 | € dcy,
zx (| ic>(z.ic U fb;) Ning,, oc, =02 | € oo, F Q b
0 _

z.0p = 03U 04

zx { ie,2(z.1¢c U fb;) Ning,, o¢/ =03 )) € dc,
zx (i (z.ic U fb,) Ning,, oc/=04 ) € b,
actv C z V inactv C z

: (-1
z €d¢

where the usual conditions hold for o1, 0 and @, [0c],? and T <X T;.

Proof 3.4.1
For (| -|~) we have,
€ G G ¢
;eég (@) gl 2 3
. : (df)
301,02.$.OIC=01U02/\$1€501/\z2€602 Q
Q 37
() is: (o is:
7=z (Y ___, 7=z (dg)
.’L‘.O'C = 01 U 02 ! Z.O,C = 1:.0,6, n € 601 21 =Ti. Ty ( f)
Z.OIC = 01 U 09 2 é 601
<3 is: . l = @)
T2 € 56’2 22 :TZ" Iy (df)
22 G (502

where T =ger 2 [ T®, 2 =gef 2 * { ic,2(2.ic U fbg) Ning,, oc,/= 0, ). and
Tn =def T* ( ic,2(z.ic U foy) Ning,, 00,/ 0y ) for n = 1,2.
For (| -|*) we have,

G G
actv C z V inactyv C 2z : : , . .
(v7)() 2.0 =03Uo04 21 €d0¢c, 22€ g, N
Ci€zacte Ce€z.act A 5 ; Uos Az oo NzrEd 3"
03,04 @ 2.0~ =03Uo04 A2 z
Cy € z.act & C € z.act 3 ¢ a- ™ ! G 2 G
d,
21 T° oo (@)
— (df)
z€d¢
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where 21 =gef 2 % { ic,=(2.1¢c U fb,) Ning,, oc,/ =03 ) and
22 =def 2 % {| ic,=(2.ic U fb,) N incy, 0c, =04 ).
(1 is:

actv C z ! actv C 2 1(

d,
actv C) 2z ((ﬁt ) actv Cy z (actmr) actv C z l(df)
C) € z.act m Cy € z.act " C€z.act

C) € z.act A Cy € z.act A C € z.act

daf)

(%)
vt

(Cr € z.act A Cy € z.act A C € z.act) V
(C1 € z.act A Co & z.act A C ¢ z.act)
Ci€zacts C€z.act A Cy € z.act & C € z.ac

; (prop logic)

(o is:
tnactv C 2z l(df) tnactv C z l(df
inactv Ci z tnactv Cy 2 inactv C 2
C, € z.act Cy & z.act C ¢ z.act
Cy & z.act AN Cy & z.act A C & z.act
(Cy € z.act A C2 € z.act A C € z.act) V
(C1 & z.act A Cy & z.act A C ¢ z.act)

Ci€zact s Cezact\NCy€ zaact & C € z.act

1
(df)
(nh)

(inactrir) (inactyyr)

v*)

(prop logic)

Proposition 3.4.2 Given C = C) | ¥ | C,, for arbitrary binding 272, we have,

z €6¢c inactv Cz = ;
(:‘_ (act;") z € é¢ : inactv C z (iacty)
z € EChartc z.0p = {}
inactv Cz z € EChartc z.0p = {}
. (iact™)
z €d¢
PTe a
where [6c],. and T? X Ts.
Proof 3.4.2
For (iact;) we have,
inactv C 2
—_— (d
inactv C z (@) 21 =1, 2 (df)
: 1 - (inacty)
21 € d¢, inactv Cy ny =7 @
- (I.H.) 1 =13 2 (AU < Ts) G
21 € E.C'ht'l."'tcl 21 =au) 2 1) =13 :
z € ZChartc, z € EChartc, 5
z € (EChartc, A EChartc,) @ "
2z €d¢ z € EChartc

: (1-17)()
z € ZChartc

where 21 =gef 2 % q 1:015(2.1;0 uf,)nN mne,, OCI,E 01 [) and
22 =def 2 * | ic>(z.ic U fb,) Ning,, 002’502 D.
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(1 is:

inactv C z (df)

inactv Cp z T AL
. - (inacty)
2 €dc, inacty Cy 25 (LH.) m (df)
— H. <
2 € EChartc, % =wauy, 2 ((AU2) X T3)

z € EChartc,

For (iact;;) we have,

- G G2
2.0p = 01 U 02 :
2.0p = z1.0¢,/ U 2.0¢, z1.0oc ={} =.oc/ ={}
2 €é6¢ z.0p ={}
: < (1-17)()
z.0p ={}

where 21 =gef 2 * { ic;2(2.ic U fb,) Ning,, 0c/= 01 ) and
2 =gef 2 % { ic,=(2.1¢ U fb;) Ning,, oc, =02 ).

Cl is:
tnactv C z
inactv C z @) 21 =1, 2 (df)
— 1 - (inact;)
21 € d¢, inactv C 51
. (I.H)
21.0¢c, = {}
<2 is:
inactv C z
inactv Cy 2 (@) 2o =1, 2 (‘,if)
2 €éc, inactv Cs 29 (inacty)
. (I.H.)
22.0¢c, = {}
And for (iact*) we have,
G G2
z.0p = {} : : inactv C 2z v
zop, ={}U{} 2€dc =2€dc actvCzVinacty Cz 4-1"
2z €d¢ )
where 21 =4er 2 % { ic;2(2.i¢c U fb;) Ning,, 0c/={} ) and
2 =def 2 * (| ic;2(2.ic U fb;) Ning,, 0,/ ={} -
Cl is:
- inactv C z (df) )
z € EChart ; =7
ZEETRNC (A = (avy et Gz CTT A (macty) ————— (df)
21 € EChartc, inactv C) 51 z1.0c) = {} (I.H)
21 E (501 o
and (s is:
. inactv C z (df) ()
€ ZChart ; =
ZESPC (v qavy Mo Cez | ITEmam Ly
2 € ZChartc, inactv Cp 25 z.0c; = {} (I.H.)

29 € dec,

where ﬂécl]]l;ff, [[5Czlll;fg'
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Proposition 3.4.3

(I - loym)
Beiwel,, = Bawel,,

Proof 3.4.3

Trivial given the bindings in the respective sets |[501|q,|02]| . and |[602|q,|01]|z are un-
C C
ordered.

Proposition 3.4.4 Given C = C, | ¥ | C,, for arbitrary bindings 272 and z 73

we have,

z €d¢ T=r2 zicUfb,=z.icUfb,
.'L’étsc

(2)

where [6c]5”", T =4 T~ V' and T® < T.

Proof 3.4.4
The base case for this structural induction, that (Z€) holds for sequential charts, is given
in Proposition 3.2.3.

For the inductive case we have,

1 T T z C.l <‘2 <3
2.0p = 01U 02 T.0¢ = 2.0p : : :
z.0p = 01U 02 71 €60, 12€6c, actvCzVinacty Cz -1
z€é¢ té€de B
: (-17)Q)
T € b¢
C] is:
— (df) C‘."
T=r 2 2.0c, =1I1.0c :
- 7 = out) 2] .
; 1 (i ¥ 17 v Tout 21.ic, U =
21 € 601 I =Tl, 21 (Tl. = (T; Y Tl“ )) Cl. .ﬂ)Zl
:El.zclUfb;,;,
- (I.H.)
I € 5(;l
Cl.l iSy
. . —— (df)
z.ic U fb, = 1.ic U fb, 21.0¢, = 11.00,
(z.ic U fb;) Ning, = (z.ic U fbr) Ning, @) 21,0/ NV = 11,00/ NY
21.1¢c, = T1.1c, foz, = fbg,

Zl-icl Uszl = xl'icl Ufb:l:l
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where T; =g¢s T * (| ic;2(2z.1¢ U fbg) Ning,, o/ o1 ), [[JCI]II;(T{I, T, =T¢- T
and 21 =gef 2 * { ic;=(2.1c U fb;) Ning,, 0c/ D01 ).

(o is:
—— @) Cou
T=1,2 2.0c, = 12.0¢, :
T2 =(Ti v Té)ul) 22 .
v 2z ) out 22.1c,U =
z €dc, Ty =1, 2 (T2, 2 (T3 ¥ T4*9) : oz,
:l:g.zczUﬂ);;2
- (I.H.)
Ip € 502
<2.1 iS7
, , —— (df)
z.ic U fb, = z.i¢c U fbo 22.0c, = T2.0¢,
(z.ic U fb;) Ning, = (z.ic U foz) Ning, @) 2.00, NV¥ = 1500, NV
2.1c, = T2.1C, Jbz, = fbs,

22.ic, U fby, = T2.5c, U fby,

. . . PTII .
where T3 =4¢f T * { ic,2(2.ic U fbz) Ning,, 0c, =02 |), locl, .2, To, = T - T}"
and 22 =gef 2z * { ic>(z.ic U fb;) Ning,, 0oc, =02 ).
(3 is:

_— 2 —_— 2
actv C 2z T=r 2 inactv C z T=r 2z
(acty)

vt)

(inacty)
v*
(v7)(2)

tnactv C x
actv Cz V inactv C z

) actv Cz
actv C z V inactv C z actv Cz Vinactv Cx

actv Cz V inactv C

Lemma 3.4.5 Given C = Cj | {b} | C2, where C) and C, are the sequential

charts of Figure 3.5, for arbitrary z7* we have,

actv C 2

z¢6c

where ﬂécﬂgfa

Proof 3.4.5
Assuming z; and 2, are defined as expected, we have,
actv C 2z G
1 actv C) z (a =1z (df) -
2€0c  z €dg, actv C z; (actr) .
z €d¢ N (2,7)3)
n (1-1M®
2 ¢ 6c (L7
where (; is:

t1 € {(A,B,a/b)} 3 Trans t; 2 s G
Trans (A, B, a/b) 2 :
21.0¢, = {b}

d .
(p-df) b 2100/

1
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Cz is:

G
actv Cz b¢.z.02; 2.0p =01U 02
actv Cy z (@) 2l =1= 2 (df) bd o ()
2 €dc, actv Cy 23 (actr) b¢ z.0c]
b 2.0 (2,7)@
' 1
and (3 is:

e ((C.D,—b/0)) * Tumstrzz °
Trans (C,D,-b/c) =

2.ic, = (2.ic U (2.0 N¥)) Ning, (@) b & z.ic,U (22.0¢; N{}) (e-df)
2.1c, = (2.ic U (2.0 N {b})) N {b} b & z.ic,
b ¢ (z.ic U (z.0p N {b})) N {b}
bdz.0p
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B.4 Proofs for Section 3.5: The decomposi-

tion operator

Before giving the proofs of the propositions of Section 3.5 we show that the
properties introduced in lemmas B.3.1 to B.3.4 of the previous section also

hold for decomposed charts.

Lemma B.4.1 Given C = Dec (w C1) by {(Ca,w C3)}, for arbitrary Co, w C) =
(C1,%,0,9,4), and bindings z and z;, we have,

z=r,2 actvCz (act) z=p, 21 tnactvCz
acty -
inactv C 7

inact
actv C 1 (inact;)

where [6c]5"", AU= T, and T% < T,

Proof B.4.1
Lemma B.1.3 shows that (act;) and (inact;) hold for sequential charts.?
The induction case for the left hand property is,

actv C 2 tv C =1, 21
actv &z 4 actvCz . 3 ot
actv Gy 2 =134 (LH) Cezacd YV Taa= 21.act (T = Ts) C:l
actv C 71 o C € z.act :
(df)
actv C 21
where ( is:
actv C z —_— 1
actv Cy 2 & W actw Gz il R (I.H))
2 H.
actv Cy z
(z.cc, = o V 2., = C3) 2 G G2

z.cc, = G2 Vzcg = G :
(V7@

C? 21.¢c, = Co Vv zl.c'Cl =y

@
actv Ca 21 = (21.cc, = G2 V 21.¢¢, = (2) (=)

actv C2 21 & (1.0, = C2 V Zl'clc'x = (2)

11 is:
S —— TR Au<Ty)
z.cc, = O z2.cc, = 21.C¢, -3
21.Cc, = C2 (\/+)
z.¢cc, = G2 Vv zl.c’cl =
G2 is: , i
=15 21
- 2 ——° (AU Ty)
z.cq, = G z.co, = 21.C,
z1.cp, = Gy
v

za.co, = GV Zl.clc1 =Cy

2As with the proof of Lemma B.3.1 each use of the induction hypothesis (1.H.) is well
typed.
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(o is:

(21
_ tvC 2
z.cc, = Gy V ac (df)
rc - C actv Gy 2 & (z.cc, = Co V 2.c, = (3)
. Cl 2
actv Cy 2 2 =1, 2
s~ (1.H)
actv Co 21 (=)
(z21.¢¢, = Co V z1.co, = C2) = actv G2
G2.1 is:
R — z =T3 Zl act
21.Ccy = C2 zZ.Cc, = 21-CC, (avyT ) = Ts)
2 z.co, = Cy C22
2.¢c, = C vV - ; (vh :
, z.cc, = G2V zcp = Gy
Z].CCl = CQ
v7)(3
z.cc, = G2V z.cq, = Oy vV7E)
Ca.2 is: , ,
=15 21
; 3 ———— (AU Ty)
21.¢cc, = G2 z.co, = 21.Cq,
z.chh = Cy
Lo v
z.cc, = Ca V 2.co, = Cy
For the right hand property we have,
inactv C z (df) inactv C 2 (df) G
inactv Ci 2 z=1, 21 inacty Cy z =1 2 :
_ (I.H.) _ (LH.) :
inactv Cy 21 inactv Cy 3 C ¢ z.act
- (af)
inactv C 23
where (] is:
inactv C z . 2 =13 21
Potldandndeti i, t act <
C ¢ z.act (imactiyr) z.act = zj.act (T2 2 T3)
C & z.act

Lemma B.4.2 Given C = Dec (w C1) by {(C2,w C2)}, for arbitrary Cy, w C; =
(C1,%,0,%,0), and binding 73, we have,

2€6c CE€zact (act) z€6c C¢zact
actv C 2 " inacty C z

(inactyy)

where ﬂ&c]];a and T¢ < T;.

Proof B.4.2
Again the base case for both properties follows trivially from the definition of actv C z
and inactv C; z for any sequential chart Cj.
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The induction case for the left hand property is,

z €d¢
(df) G
z €0 w i
Jo; C outc,; 02 C outc, ® actvCiz ' C € z.act (df)
z.0p =01Uo02 A actv C
s é 501 N Tp € (502
actv Cz 3D Z=1e T (df)
actv C z (acts)

where £ =g¢f 2 [ T®, 71 =gef T * { i, (2.ic U fbs) Ning,, 0c/= 01 | and
T2 =gef T * (| ic;2(z.ic U fbz) Ning,, oc, =02 ).

( is:
z €d¢c
— (4, d,
z:Tnz(f) I€5C(f)(df)
Cezx.act z.act=z.act Cy € T.act &
C € z.act
T =1 T (df) C € z.act
T1.act = T.act Cy € z.act -
Cy € 1y.act I € dc,
- I1.H.
T =12 T (df) actv C1 1y (I.H.)
t
actv Cy « (actr)
(o is:
21 Co2
(z.ce, = Cy v z.co, = Cy) actv:C z
: ‘ (=4 = (=43
actv Ch Tt = (z.ccy = o Ve, = C) =
(z.cc, = G2V z.0(5, = () actv Cy
actv Co & (z.¢c, = C2 V ¢, = ()
and (o1 is:
(s -,
: actv Co x (actuy)
Gy € r.act & (z.cc, = Co V z.c'cl =(C;) Cp € z.act m
(z.co, = CaV z.c’cl = Cy)
and (g2 is:
Ca
3 actvCrz &
(z.cc, = CaVz.ch =C
=z () ' é ) (z.cc, = G2 V z.clp, = Ca)
TIp.act = z.act Cy € z.act 1
Cs € 13.0act T2 € dc,
- 1.H.
Ty =712 T (df) actv Cy 1o ¢ )
t
actv Cr (acts)
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(3 is:

z €8¢
—(df) —(df)
T =p1a 2
T Iz €dc (df)

C € z.act z.act = z.act
C € z.act

C; € r.act &
(C € z.act A (z.cc, = C2 V T.c, = (7))

Gz € z.act & (z.cc, = G2 V T, = ()

For the right hand property, assuming the same definitions for z, z; and z;, we have,

2€6
T € 5(6;: (@) G ¢
(df) : :
Jo; C outc,; 02 C outc, ® inactv Cyz  inactv Coz C & z.act (df)
T.00 =01 U0z A inactv C
I E 501 N To E 502
inactv C'z @0 T =qoct 2 (df)
inacty C z (imacts)
C is:
z€8
T=pz (@) = 52 (df)
C & z.act z.act=z.act (df)
C & z.act C) € z.act &
=T (df) C € z.act
I1.0ct = T.0ct C) € z.act 1
C) € 1;1.act T € é¢
— (df) ? - L (1.H)
T =1 T inacty C 1,
inact
inactv C z (inacty)
and (7 is:
Z€6
7=z () ﬁ (df)
C¢z.act z.act=rz.act (df)
C ¢ z.act Cy €Ez.act &
Ty =re T (df) C € z.act
To.act = z.act Cy € r.act ]
Cs & x5.act 73 € b
— (df) ¢ - 2 (I.H.)
2 =14 T tnactv Ca 19
inactv Co x (inacty)

Lemma B.4.3 Given C = Dec (w C) by {(Cz,w C2)}, for arbitrary Cy, w C; =
(C1,%,0,¥,0), and binding zT*, we have,

2z € b¢

t
actv C z V tnactv C 2 (actrm)

where |[6(;]]§(a and T < T,.
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Proof B.4.3
For an arbitrary decomposed chart C = Dec (w C) by {(C2,w C3)}, we have,

_ 1 R |
z €é¢c C € z.act 2€6c C¢¥z.act .
(LEM) C (actrr) 10 C (inactyy)
C € z.actV actv C 2 +) inacty C 2z vF)
actv C 2z V inactv C 2z actv C z V inactv C z
C ¢ z.act

actv C z V tnactv C z (v7)()

Lemma B.4.4 Given C = Dec (w C) by {(Cz,w C3)}, for arbitrary Cp, w C; =
(C1,%,0,%,6), and binding z7*, for n € {1,2} we have,

nactv C 2

actv C z ~
=L t
C ¢ z.act (inactsir)

C € z.act

(actyyr)

Proof B.4.4

Trivial from the respective definitions of actv C z and inactv C z.

Proposition 3.5.1 Given C = Dec (w M) by {(S,w S)}, where
wM=(M,Z,0,¥,06), for the binding 27 and arbitrary sets 0; and o, we have,

z.0p = om U o,
zx | iy=(2.ic U fby) Niny, o)y = om ) € by,
zx ( is=>(z.ic U fb,) Ning, 0505 ) € s,

actv C z V inactv C 2 FQ
0 (Mg')

z€é¢

2.0 = 01U 0g

z % { iy>D(z.ic U fb,) Niinyy, 0;‘,{501 D € oM
zx (| ig=>(2.ic U fb;) Ning, 05 =02 ) € 05
actv C z V inactv C 2z

: (M)
z € dc

where the usual conditions hold for oy, os and Q, ﬂécﬂggm and T® < Ts.

