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ABS~:'RACT 

Part 1 of this thesis consists of a theoretical quantum 

statistical analysis of several nonlinear optical processes. As 

an introduction a master equation describing the time behaviour 

of the field in a general irreversible nonlinear interaction be­

tween an optical photon field and a nwnber of two level atoms is 

given. This master equation is then used to calculate the exact 

time dependent statistical properties of the light fields in cer­

tain special processes: two photon emission by atoms, two photon 

absorption by atoms and Raman scattering of phot.ons by atoms. The 

steady states of the emission-absorption processes are examined, 

and found to have interesting statistical properties not found 

in the field states normally met ~~th. Part 1 is concluded with 

a brief examination of approximate methods of solutions for the 

nonlinear processes studied. 

Part 2 is a brief study of the nature of co~centration fluc­

tuations and correlations in chemically reacting systems, using 

the stochastic master equation approach. The time dep·endcnt 

fluctuations and spatial correlations are discussed for a space 

dependent model of a linear chemically reacting system. These 

results are compared with those obtained when correlations are 

ignored. The steady state behaviour of a :p3,rticular nonlinear 

chemical system is then examined. Deterministic and non space­

dependent stochastic analysis show that when certain system 

parameters a.re varied, the system's behaviour is very similar 

"to that of a thermodynamic system which undergoes a. second order 

phase transition. A space-dependent analysis is then given, and 

this makes the analogy very close indeed. 
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CHAPTER 1 INTRODUCTION TO PAitT ONE 

In recent years there~has been much theoretical and experi­

mental interest in the various non-linear effects which can occur 

when light fields interact with certain types of matter. As is 

now well-known, such non-linear effects arise because of the non­

linear response of the material medium to strong pumping fields. 

These effects may be described classically by the non-linear 

dependence of the medium's polarization P on the electric field f ~ ,,..._, 
( Armstrong et al. 1962), or quantum mechanically by multi-photon 

emission and absorption ( Lambropoulos et al. 1966, Shen 1967, 

Walls 1971a). 

In one class of non-linear optical processes we take the 

nature of a:ny pumping fields into account explicitly, and consider 

the direct coupling of this pump field to two or more other modes 

of the light field. The interaction with the atoms of the medium 

is taken into account implicitly in the expression for the suscep­

tibility of the medium. Examples of such processes are parametric 

amplification and frequency conversion. Thorough analyses (both 

classical and quantum mechanical) of such processes have already 

been presented in the literature (see, eg., Louisell et al. 1961, 

Armstrong et al. 1962, McLean 1963 (unpublished lecture notes), 

Walls and Tindle 1972, Raiford 1974, Wonneberger and Lempert 1973). 

In part one of this thesis we shall consider a different class of 

non-linear optical processes. In this class we take the atomic 

nature of the interaction with the light :fields into account 

explicitly. The presence of any pumping fields is talcen into 

account implicitly in the thennal populations of the atomic levels. 
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Effects which fall into this class are multi-photon emission 

and absorption by atoms, and the Raman effect. The actual idea 

of multiphoton emission and absorption by atoms is not a new one; 

the theoretical possibility of such processes was first given by 

Goppert-Mayer (1931). Theoretical analyses of problems of this type 

have already been given by Lambropoulis et al. (1966), Lambropoulis 

(1967), Shen (1967 and 1969) and Agarwal (1970), and more recently 

by McNeil and Walls (1974), Tornau and Bach (1974), Loudon and 

Simaan (1975 a and b) and Simaan (1975). 

In step with the theoretical studies there has been an ever­

increasing interest in experimental investigations of these non­

linear interactions. The Raman effect has of course been the 

subject of thorough investigation, and now finds many applications 

in modern experimental technology, especially spectroscopy. Of 

particular interest at present is the study of multiphoton emission 

and absorption. With the adve~t of higher powered laser pumping 

sources it has become possible to produce scattered light of 

sufficient intensity for detection, so that stimulated multiphoton 

experiments are now common. Further, direct observation of spon­

taneous two photon emission has been reported ( Lipeles et al. 1965 

and O'Conell et al. 1975, where further references are also given). 

The two photon interaction is obviously the easiest multiphoton 

process to study experimentally, although higher order processes: 

have been observed. The theoretical paper on two photon emission 

by Le1nbropoulis (1967) indicated a strong dependence of the two 

P.hoton production or absorption rate on the statistics of the light, 

and this has initiated a number of photon statistics experiments 

to confirm this prediction. 'fue most x•ecent confirmation has been 
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reported by Krasinski et al. (r974). Their paper contains 

further references to other work of a similar nature. Two photon 

absorption has become of particular importance recently because 

of its applications in spectroscopy. If the atomic transition 

is induced by pairs of photons from beams travelling in opposite 

directions there is no Doppler shift. This lack of Doppler line 

broadening means that a high resolution of spectral lines is 

possible. This was predicted by Vasilenko et al. (1970) and 

confirmed experimentally by Biraben et al. (1974), Levenson and 

Bloembergen (1974), Hansch et al. (1974) and Dritchard et al.(1974). 

Other advantages of two photon spectroscopy include the possibility 

of direct transitions between atomic ground state and higher 

levels for which parity considerations preclude a one photon 

transition. Further discussion is given in the above papers, and 

in the theoretical paper by Salomaa and Stenholm (1975). 

There has even been discussion on the possibility of a laser 

oscillator in which the lasing transition is a multiphoton one. A 

quantum mechanical analysis of such lasing action has been given 

by McNeil and Walls (1975 band c). A useful survey of multiphoton 

work up to the late 1960 1 s is given by Gold (1969). In our work 

we shall be interested in processes which occur at frequencies in 

the optical range. At such frequencies individual photons may be 

detected. Further, production of photons by spontaneous emission 

of atoms may now be no longer insignificant, especially at low 

field intensities. Thus to adequately explain these processes we 

-require a quantum mechanical analysis. 

Since de-excitation of atoms occurs ·randomly, there will occur 
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fluctuations in the measured field variables. 'Ihe processes 

creating the fields are non-linear, so that we may expect the 

fluctuations to play a strong role. Hence a statistical analysis 

of the problems is important. The approach we take ~~11 thus 

be a quantum statistical one; i.e. we will investigate the be­

haviour of the density operator describing the behaviour of the 

interacting light fields. From this operator we may calculate 

the mean values of any functions of the field variables. Of 

particular physical interest are the mean field intensities, 

intensity fluctuations and intensity correlations. 

The formalism required for our analysis is introduced in 

chapter two. The quantum mechanical hamil tonian far the atom­

light field interaction is given and discussed. Follouing 

Shen (1967 and 1969) we give a master equation which governs the 

time behaviour of the density operator of the atom-light field 

system. By tracing out the atomic variables we obtain an operator 

equation for the density operator of the light fields alone. Tb.is 

equation completely describes the statistical behaviour of the 

light fields. 

In chapter three we use the . theory of chapter ·two to examine 

the behaviour of some specifie non-linear processes, and we 

present time dependent solutions for the diagonaL.(in the Fock, 

or number state, representation) elements of the density operators 

for the light fields in these processes. The solutions for two 

photon emission by atoms have already been studied in some detail 

by other workers ( Lambropoulis et al. 1966, Lambropoulis 1967 

and Shen 1967 and 1969) and we merely present their results for 

completeness~ We then consider two photon absorption by atoms, 
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examining two cases: in the first case both photons involved in 

a transition come from the same mode of the liGht field, in the 

second case the two photons come from different modes. The one 

mode problem has been studied earlier by Agarwal (1970) and here 

we extend his theoretical analysis. The properties of the solutions 

for the two photon absorption problem have mince been studied in 

more detail by Tornau and Bach (1974) who consider the one mode 

case, and by Loudon and Simaan (1975 a and b) who consider both the 

one mode and two mode cases. 

The final process we consider here is the Raman scattering of 

light by atoms. Some analysis of the photon statistics a:f the 

scattered light (Stokes' radiation) has been given by other workers 

(Walls 1970 and 1971b, Chandra. and Prakash 1971). A master 

equation approach has already been given by Walls (1973), who uses 

phonon modes instead of atoms. In his work the incident light is 

assumed to satisfy the parametric approximation. That is, it is 

assumed to be so intense that its depletion and statistical proP­

erties can be ignored. In our analysis we are able to obtain 

solutions without making this approximation; we retain the corrcl.a­

tion between the incident and scattered light. The solutions for 

Raman scattering have,s1nce been examined in more detail by 

Simaan ( 1975). 

For each of the above problems we present graphically the 

time evolution of physical quantities such as mean intensities 

and correlation functions, for various initial conditions. 

Because of certain oonserved quantities, the steady states 
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in these non-linear problems depend on the initial conditions as 

well as on the external pumping parameters (in this case the ther­

mal populations of the atomic levels). This is o.:f interest 

because it allows the possibility of obtaining states of the 

electromagnetic field which have different statistical properties 

to the states normally found. In chapter four we ex~~ine the 

steady states of some of the processes studied in chapter three, 

and calculate their second order correlation functions 

which provide some measure of their statistical properties. 

Chapter five concludes i:a,rt one with a brief look at some 

approximate solutions for the processes we have been studying. 

Such approximate solutions provide a more transparent view of 

the processes, and also enable us to make some com1.ection with 

the classical theory of non-linear optics. 

Parts of chapters three and five have already appeared in print 

in the article "A Master Equation Approach to Non-Linear Optics", 

Journal of Physics 7A 617(1974), and parts of chapter four have 

~ppeared in "Possibility of Observing Enhanced Photon Bunching 

from Two Photon Emission", Physics Letters ill 233( 19 75). 
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CHAPTER 2 QUAH'IUM FORJ.IULATION 

2.1 Hamiltonian for the Atom-Field System 

We shall describe the atom-field interaction which occurs 

in the non-linear interaction of light with matter by an ensemble 

of N independent two level atoms interacting with an optical 

electromagnetic field inside a resonant cavity. Transitions be­

tween the two atomic levels are n-photon processes in which m­

photons are emitted and n - m photons are absorbed. 

We may write the total hamiltonian for such a system as: 

H : HF f HA t HA; (2.1) 

where HF and HA are respectively the hamiltonians for the unpert­

urbed electromagnetic field and the atoms, and H AF is the hamil­

tonian describing the interaction between the atoms and the'light 

field. HAF for a single "one e~ ctron11 atom may bs written as 

(Dirac 1967): 

(2.2) 

where i is the electron's momentum, and A is the electro-
~ 

magnetic vector potential at the electron's position. We shall 

assume the electromagnetic radiation is of wavelength much larger 

than atomic dimensions. This means A is essentially constant 

over the volume of an atom, so we may take for A its value at 
~ 

the (fixed) position of the atom's nucleus. 

We now introduce quantization of the electric field and second 

quantization of the atom. The electric field is described by the 
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vector potential field A already mentioned, and the atom's ~ 
electron is described by the electron wave function field \/.J<r). 
We make these fields quantum mechanical operators by replacing 

by operators the c- number coefficients in the Fourier expan­

sions of 6(r,t.) and f (() (see, e.g. Dirac 1967, Haken 1970): 

= £ [c,. (j). Cr) .1, GJ,t qJJ~ (r)] 
• J ,J - ' .-. 
J 

The U 14 (r) and ci),(c) are appropriate normalized orthogonal mode - • ~ I J 

eigenfunctions. V is the volume of the cavity. In (2.4) the 
I/ \\ 

index j indicates the levels of the atom. 

The electric field "creation" and ''destruction" operators 

t Qi,; , C-(1,;. obey the boson commutation rules: 

and have associated with them the Fock (number) states I V'l1i,:) ~ 

+ ~ lr\.1-i"l Q1' IY1l') '! 

(2.6) 

[v;'k \ Yl" - I > 
' 

V1" > 0 
qi<.\(),) --

0 ' n" = o 

The atomic "raising" and "lowering" operators c> 
J ' 

C· 
J obey 
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the fermion anticommutation rules& 

(2.7) 

and have associated with them the atomic level states lj) & 

C.(11) = ll) ' 
C, I 1) =-0 

(2.8) 
C/11:;:, = C, C.i I '.l > :: 11> 

' wavefunctions 
If the t✓ atoms are independent, their electronic,h,1ill 

not overlap, so that N atoms may be taken into account .simply 

by adding the single atom terms together. To the C~ we add a 

further index "').. 11 which indicates the particular atom a (,~ is 

describing. When the above quantization procedures are carried 

H out, the hruniltonians F and HA becomes 

I N + f 
HA = 2.iiw,2 z Cc2-,.C1?\- c,,i\G1;,.) 

';\: I 

(2.10) 

where -h~.0,,._:::: .A t 11 is the energy difference between the two atomic 

levels. 

In a multiphoton process the transitions are between states 

such as l 1; 11,, l"I,.) and ll_; t1,-1., 112."I], or more generally, between 

states for which the transition involves the emission of m pho­

tons and the absorption of n - m photons. Thus when using eXP­

ansion methods to calculate physical quantities like transition 

probabilities or the rate of change of a density operator, it is 

necessary to go to nth order terms in HAr: to obtain the first non­

zero contribution (Lambropoulos 1967, Agarwal 1970). This is 
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equivalent to using first order theory with the following effec­

tive hamiltonian (Shen 1967, Agarwal 1970, Walls 1971a);which 

we shall use, 

(2.11) 

C frrlt\-Wl) 
where _c.. 7 is proportional to the atomic matrix element for 

then-photon transition. 

In the steps leading to the hamiltonian (2.11) we neglect 

certain terms. The first term neglected is the A~ term in (2.2) . ~ 
which is vecy much smaller than the .,_A i A. o terms. The other 

~~ ,. ,.. 
terms ignored represent either n photon processes which we are 

not interested in, or processes which are highly energy non-con­

serving. Neglecting the last mentioned type of terms is commonly 

called the rotating wave approximation. The effect 0£ such terms 

is negligible for times larger than the inverse frequency of the 

atomic transition (see, e.g. Haken 1970, where further references 

are given. See also Carmichael 1972). 

Then-photon processes we are not interested in may be physi­

cally excluded by appropriate choice of experimental conditions. If 

the experiment takes place in a resonant cavity, the cavity mey 

be tuned to allow only the frequencies of those field modes which 

take part in the particular process of interest. If the experiment 

is to be carried out in a crystal, the unwanted processes may 

be excluded if a birefringent crystal is used. In such crystals 

the speed of light c is a function of wave polarization and direc­

tion as well as of frequency tiJ'". By appropriate choice of 
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polarizations-and directions of the interacting field waves, we 

may obtain matching of wave numbers t ("index matching") which 

enhances the process of interest and excludes other processes 

(see Yariv 1967 for further details). The second method is more 

applicable in travelling wave situations, in which one mode is 

an explicit pumping field. A quantum mechanical analysis of 

such travelling wave situations is lengthy (Tucker and Walls 

1969), and we shall be taking the fields in the analyses following 

to be standing wave modes; we will not be·investigating propa­

gation aspects. 

2.2 Master Eql.latio::i Describing the Field 

We shall now obtain an equation governing the time behaviour 

of the quantum statistical properties of the light field as it 

interacts with the atoms. The quantum statistical p~operties 

of the total atom-field system may be described by the density 

matrix (Dirac 1967): 

(2.12) 

where the 11) are normalized states of the system, obeying the 
. olV/> 

Schrodinger equation ~ti'\-;£ -:: Hlf>. The time behaviour of er 
in the interaction picture (Dirac 1967) is then given by: 

(2.13) 

with the operators E:r and \'1,~f now in the interaction picture. 

Since we a.re interested in the statistical properties of the 
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light field, not of the atoms, we trace out over the atoms to 

consider the densit~ operator for the field alone: 

(2.14) 

In order to evaluate the trace we assume the atoms are 

initially in thermal equilibrium, and that this remains essen-

tially unperturbed by the interaction. Thus 

E'T (t) -"v e(t) <X) eA(O) (2.15) 

where 
.., 

eA(C) = 1T E'-x (o) (2.16) 

A='l 

The irreversible equation of motion (known as the master 

equation) for E'(t.) may then be derived from equation (2.13) by 

standard techniques. (For a comprehensive discussion of the 

derivation of quantum mechanical master equations in the con­

text of quantum optics, see the excellent review articles of 

Haken 1970 and Agarwal 1973). Under the Born and Markov apP­

roximations, the master equation obtained is: 

where 

and 

-- K' mJ "· "
1

) 1'J 1 { LO (', 0 t ] + [ 0) ~ 0 t J } 

-4- K'M,t1•1'1' N1 { Lo, ote.J + [ e o, ot 1} (2.17) 

K't\1,n-M) o<. ~(vJi:,.) \E,<m_,l\•m) 11 )ct'.i: 1-J<r \~\ I "/rl I' 
V M V\ 

OT n.a/ TIM~k 
is the atomic lineshape function, N1 and Ni are the 
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occupation numbers of the atomic levels Ii';, and 12), and N(r) ~ 
is the atomic density in the matter. We have assumed the tran­

sition is resonant, ie: 

(2.18) 

Equation (2.17) completely describes the statistical behaviour 

of the light as it interacts with the matter. Note that no mec­

hanism for lossea has been included. 

