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Abstract

The Hawthorn model [1] is built upon the idea that the Lie algebra so(2, 3) is a
more natural description of the local structure of spacetime than the Poincaré
Lie algebra. This model uses a 10-dimensional spacetime referred to as an
ADS manifold. We find the model (as it stands in [1]) to be inconsistent with
Maxwell’s equations. We investigate why this is so and proceed to revise the
model so as to restore consistency with electromagnetic theory. Consequently
we find that the Faraday-Gauss equations (a subset of Maxwell’s equations)

arise naturally from the geometry of an ADS manifold.
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Chapter 1

Introduction

This thesis looks at the Hawthorn model [1] which is built upon the idea
that the Lie algebra so(2, 3) is a more natural description of the local structure
of spacetime than the Poincaré Lie algebra. This model uses a 10-dimensional
spacetime referred to as an ADS manifold. The Dirac equation works very
nicely on an ADS manifold. From the Dirac equation we can deduce an elec-
tromagnetic potential which satisfies equations similar to Maxwell’s. However
we find that these equations satisfy unphysical constraints. This thesis investi-
gates the problem of making (what should be) Maxwell’s equations work on an
ADS manifold. In the process adjustments to the Hawthorn model are made.
We manage to revise the model so as to make it consistent with a working
form of Maxwell’s equations. Furthermore we find that in this revised model
the Faraday-Gauss equations are simply geometric identities, i.e. they arise

naturally and necessarily from the structure of an ADS manifold.

1.1 Thesis overview

Chapter 2 introduces the classical forces; electromagnetism and gravity. This
is followed by a presentation of Kaluza-Klein theory which is an attempt to
unify these two classical interactions. After pointing out some weaknesses of
the theory (as we have presented it) the chapter concludes with some instruc-

tive principles which are relevant to the rest of the thesis. The main references



used are [6], [8], [10], [12], [18], [20], [21], [23] and [24].

Chapter 3 introduces and explores the Lie group SO(2, 3) and its correspond-
ing Lie algebra so(2,3). The relationship between SO(2,3) and the Poincaré
group via Lie group contraction is outlined. It is argued that we are at liberty
to use so(2,3) rather than the Poincaré Lie algebra to describe the local sym-
metries of spacetime, and have reason to do so. The main references used are

(1, [31, [7], 18], 9], [13], [14] and [25].

Chapter 4 develops what we call the Hawthorn model, which attempts
to define the action of so(2,3) on a curved manifold in a natural way. The
archetype manifold is the Lie group SO(2,3) which is 10-dimensional. This
leads us to the use of an ADS manifold, a 10-dimensional manifold with local
structure so(2,3). Each point on the 10-dimensional manifold is interpreted
as an inertial frame.! The chapter concludes with a summary of the main
assumptions and a justification for each. This chapter follows [1] very closely
for the following reasons. As [1] is the only source for this material, it would
create unnecessary confusion to alter things significantly, in particular the no-
tation. Furthermore the Hawthorn model is central to this thesis and the only
reference for it is currently unpublished. It is therefore prudent to check its
correctness carefully, especially since we shall seek to make adjustments to the
model as it stands in [1]. The other references used are [3] and an updated

draft of Hawthorn’s work [2].

Chapter 5 defines some terminology for the low dimensional representations
of s0(2,3). Useful mathematical results are derived, in particular with regard
to the curvature. As in chapter 4, the results found here are presented very

much as they are in [1] and [2].

'In physics an inertial frame is specified by 10 parameters: one temporal, three spatial,

three Lorentz boost and three rotational.



Chapter 6 shows how the Dirac equation works very well on an ADS manifold.
Benefits of using a Dirac equation defined on an ADS manifold are considered,
including how the issue of Zitterbewegung can be resolved. We perform a de-
composition of the connection term found in the covariant formulation of the
Dirac equation on an ADS manifold. One of the irreducible components of the
connection is identified as a 10-dimensional electromagnetic potential requisite
for building Maxwell’s equations. Again, this chapter draws heavily from the

work of [1]. Other important references are [15], [16], [17], [22] and [26].

Chapter 7 uses the electromagnetic 10-potential from chapter 6 to construct
an appropriate 10-dimensional generalisation of the electromagnetic field ten-
sor Fj;. Similar 10-dimensional analogues of Maxwell’s equations are given
and refered to as the extended Maxwell equations. It is found that the
extended Maxwell equations do not reduce to the usual Maxwell equations in

the limit that so(2,3) becomes the Poincaré Lie algebra.

After investigating what might have produced this failure we find that
the problem arises because of assumption 4.9. The process of lifting this as-
sumption then ensues with the subtle expense of permitting the existence of
quantities on the ADS manifold which are like scalars in every respect except
that they parallel transport non-trivially. These unusual quantities are referred

to as bullet scalars, see [2].

Chapter 8 considers the effects on the Hawthorn model from the inclusion
of these bullet scalars. Subsequently the extended Maxwell equations are re-
considered and it is shown that they do in fact reduce to the usual Maxwell

equations in the appropriate way.

Furthermore in our new approach there is a direct link between the cur-
vature and the electromagnetic field tensor. This prompts a more natural

definition of the electromagnetic field tensor in terms of the curvature. This



new definition is subtly different from our previous one, yet it does not alter
the fact that the extended Maxwell equations reduce in the proper manner.
The identification does however mean the Faraday-Gauss equations 7.4 are a
direct consequence of one of the Bianchi identities 8.19. Hence not only does
the (revised) Hawthorn model permit Maxwell’s equations, but one could say
in some sense that “half” of Maxwell’s equations arise purely from the geome-
try of spacetime and do not need to be postulated independently. The relevant

references for this chapter are [2], [8], [10] and [11].



Chapter 2

The Classical Forces

The fundamental forces (or interactions) of electromagnetism and gravity are
known as the classical forces. In this chapter we briefly consider these two
forces. We then introduce Kaluza-Klein theory, which has the goal of unifying
these fundamental interactions. This requires one to show that they are both
in fact special cases of, or follow from some more general, overarching physical

interaction. This chapter draws from references [6], [8], [10], [12] and [23].

2.1 Electromagnetism

The development of electromagnetic theory climaxed in 1865 with Maxwell
adjusting the existing set of laws to make them self-consistent. His alteration to
the former set of experimental laws implied the existence of hitherto unknown
physical processes. The addition of this new phenomenon was verified by
subsequent measurements, see p. 177 of [10]. These laws are expressed in the

following section and unite the electric and magnetic forces into one theory.
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2.2 Maxwell’s equations

Let V = (0,, 0y, 0,). The microscopic Maxwell equations in vacuo are

Gauss’s Law vE=" (2.1)
€0
Absence of magnetic charges V-B=0 (2.2)
B
Faraday’s Law VXxE= _88_15 (2.3)
. OE
Ampére’s Law V xB = poJ + N (2.4)

These are the basic laws of classical electrodynamics (given in SI units). The
quantities E and B are the electric and magnetic fields respectively, p is the
electric charge density and J = pv is the current density with v = (v, vy, v,),
the velocity of the flow of the charge. The continuity equation

dp
V~J+E—O (2.5)

is a consequence of equations 2.1 and 2.4. It expresses the fact that electric
charge is a locally conserved quantity and is true in any inertial frame. We

can write equation 2.5 in the more loquacious form

10 0 0 0
-z _- — = 2.
Since 9; = (c7'0;, V) transforms as a 4-vector in Minkowski spacetime, it

follows that J* = (cp,J) must also be a 4-vector in order to ensure equation

2.5 is Lorentz covariant. We may now concisely write equation 2.6
9 J' =0 (2.7)

Consider an electric scalar potential ¢ and a magnetic vector potential A sat-

isfying
0A
E=-V¢p— —— 2.
Vo= (2.8)
B=VxA (2.9)

These potentials do not uniquely determine the (physical) fields E and B, viz.
a transformation of the form

AmATTX i X



for an arbitrary function y, leaves E and B unchanged. Such a transformation
is called a gauge transformation. E and B (and hence Maxwell’s equations)
are said to be gauge invariant (with respect to the afore stated gauge transfor-
mation). This means we are free to choose our potentials so that they satisfy

the Lorenz gauge condition

19¢
VoAt 5o =0 (2.10)

Define the 4-vector A® = (¢/c, A) which we shall refer to as the 4-potential.

From the 4-potential we build the electromagnetic field tensor Fj;
F;'j = &AJ - 8]AZ

Using the notation B;; = 0;B; and the contravariant form of the Minkowski

metric g* with signature (— + 4++), we are now in a position to see that
9 Fiji = pod;
describes equations 2.1 and 2.4. While
Fijr+ Fji+ Frij =0

encapsulates equations 2.2 and 2.3. Using this notation a gauge transformation
looks like A® — A" 4+ 9y, and the gauge condition 2.10 is 9;A* = 0. These
equations are built from Lorentz covariant quantities therefore they too are
Lorentz covariant. To make them generally covariant we simply replace the
partial derivatives with covariant ones (denoted with a semicolon) and no

longer restrict g;; to be Minkowskian.

F;j=A;;—A; Definition of the field tensor. (2.11)
9" Fikg = poJi Source equation. (2.12)
Fiji+ Frij + Fjpi =0 Faraday-Gauss equation. (2.13)
Ji=0 Continuity equation. (2.14)

The covariant derivative A;; of a vector A; is defined by A;; = A;j — I} Ag
where TF = 19" (gii; + gj1: — 9ij1)- Note again that equation 2.14 is a conse-

quence of equation 2.12.



2.3 Gravitation

In 1915 Einstein published his general theory of relativity, see pp. 431-434 of
[11]. Einstein’s equations govern this theory of gravitation and determine the
geodesics of both massive and massless particles. In their full generality they
are

1

Raﬁ — §ga5R — Agag = KTaﬁ (2.15)

where R,3 is the Ricci curvature tensor, R is the curvature scalar, x =
—87G/c? is the Einstein constant of gravitation (in ST units), g.s is the metric
tensor, and A is the cosmological constant. Cosmological models based on the
Friedmann metric require the current value of A to be very small, see [24], in-
deed for physical situations dealing with smaller than galactic distance scales
it is common to set A = 0, see p. 411 of [11]. T,z is the stress-energy tensor
describing the energy-density of spacetime, which we may write as the sum of

stress-energy tensors for matter fields and electromagnetic fields
Taﬁ = Maﬁ + Ea,@

where the stress-energy of the electromagnetic field is

1

1
Eop=—— (Fa)\FﬁA - ZgaﬁFaaF(SU) (2.16)
Ho

Hence via equation 2.15 the electromagnetic fields will determine, though not
necessarily completely, (if e.g. matter is present) a test particle’s trajectory.
However the converse is not the case, viz. we cannot determine how the elec-
tromagnetic fields will evolve using only equation 2.15. We must therefore
postulate equations 2.12 and 2.13 independently. The set of equations 2.12,

2.13, 2.15 and 2.16 form the Einstein-Mazwell equations.

The trace of equation 2.15
1
R—§4R+4A:HT = R=4AN— kT
leading to an alternative form for equation 2.15

Rag = —ngag —+ 3Aga5 + IiTag (217)



In the following work we shall neglect the cosmological constant (A = 0), thus

Einstein’s equation reduces to

1
Rag = K (—iTgag + Tag) (218)

2.4 The Einstein-Hilbert action

At the same time that Einstein presented his general theory of relativity,
Hilbert showed the Einstein equations' could also be derived using a varia-
tional principle, see pp. 132-136 of [12]. The independent variables in the
action integral are the components of the metric tensor. His approach was to

find the extremum of the Einstein-Hilbert action

1

[——
2/% Vi

(V=gR+ L) d*x
where g = det (gag), R is the curvature scalar, x = 87G/c* and L is the La-
grangian for any fields containing energy. V} is a region of spacetime on whose

boundary the variations g,z = 0.

This variational approach is what Kaluza made use of in 1921 when he pro-
posed what is now known as Kaluza-Klein theory. His theory attempted
(though not for the first time, see [19]) to unite the only two well under-
stood interactions of the day, gravity and electromagnetism. The aim is to
deduce both Maxwell’s and Einstein’s (4-dimensional) equations from the 5-
dimensional Einstein-Hilbert action, given a specific metric. The main sources

for this section are [8] and [12].

TActually Hilbert presented a subclass of Einstein’s equations where the energy-
momentum tensor was that for the electromagnetic field only, and not general distributions

of matter.
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2.5 Kaluza-Klein theory

In this section upper-case Latin letters A, B can take on values 0, 1,2, 3,4 and
refer to coordinate indices on a 5-dimensional Riemannian manifold R5 while
lower-case Greek letters «, § can take the values 0,1, 2,3 and refer to coor-
dinate indices in R4 (4-dimensional Riemannian space). Thus the first four
components of any vector V4 € R5 correspond to a vector V* € Ry. Strictly
speaking R4 and Rj5 are actually pseudo-Riemannian manifolds since we wish

to consider metrics which are not positive definite.

Kaluza-Klein theory is built on R5 with a metric k4p of signature (4, —, —, —; —).
It is essentially 5-dimensional general relativity determined by the Einstein-
Hilbert action

I =—

1 ~
/ V—kR d°x (2.19)
2k Vs

where k = det(kap), R is the curvature scalar and # is essentially the gravita-

tional constant of R5. The equations of motion for this action are
Rap =0

Equation 2.19 is invariant under general coordinate transformations

) Ox¢ 0P

= et g

];ZAB(f

However, to ensure the fifth dimension is unobservable it must be assumed
that the components of the metric k4p are all independent of 2*, which is to

say

0
gy F4) =0

This is known as the cylinder condition. Such a condition is not generally

covariant, however it remains true under the following class of transformations

r* — % = 7%a") (2.20)

ot — 7t = pat + £(at) (2.21)
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where p is a constant. A symmetric k4p has 15 independent components. They
can be grouped into 10 which describe gravity ks, 4 which describe electro-
magnetism k.4, and 1 scalar field kyy = ¢ which appears to be a redundant
degree of freedom. To justify these relations consider how these quantities

transform under 2.20

ox* 0x” _ oz

fos = g o Kot = et
We see that they transform as usual covariant tensors of ranks 2 and 1 respec-

tively. And under transformation 2.21

kop = kap — Oabkap — 05€kas + $0a05E

ka4 = ka4 - ¢aa§

In order to assert that k.4 transforms like the electromagnetic 4-potential we
make the further assumption that ¢ is a constant function. We are thus free
to write k.4 as any scalar multiple of the electromagnetic 4-potential A,. We
choose k.4 = ¢pA,. The ordinary 4-dimensional metric of physical spacetime
ought to be invariant under translations along z*, which is not the case for
ko5. We pick
Gap = kap — ¢_1]€a4]€45

as the metric of Ry since it satisfies this requirement. We are now in a position
to write the 5-dimensional Kaluza-Klein metric in terms of physical familiar

quantities (with the exception of ¢).

gaﬁ —+ ¢AQA5 (bAa
PAg ¢

kap =

and its inverse

af _ A«
kAB 9 A

—A8 o7l 4 A AN
where g°# is the inverse of the metric g,s, used to raise 4-dimensional indices.
To calculate the determinant & = det(k4p), write the metric as

Iy ¢Aa Jop 0
0" ¢ As 1

kap =



12

where I, is the 4 x 4 identity matrix and 0 is the column zero vector of R*.

