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Abstract
The purpose of this study is to investigate a simple, non-destructive method for monitoring
the natural frequencies of the railway tracks subjected to the axial loads. In this study, two
kinds of methods are used to obtain the relationship of the axial loads and the natural
frequencies. One is the numerical method, and another one is the laboratory experimental
method. For the numerical studies, two different numerical analysis methods are used,
namely the Finite Element Method (FEM) analysis, and the Rayleigh-Ritz method analysis.
The laboratory method has two different equipment to collect signals, one is an
accelerometer and the other is a microphone sensor. They both are processed by using the
dynamic analysis instrument.

In order to simply and comprehensively verify the practicality, we consider three simply
supported beams, which can be considered as a simplified model of the railway track, with
different materials and cross-sections. Through the numerical studies, the critical loads and
the natural frequencies of the beams are calculated by using the two methods. The results
obtained by using the finite element method show a good agreement with the results
obtained by the Rayleigh-Ritz method. Through the experiments, it is proved that the
laboratory methods can be used to find the natural frequencies of the beams subjected to
the axial loads.

The methods used in this study could be put into practical use to simulate and detect the
axial load and natural frequency of the railway tracks. With further research, the methods
would contribute to development of non-destructive testing methods for the railway tracks.
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Chapter 1. Introduction
1.1 Background Research
Continuously welded rail (CWR) is an important symbol of railway track modernization.
Due to its advantages of high operational stability, long rail life, reduced noise and vibration,
low maintenance load, and low energy consumption, it has been widely developed
worldwide [1, 2]. With the development of the railway transportation industry, people pay
more and more attention to how to detect and maintain railways promptly [3, 4]. When
high-speed trains pass on railway tracks, it will generate repeated dynamic loads on the
tracks. Meanwhile, thermal expansions and contractions also occur due to temperature
changes. As the temperature decreases, the tensile stress will cause the rail to break, and
when the temperature increases, the compressive stress will cause the rail to buckle.
Changes in temperature, and when the train passes on the rail with different acceleration
and braking force, some axial force would be induced. All these factors can lead to failure
and buckling of tracks [5-7], which are the main causes of trains delay and severe mainline
derailment. Rail buckling (Fig.1.1) is one of the main causes of serious train crashes. In the
United States, there were 44 accidents caused by rail buckling in 2001. In January 2003, a
rail buckling caused a train crash near Sydney, Australia, in which nine people died [8-10].
Therefore, monitoring the axial force of the railway track is particularly necessary.
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Figure.1.1. The schematic diagram of rail buckling [5].

There are already some experimental methods to measure axial force through vibration.
One method is based on the known sensitivity of bending vibrations to the longitudinal
stresses involved and excites the track with an electromagnetic shaker at a specified
frequency [11]. Then use a laser vibrometer to scan the dynamic displacement along the
rail to determine the wavelength of the rail vibration. Combining wavelength with the rail
rigidity can be used to determine longitudinal loads. Some researchers use the specific
relationship between the acoustic elastic effect of ultrasound and stress for testing [12, 13].
In addition to these laboratory experimental methods, there are many methods based on the
numerical study. The numerical experiments often use some finite element analysis
software, such as ANSYS [14-16]. Some numerical methods are based on some algorithms.
With the algorithms, the problems can be solved using MATLAB [17-19]. Two common
algorithms are Fourier Series [19-21] and the Rayleigh-Ritz Method [22, 23].

To detect the residual stress distribution and to decide the inspection period and
maintenance cycle of the railway, Takahashi et al. conducted some experiments using two
2

methods [24]. The first method of detecting stress is to cut the block into small pieces, and
pre-install the strain gauge on the small piece, and calculate the residual stress by the
released strain. The second is the non-destructive method, which uses X-rays or neutrons
to measure the lattice spacing variation of the material structure. The two values have
excellent consistency. However, this analysis cannot accurately evaluate the internal stress
because it is a technique for balancing only the surface stress.

There is a kind of detection method that is similar to strain gauge measurement. Many
researchers have made deep studies in testing the longitudinal force of rails with Fiber
Bragg Grating (FBG) sensors. Wang et al. present a method to test longitudinal temperature
force by using FBG strain gauges [25]. Yoon et al., with the Brillouin optical correlation
domain analysis, tested the longitudinal strain of rails under a certain vertical dynamic load.
The testing accuracy can reach up to  15 [26]. The advantage of the FBG sensor is
that it can measure uniform temperature in addition to mere strain. In addition, it is
characterized by longer durability than the strain gauge sensor. If the sensor is installed on
the rail prior to the installation of the CWR, it can continuously measure the deformation
as long as the sensor works. Theoretically, this can be achieved by using strain gauges only,
however durability is important here [12].

The University of Nebraska-Lincoln (UNL) is committed to using ultrasound to monitor
longitudinal rail stress, with the support of the Federal Railroad Administration (FRA) [27].
This is a kind of nondestructive method. The aim of their research is therefore to provide
the ability of the railway industry to monitor the LRS in an ideal position so that preventive
maintenance can be carried out in a reasonable and efficient manner.
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They conducted the experiments using the device as shown in Figure 1.2 [27]. The
longitudinal source transducer excites an elastic energy pulse that propagates through the
coupling wedge with the optimal wedge angle to the solid, allowing the underground
longitudinal wave to receive the maximum amount of energy and propagate along the orbit
until it is detected by the receiving transducer. The signal received by the transducer is
digitized and the signal processing algorithm is used to determine the wave propagation
time and wave speed.

(b)

(a)

Figure 1.2. (a) Magnetically attached ultrasonic wave speed measurement device. (b)
Diagram of the ultrasonic wave speed measurement [27].

The experiments showed the linear relationship between stress and wave velocity and the
relationship between ultrasonic velocity and rail stress as shown in Figure 1.3 (a) and (b)
respectively. This means that the method of ultrasonically monitoring the longitudinal rail
stress is achievable on the rails being used.
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(a)

(b)

Figure 1.3. The linear relationship (a) between stress and wave velocity and the
relationship (b) between ultrasonic velocity and rail stress [27].

