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ABSTRACT

Part 1 of this thesis consists of a theoretical gquantum
statistical analysis of several nonlinear optical processes., As
an introduction a master equation describing the time behaviour
of the field in a general irreversible nonlinear intersction be-
tween an optical photon field and a number of two level atoms is
given. This master equation is then used to calculate the exact
time dependent statistical properties of the light fields in cer-
tain special processes: two photon emission by atoms, two photon
absorption by atoms and Raman scattering o% photons by atoms. The
steady states of the emission-zbsorption processes are examined,
and found to have interesting statistical properties not found
in the field states normally met with. Part 1 is concluded with
a brief examination of approximate methods of solutions for the
nonlinear processes studied.

Part 2 is a brief study of the nature of copcentration fluc-
tuations and correlations in chemically reacting systems, using
the stochastic master equation approach. The time dependent
fluctuations and spatial correlations are discussed for a space
dependent model of a linear chemically reacting system. These
results are compared with those obtained when correlations are
ignored. The steady state behaviour of a particular nonlinear
chemical system is then examined. Deterministic and non space-
erendent stochastic analysis show that when certain system
parameters are varied, the system's behaviour is very similar
to that of a thermodynamic system which undergoes a second order
phase transition. A space-dependent analysis is then given, and

this makes the analogy very close indeed.
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CHAPTER 1 INTRODUCTION TO PART QNE

In recent years there'has been much theoretical and experi-
mental interest in the various non-linear effects which can occur
when light fields interact with certain types of matter. As is
now well-known, such non-linear effects arise because of the non-
linear response of the material medium to strong pumping fields.
These effects may be described classically by the non-linear
dependence of the medium's polarization E on the electric field E
( Armstrong et al. 1982), or quantum mechanically by multi-photon
emission and absorption ( Lambropoulos et al. 196&, Shen 1967,
Walls 1971a),

In one class of non-linear optical processes we take the
nature of any pumping fields into account explicitly, and consider
the direct coupling of this pump field to two or more other modes
of the light field. The interaction with the atoms of the medium
is taken into account implicitly in the expression for the suscep-
tibility of the medium. Examples of such processes are parametric
amplification and frequency conversion. Thorough analyses (both
classical and quantum mechanical) of such processes have already
been presented in the literature (see, eg., Louisell et al. 1961,
Armstrong et al. 1962, lcLean 1963 (unpublished lecture notes),
Walls and Tindle 1972, Raiford 1974, Wonneberger and Lempert 1973).
In part one of this thesis we shall consider a different class of
non-linear optical processes. In this class we take the atomic
nature of the interaction with the light fields into account
explicitly. The presence of any pumping fields is taken into

account implicitly in the thermal populations of the atomic levels.



Effects which fall into this class are multi-photon emission

and absorption by atoms, and the Raman effect. The actual idea

of multiphoton emission and absorption by atoms is not a new one;
the theoretical possibility of such processes was first given by
Goppert-Mayer (1931). Theoretical analyses of problems of this type
have already been given by Lambropoulis et al. (1966), Lambropoulis
(1967), Shen (1967 and 1969) and Agarwal (1970), and more recently
by McNeil and Walls (1974), Tornau and Bach (1974), Loudon and
Simaan (1975 a end b) and Simaan (1975).

In step with the theoretical studies there has been an ever—
increasing interest in experimental investigations of these non-
linear interactions. The Raman effect has of course been the
subject of thorough investigation, and now finds many applications
in modern experimental technology, especially spectroscopy. Of
particular interest at present is the study of multiphoton emission
and absorption. With the advent of higher powered laser pumping
sources it has become possible to produce scattered light of
sufficient intensity for detection, so that stimulated multiphoton
experiments are now common. Further, direct observation of spon-
taneous two photon emission has been reported ( Lipeles et al. 1965
and O'Conell et al. 1975, where further references are also given).
The two photon interaction is obviously the easiest multiphoton
process to study experimentally, although higher order processes
have been observed. The theoretical paper on two photon emission
by Lambropoulis (1967) indicated a strong dependence of the two
photon production or absorption rate on the statistics of the light,
and this has initiated a number of photon statistics experiments

to confirm this prediction. The most recent confirmation has been



reported by Krasinski et al. (1974). Their paper contains

further references to other work of a similar nature. Two photon
absorption has become of particular importance recently because

of its applications in spectroscopy. If the atomic transition

is induced by pairs of photons from beams travelling in opposite
directions there is no Doppler shift. This lack of Doppler line
broadening means that a high resolution of épectral lines is
possible. This was predicted by Vasilenko et al. (1970) and
confirmed experimentally by Biraben et al. (1974), Levenson and
Bloembergen (1974), Hansch et al. (1974) and Dritchard et al.(1974).
Other advantages of two photon spectroscopy include the possibility
of direct transitions between atomic ground state and higher

levels for which perity considerations preclude a one photon
transition. Further discussion is given in the above papers, and
in the theoretical paper by Salomaa and Stenholm (1975).

There has even been discussion on the possibility of a laser
ospillator in which the lasing transition is a multiphoton one. A
quantum mechanical analysis of such lasing action has been given
by MoNeil and Walls (1975 b and c¢). A useful survey of multiphoton
work up to the late 1960's is given by Gold (1969). In our work
we shall be interested in processes which occur at frequencies in
the optical range. At such frequencies individual photons may be
detected. Further, production of photons by spontanecous emission
of atoms may now be no longer insignificant, especially at low
field intensities. Thus to adequately explain these processes we
-require a quantum mechanical analysis.

Since de-excitation of atoms occurs randomly, there will occur



fluctgations in the measured field variables, The processes
creating the fields are non-linear, so that we may expect the
fluctuations to play a strong role. Hence a statistical analysis
of the problems is important. The approach we take will thus

be a quantum statistical one; i.e. we will investigate the be-
haviour of the density operator describing the behaviour of the
interacting light fields. From this operator we may calculate
the mean values of any functions of the field variables. Of
particular physical interest are the mean field intensities,
intensity fluctuations and intensity correlations.

The formalism required for our analysis is introduced in
chapter two., The quantum mechanical hamiltonian for the atom-
light field interaction is given and discussed. Following
Shen (1967 and 1969) we give a master equation which governs the
time behaviour of the density operator of the atom-light field
system. By tracing out the atomic variables we obtain an operator
equation for the density operator of the light fields alone. This
equation completely describes the statistical behaviour of the
light fields,

In chapter three we use the theory of chapter two to examine
the behaviour of some specifie non-linear processes, and we
present time dependent solutions for the diagonal.(in the Fock,
or number state, representation) elements of the density operators
for the light fields in these processes. The solutions for two
photon emission by atoms have already been siudied in some detail
by other workers ( Lambropoulis et al. 1966, Lambropoulis 1967
and Shen 1967 and 1969) and we merely present their results for

completeness. We then consider two pholon absorption by atoms,



examining two cases: in the first case both photons involved in

a transition come from the same mode of the light field, in the
second case the two photons come from different modes. The one
mode problem has been studied earlier by 4garwal (1970) and here

we extend his theoretical analysis. The properties of the solutions
for the two photon absorption problem have gince been studied in
more detail by Tornau and Bach (1974) who consider the one mode
case, and by Loudon and Simaan (1975 a and b) who consider both the
one mode and two mode cases.

The final process we consider here ishthe Raman scattering of
light by atoms. Some analysis of the photon statistics af the
scattered light (Stokes' radiation) has been given by other workers
(Walls 1970 and 1971b, Chandra and Prakash 1971). A masier
equation approach has already been given by Walls (1973), who uses
phonon modes instead of atoms. In his work the incident light is
assumed to satisfy the parametric approximation. That is, it is
assumed to be so intense that its depletion and statistical prop-
erties can be ignored. In our analysis we are able to obtain
solutions without making this approximation; we retain the correcla-
tion between the incident and scattered light. The solutions for
Raman scattering have. since been examined in more detail by
Simaan (1975).

For each of the above problems we present g;aphically the
time evolution of physical quantities such as mean intensities
and correlation functions, for various initial conditions.,

Because of certain conserved quantities, the steady states



in these non-linear problems depend on the initial conditions as
well as on the external pumping parameters (in this case the ther-
mal populations of the atomic levels)., This is of interest
because it allows the possibility of obtaining states of the
electromagnetic field which have different statistical properties
to the states normally found. In chapter four we examine the
steady states of some of the processes studied in chaptler three,
and calculate their second order correlation functions

which provide some measure of their statigtical properties.

Chapter five concludes mrt one with a brief look at some
approximate solutions for the processes we have been studying.
Such approximate solutions provide a more transparent view of
the processes, and also enable us to make some connection with
the classical theory of non-linear optics.

Parts of chapters three and five have already appearea in print
in the article "A Master Equation Approach to Non-Linear Optics",
Jqurnal of Physics TA g17(1974), and parts of chapter four have
appeared in "Possibility of Observing Enhanced Photon Bunching

from Two Photon Emission", Physics Letters 514 233(1975).



CHAPTER 2 QUANTUIY FORHULATION

.

2,1 Hamiltonian for the Atom-Field System

We shall describe the atom-field interaction which occurs
in the non-linear intéraction of light with matter by an ensemble
of N independent two level atoms interacting with an optical
electromagnetic field inside a resonant cavity. Transitions be-
tween the two atomic levels are n-photon processes in which m-

photons are emitted and n - m photons are absorbed.

We may write the total hamiltonian for such a system ass
H = He+Ha + Hae (2.1)

where H; and H, are respectively the hamiltonians for the unpert-
urbed electromagnetic field and the atoms, and H,¢ is the hamil-
tonian describing the interaction between the atome and the light
field. HAF for a single "one el ctron" atom may be written as

(Dirac 1967):

H_AF =

2

(RA+ Apl+ 5z A (2.2)

~ 1228

e

where 4}, is the electron's momentum, and é is the electiro-
magnetic vector potential at the electron's position. We shall
agsume the electromagnetic radiation is of wavelength much larger
than atomic dimensions. This means ﬁ is essentially constant
over the volume of an atom, s¢ we may take for A, its value at
the (fixed) position of the atom's nucleus.

‘We now introduce quantization of the electric field and second

quantiéation of the atom. The electric field is described by the



vector potential field A already mentioned, and the atom's
electron is described by the electron wave function field Pley
We make these fields quantum mechanical operators by replacing
by operators the c— number coefficients in the Fourier expan-

sions of A(f){,) and ‘4/([:) (see, e.g. Dirac 1967, Haken 1970):

hep) s 22 (duw ragw] @
b =2 lg ey gfgro] (2.4)
J

The g&(:) and ,@5(.113 are appropriate normalized orthogonal mode
eigenfunctions. VY is the volume of the cavity. In (2.4) the
index ”3 ' indicates the levels of the atom.

The electric field '"creation" and "destruction" operators

.‘-

dx s Gk obey the boson commutation rules:

[GI 7(:(9] = ékk‘ (2.5)

and have associated with them the Fock (number) states [ng>:

Ay = e Ingei”
(2.6)

o, =1 , ">0
Aeing =

O s Ng=0

+
The atomic "raising" and "lowering" operators Cj , Cj ovey



the fermion anticommutation rules:

[ij7 Ck]+ - gjk (2.7)

and have associated with them the atomic level states (j) :
¢ty =12> 5 G li> =0

* wavefunctions

If the N atoms are independent, their electronicAwill

1]
"

(2.8)

(]
1}

not overlap, so that N atoms may be taken into account simply
by adding the single atom terms together. To the C{ we add a
further index "\ " which indicates the particular atom a C; is
describing. When the above quantization iirocedures are carried

out, the hamiltonians HF and HA becomes

- t .
Hg %ﬁWkaQK (2 9)

( C;u Can- Cf; Cl?\) (2.10)

§

-~ L
Ha = Dj’wn

Z Nz

where “'MU;,_: AE'iis the energy difference between the two atomic
levels,

In a multiphoton process the transitions are between states
such as |15 M,N,> and [23,~1,1,719s or more generally, between
states for which the transition involves the emission of m pho-
tons and the absorption of n - m photons., Thus when using exp-
ansion methods to calculate physical quantities like transition
probabilities or the rate of change of a density operator, i'l; is
necessary to go to nth order terms in HA? to obtain the first non~-

zero contribution (Lambropoulos 1967, Agarwal 1970). This is



equivalent to using first order theory with the following effec—
tive hamiltonian (Shen 1967, Agarwal 1970, Walls 1971a);which
we shall use:

. m n
Has =’f\é“’n 'ﬁ)f[%c;c{,\ Tq+ T oy + h.c,] (2.11)
i leA

J ks mei

(m,n-m)
is proportional to the atomic matrix element for

where &
the n-photon transition.

In the steps leading to the hamiltonian (2.11) we neglect
certain terms. The first term neglected is the 61 term in (2.2)
which is very much smaller than the ,9/} 4 ﬂ‘p terma. The other
terms8 ignored represent either n photon processes which we are
not interested in, or processes which are highly energy non-con-
serving. Neglecting the last mentioned type of terms is commonly
called the rotating wave approximation. The effect of such terms
is negligible for times larger than the inverse frequency—of the
atomic transition (see, e.g. Haken 1970, where further references
are given. See also Carmichael 1972).

The n-photon processes we are not interested in may be physi-
cally excluded by appropriate choice of experimental conditions. If
the experiment takes place in a resonant cavity, the cavity may
be tuned to allow only the frequencies of those field modeé which
take part in the particular process of interest. If the experiment
is to be carried out in a crystal, the unwanted processes may
be excluded if a birefringent crystal is used. In such crystals
the speed of light ¢ is a function of wave polarization and direc—

tion as well as of frequency & . By appropriate choice of
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polarizations-and directions of the interacting field waves, we
may obtain matching of wave numbers E ("index matching') which
enhances the process of interest and excludes(other processes

(see Yariv 1967 for further details). The second method is more
applicable in travelling wave situations, in which one mode is

an explicit pumping field. A quantum mechanical analysis of

such travelling wave situations is lengthy (Tucker and Walls
1969), and we shall be taking the fields in the analyses following
to be standing wave modes; we will not be investigating propa~-

gation aspects.

2,2 HMaster Equatioa Describing the Field

We shall now obtain an equation governing the time behaviour
of the quantum statistical properties of the light field as it
interacts with the atoms. The quantum statistical properties
of the total atom-field system may be described by the density

matrix (Dirac 1967):

Or = i\, Py 1P >< (2.12)

where the 14f7 are normalized states of the system, obeying the
. Y
Schrodinger equation thiy = HIPD. The time behaviour of Qr

in the interaction picture (Dirac 1967) is then given by:

0
t’ﬁg%T = [Hmﬂ 0] (2.13)

with the operators Qh- and.‘*AFnDW'in the interaction picture.

Since we are interested in the statistical properties of the
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light field, not of the atoms, we trace out over the atoms to

consider the density operator for the field alones:

oty = T {er )} (2.14)

In order to evaluate the trace we assume the atoms are
initially in thermal equilibrium, and that this remains essen-

tially unperturbed by the interaction. Thus

o-t) = oit) ® galo) (2.15)

where

N -
2.16
QALO) = TT Q}(O) ( )
A=l
The irreversible equation of motion (known as the master
equation) for e(t) may then be derived from equation (2.13) by
standard techniques. (For a comprehensive discussion of the
derivation of quantum mechanical master equations in the con-
text of quantum optics, see the excellent review articles of
Haken 1970 and Agarwal 1973). Under the Born and Markov app-

roximations, the master equation obtained is:

b M, =11
gf = K"\ {loe,0'], [0, 00"}
K" {10,071 +[@0,0%1] (2.17)

where

4]
K™ e gl le T Sd?’; ) Tl
and v d

’Ta ﬂc‘k

w4l
3“0) is tne atomlc 11neshape function, N, and N2 are the
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occupation numbers of the atomic levels (1Y and (2%, ana N(r)
is the atomic density in the matter. We have assumed the tran-
sition is resonant, ie:
n
was 2w - £ Wi (2.18)
Ot kzm+l
Equation (2.17) completely describes the statistical behaviour
of the light as it interacts with the matter. Note that no mec-
haniesm for losses has been included.

