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The one-dimensional magnetohydrodynamics of shocked flows subjected to significant mass loading 
are considered. Recent observations at comets Giacobini-Zinner and Halley suggest that simple 
nonreacting MHD is an inappropriate description for active cometary bow shocks. The thickness of 
the observed cometary shock implies that mass loading represents an important dynamical process 
within the shock itself, thereby requiring that the Rankine-Hugoniot condition for the mass flux 
possess a source term. In a formal sense, this renders mass-loading shocks qualitatively similar to 
combustion shocks, except that mass loading induces the shocked flow to shear. Nevertheless, a large 
class of stable shocks exist, identified by means of the Lax conditions appropriate to MHD. Thus 
mass-loading shocks represent a new and interesting class of shocks, which, although found frequently 
in the solar system, both at the head of comets and, under suitable conditions, upsteam of weakly 
magnetized and nonmagnetized planets, has not been discussed in any detail. Owing to the shearing of 
the flow, mass-loading shocks can behave like switch-on shocks regardless of the magnitude of the 
plasma beta. Thus the behavior of the magnetic field in mass-loading shocks is significantly different 
from that occurring in nonreacting classical MHD shocks. It is demonstrated that there exist two types 
of mass-loading fronts for which no classical MHD analogue exists, these being the fast and slow 
compound mass-loading shocks. These shocks are characterized by an initial deceleration of the fluid 
flow to either the fast or the slow magnetosonic speed followed by an isentropic expansion to the final 
decelerated downstream state. Thus these transitions take the flow from a supersonic to a supersonic, 
although decelerated, downstream state, unlike shocks which occur in classical MHD or gasdynamics. 
It is possible that such structures have been observed during the Giotto-Halley encounter, and a brief 
discussion of the appropriate Halley parameters is therefore given, together with a short discussion of 
the determination of the shock normal from observations. A further interesting new form of 
mass-loading shock is the "slow-intermediate" shock, a stable shock which possesses many of the 
properties of intermediate MHD shocks yet which propagates like a slow mode MHD shock. An 
important property of mass-loading shocks is the large parameter regime (compared with classical 
MHD) which does not admit simple or stable transitions from a given upstream to a downstream state. 
This suggests that it is often necessary to construct compound structures consisting of shocks, slip 
waves, rarefactions, and fast and slow compound waves in order to connect given upstream and 
downstream states. Thus the Riemann problem is significantly different from that of classical MHD. 

1. INTRODUCTION 

Ever since Biermann [1951] inferred the existence of the 
solar wind from the properties of cometary tails, investiga- 
tion of the solar wind-cometary atmosphere interaction has 
led to the discovery of many interesting and important 
phenomena in space plasma physics. Photoionization of the 
extensive neutral cometary coma leads to mass loading of 
the solar wind. Axford [1964] introduced an MHD descrip- 
tion to model the cometary atmosphere-solar wind interac- 
tion, and, on this basis, Biermann et al. [1967] developed a 
relatively tractable, one-dimensional hydrodynamical model 
to describe supersonic mass-loaded plasma flow. The model, 
which demonstrates much of the basic physics of cometary 
atmospheres, has proved remarkably durable, and many of 
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the essential features of mass-loading flows are understood 
easily on this basis. It was recognized that mass loading 
would decelerate a supersonic flow and that this deceleration 
continued smoothly only until some time before a critical 
mass-loading rate was achieved. Biermann et al. [1967] 
(BBS) showed that a shock must form in the accreting 
supersonic flow before the mass flux condition 

2 

•= 2 (1) 
PoUo •/ -- 1 

is met (p is density, u is fluid velocity, 3• is the adiabatic 
index, and the subscript zero denotes the far upstream 
values), i.e., before the flow undergoes a "self-reversal." 
The BBS result predicts neither the position nor the nature 
of the cometary bow shock but shows merely that a shock 
transition must occur some time before condition (!) is met. 
These theoretical results sparked a vigorous debate concern- 
ing the existence, location, and strength of the cometary bow 
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shock, with some advocating either that no shock existed 
and that the flow was completely smooth (a "bow wave") or 
that the shock was considerably weaker than that suggested 
by BBS [Wallis, 1971]. However, more recent detailed 
numerical simulations (see, for example, Schmidt and Weg- 
mann [1982], Schmidt-Voigt [1988], Ogino et al. [1988], and 
Omidi and Winske [1987], and see, for example, Galeev 
[1991] and Cravens [1991] for a summary of these results) of 
the interaction between the solar wind and cometary atmo- 
spheres tend to support the existence of a weak bow shock. 

With the recent missions to comets Giacobini-Zinner (GZ) 
and Halley, considerable light has been shed on both the 

,, 

microphysics and macrophysics of the cometary interaction 
with the solar wind (see, for example, Ip and Axford [1989] 
for a general review). Unfortunately, with regard to ascer- 
taining the existence (or nonexistence) of a cometary bow 
shock, the ICE measurements at GZ were not regarded as 
very conclusive [Bame et al., 1986], although Smith et al. 
[1986] did conclude eventually that a weak shock was found. 
The ditficulty in detecting the GZ shock may well have been 
a consequence of assuming that a cometary shock is neces- 
sarily thin, a condition which is unlikely to hold at mass- 
loading shocks (see below). On the other hand, observations 
made during the Halley encounter provide much clearer 
evidence for the existence of a shock [e.g., Neubauer et al., 
1986; Coates et al., 1987a, b, 1990a]. 

Although the observed decelerated flow regime ahead of 
the shock appears to be reasonably consistent with the gross 
predictions of fluid dynamical models, there remain never- 
theless two significant unresolved problems, both of which can 
be addressed within the context of a fluid description. The first 
concerns the relationship between the Mach number of the 
mass-loading supersonic flow and the location of the shock, 
while the second concerns the nature and properties of the 
embedded bow shock. The former issue has been considered 

recently by Galeev and Khabibrakhmanov [1990] and Khabi- 
brakhmanov et el. [1991] and will not be addressed in this 
paper. The latter problem has been investigated by Zank and 
Oughton [1991] for gasdynamical shocks and by Zank et el. 
[ 1991] for parallel MHD shocks (hereinafter papers 1 and 2). In 
this paper we extend the ideas developed in papers 1 and 2 to 
more general MHD shock configurations. 

The observed structure of the embedded bow shock is 

very different from the simple gasdynamical subshock pic- 
ture of a sharp discontinuous transition (see, for example, 
Figure 2.1 of Ip and Axford [1989]). Instead, observations 
made during the GZ and Halley encounters reveal that (1) 
the shock transitions tend to be very broad, for example, the 
shock thickness on the inbound Halley encounter was found 
to be --•45,000 km and that on the outbound encounter 
-•120,000 km, i.e., the shock is several cometary ion gyro- 
radii thick [Coates et el., 1987b]; (2) the observed shock 
structure at the inbound Halley encounter consisted of a 
series of velocity dips and recoveries [Coates et el., 1987a, 

, 

b;Neugebauer et el., 1987a] before the flow settled into its 
final downstream state (see Figure 3 of Coates et el. 
[1990a]); and (3) the shock observed on the outbound Halley 
encounter, although apparently quasi-parallel, possessed an 
unusually strong rotation of the downstream magnetic field, 
which led Neubauer et el. [ 1990] to introduce the description 
"draping shock." 

Clearly, the nature of the cometary shock is poorly 
understood, although simulations suggest that the shock 

thickness is due to mass loading of the flow already well 
upstream of the shock [Omidi and Winske, 1987]. In partic- 
ular, point 1 above distinguishes the cometary shock from 
ordinary nonreacting gasdynamical or MHD shocks in that 
mass loading is important within the shock itself. It was 
pointed out by Neubauer et al. [1990] and subsequently by 
Zank and Oughton [1991] that when typical cometary gas 
production rates and dissociation lifetimes [Krankowsky et 
al., 1986] are used, the ratio of the newly ionized cometary 
mass flux injected within the shock to the convected incident 
mass flux can easily achieve values of--•0.06. Neubauer et 
al. [1990] suggested that the Rankine-Hugoniot relations 
should include a source term to account for the significant 
mass loading within the body of the shock. They further 
suggested that mass injection at the shock may provide an 
explanation for the observed "draping shock" but did not 
develop this model in any detail. It was pointed out in paper 
1, however, that such a strong rotation of the downstream 
magnetic field would lead to a significant reduction in the 
downstream gas pressure, which raised questions concern- 
ing the admissibility of certain solutions to the Rankine- 
Hugoniot (R-H) relations. In general, the simple thermody- 
namical arguments used in gasdynamics and MHD are 
inappropriate for complex reacting flows experiencing mass 
loading [Zank, 1991]. In order to understand gasdynamical 
shocks subjected to significant mass injection, Lax's formu- 
lation of the "entropy condition" [Lax, 1973] was used to 
isolate the physically relevant solutions of the R-H condi- 
tions in paper 1. Lax's formulation is employed in this paper 
to consider the more complicated general MHD shock 
problem with mass loading. Such an approach is, to the best 
of our knowledge, the first time that the Lax inequalities 
have been used in the context of MHD flows. It should be 

noted that the Lax conditions also serve to pick out the 
stable solutions of the R-H conditions (see appendix). 

Although we have so far discussed mass loading at comets 
only, it has long been thought that ionization processes, and 
hence mass loading, controlled the interaction between the 
solar wind and nonmagnetized or weakly magnetized planets 
[e.g., Wallis, 1973]. As demonstrated by various missions 
(Pioneer Venus (to Venus), VEGA 1 and 2 and Giotto (to 
comet Halley), and Phobos 2 (to Mars)), mass loading is 
ubiquitous, occurring at both nonmagnetic and slightly mag- 
netic objects possessing an atmosphere. However, since 
planetary atmospheres are gravitationally bound, unlike 
their more spectacular cometary cousins, the mass-loading 
regime tends to be localized in a fairly narrow layer above 
the planetary surface. As discussed by Breus [1991], the 
solar wind-neutral planetary atmosphere interaction is most 
likely to possess cometary characteristics during periods of 
solar maximum rather than solar minimum (for related 
discussions, see the review articles of Luhmann [1986] and 
Luhmann and Brace [ 1991]). 

For the purposes of these investigations, the most impor- 
tant question is whether mass loading occurs upstream of the 
bow shock. As has been demonstrated by Winske [1986] and 
Omidi and Winske [1987], the pickup and stochastic accel- 
eration of heavy ions upstream of a planetary or cometary 
bow shock affects the structure of the shock significantly, in 
terms of both the magnetic turbulence and shock broaden- 
ing. The thickness of the shock transition was found to scale 
of the order of a heavy ion gyroradius, rather than a solar 
wind proton. Thus for the results of this paper to be 
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applicable to planetary bow shocks such as Venus and Mars, 
it will be under the condition that appreciable mass loading 
upstream of the bow shock occurs. As noted, this is likely to 
be during solar maximum only. 

In section 2 we present a brief discussion of shock waves 
in classical nonreacting MHD, using as our basis the shock 
polar relation given by Cabannes [1970]. This is necessary in 
order to contrast and compare properly the results of the 
sections that follow. Since a structure reminiscent of a 

switch-on shock was observed on the outbound Giotto- 

Halley encounter, we also discuss very briefly some proper- 
ties of classical switch-on shocks in this section. The appro- 
priate mass-loading MHD shock model is presented in 
section 3, together with a discussion of the effect of adding a 
very small quantity of mass to a steady flow. We wish to 
stress that we are not considering a shock structure problem, 
as BBS, for example, did, but instead are considering the 
R-H relations of a "thick" shock within which a small 

quantity of mass is added. The relationship of this work to 
the shock structure problem has been discussed in detail in 
paper 1. A completely general mass-loading form of the 
Hugoniot equation is derived in section 3, and some of the 
most important differences between mass-loading and non- 
reacting classical MHD shocks are elucidated here. The 
determination of which solutions to the R-H conditions 

correspond to physically admissible mass-loading fronts is 
investigated in section 4 for parallel and oblique shocks. Two 
completely new kinds of MHD shocks are presented in 
section 4, these having no classical MHD analogues. In 
subsection 4.3 we concentrate on the parameters appropriate 
to the Giott-Halley encounter and discuss some possible 
limitations to the Vifias-Scudder technique of determining 
the shock normal from observations [Vifias and Scudder, 
1986]. The conclusion is to be found in section 5. 