However, this method is still very challenging, because the acoustic constant of steel is
weak, the competitive influence of material texture, and the acoustic elastic effect are only
sensitive to the acousticized area. Permanently installed strain gauges are used in some
places but require a reference state and cannot correct plastic creep [11].
5

The measurement of railway thermal stress is very important for railway safety and track
maintenance management. Track stress can be measured by rail uplift or using strain gages,
but both have significant limitations. In order to solve the problem of inaccurate current
measurement technology, a new technique for measuring contained rail force using rail
vibration and laser vibrometry is discussed [28]. This method is based on the known
sensitivity of bending vibrations to the longitudinal stresses involved and excites the track
with an electromagnetic shaker at a specified frequency. Then use a laser vibrometer to
scan the dynamic displacement along the rail to determine the wavelength of the rail
vibration. Combining wavelength with rail rigidity can be used to determine longitudinal
loads. Although the longitudinal load can be tested by this method, it is limited to some
unworn and low-frequency rails. Target accuracy cannot be achieved for worn rails.

In the current research, most existing detection methods are not convenient and effective
in practical applications. Most of these usually have some problems like high cost, rail
contact, or complex algorithms. For example, the rail uplifting method [29] is very timeconsuming and laborious and will affect the daily use of the railway. For the maintenance
of the currently completed railway track, the magnitude of the axial force is estimated
indirectly based on the total displacement of the track, which is measured using piles
installed at predetermined intervals as a reference point [30]. But with this method, the
accuracy of the axial force estimation cannot be guaranteed. Therefore, measuring the axial
force of railway tracks by the non-destructive way with acceptable accuracy is preferable.

6

1.2 Objectives
A possibility of a faster, more reliable, and cost-effective method of measuring railway
stress using the natural frequency will be investigated. This would improve the safety and
efficiency of railway operations. This demand will exist for a long time, and with the
increase of axial loads and train speed, the demand is increasing.

The purpose of this study is to investigate a simple, non-destructive method for detecting
axial force in the railway track using its natural frequencies.
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Chapter 2. Background Theory
Numerical studies were performed to model the behavior of the railway track under the
compressive axial loading, which would happen during non-contact monitoring of rails.
Two different analysis methods will be used in the study, one is the Finite Element Method
(FEM) analysis, and the other is the Rayleigh-Ritz method analysis.

2.1 The Finite Element Method Analysis
With the rapid development of science and technology, the finite element analysis has
become more and more popular and is widely used in various engineering fields. Therefore,
it should be able to easily calculate the mechanical problems of railway track structures. In
this research, the finite element analysis software ANSYS is used to study the mechanical
problems of the track structure. ANSYS is currently the most widely used and most
powerful finite element analysis software. After 40 years of development, a large-scale
general-purpose finite element analysis software integrating structure, fluid, electric field,
magnetic field, acoustic field, and thermal analysis has been formed. In order to obtain the
analysis results of the axial force and natural frequencies of rails, it is necessary to perform
an eigenvalue buckling analysis and a modal analysis in ANSYS [31].

The main purpose of this section is to calculate the deformation and the natural frequencies
of a rail under the influence of axial force. The traditional railway track is composed of
mainly five parts: steel rail, under-rail rubber pad, sleeper, trackbed, and foundation bed.

In this research, however, we use simply supported beams, which is considered an effectual
model of a segment the CWR between the sleepers. The geometric dimensions of the rails
8

are modeled according to the actual dimensions of the beam used in the experimental tests
later, and solid elements are selected for discrete processing.

2.1.1 Geometry
For the eigenvalue buckling and modal analysis of the structure, the first step is to model
the rail as a beam in the geometry module, which is called SpaceClaim in ANSYS. After
the coordinate system is selected, the surface is generated according to the cross-section of
the beam, and then the surface is pulled into a body. The complete I beam model is shown
in Figure 2.1.

Figure 2.1. Schematic of I beam built with ANSYS.

2.1.2 Meshing
After the geometry is completed, the model needs to be meshed. we meshed the model with
the element sizes of 10mm.
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2.1.3 Static Structural Analysis
The next step is the static structural analysis. First of all, apply remoted displacements on
the surfaces of both ends and apply a force on the model, then solve for the equivalent
stress, total deformation, and normal stress. The normal stress multiplied by the crosssectional area gives the axial force induced.

2.1.4 Eigenvalue Buckling Analysis
Eigenvalue buckling analysis can be done using a built-in module in ANSYS but some
deviations for general buckling analysis are briefly given here. When analyzing structural
stability, in the analysis of eigenvalue buckling response based on linear elasticity, the
critical load of structural buckling can be expressed as [32]:

Pcri = i * PQ

(2.1)

PQ is the applying load, i is the eigenvalue of buckling. The function of i is:
([K L ] + λi [K σ ]) ∗ {δ} = 0

(2.2)

[ K L ] is the total elastic stiffness matrix of the structure, [𝐾𝜎 ] is the initial stress stiffness
matrix of the structure, and { } is the eigen displacement vector. The essence of linear
buckling finite element calculation is to calculate the minimum critical load of buckling
after adding the initial stress stiffness to the overall structure.

After solving the eigenvalues of the model, ANSYS generates the results of the buckling
related solution, including buckling eigenvalues, buckling mode shapes, and relative stress
distributions. Multiplying the obtained eigenvalues by the applied axial load gives the
critical loads for the buckling of the structure.
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2.1.5 Modal Analysis
On the basis of static structure analysis, the model can be solved to obtain the natural
frequencies, mode shapes, and displacement distribution for the axially loaded beam.

2.2 The Rayleigh-Ritz Method Analysis
For most engineering problems, it is often inconvenient to develop an exact solution. For
such problems, it is convenient to use the Rayleigh-Ritz method to obtain eigenvalues and
eigenvectors, for example natural frequencies and modal shapes of single-span beam
structures under arbitrary boundary conditions. This method has the characteristics of a fast
solution and high accuracy.

In the use of the Rayleigh-Ritz method, one of the conditions that we must satisfy is
selecting the admissible displacement functions so that they do not violate any geometric
constraints and represent the displacement form of the system without any discontinuities.
The Rayleigh-Ritz method for vibration problems is based on the principle of that the
maximum total potential energy related to vibration is equal to the maximum kinetic energy
related to vibration [33].

