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Abstract. Time of flight (ToF) range cameras illuminate the scene with an amplitude-modulated continuous
wave light source and measure the returning modulation envelopes: phase and amplitude. The phase change
of the modulation envelope encodes the distance travelled. This technology suffers from measurement errors
caused by multiple propagation paths from the light source to the receiving pixel. The multiple paths can be
represented as the summation of a direct return, which is the return from the shortest path length, and a global
return, which includes all other returns. We develop the use of a sinusoidal pattern from which a closed form
solution for the direct and global returns can be computed in nine frames with the constraint that the global return
is a spatially lower frequency than the illuminated pattern. In a demonstration on a scene constructed to have
strong multipath interference, we find the direct return is not significantly different from the ground truth in
33∕136 pixels tested; where for the full-field measurement, it is significantly different for every pixel tested.
The variance in the estimated direct phase and amplitude increases by a factor of eight compared with the
standard time of flight range camera technique. © 2015 Society of Photo-Optical Instrumentation Engineers (SPIE) [DOI: 10
.1117/1.OE.54.11.113109]
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1 Introduction
Range imaging is a growing area with applications in
machine vision, human computer interaction, and manufac-
turing. Time of flight (ToF) range cameras measure distance
by illuminating the scene with an amplitude-modulated con-
tinuous wave light source. Typically, the frequency of the
amplitude modulation is in the megahertz range. The emitted
light travels to the objects in the scene and reflects back to the
imaging sensor, and the distance the light has travelled is
encoded as a phase shift in the amplitude modulation
envelope. Each pixel of the imaging sensor measures this
phase shift for the returning light. Multiple propagation
paths from the light source to the same pixel cause measure-
ment errors, and typically arise from inter-reflections, lens
flare, subsurface scattering, volumetric scattering, and trans-
lucent surfaces. The error caused by multiple propagation
paths is called multipath interference and is a major
source of error in ToF range cameras.1 Multipath interference
is highly scene dependent adding to the complexity of a
solution.

Previous work on resolving multipath interference in ToF
range cameras includes using multiple modulation frequen-
cies, sparse deconvolution, and solving optimization prob-
lems. The relationship between phase and modulation
frequency is nonlinear when multipath interference is
present. Dorrington et al.2 resolved multipath interference
using measurements at two different modulation frequencies.
This work was expanded by Godbaz et al.3 to a closed form
solution by using four modulation frequencies. Bhandari

et al.4 and Kirmani et al.5 later generalized the solution to
five or more modulation frequencies. Part of the measure-
ment in ToF cameras is the correlation between the returning
optical signal and a reference signal. Use of sparse deconvo-
lution on the correlation signal to solve multipath interfer-
ence was shown by Godbaz et al.6 This was expanded by
Kadambi et al.7 by using binary sequences to increase the
spectral content of the correlation signal and improve the
sparse deconvolution. Fuchs et al.8 and Jiménez et al.9

both posed iterative optimization problems constrained by
the measured data to estimate the multipath interference.
Both of these authors assume the only mode of multipath
interference is inter-reflections in the scene.

Decomposition of the light transport into multiple boun-
ces was shown by Setiz et al.10 The light transport was bro-
ken into a direct component and M returns. This was
developed into dual photography, where the viewpoint
between a projector and camera could be interchanged.11

The theory of light transport was developed into two return
components, the direct return which is the shortest path
length, and the global return which contains everything
else. Nayar et al.12 demonstrated a fast method for separating
the direct return and global components by illuminating the
scene with a checkerboard (CB) pattern and by phase shifting
the pattern. The direct and global components can be recov-
ered if the spatial frequency of the global return is much
lower than the spatial frequency of the projected pattern.
Global components of light propagation also cause issues
for structured light range measurement techniques. The
development of structured light patterns to remove the global
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effects has been an area of research.13,14 Using direct time of
flight range measurements to perform light transport analysis
was performed by Wu et al.15 Their method relied on the
direct measurement of the flight time of light; therefore,
the multipath interference problem was trivial to solve.
O’Toole et al.16 applied direct and global separation to
ToF range cameras for transient imaging. Recently, Naik
et al.17 used a CB pattern with a ToF range camera. They
compared the result to the ground truth measurements per-
formed with a line scanner.