2. CLASSICAL MHD SHOCKS 

In order to facilitate comparison of the classical and 
cometary shock properties, we present in this section a brief 
overview of classical MHD shock theory in terms of the 
shock polar relation given by Cabannes [1970]. Our discus- 
sion is based on the R-H relations describing a one-fluid 
plasma. As usual, these conditions express the conservation 
of mass, momentum, and energy across a discontinuity, 
together with the requirement that the normal component of 
the magnetic field and the tangential component of the 
electric field be continuous across the shock. 

If we consider a perfect gas with adiabatic index % then 
the R-H conditions can be reduced to a single algebraic 
polynomial (the so-called "shock polar") which relates the 
upstream and downstream Alfv6nic Mach numbers [e.g., 
Cabannes, 1970, chapter 3]: 

(MA2o -- MA2 )( (M2Ao -- 1) 2[MA2o(M2Ao M 
3t-1 

2 2 
2Cso/VAo 

MA•0] + MA•0 MA•0- • MA: 
7--1 

[2MA20- •/(MA20 -- MA2)]MA 2 ] tan 2 0o] 7--1 

=0. (2) 

upstream •' U_ 

•o 

U_.o 
downstream 

Fig. 1. Schematic of a stationary oblique MHD shock located in 
the x = 0 plane of a rectangular Cartesian coordinate system OX YZ. 
The fluid velocity u and magnetic field B lie in the (x, y) plane, and 
the electric field E lies along the z axis. 

The subscript zero in (2) refers to physical quantities up- 
stream of the shock, and 

2 Ux2tXp Ux (3) M A2 -- V A 2-- Bx 2 
defines the square of the Alfv6nic Mach number at any point 
in the flow. Here VA denotes the component of the Alfv6n 
velocity normal to the shock (see Figure 1), u x the flow 
speed normal to the shock, B the magnetic field, p the fluid 
density, p the gas pressure, and/x the magnetic permeability. 
The angle 190 in (2) is the angle between the magnetic field 
and the shock normal upstream of the shock and is therefore 
a measure of the obliquity of the shock (Figure 1). Finally, 
we use 

Cso = ('YPo/Po)1/2 (4) 

to denote the gas sound speed upsteam of the shock. The 
ratio of sound to Alfv6nic speeds in (2) can be rewritten in 
terms of the Plasma beta 

tip = 21xp/B 2, (5) 
2 2 1 as Cso/VAo -- •'}t•p 0 sec 2 00. 

The importance of the shock polar relation is that by 
specifying the upstream variables 13po, 00, and M AO, the 
downstream Alfv6nic Mach number M A can then be com- 
puted easily together with the remaining downstream vari- 
ables, 

By(MA 2 - 1) = Byo(Ma2o - 1); (6a) 

Bx 
Uy = uy 0 + (By 0 - By); (6b) 

I• p oU xo 

- po + - + 
Here R = P/Po, the shock compression ratio, is equal to 

2 2 
MAo/MA. 

To elucidate the role of the Alfv6nic and magnetosonic 
modes in classifying MHD shocks, the shock polar (2) can be 
rewritten as 
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Fig. 2. The change in the Alfv6n Mach number shock polar relation of Cabannes [1970] as the upstream magnetic 
field angle 00 decreases for shocks in which/3v0 = 1 (00 = (a) 60 ø, (b) 30 ø, (c) 5 ø, and (d) 0ø). Figure 2d illustrates both 
pure gasdynamical shocks (the solid line) and switch-on shocks (the dashed line). 

M•2o - M• = 2(M2• - 1)[M2• - (M•-)2][M2• - (M•-)2] 

ß {(7- 1)(M• 2 - 1) 2 + [1- (M•-)2][(M•-) 2- 1] 

ß [(2- 7)M2• + 7- 1]) -•, (7) 

where we have introduced the upstream fast and slow 
magnetosonic speeds (normalized to the normal upstream 
Alfv6n speed), 

M•-= Vso/VAo; M•-= gfo/VAo , (8) 

i.e., V v = _+ Vs, -+ Vf are the solutions to the magnetosonic 
dispersion relation 

Vp 4- --+•-• V•+ • •p=O. (9) 
In general, 0 < M•- < 1 and M•- > 1. 

For a shock to be compressive, it is clearly necessary that 
MA2O > MA 2 , from which it follows that MA 2 must satisfy one 
of the inequalities 

(M•-) 2 < MA • < 1; (1 O) 

MA 2 > (M•) 2 > 1. (11) 

If the downstream fluid speed normal to the shock satisfies 
(10) (i.e., is sub-Alfv6nic), then the shock is described as a 
slow mode shock, whereas normal fluid speeds satisfying 
(11) are called fast mode shocks. From (7), there exist three 
solutions for which MA20 = MA 2 and for which the compres- 
sion ratio is equal to unity. These solutions correspond to an 
Alfv6n shock (MA - 1), a fast magnetosonic wave (MA -- 
M•), and a slow magnetosonic wave (MA = M•-). 

Examples of the shock polar relation (2) are illustrated in 
Figure 2 for four different upstream magnetic field angles 00 
(60 o, 30 o, $o, 0 o) and a plasma beta/3v0 = 1. Two distinct 

solutions are illustrated in each of the panels of Figure 2: the 
straight-line solution MA20 - MA 2 and the solution to the 
cubic equation (enclosed by braces in (2)). The requirement 
that MHD shocks be compressive implies that the only valid 
shock solutions are those that lie on or beneath the MA20 = 
MA 2 graph. Thus the arcs ABC and EF of Figure 2b (00 - 
30 ø) correspond to compressive solutions. The arc AB rep- 
resents slow mode shocks while fast mode shocks are 

located on the curve EF. Points A, C, and E correspond to 
the slow magnetosonic wave, the Alfv6n shock, and the fast 
magnetosonic mode, respectively. Point B, at which MAO = 
1, denotes the location, in the (MA20, MA 2) phase space, of the 
(slow mode) switch-off shock (i.e., a shock in which the 
downstream tangential magnetic field is zero; see Figures 3 
and 4). 

There is currently renewed debate as to what the arc BC 
represents, BC being the locus of intermediate shocks 
[Anderson, 1963]. It has long been thought, on the basis of 
direct stability considerations [Akhiezer et al., 1959; Ca- 
bannes, 1970, chapter 3], that intermediate shocks could not 
exist, instead disintegrating spontaneously into a slow shock 
and a rotational discontinuity [Kantorwitz and Petschek, 
1966]. However, recent numerical simulations undertaken 

by Wu [1987] have sparked renewed interest in the possible 
existence and properties of intermediate shocks [Hau and 
Sonnerup, 1989; Kennel et al., 1989; Freistiihler, 1991]. Use 
of the Lax entropy conditions suggests that at least a portion 
of the arc BC should admit stable intermediate shocks (see 
section 4). 

For a shock propagating parallel to the upstream magnetic 
field, 00 - 0 (see Figure 2), so that (2) becomes 

Ma 2: 71 MA20 + . (12) 
7+ 1 7+ 1 V2ao 
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Fig. 3. The parameter regime admitting switch-on shocks for 
classical nonreacting MHD. Note the controlling role of the adia- 
batic index 7 of the plasma in determining the admissible parameter 
regime. 

Thus the shock polar degenerates into a simple straight line, 
and by dividing both sides of (12) by MA20, one finds that the 
inverse compression ratio Po/P corresponds to that of a pure 
gas shock [e.g., Landau and Lifshitz, 1979]. To calculate the 
downstream tangential magnetic field in the simultaneous 
limits of 00 • 0 and M A • 1, use of (6) to eliminate tan 00 
in (2) yields 

22 2(MA2 o ) tan2 0 = By/Bx = - 1 

ß [l 7/3•,o 7-1 (M2•o_ l)J. (13) 2 2 

Clearly, for switch-on shocks to exist, it is necessary that 

7+1 7-1 
1 < Ma20; 0 </3•,0 < M2a0, (14) 

so that we require at least B•,0 < 2/9,. However, as illustrated 
in Figure 3, the conditions for the existence of a classical 
MHD switch-on shock are even more stringent when viewed 

in the (B•,0, Ma•0) parameter space. As is discussed below 
and in paper 2, however, "switch-on" shocks in mass- 
loading flows do not have to satisfy this rather restrictive 
requirement. 

In concluding this brief overview, we plot the downstream 
tangential magnetic field and the downstream normalized 
pressure and density as functions of the square of the 
upstream Alfv6nic Mach number in Figure 4 for the illustra- 
tive case 00 = 30 ø, B•,0 = 1. The rotation of the magnetic field 
for intermediate shocks is clearly illustrated in Figure 4a. 

3. MHD EQUATIONS FOR MASS-LOADING SHOCKS 

The system of equations used to investigate MHD shocks 
experiencing significant mass loading are appropriate exten- 
sions of those given in papers 1 and 2. Following the 
reasoning employed in paper 1, we assume that the pickup 
ion velocity distribution is shell-like due to rapid pitch angle 
scattering [Neugebauer et al., 1987b, 1989; Coates et al., 
1990b]. Thus a common velocity for the plasma components 
is established, so ensuring that the plasma flow becomes 
essentially hydrodynamic. Such a description is certainly 
appropriate to those ions experiencing "turbulent pickup," 
but the "laminar pickup" of heavy ions (i.e., ion pickup by 
the large-scale quasi-stationary field) can be described ade- 
quately using a kinetic description only [Papadopoulos et 
al., 1987]. A detailed discussion concerning the suitability of 
the hydrodynamic description is to be found in the work by 
Breus and Krymskii [1992] and Tatrallyay et al. [1984]. 
Further discussion can be found in the reviews of Galeev 

[1991] and Cravens [1991]. The rapid isotropization of the 
picked-up heavy ions suggests, incidentally, that one should 
choose the ratio of specific heats 3' to be 5/3, appropriate to 
3 degrees of freedom, rather than the more commonly used 
3' = 2 (see also Tatrallyay et al. [1984]). Finally, since the 
newly ionized particles have a very small initial velocity, 
they add negligibly to the normal momemtum balance, so we 
need account for their presence only in the total mass flux 
equation and the tangential momentum balance equation. As 
recognized by Axford [1964] and BBS, it is the addition of 
mass that dominates the solar wind-cometary atmosphere 
interaction. However, because the addition of mass to the 
flow destroys the tangential invariance of the fluid equations, 
it is important to keep track of the tangential momentum and 
energy contribution from the cometary ions, especially if one 
introduces a reference frame different from the cometary 
reference frame [Neubauer et al., 1990; paper 2]. 

The importance of mass loading is easily inferred from in 
situ observations. The thickness of the "outbound" Halley 
shock observed by Giotto in the normal direction is d = 
120,000 km. Thus, using the gas production rates of 
Krankowsky et al. [1986] and a 106-s lifetime for the disso- 
ciation products of cometary neutral molecules implies an 
injected mass-loading mass flux within the shock of the order 
of 1.4 x 107 amu/(cm 2 s). On the other hand, Coates et al. 
[1990a] have measured the upstream mass flux to be 2.3 x 
108 amu/(cm 2 s), giving a significant shock mass-loading to 
upstream mass flux ratio of--•0.06. For the inbound Halley 
shock, the measured shock thickness was found to be 
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Fig. 4. Plots of (a) the downstream tangential magnetic field, (b) the downstream thermal gas pressure, and (c) 
downstream density as functions of the square of the incident Alfvrn Mach number of the flow for the case 00 = 30 ø, 
/3•,0 = 1, and • = 0. 
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Fig. 5. Sketch of a left-facing shock propagating with speed s in 
the (x, t) plane. 

--•40,000-45,000 km instead [Coates et al., 1987a, b], which 
yields a shock mass-loading to upstream mass flux ratio of 
-0.005-0.01. In the calculations below, we adopt a ratio of 
0.01 to be conservative. 