Methods far solving equations like (2.17) in operator form
are few. To obtain any form of solution ﬁe must usually convert
such operator equations to c-number equations by introducing some
representation, Usually we either introduce the "P-represen—
tation" (CGlauber 1963) for @ , or take the equations matrix
elements in the Fock representation. In the case of (2.17) the
nonlinearity means the equation in the Fock representation is
easier 1o handle.

We call a matrix element of e or any other field operator
a diagonal element when the matrix element is taken between equal
states, and off-diagonal when it is taken between unequal states.,
If the off-diagonal elements are all zero, the operator is said
to be diagonal in the particular representation used to calculate
the matrix elements., For a complete statisticel description of
the field we must know e completely, i.e. we must know all of
its matrix elements. However, to evaluate the expectation values
’T}{ee} of diagonal field operators (such as field intensity<@fak),
- intensity fluctuations {{afa. -<aéag§§z>7 , and intensity correla-

tions <{a§qk-<ngk>}{aj‘aj -<aj"qj>}> we require only
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the diagonal elements of e s and we shall restrict our atten~
tion to the diagonal part of equation (2.17). The off-diagonal
part is in general difficult to solve. It should be noted that
equation (2.17) implies that off-diagonal elements are connected
only to other off-diagonal elements. Hence if all off-diagonal
elements are initially zero, they will remain so. In this case
the solution for the diagonal elements of Q gives a complete
description of the fields. The expectation value of any non-
diagonal field operator (such as field amplitude a, ) will

remain gero for all times,
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CHAPTER 3 TIME DEPENDENT SOLUTIONS FOR

PARTICULAR NONLINEAR PROCESSES

3.1 Two Photon Emission by Atoms.

The first process we shall consider is multiphoton emission
from excited atoms, with the -emission of two photons in each
atomic de-excitation. We maintain an inverted atomic population
by some external pumping mechanism (for example, keeping the
atoms at a high temperature), so that in (2.17) we may set N,zO
and N,=N, the total number of atoms.

Thgre are two cases to consider, depending on which modes the
cavity is tuned to select. One is the case where the two photons
emitted in an atomic de-excitation are emitted into itwo distinct
fixed modes with Wy =W, o The other is the degenerate
case where the two photons are emitted into a single fixed mode
with 2wW =W, , We shall consider the second case first, since

it is less cumbersome mathematically,

311 Emission into a Single Mode.

When the two photon modes degenerate into a single mode; the
operator O in (2.17) becomes aa . With N,=O , equation .
(2.17) thus gives:

%g = - ‘°’”"L [aa,aJ‘a’Le] + [eaa,a*a\‘]’; (3.1)

(0,2
where HNy°N  is absorbed in K77 .



-16-

The equation for the diagonal elements of @ in the Fock

representation is then:

%YQI“(C) = n(n-i)e-n,(t) - (n+1)(h+‘3€"(ﬂ (3.2)

(0,2
where T = 2K 't and e..(‘c): <n|€(t)ln>.
The solution to (3.2) has been given by Lambropoulos (1967),
and we include it here for completeness. The equation may be

solved using a Laplace transform method, giving

Gal®) = h < . 2 A ) exp[/ui)/xmﬂ (3.3)

where
A")x(}&) = {T (% /“)(OV/“B)]
@#ﬂ

The summation and product variables Xhu,ﬁ/ range over even
values when N is even, and over odd values when W1 is odd.

Any initial distribution of the photon field may be tsken
into account by inserting the appropriate initial distribution

Oa(0) directly into equation (3.3). Typieal initial states met

with in experimental situations are the chaotic state which has
the distribution @, = W,(W.) and the coherent state which
has the distribution On = ef“ %;? . M is the mean number
of photons in the state. & cohere;t state of the electric field
is a special state for which the field correlations Ef“,::
<E(-(’\*. R E'. (r.,ﬁ )E“(«‘m.,é).. VE((r,,1 t,)> factorize for all n (Glauber
1963, 1967). E” and E(ﬂ are respectively the ~-ve and +ve

frequency parts of the electric field. The factorization pro-
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perty implies a lack of spatial and temporal correlations, hence
the name "coherent" state. The stabilized output of a laser oscil-
lator is a close approximation to such a state, thus a laser is
a suitable source for initially coherent radiation. A chaotic
state of the field is that state for which the entropy -T}"(eﬁne) of
the photon field is a maximum for a specified mean photon number
(Glauber 1963, 1967). In this sense it is a state of maximum dis-
order, hence the name "chaotic". An appropriate source for an ini-
tial chaotic state is a thermal light source, such as a heated
mercury dischargelamp, whose random emission of photons generates
such a state. Further discussion of the correlation properties
of the coherent and chaotic states is given in chapter 4.

From the distribution (3.3) we may calculate the time behaviour
of the mean number of photons, the photon number fluctuation and
the expectation values of other disgonal field operators. Tor

example, the mean number is
oD
<n(T)> = Tr(a"'ae) = ni‘oh@‘(t!) (3.4)

The time behaviours of the mean and the second order corre-—
lation function for an initial vacuum state ( @»(0) = 8Aﬂ> ) is
shown in figures 1 and 2 respectively. The second corrslation

(2)

function is the normalized form of the non-local version

(2) o
of %m defined above, 8 X <atataad> , and is given by

2y _ (h(h;‘l§ (3.5)
<in

Discussion of these figures follows section (3.1.2).
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The initial condition @al0)= g),o cerresponds to experiments
observing spontaneous two photon emission. Direct observation of
such spontaneous emission has been reported by Lipeles et al. (1965),
and more recently by O'Conell et al. (1975) where further refer—
ences are given. Initially, two photon emission experiments involv-
ed stimulated emission, using high powered laser pumping sources,
in order to produce output light of intensity sufficient for det-
ection. To describe this situation we would use a coherent state
initial distribution e;kﬂ in (3.3).

The above analysis (particularly figﬁre 1) shows clearly that
amplification occurs in the two photon emission process, and
there has been speculation whether such amplification can be con-
trolled to produce self-sustained oscillations (Lambropoulos 1967).
That is, is it possible to obtain lasing action when the transi-
tion in the lasing atoms is a two-photon transition? It appears
that the very large fluctuations in the emigsion process (figure
2) precludes the possibility of formation of coherent behaviour.
However, the theoretical work of lcWeil and Walls (1975 a and b)
shows that when losses and the nonlinear action with the lasing
atoms are taken into account, lasing action is possible (see also
Yuen, 1975). Although the two photon transition is relatively
weak, once this weakness is overcome, high light intensities may
be achieved. For this reason there is strong experimental inter-
est in developing such lasers (Carmen et al. 1974, R. Byer, Stan-
ford private communication, P. Sorokin, I.B.M., private communica-

- tion).

It should be noted that shairld we be interested in the off-
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diagonal elements of € we may solve the equation for these
elements in a fairly straightforward manner, using the same

method as used to solve equation (3.2).

3.1.2 Emission into Two Modes.

Yhen the atoms emit pairs of photons into different modes,
the operator O in (2.17) is .G, where "1% and "2" are

the mode labels. With N( =0 , the master equation (2.17) is

d 0,2) + 4 p
,g% = = NK( ) {[a(GZDGlaiel +[€ala2 7afa;]} (3'6)

The equation for the diagonal elements of e is then:

- (C) - Cn;ii)(“»;# 1) en”“zft) (3’7)

2‘%“’”1 = Wiy Qapryny
~ (2,09
where T = NK' 7T  and Eaynm = <, M leingn>,

We now observe that [(—l,ajal -a,*a.'] =@ s so that #,-n, ,
or more generally, any function of - is a constent of the
motion., In our statistical analysis, this corresponds to the
fact that, according to (3.7), the ©u,ny, are connected only
along lines A;i-n = A  where M is any integer, and hence
that the expectation value of any function of w,-n¢ is a cons-
tant of the motion. The simplest constant of the motion is given
by the lManley-Rowe type of conserv'a,tion equation <N (TIY =< (T1y =
constant.

We may thus solve equation (3.7) in a one dimensional man-

‘ner by solving the equation along the lines Hl-n,;)) A>o0:

S_%muw\ = nln)) €ﬂ-!,"~'+> (T) - (n+1)(n+1+)\)€”)m\(t) (3.8)
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where -A is a parameter, and n=f1; , is the difference variable.

The Laplace transform of equation (3.8) yields

- n{A+n) - _Ennrlo)
en,mx(s) [$4ns1)nsD43)] eﬂ bueterls) = [s+nennanen)]

(3.9)

«©
Comanls) = Soe‘St Qn,ﬁ+x(t)d? v
Equation (3.9) is readily solved and inverted. If A<O , we

where

let A'-X , and interchange the roles of n, and M, in (3.8)
end now consider Canyn (T) o This quantity also obeys the
Laplace transform equation (3.9), so that the general solution
for  Gum (T  is:

Gk,k&)(b)

Crym(d) = nlty! 2’ RORNY iA"‘»"( o)) epl-GuxjaT] (3.10)

"y -
where An,,,\(l();)) = [‘]Ik(é-",)(c{,e,){-z)] * s NN Mz max (6,-A)

Any initial twg#?node photon distribution may be takenr into
account by inserting the appropriate distribution function in
the form @k ke (0) into (3.10).

The solution (3.,10) is the full coupled distribution for both
modes, and from this we may calculate cofrelations between the
modes (e.g. <nwy>—<n><n,> ) as well as the mesns and Va~
riances of the separate modes., To obtain the distribution func-
tion for a single mode, €, (T) , say, we simply sum @p,,n,(T)
of equation (3.10) over the other mode variable f, .

In figures 1 and 2 we show the time evolution of the mean
and second order correlation function of one of the modes when

both modes are initially in the vacuum state Grop1 () = Snyo 8“1)0 .
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This corresponds to experiments involving two photon spontaneous

emission. In this case Qs n,(T) = (O, (7 gngﬂz » 50 the behav-

iour is symmetric in the two modes.

inY
601
40
(A) (8
10 4
—— + : ' 4—
6.2 o 8.6 o s
Fig.l Two-photon emission, all modes initially vacuum.

Mode mean photon number.

(A) Single mode (B) Two mode

Figure 1 shows that even when the emission is spontaneous,
the intensity grows very rapidly with T , much more rapidly
than the ez behaviour of one photon spontanéous emission, This
is because the two photon emission rate ~v (intensity)2 rather
than just intensity, so that once the vacuum fluctuations are
amplified, growth is rapid. The growth is faster in the one mode
case because the spontaneous emission rate goes as 4N, rather
than just N; as in the two mode case (see equations (5.1) and
(5.18)).

In the case of stimulated emission, where there is a finite

number of photons present initially, the growth rate will be even
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larger, as equations (5.1) and (5.18) show. The growth rate de-
pends on the stimulation term N;<w> and the additional terms (
Ny<n(n-1)>  in the one mode case, N;<mn1> in the two mode
case) which depend on the statistics. These additional terms re-
flect the underlying nature of the processes. In the one mode
case the emission process requires the coincidences of pairs of
photons from the same mode, and <n(n-1)> is a measure of the
rate of such coincidences (see chapter 4):. In the two mode case
the process requires coincidences of pairs of photons from differ-
ent modes, and <Mn,> is a measure of this, Thus in the one mode
case the emission rate will depend strongly on the initial statis-
tics through the quantity <nm-> 4 so that the growth will be
larger for an initially chaotic state (<nn-115, = 2<n(0)>? )
than for an initially coherent state (<n(n-11d, = <nie1d* )
of the same mean; however -the dependence on the initial mode stat-
istics will be less strong, the dependence occurring only via the

dependence of <nnN,> on the mode statistics (equation (5.20)).

N

(2)

) (8

6001

400

20071

; + ' + - + T
o1 ok X - 23 4 1o

Fig.2 Two-photon emission, all modes initially vacuum.

Second order correlation functions g®.

(A) Single mode (B) Two mode
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Pigure 2 shows that 3“’ also increases rapidly with time,
with the growth more rapid in the one mode case (the divergence
of 3") at T=O corresponds to the initial vacuum state). The
nonlinear emission process is very 'moisy" ; or '"chaotic", ampli-
fying the fluctuations very rapidly. Su) for one photon emission
is constant at the value 2 corresponding to a chaotic state. The
iwo photon amj functions exceed the value 2, that the fields be-

come in some sense more chaotic than a normal chaotic state. Fur-

ther discussion on this is given in chapter 4.

5001
3601

-
1.0 4+
ob+ ////

3 . + " n z~
o2 ok 86 o-8 o
Fig.3 Two mode correlation function 8"—'-'

(A) Emission into initially vacuum modes.
(B) Absorption from initial number states ,<no”:10,
The growth of the normalized correlation function gy
for the same initial conditions as in figures- 1 and 2 is shown
in figure 3. Note that, since the distribution function has
the form @y, () 3“w"¢ in this case, {Gn will be equal to
the normalized fluctuation (Kn?? =<w¥?*1/&nS*  of each mode.

It should be noted that the equation for the off-diagonal
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elements <n'n'1@IN,n,Y may be solved in a manner similar

to that used in this section (Shen 1969).

3.2, Two Photon Absorption by Atoms.

We shall now consider multiphoton absorption by atoms, with
two photons being absorbed in each atomic excitation. We main-
tain practically all the atoms in their lower state by external
means, such as keeping the atoms at a lowutemperature. Thus in
(2.17)‘ we may set NN and Ny=0O . Again we have two cases
possibley, depending on the modes allowed by the cavity tuning. In
one case, esch of the pair of photons absorbed in an atomic tran-
sition come from different modes, with W+w,= w, , and in the
other case the two photons come from the same mode with 2wW=Wi

We shall consider the degenerate case 22w =w,; first.

3.2.17 Absorption From a Single Kode.

In this degenerate case, the operator O in the master
equation (2.17) is G . With N,=N and N;=0 , (2.17)

is then
[ T 51}
= 011
5 K{[aae,a '] + [aa,pa’a’] (3.11)
where K = NK!O2)
The equation for the diagonal matrix elements of Q is then:

d0n(T)
2T

where T = 2Kt  and @,.(t) = <n|€lh5.