In this paper, direct and global separation is adapted to
ToF camera operation. ToF cameras measure the phase
and amplitude of the returning light, while conventional
cameras measure the intensity of the light in the scene.
Therefore, current techniques for measuring direct and
global components need to be modified for use in ToF
range cameras. The modified technique is used to recover
the phase and amplitude of the direct and global components,
thereby correcting the errors caused by multipath interfer-
ence. An illumination pattern is presented that is optimized
for minimizing the number of frames required to resolve the
direct and global components.

2 Theory
In this section, we review the theory of ToF range camera
operation and the background of direct global separation.
Then we adapt and combine the two techniques such that
the direct and global components are separated using
Fourier analysis.

2.1 Time of Flight Range Camera Operation

ToF range cameras illuminate the scene with amplitude
modulated light. The phase shift between the transmitted
modulation envelope and the reflection from the scene enc-
odes the distance the light has travelled. The reflected light
can be expressed as

EQ-TARGET;temp:intralink-;e001;63;350sðtÞ ¼ a sinðωrt − ϕÞ þ b; (1)

where a is the amplitude of the returning light, ωr is the
angular modulation frequency, ϕ is the phase offset due to
the distance travelled, and b is the background light. The
phase offset due to distance travelled d is defined as

EQ-TARGET;temp:intralink-;e002;63;276ϕ ¼ 4πdfr
c

; (2)

where c is the speed of light. To extract the phase, the
reflected light is correlated by a reference signal gðtÞ
EQ-TARGET;temp:intralink-;e003;63;212gðtÞ ¼ sinðωrtÞ: (3)

The correlation signal, hðτÞ, is measured at each pixel,
where hðτÞ is the correlation between Eq. (1) and Eq. (3)

EQ-TARGET;temp:intralink-;e004;63;159hðτÞ ¼ ðs⋆gÞðtÞ ¼ 1

T
lim
T→∞

Z
T∕2

−T∕2
sðtÞ · gðtþ τÞ dt; (4)

where τ is the phase of the reference waveform gðtÞ.
Evaluation of the integral in Eq. (4) yields

EQ-TARGET;temp:intralink-;e005;63;92hðτÞ ¼ a
2

cosðωrτ þ ϕÞ þ b: (5)

Multiple measurements are taken on the correlation signal by
phase shifting the reference signal. A minimum of three mea-
surements are required, four are typically used.18 To
demodulate, the discrete Fourier transform (DFT) is taken
on hðτÞ and the first order bin contains the amplitude and
phase. Ideally, the measured phase and amplitude can be
expressed as a complex exponential

EQ-TARGET;temp:intralink-;e006;326;675ζ ¼ a expð−jϕÞ: (6)

In reality, when multipath interference is present in the
measurement, the problem can be expressed as the sum of
M complex exponentials such that

EQ-TARGET;temp:intralink-;e007;326;611ζ ¼
XM
m¼1

am expð−jϕmÞ: (7)

In the case of one propagation path,M ¼ 1, then Eq. (7) sim-
plifies to Eq. (6). Resolving multipath interference is difficult
because there are an infinite number of combinations that
sum to the measured value. The propagation of light can
be represented by the direct and global components. The
return with the shortest path length is the direct component,
and the global return encompasses all other returns. Figure 1
shows an example of multiple propagation paths in a corner
caused by inter-reflections.