An idealized magnetohydrodynamical model describing 
mass injection at some location in the flow can be written 
down on the basis of the assumptions above. The one- 
dimensional idealized conservation laws are then 

Op 0 
--+ -- (PUx) = af•(x - st); 
Ot Ox 

-- ; at (PUx) + •xx PUx + p +--B2 =0 2la 

O ( Bx (PUt) + •XX PUxUt 

(15) 

(16) 

left-facing shock propagating with velocity s. 
The suitability of the model (15)-(20) for "real" mass- 

loading systems, such as are expected to exist at comets, 
Venus, and Mars, has been discussed in some detail in paper 
1 as well as by Neubauer et al. [1990]. We note simply that 
our analysis is appropriate provided that (1) one- 
dimensionality is a reasonable approximation and (2) the 
deceleration of the flow ahead of the shock is reasonably 
gentle with no steep gradients present. These constraints 
appear to be supported observationally at Halley, but per- 
haps less clearly at comet GZ. A discussion of the validity of 
one-dimensional MHD models is also to be found in the 

work of Khabibrakhmanov et al. [1991]. We observe merely 
that an MHD description is valid up until the time when the 
characteristic spatial and time scales of mass loading are 
somewhat less than the gyroradius and gyrofrequency of the 
plasma particles. Since we are not considering a shock 
structure problem, our MHD description remains valid for 
the problem at hand. Furthermore, even for the bow shock 
observed on the outbound Halley encounter, the shock 
thickness is still sufficiently small when compared to typical 
gross length scales of the cometary system as to render a 
one-dimensional shock model reasonably valid. 

The conservation laws (15)-(20) can be rewritten in hyper- 
bolic form provided • - (p, u, B t, p)t is sufficiently smooth. 
Thus in the smooth section of the flow, 

a• a• 
-- + A(•) =B(•) (22) 0t '•x ' 

at la 

=- vt2•(x- st); 
2 

OB t 0 
+ -- (uxB t - Bxut) = 0; 

Ot Ox 

Bx = const, 

where e = pu2/2 + pe and e is the internal energy of the 
fluid. The variables have the same definitions as given in the 
preceding section. Here ut = (uy, Uz) denotes the trans- 
verse velocity field, B t = (By, Bz), and ¾t represents the 
transverse velocity of the newly ionized cometary particles. 
In addition, we have introduced the "averaged" source term 
a -= qmcd, where q is the average production rate of 
cometary ions, m c the mass of a cometary ion, and d the 
shock thickness. Finally, s represents the speed of propaga- 
tion of the shock within which mass loading occurs. For an 
ideal gas (the case we consider), 

1 p 
e = , (21) 

¾-lp 

0 ) where the matrices A and B are defined to be -- --- B t = otVt•(x - st); (17) 
at la Ux p 0 0 0 0 0 

0 B 2 0 1 Bx 0 Ux 0 0 -- • -- e+ + •xx (e + p)u x +-- ux B2 - u' B la lap lap • 
B• 

0 0 Ux 0 0 0 
(18) A(•) = lap ß 

Bx ' 
0 0 0 Ux 0 0 

lap 

(19) 0 By-B x 0 u x 0 0 
0 B z 0 -Bx 0 Ux 0 

(20) 0 ¾p 0 0 0 0 Ux 

B(•) = af•(x- st) 

so that 

e + p =«ptt 2 + •/_1 p' 
The shock configuration is illustrated in Figure 5 for a 

(23a) 

II x lly- Vy II z -- V z •/- 1 )t ß 1,---, •,-•,0 0 U 2 ' 
p p p ' ' 2 ' 

(23b) 

2 2 2], U 2=[ux+(uy-Vy) +(u z-V z) (23c) 
t indicating transpose. The characteristics of (22) are simply 
those of ordinary MHD [e.g., Cabannes, 1970]' 

dx 
m . 

Co: dt - ux' 

dx 

C,•,f,s' dt -- llx q- VA'f's' 

(24) 

where V A '- Bx/(lap) •/2is the Alfv6n speed as before and Vf 
and V s are the fast and slow magnetosonic speeds, 
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1 {yp B 2 vL=v+. - , 

+_ • + •-• - 4 'Yp Bx (25) P IXP 

obtained from equation (9). 
The importance of the characteristics in deciding whether 

solutions to the R-H conditions correspond to physically 
realizable shock solutions has been discussed in consider- 

able detail in paper 1. In summary, use of the characteristics 
and a geometrical entropy condition [Lax, 1973] allow one to 
avoid using thermodynamical arguments to decide on the 
physical admissibility of solutions to the R-H conditions. 
While both the geometrical and thermodynamical entropy 
conditions yield identical results for nonreacting gasdynam- 
ics and MHD, the additional thermodynamical complica- 
tions introduced through mass loading make thermodynam- 
ical criteria completely infeasible to apply [see Zank, 1991]. 

In the frame of the shock (i.e., s = 0), the jump conditions 
across a mass-loading front are 

[pux] = pUx- pouxo = a; (26) 

pu x + p + •-• B =0; 

[ pUxU t -- B t = otVt; 
Ix 

1 Bx (e + p)Ux + -- uxB: 

(27) 

(28) 

= •- Vy, (29) 

[Bx]: 0; [/4xBt] = Bx[Ut] , (30) 

which are similar to those given in paper 2 and by Neubauer 
et al. [1990]. 

A useful simplification is to work in the normal incidence 
frame of the flow, 

a t = a t -- at0 , V t = V t - at0 , (31) 

so that at0 = 0 and •t can be positive, negative, or zero. The 
R-H conditions above are effectively unchanged except that 
we now use at and Vt instead. For notational convenience 
we henceforth omit the bars. It is important to recognize that 
the additional parameter V t can be of considerable impor- 
tance because of the translation and should not therefore be 

neglected. This was a point emphasized by Neubauer et al. 
[1990], although they chose to work in the de Hoffmann- 
Teller frame. The importance of the V t term is a conse- 
quence of the R-H conditions no longer being invariant with 
respect to tangential flows. 

We can also choose B zo = 0 without loss of generality 
(which implies that Uzo = 0 anyway and so V z = Vz). In this 
case, the z component of the tangential momentum condition 
(28) reduces to 

B z a MA•O Vz, (32) (MA 2 - 1) B'• = p oUxo Uxo 
where use has been made of (30). Clearly, if the coplanarity 
theorem is to hold, we need IMa2ogz/u•o{ << 1. However, 
Neubauer et al. [1990] found that observations of the mag- 
netic field at the outbound Halley shock suggest that the 

coplanarity theorem is valid because the observed upstream 
and downstream magnetic field vectors fulfill a condition 
sufficient for coplanarity given in that paper (p. 469, left 
center). On considering the entire shock surface, the suffi- 
cient condition is fulfilled only on the intersection I between 
the shock surface and the plane through the cometary 
nucleus spanned by the upstream solar wind vector and the 
magnetic field vector. The sufficient condition for coplanar- 
ity given by Neubauer et al. [1990] will, however, no longer 
be valid far from the plane described above, so our analysis 
applies only to that part of the shock surface reasonably 
close to I. We will assume that the shock is coplanar and 
thus significantly reduce the algebraic labor. 

3.1. Mass Addition and Steady Flows 

Insight into the effect of adding a small quantity of mass, 
transverse momentum, and energy to a perfect, steadily 
flowing gas is gained by considering small-amplitude pertur- 
bations to the R-H conditions (26)--(30). After linearization 
we obtain the small-amplitude relations (i.e., after using ß = 
•0 + oø•It, and assuming that a << poUxo, Vy << Uxo) 

UxoiSp = a - poiSUx; (33a) 

Byo 
•p + •By = -aUxo- PoUxo•Ux; (33b) 

B x ot 
•JUy = •JBy + • Vy; (33c) 

I x 19 OUxO 19 OUxO 

Uxo•JBy + Byo•JU x - Bx•JUy = O. (33d) 

The changes in the transverse magnetic field and flow 
velocity and the pressure can all be expressed in terms of 
•Ux and the loading terms. Thus 

•JBy M•2o tan 0 o •SUx a Vy M•2o 
--= • 2 Mn20 1' (34) Bx MA2O- 1 Uxo PoUxo -- 

tan 0o a Vy M•2o 
= •Ux + (35) •Suy MA2O- 1 poUxo MA2O- 1' 

tan2 0 0 ) •Sp = -PoUxo 1- M•20 _ 1 •SUx 

( tan O0 Vu_•o ) -aUxo 1 +MA20_ 1 . (36) 
Turning now to the total energy equation (29), linearization 
and use of (34)--(36) yields 

1 1 
2 Uxo•Ux + Cs•o•Ux 

•-1 •-1 

1 M•20 
+ Vn20 tan 2 0o •Ux 

3•- 1 M•t 0 - 1 

2 
y + 1 aUxo a 2 

•+•Vy+• 
2('y- 1) Po Po 

2 

1 Ux0tan 0o aVy 

•/- 1 M•2o- 1 poUxo' 

Some simple manipulations lead to 
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1 1 
4 2 2 2 

2 _ v20 [x0- xo(Cso + sec 00) •- 1 UxO 

2 
1 • + 1 aUxO 2 2 2 = •+-- Vy + CsøVAø]iSUx • (•/- 1) P0 P0 

2 

1 UxO tan 00 aVy 
+• 

y- 1 MA2O-- 1 Po uxo' 

and the term in square brackets corresponds to the usual 
magnetosonic dispersion relation (9). Thus the change in the 
normal velocity component U x after mass, transverse mo- 
mentum, and energy addition is given by 

2 2 [ 2 
--(tlxO- VAO ) 'y + 1 aUxo 

ti U x ( U x2O .-a- - •- - 2 - V•o)(UxO- Vso) 2 po 

aVy Uxo tan 0o _a + (,), - 1) + , (37) 
Po MA20-- 1 PoUxo j 

where Vf and V s denote the fast and slow magnetosonic 
speeds, respectively. The first term in the square brackets 
represents the mass-loading contribution, the second corre- 
sponds to the addition of energy, and the final term corre- 
sponds to the deposition of transverse momentum. 

Consider the effect of mass loading and energy addition 
alone on iSUx. Since Vs2o < VA20 < V/0, truly subsonic flows 
upstream of the loading region, i.e., flows satisfying UxO < 
V so, imply lSu x > 0. In other words, mass loading of a 
sub(slow) magnetosonic flow accelerates the flow. Con- 
versely, for flows satisfying either Ux0 > Vfo or Vs0 < 
UxO < VAO, we have lSUx < 0; i.e., mass loading of 
supersonic flows decelerates the flow, as is well known. On 
the other hand, somewhat surprisingly, for flow velocities 
intermediate between the Alfv6nic and fast magnetosonic 
speeds, lSu x > 0, thus leading to an increase in the flow 
velocity. 

The effect of mass loading on weak MHD shocks can be 
inferred from the classical shock polar plots (Figure 2). The 
straight-line solutions of the classical shock polar relation 
MA 2 = MA20 correspond to the steady flows discussed above, 
as do the weak slow mode (point A of Figure 2b), weak 
intermediate (point C), and weak fast mode (E) shocks. 
From (37) the line segment joining the origin to A in Figure 
2b must be displaced upward after mass loading whereas 
that from A to C will be displaced downward. What was the 
slow magnetosonic point A will now be a "singular point" 
on the perturbed shock polar and no longer correspond to a 
feasible flow solution linking the upstream and downstream 
states. The line segment CE is displaced upward after mass 
loading whereas EF is displaced downward, thereby making 
the fast magnetosonic speed "singular" in the sense de- 
scribed above. It is evident that mass loading can split the 
shock polar curve into as many as three disjoint curves, and 
this is indeed confirmed numerically below. 

3.2. Derivation of the Hugoniot Equation 

In this section we derive the generalized form of the 
mass-loading Hugoniot equation, discuss some of its prop- 
erties in relation to the Rayleigh curves, and discuss a 

modified form of the shock polar relation. Let rn = poUxo, 
and introduce the specific volume r = 1/p. Then we have 

Uxo = mro; 
(38) 

Uxl = m(1 + &)r 1 = m•l, 

where • - a/m and the subscript 1 denotes the downstream 
value of the fluid variable. From the momentum equation 
(27) we obtain 

2 

m2 = [p] + [By]/2IX (39) . 

r0- (1 + •)•1 

It is convenient to introduce a slightly different form of the 
jump relation, defined by 

{ab} -- albl - aobo = (1 + &)albl - aobo, (40) 

which tends to simplify some of the algebraic manipulations 
below. 