= (M+2)(M+1) Cupa (T) — Nn-1) 2,(T) (3.1?)
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Eﬁuation (3.12) is most easily solved by introducing a gene-
rating function F(x,T) defined by
o0
Flx,T) = g,oe,,(c)x" , lxl€d (3.13)
To convert equation (3.12) to an equation in FYQJZ) we
multiply each side of (3.12) by X" and sum over N . Using

the definition (3.13) we may write the resulting equation as:

2

2® (1-2%) 3%2 (3.14)

T

The general solution to this equation may be readily found by
using a séparation of variables technique (McQuarrie 1967), and

iss

C(’X)‘C) = é A C:"'(:t). QXP[-n(n-i)T] (3.15)

-y .
The Cw (%) are Gegenbauer polynomials and the An are coefficients

to be determined. Such a series solution was also obtained by
Agarwal (1970). We proceed here to further this work by explicit-—
ly calculating these coefficients. Equation (3.15) has the form
of a Fourier series, except that the Cif(m) are not orthogonal
polynomials. However, we observe that (see, e.g. Abramowitz and

Stegun 1965)

-y

3%:1(1) = ——C,:.(x) S L 2 (3.16)

where the Pn(x) are Legendre polynomials, or ..ogonal on [71,1] .
Thus differentiation of equation (3.15) w.r.t. X yields a

. oF -
Fourier series in Legendre polynomials for == and the An(n=12...)
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may be evaluated from the initial condition

- O
FxT=0) . Z ppsoa” (3.17)
dac e

using the orthogondlity of the Pplx)  and the integrals given

in the appendix. This yields 21l the An apart from Ao . a1~

though A° is not required in order to calculate the distribution

moments, it may be found by observing thet, according to equation

(3.15)3
F('x)tzéo) = Ao" Aix; - (3.18)
Further, because (3.12) implies that the E2m(T) and (i, (T) are

[ ) o8 :
uncoupled, Z @in(T) and Z Oim+1(T) are constants of motion,
m=0 wm=o

It follows that

b 0

Ae = Z Cam(T=2) = = O1(0) (3.192)
wizo W=o

A' =-§o€1M’1 (tzw) i -éoezm“ (O) (3019b)

We may now write the An expressions ast

) L!
A.. = - [r(am-1) 2 - -~ QL(O} (3.20)
w20 [0

where the summation variable { +takes even values only when m is
even, and odd values only when M is odd.

The result (3.20) means that F(X,T? is now completely deter-
mined in terms of the arbitary initial distribution. This in turn
means that the @,(r) are completely determined: by the definition

(3.13) of F(x,T) we see that for a given N , Ew(T) is the coef-
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ficient of X" in the power series expansion of F(G()Z‘) . Using

e/

) b4
the explicit power series expansions for the Cala) (or alter-

natively Palx) in the %’i‘”t) series) (see,e.g. Abramowitz and
Stegun 1965) we obtain
- e (-0t nag-2)!
Ca(T) = oyt Q-Zo Aniag 212200 (np -0 ! P LamaeT] (3.21)

We may now calculate expressions for <nd , 8‘2) and other mo-
ments using e,‘(t) . However, these may be obtained more directly

from the generating function §(x,T) , since by definition of F(X)T),

o 2f
wy = Zngo = [ 51, (3.22 a)
ov a’ ]
- = (n- " = Py 3.22 b
o> = Z o e = L gal (3.22 b)

More generally, the mth factorial moment is given by .

’bh‘ﬂ ‘F
Vs

Ln(n-1Yn-2)-.. (=-w)> = gty (3.22 ¢)

-4
Utilizing various properties of the Cn (¥ , or alternatively

Pi(x) 5 (seeye.g. Abramowitz and Stegun 1965) we obtain

am> = -~ < A, exp[-n(h-ﬂt] (3.23)

L2
<inmn-1)> = -72 A, n(h-l)&P[—n(n~1)t] (3.24)
nzy
The time behaviours of the mean <nwd> and the second order

correlation function ﬂ“” for an initial chaotic light beam and.

‘for an initial coherent light beam of the same mean number are
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shown in figures‘4 and 5. The initial chaotic state corresponds
to absorption of light from a thermal source, the initial coherent

state corresponds to absorption of light from a laser beam.

+— C

62 oL a-6 (2 4 L]

Two-photon absorption from a single mode,<niei»=10,
Mean photon number.

Fig.u

(A) Mode initially coherent. (B) Initially chaotic.

Figure 4 shows the expected decay of photon intensity with
time for both initial states. The decay is faster if the field
is initially chaotic, because the decay rate (equation (5.18) with
N, =O ) is <wn-1)>, or 8(2)<">1, and 8(3330*“’: 2'%“;:Mo¢‘ Thus,
initially at least, the absorption rate from a chaotic beam is
twice that from a coherent beam. Physically, the ‘3“) function is
a measure of photon pair coincidences (see chapter 4), and photon
pair coincidences are exactly what is required for two-photon ab-
sorption to occur (see Teich and Wolga 1966).

Note that in neither case does the mean intensity tend to

zero exactly (the vacuum state). Rather, the field tends to the
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state given by equations (3.18) and (3.19), so that <n(l=.o)> - %&m‘c’)
mzo
which is <n0>/[9¢mie> +1]  for an initial chaotic state, and
[ = 2<nlor>
201-2 ] for an initial coherent state. If <uo> >% 1 ,
both these expressions yield <n(®)>2 0:5 yhich is negligzble com—
pared with <wloY> , and is of no practical interest.,
The two photon absorption versus KT is much faster than the
. ~-KkT
simple <nlo>¢ behaviour of the intensity in one photon absorp-

tion, because of the dependence of the absorption rate on <n(n-iyS

rather than simply <w> , However, in general, K%NM‘“ Klf\““
(1)

3(1)
107
F
1451
o ‘A
(8)
051,
-+ —+ + ‘ — T
o2 P 06 o8 -0
Fig.sS Two--photon absorption from a single mode ,4n®y =10,

Second order correlation function g”.

(A) Mode initially coherent. (B) Initially chaotic.

Figure 5 shows that for both the initially chaotic and the

(a3

initially coherent states (3 decays with time - the absorption

process is a "smoothing out" process. As equations(3.18) and
(3.19) show, <nn-1> decays to zero, so that since <w> tends

; (1) . )
to a nonzero value, S tends to zero, For comparison 8 for
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an initial number state with the same initial mean of 16 is shown.
Because Eé;éhw"1(o) is zero, <nY +tends to zero exactly in this
case, In fact <n™ tends to zero faster than <n(n-nd does, so
that ‘ﬂn) for this case diverges as T increases. In the case
of an initial number state with odd mean, <W(T)> tends to a non-
zero value, so that 8“4 will tend to zero.

chkaohé falls rapidly initially, becoming closely equal
to 8(3&:&»‘ afterKT =o0'4 ; then the decay is slower. Note that
the nonclassical effect of photon antibunching (8‘1’< 1 , see chap—
ter 4) sets in early (immediately if the initial state is coherent).
However, this is only noticeable for < 20-4, where <n(T)Y has
already dropped to only 0.1 of its initial value. Thus in gene-
ral the effect will be hard to observe experimentally because of
the low photon intensities. In the one photon absorption situation
800 remains constant at 30”(t=o) s independently of the initial
state; the distribution retains its initial form as the mean

decreases,

3.2.2 Absorption From Two Hodes.

When the atoms absorb pairs of photons from different modes,
the operator O in the master equation (2.17) is GGz  where

"M and "2" are the mode labels. With Ny=0 , (2.17) is then

g‘% = K{LC‘,CQQ,C(:"O;] + [Q,GQ,QC&I"O;]% (3.25)

{0,2)
where K = N K i

The equation for the diagonal matrix elements of e is thus
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¥hn N
2t = (1) (n,41) en.n,mo:lw) = My Gy, (T) (3.26)

where T=2Kt and @nyn, = <numzlelngn:>.

As in the case of emission into two modes, the Cn,n, are
coupled only along the lines W,-n,= A , a constant integer, so
that we may solve (3.26) as aone dimensional problem along these
lines:

ben,mX

3T = (H*i)("*l“X)en+1)“y1*) ‘—V\(Y\‘l)) eb\_‘ﬂ'\'% (3‘27)

where W is the difference variable and A is a parameter,
We again make use of a generating function technique o
solve (3.27):
f;H(a)T) - 2 Capnn(T). & Ixisl (3.28)
nio >
Multiplying equation (3.27) by 3.: and summing over n ylelds

the following equation for FA T

s}

= 2= =2 4 A%

)

?fg’(‘!()l‘? ’bFX

= (3.29)

The general solution of this equation may be obtained using

a separation of variables method (llcQuarrie 1967):

C:’)(o()t) = % A () 8.4(’)‘,}+]59<) exF[-n(m)Qt] (3.30)
w=d

"
where the 8" are Jacobi polynomials. and the A &) are coef-

ficients to be determined. Equation (3.30) has the form of a

Fourier series except that the 8”(7\)},”; x) are not orthogonals
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However we use the property (Abremowitz and Stegun 1965):

d . ) 3031

T gn(p,ct,x) = ngﬂ«i(P“'Q)ch'i)x) (3.31)
which for P:’)‘ y 1: A+1 yields polynomials orthogonal on [0,1] . Thus
'3_5»(1)?) in
¥, *
terms of Jacobi polynomials. The A‘ﬁ(ﬂ , N2, mey then bg

differ entiation of (3.30) yields a Fourier series for

evaluated from the initial condition of the type (3.17) using the
orthogond ity of the gn(P)c},x) and the integrals given in the

4}
appendix. Ao()O may be found by observing that equation (3.30)

implies -
@
f (@, Teea) = Ag () (3.32)

and that since (3.26) couples the Qu,n,(T} only along the lines
o ) .
Nni-n, = constant ’ gen,m)(t) is a.constant of the motion for

any non negative A ., Thus:

POy o
A&)()\ = = en’vu-)(ob) = é:, en,“_,,»)\(o) (3.33)
i nz0 n-o
If A<O , we let M= -2 and interchange the roles of n,
and 0, in (3.26) and now consider Ena,n(T) . We define
a further generating function C,{ﬂ(x,t‘) :
“ 2 n (3.34)
F> (x)T) = 'é Q”,))"(t) ax d

which obeys the same equation (3.29) as FT(’X)‘Z) , and so takes

. 4
a similar form to F:”(»x)z’) . We may write F(;)(:r)‘t) as

F%)(“)‘t) = % A(::)(>Q Shw\)ﬁﬁlyx) eﬂ?i—h(hq-}\)t] (3.35)

nzo
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where Am(ﬂ _ (204N 20 T ()
n A E AN S (em! (kean) ! Cloken(0) (3.362)

. LIS AR RNY
Al )(” - (77“* ke,
" p(nex) ! e (ko) (kiden)!

Qkey, k(o) (3.36b)

Equations (3.35) and (3.36) now completely determine all the
Ca,n,(T) in terms of the arbitary initial distribution EPu,u,(o) .

A typical two-photon absorbtion experiment would use a laser beam
at fixed frequency for one mode, and a tunable thermal source as
the other mode. In this case Ou,u,0) = Bi(1) R(1,)  where A(n)
is the poisson distribution of a coherent state, and ?2(14,_) is the
geometric distribution of a chaotic state.

From the definitions of F‘i)h)‘(‘) we see that when #,-Ni>0,

n *)
A (?) is the coefficient of X ' in £ _(« T) and when
"J"‘l “1 h' )

-
M-N; SO 9 Onny(T) is the coefficient of z" in F“‘-n,(:t)t) ‘e

Thus:

{
ntn,!

[
Gun(T) = Lﬁ Cylimyng) exp [-nisY(n42)T ] (3.37)
z0

where

¢ ki Ckinend!
(-4 1 !
Cﬂ«(nb“‘l—) = 1 ' (h‘fﬂﬂ'z-Q) (W,‘l’ N+ R) . 51‘+£(k-n"L) ! (kmlhi)

| ek’ k#“flﬁ(o’

From the e«\.)n.,.(?) we may calculate the expectation values
of any diagonal field operator, such as <n,% , <nM-1)> , <Ny,
"However, as pointed out in section (3.2.1) it is more convenient

to obtain these directly from the generating function, which is

& 60
zZ & n, (T 0™ X,

n,=o V‘Z:O

Fla,2,,0) (‘3.38)

o -3
- A& (=)
= :4:(’.{»..; f (2,22, T) + é/\g\ (X,22,T)
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The moments are given by
4

aed’!j,*"’l F

oA (L) 0y (0-1) - (M- La) > = {W‘ (3.39)

Aq ]0(.31}«1:1
Using the properties of the Jacobi polynomials we obtain the
following expressions for the modes' mean numbers, first factorial

moments andnumber correlation:

Azo hy

<@ = =22 (! 8.0 epEntnT] + = Moy (3.40)

<n(n-1)) = é Z (neda) ! BalN) e.«\Pf:n(n-rDOT]
T 2

’O n " (3.41)
2,2 (.__'_’_.(..“_’?.‘3' ) _ )
+1z= C2ni) (x)exP( n(n+NT ]

+“'z A=) AT 0

oy = ZZ Ganed)! B, (0) explatne)T] (3.42)

ATZO A=

+ é 2 (3 (e ! Ba O\)e,\l,r [’n(m‘/\)t] ]

Where A=y By

Baln) = X){A,,“’(x) s ADONS

The time behaviours of the means and 3(”

functions when

both modes are initially in identical number states is shown in
figures 6 and 7 in comparison with the single mode case. The
correlation function [<wngy ~<n.$<n27]/(n.7<v1,y for the same initial
condition is given in figure 3 in comparison with the two mode
emission correlation function. Note that for this initial state

the distribution function has the form O, () = Bw,) Sn.)n,_ s SO
that the behaviour is symmetric in.the two modes, and the correla-
tion function is also equal to the normalized fluctuation [c#)-é«?"’]/(m"

-of each mode.,



-35~

<nYy
16°01

1 + 4 4 + rad
02 b P % 10

~ e

Fig.8  Two-photon absorption from initial number states ,<ne)¥=,
Mode mean photon number.

(A) Single mode. (B) Two mode.

Figure 6 shows that for the special initial condition of
all modesinitially in equal number states, the absorption is
initially more rapid in the two mode case, but quickly becomes
more rapid for the one mode absorption. The initial rates are
N<win-1YY, for single mode absorption (equation (5.1)) and

N<nmn,y,  for two mode absorption (equation (5.18)), and for
the given initial conditions <nin-11% = <nte>[<nle>1] < ""»"z7o=(mo)7’f How-
ever, as equations (5.2) and (5.20) show, the rate of change of
<n(n—-1> is more negative than the rate of change of <viny> , so
that the single mode absorption becomes more rapid.

For more realistic initial conditions (i.e. initially co-
herent or chaotic modes) the single mode absorption rate is always
higher than the two mode absorption rate (for equal <wl®> in all

. . 3
modes). This because <nin-y, > <nlo)5? 5 <hin-m-237, Z <ty and
is :
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8o on, for such initial conditions. Thus in experimental obser-
vations of multiphoton absorption, a single mode light source will
Yield more efficient absorption than a multimode source.

In the one mode case we saw that because of the <nm-1)> depen-
dence, the sbsorption rate is increased if the mode is initially
chaotic. A similar effect occurs in the two mode case, where the
rate depends on the statistics via <wv1y , which is governed by
equation (5.20). The rate is increased if one mode is initially
chaotic, and incrcased even more if both modes are initially chao-
tic. If one of the modes is initially a number state this conclu-
sion is not necessarily true (Simaan and Loudon 1975b), but such

an initial state is a non-realistic one in practice.

(19

J

30--
20
(4
o }+
(8)
s — I + —— ‘?
o2 2] 06 ot 1o
Fig.7 Two-photon absorpfion from initial number states <ne)ysi0.

Second order correlation functions 3““.

(A) Single mode. (B) Two mode.

. (
Figure 7 compares the one mode and two mode absorption 32’
function for all modes initially in equal number states. The beh-

aviour of the single mode 8“9 has been explained already. In con-
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trast, the 3“3 function for each mode in the two mode case, is
a decreasing function of time: the removal of fluctuations is
smoother in the two mode case, so that C“Q“Ef"> tends to zero
more rapidly than <“§.>L does.

As figure 3 shows’ 3@ for two mode absorption with the modes
initially in equal number states is an increasing function of time
which means <n%{n,> tends to zero faster than <nm;> does. For
other, more realistic initial states, Y9  decreases from O %o
- 1 , corresponding to <mnz7/2m7<n;> decreasing from 1 to O.

(see Simaan and Loudon 1975b).

A Note on the Case N; , N2 Both Nonzero.