The linear combination of the natural modes of the system can be represented by an
admissible function that does not violate any geometric constraints of the system. The
displacement function f is expressed as the sum of a series of the product of unknown
weighting coefficients G and the admissible function.
𝑓 = ∑𝑖 𝐺𝑖 ф𝑖
The potential and kinetic energy terms are expressed as:
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(2.3)

𝑉𝑚 = ∑ 𝐾𝑖 𝐺𝑖
𝑖

𝑇𝑚 = 𝜔2 ∑ 𝑀𝑖 𝐺𝑖
𝑖

Where 𝐾𝑖 and 𝑀𝑖 are the generalized stiffness and mass terms.
When Tm = Vm is satisfied, the formula for frequency is obtained.
∑ 𝐾 𝐺2

𝜔2 = ∑ 𝑖 𝑀𝑖 𝐺𝑖2
𝑖

(2.4)

𝑖 𝑖

If the displacement f is assumed to be exact for the i-th natural mode, the equation will be
called the i-th natural frequency.
𝜔𝑖2 =

𝐾𝑖
𝑀𝑖

According to the Rayleigh principle, the calculated frequency is the upper limit of the
fundamental natural frequency. When the expression of the natural frequency with regard
to the weighting coefficient is minimized, a typical eigenvalue matrix equation can be
obtained.
Let

T

= 
2

m

Where
Known



m

is a kinetic function.

T =V
m

m

m

V
 =
2

According to Rayleigh’s principle,



2

m
m

is the upper bound of



2
1

.

Differentiating this equation with respect to the unknown coefficient G,
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2
(V m /  Gi ) −  ( /  Gi )

m
=
 Gi

2

(2.5)

m

Since



m

is finite,
V m
 Gi

−

2



m

 Gi

=0

(2.6)

When there are multiple terms in f, a set of equations will be obtained, and each equation
is a linear function about

G . Thus, the equation can be expressed in the form of a matrix.
i

[ K ]{G} −  [ M ]{G} = {0}
2

(2.7)

[K] is the stiffness matrix and [M] is the mass matrix.

The rail system can be simplified and modelled as follows. The railway track is composed
of sleepers and tracks. Regarding the two sleepers and the track between them as a unit,
the geometric condition of this unit is similar to that of the simply supported beam. A
simplified beam model of the rail is shown in Figure 2.2. Simple supports are provided at
both ends of the beam. The length of the beam is L and P is the axial load applied to the
beam.

P

0

L

Figure 2.2. The hypothetical beam model.
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For this rail model, the geometric constraints are:
At x=0 ϕ=0
At x=L ϕ=0
Admissible function is given by:

（x) = sin( ix / L) for i=1,2,3,4...

(2.8)

Then the eigenvalue equation is of this form:
[ K ]{G} − P[ K ]{G} −  [ M ]{G} = {0}
2

*

(2.9)

If P is buckling load, ω would be zero.

[ K ]{G} − P[ K ]{G} = {0}
*

K is the elastic stiffness matrix, and

K

*

(2.10)

is the geometric stiffness matrix [33].

According to Table 6.1 in the book “The Rayleigh-Ritz Method for Structure Analysis” [34].
=  EI 

i



= −  P



L

K

i, j

K

i, j

0

L

'

0

''

'
i

''
j

'
j

dx
dx

and

K
K

'
i. j

= -P K i , j
*

=
i, j

*

L

0

  dx
'

i

'

j

Substituting the admissible function is （x) = sin( ix / L) into the above equations gives
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i j sin( ix ) sin( jx )dx
=  EI (
)( )
L
L
L
L
2

K

=  EI 
L

i, j

0

K i, j = 
*

L

0

''
i




'

i

'

''
j

dx

2

L

0

L  i  j 
 ix   ix 
dx =   
 cos
 cos
dx
j
0
 L  L   L   L 

(2.11)

(2.12)

When i = j ,

(i )
= EI

4

K

3

i, j

2L

(i )
=

2

K

*
i, j

2L

When i  j ,

K

K
Convert the derived formula about

K

i, j

i, j

*
i, j

and

=0

=0

K

*
i, j

into code and input it into MATLAB

to get the critical load P.
For i = j, the equations of K i, j and

K

*
i, j

are substituted into the Eq.2.10, then the

equation can be written as,
𝐸𝐼
𝑃
(𝑖𝜋 4 )[𝐼]{𝐺} − (𝑖𝜋 2 )[𝐼]{𝐺} = {0}
3
2𝐿
2𝐿
(𝑖𝜋 2 )[𝐼]{𝐺} − 𝜆2 [𝐼]{𝐺} = {0} (𝑖 = 1,2,3 ⋯ )
where
𝑃𝐿2
𝜆 =
𝐸𝐼
2
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From the equation above, the i-th buckling load can be calculated. Using the column
effective length factor according to the Euler’s critical load [35-38], P is given by
𝐸𝐼

𝑃𝑖 = (𝐾

2
𝑏𝑒𝑎𝑚 𝐿)

(𝑖𝜋)2

(2.13)

Pi is i-th critical load, E is young’s modulus, I is the second moment of area at the neutral
axis, L is the unsupported length of the beam. The value of 𝐾𝑏𝑒𝑎𝑚 depends on the support
conditions at both ends of the beam.

For simply supported beam, 𝐾𝑏𝑒𝑎𝑚 =1. In order to get the critical load, convert the formula
as follows:
𝐸𝐼

𝑃 = 𝐿2 (𝑖𝜋)2

(2.14)

When the load applied is prescribed, the natural frequency ω of the rail can be calculated
from the value of the load. If the load is equal to P , the equation becomes as follows:
[𝐾 − 𝛼𝑃𝐾 ∗ ]{𝐺} − 𝜔2 [𝑀]{𝐺} = {0}
P is the critical load of the beam, and  is the percentage of critical load.
The equations for the coefficients of the matrix [M] can be found as follows:
L

M

i, j

=  A  dx
i

j

0

L

 ix   jx 
 sin 
dx
 L   L 

= A sin 
0

When i≠j,
𝑀𝑖,𝑗 = 0.
When i=j,
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(2.15)

𝑀𝑖,𝑗 = 𝜌𝐴(L/2).
Based on the results of previous calculations, when i=j,

(i ) = EI  i  (L / 2)
= EI
4

4

K

i, j

 
L

3

2L

(2.16)

(i ) =  i  (L / 2)
=
 
K
2L
L
2

2

*

(3.17)

i, j

Bring the above coefficient

M

i. j

,

K

and

i, j

K

*
i, j

into the following eigenvalue

equation,

[ K i , j − P K i , j ]{G} −  [M ]{G} = 0
2

*

(2.18)

Therefore, the i-th line equation of the eigenvalue equation is as follows:

 i  (L / 2) − P  i  ( L / 2) −
{EI 

 