Methods for solving equations like (2.17) in operator form 

are few. To obtain any form of solution ·we must usually convert 

such operator equations to c-number equations by introducing some 

representation. Usually we either introduce the "P-represen­

tation" (Glauber 1963) for t: , or take the equations matrix 

elements in the Fock representation. In the case of (2.17) the 

nonlinearity means the equation in the Fock representation is 

easier to handle. 

We call a matrix element of e or any other field operator 

a diagonal element when the matrix element is taken between equal 

states, and off-diagonal when it is taken between unequal states. 

If the off-diagonal elements are all zero, the operator is said 

to be diagonal in the particular representation used to calculate 

the matrix elements. For a complete statistica,l description of 

the field we must know e completely, i.e. we must know all of' 

its matrix elements. However, to evaluate the expectation values 
,., 

Tr {FE'.} of diagonal field operators ( au.ch as :field intensity (4tQ~), 

intensity fluctuations ({,Qta11. -<c:t~a1:;.) P) 

tions < { ata~ -<ata,/)} { Q_}+llj -<af Qj'?}) 

, and intensity correla..­

we requil'e only 
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the diagonal ~lernents of e , and we shall restrict our atten­

tion to the diagonal part of equation (2.17). The off-diagonal 

part is in general difficult to solve. It should be noted that 

equation (2.17) implies that off-diagonal elements are connected 

only to other off-diagonal elements. Hence if all off-diagonal 

elements are initially zero, they will remain so. In this case 

the solution for the diagonal elements of ~ gives a complete 

description of the fields. The expectation value of eJl.Y non­

diagonal field operator (such as field amplitude ak ) will 

remain zero for all times. 
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CHAPTER 3 TIME DEPE.."lfDENT SOLUTIONS FOR 

PA..-qTICULAR NONLINEAR PROCESSES 

3.1 Two Photon Emission by Atoms. 

The first process we shall consider is multiphoton emission 

from excited atoms, with the,emission of two photons in each 

atomic de-excitation. We maintain an inverted atomic population 

by some external pumping mechanism (for example, keeping the 

atoms at a high temperature), so that in (2.17) we may set N1 :O 

and N,_ = N , the total number of atoms. 

There are two cases to consider, depending on which modes the 

cavity is tuned to select. One is the case where the two photons 

emitted in an atomic de-excitation are emitted into two distinct 

fixed modes with • The other is the degenerate 

case where the two photons are emitted into a single fixed mode 

with ;lW -= w11 • We shall consider the second case first, since 

it is less cumbersome rn athematically. 

Emission into a Single Mode. 

When the two photon modes degenerate into a single mode, the 

operator 0 in (2.17) becomes ao. • With , equation . 

(2.17) thus gives: 

where is absorbed in 
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The equation for the diagonal elements of e in the Fock 

representation is then: 

(3.2) 

where 

The solution to (3.2) has been given by Larnbropoulos (1967), 

and we include it here for completeness. 'l1he equation may be 

solved using a Laplace transform method, giving 

where 

The summation 

[ !\c'}-fl/9,,+p3l ]"' 
'}ff' 

and product variables \fa.,}; range over even 

values when I'\. is even, and over odd values when t\ is odd. 

Any initial distribution of the photon field may be tcJcen 

into account by inserting the appropriate initial distribution 

e~(O) directly into equation (3.3). 'l'ypi~al initial states met 

with in experimental situations are the 

1 ( lA )" the distribution e,- = w"i Wt and 

-M ,A\ 
has the distribution <?>- = e -, 

?. • 

chaotic state which has 

the coherent state which 

M is the mean number 

of photons in the state. A coherent state of the electric fiel;-d. 

G(ttl 
is a special state for which the field correlations J 

H c_M u-, (+l ( 
<£ ( r, h ), ... c. c,-" t .. ) ~ U'~1,t"l .... E (r1 .., -f:1. l) factorize for all rt, Glauber 

.... ' - J - ~... - ' "" 

1963, 1967). EM and E.(1") are respectively the -ve and+ve., 

frequency parts of the electric field. The factorization pro-
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perty implies a lack of spatial and temporal correlations, hence 

the name "coherent" state. The stabilized output of a laser oscil­

lator is a close approximation to such a state, thus a laser is 

a suitable source for initially coherent radiation. A chaotic 

state of the field is that state for which the entropy Tr(e~€:) of 

the photon field is a rae:timum for a specified mean photon number 

(Glauber 1963, 1967). In this sense it is a Gtate of maximum dis­

order, hence the name "chaotic''. An appropriate source for an ini­

tial chaotic state is a thermal light source, such as a heated 

mercury discharge1:amp, whose random emission of photons generates 

such a state. Further discussion of the correlation properties 

of the coherent and chaotic states is given in chapter 4. 

From the distribution (3.3) we may calculate the time behaviour 

of the mean number of photons, the photon nwnber fluctuation and 

the expectation values of other diagonal field operators. For 

example, the mean number is 

The time behaviours of the mean and the second order corre-

lation function for an initial vacuum state ( e"(o) :: ~~,o ) is 

shown in figures 1 and 2 respectively. The second correlation 

function 3(1 l 

Gc11 of u defined 

is the normalized form of the non-local version 

above, , and is given by 

Discussion of these figures follows section (3.1.2). 
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The initial condition e,-.(o) -:: ~,._,o corresponds to experiments 

observing spontaneous two photon emission. Direct observation of 

such spontaneous emission has been reported by Lipeles et al. (1965), 

and more recently by O'Conell et al. (1975) where further refer­

ences are given. Initially, two photon emission experiments involv­

ed stimulated emission, using high po1:1ered laser pumping sources, 

in order to produce output light of intensity sufficient for det­

ection. To describe this situation we would.use a coherent state 

initial distribution e,-(o) in (3.3). 

The above analysis (particularty figure 1) shows clearly that 

amplification occurs in the two photon emission process, and 

there has been speculation whether such amplification can be con­

trolled to produce self-sustained oscillations (Lambropoulos 1967). 

That is, is it possible to obtain lasing action when the transi­

tion in the lasing atoms is a two-photon transition? It appears 

that the very large fluctuations in the .emission process (figure 

2) precludes the possibility of formation of coherent behaviour. 

However, the theoretical work of HcNeil and Walla (1975 a and b) 

shows that when losses and the nonlinear action with the lasing 

atoms are taken into account, lasing action is possible (see also 

Yuen, 1975). Although the two photon transition is relatively 

weak, once this weakness is overcome, high light intensities may 

be achieved. For this reason there is strong experimental inter­

est in developing such lasers (Ca_.i:men et a.1.'1974, R. Byer, Stan­

ford private communication, P. Sorokin, I.:&.M. private communica­

tion). 

It should be noted that shm ld we be interested in the off-
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diagonal elements of e, we., may solve the equation for these 

elements in a fairly straightforward manner, using the sa~e 

method as used to solve equation (3.2). 

3.1.2 Emission into Two Modes. 

When the atoms emit pairs of photons into different modes, 

the operator O in (2.17) is a,C-t1, where 11 1n and 11 211 are 

the mode labels. With M, ::o , the master equation (2.17) is 

(3.6) 

The equation for the diagonal elements of ( is then: 

We now observe that 

or more generally, any function of V\1 -1'\, is a constant of the 

motion. In our statistical analysis, this corresponds to the 

fact that, according to (3~ 7), the E'vi,,t\ 1 are connected only 

along lines t'l.,__-n-=-/\ where :\ is any integer, and hence 

that the expectation value of any function of Vl1- ·", is a c:ons­

tant of the motion. The simplest constant of the motion is given 

by the J.lanley-Rowe type of conservation equation <n:i.(t)"J -<l'l1lr1", = 
constant. 

We may thus solve equation (3.7) in a one dimensional man­

ner by solving the equation along the lines l'l1-l'I,;:.~ J A ~O; 
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where -i is a parameter, and n~~1 , is the difference variable. 

The Laplace transform of equation (3.8) yields 

where 

inverted. , we 

let '\'=--:X , and interchange the roles of n~ and t\l in (3.8) 

and now consider e""~~., <~) • This quantity also obeys the 

Laplace transform equation (3.9), so that the general solution 

for is: 

(3.10) 

where 

accoW1t by inserting the appropriate distribution function in 

into (3.10). 

The solution (3.10) is the full coupled distribution for both 

modes, and from this we may calculate correlations between the 

) as well as the meai1s and va­

riances of the separate modes. To obtain the distribution func-

tion for a single mode, €"1 (-c} , say, we simply sum ell,,fli,(t") 

of equation (3.10) over the other mode variable ~2 • 

In figures 1 and 2 we show the time evolution of the mean 

and second order correlation function of one of the modes when 

both modes are initially in the vacuum state On,¥tz lO} = ~~i:,O b11l- o • "-' , } 
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This corresponds to experiments involving two photon spontaneous 

emission. In this case er1,,r1;z.(-z:;): en,(t·) ~t11,rl-i 

iour is symmetric in the two modes. 

, so tha·behav-

Fig.l Two-photon cmis·sion, all modes initially vacuum. 
node mean photon number. 

(A) Single mode ( I3) Two mode 

Figure 1 shows that even when the emission is spontaneous, 

the intensity grows very rapidly with 't' , much more rapidly 

? 
than the e behaviour of one photon spontaneous emission. This 

is because the two photon emission rate AJ (intensity) 2 rather 

than just intensity, so that once the vacuum fluctuations are 

amplified, growth is rapid. The growth is faster in the one mode 

case because the spontaneous emission rate goes as 4N,. rather 

than just Ni as in the two mode case (see equations (5.1) and 

In the case of stimulated emission, where there is a finite 

number of photons present initially, the growth rate will be even 
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larger, as equations (5.1) and (5.18) show. The growth rate de­

pends on the stimulation term N1 <.VI"> and the additional t,erms ( 

in the one mode case, in the two mode 

case) which depend on the statistics. These additional terms re­

flect the underlying nature of the processes. In the one mode 

case the emission process requires the coincidences of pairs of 

photons from the saine mode, and <~("-1)> is a measure of the 

rate of such coincidences (see chapter 4). In the two mode case 

the process requires coincidences of pairs of photons from differ­

ent modes, and <~1~~~ is a measure of this. Thus in the one mode 

case the emission rate will depend strongly on the initial statis­

tics throuch the quantity <t)("-' 1"'> , so that the growth will be 

larger for an initially chaotic state (<n(Y\-1))0 = 2<tl(OY") 2 ) 

than for nn initially coherent state (<h(1-1-1)")0 =- <:~(o1..,2 ) 

of the same mean; however··the dependence on the initial mode stat­

istics will be less strong, the dependence occurring only via the 

dependence of <t"l,Yl'l.":::> on the mode statistics (equation (5.20)). 

s''"' 

Two-photon emission, all rnoc\es initially vacuum. 
Second order corl'e lat ion functions g'''. 

(A) Single mode (B) Two mode 
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Figure 2 shows that 'j'1J also increases rapidly with time, 

with the growth more rapid in the one mode case (the divergence 

of S'11 at "!'==o corresponds to the initial vacuum state). The 

nonlinear emission process is very "noisy" , or 11 chaotic", ampli-

fying the fluctuations very rapidly. 
a(1) v for one photon emission 

is constant at the value 2 corresponding to a chaotic state. 'Ihe 

two photon ( 'l.' 9 functions exceed the value 2, that the fields be-

come in some sense more chaotic than a normal chaotic state. Fur-

ther discussion on this is given in chapter 4. 

L__-=::;::::::========----- t" 

Two mode correlation function <};1.• 

(A) Emission into initiRlly vacuum modes, 
(B) Absorption from initial number sti.ltes ,<l'l(oJ?~JO. 

The gro1-1th of the normalized correlation function 9,1 

for the same initial conditions as in figures 1 and 2 is shown 

in figure 3. Note that, since the distribution function has 

in this case, 911. 

the normalized fluctuation (<n".l, -<.1-1')-1 J / °"".., 2-

will be equal to 

of each mode. 

It should be noted that the equation for the off-diagonal 
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elements <t11\, "'i' I ell'l,_,Vl~ ~ may be solved in a manner similar 
.. 

to that used in this section (Shen 1969). 

3.2. Two Photon Absorption by Atoms. 

We shall now consider multiphoton absorption by atoms, with 

two photons being absorbed in each atomic excitation. He main­

tain practically all the atoms in their lower state by external 

means, such as keeping the atoms at a low temperature. Thus in 

(2.17) we may set N1::N and N:2.=-0 • Again we have two cases 

possible, depending on the modes allowed by the cavity tuning. In 

one case, ea,ch of the pair of photons absorbed in an atomic tran-

sition come from different modes, with W1+Wi ~ W11,. , and in the 

other case the two photons come from the same mode with 2-uJ ::1..0,,. • 

We shall consider the degenerate case ;tu,-= W 14 first. 

3.2.1 Absorption From a Single Mode. 

In this degenerate case, the operator O in the master 

equation (2.17) is 

is then 

where K := N K to,:2., 

(3.11) 

The equation for the diagonal matrix elements of ~ is then: 

(3.12) 

where 
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Equation (3.12) is most easily solved by introducing a gene­

rating function ~(xJ T) defined by 

t,tl 

rcx;t) -= z e_., er) xt\ 

11:::0 
(3.13) 

To convert equation (3.12) to an equation in ~(XJZ) we 

multiply each side of (3.12) by x~ and sum over n • Using 

the definition (3.13) we may write the resulting equation as: 

(3.14) 

The general solution to this equation may be readily found by 
I 

using a separation of variables technique (McQua..rrie 1967), and 

is: 

Oi) - !, 

(:"('l}:) = ::
0 

Al"\ (.,./(x). exp[-nlY1-1)r] 

-~ 
The C../(x) are Gegenbauer polynomials and the A11. are coefficients 

to be determined. Such a series solution was also obtained by 

Agarwal (1970). We proceed here to further this work by explicit~ 

ly calculating these coefficients. Equation (3.15) has the form 
_!, 

of a Fouri~r series, except that the C~(,:t) are not orthogonal 

polynomials. However, we observe that (see, e.g. Abramowitz and 

Stegun 1965) 

::::; :: 

where the P"(-x) are Legendre polynomials, or . ,ogonal on (-1, 11 . 

Thus differentiation of equation (3.15) w.r.t. X- yields a 

F . . . L " 1 • 1 f · o\: ourier series in egenure po ynomia s or ~-x. 
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may be evaluated from the initial condit.ion 

(3.17) 

using the orthogon~i ty of the 1\,Cx,) and the integrals given 

in the appendix. This yields all the A"' apart from Ao . Al­

though A6 is not required in order to calculate the distribution 

moments, it may be found by observing that, according to equation 

(3.15): 

(3.18) 

Further, because ( 3.12) implies that the (?:1 ... CC') and E'.1m .. Jr) are 

""' .... 
uncoupled, z:. €.4~ (Z;) 

~""0 
and z ('.1m-+.1Ct) are constants of motion. 

It follows that 

H 

Ao = z e;tm<-c=c0) 
a1::o 

60 

A, =-z {:1m+-1 <t=o0 > = 
M::.0 

i'l-l""o 

We may now write the A., expressions as: 

(3.19a) 

where the summation variable ! t2.kes even values only when tt'\ is 

even, and odd values :only when tn is odd. 

The result (3.20) means that f(~)r) is now completely deter­

mined in terms of the arbitary initial distribution. This in turn 

means that the e., {t_") are completely determined: by the clefini tion 

(3.13) of (:°(~_;"t') we see that for a given t\ , ew1tt) is the coef-
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ficient of Xtt in the power series expansion of ~b:}') . Using 

the explicit power series expansions for the 

natively P,..lx) in the series) (see,e.g. Abramowitz e.nd 

Stegun 1965) we obtain 

- , "° ( - 1 ,-t Chu 11- .l..) ! 
e"("C") :. ---£ A,Hli. .l".t ,, I ( " - ) I €'\:p[-(11+U)(11tlt-1)tj ( 3. 21) 

..l. n-, t\ ~ t-=o ,., i... • ~H -t. I • 

He may now calculate expressions for <1-1) , ~ tz} and other r.10-

ments using e~ CC J • However, these may be obtained more directly 

from the generating function fl-xJ t:) , since by definition of I=' (::r,t), 

"" <11.., : i:_ ne~ tt) ~ (3.22 a) 
tt,::o 

,,.. 
<n(tt-:l}) = 'Z. 1'1(1'\-1) e .. (t) ::: (3.22 b) 

l\=O 

More generally, the mth factorial moment is given by 

(3.22 c) 

- !, 
Utilizing various properties of the C~4

(2 l , or alternatively 

1't1(-X) , (see,e.g. Abramowitz and Stegun 1965) we obtain 

00 

= - z, A"' exp[-n(}1-J)'t] 

I ~ 

.,._ - .iz Avi n(h-1) e>.p[-t1ll1-l)~] 
t\-::1. I 

The time behaviours of the mean <"> and the second order 

correlation function ~(-2) for an initial chaotic light beam and 

·for an initial coherent light beam of the same mean number are 
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shown in figures 4 and 5. The initial chaotic state corresponds 

to absorption of light from a thermal source, the initial coherent 

state corresponds to absorption of light from a laser beam. 

Two-photon absorption from a s inr;le mode ,"'1"1'(11~:::io. 
Mean photon number. 

(A) Mode initially coherent. (B) Initially chantic. 