2.2 Direct and Global Component Separation

Direct and global separation decomposes the measured radi-
ance, L, at each pixel into a direct component Ld and a global
component Lg

12

EQ-TARGET;temp:intralink-;e008;326;403L ¼ Ld þ Lg: (8)

2.2.1 Checkerboard illumination pattern

Consider illumination by a CB pattern so that half the scene
is dark and the other half illuminated. In the illuminated pix-
els, the measured signal is12

Fig. 1 The measured signal of one pixel is due to the direct illumina-
tion from the source and the global illumination. The global illumina-
tion can be caused by inter-reflections as shown, subsurface
scattering, volumetric scattering, and translucency.
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EQ-TARGET;temp:intralink-;e009;63;752Lmax ¼ Ld þ
1

2
Lg: (9)

The assumption is the global component is at a lower spa-
tial frequency than the pattern. Half the scene is illuminated
with a CB pattern, therefore, half the global component is
present. When illuminated with the inverse CB pattern the
bright pixels become dark pixels at which the camera mea-
sures

EQ-TARGET;temp:intralink-;e010;63;654Lmin ¼
1

2
Lg: (10)

This set of two equations is well posed, and the inversion
is

EQ-TARGET;temp:intralink-;e011;63;591Lg ¼ 2Lmin; (11)

EQ-TARGET;temp:intralink-;e012;63;560Ld ¼ Lmax − Lmin: (12)

Nayar et al.12 proposed shifting the CB pattern five shifts
in the x direction for each five shifts in the y direction giving
25 acquisitions.

2.2.2 Sinusoidal illumination pattern

In this section, we review direct and global separation using
sinusoidal (SW) illumination patterns allowing for separa-
tion with three raw frames.12 The scene is illuminated
with a spatially varying pattern according to the following
function

EQ-TARGET;temp:intralink-;e013;63;419Pðx; yÞ ¼ A
2

�
1þ sin

�
2πx
p

þ υþ sin

�
2πy
q

���
; (13)

where P is the projected image, x and y are the projector
coordinates, and υ is the phase shift of the pattern in pixels
per frame (time) in the x dimension. The variables p and q
change the frequency of the pattern in the x and y directions,
respectively, and the light source has a maximum amplitude
A. To perform separation, the pattern is phase shifted in the x
direction between frames, making υ a function of time t,
where υðtÞ ¼ ωpt. The radiance each pixel measures over
time (each frame) is

EQ-TARGET;temp:intralink-;e014;63;275LðtÞ ¼ A · ½1þ sinðωptþ θÞ�
2

; (14)

where θ is the phase offset of the projected pattern defined by
θ ¼ 2πx∕pþ sinð2πy∕qÞ. Since the global return is spatially
smooth, its contribution to the radiance is constant between
projected images, therefore, it is constant with time. The
measured radiance over time is, therefore

EQ-TARGET;temp:intralink-;e015;63;177IðtÞ ¼ Ld
½1þ sinðωptþ θÞ�

2
þ Lg

2
; (15)

EQ-TARGET;temp:intralink-;e016;63;136 ¼Ld

2
sinðωptþ θÞ þ Ld þ Lg

2
: (16)

By expansion of the trigonometric functions and rearrange-
ment, Eq. (16) becomes

EQ-TARGET;temp:intralink-;e017;326;752IðtÞ ¼ η sinðωptÞ þ β · cosðωptÞ þ
1ffiffiffi
2

p γ; (17)

where

EQ-TARGET;temp:intralink-;e018;326;715η ¼ Ld cosðθÞ∕2; (18)

EQ-TARGET;temp:intralink-;e019;326;690β ¼ Ld sinðθÞ∕2; (19)

EQ-TARGET;temp:intralink-;e020;326;665γ ¼ ðLd þ LgÞffiffiffi
2

p : (20)

The unknowns η, β, γ can be extracted by taking the DFT
over t. The direct and global components are calculated by

EQ-TARGET;temp:intralink-;e021;326;607Ld ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η2 þ β2

q
; (21)

EQ-TARGET;temp:intralink-;e022;326;568Lg ¼
ffiffiffi
2

p
γ − Ld: (22)

3 Combination of Time of Flight with Direct and
Global Separation

This section describes the theory of resolving the direct and
global components in ToF range images by combining the
spatially varying illumination patterns with the phase shift-
ing signal in ToF imaging. Both CB and SW patterns are
analyzed.