Proof 3.5.1
For (M5 ) we have,
z € ¢ z €d¢c
d
T €dc @ ) actv C z V inactv C 2 (GCtLEM)(I G (G
Jdoi,00 0 : R
T.0p =01 U0z A Q

$1é5MA$2é5s

0 (CRNIeY;
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(1 is: (o is:

=7 (df) — (4]
] 2?2 — 1 *7rI (({i;)
T.0p = 01U 09 z.0p = 1.0 T €0Mm 21 =712 T
2.0 = 01 U 0p 21 €6pm
is:
€ | T=eE @)

n€ds H=pn Y

Zzétss

where T =ger 2 [ T®, 2, =ge5 2 % { ic,2(z.ic U fbz) Ning,, 0oc,'=on ). and
Tn =def T* ( ic,2(z.ic U fby) Ning,, oc,/=op | for n = 1,2.
For (M) we have,

G
M e z.act & C€z.actA T.0p=01U0p 7 €0y mE0s 3+
S €z.act e (C € z.act A 301,0201:.0’C~=01U02/\1:1é&M/\zgéés
(z.eM =S Vz.cjyy =9))
(df)
€6
a:._c (df)
zZ €éc
where T =g¢r 2 [ T®, 3 =def T *{ iMD(z.ic U fbr) Ninyy, 0;‘4901 ) and
Ty =gef T { is=>(z.ic U fbz) Ning, 0502 ).
Cl is:
C1 G2
actv Cz Vinactv C : :
(v7)(@)
M € r.act & C € z.act A
S€zact s (CezactA(z.cy =SVz.cy =S9))
€11 is:
. Cr11
chttgllclfi (@) : actvCz !
BT (4ety) S Ezoact e AWl T (4
M € z.act C € r.act
(z.eM =SVz.cy =S9) .
M € z.act A (S € z.act & (z.cy =SV z.cjy =S)) A C € z.act 4 () 4
v
(M ez.actA(S€z.act e (z.cMm=SVzcy=8))ACE€z.act)V
(MgzactAS &z.act AC ¢ z.act)
(prop logic)
M € z.act & C € zact A
Sezacte (CezactA(z.cm =S Vel =39))
where (1.1 is:
1 — 1
actv Cz (4f) -actv Cz (acti)
Sezact e (CexactA(z.em =SVzcy=2S9)) C € z.act m

Seracte (z.cm =SVz.cy =S)
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(1.2 is:

inactv Cz | inactv Cz

wactv v & waect¥ L d _

inactv M z Efﬁct ) inactv S ((h{zctm) inactv Cz : df)

M & z.act mrg ¢ T.act C € z.act (")

Mdzact NS gz.act NC ¢ zx.act )
(M €z.act A (S €z.act & (z.cy =SVz.cyy=8))ACEz.act)V
(M & zx.act NS ¢&z.actAC ¢ z.act)
(prop logic)

Mez.acte Cezact A
Sezracte (CezactA(z.ecm =S Vzcy=2S5))

Proposition 3.5.2 Given C = Dec (w M) by {(S,w S)}, for arbitrary S and
wM=(M,%,o,¥,5) and 27* we have,

z€6c zem#S 2.y #S

inactv S z
z2€8c zem#S z.cy # S
zx (| iyD2.ic Niny, o)y Dz.0p ) € Oy

2€8c zeym#S z.cyy #S

(Mg 1)

(MbTIII)

. PN — (Mgpy)
zx ( is=z.ic Ning, 05=>{} ) € ds
where T? < Ts.
Proof 3.5.2
For (Mg ;) we have,
., G
inactv C' 2 df) :
actv C z V inactv C z inactv S z inactv Sz
z €b¢c inactv S z M V@
inactv S z (M5 (1)
(1 is:
Ce
! :
2 € 05 1
1-)@3
n[Treds S&(znlTH).act (. )©)
- (inactyy) ————— (df)
inactv S (22 | TF) 2T} =15 2
- (inacty)
inactv S z

where 21 =gef 2 % { iy =2 (2.i¢c U fb;) Niny, 0}, =0p ) and
22 =gef 2 % ( is2(2.ic U fb;) Ning, 05> 05 ).
(o is:

: | —
29 € bs S € z.act (3

Z=r, 2 (df) actv S zp (ectir)

(acty)

1

actv S z -~ actv Sz
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(3 is:

zem#S  zey #S

actvCz > zeM#SNzey #S

actv Sz & (2.cy =SV z.¢h, = S) (@) - (z.eM=SVzcy=2S5)
-actv Sz

(n%)
(prop logic)

For (Mg ,;;), assuming the usual definitions for bindings 2; and 2, (as above), we have,

§1
5 : S —
22 € 05 tnactv Sz~ _ 2.00 = 01 U 02
- (iacty;) n ¢ 7 — (df)
: . zn.05 = {} 2.0 = 21.0)y U 22.0g
z1 €M 2.0g = 21.0)y @)
2% iMDz.ic Niny, 0ohyDz.0p ) € om €dc M)
; . ; . s
z2x (| iyDz.ic Ninyg, oyD2.0p ) € 0m
where (; is:
¢ inactv C z 2
2 === 22 (4
. : inactv S z (@) Z=1, 22 (df)
- . - inact
actv C z V inactv C 2 inactv S 23 inactv S zp (inacts)
- (V7))
inactv S 2,
(2 iSZ3
G
—actvSz Z =7, 22 (df)
b ¢ U — contra
22 € b3 —actv S 2z (inact; - contra)
- (actLem)
inactv S 2o
and (3 is:
zemM#S zey #S
actv CZ 2 (df) zZ.CMm # S A z-C,Al # S
actv Sz & (z.cy =S Vz.cy =8) - (z.eM =8V z.c)y = 8)
-actv Sz

Similarly, for (Mg, ) we have,

— 2
G inactv C 2
: inactv S z (@) Z=1, 22 (df)
- 1 . . - (inacty)
, acty C z Vinactv C z tnactv S zp inactv Sz
s - (Vv™)(?2)
2y € bs inactv S zo  _ 1
z.05 = {} (iactir) 2 € 0y
2.0 =
. . —— . (df)
2z € 6¢ zx (| isDz.ic Ning, 05{} ) € s

: o . (Mg)(1)
2% ( isDz.ic Ning, 05>{} ) € ds

3Here, and in the following, we freely use an alternate form for the rule (act ga). Given
the original rule has the form I" Fact V inact it follows that I', -~ act Finact. Also, the
rule labelled (inact;— conira) T€presents using the contrapositive proposition I',~ B + = A
where proposition (inact;) has the form I', A FB.
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(1 is:

G2

—actvSz Z =7, 22 ("if)
(znaCtl —contra )

z € 0s ‘ —actv S z (actLen)
inactv S zp
and (2 is:
zemM#S z.ey #S
actv C z 2 @ zeM#FSNzey #S
actv Sz ¢ (z.cy = SV z.cpy = 5) —~(z.cm =SV z.¢hy = 8S)
—actv S z

Proposition 3.5.3 Given C = Dec (w M) by {(S,w S)}, for arbitrary S,w M =
(M,%,0,¥,6), and binding 273 we have

z €d¢c inactv Cz (iact) 2z €dc inacty C 2

z € EChartc z.0p = {}

(iact;;)

inactv Cz z € ZEChartc  z.0p = {}
2z € 6¢

(iactt)

where ﬂ&cﬂgzw and T = Ts.
Proof 3.5.3
For (iact; ), assuming the usual definitions for 2; and 23, we have,

inactv C z (df)

inactv M 2 21 =1, 2 Edf) )
. - inact;
21 € 6 : inactv M z; (LH) = 2 (d.f)A o G
21 € ECharty =@z BUn)2Ts)
z € ECharty z € ECharts (54
. A
= ANZ
g 2z €( Ch.artM Chartg) (Charto-df)
z € € ZChart
< — : C (mg)()
z € ZChartc
where (; is:
inactv C z
inactv S z (4 22 =1, 2 Edf) )
. - inacty
22 € s . inactv S zo (LH.) =n 2 (df)AU .
29 € ZChartg 2 =(au,) 2 ((AUs) X T3)
z € EChartg

For (iact;;) we have,

- G G2
z2.00 = 01U 09 : :
z.0¢ = 21.03 U 23.0% z21.0y ={} 2.0y ={}
2z €6¢ z.0p ={}
; & ()
z.00 = {}
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where (; is:

inactv C z
) inactv M 2 @) 21 =1, 2 (fif)
21 €6y inactv M z; (1.H) (inacts)
2.0y = () o
<2 is:
tnactv C z
. inactv S z (df) 20 =1, 2 (df)
" - (inacty)
22 € bs inactv S z
, (I.H.)
22-03 = {}
And for (iact*), we have,
Q G2
z.0¢c = {} .f inactv C z v
200 ={}U{} 21€dém 2€ds actvCzV inactvCz -1
2 €éd¢ )
Cl is:
. inacty C z (df) @)
€ ZChart j =
% ((AUm) 2 (AV)) znactsz Sl N (inact;)) ————= (df)
21 € ECharty inactv M zy 2.0y = {}
' (I.H.)
21 €0y
and (s is:
. inactv C 2 (df) ()
€ ZChart j =
ZESCMNNC (puy<(ayy MOSE  TEmEm o
20 € EChartg inactv S z z.05 = {} A

22é5s

where |[6M]]';f"‘, H5SHI;Z"

Proposition 3.5.4 Given C = Dec (w M) by {(S,w S)}, for arbitrary S,w M =
(M,Z,0,¥,6) and bindings 2Ts and zT® we have,

z €d¢ T=r 2 zicUfb,=z.icU fo
T € d¢

where IIJC]]E;CT“, T, =4e T®— V'and T® < Ts.

(2f)

Proof 3.5.4

The proof of this proposition is identical in structure to the proof of Proposition 3.4.4 (i.e.
that (zZ€) holds for composed charts), replacing the applications of the rules (|-|~) and
(I-1*) with (Mg ) and (M) respectively. Apart from this, the significant difference between
the two proofs is hidden by the application of the rule (act;). This divergence amounts to
the difference between the proof of Lemma B.3.1 (that (act;) holds for composed charts)
and Lemma B.4.1 (that (act;) holds for decomposed charts).
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B.5 Proofs for Section 3.6: Chart context
and signal hiding

Again we show that the properties introduced in lemmas B.3.1 to B.3.4 hold

for charts that contain signal hiding.

Lemma B.5.1 Given C =x [C}]y, for arbitrary z and 2; we have,

z=r, 21 actvCz z=rg, 21 tnactv Cz
(actr)

(inacty)

actv C 2y mnactv C 21

where [[60]]]1;31“, AU= T, and T < T;,.

Proof B.5.1
For the left hand property we have,
actv C z C Z=r; 2
=< (df actv Oz - 137 (e
actv C z ) Z =713 2 (LH) C € z.act () z.act = zj.act (T2 2 Ts)
actv C z; o C € z.act @)
actv C
Similarly, for the right hand property we have,
inactv C 2 (df) snacty C 2 (inacty) Z =act 2]
inactv C z z2=1, 2 (LH) C ¢ z.act e act = z1.act
inactv C, 21 o C ¢ z.act (af
tnacty C 21 )
Lemma B.5.2 Given C =x [Ci]y, for arbitrary 272, we have,
z € b¢ CEz.act(act) zE€d¢ C¢z.act(‘ )
mac
actv C 2z " inactv C 2z !
where [[50]]2(“ and T° <X Ts.
Proof B.5.2
For the property on the left we have,
. G z=rz ¥
z €dc (df) z.act =z.act __ C € z.act
T €d¢ (dfy atvCiz C e z.act ()
Joy @ z.0p =01 Noutc A z1 € I, actvCz
actv Cz GO0 —.z ()
actv C 2 (acts)
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where T =gef 2 | T, 1) =g4¢ T * (| icD1.ic, 00/ 01 ).
(1 is:

z €8¢
_— d
T=rz 4 zGJC(f)(df)
C € z.act z.act = z.act C, € T.act <
() C € r.act
T =1 T C € z.act
I).act = z.act C) € z.act
C) € 1;.act T € dc,
T =71« T (df) actv Cy 1,
t
actv C1 t (acts)

For the right hand property, with z and z; defined as above, we have,

1
(I.H.)

5 G
€ :
S 2 an o
T €oc (df) Inactv Ciz C¢gz.act ()
Jo; @ 7.0 = 01 Noutc Az, € b, inactv Cx
inactv C'z @0z ES— (df)
tnactv C z (nacts)
¢ is:
z€6¢
7=z ) <. @)
C & z.act z.act = z.act Cl € .act &
C ¢ z.act
=z (4 C € z.act
I1.0ct = T.0Ct C) & z.act 1
Ci & 7.act 7 € bc,
Ti=r-z 4 inactv C) 1, (I.H)
- (inacty)
inactv C T
Lemma B.5.3 Given C =x [Ci]y, for arbitrary 278 we have,
2z €d¢ (actyem)
actv C z V inactv C z LEM
where [6c]] and T® <X T,
Proof B.5.3
. —T . T
(LEM) 2€d0c CEzact (actir) zZ € 6.0 C ¢ z.act (imactys)
C e zactV actv C 2 v inactv C z )
c ¢ . actv C z V inactv C 2z actv C z V inactv C 2z
z.ac
(V7))

actv C z V inactv C 2
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Lemma B.5.4 Given C =x [Cl]y, for arbitrary binding 273 we have,

actv C 2 (actyr) inactv C 2z
C € z.act C ¢ z.act

(inactyy)

Proof B.5.4

Trivial from the respective definitions of act and inact.

Proposition 3.6.1 Given C =x [Ci]y, for the binding 273 we have,

z.0p = 01 Noutc,

zx { ic>z.ic Ning,, 001'501 ) € oc, F P
P (x0y)

Zé(sc

2.0 = 01 N outc,
z* (| ic>z.ic Ning,, 001/501 D) € d¢y,
actv C z V inactv C z

: (x03)
z2 €dc Y

where the usual conditions hold for 0, and P, ﬂ&c]]nz)cT“ and T* < T;.

Proof 3.6.1

For (x[]3) we have,

z €8¢
z[T*e€é G
[ < @
o, @ z.0p = 01 Noutc A P
2% (i, z.ic Ning,,0c,/ 01 ) € b,
P (ERIEY)

where (] is:

: 1 1
2% {ic,Dz.ic Ning,, 00,01 ) € d¢, 2.0 = 01 Noutc

: (ass)

P

For (x[]3.) we have,

2.0 = oy Noutc  { ic,Dzic Ning,,o0c, =01 ) € d¢,

/ ; ) ) p . (%)
S 2.0 = o1 Noutc A { i, z2.ic Ning,, 0c, =01 ) € b¢, -
Jo, e z.o’c = 01 Noutc A { icDz.ic Ning,, 0¢,/>01 ) € éc, )
Ci € z.act & C € z.act Aoy ® 2.0 = 01 Noutc A (| ic,Dzic, 00,201 ) € éc, .

z€d¢
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where (; is:

—_— 1
actv C 2 (@)
actv Cyz A C € z.act actv C z !
actv C z actvCy z A C € z.act
-~ - . 3 (O'Ctlll)
C) € z.act C € z.act
C) € z.act A C € z.act Cl:'2
actv C z V inactv C z C) € z.act & C € z.act
Ci € z.act & C € z.act

(A7)

(V)

Cr2is:

—_— 1
inactv C 2 (df) .
wnactv Cy 2z A C & z.act inactv C z
wnactv Cy z inactv Cy z A C & z.act
5 (ectur)
C, & z.act C ¢ z.act
C, € z.act A C ¢ z.act
C) € z.act & C & z.act
C) € z.act & C € z.act

(n7)

(contrapositive)

Proposition 3.6.2 Given C =x [C}]y, for arbitrary binding z7* we have,

z €8¢ inactv Cz 2 ;
?‘ _ (acty) z €d¢ : inactv C z (iacti)
z € EChartc z.0p = {}
inactv Cz 2z € EChartc  z.0 = {}
- (tact™)
Z €dc
PT® a
where [6c],, and T° < T;.
Proof 3.6.2
For (iact;) we have,
- 1 tnactv Cz (df)
2 € 501' inactv Cy 2z UH) T=nZ (df)AU o
21 € EChartc, Z1 =au,) 2 ((Alh) X T3)
. d
2 & ECharte, Chartc, = Chartg )
) € ZChart
2€% : d S (x03))
z € ZChartc
where 21 =4¢f 2 * (| icD2.1¢, 0c/ =01 ).
For (iact;;) we have,
inactv C 2z
. inactv C 2z (@) 21 =1, 2 (‘_if) ,
2.0 = 01 Noutc 4 2 € dc, inactv C) 51 (LH) (tnacty)
2.0p = 21.0¢, Noutc 2.0, = {} o
z€6¢ 2.0 =
Chuk LR

20 = ()
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where 21 =gef 2 % { ic;D2.1c, 00/ =01 ).

And for (iact*) we have,

G
z.0¢ = {} .f inactv C 2 )
z.0p ={}Noutc 21 €6bc, actvCzVinactvCz GIE)
B X
z2€éb¢c Y
where 21 =g4¢f 2 % { ic 2 2.1¢, 0c/ =2 {} ).
¢ is:
inactv C 2z
- ——==(df) (4
€ ZChart = (df)
ZESTAIC (am) < (avy Aty Gz LT3 P inacty) - (df)
21 € EChartc, inactv C) 21 1-o¢ = {} (I.H.)
21 é 60]

Proposition 3.6.3 Given C =x [C]y for arbitrary bindings 27 and 272 we

have,
z€bc zT=12 zicUfb,=z.icUfb, 26)
. t
T € dc
where [6¢c]5 ", T. =gy T®— Viand T% X Ty,
Proof 3.6.3
. T=r2 ('1 (o
2.0p = 01 Noutc T.0p = 2.0p : :
z.0p = 01 Noutc 11 €60, actvCzVinactvCz 0%)
. . XUy
z€d¢ T €l -
. (X[]y)(l)
S 50
(1 is:
—— @) ‘1
T=1,2z 2.0c/ =10, :
r = outy 21 .
—_— 1 (Tl Y Tl ) out 21.2 U =
u € b, —E=g, o (ML ITrTe) At
71.i¢, U for,
i (I.H.)
I € 501
G1.1 is:
— (df)
21.0¢c, = I1.0¢,
Cl':“ 7.0/ NV = 11,00/ N
: szx =fb11
- - (W-df) ———— (df) ——— (df)
z.ic U fb,, = z.ic U fby, 21.1c, = 2.1¢ I1.1c, = I.1¢

21.8¢,U fby, = 1.0, U fby,
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€111 is:

I=r 2z
1=1'—°:“2 (To¥ < Ty) (N-df)
T.0p = 2.0 oL Noutc N C 2.0 = 01 Noutc
T.0oNVY =20, NY . an¥
or = o, zicUfb, = z0cN¥Co NV @
z.ic U fb, 2.0 NY C z1.0c/ NV
2icUfb, =z.ic U fb, fo. C fb,,

2.ic U fby, = z.ic U fb,,

wherelp’zll1 =def T* (| icDT.ic,00/Do1 ), 21 =g 2 x| icDz.9¢, 00/ ),
[6c, 05 and T, = T# — Tin,
<2 is:

—_— 2 — 2
actv C z T=r 2 inactv C z T=r, 2
(actr)

(vt

(inacty)
v
(v7)(@)

inactv C z
actv Cz V inactv Cz

1 actvCz
actv C 2z V inactv C z actv Cz V tnactv C z

actv Cz V tnactv C
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B.6 Proofs for Section 3.7: Partial relations
semantics

Proposition 3.7.1 For arbitrary chart C, and bindings 273, we have,

2EC zx2,€0c, actvCzxz, F P
P (Zs7)

Z2x2q €8¢ actv Czx 1z,
z€C

(z)

where [C]Z, [6c]Z", T =< Ty, T°* £ T;, and the usual conditions hold for z;
and P.

Proof 3.7.1

For (2;) we have,

I % 2, € 0¢ TI %24 =7 L

(df)

t=z[T Ix24 €0C G
- 2] Txzg €¢ Tot £ Ty
) ; :
;260 z*za'eéc acthz*za
= < (d) : :
dz] ezi=rzA P (ass)
actvCz1 A z1 € ¢
P (37)()
where £ =47 2 [ T.
( is:
P (df)
Txzg=2]|Txz, T ATs d
actv C % 2, T x 2g =710 2 % 2g AU T® (@) Tect < Te (af)

t
actv C z % z, (acts)

For (z;) we have,

§
@) : 2x T, € 8¢
2| Txxy =72 actv C (2| Txz,) 2] Tz, €6¢

2| Txzgo=r2zANactvC(z[Txz,)ANz| Txz, € 6¢c

At

Hle ez =rzNactvC2zn Az €¢c
z€C

(df)

where ( is:

(df)

(acty)

actv Czxxy 2| TxTqg=pyy pact 2% I,
actv C (z | Txx,)
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Before continuing the proofs of the logic rules for the partial relations
semantics we introduce another property of the transition model. In the
given transition model, for an arbitrary chart C, there is typically several
bindings that model a single transition that a chart can make. This is an
important property of the model that allows us to build a general model
of the composition operators. One of the reasons for this is that there is
typically several bindings for which the predicate actv C z evaluates to true.
That is, there are several possible values for the observation act (i.e. sets of
chart names) for which a chart is considered active. Essentially, the property
allows us to show that there is a separate binding in the transition model
for each set of chart names that represent a state in which chart C is active.

The similar property holds for the inactive state.

act

T
and z, , we have,

act

Lemma B.6.2 For arbitrary chart C and bindings 273, za

Zx 2, €6c actv Czx2q actv Czx 2

- (actv)
2% 2zp € 8¢

zx 2, € 6c inactv Czx 2z, inactv C zx 2z

- (inacty)
z%x2p € 0¢

where [[60“'231 and T <X T;

Proof B.6.2
Like the respective proofs for (act;) to (actsyr) this property is easily proved using structural

induction over the language operators.