This form makes it easy to find the determinant.

Iy GA, 0 0
P I e
0" ¢ A 1
= ¢ det(ly) det(gap)

= ¢g

where g = det(gap)-
If one performs the laborious task of writing out the Christoffel symbols,
see pp. 165-166 of [12], then the various components of the Ricci tensor can

be calculated.

A

1 1 1 1 .
Raﬁ :Raﬁ - §¢F£Fpﬁ + §¢A0¢F§;p + §¢A5F£;p + Z¢2AQA5F pFJp
- 1 1

— 14 2 o
Rap _§¢Fﬁ;p + Z¢ AgF?PFyp

A 1
Ry :1¢2F0pFop

]{,‘AB

Contraction with yields

) 1
R=R+ 0F"F,

where R is the curvature scalar of Rs and R is the curvature scalar of Ry. If
we pick ¢ = —2k/ug, the 5-dimensional Einstein vacuum equation Rup =
0 will yield the Einstein-Maxwell equations in the absence of matter and
charge/current. Unfortunately the additional restriction F°PF,, = 0 is also
imposed, thus not even the source-free Maxwell equations are produced in their
full generality.

With a sleight of hand we can remove this unwanted restriction. Since
kap # kap(z?) the integrand 2.19 will not depend on z* either. In order to
make the action 2.19 finite, the fifth coordinate must have finite measure. We
can achieve this by postulating the extra spatial dimension to be compact, with

the geometry of a circle. Thus x* € [0, L], where L € R is the circumference
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of the circle.

zi=L
I= 1 / ( V—kR d%) dxt
T Va

_2/% 4—(
L 5 4
= vV—kR d*x

2K 7

_ _i/v N (R + iqu“”FW) dv  k=#/L  (2.22)

Earlier on we could have chosen to scale the 5-dimensional metric by what is
known as the Weyl factor: kap — ¢ /3kap. Since this would have been a
messy substitution to keep track of we shall simply make use of the result here.
Making this substitution will remove of the factor of ¢ from under the square
root sign in equation 2.22 while leaving it identical in all other respects, see
[20] and [21]. We write down this modified version of equation 2.22.

1
2K

1
I= y N (R + quF“”FW) d*x (2.23)

If we pick ¢ = —1/po, this leads to the Einstein equation (in the absence of
matter) by the principle of least action, and to the Maxwell equations (in the
absence of charge/current) via the Euler-Lagrange equations for the dynamics
of the field A,. Note the negative sign in the value chosen for ¢ in order to
give the correct Maxwellian Lagrangian. This is why the extra dimension is

spatial.

2.6 Disadvantages of Kaluza-Klein theory
The weaknesses of Kaluza-Klein theory are as follows:

e The formulation of Kaluza-Klein theory is not covariant with respect to
5-dimensional coordinate transformations. This is due to the additional

symmetry kap4 = 0.

e The original action 2.19 has equations of motion R4z = 0. The new

action 2.23 no longer satisfies these, yet it was derived from 2.19.
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e Kaluza-Klein theory does not produce Maxwell’s equations in their full
generality, i.e. the source equation 2.12 is given only in the limited case

Jip = 0.

e This unification of gravity and electromagnetism does not include gravi-
tational fields induced by the presence of mass. Since all known massless
particles are of neutral charge, see [18], this makes sense of why Kaluza-
Klein theory imposes the stringent condition J;, = 0. It is because the
existence of a charge distribution requires the presence of massive parti-

cles - of which we have none.

e The significance of the fifth spatial dimension is unclear. Here it has sim-
ply been employed as a mathematical device to achieve a given purpose.
Should we attribute to it any physical significance? Indeed we have pre-
sented no natural explanation for the employment of this method other

than ‘it works’.

Ultimately, unity of all the fundamental interactions is sought after, not just
gravity and electromagnetism. The goal of this thesis is not to salvage Kaluza-
Klein theory. Rather the point of considering it has been to illuminate the, or
more correctly, a process of unification. In light of this we can observe some

guiding principles which we see fit for the pursuit of any physical model.

e The addition of dimensions should be clearly motivated and, if possible,

be accompanied by a physical interpretation.

e Once a framework has been developed, results ought to follow naturally,
rather than by ad hoc maneuvers. Being forced into an ad hoc position

may indicate the necessity to revise the theory.



Chapter 3

The Lie algebra so(2,3)

In physics the local symmetries of spacetime are described by the Poincaré
group. We can approximate the Poincaré group with the Galilean group, in
the limit that the speed of light is infinite. In a similar manner the Poincaré
group itself approximates a group called SO(2,3), often referred to as the
anti-de Sitter group. We are interested in the consequences of choosing to use
the group SO(2,3) to describe local spacetime symmetries. While the group
SO(2,3) is of relevance to the study of anti-de Sitter/conformal field theory
(or AdS/CFT) correspondence, AdS/CFT is not something considered here.

Much of the notation and explanation has been adapted from [1].

3.1 The Lie algebra so(2,3)

For coordinates \,t,z,y, 2z in R®> we define SO(2,3) as the Lie group of 5 x 5

real matrices which conserve the bilinear form
F(u,v) = upyvy + wvy — U0y — uyvy — U v, u,v €R®

ie. if A € SO(2,3) then F(Au, Av) = F(u,v). We can of course write the

bilinear form F(u,v) as u? Fv where F' is now the matrix
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Hence for A € SO(2,3)

u' Fv = (Au)" F(Av)

=ulATF Av
but since this is true for any «,v € R® we can just say
ATFA=F (3.1)

In principle we can find what the elements of SO(2,3) look like using 3.1,
however it is better for us to consider the Lie algebra so(2,3). The Lie group
SO(2,3) is also a matrix Lie group, hence following the approach found on
p. 39 of [7], the (matrix) Lie algebra so(2,3) consists of all matrices X such
that e’X is in SO(2,3) for all real numbers 6. Finding what a general matrix
X € s0(2,3) looks like will enables us to find a basis for so(2,3). Since 6
can be any real number, we take it to be small. Thus we shall only need to
consider an element of the Lie group up to first order in 6, i.e. X =1 +6X.

Substitute I + 6X into 3.1

F=(I+0X)"F(I+60X)
=T+ 0XT)F(I +6X)
=F+0XTF+0FX +0*°XTFX

= F+0X"F+0FX (First order in 6.)
The form of X can therefore be determined by the following relation.

XT'F=-FX (3.2)
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Let us write these matrices as

each entry in X having equal dimensions to the corresponding entry in F.

Thus 3.2 (upon simplification) is

AT T -A -B
BT DT ¢ D

The matrices A, B = CT and D must therefore take the form

0 h 1
0 a b ¢ d
—a 0 e f g

- —7 0

Thus X can have up to 10 independent entries.

—a 0 e f g
X=b e 0 h i

c f —=h 0 g

d g — —5 0
i.e. s0(2,3) has basis of dimension 10. We choose a particular basis which is

given in table 3.1. Table 3.2 gives the commutators for these matrices.

Table 3.1: A basis for the canonical representation of

s0(2,3).




00100 00010 00001
00000 00000 00000
X=110000 Y=100000 Z=1000 00
00000 10000 00000
00000 00000 10000
00000 00000 00000
00100 000710 00001
A=10100 0 B=10o000 0 C=100000
00000 01000 00000
00000 00000 01000
0000 0 00 0 00 000 0 O
0000 0 00 0 00 000 0 O
I=10000 0 J=100 0 01| K=|l000 -1 0
0000 —1 00 0 00 001 0 0
00071 0 00 -1 00 000 0 O

3.2 Anti de Sitter space

Following [8], let M refer to the 5-dimensional flat space with metric signature

(+,+,—,—,—). In such a space

ds* = d)\? + Pdt* — da* — dy* — d2? (3.3)

= AN + ijda’ da?

7n;; is the Minkowski metric. Consider the hypersurface S, embedded in M;

given by the equation of a hypersphere of ‘radius’ a

)\2 + 77ijl’il’j = 0,2 (34)
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Table 3.2: Commutation relations for the Lie algebra so(2, 3).

T XY Z|A B C| I J K
T 0O0|JA B C|-X -Y -Z|]0 0 0
X|-Ajo -K J|-T 0o 0|0 Z -Y
Y B/K 0 -I|0 -T 0|-Z 0 X
Z|-C|-J 1 oj0 o0 -T]Y X O
A/X|T o 0,0 -K J|JO0O C -B
B|Y T K 0 -I]-C A
c(z|0o o T|-J I 0B -A
riojo 2z -y,o C -B|0 K -J
J|10|-Z 0 X|-C 0 A|-K 0 I
Koy X 0/B -A o0oJ -I 0

It is the maximally symmetric subspace of Mj and is known as anti de Sitter
space or the AdS manifold (this is not the same as an ADS manifold defined
in chapter 4). When acting on the AdS manifold, SO(2,3) is known as the
anti de Sitter group (AdS group). On Sy we can write A as a function of the
other four coordinates. To express the invariant interval (on S;) independent
of the A coordinate, differentiate 3.4 and substitute it into 3.3

(nijl’idl‘j)z

ds* = Th‘jdl’idxj + 2 —
N T

(3.5)

S, inherits natural time and distance scales from R® as follows. The radius of
Sy is a, informally we call it the radius of the universe, hence it makes sense
to define a metres = 1 natural distance unit. It then follows that a/c seconds
= 1 natural time unit, given that ¢, the speed of light, is the natural unit for
velocity. Following Hawthorn [1] we define a = rc so that r is the radius of
the universe as measured in seconds. Accordingly

- rc metres = 1 natural distance unit.

- r seconds = 1 natural time unit.

The operators in table 3.1 can be identified by examining the way in which
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they act on the AdS manifold.

Consider the neighbourhood of the point A = a on S, or equivalently A =1 in
natural units, this is precisely the neighbourhood of #* = 0. In this region the
metric tensor is closely approximated by

xixd
Gij = Mij + ey

(3.6)
Consider applying the group element e’ where 6 is small, to a point in the
neighbourhood of A = 1 (we are using natural units). Such a point is given by

the coordinate vector (1,¢,x,vy, 2)T, where t, z,y, z are small.

10000 0 -1 000 1 1—6t 1
01000 1 0 000 t t+0 t+0
0010O0[+0]0 0 000 r| = T =| =
00010 0 0 000 y y y
00001 0 0 000 z 2 2

The 0t term can be ignored as it is second order in small terms. The group
operation €’ has translated the time coordinate by @ natural units (of time).
Similarly we find that X, Y, Z are related to translation through space, A, B, C'
to Lorentz boost, and I, J, K to rotation.

Let us now consider the basis in which these operators translate an inertial

frame through space, time etc. by 1 ordinary unit (e.g. metres, seconds).
This is the basis {%T, #X, #Y, #Z, %A, %B, %C’,I, J, K}. If we commute the
elements of this new basis we find some of the results have extra factors of
1/c or 1/r than is shown by table 3.2 if we simply substitute in the new basis
elements. In particular the commutation relations between T, X, Y, Z produce
an additional factor of 1/r%, hence in the limit 7 — oo these elements will in
fact commute. Furthermore, the commutator table for so(2,3) reduces to the

commutation relations for the generators of the Poincaré Lie algebra. This

process is called contraction [14] and we say that the AdS group contracts to



21

the Poincaré group as the radius of the universe tends to infinity. In a similar
fashion the Poincaré group contracts to the Galilean group as the speed of
light tends to infinity. This is why the Galilean and Poincaré groups are
functionally equivalent for practical purposes when the velocities involved are
much less than the speed of light. Likewise SO(2,3) and the Poincaré group
are functionally equivalent provided the distance scales considered are much
less than rc metres.

We note also that the AdS metric 3.6 reduces to the Minkowski metric 7;;
as r (and hence a) tends to infinity. The curved anti de Sitter space becomes

the flat Minkowski spacetime as the radius of the universe extends.

3.3 Why s0(2,3)?

The AdS metric permits the existence of closed timelike curves, e.g. the curve
(A et,z,y,2z) = (asinT,acosT,0,0,0), where 7 is the proper time. These
curves contradict the notion of causality hence the metric 3.5 is typically inap-
propriate for the purposes of a cosmological model. However we are not trying
to claim anything about the global structure of spacetime. These closed time-
like curves are then no problem to us since we wish to employ so(2,3) to
describe local symmetry. Indeed locally the causal structure of metric 3.5 is of
the same qualitative nature as Minkowski spacetime, see p. 195 of [9].

We shall assume the parameter r is sufficiently large so that the action
of so(2,3) on spacetime is locally indistinguishable from that of the Poincaré
Lie algebra. We are then free to use so(2,3) as the locally symmetry group
of spacetime for the purposes of classical physics. Hence we shall explore the

following assumption.
Axiom 3.1 The Lie algebra so(2,3) describes the local symmetry of spacetime

At this point one may ask: what benefit is there in adopting assumption 3.1 if
we cannot make any practical distinction? To answer this question we need to

consider quantum mechanics. The symmetry group of spacetime can act not
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just extrinsically, on spacetime itself, but also intrinsically, on the range space
of the wave function of a particle. For example, rotation operators can act
both on the spacetime in which a particle sits, giving eigenvalues of angular
momentum, and on (the range space of the wave function of) the particle itself,
giving discrete eigenvalues of spin (intrinsic angular momentum).