The multipath interference problem from Eq. (7) can be
written in terms of the direct and global components

EQ-TARGET;temp:intralink-;e023;326;428ζ ¼ ad expð−jϕdÞ þ ag expð−jϕgÞ ¼ Ld þ Lg; (23)

where

EQ-TARGET;temp:intralink-;e024;326;385Ld ¼ ad expð−jϕdÞ; (24)

EQ-TARGET;temp:intralink-;e025;326;360Lg ¼ ag expð−jϕgÞ: (25)

ad and ϕd are the amplitude and phase of the direct compo-
nent, respectively, and ag and ϕg are the amplitude and phase
of the global component. With ToF range cameras, Ld and Lg
are complex numbers, therefore, destructive interference can
occur. It is assumed that there is one direct return which is the
shortest return from the light source to the pixel and a global
return which includes all other returns.

When using a high frequency CB pattern as the illumina-
tion source, Eqs. (9)–(12) can still be used with complex
components if certain assumptions are made. The maximum
and minimum values are estimated by the amplitude of the
complex measurement

EQ-TARGET;temp:intralink-;e026;326;205Lmax est ≃ max jLðtÞj ¼ jζj

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2d þ a2g þ 2adag cosð−ϕd − ϕgÞ

q
; (26)

EQ-TARGET;temp:intralink-;e027;326;149Lmin est ≃ min jLðtÞj ¼ ag: (27)

This approximation is valid provided that

EQ-TARGET;temp:intralink-;e028;326;120Lmax est > Lmin est ⇒ jLg þ Ldj > jLgj: (28)

The constraint from Eq. (28) is always satisfied when
either
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EQ-TARGET;temp:intralink-;e029;63;7522jLgj < jLdj; (29)

or

EQ-TARGET;temp:intralink-;e030;63;719jϕg − ϕdj ≤ π∕2; (30)

holds. To illustrate Eq. (28), note that the direct and global
components add on the complex plane; therefore, in some
situations, the amplitude of the sum can be less than the indi-
vidual amplitudes. For Eqs. (27) and (26), in order to remain
valid approximations, either the amplitude of the direct has to
be much greater than the amplitude of the global, [Eq. (29)]
or the phase difference has to be less than π∕2 for construc-
tive interference, giving rise to Eq. (30). In other words, to
determine the direct and global returns, the amplitude of the
direct plus global must always be larger than the amplitude
of just the global illumination, see Fig. 2.

Separation with no constraints and the minimum number
of frames is desired. The constraints inherent with using CB
illumination patterns are undesirable, and we seek separation
of direct and global with no such constraints and, thus a min-
imum number of frames. The general form can be expressed
as the combination of Eqs. 15 and (5). This leads to

EQ-TARGET;temp:intralink-;e031;63;505Iðt; τÞ ¼ hdðτÞ
2

· LðtÞ þ hgðτÞ
2

; (31)

where hd and hg are the correlation waveforms for the direct
and global components and LðtÞ is the projected pattern that
changes with time. LðtÞ can describe any projected pattern
that is phase shifted with time, such as an SWor square wave
pattern. Using multiple modulation, frequencies can be
included in the above equation, and the resulting equations
become

EQ-TARGET;temp:intralink-;e032;63;385ϕðωrÞ ¼
2ωrd
c

; (32)

EQ-TARGET;temp:intralink-;e033;63;345hðτ;ωrÞ ¼
a
2

cos½ωrτ þ ϕðωrÞ�; (33)

EQ-TARGET;temp:intralink-;e034;63;312Iðt; τ;ωrÞ ¼
hdðτ;ωrÞ

2
· LðtÞ þ hgðτ;ωrÞ

2
: (34)

We propose a function LðtÞ to facilitate separation of the
direct and global under Fourier analysis.