Proposition 3.7.2 Given arbitrary charts C;, C; and C = C, | ¥ | C;, and
. . yie Vo V1o 14 0 yio V. 10 .
bindings 2%, 22, 7., ut, uy? gy w; ' and w, ? , for arbitrary

01 and oy we have,

2 * T %y xv] € Cp,
* Ty x Yy * vy € Cy,
HxzmxTryY x Yy vl € C 13pig, = (Te.ic U fby,) Ning,,
T.ic, = (Zc.ic U fby,) Ning,,
Ve.0c = V1.0, U w.0oc, - P
P

2
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21 xu *x Yy xw € G

2 % up * Yo x wy € Co

u.i¢, = (-3¢ U fby,) Ning,

U2.1C,

Ue.0c = wi.0c,U un.0c,

(zc-ic U fby,) Ning,

Zi*x2xTxy xypxv, € C

PT
Ze )

PT)
Zc

where fby, =def vc.0cNY, [C] G

Vzio Vlw Vlw
» U1, Y

10

1
for ;! , z,

which requires that we can show that V2T e

Proof 3.7.2

For ( Z)s assuming

(z4) (1)

, IICg]]nZ)(TZ, and the usual conditions hold

and P. This rule contains a side-condition (labelled t)

Tant
Jzs eactv Czxz,.

vie ., . : vio .
v ' ={ie2(zic U ) Ning ), w ' ={oc2o ),
Vie . . . : Vio .
v 2 = (g2 (zic U o) Ning ), up® ={oc20: ),

10 10

T3

oD = kv kY kU, Ty° = 2% Uk Yy x uy and
2T" = 21 % 20 % T, % Y] * yb * V.., we have,
G2 Ca
ST C3 , : G5
€ C D g, = (Ze.ic U fby,) Ning,
n € C | W.ic, = (Tc.ic Ufby, ) Ning, Ve.0¢ = U1.0¢, U Ug.0¢,
: — 1
P (ass) z2xzq € 6¢ (1-17)@
z€d¢ P _ -
P (7))
where (] is:
2

. Py N
zxzgxvy | Vixu [ V' €dc, actv C 2% z,

1

— (4,
71 [ Ty % 24 € ¢, actv Cy z% 24 (@) Ty * Zg =(ay;, vToct) 2% Zg (df)
5 (actr)
T * 24 € 0¢, actv C) 11 * 24 Z)
n € Cl ’
(g is:
iy . of ~ 2
zxza x| Vixuy [ V' €6, actv C 2% z4 )
T2 | Ty % 24 € éc, actv Cy 2% 24 f T2 % 2a =(auyvTot) 2% 2a (df)
; t
Ta* 24 € 0c, actv Cy Tp * 2, zh (actr)
1 € Cy ’
(3 is:
(df) - - - (df) —— (d
Jb, = fbo, v1.i¢, = (2.3¢ U fb;) N ing, 2.ic = Zc.ic ()
v1.ic, = (ZC.’iC Uﬂ)v() Ningc,
(4 is:
(df) - - - (df) ——— (d
for, = fo,, v.ic, = (2.3c U fb;) Ning, 2.lc = Tc.ic (ef)

v2.ic, = (Zc.ic U fby,) Ning,
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(s is:

z.0c = 01 U 02
Vc.0c = 01 U 02
Vc.0¢ = U1.0¢,U u2.0¢,

(Vie-df)
(af)

FOI' (thl)’ a.SSUming,
V\' . . .

v ' = (i (zic U fb,) Ning, ),
|72 . : 1

'U2 2 — 71023(2'20 Usz) N ang Dv

Tli(, / /
T, = 21 x Ul *x Y * Wy,
T‘l(l
2 = 2% up * Y4 x wh and
10
2T =z % 2o % T, % Y} * Y} % v}, we have,
¢
3 e g
2%2, €0c actv Czxz, Zh Vz? edz; eactvCzxz, )
. s act
ze C EJzaT sactvCzxz, __
. : (37)3)
€ G 2€ C __
; (257)(2) .
zeC T € C) _
: (25)(1)
ze C
where ( is:
—_— 3
actv C z % 2, o) C:I sz Ve.0c = wy.0c,U wy.0¢, @)
actv C zx 24 V inactv C 2% 24 : * Z*x25.0c = wy.0c,U up.0c, 11
Zx 24 €8¢
(1 is:
uy.ic, = —— (df)
; ] Todc = z.i¢
(zc.ic U fby,) Ning, @
1 uy.ic, = (Z.ic Uﬂ)vc) Ningc, fou. = fb,
Ty * 24, € b, uy.i¢, = (2.i¢c U fb,;) Ning, 1 G2
Z% 2, % v x W] € 8¢, :
s (activ)
2% 2g % U *x W € dc,
Cr1 is:
1 7 (df)
actv Cy (71 * 24,) I1 % Zay =(au, v Toty 2% Zay * U1 * W]
actv Cy (2% 24, * v * wy)
Cro is:

3
tv C Tz,
actv C (2| T* z,) () @)

actv Cy (2| T zg) 2[ Tx 25 =(ay, v Tocty 2% Zg % V1 % W] (act)
acty

actv Cy (2% 24 x U1 * wy)
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(o is:

ug.ic, = — (df)
- ) Ic.ic = 2.1¢
(zc.ic U fby,) Ning, @
2 ug.ic, = (z.ic U fby, ) Ning, fou. = fb,
T * Zg, €dc, ug.ic, = (2.ic U fb;) Ning, C2,1 Cg.z
2% 2g, xVpx W, €8 :
e 2 G N (actyv)
Zx 2o x V2 *x Wh € O,
C2.1 is:
2 + (df)
actv Cy (T2 % 24,) Ty % Zay =(Auy v Toct) 2% Zay * Vg * Wy
acty Co (2 % 2q, * U2 * W)
C2.2 is:
3
actv C (21 T* z,)
(df) 7 (df)
actv Cy (2 [ Tx 24) 2[ T* 2o =(ay, v rocty 2% Za % Vg % Wy

7 (acty)
actv Co (2% zq * Vo * Wy)

Proposition 3.7.3 Given chart C =x [Ci]y for arbitrary C; and bindings 2V,

10 10 Vm
V7, yY vY" and T, ', we have,

/ I
. . . zxx*y *u € G
zxzxy *xv' € C 13.i¢, = T.i¢c Ning, ! ’
v.oc = u1.0c,N outc + P

2 )

zeupxy xw! € O uic, = zicNing, v.oc = wi.oc, N outc
) 1 1 1 1

—— (z) (1)
zxzxy xv' € C

where |[C]]Ef and |[C1]|]Zf‘ the usual conditions hold for ulvlw, and P. The side-

i0 act
condition 1 requires that we can show that V27" e 3 zaT e actv C 2% z,.

Proof 3.7.3
For 2y, assuming
I—ch"’ =zxzxy *xv,

vie | . . .
T, 1» = o= z..1c Ning, D,
V“} .
u ' ={oc=o0 ) and
10
1

2t =zxxz %y *u, we have,
G C2
— () . 3
[ ———— (df) T1.ic, = 21 E C, v.oc = U1.~Oclﬂ outc
Z2c¢-lc = T.i¢c . . : :
Fz..ic Ning, _— " (ass)
e = bz * 20 € 8¢ o
l‘zcéC l" Cl_‘ P (X[]y)( )
z.1¢c Nng,
P (Zs )(1)
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where (;:

Fz. * 2o % { ic, 2 (Fz, * 25).ic Ning,, oc/= 01 b € dc,
zx 2o %1y | T} %y % uf | T?' € d¢,

Ga

21 %24 € b¢, actv Cy 21 % 2,

zl*z,,ééc,/\actvclzl*za

Tocl . (3+)
dz, ez1%x2,€dc, Nactv Cyz1 x 2z, zh
21 € C]
(1.1 is:
actv Clz, * 2, !
—— (df) (df)
actv C1Fz, % 24 Fze % 2a =(au, v 1oty 21 % Za
(actr)
actv C] 21 * 24
(g is:

2
Fz..0c = 01 Noutc

v.0c = 01 Noutc

(df) Woc =01 (df)

v.0c = u1.0¢,N oulc

For (Z“‘L), assuming
10

z =zxu xy *xw’,

Vi . ) .
v ! = { ic2z.ic Ning, ),

uT” = zx zxy' x v, we have,
G
2 . . v Tw N 3 Tocl o t C .
actv Cux* 2, Uk 2Zq € O¢ ) u Za aclv Cuxzg
. s act
ue C ElzaT sactvCzxz, __
. : (37)@)
21 € G ue C _
: (Z5)(1)
ueC
where (; is:
_— 2
actv C u* zg vH) sz v.0c = wy.0c,Noulc V.0c = u* 24.0C (df)
actv Cux 2z, Vinactv Cux 2, U* 2,.0Cc = Wy1.0¢,N outo x0%)
. XUy
ux 24 € 0¢
(o is:
—_— 2
actv C u* 2z,
v Curz. W) — (df)
) . actv Cr u* 2, UX 2o =(au; v 13ty 21 % Za
e t
21 %2 € b, actv Cy z1 *x 2 actv C) 21 % 24 (actr)
. (activ) .40, =
1
21 % 24 € b¢, ) ]
T.1c Ning,

zx v * Y * W * 24 € O,

Uk Zg %V x W] € O,
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Proposition 3.7.4 Given Mg = (Dec (w M) by {(S,w S)}), for arbitrary S,
wM=(MZX0,V,6),and MSy = [w M | ¥ |w S],, then for arbitrary 273 we

have,
zem=SVzchy =8 z€dyg

sv)

2 € 6ps,

zey =SVazcy =8 z€dus,

. (M)
FAS 6Ms

where ﬂ&Ms]]gfa and T% < Ts.

Proof 3.7.4
Given that the following holds from the respective definitions of the predicates act and

inact,
z.em =SV z.cy =8  actv MSy z V inactv MSy z

actv Mg z V inactv Ms 2z

The proof of (Mg ;) follows trivially using the rules (Mg) and (| - |*).

Similarly given,

zey =SVzcy =S actvMszV inactv Ms 2
actv MSy z V inactv MSy z

The rule (M§,;) holds trivially using (|- |~) and (MJ).
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B.7 Proofs for Section 5.2: The refinement

semilattice

Proposition 5.2.1 For arbitrary charts A,C, and infinite sequences i and o we
have,

inc =ing °! outc = outy (D5 11)
CIy A (i(ine)r O ourg)) € [CT;
(;lg 1")

(i (ing)s O (out)) € (AL

(il>(inc)’ Ol>(outé)) € '[C]I: F

inc =1inyg  outc = outy ]
(7'I>(inA)’ Ol>(out;4'-)) € [[Aﬂ:

(=)
c3,A !

(=)
AQbA g1

Proof 5.2.1
The proofs of (35,), (35,,) and (35 ,,,) are trivial from Definition 5.2.1 using (A7).
Now for the introduction rule. For (3f,) we have,

. w 1
(71>(in(:)1 o[>(out({:)) € ﬂcuz

(iD(iTM)’ o(>(outA*)) € I[A]]:

(1.1>(inc)’ ob(out(f:)) € [C]I: =
(ib(inA)’ OD(outj')) € [A]]:

=01

e =ing outc = outy

(nh)
ing = ing A outc = outyg A

(iD(i‘nc)* OD(out;%)) € ICII: = (iD(inA)v Ol>(outj-)) € I[A]I:

d
c3,A (df)
And for (37 ;) we have,
, — 1
(11>(inA)’ oD(outAL)) € lA]]z
na = in outq = outy b (ina)s O 1y) € [A]Y
A =1na A (% (ina)s O (outs)) € [4] o

A, A
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B.8 Proofs for Section 5.3: Interface refine-

ment and R

B.8.1 Input interface refinement

Proposition 5.3.1 For arbitrary charts A and C, signal set ins and infinite
sequences %, i’ and o we have,

Crzd Cm1 A (p(ing) O (outy)) € [CTY
=711 (iD(iTLA)’ OD(OUtj')) (S IIAH:

m (—I Il)

C ~7I A (il>(in,4)’ Ob(outj-)) € IIA]]: @z C ~T A Mo = Ny Q)
(io(me) Ooousy) € [CTT 2™ [CE=147 "
C~rB B=~7 A C=1 A ins=1ingNing

- — - - 37vp)
(is(ing)» ©) € [A]Y © (in(ins), 0) € [A]Y 7

ing = ins,
ing C ns outg = outy,
C ~T A B ~T AR P
(27 vir) 327 vir)
A %I C vl P I vi
) o ing = ins,
mns C ing (ip(ina)> 0) € [A]7 & outg = outy
Is(ins), 0) € [A]Y ’
( D> (ins) ) II ]]: B~7 A+ P
(271x)

P

where we assume the usual conditions for B and P in (27¢) and (27,).

Proof 5.3.1
The rule (37 ,) follows trivially from Definition 5.3.1 using (A7).
For (27,,) we have,
G
C~7 A (az
(ib(iﬂA)’OD(out(J;)) € [A]; outc = outy =T!
(% (ina)» 05 (outs)) € [A]

)

where (; is:
C~1 A
o) 1=
} w U>(ine:)» O 1y) € =
(zb(i"f')’ob(out(-';)) c IIC]]I (‘. )1 %> (outd) >
(11>(i‘n,1)70>(0ut(-|‘;)) S I[A]],
(=7

(iD(i"A)’ OD(out(l.)) € IIA]]:J
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For (37 ,,,) we have,

G
C~z A Qz)
(ib(in(;)v Ob(out;})) € [C]r: outc = outy =
(ib(inc)’ Ob(outé)) € IC]I:
where (; is:
C~7 A
4 (~z -df)

(il>(im)v Ob(outj)) € I[A]I‘: =
(iD(inc)vOD(out,})) € I[C]]:
(ib(in(:)’ 0l>(out;4'-)) € HC]]:

(% (ina)» O (out)) € [A]7

(=)

Along with the rules (37 ,,) and (27 ,,,) we introduce and prove two useful variants of
these rules. We give a proof of these rule here in order to freely use these variants in the
following.

Firstly, we have that,

~7 A
o cloES
; w %> (inc)r O € z =
(Zl> ing ?O) € HCIII . w
) (o o) ML
(i (in)s 0) € [4],
Correspondingly,
C=7 A
oo et s
. w 11>(i7lA)’0 € T =
(11> in 10) efA z . w
(#m4) (4] (i (ine» 0) € [C]* -
(1.1>(iﬂ(:)? 0) € [C]]:
Now for (27,,) we have,
G G
: R S (=9
(3,0) € [C]Y & (i,0) € [A] o)
Vi, 0e(i,0) € [C] & (i,0) € [A].
[Cl; = [4]7
where (; is:
C ~T A _
710 1 S —_— (O
(l, 0) € IIC]]: ([]W_df) (Z, 0) c [C]]‘: 1 . OutA = Outc (_Il)
2 i=in(ing A =i 0= 0ppuz) =Y outf = outd
i= iD(iﬂA) 0= 0l>(out;4L)
(i, 0) € [A]; >h)
(i,0) € [C]; = (i,0) € [A]7
and (o is: .
o) € [ (L1 -df)
Cm1 A (io(ine) % (oug)) € [CIT
2z 1)

(ib(iﬂ/\)’ OD(out,{')) € [AH:
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The proof labelled (3 is symmetric to {1 using (37,,,)-

For (37 ,) we have,

G 3
(iD(in(;)» 0) € IIC]]: = (ib(inA)v 0) € l[A]]: =
(i (ina)» 0) € [A]7 (#(inc)» 0) € [CI \
(7:l>(in(:)’ 0) € [[C]]: « (7.1>(inA)* 0) € |[A]]: w
C =T A (”II )
where (; is:
1
) inc)r 0) € C:
. (% (inc), 0) € [C]; e
(z[>(1‘n(;)’ oD(outé:)) S IIC]]:: C~z B (37
(ib(inn)’ OD(outﬁ)) € IIB]]: —ri B I A _ C.2
(QI")

(7:1>(in,4)y 0l>(out,f)) S IIA]]:
(i (ina) 0) € [A];

- ; - = (=1Q1)
("D(inc% 0) € IICI]I = (zD(iﬂA)? 0) € IIA]]z
where (s is:
C ~T B _ B 554 A _
. outc = outp (Fz,) outg = outy (Fz,)
(iD(in(:)’ 0) € [[C]]: w

0 = 05 (out}) (L): -4 outg = outy

0= OD(out,{-)

Once again, the proof labelled (3 is symmetric to ¢, using (27 )

For (27 ;) we have,

ins =g Ninc  ((ins), 0) € [A]Y ' p
C~1 A (%> (inc)) iny ) ©) € [4I5 o)
(% (ine))p (iney» @) € [CT7
C=1 A (i (inc)» 0) € [CTS
(i (ina)» 0) € [A]
(%> (ins)» 0) € [A]; = (5 (ins), 0) € [A]7
(i (ina)» 0) € [A]} © (i(ins)» 0) € [A]S

(QI lll)

(o ¢)-df)

(;l;ll) Cl
(=%1) :

where (; is:
G2
ns = inyg Ning
(iD(ins)’ 0) € ﬂC]]: ins C inc
- — (>)-df)
ins = inyg Ning ((b(ins))b(inc)’ 0) € “C]]I Crr A
ns Q inA ((1.1>(ins))>(,;n'1)? 0) € I[A]]‘:
(ib(ins)) 0) € [[A]]:
(i (ina)> 0) € [A]; = (%5(ins), 0) € [A];

Qz )

(>()-df)

(=12
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and (5 is:

- w 2
("'D(in,q)’ 0) € [AII::
((iD(inA))D(mA)’ 0) € [AB:
ins = ing Ning (%> (ina)) (ineyr ©) € [CT7
(iD(ins)70) € HC]I:

-d
(>¢)-df) C g A

(;I; Ill)

(> ¢y-df)

The proof for (37 ,,,) is trivial given the definition of ~z (Definition 5.3.1) and that < is
commutative.

For (27 ;) we have,

T - 1 1 1
. . ing = ins outg = out B~1 A
ing C ins B . B . A ;I

.'.

dB eing = ins A P
outp = outy AN B~7 A
P (ERIe)]

We still need to prove the step labelled t above. That is, for any chart A and set of
signals ins, where ing C ins, there exists a chart B that has input interface ins, an output
interface equal to outs and is an interface refinement of chart A. To do so we give an
informal account of an algorithm that takes an arbitrary chart and extends its interface
one signal at a time to give a new chart that has exactly the properties required of B.
This algorithm is guaranteed to terminate because of the assumption that the set ins is
finite.

Briefly this algorithm is as follows. For the first new signal, say £ where z is not already
in ing, we take chart A and add to it a copy of each of the existing transitions. We then
add to the trigger of one of these transitions the signal z and to the other the negation
of the signal -z. This gives us a new chart A; such that A; ~7 A. We then proceed to
add the next new signal, in the same fashion, to the chart A; giving yet another chart A,.
The transitivity of =~z gives us that A3 ~7 A. Continuing this chain until each of the new
signals in ins are accounted for, will give us the chart B as required.

For (37,4) we have,

—_— 1
outp = outy

; : (1:l>(in,1)v 0) € I[A]]w P=
ms C n z _ — 1 : _ .
4 (%> (ins)» 0) € [A]Y ; np = ns : B ~r A
3B e inB = ins N\ . P‘ :
outg = outy AN B=~1 A
P 3N

Again we prove the step labelled t by giving an informal account of an algorithm that
creates an appropriate chart B from the given chart A. This algorithm is as follows. Take
the specific chart A and remove from it any reference to the signals (i.e. positive and /
or negative) that are not in the set ins. Ensure the input interface of this new chart is
equal to ins. Because (iy(iny), 0) € [A]Y © (i(ins), 0) € [A]7 the resulting chart will
have exactly the attributes required to prove the existence of the chart B.