L
 
L
4

Put P =

2

2

A( L / 2)}Gi = 0

(2.19)

EI
(i ) 2 into Eq.2.19
L2

Simplified to get,

{(1 -  )(i ) 4

EI
−  2 A} = 0
4
L

（i ) 4 EI
AL4

 = （1 - ）

17

(2.20)

Since  is the angular frequency, if the natural frequency f needs to be expressed in
Hz, the following calculation is required:
𝑓=
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𝜔
2𝜋

(2.21)

Chapter 3. Laboratory Experiment
In order to test the vibration frequency and axial force of the rail, some simple experiments
are carried out at the University of Waikato (UOW). The rig used in the experiment consists
of three beams used to simulate a railroad track, a clamp used to apply axial pressure to the
beams, a strain gauge, and a dynamic test analyzer. In this simulation test, three one-meter
beams with different cross-section shapes are used, which are I-beam, rectangular beam,
and T-beam. The sizes of the cross-section are shown in Figure 3.1. Three strain gauges are
installed on one side of the beams in order to measure the axial force.

Figure 3.1. The cross-section of (a) I beam, (b) Rectangular beam, and (c) T beam
(the dimensions are given in mm).

Table 3.1. Parameters of beams.
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Put the assembled model into the clamp made by the UOW workshop. The left end of the
clamp is a bottle jack developed by Powerbuilt, which applies axial force to these beams.
Before applying pressure to beams, the strain gauges need to be connected with the strain
indicator and recorder (Fig.3.2a) developed by Vishay Micro-Measurements. Another
instrument used is the CoCo-80 (Fig.3.2b), a handle data logger, dynamic signal analyzer,
and vibration collector developed for Crystal Instruments. The input is generated by an
impact hammer developed by Brüel & Kjær, and connected with Channel 1. The output is
sensed by a triaxial accelerometer developed by PCB Piezotronics. The complete
experimental setup is shown in Figure 3.2c.

Figure 3.2. Schematic diagram of the experimental device. (a) Strain indicator and
recorder (b) The CoCo-80 and (c) Complete experimental model.
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After all devices are connected, select the Frequency Response Function (FRF) mode in
the CoCo-80 to record. The trigger mode selects Manual-Arm Trigger, and the frequency
range is set to a maximum of 360Hz. Each beam is tested under three different pressures.
Under each pressure, the output accelerations are measured at three positions of the beam
separately. The accelerometer is placed on the left end, center, and right end of the beam.
The specific location is shown in Figure 3.3. The distance to the position 1 is 10cm from
the left end, the distance to the position 2 is 50cm to the left end, and the distance to the
position 3 is 90cm to the left end. And in each testing, there positions of the beam are
excited using the impact hammer from left to right.

Figure 3.3. Schematic diagram of the accelerometer installation location.
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Chapter 4. Results and Discussions
The critical buckling load and natural frequencies of the beams are calculated by using the
Rayleigh-Ritz method and the Finite Element Method (FEM). The results of the RayleighRitz method are obtained by using MATLAB, and the results of the Finite Element Method
are solved by using ANSYS. The natural frequencies of the beam can be captured by using
the CoCo-80. There are some differences in the results obtained by different methods. In
this chapter, the results obtained by three different methods will be compared for each beam.

4.1. I beam
4.1.1 The Rayleigh-Ritz Method Analysis
With the Rayleigh-Ritz method mentioned in the Chapter 2, the result can be obtained by
converting the algorithm into code and inputting it into MATLAB for calculation. Refer to
the parameters in Table 4.1 the properties of the I beam are given as E = 6.95 1010 Pa,

I y = 3.2110-8 m 4 , I z = 9.2110-8 m 4 , M = 0.923 Kg/m and A = 3.42 10-4 m 2 . 𝐼𝑧 is
the second moment of area for vertical direction and 𝐼𝑦 is the second moment of area for
horizontal direction. The theoretical results of critical load and natural frequencies for the
simply supported beam are shown in Table 4.1 and Table 4.2. The lowest natural frequency
-8
of 77.209 Hz is obtained when I y = 3.2110 .
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Table 4.1. The theoretical critical load of the I beam.

Table 4.2. The theoretical natural frequencies of the I beam.

To find a relationship between frequency changes and axial loads, the 20%, 40%, and 60%
of critical buckling load were included into MATLAB for calculation, and the natural
frequencies are obtained. They are shown in Table 4.3.
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Table 4.3. The natural frequency of the I-beam with the axial load P (N) obtained
using MATLAB (Hz).

4.1.2 The Finite Element Method Analysis
Before performing finite element analysis on the I beam, it is necessary to verify whether
the model is established correctly. To build a simply supported beam, two remote
displacements are added on the surfaces at both ends. Thereafter, the normal stress and the
eigenvalue of buckling can be solved. The number of elements used for the analysis is 1400.
Normal force is 455.07N and the first mode eigenvalue is 41.753. According to Eq.2.1, the
critical buckling load is 19000.34N, and the natural frequency of the first mode is 77.647Hz.
These values agree well with the values given by the Rayleigh-Ritz method.

Subsequently, loads are applied on the surfaces at both ends. The values of loads are 4400N,
8800N, and 13201N. The model can be solved to obtain the natural frequencies and mode
24

shapes. The 1st to 10th modes of frequency are shown in Table 4.4. Figures 4.1 – 4.3 show
the vibration shape under the axial load of 4400N, 8800N, and 13201N respectively. When
the applied load is 4400N, the I beam vibrates along the horizontal direction in the 1st, 4th,
7th, and 10th mode. And in 2nd, 6th and 9th modes, the beam vibrates in the vertical direction.
Obvious twists can be observed in the other modes. When the applied load is 8800N and
13201N, all of the mode shapes are the same as that of 4400N.

Table 4.4. The natural frequency of the I-beam with the axial load obtained using
ANSYS (Hz).
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Figure 4.1. The mode shape of the I beam with an applied load of 4400N.
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Figure 4.2. The mode shape of the I beam with an applied load of 8800N.
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Figure 4.3. The mode shape of the I beam with an applied load of 13201N.

4.1.3 Laboratory Experiment
First, the experiments for measuring the natural frequency are carried out in accordance
with the experimental method explained in Chapter 3. By observing the frequency
spectrum on Waveform Editor, it is found that frequencies around 70Hz and 300Hz can
always be found, such as Figure 4.4. These frequencies match with the first and second
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frequencies in horizontal direction obtained by the Rayleigh-Ritz method, whose difference
is about 10%.