By means of (38)-(40) the total energy equation (29) can be 
reduced to 

1[ 1 2 {7} + {•p} - • p + • By (•l + r0) 2 m2rø?l 
1 1 Bx 

+ - + - = tx • Ix m •- Vy , (41) 
with s the internal energy of the fluid. Repeated use of the 
transverse momentum relation (28) further reduces (41) to 

1 1 

1 -- (• -4- T0)[By 2] -4- -- - 2 {7} q- •' <p>{'•} • 1 {'/'By} 
2 

1 1 B x 1 

2 1 + & Ix2m2 [By](By)-• 
& Bx 1 

ByoVy = - • 
1 +& Ixm 2 1 +& 

2 
Vy, (42) 

where the angle brackets are defined to be (Q) = Q1 + Q0 
as usual. If use is made of the result 

- 2 

+ 2] + -• 1 

1 1 

2] + a = 2 
1 

+ {•By}<By> 21+& ' 

then (42) reduces eventually to the mass-loading form of the 
Hugoniot function 

1 & 2 
•(? p) = {g} + l[{p){•} + • {•}[By]2 +_ m r0? ' 2 

1 & B x 1 
2 (43) - '• [By]Vy Vy, +2 l+& Ixm ' 2 1+• 

and the Hugoniot equation is •(•1, P l) -- 0. The Hugoniot 
function (43) is, in many respects, very similar to the 
Hugoniot of classical MHD [see ½abannes, 1970, p. 55] 
except that the jump condition { } contains the effect of 
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mass loading. The fourth term in (43) is identical to that 
obtained already in paper 1 for the normal gasdynamical 
case, and the remaining two terms arise as a consequence of 
the lack of tangential invariance in oblique mass-loading 
flows. In fact, the last term of (43) is present in the oblique 
gasdynamical Hugoniot as well. As described in paper 1, the 
lack of tangential invariance results from mass loading 
within the shock introducing shearing stresses into the flow, 
something which distinguishes mass-loading shocks from 
both nonreacting shocks and combustion shocks. 

The mass-loading MHD Hugoniot (43) is a function of the 
upstream Mach number through m 2 since Mo 2 2 2 _ = UxO/CsO = 
Ux:O/'yPor o for an ideal gas. Thus even though • is a rather 
small term, its associated momentum contribution in the 
shock frame can be significant. 

The expression for By in the Hugoniot (43) can be written 
in terms of the inverse compression ratio r by means of (28) 
and (30). Thus 

ro- • • Bx Vy 
[By] - By0 • , (44) 

•-'r, 1 +• rn '•- 'r, 

where we have introduced 

1 Bx: r o 1 
- :-•- - . (45) r,-1 + & /XPoUxo 1 + & MA2O 

The effect of shearing on the magnetic field, induced by mass 
loading within the shock, is evident from (44) and merely 
illustrates that the sheared flow drags the magnetic field 
within the shock. Even for a parallel shock, for which By0 = 
0, the downstream magnetic field is still rotated since 

By t• • 0 Vy 
-- = (46) ß 

Bx 1 + • •-r. UxO 

Thus mass loading will always "switch a shock on" regard- 
less of the magnitude of the plasma beta, and this represents 
yet another important difference between reacting and non- 
reacting MHD shocks. It is shown below that the singularity 
associated with (46) never becomes particularly important 
because ?-/• •. if we insist that the thermal pressure p be 
strictly positive. 

From (46) the Hugoniot function for parallel shocks is 
given by 

1 roBx 
' 4/2 l+& 

t - - 2 2 Vy/llx 0 2 ot _ a ½0Bx 
• - r,/ • m2ror + 1 + • 21• 

Ot Vy/llxO 1 a 2 
' 1 +• \?--r,/ 2 1+• Vy. (47) 

Similarly, for a perpendicular MHD shock configuration, 
B x = 0 implies r, = 0 and thus By = toby/?. Hence the 
Hugoniot for perpendicular mass-loading shocks reduces to 

By20 {•} 3 1 

•(•, p) = {g} + •{p){'f} 4 4/x •2 2 m2rø• 
1 & 

21+• 

2 

Vy . (48) 

This relation is similar to the oblique mass-loading gasdy- 
namical Hugoniot, except for the (?)3 term. The Hugoniot 
(48) is nevertheless somewhat different from the usual per- 
pendicular form of the Hugoniot for classical nonreacting 
MHD. 

For an ideal gas the Hugoniot (43) can be rearranged as 

F 

p) = (e- r0)p - r)p0 + {•}[By] 2 
• T•x Vy 

- •Fm2r0 • + F [By] 
1 + • I• Uxo 

rVy 2, (49) 

where F -- (•/ - 1)/(T + 1). Unlike nonreacting MHD, 
equations (49) and (44) reveal that a state cannot be con- 
nected to itself by a mass-loading front since •(70, P 0) • 0. 
As shown explicitly by Zank [1991], it is the fact that (70, P0) 
does not, in general, lie on the Hugoniot curve that renders 
the notion of "physical entropy" ineffective in determining 
the physically relevant R-H solutions. This is because one 
needs further thermodynamical information to ascertain 
whether • possesses a turning point on the orbit of a 
particular set of integral curves which join the upstream and 
downstream states. For complicated reacting flows, such 
additional thermodynamical constraints are not easily estab- 
lished. This then is the motivation behind using a geometric 
formulation of the "entropy condition" to isolate the phys- 
ically relevant solutions to the R-H conditions. For a given 5 
and Vy, •(?, p) = 0 is the locus of all possible states that 
can be connected to the given state (r0, P0). 

Let us introduce the notation 

p r r, 
p----•, •----•, ••, 

Po ro ro 

By Vy By 0 
B-y = B-•' 17y = , = tan 00, Uxo Bx 

(50) 

since then •(?, p) = 0 reduces to 

p 1-F• F (•- 1)(B-y-tan 00) 2 
Po •- F ,SpO •- F 

cos 2 00 

2& F 1/?, 
+ cos 2 00 

1+• /3p0?-F 
•+ 

l+& IVy- (1 

+ a)?,(B-y- tan 00)]•l•y]. (51) 

Also, (44) can be expressed as 

By- tan 00 + . (52) 
?-?, 1 + • •-•, 

The ideal mass-loading MHD Hugoniot possesses essentially 
the same singularities as those of the nonreacting MHD 
Hugoniot, namely 

and ? = ?,, (53) 
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except that they are now shifted by the mass-loading term 
(1 + 5). However, the line to which the Hugoniot is 
asymptotic as •-• oo is now rather different, in that we have 

m- ( sin2 0ø 2& cøs2 0ø•_•) P -F 14 . 
P o /•.o 1 + & •d 

(54) 

Thus, depending on the A!fv6nic Mach number of the 
upstream flow and also on the obliquity of the shock, the 
asymptote (54) can lie in either the p > 0 or the p < 0 half 
plane. Furthermore, the initial state (v0, P 0) can also lie on, 
above, or below the Hugoniot curve, depending on the value 
of MA20 . 

As with the mass-loading gasdynamical Hugoniot, not all 
points on the mass-loading MHD Hugoniot correspond to 
physically sensible downstream states. To see this, observe 
that (39) can be rewritten in terms of the normalized vari- 
ables as 

2 
MA2O cos2 00 = 

/•po 1 - (1 + &)• 
--2 

1 By - tan 2 00 
-3- COS 2 00. (55) 

/3p0 1- (1 + &)• 

Sensible solutions of the R-H conditions are obviously 
restricted to those downstream ? and p for which the 
right-hand side of (55) is positive. For parallel shocks we are 
therefore restricted to those segments of the Hugoniot which 
lie within the following regions of the (?, p) plane: 

1 1 ( & ) 2 -2 1 + & •po 1 +& (•_ •,)2. 
(56) 

More generally, for arbitrarily oblique shocks we are re- 
stricted to the following regimes' 

< 
l+& 

(57) 
1 

/• > (<)1 -•pO (/•y2 _ tan 2 00) cos 2 00, 
of the (•,/Y) plane. 

Solutions to the R-H conditions can be obtained by solving 
(51) simultaneously with the total momentum equation 

2 1 cos 20o 1 ) P - 1 + + sin2 o o 
P0 /•po 1 + & •, /•po 

1 2 ? 
--2 2 

-•By cos 00 
/•pO /•pO •* 

COS 2 00. (58) 

Equation (58) is a generalized form of the well-known 
Rayleigh curve of classical MHD, but unlike nonreacting 
MHD the curves described by equations (51) and (58) need 
not intersect at all. 

To proceed further, we need to know two things. First, we 
need to determine which sections of the Hugoniot corre- 
spond to submagnetosonic or supermagnetosonic/Alfv6nic 
downstream flows, and second, we need to understand the 
circumstances under which the Rayleigh curve and the 

Hugoniot intersect. As we show below, both these questions 
are answered by determining the condition under which the 
Rayleigh line and the Hugoniot touch; i.e., we derive a 
touching condition at which the tangents of both curves 
coincide. We need consider only (58) together with (52). 
Then differentiation of (58) with respect to ? yields 

and we also have 

OBy By 

(59) 

(60) 

after using (52). On combining (59) and (60), we find 
2 

Op 1 By 
--= -(1 + a)2m 2 + (1 + &) 
O•- /x •- •-, 

(61) 

Use of the identity 

2 2 = (1 + &) •'* = 1 + & txpoUxo p, p2 2 /'/x 

enables us to recast (61) in the equivalent form 

+• Ux2 + 
U x - •PP s /x p j •PP s tx p 

=0, (62) 

where we have assumed constant entropy downstream of the 
shock. Quite clearly, (62) is exactly equivalent to the mag- 
netosonic dispersion relation (9). Thus, quite remarkably, 
when the Rayleigh curve is tangent to the Hugoniot, the 
downstream normal fluid velocity u x is exactly equal to 
either the fast or the slow magnetosonic speed downstream 
of the shock. The distinguished points of tangency are 
analogous to the Chapman-Jouguet points of combustion 
theory, and they, together with (57) and (55), enable us to 
classify the nature of the Hugoniot, and hence of the R-H 
solutions, precisely. 

To illustrate the "topological features" of the Hugoniot, 
we have plotted an illustrative example in Figures 6a and 6b, 
which are appropriate to a parallel shock with an upstream 
plasma beta/3p0 = 1 and Vy = 4. For easy reference we 
collect together the various results on the figure itself. The 
shaded regions are bounded by the curves (56) and the 
appropriate axes. It can be seen that the section of the 
Hugoniot labeled MN lies outside the shaded area and this 
segment admits solutions to the R-H conditions for which 
the square of the upstream mass flux, rn 2 is < 0. Since ? = 
Ux/Uxo, the region to the right of ? = 1 corresponds to 
accelerated solutions, and that to the left to decelerated solu- 
tions. Note that ?, can also be expressed in terms of the 
downstream variables with ?, - ?/MA 2. Hence the region ? > ?, 
corresponds to super-Alfv6nic downstream flows, and ? < ?, 
to sub-Alfv6nic downstream flow speeds. Finally, the "Chap- 
man-Jouguet" points are labeled I and II, and these points 
indicate where the downstream normal fluid velocity Ux 
changes from supermagnetosonic to submagnetosonic. Thus 
the downstream states corresponding to a given upstream state 
are easily read off from the Hugoniot, and a more detailed 
survey of the parameter regime is presented in section 4. 
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• Hugoniot 
3 - • Rayleigh lines 

V-<Ux<V f 
o "•,,•:•:•:•;i• Ux>V f 
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O0 r'•, 1/1+•. 2 
deceler•ed flows]accelerated flows • 

MA<i i MA>I 
,,,...- 

(a) 

4 I 

(M•))2 2 3 4 

Fig. 7. Plot of the Alfv6n Mach number shock polar relation 
corresponding to the parameters of Figure 6. The squares of the 
normalized fast and slow magnetosonic speeds are labeled (M•) 2 
and (M•-) 2, respectively, and their values are indicated by the 
arrows in the figure. Only those real solutions to the R-H conditions 
for which p > 0 are plotted. 