Now for the introduction rules:
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outc = outa (7;l>(iﬂc)’ ob(outé)) € IIC]]: A (i1>(in4), 0[>(outj-)) € I[A]]:

Cr~y A Qz0)
[l =141, |
C zl' A =11l
Proof 5.3.1 (continued)
The proof of (3%,) is split into two cases as follows.
Case 1: Assuming o = 05 (oys2) We have,
outc = oulyp
(1.1>(in(;)’ ob(aut({:)) € ﬂC]]: Aad (i1>(in,1)7 oD(out/{-)) € IIA]]: O’U,té = OUt}%
(8 (inc)» O (outg)) € [CIT @ (o (ina)» 05 (ourp)) € [A] outc = outs )
w . w A
(%(inc)» 0) € [C]S © (s(ing)s 0) € [A]L A outc = outy
C zz A (zI 'df)
Case 2: Assuming o # 0, (our4) We have,
0 # 05 (out) outc = outy
o# O (outt) o# O (outt)
- ——— (.15 -df) - 5 (I35 -4f)
(zb(in(;)y O) ¢ [[C]]z (71>(in,4)a 0) ¢ ‘[A]]z (/\+)
(i (inc)» 0) € [CIS & (5(ina), 0) € [A]7 outc = outy ")
(ib(in(;)v 0) € [[CII: o (it>(in,1)y 0) € |[A]]:J A outc = outy
C zz A (zI 'df)
And finally for (3% ,,),
[€1; = [A];
[CIy =[A]; Vi0e(i0) € [C]] & (3,0) € [A]7 ) [C1; = [4]; (1 -4)
inc = ing (7:1>(in(;)v 0) € [[C]]: Aad (ib(in(,-), 0) € ﬂA]]: outé = outj o
(% (inc:)» 0) € [C]Y © (i(ing), 0) € [A]Y outc = outy )
(% (inc)» 0) € [C]Z © (s (iny), 0) € [A]S A outc = outy (~z -df)
~T -

C'&‘.’IIA

Lemma 5.3.2 For arbitrary charts A and C, traces i and o, and signal set ins,

ing C ins
JBeing=ins N\ B~z A

s C ing
(HB e ing = ins AN B~y A) = ((ib(in,q)’ 0) € IIA]]: =4 (i[>(ins)1 O) € IIA]]:)

C%IA
BBOinB=(incﬂi’nA)/\C%IBAB%IA

224



Proof 5.3.2

For the first property in this lemma we have:

- — 1 1
ing = ins B=~1 A

ing=ims ANB=z A
ing Cins JBeing=ins \B=x1 A
dBeing=ins A\B=1 A

(Fz vir)M)

The second property requires that we prove an implication in both directions. For the
= direction we have:

ms = ing ms C gy

ing C ing )
) ing =ingp Ning ins = ing
B=7 A ins = iny Ning

3B e ing = ins A
B%IA

(ib(in,q)v 0) € IIA]]: A4 (iD(ins)v 0) S HA]I:I

- = - ~ (37vo)
(i (ina)» 0) € [A]2 € (i (ins), 0) € [A]Z T2V
@)

For the < direction we have:

- - 1
zmg:ms1 B~ A
JBeing=ins A\Bxz A

(i (ina)> 0) € [A]; &
(i (ins)» 0) € [A]}
JBeing=ins A\B=1 A

ins C ing

Fz )@

Finally for the third property we split the proof into two cases.
Case 1: Assuming ing C inc we have,

my C inc (Al = [A];

170, — 7 g
ng = (inc n inA) C =z A A=z A igzll)
ing =(incNing) N\C=r ANA=z A (/\3)+
JBeing = (incNing) \C~z BAB~z 4 O
Case 2: Assuming - (ing C inc),
C=1A incNing =incNing _
- (ina C inc) . - Qzv)
—_— (31>(1'n,4)’ 0) € l[A]]x A :
ingc Ning C ing . w ’
(lb(inAnin(;)» O) € I[AIla: - 1
JBeing = (incNing) N\C=r BAB=1 A G20
where (; is:
Brrd
CnzA Am~zB E;{V')') 1
ing = (inc Ning) C=1 B =TV B=z1 A i
ing =(incNina) N\Cx=r BAB=z A 3 (")

dBeing =(incNing) A\C~r BAB=1 A
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Lemma 5.3.3 For arbitrary charts A and C we have,

detA C=z A
det C
Proof 5.3.3
det A (@)
G Vi,o0,0 e(i,0) € [A]Y A(5,0) € [A] =2 0=10
: ” v7)
(otin:0) € T2 A G ) €M 2 0=
-
o=2o0 1
G €lCE A o) elCE=o=0 =%,
Vi, 0,0 e (i,0) € [C] A (3,0) € [C]. = 0=0 (d )
det C @)
where (; is,
- P ———
(i,0) € [C]S (1,0") e [C]Y
(ib(in(:)v 0) € I[C]]: Cmz A @) (ib(in(,')’ OI) € I[C]]:J Crz A Qs )
(i (ina)» 0) € [A]7 —r (i (ina), ©') € [A]7 —rh
(i>(ina)» 0) € [A]7 A (45 (ina)» ) € [A];
Lemma 5.3.4 For arbitrary charts A, B and C we have,
ingCimc C=~zB BJ,A
dB'e CJ,B ANB' ~1 A
Proof 5.3.4
G e
ing = ing ! outp: = oulc (ib(in,,/)»op(o.ut*,)) € [[B’]]:
B +
7 (F5)2) —; 1
c3,B ~r A )
A
s CME (¢ gy = 3+
ing C inc dB'eCJ, B AB' =~z A
IBeC,BAB ~ A Sz v X1
where (; is:
B gb A _ C ~T B _
outg = outy (Zp 1) outc = outp (Jz,)
outc = outy outg = ouly !
outg: = outc
and (, is:

N = 2
(zD(i'n(:)’ OD(outg%)) € [[C]]: c ~z B

. ” 3z)
(71>(in;;)) 0\>(out,§)) € I[BI]I i’ B ;]b A @ ) :
B ~1 A ! (il>(‘in/|)’0l>(outi)) € [A]; AT B~ A
T A 7.
outg: = outy (,'D(m”,)’ Ol>(out,{')) € I[Blﬂ: =11

(%> (iny )1 9 (out)) € [B']7
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Proposition 5.3.5 For arbitrary charts A and C, and infinite sequences i and
o we have,

C3,A C3,B,Brg A+ P Cc3,4
A : @z)  —Aa— @)
P =Al _'(C ;‘IL A) =Al

Ca,A CAuA ((ino) %(oug)) €ICTT
T — 1 (2;1]1) . A w (—:—lAIV)
outc = outq (zD(iﬂA)’ OD(outj-)) € I[ ]I:

C —:—iA A c Q,A A (iD(inA)’ o|>(out"- ) ¢ I[A]:
———— (34 v) - A 2awvi)
= (in¢ C ina) (1‘t>(inc)a Op(outé)) ¢ IIC]I:

assuming the usual conditions for B and P.
Proof 5.3.5
For (33 ,) we have,
1
C3,A C3,B Br~zA'
(;]A -df) . :
(3BeC3,BABr A)AN-C3, A "~
3BeC3,BAB~r A ") P
P (37
The proof of (37 ;) is trivial from the definition of 3 , using (A7).
For (27 ,;;) we have,
1 - 1
C Qb B a: ) B ~T A _
outc = outg P!’ outg = outy 31,
CI, A outc = outy
outc = outy (Za ()
For (33 ,,) we have,
1. "
CIy B (io(inc) 9 (outp)) € [CIY
1 (-:-'ﬁ I

Bx1 A (i‘>(in1))’ ol>(out,-,L ) € IB]]: (2 1)
¢ Ja A (il>(inA)’ ob(outj-)) € i[A]]: (2% ) =i
(7'1>(in,1)1 Ob(out/{-)) € [AII: Al

For (2 ) we have,
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., G
Bzzc _ :
C~z B2 B3, 4
C%IB/\B_:_'bA
mcCima' JBeC~zBABJ,A
C3, 4 JBeC~zBABJ, A

(A1)
ah

(-:—'; Vlll)(z)

- - 3 -d,
SICER R
1
—_— (L7)(1
- (ing C ing) O
where (; is:
- Z 3 2
(71>(inu)s0|>(out,§ ) € IIB]]:: Bz C 3z )
<,2 (iD(in(;)v Ol>(out({.-)) € IIC]]: —r c ;A A Q=)
: —_— 2 . w =
g = Ny (71>(in,1)? ob(outj-)) € IIA]]: (j"’ )3) AV
B3, A =et
(s is: )
B~1 C cCdJ,A
Z 2z A Ram)

outp = outc outc = outy
outg = outy

For (23 ,,) we have,

; — 1
- (zl>(‘in<:)? OD(auté)) ¢ [[C]]z
c ;],A A (iD(in(:)y OD(outé)) € I[C]]:
(iD(inA)’ O (out )€ [[A]]:

2aw)

(ib(in/i)’ ol>(out;4‘- ) g IIA]]:
(L)1)

1
(iD(iﬂ(;)? o[>(outé:)) ¢ IIC]]:

Lemma 5.3.6 For arbitrary charts A, A’, C and C’ we have,
inc=1ing C=zA C'=1A img=1ingy Cr7A C=pA
[cn; =1cn; [AD; = [4];
Proof 5.3.6
For the left hand side we have:

. —1
(Zb(in(:/), Ol>(out;":,)) (S IIC,]]I C’ ~1r A

- ” 3z1m)
(zD(inA)»OD(outlJ;)) € IIA]];: i Crr A Q3,)
(i (ine)» O (outd)) € [CT —r
¢ Cotine) O out) [ ]‘]u )
. (zb(in(,z)v 0[>(out(Jl:,)) € IICI]]z =
(il>(in(:)’ OD(out(f)) € IIC]]: C‘2

(i (inc)» O (outd)) € [cl; «
(% (ine)» 0 (outt,)) € [C]7

inc = ing: C=z ('
[C1; =1C'T;

outc = outc:

2%

Q1)
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where (; is:

(> (inc:) ob(outg)) e[cCl; 2 C~1 A
(% (ina)» 01>(outAl)) € [A];

(%> (ingr ) Ob(outg,)) e[C];

(1 (inc)s %6 (outg)) € [CTS = (o (inc)r 0 (ouz)) € [C'T;

(;lill) C/ %IA

(;IEIII)

=

And (5 is:
Cr~z A - C'=~z A
outc = outa (Fz,) outc = outy
outc = outc:

2z 1)

The proof of the right hand rule is easily derived using the symmetry of the proof
above.

Lemma 5.3.7 For the arbitrary charts A and C we have,

C%IA CQ,,A
CJ,A 3AeCwgA

Proof 5.3.7
For the left hand side we have:

—_ (Ot
C~zA AJ,A S
JBeC~rBABJ, A
C3,A

(2, -9f)

And for the right hand side we have,

c3, A !

JBeC~7zBABJ, A
JA e C g A

CR".:IB
JA e C =1 A

(3, -df) @h

(ERpIeY)

Lemma 5.3.8 For an arbitrary chart C and signal set ins,

s C ing
JAeing=ins A(C3, AV C, A)

Proof 5.3.8

(LEM) G C2
C3,Av : :
(Chaos-df) - (C _:l__L A)

— i
34 o ing = ins A FAdeina=insn(C3 AvCa,a) W ®
[A] = [chaosal”

3AoinA=insA(C;lLAVCQAA)

3@
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where ¢ is:

E
ina=ins | C3,AVCI,A")
ina=ins A(C D, AV C 3, A) ()3+)

JAeing =ins AN(C 3, AV C I, A)

And (5 is:

1

Q1)
Ezv)

[chaosa]: = [A]Y
chaosg =7 A

(=1 -df)

chaosc ~1 chaosa
C 3, chaosc (Jp-df) < chaosc ~17 A
JBeCJ,BAB=~1 A
(3BeC3,BAB=z A)A—-(C
c3J,4
ina = ins | CJ,AVCO, A
ing=1ins AN (C 3, AV C 3, A)
JAeing =ins A(C 3, AV C 3, A)

+ P
&9 oA’
(Ah)

3J, A)

v
3+)

@

Lemma 5.3.9 For arbitrary charts A, C we have that,

=
31, i/’ oe il>(in,4) = 7:’I>(i‘n,4) A (ib(inc)’ 0) € IIC]I: N (i,l>(inc)’ 0) ¢ I[C]I:

Proof 5.3.9
& G

CJ, A Do )
———— (3%v) : : . .
- C AV : ” A ) ;
% (%> (in:)» 0) € [C]S & i

A c C ingc . g

(zb(inAﬁin(,-), 0) (S [[Cv]]:r B
(271x)(2)

1
- Vi,il; oe 'i1>(in,1) = i’[>(in,1) = ((ib(in(:)’ 0) € [[C]]:) =
(iID(in(,-)»o) € IIC]]‘:)
34,100~ (1:1>(‘in,1) = ilD(inA) = ((ib(in(:)? O) € I[C]]: =
(7:/l>(in(:)v 0) € I{C]]:))
Ji,i,0e i1>(1'n,1) = i/D(inA) A (ib(in(;)v 0) € I[C]]: A (i,D(in(;)’ 0) ¢ ’IC]]‘:

where ( is:
G
C3,4 o :
(df) m (Fan) CQLA

- - - 2 = - -
ing = ing Ningc g Nine C ing
ing: C ing

1
T (97 vi)®)
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Cl is:

C gA A _
outg: = oulc 2 outc = outy (L)
C2
s outp = outp: outg' = outy
ing =1in . tg = out
. : B3, A == @6 C~zB
= — (w4, @4
JBeC~zBABZ, A
co A (2, -df)
=
Cg is:
- —_— 5
B~zC-_  BmgB °_
C~r B 3z vi) B ~7 B (37 vir)
- ™ 2zv)
(1‘I>(in/3)’ OD(out,J;)) € [IB]]z C=1B @z ) TV
(ib(in(:)» OD(outé)) € ‘[C]]: =i 9 ;A A _
(Q.A IV)

(iD(inA)’ OD(outj)) € I[A]]‘:

Now for (3, assuming ing,. = ing Nin¢c and ix, = (7.«>(inx))‘>(,~ny) we have,

1
Vi,i',oe U (ing) = iID(inA) =
((i1>(in(;)1 0) € [C]]‘: = (ilb(inC)’ 0) € I[C]]:)
iAA = iD(inA) =
((iA(:v 0) € [C]]: =
(i(inc)s 0) € [CT7)

. (D(‘)'df)
tAx = B> (ing)

- p - ” —— (b()-9f)
(ZA(,, 0) € l[C]];- = (11>(inc)v 0) € HC]I: A = 71>(in,4(;) >0
(ib(inA(,.)v 0) (S ECII: = (ib(in(;): 0) S [C]]:
And for (4, again assuming in4, = ing Ninc and ix, = (g(inx))b(my) we have,
. . . . 1
Vi, 3,0 ®i(ing) = ' p(ing) =
((7.1>(in(:)) 0) € I{C]]‘: = (ilb(i‘nc)a 0) € [Cll‘:) (V_)
U (ing) = 1Ax =
——— (p()-9f) . w
A4 = B>(ing) P ((zb(inc)’ 0) € [C]]z =
(iA(:) O) € l[C]]:)
(>y-df)

(i (inc)s 0) € [CIS = (1., 0) € [C]; LA = B (ing,,)
(7:1>(in(;)’ 0) € I[C]]: = (1:1>(i"lA(;)’ 0) € “C]]:

Lemma 5.3.10 For arbitrary charts A, C, input sequences i and i/, and all

output sequences o we have,

=
Us(ing) = Vs(ing) = ((I(ing)» 0) € [C]Y = (¢'5(ine)» 0) € [CY)

231



Proof 5.3.10

¢
cg, 4 i o iinn), 0) € [B]Y C~z B °
— - (3, -4f) (o nfj,) ) < 151, P z Fz )
BB. CNIB/\B;bA (2 D(in(:)’o)eﬂcﬂ:
b _ 37)@3
(2 D> (inc)y 0) € IIC]]: @@
(=%)(2)

(i(>(in(;)1 0) € IIC]]: = (i,b(in(;)y 0) € I[C]]:
U (ing) = V(ing) = ((is(ine)» 0) € [C]F = (4'5(ine), 0) € [C]Y)

(=01

where ( is:

G

3 N w 2 M
C~1 B (%>(inc), 0) € [C], ) ’ w
oo el 0 (eto €18l 2
(s (ing), 0) € [BI

(ilb(inu)v 0) € HB]]‘: (=> )
C] is:
3

[8]; = [BI. B3, A" __

7 —_ =p1

Vi, 0e(i,0)€[B]: & ing=1ingq °

] e IS (5 =4/ )
('l, 0) € lIB]]J- i(>(‘in,1) = ilD(‘inA) 1 %> (ina) t > (ina) =

U (iny) = i/D(inn)

i1>(inn) = ilb(inu)

(& (iny), 0) € [B]; &
(ib(inl;)’ 0) € IIB]]:
(ib(inll)’ 0) € I[B]]: A (ilb(inu)’ 0) € “B]]:
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B.8.2 Output interface refinement

Proposition 5.3.11 For arbitrary charts A and C, signal set outs and infinite
sequences ¢, 0 and o’ we have,
Cmo A (i(inc) %(ours)) € [C;

B2o1) - p Bou)
o (zD(outj')’ 0[>(out;4'-)) € HAL on

C%oA

e = ing

_ C=p A outc = outy
(;]O lll) Hcllw — “A]Iw

Eo )

C~o A (in(ing)s O (ourt)) € [A]}
(iD(inc)’ 0[>(outé:)) € IIC]I:

a5 ) C=xp A outs = outg N outc @)
eV (4 Ol>(outj-)) € [[A]l: & (1, 0l>(out3-L)) € “AH: oV

C=~0pB BzrpA
C%oA

outg = outs,

outy C outs ing = ing,
B=xpAF P

C%oA
P

(2o vir)

. - outg = outs,
(4, Ob(outj)) € I[AE.-; « ing = ing,

outs C outy ) y
(17 0[>(outsl)) € IIAHz B ~o AF P
Foix)

P
where we assume the usual conditions for B and P.

Proof 5.3.11

For (25 ;) we have,

, — 2
(% OD(out(J;)) € I[C]]z Cro A
(’i,O outt ) efA :
% ! /D( ~tA2 “ ]]u (3+)

i € dom [C]: Jo’ e (3,0") € [A]
- ” (dom -df) - = (dom -df)
Jo e (i, 05 (o)) € [C]; i € dom [A]
i € dom [A]? @ §1
- o - =H1) :
i € dom [C]Y = i € dom [A]
dom [C]; = dom [A],
’i‘nc = in,q

(o -df)
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where (; is:

4
(4, 05 (outs)) € [A]; Cxp A

(7;’ ol>(out({:)) € HC]]: + (o -4)
i dom [T ° SoeGaeloE )
3o e (i, 05 ourt)) € [Al; i €dom[C];
i € dom[C], @)

@3
i€ dom[A]° = i e dom[o]” @
For (35 ;) we have,
G

: c =0 A (22 1)
(%> (inc)» O (out} ) € [A]; inc =1ina T

(7:I>(inA)7 0[>(out;1L)) € IIA]]:

where (; is:

C%oA

(4 ) e [C]° (o -df), (A7)
; w Zl> ing ) 0 L € z =
(i (ine)r O (outs)) € [CT; (#n6)> 9> (out)

(ib(in(:)s OD(out/{')) € IIA]]: ( )
. w =>—
('LD(in(:)’ Ob(out/{-)) € IIA]]z

For (35 ,,,) we have,

G
C ~0 A Qs
(> (ina)» OD(outé:)) €[C]; inc=ina T°!

