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Abstract. In the presence of a weakly inhomogeneous background, magnetohydrodynamic fluctuations are
transported, reflected and at small scales, dissipated. In contrast to orderings appropriate to outer solar wind
conditions, here we explore transport in a regime relevant for solar coronal heating and solar wind acceleration,
in which effects of the order of the Alfvén speed are retained while disregarding the solar wind velocity. We
consider the general properties of the transport equations as well as some solutions of interest.

INTRODUCTION
MHD fluctuations in a nonuniform plasma such as
the solar corona or solar wind are often studied by
means of a two-scale expansion method. The best
known approach, so-called “WKB theory” [1, 2], is
valid for relatively high-frequency, non-interacting
Alfvén waves. However, if the fluctuations are low
frequency, or if strong mode-mode coupling (e.g.,
turbulence) is present, then the WKB orderings
break down and a more general form of transport
theory is required. Fairly general approaches for carrying out such two-scale expansion have been presented [3, 4] including effects associated with the
large-scale (wind) flow U0 , and the large-scale magnetic field B0 and density ρ. Transport formulations of this type, adapted for outer heliospheric
solar wind conditions in the super-Alfvénic√ wind
(U0  VA where the Alfvén speed is VA = B0 / 4πρ),
have proven useful [5]. For these applications one
typically simplifies the transport equations by assuming that VA /U0  1 and dropping terms of order of this ratio. In the present paper we consider
another interesting regime, one that is appropriate
to the corona. Here we assume U0 /VA  1 and drop
terms accordingly in the full transport formalism.
This leads to relatively simple equations that can
provide insights that complement direct calculations
based upon the full primitive equations.
We begin by decomposing the magnetohydrodynamic (MHD) fields into mean and fluctuating components as follows:
B
√
= VA (s, t) + b(s, x, t),
4πρ
v = U0 (s, t) + v(s, x, t),

(1)
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where ρ is the plasma density, and s and x are
formally independent variables, representing respectively slow and fast variations. The slow coordinate s spans large-scale distances, of the order of
1 R , while the fast coordinate is associated to local turbulent dynamics. The capitalized fields are
obtained via an ensemble average
over the total
√
fields (U0 ≡ hvi, VA ≡ hB/ 4πρi), and represent
slowly varying background fields (respectively the
Wind and Alfvén velocities). The ensemble average
is assumed to filter out fast variations, and can be
thought of as a volumetric average over the fast variable. Inserting Eqs. (1) in the MHD equations, one
obtains [4]:
±
±
∓
±
±
∂t z± + Z∓
0 · ∇z + z · ∇Z0 ± R b ± r VA =

1
− ∇p + N0± + D± ,
ρ

(2)

where
z± ≡ u ± b,
Z±
0 ≡ U0 ± VA ,

1
r± = ∇ · ( u ± b),
2
1
±
R = ∇ · ( U0 ± VA ),
2

(3)

∇ = ∇s + ∇x is the total gradient operator, p is the
total (kinetic plus magnetic) pressure, D± represents
the dissipation terms, and N0± the nonlinear terms.
The last term in the LHS of Eq. (2) was not present
in Eq. (21) of Ref. [4], where terms of order VA
were neglected with respect to terms of order U0 ,
which is a valid approximation at distances ≥ 1 AU.
Here we retain terms of order VA , and we assume
local incompressibility, as well as homogeneity and
isotropy in the fast variable. Fine points of the
general derivation are discussed in Ref. [4].
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in a complete treatment. However, the equation for
∂t Mij involves not just Dij and Λij , but additional
We further simplify the treatment by postulating a
tensors, with higher-order derivatives in s. This is
rectangular geometry in which s is orthogonal to x:
a familiar type of closure problem. Our approach
herein will involve modeling of Mij .
x = (x, y, 0), ∇x = (∂x , ∂y , 0), z± = (zx± , zy± , 0),
By Alfvénic transport we mean that terms of
O(U
0 /VA ) are neglected. In this particular case the
s = (0, 0, s), ∇s = (0, 0, ∂s ), Z±
=
(0,
0,
U
±
V
).
(4)
0
A
0
equations reduce to:
Under this approximation, expansion and curva±
±
∂t Hij
∓ LW KB Hij
∓ RΛij = 0,
(12)
ture effects are neglected, thus reducing mathematical complexity. We postpone investigation of these
1
higher-order corrections to future efforts.
+
−
∂t Λij + R(Hij
− Hij
) + VA Mij = 0,
(13)
In rectangular geometry, the scale-separated
2
MHD equations Eq. (2) take the reduced (hence the
where
name Reduced MHD, or RMHD) form:
LW KB ≡ −VA ∂s + R and R ≡ ∂s VA .
(14)
1
∂t z± + (U0 ∓ VA )∂s z± ± R± (z+ − z− ) = N0± + D± ,
2
Defining the energies E ± ≡ h|z± |2 i = Hii± |r=0 , and
(5)
energy difference D± ≡ hz+ · z− i = h|u|2 − |b|2 i =
where we explicitly wrote b = 12 (z+ − z− ). We define
Λii |r=0 , one readily obtains,
the usual correlation tensors [4]:
0