Figure 4 shows the expected decay of photon intensity lTi th 

time for both initial states. The decay is faster if the field 

is initially chaotic, because the decay rate (equation (5.18) with 

) <\'\(\'\-I)) ' 
(1) 1 (1.) u, 

~,., =c is or 3 <11'> , and 5,h<1oh.::.. = 2 • ~cowtrtl 0 
T'nus, 

initially at least, the absorption rate from a chaotic be a.In is 

twice that from a coherent beam. Physically, the ~111 function is 

a measure of photon pair coincidences (see chapter 4), and photon 

pair coincidences are exactly what is required for two-photon ab­

sorption to occur (see Teich and Wolga 1966). 

Note that in neither case does the mean intensity tend to 

zero exactly (the vacuum state). Rather, the field tends to the 
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state given by equations (3.18) and (3.19), so that <r1<t~.c)>::: if,"' ... ~(o) 

which is <tilol>/[ 1<11 (0)) +1] f'or an initial chaotic state, and 

for an initial coherent state. If <11101) ">'> 1 , 

both these expressions yield <Y\(r., );:, ~ O•S which is negligable com­

pared with <11lo)') , and is of no practical interest. 

The two photon absorption versus KT is much faster than the 

- 1<.!' 
simple <111or>e. behaviour of the intensity in one photon absorp-

tion, because of the dependence of the absorption rate on <nCl'l-1)') 

rather than simply <h'> • However, in general, 

Fig.5 

o,,;t •-lt 0-6 o-s 
Two--photon absorption f·rom a singl~ mode ,,nee)'>-=< 10. 
Second order correlation function~~-

(A) Mode initially coherent. ( I3) Initially chaotic. 

Figure 5 shows that for both the initially chaotic and the 

initially coherent states ~l~) decays with time - the absorption 

process is a 11 smoothing out11 process. As equations(3.18) and 

( 3.19) show, <.tt<n-•l) decays to zero, so that since <tt> tends 

to a nonzero value, 3('1.) tends to zero. For comparison 3 n, for 
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an initial number state with the same initial mean of 10 iis shown • 
.,, 

is zero,<~~ tends to zero exactly in this 

case. In fact <t1'J,,_ tends to zero faster than <h(11-1)) does, so 

that c/11 f th· ..,.. v or is case diverges as ~ increases. In the case 

of an initial number state ,d th odd mean, <~(1'>> tends to a non­

zero value, so that 5<1..") will tend to zero. 

9t~i,aotic falls rapidly initially, becoming closely equal 

to 
{1) 

~ <.o~l after KZ' := O• 4, ; then the decay is slower. Note that 

the nonclassical effect of photon antibunching ( f{17<.1 , see chaP­

ter 4) sets in early (immediately if the initial state is coherent). 

However, this is only noticeable for c" ?-0·4 , where <1-'l<tJ) has 

already dr~pped to only 0.1 of its initial value. Thus in gene­

ral the effect will be hard to observe experimentally because of 

the low photon intensities. In the one photon absorption ~ituation 
~, 01 3 remai~ constant at 3 n':=o) , independently of the initial 

state; the distribution retains its initial form as the mean 

decreases. 

Absorption From Two I-lodes. 

When the atoms absorb pairs of photons from different modes, 

the operator O in the master equation (2.17) is a,a;:2. where 

"1" and 11 211 are the mode labels. With N2.-=o , (2.17) is then 

~ = K{~,c.2e,c.dal1 + fo,a1.,e_cdai]~ 

where K::: N Klo,21 
• 

The equation for the diagonal matrix elements of e is thus 
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~ 

= Cr1,"'1 )CY12.-il) ~.+1,11-:.+1<c) - n,»-zE_'11.,r1/tl (3.26) 

where T; 1Kt 

As in the case nf emission into two modes, the e11.,t¼ are 

coupled only along the lines Vh~ n., = A , a constant integer, so 

that we may solve (3.26) as aone dimensional problem along these 

lines: 

where i1.. is the difference variable and /\ is a parameter. 

We again make use of a generating function technique to 

solve (3.27): 

, lxl~1 (3.28) 

M:ul ti plying equation ( 3. 27) by Xn. and summing over rt yields 
lH 

the following equation for ~.\ (-:tJ"t) : 

The general solution of this equation may be obtained using 

a separation of variables method (l<lcQuarrie 1967): 

l+1 
where the s~ are Jacobi polynomials. and the A .... CA) are coef-

ficients to be determined. Equation (3.30) has the form of a 

.Fourier series except that the 91,O,?1+lj x) are not oi~thogonal. 
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However we use the property (Abramowitz and Stegtm 1965): 

which for p::::-:\ , ~ = ).+i yields polynomials orthogonal on [oJ1J • Thus 

differ .entiation of (3.30) yields a Fourier series for !~,.(;r/Z') in 

terms of Jacobi polynomials. The ~~()i) , Yl~l,l1 ,... may then b~ 

evaluated from the initial condition of the type (3.17) using the 

orthogonality of the Sn(pJ~,x) and the integrals given in the 

appendix. /4~(x) ma:y be found by observing that equation (3.30) 

implies 

and that since (3.26) couples the Qr1,,n~(t"l only along the lines 
00 

I t ' ~-e~,~L,(""t) is a;•COnstant of the motion for \\1-n, ~ cons.,.a~ ··~ ....... ,,. 

any non negative /\ • Tb.us: 

-
and interchange the roles of~, 

and n~ in (3.26) and now consider E'~+~1 ~(~) • We define 

a further generating function 1:f\x., r) : 

(3.34) 

( ) .-<+) 
which obeys the same equation 3. 29 as r ~ <:t/t) , and so takes 

r. .. , • '·'e ma:y write - (~.,.) n -" ..,_, I,, as 
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where 

Equations (3.35) and (3.36) now completely determine all the 

in terms of the arbi tary initial distribution c:'11,.,t½,<o) • 

A typical two-photon absorbtion experiment would use a laser beam 

at fixed frequency for one mode, and a tunable thermal source as 

is the poisson distribution of a coherent state, and t(H~} is the 

geometric distribution of a chaotic state. 

Thus: 

where 

From the definitions of P;'bJ"'t) 
n 

is the coefficient of X ' 

' 
is the coefficient of~~~ 

~ -- £ c 1. ( 11,,r1-z.) ei.:o [- < t\ ,+1 )( h2+t) ~ J 
t::o I 

From the e~,J"½. (Z,) we may calculate the expectation values 

of any diagonal field opera tor, such as <t1,.., , '"'• (t1.-11> 

·However, as pointed out in section (3.2.1) it is more convenient 

to obtain these directly from the generating function, which is 
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The moments are given by 
.. 

Using the properties of the Jacobi polynomials we obtain the 

following expressions for the modes' mean numbers, first factorial 

moments and.number correlation: 

~ 

.(t\t(r\ft)) = i
0

~(t\+\-4--1)~ 8J'\(>.) ~pl-n(n+.:\lt] 

where 

+1,~~ (.!1;•)~(\1+:\)! Ac:t>(>.)e,.. [-11(n+>.)"?] 
""° ""'' nzt\-P .. ) t'I P 

+ £ /\ ( -:\- l) A~+ lcA) . 
)\,:.';). 

= »li~~HA+t)! ls.,,(\) exr[-h(l\+~)-c] (3.42) 

-+;~ (\-H)(n+'A)! Bn~)v.p[-11(.-»:\)t)_ 
.)\:::' \ ttao I 

o ( - (h-t)~ { (~) (-l t 
on -xJ - rc:i~+ '\) A,, (>t) "' A.,,, (\) J 

The time behaviours of the means and f1 ' functions when 

both modes are initially in identical number states is shown in 

figures 6 and 7 in comparison with the single mode case. The 

condition is given in figure 3 in comparison with the two mode 

emission correlation function. note that for this initial state 

the distribution function has the form e11,,t½(~) -= Rfo,} ~11,.,~-i , so 

that the behaviour is symmetric in·. tli"e two modes, and the correla­

tion function is also equal to the norm~lized fluctuation [.::tt~'> -<,,.•i'-)/<v.'77.. 

·of each mode. 
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Two-photon clbsorption from initial number states ,<111ol-,~10. 
Mode mean photon nwnber. 

(A) Sinr,le mode. (B) Two mode. 

Figure 6 shows that for the special initial condition of 

all modesinitially in equal number states, the absorption is 

initially more rapid in the two mode case, but c,_'l.l.ick:ly becomes 

more rapid for the one mode absorption. The initial rates are 

N<~,~-1))0 for single mode absorption (equation (5.1)) and 

N<.-\,l1-z";, 0 for two mode absorption (equation (5.18)), and for 

'2 
the given initial conditions <.tt<~-1.,., =< "-nlof>[<11tcf>-11 < ·.::n,112)0 =-<'11!0)). How-

ever, as equations (5.2) and (5.20) show, the·rate of change of 

o<t"l(l-\-1•,> is more negative than the rate of change of <Yl,'11-i':> , so 

that the single mode absorption becomes more rapid. 

For more realistic initial conditions (i.e. initially co­

herent or chaotic modes) the single mode absorption rate is always 

higher than the two mode absorption rate ( for equal <11(o"l'> in all 

modes). T'nis,.<because <n(n-,1')0 ~ ~nlo>~.,, ,<h(11-,)<11-'2·f:,., ~ <t11orJ and 
l.s 
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ao on, for such ~nitial conditions. Thus in experimental obser­

vations of multiphoton absorption, a single mode light source will 

yield more efficient absorption than a multimode source. 

In the one mode case we saw that because of the <n(11-1)) depen­

dence, the sbsorption rate is increased if the mode is initially 

chaotic. A oimilar effect occurs in the two mode case, where the 

rate depends on the statistics via. <.t\11'1;1.~ , which is governed by 

equation (5.20). The rate is increased if one mode is initially 

chaotic, and increased even more if both modes are initially chao­

tic. If one of the modes is initially a number state this conclu­

sion is not necessarily true (Simaan and Loudon 1975b), but such 

an initial state is a non-realistic one in practice. 

Fif.,_:__7._ Two-photon absorption from ini tio.l number states ,<nto))s10 • 

Second order correlation functions <j).' · 

(A) Single mode. (B) Two mode. 

a'-1, Figure 7 compares the one mode and two mode absorption J 

function for all modes :iu:1itially in equal number states. The beh­

aviour of the single mode 3<~ has been explained already. In con-
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11., 
trast, the 3 function for each mode in the two mode case, is 

a decreasing function of time: the removal of fluctuations is 

smoother in the two mode case, so that <:t1,(t1,-1)'> tends to zero 
:1 ;z. 

more rapidly than .(I'\,~?· does. 
l. 

As figure 3 shows, 912 for two mode absorption with the modes 

initially in equal nwnber states is an increasing function of time 

which means <.ti,')..(111 ':7 tends to zero faster than <n,11-i> does. For 

other, more realistic initial states, 9,1 decreases from 0 

decreasing from 1 to O. 

(see Simaan and Loudon 1975b). 

A Note on the Case N1 , N~ Both Nonzero. 

The general case with atomic populations N1 and ~1 both 

nonzero, where both emission and absorption can occur, seems to 

be intractibl('3 to solution at present. Even the dist1,ibutions' 

moment equations cannot in general be solved exactly (some app­

roximate solutions are presented in chapter 5). However, there 

to 

is one special situation, that in which the atomic level populations 

are equal: t-h ~ N1 ~ N /1 . Here, even though the master equations 

for the e"' or en,_,11~ sti 11 cannot be solved exactly, the equations 

for the moments can be solved exactly. The results for this spe­

cial case are given in chapter 5, in sections (5.1.1) and (5.1.2). 

Several authors have since presented extended analyses of the 

above work on two-photon absorption, in which they investigate the 

properties of the solutions for the geneJ.~atL"lg. -functi-ons and the 

probability distributions in some detail. '11he one mode case has 
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been examined by Tornau and Bach (1974), and Loudon and Simaan 

(1975a), and the two mode case by Loudon and Simaan (1975b). 

3.3 The Raman Effect. 

The general master equation (2.17) may also describe the 

Raman scattering of photons by atoms. In the Rrunan effect, inci­

dent (pumping) light at frequency Wp is scattered by atoms, under­

going a change in frequency corresponding to the atomic transition 

frequency w,'l • If a pump photon induces an atomic excitation, 

the re-emitted photon has frequency W-:, = "°P -w,1 ( figure 8), and 

is called a Stokes photon. If a pump photon scatters off an alrea­

dy excited atom and de-excitation is induced, the re-emitted photon 

has frequency W.4s = Wp•H..u,1 (figure 9), and is called an anti-Stokes 

photon. Progressively higher order effects may also occur when 

Stokes or anti-Stokes photons themselves interact with the atoms. 

Stokes scattering, Fig.9 Antistokes scattering. 

Walls (1973) has already presented a similar master equation, 

describing Raman scattering by photons. In his work he is able 

to solve this equation completely for the 'P representation of 

(Glauber 1993) for the Stokes field alone, a..,d for the coupled Stokes 
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and anti-Stokes fields. However, this is done at the expense of 

having to make the parametric approximation in i-1hich the pump fi­

eld is assumed to be sufficiently intense that it remains unchanged 

in the interaction, so that no pump depletion is allowed for. Here 

we shall present a solution for at least the diagonal part o:f (2.17) 

without making this parametric approximation. 

We shall assume that because of external effectswe can take 

l,,., N , ll ,._ O In this case Stokes scattering will dominate, "II .. r,i1, - • 

so we may ignore anti-Stokes scattering. We further assume that 

the cavity tuning discourages anti-Stokes scattering, and 2J.1y 

higher order Stokes and anti-Stokes generation. The scattered 

field we are describing is thus the Stokes field. 1'he:master equ.­

tion describing this scattered field and the pumping field follows 

from equation (2.17) with O ~ apa} where the suffices 11 p11 and 
-

"s" indicate 11 pump'' mode and "Stokes" mode respectively. The 

master equation with N1.~0 is thus: 

The equation for the diagonal elements of ~ 

representation is then 

where 

in the Fock 

As in the case of two mode emission and absorption the e.-1,;t1p 

are coupled only c:.long certain straight lines in Vis_, t1p space, in 

this case the lines are t\~~ ~p= 'A , a positive constant. Hence 
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we solve the equation along such lines: 

where Vl = th, is the difference variable and 1-= V\s+l'1p >,;, o is a 

parameter. The Laplace transform of equation (3.45) yields: 

where 

.-i('\-~ ... 1) 

(S+Ctt+tH\•tt)] E't1-l/~-n+i(~) : 

60 - ( -~~ 
e11,\-11(<::.) = le e11,'-•~{t)d? 

E\,\-., Co) 

[5+,1"+1 )('~-~)) 

We thus obtain for the Laplace transform of : 

terms of the arbi tary initial distribution €"s~l11' (o) • Care must be 

taken when inverting (3.47) since when [11/~ t lm7 ~61 the denomi-
IIJ 

nator ,lr [$+('). {>.)J 
J:::m rJ 

~dll contain repeated factors, and the inverse 

L.,A -_µ~'C' will not be the simple z.. ,.e.. behaviour. The full inversion .. 
is given in the appendix. From this expression we may calculate 

the time dependent behaviour of the expectation value of any dia­

gonal field quantity. 

The normal situation in Raman scattering experiments is the 

observation of Stokes emission into a vacuum state under the act­

ion of a pump source. The initial distribution for such a situa-

tial distribution for the pump mode. 

source of mean intensi ty<tYc.)), 
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pump is a stabilized laser beam, to a good approximation 'Pp(11p) = 
e-<.ttp.o'l' <'ttplo))11P /t19 ~ • In figure ·10 we give the time behaviour of 

the Stokes mean number for Stokes emission into an initial va­

cuum for an initially coherent pump mode and for an initially 

chaotic pump mode. For comparison the solution of Walls (1973) 

under the parametric approximation un. the punp mode, and the 

approximate solution (5.41) are also shovm. Figure 11 gives 

the behaviour of the 5<t1 functions for the fields, and figure 

12 the behaviour of ~•1.:: (<tt~t1p'> -<~,"'><~v>J/ <ns.,<rtt'~ , for the 

same initial conditions as for figure 10. 

Fig.10 Raman scattering,<i\s(o)): 0,-<vtp'°'">= 10. 
Stokes mode mean photon number. 

(A) Pump initially coherent. (B) Pur.tp initially chaotic. 
(D) Approximate solution. ( C) Parametric approximation on pump. 

Figure 10 shows that there is a rapid initial increase of 

Stokes photons (with initial slope equal to <riplo>> , by equation 

(5.36)), then a slower approach to the state, where, as expected, 

all the pump photons have been converted to Stokes photons. Hote 
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that the differe~ce between the initially chaotic and initially 

coherent states for the mean is small, and becomes smaller as 

<r\p(o') is r.1ade larger. The approximate solution follows the 

exact solutio~ fairly closely, with particularly good agreement 

at small and large 1" where the decorrelation approximation 

is good. The erfect of correlations on 

is most noticeable in the range -Z-70•'2 , where the correlation 

<.1-1st1p'> - <t1.s><l"p~ is significantly different from zero ( see figure 

12). As expected, the solution under the parametric approximation 

is close to the exact solutions only for small "'t 

depletion is small. 

