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ABSTRACT

We explore analytical techniques for modeling the nonlinear cosmic ray transport in various astrophysical environments which is of
significant current research interest. While nonlinearity is most often described by coupled equations for the dynamics of the thermal plasma
and the cosmic ray transport or for the transport of the plasma waves and the cosmic rays, we study the case of a single but nonlinear
advection-diffusion equation. The latter can be approximately solved analytically or semi-analytically, with the advantage that these solutions
are easy to use and, thus, can facilitate a quantitative comparison to data. In the present study, we extend our previous work in a twofold
manner. First, instead of employing an integral method to the case of pure nonlinear diffusion, we apply an expansion technique to the
advection-diffusion equation. We use the technique systematically to analyze the effect of nonlinear diffusion for the cases of constant and
spatially varying advection combined with time-varying source functions. Second, we extend the study from the one-dimensional, Cartesian
geometry to the radially symmetric case, which allows us to treat more accurately the nonlinear diffusion problems on larger scales away
from the source.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0003582

I. INTRODUCTION

In recent years, several authors have addressed the nonlinearity
of the cosmic ray transport in various astrophysical environments.
The latter comprise the interstellar medium (e.g., Ptuskin et al., 2008;
Amato and Blasi, 2018; Holcomb and Spitkovsky, 2019), supernova
remnants (e.g., Ptuskin, Zirakashvili, and Seo, 2013; Bykov et al., 2014;
Perri et al., 2016; Diesing and Caprioli, 2019; Nava et al., 2019), helio-
spheric shock acceleration (e.g., Lee et al., 2012), and modulation (e.g.,
Moloto et al., 2018; Shalchi, 2018).

The nonlinearity is most often described by coupled equations
for the dynamics of the thermal plasma and the cosmic ray transport
(e.g., Wiener et al., 2019) or for the transport of the plasma waves and
the cosmic rays (e.g., Nava et al., 2016). Since these models require
numerical solution procedures, we have recently investigated analytical
and semi-analytical treatments on the basis of nonlinear diffusion
equations (Litvinenko et al., 2017; Litvinenko et al., 2019) with the
motivation to provide a treatment of the problem of nonlinear cosmic
ray transport. These alternatives, which are based on a single
advection-diffusion equation with a diffusion coefficient depending on
the (gradient of the) particle distribution function, not only comple-
ment the development of the more detailed numerical models but also

may guide as well as help to test the latter. While in the work of
Litvinenko et al. (2017) we have concentrated on the implications of
the nonlinearity for the so-called anomalous transport (for a review of
applications see dos Santos, 2019) in one-dimensional, Cartesian
advective-diffusive systems, in the work of Litvinenko et al. (2019), we
have extended the modeling to time-varying source functions in the
absence of advection. We extend these analyses here to systems with
radial symmetry and with time-dependent sources as well as non-
vanishing advection, which are often of interest in astrophysics, for
instance, for the particle transport in the solar wind. The method
applied in this paper will be able to deal with advection, as well as time
dependent sources, and, therefore, combines the strengths of our pre-
vious works, without having the restriction of earlier approaches. To
show that the mathematical method we apply in this paper has a gen-
eral value, we discuss a few additional models in the Appendix.

II. THE NONLINEAR DIFFUSION EQUATION

The diffusive part of the nonlinear transport equation reads

@f
@t
¼ r Dðf Þrf½ �; (1)
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with the diffusion coefficient D(f) depending on the solution
f ¼ f ð~r ; tÞ. As argued in the work of Litvinenko et al. (2017), a rea-
sonable choice for this dependence is in the case of cosmic rays inter-
acting with plasma fluctuations

Dðf Þ ¼ D0ðf̂ 0=r0Þ
� jrf j��; � � 0 (2)

because it has been shown that � ¼ 1=2 corresponds to wave energy
transfer to the thermal ions interacting with moving magnetic mirrors
formed by waves (Zirakashvili, 2000) and � ¼ 2=3 corresponds to
energy dissipation by a Kolmogorov-type energy cascade (Ptuskin and
Zirakashvili, 2003). The normalization constants f̂ 0 and r0 represent a
normalization in their respective units to give D the correct dimen-
sions for a diffusion coefficient. D(f) is an effective diffusion coefficient,
where f̂0 and r0 were introduced such that the constant D0 is always
the reference diffusion coefficient for the case � ¼ 0, i.e., linear
diffusion.

The corresponding nonlinear operator Dpf ¼ divðjrf jp�2rf Þ is
also known as p-Laplacian and has been studied in mathematics and
applied science, e.g., in the context of porous media and rheology.
While the resulting form of diffusion has been named n-diffusion
(Philip, 1961), the corresponding equations are called p-Laplace equa-
tion (V�azquez, 2017) or p-Poisson equation (Hartmann and Weimar,
2018).

In the work of Litvinenko et al. (2017), we have made first steps
to describe the behavior of particle distributions under the influence of
this kind of nonlinear diffusion. On the one hand, we used self-similar
analytical solutions, as, for example, reviewed by Dresner (1983), to
describe, e.g., diffusive escape from extended reservoirs in a one-
dimensional, Cartesian geometry. On the other hand, we have comple-
mented these analytical considerations with numerical simulations to
investigate the influence of an additional advection of the background
plasma on the particle distribution function. While this first study was
limited to source functions being constant with respect to time, in the
work of Litvinenko et al. (2019), we have extended this analysis, for
the case of pure diffusion, to time-variable sources.