5iiiiii::• :::::::::::::::::::::: 

• ? ":'::::•:•:•;i•i i ....................... Ux<V , 

,, ............................................. V <U <V 

........................ •:•••.'..•_..N_../.. ............ _/--: 

decelera•d flows I accelerated flows 

'•' MA<i I MA>i 
(b) 

Fig. 6. Two illustrative examples of the Hugoniot and the 
Rayleigh curves, in which the different features are labeled and 
marked. (a) Incident flows satisfying Uxo > Vfo. (b) Vfo > Uxo > 
V so. The inequalities within the figures describe the downstream 
flow speeds corresponding to a particular segment of the Hugoniot. 
See text for further details. (Here 00 = 0 ø, 7 = 5/3,/•p0 = 1, 17y = 
4, and • - 0.01.) 

3.3. The Shock Polar Relation 

In concluding this section, we discuss briefly the mass- 
loading form of the shock polar relation and present an 
example which corresponds to that used in Figure 6. The 
mass-loading shock polar relation corresponding to equation 
(2) is derived by equating (58) and (51) and then using 

MA 2 
. •-1 + a M2AO (63) 

The final result is an extremely cumbersome fourth-order 
polynomial in MA 2 which is not particularly revealing. Since 
the shock polar polynomial has to be solved numerically 
anyway, we may as well work with (51), (58), and (63) 
directly. We note in passing that the reason the mass-loading 
shock polar polynomial is an order greater than its classical 
counterpart is because the initial upstream state no longer 
lies on the mass-loading Hugoniot, i.e., a state cannot be 
connected to itself by a mass-loading front, or, equivalently, 

that MA 2 = MA20 is not a solution to the mass-loading R-H 
conditions. 

An example of a mass-loading shock polar relation is 
plotted in Figure 7, where the parameters of Figure 6 have 
been used. The Chapman-Jouguet points are again labeled I 
and II, and they clearly represent limiting points for which 
solutions to the mass-loading R-H conditions exist. Further- 
more, as discussed above, the turning points I and II identify 
the points at which the downstream normal flow speed is 
equal to one of the magnetosonic speeds; in this case, I 
corresponds to the fast and II to the slow magnetosonic 
speed. We have also marked the ratios of the fast and slow 
upstream magnetosonic speeds to the upstream Alfv6n 
speed with arrows, where we have introduced the notation 

Vo/V2o, (g)2 2 2 -- = Vio/VAo. (64) 

For parallel shocks we have (M•-) 2 = 1 and (M•) 2 = 
7/3p0/2. By comparing Figure 2d and Figure 7, it is evident 
how mass loading distorts the classical shock polar relation, 
and this distortion corresponds to the description given in 
section 3.1. 

To determine which sections of the shock polar illustrated 
in Figure 7 correspond to physically realizable mass-loading 
fronts, we utilize a geometric formulation of the entropy 
condition rather than requiting that the shock simply be 
compressive, as in section 2. This is done in the following 
section. Figures 6 and 7 have been discussed, albeit briefly, 
in paper 2. 

4. CLASSIFICATION OF MASS-LOADING 

MHD SHOCKS 

Lax's formulation of the entropy condition for hyperbolic 
systems of equations has been discussed in detail in paper 1. 
For the sake of brevity then, we simply define the entropy 
condition here, make a few comments, and refer the inter- 
ested reader to section 2 of paper 1. Since the actual Lax 
inequalities are needed later in the analysis, a simplified 
derivation appropriate to stationary shocks is given in the 
appendix. We define the entropy condition as follows: A 
discontinuity satisfies the entropy condition if when it sepa- 
rates the characteristics of a family, the characteristics on 
each side can be traced back to the initial data. 

A discontinuity is said to separate a family of character- 
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U x 

Fig. 8. Sketch of a mass-loading fast compound shock, illustrat- 
ing the initial deceleration of the flow to the fast magnetosonic 
speed, before its recovery to the final downstream flow speed. The 
slow compound shock has qualitatively the same strucuture. 

istics if through every point of the shock trajectory in the (x, 
t) plane, there exists a pair of characteristics which can both 
be traced either backward or forward in time. Motivation for 

these definitions can be found either in paper 1 or in Lax's 
monograph [Lax, 1973]. 

4.1. Parallel Shocks 

This case has been discussed briefly in paper 2. For the 
sake of completeness, however, and also for the purposes of 
comparison, an abbreviated discussion of parallel mass- 
loading shocks is presented here. Two cases seem to be 
reasonably representative. The first case, /•p0 = 1, is 
illustrated in Figures 6 and 7. We may identify the segment 
ID of Figure 7 with fast mode mass-loading shocks. The 
segment IC, however, corresponds to a quite different form 
of MHD shock, a compound shock (this is a consequence of 
the mass-loading MHD system being nonconvex; see paper 
1). As shown in paper 2, the compound mass-loading front 
consists of a shock followed by an isentropic centered 
rarefaction wave, the important point being that the initially 
shocked flow is decelerated only as far as the fast magneto- 
sonic speed before being accelerated back to its final, 
although decelerated, downstream state. The structure of 
such a compound shock is sketched in Figure 8, and it was 
suggested in paper 2 that trains of such structures may have 
been observed at the Halley bow shock on the inbound 
Giotto encounter [Coates et al., 1987a, b; Neugebauer et 
al., 1987a]. It should be noted that the inbound observations 
revealed that the bow shock was more perpendicular than 
parallel, and this is discussed more fully below and in the 
conclusions. A further point to note is that since we are not 
investigating the structure of the shock, we cannot on the 
basis of our MHD formulation estimate the size of the 

compound shock illustrated in Figure 8. In a sense, we have 
already prescribed the overall shock dimensions by our 
prescription of a. 

The segments AII and B II correspond to accelerated 
(expansion) flows; in the case of AII the transition is 
subsonic-super(slow)magnetosonic, whereas for B II the 
transition is simply subsonic-subsonic. It was proved in 
paper 2 that the R-H solutions described by AII were 
inadmissible but that the region parameterized by B II was 
indeterminate (i.e., it could not be decided on the basis of the 
entropy condition alone whether these regions represented 
sensible solutions to the mass-loading R-H conditions). To 
determine whether the solutions corresponding to BII are 
really allowed, one needs to consider the full shock structure 
problem including the appropriate dissipative mechanisms. 
Perhaps the most startling difference between these shock 
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Fig. 9. Plots of (a) the downstream tangential magnetic field, (b) 
the downstream thermal gas pressure, and (c) downstream density 
as functions of the square of the incident Alfv6n Mach number of the 
flow for the parallel shock of Figure 6. Of particular importance is 
the nonzero tangential magnetic field component, even though the 
shock was initially parallel. 

polar plots and those of section 2 is the very large parameter 
regime which does not admit solutions to the mass-loading 
R-H conditions. In other words, mass loading severely 
curtails the possibility of a flow possessing simple structures 
which take the supersonic incoming flow to a subsonic 
downstream state. Instead, we might expect the overall 
shock structure to consist of a complicated combination of 
fast or slow mode shocks, compound shocks, and slip lines. 

The downstream tangential magnetic field, pressure, and 
density are plotted as functions of the square of the incident 
flow Alfv6nic Mach number MA20 in Figure 9. Two points are 
worth noting. The first is that although the shocks are 
parallel, the downstream tangential magnetic field is always 
"switched on" (see equation (52) with 00 = 0). However, 
because MAO can never approach 1, extremely strong rota- 
tions of the magnetic field cannot occur, although more 
modest rotations of up to about 10 ø are possible. This 
appears to be insufficient to account fully for the observed 
downstream magnetic field described by Neubauer et al. 
[1990]. Nevertheless, a definite answer to the possibility of 
very strong downstream magnetic field rotations at mass- 
loading shocks can be achieved only by considering the full 
shock structure problem. This is because the field will begin 
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Fig. 10. Plots of the Hugoniot and Rayleigh curves for a large plasma beta (/3•,0 = 5, 00 = 0 ø, 7 = 5/3, •7y = 4, 
= 0.01), but otherwise with the same parameters as used in obtaining Figure 6. Observe now the presence of three 

"Chapman-Jouguet" points. The notation is the same as in Figure 6. 

to "twist" or rotate in the smooth but decelerating (fore- 
shock) part of the flow. In addition, the flow in the foreshock 
region is also homogeneous, and further complications may 
arise through the possibility that the pressure tensor may be 
somewhat anisotropic. The second point concerns those 
solutions of the R-H conditions that admit solutions with 

negative gas pressure but otherwise sensible fluid parame- 
ters. In this case the downstream pressure is provided fully 
by the strongly rotated magnetic field, but as we have 
demonstrated, these solutions are patently unphysical. 

Consider now the case with/3p0 = 5, which may be more 
consistent with the plasma parameters measured at Halley. 
The Hugoniot and Rayleigh curves are plotted in Figure 10, 
and we see that three distinct points of tangency (labeled I, 
II, and III) exist, each of which corresponds to a different 
upstream state. This is illustrated nicely in the shock polar 
plot Figure 11. Again, it is immediately noticeable on com- 
paring Figure 11 b to its classical counterpart in section 2 that 
large regions of upstream parameter space no longer admit 
real solutions to the mass-loading R-H conditions. Owing to 
the complexity of Figures 10 and 11, we show in detail the 
nature of the possible mass-loading fronts directly in Figure 
1 l a. As in the/3p0 = 1 case, IE corresponds to fast mode 
mass-loading shocks, and ID to compound super(fast)mag- 
netosonic-super(fast)magnetosonic shocks. However, apart 
from segments CII and AIII, which are both indeterminate, 

all the remaining segments of Figure 1 lb represent inadmis- 
sible R-H solutions. Plots of the downstream tangential 
magnetic field, pressure, and density as functions of Mn•0 are 
exhibited in Figure 12. 

Before concluding this subsection, observe that for paral- 
lel shocks, stable slow mode mass-loading fronts do not 
exist. 

4.2. Oblique Shocks 

In this subsection we prove in some detail the existence 
and nonexistence of various kinds of oblique mass-loading 
shocks. Our analysis is guided and illuminated by the simul- 
taneous use of the shock polar relation and the correspond- 
ing Hugoniot. In this manner we can easily compare the 
more complicated mass-loading MHD results with the clas- 
sical MHD results of section 2. 

4.2.1. 00 = 5 ø. Consider first the quasi-parallel case 00 = 
5 ø (• = 0.01, Vy = 4,/3•0 = 1, and 3' = 5/3). The shock polar 
relation is illustrated in Figure 13a, and Figures 13b, 13c, 
and 13d show the downstream tangential magnetic field, 
pressure, and density, respectively, as functions of the 
square of the incident Alfv6n Mach number. Evidently, no 
great differences exist between quasi-parallel and parallel 
mass-loading fronts, and the results of section 4.1 carry 
through essentially unchanged for this case. 

L-" •t D• 14 , • • • 3.5 • E 
(M+)2 3 I] ! region to right ..o ...... • 12 

•.. of •,in III .• 10 
2'5 / / / region 

2 •- / • between 8 I 

• 1'51- / C_,J --NandII •<1:: 6 
0.5 on to left of • in III 2 
0.0 [,,/A • • • • • 0 • • • • ! • 

0.0 0.5 1 1.5 2 2.5 3 0 2 4 6 8 10 12 14 16 

(M•))2 MA20 (a) (M•))2 (M•)2 MA20 (b) 
Fig. 11. The shock polar curves corresponding to Figure 10. (a) Detail of the "slow" section of the shock polar is 

displayed, together with the correspondence to the various sections to the Hugoniot plots of Figure 10. Note that II and 
III correspond to the downstream fast and slow magnetosonic speeds and that only those sections of the shock polar 
corresponding to p > 0 are plotted. (b) The complete shock polar curve. 