Let LðtÞ be a cosine wave by projecting the high fre-
quency spatial SW pattern from Eq. 14 and frequency
such that

EQ-TARGET;temp:intralink-;e035;326;719LðtÞ ¼ 1þ cosðωpt − θÞ
2

; (35)

EQ-TARGET;temp:intralink-;e036;326;678ωpt ¼ lωrτ; (36)

where l is a positive integer. Then the combination of
Eqs. (31) and (35) becomes

EQ-TARGET;temp:intralink-;e037;326;629IðτÞ ¼ ad
4
fcos½ðl − 1Þωrτ þ θ − ϕd�

þ cos½ðlþ 1Þωrτ þ θ þ ϕd�g

þ ad cosðωrτ þ ϕdÞ þ ag cosðωrτ þ ϕgÞ
2

: (37)

With l ¼ 3, a closed form solution is present with the fewest
samples. With αk and φk being the amplitude and phase at the
kth Fourier frequency and l ≥ 3 then

EQ-TARGET;temp:intralink-;e038;326;512θ ¼ φl−1 þ φlþ1

2
; (38)

EQ-TARGET;temp:intralink-;e039;326;472ϕd ¼
φlþ1 − φl−1

2
; (39)

EQ-TARGET;temp:intralink-;e040;326;439ad ¼ 2ðαl−1 þ αlþ1Þ; (40)

EQ-TARGET;temp:intralink-;e041;326;414

ag
2

expð−jϕgÞ ¼ α1 expð−jφ1Þ −
ad
2

expð−jϕdÞ: (41)

There are no constraints on the direct and global compo-
nents in addition to the fundamental constraint that the global
component is bandlimited in the spatial Fourier domain. In
Table 1, we enumerate for integer values of l if the problem is
solvable using Fourier analysis and the number of samples is
required in time.

3.1 Harmonic Error Analysis

The above analysis ignores the well recognized fact that
unwanted harmonics add error to ToF ranging.19 These
unwanted harmonics arise from the common hardware
implementation that utilizes square wave modulation driven
by digital circuitry. The correlation signal is, therefore, a tri-
angle waveform and higher order odd harmonics are present
in the signal. The addition of the odd harmonics has the fol-
lowing effect:

(a) (b)

Fig. 2 The constraints from Eqs. (29) and (30) are visualized on the
complex plan in (a) and (b), respectively. The amplitude of the result of
Ld þ Lg must always be greater than the amplitude of Lg for the
approximation in Eqs. (26) and (27) to be true.

Table 1 Summary of solvability of Eq. (37) using Fourier analysis for
different values of l . The number of samples is calculated by the
Nyquist frequency.

l 0 1 2 3 4 5

Solvable No No No Yes Yes Yes

Samples — — — 9 11 13

Optical Engineering 113109-4 November 2015 • Vol. 54(11)

Whyte et al.: Resolving multiple propagation paths in time of flight range cameras. . .



EQ-TARGET;temp:intralink-;e042;63;752hðτÞ ¼
XK

k¼1;3;5;: : :

a
2k2

cosðkωrτ þ kϕÞ; (42)

and
EQ-TARGET;temp:intralink-;e043;63;700

IðτÞ ¼
� XK
k¼1;3;: : :

ad
2 k2

cosðkωrτ þ kϕdÞ
�
cosðlωrτ − θÞ

þ hgðτÞ þ hdðτÞ
2

; (43)

EQ-TARGET;temp:intralink-;e044;63;628¼ hgðτÞ þ hdðτÞ
2

þ
XK

k¼1;3;: : :

�
ad
4k2

cos½ðkþ lÞωrτ þ kϕd − θ�

þ ad
4k2

cos½ðk − lÞωr − kϕd − θÞ�
�
: (44)

In the case where nine samples are used, the third har-
monic of the triangular modulation signal is mixed onto
the zeroth and sixth harmonic. Then the sixth harmonic is
aliased onto the third harmonic, which is not used to compute
the direct component. However, the fifth harmonic is mixed
onto the second and eighth harmonics. In addition, the eighth
harmonic is aliased onto the first harmonic, which causes
errors in the direct and global computation. The presence
of the third harmonic does not cause problems but the
fifth does.