Consider now the set of compatible observables {7, I}. In the terminology
of [13] the operator I (we mean €’) is cyclic (for either group), hence it gives
discrete (spin) eigenvalues when acting on a wave function.

But the operator T from the Poincaré group is a hyperbolic (not cyclic)
operator and so it has a continuous spectrum of eigenvalues when acting on
the range space of a wave function. Since we do not know of a quantum
number with a continuous spectrum which would correspond to this action,
we conclude that this particular element of the group does not act intrinsically.
While it comes as a surprise that this second sort of (intrinsic) action should
exist at all, it is bizarre that it should be allowed or disallowed in a seemingly
unclear fashion.

In the case of SO(2,3), T is indeed a cyclic operator giving rise to discrete
intrinsic eigenvalues. In fact the fundamental representation of so(2,3) is 4-
dimensional with two quantum numbers: intrinsic angular momentum taking
values ﬂ:%, and intrinsic energy also taking values j:% (in natural units).

Solutions to the Dirac equation (fermions) are characterised by the two
quantum numbers, spin and charge. If we identify intrinsic energy as charge
this fits precisely with the intrinsic spectrum of so(2,3). Such a link is quite

reasonable, indeed positrons can be described as electrons travelling backwards

in time, see [27].

3.4 The Lie algebra sp(4,R)

In this section we define the symplectic group Sp(4,R) and consider how it
relates to SO(2,3).
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Definition 3.1 A symplectic form is a bilinear form Q : R* x R* — R
satisfying:
Total isotropy, Q(v,v) =0, Vv € R*; and

Nondegeneracy, if Q(u,v) = 0, Vv € R?, then u = 0.

Proposition 3.2 A symplectic form is antisymmetric.

Proof. The symplectic form (2 is totally isotropic, hence Q(u + v, u + v) =0

for all u,v € R*. But  is a bilinear form

Qu+v,u+v) =Qu,u) + Qu,v) + Qv,u) + Qv,v)

= Qu,v) + Qv, u)

Thus Q(u,v) = —Q(v,u) for all u,v € R O

The symplectic group Sp(4,R) is the Lie group of 4 x 4 real matrices which
preserve a symplectic form. Elements of Sp(4,R) are called symplectic ma-

trices. Consider the matrix

0 0 10

0 0 01
0=

-1 0 0 0

0 -1 00

it defines a symplectic form (with respect to a particular basis) given by
Qx,y) = 27Qy. A matrix A € Sp(4,R) must satisfy ATQA = Q. Similarly
elements X of the Lie algebra sp(4,R) must satisfy (I + X)TQ(I + X) = Q,

or simply (neglecting second order terms)
QX = -Xx'Q (3.7)

Let

A B 0 I
X = and Q=

¢ D -1 0
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where A, B,C, D, 1,0 are 2 x 2 real matrices, in particular [ is the identity and

0 the zero matrix. From 3.7 we can deduce the dimension of the Lie algebra.

T
0 I A B A B 0 I
-1 0 C D C D -1 0
C D ot —AT
= =
—-A -B DT BT

So A= —-DT, B= BT and C = CT. Thus B and C each have 3 independent
entries and the 4 independent entries of A completely determine D (and vice
versa). In total any matrix X € sp(4,R) has up to 10 independent entries,
hence the Lie algebra - and therefore the Lie group - have bases of dimension
10. Table 3.3 gives one such basis, the elements of the basis are given the fa-
miliar names T, X, Y, ... etc. since they commute with each other in the exact

manner prescribed by table 3.2. Hence the Lie algebra sp(4,R) is isomorphic

to so(2,3).
Table 3.3: A basis for the Lie algebra sp(4, R)
0 0 10 0 001
0 0 01 0010
-1 0 00 0100
0 -1 0 0 1 000
10 0 O 0 0 —-10
01 0 0 0 0 0 1
00 -1 0 -1 0 0 O
00 0 -1 0 1 0 0
01 0 O 0 0 -1 0
10 0 O 0 0 0 -1
00 0 -1 -1 0 0 O
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-1 00 0 0 01 0

0 10 0 0 00 —1
c=1 =1

0 01 0 -1 00 0

0 00 —1 0 10 0

0 1 0 0 0 0 01

-10 0 0 0 0 10
J=1 K=1

0 0 0 1 0 -1 00

0 0 -1 0 -1 0 00

Let us call a matrix P satisfying PTQ = QP, an Q-symmetric matrix. If P
is Q-symmetric and M € sp(4,R) then, using the usual notation [, | for the

commutator

Q[M,P] = QMP — QPM = —M"QP — PTQM
=-M"P"Q+P"M"Q
= (-M"P" + PTM")Q
= (—PM + MP)'Q

= [M, P]"Q

Thus [M, P] is Q-symmetric as well which means the 4 x 4 Q-symmetric ma-
trices form a Lie algebra representation of sp(4,R). This representation is
6-dimensional, a basis is given in table 3.4. It is reducible and is the direct
sum of the irreducible representations of dimensions 1 and 5. We have shown
that the 16 dimensional space of 4 x 4 matrices can be decomposed into irre-

ducible representations of dimension 1, 5 and 10 under the action of sp(4, R).

Table 3.4: A basis for the 6-dimensional representation

of the Lie algebra sp(4,R)
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1000 0 0 0 1
0100 0 0 -1 0
I= p=1
0010 0 1 0 0
0001 -1 0 0 O
0 10 O -1 0 0 O
-1 00 0 10 1 00
PTzi PX:§
0 00 -1 0 0 -1 0
0 01 0 0 0 0 1
0 0 0 1 0 -1 0 O
10 0 =10 -1 0 0 0
Py =3 Py=1
0 -1 0 O 0 0 0 -1
1 0 0 O 0 0 -1 0

3.5 The adjoint representation
The adjoint map
ad:g—g
defined by
adx (Y) = [X,Y]

is a Lie algebra endomorphism and therefore a representation of g. The adjoint

map is also linear

adx (fY) = [X, fY] = fIX, Y] = fadx(Y)

where f is a scalar and X,Y, Z are in g. We can build a basis for the adjoint

representation of so(2,3) from our knowledge of how commutation relations
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on table 3.2. Let us consider the operator

o o0 o o o o0 0 0 0 0
o 0 o o0 -1 0 0 0 0 O
o 0o o o o0 -1 0 0 0 O
o 0 o o o o0 -1 0 0 O
2y — o 1 0 0 O O O 0 0 O
o o 1 0 O 0O 0 0 0 O
o 0o o 1 0 0 0 0 0 O
o 0o o o o o0 0 0 0 O
o 0o o o o o 0 0 0 O
o 0o o o o o 0 0 0 O

which acts on 10-vectors (¢, z,y, z,a,b, ¢, i, j, k)T. We know [T, X] = A, hence
ads should map (0, 1,0,0,0,0,0,0,0,0)” to the vector (0,0, 0,0, 1,0,0,0,0,0)%.
This is the function of the 1 entered in row 5, column 2 in ady, the other five
non-zero commutators involving 7" explain the five remaining non-zero entries.

A basis for the adjoint representation is given in appendix A.

3.6 The representation theory of so(2,3)

In this section we briefly summarise some important results from the repre-
sentation theory of so(2,3). These are outlined in [1] which makes use of [7]
and [25].

The Lie algebra so(2,3) is simple, we may therefore construct weight dia-
grams for every irreducible representation (although this is only practical for
ones of low dimension). In particular we will be able to deduce the fundamen-
tal representation of so(2,3). From the fundamental representation one can
‘build’ all other irreducible representations by finding the invariant subspaces
of tensor products of the fundamental representation and its dual.

In the adjoint representation the operators 1" and I are diagonalisable over

C. It can be shown therefore, that the images of these operators in any finite
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dimensional representation will be diagonalisable over an algebraically closed
field. In particular the matrices of T" and I are diagonalisable over any finite
dimensional complex representation.

The operators T" and I form a maximal Cartan subalgebra, viz. the largest
possible set of mutually commuting elements from the basis of so(2, 3), so they
are simultaneously diagonalisable and indeed simultaneously diagonalisable in
any finite dimensional complex representation, which means so(2, 3) has a basis

of simultaneous eigenvectors for 7" and I.

Definition 3.2 If 7 is a representation of so(2,3) on V', then an ordered pair

w=(q,s) is called a weight for 7 if there exists v # 0 in V such that

m(T)v = iqu

m(l)v =isv (3.8)

(the factors of i are inserted to make the weights real and thereby maintain
consistency with the way physicists talk about spin). The vector v is called a
weight vector corresponding to the weight . The set of all weight vectors
for a particular weight together with the zero vector is a vector subspace of V

called the weight space.

From our previous statements we conclude that the weight space gives a basis
for V. We establish an ordering on weights by saying (qi,s1) > (gg,s2) if
g1 > @2 or if ¢ = ¢o and s; > sy. A finite dimensional representation of

so(2,3) is characterised by its highest weight.

Definition 3.3 The degree of a weight in a representation (mw, V') is defined
as the dimension of corresponding subspace (with respect to V') of weight vec-

tors.

In a finite dimensional representation the degree of a weight is calculated by
Konstant’s formula (see Theorem 7.42 in [7]). The sum of the degrees of all
weights gives the dimension of the representation. Weights together with their

degrees can be depicted in weight diagrams, see pp. 13-15 of [1].



Chapter 4

The Hawthorn model

In this chapter we develop what shall be referred to as the Hawthorn model.
This development will closely follow that provided by chapter 2 in [1] since

this is our only source.

4.1 The spacetime manifold

We have examined a few of the representations of so(2,3) and seen that ob-
servation does not rule it out as a candidate local symmetry group. On the
contrary discrete eigenvalues for charge and spin arise quite naturally out of
the fundamental representation. It is now time for us to make mathematically
precise what it means for us to use so(2, 3) to describe local symmetry.

We could tack the Lie algebra so(2, 3) onto an arbitrary manifold, but such
an approach would be unsatisfactory. We wish to attach the Lie algebra to a
manifold in a natural fashion so that it arises from the structure of the manifold
itself. In particular the local symmetry at every point on the manifold ought
to be described by the Lie algebra. The manifold must give rise to the tangent
space so(2,3) at every point, so in order to make things work properly and
naturally, it is best for the manifold to be of the same dimension as the Lie
algebra.

It may seem that our choice of a 10-dimensional manifold (as opposed to

the usual 4-dimensional spacetime) will create more problems than it is worth
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when it comes to explaining away the extra six dimensions. But this is not
what we are trying to do here. Rather than bothering ourselves with how
to abandon these extra dimensions once they have served a given purpose, we
wish to embrace the extra dimensions as physical dimensions - those of rotation
and Lorentz boost. We shall call them Lorentz dimensions. Our manifold is
thus the 10-dimensional manifold of inertial frames. To properly locate an
event on this manifold one must specify the orientation and instantaneous
reference velocity of the inertial frame (in addition to the position and time
coordinates).

We are immediately confronted with a conundrum when we consider cur-
vature. Curvature describes the failure of parallel transport to commute - we
are not guaranteed things will look the same if we take an alternate route to
the same point on the manifold i.e. translations do not commute. But the
Lie algebra itself also describes the nature of translation’s failure to commute.
It seems we have two different mathematical structures competing to describe

the same thing. To resolve this clash we must first develop some clear notation.

4.2 The covariant derivative

To do physics we need a means by which we may compare tensor quantities at
two different points of the manifold. On a curved manifold partial derivatives
will not (in general) suffice for this task as they do not transform like tensors.

We define a more general operator satisfying some familiar conditions.

Definition 4.1 A tensor derivation D on a manifold M is a linear map
D : tensors — tensors that obeys the Leibniz condition on tensor products

and commutes with contraction (of the tensors it operates on).

Definition 4.2 An ordinary derivation is a tensor derivation which maps

scalar functions to scalar functions.

There is no guarantee that the composition of tensor derivations will obey the

Leibniz condition, and hence be another tensor derivation. However we can
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establish the following proposition.

Proposition 4.1 If D and E are tensor derivations, then [D,E] is also a

tensor derivation where (D, E](X) = D(E(X)) — E(D(X)).

Proof. For tensor derivations D and F, tensors X and Y and scalar f we need
only to show that [D, E] is linear, Leibniz and commutes with contraction.
Linearity
(D, E)(fX) = D(E(fX)) — E(D(fX))
= D(fE(X)) - E(fD(X))
= [D(E(X)) - fFE(D(X))

= [ID, E](X)

[D,E)(X +Y)=D(E(X+Y))— E(D(X +Y))
= D(E(X)+ E(Y)) - E(D(X) + D(Y))
= D(E(X)) + D(E(Y)) — E(D(X)) — E(D(Y))
= [D, E](X) + [D, E](Y)
Leibniz
[D, E|(XY) = D(E(XY)) — E(D(XY))
= D(E(X)Y + XE(Y)) — E(D(X)Y + XD(Y))
— D(E(X)Y) + D(XE(Y)) — E(D(X)Y) — E(XD(Y))
= D(E(X))Y + E(X)D(Y) + D(X)E(Y) + X D(E(Y))
— E(D(X))Y — D(X)E(Y) — E(X)D(Y) — XE(D(Y))
= [D, E)(X)Y + XD, E|(Y)
Contraction
The tensor X may contract in some fashion (either with itself or with another
tensor Y). The operator [D, E] can be reduced down to a combination of a
series of operations, all of which conserve contraction. Hence [D, E] itself will

also conserve contraction. Thus the map [D, E] is seen to satisfy the three

properties of a tensor derivation. O
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Definition 4.3 Let D be a tensor derivation and f a tensor of rank zero.

Then D(f) is a tensor of rank (}), say. We define (}) to be the rank of D.

J

We can therefore write D using index notation: Djgig*"3".