, where pump 

,,, --- ------ -----
(A,---------

----- (A) -----=-:-;:-_-::-,_-.::.:::.=__~!,__ __ 
--- -------

'------+-----+-------------~-"!' 
0,4 

Raman scat terine ,<-nil•''>= o.,<t1pk,f)::: Io. • f . (l) Second order correlation unctions~ , 

-"' Stokes; ,.,.,, /\ntistokes. 
(A) Pump initially coh~rent. (B) Pump initially chaotic. 

b h • of the c/1' From figure 11 we see that the gross e aviour ~ 

functions is that ~t' IZ1 
increases with time and Ss decays from 

the initial value of 23';10, (see chapter 5, equation (5.45)) to 
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('t.J 

Thia behaviour of <Js corresponds to the 

fact that when the initial di stri bu ti on is E't1s,",Col = ~n5J 0 Pf<t1p) , the 

steady state distribution "swaps" the two modes, giving t'.11,,"I''"°'~ Pt111s) ~";,o 
,1., 

(Simaan 1975). 9rlo) is an increasing function of time because as 

the vacuum steady state ~11r,o is approached, <ttp(l'lr-:1)'7 tends to 

zero less rapidly than <"fi- does. Note that, in agreement with 
('1! 

the short time solution (5.43 ), gp(o) is unaltered for short times 

for either of the initial pwnp distributions i.e. its slope at 

is zero for both initial conditions. One feature of ~t' is the 

initial growth when the pump is initially chaotic. This behaviour 

is demonstrated in the short time solution equation (5.47). 

Raman scattering, -<ttfrlol)""o, <ttf"'.o)';, ""- 10. 
Correl at ion fun ct ion 5,,- • 

(A) Pump initially coherent. (B) Pump j,_nitially chaotic. 

From figure 12 we see that the gross feature of 8•~ for the 

pump initially chaotic or coherent is a decay from the initial 

values 1~c) -1 ( see chapter 5, ( 5. 48)) to the steady state 
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decayint from 

(ti 5~ (o) 
.. 

to O. Thus even though <v1p'> tends to zero, <11~nl'"';, tends 

to zero more rapidly. Note that when the pump mode is initially 

chaotic, '3,2 is an increasing function f'or short times ( "Z' ~ 0•1 ) , 

as pointed out in chapter 5 (equation (5.50)). 
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The Off-diagonal Elements of E( 

If the off-diagonal elements of ~ are required~ the equation 

for these elements may be solved using the techniques used in this 

section. However, the procedure becomes quite complicated. 

The Anti-Stokes Field. 

If the external pumping is arranged to give N,~o, N1 ~1\l, tbP.n 

antistokes scattering ~tlll predominate. The master equation (2.17) 
t 

also describes this situation: we set N1= O , N1. = N and O = Ql'QAs. 

The procedure for solution is then very similar to that outlined 

above, and we obtain a solution for E\1M,v1p(S) of the same form as 

equation (3.47), with p:i{),J=(j+1)(1'-jl , ".\;11r-1-.-iAs • However, 

in most cases of physical interest the Stokes process is the domi­

nant one. 

Atomic Level Populations N, a11d N1. Both Nonzero. 

As in the emission and absorption problem, exact solutions 

when the atomic le~el populations are both nonzero appear to be 

difficult to obtain. However, in the case N1 = N2 :: N/~ , exact 

solutions for the __ m:ament equations may again be obtained. These 

results are presented in chapter 5, section (5.2). 

It should be noted that an extended analysis of the above rlork 

has since been given by Simaan (1975), who investigates in some 

detail the properties of the photon distrilJution corresponding 

to equation (3e47) and :~he associated moments of that equation .. 
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CHAPTER 4 STEADY STATES: PHOTON BUNCHING AND AHTIBUNCHING 

It is of some interest to investigate the ste~cly states of 

the two-photon processes studied in chapter 3. As we saw in that 

chapter, the master equations decouple the e1,A?J or e., ('t\ somewhat, 

with the e-1, "1.('tl or e .. (1:) being coupled only for those 1"1 1 and t12 or 11 
J • 

lying in certain subsets. This means there exist constants of the 

motion of the form te.,'J~ and ~e . ..C-cJ, where the sums are taken over 

certain subsets only inn,.,~~ or n space. Because these quantities 

are constant they persist for all times; thus the steady states 

of the processes will depend on the initial conditions as well.as 

on the external parameters ( the atomic level populations N1 and Ni 

in this case). This should be contrasted with the corresponding 

one photon processes, for which the steady state has a thermal­

like distribution which depends only on the external parameters. 

This dependence on the initial conditions means that by imposing 

certain initial conditions we can obtain states of the electric 

field which differ markedly in their statistical properties from 

those ,states normally found. 

One useful measure of the statistics of a field mode is the 
('1.1 

second order correlation f'wlction 5 -: <>1(\.'\-1l'lkttffor that mode (see 

Glauber 1963, 1970). This quantity in effect gives a measure of 

the correlations or coincidences between photons arriving at any 

given point. Interest in this quantity was first stimulated by 

the Hanbury-Brown Twiss (H.B.T) experiment (Hanbury-Brown a.nd Twiss 

·1956) which essentially measured 5m :for a chaotic light field. In 
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this case i-t was found that 9'1,.1 .:::. ;t, , which indicated some corre-
., 

lation between photons. When the same experiment is repeated 

using a stabilized laser beam instee,d, it is found tha·li ~{11 = 1 , 

characteristic of a coherent state, which laser light closely appro-

ximates. In this case there is no correlation between photons in 

that mode. 
( 1.1 

When 5 ~i, this is called the bunching effect, since 

it indicates that photons are not arriving "equally spaced" in 

time. For some photon distributions, 'j<-z., < 1 , and this is referred 

to as the "anti-bunching11 effect. Stoler (1974) has suggested an 

experimental method to observe such an effect using the parametric 

subharmonic generation process. More recently Carmicheal and 

Walls (1976a,b) have shown that such an effect will be observed 

when using photon correlation techniques to measure the resonant 

stark effect in atoms. We shall be investigating the behaviour 

(1' 
of ~ for the steady state distributions of some of the non-

linear processes <:£ chapter 3. 

The steady state behaviour in the special cases in chapter 3 

is not particularly interesting, because assuming that either ~,~o 

or t-J 1 -:. 0 means that the modes either 11blow up" or are depleted 

to fairly trivial steady state distributions. We shall take~, 

and N1 both nonzero so that the combination of pumping and de­

pletion clue to the atoms leads to nontrivial steady states. We 

shall consider two photon emission and absorption, both single 

mode and two mode. 



4.1 Single Mode Emission and .Absorption. 

When N1 and N1. are both nonzero, the master equation (2.17) 

with o~a~ yields the following equation for f .. <~):::<1-\l{'.Ct)IYi>: 

(4.1) 

This equation is in fact the combination of equations (3.2) 

2ie .. lo 
and ( 3.; 11). In the steady state ~t -::. c , so. that the R.H. S. 

of ( 4 .1) is zero. Because of the wa;y the evi(t) are coupled in 

(4.1) detailed balance must hold (see, e.g. Graham 1973), thus 

the single equation splits into two equivalent equations: 

(4.2) 

These have the solution 

(4.3} 
, n i; C, 1.7 1,, · .. 

The terms (:'4 (,,:,,) and e,<..-,) are determined by using the fact that 

(4.4) 

are constants of notion (see chapter 3, section 3.2.1). Summing 

( 4. 3) over t\- will then yield expressions for eo (c,1:)1 and e,(ot::,) in 
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terms of C, and C'l. • Thus: 

This shows explicitly how the distribution depends on the initial 

distribution through C.1 and C1 • Note that we require ~1./N, < 1 in 

order that e~C~) be normalizable. If N2 -,,,,N 1 , there is no steady 

state. '!he distribution (4.5) is similar in form to the one-

photon thermal distribution 

first factorial moment of (4.5) are: 

The 
('l) 3 function is thus: 

(Yl-C1 )Ct-C.1) - 4}1(:z 

2~']. 

The mean and 

(4.6) 

(4.8) 

where V\ is the <.-n> if equation (4.6). We see that the beha­

viour of 3l'2 1 depends on the external parameters ~h/t", , and 

on the initial conditions (through C~ ). 

We shall first consider two photon spontaneous emission into 

a vacuum. In this case e.,,t~) = ~"Jo , so that Ci= O , and: 

where (4.10) 
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Here 3c~, is alwa:ys greater than 2, and may in fact be consider-
.. 

ably greater than 2, when the atomic inversion is small (i.e. 

when N1 '= Ni, ) . We thus have enhanced photon bunching in this 

situation. We will obtain the 3l11 ( 4.9) for any initial dis­

tribution with the E?.wi+1 (Ol all zero. However, in general, 

such distributions (apart from e"'(o) =- ~l'\,o ) will be very 

difficult to set up, so that, experimentally, spontaneous two 

photon emission into a vacuum will be the best way of observing 

enhanced photon bunching. 

The above result is changed if there is a photon field of 

finite intensity present initially: If the initial distribution -
is chaotic, with E'-,lo) = ( ,;i-1~) • ( ,t~o ) I\ , then 

(4.11) 

If the initial distribution is coherent, with 

then: 

(4.12) 

If the initial means f\o are sufficiently large ( l1i., ~'> 1) then 

both (4.11) and (4.12) reduce to C ,._, I 
1.~ 'i ' and: 

fn = 1. - 1/1.Yi~ (4.13) 

where (\ = 1/. ;t. 
""' 

i(N2/N1 J (4.14) 
( l-N,./~,) 

In this case f 1.) ranges from O to 2 as t-b ... /N. 1 goes from O to 

Q n, £.. ,, . its maximum of 1 . Since lJ ~ ,... , no enhanced bunching effect 
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is possible. H . (1,, 
owever, since 3 may be less than 1, antibw1ehing 

is possHile. ( Simaan and Loudon 1975a). However, ~i-i' < 1 requires, 

by (4.13), h <o•?-. Such small intensities would make this anti­

correlation effect very difficult to observe experimentally. 

4.2 Two Mode Emission and Absorntion 

With N, and lh both nonzero and. O-=-<l1Ch, the master equation 

(2.17) yields the following equation ior E't'\,,,,•\z(f):: <.\'\,,tti.le ln,,11z) i 

(4.15) 

+ l:K'0/2., N::i.~ n,11ze"~•1,tl-i,-I -("l1+j H11-z-tJ 1eH,J_¾J 

This is the combination of equations (3.7) and (3.26). Because 

detailed balance holds in the steady state we obtain the following 

• f • l t t • h ~"•,r1-t = 0 pair o equiva en equa·ions wen 0 ~ 

:: C 

These have the solution 

" en,t\tA\ IID) = eo,>. (e,n) (N2/N1) (4.17) 
t1a;C_,111, . .. _, ;\-=::: 0.>1/l.> •• •. 

en+\.,"' ( o0 J =- e",6 ( o0) ( N1../ tJ .)'1 

The terms eo,,._<~) and ~ 10 (~) are determined by using the 

constants of motion (see chapter 3, section 3.2.2) 
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Summing (4.17) over h.. will yield expressions for the e01,._(c01 ana. 
~ 

e~,o(oO) in terms of the ~tl • Thus: 

(4.19) 

Thus again the steady state distribution depends explicitly on 

tt, 
the initial distribution, through the C>. . The distribution 

is similar to a geometric distribution. In order that E_'tt.,,1:/oO' be 

normalizable, ._,h../N, <. 1 is required. If ~2'>/N 1 , the distribution 

11 blo,isup" and there is no steady state. 

The means and first factorial moments of the distribution 

(4.19) are: 

'2 
1. Ct-11/N,) 

lf-N1/~, ,~ (4.21) 

-+ ~ 1 n-1, c',..-:f-) 
~~l. 

The correlation <:t1,n~';, ls : 

::. (t-l1/t,.Ji)(N1/Nr41) 

(1-N1./N1Y1 + 

(4.22) 

We shall first consider the'stead.y state achieved when in 

one of the modes (say mode 1) there is emission into an initial 

where P:i.(11,) is 

t Ci+' -- 0.(") .the initial distribution for mode 2, so tha ~ l~ 1, and 
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• The distribution (4.19) is thus: 

(4.23) 

The reduced distribution for mode 1 alone is thus an ordinary geo­

metric thermal distribution, independent of the initial distribution 

in mode 2: 

(4.24) 

The reduced distribution for mode 2 depends on the form of the 

initial distribution of mode 2. For example, for an initially 

vacuum state, the distribution (4.23) is 

Thus in the case of emission into an initial vacuum in both modes, 

the steady state distributions in each filode are identical ordinary 

geometric distributions as in (4.24). 

--If mode 2 is initially chaotic, with mean t1~(o) , then 

carrying out the summations in equations (4.20) and (4.21) yields 

for mode 2's 

2.. Yl, ~) 
t 11, + \'½_ ( c, l 1 

(4.26) 

is the mean in mode 1 with the dis­

tribution (4.24). If mode 2 is initially coherent, 

~D) L1¥1, ~ \1z]olj 

[~, + Vlz(c) 11 
(4.27) 
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In both (4.26) end (4.27) we see that always I ~8';)-" 2, so 

that neither anti bunching nor enhanced bunching (Bez, ~ ;2.,) will 

occur. 

For more general conditions the situation becomes more compli-

cated. For example, if both modes are initially chaotic with 

means Y'l1(~) and f11,(0) 

' 
the mocle 1 8(~) is: 

gt :1..- 2.-
V\1£0) [h1h::i)+1] (~,- hi(~1J 

= (4.28) tlzLC) .( V\,) 

where 1'11 is the .(\1,;:, of equation (4.20): 

<l'\i''J 
(~2/N1) h2(0) 

(4.29) == + 
( \ - N1./ N,) lh,lo) -4 hi(o) + 1] 

Enhanced bunching will occur when ff, -'Vh(o) 
11-, • 1 

• ~.t is a ways grea-

ter than 1, so no antibunching effect can be observed. Similar 

conclusions may be made about mode 2. 

We have seen that in both the single mode and single mode 

cases of two photon emission and absorption it is possible, by 

suitable choices of atomic inversions and/or initial conditions, 

to produce steady state light fields which have 3',z) values greater 

than 2. The light fields from such sources will thus exhibit an 

enhanced H.B.T. effect. 

Production of steady state light fields which will give an 

antibunching effect appears to be fairly difficult 1 with apparent­

ly only the single mode source producing sue~ light. In this 

case, however, the intensity is so low that experimental observa­

tion would be very difficult. 
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CHAPTER 5 APPROXUIATE SOLUTIO!TS 

The work of chapter 3 provides exact solutions for the 

diagonal part _of ·the density operator for each process, and 

from these solutions we may calculate exact expressions for 

mean intensities, variances, correlations, etc. However, in 

general, such expressions are fairly complicated, and do not 

give an i~mediate idea of the behaviour of the light fields. 

It is thus useful to investigate approximate solutions for 

the mean numbers and so on, in order to provide a more trans­

parent view of the behaviour of the light.- Such approximate 

solutions also allow us to make some connection with the clas­

sical theory of nonlinear optics, where statistics (and quan­

tum effects) are not te.ken into account. 

The crudest approximation ignores statistics completely, 

giving equations for the field intensities, and ignoring fluc­

tuations and correlations. The next best approximation allows 

the inclusion of some higher moments, and thus takes some 

fluctuation and correlation into account. In certain situations 

approximations may also be made on the exact statistical expres­

sions of chapter 3. 

There are other approximations which may be made. One is 

to make linearizing approximations on the master equations and 

solve the approximate equations which result. Another method 

involves expanding themoments in power series in time, and calcu­

lating the expansion coefficients perturbatively from the moment 

equation-s. This method is obviously most useful for obtaining 

short-time a.pproximate solutions. 
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hl Two Photon Emission and Absor;etion Approximate Solutions 

5.1.1 Emission Into a Single Mode 

To obtain equations of motion for the mean value of a field 

operator A, ,-.re multiply the master equation by the operator and 

take the trace of this equation. If the operator is diagonal in 

the number state (Fock) representation, this is equivalent to 

multiplying the equation for the diagonal elements of e_ by the 

matrix element <nlAIYl) of A and summing over V\ • Thus for the 

first moment, or mean number <.vl'7= <ct\~') and first factorial moment 

<Y\(V\-t)'> with N, and "-'2. both non zero, 

t"'(~-\)';, : .Lt (N1 ~ N,) <vl(V\-1 Hlll-1.) > + 1(13~Lf,JI )<vi(\1\-1))( 5 ~ 2) 

+ i:tt·,h<V\'7 + 4-t-h 
Co 1\ where t ~ l K , t • 

In eeneral, each moment is coupled to the next hi6hest 

moment, which is to be expected for a nonlinear process. 'I'he 

moment equations thus form a non-closed hierachy, and must be 

truncated in order to obtain any closed solution. 