3.2 Propagation of Uncertainty

Each measurement of the correlation function is affected by
noise. In time of flight cameras, this consists of photon shot
noise, dark current, ADC quantization, and jitter. It is
assumed that the resulting noise is white and independent
between samples. Schoukens and Renneboog20 showed if
these conditions are met then the scaled covariance matrix
C for the DFT is

EQ-TARGET;temp:intralink-;e045;63;311C ¼ 2

N
σ2hτI; (45)

where N is the number of samples, I is the identity matrix,
and σ2hτ is the variance of the additive white noise.

Assuming the real and imaginary components are inde-
pendent, then the variance of the amplitude a and phase
ϕ for each Fourier bin is

EQ-TARGET;temp:intralink-;e046;63;215σ2a ¼
1

N
σ2hτ ; (46)

EQ-TARGET;temp:intralink-;e047;63;175σ2ϕ ¼ 2

Na2
σ2hτ : (47)

Equations (46) and (47) are the generalization from four
samples, given by Frank et al.,21 to N samples. Due to
the mixing of the described technique, the amplitude of
the Fourier bins compared with the standard ToF measure-
ment is

EQ-TARGET;temp:intralink-;e048;326;752αl−1 ¼ αlþ1 ≈
a
4
; (48)

then the variance compared with the total can be computed as

EQ-TARGET;temp:intralink-;e049;326;711σ2ad ¼
8

N
σ2hτ ; (49)

EQ-TARGET;temp:intralink-;e050;326;676σ2ϕd
¼ 16

Na2t
σ2hτ : (50)

The variance of the direct phase and amplitude estimation
increases by eight times compared with using the standard
time of flight technique. The variance in the global compo-
nent is greater because the global is calculated from the
direct.

4 Hardware and Experimentation
A custom built ToF range camera designed to implement
direct and global separation is used for the experimentation.
The camera is built around a PMD19k3 (PMD Technologies,
Siegen, Germany) sensor which contains a 120 × 160 pixel
array, and is based on the reference design by Jongenelen
et al.22 The PMD19k3 sensor is controlled by a Cyclone
IV FPGA (Altera, San Jose, California). The analog pixel
values are converted to 16 bit unsigned values by an
AD9862 ADC (Analog Devices, Norwood, Massachusetts),
and images are then transmitted to the host computer over
Ethernet.

A DLP LightCrafter (Texas Instruments, Dallas, Texas)
projector was modified to illuminate the scene with the
desired patterns. The LEDs from the projector are removed
and the red LED was replaced with a HL6545MG (Opnext,
Nagano, Japan) 660 nm 120 mW laser diode. The laser diode
is controlled by the camera and both are amplitude modu-
lated at 30MHz. The projector was calibrated to have a linear
amplitude response.

The projector’s field of view is different from the camera
due to the manufacturer’s supplied optics. Therefore, some
parts of the scene viewed by the camera are not illuminated
by the projector. In the occlusions and nonilluminated
regions, no direct return should be present, therefore, the
computed phase is invalid. In some cases, phase values
are removed if the amplitude is below a fixed threshold.

A variety of scenes were imaged to test the performance
of the proposed direct and global separation method. Each
scene was designed with material selection and scene prepa-
ration, so that one form of multipath interference is more
dominantly present than other forms. The scenes include
an internal corner, which emphasizes inter-reflections
between surfaces; wax and peppers, which is dominated
by subsurface scattering; and the CB, which highlights
lens flare. For each scene, both the CB and SW direct
and global separation methods are used. The CB method
requires 100 raw frames, which provides 25 depth frames,
and the SW method uses nine raw frames.