We expand our previous work in a twofold manner. First, instead
of employing an integral method, as in Litvinenko et al., (2019) to the
case of pure nonlinear diffusion, we apply an expansion technique to
the advection-diffusion equation to derive linear equations that are
semi-analytically solvable with fundamental solutions. This allows an
improved systematic analysis of the effect of nonlinear diffusion for
the cases of constant as well as spatially varying advection, both with
time-varying source functions. Second, we extend the study from the
one-dimensional, Cartesian geometry to the radially symmetric case.
This allows us to treat the nonlinear diffusion problems on larger
scales away from the source because various astrophysical systems
can, to a good approximation, be treated as spherically symmetric.
Consequently, after a thorough study of various Cartesian cases in
Sec. III, we extend the investigation to the radial geometry in Sec. IV.
We summarize the findings and draw conclusions in Sec. V.

III. SEMI-ANALYTICAL APPROACH TO NONLINEAR
ADVECTION-DIFFUSION EQUATIONS IN A
ONE-DIMENSIONAL CARTESIAN GEOMETRY
A. Basic theory

Let us consider a linear partial differential equation with a linear
operator L acting on a function f

Lf ¼ S; (3)

with an inhomogeneity S. To find solutions for f, it is sufficient to
determine the fundamental solution C, which solves LC ¼ d0, where
d0 is a delta function of all variables of the operator L. Through the
convolution of C � S, one derives a solution to (3).

Since the problem of this paper, however, is a nonlinear one, one
cannot apply this exact method directly. We seek solutions of the non-
linear diffusion-advection equation, which reads in one spatial dimen-
sion x

@f
@t
þ V

@f
@x
¼ @

@x
Dðf Þ @f

@x

� �
þ 1
3
dV
dx
@f
@s
þ S: (4)

Here V ¼ VðxÞ is an advection speed, S ¼ Sðx; s; tÞ is a source,
s ¼ ln ðp=p0Þ is the logarithm of particle momentum normalized to a
reference momentum p0, and D(f) is of the form given in Eq. (2). We
assume that the transport equation is fully normalized and the param-
eters discussed above are the normalized representations. This nonlin-
ear equation can be solved approximately by expanding f in a series
with respect to the nonlinearity parameter �

f ¼ f0 þ �f1 þ �2f2 þ � � � : (5)

The idea of expanding nonlinear equations with respect to a nonline-
arity parameter has been studied before, see, for example, Bender et al.
(1989) and Bender et al. (1991), or as an even earlier example Kath
and Cohen (1982). Bender et al. (1991) applied this method to the
Burgers- and the Korteweg-De Vries equation, while Kath and Cohen
(1982) studied a nonlinear diffusion model. Inserting the expansion
into Eq. (4) and equating the orders of �, one receives a set of equa-
tions to solve. First note that expanding the linear parts of Eq. (4) is
straightforward, so the only term of interest is the diffusion part. It
follows

@

@x
Dðf Þ @f

@x

� �
¼ @

@x
@f
@x

����
����
�� @f
@x

 !

¼ 1� �ð Þ @f
@x

����
����
�� @2f
@x2
¼ 1� �ð Þjfxj��fxx : (6)

In the last step, we introduced the short notation @f
@x ¼ fx and

@2f
@x2 ¼ fxx ,

etc., which we will continue to use from now on. Furthermore,

jfxj�� ¼ exp �� ln jfxj½ �

�1� � ln jfxj þ
1
2
�2 ln 2jfxj : (7)

After inserting Eq. (5) in this last equation, one can give an approxi-
mation for ln jfxj via Taylor development,

ln jfxj ¼ ln jf0;x þ �f1;x þ �2f2;xj

� ln jf0;xj þ �
f1;x
f0;x
þ �

2

2
2f2;x
f0;x
�
f 21;x
f 20;x

 !
þ � � � : (8)

Using this in Eq. (7), one derives the following expression for the diffu-
sion term in Eq. (4):

1��ð Þjfxj��fxx � 1��ð Þ 1�� ln jf0;xjþ�
f1;x
f0;x

� �
þ�

2

2
ln2jf0;xjþ � � �

 !

�� f0;xxþ�f1;xxþ�2f2;xxþ�� �
� �

: (9)
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After inserting all those expressions into Eq. (4), it gives the following
set of equations:

Lcartf0 ¼ S ¼ Q0; (10)

Lcartf1 ¼ �D0 1þ ln jf0;xj
� �

f0;xx ¼ Q1; (11)

Lcartf2 ¼ �D0
f1;x
f0;x
� 1
2
ln2 jf0;xj
� �

� ln jf0;xj
� �� �

f0;xx

�D0 1þ ln jf0;xj
� �� �

f1;xx ¼ Q2: (12)

Here, the operator Lcart is defined as

Lcart ¼
@

@t
þ V

@

@x
� D0

@2

@x2
� 1
3
dV
dx

@

@s
: (13)

These are linear equations, solvable with fundamental solutions. In the
following, three principal cases are studied, namely, constant advection
V ¼ const:, a spatially varying advection speed V(x), both with a
source varying as a power law in time, and pulse-like sources S(t).

B. Case 1: Constant advection

With V 6¼ VðxÞ, the terms containing the derivatives of f with
respect to to s in Eqs.(4), (10), (11), and (12) vanish. According to the
theorem by Malgrange–Ehrenpreis (e.g., Yosida, 1980), there exists a
fundamental solution for the resulting simplified form of Eq. (10) with
Sðx; tÞ ¼ dðxÞdðtÞ. This solution can be found by a Fourier transform
with respect to the space coordinate x, which yields

@g
@t
þ 2pikVg þ 4p2k2D0g ¼ dðtÞ; (14)

with k denoting the wavenumber and g the Fourier transform of f.
This equation can be solved straightforwardly using the variation of
parameters, and the solution takes the form

g ¼ exp �4p2D0k
2t � 2pikVt

� �
: (15)

The inverse Fourier transform gives the fundamental solution C

C ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
4pD0t
p exp � x � Vtð Þ2

4D0t

 !
; (16)

with which a solution of the differential equations for f expanded in �
can be derived by convoluting C with the right-hand side of the equa-
tion for fi.