The crudest approximation we can make is to ignore statistics, 

and set <v?·> '.'.:::' ,<.,..-.;1. This is equivalent to setting the variance 

zero, or ignoring fluctuations. Under this approximation we may 

solve equation (5.1) to obtain: 

<n(7:)) ~ l<'v"l(lll.,+Mb1(9:b) + l<.1'1(0'>')-1-b-o] ((4+6) ex,1:>[~(N1-N1)c:i't:J ( 5 • 3) 

(<V\(or,-t-a+b] - [<.f\(o'>..,.-+b-al 1b-p[4(N2-N\)a1:1 
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where 
' 

6 : 1N.1 + (f..J,-+N,1) 

2.. (fvk ~ l<J,) 

In the case of pure emission, "-l,~o and N1~tJ, and (5.3) becomes 

:uJr-
1[<-"'(o)'7+i} e -[<r1(c))+'l] 

[<.l"t(oi> + 1.] - [<l\(o)>.;. 11 e 'l...,(t 

The expression (5.4)' exhibits the correct qualitative beha­

viour,, with the intensity of emitted light increasing with time. 

This expression is valid only if 6 2~0, i.,e. only if the distri­

bution is sharply peaked. The results of chapter 3 show that, in 

fact, the distribution spreads out quite rapidly, so that (5.4) 

is valid only for short times, and for sharply peaked initial 

distributions. Note that the approximate mean'(5.4) becomes 

infinite at the finite time '? = i. k { [<"1°1'> +1J/[<,1lo)> +1J}, whereas 

the exact mean becomes infinite only at infinite time. Note also 

that this expression for <V\("t1'7 differs from that which would be 

obtained from a completely classical calculation in that it 

contains the purely quantum mechanical effect of spontaneous 

emission. Thus as well as including amplification of the initial 

intensity <'.:V\(o)-,. , (5.4) (and indeed (5. 3)) allows the growth of 

<t\) by the amplification of spontameous emission into the vacuum 

state. 

In the case of pure absorption, t-J,=N and N1= o , and (5.3) 

reduces to 
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This is the same result as one obtains in a classical ana­

lysis which should be expected, since spontaneous emission plEJ.YS 

no part in the absorption process. 
~ 

We may improve the approximation to allow for other initial 

distributions by assuming that for small times the distributions 

are not perturbed too much from their initial form. This enables 

us to replace <:Vl(n-,'l) in equation (5.1) by a term appropriate 

to the particular initial distribution. (The replacement 

<n~'>-:: <V\{ above corresponds to an initial number state.) 

For an initially chaotic state, <nCl'\-1)'> = 1.<.V\71. , and 

L<'n(ofH 1] ( \ +4t-Jt) - l. 

1. - 4 [<'.n(o )'7-+ 1] NT 

(5.7) 

For an initially coherent state, <n(n-1\)r :::..(n).,_, and 

0.tJ""I:' •> [<:11lo)~+1-.G.J<.-;:i..,1-h)e -(<11l()))4'J..+fa]Cl.-h) 4'lt, !:: ________________ ..;..... __ 

(<n(o)'>-+ 1+.fi] - [<nfo)) +:l.- fa] eP•N t 

Note that these solutions all contain the correct quali­

tative short-time behaviour o:f --'"">, and in the case of emission 

include spontaneous emission. 

An alternative method for obtaining short-time solutions for 

. the momentsis to expand them in power series in? (c.f. Simaan 
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and Loudon 1975a): 

(5.10) 

Upon inserting the appropriate expansions into the moment 

equations and equating coefficients of like powers of' 'l' , we 

obtain soluble equations for the coefficients <{C"')>k. • Thus 

the coefficients of the T term in the expansions for<~> and 

4 ViCl-1-:1)'> are simply the R.H S. of respectively equations (5.1) 

and (5.2) evaluated at t'-=- 0 • The short-time approximate solu­

tion (to first order int' ) for the second order correlation 

function is then 

(5.11) 

-
The accuracy of the expressions may be extended indefinitely 

by adding the successive terms in powers of , • However, to 

obtain these coefficients we must go to successively higher 

moment equations. 
;2.. 

For an initially chaotic state, <'.:ttC11-il)o == 2 <n(o)"7 and 

, so that 

3l:~(I.~~ .:::: J... ..,_ ~~.,'l, L 4 ml. -N, )<l\fo))'l -4-(SN1-N1 )il1(o)'>'l (5.12) 

+ 4~:i:<t,(o)) ~ N2] 1; 

For an initially coherent state, -'"<~-1.}>0 ::: <1-1(or;,• and 

, . so tha,t 
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The corresponding short-time forms for the production rate 
are: 

-:l<ri.., 
d, ! G1taoi1 ~ 

+lrH,s2 -N 1 )( Nl-N, )<Mo)Y' + I& '42 (:l.N2- N ,') < t1{0) 7 

+l.,f..1,.(5'N1 -N,)~ 1:' 

(5.14) 

Note that in the situation of (5.12) enhanced bu.nching(3<11);t,) 

may occur for certain ranges of N1 , N1 and <ttlo1") , and in the 

situation of (5.13) anti bunching (3\Z)< 1) is possible. 

Further discussion of the short time behaviour is given 

by Simaan and Loudon (1975a) and Chandra and Prakash (1970). 

Exact Solutions for the Case N, = th 

One important special case occurs when the atomic level popu­

lations are equal, i.e. when "11= Ni'.:: N/l, • In this case, in each 

of the moment equations the term involving the next higher moment 

vanishes, and the equations may be solved exactly (Lambropoulis 

1967). Thus for the mean nwnber: 

(5.16) 

The first term represents the contribution from amplification 

of the photons initially present, the second represents the con­

tribution from ar,1plification of spontaneous emission. There is 

• no steady state, in agreement with the results of chapter 4. 
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The fiTot factorial ~oment is: 

(5.17) 

t-:L) 
In this case we see explicitly that ~ and the norma,lized 

fluctuation 6 2/<n)1 are increasing functions of time. 

Various other approximate methods exist. These include 

judicious truncation of the moment equations to form a closed 

set of equations (see, e.g. Lambropoµlis 1967, McQuarrie 1967), 

and linearization of the master equation for E'" (t) ( see, e.g. 

Degiorgio and Ghielmetti 1971, Weiss 1972). 

5.1,2 filnission Into Two Modes 

Equations for the various moments may be obtained in the 

manner outlined in the previous section. Thus, for the moments 

up to the second: 

ckn,Cn,- 11) = 1 c.42.-~,)<t1,{l1,-11!11.'> + L+-N:i-<11, 11:2.> 
d. t' 

d{l'\2.C"i,·t\ ') 
ckt =- l(Ni.-N,) <'Vl,112 ("½_-iJ') + 4f,h..(.-1 1 t-1'l') 

+ 2W2.<rt2.(l1:2,-t)", + 411,h-"fl1.'7 

(5.18) 

(5.19a) 
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d<t11111 '> 
d~ :: OJ1-~1)<vi,(tt,-1)f1i';, + (tJ2 -N 1) <vi,Vl~(l'l,_-:1)) 

+ (St-!2.-N,) <1\1112,,) -+ N.2. <1-1,(1'\,- 1))-4- N~<"2.(V12,.-l)';, 

Again, the moment equations form a non-closed hierarchy. ~ne 

crudest approximation we may make is that the two modes are un-

correlated, i.e. <Y1,n2-)' ~ .::r1 1 '7<n2 ., • This yields the following 

approximate solution of equation (5.19) for "'•#NJ. : 

<11,(-rf') ~ [<'.~,,~)',+cu- b J(u-b) + ( <M,lo);>'" b-Cl 1c <H·b) (?Xe [.2..('t,Jz-N,)cil]( 5. 21) 

(<11,(l)}':,-1-Ci+b J - [<11,fo)) ~ 6-,d 6.p[:t(r42-N,)at1 

where a -= ( Q.1 "1,'N2 ] ~ b _ !!. ~ 
l Lt + (1-4,_....,1,f1 ~ - 2 -4 (f-11-N,) J D ~ <1-\i(Q,l'? -~11,( o)'> 

"'"'i(Tf) is given by .(tl2 (t)'> = <tt,C-r))-+ D 

In the case of pure emission, N,~o and N1 -: N , so that (5.21) 

becomes: 
Dl'lt < Ct 1 ) [<t1,(o))' + 11 e -r~Kz~)'J + 1 J 

[<t\iton ➔ 11 - (<tl,(or,+ t 1 e.,Dr,rt' 

<..-. 1{0!) + f <.V\1(0)'>+ 1. 1 Nl 

I - [<l"l,(O);-+ 1 J t-J t 

'D {=o 
' 

t,-0 ' -

(5.22) 

These expressions give the correct qualitative behaviour of 

growth of the intensity in each mode, and include spontaneous 

emission (as does the original expression (5.21)). Since correla­

tions do build up in time, the expression (5.22). are valid only 

for short times, and for initially uncorrelated modes. Note that 

again these approximate expressions become infinite at a finite 

time. 
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In the case of pure absorption, N,::N and N1.=0 , and (5.21) 

becomes: 

' 
D fO 

1) = 0 

with • 

These results are exactly those obtained by a classical analy­

sis (McLean 1963, see also Loudon 1973). These solutions are 

again va,lid. for short times following an initially uncorrelated 

state. 

The powers aeries expansion method may be used here (c.f. 

Simaan and Loudon 1975b). Again, the coefficients of the~ terms 

in the expansions for <r1,tt>) , <1\(!1,-tl)- , <n, t1.1 ~ and so on are 

the R.H.s. of the appropriate equations (5.18)-(5.20) evaluated 

at 't= O • The first order approximations for the <j'1 ' are given 

by equations of the type (5.11) with appropriate mode labelling. 

Since in most situations the modes will be initially uncorrelated, 

we obtain, 

A., 

Thus for short times an initially chaotic mode retains its 

chaotic nature, independently of N, and Ni • In the case of pure 



Erratum: Page 64: Equation (5.26) should read: 
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absorption ( N1~o) an initially coherent mode will retain its 

coherent nature for small times. This behaviour is to be ex­

pected from the nature of the process involved. Since the inter­

action takes photons from different modes, we expect the coupled 

mode properties (such as correlation) to change before the single 

mode properties. Thus for short times, each mode behaves as if 

it were in a one-photon process. 

The first order approxima.tion for the correlation function 

Thus if both modes are initially independently coherent, 

'j1lcr) ~ ..(i,\<o;';,"'l'\:Co~'7 [ (lN2,-N\)<Yl,Co1'>(~1(o)) + l'i:i -'\1,lo)'> 

+ Ni .(n,_,(o\) + N2 ] T 

Hence, as predicted above, the correlation grows immediately, even 

in the pure absorption case N,__= 0 , where 3,:1 ~ - "1 11" , i.e.: the 

correlation grows in a negative sense. 

If mode 1 is initially chaotic, and mode 2 initially indepen­

dently coherent, g,~(tl is the expression (5.27) with the following 

term added: 

If both modes are initially independently chaotic we must 

add a further term of the form (5. 28) with -'rt,(o)~ and <'n2Co)) inter­

changed. Further discussion is given by Simaan and Loudon (1975b). 
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Pure Absorption With~One Mode Initially Very Intense. 

An situation often encountered in absorption experiments 

is that in which one of the modes is initially very filUCh more 

intense than the other, sa:y • Since 

for all 

times. In this case it is possible to derive approximate solu­

tions for the moments from the exact expressions of sec·tion (3.2.2) 

(McNeil and Hal1S1974, Simaan and Loudon 1975b). 

The expression (3.40) for <v, 1cr1) may be written 

where 'P, and l\ are the initial uncorrelated mode distributions 

is the mean given by (3.40) for the initial dis-

tribution • It is clear that the main 

contribution to the sums in (5.29) occurs when P, and P2 are 

near their maxima, i.e. when ri,o -:::: ~1-1,(af> and tl/ ~ 4'ni,Lo1) (as­

swning P, and P2 are reasonably peaked distributions). Since 

~ 111 (0)') ';,> "-~,to).,. it is then sufficient to consider only the 

A(:_' (--). Y\ -: '1 term in the expressions fol' the .. /I We thus obtain 

the approy.imate expression: 

I\., 

.,,.., <t11(0)> Z. P:2-CV!/) ('.Xp (- \'lz""t) 
"'zo 

We thus obtain an expression for the weak mode mean <n,< 0 1:, 
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which depends on the initial statistics of the intense mode but 
' 

is independent of the initial statistics of the weak mode. The 

intense mode mean <V\:1,U:)> is given by <vi2 c-c))-=<vi;(V'> +<t1z<o1"'>-.(i,'itol>"• 

The sum in (5.30) may be evaluated for the distributions t\. us1,1.al-

ly encountered in practice. Thus if mode 2 is the light from an 

If mode 2 has a very sharp initial distribution, so that 

, then, 

In this case we have one-photon absorption behaviour; the result 

is that obtained when the parametric approximation is made for 

the intense mode. 

If mode 2 is light from an intense thermal source, ?2 <112 ) is 

geometric, and 

In this case the approximation is expected to be less valid, since 

is not peaked around its mean .Ct1:2.<o)) • 

Similar approximate expressions may be o1)tained for the higher 

moments (McNeil and Walls 1974, Sima.an and Louclon 1975b) • 
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Exact Solutions for the Case N, = N1. 

As in the single mode c2,se, 1-re may solve the moment equations 

exactly in the case N,:. Ni= N /2 , because the coupling which 

makes the set of equations into a.n infinite hierarchy vanishes. 

Thus for the mean numbers: 

Again, there is no steady state, in agreement with the results of 

chapter 4. 

where 

The solutions for the second moments ares 

C) C, 1 

~~ :;wr t-rr (5.35) 
C.;L 1 + c'.l 1 e -+ c.,~ 1 C + - '.l. = '-' ~ 

:-1 1 1 1 

C1 ~ t[l<\111'11.,0 +.<i,,,,(yt1 ~1f?0 -<112 (~2,-1)'). l-<l'l.!o)) -t-4112(<1)')41-4D] 

c2 :: 'i ( <.t-i 1ttt1-1)\ - 4Vl2 (11i,-t):J" -.('11,(o)) - <tt:i{o)') -1 + ::l.. D 1 

a(-z, 
We see explicitly that the J , the normalized fluctua-

·tion ~ 1/...'.I'\),,_ and the correlation 'j, 2 are all increasing func­

tions of "time. 
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5.2 The Roman Effect. 

We may obtain moment equations from the master equation in 

the usual m2IJ.ner. Thus, for themoments up to the second, with 

NI and N,. both non zero: 

where t' ::: 2.1< ''J 1' t, 

Making the decoupling approximation <V1~t'\p "-' ~ <'l1~ '><11p '> enables 

us to obtain·the following approximate solution of equation (5.36), 

valid for short times following an initially uncorrelated state: 

'2 1/, 
t(S+l1 2 (N,-~-i.) + 4N1N21 2 

where 2(Nl..-N,) 

and 

' 
b = (N,-N~ )S - (t.J,+!\/z) 

l(N2,-N,) 
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Since is a constant of the motion, 

• 

In the case N2 : O , the expression (5.40) reduces to 

"-' 

These expressions yield the correct qualitative behaviour 

of the intensities: the Stokes I inte~si ty builds up from <.tt.$(())') 

to <-115tc:,)')-'- -'-'t'(o)"? as the pump intensit;y- is depleted from 

~"~lo)> to zero. These should be compared wi:th results obtained 

using a classical analysis (McLean 1963, Bloembergen 1965, see 

also Loudon 1973). 'I'he result (5.41) allows the build up Stokes 

radiation directly from the vacuum by amplification of spontaneous 

emission. Equation (5.41) as a function of time is plotted in 

The power series expansion method may again be used (c.f. 

Simaan 1975), with the coefficients of the 't" terms being given 

by the R.H. s. of the appropriate equations ( 5. 36 )-( 5. 39) evaluated 

t '7"' Th f t d • for t'\.-1e q n) ,,...,d the co.~ a '-' =- o . e irs or er expressions l. u -~ .... -

are then given by 

expressions df the type (5.11) and (5.26) with appropriate mode 

Ja belling. In the situation N1 -:: N , t,h_:= O we find;, for initially 

uncorrelated modes: 

(5-42) 

(5,4.3) 
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Thus 9~li remains unaltered· fOT short times independently of 

the initial state, and remains unaltered if the Stokes• 

mode is initially chaotic. This is to be expeoted, since for 

short times the modes will behave as if they were in the corres­

ponding one-photon processes: the pmnp mode in one~photon absorp­

tion, and the Stokes• mode in one-photon emission. The correlation 

~,1,("r) grot·lB immediately, independently of the initial states. 

The above results are modified if the Stokes' photons are 

emitted into an initial vacuum, i.e. if' <nslo1'> =o . In order 

to obtain the terms linear in -C 
('.1) 

in the ~s and 9,1. power series 

we must go to higher order terms in the moments• power series. We 

find: 

Thus if the pump is initially coherent, 

(1) . . 
and g, decays immediately. If the pump is initally_cl1a.otic, 

(5.4 7) 

so that 
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for a_~y practical situation. 

:f ~-i\o) -1 t 2~1'\/0"'72. [ <"'r'l-lr-1..H~p-2 f>-o 

_ -'1-1pMp-1 Y'J.,~ ] 
- - - <:11 t' Mp -1) ) 0 N't 
-"Ylp'>o 2 

If the pump is initially coherent, 

so that ~ 11. is initially zero and uecays immediately. If the 

pump is initially chaotic, 

and ':1,2 is initially increasing if 

will be the normal situation. 

' 4t1pto>~ )' 1/;t, , which again 

Further discussion of the short-time solutions is given by 

Simaan (1975), and also by Chandra and Prakash (1971). 