To test the accuracy of the direct and global separation on
complex data, the ground truth distance is required. To
acquire the ground truth of the internal corner, each side
is illuminated with small patches with the opposing side
removed. The illumination of small patches and the removal
of scattering objects means that we can assume that the mea-
sured return is the direct return. The purpose of this test is to
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demonstrate that the direct measurements are more accurate
than the full field (FF) and to statistically present it. The aver-
age of 100 ground truth phase images is computed to obtain a
single reference image. The reference image is subtracted
from each of the one hundred FF, CB, and the SW phase
images. The root mean squared error (RMSE) is calculated
for the phase of each of the FF, CB, and SW methods. The
mean and standard deviations of the 100 RMSE values for
each method are then tabulated for comparison of the
RMSEs between the methods. Significance testing is per-
formed by the Wilcoxon signed rank paired test for differ-
ence in the median of the RMSE between the different
methods.

To test the proposed method on a specular corner to exam-
ine the effect of nonspatially smooth global illumination, a
right angle corner is constructed with one side from a met-
allic cake tin and the other side with white diffuse foam
board. The ground truth is measured by illuminating small
patches separately so only the direct return is present in
the patch. The ground truth distance is compared against
the direct and global separation and FF illumination distance
measurements.

The direct and global separation is compared with the
methods for resolving multipath interference by Kadambi
et al.7 and Bhandari et al.4 A right angle corner is constructed
out of white foam board and the camera is located 1.0 m
away and 0.37 m up from the corner point and looks
down upon the corner at 20 degrees. The binary sequence
used for the Kadambi method is a 31 bit maximum length
sequence generated with a bit time of 20 ns (50 MHz)
and 4960 measurements are taken on the cross-correlation
signal. Five modulation frequencies are used for the
Bhandari method: they are 10, 20, 30, 40, and 50 MHz,
and at each frequency, 16 phase steps are taken. The ground
truth of one column of pixels is captured by raster scanning a
small patch of direct illumination. The RMSE of one column
is calculated for each depth frame, and 100 depth frames of
each method are measured, then the RMSE mean and stan-
dard deviation of each method is tabulated.

5 Results and Discussion

5.1 Corner

In Fig. 3, we compare the measured phase of one row in the
corner when using FF illumination, the recovered direct dis-
tance component, and the ground truth distance measure-
ment. The direct component is consistent with the ground
truth and they align within three standard deviations of
each other. The measured phase in the corner when using
FF illumination is consistent with results shown by Fuchs.23

The mean and standard deviation of the phase RMSE over
100 frames for the three measurement techniques is tabulated
in Table 2. Each RMS value reported is separated by more
than three standard deviations. The result of the Wilcoxon
signed rank test between FF and CB illumination, and
between CB and SW illumination, both have p-values that
are zero to machine precision, which supports the assertion
that the direct and global separation are successful.

5.2 Peppers and Wax

The results of the direct and global separation on a group of
peppers and wax candles are presented in Fig. 4. The

amplitude of the global component shows significant subsur-
face scattering in the peppers and the wax. There are inter-
reflections between the objects and the table top and inter-
reflections between the base and wall. The wavelength of the
light source is 660 nm (red); therefore, the red and yellow
peppers are brighter than the green peppers. There is a
significant difference between the candles’ distances in
Figs 4(b) and 4(c), and the peppers are at different distances.
In Fig. 4(b), the peppers’ distance is related to the measured
amplitude, and brighter parts of the peppers are closer, while
in Fig. 4(c), the peppers’ distance is not related to brightness,
indicating that multipath interference caused by subsurface
scattering is removed by direct and global separation.

5.3 Color Dependence

Figure 5 shows the results of the direct and global separation
of a black and white CB on a flat sheet. The SW pattern and
CB pattern correct the phase error seen in the FF image.
Lindner et al.24 demonstrated a distance error correlated
with amplitude and attempted a correction with calibration.
Lichti et al.25 also used scattering models to perform depth
calibration based on amplitude. This result shows the dis-
tance error with amplitude in ToF range cameras is due to
multipath interference, probably caused by lens flare, and
can be corrected with direct and global separation.