Figure 4.4. The spectrum of simply-supported I beam.

Another vibration test is also carried out to measure the natural frequencies of the I beam
under the applied load of 4400N, 8800N, and 13201N. The results are given in Table 4.5.
Positions 1 to 3 in Table 4.5 are the left end, the center and the right end of the I beam
respectively (refer to Figure 3.3). The X-axis direction is along the axis of the beam, the Yaxis direction is vertical to the horizontal plane, and the Z-axis direction is parallel to the
horizontal plane. The specific direction is shown in Figure 4.5.
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Figure 4.5. The axis orientation of the accelerometer.

Table 4.5. The lab results of the I beam (Hz).
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4.1.4. Discussion
Figure 4.6 displays the relationship between the axial load and the natural frequency. It can
be clearly seen that as the axial load increases, the natural frequency gradually decreases.
In the MATLAB experiment, when the rail axial load is 4400N, the natural frequency of
69Hz is obtained. In the ANSYS experiment, when the rail axial load is 4400N, the natural
frequency of 68.804Hz is obtained. When the applied load is 4400N, the natural frequency
obtained by the CoCo-80 is 69.14Hz. The percentage of difference between the natural
frequencies obtained by ANSYS and the natural frequency obtained by MATLAB is 0.2%.
The percentage of difference between the natural frequencies obtained by ANSYS and the
natural frequency obtained by the laboratory test is 0.4%.

From Figure 4.6, the results of ANSYS and MATLAB fit well. But as the applied load
increases, the difference between the results obtained by ANSYS and MATLAB gradually
increases. The reason for the slight difference may be that the beam theories of the two
numerical analysis methods are somewhat different. For the Rayleigh-Ritz method, the
Euler-Bernoulli beam theory is used, which is based on one-dimensional beam model. For
the finite element analysis method, a three-dimensional model is used in ANSYS. The
theories of different dimension models have caused these slight differences.
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Figure 4.6. The relationship between the axial load and the natural frequency.

For the laboratory test, it can be seen from Table 4.7 that the natural frequency can be
acquired at three positions. And under the same load, the frequencies obtained at different
positions are very similar. As can be seen from the spectrograms in Appendix II, in addition
to the natural frequency of the beam itself, other peaks can also be observed. The reason
for this may be that the vibration frequency generated by the clamp used to fix the beam is
also captured. In addition, the friction between the laboratory desktop and the clamp is
small, and it is very easy to move during the excitation test. In order to reduce the influence
of these factors on the experiment, some rubber pads can be placed on the bottom of the
clamp to increase the friction during the experiment.

Figure 4.7 gives the relationship between the axial load and the natural frequency, and at
the same time, the degree of fit between the experimental results of ANSYS and laboratory
is also shown in the figure. The reason for the difference may be that the boundary
condition is not exactly simply supported. It is between the simply supported and clamped
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conditions. That may cause the increase in the nature frequency. In addition, the accuracy
of the measurement of the axial force applied by the bottle jack is limited. The influence
of noise in the laboratory, and errors in signal acquisition may also cause the difference.

Both the numerical method and experimental method shows the relationship between the
natural frequency and the axial force, which is that the natural frequency deceases as the
axial load increases.
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Figure 4.7. The degree of fit between the experimental results of ANSYS and
laboratory.
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4.2. T beam
4.2.1 The Rayleigh-Ritz Analysis
Refer to the parameters in Table 3.1, the properties of the T beam are given as
Pa,

m4 ,

m 4 , M = 0.383 Kg/m and

. The theoretical results of critical load and natural frequencies are
shown in Table 4.6 and Table 4.7.

Table 4.6. The theoretical critical load of the T beam.

Table 4.7. The theoretical natural frequencies of the T beam.
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The 20%, 40%, and 60% of critical buckling load were included into MATLAB for
calculation. And the natural frequencies are obtained, and they are shown in Table 4.8.

Table 4.8. The natural frequencies of T-beam obtained using MATLAB (Hz).

4.2.2 The Finite Element Method Analysis
To build a simply supported beam, two remote displacements are added on the surfaces at
both ends. After that, the normal stress and eigenvalue of buckling can be solved. The
number of elements used is 1200. Normal force is 219.86N and the first mode eigenvalue
is 11.986. According to Eq.2.1, the critical buckling load is 2635.2N and the first mode of
natural frequency is 44.449Hz. These values agree well with the values given by the
Rayleigh-Ritz method.
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Thereafter, loads are applied on the surfaces at both ends. The values of loads are 773N,
1154.7N, and 1450.7N. The model can be solved to obtain the natural frequencies and
mode shapes. The 1st to 10th modes of frequency are shown in Table 4.9. Figure 4.8- 4.10
shows the mode shapes under the axial load of 773N, 1154.7N, and 1450.7N respectively.
The first mode shape under 773N is quite similar to the first mode shapes under 1154.7N
and 1450.7N. The other modes are the same as this. In the 1st, 3rd, 6th, and 9th modes, the T
beam vibrates along the horizontal direction. The beam vibrates along the vertical direction
at the 2nd, 4th, and 7th modes. Twist can be seen in the 5th, 8th, and 10th modes.
Table 4.9. The natural frequency of T-beam obtained using ANSYS (Hz).
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Figure 4.8. The mode shape of the T beam with an applied load of 773N.
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Figure 4.9. The mode shape of the T beam with an applied load of 1154.7N.
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Figure 4.10. The mode shape of the T beam with an applied load of 1450.7N.

4.2.3 Laboratory Experiment
In previous experiments with the I-beam, it has been confirmed that the experimental
results are close to the theoretical natural frequencies. And then the tests for measuring the
natural frequencies of the T beam are carried out under the applied load of 773N, 1154.6N,
and 1450.7N. Table 4.10 summarizes all the experimental results obtained by laboratory
tests. All of the spectrums are shown in Appendix II.
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Table 4.10. The lab results of the T beam (Hz).

4.2.4. Discussion
The same conclusion as we obtained for the I beam may be drawn. When the applied load
is 568.8N, the natural frequency for the first mode calculated by MATLAB is 38.6Hz, and
when the applied load is 773N, the first natural frequency solved by ANSYS is 36.609Hz,
the first natural frequency captured by the CoCo-80 is 48Hz. When the applied load is
568.8N, the difference between the natural frequencies obtained by ANSYS and MATLAB
is around 0.6%.