(iD(i'n(;)) ob(out({:)) € IIC]]:

where () is:

C%IA

(¢ ) € [A]Y (oD, ()
; w U>(ina)r O (outt)) € Y=
("D(inA)» O[>(out;“-)) (S IIA]]: (ina) > ( utA)

(il>(‘inA)v OD(outé)) € [[C]]: (=-)
- = =
(ZD(i’nA)’ ol>(out;';)) € [[C]L

As with the rules (27,,) and (237,,,) we again introduce and prove two less general
variants of the rules (3 ,,) and (35 ,,)-

Firstly, we have that,

CzoA

. o o)
(1, 05 (outs)) € [CI (i, 05 (ourzy) € [C]7 =

(i’ OD(aut/{-)) € IIA}]L: ( )
- = ==
(2’ 0l>(out,f)) € |[A]]1

Correspondingly,

C%IA

© € [A]Y = (Fo-dp, ()
,
(52 05 (out)) € [A]2 6 0 outg)) € [A]7

(6 05 (ourt)) € [C]7 -
A = =
(Z, OD(outé)) € I[C]]z
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For (35 ,,) we have,

G Ce

o :w : w (A+)
(1' ,0) € |[Cl]z A (7'” 0) € [A]]:L‘ = (V+)

Vi, 0e(i,0)€[C]. & (i,0) € [A]:
[CI; = [4];

where (; is:
Tt me 1 ———w _
: (,7/, o ) € ﬂCl], _ (I[]:; -df) (_,’e—[C']I_ (. ]u df) O’Uti;outi (L-df)
CroA (6,0 50uy)) €[C], \ 0" =0y (outd) outy = outg X
(7 OID(out;‘L)) € IIA]]: =on o' = 0Il>(outj')
o) € 14l (=)
(1,0 € [CI; = (i, 0") € [A];
and (3 is:
o ! ﬁ _
GOVl ey GVEHAL Gy ) cutas oo |,
Cmo A (1,05 0up)) € [4I5 o 0" = 0’5 (out}) outy = outg
(iv OID(out(J;)) € IIC]]: —om o' = OID(O“té)

(4,0') € [C]
") € [A]; = (5,0') € [C];

=%

For (35 ) we have,

(45 05 (outz)) € [CT7 e o B __
(1, 05 (out)) € [BI; Goun) Bro 4
(4, oD(out/{-)) € [A];
(4 05 (ous)) € [CI7 = (4 0 (oury)) € (A
(4, 05 (outg)) € [CI; & (i, 05 (ourp)) € [4];
C=p A

(2o ) G
=M

(=0 -df)

where (; is:

- — 2
oo T © Brod
. w (;IO "1)
(4, 05 (outy)) € [BI; C~oB
(i’ ob(outé)) S IIC]]:
(iv 0[>(out,{)) € I[A]]: = (i’ OD(out(J;)) € HC]]‘:

(;'6 lll)

(=

For (35 ;) we have,

G3

1

outs*t = outt Noutd (i, ob(out,;)) € [A], s
()"

¢ o 4 G o.><out(¢)>>(o o) € 1AL
(3, (0(>(out L) D(out_L) ﬂC]]
Crp A (3, op(out(%)) €[Cl; _
(i 0o oup) € [AI7 Bou) G
(ir ontomo)) € [T = (& 0pomy) € AT
(3, 0(>(out,{)) € [A]Y & (4, 0p(outs 1), 0) € [A]Y

Qo)

(>()-9f)
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where () is:

G3
G2 5
: outst = out} Noutd
Cs (%, 0 (outst)) € [CTY outst C out} o)
A - ™ >(.)"
(z»(ob(outsi-))b(outé)) € I[C]]: Cmp A @z )
outsl - outj (i,(ob(outsi))b(outj.)) € ﬂAH: —el
- - (>()-df)
(Z, 0[>(outs)) € I[A]]:: (=)@
(2, ob(out,{-)) € |[A]]: = (4, OD(OMSL)) € ﬂA]]:
(2 is:
- = 2
¢ (1'1 OD(autAL)) € IIA]]: ( af)
3 s w \>(.)”
: (& (00 (out)) () € [AI2 Cro A .
outst = outy N outd ((OD(O“‘AL))MO t‘-)) € [C]? dom
ule
- w ( ()_df)
(5, 95 (outa ) € [CI !
and (3 is:
outsl = outA_Lﬁ outcl (L-df)
outs— = outy N outg
For (2 ;) we have,
- - 1 - - 2
CroA (i, oD(out,{)) € [[A]]z _ Cmo A (i OD(out(J;)) € ![C]]: 3z )
(3, 05 (out)) € [C]} —ou (4, 05 (outs)) € [AI o
L () M ()
(7, OD(out,{-)) € [4]; = (7, oD(out({:)) e[C]; =
(i’ 0>(out€;)) € IIC]]: (i’ ob(outj-)) € HA]]‘:
(i7 ob(out/f)) € I[A]]: A (i? ob(outé)) € I[C]]: (V+)
Vi;oe (i’ oD(out,{-)) € “AII: A (i’ OD(out(%)) € I[C]]:
(o -df)

ABoC

For (25 ;) we have,

1 = - 1
outg = outs ing = ing B=p A
outy C outs . . .

.'.

3B e outg = outs A

P
ing=inga ANB=xp A
P (37

As in the analogous proof of rule (37,,,), the existence of a suitable chart B to

discharge the step labelled 1 is shown by describing a simple algorithm as follows. For
the first new signal, say r where z is not already in out,, we take chart A and add to
it a copy of each of the existing transitions. We then add to the action (i.e. the set of
output signals) of each of these duplicate transitions the signal z. That is, the new chart

generated, say A;, has each of A’s original transitions plus an additional copy, each of

which outputs the additional signal z. Now A, is such that A; =~¢» A. We then proceed

to add the next new signal, in the same fashion, to the chart A, giving yet another chart
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Az. The transitivity of ~¢ gives us that Ay ~o A. Continuing this chain until each of
the signals in outs \ outs are added will give us the chart B as required.

For (27 ;x) we have,

————— l
. w oultp = out
(6 0p (out)) € [A]L & B = outa

(7:’ ol>(outs-'~)) € |[A]]‘:

3B e outg = outs A : :
B P

1

outs C outy outg = outs 1 : B Ro A

outp = outgy AN B~p A

P (ERpIeY)

Again we prove the proof step labelled { by giving an informal account of an algorithm
that creates an appropriate chart B from the given chart A. Take the specific chart A and
remove from it any output reference to the signals that are not in the set outs. Change

the output interface of this chart to be equal to outs as required. Because (i, 0, (our1)) €
[A]Y © (i, 00(0uts)) € [A]Z holds the resulting chart will have exactly the attributes

required to prove the existence of the chart B.

Now for the introduction rules:

(ib(inc)’ 0[>(outé:)) € [[C]]: <
(iD(i"A% Ol>(outj-)) € IIAII:
C =0 A

inC = inA

+
Jor)

[C]: = [AL
C 0 A

(LY

Proof 5.3.11 (cont.)

The proof of (3¢ ,) is split into two cases as follows.

Case 1: Assuming ¢ = % (sn.) We have,

(%> (inc)> OD(out(f.‘)) € [C]; & (i (iny)» OD(out,f)) € [A]; inc =ina
(%> (inc) Op (outt )€ [C]; & (%> (inc)» °t>(outAl)) € |[A]]:
(1, 05 (outz)) € [CI; & (3, 05 (oury)) € [A]]
C=rp A

(o -df)

Case 2: Assuming i # i (in.) We have,

i # i(ing) NC =1in4

. L # I (inc) ) . U F U (ing) _

(4 0p (outg)) € [CI3 (4, 05 ours)) € [A}

(1, Ol>(out({:)) ¢ [CI; A (i, 0[>(outAl)) ¢ [Al;

(4 05 (outz)) € [CI; & (3, 05 (ours)) € (Al
C=p A

(13 -4)

+

(prop logic)
(o -df)
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And finally for (2§ ,),
[cl =14y . [Cl; =[4];
qutc =outy (4 Vioe(i0) €ICK & (o) € TAL )
(1, Ob(out(%)) e[C]; « (4, Op(out(%)) € [A];
(iY oD(o‘ut(J;)) € I[C]]: Aad (Z, OD(outj')) € I[A]]:
C ~0 A

1 _ 1
ouly = outy

(=0 -df)

Lemma 5.3.12 For any arbitrary abstract chart specification A and signal set

outs
’ outyq C outs

3B e outg = outs A Br~p A

CzoA
dB e outg = outgNoutc N C~p BAB=p A

outc Couty C=p A
[AlZ =[C | {} | True]

where True is a chart that allows any output behaviour over the additional outputs

of chart A. That is, inpe = inc and outpeye = outy \ outc.

Proof 5.3.12

For the first property in this lemma we have:

outg = outs 1 B=p A !

At
outg = outs AN B=p A ( ;+
outs Couts IBeoutg =outs \ Brp A (3—) .
3B e outg = outs A Bxp A (Fo v
We split the second property into two cases.
Case 1: Assuming outy4 C outc we have,
outs C outc (4], = [A]; at o)
outpa = (outc Nouty) C=p A Ao A +“9”
A
outs = (outc Nouta) A Cmo AN Amo A ¢ 3’+
dB e outp = (outc Nouta) AN C=p BAB=p A @
Case 2: Assuming - (outg C outc),
tc Nouty =
C o A outc N outy
outc Nouty
- (outs C outc) Bo vi) <:1

(iv 0[>(out;,'~)) € |[A]]:-J A
(i’ oD(outjﬂout{{:)) € IIA]]:

3B e outg = (outc Noutg) AN C ~0o BAB=p A

outc Nouty C outy

(2o 1x)(M)
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where (; is:

B~o A (‘3_ )
C=p A A%oB(Sc_)w)I .
outp = (outc N outy) C=pB =0V’ Bmxp A )
A

outg = (outc Nouts) N C ~po BAB=p A
dB e outg = (outc Nouty)) AC~o BAB=p A

(Exp)

For the third property we give an informal proof. To give a formal proof would require
lifting the semantic definition of chart composition (Section 3.4) into the the trace semantic
interpretation of charts. This would require using induction over each of the trace semantic
recursive definitions.

In the following we refer freely to the arbitrary charts A and C that appear in the
definition of this property. We also refer to the signal set outs that occurs in the rule
(2o vinr)-

Consider again the algorithm that we describe as part of the proof for the rule (3¢ ,,;,)-
If we were to apply this algorithm to chart C, attempting to find an output refinement
with an interface equal to outy,, the chart that the algorithm produces would be exactly
chart A. That is, the algorithm that we described could equally be described as composing
chart C with chart True where outpyue = outs \ outc.
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B.9 Proofs for Section 5.4: Behavioural and

interface refinement combined

Proposition 5.4.1 For arbitrary charts A and C, and infinite sequences i, 0 we

have, " '
C ;]x A (7'l>(inc)’ Ob(auté)) € IIC]]‘:

(il>(in,4)’ 0[>(outj-)) € IIAH:

(27)

(t>(inc)) O (outg)) € [CT; F (i(ing)y O (ourt)) € [AD7
Ca4 .

Proof 5.4.1

The proof of both (37) and (Z%) are trivial from definition 5.4.1.

Proposition 5.4.2 For arbitrary charts A and C' we have,
Case 1: ing C in¢ A outy C oute

c3, B, 3B; B'e C3, B' A
B'~op B,B=~7 A+ P B'~o BAB=~z A

P ) CavA -
Proof 5.4.2 (Case 1)

For (27;) we have,

Ca¥A

¢
3B; B'e CJ, B’ A '
B'~o BAB=1 A
(i (ina)» 0I>(out,{)) € [A];
c” A

(> (ina)» 0r>(out,,l)) € [A];

(372

@ahm

where ( is:

) (B> (inc)s O (outp)) € [CY ! c3J,B fj_ |

B'~o B (i (i) O (out)) € [BT; 25
(%> (iny)>» ob(outﬁ)) (= i[B]]‘: (Fou)
(%> (in4)» O (outt)) € [A]Y

Qzu)

For (3}) we have,

§

C3,B BroB  Brgd'

outy C outc outp = outy !
p outg C outc

ing C ing 2o vir)(2)

P @z v
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where (; is:

inB = inc ! inB: = inB 2 CIZ
nc = ing: ; :lou;? = outp (;2;')(3)
=
and (s is:
. = 3 w
. (1t>(inc)7 oD(outé:)) € ﬂC]]z c 3; A a)
B~z A (% (inr)» O (outt)) € [4] @) - ,
(i‘>(inn)’ OD(out;)) € HB]]: sz B'=0 B @ )
(iD(inB/)7 0[>(outf;,)) € [B,]I:’ —om
Proposition 5.4.2 Case 2: ing C inc A outc C outy
C ~o B, iB; B e C~p B' A
caA © ,
B'3,B,B~1 A+ P B'J,BAB~1 A @t
33) =1
P n C37A

Proof 5.4.2 (Case 2)

For (27,) we have,
¢
3B; B e C~p B'A

B'3,BAB~z A (i (ima)» 9 (out)) € [AI7

- = 372
(11>(in,1)7 0[>(outj-)) € [A]L:
) @hHam
C 3,
where ( is:
. w 1 ! 2
(i>(ine)s O (outg)) €ICI;  Cmo B
7 2 - e Qo)
B gb B (1‘I>(i"n’)’ OD(O“t,f/)) € ﬂB ]]1 a7 )
. w - 2
(71>(inu)’ OD(outi,L)) € llB]]z o Bz A _
Rzu)

(ib(inA)? 0[>(outj-)) € I[A]]:

For (2},) we have,

-, G
B’ ~0 C 9=
C 0 B’ (_O V”) B’ Qb B B ~1 A !
: : : outc C outy
P outc C out
g C inc €= 2 (2o vi)(2)
= P (27 vi))
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where (; is:

1 2
outg = outg: =
ing = inc ! ing’ = inc 2 outa outa <;2
ing’ = ing i gutg = outp . (;';1)(3)
=b
and (2 is:
- o 3 T 2
(b (inyr) O (out)) € [B']; ~ B'mo C o
C ;’: A (iD(in(,‘)) OD(out;!:)) € IIC]]: (37) Eour
x ) = 2
(% (ina)» O (outs)) € [Al7 Br1 A @)
(ib(inn)? OD(out,-}-)) € [[B]]‘: s
Proposition 5.4.2 Case 3: in¢ C ing A outc C outg
oy C~o B, 3B; B e C~p B' A
- B'~tB,BJ,A+ P B'~y BABJ, A |
= 3
P 2y) C ;l‘;’ 1 )
Proof 5.4.2 (Case 3)
For (3;) we have,
¢
3B; B'e C ~o B' A , 5 y
B'~;BABJ, A (i (ima)» O (our)) € [AI7
—— m ERIE)
(71>(11n,q)1 OD(outlf)) € [[A]]z
@Ha)
cd; A
where ( is:
; S 1 - 2
) (71>(in(:)’ oD(auté)) € I[C]]z CroB (35 )
B’ =z B (ii>(in,,,)y 0[>(outf;,)) € |[BI]]: ( ) —on
. 2 e 2
(zD(inn)’ Ol>(out,J;)) € IIB]]I i B gb A @z,
(i1>(in,1)’ 0\>(out;|L)) € IIA]]: —e
For (;Iﬁ) we have,
BzoC(:_ ) B%IB(:I_ ) :
~ y \=ovi) i _— p \=1vl =)
C"‘:"B BTIB B—:"A inc C ina .
. inc C ing ing: = inge
P ing C in
7 =2 @)@
outc C outy :
outc C out :
Ea— P 35 i)
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where (; is:

2 1
outg = outg outg: = outy G2
- 5 2 .
ing = ing outg = outy +
(251)3)
B3, A
and (7 is:
. 53 -2
. (71>(1inn)’ol>(outf;)) € I[Bl]z Bz B @z
B'=o C (%> (ing ) % (outt,)) € (81, ( )_z"
- o Jo w
(71>(in(:)701>(out(% ) € [C]; o cJ; 4 @)
(1.1>(in,1)7 OD(out,{')) € [A]I‘: B
Proposition 5.4.2 Case 4: inc C ing A outs C outc
C ~r B dB; BeC=z B A
C Q::; A T } 4
3) 2t
P i =

where we assume the usual conditions for B, B’ and P.

Proof 5.4.2 (Case 4)
For (J};) we have,

¢

3B; B'e C =~z B'A :

) ina)y z;u e [A]“
B'3,BABw~o A (i (ina)» O (outz)) € (Al

; w 3?2
(f>(ina)» O (outt)) € (A}
w @HW
c3; A
where ( is:
y w 1 7 2
9 (1'1>(iﬂ(:)’ OD(outé)) € [CII, C=1 B @)
B3, B Cotomy ) o outp)) € BT )—I"
- - - 9
(11>(iﬂ8)’ Ol>(outf;)) € l[B]], . Bzp A )
Bou)

(ip(inA), OD(outj-)) € IIA]]:

For (QI‘,) we have,

., C-‘
B '~z C __ _
C ~7 BI (;I VII) BI ;b B B ~o A (;lz Vll)
. : : inc C ing
_ it inc Cing __
outs C outc P (B vin)(2)
P (2o vu)(1)
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where (; is:

outp: = oulp =
- — 2 - — 1 C2
ing = ing ing = ina outc outc :
ing’ = ing outg = outp :
B'3,B 251

and (2 is:

(i (11 90 (o) € [BT © B~z C
c3; A (%> (inc)» OD(outé)) efcl;
(> (ina)>» OD(out,{-)) € [A]; - B=xp A
(iD(‘inB)70(>(out,§ ) € [B];

Lemma 5.4.3 For arbitrary charts A, B and C,

C3*B BI¥A
CA

Proof 5.4.3

(%> (inc)> % (outg)) € [C]7 "¢ .
(%> (inp) Ol>(outf;)) € [B]; =9 B3, A
(i (ina)> °[>(out,,l)) € [A]7

c3J; A

(27)

@hHm
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B.10 Proofs for Section 6.1: Relational ADTs
with 10

Proposition 6.1.1 For all conformal infinite programs P, = Alnit $ AOp; $
AOp33§ ... and P, = CInit § COp; § COps 3 ... we have,

[Py C [Py © Vne[P.[n],C [Paln]]

Proof 6.1.1

For the = direction we have,

(i1moln)elPeinl, G
3seVme (il m,((o]n)"s)|m)e [P:|m], :
(iTn,0[n)€[P,In]]
(iln,oln)e[P.n],= (iln,0ln)e[P,[n]]
[Pc [ n]; € [Pa [ n]}
Vne[P.|n],C[P.ln],

(CapI¢))
(=)

)

We justify the proof step labelled dagger informally by considering two cases.

Case 1: Supposing m < n, we need to show that (i[n,0[n) € P.[n = (i[m,o[m) € P.[m.
In this case, truncating the sequence o to length m results in a shorter sequence than
truncating o to length n. Therefore, we are free to choose any sequence s. That any
sequence s is suitable certainly implies there exists such an s. To show that this simpler
implication holds we revisit the informal discussion presented about ADTs in Section 6.2—
in particular Figure 6.1. Truncating a program after n steps is defined to be applying the
finalisation operation after performing n operations. Applying finalisation after n steps
of a program, e.g. P. [ n, can be considered in this framework as stopping the program
and observing the n outputs that the program P, has produced after consuming n inputs.
Now consider stopping the program after it has consumed n + 1 inputs, e.g. P, | (n + 1).
Clearly, the n + 1 outputs that we observe from P, [ (n + 1) are made up of the n outputs
that we could observe from P, [ n plus one extra output that resulted from the n + 1t

operation. In other words, the n 4+ 1t

operation cannot change any of the previous n
outputs. Now, consider building the set {P. [ 0, P, [ 1,..., P. | n}. It follows from the
argument above that this set is going to be “prefix complete”. Thus, given m < n we can

see that (i [n,0[n)€ P, [n=(i[m,0[m) € P.|m.

Case 2: Where m > n we can infer the existence of a suitable sequence s from the
assumption that the program P, is defined over all input sequences. It follows from this
assumption, that we could use the program P, itself to calculate the sequence s (or at
least a suitable prefix for s). In other words, we could run the program P, [ m on the input
i [ m and record the output o. Now, for any infinite sequence so, 0™ so is an appropriate
witness to the existence of s.

245



Now (; is,

G2
Goimelnr
Vme (i[m,((on)"s) | m)€[Palm] - (@)
(i1 n,((oTn)"s) [ n) € [Paln]] ((ofn)"s)In=01ln
(i1 n,0[n)€[Psln];
And (3 is:
2 TWw TWw
Vme (i m,((o]n)"s)Im)e _ - [Pl QWIIPa]]d' o
[P. | ] Vi, 0 (i,0) € [P]} = (i, 0) € [Pa] )
. 4 (i,(o [n)"s) € [P]}” =
. ~ Pc rw ’ cllg
(z,(o[n) S)GII ]]d (i,(o[n)As)Gl[Pa]]:"
(4, (0 In)7s) € [Paly
For the < direction we have,
S Vne [P, [n], C[Psln],
Go)elPl’ ' TP [nlLC[Palnl
Vne(iln,ol[n)é€[P:[n]] . r
DAL v7) (i[n,oln)e[P.[n],=
’ c (ilnoln)€[Paln]y
(i[n»o[n)eﬂpa[n]]; + =
Vne(i[n,o[n)€[Py[n]] J )
Goeldy
=)

(3,0) € [P}’ = (i,0) € [Pa]}”
[Py € [P]Y
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B.11 Proofs for Section 6.4: Simulation and

corresponding states

Proposition 6.4.1 Given arbitrary charts C;, C,, related simulation S, and

bindings zl z2 , we have

n*xz €8 o nxz €S -
21.1¢,Ning, = 22.i¢,N ing, (Sior) 21.0¢,N outc, = 22.0c,N outc, w2)
nxz €S 5 2%z €8 (5=
2 * 2 € IO(J(’.;l o 21 * 2 € Cowg;‘ ot
zl*zééCorrg; zl*zééIOgQ1 .\
. (Si())
2nx2z €S
where I[Cg]]g(‘:, [[Cl]]gz, T, < T,;, T, < T, and T, and T, are disjoint.
Proof 6.4.1
For (s;,) and (S_,) we have,
n*xz €8 n*xzZ, €S
L2 — (S-d) Sl (s-df)
zl*zQECorr A 10g) (57) zl*zQGCorrC;/\IOCZ (5-)
A A
uxzh € 105 2 *zp € 10§ '
1* 2 € 106, (10-df) 1% 2 (10-df)

Zl.icl N in02 = 32'15020 inc.
For (s,,,) and (S;,,) we have,
n*xz €S

(S-df)
2 *2 € Corrc‘ A IO&l (s5)

2 %2 € IOC2

And for (s}}) we have,

10

2 x 25 € Corrgz‘

z1.0¢,Noulg, = z2.0¢,N outc,

uxz €S

o (S-4f)
2 (sy)

Ao

ZI*ZQ,éCOW A IO

nxzh € Corrc2

21 %2 € IOG!