17,064 ZANK ET AL..' MASS-LOADING SHOCKS, 2 

0.0 

-1 

-21 • I 
0.0 2 

I 

(a) 

I I I I 

4 I 

3 

2 

1 III 

0.0 2 

I I 

(b) 

2 I i 

III 

II 

0.5 

0.0 2 4 

(c) 

E 

,| I I I I 
6 8 10 12 14 16 

M[o 
I I I I 

I Di 
I I I I 1 

6 8 10 12 14 16 

I I I I I I 

I 

I I I I I 

6 8 10 12 14 16 

M[o 

Fig. 12. Plots of (a) the downstream tangential magnetic field, 
(b) the downstream thermal gas pressure, and (c) downstream 
density as functions of the square of the Alfv6n Mach number of the 
incident flow for the large plasma beta parallel shock of Figure 10. 

4.2.2. 00 = 30 ø. On increasing the obliquity of the 
incident magnetic field, we find a third class of solutions to 
the R-H conditions. The new solutions correspond to the 
"figure-eight" topological feature exhibited in the shock 
polar plot of Figure 14a (where the parameters 00 = 30 ø, & = 
0.01, Vy = 4, /•p0 = 1, and 7 = 5/3 have been used). On 
comparing Figure 14a to its classical counterpart (Figure 
2b), it is evident that the MA • = MA•0 graph and the cubic 
polynomial (2) have been "fused" by the addition of mass to 
the system. The topological distortion of the classical MHD 
shock polar relation is clearly consistent with the description 
of section 3. Note that in Figure 0 2 _ 2 14a, (M+) - V•o/VAo 

0 2 2 2 
1.8 and (M_) = Vso/VAo = 0.6, where, using (25), we have 

(M2_+)2=• /•p0 + 1 sec 200 

1 

flt•0 + 1 sec 4 00 - 27flt•0 sec 2 00 (65) 

The points labeled I-VI correspond to six possible touching 
conditions for the Hugoniot and the Rayleigh curves. At 
each point, the downstream normal flow velocity U x is equal 
to either the fast or the slow magnetosonic speed. The 
Hugoniots corresponding to each tangent point are shown in 

Figure 15. As before, the segment of the Hugoniot between 
points M and N corresponds to those R-H solutions for 
which m 2 < 0. We consider each of the different Hugoniots 
in turn. 

Consider a constant state S which corresponds to a point 
(?l, P l) lying above point M on the mass-loading Hugoniot 
of Figure 15a. All possible states of interest correspond to 
decelerating mass-loading fronts (i.e., because all the ? of 
interest satisfy • < 1/[1 + •]), but since • > •,, the 
downstream flow speeds are all super-Alfv6nic (we consider 
the section of the Hugoniot below N later). Depending on the 
precise location of S, we need to consider three cases. 

Strong compression: S lies in the strong compression 
branch p • > PI. From the shock polar plot (Figure 14a) it is 
evident that U xo > Vfo. Since I corresponds to the down- 
stream state at which U x = VT, where VT is the fast 
magnetosonic speed, the downstream normal flow speed 
corresponding to the state S satisfies the inequality V A• < 
Ux• < VT•. Accordingly, the characteristics (24) assume the 
geometric configuration depicted in Figure 16 for a station- 
ary left-facing shock. (There is no additional difficulty in 
considering nonstationary shocks.) The mass-loading front 
separates the Cf family of characteristics, whereas the 
other families simply cross the front (we plot only the C- 
characteristics to avoid cluttering the figure, since the shock 
is left-facing). Clearly, the Cf characteristics can also be 
traced back to the initial data; hence the strong compression 
solutions associated with the fast magnetosonic characteris- 
tics satisfy the entropy condition. Thus the downstream 
state is determined uniquely from the upstream state. We 
can therefore identify the region I-B of the shock polar plot 
of Figure 14 as the mass-loading analogue of classical fast 
mode MHD shocks. 

S = h In this case we have p l = PI, and the flow 
velocity upstream of the mass-loading front satisfies U xo > 
Vfo whereas downstream U x• = VT•. Thus one of the 
downstream characteristics, in this case Cf, when viewed 
from downstream, coincides with the mass-loading front, 
illustrated in Figure 17. Clearly, the condition U x = VT 
downstream of the front enables us to determine the down- 

stream rate from the upstream without further assumption. 
Weak compression: As described in papers 1 and 2, the 

region of the Hugoniot satisfying PI >Pl > PM is particu- 
larly interesting. Again, the upstream normal flow velocity 
satisfies U xo > Vfo, but as can be seen from the touching 
condition, the gas flow downstream of the front also satisfies 
Ux• > VT•. However, beause ? < 1/(1 + •), the incoming 
flow is decelerated on passage through the mass-loading 
front. As illustrated in Figure 14c, we always have p l > p 0. 
Each family of characteristics crosses the front (Figure 18), 
and as discussed in paper 1, this implies that the mass- 
loading MHD system of equations is nonconvex. Under 
these conditions, S and (r0, P0) cannot be connected by a 
single wave front. It was shown by Ole[nik [1959] that to 
exclude discontinuities that move faster than the character- 

istic speeds on either side of the front, it is necessary to 
construct a compound wave connecting upstream and down- 
stream states. This is accomplished by connecting the up- 
stream state to the S = I front and then following by an 
isentropic centered rarefaction wave to reach the down- 
stream state. Such a compound wave is possible because the 
S = I front moves at the downstream fast magnetosonic 
speed. If we use such a compound wave to connect the 



ZANK ET AL.' MASS-LOADING SHOCKS, 2 17,065 

3 - 

0.0 7 
0.0 

I 

(a) 

0.5 

0.4 

0.3 

0.0 I 
0.0 1 

I 

2 3 4 

MA: o 
(b) 

4 • 

o.o i 
o.o 1 

I 

2 3 4 

MA: o 
(c) 

-7 
I I I 

0.0 1 2 3 4 

M•o 
(d) 

Fig. 13. (a) The Alfv•nic Mach number shock polar curve together with plots of (b) the downstream tangential 
magnetic field, (c) the downstream thermal gas pressure, and (d) downstream density as functions of the square of the 
Alfv•n Mach number of the incident flow for the quasi-parallel case 00 = 5 ø (tip0 = 1, 7 = 5/3, fy = 4, and • = 0.01). 
Note the similarity between this example and the parallel shock case above. 

states, then the downstream state is determined completely 
by the upstream state. Had we not excluded weak compres- 
sion discontinuities, then the solution to the initial-value 
problem would not be unique. Thus the section IA on the 
shock polar diagram in Figure 14a is associated with "fast 

compound" mass-loading MHD shocks, and these shocks 
have no classical analogue. The possibility that fast com- 
pound shocks were observed on the inbound leg of the 
Giotto-Halley encounter is discussed in section 5. 

Consider now the region D-IV-II-D of the shock polar 
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Fig. 14. As in Figure 13, except now 00 = 30 ø. Observe, in particular, the presence of the new "figure eight" 
topology. 
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the 190 = 30 ø example. In conjunction with the shock polar curve of Figure 14, these figures are sufficient to provide a 
complete characterization of these mass-loading fronts. See text for details. 

curve (Figure 14a). The Hugoniots appropriate to this 
section of the figure eight are depicted in Figures 15b and 
15d. For these cases we have ? > ?,, from which we infer 
immediately that mass-loading fronts in this parameter re- 
gime must be expansive. 

Having illustrated the general arguments for determining 
the existence and nonexistence of mass-loading fronts in 
some detail, we can afford to be brief. The cases that need to 
be considered are 

Case 1 

in which case U x > Vf; 
Case 2 

P <PIl 

P <PIv 

P >PlI 

P >PIv 

t c;, c; 
Co 

•;o t'•- 
VAO I "- X 

Fig. 16. The characteristics for the strong compression regime 
corresponding to Figure 15a. The shaded region denotes the sta- 
tionary left-facing front. To avoid crowding the figure, we plot only 
the negative characteristics. 

for which VA < Ux < Vf; and 

Case 3 

P = PII, PIV 

so that U x = Vf. The upstream normal flow speeds can 
satisfy either UxO > VAO > Vso or VAO > UxO > Vso (Figure 
14). 

For case 1 we can have either Vso < Uxo < VAO, Ux > Vf 
or Vfo > Uxo > VAO, Ux > Vf, the former inequality 
corresponding to the space-time configuration illustrated in 
Figure 19a and the latter to that shown in Figure 19b. For 
both possible cases the Cf characteristic is separated by the 
stationary left-facing shock, but these characteristics, al- 
though separated, can never be traced back to the initial 
data. Hence the segment II-IV represents inadmissible solu- 
tions to the mass-loading R-H conditions. 

In case 2 above, we have either Vso < Uxo < VAO, VA < 
Ux < Vf or VAO < Uxo < Vfo, VA < Ux < Vf, with the 
space-time diagrams illustrated in Figures 20a and 20b, 
respectively. Since the family of C• characteristics in 

t- C;C :,:iiiiii!i o 

"'A0 J • X 

Fig. 17. As in Figure 16, except now for the case S = I. 



ZANK ET AL.: MASS-LOADING SHOCKS, 2 17,067 

Fig. 18. As in Figure 16, except now for the weak compression 
regime. 

Figure 20a cannot be traced backward in time, no mass- 
loading shocks can exist in this parameter regime. The 
families of characteristics illustrated in Figure 20b are a little 
different from those discussed already. At first sight, one 
might conclude that this case is similar to that illustrated in 
Figure 18. However, because the upstream characteristic 
Cj• can never be traced backward in time, a compound wave 
can never be constructed sensibly to connect the upstream 
to the downstream state. Thus the segment IV-D-II is 
inadmissible for mass-loading fronts. Consequently, the en- 
tire region D-IV-II-D does not represent legitimate mass- 
loading solutions to the conservation laws. 

The lower half of the figure eight, i.e., D-V-C-III-D, is 
more interesting and related to the slow mode and interme- 
diate shock section of the classical MHD shock polar curve. 
The two Hugoniots appropriate to this section of the mass- 
loading shock polar curve are depicted in Figures 15c and 
15e. Points III and V of Figure 14 therefore correspond to 
those states for which the downstream fluid velocity is equal 
to the slow magnetosonic speed. An interesting feature of 
the lower section of the figure eight is point C. Inspection of 
Figures 14b and 14c indicates that C corresponds to a 
mass-loading front for which the downstream tangential 
magnetic field is switched off, i.e., By = 0, and consequently 
the local downstream gas pressure is maximized for these 
non-fast mode mass-loading fronts. Obviously, C corre- 
sponds to the switch-off shock of classical MHD except that 
now MAO • 1. 

Let us consider the Hugoniot segment for which p >PIII. 
In this case we have Vso < Uxo < VAO, Ux < Vs (Figures 14 
and 15c), and so the space-time diagram for a stationary 
left-facing shock is as sketched in Figure 21a. Clearly, the 
C•- family of characteristics satisfy the geometric entropy 
condition, indicating that this family of solutions to the 
mass-loading R-H conditions represent valid shock waves. 
These shocks are exactly analogous to the slow mode shocks 

of nonreacting MHD shock theory. At the point p = Pill, we 
have Vso < Uxo < VAO, Ux = Vs, and the flow is deceler- 
ated. This time, the downstream characteristic C•- is rotated 
until it lies parallel to the mass-loading front (Figure 21 b). 
As discussed above, this too is a perfectly valid space-time 
configuration in terms of the geometric entropy condition, 
and so the downstream state can be determined from the 

upstream without further assumption. Consider finally the 
regime PM < P < Pill on the Hugoniot of Figure 15c. This 
corresponds to the region II-D of the shock polar plot 
(Figure 14), and we have Vso < Uxo < VAO, Ux < VA, 
although Ux < Uxo. In this case the C•- characteristics form 
a nonconvex family (Figure 21 c). As described already, it is 
necessary to use a compound wave to connect upstream and 
downstream states, but this time we use the slow magneto- 
sonic front (Figure 2 lb) followed by an isentropic centered 
rarefaction wave. Thus, in addition to finding fast magneto- 
sonic compound waves, we have also established the exist- 
ence of slow magnetosonic compound waves, both of which 
form a completely new class of shocks and neither of which 
has any counterpart in classical MHD shock theory. 