Proposition 4.2 Every tensor derivation of rank (%) maps tensors of rank ()

i—l—k)'

to tensors of rank (3

Proof. Let the tensor derivation D be of rank () and the tensors f and T be

of ranks zero and (¥) respectively. Using the Leibniz condition
D(fT) = D(/)T + fD(T)

The first term (on the RHS) clearly has rank (;i’f), hence so does the second

term. Given that f is of rank zero it follows that D(7") is of rank (;ﬁ) O

Proposition 4.3 If D s a tensor derivation and S is any tensor, then S® D

is a tensor derivation, where (S ® D)(T) =S & D(T).
Proof. Similar to that of proposition 4.1. U

The forthcoming propositions contribute to determining what a general tensor

derivation might look like.

o]
Oxt

Proposition 4.4 D — a'-2; is a tensor derivation of rank (3) which maps all
functions to the zero function, where D is a tensor derivation of rank (3) and

a’ are (real) vector components.

2]
oz’

Proof. Every ordinary derivation a’-Z; can be extended to a tensor derivation
of rank (J) by allowing it to act on the components of a tensor. Conversely, ev-
ery tensor derivation D of rank (J) acts on functions as an ordinary derivation.

Hence in any coordinate system we can find a vector field a’ such that for any

function f, D(f) = a'5%(f). It follows that D — a’2% is a tensor derivation

of rank (§) and (D — aiaii)(f) = 0. O
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Proposition 4.5 Let E be a tensor derivation of rank (J) with E(f) =0 for

all functions f on M. There exists a tensor Fj- of rank (}) such that

alo am X Qs...0m Bt va1as...am
E(Xﬁllﬁj Z F 51152 o FﬁtXﬁll---%t---ﬁn
t

Proof. If v is a vector field and f is a scalar field on M then E(fv) = E(f)v+
fE(v). But E(f) = 0 hence E(fv) = fE(v) which means E acts linearly on
the tangent vector fields of M. Such an action is given by contraction of a
vector field with a tensor of rank (7) (local matrix multiplication).

Consider the vector fields {e;} which form a basis of the tangent spaces
at each point of M. We can thus write the vector field in terms of this basis

v = v'e; in order to explicitly find this tensor. Thus
E(v) = BE(v'e;) = v'E(e;) = v'T’e;
for some IV, If we describe the tensor simply in terms of coordinates
E(v) = v'TY
Since
0= E(uv') = E(u)v" + wE(v') = E(u)v" + u; T’
for all v, it follows that

It is an exercise in mathematical induction to show this for a tensor of arbitrary

rank. O

Conversely, if ' is a tensor of rank (}), then T'(?) defined by

D) (XG5 =) TarXgstger =) Thxges-an
S t

is a tensor derivation. Thus we have shown that (D — ai%)(f) =-I'()(f),

therefore all rank (J) tensor derivations are of the form

8
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Proposition 4.6 Every tensor derivation of rank (') is of the form

. 0
Al Am AL Amt Al Am
Dﬂl -Hn aﬂl---ﬂn a 7 Fﬂl Hn (*)

where

)\1 Am a1Qa2...m Y\ __ Al Amas ay...Qs...0m Al Amﬁt a109...0um
Do () (Xgigzgm) = ) Tpeamae Xgister: ZF B S

S

Proof. Each component of DAl um is individually a general tensor derivation

of rank (J). O
Of importance to us are the tensor derivations of rank (Y), viz.
0
D; =al — -+ L (%)

In particular we shall work with a distinguished covariant derivative V; which
is the tensor derivation given by af = li Because of the way it appears in the

covariant derivative, we identify Ffj as the affine connection.

4.3 The Bianchi identities

Let M be a manifold with distinguished covariant derivative V;. The commu-
tator of two tensor derivations is (as we have shown) a tensor derivation, in

particular [V;, V] is a tensor derivation of rank (3). We may thus write

0 )

If we let both sides operate on a function f

of of of
—rga k+rka T,’;a

and therefore

T = —(I = T5)
which is the negative of the torsion tensor as it is usually defined. Similarly
by applying [V;, V,] to a vector field v* and comparing the terms which do

not involve partial derivatives of v*

ot O o,
UT T Pyt Qi

+ 3T, — T3, + TTY,
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We see that KF*

17 15 the usual Riemann curvature tensor plus an extra torsion

term - in the torsion-free case it is the Riemann tensor.

Smooth operators will obey the Jacobi identity

[V, Vj], Vil + [[Vj, Vil Vil + [V, Vil Vj] =0

We can use this to deduce the well known Bianchi identities which place crucial
constraints on curvature. However, evaluating the Jacobi identity by express-
ing [V;, V,] in terms partial derivatives is not a nice way to proceed with the

calculation so we seek to express [V, V;] in terms of V. We therefore define

Vi, Vi = TV + Ri; (2) (4.2)

where the coefficients TZ’; are the same as those in equation 4.1 because covari-

ant and partial derivatives act identically on functions. From this definition

0 ¥ *
T+ Kig (1) = TV + By ()

a * *
= Tllja—a:k + TZI;Fk () + Ry (5)

= R () =Ki; C) =T, ()

It follows from the linearity of the operators Ky; (1) and T);T'; (1) that R;; (F) is
also linear. Letting both sides operate on a vector v* we find that R, is the

usual Riemannian tensor even when the manifold is not torsion-free. Having

attained an expression of the commutator of nablas in terms of nabla we shall
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now derive the Bianchi identities. Consider the first term of the Jacobi identity

[V, Vi, V] (07)
= [T;Vi+ Ri; (1), Vil (v")
= (T};ViVi + Rij (1) Vi, = Vi T}, Vi = Vi Ry (1)) (v%)
= T Vi(Vi(v®) + Rij (1) (Vi(v7)) = Vi(T;Vi(v®) = Vi(Ry; (1) (v7))
= T, Vi(Vi(v")) = R, Vi(v®) + R V(%) = Vi(T5) Vi(o") = T V(Vi(07))

— Vi(R"

zjs)

v — R

VL]

Vk(vs)

= Tzlg Vi, Vi](v%) = R}, Vi(v®) — vk‘(j—‘ilj)vl(vx) — V(R )V

ijk iJs

= T;(TikVu + R () (v") = RiypVi(v”) = Vi(T5) Vi(v") = V(R )v°

= (T T — Vi(T3) = Rij) Ve(v”) + (T Ry, — Vi(RE)) (0°)

If we cyclically permute the indices i, 7, k in this expression we get the other
two terms from the Jacobi identity. By the Jacobi identity, the sum of these
three expressions is zero. We can now use the coefficient of V;(v*) to get the

first Bianchi identity

Ty Tk — Vi(Ty) = Ri 0 0 (4.3)

ijk =

Here we have used the notation Q;;x (@5k) (0 to abbreviate Qiji +Qrij+Qjri = 0.
Note the relation “*) sums together permutations of the LHS only. Similarly

the coefficient of v* gives the second Bianchi identity

T\ R, — Vi(RE,) @8 0 (4.4)

ijs) =

4.4 Local Lie manifolds

Consider the manifold M which is also a Lie group. A covariant derivative
on a manifold can be defined in a natural manner from the action of the Lie
algebra on the Lie group. In such a case the components of the torsion tensor
TZ’; will be precisely the structure coefficients cfj Hence the torsion obeys the

Jacobi identity 15T, (@) 0. Given that the Lie algebra structure is the same
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anywhere on the manifold (the Lie algebra is the tangent space at any point)
it follows that the torsion tensor is invariant, V;(T}%) = 0 everywhere.

Our interest is in manifolds possessing the aforementioned structural prop-
erties but without stipulating that they bear an entire Lie group structure.

More precisely

Definition 4.4 A Local Lie manifold is a manifold M together with a

covariant deriwative Vi, where the torsion TZ’; satisfies

Vi(TE) =0 (4.5)

Ty, 90 (4.6)

On a local Lie manifold the torsion gives a Lie algebra structure on each
tangent space. This Lie algebra is the same across the whole manifold. The

trace of operators from the adjoint representation defines the killing form
kij =TT,
which is a bilinear form. It is invariant
Va(ky) = VoTGTL) = VoT§)Th, + TV (TL,) = 0

If the Lie algebra is semisimple, the bilinear form will be non-degenerate and
define a pseudometric on the manifold.

On a local Lie manifold the first Bianchi identity reduces to

R, @H 0

4.5 The Hawthorn universe

Axiom 4.7 The universe of the Hawthorn model is a local Lie manifold for

the Lie algebra so(2,3). We call such a manifold an ADS manifold.

Note that an ADS manifold is different from the AdS manifold talked about

in chapter 3. We interpret the ADS manifold as the manifold of local inertial
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frames, which is ten dimensional. Our motivations for choosing so(2, 3) as the
local symmetry group (for the local Lie manifold which we have postulated

describes our universe) are summarised below.

e 50(2,3) contracts to the Poincaré Lie algebra, hence they are locally

indistinguishable.

e As s0(2,3) is semisimple it defines an intrinsic distance scale (unlike the
Poincaré Lie algebra). Thus a non-degenerate metric naturally arises.
Using the basis in table A.1 the metric k;; is diagonal with values (in
natural units)

krr =kir =kj; = kxg = —6
kxx = kyy = kzz = kaa = kpp = kcc =6

This metric agrees with the Minkowski metric (up to a factor of 6) on

the spacetime dimensions.

e Four component spinors arise naturally via the action of sp(4,R) =

s0(2,3).

On an ADS manifold parallel transport, described by the connection Ffj is
neither completely symmetric nor antisymmetric (with respect to the covariant
indices). The non-commutativity of the symmetric part of Ffj is encapsulated
by the Riemann curvature tensor (which describes curvature) whilst the non-
commutativity of the antisymmetric part constitutes the torsion tensor which
we have identified as the Lie algebra structure, which in turn describes the
failure of translations to commute. So the apparent clash in the preliminary
section of this chapter is resolved once we realise we are dealing with two
separate objects, namely curvature and torsion.

On an ADS manifold curvature is not merely between the spacetime di-
mensions, but the Lorentz dimensions also. For this reason the forces being
described by such curvature are expected to be more than purely gravitational

in nature. To progress with this model we need to consider how matter should
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be described in this universe, in particular fermions, which arise from the
Dirac equation. This will require a theory of spinors on ADS manifolds. The

following definitions will be employed.

4.6 V-tensors

Let V' be any vector space with basis {e,} and M a manifold. A V-vector
field on M is defined to be a map v : M — V. A typical V-vector field can
be denoted by its components v* with respect to the basis of V.

The dual of a V-vector field is a V*-vector field so that if {e,} is a basis
of V, then {e“} is a basis of V* where e*eg = 15. Similarly a V*-vector field
is denoted by its components u, with respect to this dual basis and maps v®
to u,v® via the summation convention.

The tensor product (the most general bilinear operation) of a U-vector
field and a V-vector field is a U ® V-vector field. If {e,} is a basis of U and
{fs} is a basis of V then {e, ® fz} is a basis of U ® V and U ® V-vector fields
can be denoted by their components w®® (with respect to this basis).

A pointwise linear map from U-vector fields to V-vector fields is a V ® U*-
vector field or a Hom(U, V')-vector field.

A V-tensor of rank (") isaV® - @V V*®- - ® V*vector field.

4.7 X-tensors

If X is a set of vector spaces then an X-tensor is a X; ® - - - ® X-vector field
where either X; € X or X/ € X for each ¢ € [1,k] C N. One can talk about
the V-rank of an X-tensors by considering each V' € X, however this may be
non-unique if the vector spaces in X are related in some way. So V-tensors
areX-tensors with X = {V'} and ordinary tensors are V-tensors where V' is the
tangent space of the manifold. The tensor product of X-tensors is again an
X-tensor, similarly the set of all X-tensors is closed under Hom and dual.

If we require that X includes the tangent space of the manifold then all
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ordinary tensors are X-tensors, thus X-tensors are indeed extended tensors
(abbreviated extensors).

Consider now the case where X consists of the tangent space 7); and one
additional space V. The more general situation where X contains the tangent
space and a collection of additional spaces is mathematically straightforward,
but notationally cumbersome. It is simply stated that the following results
can be extended without (mathematical) difficulty to this more general case.

If an X-tensor has ordinary rank (;') and V-rank (?) then we say it has

X-rank (7). Such a tensor can be denoted by

Xil--.im)\l---)\p GTM®..®TM®T]\Z®.®TJ\Z®y®.®‘C®y*®..®Vi

J1e-Jnpl- fbq

Vv v/~

m times n times P ti?nes q ti?nes
in terms of a basis of V' and a coordinate system on M. Of course if V is
related in some way to 7, then X may have more than one X-rank, an obvious
example is when V' = 7;,. We adopt the convention that Greek indices refer
to the fundamental space V' and Latin indices give components with respect

to a coordinate system on the manifold.

4.8 The covariant derivative of X-tensors

We now extend previous definitions and propositions in order to deduce the
manner in which the covariant derivative of our local Lie manifold will act on

X-tensors.

Definition 4.5 An X-tensor derivation on a manifold M is a map from
X-tensors to X-tensors which satisfies

1. Linearity.

2. The Leibniz condition on tensor products.

3. Commutes with contraction.

The trace of Hom(V, V) or V*® V maps X§ to Yo X&, and is basis indepen-

dent. This can be extended (via tensor product) to an operation on X-tensors
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which we shall call contraction of Greek indices. Most of the propositions from

section 4.2 can be extended quite easily and so we shall simply state them here.

Proposition 4.8 If D and E are X-tensor derivations, then [D, E| is also an

X-tensor derivation.

Definition 4.6 Let D be an X-tensor deriwvation and f an X-tensor of rank
(8:8). Then D(f) is a tensor of rank (;Zb), say. We define (;Zb) to be the rank
of D.

i,m

Proposition 4.9 Every X-tensor derivation of rank (7)) maps X-tensors of

rank (f;}) to X-tensors of rank (;f;:f J:;p ).

Of course for the same reason that an X-tensor may have a non-unique
rank (if V' is linked in some way to the tangent space) an X-tensor derivation

may also have more than one rank.

Proposition 4.10 If D is an X-tensor derivation and S is any X-tensor, then

S ® D is an X-tensor derivation, where (S @ D)(T) =S ® D(T).

Employing a similar version of previous arguments for an X-tensor deriva-

tion D, the difference D — a’-% is an X-tensor derivation of rank (8:8) which

maps all functions to the zero function.