3 * 2 € Corrg; A Ingl

(S-df)

nxz €S
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B.12 Proofs for Section 6.5: Partial relation

refinement

Proposition 6.5.1 For arbitrary sequences si and so, and bindings z¢, zQUA,

in T
.’L‘ITA and z, ¢ we have,
((xl-iA)ASiD(in,q)’ SO (outy)s zl) — (($2~iC)ASi(>(1’n<;)a S0 (oute)y 12) (S
& [See proof below for detailed derivation]

Vaze3dzgez  xoy k13 % 2y % Ty x T, € R

Proof 6.5.1

For the = case we have:

((21-84) St (inp) 505 (out)» 21) = ((T2.0) " 8ip (ine)> SO0 (oute) 22) € S
<  [Definition of S|

z21x 2y € CorrA AJiexyig =iNing A T2.ic = i Ning
= [N-df]

21 %25 € Corrg ATieziigNing = iNing Ning A Tp.ic Ning = i Ning Ning
& [iNing Ning = iNing Ning holds for all 4

21 % 25 € Corrd A T1.i4 Ning = Ty.ic Ning

(23 € T™: 73.04 N outc = (z3.04 N outc) N outy holds for all outy
and outc]

21%25 € Cor'ré AV 130314 @ 11.54NINC = Ta.icNing A 23.04Noutc = T4.0cNout,
¢ [Definition of O8]

z1x 2y € Corrd AVzz eIy o1y %13 % T) x Ty € [0
< [Definition of R]

T3, 740 2y % Ty x T3k 2 % Ty * T4 € R
And for the < case we have:

313,740 2y % Ty kT3 * 2y * T * T4 € R
<  [From the last three steps of the previous proof]
2% 2y € Corrd A 1114 Ning = 39.ic Ning
= [Nedf, =-df, U-df]
21 %25 € Corrd A 21,14 = Tp.ic Ning Uy .ig A Tg.ic = T1.14 Ning U T2.i0
e [r € Tzn 1104 = T1.14 Ning, I € Té" P .10 = Tp.0¢ Ning|
2% 2 € Corrd A 1.4 = (2p.ic U T1.34) Ning A 2p.i¢c = (21.14 U To.ic) Ning

= [Using (3%)]
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zl*zé € Corré AJiex.ig =iNing A Tg.ic =iNinc
<  [Definition of S]

((Z1-54) " Sii (inp)» S0 (outa)s 21) = ((T2-3C) " S (ine)s S0 (oute:) 22) € S

Proposition 6.5.2 For arbitrary sequences si and so, and bindings zIUC

Txuf. Tgut
z3* and 7, ¢ we have,

(Sis(ina)> 500 (outs)” (3-04), 21) = (8 (inc)» $0b(out) (4-0C), 22) € S
& [See proof below for detailed derivation]

Vrzpedr ez xzy xm3x 2 x Ty x T4 € R

Proof 6.5.2

U
4,

The proof of this proposition has the same form as that for Proposition 6.5.1 above with

the appropriate changes to reflect that this proposition deals with the output interface of

the respective charts rather than the input interfaces.

Proposition 6.5.3 For the arbitrary sequence si, and bindings zluc and z.ZU" we

have,

(8in(ina)s (s 21) = ($ip(inc)» ()1 2) € S
< [See proof below for detailed derivation)]

21 * 23 € Corrd

Proof 6.5.3

Follows trivially from the definition of S.
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B.13 Proofs for Section 6.6: Total chaos re-

finement

For the forward simulation initialisation condition we have:

Proposition 6.6.1

Clnit C Alnity S
&  [Detailed derivation below]

Vycoycélnitc:Eltlotlé]nit,q/\tl*yéeR

Proof 6.6.1

CInit C Alnity S
o (cdf
V si, z, ssi, so e (si, (ssi, s0,2)) € CInit = (si,(sst, so0,2)) € Alnity S
& [CInit pointwise restricts si to signals in inc and deletes output]
Vsi,z (8, (S (ine), ()1 2)) € CInit = (s1, (Sip(ing)s (), 2)) € Alnit g S
& [s-df]
Vsi, z ® (5, (Sip(inc), ()> 2)) € CInit = I ssi, t, so e (si,(ssi, so,t)) € Alnit A
((ssi, 50, t), (i (inc)r (), 2)) €S
& [AInit pointwise restricts si to signals in in4 and deletes output]
V si, 2z ® (81, (Sip(ing), (), 2)) € CInit = 3t @ (i, (Sip(iny), ()5 t)) € AInit A
((sisimp)» (1 £)s (Si(ineys 0, 2)) € S
& [Definitions of CInit and AInit, and Proposition 6.5.3]
Vzeze Initc=3tetec Inita ANtxz € Corrf
¢ [Definitions of R and €]
Y 2, Tic, Toc ® 2 % Tic * Toc € Initc = It, Tia, Tog ® t * Tig * Toq € INita A
t % Tig % Tog x 2' * T}, x T, € R
& [Let yo = 2 % Tic * Toc, t1 = t * Tig * Toq)

vyc’ycélnitc=>3h.t1é[n’itA/\tl*y(I:ER

The condition for finalisation holds iff outq C outc.

Proposition 6.6.2
S¢ CFin C AFin

250



&  [Detailed derivation below]

outy C outc

Proof 6.6.2

We split the proof into cases and prove the contrapositive property in both cases. For the
= case we have:?

- outyq C outc
<  [Definition of pointwise restriction]
350 ® 501 (outs) # 501 (outc) s (outy)
&  [Definition of AF'in]
Vsi, 21 350 @ ((Sip(ing)s (SOD(Out(:))D(ou:A)' 21),s0) € AFin
&  [Definition of CFin: V si, 2, 50 ® ((Sip(ing)s $0p(outc)» 22)s $0) € CFin]
Vsi, 21,22 ® 350 @ ((Sip(iny), (sob(outc'))D(aut,,)’ 21),80) € AFin A

((Sib(‘in(:)’ soD(Oulc)? Z2)7 SO) € CFin
[Definition of S:
= 321,200V si,s0 @

((S26(ina)» 505 (outa)r 21); (Sips(inc)) S0 (outc)) 22)) € S
3 si, 21, 22, 50 ® ((Sip(iny)s (sop(out(,))D(oml‘),zl), so) € AFin A
((Sip(ine:)» SO (oute)s 22), 80) € CFin
(885 (ina)s (30(>(out(;))(>(outA)y 21), (St (inc):s (50(>(out(,-))l>(outc)» ) €S
&  [Definition of ,(_): (SOD(OU‘C))D(outC) = 505 (outc)]
I si, 21, 22, 50 ® ((Sip(iny)» (SOD(D“‘(J))p(outA)’ 21),80) € AFin A
(8% (inc:)» SO (outc)s 22), 50) € CFin
((8ie(inr)1 (300 (0ute) ) (ot ) 210 (S8 (inc)s 30b (outc) 22)) € §
<  [Definition of g
Jsi, 21,50 @ ((Sip(iny)» (SOD(O“‘C))D(out,,)’ 21),80) € AFin A
((8i5 (i) (500 (0ut) ) (outa)r 21): 80) € S'§ CFin
= [C-df
-~ Sy CFin C AFin

And for the <= case we have:

-S4 CFin C AFin

4Notice that the justification for the forth step in this proof assumes that the relation
S is not the empty relation. By definition charts must have at least one state (an initial
state). Moreover, the corresponding relation Corrg always relates the initial states of
charts A and C. Therefore, by definition, S cannot be the empty relation.
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& [C-df, Predicate calculus]
I si, s, ss0, 2 ® ((si,50,2), ss0) € S 3 CFin A ((si, s0, 1), sso) € AFin
& [s-df]
3 s, so, sso, i, to, 21, 22 ® ((si, s0, 21), (ti, to, z2)) € S A ((ti, to, 22), ss0) € CFin A
((st, s0,21), sso) € AFin
= [Definitions of S, CFin and AFin|
Jvo, 5i, S0 ® VO (outs) = SO A V0 (oute) = 10 N $805(oute) = 0 A 7 8805 (outs) = SO
= [Definitions of S, CFin and AFin|
Fv0, 550 ® VO (out) = 501 (out) N 7 VOB (outs) = SSO1(outs)
& [Definition of pointwise restriction]

- outgq C outc

The precondition of C coincides with the domain of relation CStep.®

Proposition 6.6.4

(Tic-ic” St (inc)s 50, 2) € dom CStep
<  [Detailed derivation below]

Pre C (z % Tic * Toc)

Proof 6.6.4

(Zi" Sip(inc), S0, 2) € dom CStep
& [dom-df]

3 551, 850, Toe, t ® (Tic- Sip(ine), SO, 2) > (881, 850 Toe., t) € CStep
<  [Definition of CStep]

li !
IToe, t @ 25T * t' %z, € C

& [E-df]
VZoc ® 3Toe,t ® 2 % Tic * Toc * t' * T, €cC
& [Pre-df]

Pre C (2 * Tic * Toc)

SWe introduce the notational convenience that is to use a binding followed by a full
stop to represent the value of the binding’s single observation, for example z;.. is used
in place of z;..ic. Also, when concatenating a single element to a sequence we omit the
sequence brackets, that is 17 si represents (i) si.
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For the applicability condition we have:

Proposition 6.6.5

ran((dom AStep) < S) C dom CStep
< [Detailed derivation below]

Y Ya, Y ® Pre ASys y, A ya xy. € R = Pre CSys y.

Proof 6.6.5

ran((dom AStep) <« S) C dom CStep
& [C-df]
V Tic, 81, 50, 22 ® (Tic- Sip(inc)r S0p(outc), 22) € ran((dom AStep) < §) =
(Tic” 81 (inc)» 801 (outc)» 22) € dom CStep
& [ran-df]
Y Zic, Si, 80, 22 ® (3 Tiq, $S1, 850,21 ®
(xiaf-\ss'ib(in,‘% SSO0 (outs)s 21)
(Tic" St (inc)» S0 (outc:)» 22) € (dom AStep) < S) =
(Zic” Sip (inc)» S0 (oute)s 22) € dom CStep
& [Predicate calculus]
V zi, Si, 80, 22, Tia, SSt, S50, 21 ®
(Iia,'\ssz.b(in,q)v SSOp(outa)s z1) —
(Zic” St (inc)» S0b (outc)s 22) € (dom AStep) < S =
(Zic” Sip (ine:)» S0 (outc) 22) € dom CStep
& [Definition of S: $Sip(iny) = Sip(ing) a0d 8505 (outy) = SOp(outs))
V Zic, 51, 50, 22, Tia, 21 ® (Tid- Sip(ing)» SO0 (outa), 21) —
(Tic™ St (ine)» SO (outc)s 22) € (dom AStep) < § =
(Zic” St (inc)» S0 (oute)» 22) € dom CStep
& [<-df]
V Zic, Si, $0, 22, Tia, 21 ® ((Zia~ Sip(ins)» S0p(outs)s 21) € dom AStep A
(Zia~ Sip(ina)» S0 (outa)» 21) F (Tic- Sips (inc:)» S0 (oute)r 22) € S) =
(Tic” S (ine)» SOp (oute:)» 22) € dom CStep

& [Pre and dom coincide, Proposition 6.5.1, Predicate calculus]

253



Y Tic, Toc 22, Tias Toa, 21 ® (Pre ASys (21 * Tig * Toa) A
21 % Tig * Toa * 2 * T, * T, € R) = Pre CSys (22 * Tic)
Aad [Let Ya = 21 * Tig * Toa, Ye = 22 * Tjc * zoc]

Y Ya,yc ® Pre ASys ya A yo *y. € R = Pre CSys y.

Finally, for the correctness condition we have:

Proposition 6.6.6

((dom AStep) < S) g CStep C ASteps S
& [Detailed derivation below]
V Yo, Yerbze @ (Pre Aya AYaxy. E RAyexbz.' €C) =
Jtey,xt' E ANtxbz. €R

Proof 6.6.6

((dom AStep) <1 S) y CStep C AStepy S
& [C-df]
Y T;q, i, S0, 21, $Si, Toc, S50, 23 ©®
(Tia~ 83, 50, 21) — (881, 550" Tpc., 23) € ((dom AStep) <1 S) 3 CStep =
(Zia- s, 80, 21) > (851, 850 Toc., 23) € AStepy S
& [5-df]
Y Ty, Si, S0, 21, S8, Toc, $50, 23 ® (I Tim, ti, to, 20 ®
(Tia~ 83, 50, 21) = (Tim- ti, to, 22) € (dom AStep) < S A
(ZTim~ ti, to, z9) — (ssi, 850" Toc., 23) € CStep) =
3 tti, Toe, tto, y ® (Tig- i, 50,21) — (tti, tto T,e.,y) € AStep A
(tti, tt0 Toe., y') > (ssi, 550 Toc., 23) € S
< [Predicate calculus]
Y Ziq, S, 80, 21, 851, Toc, SSO, 23, Tim, ti, 10, 20 ®
((zia~st, 50, 21) — (Tim- ti, to, 22) € (dom AStep) < S A
(Zim~ i, to, z2) > (881, 880 Tpc., 23) € CStep) =
3 tti, Toe, tto, y @ (Tig- i, 50, 21) > (tti, 10 Toe.,y) € AStep A
(tti, 80" Toe., y) — (553,850 Tpc.,23) € S

& [<-df]
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VY Tiq, 81, S0, 21, 881, Toc, $80, 23, Tim, ti, to, 22 ®
((zia- st, s0,21) € dom AStep A ((2:4" si, 50, 21) — (Zim~ ti, to,22) € S A
(Tim - ti, to, 22) > (881,850 Toc., 23) € CStep) =
Jtti, Toe, tto, y ® (Ti4"- i, 50, 21) > (tti, tt0 Toe.,y) € AStep A
(tti, tt0" Zoe., y) — (881,550 Toc.,23) € S
&  [Definitions of S and CStep]
V Ziq, 8%, 50, 21, Tocy 23, Tim, 22 ® ((Tia- Sip(iny)» S0 (outs)s 21) € dom AStep A
((Zia™ $ip(inp)» 500 (outa)s 21) > (Tim’ Sips(inc:)s S0p (outc)s 22) € S A
(Tim~ 81 (inc:)» S0 (oute)r 22) F (Sip (ine)» S0p (oute) Toc-» 23) € CStep) =
Jtti, Toe, 10, Y ® (Tia- Sip(ina)s SO (outa)s 21) — (tti, 10" Toe., y) € AStep A
(tti, 80" Toe., Y) — (Sip(inc)s SO>(outc) Toc- 23) € S
& [Definition of AStep]
Y Ziq, S1, S0, Toc, Tim, 21, 22, 23 ® ((Tia" Sip(iny)» SO0 (outs)» 21) € dom AStep A
(Zia" St (inp)» 501 (outs)s 21) > (Tim’ St (inc)» S0p(oute)r 2) € S A
(zimf'\s'ib(in(;ﬁ 801 (outc)y 22) — (Sip(ince)s sob(outc?zoc-, z3) € CStep) =
3Zoe,y @
(Zia™ St (ing)» 800 (outa)s 21) 7 (i (ina)> SO (outs) Toe-» Y) € AStep A

(Sib(in,q)) sob(outA;\zoe-y y) = (Sib(inc)a soD(out(;;\zoc-v 23) es
[Pre and dom coincide, Proposition 6.5.1, definitions of CStep and AStep,
Proposition 6.5.2]

V Tia, Tim, Ties Tocs Toas 21, 22, 23 ® I Tom ® (Pre A (21 % Tig * Tog) A
2] % Tig * Toq * 2 * Tjyy * Ty € R A 20 % Tim x 3% 2, € C) =
IToe, Tic, Y@ 21 % Tig * Y *x Tpy € AN Y* Tic X Tpe *x 23 % Ty *x T, € R
¢ [Predicate calculus, definition of €]
Y Zig, Tim, Tie, Toc) Toay Tom, 21, 22, 23 ® (Pre A (zl * Tiq *zoa) A
2 % Tig * Tog * 25 * Ty * Th € R A 2 % Tigy % Tom * 24 % The x T,, € C) =
I Zoe, Ticy Y ® 21 X Tig * Tog % Y ¥ T}, xThy € A N YXTic X Toe * 24 % Tio % T,, € R
[Let yo = 21 * Tig * Toa, Yo = 22 * Tim * Tom, F2Zc = 23 * Tie * Toc and
t =y * Tic % Tpe
Y Ya, Ye,Fz. @ (Pre Aya Aya*y. € RAycxFz,' € C) =
Htoya*t'éA/\t*l—zCIER

Proposition 6.6.8 For arbitrary sequences si and so, and bindings leC, z-ZU",

mn

Tc i
z, ¢ and z, * we have,
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((21.30) " Sips (ine)s S0 (outc)s 21) F> ({T2-54) 7 S (iny)s S0b(outa)» 22) € T
& [See proof below]

VJ:303:L‘4.21*1‘1*Z3*Z£*1;£*I‘;GR-I

Proof 6.6.8

The proof of this proposition has identical form to the proof for Proposition 6.5.1, replacing
all occurrences of S with T, R with R, Corré with Corrf and [ Oé with IOAC.

Proposition 6.6.9 For arbitrary sequences si and so, and bindings 2,¢, 24,
T Qut Tout
C

z3¢ and z, * we have,
(88 (ina) > 500 (outa)” (23-04), 21) — (Sips(inc)s $0p(out) (Ts.0¢), 22) € T
&

Vo @31 @2y xTy % T3 % 25 % Ty x T, € R}

Proof 6.6.9

For the = case we have:

(Si5 (oute:)» 00 (oute)” (24-0C), 22) = (i (outn)» S0 (outa) (23-04),21) € T
&  [Definition of T
2%z € Corrf AJoex3.04 =0Nouts A 14.0c = 0N outc
= [N-df]
2 * 2, € Corr§ A
Jo e 13.04 Noutc = 0N outg Noutc A x4.0c Nouts = o N outc N outy
& [oNouty Noutc = o N outsg N oute holds for all o]
21 % 25 € Corr§ A 13.04 Noutc = z4.0¢ N outa

(23 € TS™: 33.04 N oute = (23.04 N outc) N outy holds for all outy
and outc]

21%x25 € Corrf A
V13 0314 0 13.04 Noutc = z4.0c Nouty A 13.04 N outc = T4.0¢ N outy
& [Definition of OS]
21 %2 € Corr§{ AVz3e3zy enyxmyxzyxx) € 10S
¢ [Definition of R

33,24 @ 2 % T3 * T3 * 2y % Ty x Ty € R?

And for the < case we have:
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373,74 @ 2} x T3 % T3 x 25 x Ty * T, € R?

<  [From the last three steps of the previous proof]
21 % 25 € Corr§ A 13.04 Noute = 14.0¢ N outy

= [N-df, =-df, U-df]

21 % 25 € Corr§ A z3.04 = T4.0¢ Nouty U T3.04 A T4.0¢ = T3.04 N outc U 14.0¢
& (13 € TP : 23.04 = 13.04N0Uts, T4 € T2 : 34.0¢0 = 74.0cNoOULC]
21%2) € Corrf A 23.04 = (24.0c UT3.04) Nouts A 24.0c = (23.04 U z4.0¢) N outc

= [Using (3*)]
2 %2 € Corr§{ A 3o e x3.04 = 0N outy A z4.0c = 0N outc

& [Definition of T

(SiD(out(:)vSOD(out(;)A(:M-OC)» 22) — (Sib(ouu)v sob(outA)A(I&oA)vzl) €T

Proposition 6.6.10 states that the initialisation condition for backwards
simulation refinement, in a relational ADT embedding for charts, holds if
and only if the input interface of the abstract chart is a subset of the input

interface of the concrete chart.