The general case with atomic populations Ny and Ni both
nonzero, where both emission and absorption can occur, seems to
be intractible to solution at present. Even the distributions!
moment equations cannot in general be solved exactly (some app-
roximate solutions are presented in chapter 5). However, there
is one special situation, that in which {the atomic level populations
are equal: Nyz N, # N[a . Here, even though the master equations
for the €a or enun, still cannot be solved exactly, the equations
for the moments can be solved exactly. The results for this spe-
cial case are given in chapter 5, in sections (5.1.1) and (5.1.2).

Several authors have since presentgd extended analyses of the
above work on two-photon absorption, in which they investigate the
properties of the solutions for the generzting functions and the

probability distributions in some detail. The one mode case has
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been examined by Tornau and Bach (1974), and Loudon and Simaan

(1975a), and the two mode case by Loudon and Simaan (1975b).

3.3 The Raman Effect.

The general master equation (2.17) may also describe the
Raman scattering of photons by atoms. In the Raman effect, inci-
dent (pumping) light at frequency Wp is scattered by atoms, under-
going a change in frequency corresponding to the atomic transition
frequency W, . If a pump photon induces an atomic excitation,
the re-emitted photon has frequency wy=wp-wia (figure 8), and
is called a Stokes photon. If a pump photon scatters off an alrea~
dy excited atom and de-excitation is induced, the re—emitted photon
has frequency wus = Wp+Wy (figure 9), and is called an anti-Stokes
photon. Progressively higher order effects may also occur when

Stokes or anti-Stokes photons themselves interact with the atoms.

- e -
Pt D
| i
A Was
w
—t
Wy Wi
Fig.8 Stokes scattering. Fig.9  Antistokes scattering.

Walls (1973) has already prescnted a similar master equation,
describing Raman scattering by photons. In his work he is able
to solve this equation completely for the P representaiion of

(Glauber 1963) for the Stokes field alone, and for the coupled Stokes
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and anti-Stokes fields. However, this is done at the expense of
having to make the parametric approximation in which the pump fi-
eld is assumed to be sufficiently intense that it remains unchenged
in the interaction, so that no pump depletion is allowed for. Here
we shall present a solution for at least the diagonal part of (2.17)
without meking this parametric approximstion.
We shall assume that because of external effectswe can take

NN 9 N0 . In this case Stokes scattering will dominate,
80 we may ignore anti-Stokes scattering. We further assume that
the cavity tuning discourages anti-Stokes ;cattering, and any
higher order Stokes and anti-Stokes generation., The scattered
field we are describing is thus the Stokes field. The master equ-
tion describing this scattered field and the pumping field follows
from equation (2.17) with O = apa: where the suffices "p" and
"g" indicate "pump" mode and "Stokes" mode respectively. The

master equation with N;z0 is thus:

%S . NK“"’{[apaZ‘e,ap*as] +[agad, oap 053} (3.43)

The equation for the diagonal elements of (2 in the Pock

representation is then

Vs 1, (T) 3.44)
576; TR 0D Qe 01 () (0 1) 1 Gy (T (
where

4C = ,)~N K(‘)l) -t Qﬂd 6”51‘,1'3 £4 <m$)np{€‘ﬁ‘,ﬂy>

As in the case of two mode emission and absorption the Eugm,

are coupled only zlong certain straight lines in Mgnp space, in

this case the lines are nggth’) s, a positive constant. Hence
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we solve the equation along such lines:

20n A-
{gn,m - H(’X—ﬁ{-i)e’l’xvnnft)-(V\‘H)(’)\-h)e"):‘_”('(') (3.45)

where M=y, is the difference variable and A= Ng+Mp > O ig g

parameter. The Laplace transform of equation (3.45) yields:

ﬂ(’)\"V\#i) ot ) eﬂ,’vn(0>
fosmen(a-n] 6"1;"\’"*5(5' [s+(nst1Y(A-n)) (3.46)
h ey X
TETE QuAmn(s) = ie O h-n(2)dT

Ve thus obtain for the Laplace transform of emJHP(z) 3

-éw,x-n(S) ~

{
é () = N M (nsmp-m)’.
e = 2
e fot mio m!t g (4 p;(™]
Jg°

Ort, Ao (0) (3.47)

WHETE o) = (H1)A-))  amd  A=ugng

Inversion of (3.47) then yields the full solution of en,,nf (¥) in
terms of the arbitary initial distribution Eagm, (o) . CaI-‘e mast be
taken when inverting (3.47) since when U’J/ﬂ. € f.m,ﬂs] the denomi-
nator ;,{_T'M[S*PJ (37 will contain repeated factors, and the inverse

will not be the simple ?Anﬁ.ﬂ"rbehaviour. The full inversion

is given in the appendix. From this expression we may calculate

the time dependent behaviour of the expectation value of any dia-
gonal field quantity.

The normal situation in Raman scattering experiments is the
observation of Stokes emission into a vacuum state under the act-
ion of a pump source. The initial distribution for such a situa-
tion tkes the-form e",’,,‘,(o) s Sns,o P,,(mf,‘) where Pl’mP) is the ini-
‘tial distribution for the pump mode. If the pump is a 'themal
source of mean intensity <nl,(o)>, pp(np) =z [l+4wflo)73.’.{(ﬁﬁoﬁ/lun\bf?}? if the

e
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pump is a stabilized laser beam, to a good approximation 'PPMP)=
e*"l’m’ <nplo)>np/hp', . In figure 10 we give the time behaviour of
the Stokes mean number for Stokes emission into an initial va~
cuum for an initially coherent pump mode and for an initially
chaotic pump mode. For comparison the solution of Walls (1973)
under the parametric approximation un the punp mode, and the
approximate solution (5.41) are also shown. Figure 11 gives
the behaviour of the ﬁ‘” functions for the fields, and figure

12 the behaviour of 9,1 =[<nsnp> -<m><v‘9>]/<m><n?> s for the

same initial conditions as for figure 10,

<ny

io.0f
© (0)

s:b‘

(8

60 A

401

1.0t
+ i " - — T
83 Ok 274 o8 “o

Fig.l0 Raman scattering,<ns@>= O, &pA>=10.
Stokes mode mean photon number.
(A) Pump initially coherent. (B) Pump initially chaotic.

(C) Parametric approximation on pump. (D) Approximate solution.

Figure 10 shows that there is a rapid initial increase of
Stokes photons (with initial slope equal to <nplo)> , by equation
(5.36)), then a slower approach to the state, where, as expected,

all the pump photons have been converted to Stokes photons. lLiote
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that the difference between the initially chaotic and initially
coherent states for the mean is small, and becomes smaller as
<nplo¥> is made larger. The approximate solution follows the
exact solution fairly closely, with particularly good agreement
at small and large T where the decorrelation approximation
<ngnp> "-'<n5><vip> is good., The effect of correlations on
is most noticeable in the range €202, where the correlation
<V\5nF> = <ng><rpY is significantly different from zero (see figure
12). As expected, the solution under the parametric approximation
is close to the exact solutions only for small T , where pump

depletion is small.

(1)

9

4o

6z on 0-6 og )

Fig.1ll Raman scattering ,dng(s'> = ©,<npiot> =10,

o g . G4
Second order correlation functions C,) Y.,

-~ Stokes. .-*" Antistokes. )
(A) Pump initially coherent. (B) Pump initially chaotic.

. (21
From figure 11 we see that the gross behaviour of the ‘fj 2

2]
functions is that (3(;’ increases with time and gs deceys from

the initial value of la‘;’lo) (see chapter 5, equation (5.45)) to
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the‘value of §§b7 « This behaviour of‘<§? corresponds to the

fact that when the initial distribution is en,,nr(ov "5"510 f;’(”f’) , the
steady state distribution "swaps" the iwo modes, giving e,,w(,,o)zpp(u,) Sn‘,'o
(Simaan 1975). gﬁoV is an increasing function of time because as

the vacuum steady state 8"W° is approached, <wp(np-1Y> tends to

zero less rapidly than <Gg$3 does. Note that, in agreement with

the short time solution (5.43), Sﬁio) is unaltered for short times

for either of the initial pump distributions i.e. its slope at

is zero for both initial conditions. One feature of 3?” is the

initial growth when the pump is initially chaotic. This behaviour

is demonstrated in the short time solution equation (5.47).

9z

(B)

-2 a-y4 ' o8 o

A)

Fipg.12 Raman scattering, <nge1y =05 <npg{e)Y = 10.
T Correlation function G -

(A) Pump initially coherent. (B) Pump initially chaotic.

From figure 12 we see that the gross feature of i for the
pump initially chaotic or coherent is a decay from the initial

values %ﬁo)-l (see chapter 5, (5.48)) to the steady state
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value -1. This corresponds to <nsnp™> / <ns><n{,‘) decaying from

8(;’(0) to 0. Thus even though <vp> tends to zero, <ngnp>  tends

to zero more rapidly. Note that when the pump mode is initially

chaotic, ¢,; is an increasing function for short times (Tfo-1 ),

as pointed out in chapter 5 (equation (5._50)).
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The Off-diagonal Elements of @

~

If the off-diagonal elements of @ are required; the equation
for these elements may be solved using the technigues used in this

section. However, the procedure becomes quite complicated.

The Anti-Stokes Field.

If the external pumping is arranged to give N0, Ny2N , then
antistokes scattering will predominate. The master equation (2.17)
also describes this situation: we set N,z0, Ny=N and O=GPGIS.
The procedure for solution is then very similar to that outlined
above, and we obtain a solution for énh”n‘,(s) of the same form as
equation (3.47), with p)()\/=(‘j+’1)(7\-\j1 s AZNpings . However,
in most cases of physical interest the Stokes process is the domi-

nant one.

Atomic Level Populations N; and N1 Both FNonzero.

As in the emission and absorption problem, exact solutions
when the atomic level populations are both nonzero appear 1o be
difficult to obtain. However, in the case N;zN,zN[2 , exact
solutions for the mament equations may again be obtained. These
results are presented in chapter 5, section (5.2).

It should be noted that an extended analysis of the above work
has since been given by Simaan (1975), who investigates in some
detail the properties of the photon distribution corresponding

to equation (3.47) and %he associated moments of that equation.
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CHAPTER 4 STEADY STATES: PHOTON BUNCHING AND ANTIBUKCHING

It is of some interest to investigate the steady states of
the two-photon processes studied in chapter 3. As we saw in that
chapter, the master equations decouple the @, AT or Oa(T) somewhat,
with the €.,y (T) OF 2n(T) being coupled only for thosen, and n, or #
lying in certain subsets., This means there exist constants of the
motion of the form 264,) o, and Z¢.(t)y where the sums are taken over
certain subsets only inn,,n; or n space. Because these quantities
are constant they persist for all times; tﬁus the steady states
of the processes will depend on the initial conditions as well as
on the external parameters ( the atomic level populations N, and i,
in this case )e This should be contrasted with the corresponding
one photon processes, for which the steady state has a thermal-
like distribution which depends only on the external paraméters.
This dependence on the initial conditions means that by imposing
certain initial conditions we can obtain states of the electric
field which differ markedly in their statistical properties from
those .states normally found,

One useful measure of the statistics of a field mode is the
second order correlation function E‘ma- “n-0Yw#for that mode (see

Glauber 1963, 1970). This quantity in effect gives a measure of

the correlations or coincidences between photons arriving at any
given point. Interest in this quantity was first stimulated by
the Hanbury-Brown Twiss (H.B.T) experiment (Hanbury-Brown and Twiss

1956) which essentially measured 3"" for a chaotic light fielde In
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this case it was found that g“n=2, s which indicated some corre-
lation between photons. &hen the same experiment is repeated
using a stabilized laser beam instead, it is found that §'=1 ,
characteristic of a coherent state, which laser light closely appro-
ximates. In this case there is no correlation between photons in
that mode. When ¢ >4, this is celled the bunching effect, since
it indicates that photons are not arriving "equally spaced" in
time. For some photon distributions, ﬁﬁ’<1. sy and this is referred
to as the '"anti-bunching'" effect. Stoler ﬂ1974) has suggested an
experimental method to observe such an effect using the parametric
subharmonic generation process. lMore recently Carmicheal and
Walls (1976a,b) have shown that such an effect will be observed
when using photon correlation techniques to measure the resonant
stark effect in atoms. We shall be investigating the behaviour
of 3u‘ for the steady state distributions of some of the £on—
linear processes & chapter 3.

The steady state behaviour in the special cases in chapter 3
is not particularly interesting, because assuming that either N;*O
or N,20 means that the modes either "blow up" or are depleted
to fairly trivial steady state distributions. We shall take W,
and N both nonzero so that the combination of pumping and de-
pletion due to the atoms leads to pontrivial steady states. We
shall consider two photon emission and absorption, both single

mode and two mode.
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4.1 Single liode Emission and Absorption.

When N; and N, are both nonzero, the master equation (2.17)

with O=ad yields the following equation for e,(?,):<nl€(t3in>:

be,,(‘t) (0,2) {
o = 2KTT N D20, () = (h-1)1n O (£)
n : oz &b} (4.1)

. 1K(0,1) Nl{mﬁ)ﬂ en-z&) - (n+1)(n+1)€"(£)}

This equation is in fact the combination of equations (3.2)

. dea )
and (3.11). In the steady state 3i = O 1 so that the R.H,.S.
of (4.1) is zero. Because of the way the @a(t) are coupled in
(4.1) detailed balance must hold (see, e.g. Graham 1973), thus

the single equation splits into two equivalent equationss:

Nse‘M,Q_(OO) - Nlen(oa) =0

(4.2)
—N‘ey\(&) -+ Mz eﬂ'i(oo) - O _
These have the solution
(@) = Paled) (Nof,)”
© ¢ / (4.3)
’ n:'o)‘] 2,,-.0
n
eann(w) = €|(GD) (N’L/Nl)

The terms Co () and Q,(©) are determined by using the fact that

()]
(]

é 02 (0)

<

% Cam($) (4.4)

w

Ca

\

Z Quuers (D

/% €2m+1 (03

are constants of motion (see chapter 3, section 3.2.1). Summing

(4.3) over N will then yield expressions for (o) and Q,(d) in
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terms of ¢, and ¢4 . Thus:

an(‘“o) = & (1"“‘1/&; ) (N’;/N.)"
(4.5)

Crnval®) = <2 (1-82/N,) (N2 /N

This shows explicitly how the distribution depends on the initial
distribution through <¢; and C; . Note that we require Wi\, <1lin
order that @n(®) be normalizable. If \,2 N, , there is no steady
state. The distribution (4.5) is similar in form to the one-

photon thermal distribution  QOn(i-N2/n)(Na/N)™ The mean and

first factorial moment of (4.5) are:
> = cad 2(N/ND [ (1= N2/, (4.6)

2.(Ny/y,)
o1y = T [14 2 ) e 20, C-M)] (407)

1)
The 8( function is thuss

(R-C)(2-Ca) - ARGy (4.8)

2R

(1)

GRS

where M is the <n> if equation (4.6). We see that the beha-

viour of an’

depends on the external parameters Ni/N, , and
on the initial conditions (through Cy ).
HWe shall first consider two photon spontaneous emission into

a vacuum, In this case @nlo)= %n)o , so that Cy=0 , ands

6(1)‘ L+ /R (4.9)

where
n = 1<N1/NJ/(!~N;/N“) (4.10)
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Here 3“J is always greater than 2, and may in fact be consider-
ably greater than 2, when the atomic inversion is small (i.e.
when N(= N, ). We thus have enhanced photon bunching in this
situation. We will obtain the 3"’ (4.9) for any initial dis-
tribution with the @am+1(0) all zero., However, in general,
such distributions (apart from eg£05=—8n“> ) will be very
difficult to set up, so that, experimentally, spontaneous two
photon emission into a vacuum will be the best way of observing
enhanced photon bunching.