For the laboratory test, it can be seen from Table 4.10 that the natural frequencies can be
acquired at three positions. And under the same load, the frequencies obtained at different
positions are very similar. In addition, the first to sixth mode natural frequencies obtained
by laboratory tests are close to the results solved by ANSYS.

The relationship between the axial load and the natural frequency is shown in Figure 4.11.
It also shows the fit of the results obtained by ANSYS and MATLAB. From Figure 4.11,
the results obtained by MATLAB agree well with the results obtained by ANSYS. And
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about the results of ANSYS and lab tests, the relationship between the axial load and the
natural frequency is displayed in Figure 4.12. From these two graphs, it can be seen that
both methods show the relationship of that the natural frequency decrease as the axial load
increases.

Using both the numerical method and the experimental method, the relationship of the
natural frequencies and the axial forces can be obtained. For the numerical methods, it has
the same situation as the I beam, the beam theories used in the Rayleigh-Ritz method and
the Finite Element Method are different, which may cause the slight difference between
the results.

The laboratory results are significantly different from the other two results. That may cause
by the boundary condition of the beam which is between the simply supported condition
and clamped condition. Moreover, in addition to the boundary condition, the limited
accuracy for measuring the stress, and a slight inclination of the planes at both ends of the
beam may also cause the difference. During the experiment, it was seen that the plane of
the end of the beam is not completely perpendicular to the bottom surface, which may be
caused by the factory cutting. The inclination of the planes at both ends may cause uneven
stress distribution, resulting in a large difference between the frequency obtained by the
experiment and the frequency obtained by ANSYS.
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Figure 4.11. The relationship between the axial load and the natural frequency.
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Figure 4.12. The degree of fit between the experimental results of ANSYS and
laboratory.
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4.3 Steel beam
4.3.1 The Rayleigh-Ritz Analysis
Refer to the parameters in Table 3.1, the properties of the steel beam are given as
Pa,

m4 ,

m 4 , M = 1.96 Kg/m and

. The theoretical results of critical load and natural frequencies for the
simply supported beam are obtained by using MATLAB. They are shown in Table 4.11
and Table 4.12.
Table 4.11. The theoretical critical loads of the steel beam.

Table 4.12. The theoretical natural frequencies of the steel beam.
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To find a relationship between frequency changes and axial loads, input the 20%, 40%, and
60% of the critical buckling load to MATLAB. The natural frequencies are obtained and
they are shown in Table 4.13.
Table 4.13. The natural frequencies of the steel beam obtained using MATLAB (Hz).

4.3.2 The Finite Element Method Analysis
After building a simply supported beam, the normal stress and eigenvalue of buckling can
be solved with ANSYS. The number of elements used for this analysis is 2000. Normal
force is 1200N and the first mode eigenvalue is 3.4267. According to Eq.2.1, the critical
buckling load is 4112N and the first mode of natural frequency is 26.011Hz. These values
agree well with the values given by the Rayleigh-Ritz method.
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The values of loads are set to 847N, 1694N, and 2541N on the surfaces at both ends. The
model is solved to obtain the natural frequencies and mode shapes. The 1st to 10th modes
of frequency are shown in Table 4.14. Figures 4.13-4.15 show the mode shapes under the
axial load of 847N, 1694N, and 2541N respectively. It can be seen from that, each mode
shape under different applied load are very similar. In the 1st, 3rd, 4th, 6th,8th and 9th modes,
the steel beam vibrates along the horizontal direction. And in the 2nd, 5th, 7th and 10th modes,
the beam vibrates along the vertical direction. No twist occurs in any mode.
Table 4.14. The natural frequencies of the steel beam obtained using ANSYS (Hz).
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Figure 4.13. The mode shape of the steel beam with an applied load of 847N.
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Figure 4.14. The mode shape of the steel beam with an applied load of 1694N.
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Figure 4.15. The mode shape of the steel beam with an applied load of 2541N.

4.3.3 Laboratory Experiment
Similarly to the previous test on the I beam, firstly we test the natural frequencies of the
steel beam under the applied load of 864N, 1694N, and 2541N. Table 4.15 summarizes all
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the experimental results obtained by laboratory tests. And all of the spectrums are shown
in Appendix II.
Table 4.15. The lab results of the steel beam (Hz).

4.3.4 Discussion
The same conclusion as the I beam and T beam may be drawn. When the applied load is
864N, the first natural frequency calculated by MATLAB is 20.7Hz, the first natural
frequency solved by ANSYS is 20.391Hz, and the first natural frequency captured by the
CoCo-80 is 22Hz. The difference between the natural frequency obtained by ANSYS and
MATLAB is around 1%. The difference between the natural frequencies obtained by
ANSYS and laboratory is around 7%. The difference is still within an acceptable range.

For the laboratory test, it can be seen from Table 4.15 that the natural frequency can be
acquired at three positions. And under the same load, the frequencies obtained at different
positions are very similar. In addition, the first to sixth mode natural frequencies obtained
by laboratory tests are close to the results solved by ANSYS.
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For these three methods, the relationship between the axial load and the natural frequency
is shown in Figure 4.16. It also shows the fit of the results. Using both the numerical method
and the experimental method, the relationship of the natural frequencies and the axial
forces can be obtained. As the applied load increases, the natural frequency gradually
decreases. The finite element method has a good agreement with the Rayleigh-Ritz method.
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Figure 4.16. The relationship between the axial load and natural frequency.

4.4. Summary
From all the experimental, the relationships between the natural frequency and the axial
load can be obtained.
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From Appendix II, it can be seen that the spectrum obtained by using the steel beam will
have more obvious and clear peaks than the other two beams. That may be caused by the
different damping ratios of different materials and cross-sections. The damping of steel is
lower than aluminum.

For the laboratory test, there are some differences for all the beams we tested from the
results of the numerical methods, which may be caused by uneven axial force in the beam.
Ideally, the axial force of the beam should be uniform, but the experimental device uses the
bottle jack on the left to apply axial pressure to the beam, which usually causes greater
pressure on both ends. This was observed by the strain recorder. During the load application
process, the values displayed by the strain gauges at the three positions are always different.
Table A3.1 shows the strain values applied to each beam during the experiment. When the
strains corresponding to the three positions are different, the strain value corresponding to
the center position of the beam will be adopted. And in the stress distribution diagram of
ANSYS (Figure 4.17), it can be seen that the force on the entire beam is uneven. The
normal stress is highest on the side where the force is applied. The closer to the other side,
the normal stress gradually decreases.