An analysis precisely analogous to that used in discussing 
the "Chapman-Jouguet" point III holds for the distinguished 
point V. Thus the region V-C of the shock polar plotted in 
Figure 14 describes slow mode mass-loading shocks in which 
the downstream tangential magnetic field is decreased until it 
is switched off completely at C. On the segment C-III the 
mass-loading shock possesses properties of both classical 
slow mode and intermediate MHD shocks. On the one hand, 
the shock is sub-Alfv6nic, yet the downstream magnetic field 
is rotated into an opposite orientation (Figure 14b). Finally, 
the segment V-D-III represents the slow mode compound 
shock discussed above. 

It is easily established that the remaining sections of the 
shock polar curve associated with the Chapman-Jouguet 
point VI (Figures 14 and 15f) are either indeterminate or 
inadmissible as far as solutions to the mass-loading R-H 
conditions are concerned. This then completes the analysis 
of mass-loading shocks which possess shock polar topolo- 
gies of the kind exhibited in Figure 14a. 

4.2.3. 00 = 45 ø. If the obliquity of the incident magnetic 
field is increased to about 45 ø , then the topology of the shock 
polar curves undergoes a further transition. This new struc- 
ture is shown in Figure 22, where it is seen that the figure 
eight has now merged with (and part has split from) what was 
formerly the lower hyperbolic section of the shock polar 
curve. Furthermore, there now exist only three Chapman- 
Jouguet points at which the downstream flow speed matches 

% 'i i Co 

(a) (b) 
Fig. 19. The space-time diagram for when the downstream gas pressure satisfies p < PlI, P <Plv; see Figures 15b 

and 15d. See text for details. 
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Fig. 20. As for Figure 19, except now p > PlI, P >Plv. 

the fast or slow magnetosonic speed. The associated Hugo- 
niot plots are presented in Figure 23. The upper hyperbolic 
section of the shock polar curve A-I-B is very similar to that 
of the 5 ø and 30 ø cases, with I-B corresponding to the usual 
fast mode mass-loading shocks and I-A to the fast mode 
compound shocks. 

The most interesting aspect of the 00 = 45 ø example is the 
segment D-III-E-F of the shock polar curve (Figure 22). We 
need to use the Hugoniot plotted in Figure 23c. The three 
cases that we consider are 

Case 1 

Case 2 

Case 3 

Vfo > LlxO > VAO > Vso and Ux < Vs < VA, 

Vfo > LlxO > VAO > Vso and Ux = Vs, 

Vfo > LlxO > VAO > Vso and Vs < Ux < VA. 

Note that point F of Figure 22 corresponds to the point at 
which the upstream normal flow speed matches the upstream 
flow magnetosonic speed, III is the point at which the 
downstream normal flow velocity matches the downstream 
slow magnetosonic speed, and E (for which Ux < Vs) locates 
the mass-loading switch-off front. An important difference 
between this and the 00 = 30 ø case is the existence here of 
solutions to the mass-loading R-H conditions for which 
Uxo > VAO. The implications of having a class of solutions 
with Uxo > VAO are illustrated in Figures 24a and 24b; i.e., 
there exist two distinct families of characteristics, C• and 
C•-, for which the geometrical entropy condition appears to 
be adequately satisfied. However, since the idea behind the 
geometrical entropy condition was to ensure that the shock 

problem possessed a unique solution, it is not clear at all that 
cases 1 and 2 therefore correspond to valid solutions to the 
mass-loading R-H conditions. On the other hand, the space- 
time diagram appropriate to case 3 above (Figure 24c) 
indicates that the family of C• characteristics are separated 
by the stationary left-facing shock and can be traced back 
uniquely to the initial data. These mass-loading fronts there- 
fore exist and are in fact analogous to the intermediate 
shocks of classical MHD since the downstream magnetic 
field is rotated well into the opposite orientation (the down- 
stream obliquity can be as much as --•35 ø downstream of the 
shock; see Figure 22b). 

To understand what Figures 24a and 24b imply in terms of 
admissible solutions to the R-H conditions, it is necessary to 
go back to the original definition of Lax's entropy condition 
that underlies our simple geometric interpretation. Denote 
by (ut, Ur; s) discontinuous solutions to the R-H conditions, 
where ut represents the left or upstream state and ur the 
right or downstream state. As before, s denotes the propa- 
gation velocity of the mass-loading front. In the case of 
stationary shocks, s = 0. Let Ak, 1 --< k -< n, denote the 
eigenvalues of the hyperbolic system of equations of inter- 
est. Then a discontinuity (u/, Ur) is an admissible solution to 
the R-H conditions if, for some index k, 1 -< k -< n, the 
following inequalities hold [Lax, 1973]: 

X k(Ur) < 0 < X k(Ul); (66) 
•k- I(Ul) < 0 < •k+ l(Ur), 

A brief discussion and simplified derivation of the inequali- 
ties (66) is to be found in the appendix. The inequalities (66) 
demonstrate that for only one index k is the shock speed 
intermediate to the characteristic speeds X• on either side of 
the shock. In fact, (66) is a form of stability condition since 

C• ø t •:: i Co C•'ø t -Ckø t Cio Cio Cø 
Co 

ci c "•X X X 

(a) (b) (c) 
Fig. 21. The space-time diagram corresponding to Figure 15c' (a) p > p III, (b) p = Plii, and (c) p M < P < PIII. 

These figures should be interpreted in conjunction with the shock polar relation illustrated in Figure 14. 
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Fig. 22. (a) The shock polar curve, together with plots of (b) the downstream tangential magnetic field, (c) the 
downstream thermal gas pressure, and (d) downstream density as functions of MA20 for 00 = 45 ø (/3p0 - 1, 7 - 5/3, 
Vy = 4, and & - 0.01). Note the existence of only three "Chapman-Jouguet" points and the merging of the figure eight 
with what was formerly the lower hyperbolic section of the shock polar curve. 

it persists under small perturbations [e.g., Liberman and 
Velikovich, 1986]. 

Consider the left state 

U !' Vso < VAO < llxO < Fro, 

and the right state 

(67) 

Ur: II x < V s < V A < Vf. (68) 

Then the eigenvalues (24) (i.e., A 0 = u x, A7,f,A = tlx ------ 
Vs•f,A) to the left of the stationary shock are ordered as 
follows' 

_ _ + 

Af0 < 0 < •'•0 < As0 < •'o(U/) < •'s• < •'AO < •')•, 
or, if we introduce indices, 

A 1(11/) < 0 < A 2(11/) < A 3(11/) <''' < A 7(11r). (69) 

To the right of the stationary shock we have instead 

which, using the notation above, is equivalent to 

A l(Ur) < A2(Ur) < A 3(Ur) < 0 < A4(Ur) <''' < A7(Ur). 

Clearly, for u ! and u r above, we have 

(70) 

A s < 0 < AsO A•t < 0 < AAO , (71) 

which we knew already from Figure 24a. Consider the 
auxiliary inequality for k = 3. Since we have 

A 2(U/) = A,•0 > 0 A 4(Ur) = A 0(Ur) > 0, (72) 

¾,F 1 2 •' 
l+a (a) 

' I 
i 

i 

i 

i 
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i 
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,, _ 
i ........ :...:...-........................:.:.:.:.:.:.:.:.:.:.:::::: 

r•, 1 2 •' I"' 1 2 .--' 
1+• (b) 1+• • ¾, (c) 

Fig. 23. The Hugoniot and Rayleigh curves appropriate to Figure 22. 
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Cf•) t 

(a) (b) (c) 
Fig. 24. Space-time diagrams for the 00 = 45 ø example. Note the existence of two families of characteristics (C• 

and C•-) separated by the stationary left-facing mass-loading front, both of which can be traced back to the initial data. 
See text for details. 

the second of Lax's inequalities (66) cannot hold, and so 
3-shocks (i.e., slow mode shocks) are inadmissible. Simi- 
larly, for k = 2, we have 

A i(U/) = A f0 < 0 A 3(Ur) = A s < 0, (73) 

thereby illustrating that 2-shocks are also inadmissible. A 
similar conclusion is easily drawn for Ux: Vs (Figure 24b). 
Thus the section of the shock polar curve described by (67) 
and (68) does not admit stable solutions; instead such 
downstream states are likely to disintegrate spontaneously 
into intermediate and slow mode mass-loading shocks. In- 
deed, an argument similar to that made above is seen to hold 
for the upper intermediate section of the classical MHD 
shock polar curve of section 2. 

One can go through a similar analysis, but now for the 
states described by Figure 24c, and easily convince oneself 
that the inequalities (66) and the geometric entropy definition 
at the beginning of section 4 are identical. This is left to the 
interested reader. It is also apparent that the region Vso < 
UxO < VAO < Vfo, Ux < Vs describes admissible solutions 
to the mass-loading R-H conditions and that these solutions 
correspond to classical slow mode shocks. Rather than 
examine each region of the shock polar curve in detail, we 
summarize the results in Figure 25. 

4.3. Halley Parameters 

In concluding this section we present some results based 
on parameters obtained on the inbound and outbound bow 
shock crossings by the Giotto mission. These results should 
be regarded with some caution since it is difficult to infer 
precise values of, for example, the shock obliquity, the 
mass-loading rate, and the transverse flow velocity, from the 
in situ measurements [e.g., Coates et al., 1990a; Neubauer 
et al., 1990]. Nevertheless, the Halley shock observed on the 
inbound crossing is thought to be quasi-perpendicular, with 
a shock thickness of--•45,000 km and an upstream plasma 
beta of at least 5. We have therefore chosen the following 
parameters for the inbound shock: 00 = 75 ø, y = 5/3, • = 
0.001, Vy = 0.1, and/3p0 = 5. The shock polar curves and 
the other downstream quantities are illustrated in Figure 26. 
Owing to the very small tangential flow velocity Vy and 
mass-loading term •, the properties of slow mode and 
intermediate mass-loading shocks are quite similar to their 
classical counterparts. Nevertheless, the topology of the 
mass-loading shock polar curve is identical to that of the 
00 = 45 ø case above, whose slow mode and intermediate 

shock properties are summarized in Figure 25. The inbound 
bow shock parameters above give (Mø) 2 = 0.82 and (Mø+) 2 
= 76.3. Coates et al. [1990a] have suggestted that the 
observed inbound Halley shock possessed an upstream fast 
Mach number Mœo = U xO/ Vœo in the range Mœo "• 1.1-1.8. 
In Figure 26 this translates as Ma20 --• 92.3-247.2, and it is 
clear that two different types of stable mass-loading shocks 
are possible, the first being the mass-loading analogue of the 
fast mode MHD shock, and the second the fast mode 
compound shock. Given the observed downstream velocity 
dips and recoveries, it is conceivable that what was observed 
at comet Halley was in fact a train of fast mode compound 
shocks. 

The difficulty in testing this hypo{hesis comes back to 
determining the correct upstream normal to the shock. A 
variety of approaches have been developed [Rdme et al., 
1987; Fuselier et al., 1987; Neubauer et al., 1986; Vifias and 
Scudder, 1986; Coates et al., 1990a; Huddleston et al., 
1990]. With the exception of the last three sets of authors, 
the determination of the shock normal has been based on a 

simple isaraboloid model. Huddleston et al. [1990] used 
instead the solutions of BBS and Galeev et al. [1985] in an 
effori to match the mass-loading rate to the point at which 
the flow was predicted theoretically to undergo a self- 
reversal. On the other hand, Coates et al. [1990a] utilized 
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(M-ø) 2 M/• o 
Fig. 25. Detail of the "slow" section of the 00 = 45 ø shock poiar 

curve. The various possible classes of shocks corresponding to each 
section of the shock polar curve are marked. Note in particular the 
sections corresponding to the slow-intermediate shock and to the 
stable and unstable intermediate shocks. 
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Fig. 26. The shock polar curves for (a) the slow and (b) the fast 
sections, together with the corresponding downstream MHD quan- 
tities, for parameters appropriate to the Halley bow shock observed 
on the inbound Giotto encounter. 

the method of ViKas and Scudder [1986], which is based on 
the Rankine-Hugoniot relations directly, but without the 
addition of mass within the shock. On the basis of the 

analysis presented in this paper, this may in fact be a 
drawback to the method, particularly if the observed shock 
is thought to fall in what we have called the weak compres- 
sion range. That this appears to be case, at both the inbound 
and the outbound Halley shock crossing, does in fact suggest 
that a more accurate approach should include the effects of 
mass loading. A possibility that we have not yet mentioned, 
but one that was used by Neubauer et al. [1990], is to utilize 
the coplanarity of the magnetic field t ø infer the direction of 
the shock normal. As was demonstrated in section 3, copla- 
narity of the magnetic field is likely to be a fairly accurate 
assumption for mass-loading flows, and this may provide a 
reasonably simple and accurate method of determining the 
shock normal. 