The above result is changed if there'is a photon field of

finite intensity present initially: If the initial distribution

i . n
is chaotic, with @nl0) = (‘+ﬁ°)°( 14;5 ) s then

Co = o [2(Mp+d) (4.11)

If the initial distribution is coherent, with

then:

Ay

¢éa= 35.01 o 0] (4.12)

If the initial means N are sufficiently large (fls >> 1) then

both (4.11) and (4.12) reduce to C2x % , and:

Sm = 2 - Yoo (4.13)
where - = Y% 4 ..%ff&[.".’.‘)_ (4.14)
(l’N‘L/“\)

In this case 5‘1) ronges from O to 2 as Nz /N, goes from O to

. ) co i
. its maximum of 1. Since 8 §2 4 no enhanced bunching effect



-51-

. . Y

is possible. However, since 3(1' may be less than 1, antibunching
is pogsible.(Simaan and Loudon 1975a). However, 8(”< 1 requires,

by (4.13), h <o:# . Such small intensities would make this anti—

correlation effect very difficult to observe experimentally.

4,2  Two Mode Emission and Absorption

With N, and N, both nonzero and 0O=a.ds, the master equation

(2.17) yields the following equation ror Cayn,(t) = il Eigng>

ben‘,y\l({B

,4)
vy Q,Kwi Nt{(ﬂ;*l)(“ﬁi)emtl,'\ul - nn, en.,n1k (4.15)

+ D.,’K(o}” Ng,"L nn, eni-l, n-t (n,+1)(n4d) Qm,_n}I

This is the combination of equations (3.7) and (3.26). Because
detailed balance holds in the steady state we obtain the following

P,
pair of equivalent equations when 5—?’"’ =0 : -

NGty () = Nz Cpyni() = O

(4.16)
- N, Puyn, (®) F Na e"‘\'bnz,"i(“o) =0
These have the solution
n
en,mk( QD) = eo)x(oﬁ)(Nz/Nn) (4.17)
=042, ..., AT 0,12,
Ot () = O (0)CN2/1)"

The terms Co,a () and 6\,‘,(&) are determined by using the
>

conetants of motion (see chapter 3, section 3.2.2)

%6’1,\“’5 (0)

t
\

C.(;) = ?—ew,mr\“) (4.18)

—
1
-~
u
!

% me,n(’o) % @Mm (0)-
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Summing (4.17) over n will yield expressions for the Con(e0) and

y
€x,0(c0) in terms of the ¢y . Thus:

‘ C(’::'n (“"MI/NI)(NQ'/NI)"‘ 3 ”17/ nl

hn,(80) = (4.19)
X > <’ ,(1--szrq,)(l\\z/kh)“1 s n€ny

-1

Thus again the steady state distribution depends explicitly on
the initial distribution, through the C(:) . The distribution
is similar to a geometric distribution. In order that Cayig(0Y be
normalizable, Na/N; < 1 is required. If N,¥N, , the distribution
"blowsup" and there is no steady state.

The means and first factorial moments of the distribution

(4.19) are:

(M2 /NY) (79
“r s G NG (4.20)
2
nin -1y = _1_9“_%&"_)_ l(Nl/N\) o (4.1
v (1—Na/N)” oG- M2/ N, é“ (4.21)

+ 2 A 0-1) &P
<2
The correlat:.on <nnS 15 8

(MR L)  (NafW,)

o
<nng,d> = @) &
: (1-NafNs)? - N«./N‘)é MG+ C ’*}

(4.22)

We shall first congider +the steady state achieved when in
one of the modes (say mode 1) there is emission into an initial
vacuum. In this case @n (o) = 5“1’6 Prny) where Pi(n) is

+)
.the initial distribution for mode 2, so that C; p,,(?t) and
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V20 . The distribution (4.19) is thus:

en.,nz(oo) = B (-1, )Py (-, ) CL~nz /1y, ) (Na_/NAm (4.23)

The reduced distribution for mode 1 alone is thus an ordinary geo-
metric thermal distribution, independent of the initial distribution

in mode 2:

Ol = (1= Na/Ny) (o fte,)"™ (4.24)

The reduced distribution for mode 2 depends on the form of the
initial distribution of mode 2. For example, for an initially

vacuum state, the distribution (4.23) is

@ = Sun, (= Nafi) (2 fn)™ (4.25)

Thus in the case of emission into an initial vacuum in both modes,
the steady state distributions in each mode are identicaltordinary
geometric distributions as in (4.24).

If mode 2 is initially chaotic, with mean ¥,(0) , then

carrying out the summations in equations (4.20) and (4.21) yields

for mode 2's 3“’ ]

2.7 Mo
L.ﬁ| & \1:-(0) J ?

9, = 2 - (4.26)

where ﬁ.='(NquQ/(l«Nz/N‘) is the mean in mode 1 with the dis-

tribution (4.24). If mode 2 is initially coherent,

w mo) L 27, + vio]
31’ L’ﬂw" “-:(0)}2

(4.27)
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In both (4.26) end (4.27) we see that always | $ E?s:z, s0
that neither antibunching nor enhanced bunching (ga’>:1) will
occur,

For more general conditions the situation becomes more compli-
cated. For example, if both modes are initially chaotic with
meens M) and ) , the mode 1 8(” is:

@ _ 2 2 " (0) [h—.i-o) +17 [ﬁ." hT(o)]
3t T T (A (4.28)

where fl, is the <n> of equation (4.20)s

(Nz/tNy ) ﬁ;—(o)

<ny = + o = '
' (1= N/ Ny) LAY+ 7y (00417

(4.29)

Enhanced bunching will .occur when W,<ﬁﬁo) . 3;” is always grea~—
ter than 1, so no antibunching effect can be observed. Similar
conclusions may be made about mode 2. '

We have seen that in both the single mode and single mode
cases of two photon emission and absorption it is possible, by
suitable choices of atomic inversions and/or initial conditions,
to produce steady state light fields which have Svn values greater
than 2, The light fields from such sources will thus exhibit an
enhanced H.B.T. effect,

Production of steady state light fields which will give an
antibunching effect appears to be fairly difficulty with apparent-
ly only the single mode source producing such light. In this

case, however, the intensity is so low that experimental observa-

tion would be very difficult.
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CHAPTER 5 APPROXIMATE SOLUTIONS

The work of chapter 3 provides exact solutions for the
diagonal part of the density operator for each process, and
from these solutions we may cal culate exact expressions for
mean intensities, variances, correlations, etc. However, in
general, such expressions are fairly complicated, and do not
give an immediate idea of the behaviour of the light fields.

It is thus useful to investigate approximate solutions for

the mean numbers and so on, in order to provide a more trans-
parent view of the behaviour of the light. Such approximate
solutions also allow us to make some connection with the clas-
sical theory of nonlinear optics, where statistics (and quan-—
tum effects) are not tzken into account.

The crudest approximation ignores statistics completely,
giving equations for the field intensities, and ignoring fluc-
tuations and correlations, The next best approximation allows
the inclusion of some higher moments, and thus takes some
fluctuation and correlation into account. In certain situations
approximations may also be made on the exact statistical expres-—
sions of chapter 3.

There are other approximations which mzy be made. One is
to meke linearizing approximations on the master equations and
solve the approximate equations which result. Another method
involves expanding themoments in power series in time, and calcu-
lating the expansion coefficients perturbatively from the moment
_equations. This method is obviously most useful for obtaining

short-time approximate solutions.
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51 Two Photon Emission and Absorption Approximate Solutions

511 Emission Into a Single Mode

To obtain equations of motion for the mean value of a field
operator A, we multiply the master equation by the operator and
take the trace of this equation. If the operator is diagonal in
the number state (Fock) representation, this is equivalent to
multiplying the equation for the diagonal elements of @ by the
matrix element <Ain> of A and summing over n . Thus for the
first moment, or mean number <n¥ = <{alY and first factorial moment

<nn-1> with Ny and N both non zero,

%(1%7 = 2N ~N) <nn-07 + BNy + 4N, (5.1)
d<nin-07 5
= = L (Np-N,) €nln=1)(n-2)> 4 (3N, )<nat-0(5..2)

4t
+ 31N1<V\\7 + 4Ny

where T=21K9%¢ .

In general, each moment is coupled to the next highest
moment, which is to be expected for a nonlinear process., The
‘moment equations thus form a non-closed hierachy, and must be
truncated in order to obtain any closed solution.

The crudest approximation we can make is to ignore statistics,
and set <MWY~ <nd’ . This is equivalent to setting the variance
zero, or ignoring fluctuations. Under this approximation we may
solve equation (5.1) to obtain:

@S~ (ot +aeb 1Ca-b) + K@Y +b-a] (aeb) exo [A(H,-N) atj (5.3)

Ginoy+atb] - Kay4b-a’l P [a(,-n)aT ]
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Lot Ny 4 (NN, )2 TR
2Ny~ N, ?

b= N+ (NN, )
l(f\),: Ny

where a-=

In the case of pure emission, W20 and N,=N, and (5.3) becomes

2l<ntoy +1] et Knoyy+27]
[<.n(o\> +1] - [cnor>41] 6”“5

<n(my)y = (5.4)

The expression (5.4) exhibits the correct qualitative beha-
viour, with the intensity of emitted light increasing with time.
This expression is valid only if &%(O, i.e. only if the distri-
bution is sharply peaked. The results of chapter 3 show that, in
fact, the distribution spreads out quite rapidly, so that (5.4)
is valid only for short times, and for sharply peaked initial
distributions. Note that the approximate mean (5.4) becomes
infinite at the finite time ?ziM{kn(a?‘}u]/[m(ow+1]}, whereas
the exact mean becomes infinite only at infinite time. Note also
that this expression for <w(T)> differs from that which would be
obtained from a completely classical calculation in that it
contains the purely quantum mechanical effect of spontaneous
emission. Thus as well as including amplification of the initial
intensity <no> 5 (5.4) (and indeed (5.3)) allows the growth of
<nYy by the amplification of spontameous emission into the vacuum
state.

In the case of pure ébsorption,th:N and Nyzo 5 and (5.3)
reduces to

<D
@Y + [1 - <nlery] e® (5.5)

<inTYy x>
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This is the same result as one obtains in a classical ana~
lysis which should be expected, since spontaneous emission plays
no part in the absorption~prooess.

We may improve the approximation to allow for other initial
distributions by assuming that for small times the distributions
are not perturbed too much from their initial form. This enables
us to replace <nn-ny in equation (5.1) by a term appropriate
to the particular initial distribution. (The replacement
S & <ny above corresponds to an initial number state.)

For an initially chaotic state, <n(n-n% = 2<n¥* , and

{nes+17 (1+4NTY -1

<o = M=oY (5.6
1— 4 (nleyy+1]NT : (5.6)

<n(@Y>

N(TYY = s )
{ + 4L<n(HSNT (Ny=0) (5.7)

For an initially coherent state, -3y =Lny* , and

aANT
ntoyy +2-03 7 2) €7 = LnieyDs 24 2 T(2-2)

LTI = e (N,z0) (5:8)

e+ 247 - (kneyy+2-2le

<o)y

MOy & (N, =0) (5.9)
> 1 + L<n(IYNT x=0

Note that these solutions all contain the correct quali-
tative short-time behaviour of <n% , and in the case of emission
include spontaneous emission.

An alternative method for obtaining short-time solutions for

. ¥he momentsis to expand them in power series in T (c.f. Simaan
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and Loudon 1975a):
<f(“7> = <)C'(n3'>o + <.Jf(n)>‘7 + <.f(m>2’52+ (5.10)

Upon inserting the appropriate expansions into the moment
equations and equating coefficients of like powers of <C s We
obtain soluble equations for the coefficients <]('<m>k « Thus
the coefficients of the C term in the expansions for <n> and

<n=1)> are simply the R.H S. of respectively equations (5.1)
and (5.2) evaluated at ¥ =0 . The short-time approximate solu—
tion (to first order in T ) for the second order correlation
function is then

(2) (2 4 [, 2A<n(n-117, <11
g o g (0) + Znony? L<hin-1> = v <n>1]7: (5.11)

The accuracy of the expressions may be extended indefinitely
by adding the successive terms in powers of T . However, to
obtain these coefficients we must go to successively higher

moment equations.

2
For an initially chaotic state, <nn-113, = 2<n(I7  and

3
<nmn-1Xn-2) >, = 6<n(0YS s so that

. 2
Jompebe = X 42%0771 [ (0, - MR USur i) nod” (5 40

HANL<NOYY Ny 1z
For an initially coherent state, <nin-1), =<nle)>* and

t
dnth=1) (-2 = <u(o)')3 s . 80 tha

(v

2 (5.13)
amwwt ~ 1 45;5[(5&[&,)«\(0772 + 128, <n(o) +1Nz]t
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The corresponding short-time forms for the production rate

are:
ddén> = 4{0NANYROT £ 21 oY+ M T 4 LR (-t Py
AT canerent 2 (5.14)
0N, 1 YNy = N KR + 16 b, (A - N N <nloyy
+ 2N BNG-NDS T
n> _ dind 5.15)

2 3 : a (
0T gk, = AT cohecenl + 4[5(N1-N|) nlo)? + (IZNy- ) (N,-N.Kh(o)'?h'

Note that in the situation of (5.12) enhanced bunching(a“%;z)
may occur for certain ranges of N,, Ny and <nl)y , and in the

Mg 1) is possible.

situation of (5.13) antibunching (3
Further discussion of the short time behaviour is given

by Simaan and Loudon (1975a) and Chandra and Prakash (1970).

Exact Solutions for the Case N;= N,

One important special case occurs when the stomic level popu-
lations are equaly i.e. when N,= N3 = N/ « In this case, in each
of the moment equations the term involving the next higher moment
vanishes, and the equations may be solved exactly (Lambropoulis

1967). Thus for the mean number:

]

MDY = <oy eVt 4 4 (et 1) (5.16)

The first term represents the contribution from amplification
of the photons initially present, the second represents the con-
tribution from amplification of spontaneous emission. There is

-no steady state, in agreement with the results of chapter 4.
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The first factorial moment is:

MWT 16
nin-11Y = nn-n9, € + 2('[01(0))4-'5_] (e,"NE @th) + -111— (eﬂm;n (5.17)

1)
In this case we see explicitly that 8 and the normalized

fluctuation &%*<ny* are increasing functions of time.

Various other approximate methods exist. These include
Judicious truncation of the moment equations to form a closed
set of equations (see, e.g. Lambropoulis 1967, HcQuarrie 1967),
and linearization of the master equation for Gy(t) (see, e.g.

Degiorgio and Ghielmetti 1971, Weiss 1972).