When the pump mode is initially much more intense than the 

Stokes' mode (the usual experimental situation) it is possible 

to obtain from the exact solutions of section (3o3) approximate 

solutions rather like those for the corresponding situation in 

two mode two-photon absorption ( see Simaan 197 5) • 

Exact Solutions for the Case }h := N,-

each moment equation becomesuncoupled 

from the higher moments and it is possible to solve the equations 

_exactly. !J:'hus for the mean numbers: 
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(5.51 b) 

In this case the balance of emission and absorption yields the 

steady state <.l\s(aD)> =~'1rloOf"7::: ~!<~(o))+-<'11pio)1]. 

~1he second moments are: 

<ti.5'\'1~-1)';:, 

~.,,f',~f-"~ 

~ h~li'p ') 

where 

2 1 1 

'l 
-Nt - >1"41: 

= c, + C.1. -1 e + C3 1 e, 

1 0 -1 

c, = ± [ <n~G1i1&-1))0 + <\ilp(np-1)')0 i 2-<11~11p>•] , 

C:2. = i [ <~5 (Y16-1)'?. -<t1p<11p-l)\] 

(3 :. i [ <¥is(l1~ -l-) )o + .(np(t1F-1f;,6 - 4 <'lt~ hp)o] . 

( 5.52) 
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CHAPTER 6 INTRODUCTIOH TO PART 2 

T"nere is currently considerable interest in the behaviour of' 

systems far from thermodynamic equilibrium, particularly in the 

steady states of such non-equilibrium systems. In order that a 

system be maintained far from equilibrium it must be an open 

system. That is, the system is able to exchange matter or energy 

with its surroundings, so that it is driven irreversibly far from 

equilibrium (assuming the "sources" and "sinks" comprising the 

surroundings are not in equilibrium amongst themselves). Steady 

state is reached when the inflowing matter and energy balances 

the outflow. An obvious example of an open system in nature is 

the earth's atmosphere, with the sun and the earth•~ surface being 

the main components of its surroundings. An example of an o~en 

system in the laboratory is the electric field in a laser oscilla­

tor cavity. In this case the "surroundings" are the lasing atoms 

by which photons are created in the cavity, and the exterior of 

the cavity, to which photons are lost through the partially trans­

mitting mirror at one end of the cavity. In the theoretical analy­

sis of open systems, the system surroundings are generally idealized 

to be large reservoirs acting as sources and sinks of energy and 

matter, and there is a continual flow through the system from 

sources to sinks. 

Of particular interest at present are open systems which are 

non-linear, that is, open systems whose behaviour governing equa­

tions are in some way non-linear. In the absence of any "pumping 



Page 74 line 22: "Progogine" should read "Prigoginc". 
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forces" (i.e: source reservoirs), a system evolves under the 
.. 

dissipative effect of any sink reservoir present into a state of 

thermodynamic equilibrium with this reservoir. A pumping force 

will now amplify small fluctuations around this equilibrium and 

drive the system away from equilibrium. If the pump force is 

small, the now non-equilibrium behaviour of the system is simply 

a linear extension of the equilibrium behaviour, and the resulting 

steady s-tates of the system are se,id to lie on the 11 thennodynamic 

branch" (Glansdorff a.."1d Prigogine 1971, Graham 1973). In the 

case of a linear system,. the steady states remain on the thermo­

dynamic branch for all strengths of the pumping force. 

However, in the case of a non-linear system, it generally 

happens that there e:x:ists a critical pumping strength, above 

which the system develops multiple steady states. (Rashevsky 1960, 

Edelstein 1970, Glansdorff and Prigogine 1971, Nicolis 1971, 

Nitzan et al. 1974), and the steady states on the thermodynamic 

branch become unstable. Large fluctuations which result from 

the instability are amplified by the pwnping force and the system 

is driven onto a new, non-thermodynamic branch (Glansdorff and 

Prigogine 1971, Graham 1973). This is accompanied by an abrupt 

change in the system's properties. This new type of order has 

been termed "order through fluctuations" (Glansdorff and Progogine 

1971, Prigogine and Nicolis 1971), and the ordered structures 

appearing past the instability have been -termed "dissipative 

structures" (ibid.). Such dissipative structures exhibit co-. 

herent space-time behaviour in contrast to the chaotic behaviour of 



-75-

the system near thermal equilibriwn. Dissipative structures have 

been observed experimentally in chemically reacting sys·tems 

(Zhabotinsky 1964, Busse 1969, Herschowitz-Kaufman 1970, Winfree 

1974). 

One feature of the behaviour of non-linear systems far from 

equilibrium Hhich attracted great interest from physicists was 

•· 
the close analogy between thebehaviour of certain of these systems 

around their point of instability anu. the behaviour of certain 

well-known thermodynamic equilibrium systems undergoing phase 

transitions. An example of a non-equilibrium phase transition 

occurs in the laser oscillator, and this has been analysed in 

some detail (Graham and Haken 1970, DeGiorgio and Scully 1970, 

Grossman and Ritcher 1971, Dohm 1972). Further examples are the 

parametric oscillator (Graham 1973), the driven harmonic oscillator 

(Drosdziok 1973), and the tunnel diode (Landauer and Woo 1971). 

Theoretical studies of chemically reacting systems also 

provide examples of far from equilibrium phase transition behaviour. 

A chemically reacting system may he made to exhibit far from equi­

librium behaviour by taking the initial and final reactants to 

form respectively source and sink reservoirs. The behaviour of 

intermediate species under interaction with these reservoirs is 

then that of an open system. A number of theoretical studies h,we 

been made of reactions which behave like first or second order 

phase transitions. Deterministic analyses have been given by 

Gla.nsdo:rff v.nd Prigogine (1971), Schlogl (1972) and. Hitzan et al. 

(1974). Stochastic analyses have been given by HcIJeil and Walls 

(1974), Turner (1974), Nitzan et al. (1974), Matheson et al.(1975), 
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Prigogine et al. (1975), Gardiner et al. (1976). 

As well as temporal evolution of an open system under the 

action of its surroundings there may also occur spatial varia­

tion within the system, due to diffusion of component species 

at a rate comparable to the rate of their reactions. This is 

important in the formation of dissipative structures with spatial 

variation. Various authors have presented deterministic analyses 

of chemically reacting systems including spatial dependence 

(Schlogl 1972, Ortoleva and Ross 1974, Nitzan et al.1974). 

Tnere has been much interest recently in extending stochastic 

analytic methods to allow for the spatial variation of components 

in a chemical system (Kitahara 1974, Nitzan et al. 1974, Nicolis 

et al. 1974a, b, Kuramoto 1974, I1Ialek-Mansour and Hicolis 1975, 

Gardiner et al. 1975, 1976, Lemarchand and Nicolis 1976). A sto­

chastic approach is especially useful because it allows the cal­

culation of cuoh statistical quantities as mean f'lU.ctuations, tem­

poral correlations, and spatial correlations. From the last two 

mentioned we may obtain correlation times and correlation lengths 

which measure the extent of respectively temporal and spatial 

correlations in the system in question. Knowledge of these two 

quantities enable us to make a very close analogy indeed to 

phase transi. tion-like behaviour. 

A related problem in the study of spatial behaviour in 

chemically reacting systems is the n2:.ture of, and the difference 

between, local and global fluctuations in such systems. Whether 

or not global fluctuations should be poissonian had already 
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been the subject of vigorous discussion (Nicolis a11d Babloyantz 

1969, :rJicolis and Prigogine 1971, Nicolis 1972, Kuramoto 1973, 

Nicolis et al. 1974a). Work on the nature of local fluctuations 

began with Hicolis et al. (1974a,b) who use a bivariate probabi­

lity distribution describing the numbers of reactant molecules 

in some fixed but arbitrary small volume of the system and the 

number in the remainder of the system. By ignoring the correla­

tions between the two, they obtain a non-linear m2.ster equation 

which yields fluctuations that are poissonian in nature in small 

volumes, and non-poisson globally. Similar conclusions have 

been found by other workers whose results are slightly modified 

because they retain spatial correlations in their analyses. (Kura­

moto 1974, Gardiner et al. 1975, 1976, Van Kampen 1976, Lemarohand 

and Nicolis 1976). 

In chapter seven of this thesis we examine a simple linear 

non-equilibrium chemical system, allowing for spatial dependence. 

Following Kitahara (1974), the possibility of spatial dependence 

is taken into account by dividing the system's volume into a 

number of small volume cells, and allowing diffusion to take 

place between the cells, as well as the reaction proceeding in 

each cell. We then consider the multi-variate probability dis­

tribution function which describes the number of reactant molecules 

in each cell. 'rhe master equation governing the behaviour of 

this distribution function is given, and exact time-dependent 

solutions for the mean number, fluctuations and correlations are 

presented, together with analysis of their behaviour. 

In chapter eight we consider a non-linear non-equilibrium 
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chemical reaction which has bee:n sho .. m by deterministic analyses 

to undergo behaviour analogous to that of a second order phase 

tre.nsi tion. In the first part of this chapter the system is 

analysed in a global sense, and an exact solution for the steady 

state distribution function is presented and its behaviour analysed. 

In the second part we rncl.ke a local stochastic analysis of the 

system, obtaining approximate solutions for the mean and correla­

tion functions (temporal and spatial). From the correlation func­

tions He obtain the system's correlation length end correlation 

time. We then compare the behaviour of this system with the 

behaviour of a thermodynar.iic equilibrium system undergoing a 

second order phase t~ansition. 

Parts of chapter eight have already appeared in print (McNeil 

and Walls 1974, Gardiner et al. 1976). 
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CHAPTER 7 CORRELATIONS JlJm LOCAL FLUC'i'UATIONS 
.. 

IN A LIHEAR CHEI=I C1'.L SYS'l'EI,1 

In this chapter we shall consider the development of correla­

tions and local fluctuations in a simple linear chemically reac­

ting system. By 11 linear11 we mean that in any reaction occuring 

in the system, say l\+S-+-··· ~ X-+'1+··· the reactant of interest 

appears only once on either side of this equation. An equivalent 

definition is given by Gardiner et al. ( 1976). We shall consider 

the following particular reaction: 

in which A is converted to B via the intermediate X . k1 and ki 
are the rate constants which occur in the deterministic eq1.1.a.tions 

governing (7.1). We take the initial and final reactants A and 

B to form large, essentially unperturbea. reservoirs which act 

respectively as source and sink for X , and we consider the 

behaviour of the intermediate X. It should be noted that this 

example can be regarded as a special case of the linear isomeri­

zation studied in section 2 of Gardiner et al. (1976). 

The global stochastic analy5is of (7.1) is well-known: we 

consider an ensemble of identical systems in which ( 7 .1) takes 

place, and let the number of species X be a random variable 

ta.king values X • In the global analysis, this is the number 

in the whole system. The master equation governing the time 

:JJehaviour of the probability distribution P("Jt) of X is then 
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(see, e.g., lfoquarrie 1967,, Glansdorff and Prigogine 1971): 

where A is the number of species A in the system. The solution 

60 ~ p 
for the generating function F'(sJ-0 = ft$ Cx1t) is: 

\·rhere 

state 

rc,(J) is the generating function at t:o . The steady 

r(s,f-:o0) -= exp[\~! (~-1)] corresponds to the poisson 

distribution: 

(G18nsdorff and Prigoeine 1971). T'nus global fluctuations_in the 

steady state are poisonian: 

We shall now malce a local analysis of ( 7 .1), following the 

method of Kita.hara (1974-): 

The system's volume V is divided into N equal cells, with 

each cell large enough to allow a stochastic analysis (that is, it 

may contain up to an "infinite" number of X ) , but small enough 

that the concentration of X across ·the cell is essentially 

uniform. The system is now described by the multivariate distri­

where the random variable 

X· is the number of species X 
\, 

, 
in cell \. • 
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The number of X in a cell (and hence the probability dis­

tribution 1'(13-t) ) is altered in two ways. The first is by chemical 

-1-. reacvion. 

tribution 

If the 

d~ 
to dt 

concentration across a cell is uniform, the con-

from the reaction occurring in cell L is simply 

the R.H.S. of equation (7.2) with PC:l:.\PC.x,±1\ and X replaced by 

P<t 1, Pc:x.~-ti)i,) 

ber of species A 
and l.~ respectively, and wi•~h A. now the mun­

in one cell (for simplicity assumed to be 

the same for all cells - i.e. A is homogeneous). 

all those Xj not explicitly referred to are unchanged in value. 

The second way in which XL is altered is by the diffusion of 

from or to other cells. This is the tendency of the system to 

"smooth out11 spatial inhomogeneities which m3Y arise locally as 

the reactions proceed. If the cell L to cell J transition pro-

babili ty per unit time per X molecule is d~J , the master equa­

tion governing PC?£, t) including both diffusion and the chemical 

reactions is (c.f. Kitahara,, 1974), 

+ ~ {k,A [P(:r~M1Ji }w Pq.) 1 + k1 [cx,41) P(:tt+I/~ 1- x.,P(~)]} 
~ 

We may define a multidimensional generating function in 

. analogy to the one dimensional one: 

?ince Pc~.:,{:) satisfies ( 7. 6), f'Ci.,t) will satisfy: 
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Equation (7.8) may be solved in a manner similar to tha·t used by 
.. 

Darvey and Staff (1966) to obtain: 

-· where w~ ~ I ~ z 'A do::. 11::. 
k 

('A.:j) is the matrix of the tJ 

1
-;d,j-~• 

ctN 

and the },I)(. 

.. -,zdkj- K2 
,J 

are the associated N 

generating function at -t; O • 

7.1 The Steady State. 

eigenvectors of 

(7.10) 

eigenvalues. is the 

The steady state of (7.9) is particularly simple. In the 

limit i- ➔ "'°J +Cij"'t\ becomes 

N 

F (1/=oe) = "]!1 exp ( kk~ Cs,-1)] 

Thus in the stead.y state there is no correlation between cells, 

d th d t "b t· • h 11 • • "tl V. k.A <v2. an e is ri u ion in eac ce 1.s poisson wi 1 mee..n ,-..;__ ::: -,- ::: t:,f'I, 
<z 

Thus in the steady state it is valid to ignore correlations 

between the cells (c.f. Kita.hara 1974, Nicolis et al. 1974a,b), 

·and fluctua•tions are poissonian. In the case of a nonlinear 
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chemical reaction, this will no longer be true (see, e.g. 

Gardiner e~ al. 1976). 

Transient Behaviour 

We nou consider correlntions and fluctuations in the time 

dependent behaviour of the system. For correlations to be absent, 
N 

the probability distribution 

equivalently, the generating 

must factorize: Pc::r,o:-lT Pl.ex, t) , or 
-, L:1 J 

Iv 

fu,1ction must factorize: F(s B-= lTL(s~,{) .. 
-) (,~, 

As (7.9) shows, this is in general not true. Since the exponential 

term~in (7.9) factorize, the factorization pr9perties of ~(~;t) 

depend on the factorization properties of +o<~) ; i.e. on the cor­

relations in the initial distribution. Now it is not sufficient 

that the initial distribution simply have no correln:tions, because 
N 

even though this will mean h, ('jl factorizes into 7T fo (L..i~)- , the 
<'.:, L 

arguments wk. are still linear combinations of the • 1Ihus 

in order that f 0 (~) factorizes into separate Si terms, the 

,r0 ,(1.JJ.:) must e.lso be exponential functions. Thus for non corre-
" 

lated transient behaviour, tc,(S) must be of the form: 

tJ 

+o ( 1) = J1 e~p [ <~,:,(o) > ( $ ( - \) J (7.13) 

where the <-x,:(o)";:, are arbi ta.ry initial cell means, and the normal-

ization factors 
-<-r·(l)f'J e .. have been included. Equation (7.13) is 

the generating function for uncorrelated. poisson distributions 

lri th means <-x~C,o)) • We thus have the result: the system (7.1) 

has noncorrelated transient behaviour i£ and only if the system 
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has no correlations initially and each cell distribution is 

initially poisson. It is not sufficient that there simply be 

no initial correlations (c.f. Gardiner et al. 1976). With the 

initial distribution given by (7.13), the generating function is: 

H 

l="(~;t) = '!T hp[<-.x;HJ')Cs~-nJ (7.14) 
4-:1 

where the time dependent mean <:tJO'> is given by (~tJ~"" 1 , i.e. 
~" 

<-:t:.,U'J> 
<{\(O) = V 

Thus as well as remaining uncorrelated, the system's cell distri­

butions remain poisscn. 

It is interesting to compare with this the results obtained 

using the nonlinear rna&ter equation of Kita.hara (1974) and Nicolis 

et al. (1974a,b) obtaine.d. by neglecting spatial correlations (and 

assuming spatial homogeneity). The equation for the generating 

function of a single cell is: 

where 'J) -= ~d<J ( I summation is over cells adjacent to L ) is 
J ~ ~ 

a measure of decay through diffusion (Kitahara 1974), and<-x">= l~ \ _1 -s-
is the time d.ependent mean (this term makes the equation (7.16) 

nonlinear). Equation (7.16) has the solution 
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is the generating function at t-:. o Since <x>.: ( }£] .. • -as s-;1 

we may obtain (',x,", self consistently from (7.17). This result 

agrees with the above analysis only when correlations do not 

exist; i.e. only when the initial cell distributions are inde­

vcndently poisson. In this case (7.17) remains poisson, with 

mean 

7.3 Arbitary Initial Conditions. 

In the linear reaction, the cell means <x.: Ct)> are inde­

pendent of the initial statistics, so that the ~::x.~<t)> are 

given by equation (7.15) foT any initial distribution. 