Figure 4.17. Schematic diagram of normal force distribution in the I beam.
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Chapter 5: Acoustic Emission Technology
Based on the success of the detection methods mentioned earlier, we carried out extended
research on a new experimental detection method, Acoustic emission (AE) technology,
which is a kind of new detect method [39-41]. Compared with other traditional detection
methods, acoustic emission technology has the advantages of unlimited geometric shapes,
high sensitivity, dynamic detection, and real-time monitoring [42, 43]. Therefore, many
studies were carried out to detect rail vibration and monitor railway track performance by
acoustic emission technology.

5.1 Experimental method
The model used for the extended experiment is the steel beam, Replace the accelerometer
used before with a microphone sensor (Figure 5.1) developed by Virtins Technology, and
connect the microphone sensor to the CoCo-80. The mode used is the Frequency Response
Function (FRF) mode. The sensitivity of the microphone sensor is 36.3mv/Pa. The other
steps of the experiment are the same as mentioned in Chapter 3.

Figure 5.1. The schematic diagram of the microphone sensor
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5.2 Results and Discussion
The natural frequencies of the steel beam are detected with the applied load of 847N,
1694N, and 2541N. Table 5.1 summarizes the experimental results obtained by using a
microphone sensor, and all of the spectrums are shown in Appendix II. When the applied
load is 847N, 𝑓1 = 24.22𝐻𝑧, 𝑓2 = 70.7𝐻𝑧, and 𝑓3 = 110.16𝐻𝑧. When the applied load
is 1694N, 𝑓1 = 23.05𝐻𝑧, 𝑓2 = 34.38𝐻𝑧, and 𝑓3 = 104.3𝐻𝑧 . When the applied load is
2541N, 𝑓1 = 23.05𝐻𝑧, 𝑓2 = 35.94𝐻𝑧, and 𝑓3 = 100𝐻𝑧.

Table 5.1 The natural frequency of the steel beam using the microphone sensor (Hz).

Compare with the frequency of the steel beam by using the accelerometer, the percentages
of difference are 13.8%, 11.9%, and 4.8% with the applied load of 847N, 1694N, and
2541N respectively. From Figure 5.2, it can be seen that the results obtained by using the
microphone sensor have a reasonable agreement with the results acquired by using an
accelerometer.
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Figure 5.2. The degree of fit between the natural frequency obtained by using
accelerometer and microphone sensor.

The spectrums of the steel beam with the applied load of 847N are shown in Figure 5.3.
Compared to the spectrum obtained by using the microphone (Figure 5.3a) with that of
using an accelerometer (Figure 5.3b), it illustrates that the spectrum obtained by using the
microphone sensor has more peaks. Except for the peak corresponding to the frequency of
the beam itself, the other peaks should be caused by noise. And the same as mentioned
before, the vibration of the clamp still makes influences on it. The unknown peaks are
mostly between 100-400 Hz. This may be because the high-frequency region is more
significantly affected by noise [44].

In addition to the frequencies of the beam, some peaks can always be captured and are not
affected by the applied load. For example, the corresponding peaks can always be found at
17.97Hz and 46.88Hz. In order to confirm the noise, we also carried out a frequency
capture test for the clamp by using the microphone sensor, whose spectrum is shown in
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Figure 5.4. A peak can be found at 17.97Hz, it may be said that the source of noise with a
frequency of 17.97 Hz is the clamp.

(a)

(b)

Figure 5.3. The spectrogram of the steel beam with the applied load is 847N (a)
using the microphone sensor, (b) using an accelerometer.
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Figure 5.4. The spectrogram of the clamp.

Moreover, the movement of laboratory personnel or some working machines will affect the
signal capture. In order to accurately obtain the natural frequencies of the beam, some
signal processing may be needed. The noise can be attenuated by some noise reduction
algorithms, such as band-pass filter, Wiener deconvolution, low-pass filter, matching
pursuit, and wavelet noise reduction algorithm [45].

Another method is to establish a noise signal clustering model to distinguish beam signals
from noise signals as outliers [46]. When the number of noise samples is large enough, a
reliable noise signal feature library can be established. When the feature of the acquired
signal belongs to the established noise feature library, it can be regarded as a noise signal.
The unknown signal can be considered as an unknown noise signal or a beam signal.

5.3 Summary
The detection ability of acoustic emission technology is investigated using the acquired
signals. The method using the microphone sensor to detect the natural frequencies of the
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axially loaded beam is possible. This can provide an idea for monitoring the stress in the
railway track using acoustic emission technology. For future research, the experiments
need to be conducted on actual railway tracks, and in-depth research on noise treatment
should be made, which may lead to a more efficient and safer method for monitoring the
conditions of railway tracks.
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Chapter 6: Conclusion
The critical buckling load and natural frequencies can be successfully obtained by using
the numerical and experimental methods. This shows that these two methods can be used
to obtain the relationship between the natural frequency and the axial force.

With the Rayleigh-Ritz method, the natural frequencies of the beams subjected to the axial
loads are calculated. The beam theory used in the Rayleigh-Ritz method is one-dimensional
beam theory. The results obtained are closer to the results obtained by using ANSYS.
Taking the I beam as an example, the percentage of difference between the natural
frequencies obtained by ANSYS and the natural frequency obtained by MATLAB is 0.2%.

With the finite element method, the natural frequencies of the beams with the axial loads
are obtained. Meanwhile, using this method, the mode shapes of each beam are also
obtained. The beam theory used in the finite element method is three-dimensional beam
theory. When the applied load increases, the results for the natural frequencies solved by
ANSYS are slightly different from the results obtained by using MATLAB. The reason of
the difference could be that the different beam theories are used in these two methods.

For the laboratory experiments, due to many environmental factors, some noticeable
difference between the experiment results and the numerical results are observed. During
the test, since the material of the clamp is steel, the frequency of the clamp may also be
captured. In addition, the desktop on which the model is placed is relatively smooth, which
may cause slight displacement during the experiment. The movement of laboratory
personnel and the noise of the laboratory may also affect the experimental results. Although
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the results of laboratory experiment are different from those of the numerical experiments,
since there are more environmental factors, it might be the closest to the actual application

About the acoustic emission technology, the signal can be captured and the values of the
natural frequencies obtained are similar to the values of the natural frequencies obtained
using the accelerometer. This confirms the feasibility of the experiment and shows that the
experiment can be used to measure the natural frequencies of the beam. This method is
more affected by noise, and the signal needs to be post-processed to distinguish the
frequencies of the noise from the natural frequencies of the beam.