8.1.2 Pmission Into Two Modes -

Equations for the various moments may be obtained in the
manner outlined in the previous section, Thus, for the moments

up to the second:

dmy  dingy _ _ <
e a%z = (N,~-NIKANS + N, ISR PRGIPH IS Py (5.18)

KD (o Ve 1S + ANy < NS

o (5.192)
+ LM<, 1, =00+ LNy <nD

o Mgy -4

e = 2(Ng-Ny) iy (a~1)Y 4 LeN<n gD (5.190)

+ LNy <Ny (n,=1)Y + ANy <Ny
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dinn,>
a-%‘ LA (N,.—N:)<w.(m.—t)n2> + (Np-N)) <nm1(y\1—:l)>

+(SN-N ) <nngy 4 Ny K- 07 4 Na<ing(n, -1

+ 3IN<nS ¢ IN<D + Ny (5.20)

Again, the moment equations form e non-closed hierarchy. The
crudest approximation we may make is that the two modes are un-
correlated, i.e. <nny> =~ <n,%n,> . This yields the following

approximate solution of equation (5.19) for N, F Ny

Lontor>+ et 630-b) + Ceruorysb-adCarl) exp rtodT] 5 1)

<n, (T &
[<no4cib] - [<n,(o)7 + lo-a] QP[Q('&Z—N.)CLC ]
where _(D*, NN, H _2 M
G = L,, + ("“;';‘mi] 5 b =32 +(R-n) 9 D = <mylo -<n(0)S

is given b .
<> € J ny(T)d = <n, D+ D
In the case of pure emission, N,z0 and Nz N, so that (5.21)

becomes:

DNT
(D) kny+1le ~Taneyy 4] )
Kngo1417 = Lenfor>s 17 e ONT I D fo (5.22)

<ty =~
<ndol> + f<n o+ 1TINT

=0
| = (dno>+1INT » D
These expressions give the correct qualitative behaviour of

growth of the intensity in each mode, and include spontaneous
emission (as does the original expression (5.21)). Since correla-
tions do build up in time, the expression (5.22). are valid only
for short times, and for initially uncorrelated modes. Note that
again these approximate expressions become infinite at a finite

time,
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In the case of pure absorption, N,=N and N;20 , and (5.21)

becomess *

D<o e~ VT

Ln (oYY - <n, (oYY Q’DNC D) D Fo

<n (V= (5.23)

M0y
Y NT +1 2

with M = <+ D ¢

These results are exactly those obtained by a classical analy-
sis (McLean 1963, see also Loudon 1973). These solutions are
again velid for short times following an initially uncorrelated
state,

The powers series expansion method may be used here (c.f.
Simaan and Loudon 1975b). Again, the coefficients of the T terms
in the expansions for <n,(T)> , <N~y 3 <nyng> and so on are
the R.H.S. of the appropriate equations (5.18)-(5.20) evaluated
at T=0 . The first order approximations for the €fﬂ are given
by equations of the type (5.11) with appropriate mode labelling,
Since in most situations the modes will be initially uncorrelated,

we obtains

(1) Loy +1 ]

8‘60;%«\& = 1N TS (5.24)
(23 5.25)
B hoohe T * (

Thus for short times an initially chaotic mode retains its

chaotic nature, independently of N: and Ny . In the case of pure



Erratum: Page GU: Equation (5.26) should read:

v ;>a
<n <n2>| )] ?

(v) = (0) 4 =t ‘ _ S
9”' ) R ) <P (Y [5“'"’-)‘ <t (<=«.,(c';‘) ¥ iny(0YY
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absorption ( Nyz0 ) an initially coherent mcde will retain its
coherent nature for small times. This behaviour is to be ex~
pected from the nature of the process involved. Since the inter-
action takes photons from different modes, we expect the coupled
mode properties (such as correlation) to change before the single
mode properties. Thus for short times, each mode behaves as if
it were in a one-photon process.

The first order approximation for the correlation function

cy,.(‘c) = {(n.nzb-(nh(n,)] /<n.“;<nz$ is o

i <in>, <Y i
() = g,0) + —— - — 222 )]t (5.26)
() = gylo DA f}v\‘ﬂﬁ. (<n.m‘r ¥ ‘"2(0)7)1

Thus if both modes are initially independently coherent,

l
£ Ngm(0 + N2 1 T

(5.27)
Hence, as predicted above, the correlation grows immediqtely, even
in the pure absorption case N;=0, where 8“22-N{t sy i.0.¢ the
correlation grows in a negative sense,

If mode 1 is initially chaotic, and mode 2 initially indepen-—
dently coherent, {,, (T} is the expression (5.27) with the following
term added:

? .28)
<ny(o)¥<n, (o) [(Nf“d <noyy <nylon) + Na<nio)? ]'C (5
' z

If both modes are initially independently chaotic we nust
edd a further term of the form (5.28) with <m()>  and <oy inter-

changed. Further discussion is given by Simaan and Loudon (1975b).
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Pure Absorption With One Mode Initially Very Intense.

An situation often encountered in absorption experiments
is that in which one of the modes is initially very much more
intense than the other, say <Ng (0> 5S> niytey> . Since
ny(T) = <MLTYY is a comstant, <N (TI> >> Lne)>  for all
times. In this case it is possible to derive approximate solu-
tions for the moments from the exact expressions of section (3.2.2)
(McNeil and Walls 1974, Simaan and Loudon 1975b).

The expression (3.40) for <w,(T)> may be written

> = 22 <nwn)Y Pne) P m,e°) (5.29)

ne ne
where P, and Pz are the initial uncorrelated mode distributions
and <n(n’,n)>  is the mean given by (3.40) for the initial dis-
tribution en,,ﬂz(o) = g",’n'o gﬂz,ﬂf . It is clear that the main
contribution te the sums in (5.29) occurs when P, and P, are
near their maxima, i.e. when nNo =<n(e)y and "= <Ny ID (as-
suning P, and P, are reasonably peaked distributions). Since
LS > 4n®Y it is then sufficient to consider only the
n=1 term in the expressions for the A(%‘) (A). We thus obtain
the approximate expressiont

@y v 22 ae (MN2) oo o) xp (-]

ne ne (n041

(5.30)
=~ <oy Z P exp (-n°T)
n,o

We thus obtain an expression for the weak mode mean <N (@1
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which ciepends on the initial statistics of the intense mode, but

is independent of the initial statistics of the weak mode. The
intense mode mean <N (Y> is given by <n, (T = <n, (IS + <Ny ()Y ~<n (o) o
The sum in (5.30 ) may be evaluated for the distributions P,_ usval-
ly encountered in practice., Thus if mode 2 is the light from an

intense laser beam, P,(n;) is poisson, and

(TS & <niod ~T.
(TS oYy exp [<n1(m (e 11] (531)
If mode 2 has a very sharp initial distribution, so that

P, n,) = S“z,(ﬂﬂoﬁ s then:

iy = ey exp [~ <> T ] (5432)

In this case we have one-photon absorption behaviour; the result
is that obtained when the parametric approximation is madé for
the intense mode.

If mode 2 is light from an intense thermal source, T (n,) is

geometric, and

<n (oS
(ny02> (1-e7 %) 4173 (5.33)

<h|(t)> =

In this case the approximation is expected to be less valid, since
£, (Y is not peaked around its mean <ny(ed> .
Similar approximate expressions may be obtained for the higher

moments (McNeil and Walls 1974, Simaan and Loudon 1975b)
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Exact Solutions for the Case Ni= Na

As in the single mode case, we may solve the moment equations
exactly in the case N(zNy = NJ2 , because the coupling which
makes the set of equations into an infinite hierarchy vanishes.

Thus for the mean numbers:

<) = <n(o)Y et 5 [nytor> ~<nfory +17(eM% 1) (5.34a)

<n,_(;l377 = <o)y e, "i[<n.(oﬁ> -yl 1] (eMT-1) (5.34b)

Lgain, there is no steady stale, in agreement with the results of

chapter 4.

The solutions for the second momentis aret

- F 1 h [ "]
iy ) S 6] (1
We wt N | (5.35)
<nyn, - 1D = Gy 114¢2 {1le +¢Caflje 4+ é P 7
| 20,00 | 20 B A% 1. (2.
where S = "(;[1<h.v1¢7° + <0, =0 ~ <Ny (V=09 £ L0y (6)Y £<1y(0)5 41 -4D]

< ‘Z [<“!"“l'1)7o - <n2(“7,"1)>o - <“;(0)> - <W1(0)> -1 4 l‘D]
Ca = € [4dmmY +<n, - 0% £<n30n, =10, 4 &nite)” PONTHZEY

D = 4“;(0)5 d <h|‘0)>
~ (29 .
We see explicitly that the ?‘1 , the normalized fluctua-

tion &£¥<n>” and the correlation Gz are all increasing func—

_tions of time.
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5.2 The Roman Effect,

We may obtain moment equations from the master equation in
the usual manner. Thus, for themoments up to the second, with

N, and N, both non zero:

é_(ng 3 _o_(fnr,v

T 4T = (Ny-N,) Ao N <Ny =N, <N (5.%)
d<ﬂs(“5" )>
e = 2(N,- N|)<ﬂs(“s“)<ﬂp7 + AN Kongs - 2N, <nging-13%> (5,37 )

c‘{_énP (np-ib

T = l(Nl-N‘KnsnP(nP-l»-QN'<anF-1)> + LNy <ngngy (5.38)
E‘_S”S”P = (Na~Ny) <M5(ns-1)ﬁp> + (N, Ny )<ng “f(MP'1)7
dt

._1N<nsnP7 + Ny <ng =1y & N‘<”9(V’f'1)> (5.29)

where T = 2k%t,

Haking the decoupling approximation <ngny™> = <n,,><np> enables
us to obtain-the following approximate solution of equation (5.26),

valid for short times following an initially uncorrelated state:

-m)al
g+ ot b1 a-bY + [<nge> + b-aT (s b) eV |
(T = —— (5.40
° gy +atb] - [nordsb-a e o
2 2 | —‘l/:y_ )
Y(S‘H\' (N‘-n‘]’} +A‘h‘N2‘ b: (Nl’Nﬁ)S ”(N|+N2
where QG = 2 (Np~Ny) ’ YERE

and S = 0> + Lnp@dY .
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Since S =<ng> 4 <NnpD is a constant of the motion,
<n‘g',')> is given by <vp(t)d= S-—<ng(e)> .

In the case N;zO , the expression (5.40) reduces to

6(54 1INT

5[<tg(o)>+ 11 - <n9(o)'>

[enory+1] eSHINE | dnplery

<ng(TID (5.41)

These expressions yield the correct qualitative behaviour
of the intensities: the Stokes' intersity builds up from <ng ey
to  <uglo)d + <np(sYy as the pump intensity is depleted from

<npl>)> to zero., These should be compared with results obtained
using a classical analysis (licLean 1953, Bloembergen 1965, see
also Loudon 1973). The result (5.41) allows the build up Stokes
radiation directly from the vacuum by amplification of spontaneous
emission. Equation (5.44) as a function of time is plotted in
figure 10, for <ng(e)> 7O and <nple’> =10,

The power series expansion method may again be used (c.f.
Simaan 1975), with the coefficients of the T +terms being given
by the R,H.S., of the appropriate equations (5.36)-(5.39) evaluated
at T=0 . The first order expressions for the 8“” and the cor—
rela tion (j|1= (<mn9‘/ -<ug¥ngy ] / <h5><n95 are then given by
expressions of the type (5.11) and (5.26) with appropriate mode
labelling. In the situation Ny=N , K =0 we find, for initially

wuncorrelated modes:

(%3] (L 1<Hé 053 4“50‘5"')70
3_5((:) x CJs(os + <NglerD [ - mz ]Nt (5‘412)

w
Gl ¥ oty (543)



-70-

Gace) = (e (M oy b T s

-4u5<oa>(<"""( ;;2" ) =1 INT (5.44)

Thus 3#’ remains unaltered for short times independently of
the initial state, and 3?3 remains unaltered if the Stokes'
mode is initially chaotic. This is to be expeocted, since for
short times the modes will behave as if they were ;n the corres—
ponding one-photon processes: the pump modg in one=photon absorp-
tion, and the Stokes' mode in one-photon emission. The correlation

ﬂmjt) grows immediately, independently of the initial states.

The above results are modified if the Stokes' photons are
emitted into an initial vacuum, i.e. if <ng(e¥> =z . In order
to obtzin the terms linear in T in the 9;13 and {,, power series

we must go to higher order terms in the moments' power series. le
find:

(1 (29 {ﬂﬁﬁgﬁ%ﬁ ‘
9e =~ lfJP (o) +l{<hp(np-ﬂ(nf-2)>° PN -‘3*<nr¢aP—1)>,}N‘l' (5.45)

Thus if the pump is initially coherent,

(2) 2 :
9s > 2 - F <t NT (5.46)
and ﬂ?’ decays immediately. If the pump is initally chaotic,

1)

9" 2 o4l (P [<nioy -5 INT (5.47)

" so that (3(5” is initially increasing for <vplo)> ¥ '/3 y 1ee4
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for any practical situation.

o A
ﬁ‘l(t) ~ ﬁp (O) "1 + 2<np(°,~72 [(MPCV\p'i’(hP”Q)>°

.48)
N Wp=1Y% (5
Land -E—L—_a -~ -
ey <npo-11%, INT
If the pump is initially coherent,
b
Ga(®) = - 41%}‘3-7 NT (5.49)

so that 3‘1 is initially zero and decays immediately. If the

pump is initially chaotic,

3‘1(‘5) ~ 14 Vnpta)\/'"/:.]Nt (5.50)

and ¢, is initially increasing if <Mpl®> > "2 , which again
will be the normal situation.

Further discussion of the shorit-time solutions is giv?n by
Simaan (1975), and also by Chandra and Prakash (1971).

When the pump mode is initially much more intense than the
Stokes' mode (the usual experimental situation) it is possible
to obtain from the exact solutions of section (3.3) approximate
solutions rather like those for the corresponding situation in

two mode two-photon absorption (See Simaan 1975).

Exact Solutions for the Case N15§%-

When Ng=N.= N[D. each moment equation becomesuncoupled
from the higher moments and it is possible to solve the equations

_exactly. Thus for the mean numbers:
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~NT } ~-NT
<n5 (.c) > = <ns(o)> e <+ 2 [{ns(o)>+ <”P(D’>J ('1" e )
(551a)

ety = <nf,<o>>e'”°+ ’!I[<r\5(o)74<hglo77] (1- & NT) (5:511)

In this case the balance of emission and absorption yields the
)
steady state <hslo)y =<np(e” = 4 Tuloy +4nso]s

The second moments ares

'&303-07‘, 2] rl‘ rl\
pine-NY | = < T+l e "t +C3 11 3-3“ (5.52)
[ <hsip> ] L 1 L0, wy
where C, = ”6‘1‘(”.56%5")70 + <nP(y\P-1)>° + 14115!1?)‘] } .
Ca= 7 [<ngtngen2 ’<“P”¥‘1)%]

C3 = 'z [(1150'15’1) PA +<nP(ﬂF-1)>° "“+<hs h?)o] .
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CHAPTER 6 INTRODUCTION TO PART 2

There is currently consicerable interest in the behaviour of
systems far from thermodynamic equilibrium, particularly in the
steady states of such non-equilibrium systems. In order that a
system be maintained far from equilibrium it must be an open
system. That is, the system is able to exchange matter or energy
with its surroundings, so that it is driven irreversibly far from
equilibrium (assuming the "sources" and "sinks" comprising the
surroundings are not in equilibrium amongst themselves). Steady
state is reached when the inflowing matter and energy balances
the outflow. An obvious example of an open system in nature is
the earth's atmosphere, with the sun and the earth's surface being
the main components of its surroundings. An example of an open
system in the laboratory is the electric field in a laser oscilla-
tor cavity. In this case the '"surroundings'" are the lasing atoms
by which photons are created in the caviity, and the exterior of
the cavity, to which photons are lost through the partially trans-
nitting mirror at one end of the cavity. In the theoretical analy-
sis of open systems, the system surroundings are generally idealized
to be large reservoirs acting as sources and sinks of energy and
matter, and there is a continual flow through the system from
sources to sinks,

Of particular interest at present are open systems which are
non-linear, that is, open systems whosg behaviour governing equa—

tions are in some way non-linear. In the absence of any "pumping
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forces" (i.e: source reservoirs), a system evolves under the
dissipative effect of anyﬁsink reservoir present into a state of
thermodynamic equilibrium with this reservoir. A punping force
will now amplify small fluctuations around this equilibrium and
drive the system away from equilibrium., If the pump force is
small, the now non-equilibrium behaviour of the system is simply
a linear extension of the equilibrium behaviour, and the resulting
steady states of the system are szid to lie on the "thermodynamic
branch" (Glansdorff and Prigogine 1971, Graham 1973). In the
case of a linear system, the steady statgs remain on the thermo-
dynamic branch for all strengths of the pumping force.