The intercell correlation is given by <X..:_,Xjl=<'~~'>:-<:x.X:tJ')o i'!e 

shall consider the associated function §ij= <x..-.,-x..:,>-~.:j<1.:)~~~~s-J -<x{"7<-xf' 
'.J :s::' 

From (7.9) this is: 

where 
,.., 

The quantity gc.:j ({:) is a measure of the deviation from uncorre-

lated poissonian behaviour; it is exactly zero for uncorrelated 

poi ssonia.11 fluctuations. 

It should be noted that when the system is of infinite 

volume ( N ➔ 00 )., the equations for the mean, correlations and 
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so on rney be readily solved by Fourier series methods. The solu­

tions are the Fourier series analogues of the solutions presented 

in the following section, which are obtained by Fourier transform 

methods. 

L..4. The Continuum Approximation 

It is instructive to examine the behaviour of the mean<~> 

and correlation function ~/V1 in the limit when these become con­

tinuous variables in r' space. The equations f0T these quantities 

may be readily obtained from the generating function equation 

is given by <.x1,.;., = ( ot ] _ and thus obeys 
0S14 1-.!. 

(7.8). 

f-~ di:i [ ~~1' <-x~'> - ~jk<~".,J - ~2 (x,14) + k. A 
J 

(7.20) 

Di vi cling by V , the cell volwne and taking the limit t ( cell 

dimension) ~ mean free path bet,-1een collisions yields 

the continuum limit equation for <ec_::1"', == 4:x..l!:t..'">/V : 

where .D~~ d/.P is Fick's diffusion constant, and ol is 
.t~i'1.f.p. , 

(we the value of dij for (, and J adjacent cells assume an 

if' \ropic medium). Equation (7.21) has the solution (for an in-

finite volume system): 

<' ec.r, t) > = w1 ( \ - e- ~2. t ) + 

-~t l (," . , -l~·r'l 1/4nt 
+ e ( .41f t,t)3/:z J'' t (e,((, t=o >, e 

This consists of a purely chemical part, plus a diffusive part 
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modified by the chemical d.,ecay term 

initially homoceneous, <f_Ct,', c::o)> = <e>o 

• If the system is 

, and 

(7.23) 

which agTees Nith the results of the previous sections. 

Consider now the correlation function ';;)iJ :: <'-X.:Xj') - 6,j<'.:t/> 

- [ ?t( J . In the continuum limit this quantity obeys the - ~s~,s s~, 
'- 'J ""' -

equation 

(7.24) 

where 

If <.(C.! )) is initially homogeneous, it will remain homogeneous. 

In this case, (7.24) implies that jL!,f,t) will be a function of 

~- ! ' and t only, and the function S(r;O.::: <e_(_!l, eCo,> -·sc!'.1<cCo,> 

obeys the equation 

(7.25) 

This has the solution 

(7.26) 

• which is typical diffusion behaviour, modified by the chemical de­

ca:y term. Equation (7.26) is the infinite system, continuum ana­

logue of equation (7.19). It is easy.to see how the correlations 

depend on the initial distribution. If the system is initially 

correlated then obviously there are time dependent correlations. If 
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the system is initially uncorrelated, §(r,i::o) ~ ~(!} [6-2(!, kc} -<e,'>0 ] 

where 6:1. is the single cell variance, and (7.·26) yields 

Thus correlations build up immediately, 1111less 6'20 = <e)'o 

unless the initial sin~le cell (or local) distribution are poisson-

ian. 

Further discussion, along wi•th generalizations, is given in 

the work by Garcliner et al. ( 197 6). 
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CHAPTER 8 GLOBAL AND LOCAL Al'l'ALYSIS OF A NONEQUILIBRIUM: 

SECOlID "ORDER PHASE TRAHSI TION. 

We shall consider the following nonlinear chemical reaction 

scheme, which consists of one reaction in which an intermediate 

X is produced linearly, and one reaction in which X is pro­

duced a.utocatalytically. Allowing the reverse reaction in this 

second reaction introduces nonlinearity to the system. 
le., 

B+ Y. ~ 3 C 
(8.1) 

The k~ are the normal deterministic rate constants, and 

the species A and C are assumed to be in excess so 

that they form large, essentially unperturbed source and sink 

reservoirs. We shall be interested in the behaviour of the in-

termediate species X • 

A deterministic analysis of this reaction scheme has been 

given by Schogl (1972), and a similar scheme has also been treat­

ed deterrdnistically by Nitzan et al. (1974). In the absence of 

spatial dependence, the deterministic equation for the concentra-

tion [X] 

dCX] -dt 

where 

of X is: 

(8.2) 

In the steady state the R.n.s. of (8,.2) is zero, and for 
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r3' f. 0 there is only one physically meaningful solution for 

lXJ , for all physical values of the parameters I<, , l-<:. , b . 

If, however, the back reaction C➔ X+B does not occur, so 

that f3 = 0 , we find the following steady state behaviour; 

(8.3) 

i.e: as Ki is increased from zero, there is a critical point 

Ki= K,,above which the steady state solution for the concentra­

tion of X becomes multiple valued. This already begins to 

resemble the phase transition-like behaviour mentioned in chaP-

ter six. We may increase the analogy by considering the stability 

of the solutions (8.3). We make a small perturbation E to the 

state concentration [)(.1s.s,, and examine the behaviour of this per­

turbation. Since L"i(.1 :. L '-<1s.$,..i- €.. obeys the equation ( 8. 2) and it 

is assumed that E.. << [1-.1s.~. , we find 

(8.4) 

where the regression time TR is 

The regression time is a measure of the time to return or 

otherwise to the unperturbed steady state, so it is a measure of 

the stability of the unperturbed state. When K:2,<k1, [~1s.f),is O, 

so that ~:: ( K,-1<2Y11-1hich is positive, and the perturbation thus 

decays away. Thus for K,a<l<t , the state b:.1~.~.=0 is stable. Whan 

K2= \< 1 , '-t co , so that the perturbation does not decay; the 
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system is now only marginally stable. When K;i. > l<t , the solu Hon 

yields 

the perturbation grows rather than decays. The system is obvious-

[ ~.2.-k, 
ly unstable in this case. On the other hand, '41s.s. = ~ yields 

't,t- Ki- r.1 , which is positive. This solution is thus stable, and 

will be the steady state adopted by the system when Ki', K1. • In 

the terminology of chapter six, the system is driven onto a new 

branch past the point of instability K~=t1 

a measure of the source which produces X 

• Because K,., is 

, it is for this system 

the pumping parameter mentioned in chapter six. Note that al though 

~ is also a measure of production of X , its production of X 
is in a chaotic manner, rather than the coherent autocatalytic or 

stimulated production represented by K,. In fact, as the above 

analysis shows, the chaotic production represented by f3, must be 

removed in order that the stimulated production 1)e allo'1·1ed to in­

duce the co-operative behaviour leading to the transition-. 

It should be noted that upon insution of the stable 

solution into (8.5) we obtain for the regression time 

1:::::. 
~ 

(8.6) 

Thus the regression time di ver6es as \ K:2.- k1 1 •1 at the unstable, 

or critical point I<,.,-= K1 • 

T'ne behaviour of the concentration l~1$,S, and its regression 

time 7: is closely analo·gous to the behaviour of the order para­

meter in a system which undergoes a classical equilibrium second­

order p~ase transition (for example the magnetization in a fero­

magnetic sys·l;em). In the present case, the situation is obviously 
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a nonequilibrium one, since in general the two reactions in (8.1) 

will not be separately in equilibrium; there is a physical flow 

of X through the system. 

8.1 Non Space-Dependent Stoche.stic Analysis. 

By applying a stochastic analysis to the system (8.1) we may 

introduce fluctuations of species number in a natural way. In 

this section we are interested in studying P(:xJt) the probabi­

lity there are a total of X molecules of species X in the 

whole system at time t ; we shall not consider spatial depen­

dence. Non space-dependent stoch~stic analyses of systems simi­

lar to (8.1) have been given by IIIcNeil and Walls (1974), who use 

a master equation method, and Hitzan et al. (1974) who use a. Lan­

gevin equation approach. Here we shall use a master equation ap­

proach to examine the behaviour of the probability functio·n P(x}). 

Using standard techniques (see, e.g. McQuarrie 1967, Glansdorff 

and Prigogine 1971) we obtain the following Markovian master equa­

tion for P(~>t) : 

~r?<yCJ: K1[(-x.+1)P(,r.+1)--xPfa.)] +~K,2.V[P(,-_-1)-Pe:t.)J 

+ K1[ (,x.-i) Pb:.-1.) - .x. P(x) J + ~ [x.lrn) Pl~+ 1') --(x-1) :x. Pv:0] ( 8 • 7) 

where K1,K:1.,p, bare as defined following equation (8.2), and V is 

the physical volume of the system. 
dPui:J 

We shall now consider the steady state, for which ,£I ) = 0 , so 

• that the R.H.S. of (8., 7) = 0. For this system detailed balancing 

holds in the steady state, so that setting the R.H.S. of equation 

(8.7) = 0 is equivalent to the two equations 
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LK1b:.+.1) + t ('.:C-+l)x] Pcit.1) = [k:2fV+ K~~J PCx.) 

[ k, -x. + t .x(x-l)] P(,J 
(8.8) 

These yield for P(%) 

= 
~ rrr 
~! is( 

where 

geometric function. Alternatively, the generating function 

-fual ~- ~ ?P(x) is: 
~::o 

if, ( ~ V, ~ V ; ~ V $ ) 

,EC~V) ~Vj f1 v) 

(8.10) 

In order to obtain the phase tra.nsition~like behaviour found by 

Schlogl we must consider the limit ~ -'?0 • However, setting 

f3,:: O in ( 8. 9) yields the trivial steady state P<x) -=- b.,,.,(I for 

all values of K, , K,. and ?) , which is the state with no X 

remaining. We must remember that the tranci tion occurs in the -_,_ 

macroscopic limit, uhich is the limit V ➔ c,I) , along with f\ 13,.,C. 4> 00 

A so that ~ 
V 

B ' -V 
C. 

and V remain finite. Bence we must first 

take the limit V-+ oo (with K, , K :2. , f3 remci.nini; fini to), 

then consider {3--t, 0 . 

8. 1 . 1 Modes of the Distribution. 

It is of some interest to e:x:omine the mode(s) (maximum 

point(s)) of the distribution (8.9). In -~he macroscopic 
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limit the rnode(s) correspond to the macroscopic value(s) of' 

X The extreme point.s of the distribution occur at ~ 

values for which PLY..):::: P(x.,-1}. For the distribution (8.9) this 

yields the points 

".X. 

V 
: (K1-k, + ~/v) -t fc 1:~-K,-t~1v}'--4i::2~A;(l-§V} 

;z,b 
(8.11) 

Thus for certain ranges of the parameters K, , Ki , ~ and 

~ it ia possible that the distribution becomes bimodal, a si­

tuation -which describes systems in which nucleation may occur, 

with first order phase transition-like behaviour (Matheson, Walls, 

Gardiner 1975). However, some care must be taken here, since this 

bimodal behaviour vanishes in thernacroscopic limit. In fact, in 

the macroscopic limit, the points (8.11) tend to the deterministic 

values of b'J given by the solution of equation (8.2). Thus 

talcing the limit f-3,--t, 0 yields for the extreme points: 

~ {: ' Kl-~ K1 . 
0.:, (8.12) -V 

"""" 
K~ K::i ~/ K1 

~ 
, 

K,, t V1, the extreme occurs at 
:x. 

For ' y=O , and is a maxi­

f!:. 
mum. For l-<1.'7/ K1 , there are two extreme points. y "0 gives a 

• • d ,:. K.,-V.-1. • v s " xi· rnum Thus ~ -- O has a lo ... minimum an V ~ --~- gi e a ma • V " 

and so it is unstable. ~ :=; 1<'~;_1. probability of occurring, has 

a high probability and so is stable. This stochastic analysis is 

·thus in agreement with the deterministic results. 

• 8.1.2 Mean Number and Fluctuations • 

we may calculate exact expressions for the various moments 
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of the distribution (8.9); the mean, or first moment, is given 

<.-xe'7 = ( 1,r- J by 0 ~ s=i and is: 

. ~%~ 
The first factorial moment <x(x-1>'> = [ ;;; i.) is: 

(./;;J 5:1 

I( 

, ~I ( /3 VI· 2, i V+ l. ; ~ V ) 

,r:, (~V, t V; tv) 

(8.13) 

(8.14) 

We may calculate the macroscopic limit of these expressions 

using the asymptotic form of the ,FJ function given by Erdelyi 

(1953), which is: 

)#11 J,(~V+~,bY+6; c.V+\') 
v~oo r 

_(8.15) 

where t,. is the root of c. Ht +1) - q ( i.-+1} - (b-~) -:--0 which lies 

11.. 1 
between -1 and o, and U2 % c .. (l+-l:1. -4- ( b-~H.2, . 

We thus have for the mean concentration 

/-'-ii, <!:) -::. (~cKz.) ~ J (Ki,-K-2.) + 4~§_ 

V➔~ V ~~ 
(8.16) 

which is the deterministic result, and will yield ·the phase tran-

sition-like behaviour when f3 ~ (:) • 
For the first factorial moment, we have -

J>M <xlx-1)) 

V-tt co y:J. 

From equn. (8.17) we see that the poissonian form of flue-
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tuation, with ..::x.l'> -<~,'1-= <x~ , is regained in the infinite volume 

limit. For K:2-:.·K.1 the fluctuations are zero. For K::.,K1 we can 
<x2~ -<x"l~ 

consider the relative fluctuations <~~~ which for the pois-
~ 

S • • t t· I onian si ua ion are ;_;_7 , or Thus as the critical p9-

int is approached from K,,_ above K1 , the relative fluctuations 

' 
-1 

diverge as K2-K,) , with the infinite relative fluctuation at 

K2.:: K1 corresponding to the instability at this point. As I¼ 

increases above K1 , the new branch becomes more stable, and the 

relative fluctuations decrease. 

8.1.3 Two Time Correlation Function; Correlation Time. 

From the deterministic analysis we obtain one time constant 

inherent in the system. This is the regression time which is a 

measure of the stability of the system since it is a measure of 

the time for a perturbation to decay or otherwise. The stochas­

tic analysis yields a corresponding time constant for the system. 

This is the correlation time, a measure of the time for which the 

state of the system remains correlated to some initial state. This 

correlation time is found from consideration of the two-time ave-

rage w:ii ch is defined as 

<x(f:)xlt'>'> ::: zz xx\ P(-x,t; x',t') ( 8.18) 
:% x,• 

probability PC·x, t I 2\ t") 

is related to the conditional 

by Ba.ye' s law ( see e.g. Feller 1968): 

(8.19) 

is the solution of the master equation (8.7) 
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subject to the initial condition ~.. at t' • 

The equation for <·:dt:l -:x.W)'> may thus be obtained from the 

master equation (8.7) or from the two-time generating :function 

( 8. 20) 

t)-i.F l 
which obeys the same equation in Gs.i: as f:°(~). Since <.x.<£-) :x((~)'? = [ "57,5 .. J 
we have 

~t~-x.<th .. i&')'::> ~ -f <:x.CC)xlx- 1H{Y;, + (K'l.-k,)<x(t-1-x-<f.'))' (8.21) 

+ ~k.2 \I <x{·Cr, 

In order to close this equation, we need to find some approxi­

mation for <-x,c')x('l':-IHtl> in terms of lower moments. We shall 

use the approximation used by Gardiner et al. (1976) which re­

sembles the Gaussian approximation: 

= [<x.,x.;1 - <:xlxx.:,'7 },;;,c."'> + [<x:,x ... > - <xj~<~~> 1 <x..l) 

+- [<xi,;,:,., t -<x-,t~<-x..:">] <Xj ';, t- <xt><x/><.::r.k '> ( 8. 22) 

In the steady state <x)::: <xlf')) , and <x.LU :x,{f)) will 

become a function of C:: = t-t-' only. Using this, combined with 

the e,quation fo1~ the mean in the steady state, we obtain 

(8.23) 

From equation (8.23) we see that the correlation time is 

obviously "Cc. e (( l<.z_-1<1 \ -2 b <..~"'] , or, using the expression for 

<.f in the limit V-too , f ~o , 

(8.24) 

Thus, as might be expected, the correlation tim_e is the same as 

,.,, O• S" l"'S' 
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the regression time. 

8.2 Space-Dependent Stochastic Analysis. 

A study of the fluctuations 2nd correlations in::.a local 

sense for this chemical reaction is important, both for an 

understanding of the nature of these fluctuations for a non­

linear system, and for reinforcing the .analogy between the be­

haviour of the particular system (8.1) and second order phase 

transition behaviour. In order that local behaviour be inves­

tigated, we must introduce spatial dependence into the stochastic 

analysis. A space dependent stochastic analysis of a model simi­

lar to (8.1) has been made by Nitzan et al. (1974), who use a 

Lancevin equation approach. Here, we again use a master equa­

tion approach. The two approaches are not necessarily equiva-

lent. 