Proposition 6.6.10 For arbitrary charts A and C we have,
CInit 3y T C Alnit

& [Detailed derivation below]

ing Cinc AVy,ze(y € Initc Ayx2' € RY) = 2 € Inity

Proof 6.6.10
Again, the proof is split into cases and we prove the contrapositive property in both cases.

For the = case we have:

- (inga Cinc AVy,ze(y € Initc A yxz' € R'l) =z€ Inity)
& [Predicate calculus]

ﬂinAQz'ncVEIy,zoyéInitc/\y*z’GR'l/\—|zéIm'tA

Using a similar proof to the first case for Lemma 6.6.2, we have

- inyg C ine

&  [Definition of pointwise restriction]
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Jsi @ Sip(in,) # (Sib(inc))b(m/')
& [Definition of AInit]
V2 @ Isi e (si, ((SiD(iHC'))>(¢nA)’ (), z1)) & Alnit
& [Definition of Clnit]
V21,20 @ 3si @ (81, ((Sib(inc))p(m,,)v (),21)) & Alnit A (81, (Sip(ine)s ()» 22)) € Clnit
=  [Definition of T
32, 2o, si ® (i, ((Sib(""c))D(im)’ (), 21)) & AInit A (si, (Sip(inc), ()s 22)) € Clnit A
(((Sis(ine))p (ineyr 1 22)s (820 (in) ) iy 1 21)) € T
&  [Definition of () (Sib(i"C))D(inc) = Sip(ing)]
dz1,20,80 @ (si,((sib(mc))b(im), (), 21)) & Alnit A (i, (Sip(ine)s (), 22)) € Clnit A
(5t ey O 22)s (S (ime ) oy 00 21)) € T
< [Definition of g]
32z, si e (si, ((Sib(i"(f))p(in,.)’ (),21)) & Alnit A
(5, (8t me) ) 42 0+ 21)) € Clnit5 T
= [C-df]
= CInity T C Alnit

Also, we have:

Jy,zeyEInitc Nyx2' € RT Az € Inity
=  [Definitions of CInit, R, T and Alnit)
3si,y,z ® (81, (Sip(ine)s (), ¥ [ Uc)) € Clnit A
(St (inc)s (5 ¥ T Uc), (Si(ina), (), 2 [ Ua)) € T A
(82, (St (ina)> ()r 2 [ Ua)) & Alnit
= [¢-df and C-df]
= CInit 3 T C Alnit

Now, using disjunction elimination, we have,

- (ina Cinc AVy,z e (y € Initc A y*2' € R?) = z € Inity)
=
- Clnity T C Alnit

For the < case we have:

= CInity T C Alnit
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& [C-df
3 si, s, ss1, 22 ® (si, (88, $0, 22)) € Cnit 3 T A (si, (ssi, 50, z2)) & Alnit

& [3-df]

I si, s0, sst, t3, to, z1, 22 ® (s, (ti, to, z1)) € Cnit A ((ti, to, z1), (ssi, s0,22)) € T

A (si, (ssi, s0,22)) & Alnit
=  [Definitions of CInit, T and AlInit]
3 vi, s, so, ssi, ti, to,z, 20 ®
(Sip(ine) = 8 A Vip(ing) = 88 A Vip(ing) = 88 A Sip(iny) 7 $88) V
(1 €Initc ANy * 20 € Corrf Az & Inity)
= [Definitions of R and €]
3vi, s, @ (Sip(inc) = Vip(ing) A Vis(ing) 7 Sio(ina)) V
Jy,zey EInitc Nyxz € R A -z € Inita
&
- iniACinc V3y,zey € Initc Ay*2€ RT A~z € Inity
& [Predicate calculus]

- (ina Cinc AVy,z e (y € Initc A (y,2) € R?) = 2 € Inity)

For the backwards simulation finalisation condition we have:

Proposition 6.6.11 For arbitrary charts A and C we have,

CFin C T3 AFin
&  [Detailed derivation below]

Yy et ey xt; € R?

Proof 6.6.11

CFin C Ty AFin

& [C-df]
V si, z, s0, sso e ((si, so, z), ss0) € CFin = ((si, so,z), sso) € T 3 AFin
& [o-df]

V si, z, so, sso e ((si, so, z), sso) € CFin =
3ti, to,y e (si, so,z) — (ti,to,y) € T A ((t, to, y), sso) € AFin
& [Definition of CFin]
V si, 2,50 ® ((Sip(in)» SO (outc:), 2), 80) € CFin =
Jti, to,y ® (Sip(ine)» SO (oute), 2) — (ti, to,y) € T A
((ti, to, y), s0) € AFin
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. ) e T
Lemma 6.6.12 For arbitrary sequences si and so, and bindings z; ¢

have,

& [Definition of T]

V si, 2,50 ® ((Sip(inc)1 SO (outc)» 2)s $0) € CFin =

Jy @ (Sip(ine)s S0 (oute)r 2) M (Sin(ina)s S0m(outa) ¥) € T A

(S8 (ina)» SO (outa)» ¥), S0) € AFin
&  [CFin and AFin are total|

Vz o3y e (Sin(ingr S0b(oute) 2) F (i (ina)s S0 (outa), ¥) € T

& [Definition of T
Vzedyezxy € Corr§
& [Definition of 10]
Yy, 2@y, 20 21 % 2z € Corr§ Ay xyh € 105
& [Definition of R?)
Vy,z1e 3y, 200 21 %y * 25 xyp € R?
&  [Let yo = 21 x 41 and ) = Yo * 22]

Vyoe3tiey xt] € R?

(Zic-ic” si, 0, 21) € dom(T & dom AStep)
=4

’ ' '
Y Tim, 22, Tom, Toc ® 21 * Tic * Toc * 2 * Ty * Loy

Proof 6.6.12

(zic" sty 50, 21) € dom(T & dom AStep)
&  [dom-df]

Uc
y 2]

= 3 Zim, $81, 850, 22 ® (T;c- s, 80, 21) — (Tim- 88, $50,22) € T B dom AStep

& [e-df]

= 3Ty, $81, $50, 22 ® (Tic. Si, 80,21) — (Tim- $5i,850,22) € T A

(Zim - ssi, 850, 22) & dom AStep

& [Predicate calculus]

V Tim, 851, 550, 22 ® (Zic- 81, 80,21) + (Tim. 85i,880,20) € T =

(Tim- 851, 850, 2) € dom AStep
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<  [definition of T]
V Zim, 22 ® (xic,'\sz.b(in(;)) 505 (outc)r 21) (ximf\s%(in,‘), 505 (outa)r 22) € T =
(Zim” Sip(ina)» S0 (outa)» 22) € dom AStep
<  [Proposition 6.6.8]
V Zim, 22 ® (VZom ® IZoc @ 21 * Tic * Toc * 25 * Tip, * Ty € RYH >
(Tim” " St (ina)» S0 (outy)» 22) € dom AStep
& [Predicate calculus]
V Zim, 22, Tom, Toc ® 21 * Tic * Toc * 2 * Tim * Tom € R =
(Tim- Sip(iny)» SO (outa)» 22) € dom AStep
& [Pre and dom coincide]

Y Tim, 22, Tom, Toc ® 21 * Tic * Toc * 2y * To * Lo € R = Pre A (22 % Tim * Tom)

For the backwards simulation applicability we have:

Proposition 6.6.13 For arbitrary charts A and C we have,

dom CStep C dom(T & dom AStep)
< [Detailed derivation below]

Yy o (Vg ®y.*v. € R' = Pre Av,) = Pre C y,

Proof 6.6.13

dom CStep C dom(T & dom AStep)

& [C-df and definition of set compliment]
Y z;, i, 50, 2 ® (z;- si, $0,21) € dom CStep =
(zic~ si, 0, 21) € dom(T & dom AStep)
< [contraposition]
V Z;c, $i, 50, 21 ® (Tic- i, 50, 2) € dom(T & dom AStep) =
(zic~ si, s0,21) € dom CStep
< [Lemma 6.6.12]
YV Zic, i, 50, 21 ® (¥ Tim, 22, Tom, Toc ® 21 * Tic * Toc * 2y * Tpyy * Ty € R =
Pre A (23 % Tym * Tom)) = (zic- $i, 0, 21) € dom CStep

& [Pre and dom coincide]

/
om

Y Zic, Tocy 21 ® (¥ Tim, 22, Tom ® 21 * Tic * Toc * zé *zzm *z,. €R'=

Pre A (22 % Zim * Tom)) = Pre C (21 * Tic * Toc)
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< [Let Yo = 21 * Tic * Toc and Ug = 22 * Tim * -Tom]

Vy o (Vuv, @y xvs € R = Pre Av,) = Pre C y,

Finally, for the backwards simulation correctness we have:

Proposition 6.6.14 For arbitrary charts A and C we have,

dom(T & dom AStep) € CStepy T C T 3 AStep
& [Detailed derivation below]
Vye,bze,Ya @ (Vva @ ye * v € R? = Pre A v,) A
Yerxbz € CAbz xy, € R )= Ith ey +thc R Atyxy €A

Proof 6.6.14

dom(T & dom AStep) <« CStepy T C T 3 AStep
& [C-df]
Y z;c, 1, S0, 21, $S1, Tog, SO0, 22 ®
(zic- 81, 50, 21) > (883, 850 Tog., 22) € dom(T & dom AStep) € CStepy T =
(2~ si, $0, 21) > (881,850 Toq., 22) € Ty AStep
& [s-df]
V Tic, 8, 80, 21, 881, Tog, $00, 22 ® (I 11, Toe, L0, 23 ®
(z:c" s, 80, 21) — (ti, 0" Tpe., 23) € dom(T & dom AStep) € CStep A
(ti, t0" Toe., 23) > (881,550 Toq.,22) € T) =
(7~ 1, 50, 21) v (881,550 Toq.,20) € Ty AStep
< [Predicate calculus, <-df]
Y Zic, 8, S0, 21, 51, Toq, $00, 22, 11, Tpe, L0, 23 ®
((zic~ sty 50, 21) > (ti, t0" Toe., 23) € CStep A
(zi"st, s0, z1) ¢ dom(T & dom AStep) A
(ti, 80" Toe., 23) > (851, 850 Toq., 22) € T) =
(zic"si, $0,21) > (851, 550 Toq., 22) € T § AStep

&  [Lemma 6.6.12, Predicate calculus]
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vz, 81, 80, 21, 851, Toqa, SO0, 22, t1, Toe, L0, 23, Toc ®
((V Zim, 24, Tom ® 21 * Tic * Toc * 24 % Tip * T, € R = Pre A (24 % Tign * Tom)) A
(zic~ st 50, 21) — (ti, t0" Toe., 23) € CStep A
(ti, 10" Toe., 23) + (88i, 850 Toq., 22) € T) =
(zic" 81, 80, 21) > (881,880 Toq., 22) € T 3 AStep
& [definitions of CStep, AStep and T
V i, 81, 80, 21, Toa, 22, Loe, 23, Toc ®
((V Zim, 24, Tom ® 21 * Tic * Toc * 24 * Tipy, * Ty € R = Pre A (24 * Tim * Tom)) A
(Tic” Sip (inc)» S0 (outc)s 21) F (Sip(ine)r S0p(oute) Toe-» 23) € CStep A
(sib(,»,,(,), SOD(out('.)A.’l:ae., 23) — (Sib(in,q)v 30(>(out,4)r\1'oa-, 22) € T) =
(xicész‘b(in(;)) S0 (outc)s zl) = (Sib(inA)’ sob(outA)AIoa'» 22) € Ty AStep
<  [Definition of CStep, Proposition 6.6.9]
Y Zic, Si, 80, 21, Toa, 22, Toey 23, Toc ®
(Y Zim, 24, Tom ® 21 * Tic * Toc * 24 * Tom * Tom € R = Pre A (24 % Tigm * Tom)) A
2k Ticx 24 % Loy € C AV Tig @ ATic ® 23 % Tie % Toe * 24 % Tiy % Toy € R1) =
(zicf-\s'ib(im;)v SO0 (outc)s 21) (37:(>(in,4)v sob(outA)Azoa.a 2) € Ty AStep
< [Predicate calculus]
V Zic, 8%, 0, 21, Toa, 22, Loes 23 Loc, Ties Tia ®
((Y Zim, 24, Tom ® 21 * Tic * Toc * 24 * Tip, * Ty € R! = Pre A (24 * Tim * Tom)) A
21 % Tic * 23 *x Loy € C A 23 % Tie * Toe * 2y * Tig * Ty, € R =>
(Tic™ Sip (inc)» 50 (oute)s 21) 7 (Sip(ina)s SOp(outs) Toa- 22) € T g AStep
& [g-df, definition of T
Y ZTic, 1, 80, 21, Toa,s 22, Toes 23, Toc, Tiey Tia @
(¥ Tim, 24, Tom ® 21 * Tic * Toc * 24 * Tiy, * Th € R = Pre A (24 * Tim * Tom)) A
2 % Tic % 24 % T € C A 23 % Tie % Toe % 2 X Tjy * Toy € RY) = I3in,y @
(zic’.\sib(m(,.), SO0 (outc:)» 21) — (:l:mf.\sib(m{).), SO0p (outc:)» y) eTA
(-Tin,:\SiD(in(;), S0 (outc:)s y) = (Sib(inA)a soD(out,q)Axoa'» z2) € AStep
< [Proposition 6.6.8, definition of AStep]
Y Ticy 21, Toas 22y Toes 23y Toc, Ties Tia @
((¥ Tim, 24, Tom ® 21 * Tic * Toc * 24 * Tpy, * Th. € R = Pre A (24 * Tim * Tom)) A
21 X Tic % 23 % Thy € C A 23 % Tie * Toe * 23 % Tiy % Th, € R?Y) =

3 Tin, Y  (3Ton ® 21 % Tic X Toe % Y’ % T} %z, € R A y*Tiex2px 1), € A

[Let Yo = 21 *TickTocy Vo = 24*Tim*Tom, |_Zc = 23%Tie*Tpey Ya = 22*Tig*Toa
and tp = y * Tip * Top, €-df]

VYe,bze, Yo ® (VUg @ yex v, € R = Pre A v,) A
Yyexbz.  ECAFz . xy, €ERY) 2> Atgey.xth € R Ataxy, €A
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B.14 Proofs for Section 7.1: Monotonicity of

the py-Charts composition operator

Before proving the monotonicity result of Proposition 7.1.1 we prove the
following elimination rules that are specific to the simulation relations used

in the proof of the monotonicity property.

Lemma B.14.1 Given arbitrary charts A;, Co, B, C = C, | ¥ | Band A = A |

VU | B; related simulations S =g¢f C’orrgz1 A Corrg A IOé and R =4 Corrg; A

. . . Vi Vio Vio yie
I Og;; arbitrary binding 21, sz2, Zg° Uz g/, 7,2 and v © , we have,

0
Fz.
ay.14, = (zq-74 Uﬂ)vc) Nina,,

ZaxzpxTaxbz/ xz) xz, €S A out
a1.04, = Tp.0c,N outy,,

2.1, = (Ze.ic U fby,) N ing, za*ap kg, %2y € RF P
a C

5 (57,

where [A]5 T, [CIET, [A1E, [CaD72, [BIS T, and the usual conditions hold

for alvl and P.
Similarly the obvious counterpart to this rule holds for arbitrary :rlvlw , assuming
the usual conditions for bzvz“.

ba.ic, = (Zc.ic U fby,) Ning,,

ba.oc, = z1.00, N outc,,

zoxTyxbz, ' xbhERF P B
P (5,

Zaxzp*Taxbz ' x2)x 2l €S
71.14, = (Zg.14 U fby,) N ing,
)

Proof B.14.1
For (s, ), letting tVI" =4er ( 14,2 (2a-1a U fby,) Nina,, 04, 12.0uts, | we have,
G
txxzy € 1032‘ t.oa, = T2.0¢,N outy, (df)

t.iq, =
(.’l)a.iA U fby. ) Niing,

t.ia, = (Ta.14 U fby,) Ning, A t.oa, = 22.0c,N outa, ANt xz) € IOS; (2

t.oa, = 232.0c,Nouts, Ntxzj € 1082‘

%3 ) . .
dz; ! exi.is, = (24.14 U fby, ) Nina, A
T1.04, = T2.0¢c,N outa, A1y x4 € 10'32‘
P

31
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where (; is:

- Vi"-d
73.0¢, C oulg, (V2"-df)
I2.0c,N outs, Noulc, =
t.0a, = 13.0¢,N outga, @) =200 A cz (11
Tp.0c,N outy, :(df)
t.oa,Noutc, = 13.0¢c,N oUty, t.ia,Ning, = Ta.ic,N ing

t*zj € 104]

i1 is:
Zoxzp*Taxbz. *x 2z xzL €S s )
Tg.ia Ning = Tc.ic Ning (Sir (@)
Ta.a N (in02 Uing) = z..ic N (inAl Uing) ()
Zq.i4 N (ing, Uing) N ingc, Ning, = Te.ic N N(ina, Uing) Ning, Ning,
Zq.14 Ning, Ning, = Zc.ic Ning, Ning,
(@) Tq.14 Ning, Ning, = Zc.tc Ning, Ning,
t.ig, = (2g-14 U fby, ) Ning, Ning, =
Zq.ia U fby, ) Ning, (zcic U foy, ) Ning, Ning, ]
: : . . - I2.1C, =
t.ia,Ning, = (zc.ic U fby,) Ning, Ning i )
' » = (T we) : ! (zc-ic U fby,) Ning, J
t.ig,Ning, = T2.1c,N ina f)
(o is:

G

. . — 1 1 :
a1.54, = (Zq.i4 U fby. ) N ing, a1.04, = T2.00,M outy, zgxayxbz. x1h € R

P

(3 is:
Zaxzp*Takbz. %2l xz. €S

1 (Sioa)
a1 x 74 € JO§! za xFz,' € Corrf} ot

(€39
Zaxayxbz. ' x2j € R *

The proof of (Sl:lz) has the same form and can be derived in the obvious way from the
proof for (S|:h) above.