However, in the case of a non-linear system, it generally
happens that there exists a critical pumping strength, above
which the system develops multiple steady states. (Rasheveky 1960,
FEdelstein 1970, Glanséorff and Prigogine 1971, Hicolis 19%1,
Nitzan et al. 1974), and the steady states on the thermodynamic
branch become unstable. Large fluctuations which result from
the instability are amplified by the pumping force and the system
is driven onto a new, non-thermodynamic branch (Glansdorff and
Prigogine 1971, Graham 1973). This is accompanied by an abrupt
change in the system's properties. This new type of order has
been termed "order through fluctgations" (Glansdorff and Progogine
1971, Prigogine and Nicolis 1971), and the ordered structures
appearing past the instability have.been termed "dissipative
structures" (ibid.). Such dissipative structures exhibit co-

. herent space~time behaviour in contrast to the chaotic behaviour of
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the system near thermal equilibrium. Dissipative structures have
been observed experimentally in chemically reacting systems
(Zhabotinsky 1964, Busse 1969, Herschowitz—Kaufman 1970, Winfree
1974).

One feature of the behaviour of non-linear systems far from
equilibrium which attracted great interest from physicists was
the close analogy between thebehaviou;'of certain of these systems
around their point of instability and the behaviour of certain
well-ﬁnown thermodynamic equilibrium systems undergoing phase
transitions., An example of a non-equilibrium phase transition
occurs in the laser oscillator, and this has been analysed in
some detail (Graham and Haken 1970, DeGiorgio and Scully 1970,
Grossman and Ritcher 1971, Dohm 1972). Further examples are the
parametric oscillator (Graham 1973), the driven harmonic qscillator
(Drosdziok 1973), and the tunnel diode (Landauer and Woo 1971).
Theoretical studies of chemically reacting systems also

provide examples of far from equilibrium phase transition behaviour.
A chemically reacting system may be made to exhibit fer from equi-
librium behaviour by taking the initizl and final reactants to
form respectively source and sink reservoirs. The behaviour of
intermediate species under interaction with these reservoirs is
then that of an open system. A number of theoretical studies have
been made of reactions which behave like first or second order
phase transitions. Deterministic analyses have been given by
Glansdorff and Prigogine (1971),; Schldgl (1972) and NWitzan et al.

- (1974). Stochastic analyses have been given by HcHeil and Walls

(1974), Turner (1974), Nitzan et al. (1974), Hatheson et 21.(1975),
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Prigogine et al. (1975), Gardiner et al. (1976).

As well as temporal evolution of an open system under the
action of its surroundings there may also occﬁr spatial varia-
tion within the system, due to diffusion of component species
at a rate comparable to the rate of their reactions., This is
important in the formation of dissipative structures with spatial
veriation. Various authors have presented deterministic analyses
of chemically reacting systems including spatial dependence
(Sch16g1 1972, Ortoleva and Ross 1974, Nitzan et a1.1974).

There has been much interest recently in extending stochastic
analytic methods to allow for the spatial variation of components
in a chemical system (Kitahara 1974, Nitzan et al. 1974, Nicolis
et al. 1974z,b, Kuramoto 1974, MNalek-lansour and Hicolis 1975,
Gardiner et al. 1975, 1976, Lemarchand and Nicolis 1976). A sto-
chastic approach is especially useful because it allows the cal-
culation of such statistical quantities as mean fuctuations, tem-
poral correlations, and spatial correlations. From the last two
mentioned we may obtain correlation times and correlation lengths
which measure the extent of respectively temporal and spatial
correlations in the system in question. Knowledge of these two
quantities enable us to make a very close analogy indeed to
phase transl tion-like behaviour.

A related problem in the study of spatial behaviour in
chemically reacting systems is the nature of, and the difference
between, local and global fluctuations in such systems. Whether

or not global fluctuations should be poissonian had already
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been the subject of vigorous discussion (Nicolis and Babloyantz
1969, Nicolis and Prigogine 1971, Nicolis 1972, Kuramoto 1973,
Nicolis et al. 1974a). Work on the nature of local fluctuations
began with Nicolis et al. (1974a,b) who use a bivariate probabi-
lity distribution describing the numbers of reactant molecules

in some fixed but arbitrary small volume of the system and the
number in the remainder of the system. By ignoring the correla-
tions between the two, they obtain a non-linear master equation
vwhich yields fluctuations that are poissonian in nature in small
volumes, and non-poisson globally. Similar conclusions have

been found by other workers whose results are slightly modified
beceuse they retain spatial correlations in their analyses. (Kura-
moto 1974, Gardiner et al. 1975, 1976, Van Kampen 1976, Lemarchand
and Nicolis 1976).

In chapter seven of this thesis we examine a simple linear
non-equilibrium chemical system, allowing for spatial depecndence.
Following Kitahara (1974), the possibility of spatial dependence
is taken into account by dividing the system's volume into a
number of small volume cells, and allowing diffusion 1o take
place between the cells, as well as the reaction proceeding in
each cell. We then consider the multi-variate probability dis-
tribution function which describes the number of reactant molecules
in each cell. The master equation governing the bebaviour of
this distribution function is given, and exact time-dependent
solutions for the mean number, fluctuations and correlations are
.presented, together with analysis of their behaviour.

In chapter eight we consider a non-linear non-equilibrium
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chemical reaction which has been shown by deterministic analyses
to undergo behaviour analogous to that of a second order phase
trensition. In the first part of this chapter the system is
analysed in a global sense, and an exact solution for the steady
state distribution function is presented and its behaviour analysed.
In the second part we meke a local stochastic analysis of the
system, obtaining approximate solutions for the mean and correla-
tion functions (ltemporal and spatial). From the correlation func—
tions we obtain the system's correlation length and correlation
time. We then compare the behaviour of this system with the
behaviour of a thermodynamic equilibrium system undergoing a
sccond order phase transition.

Parts of chapter eight have already appeared in print (HcNeil

and Walls 1974, Gardiner et al. 1976).
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CHAPTER 7 CORRELATIONS AND LOCAL FLUCTUATIONS

IN A LINGCAR CHEIZICAL SYSTEN

In this chapter we shall consider the development of correla~
tions and local fluctuations in a simple linear chemically reac—
ting system. By "linear" we mean that in any reaction occuring
in the system, say A+B+-- ®X4Yi-..  the reactant of interest
appears only once on either side of this equation. An equivalent
definition is given by Gardiner et al. (1976). We shall consider

the following particular reaction:

A x5 g (7.1)

in which A is converted to R via the intermediate X . K, and K,
are the rate constants which occur in the defterministic equations
governing (7.1). We take the initial and final reactants A and
'R to form large, essentially unperturbed reservoirs which act
respectively as source and sink for X s and we consider the
behaviour of the intermediate X . It should be noted that thie
example can be regarded as a special case of the linear isomeri-
zation studied in section 2 of Gardiner et al. (1976).

The global stochastic analysis of (7.1) is well-known: we
. consider an ensemble of identical systems in which (7.1) takes
place, and let the number of species % be a random variable
tsking values X . In the global analysis, this is the number
in the whole system. The master equation governing the time

behaviour of the probability distribution P(t) of X is then



-80-

(seey e.g., lcquarrie 1967, Glansdorff and Prigogine 1971):

p
:-E(ﬁ‘)k) z k.A[P(x‘i,t) -Pou,t)] + “2[‘1‘”)9(9‘”99 -xP(Q')ﬂ] (7.2)

where A is the number of species A in the system. The solution

[
for the generating function F(s){) = 12:05“ p(’bf) is:

F(S)‘!:) = O\P[% (I-e,-k‘-’—é)cs_i}] Fo{eszf(s-i) 41} (703)
Where :;(U) is the generating function at tzo . The steady
state F(;)é:co) = e"P[%(S'ﬁ] corresponds to the poisson
distributions

x
_ 47 (RAA,) _
Plat=0) = exp[-—,[z] oy (

(Glansdorff and Prigogine 1971). Thus global fluctuations in the

steady state are poisonian:

g = x = K (7.5)
- 2

We shall now make a local analysis of (7.1), following the
method of Kitahara (1974):

The system's volume \/ is divided into N equal cells, with
each cell large enough to allow a stochastic analysis (that is, it
may contain up to an "infinite" number of ¥X ), but small enough
that the comcentration of X across the cell is essentially
uniform. The system is now described by the multivaria’te distri-
.Jbution function P(ﬁ(;,o:a,...,x”;lﬂ = P(’gg;é) where the random variable

X. is the number of species X in cell ¢
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The number of X in a cell (and hence the probability dis-

tribution 96;5{) ) is altered in two ways. The first is by chemical
reaction., If the concentration across a cell is uniform, the con-—
tribution to a% from thg reaction occurring in cell ¢ is simply
the R.H.S. of equation (7.2) with Pﬁlbpﬁxiﬂ, and X replaced by
P, P(q;f_;)i) and X, respectively, and with A now the nun-
ber of species A in one cell (for simplicity assumed to be

the same for al} cells -~ i.e. A is homogeneous). Here g‘: means
all those &ﬁ not explicitly referred to are unchanged in value.
The second way in which X{ is altered is by the diffusion of

from or to other cells. This is the tendency of the system to
"smooth out" spatial inhomogeneities which may arise locally as

the reactions proceed. If the cell ( to cell J transition pro-
bability per unit time per X molecule is dg , the master equa~-
tion governing P, t) including both diffusion and the chemical

reactions is (c.f. Kitahara, 1974),

)
jf.(«”ﬁ-,{' _ g?dgj { st Plass, 1, %) ~ 1P (7.6)
". 7.

+ 2 kAP, 3)-P@) ] + ky Lo P2 ) - 2 P}

We may define a multidimensional generating function in

~analogy to the one dimensional one:
o 0 00‘ “ X 7‘7)
F(S;,Sl... Su"&) = 22 ""2, [Tr S¢ ]P(Q& {3} (
7Ny Xzo Mo Ago | S ~J
since Px;t) satisfies (7.6), fis,4) will satisfy:
af
?

" £
ot © ié?dg%c-sj)%{é + Z (s (kagg, ~ ki AF) (7.8)

%4
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Equation (7.8) may be solved in a manner similar to that used by

Darvey and Staff (1966) to obtein:

Figit) = oplZ 5001422551} R )

(7.9)
-t L]
where w = [+ f.’)ck e #, = g-ﬂkfé Ay (s¢-1)
O\ij) is the matrix of the N eigenvectors of
”;‘;"Aij‘ka dze oy, .. d
(7.10)
, Ao=oud
du  Oaw .. - gk

and the WUy are the associated N eigenvalues. fo(gv} is the

generating function 2t t=zo .

7.1 The Steady State.

The steady state of (7.9) is particularly simple. In the

limit 1 -» o, £(s;1) vecomes

N
Figbn) = T expl3d (giom] (7.11)
Thus in the steady state there is no correlation between cells,
and the distribution in each cell is poisson with mean -Y;~ - SX
" kAA,
P(%){;:w) T XO(, ) (7.12)
i

Thus in the steady state it is wvalid to ignore correlations
between the cells (c.f. Kitahara 1974, Hicolis et al, 19_74a,b),‘

‘and fluctuations are poissonian. In the case of a nonlinear
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chemical reaction, this will no longer be true (see, e.g.

Gardiner et al. 1976).

Te2 Transient Behaviour

We now consider correlastions and fluctuations in the time
dependent behaviour of the system. For correlations 'bo be absent,
the probability distribution must factorize: P(z )= ..” P (:x‘ ) sy OT
equlvalen'tly, the generating function must factorize: F(S*U IR(S..,@
As (7.9) shows, this is in general not true. Since the exponential
termsin (7.9) factorize, the factorization properties of F(g,'f)
depend on the factorization properties of &(é) $ i.e. on the cor-
relations in the initial distribution. Kow it is not sufficient
that the initial distribution simply have no correlations, because
even though this will mean K (y' factorizes into :‘E‘:r%(wd- , the
argunents Wy are still linea; combinations of the 5, .« Thus
in order that fo(w) factorizes into separate Si terms, the

fo-(w) must also be exponential functions. Thus for non corre-—
(9

lated trensient behaviour, %o(s) must be of the form:

Lis) = Tf emP[<ﬂt 0> (5;-1] (7.13)
where the <x:(0)> are arbitary initial cell means, and the normal-
ization factors e-«‘(bw have been included. Equation (7.13) is

the generating function for uncorrelated poisson distributions
‘with means <X .+ We thus have the result: the system (7.1)

_has noncorrelated transient behaviour if and only if the system
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has no correlations initially and each cell distribution is
initially poisson. It is not sufficient that there simply be
no initial correlations (c.f. Gardiner et al. 1976). With the

initial distribution given by (7.13), the generating function is:

N
Flg;t) = T explcactidsi-n (7.14)
[£]
where the time dependent mean <x:(O> is given by [98115=t y iee.

o <acdy> L(A] _ _
> = U7 = W - ﬁ%%kﬁx ““”42%},2,‘) é’u"éym(’('w)

Thus as well as remaining uncorrelated, the system's cell distri-
butions remain poisscne

It is interesting to compare with this the results obtained
using the nonlinear master equation of Kitahara (1974) and Nicolis
et al. (1974a,b) obtained by neglecting spatial correlations (and
assuming spatial homogeneity). The equation for the generating

function of a single cell iss

A (s t) .
ats = D(I- 5>[as —ixoF) (1-5)[L1,OS—MF} (7.16)
where I = féd&, ( | summation is over cells adjacent to ¢ ) is

N

a measure of decay through diffusion (Kitahara 1974), and <ad= {35
is the time dependent mean (this term mokes the equation (7.16)

nonlinear)., Equation (7.16) has the solution

Daad+ kA =(D4ky) :
Fls, ) =exfa((5-'){l - "%—““'4; S ] (7.17)

xﬁ,[i-tCs—-;)e'(mk’Dt]
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where F; 153 is the generating function at T:o0 . Since <x>=[5é

4 se
vwe may obtain <x% self consistently from (7.17). This result
agrees with the asbove analysis only when correlations do not

exist; i.e. only when the initial cell disfribu'tions are inde-

pendently poisson. In this case (7.17) remains poisson, with

mean
x> -kt kfAd
(e(f:)): T = <€(0)>€ + "R‘f‘ (‘_e‘k‘lﬁ) (7.18>

7.3 Arbitary Initial Conditions.

In the lirear reaction, the cell means <x((t)> are inde-
pendent of the initial statistics, so that the <xi(£)> are
given by equation (7.15) fer any initial distribution.
The intercell correlation is given by <=z, 135 = A <A Ve
shall consider the associated function %c_;: <1t‘,3(3>-§5.;5<:1.;>:‘ﬁ ‘, —~<xv Yy

128.9%54 ., J
From (7.9) this iss

qlb) = ZZ @ (8 Py (DG, 000 (7.19)

- .
mere B = ZAiDgeH
The quantity §Cj (4) is a measure of the deviation from uncorre-—
lated poissonian behaviourj it is exactly zero for uncorrelated
poissonian fluctuations.

I+ should be noted that when the system is of infinite

volune ( N-®o0), the equationsfor the mean, correlations and
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S0 on may be readily solved by Fourier series methods. The solu—
tions are the Fourier series analogues of the solutions presented

in the following section, which are obtained by Fourier transform

methods.,

1.4 The Continuum Approximation

It is instructive to examine the behaviour of the mean <€>
and correlation function 3/\/" in the limit when these become con-
tinuous variables in f_ space. The equations fer these quantities
may be readily obtained from the generating function equation (7.8).