We may allow for spatial dependence in the stochastic ana­

lysis of this model by the procedure outlined in chapter seven: 

we subd:i.vide the system into small cells, and consider the multi 

variate probability distribution P,x,,x~, ... ,'Xw,t) ~ P(~,t) , where 

'X-K represents the number of molecules of species X in cell 

k • As in chapter seven we obtain a master equation for 

1\f,t) which describes the reaction proceeding in each cell, 

and also the diffusion of X between cells: 

= 'i,"Z.,tJ-[<-x.~+1,Pcxi•l,"r1,f) -:l'..i,P,~,~,J + ~{_ 
lj ~ 

K, tcx,u1 Pc-x:t-1,~') -~ .. P,~J] + k:2[C1'.,•1) P(x.-1, t) (8.25) 

--x"Pc~,] +- K,.~v [P<x"-,Jf) -Pc~,] 

t t [<:r..; .. 1)x~Pc2.:+1, t) - -x~,-:x~-1) P<~J]} 
Here we shall assume thesystem is isotropic, so as defined 
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in chapter seven, ~{ d' cells i,j nearest neighbours 
,.·-tJ 

0 ' 
otherwise. 

V is the volume of a cell, and k,.,1<,,, ~' b are as previously 

defined. 

The equation for the generatine function !="(5i)=i--·£ 'JTs,.t(P(-:tt) 
-J X, XH I. 4 - ) 

is then: 

(8.26) 

8.2.1 Approximate Solutions for Ifoan and Correlations. 

It is now straighforward to calculate the equations of mo­

tion for the various moments of P,~,t) . ~"he first moments are 

the mean numbers <-x..1" "> in the cells, and are given by <~k '> = 
[ !~ ] , Taking the continuum approximation, we obtain from ( 8. 26) the 

v..,, .. i~, 
-· ,. <x.u",~ 

follo,;ing equation for <~'!:'):: ~ 0 -v- I 

- 1) 'vt <e(rl'7 + (K,,-K,}<e(:1) + fKz 

h 1Mn ~ cx~-:2? 
V-PO y'-

Where, as defined in chapter seven, 

the dimension of a cell. 

1) = k, d/1.,'1.. ' 
t911',f,p 

(8.27) 

,t being 

·:rorm 

or correlations, in the 

• In the continuum 

t f 11 • t· f Ct(_r,r_') ::; approximo.tion we obtain he • o owing equa ion or ~ 
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~ 9,r,f) r.... 2 ~ ] [ 
--ot; ~ DLv! + ~f ~l'f,f') +2Ck2--k1l~c!,! .. , t-"2~ <'e'.!),,+~ecr'Y>] 

~ <-X;(X,-1)') 
+2~z ~r-r'l<ec£,'7 -l.v Ser--!")~ .,_ (8.28) 

- t ~ fk,f, p, V 

~ J , I [ '3'l~ 2?F ] 
- 1~11t,f,p V3 ~~o~]" + i~~s., ~:: 1 

We see that the 1-,.\'.' term in the equation for f.c~, t:) means 
--5"3 .. .2 

that each moment is coupled to the next highest order moments, so 

that the moment equations form a non-closed hierarchy. In order 

to solve the two moment equations (8.27) and (8.28) we must close 

them using some approximation scheme. We shall use the Gaussian­

like approximation scheme given in equation (8.22). To further 

simplify the solution, we shall also assume that the reduced dis­

tribution in each cell is poissonian, that is we put <x(x·t.)'i' ~<-x',1. 

for each cell. Under these approximations the steady state forms 

of equns. (8.27) and (8.28) ares 

,:1, 

(K,,,- K.1) <(> -t r K:i. - ~ <e> = O (8.29) 

'D'v1tr:) +[<1:1-K1)-~<e"J5(_r) + K:1~,~~1 (<e'>-~<etJ (8.30) 

+ f3K,. <~? + ~<f,'3 -:: 0 

Here we have.use the fact that the system will be homogeneous 

in the mean, so that <e<t)'> :: <e'>' , and that t.r,r-.,) will be a 

' function of ,:-r only, so that t in (8.30) now means r..-r .. • 

Equation (8.29) is exactly the deterministic equation (8.2) 

for <~'> , and so yields the deterministic solution, which ex-

hibits the trcinsi tion-like behaviour in the limit ~➔O , i.e: 

equation (8 .. 3). Solution of equation (8 .. 30) by Fourier trans­

form yields the following expression for the correlation func-
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tion (('Ci:),t'(t1) = <~<!)€'(~')> -<e(!l'><e,(~')> ~ 5<r,!') + 

'z,(r-i:' <ec.~·1') -(c'C,rl~<(.:'(r:l') : 

where the correlation length 

In the· limit p ~ o , the correlation length becomes 

L- r 1) ]1/:2, 
~ L IK,. -K, I 

(8.31) 

(8.32) 

T'nis is symmetric about the transition point 1<;:i.,~ K1 , and 

at the transition point, where the <"€> versus K:i. slope is dis­

continuous, be comes infinite. This behaviour is closely analogous 

to the behaviour of the correlation length of the order parameter 

in a second order phase transition (see, e.g. Stanley (1971 ) 

where further references are given). Thus even though the inter­

action is short range (nearest neighbour cells only), the coherent 

autocatalytic production of X inducen a correlation such that 

each point is correlated to~~ other point in the system at 

the transition point. It should be noted that the critical expe-
l 

nent ( classically the po,-rer of fr:,=-e,I occuring in l, , or in this 

I ) 1 case the pov:er of I K,.-K, l has the classical value of It• This 

should be compared with the work of Nit zan et al. ( 197 4) who 

obt11,in similar behaviour using a linearized Langevin eqi.ation 

analysis of their system. Similar behaviour in the spatial cor­

relations in liquids exhibiting the ·Benard instability has been 

found by Zaitsev and Schliomis (1971), Graham (1974), and Boon 

(1975). 

A point to note is that when solving the equations (8.27) and 
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( 8. 28) for <e<,!'f> and 3(c,r') it is not essential to make the cont­

inuum approximation before the equations can be solved. However, 

after solving the equations it turns out that this assumption is 

true provided b"D.l <<. 1 where 1 is the dimension of' the cell 

at which the continuum approximation becomes valid. A detailed 

discussion of this point is given in the work by Gardiner et al. 

(1976). 

8.2.2 Two Time Correlation Function; Correlation Time. 

As in the non space dependent analysis, it is useful to study 

the two time correlation function in this space dependent analysin, 

in order to increase the analogy to second order phase transition 

behaviour. The two-time correlation function in the space depen­

dent case is ~(t,{; t,f) = <ecr,{·), eJf,t')) , and its equation of 

motion is most easily obtained using the e,quation for the two-time 
• ,:,._ X 

generating function l=°(s ~';t,t') =££-_rrs_ TTs:. P<~)t.j~·,-e) • Since ...,.,_ ~ ~· ,., ~ ... 

this generating function obeys the same equation as the one-time 

gener2.t,ing function in the unprimed variables, equn. ( 8. 26), we 

in the continuum approximation:-

~ <e<~,~'e'!:', e>'> 
3t (8.33) 

- ( Kc !<1 l,e,r, t-1 ~((, <t) > - & ~ <::x:.-<xr- 11 -x, .. er>> 
v ... o v3 

where 1) has its usual definition. 

• t th t the second moment <.xx'';, Again, the nonlineari y means a 

is coupled to the third moment <:xti.-,):x.' > , and we utilize the 

approxima~o~(8.22) to close the equation (8.33). 

We shall now consider the steady state, in which situation 
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will be a :function of r-l and t-e only. We 

obtain the following equation for ~(r,t,:; t, t') : 

(8.34) 

where r-r-~ - ·- is re placed by £ 

The solution of (8. 34) must satisfy the 11ini tial 11 condition 

that 'j(?:,,'C::.o) must be equal to 9,i:, of equn. (8.31). We ob­

to.in ( in the limit /3 -~o ) : 

-= ~ 
(4-1f O't' );;,._ + 

k,<'(> ( -r'f.t., ( (!or !.. ) r/~ f. (lor '"' ) ) 
'81TDr e er--rc Tc,-;l.fo-c +e e,,.-ic. 7'+1J'cr 

(8.35) 

This consists of a standard diffusion term modified" by the 

-~IJl e-11<:i.-kd • 1 z: 
chemical term e :: along with a mixed diffu-

sion and chemical term. 

In the small 1:- and large 1: limits we may replace the erfc 

functions by less ettmbersome approximate expressions. Power series 

expansion of the erfc functions yields the following small 

Use of the asymptotic forms of the erfc functions yields 

the following large 't" behaviour for ~(_!/VJ : 

-r-%./401: 

~'?:,~) ':: [ (:1Tt>t'}3/z (8.37) 

If we consider the long time behaviour of ~J'.!,"C) to give the 
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measure of' the correla.tion time, then it is clear from equation 

(8.37) that this time is given by 

::: (8.38) 

The relation L.:: = ,L_'J./D was fou.nd al so by Graham ( 197 4) 

in his work on the .Benard instability. The result (8.38) for 

~ is, not unexpectedly, the same as that found for the system 

in the non space dependent analysis, equn.(8.24). 

The result (8.38) may be obtained in a more transparent man­

ner by directly integrating equn.(8.34) over a volume V with di-

mensions r.mch larger thcn the correlation length L:, • In this 
~ 

case t:,e surfaces terms created by V vanish, and we obtain 

<x (v., rJ., X lv.,oJ > (8.39) 

Fluctuations In Finite and Infinite Volumes. 

We may consider fluctuations in finite volumes and correla­

tions between finite volumes, rather than the point quantities, 

by direct inte~ation of the point correlation function <ecr,H, ~(c~P)') 

over the volumes in question. we first consider the fluctuations 

in a subvolume AV of the system, which we take to be spherical, 

with radius R • The two time correlation function is 

<X(bV,'C], X UW, o] > z ~cF;_: \d~r' \~'!,'t'), ~<r\ o)) • In the 
Ii'{ /;,V .::t 

. limit 'C-+ O , this becomes the variance 6 of AV , which 

is a measure of the fluctuations in the volume ~ V : 

{ 1'K 2s R.. -i rl -1.~1iz~ ! -2J} 
6 '.t (!\'}] ::. < X ftw J > 1 4- ,., ~ ,.,\ ( ( I - L:' + 3 r-i ) -e ( I+ 1J 

klJ 1' ( 80 40) 
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If -R<<l.,, this becomes 

(8.41) 

Thus in the limit R--t, 0 , the fluctuations become Poissonian 

in form, in agreement with the assumption made in derivi11g equa­

tions (8.29) and (8.30). This a!,sumption is in effect the ass­

umption that a local equilibrium exists in each Brnall cell. 

If R '>'> 1c.. , ( 8.40) becomes 

6z[Ay] ~ <X(ti.vJ>[ ~, 
I K,-1<:i.1 

{8.42) 

In the limit /<. + oO , this does not tend to the exact result 

(8.17) of the non space dependent analysis because of the approx­

imations which have been made in the space dependent analysis. The 

two agree only in the limit 1<:i. <<- K 1 , i.e. well below the thres-

hold K:i. ~ K 1. • 

It is of sane interest to consider the correlation between 

a small volume fiV of the system, and the rest of the system's 

volume V-f:N . This corrcla·tion is 

<xu.v1.,X[v·hV1'> = )cP,c )cli\c\ <ecr1,e(~')) 
AV V-Av 

(8.43) 

: fd. 3r\oP['<'ec~),ect''> - ~a~.r~cP,e'<~(!},~c(>'> 
t.v v .1.w tJv 

The pioneering work in this topic by Nicolis et al. was 

concerned with the f'luctuations in a small vollune AV of the 

system and those in the large surrounding volume V-AV • Their 

factorization ansatz essentially neglects the correlation (8.43) 
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between these two volumes. 

If we assume V 
!, 

is J.arge, so that its dimension V 3 "'l., .t., , 
the integration over V in the first integral ma;y be easily 

evaluated by integrating the correlation function equation (8.30) 

and ignoring the surface terms generated by v' 2B 
tion over ~y then yields simply the factor AV 

• The in tegra-

• The second 

integral is precisely 6,i[AV] ei ven by ( 8.40). If we define 

by writing (8.40) as 

the normalized correlation coefficient C [~\'., V·AY] 

i;s then, in thelimi t fl V <<. V , 

(8.44) 

:. ~t~v\X[~·AY)) 
o(&v1 6[v-tv] 

(8.45) 

The normalized correlation[~~Jt:us not infinitesimal .~ and 

tends to zero as approximately V only• 
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CEAPTER 9 CONCLUDING REMARKS 

In part 1 we presented exact solutions of the master equation 

describing various t~o-photon interactions with two level atoms. As 

expected for nonlinear processes we found that the behaviour of the 

light (even the firat moments) depends on the statistics, with the 

dependence most strong at low intensities. Thus the current experi­

ments examining the dependence of two photon absorption on the sta­

tistics of the ingoing light are of interest. Similar experiments 

on Raman scattering do not seem to have yet been carried out;- .such 

experiments would be of interest in the light of the work in this 

thesis. 

The price paid for obtaining exact solutions is that thee~­

pressions are rather complicated, and there is a resultant loss of 

clarity. It is necessary to compute the expressions to provide a 

clear view of the time behaviour. In some cases the slow conver­

gence of the moment series and the large arrays required give some 

computational problems. 

Extension of the method of chapter 3 to higher order non linear 

emission processes is possible, although the solutions would become 

rather complice,ted. In the case of absorption, higher order non-

. linenri ty gives higher order derivatives in the generating func-

tion equation, and it is difficult to see the orthogonal polynomials 

series method working in these cases. It is possible numerical 

solutions r1a.y be obtained. 

The steady states examined in chapter 4 have rather interesting 

properties, however the low photon intensities involved mean that 
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these properties are probably not of much pratical interest. 

The work of chapter 5 shows that it _is possible to obtain 

approximate s;:,lutions which can be reasonably accurate, and give 

a clearer view of the behaviour of the light fields. The other 

approximate methods mentioned have been used in other nonlinear 

problems such as superadiant emission of photons by atoms (Degiorgio 

and Ghielmetti 1972). 

One interesting theoretical possibility worth further inves­

tigation is that the even and odd coherent functions already des­

cri bed in the literature (Dodonov, I1ialkin and Man' ko 19 7 4) may 

provide representations of' field states in a manner analogous to 

the 11 ;1? 11 representation in terms of the normal coherent states. 

The work of part 2 provides results for fluctuations and 

spatial correlations in chemically reacting systems which are 

amenable to experimental confirmation or otherwise, using, e.g. 

light scattering techniques (see,c.g. Cummins and Pike 1974) or 

fluorescence correlation spectroscopy (Elson and Magde, 1974, 

Magde, Elson and Welds, 1974). 

A major short-coming in the theoretical work on phase tran­

oition models is the nature of the approximations necessary to 

truncate non-closed systems of moment equations. ~rie closure 

.approximation used in this present work is closely related to the 

gaussian approximation, and thus it fails at the critical point 

because the standard deviation becomes infinite there. Prelimi­

nary work on alternative closure schemes is already under way 

(D.F.Halls, private communication). Note that beca-u.se of the 

approximations used here, the space dependent analysis yields 

nonpoissonian global fluctuations, while the exact global analysis 
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yields poissonian fluctuations. 

The question of boundary conditions has been avoided in this 

present work. In the analysis of the second order phase transition 

model we have assumed an infinite sized system, so that boundary 

conditions do not enter the problem. In the Hork in chapter 7 

any boundary conditions in the N cell problem will be taken into 

account either in the eigenvalues _µ14 and eigenvectors ftr. through 

the d.~ , or by modifications to the master equation. 
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APPEHDIX 

1. Orthogon2.li ty and Integral Relations Required in Chapter 3. 

To evaluate the coefficients An in the polynomial expan­

sion of the generating function for the single filode two photon 

absorption process (section 3.2.1) we use the well-known ortho­

gonality relation for Legendre polynomials: 

2. . 

ln+ 1 

along with the following integral relations: 

I 

~ -x" PttbJ c:b" = o 
·-• 

(A1) 

(A2) 

Ot" (A3) 

To evaluate the coefficients At'>(?.) in the polynomial expen-

sion of the generating function -!='\ (-:t/t') for the two mode two 

photon absorption process (section 3.2.2) we use the Jacobi poly­

nomial orthogonality relation 

I 

S x 9i·•c1•x/·~ S"'PJ~,x) 5v,,'P,~, x.) dx. = 
• I 

and the integral 

I 

Ix" ( \-x)r-~ S"(p,~1x1 dx 
: Y\~ l(¾+p) rn+1) rn,-~ ,n) r( p-~/tl'H j) 

n1hip) r (>.-t1-r-t'1.) 1cp-~ H\-t '>1-t- 2) 

(A4) 
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2. Inversion of Laplace Trsrnform of the Haman Effect Distribution. 

The inversion of ('tts,111'($) (equation (3.47)), allowing for 

possible repeated factors in the denominator, yields for e"s_,,11/"t) : 

(A6) 

where 

{
">-/1, , \ C-')(,t' 

M-
- l').-11/;2, ., ~ ~M 

and 

9(~1: t ~ ' 
x.<o 

, 'X, "'7,,0 

X (A7) 
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