Proposition 4.11 Let E be an X-tensor derivation of rank (8:8) with E(f) =
0 for all functions f on M. There exists an X-tensor Fj- of rank (%8) and an
X-tensor 'y of rank (81) such that E = T (%), where I' (%) operates on Greek

indices in the obvious way.

0,0
We now have an X-tensor of rank (7))

0 .
@ﬂLPk(*)

which functions as a covariant derivative of X-tensors, defining for us parallel

transport, not only of tangent vectors, but also vectors in V.
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4.9 Attaching spinors to an ADS manifold

We are interested in X-tensors which are of physical significance. In particular
we expect there will exist a representation of so(2,3) on the space V. Now
‘combining’ representations of a Lie algebra via @, ®, Hom or dual will yield
another representation of the Lie algebra. Hence if V' is a representation of a
Lie algebra g then g will act quite naturally on X-tensors for X = {7y, V'}.
The Lie algebra so(2,3) is isomorphic to sp(4,R) and has a faithful rep-
resentation on R*. The extension of this representation to C* is fundamental
as all other finite dimensional representations of so(2,3) can be generated as
subspaces of tensors products of this representation and its dual. If we choose
the representation on the space V' to be that of sp(4,R) on R*, then the set
of all X-tensors will include maps from the manifold into arbitrary finite di-
mensional representations of so(2,3). Furthermore we shall be able to identify
the tangent space with its representation on R*. We do this by asserting the

existence of an %-tensor T of rank ((1)%) such that

TATh =TT = TiTh, (4.7)

where TZ'; are the Lie structure constants of so(2,3). The name T is chosen
so that we may write the action of the Lie algebra on any X-tensor as T; (%)
where either T} or T is used depending on whether Latin or Greek indices
are acted on.

The matrices fo are elements of the Lie algebra sp(4,R) and preserve

a symplectic form. We must therefore also require an antisymmetric, non-

degenerate X-tensor of rank (8:3) denoted s,4 satistying
Ti (2) (sap) = Tiasrs + TinSax = 0 (4.8)

The conservation of this symplectic form is what characterises the Lie algebra
sp(4,R).
The trace form associated with this representation is g;; = Tfle‘ﬁ Since

so(2,3) is simple, an invariant bilinear form on any representation is unique up
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to a scalar multiple, i.e. g;; ought to be some multiple of k;;. Upon examination
of the particular representations we do indeed find that k;; = 6g;;. We choose
to use the trace form g;; rather than the Killing form for our metric on the
manifold since it shall free us from needlessly carrying about trivial constants
in subsequent processes. We are free to choose either for our metric since the
factor of 6 can easily be accommodated by a different choice of units. We de-

fine the contravariant form of the metric tensor g” by the equation g" g;; = 1.

We have required that on an ADS manifold the covariant derivative conserve
the Lie algebra structure and that this structure is equal to the torsion. To
extend this definition to a manifold with X-tensors we must consider if there
are further conditions we want to place with respect to how so(2,3) acts on
other X-tensors. We shall define some terminology as we consider the two

types of action we have defined.

e The local action of so(2,3) on the manifold is that specified by T; ()

as applied to X-tensors. An X-tensor X is said to be locally invariant

if T; () (X) = 0.

e The global action of so(2,3) on the manifold is that specified by the
covariant derivative V; as applied to X-tensors. An X-tensor Y is said

to be globally invariant if V;(Y") = 0.

e An X-tensor is said to be totally or fully invariant if it is both locally

and globally invariant.

4.10 Extending the physical assumptions

A local Lie manifold can thus be defined as a manifold together with a covari-
ant derivative where the torsion is totally invariant. Let us investigate upon
what physical basis assumptions 4.5 and 4.6 stand in the hope that this would

expose how we might properly extend these assumptions now that we have
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spinors defined on the manifold. A similar investigation can be found in [2].

In general relativity the metric tensor g;; is assumed to be globally invari-
ant (in the sense that we have defined), see [3]. This ensures the associated

bilinear form, in particular the infinitesimal interval
ds? = gijdmida:j

is invariant with respect to parallel transport. The bilinear form can distin-
guish between spacelike and timelike coordinates, so the global invariance of

gi; means this distinction will be conserved under parallel transport.

Local invariance of the torsion means TZ’; defines a Lie bracket i.e. the Lie
algebra structure. The metric we have chosen to use on the ADS manifold is
generated from the Lie structure, viz. g;; = %TZZ - Thus global invariance of
gi; is a consequence of our (hence stronger) assumption that TZ’; is globally in-
variant. The equation V,,(T};) = 0 means that T}, and hence the Lie bracket
which it defines is conserved under parallel transport. This means that if
[X,Y]| = Z for tangent vectors X, Y, Z at any point, and we parallel transport
these to obtain tangent vectors X', Y’ Z" at another point then [ X' Y'] = Z'.
The Lie structure provides more information than the metric, it allows us to
distinguish between e.g. a displacement and a boost coordinate. We expect
that to be able to identify the nature of our coordinates on an ADS manifold.

It therefore seems physically reasonable to require that such an identification

is conserved under parallel transport.

The local invariance of T} expressed in equation 4.7 follows from the fact
that fo describes the action of the Lie algebra on a given space. Let us refer
to the representation on this space as the spinor representation. Assuming
global invariance of T2 means the action of the Lie algebra on spinors will be
conserved under parallel transport. More specifically if ¢ = X (1)) for tangent

vector X and spinors ¢ and 1) defined at some point, then the parallel trans-
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port of these quantities X', ¢’ and ¢/’ will satisfy ¢/ = X’(¢') at an adjacent
point. This assumption can be viewed as allowing the local and global actions

on spinors to commute, an idea we choose to adopt.

Axiom 4.12

Vul(Th) =0

Now the total invariance of the metric g;; = foTf‘ﬁ follows from the total in-
variance of 7). Indeed the total invariance of TZ’; = gktTw(TMTj}; —T; ) is

also a consequence of axiom 4.12 together with requirement 4.7.

Up until now we have talked about X-tensors with Greek indices without
considering how we might raise or lower these indices. The candidate quan-
tity for this job is the bilinear form s,g (and its inverse). We must however
be conscientious about our ordering of indices so as to avoid unsolicited neg-
ative signs (due to the antisymmetry of s,5). Define s* by the equation
19 = 55,4\ = $Ms) where 17 is the identity map. The convention we adopt

for raising and lowering indices shall be to
e lower indices on the left: v, = saﬁvﬁ )
e raise indices on the right: v® = v35°®

thus raising and lowering are inverse operations. However our current assump-
tions do not guarantee the process of raising/lowering a Greek index will be
conserved under parallel transport, viz. V,,(v*) will not equal V,,(vg)s”® in
general. We do not wish for the raising or lowering of a Greek index in a
globally invariant equation to destroy its invariance, hence we make the as-

sumption

Von(Sag) = 0 (4.9)

Furthermore, when considering the decomposition of the space of spinor trans-
form in chapter 5 we shall identify s,s as an intertwining map. (Intertwining

maps are globally invariant, see section 4.12.) We shall later find (in chapter
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7) that assumption 4.9 turns out to be too rigid as it does not permit the

existence of Maxwell’s equations on an ADS manifold.

4.11 Higher order representations

In this section we generalise our previous work to consider all finite dimen-
sional, irreducible representations of the so(2,3). We extend the set X of
vector spaces (used to define X-tensors) so that it includes all other finite
dimensional irreducible representations of the Lie algebra. Since all finite di-
mensional representations of so(2, 3) can be constructed from the fundamental
representation it follows that any X-tensor can be built from tensor products,

direct sums and duals of vectors and spinors.

If v* is a vector into one of these representations then the Lie algebra acts

on v> via the matrices T} (a generalisation of T}% and T?). These matrices
must satisfy

> O S0 _ kS
T6T;) — 1T = 15515

In order to show that T is in fact globally invariant consider the following

theorem.

Theorem 4.13 If the local action T; () and global action V; commute and
are defined on X-tensors U and V', then actions which are defined on U &V,

UV and V* will commute with each other.

Proof. The proof is routine for the tensor product and direct sum cases.

TG (V;Ue V) =T () (V;U) & V;(V))
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TG (Vi(Ue V) =T:() (V;(U) @V + U V,;(V))
=T () (V;0)@V)+ T (0) (U Vi(V))
=T, () (Vi(U) @V + V(U)&T; (7) (V)
+ T, ) V;V)+UT () (V;(V))
= V(L) U)@V+Ti () (U)® V(V)
+Vi(U)@Ti (D) (V) + U V(i () (V)
= VT, (U)QV+UT (5)(V))

= V(LU V))

It remains to show that 7; (¥) and V; commute on the dual space V*. For a

general X-tensor derivation D and X-tensors ¢ and v

D(¢v) = D(¢)v + ¢D(v) (4.10)

we are interested in X-tensor derivations applied to ¢ so we shall rearrange

equation 4.10

D(¢)v = D(¢v) — ¢D(v) (4.11)

Let p=V*andv=V,s0¢:V — R hence ¢pv € R. We consider the X-tensor

derivation T; (%).

T (2) (@)v = Ti (0) (9v) = ¢Ti (7) (v)
= —¢T; (7) (v)

since the local action on scalars is trivial. And the X-tensor derivation V

Vi(@)v = V;(pv) — ¢V;(v)
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Therefore

(VT C)(@)v = V;(Ti (5) (6))v

so the local and global actions commute on V*, which completes the proof. [

All X-tensors are built from vectors and spinors using these operations and the
local and global actions on vectors and spinors commute. Hence by theorem

4.13 the local and global actions on general X-tensors must also commute, i.e.

4.12 Intertwining maps

Any irreducible representation is a direct sum of tensor products of the fun-

damental representation. We use X-tensors s§'*?*" and s% ., . to alternate
between these descriptions.
Y a1ag...an X
r = nsalag...an (412>
gOrO2an = g g0 Cn (4.13)

These tensors define intertwining maps between Lie algebra representations,

the composition of these gives either the identity map

¥ o100..0n X
]'A - SA salag...an
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on the irreducible representation, or a projection map

Hﬁ1ﬁ2..ﬂn — Sglﬁz--ﬂn b

ajag...0p Salag...an

onto the corresponding component of the tensor space. Intertwining maps de-
scribe an equivalence between representations. This is essentially a relabelling

and ought to commute with the local and global actions of the Lie algebra

Ti (2) (s ) =0 (4.14)
T; (2) (S%iasan) = 0 (4.15)
Vo (5810200 ) = ) (4.16)
V(S 105..an) = 0 (4.17)

4.13 Summary

In this chapter we have assumed that our universe is an ADS manifold, viz.
a local Lie manifold for the Lie algebra so(2,3). This means we have cho-
sen to use SO(2,3) (over the Poincaré group) as the local symmetry group
of spacetime. Following this decision we have built up a sufficiently elaborate
mathematical structure upon which we might formulate physical theories. The

physical assumptions included can be summarised as follows.

There exists a local action of the fundamental representation of so(2,3) =

sp(4,R) on the space R* which is locally invariant

B A B X __ kB
T‘i)\T‘ja - Crj)\T‘ia - T‘ikaa

There also exists a global action V; on the space R* which defines the connec-
tion I'?_ that describes the parallel transport of maps from the manifold into

the space R%. The global action satisfies

Vi, V] = TV + Rij (3)
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where R;; (¥) is a linear map defined on V' at each point. These local and

global actions commute

Vl(T2) =0

We have a globally invariant bilinear form on R* which enables us to raise and
lower spinor indices (the components of vectors from the spinor representation)

in a manner that is consistent with parallel transport

Vm(Saﬁ) =0




Chapter 5

Representations of Low

Dimension

Following on from the mathematical framework which was developed in the
previous chapter, we now turn our attention in particular to the representations
of low dimension. We shall follow chapter 3 in [1] and [2] which give a more
extensive investigation of the low dimensional representations of so(2,3). We

begin by clarifying some terminology.

e The word tensor shall now be used to refer to a general X-tensor, where
the set X contains all the irreducible representations of so(2,3) as well

as the tangent space of the ADS manifold.

e The word scalar refers to a tensor associated with the trivial represen-
tation. Scalars are denoted by the index o although we typically denote

them without indices (unless we find it useful to do so). So f, = f = f°.

e The word vector refers to a tensor associated with the (regular) 10-
dimensional irreducible representation. Vectors are denoted by lower-
case Latin indices; e.g. v’ or v;. If we need to use the word vector to
refer to something other than a 10-vector, the context shall make this

clear.
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e The word spinor refers to a tensor associated with the 4-dimensional
irreducible representation sp(4,R). Spinors are denoted by lower-case

Greek indices; e.g. v* or vg.

e The word versor refers to a tensor associated with the canonical 5-
dimensional irreducible representation. Versors are denoted by upper-

case Latin indices; e.g. v4 or vp.

5.1 Spinor transformations

We seek to find intertwining maps for a smooth decomposition of the 16-
dimensional space of spinor transformations {Xg}. This will reflect the de-
composition of 4 x 4 matrices into irreducible representations carried out in

chapter 3.

e The set of X-tensors {T)j;} span a 10-dimensional irreducible subspace
of {X§} under the local action. This representation is isomorphic to the
regular one. If we choose for our basis the matrices Tjj; we can write

down intertwining maps

Sip = Lig

"% = g"'T
along with the projection and injection maps

ki
%ﬁs’ =g ﬂ%Tlgﬁ

1= " T3},

e The fully invariant transformation T, = %1%‘ provides a basis for the 1-
dimensional irreducible component of { X§} and behaves as a trivial rep-
resentation under the local action on spinor transformations. Elements

of this representation will be denoted as scalars. We have intertwining
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maps
(0% 1 (0% (0% (0%
s5=515 (or s5="Tcp)
1 [} [e]e]
sg = §1§ (or s 5 =g Tfa)

and projection/injection maps
Bl (or gTHTY)
1
o __ a1fB __ oo 3
1° = 11510‘ =1 (or g™ THTL)
where is the trace form g., = %Tfa and the equation ¢°°g., = 1 defines
g°°, the inverse of the trace form, although these definitions are trivial

since goo = 1.