5.4 Specular Corner

Figure 6 demonstrates that the inter-reflections caused by the
cake tin are not diffuse, and therefore, violate the assumption
of a spatially smooth global component. The measured

Fig. 3 Comparison of the measured phase when using full-field illu-
mination and the reconstructed direct component using checkerboard
(CB) patterns compared with the ground truth, with plus and minus
three standard deviations plotted around each measurement.

Table 2 Mean and standard deviation of phase RMSE over 100
frames for full field (FF), checkerboard (CB), and sinusoidal (SW) illu-
mination techniques.

FF CB SW

RMSE Mean 0.0952 0.0153 0.0112

RMSE STD 0.58 × 10−3 0.11 × 10−3 0.16 × 10−3
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distance along the slice in Fig. 6(a) is plotted in Fig. 7 for the
ground truth distance, FF distance, and the direct distance.
The RMSE for the FF distance slice is 0.0601, while for
the direct distance it is 0.0435. The error has been reduced
compared with FF; however, significant error still exists as
predicted above in Sec. 2.

5.5 Comparison With Other Methods

The presented method fails on specular reflections because
they violate the global spatial frequency constraint, as dem-
onstrated in Fig. 7. The direct and global separation for
resolving multipath interference is compared with methods
presented by Kadambi et al.7 and Bhandari et al.4 for resolv-
ing multipath interference in a diffuse corner for one column
of pixels. The RMSE of each method and the RMSE stan-
dard deviation over 100 frames is tabulated in Table 3. The
RMSE for Kadambi et al.7 is greater than FF in the corner,
which is due to the depth quantization caused by the method.
The RMSE is reduced less than FF for the method presented

by Bhandari et al.,4 but the reduction of error is small com-
pared with the presented direct and global separation. The
forward models presented by Kadambi et al.7 and Bhandari
et al.4 both assume a sparse number of returns, which is not
the case for a diffuse corner; therefore, they fail to resolve the
corner, while the direct and global separation significantly
reduces the measurement error.

The presented method requires nine raw frames for a
closed form solution to resolve multipath interference.
The previous closed form solution by Godbaz et al.3 required
phase and amplitude at four different frequencies, thus the
minimum number of raw frames would be 12. In contrast,
Kadambi et al.7 used 3000 raw frames. Previous work by
Dorrington et al.2 used two frequencies for a minimum of
6 raw frames, however, was not a closed form solution.

Recently, Naik et al.17 have used a CB pattern with a ToF
range camera. They compared the result to the ground truth
measurements performed with a line scanner. We have devel-
oped further constraints for using CB patterns and expanded
direct and global separation to mix the ToF signal with an

Fig. 4 The direct and global components from subsurface scattering in wax candles and peppers and
inter-reflections on the white floor and wall: (a) scene photo, (b) full-field (FF) point cloud, (c) CB direct
point cloud, (d) FF amplitude, (e) FF phase, (f) CB direct amplitude, (g) CB direct phase, (h) sinusoidal
(SW) direct amplitude, and (i) SW direct phase.
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SW pattern for a closed form solution under Fourier analysis
in nine raw frames.

Previous methods for resolving measurement errors due
to lens flare rely on calibration24 and estimating the complex
point spread function9 of the mixing in the lens. With the
presented method, no calibration is required; therefore, no
assumptions are made about the scene.

6 Conclusion
ToF range cameras suffer from measurement errors caused
by multiple propagation paths. We have demonstrated the
use of CB direct and global separation but have also exposed
a limitation in the use of a CB pattern in the form of con-
straints on the values that the direct and global complex
phasors can take. We also have developed a method of com-
bining the phase measurement of ToF cameras and SW pat-
terns used in direct and global serration. The method has a
closed form solution requiring nine raw frames. Using the
direct and global separation, the correct distance was mea-
sured for a corner, and qualitatively demonstrated removal
of subsurface scattering and artifacts caused by lens scattering.
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