By testing three simply supported beams of different shapes and materials, both critical
loads and natural frequencies can be obtained. The practicability of the numerical method
and laboratory experimental methods has been confirmed. Therefore, it may be possible to
put these methods into practical use to simulate and detect the axial load and natural
frequency of the rail. With further research, these methods would contribute to
development of non-destructive testing methods for the railway tracks.
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APPENDIX I: Matlab Codes
%Critical Load
clear all
n=9;
E = 69.5e9; %(Pa)
I = 9.21E-08; %m^4
L = 1; %m
nm=9;
for i=1:n
for j=1:n
if i == j
K(i,j)=(i*pi)^4;
M(i,j)=(i*pi)^2;
else
K(i,j)=0;
M(i,j)=0;
end
end
end

%K*

[mode,omega]=eig(K,M);
for i=1:n
P(i)=(omega(i,i));
end
P = sort(P);
P(1)*E*I/L^2
P(2)*E*I/L^2
P(3)*E*I/L^2
P(4)*E*I/L^2
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%Frequency
clear all
n=9;
P=4400 %Given,20% of buckiling load
E = 69.5e9; %(Pa)
I = 9.21E-08; %m^4
L = 1; %m
for i=1:n
for j=1:n
if i == j
K(i,j)=((i*pi)^4*E*I/L^4)*L/2 ;
Ks(i,j)=((i*pi)^2)*L/2 ; %K*
else
K(i,j)=0;
Ks(i,j)=0;
end
end
end
A=0.9234
N=A*L/2
M=eye(9)*N

%mass per unit length of beam
%mass coefficient
% mass matrix

[mode,omega]=eig(K-P*Ks, M);
for i=1:n
w(i)=sqrt(omega(i,i));
end
w = sort(w);
w(1)/(2*pi)
w(2)/(2*pi)
w(3)/(2*pi)
w(4)/(2*pi)
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Appendix II: Spectrogram

Figure A2.1. The spectrum of the I beam with the accelerometer installed on the
right end of the beam, the applied load is 4400N.

Figure A2.2. The spectrum of the I beam with the accelerometer installed on the
center of the beam, the applied load is 4400N.
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Figure A2.3. The spectrum of the I beam with the accelerometer installed on the
right end of the beam, the applied load is 4400N.

Figure A2.4. The spectrum of the I beam with the accelerometer installed on the left
end of the beam, the applied load is 8800N.
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Figure A2.5. The spectrum of the I beam with the accelerometer installed on the
center of the beam, the applied load is 8800N.

Figure A2.6. The spectrum of the I beam with the accelerometer installed on the
right end of the beam, the applied load is 8800N.
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Figure A2.7. The spectrum of the I beam with the accelerometer installed on the left
end of the beam, the applied load is 13201N.

Figure A2.8. The spectrum of the I beam with the accelerometer installed on the
center of the beam, the applied load is 13201N.
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Figure A2.9. The spectrum of the I beam with the accelerometer installed on the
right end of the beam, the applied load is 13201N.

Figure A2.10. The spectrum of the T beam with the accelerometer installed on the
left end of the beam, the applied load is 773N.
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Figure A2.11. The spectrum of the T beam with the accelerometer installed on the
center of the beam, the applied load is 773N.

Figure A2.12. The spectrum of the T beam with the accelerometer installed on the
right end of the beam, the applied load is 773N.
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Figure A2.13. The spectrum of the T beam with the accelerometer installed on the
left end of the beam, the applied load is 1154.67N.

Figure A2.14. The spectrum of the T beam with the accelerometer installed on the
center of the beam, the applied load is 1154.67N.
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Figure A2.15. The spectrum of the T beam with the accelerometer installed on the
right of the beam, the applied load is 1154.67N.

Figure A2.16. The spectrum of the T beam with the accelerometer installed on the
left end of the beam, the applied load is 1450.7N.
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Figure A2.17. The spectrum of the T beam with the accelerometer installed on the
center of the beam, the applied load is 1450.7N.

Figure A2.18. The spectrum of the T beam with the accelerometer installed on the
right end of the beam, the applied load is 1450.7N.
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Figure A2.19. The spectrum of the steel beam with the accelerometer installed on the
left end of the beam, the applied load is 847N.

Figure A2.20. The spectrum of the steel beam with the accelerometer installed on the
center of the beam, the applied load is 847N.
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Figure A2.21. The spectrum of the steel beam with the accelerometer installed on the
right end of the beam, the applied load is 847N.

Figure A2.22. The spectrum of the steel beam with the accelerometer installed on the
left end of the beam, the applied load is 1694N.
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Figure A2.23. The spectrum of the steel beam with the accelerometer installed on the
center of the beam, the applied load is 1694N.

Figure A2.24. The spectrum of the steel beam with the accelerometer installed on the
right end of the beam, the applied load is 1694N.
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Figure A2.25. The spectrum of the steel beam with the accelerometer installed on the
left end of the beam, the applied load is 2541N.

Figure A2.26. The spectrum of the steel beam with the accelerometer installed on the
center of the beam, the applied load is 2541N.
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Figure A2.27. The spectrum of the steel beam with the accelerometer installed on the
right end of the beam, the applied load is 2541N.

Figure A2.28. The spectrum of the steel beam with the microphone, the applied load
is 847N.
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Figure A2.29. The spectrum of the steel beam with the microphone, the applied load
is 1694N.

Figure A2.30. The spectrum of the steel beam with the microphone, the applied load
is 2541N.
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Appendix III: The Values of strain gauge
The strain gauge records the strain value applied to beams during the experiment. The
relationship between strain and axial force is as follows：
𝜎 = 𝜀𝐸 = 𝑃/𝐴

(A3.1)

𝑃 = 𝜀𝐸𝐴

(A3.2)

E is the Young’s modulus, σ is the stress in the beam, ε is the strain in the beam, A is the
cross section of the beam, and P is the axial force. According to Eq. A3.2, the axial force
can be converted from the corresponding strain value. The strain values measured in each
beam are shown in Table A3.1-A3.3.

Table A3.1. The strain values applied to the I beam during the experiment.
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Table A3.2. The strain values applied to the T beam during the experiment.

Table A3.3. The strain values applied to the steel beam during the experiment.
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