We choose a basis {135} for the remaining 5-dimensional irreducible
component of {Xg}. This defines for us the 5 matrices T'§;. Since they
map trivially onto the trivial and vector components we have Tf{ﬁlg =

T4, = 0 and T4,T, ¥ = 0 respectively. We now define
=N (5.1)
9AB ABt Ba :
which we use to construct the intertwining maps

sap=Tas (5.2)

SEst = QABTﬁa (5.3)

and projection/injection maps

%fs’ = QABT,Zang (5-4)
14 = g*PT5, 785 = 9*P gnc (5.5)

Equation 5.5 shows that g4z is non-singular with inverse g4Z. The total
invariance of these intertwining maps necessitates the total invariance
of T'{s and hence gap and its inverse g2B. So we can use ¢g*f and
its covariant counterpart to raise and lower versor indices. The total

invariance of T4, defines the local action T} by the equation

T; (:) (TXCB) =0
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and the connection I'?, which describes the parallel transport of versors

is defined by the equation

The sum of these three projection maps is the identity map

a10 o (67 1 a10 (o2 (67
1515 = gleléTkﬁ + 11515 + g*PT, BB (5.6)

5.2 Two component spinors

We could similarly perform the decomposition of the space of tensors with two
contravariant spinors indices { X’} into irreducibles of dimension 10, 5 and 1.
We assume the 1-dimensional irreducible component is a scalar representation
with intertwining map sg5 @ X @ — X°. Given that intertwining maps are
totally invariant, this must define a totally invariant bilinear form for spinors.
We can therefore identify s.5 as s; 5 since they also transform in the same
way, lending support to assumption 4.9. Indeed in order for us to relinquish
assumption 4.9 we would have to reinterpret this 1-dimensional irreducible

component as something other than a scalar representation.

5.3 Casimir identities
The quadratic operator
T2+ X2+ Y2 4+ 2P+ A2+ B2+ C?P -1 - P - K?

commutes with every element in {7, XY, Z, A, B,C,1,J, K}. It is called the
quadratic Casimir operator. Such an operator will be scalar in every ir-
reducible representation. This gives an identity for every irreducible represen-

tation. We call the collection of these identities the Casimir identities. We
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give some of the low dimensional ones here.

y 5
9T T = 5 - 13 (5.7)
gITRTY =415 (5.8)
T T =61, (5.9)

5.4 The reduced curvature tensor

The curvature tensor R;; (}) can act on vectors or spinors and is described by
the tensors R}, or Rga respectively. We can again use the Jacobi identity
to derive the Bianchi identities by acting on a spinor (instead of a vector).

The first Bianchi identity remains the same, but the second gives a new result

involving the curvature tensor with spinor indices

T.Rj., — Vi(R,) @ 0 (5.10)

ijo

We call RZQ the spinor curvature tensor. Using equation 4.2 we can ex-
press R;; () in terms of covariant derivatives only. It then follows that any
globally invariant quantities will be invariant with respect to R;; (}) as well.

In particular

Rij (2) (sap) = 0

Ri; (1) (Tjo) = 0
which leads us to the following theorem.

Theorem 5.1 There exists a tensor Rs such that R> = Rs.TP

ijo ij 7 sa

Proof. Since Rj; (¥) (sq3) = 0 this means that R’ is a matrix in sp(4, R),

ijo

for fixed 7 and j. Therefore we can write Rma as a linear combination of basis

clements of sp(4,R). Hence R’ = R5.T5 . O

(yre’ 1] sa”
The strength of this result is displayed in the following theorem.

Theorem 5.2 If R}, is defined as above then R, = RiTy,

]
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Proof. R;; (%) (T.) = 0 hence it follows that

8 _ pb &
jok]_;fa - Rz’j)\Tk)\a - RiAjaTk)\
= Rfj(Tsﬁ)\Tk)\a - Ts)\aTkﬁ)\)
= Rij;kﬂl?x

Since T}, is generally non-zero, we conclude that R, = R3TY. O

These results may be extended to all irreducible representations of so(2,3)
so that Ry; (1) = RiT; (1) in general. We call R} the reduced curvature

*

tensor. We can write the Bianchi identities for the reduced curvature tensor.

s
i sk =

RisTfk + Vi(Ré'k) (k) 0

We now consider contractions of the curvature and reduced curvature ten-
sors since the properties of these tensors are of paramount importance if one is
interested in building a theory of gravitation on an ADS manifold. We name

these contractions

The curvature scalar R = R;; &l
The curvature vector R, = jo
The Ricci tensor Rij = R?bT]?’a

Employing the Bianchi identities we verify the following results.

Proposition 5.3

1) The Ricci tensor is symmetric.
2) Vi(Rj;) =0

3) Vi(R) = 2V*(Ru)

See pp. 52-53 of [1] for a proof of these results. The last result here is signifi-

cant. It shows that the 10-dimensional generalisation of the Einstein tensor

1
R;; — §9in

is divergenceless. It is the zero divergence of the ordinary Einstein tensor which

is a necessary condition for its involvement in the Einstein field equations.



Chapter 6

The Dirac equation

After developing and exploring our mathematical framework let us now con-
sider how the equations of physics sit on our manifold. In particular this

chapter shall give its consideration to the Dirac equation.

Let us consider the usual (specially covariant) Dirac equation
. mc
iy Osy) = ??/) (6.1)

where ¢ is a Dirac spinor and capital Greek indices shall refer to the usual
four spacetime dimensions of relativity, ¥ = 0,1,2,3. The v* are (of course)

the 4 x 4 gamma matrices, defined by
VI R = 27 (6.2)

where 772 is the Minkowski metric tensor of signature (—+-++), and I4 is the
identity matrix. If we consider the first 4 basis elements T, X, Y, Z of sp(4,R),
it is not hard to demonstrate that 2¢ multiples of them obey precisely the
anticommutation relations which define the gamma matrices. For this reason

we make the following identifications
using this notation equation 6.1 is

1
(—ETﬁT + XOx + Yoy + Zaz) W = %w
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Consider now the following invariant equation on an ADS manifold (section
4.5)
g7V (2) (V) = Ag® (6.4)
where ) is a constant. In a locally flat basis we can write the operator ¢“V; B

in natural units
—TOr +X0x +Y0Oy + 207 + Ads + BOg + COc — 10r — JO; — KOk

where T, X, Y, Z, A, B,C, I, J, K are the matrices Tj. We convert the deriva-

tives into natural units
—rTOr +rcX0x +rcY Oy +rcZ0z+cAdy +cBog +cCOc — 101 — JO; — KOk

and divide through by rc in 6.4, neglecting the terms with factors of % (since

we have always assumed 7 to be very large)

1 A
(-ETaT + XOx + Yoy + Zaz) g = Sy

This is indeed equation 6.1 provided

A mc?

r 2h
We could alternatively arrive at the same conclusion by assuming that the

Dirac spinor 9 is a function of spacetime dimensions only (and not Lorentz

boost or rotation).

6.1 Benefits of the new Dirac equation

e Equation 6.4 is built from purely tensorial quantities, hence it is a tensor
equation valid in all frames. Normally one would have to justify that
equation 6.1 is indeed Lorentz covariant by investigating how the spinor ¢
transforms under arbitrary Lorentz transformations. This is the process

of finding the so-called S-matrix transformations.



99

e Every quantity in equation 6.4 has a direct physical interpretation, in
particular the matrices fo Whereas their counterpart, the gamma ma-
trices of equation 6.1 are chosen purely for their geometric properties. As
a result, typical formulations of the Dirac equation use gamma matrices
which are complex. However as we have shown this need not be the case

in order to satisfy the relationships given in equation 6.2.

6.2 The speed of electrons

In the usual formulation of the Dirac equation the Hamiltonian for a free

particle is given by

= )+ e
where ¢ is the speed of light, p, = —ihd, is the momentum operator, and
the index k = 1,2,3. In the Heisenberg picture of quantum mechanics, state

vectors ¢ are time independent while operators Q are time dependent, and

satisfy the equation of motion

Q) _ i o+ L (6.5)

Operators R from the Schrodinger picture are related to operators Q from
the Heisenberg picture by Q = URUT where U = ¢Ht/h If R is a physical
observable then it will be time independent and ¢ will have no explicit time
dependence. Thus a physical observable Q will satisfy

0

9 _,

Hence in particular 0;(#x(t)) = 0 for the time dependent position operator

() = cillt/hg, ec=iHt/h where 4, is the position operator from the Schrédinger
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picture. Using equation 6.5 we consider the velocity operator

din(t) Q. : o A
P L (0] = Tel0) ™y e+ 20me?, 24(0)

= —[c(v") T B, B ()] + %homc{jk(t)]

= —Ulc(y") "2 pr, &) UT + ﬁUhOch,:pk]UT

= Uc(y’) "0 (6.6)
Define a; = (7°)714*. The matrix cay, acts on fermions ¢» and has a purely
discrete spectrum of eigenvalues: +c. It is unitarily equivalent to the operator
cap(t) = ceT/ Moy e=Ht/h hence cay(t) has eigenvalues +c for all time ¢, see
p. 19 of [26]. This is a paradox. These are supposed to be eigenvalues for

the velocity operator acting on a fermion. How can a massive object (e.g. an

electron) travel at the speed of light?

6.3 Zitterbewegung

A possible way of dealing with this paradox involves finding and interpreting
Z1(t). Consider the operator ay(t). Since it is time-dependent we cannot (at
least not easily) integrate equation 6.6. We therefore will find it useful to

consider the Heisenberg equation of motion for the operator oy (t).

dog(t) i - 2

S = (A (1) %(cﬁk—ak(t)f])

We may integrate this with respect to time since p; and H are time-independent.

/t doy(t') _/t@dt’
o pH ' —ap(t) Jo R

= ln(cﬁkﬁ_l —ag(t)) — 1H(Cﬁkﬁ_1 —a(0)) = —t

—  ap(t) = A — (cﬁkﬁ_l - ak(())) Q2ifit/n (6.7)

Substitute equation 6.7 into equation 6.6.

dip(t . . .
:L’;f ) — CzﬁkH_l _ <C2ﬁkH_1 _ Cak(o)) eQZHt/ﬁ
= a(t) = 3(0) + pe Mt — 2—5 (cﬁkH_l - ak(0)> (ewt/h - 1) (6.8)
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The first two terms describe a linear evolution of the position operator as is
expected for a free particle. The final term is oscillatory and may induce what
is called Zitterbewegung, which means trembling motion in German. To resolve
the paradox it is envisaged that the particle’s speed alternates between ¢ and
—c at a very high frequency so that we observe some averaged velocity that is

less than the speed of light.

Consider for example an electron at rest. The Zitterbewegung frequency would
be f = 2m.c?/h = 1.5 x 10*'s7!. An apparatus able to measure time intervals
of 6.5 x 107225 would be required in order to detect such an effect. Given that
the record for the smallest measured time interval is about 12 x 107!8s [15],
such a verification is, at least for the time being, out of the reach of obser-
vation. The effect has however been produced in a quantum simulator for a

trapped ion set to behave as a free relativistic quantum particle, see [16].

Apart from the experimental challenges there are also theoretical limitations
on measurement. The magnitude of the frequency of the oscillatory term in
equation 6.8 is f = 2H /h. For any particle H > mc?, so the frequency of
the Zitterbewegung f > 2mc?/h. According to the relationship ¢ = f\, this
frequency corresponds to a wavelength of A < i/(2mc). This is the reduced
Compton wavelength which is often interpreted as the smallest measurable
distance for a single particle. This follows from an uncertainty in the energy

large enough to allow the creation of particles, see [22].

6.4 Hawthorn’s interpretation

Let us see how this issue is addressed by the Hawthorn model. In the view
of equation 6.4, the gamma matrices T, X, Y, Z represent the intrinsic action
of translation by one natural unit along the ¢, x,y, z directions. This is the

interpretation they bear a prior: to their involvement in the Dirac equation.
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Extrinsic energy and extrinsic linear momentum (along the z-axis, say)
are given by the eigenvalues of the operators ihd; and —ihd, respectively. We
expect therefore that AT and —ihX are the operators whose eigenvalues give
intrinsic energy and intrinsic momentum respectively. These should relate
to ordinary energy and momentum in much the same way as spin relates to
ordinary angular momentum. We note that intrinsic energy cannot be rest
mass since rest mass is a combination of the extrinsic properties, energy and
momentum, and therefore is itself extrinsic.

Intrinsic energy and momentum are not simultaneously observable on ac-
count of the failure of T, X, Y, Z to commute. Disregarding any factors of i, the
eigenvalues of each of these operators are :I:% in natural units (where i = 1).
Thus in ordinary units intrinsic energy is :t% and intrinsic momentum (along
any axis) is 5.

The most natural way of defining intrinsic velocity in a particular direction

(should we be interested in such a thing) would be as the quotient of intrinsic

energy and intrinsic momentum in the given direction. Given that
ihT(—ihX) ™' = -TX !
consider now the eigenvalue equation
(~TX )¢ =v¢

which has eigenvalues v = £1 in natural units, or v = #c¢ in ordinary units.
The operator TX ! is essentially oy = (7°)~19* (just use identity 6.2).

We have shown that in our formalism it also makes sense to interpret cay, as
a velocity operator. The contrast is that we interpret it as an intrinsic velocity
operator due to the quantities from which it is constructed. For this reason
there is no longer any need to explain away the discrete velocity eigenvalues
of +c since we are no longer talking about extrinsic velocity. The extrinsic
velocity is free to take take any physically acceptable value independent of the

intrinsic velocity. The problem of Zitterbewegung is thus avoided.
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Table 3.2 shows that the rotation operators I, .J, K are commutators of X, Y, Z.
We do not need to define spin operators as commutators of gamma matrices
with spatial indices (see p. 8 of [26]) since the operators I, J, K already bear
this interpretation.

In chapter 3 {T', I} is (the basis of ) a maximal Cartan subalgebra of so(2, 3).
Thus intrinsic energy and spin are simultaneously observable. Each of these
observables takes on both a positive and a negative eigenvalue. There are four
linearly independent Dirac spinors characterised by positive/negative values
of charge and spin. Hence is is natural to interpret intrinsic energy as charge.

Thus the link between time reversal and charge inversion makes perfect sense.