In this paper, we consider source terms of the form Sðx; s; tÞ
¼ S0tadðxÞ or combinations thereof, representing a particle injection
at x¼ 0 with a (combination of) power law(s) in time (a ¼ 0 refers to
a constant source and represents the case that was discussed in
Litvinenko et al., 2017). For such sources, the solution for the zeroth
order can be obtained by an integral over time. While it cannot be
evaluated analytically, it can be solved straightforwardly numerically.

Corresponding results are presented in Fig. 1, where this semi-
analytic solution was tested for low values of � up to the second order
of approximation and a time power law with a¼ 2. The reference case
� ¼ 0, i.e., that of linear diffusion, shows the solution at time t¼ 1 and
has the expected structure: a peak at the source location x¼ 0 and an
asymmetry due to the nonvanishing advection speed. In this case, the
zeroth-order approximation is identical with the exact solution.

Because for the numerical code the delta function has to be approxi-
mated via an exponential, i.e., dðxÞ � ðpaÞ�1=2 exp ð�x2=a2Þ, where a
is a small constant, it can actually not reproduce the exact solution,
which is obtained when analytically using the exact delta function for
the zeroth order (red dashed line). This is verified by using the above
exponential in the zeroth-order approximation (green dashed line),
which is then identical with the numerical solution (solid line). The
use of the latter appears justified if we use a sufficiently narrow source,
i.e., a sufficiently small.

The other three panels illustrate the first and second-order
approximations resulting from Eqs. (11) and (12) for increasing
�-values, where the corresponding linear case is represented by the
zeroth order approximation. The case � ¼ 1=4 for which the approxi-
mation evidently works well reveals the effect of the nonlinear diffusive
behavior: there occurs a flattening of the spatial distribution which is
indicative of an enhanced spatial diffusion being consistent with a
decreased (modulus of the) spatial gradient. The numerical solutions
for the two further cases for � ¼ 1=2 and � ¼ 2=3 reveal that this flat-
tening leads to a reduced asymmetry of the distribution around the
injection location, meaning that the spatial diffusion is gradually domi-
nating the advection, which appears to play a less significant role for
� ¼ 2=3. Also evident from the four panels is the decreasing accuracy
of the first and second-order approximation, which is clearly not suffi-
cient for �� 0:5. Furthermore one can see that the second-order
approximation does a slightly better job at describing the slopes of the
distribution function, even at higher values of �.

Figure 2 illustrates the behavior of the nonlinear solution for
� ¼ 1=2 in dependence of the source strength, the diffusion coefficient,
and the advection speed. The figure reveals that the second-order
approximation again does fit the numerical solutions a bit better than
the zeroth and first order approximations. Comparing the first and sec-
ond panels in this figure, one can see that there is a visible change in
the precision of the approximation, illustrating that this precision is
strongly dependent on the diffusion coefficient. Comparing the second
and fourth panels, it can be seen that the precision of the approxima-
tion also depends on the chosen velocity, but it does not seem to affect
it as much as the diffusion coefficient. The third panel in comparison
to the first one shows that the precision of the approximations does not
seem to be affected much by the chosen source strength.

Using these results, we can now proceed to extend the transport
equation by introducing a spatially varying advection speed and an
adiabatic energy change.

C. Case 2: Linear decreasing convection

To make the transport model better suited for astrophysical
applications, we wish to include more general forms of V(x). The sim-
plest case would be to assume that V(x) is linear, so we assume that
VðxÞ ¼ V0 � bx, where b is a constant. This model can be justified by
the results of, e.g., Isenberg (1986) and Fahr and Fichtner (1992).
Furthermore, we will assume a source that is independent of s so that
no dependence of the momentum will be shown. This results in a van-
ishing of the 1

3
dV
dx

@f
@s term in Eq. (13). We will take a closer look at sys-

tems with momentum and energy dependence in future works.
The derivation of the fundamental solution to this problem is

very similar to the derivation of the problem with a constant advection
speed. After a Fourier transform with respect to x, i.e.,
Cðx; tÞ ! gðk; tÞ, the problem takes the form
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@g
@t
þ 2pikV0 þ bþ 4p2k2D0

� �
g þ bk

@h
@k
¼ d tð Þ: (17)

Introducing a new parameter s to parameterize the characteristics of
the equation, one obtains the equations

dt
ds
¼ 1

dk
ds
¼ bk

dg sð Þ
ds
þ 2pikV0 þ bþ 4p2k2D0

� �
h sð Þ ¼ d sð Þ:

(18)

The solution to this set of equations reads as follows:

t¼ s

k¼ k0 exp bsð Þ

g sð Þ¼ exp �2pik0V0

b
exp bsð Þ�1
� �

�bs�2p
2k20D0

b
exp 2bsð Þ�1
� �� �

(19)

or expressed in the old coordinates t and k

g k; tð Þ ¼ exp � 2pikV0

b
1� exp �btð Þ
� �

� bt

�

� 2p2k2D0

b
1� exp �2btð Þ
� ��

: (20)

This equation can be Fourier-back-transformed, and the result is the
function C we were searching for,

C x; tð Þ ¼
ffiffiffi
b
p

ffiffiffiffiffiffiffiffiffiffiffi
2D0p
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� exp �2btð Þ
p

� exp � V0 exp �btð Þ � 1
� �

þ bx
� �2
2D0b 1� exp �2btð Þ

� �
( )

exp �btf g: (21)

As a check of the calculation, we note that in the limit b! 0 this fun-
damental solution reduces to the well-known fundamental solution of
the heat equation.