±
Hij
≡ hzi± zj± i,

(6)

0

Λij ≡ hzi+ zj− i,

(7)

where the average is over the fast variable x, and
the symbol 0 denotes evaluation at the displaced
0
position x + r; i.e., if z± = z± (x, y, s, t) then z± =
z± (x + rx , y + ry , s, t).
±
The evolution equations for the tensors Hij
and
0

±
Λij are obtained by multiplying Eqs. (5) by zi,j
and
then averaging. While the LHS of Eqs. (5) give a
fairly straightforward contribution, which describes
the linear transport of these quantities, the RHS
needs to be modeled phenomenologically, as we discuss in the following sections.

LINEAR ALFVÉNIC TRANSPORT
Proceeding as explained above, one obtains:
±
±
±
∂t Hij
+ L±
W KB Hij − R Λij = 0,



∂s U0
∂t Λij + U0 ∂s +
2



Λij −

(8)

+
−
R− Hij
− R+ Hij
2
+VA Mij = 0, (9)

where
±
L±
W KB ≡ (U0 ∓ VA )∂s + R ,
0

0

Mij ≡ hzi+ ∂s zj− − zi− ∂s zj+ i.

(10)
(11)

∂t E ± ∓ LW KB E ± ∓ RD = 0,

(15)

1
(16)
∂t D + R(E + − E − ) + VA M = 0,
2
where M ≡ Mii |r=0 = hz+ · ∂s z− − z− · ∂s z+ i. Note
that a conveniently defined cross helicity is Hc ≡
4hu · bi = E + − E − .
As a first case, we look for steady solutions of
Eqs. (15–16). For this case Eq. (16) shows that
VA M = − 12 RHc . Subtracting Eqs. (15) we obtain:
LW KB Hc = 0

⇒

Hc (s) = aVA (s),

(17)

where a is a constant to be determined by the
boundary conditions. It follows that the steady state
expression for M is given by:
a
M (s) = − R(s).
2

(18)

These steady linear solutions are exact. However, we
still cannot integrate Eqs. (15) to obtain E + and
E − , since in steady state Eq. (16) does not provide
any information on D. Note that M is proportional
to the reflection coefficient, and thus tends to zero
when ∂s VA → 0. In fact, in the absence of reflections
the steady solution is trivial: both E + and E − are
constant in s, and the energy difference does not play
any significant role in the (linear) dynamics.
As a second example, we can gain insight into the
role of the energy difference D by looking at the
early evolution starting from the initial condition:
E − = E0− = const, E + = 0 ⇒ D = 0. For short times

The equation for Λij involves a new tensor Mij ,
whose evolution should be computed independently
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(t  1/Rmax ), we assume that ∂s z± = 0 and drop all
∂s terms in Eqs. (15–16), including M . We obtain:
1
E + (t) = E0− R2 t2 ,
4
1
E − (t) = E0− (1 − R2 t2 ),
4
1
(19)
D(t) = E0− Rt.
2
Note that D grows linearly in time and helps transfer
energy from the dominant field (z − in this example)
to the weaker field (z + ) This linear growth will saturate when M balances the cross helicity contribution
in Eq. (16).
We now consider a case in which the system of
equations (15)–(16) can be closed. This is the case
in which only one of the fields, say z − , is injected
at a low frequency (ω0  ωA ) from the boundaries,
and the reflections are weak (R  ωA ), where ωA is
the Alfvén frequency ωA ≡ 2π/tA , with the Alfvén
transit time tA ≡ Ls /hVA is defined in terms of the saveraged Alfvén velocity hVA is and the length of the
system in the slow direction Ls , which is typically
about 1 R . In this case, we expect the system to
be close to the zero-order solution (the solution for
−
R = 0): z+
(0) = 0, and z(0) a solution to the wave
−
equation ∂t z(0) = −VA ∂s z−
(0) . That is,
z+ = z+
(1) ,
−
z− = z−
(0) + z(1) ,
+
−
−
z(1)
∼ z(1)
 z(0)
,