6.5 Investigating the connection

We have up until now, neglected the idea of curvature. However, given that our
Dirac equation is defined in terms of the covariant derivative, it must include
a description of how curvature affects the evolution of spinors. Let us write

out equation 6.4 more explicitly
9T} (0 + Ti5) (U7) = M

The curvature of the manifold is expressed by the connection I'; (¥). In general
relativity the connection Ffj gives rise to the gravitational force. Our model
includes quantities such as I’ fa which describes the parallel transport of spinors.
We expect that more than just gravitational forces are contained in I'; (¥).
The connection Ffa has two spinors indices. According to chapter 5 this

may be decomposed into scalar, vector and versor components as follows.

Lio = TL1517

1
= F?U (gklj}chlfa + ilglg + gABT,Z(STga)

We make the expression more compact

I = A8 + NATY + GFTP (6.9)
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where we have defined the quantities

1 .
A 4P7*ya NZA = FZJTg*ygBAa Gf = F;Y(g,‘rjé’ygjk (610)

Although I'? is not a tensor, this does not render the above decomposition
invalid. It does of course mean that we cannot expect these newly defined
quantities to transform as tensors. To write down their transformation prop-
erties we choose local bases for vectors, spinors and versors and a new set of
bases denoted by primed indices. We define change of basis matrices at every
point of the manifold, 5; , 5;" and 04, and their respective inverses 5;-,, 0% and

52,. The spinor connection thus transforms according to the equation

= 01,0585 Ty, — 84,02, 881(55’)
Hence we obtain the following transformations
Ay = 6L A; — Lyige 0 -(65) (6.11)
i — Oy 4 i Yo 8 .
GE =si0F Gt — 5% 88 (00 Tes97"65,6% (6.12)
A= §L00 NA =5, 88 (02 T559"405,04 (6.13)

We refer to them as the scalar, vector and versor components of the spinor
connection respectively. Let us exploit the idea from general relativity that
forces essentially arise from the components of the connection, however we

expect more than just gravitational forces are being described here.

6.6 The gravitational connection

Hawthorn [1] uses the equation V,(T22) = 0 to show that
T, = O(T2) 59" + GUTS,
and
1 7 o | e m
We see that the connection Ffj determines G; and vice versa. Thus Gé- must

describe forces which arise from the curvature of the manifold i.e. gravity.

Accordingly we refer to G; as the gravitational connection.
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6.7 The electromagnetic connection

The scalar component of the connection is A; and we have already said that

it transforms according to the equation

0,

4777 g
If we assume that the change of basis matrix for spinors is not a function of

position on the manifold then the last term will be zero. In such a case A; will

transform like a tensor.

In the case where A; is the only component present in the spinor connection,

the Dirac equation will take the form
(0" + AT (1) (V) = Xp° (6.14)

It is now evident that A’ appears in the Dirac equations precisely as the elec-
tromagnetic potential should. We therefore identify A; as the electromagnetic
potential on our manifold from which the electromagnetic forces arise.

The stark difference between A; and the usual electromagnetic potential
of relativity is that A; is 10-dimensional. Whatever the extra six Lorentz
components may be, we expect them only to provide an O(%) perturbation
to electromagnetism given that they are coefficients of matrices preceded by a
factor of % in equation 6.14.

In light of these connections we tentatively identify N/ with the strong

and weak nuclear forces.



Chapter 7

Electromagnetism on the

manifold

In usual electromagnetic theory the fields can be constructed from the poten-
tials. Indeed in relativity the field tensor consists purely of derivatives of the
electromagnetic 4-potential. We should therefore expect to be able to construct
Maxwell’s equations from the electromagnetic 10-potential A;, identified in the
previous chapter. In this chapter we attempt to do just that, however we find
that things don’t work properly. In particular we shall find that assumption
4.9 leads to an identity (theorem 7.2) which removes the vital terms from the

field tensor. We then explore how this issue can be resolved.

7.1 Maxwell’s equations - a first attempt

While seeking an electromagnetic theory for an ADS manifold we have already
seen it appropriate to extend the definition of the electromagnetic potential
from four components to ten. We shall identify the first four components
of A; with those of the ordinary 4-potential, the extra six components are
at this stage unidentified although we presume they will provide only small
correction terms to the electromagnetic forces. Redefining A; automatically
redefines Fj; to a tensor with one-hundred components (we must now use the

ten component operator V;. The antisymmetry of Fj; means it has only 45
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independent components. In order to keep things consistent with the way
we have hereto extended equations 2.11 - 2.14, we define a ten component
current-density vector J;, where the first four components are those of the
usual current-density. An important difference to note is the extra torsion

term in the field tensor

k

Fij = VZAj - VJAZ = &AJ - 8]142 + ,_TZ]A]C
This arises because we have not assumed the symmetry Ffj = Ffi as is done
in usual relativity. We shall refer to equations 7.1 - 7.3 as the extended

Maxwell equations (expressed in natural units).

F;; =Vi(4)) — V,(4)) Definition of the field tensor. (7.1)
glel(Fj ) = Jg Source equation. (7.2)
Vi(Fij) (k) Faraday-Gauss equation. (7.3)
Vi(J) =0 Continuity equation. (7.4)
Vi(A") =0 Gauge condition. (7.5)

7.2 Constraining the potential

Proposition 7.1 If Vi(s.5) = 0, then Vi (s*®) = 0.

Proof.

0 = Vi(19) = Vi(5ax5™)
= Vk(sm)sﬁ’\ + SaAVk(sm)

= Sa)\vk(sﬁ)\)

but s, # 0, hence the result follows. O
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Given that Vi(sag) = Ok(Sas) + Tk (¥) (sap) = 0, we establish the following

OkSap = Lpasas + Fzﬁsa)\
= (AR} + G T + NP T2 S8 + (Aelh + G s + NPT 25) San
= Ac(I)srg + 13sar) + G (Tnasrs + Tongsar) + N (Taasas + Tassan)
= 24k5ap + Gp' (Tinasrs — Tongsaa) + NN (Thasns — Thgsra)

= 244805 + G (Tasas — Tmasrg) + N (Thasrs + Thasrs)

= 2Ak8a5 + QN?TXOCS)\Q

Contracting this result with s*? gives

8k(8a5)8a6 = QAkSOCﬁSaﬁ + QNI?TXQS)\QSQQ
= 2A,1% + 2N/ TS 15
= 8A, + 2N{'TS,

= 84,

and in a like manner

ak(Saﬁ)Sag = —8Ak

Theorem 7.2 8ZA] = 8]AZ

Proof. First we establish a useful result from two simple facts: 0x(15) = 0

and 15 = s*sg,. Combining these

O(5")spu + s Ok(sp,) = 0
= 8k(s°‘“)55usﬁ)‘ = —s““@k(sﬁu)sw‘
= Op(s™) 1) = =5y (55,)s™

= Op(s™) = =50 (55,)5™

This provides us with a way to raise/lower indices of s,g when it is being
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operated on by a partial derivative. Consider the following

8(0;A; — 0;A;)
= 0,(0j(54p)s™) = 0;(0i(54p)5*)
= 0:0;(5ap)5"" + 0j(50p)0: (™) = 8;0i(505)5"7 — Ds(50)0;(s™)
= 0;(505)0:(s*") — Di(505)0;(s™)

= —0;(505)5 i(530) ™ + Di(508) ™D (524) 5™

After relabelling the dummy indices we see that these terms are in fact equal

and opposite. Hence 0;A; = 0;A;. O
Following theorem 7.2, the field tensor obtains the elegant form

Fij = Ay — Ay = 04, — 0;Ai + T Ay =T Ay,
However the left-hand-side of the source equation is

Vi(Fy) = VIT) Ay
= IV T A,,

= —g" TV, A;  (renaming summed over indices)

. 1 .. .
= VI (Fie) = (07 T5V il — gIT V)

1 ..
= 592]7}7}3(V1Am = Vi 4i)

1 ijrm
- 59 ]T‘jkﬂm
1 ij mrp

= 59 j}kT;'mAP
1

= 5((fji)Ap (By equation 5.9.)

= 34,
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But the right-hand-side of the source equation is Jj, this would imply 3A4; =
Ji, viz. the potential is proportional to the current-density. This is not right,
in fact we should not really be comfortable with the result 9;A; = 0, A; since if
this were true in normal relativity (which should be an approximation of our

theory) then Fj; = 0 everywhere, i.e. there exists only a trivial solution.

7.3 The resolution

This untenable result follows from theorem 7.2 which is based on the assump-
tion that s,g is globally invariant. It seems that we are being forced to forego
this stipulation. However since we have identified s,g as an intertwining map,
abandoning assumption 4.9 raises a problem. This is because the global in-
variance of intertwining maps asserts the equivalence of some component of
a representation to another representation. This is expressed in equations

4.12-4.13. The covariant derivatives of these expressions are

V(@) = V(@) 55 0y + 272 V(8T 0y 0,)

Vk(l’alaz"'a") — vk(lj})sg1a2...an ‘l‘ I’Evk(8%1a2"'an)

Given that we do not expect the structure of the group to change under par-
allel transfer, nor the way it’s representations relate to each other - which is

expressed by the equations

Vi(a®) = Vi(a@oe-en)s?

a1ag...0n

vk($a1a2"'a") — Vk(xZ)sglag...an
it necessarily follows that

Vi(sh ,)=0 and Vi(sg ") =0

aj...Qn

The problem is that we have identified the 1-dimensional trivial component of
the decomposition of the space { X’} with scalars (which is reasonable). This
meant we were able to choose s.3 = s;4. To resolve this contradiction we must

no longer insist that we are dealing with a scalar representation. Referring to
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this representation with a different index e (instead of o) we hope to show
that s,p parallel transports differently to s}, (although they may be locally

the same). Let us see how covariant derivatives of these quantities are related.

0= Vi(sas) = Or(sas) + Tk (X) (s55) (7.6)
= Ok(s85) + Thests — onﬁ;ﬁ - F?ﬁs;x (7.7)
and
Vi(sap) = Ok(Sap) + Tk (1) (5a8) (7.8)
= 6k(sa5) — PzaS)\g — Fgﬁsa,\ (79)

Hence if the components of s%; = sas
Vi($as) = —Tiesas

We now see that assumption 4.9 is equivalent to the claim I'}, = 0. If this
is no longer held to be true, then Vj(sfs) = 0 and Vi(sas) # 0 can be
simultaneously true. That means we must permit the existence of scalar-like
quantities which have non-trivial parallel transport. Although the property of
parallel transport is not commonly attributed to scalars, there is no reason for
us to assert the non-existence of such scalar-like entities. Our conclusion is
that the 1-dimensional irreducible component of the space of two component
spinors cannot parallel transport trivially. The paradox is thus resolved: while
the components of 35 might equal s,4 in one frame, the ways in which each of
these tensors transform are not in fact equivalent. Since Vi (sa35) # 0, theorem
7.2 can no longer disallow Maxwell’s equations.

This process has dispelled assumption 4.9 (section 4.10). We shall therefore
have to revisit all the areas of our model which depended on this fact and see

instead what is the case if we use the less stringent condition Vi (s?3) = 0.



Chapter 8

Revising The Hawthorn Model

Hitherto the difficulties encountered in the previous chapter, the Hawthorn
model included assumption 4.9. This meant it was sufficient for us to use
Sep to raise and lower spinor indices. (We may still use it to do so, but
there is now no guarantee that the resulting equation will remain true after
parallel transport, i.e. it will not be globally invariant.) In this chapter we
shall give consideration to the scalar-like quantities mentioned at the end of
chapter 7 and revise any results from the Hawthorn model which depended on
assumption 4.9. This material parallels [2]. We shall then make a second (and

more successful) attempt at putting Maxwell’s equations on an ADS manifold.

8.1 Bullet scalars

In addition to usual scalars - which parallel transport trivially, we now need to
define quantities on our manifold which we shall refer to as bullet scalars, or
b-scalars, denoted by f® or f,. These are essentially scalars with a non-trivial
parallel transport property.

In an obvious manner, b-scalars can either be contravariant or covariant
and of any rank. It should be noted that any b-scalar of mixed rank is equal
to a b-scalar without mixed rank since b-indices e automatically contract with
each other, e.g. ale, = a.. As a result we need only a single integer to describe

the rank of a b-scalar. We let positive integers refer to contravariant indices
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and negative integers refer to covariant indices, e.g. vqe has b-rank (or b-index)
of —2.

The local action on b-scalars is trivial: T, = 0. But as this is the same as
the local action on scalars, we conclude that the local action does not uniquely
determine the global action. Since s34 is locally invariant, and Tj; = 0 it
follows that

Tishs + Tiyson =0

1,

thus s34 is a locally invariant symplectic form.

Consider the b-scalar which takes the value 1 at every point, denoted by
1°. Tensor product with 1° raises b-index while tensor product with its dual
14 lowers b-index. These maps will alter the global action. The set {1°} is
a basis for the 1-dimensional trivial representation. We can transform to and
from another basis {1*} using non-singular change of basis matrices d2" and

*,. Thus 62" = k for some scalar k, hence

sty =01 shg
S;!/ﬁ — k . S;ﬁ

so transforming b-basis is equivalent to picking a different symplectic form.

8.2 The (new) reduced curvature tensor

Now that we do not maintain s,g is globally invariant, we are no longer at
liberty to use equation 4.2 to conclude R;; (})(Sag) = 0. However, it does

follow from equation 4.2 that
Rij () (s55) =0
Consequently we must update theorem 5.1.

Theorem 8.1 There exists a tensor R;; such that R, = R:TP + TR 15

o 1j " sa ije

Proof. Since Rj; (}) (s83) =0
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Rij (2) (s55) = 0

A . A e e o
= R8s — Rijpson + Rijesas =0

A

* 1 . *
= Rij (*) - iRijol (*) Saf = 0

this means that R®

o

— 3R%,15 is a matrix in sp(4,R), for fixed ¢ and j.
Therefore we can write it as a linear combination of basis elements of sp(4, R).
Hence

R —Lpe 15— oo (8.1)

ijoa 5 ije o ij T sa

O

It turns out that the result theorem 5.2 remains true, though the argument

must be altered somewhat.