As before, we can use this fundamental solution to derive specific
forms of f0; f1… in Eqs. (10)–(12) (and higher orders, if wanted).

In Fig. 3, three examples are plotted to illustrate the different
behaviors of the analytical approximations in comparison to the

FIG. 1. Solution for a source with a time dependence of 	ta, with a ¼ 2. Comparison of the analytical approximation up to the second order with numerical results. In the four
panels, the cases (a) � ¼ 0, (b) � ¼ 1

4, (c) � ¼ 1
2, and (d) � ¼ 2

3 are shown at t¼ 1. The parameters are D0 ¼ 1, V¼ 4, and S0 ¼ 1.
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numerical results. The first two panels represent the case V0 ¼ 4 and
b¼ 0.5, so it has the same values as the first panel in Fig. 2 at x¼ 0.
The next two panels show the results for a changed value of V0 and
the last two panels for a changed b¼ 1.5. As the results show, the qual-
ity of the analytical approximation does not change much. The second
order approximation does a slightly better job at fitting the numerical
curve, specifically in the tails.

Deriving a fundamental solution for a different kind of velocity
profile tends to be very difficult, so instead we will now focus on taking
a look at a different kind of source.

D. Pulse-like source functions

Another point of physical interest is the behavior of the solutions
for different time dependencies. Up to this point, the time dependence of
the source term was assumed to be of the form ta. From a physics point
of view, such continuous but non-constant injections are unrealistic. A
more acceptable model would contain a pulse-like source, a box function
shaped injection, or even a periodic function. Using the derived funda-
mental solutions above, all such problems are solved by quadrature.

If one assumes for the case of constant advection, a time-dependent
source of the form Sðx; tÞ ¼ dðxÞ � ðt � t2

t0
Þ for 0 
 t 
 1 and S¼ 0

otherwise. We will again assume that the transport equation is fully nor-
malized and will for simplicity choose to have t0 ¼ 1 in the entire paper.
The result for the zeroth order is the difference between the two integrals

f0ðx; tÞ ¼
ð1
0
t0C x; t � t0ð Þdt0 �

ð1
0
t02C x; t � t0ð Þdt0: (22)

The higher orders would depend on this zeroth-order solution as they
did in Eqs. (11) and (12). The results can again be compared with
numerical solutions of the resulting differential equations. The most
prominent difference between such time dependence and the simple
ta source is the fact that after a specific time the injection ceases and
the solution represents the results of a diffusing distribution that will
tend to zero for t !1.

To illustrate the solution for a pulse-like source function, we con-
sider the transport Eq. (4) with a constant advection and S ¼
S0 � ðt � t2ÞdðxÞ for 0 
 t 
 1 and zero otherwise. The resulting par-
ticle distributions were computed for three different sets of parameters
D0, V, and S0, and for � ¼ 1

4. The computations are presented in Fig. 4,

FIG. 2. Solution for a source with a time dependence of 	ta with variations of the parameters S0, D0, and V with a fixed nonlinearity parameter � ¼ 1
2: (a) S0 ¼ 1; D0 ¼ 1,

V¼ 4, (b) S0 ¼ 1; D0 ¼ 2, V¼ 4, (c) S0 ¼ 3; D0 ¼ 1, V¼ 4, and (d) S0 ¼ 1; D0 ¼ 2, V¼ 2 at time t¼ 1 and a ¼ 2.
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where the left column shows the time evolution of the particle distri-
bution at a point in space downstream of the particle source and the
right column shows the evolution at the particle source. The computa-
tion was performed assuming a vanishing gradient at x¼ 10 and a

vanishing diffusion flux of the form Vf � D0j @f@x j
�� @f

@x at x ¼ –10,
which was the lower boundary. This condition was chosen because in
a steady state convection and diffusion have to balance each other in
the upstream regime.

FIG. 3. Solution for variations of the parameters S0, D0, and V0 with a fixed nonlinearity parameter � ¼ 1
4: (a) S0 ¼ 1; D0 ¼ 1; V0 ¼ 4, b¼ 0.5, (b)

S0 ¼ 1; D0 ¼ 2; V0 ¼ 2, b¼ 0.5, and (c) S0 ¼ 3; D0 ¼ 1; V0 ¼ 4, b¼ 1.5 and at times t¼ 1 (left) and t¼ 2 (right) and with a ¼ 2.
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Again the results show that the nonlinear diffusion has a broad-
ening impact: in comparison to the linear case (again represented by
the zeroth order approximation), the value of the particle distribution
at a fixed point in space (represented by the examples of x¼ 0 and

x¼ 1 in the figure) does not reach the same height, while asymptoti-
cally the value stays higher. This can be interpreted as particles diffus-
ing away faster in the nonlinear case. On the other hand, particles can
stay longer at the fixed points in space we chose for the figure because

FIG. 4. Solution for a pulse-like particle source and variations of the parameters S0, D0, and V with a fixed nonlinearity parameter � ¼ 1
4: (a) S0 ¼ 1; D0 ¼ 1, V¼ 4, (b)

S0 ¼ 1; D0 ¼ 2, V¼ 4, and (c) S0 ¼ 3; D0 ¼ 1, V¼ 4, and at distance x¼ 1 (left) and x¼ 0 (right) from the source.
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their diffusion can now resist the advection longer than before. In
terms of the quality of the analytical approximations, the same obser-
vations as before apply: the first order does well for most cases, with
decreasing accuracy for higher diffusion coefficients, and the second-
order approximation, generally speaking, does a better job at approxi-
mating the slopes of the solution and is an almost exact representation
of the numerical solution for early times and late times. If you look at
the middle right panel of Fig. 4, it seems like the first order approxima-
tion does lie closer to the numerical solution. On the other hand, one
can see that the first order approximation has a much steeper slope, so
that for later times than pictured in this particular panel again the sec-
ond order is more precise. In fact, one can see in all panels of the figure
that the slope of the second order is closer to the numerical one.