Lemma B.14.2 Given arbitrary charts A and C, simulation relation R =gef

Corrd A I04, bindings 2=, :zlv“ Pz Ue zzvg"’ and signal set ¥, for Ay =4¢f [A]y,
Cy =def [C]q, and T =def CO’I"I"qu A IOé-: we have,

(y.tAy = T1.14,

fo-tcy = 1210,

fo-0cy, = ay.0ay,
zgxay bz xfi€ THP
P

zoxmyxbz, *xz) € R

(5))
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0

PT . V.
where I[A]Qf, |[Cﬂ§:, I[AWIZCT ¥, [Cy]z.*, and the usual conditions hold for a,* ,
yie
fy ¢ and P.
Proof B.14.2
G v (Vy-df)
; 3% e
(V';,o'df) P f¢‘ic'y = IL'2.iC n inc,,, A
3 aV&f o fo.-0cy = 32.04 N oUtC,
v . P ERIE)
Qyp.tay = T1.14 Ningy, A
Qy.0Ay = T1.04 N outy
- 5 @)
where (] is:
Zox Ty * bz * 1) G
a 1 %P2 *x Iy €R 5 :
T1.14 Ningy = T2.ic Ning, (Sio1) (:3

ay.ia, Ning, = To.ic Ning,

Ca

Gy.tag Ning, = faNing,

ZoxTyxbz. x2h € R

ay * fy € I08¥

- (10-df)

(Sica)
za xtz.' € Corrd 4

()

10

li
G ¢ G Za*%*Fgc *fyeT
P
(o is:
- — 1 - —— (df)
Qy.lay = T1.14 Ning, May, = 1N Viog
ay.iay = T1.5a NN T1.34 C ing (Va?-df)
0,4,.1:,4‘, = :L‘l.i,q
(3 is:
. - - 1 - - d
fo-icey = T2.ic Ning, ng, = inc () Vio-dp)
fo-icy, = T2.iCc Ning T.ic Cing = f
fd:-iC\p = :1:2.’ic
(4 is:
Gs
f¢-OCw = Ay .04y (df)
fo-0ocy, Nouta, = ay.0a, Nouts, outs, = outc,
fo.0c, Nouta, = ay.0a, Noutc,
(s is:

1 2
Gy.04, = I1.04 N outy, fo-0cy = T1.04 NoUtC, outa, = outc,

(df)

fo-0cy = ay.0a,
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The property of Lemma B.14.3 follows directly from the side-condition
SC) that is part of the monotonicity result of Proposition 7.1.1. This gives
us a rule that can be used more concisely in the proof of Proposition 7.1.1
that follows.

i . . yio V:‘o
Lemma B.14.3 For arbitrary charts A;, Cs, bindings zIU‘, ', ylul, v, zQUZ,
Viu .
7, 2, and signal set ¥, we have,

sc, Pre Cy (zp % 13)
[A1)y ;ITTf [Ca)y nxT x Y] * v € A
n*xTxz*xTy €R

P

Zg*zz*bé*eéé C2,
1.04,NV¥Y = e.0c,N¥ - P

(scry)

where T =ger Corr? A 105¥, Ay =[A1ly, Cy =[Caly, [Aulz?, [Calz?, [,

IICQ]IQ,, and the usual conditions hold for b2, ezvzw and P

Proof B.14.3
Letting sVe =def (] 0cy 2v.0¢,N outc, D and

VlU
t'v =gef (| 04y Dv1.04,N outsy ),

we have,
G
21 x I % V% Ty €ER P _
e (7))
where (] is:
—_— 5C) C
T 1.1
Ay 27, Cy : Cr2 (1:.3 (:2
nxayxy xt' € Ay PT‘EC\];.(Zz*e,I,) z2*e,,,*z.{*a,'peT P _
P (375 ,,)@)

¢1.1 is:

- — 1 - - (Ve -df)

piay = Tida, | ayeiay Cinag Y (df)
Qy.iay NiNa, = T1.14, Ma, = iNg,

. T1.14, = Qy.ta, NN d

21 %I kY x U € Ay 1041 = Gy-thy A t.oa, = v1.04,N outa, (@)

: ()
21 *ay*xy;xt' € Ay
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Cr.2 is:

- — 1 - - (df)
€y.lcy = T2.1C, ey, icy € Ncy (@)
ey-icy Ning, = I2.ic, ing, = e,
: : } 3
d To.lc, = €y.1Cy M INC, -
8.0c, = v.0c,N outc, ) 2-4C2 = E4-ICv 2 xT2xy *v' € Cy
o ()
zxey*xy x5 € C
2% ey * Y Y pret)
Pre Cz (22*.’122) Pre Cq; (22*611,) (Pre‘)(3)
Pre Cy (2% €y)
where ( 3 is:
A Ay ’ ' Ay Ay !
21 * ay * 25 % ey, € Corrg! A I0gy 21 % ay x 25 % ey € Corrg! A 10CY ")
(A7) AT
2 * 2, € Corr§} @) ay x e}, € I05Y @
— 2 (df YW Oy
2%z € Corrf" e.,,*a,’l,GIOS:‘ .
S:
zpxep*xzixa, €T (5i0)
(o is:
€
A — (d,
: outc, =V (4) Cy.0Cy, = V2.0c,MN oulcy, 4
Cy.0cy = 11.04,NY Cy.0cy = 12.0c,NY 4
v1.04,N¥ = 13.0c,N ¥ 2 *xTpx by x vy € Cy
— 2 :
Zz*eq/;*bé*C:IJECq, ~ (038)
P (Z)M)
(3 is:
boxcyxy*xt' €T 2
A out (Sio2)
—_— .0 outs, =
outc, = outy, () C-0C Av
t.oa, Noutc, v
Vie_d
¢y-0cy, Noute, = t.oa, Nouta, cy.0cy C outc, (Vy'-df) @)
Cy.0cy = t.0ay Nouty, t.ogy =
v1.04, N outyp,
—— (df)
outy, =V Cp-0Cy = U1.04, N outs,

Cy-0Cy = U1.04,MN V]

Lemma B.14.4 For arbitrary charts A, C and signal set ¥ we have,

(Aly gz;f (Cly Ya*ye €R yc*tz.' eC
Pre A y,

( SCI_I 1 )

where R =g, Corrg A 104 and T =4ef Corr{ A IOE\‘: for Cy = [C], and
Ay =[A]y.
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Proof B.14.4
Assuming S = Cor’r‘é AT Oé\:’ we have,

Ye *l-zc, eC +
G Js €5 df) Pre C y. (Pret) Jo-icy = ye.ic :Pm+)
Ay 2%, Cy fyxay€T Pre Cy f3 L
3; —_—
Pre Ay ay T Ya-ia = Oyiay (Pre7)
’ 1l
Ya* Y. €ER Pre A y, (S
Pre A y,

Proposition 7.1.1 If, for arbitrary charts A;, C;, and signal set ¥, we have
that,

iy 27 (Ol

outg, NV = outg, N ¥ G,

outa, N outg = oulc, N outp 5Cs

where T =gef Corrff A IOf\‘;’ for Cy =[Cy)y and Ay = [Ay]y, then for arbitrary
chart B, we have the monotonicity result,
C; 3 A SG SCG SCs
(C:|¥|B) 27 (A|¥]B)

where S =g¢f Corrgzl A Corrg A IO4, and R =def Corré; A Iog;.

Proof 7.1.1

To prove Proposition 7.1.1 we give separate proofs for each of the following five properties.
Assuming C = C3 | ¥ | B and A = A, | ¥ | B, for arbitrary bindings y;rx, ygg, and

T¢

z¢ ¢, we show that, .

R . .
Cy 3ry A1 y. € Inite - Cy jff A,
: ni LT
Jty ety € Initg Aty % yé eSS outy C outc

SCi Pre Ays yYa*xy.€S
Pre C y.

app

C; 37 A1 SC2 SC; Pre Ay ya*y. €S yerbz €C

N corTr
Jtoey,xth€ ANtaxtz. €8

Given these four properties hold, Proposition 7.1.1 follows trivially using the rule (;ij ).
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init ﬁfl app  corr

— (2)

c 254 !

Each of the local assumptions, that is, all except Cy fo A1, SCy, SCy and SCj, are
discharged by the invocation of the rule (37;).

10

. . . ey T,
Now for the property init, given arbitrary bindings sz3,|- Zc U2 and z. ¢, we have,

2y x bz, *x T, € Initc

(€ -df)
(Initc-df)

(57 G
(€ -df) :

zp x bz, € Initc

2z * bz, € Initg A Initc,
}_Zc € Init02

Cy :If_f A Fz. * 13 € Initc,

JtetEInita ANtxzxbz. vz, €8

— - (275,
JtetenitaNtxzyxtbz. xz[ €S

where ( is:

2p * bz, %z, € Initc

2y xFz. € Initc (€ (-]df)t af) 1
nilc- .
2y x bz, € Initg A Initc, (S_f txx € Inity,
2y € Initg Mo t1 € Inity, (S-(&—e) -df)
zp x t € Initg A Init A
b * b BN A i) G2
zp * t] € Inity . :
T (€-df) ) ,
2 * 1 x o € Inity Zpxt % Tox2p kg k2l €S .
. (A™)
- @) zb*tl*a:aeI.mtAAzb*tl*zu*zé*l—zc'*zées )
32,4 e x4 %z € IO4 Jtete Inita ANtxzjxkz. xzl €S
T (37)(2
Jtet€ Inita Ntxz)xbz. xz. €8 )
(o is:
tixm*bz. ' xz, €R
— = - (R-df)
tixzyxbz. xz5 € Corrc; A 1002l (57)
_— 2
tixbz,' € Corrd) " za %z, € 104 |
— = (df) (87)
zp x z} € Corrg tixToxbz. *zl € Corr‘gzl A I04 5 "
S/\

2%ty * Tq * 2y ¥z, % 3, € Corr§ A Corrf} A IOg)

(S-df)
Zp kb *Toxzpxbz. %zl €S

For the property fin we have,

G 2% A
outs, C outc,
outs, Uoutg C outc, U outp
outs C outc

(35 )

(C -df)
(outs-df), (outc-df)

For the property app, where fb,, = v,.04 N V¥ and fbz, = z..0c N ¥ and l[AI]];I_,

270



I[C2]|§f, and ([BB;E_, we have,

G o (V§o-df)
: Az, 2 e mp.ic, = (zc.ic U fby,) Ning, A
s (Vio-df) 22.0c, = 11.04,Noutc,
ve U0 = Pre C (Fz. * 2p % T¢) e
%.0c,U v3.08
I7)(1
Pre C (cm*zb*.’lic) 3
where (; is:

Cl..2

3 Cr1 G2

2o x Ty % Yl x V] € Ay Zo*xTy xFz. /' xTj €R

5 : Pre Cy bz, %z : Pre C (Fz, * 25 * 2c)

(SCr)4)
Pre C (Fz, * zp * ) 1
Pre A (24 % 2p * Tg) : _
2 - (Pre,(3))
Pre C (Fz. * 25 * z.)
Crais:
C12 3
: Zo* Ty x Y, * V] € Ay (Pret)
e
C, Qf, Ay zoxzyxbz. xzh€R Pre Ay 2z, % 34
37 ,,,)
Pre Co bz, x 2 v
G2 is:
(o Zakzp*Taxbz %2l *zl €S -
: 2 * 2y * bz, % 2} € Corrdl (df)m
Iy xTp € IOéz‘ zoxbz.' € Corr&l N
/ ’ (Sio)
2, *xT1*xFz, *xTy €ER
C1.2.1 is:
Cr.2.2
2 : (123
I2.1C, = (zc-ic Ufb,,u) Ning, :
T1.t4, N INc, = T2.ic,N N4, T1.04,N oulc, = T2.0¢,N outya,
T * Ty € IOS;
(122 is:
Zaxzpx T xbz. %2l xzl €S - (Vie-dp)
Ta.ta Ning = Te.ic Ning (Sin) ZTcic Cing = ¢ (Vio-df)
) Za.54 Ninc = Tc.ic Ning Ning Tp.i4 Cing A
ing, C ingc To.ta Ning Ning = Tc.ic Ning Ning )
Zg.14 Ning Ning, = Zc.ic Ning, Ning na, C ing

Zg.14 Ning, Ning, = Z..ic Ning, Nina,

3 (zq-ia Ufb,, )N ma, Ning, =
(zc.ic Ufb,, )N inc, Ning,
T1.14, N ing, = (Zc.ic U fby,) Ning, Ning,

Ty.14, = (zg.t4 U fby,) N mna,

C1.2.3 is:

2
Ip.0¢, = T1.04,0N outc,
T2.0c,Nouts, = x1.04,N oulc, Nouty, T1.14, € outy,
T1.04,N outc, = T2.0¢, N outy,

( Vlu)_df)
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(o is:

Ca.1 C2.2
— 3 I 4 1
2 xT3* Yy *v3 € B C bz xDyxy x 1 € G © Ve0C = %2:00,U %08 (Pret)
Pre C (Fz, * 2p * Tc) )
2.1 is:
Zox2ZpxTa kg *xzpx T, €S (5=
Tg.14a Ning = Tc.ic Ning iol (df)
Z,.i4 Ningc Ning = I..ic NingNing  ing C inc ()
To.14 NN = Zc.ic Ning Ning ing C ing
Ta.14 Ning = Zc.ic Ning
(z4.14 U fby,) Ning =
13.i8 = (T4.14 U Nin . i €]
3:18 = (Za-ia U fou.) B (zc-ic U fboy,) Ning :
23.i = (Zc.ic U fby, ) Ning fou, = fby,
13.18 = (Zc.ic U fby,) Ning
and (2.2 is:
G
- . — 2 :
Tp.ic; = (Tc-ic U fby,) Ning, — fbu, = fbu,
To.1c, = (Z¢-ic U fby,) Ning,
and (3 is:
(df) 1
fou, = ve.oc NVY Ue.0C = %2.0¢,U U3.0B
. fou, = (r2.0c,Uv3.08) NV
v1.04,NV¥ = v.0c,NV¥ fou, = (12.0c,N ) U (v3.08 NP)
fou. = (v1.04,N V) U (13.08 N ) ,
fou, = (v1.04,U v3.08) NT Vg-04 = 11.04,U v3.08
= vg.04 N
oo = va0a0 Y )
ﬂ’w =fbv..
And finally for the property corr we have,
G
FaexzpxTexylxyhx vl €C FtezgnzyxToxt' EANtxy. xy,*xvl €S Z))
. Il
JtezgxzpxToxt' EANtxy.xy*xv. €S
where ( is:
G2
Zo % 2k Tk , - —— 1 JtezaxzpxToxt € AN
¢ ., ¢ , Z2.ic, = (Z¢.3c U fby,) Ning, ¢ , a/ ,
Fz. ' *z*xT, €S txy,xy, *xv. €S 5 )
)2
. I-I
Jtezoxzpxzoxt' CANt*xY. *yy*xv. €S '
(o is:
2
Za*l‘l*l—zcl*zéER C2l CS
: : - [
Cs ;lff A : Pre Ay zoxx1 bz xzmpxy.+vy € Co o
(275 ,,)0)

Eltoza*zb*za*t’éA/\t*yé*yl’,*véeS
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Ca.1 is:

— 2 — 7 (8G) — 1
zZo*xmi bz xp € R Ay J;; Gy bz x2*ycx vy € O
(lem B.14.4)
Pre Ay 2, %1y
(3 is:
Ca
v (V°-df) : X
Jug 4 @ v5.04 = 11.04,U 13.08 A Jtezgkzpxzoxt € AN
Va.ia = Ve.ic Ning txycxyp*v €S
; T, (37)(5)
Jtezoxzpxzaxt/ € ANtxy, xy, xVU, €S
(4 is:
Gs Ge
ZakZp X Ta* Yo * Yhx VL €A YaxYpx Vo x YLy x VL €S )
- A
Za* 2 X Tax Yo x Yy * U, E AN Yo * Yp % Vg x YL * Yy * V. € S @
Jtezakzp*To*t € ANtxy.xyyxv, €S
(s is:
/ - 1
ZxT3 %y xvj € B Gs1 G52
- 3 : : :
2o xT1 * YL * U] € Ay : Ug.04 = V1.04,U 13.0B 5 : 41"
Zo k2 xTax Yo x Yy x vl € A )
(5.1 is:
(5.3
: - - — 2
fou, = fou, T1.54, = (Za.54 U fby,) Ning,
T1.54, = (Z4.54 U fby,) Ning,
(5.2 is:
ZaxzpxToxbz. *zpxzl €S
Ta.ia Ning = Te.ic Ning 1) (df)
Ta.t4a Ning Ning = z..ic Ning Ning ing C ing ()
Ta.t4aNing = Tcic Ning Ning ing C ing
Ta.14 Ning = Z..ic Ning
- - - 1 To.t4 U Ning =
23.18 = (Zc.i¢ Uﬂ)vc) Ning ( ¢ A. fva) B §3
(zc.ic U fby,, ) Ning :
I3.1 = (xc-iC Uﬂ)vc) Ning ﬂ’vc = fbv(
z3.i8 = (Zq.14 U fby, ) Ning
(5.3 is:
5
Ug.04 = 01.04,U V3.0
Va.04 NV = (v1.04,U v3.05) N T Cs.3.1
: 1
V.04 N = (v1.04,N¥) U (v3.05 N ) : Ve.0C = ®.0¢,U U3.0B
V.04 NVY = (10.00,N¥) U (v3.05 NVP) ve.0c NV = (1p.06,N ¥) U (v3.06 NY)
Vg.04 NV = v,.
fbva =ﬂ7w
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(s5.3.1 is:

Ya*xU1 * Y. *vy ER
11.04, N outc, = 1.0c,N outy,

(8C2)

S
OutAl NnNY = O'utc2 nv ( wZ)

. NnNv = —_— (Viod
v1.04, N outa, .04, C oula, (Vyeo-df)

w.0c,Noutc, NY

(V*-df) v1.04,N ¥ = v.0¢c,Noutc, N ¥

11.04,NY¥ = n.0¢,N v

n.0c, € outc,

(e is:
Ya*x1 xY.*xv €R
’ A / B (df)
ya * yc € COTTC: yb * yb € COT'TB Cﬁ )
Yo x Yp X YL * yp € Corr‘él1 A CorrE :
! / A (df) ' A
Ya * Yp * Y. *x yp € Corrg v x v, € I0G 5*)
Ya X Yp* Vg * Yo x Yy *x U, € S *
6.1 is:
Ug.ta4 = Ve.ic Ning

; G6.2
- - - - - - - V¥-d a
Vg.ta Ning = ve.ic Ning Ning  vc.ic C inc (Ve-df) :
Ug.14 NiNC = Ve.ic Ning Ug.04 Noutc = ve.0c Nouty
vg x v, € 104

Ce.2 is:

Ge.3

5
: Ug.04 = V1.04,U 13.08B
ve.oc Noutsa = (v1.04,U v3.08) Noutc va.04 Noute = (v1.04,U v3.08) N outc
Vq.04 Noutc = v..0c Nouty

(6.3 is:

Ce.4
.08 C outp (VE-df) 400 Nouts = ((v1-04, N outc,) U (v1.04,N outp)) U v3.05
v3.0p C (outc, U outp) ve.0c Nouty = (v1.04,N (oute, U outp)) U vs.op
ve.oc Nouty = (v1.04,N (outc, U outg)) U (v3.0p N (oute, U outp))
ve.oc Noutq = (v1.04,N outc) U (vs.0p N outc)

vc.oc Noutyg = (v1.04,U 13.08) N outc

C6.4 is:

Ya* V1 x Y. % v € R
: U1.04, N outc, = 1p.0c,MN outy,
v1.04,N outp = w.0c,Noutp vc.oc Nouts = (v1.04,N oute,) U (ve.0¢,N outg) U vs.op
ve.0c Nouty = ((v1.04,N outc,) U (v1.04,N outg)) U vs.op

C C6.4.2
6.4.1 .

(Si:2)
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C6.4.1 is:

3
Ya*xV1 *y. x4 €ER
U1.04, N oulc, = 1.0c,MN outa,
v1.04, N outc, Noutp = w.oc,N outy, Noutp

(Si2) (SCs)
outq, Noutg =

outc, Noutp

—_—— (Vo v1.04, N outy, Noutg =
n1.0a, C oula, (Vyi°-df) 1.04, A, B
v2.0¢,N outc, N outp

— (V3°-df)
11.04, N outp = 12.0¢,N outc, N oulp 1.0¢, C oulg,
11.04, N outp = 12.0¢,MN outp
and (p.4.2 is:
1
Ue.0C = 1.0c,U v3.0B
Ve.0c Nouta = (.0c,U v3.08) N outy ‘
(V3°-df)

ve.0c Nouta = (1.0c,N outa) U (v3.op N outa) 3.0 C outp
ve.0c Nouty = (n.0c,N outs) U (v3.0p N (outs, Uoutg) vs.op C (outs, U outp)

d,
ve.0¢c Noutg = (v2.0¢,N outa) U vs.0p ()

ve-0¢ Noutg = (12.0¢,N (outa, U outp)) U vs.0p

ve.0¢c Noutg = (v2.0¢,N outa,) U (n.0c,N outg) U v3.0p
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Proposition 7.1.3 For arbitrary charts A, C and signal set ¥ we have,

S
c2% 4 (4 2] (C) c a7 A
Ca5 A c2 A

where S =4ef Corrf A 104 and T =g Corr§{ A IOE;’ for Cy = [C}y and
Ay =[A)y-

Proof 7.1.3
We begin by showing that the firing conditions refinement relation J s satisfies the total

chaos elimination rule (3, i.e. the elimination rule due to the correctness condition

T_f IV)’
as outlined in Section 6.6.

e S
Yax bl €A byxtz. €R

C:IfcfA ya*yCGR yc*FZC GC P
p

(Zpeg )W)

The remaining elimination rules, (27 ) (;lT ) and (37 t ) are trivially satisfied by
(277 - Therefore, that c 2% myy AEC :I A holds (i.e. the right-hand property of
Proposmon 7.1.3) follows trivially using the 1ntroduct10n rule (3 f)

We use a similar argument for the left-hand property of Proposition 7.1.3. First we
show that total chaos refinement relation J_ fo along with the side-condition SC}, satisfies

the firing conditions elimination rule (37, ).

_— 1
G Yyax b € A b;*l—zCERl

C3,A Pre Ay, Yaxy. ER y.xFz/  EC
P

(25,0

where (; is:
[A]\]/ 2:{ [C]\p Ya * y:; €S yc *}‘zcl eC
Pre A y,

(lem B.14.4)

Again the remaining elimination rules for firing conditions refinement are trivially
satisfied by o Therefore, using this and the introduction rule for firing conditions
refinement (3 M) gives us a trivial proof of the completeness property (left-hand side) of
Proposition 7.1.3.
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