(20)

where z ± ≡ h|z± |2 i1/2 . We will show that under these
conditions we can write
M = −∂s D + δM

(21)

where δM ≡ M + ∂s D is a small correction that
tends to zero when both ω0 and R tend to zero. This
relationship (evaluated at δM = 0) allows a closed
system of equations (15)–(16) for E + , E − and D.
We first note that M can be rewritten as:
M = −∂s D + 2hz+ · ∂s z− i,

(22)

where we used the product rule on ∂s (z+ · z− ) and
the definition of D = hz+ · z− i. Under the assumed
conditions, the second term on the RHS of Eq. (22)
is negligible. To show this, we estimate the s derivatives of the fields. While the zero-order solution
is driven by the boundary condition at frequency
ω0 , the perturbed component oscillates at the much
faster Alfvén frequency ωA :
−
−
VA ∂s z(0)
∼ ω0 z(0)
,
±
±
VA ∂s z(1)
∼ ωA z(1)
.

(23)
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FIGURE 1. Time averaged linear solution of the
MHD equations (dashed line), compared with the (linearized) closure equations (3-4,10). The Alfvén profile is
linear, with R Ls /VA = 0.5 and w0 /wA = 0.1.

− +
These estimates imply VA ∂s D ∼ ωA z(0)
z(1) , and
thus,
−
hz+ · ∂s z− i
ω0 z(1)
∼
+ − 1 ,
(24)
∂s D
ωA z(0)

as we anticipated above.
We test this approximate closure and show a diagnostic plot in Fig. 1. The figure compares the normalized cross helicity [σ = (E + − E − )/(E + + E − )]
as computed: (i) exactly, from the integration of the
linearized MHD equations for a linear Alfvén profile,
and (ii) from our closure linear equations. We use a
linear Alfvén profile, featuring moderate reflections
(R = 1/2ωA ). The boundary conditions are: no incoming waves [z + (s = Ls ) = 0], and low-frequency
(ω0 = ωA /10) outgoing (z + ) waves injected from the
photosphere (at s = 0). The exact solution is obtained from the RMHD equations for a single perpendicular mode, as in [6] (linearized Eqs. (10–12)
from Ref. [6]). Since the periodicity in the boundary
condition introduces a time periodicity in the solutions, we time-average over one period (2π/ω0 ) and
make use of the steady state solutions. The comparison shows fairly good agreement. Flatter Alfvén
profiles give better agreement, as expected.

NON-LINEAR TRANSPORT
Anticipating that the solar corona may be in a turbulent state, we briefly discuss a strategy to handle MHD non-linearities in the transport equations.
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So far we have neglected the nonlinear and dissipative terms (respectively N0± and D± ) in the RHS of
Eq. (5). It is well known that the non-linear terms
transport directly cascading ideal invariants (such
as E ± ) through intermediate (inertial range) scales,
toward small scales where they are dissipated. Even
though the problem seems conceptually simple, the
mathematical description is extremely difficult, with
no complete rigorous theory of the process being
known. For a macroscopic description of the problem where the focus is in the transport and dissipation of the fluctuations, an effective way to handle
it consists of two main steps: (1) neglect dissipative
terms, an excellent approximation at large scales; (2)
replace the exact non-linear terms by phenomenologically modeled non-linear terms. The second step
is the more difficult. One example of such a phenomenology is given by the following model [7]:
√
∓
±
± E
∂t EN = −α
E±,
(25)
λ±
±
where ∂t EN
stands for the non-linear contribution
±
to ∂t E , which has to be added to the RHS of
Eqs. (15). Here α± ∼ 1 and λ± are the correlation
lengths for E ± , that is,
R∞ ±
Hii dr
L±
≡ ±.
(26)
λ± ≡ 0
Hii |r=0
E

It turns out that the time evolution and space distribution of λ± (s, t) is not necessarily trivial. In order
to show the complexity of the problem, we work with
the linearized Eqs. (8) to obtain:
∂t L± ∓ LW KB L± ∓ RLD = 0 ,

D D
(λ − λ± ) = 0 ,
E±
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fluctuations in the solar corona, through the study of
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