In Fig. 5, the same sets of variables are plotted as a function of x
at two points in time. The time t¼ 1 represents the point at which the
source vanishes, meaning that all particles are injected, whereas t¼ 2
represents a point in time where the particles have diffused for some
time without an additional source. In this spatial distribution, we see
again that the nonlinear solution has a broader shape than the linear
solution (again represented by the zeroth order approximation). The
numerical solution and the analytical approximation of the nonlinear
solution lie above the linear one in the tails and beneath it in the cen-
ter, corresponding to a higher effective diffusion coefficient. The qual-
ity of the analytical approximation increases with the order of the
approximation. Except for singular points or small intervals, the sec-
ond order approximation always gives a better fit than the first order
in this figure.

IV. GREEN’S FUNCTION FOR A DIFFUSION EQUATION
IN A SPHERICAL-SYMMETRIC SYSTEM

In Sec. III, we discussed the nonlinear diffusion problem in a
Cartesian geometry. For a number of applications, however, a spheri-
cal geometry is needed. Limiting the consideration to pure nonlinear
diffusion, i.e., neglecting both advection and adiabatic energy changes,
the normalized diffusion equation reads as follows:

@f
@t
¼ 1

r2
@

@r
Dðf Þr2 @f

@r

� �
þ Q r; tð Þ: (23)

The diffusion coefficient Dðf Þ is given by Dðf Þ ¼ D0j @f@x j
� . A solution

to the linear version of this equation (with D0 ¼ 1 and � ¼ 0) has
been found, e.g., by Webb and Gleeson (1977) for vanishing f in the
limit r !1. To be more precise, the solution to our problem derives
from the calculations that Webb and Gleeson (1977) used to solve the
equation

@F
@t
¼ 1

GðxÞ
@

@x
EðxÞ @F

@x

� �
þ d x � x0ð Þd t � t0ð Þ; (24)

for the boundaries x¼ 0 and x ¼ 1 and EðxÞ ¼ GðxÞ. There were
only some minor adjustments necessary to make this setup fit our
problem [for example taking GðxÞ ¼ x2]. The case for D0 6¼ 1 will be
discussed below. The appropriate Green’s formula for the specific
problem reads

f r; tð Þ ¼
1
r2

ðt
0
dt0
ð1
0
dr0r02Q r0; t0ð ÞG r0; r; t � t0ð Þ; (25)

and the Green’s function is given by

G r0;r;t� t0ð Þ¼ r
r0

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p t� t0ð Þ

p
� exp � r0 � rð Þ2

4 t� t0ð Þ

 !
�exp � r0 þ rð Þ2

4 t� t0ð Þ

 !0
@

1
A: (26)

If the source Q takes again the following form,

Q r; tð Þ ¼ S0 t � t2ð Þd r � r̂ð Þ; (27)

we obtain

f r; tð Þ ¼
ðt
0
dt0

r̂
r
t0 � t02ð Þ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p t � t0ð Þ

p
� exp � r̂ � rð Þ2

4 t � t0ð Þ

 !
� exp � r̂ þ rð Þ2

4 t � t0ð Þ

 !0
@

1
A : (28)

For Eq. (23), the same pertubative expansion in terms of the nonline-
arity exponent � as for the Cartesian case can be performed. Take
D0 ¼ 1 for the equation and define the operator

Lrad ¼
@

@t
� 1
r2
@

@r
r2
@

@r

� �
; (29)

and after the expansion of f in a very similar way as it has been done
for Eqs. (11) and (12), and sorting the terms in orders of �, the result-
ing expansion equations are as follows:

Lradf0 ¼ Q0 r; tð Þ; (30)

Lradf1 ¼ � 1þ ln jf0;r j
� �� �

f0;rr �
1
r
ln jf0;r j
� �

f0;r

¼ Q1 r; tð Þ; (31)

Lradf2 ¼ �
2
r
ln jf0;r j
� �

f1;r �
2
r
f1;r

�ln jf0;rj
� �

f1;rr �
1
f0;r

f1;r f0;rr � f1;rr þ ln jf0;r j
� �

f0;rr

þ
ln2 jf0;r j
� �
2

f0;rr þ ln 2jf0;r j
f0;r
r
¼ Q2 r; tð Þ: (32)