Theorem 8.2 If Rj; is defined as above then R = R:;T.

i, ij = sk

Proof. R;; (%) () = 0 hence it follows that

RijTio = BT — R T
1 1
= (RZSJTSIB)\ + §R:joll§) Tk)\a - <Rijs>\a + §R2.]012) Tkﬁ)\

= Rfj <Tsﬁ)\Tk)\a - T;\aTkﬁ)\>

_ t B
- RijskT;fa
Since T)J, is in general non-zero, we conclude that R, = R;TY,. O

8.3 Maxwell’s equations - a second attempt

Now that we have refined our model we wish to once again consider the ex-
tended Maxwell equations. The simplest test would be to compare these to

the Maxwell equations in flat spacetime. The first thing we expect is for any
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additional terms in the extended version of Maxwell’s equations 2.1-2.5 to be
of order 1/r (at least). This means they should reduce correctly in the limit
r — o00. Secondly, given that we have an additional six components in both
our electromagnetic potential and current-density vectors, we shall obtain an
extra set of equations. We seek to obtain relationships which these extra com-

ponents obey.

Let us refer to the vector whose components are A; as A. We introduce the
notation A = (¢, A,P,M), ¢ is a scalar and A, P and M are 3-vectors. In a
similar manner the charge-density 10-vector J = (p, J, J , J ) has components

Ji.

8.4 The source equations
Expanding the LHS of equation 7.2

VI (Eji) = ¢7Vi(Fyy)
= g7[0:0; A — 0,00 A; — T;01 Ay — T30, Ay

+ LA + rﬁjakAl + TH0Ap — Tfkfﬁ-pAl] (8.2)

We wish to consider the extended Maxwell equations for flat space i.e. in the
absence of curvature. In usual relativity the condition I‘fj = 0 is sufficient to
ensure the (4-dimensional) curvature tensor vanishes and Einstein’s equations
reduce to R;; = 0. The Minkowski metric is a solution to this form of Ein-

stein’s equations.

On an ADS manifold the connection Ffj has antisymmetric components which
we are not free to make zero since this would remove the Lie structure T7%. If

we use

1
k k
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as our flat space condition then the curvature tensor reduces to R, = TTET,
Contraction yields the Ricci tensor Ry, = —i gix- Across the spacetime dimen-
sions this is Einstein’s equation for empty space with non-zero cosmological
constant and has as its solution the anti de Sitter metric given in equation 3.5.

Flat space for an ADS manifold looks like anti de Sitter spacetime.

Using condition 8.3, the Casimir identity 5.9 and the identity ¢¥T}, = —g"T?%
(a consequence of the local invariance of g;;), the LHS of equation 7.2 reduces

to
Vi(Fy1) = g7[0,0; Ax — 0;0p A + 2T},0; A)] + 3A1%
We have therefore simplified our source equation for flat space
970,0; Ax — g7 0i0LA; + gU2Th0; A + 3A, = Jy (8.4)

As there is only one free index in this expression we have a total of ten
equations. It will be clearer for us to use the notation V = (0x,dy, dz),

V = (04,08,0c), V = (0;,0,0K). The first equation, corresponding to the

index value k = 0 (k, the free index from 8.4) is then (in natural units)

V-V¢+V-Vo—V-Vp—V-9pA—-V-P+V-M (8.5)

—OV-P+2V-A+3¢p=0p

We have chosen to work with the basis where the components of the torsion
tensor are given by the matrices in appendix A. Hence the metric will be

diagonal. In flat space we can establish the following proposition.

Proposition 8.3 Partial derivatives transform as tensors provided the as-

sumption (8.3) holds.

Proof. According to (8.3)

1 1
vizﬁi_§Ti(I> = 82‘:Vz’—§Ti(I)

Since V; and T; (f) are tensors and the difference of any two tensors is again a

tensor, it follows that J; is a tensor too. O
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Up until now we have assumed ourselves to be working in natural units. One
natural unit of time is equal to r ordinary units of time: 7" = r7. Similar
relations hold for space: X = rcX, Lorentz boost: A = cA, and rotation:
I = I. Using these relations we deduce that the change of basis matrix which

transforms from natural coordinates ' and ordinary coordinates 7/ is

(

0 L7 ]
1/r i=j=0
iy _ o L
0; = Eyv i 1/(re) i=35=1,2,3
1/c i= =456
1 i=7=18,9

\

We know what the matrix g;; and the matrices TZ’; look like in natural units.
We are interested in expressing A; and the derivative operators in ordinary

units.

Aj=0"4y and ——=6!
Hence in ordinary units (8.5) becomes
PAV Vo + 1V -V — 1V -Vé — 3PV - 0pA —rPV - 0P (8.6)
+rV M — 27V - P + 29 PV - A + 3ro=rp

We now introduce constants to allow us to adjust the units of the components

of A and J (to e.g. SI units).

¢ — kg A — Kk A P — kpP M — kyM

p— kop J—k;J j—>k:fj j—>kjj
Accordingly (8.6) is

1 . o o
KoV - Vo = ka’V - OrA + — (k¢c2v Vo — kyV -V (8.7)

—kp®V - OrP + kyV - OrM — 2kp®V - P + 2k4*V - A + 3k¢¢) _ Fop

r2

If we assume ky(r) o< ka(r), kp/ka oc ™ and kp/ka oc 7™ where n < 1, we

may neglect the second order % terms on the left hand side of equation 8.7
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when r is large. In accord with the assumption that r is large we shall drop

the second order terms from the left hand side

k
ko®V - Ve — kac®V - OpA = TL;’ (8.8)
Assuming k4 = —ky allows us to factorise
2 kpp

Substituting the electromagnetic fields in terms of their potentials using equa-
tions 2.8 and 2.9 makes equation 8.9 equivalent to

k,p
el

ksc’V -E = (8.10)

which is precisely Gauss’s Law (equation 2.1) for the distribution of electric

charge in SI units provided

k 2.2
ko= —ky k,=-2"C

€0
In a similar manner equation 8.4 also yields the Ampere-Maxwell equation
(equation 2.4)
k
kaOrE — kac?V x B = —2.J (8.11)
T

where

2 ko

k’J: —kA,UQ’I“2C = k’J: ——
&

We also obtain two new equations

koo
kpe(—02 + AV2)P — 2k 4cE = T—J;CJ (8.12)
ka(—02% + AVAM — 2k 2B—kjj 8.13
M (=07 + c"V7)M — 2kac =3 (8.13)

If kp/ka and ky;/ka are proportional to r then the E and B terms will also

disappear in the limit r — oo.

8.5 The Faraday-Gauss equations

We expand the Faraday-Gauss equation 7.3
0k0;A; — 0k0; A; — I} (0,4; — 0;A,) — FZj(aiAy — 0,4;)

+TLOpA — T, T A, 24 0
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Making our usual assumption that TZ'; = —2I'%. | simplifies this

1)

1, 1
OhDiA; = DDA+ ST Ay = 0;A.) + ST (94, — 9,A)

1 g
+T,0p A1 — Til@Tz?zAn k0

The last term is the Jacobi identity when cycled through 7jk. The other torsion

terms can also be simplified.
OO Aj — 0, Ai + TEDLA; 9% 0 (8.14)

which provides us with so many equations that writing them all down will not
be an insightful exercise. However we shall write down the ones arising from
only considering the cases in which 7, j, k are space or time indices. In the limit

r — 0o we obtain the following
V-B=0 (8.15)

and

0r(B) +V x E =0 (8.16)

which are precisely equations 2.2 and 2.3.

8.6 Maxwell’s equations - a final adjustment

In order for two tensor quantities to be equivalent both their components and
transformation properties must be identical. Consider now s?;, which has
components equal to the bilinear form s,3. Hence the expression 5;63?’\ has
components equal to those of s,35 = 1%. Furthermore the indices e and
« are summed over thus these two expressions have identical transformation
properties. Therefore they are the same quantity. This essentially means that
the process of e.g. raising a spinor index, though it leaves behind a bullet
index, can be undone by lowering the spinor index whereby the bullet index

will be cancelled out. We have defined A, = 1T, and we shall now proceed
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to see how it is related to Dy = I',.

0= Vk(saﬁ)s?ﬁ = 8k(s;ﬁ)sf‘5 + Fz.s;gsf‘ﬁ - FQQS;\ﬁS?IB - Fiﬁsaxsfﬁ
= Ok(s05)52? +T3,12 — T 18 — Tpgly

ke«

= ak(8;5)8?5 + 4D, — 2A;

If we now consider contractions of the tensors Rf,;, and Riﬁja obtained from the

action of R;; (¥) on a bullet scalar and a spinor respectively. We find that

Rjje = 0:(D;) = 0;(Di) (8.17)
R%a - 82(14]) — 8J(AZ) (818)

Taking the trace of the Greek indices in equation 8.1 it follows that

We have chosen to use 0;A; —0;A; +T,~'§Ak as our Electromagnetic field tensor,
however 8.18 indicates that 0;,4; — 0;A; might be a more natural choice as
it would indicate that the electromagnetic force arises from the presence of
curvature. Nevertheless let us recall the Bianchi identity 5.10 obtained from

applying the Jacobi identity to spinors

T.R),., — Vi(R},) @ 0 (8.19)

zja) =

It will constrain R, and hence the extended Maxwell equations in some way.
Substituting equation 8.18 into the contracted version of equation 8.19 and
using the fact that we can permute the 7,7, k indices of any term without

altering the equation yields
—OR(0;A; — 9;A:) 9P 0 (8.20)

as identically true on an ADS manifold.

This means the extended Maxwell equations (as they stand) are inconsistent

with the geometry of an ADS manifold since they permit the torsion term in
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equation 8.14 which is a contradiction of identity 8.20. In order to make the
unwanted term disappear, we make a fundamental redefinition of the electro-

magnetic field tensor as follows

According to equation 8.18 this actually appears to be a more natural definition
anyway. Aside from the fact that Rf;, is a tensor, Fij is clearly a tensor
since V;A; — VA, — TZ-';»Ak is a tensor. Such a redefinition will not alter the
approximations 8.15 and 8.16 obtained in the limit r — oo.

This brings us to the realisation that the Faraday-Gauss equation 7.3 is

simply a consequence of the Bianchi identity 8.19. Equation 7.3 no longer

needs to be postulated independently but follows from the geometry of an

ADS manifold.

8.7 Consequences for the source equation
Using F,-j instead of Fj; will also simplify the LHS of the source equation 8.4

(We are using condition 8.3.) The only difference this will make to the ap-
proximations 8.10-8.13 will be losing the factor of 2 in front of the E and B

terms from equations 8.12 and 8.13 respectively.

It remains to interpret the quantities P, M, J and J. The type of parti-
cles which carry charge - electrons and protons - also possess spin. In order
to describe the electromagnetic evolution of a distribution of charged particles
more accurately it would make sense to also take into account the spin-density!
of the distribution (although for practical purposes this addition may often-
times be negligible). We therefore predict the six components J and J are

related to the spin-density of a charge distribution, indeed the total angular

!The intrinsic angular momentum of a charged particle gives rise to a magnetic moment.
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momentum tensor of relativity is antisymmetric, hence it has six independent
components, see p. 157-159 [11]. Thus we predict the components P and M of
the 10-potential should give rise to fields which excerpt forces on test particles

possessing an intrinsic angular momentum.



Chapter 9

Conclusion

We have explored how the Poincaré Lie algebra approximates the Lie algebra
s0(2,3) meaning that they may both be used to describe local spacetime sym-
metry for classical physics. We found reason to choose so(2,3) as our local
symmetry group and it is upon this assumption that the Hawthorn model has
been constructed. The axioms involved were clearly stated before we moved
on to show that the Dirac equation fits very nicely on an ADS manifold. From
the covariant derivative in the Dirac equation arises what we have called a
spinor connection. This connection decomposes into three terms, one of which
we identify as the electromagnetic potential. Using this potential to construct
the extended Maxwell equations (an appropriate generalisation of Maxwell’s
equations on the ADS manifold) we discover a new result, that the assump-
tion Vi (sa3) = 0 essentially ensures their non-existence. To relinquish this
assumption we are forced to accept the existence of the so-called bullet scalars
on the ADS manifold. We then reconstructed the extended Maxwell equations
in a way that is consistent with Maxwell’s equations in the limit r — oco. In
the process we obtain new equations pertaining to the extra components of
the potential A and current-density 7. We then identified a relationship be-
tween the electromagnetic field tensor and the trace of the spinor curvature
tensor. As the curvature tensor must obey the Bianchi identities it turns out

that this condition contradicts the Faraday-Gauss equation 8.14 unless we re-
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define our field tensor. This redefinition means the electromagnetic field tensor
arises from the trace of the spinor components of the spinor curvature tensor.
Furthermore we have found that the Faraday-Gauss equation 7.3 is purely a
consequence of the Bianchi identity 8.19 i.e. the geometry of spacetime, and

does not need to be postulated independently.



Appendix A

The Adjoint representation

Table A.1: Basis for the adjoint representation of so(2, 3)

060100 0 O O O0OO
adT =

0010 0 0 0 0O0O

coo0oo0o1 0 0 0 0O0O

o000 0o 0 0 0O0O

o000 0o 0 0 0O0O

o000 0o 0 0 0O0O



adX:

ady =

o o o o o

o o o o o

o o o o o o
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o o o o o

o o o o o o

o o o o o

o o o o o o

o o o o o

o o o o o o

o o o o o

o o o o o o

o o o o o

o o o o o o

o o o o o

o o o o o o




adZ:

adA

o o o o o o o o

o o o o o o

o o o o o o

o o o o o o
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o o o o o

o o o o o o

o o o o o

o o o o o

o o o o o

o o o o o o

o o o o o o o

o o O

o o o o o

o o o O

o o o o o




adB:

adc =

o o o o o

o o o o o o

o o o o o

o o o o o o

o o o o o

o o o o o o

o o o o o

o o o o o o
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o o o O

o o o o o

o o o o o o

o o o O

o o o o o

o o o O

o o o o o

o o o o o

o o o O

o o o o o o




ad1:

adJ

o o o o o

o o o o o o

o o o o o

o o o o o o

o o o o o

o o o o o o

o o o o o

o o o o o o
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o o o o o

o O O

o o o o o o

o o o O

o o o o O

o o o o o

o o o O

o o o o o

o o o o

o o o o o o




adK =

o o o o o

o o o o o

o o o o o

o o o o o
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o o o O

o o o o o

o o o o o

o o o o o

o o o o o
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