On turning now to the outbound Halley shock encounter, 
we can adopt the following parameter values: 00 = 12 ø, 7 = 
5/3, • = 0.01, •7y = 0.3, and/3p0 = 5, because of the greater 
shock thickness (---120,000 km) [Neubauer et al., 1990]. This 
yields normalized slow and fast Mach numbers of (Mø) 2 = 

0.08 and (Mø+) 2 = 5.3. The downstream MHD variables and 
the shock polar relation are plotted in Figure 27. Again, the 
topology is not very different from that illustrated in Figure 
26, so we offer no comments except to note that Coates et al. 
[1990a] suggested that the incident fast Mach number of the 
flow lay in the range My --• 1.6-1.7. This translates to 
MA20 --• 12.8-15.3, again indicating that two types of fast 
mode mass-loading shocks are possible. 

5. CONCLUSIONS 

A completely new class of shocks, distinct from those of 
classical nonreacting fluid dynamics (i.e., hydrodynamics 
and MHD) and of combustion theory, has been described 
and investigated in this and earlier papers [Zank and Ough- 
ton, 1991; Zank et al., 1991]. This class of shocks is 
characterized by the addition of mass within the shock 
transition and these mass-loading fronts are to be found at 
comets and, depending on the circumstances, at nonmagne- 
tized and weakly magnetized planets such as Venus and 
Mars. Other possibilities include the interaction of satellites 
such as Titan or Io with the solar wind, and the interaction of 
the solar wind with the interstellar medium, although none of 
these ideas Were pursued in this paper. Mass-loading shocks 
are therefore likely to be fairly common in the heliosphere 
and thus of importance and interest. 

As in paper 1, a possible analogy between mass-loading 
shocks and detonation/deflagration shocks can be drawn in 
that a physical quantity is not conserved but rather created 
in crossing from the upstream to the downstream region. 
Thus mass-loading shocks possess some characteristics of 
the deflagration/detonation shocks that occur in combustion 
theory, and many important features (such as the existence 
of Chapman-Jouguet points) carry across from one theory to 
the other. As discussed in section 3.2, even though mass 
loading is a small term, its associated momentum contribu- 
tion in the shock frame introduces effects of physical signif- 
icance. Besides the addition of mass rather than energy, 
what truly distinguishes mass-loading shocks from combus- 
tion shocks is that the addition of mass within the shock 

induces the flow to shear. We have shown that shearing has 
important consequences both for the global stability of the 
shock and for the downstream rotation of the magnetic field. 
Even for a parallel shock, the sheared flow tends to drag the 
magnetic field on passage through the mass-loading shock, 
thereby imbuing the mass-loading front with the character- 
istics of a switch-on shock, regardless of the magnitude of 
the plasma beta. This result goes some way toward explain- 
ing the downstream magnetic field observations at comet 
Halley described by Neubauer et al. [1990], but a complete 
understanding will come only with a detailed analysis of the 
full shock structure problem. It was also shown incidentally 
in section 3 that provided the addition of transverse momen- 
tum by the newly born ions is sufficiently small, the copla- 
narity theorem should continue to hold at mass-loading 
shocks. That this is indeed true observationally was one of 
the important results reported by Neubauer et al. [1990]. 

In considering mass-loading shocks we have utilized meth- 
ods culled from the modern theory of hyperbolic differential 
equations to decide on the physical relevance of different 
solutions to the mass-loading R-H conditions. While one can 
obviously discard certain classes of R-H solutions immedi- 
ately, such as those for which m 2 < 0, the thermodynamic 
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Fig. 27. The same as Figure 26, except now for the Halley shock observed on the outbound Giotto encounter. 

complexity of the mass-loading system renders classical 
thermodynamic methods [e.g., Landau and Lifshitz, 1979; 
Cabannes, 1970] ineffective, and it is not at all obvious 
which of the R-H solutions to retain. As has been demon- 

strated implicitly in this paper, the use of a geometric 
entropy condition (based on a set of inequalities derived by 
Lax [1973]) fulfills the same role for nonreacting MHD as 
classical entropy arguments in picking out the correct phys- 
ically sensible and stable shock solutions. 

As we have discussed in detail, stable mass-loading 
shocks analogous to classical fast mode MHD shocks exist 
for all parameter regimes. These fast mode mass-loading 
shocks have properties very similar to their classical coun- 
terparts except that the downstream gas pressure is often 
smaller for mass-loading shocks, particularly for parallel 
shocks. The reason, quite simply, is a consequence of mass 
loading always "twisting" the downstream magnetic field. 
Thus the "magnetic pressure" contribution downstream of 
mass-loading shocks is typically greater than is found down- 
stream of a nonreacting fast mode shock, and so the thermal 
gas pressure downstream of a mass-loading front need do 
less work to slow the incident flow. A further consequence 
of mass loading is the absence of a parameter regime 
admitting mass-loading slow mode shocks for quasi-parallel 
configurations. In fact, a characteristic of the mass-loading 
R-H conditions is the very large parameter regime admitting 
no real solutions at all. As is described below briefly, this has 
important implications for solving the Riemann problem in a 
mass-loading environment. With an increase in the obliquity 
of the mass-loading shock (often to nearly 45ø), mass-loading 
analogues of the slow mode, switch-off, and intermediate 
shocks appear in the appropriate parameter regime of the 
shock polar curves. Again, these mass-loading fronts, while 
often fairly similar in many respects to their classical nonre- 
acting counterparts, exhibit properties which can represent a 

substantial departure from their MHD analogues. For exam- 
ple, the switch-off shock now occurs for incident Alfv6nic 
Mach numbers satisfying M AO < 1. Furthermore, there can 
also exist a class of shocks (which we call "slow- 
intermediate" shocks) for which MAO < 1 and yet the 
downstream magnetic field is rotated in a way that is 
consistent with an intermediate shock. 

Perhaps the most interesting of the new classes of shocks 
are the mass-loading fast and slow compound shocks, nei- 
ther of which has a classical nonreacting MHD analogue. 
These structures are composed of a shock in which the 
incoming fluid flow is decelerated to either the fast or the slow 
magnetosonic speed, followed by an isentropic rarefaction 
front. The transition consists of a deceleration followed by an 
acceleration to the final downstream state, the final decelerated 
flow velocity being either super(fast)magnetosonic or super- 
(slow)magnetosonic. Examination of the Giotto-Halley data at 
both inbound and outbound shock encounters reveals that the 

incident upstream state falls into the fast compound as well as 
the fast mode shock regime. In addition, the structure at the 
inbound encounter appeared to consist of a series of velocity 
dips and recoveries, which could be consistent with the idea of 
a train of fast compound shocks. 

Unfortunately, as we have discussed, it is difficult to test 
for the existence of either fast or slow mode shocks given the 
complexity involved in determining accurately the shock 
normal from in situ observations. We have noted the possi- 
ble drawbacks to the scheme of Viffas and Scudder [1986] 
(they exclude the possibility of mass loading within the 
shock), and we have suggested that the coplanar approach 
advocated by Neubauer et al. [ 1990] may be a simpler, more 
accurate approach. Finally, we suggest that the mass-loading 
R-H relations should perhaps be used when investigating the 
cometary shock data. 

In conclusion, we draw attention to the possibility that our 
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results should be of considerable interest to those engaged in 
the numerical modeling of the interaction of the solar wind 
with comets or weakly magnetized planets (see, for example, 
the reviews by Spreiter and Stahara [ 1985] and Russell [1985]). 
Many sophisticated codes, such as those using piecewise 
parabolic [Woodward and Colella, 1984] or random choice 
methods [Chorin, 1977; Colella, 1982], are based upon Rie- 
mann solvers. However, the Riemann problem for mass- 
loading shocks is considerably different from that of nonreact- 
ing MHD in that the right and left waves may now be 
compound waves as well as shocks, slip waves, and rarefac- 
tions, and this possibility must now be incorporated into the 
solution of the Riemann problem. Furthermore, given the large 
parameter regime not admitting solutions to the R-H condi- 
tions, it is likely that compound structures (consisting of a 
mixture of shocks, rarefactions, etc.) are necessary for the 
construction of a mass-loading transition from an arbitrary 
upstream to a downstream state. This may, in fact, offer yet 
another explanation for some of the complex structures ob- 
served at comets Halley and G-Z in regions other than at the 
bow shock. 

APPENDIX: THE LAX INEQUALITIES 

A brief derivation of the Lax inequalities is given for a 
stationary discontinuity, i.e., for a discontinuity with prop- 
agation speed s = 0. Suppose that we are given the initial 
conditions u(x, 0) = Ur in x > 0 and u(x, 0) = u t in x < 0 
and that the stationary discontinuity is located at x = 0. Can 
these initial conditions determine the solutions u i(x, t) of a 
hyperbolic system in the half plane t > 07 

Consider a hyperbolic system of n equations, and let A l(u ) 
< ß ß ß < A n (u) denote the characteristic .speeds of the system 
(e.g., for one-dimensional gasdynamics the three eigenval- 
ues are, of course, u -+ c s, u). Now suppose that 

Al(Ur) <'' ß < Ak(Ur) < 0 < Ak+ l(Ur) <''' < An(ur) 

for some index k. For the region x > 0, t > 0, if i -< k, then 
since Ai(Ur) < 0, the ui(O, t) are determined by the initial 
data (Figure 28), and no boundary conditions need therefore 
be given. Conversely, if i > k, then Ai(Ur) > 0, and we 
therefore need to specify boundary conditions ui(O, t) for all 
i = k + 1, ß ß ß , n in order to determine a solution in the full 
quarter plane x > 0, t > 0. Thus we must specify (n - k) 
conditions on the right boundary of the stationary disconti- 
nuity. Similarly, for the quarter plane x < 0, t > 0, it is 
necessary to specify j conditions on the left boundary of the 
discontinuity if •.j(Ul) < 0 < •.j+i(U/). Now we have n 
algebraic equations, the Rankine-Hugoniot conditions, 

[/(u)]: O, 

which connect the values on both sides of the discontinuity. 
Since ut •: ur, this reduces to (n - 1) conditions between ut 
and Ur. Thus it is necessary that 

(n- k) + j = n- 1 or j = k- 1. (74) 

Accordingly, we should admit a stationary discontinuity (u•, 
ur) provided that for some index k, 1 -< k -< n, the following 
inequalities hold: 

• •(Ur) < 0 < • • + •(Ur); 
(75) 

• •_ •(U•) < 0 < • •(u•). 

;Li(u_e), i> j t 

i ' 

),,i(U_r), i> k 

),i_<j 

x 

Fig. 28. The graphical determination of the boundary conditions 
appropriate to a stationary shock. See text for details. 

Inequalities (75) are the Lax inequalities, and they can under 
most circumstances be given a simple geometric interpreta- 
tion, as is done in the body of this paper. Any front or 
discontinuity satisfying (75) is called a k shock, and Lax 
showed that use of (75) in the case of gasdynamics was 
formally equivalent to using standard thermodynamic argu- 
ments applied to a shock transition [e.g., Landau and Lifshitz, 
1979]. Thus the inequalities (75) define an entropy condition, 
which can, of course, be expressed in the equivalent form 

•. k(Ur) < 0 < •. k(U/); 

•' k- I(U/) < 0 < •. k + l(Ur) ß 
(76) 

Moreover, as discussed by, for example, Liberrnan and 
Velikovich [1986], the inequalities (75) define the conditions 
for the existence of stable shocks. 
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