All these equations can be solved with Green’s function, the required
derivatives can be derived as well. The complete set of solutions reads
as follows:

f n r; tð Þ ¼
ð1
0
dr0
ðt
0
dt0

rr02

r2
Qn r0; t0ð ÞG r0; r; t � t0ð Þ; (33)

f nr r; tð Þ ¼
ð1
0
dr0
ðt
0
dt0
�2r02
r3

Qn r0; t0ð ÞG r0; r; t � t0ð Þ

þ
ð1
0
dr0
ðt
0
dt0

r02

r2
Qn r0; t0ð ÞGr r0; r; t � t0ð Þ; (34)

f nrr r; tð Þ ¼
ð1
0
dr0
ðt
0
dt0

6r02

r4
Qn r0; t0ð ÞG r0; r; t � t0ð Þ

þ
ð1
0
dr0
ðt
0
dt0
�4r02
r3

Qn r0; t0ð ÞGr r0; r; t � t0ð Þ

þ
ð1
0
dr0
ðt
0
dt0

r02

r2
Qn r0; t0ð ÞGrr r0; r; t � t0ð Þ: (35)
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In Fig. 6, an example for a number of numerical solutions and the ana-
lytical approximation up to the second order in � is given. The plots
represent solutions of Eq. (23) with a source Q ¼ dðr � 3Þðt � t2Þ.
The plot shows the analytical approximations and the numerical results

for different � and at one of three different points in space r. The first is
exactly at the source at r¼ 3, the second r¼ 2, i.e., nearer to the origin
of the chosen system of coordinates than the source, and the third
point at r¼ 4 is chosen to have a greater distance from the origin than

FIG. 5. Solution for a pulse-like particle source and variations of the parameters S0, D0, and V with a fixed nonlinearity parameter � ¼ 1
4: (a) S0 ¼ 1; D0 ¼ 1, V¼ 4, (b)

S0 ¼ 1; D0 ¼ 2, V¼ 4, and (c) S0 ¼ 3; D0 ¼ 1, V¼ 4, and at times t¼ 1 (left) and t¼ 2 (right) from the source.
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the source. As expected, the first-order approximation is acceptable to
describe the numerical solutions for low � or near the source, and it
works less well for higher � and further away from the source, while
the second-order approximation does generally speaking a better job of

describing the numerical solution. One can see two exceptions of this
statement in the upper right and the middle right panel of Fig. 6. The
first one shows the solutions at the source with a fairly high nonlinear-
ity parameter � ¼ 0:5, where the second order approximation does

FIG. 6. Solution of Eq. (23) up to the second order, for a pulse like source. The parameters are � ¼ 1
4 (left) and � ¼ 1

2 (right) at the radial distances of r¼ 3 (a), r¼ 2(b), and
r¼ 4 (c).
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not seem to differ much from the first order approximation. The sec-
ond panel has r¼ 2 and � ¼ 0:5. In this panel, the second order
approximation does not show great precision in describing the numeri-
cal solution. This may be due to the used numerical scheme that was

used for solving the integrals. As in the Cartesian case, the solution
does not reach the level expected from a linear diffusion equation, rep-
resented here by the zeroth order approximation, due to faster diffusing
particles, and appears to decrease much quicker.

FIG. 7. Solution of Eq. (23) up to the second order, for a pulse like source. The nonlinearity parameter was chosen to be � ¼ 1
4 with the source strength S chosen as: (a)

S0 ¼ 1, (b) S0 ¼ 2, and (c) S0 ¼ 4. The plotting times are t¼ 1 (left) and t¼ 2 (right).
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As mentioned before, the Green’s funtion we took from Webb
and Gleeson (1977) is based on the assumption that EðxÞ ¼ GðxÞ.
However, this is not the case for D0 6¼ 1, so that it seems that our
method is only applicable to this special case of D0 ¼ 1, but because
we have no convection term in Eq. (23) we can make a simple calcula-
tion to get solutions for any arbitrary constant value of D0. Say
D ¼ D0jfrðr; tÞj�� with D0 6¼ 1 and define the function gðr; tÞ
¼ f ðr; t

D0
Þ. It follows

gt r; tð Þ ¼
1
D0

f t
D0

r;
t
D0

� �

¼ 1
D0r2

@

@r
r2D0jfr r;

t
D0

� �����
��
fr r;

t
D0

� � !
þ Q0

D0

¼ 1
r2
@

@r
r2jgr r; tð Þj��gr r; tð Þ
� �

þ Q0

D0
: (36)

So the function g satisfies the same differential equation with D0 ! 1
and Q0 ! Q0

D0
. We are able to find a solution for this equation as seen

above and only have to look at gðr;D0 � tÞ ¼ f ðr; tÞ to find the solu-
tion for f ðr; tÞ. Considering this, we only have to look at the differ-
ences in our solution that occur with changes of S0. Figure 7 shows the
spatial distribution for three different values of S0 at two different
points in time t¼ 1 and t¼ 2. The first two panels of Fig. 7 are the spa-
tial version of the left column of Fig. 6, showing that the approxima-
tion tends to be more precise when we look at larger values of r. Yet
again the second order approximation does perform better in compar-
ison to the first order.

V. SUMMARY AND CONCLUSIONS

With the present work, we have continued our study of nonlinear
diffusion of energetic particles. Since this topic has received consider-
able attention in recent years, analytical and semi-analytical results can
serve as valuable guides for further more comprehensive modeling
efforts. Consequently, we have expanded our previous work
(Litvinenko et al., 2017; Litvinenko et al., 2019) in two ways.

First, instead of employing an integral method as in the case of
pure nonlinear diffusion, we have applied an expansion technique to
the advection-diffusion equation and obtained linear equations that
are semi-analytically solvable with fundamental solutions. As we have
demonstrated, this allows a simple systematic analysis of the effect of
nonlinear diffusion for the cases of constant and spatially varying
advection, which can incorporate time-varying source functions.
Within the framework of our formulation of the nonlinear diffusion
coefficient being proportional to jrf j�� , we found that the approxi-
mation is already very useful for the first order in the nonlinearity
parameter � provided that � < 0:5. This first-order and second-order
approximation is most sensitive to the strength of the nonlinear diffu-
sion and has visible change when altering the velocity. Furthermore,
the approximation does increase with rising source strength when
keeping the other parameters constant.

Second, we have extended the formalism from one-dimensional,
Cartesian to radially symmetric geometry. The latter can, to a good
approximation, be attributed to various astrophysical systems and
allows us to treat the nonlinear diffusion problems on larger scales
away from the source. The findings are qualitatively similar to the
Cartesian case: the first-order approximation is acceptable to describe
the numerical solutions for low � or near the source, and the nonlinear

diffusion is more effective than the linear one to transport particles
away from the source, leading to intensity levels being generally lower
than those of the linear case.

The expansion technique has some clear advantages in compari-
son to our previous models. In Litvinenko et al. (2017), we were able to
give analytical approximations for a nonlinear diffusion advection
equation, but only in the presence of a constant source. In Litvinenko
et al. (2019), we were able to give approximations for nonlinear diffu-
sion and a time-dependent source, but we made the assumption of
symmetry of the particle distribution, which is not compatible with an
additional advection. Now we were able to combine advection, time
dependent sources, and analytical approximations, this way signifi-
cantly expanding the applicability. Furthermore, we were able to extend
our calculations to nonlinear diffusion in a spherical geometry, which
could also not be achieved by the methods used in Litvinenko et al.
(2019) because again the symmetry assumption is violated when a
source is placed at r 6¼ 0. We were also able to show that the quality of
the approximation most of the times does increase with the use of a
higher order. From Eq. (5) alone, one could not tell that the nþ 1th
approximation has a better quality of representing the complete solu-
tion than the nth approximation. But after looking at all the varieties of
setups and systems we analyzed in this paper, we can feel safe enough
to say,\ that in fact an increase in the used order of approximation does
increase the quality of the approximation. The approximate solutions
derived here extend the toolbox of easy-to-use solutions to nonlinear
diffusion equations and will be used in future work to efficiently test
whether these equations are better suited to describe energetic particles
in astrophysical systems, particularly in the heliosphere, for which the
most detailed and, thus, insightful observations are available. More
generally, the new solutions illustrate the accuracy and utility of the
pertubative approach by Bender et al. (1991) in nonlinear transport
problems. To emphasize the wide applicability of the method described
in this paper, similar calculations have been done for different partial
differential equations which are discussed in the Appendix.

APPENDIX: TWO ADDITIONAL ILLUSTRATIVE
EXAMPLES

To demonstrate that the method presented in this paper has a
wide range of possible applications, we now apply it to two different
nonlinear transport equations.

1. Effect of a diffusion coefficient with an intrinsic
finite maximum

The equation used in the main text has the feature that the diffu-
sion coefficient grows to infinity with a vanishing gradient, so the
numerical code had to employ an upper limit for this coefficient to
run properly. One can of course implement a different diffusion coeffi-
cient Deff that has the same values in the limits of � ! 0 and fx ! 0.
Take a look at the following equation with k0 and D1 being constants:

@f
@t
þ V

@f
@x
¼ @

@x
D1

@f
@x

����
����
�

þ k0

@f
@x

0
B@

1
CAþ S: (A1)

For j @f
@x j

� � k0, this equation reads as the one in the main part of
the paper, but the effective diffusion coefficient remains finite for
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@f
@x ¼ 0. For a comparison between this model and our main equa-
tion, one has to relate the parameters of the two equations. Define
the parameters of the equations used in the main text by D0 as the
diffusion coefficient and Dmax as the upper limit of the effective dif-
fusion coefficient and take the limit of � ¼ 0 and fx ¼ 0. This results
in the two equations

D0 ¼
D1

1þ k0
; (A2)

Dmax ¼
D1

k0
: (A3)

With these equations, one can link one model to the other to get
comparable results. If we expand f in Eqs. (A1) as in (5), we can
proceed in a similar manner as before.

The transport equation can be read as

ft þ Vfx ¼ D1 1� � jfxj�

jfxj� þ k0

 !
fxx

jfxj� þ k0
þ S x; tð Þ: (A4)

We now have to evaluate the occurring terms of this equation in
the same manner as we have done in the main part of the paper.
This results in a set of equations for the following expressions:

ln jfxj � ln jf0;xj þ �
f1;x
f0;x
þ �2 � � �

jfxj� � 1þ � ln jfxj þ
�2

2
ln 2jfxj � 1þ � ln jf0;xj

g �ð Þ � 1
jfxj� þ k0

� g 0ð Þ þ � _g 0ð Þ þ 1
2
�2€g 0ð Þ þ � � � :

(A5)

To determine the approximation of the function g, we need to look
at the required derivatives.

g �ð Þ ¼ 1
1þ � ln jfxj þ �2 � � � þ k0

_g �ð Þ ¼ � ln jfxj þ � ln jfxjð Þ0þ� ln2jfxj þ �2 � � �
1þ � ln jfxj þ �2 � � � þ k0ð Þ2

€g �ð Þ ¼ 2 ln jfxj þ � ln jfxjð Þ0þ� ln2jfxj þ �2 � � �
� �2

1þ � ln jfxj þ �2 � � � þ k0ð Þ3

� 2 ln jfxjð Þ0þln2jfxj þ � � � �
� �
1þ � ln jfxj þ �2 � � � þ k0ð Þ2

gð0Þ ¼ 1
1þ k0

_gð0Þ ¼ � 1

1þ k0ð Þ2
ln jf0;xj

€g ð0Þ ¼ 2

1þ k0ð Þ3
ln 2jf0;xj �

2

1þ k0ð Þ2
f1;x
f0;x
� ln2jf0;xj

1þ k0ð Þ2
:

(A6)

All those expressions can now be inserted into the transport equa-
tion, and we get the following equations up to the second order:

Lc ¼
@

@t
þ V

@

@x
� D1

1þ k0

@2

@x2
; (A7)

Lcf0 ¼ S; (A8)

Lcf1 ¼ �D1
1þ ln jf0;xj
1þ k0ð Þ2

f0;xx; (A9)

Lcf2 ¼ �D1
ln jf0;xj þ 1

1þ k0ð Þ2
f1;xx þ D1

ln2jf0;xj þ 2 ln jf0;xj
1þ k0ð Þ3

f0;xx

�D1

1
2
ln2jf0;xj þ ln jf0;xj

1þ k0ð Þ2
f0;xx � D1

f1;x
1þ k0ð Þ2f0;x

f0;xx: (A10)

In Fig. 8, one can see the result up to the second order in �
for a setup with a source S ¼ S0ðt � t2ÞdðxÞ and the combinations
x 2 0; 1f g and � 2 1

4 ;
1
2


 �
. The parameters D1 and k0 have been

chosen, so that the limits � ¼ 0 and fx ¼ 0 represent the same values
as resulting from Eq. (4) with the constant speed V¼ 4 and D0 ¼ 1
and the upper limit Dmax ¼ 103. Comparison of the upper right
panel of Fig. 8 with the upper left panel of Fig. 4 shows that the
results are very similar, pointing out that for the value of Dmax

¼ 103 both equations do in fact represent the same physical model.
It can also be seen that the approximation up to the second

order in � departs from the numerical for � ¼ 1
2. In the lower right

panel of Fig. 8, it additionally develops a second bounce that is not
plausible from a physics point of view. So for a strong nonlinear
case, � � 1

2, it is necessary to include approximations of higher
order.

2. Effect of a diffusion coefficient being proportional
to a power of the distribution f

Another example that can be treated very well with our
approach was proposed by Kath and Cohen (1982) in the form of a
nonlinear diffusion equation reading as follows:

@f
@t
¼ @

@x
D0 � f �

@f
@x

� �
: (A11)

According to Kath and Cohen (1982), this equation has physical
application in several different areas, for example, in the study of
porous media, or radiative heat transfer by Marshak waves. For Eq.
(A11), one can find a similiarity solution of the form

f x; tð Þ ¼ t
�1
2þ�g nð Þ; (A12)

where n ¼ x

t
1

2þ�
and g is given by the differential equation

�1
2þ � g þ n _gð Þ ¼ �g��1 _g 2 þ g�€g : (A13)

This differential equation can be solved analytically and has the
solution

g nð Þ ¼ C � 1
2

�

2þ � n2
� �1

�

: (A14)

C is a constant that can be determined by the total number of par-
ticles injected. For further calculations, define the operator LK that
will be our central operator after the expansion,

LK ¼
@

@t
þ V

@

@x
� D0

@2

@x2
: (A15)

Adding constant advection and a source S, A11 reads as

@f
@t
þ V

@f
@x
¼ D0

@

@x
f �
@f
@x

� �
þ S

¼ D0�f
��1f 2x þ D0f

� fxx þ S : (A16)

First we take a look at the following terms:
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f � ¼ exp � ln fð Þð Þ � 1þ � ln fð Þ þ 1
2
�2 ln 2 fð Þ

f ��1 ¼ f �

f
� 1þ � ln fð Þ þ � � �

f
: (A17)

Now we can examine a useful form for all parts of the equation above,

h �ð Þ ¼ ln fð Þ ¼ ln f0 þ �f1 þ �2f2 þ � � �
� �

g �ð Þ ¼ 1
f
¼ 1

f0 þ �f1 þ �2f2 þ � � �

l �ð Þ ¼ ln fð Þ
f
¼ ln f0 þ �f1 þ �2f2 þ � � �

� �
f0 þ �f1 þ �2f2 þ � � �

: (A18)

To develop the equation up to the second order in �, the functions
above have to be Taylor-developed as follows:

hð�Þ has to be developed up to the first order, gð�Þ up to the
first order, and lð�Þ up to the zeroth order

h �ð Þ � ln f0ð Þ þ �
f1
f0

g �ð Þ � 1
f0
� � f1

f 20

l �ð Þ � ln f0ð Þ
f0

: (A19)

After inserting this result into the previous equations and sorting
with respect to the order of �, we get a complete set of equations,

LKf0 ¼ S; (A20)

LKf1 ¼ D0
f 20;x
f0
þ ln jf0jf0;xx

 !
; (A21)

LK f2 ¼ D0
2f0;x
f0

f1;x �
f1f 20;x
f 20
þ

ln jf0jf 20;x
f0

þln jf0jf1;xx

 

þ f1
f0
f0;xx þ

1
2
ln2jf0jf0;xx

�
: (A22)

In Fig. 9, the results up to second order of � with the parame-
ters of D0 ¼ 1; � ¼ 1

4 at x¼ 0 are presented. The source was chosen
as before to be pulse like of the form S ¼ S0ðt � t2ÞdðxÞ. The
results represent a quite accurate approximation of the distribu-
tion function for low � although there is an area just behind
the switch-off-point of the source in time, where the approxima-
tion has negative values, which is by no means physical, but
this effect is expected to vanish by using higher orders of
approximation.

FIG. 8. Solution of Eq. (A1) up to the second order, for a pulse like source. The parameters are D0 ¼ 1 and Dmax ¼ 103 with V¼ 4 for x¼ 0 and � ¼ 1
4(upper left), x¼ 1 and

� ¼ 1
4(upper right), x¼ 0 and � ¼ 1

2(lower left) and x¼ 1 and � ¼ 1
2(lower right).
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