The mean x> is given by x> = {%fsk o= and thus obeys

Az
5 = Z£=dg [ 6ok <> = <] = bcayy 41 A (7.20)
K
Dividing by V , the cell volume and taking the limit & (cell
dimension) —> mean free path between collisions yields

the continuum limit equation for <@(mY= 41‘!0>/V s

3<p> 2
5 = P> - ki<g>+ ki LAT (7.21)
where D = lm ?d/ﬁ? is Fick's diffusion constant, and d s
L-om, P :

the value of déj for ¢ and J adjacent cells (we assume an
ir ‘ropic medium). Equation (7.21) has the solution (for an in-

finite volume system):

<o, k) +

kLAl -kt
T (-e )
(7.22)

— I >{.
+ e e [T Sguibed.e

This consists of a purely chemical part, plus a diffusive part

ot | ( -l /40t
3 \
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modified by the chemical decay term e'k"t « If the system is

initially homogeneous, <eleht=00>= o s and

o, 41> = !‘-"—E'—j](l-e'l‘lé) + <% e,"k"t (7.23)

which agrees with the results of the previous sections.
Consider now th i i o= (X o
1 the correlation function 9 = <xegy - &J<:u>

L . .. .
= [ = « In the continuum nit i
[?S;E\SJ ]5",‘. inu limit this quantity obeys the

equation
b (f,:7 1 s
gyt =H>(v§+v[~)3 -2kage2) + kAN <oy 4 <ot (7.24)

where (.Lf,") = fun G /o2
3 -Q-om.f.p.ﬂJ/v ’

If <CC£)> is initially homogeneous, it will remain homogeneous.
In this case, (7.24) implies that Scﬁ,f,é) will be a function of
r-r' and t only, and the function ﬁ(;,m: QU 00> =S (r1¢p (o)™

obeys the equation

2.4 (r,4) . ~
at3 = 1D V’SCI,’O - kzca (L, (7.25)

This has the solution

—(‘1{ { -lY’Y’["/ t .
Gt » e i L iy oy YA .
Gglr,* (MTM):»/; ¢ 3(1’, tz0) e (7.26)
“which is typical diffusion behaviour, modified by the chemical de—
cay term. Equation (7.26) is the infinite system, continuum ana-
logue of equation (7.19). It is easy.to see how the correlations
depend on the initial distribution. If the system is initially

correlated then obviously there are time dependent correlations, If
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the system is initially uncorrelated, 5(}:,{=03 = §0) [61':2,67‘3) -<e% ]

where &* is the single cell variance, and (7.26) yields

ﬁ(f,‘b) - efk"t 3% - <, e-r"/z..ot

(4TTD1)3A (7.27)

Thus correlations build up immediately, unless 61(, =<ers g il.e.
unless the initial single cell (or local) distribution are poisson-—
ian.

Purther discussion, along with generalizations, is given in

the work by Gardiner et al. (1976).



-89~

CHAPTER 8 GLOBAL AND LOCAL ANALYSIS OF A NONEQUILIBRIUM

SECOND "ORDER PHASE TRANSITION,

We shall consider the following nonlinear chemical reaction
scheme, which consists of one reaction in which an intermediate
X is produced linearly, and one reaction in which X is pro-
duced autocatalytically. Allowing the reverse reaction in this
second reaction introduces nonlinearity to the system.
Rt X %3(:

. 8.1
AsX S 2% (6.1)
[N

The K. are the normal deterministic rate constants, and
the species A , R anda C are zssumed to be in excess so
that they form large, essentially unperturbed source and sink
reservoirs. We shall be interested in the behaviour of the in-
termediate species X .

A deterministic analysis of this reaction scheme has been
given by Soch8gl (1972), and a similar scheme has also been treat-
ed deterministically by Nitzan et al. (1974). In the absence of

spatial dependence, the deterministic equation for the concenira-

tion [X] of X is:

T (K K)IKD ¢+ B (8.2)
where ‘- k‘[,fﬁ] K, = k'z[A]
P;Kg_: k‘g[«c‘] 6 = kL’.

In the steady state the R.H.S. of (8.2) is zero, and for
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F,‘#O there is only one physically meaningful solution for
[x]) , for all physical walues of the parsmeters K; y Kaiw & .

If, however, the back reaction C~>X+B goes not occur, 5o

that B:O » we find the following steady state behavicur:

0 ka5 K,

[x] = (8.3)

O or ﬁ’::.ﬁl y K;’/K[

b

i.es as HKi is increased from zero, there is a critical point

Kpz K,,above which the steady state solution for the concentra~
tion of X becomes multiple valued. This already begins to
resemble the phase transition-like behaviour mentioned in chap-
ter six. We may increace the analogy by considering the stability
of the solutions (8.3). We make a small perturbation £ to the
state concentration [)d‘,,,, and examine the behaviour of this per-
turbation. Since LX]‘LX]S,S_-&Q obeys the equation (8.2) and it

is assumed that & << U\]s,s. y we find

-t
£ « e 7/t (8.4)
where the regression time 7; 1is
~1 8
T2 =lekamk) - 28 XD ] (8.5)

The regression time is a measure of the time to return or
otherwise to the unperturbed steady state, so it is a measure of
the stability of the unperturbed state. When K,<K;, vl is O,
so that ’Z}-"(Kﬂkz)'lwhich is positive, and the perturbation thus
. decays away. Thus for Ki<K{ , the state W20 is stable. When

K= Ko s T=00 , so that the perturbation does not decay; the
R
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system is now only marginally stazable. When K;>K1,the solution
(%55 =0 Yields t§= (Kszyl, which is now negative, so that
the perturbation grows rather than decays. The system is obvious-
ly unstable in this case. On the other hand, L%lss © E%;& yields
?&= K2-K; 4y which is positive. This solution is thus stable, and
will be the steady state adopted by the system when K;YK{ . In
the terminology of chapter six, the system is driven onto a new
branch past the point of instability KazKs . Because K, is
a measure of the source which produces X , it is for this system
the pumping parameter mentioned in chapter six. Note that although
ﬁ> is also a measure of production of X y its production of’X
is in a chaotic manner, rather than the coherent autocatalytic or
stimulated production represented by K . 1In fact, as the above
analysis shows, the chaotic production represented by ﬁ> .must be
removed in order that the stimulated production be allowed to in-
duce the co-operative behaviour leading to the transitions

It should be noted that upon inserfion of the stable

solution into (8.5) we obtain for the regression time

T

R: le"Ki‘-l (8.6)

Thus the regression time diverges as ‘Kg-Kal'I at the unstable,
or critical point Ki=Kg .

The bhehaviour of the concentration 1%154, and its regression
time T is closely analogous to the behaviour of the order para~
meter in a system which undergoes z classical equilibrium second-
order phase transition (for example the magnetization in a fero-

magnetic system). In the present case, the situation is obviously
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a nonequilibrium one, since in general the two reactions in (8.1)
will not be separately in equilibrium; there is a physical flow

of X through the system.

8.1 Non Space-Dependent Stochestic Analysis,

By applying a stochastic analysis to the system (8.1) we may
introduce fluctuations of species number in a natural way. 1In
this section we are interested in situdying P(&;t) the probabi-
lity there are a total of X molecules of species X in the
whole system at time 1 3 we shall not consider spatial depen-
dence, Non space-dependent stochastic analyses of systems simi-
lar to (8.1) have been given by McNeil and Walls (1974), who use
a master equation method, and Nitzan et al. (1974) who use a Lan-
gevin equation approach. Here we shall use a master equation ap-
proach to examine the behaviour of the probability functidn{%xi).

Using standard techniques (see, e.g. McQuarrie 1967, Glansdorff
and Prigogine 1971) we obtain the following Markovian master equa~

tion for P(‘x)t) :
%it’%@ = Ky[exn) Plae) = o Pl + RK,V [P 1) - P ]

p Kol ety Plat) -2 P)] + % [zlan) Plas ) ~(x—;)j;P(:xJJ (8.7)

where K5K143,8 are as defined following equation (8.2), and V is

the physical volume of the systen.
dPt)

e o~

We shall now consider the steady state, for which (¢ =0 ,s0
* that the R.H.S. of (8.7) = 0. For this system detailed balancing
holds in the steady state, so that setting the R.,H.S. of equation

(8.7) = 0 is equivalent to the two equations
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[Kitx+1) +~$— (c+1)oc] Plrd) = [K:Fw Kax ] Px)

(k= + %x('x.-l)] Pix) = [K,F,V # Kalx-1)] Plx-1) (8-8)
These yield for P(x)
Plo) A LKoY 4 Kal(L-1)]
Plz) = 7 T == - (8.9)

TR ) 4»%(9,1)}

where Plo) = [1F1(E3V; %‘V; %V)]-% and ipl is the confluent hyper-

geometric function. Alternatively, the generating function

4
FLS) = 12_05” P(x) iss

Ki Ks
fg) = LY, 85 ¢ VS) (8.10)
IF|(ﬁV) %V; Es_zv)

In order to obtain the phase transition-like behaviour found by
Schlogl we must consider the limit P”O . However, setting

p=0 in (8.9) yields the trivial steady state Px) -‘-8%., for

all values of K, 5, Ky and ® , which is the state with no X
remaining. Ve must remember that the transition occurs in the =
macroscopic limit, which is the limit V —#c0 , along with A B,C DD
so that % ’ % and % remain finite. Hence we must first
take the limit V -+ oo (with K, , K, , B remaining finite),

then consider fs—eo .

8.1.1 Fodes of the Distribution.

It is of some interest to exomine the mode(s) (maximum

point(s)) of the distribution (8.9). In the macroscopic
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limit the mode(s) correspond to the macroscopic value(s) of
X . The extreme points of the distribution occur at =

values for which P(x)= P(x-1), For the distribution (8.9) this
Yields the points

Kokt %Y £ [ (KK + B4 L) (- )
1%

Thus for certain renges of the parameters K, , K; , § and

<R

(8.11)

p it is possible that the distribution becomes bimodal, a si-
tuation which describes systems in which nucleation mey occur .,
with first order phase trans;tion-like behaviour (Matheson, Walls,
Gardiner 1975). However, some care must be taken here, since this
bimodal behaviour vanishes in themacroscopic limit. In fact, in
the macroscopic limit, the points (8.11) tend to the deterministic
values of (%] given by the solution of equation (8.2). Thus
taking the limit RO yields for the extreme points:

O
x » Kafky (8.12)

\4 O and K-?'-;ﬁ , Ka ¥ Ky

For Ki¢¥, , the extreme occurs at %I' =@ s and is a maxi-
mum. For Ky%» K, , there are two extreme points. %’ =0 gives a
minimum and %/;': K-’—;:-%* gives a maximum. Thus %;‘ =0 has a low
probability of occurring, and so 'it is unstable. R St T W

v g
a high probability and so is stable. This stochastic analysis is

thus in agreement with the deterministic results,

8.1.2 Kean Number and Fluctuvations.

Ve may calculate exact expressions for the various mements
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of the distribution (8.9); the mean, or first moment, is given

A
by <x7 = [‘2’,'515__4 and is:

x| K BV R (pvet, Bver; 2y (5.13)
v o Ky " Ky, 1) :
& I v fgvﬂ ’S \"_-, ; Y
. ; ¢ )
The first factorial moment <x(x-1)> = [ 521.)551 is:
Lx(x-19 K. \#* Vi1 o 4 K . , Ka
i = H VABVL) LIV s VL EV) (g 1)

vigvst) gy, BviEy)

We may calculate the macroscopic limit of these expressions
using the asymptotic form of the ,F, function given by Erdélyi

(1953), which is:

t !/
Lin  F (aVee, bV/,F,-; ViY) = r"b‘/”_s) (i’f)i
Voo flavsc) ({o-arvep=t V42
-~ 3 (b-a)Vip-o q\/g.og (8.15)
o & (R ()

where t, is the root of ctlf+1)-alt+1)-(b-a)=0 which lies

2 2
between -1 and 0, and U,= a(l#+ts) "+ (b~-alt; .

We thus have for the mean concentration

i X7 KK E J(Kika) 4 453
veor V 2%

(8.16)

which ig the deterministic result, and will yield the phase tran-
sition-like behaviour when ;3—9' o o

For the first factorial moment, we have -

b <xxy fexz ]t (8.17)
Voo & - vV

From equn. (8.17) we see that the poissonian form of fluc-
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. . 2 . .
tuation, with <a?¥-<av™z (x5 sy 18 regained in the infinite volume

limit., PFor Ki<K; the fluctuations are zero, For KiYKi we can

x> -<av?

consider the relative fluctuations —<253% which for the pois-

. . . L —_—
sonian situation are iz~ 9 OT Kp-Kq * Thus as the critical po-
int is approached from K, above K; , the relative fluctuations
diverge as (K;-K.)-i s with the infinite relative fluctuation at

Kz =Ky corresponding to the instability at this point., As Kz

increases above K; , the new branch becomes more stable, and the

relative fluctuations decrease.

8.1.3 Two Time Correlation Function; Correlation Time,

From the deterministic analysis we obtain one time constant
inherent in the system. This is the regression time which is a
measure of the stability of the system since it is a measure of
the time for a perturbation to decay or otherwise. The stochas-
tic analysis yields a corresponding time constant for the system .
This is the correlation time, a measure of the fime for which the
state of the system remains correlated to some initial state. This
correlation time is found from consideration of the two-time ave-

rage <x(t) x(t")> which is defined as
OIS = 2% xod Plagt; 25tE) (8.18)
x x*

The joint probability Pla,t; x4 is related to the conditional

probability Plx,t2,t") by Baye's law(see e.g. Feller 1968):

P(m,{}f,#) = P(e,t) Plax,b]as t) (8.19)

and p(a:,‘:lﬂ’—sz is the solution of the master equation (8.7)
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subject to the initial condition x* at £

The equation for <=x(E)x(t)d> may thus be obtained from the

master equation (8.7) or from the two-time generating function

Fls,s*) = :;1% s*e* Pla, t; o, ) (8.20)

. 5
which obeys the same equation in gst asf(s)e Since <x(EIX(EIV = [ P

we have

8 . A +
Bl T Ty <) )@ (K=l <x(B (€9 (8.21)

dlu

£
& FK;\/ <x(thD

In order to close this equation, we need to find some approxi-

mation for <x(£)x(x-0()D> in terms of lower moments. We shall

use the approximation used by Gardiner et al. (197.6) which re-

sembles the Gaussian approximation:

i x\h; - [4,“,92; - Lo Jxed # [ax> = i1 < d

v [hma g - o JKY v ooy (8.22)

In the steady state <22 <x(f)Y , and <xtB)x (> will
become a function of C= £-t only. Using this, combined with

the gquation for the mean in the steady state, we obtain

& 2
%i_««mn = [mka) - 2% Temtyxy 4 270 <07 (8.23)

From equation (8.23) we see that the correlation time is

<Xy .
obviously T.-= [QK,_-KQ*Z % '\7] sor, using the expression for
XY

v in the limit V-0 13'90 ’

Teo = 1K,~Ka ™" (8.24)

Thus, as might be expected, the correlation time is the same as

1

s=i=g®
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the regression time.

8.2  Space-Dependent Stochastic Analysis.

A study of the fluctuations znd correlations in:.a local
sense for this chemical reaction is important, both for an
understanding of the nature of these fluctuations for a non-
linear system, and for reinforcing the analogy between the be-
haviour of the particular system (8.1) and sevond order phase
transition behaviour. In order that local behaviour be inves~—
tigated, we must introduce spatial dependence into the stochastic
analysis. A space dependent stochastic analysis of a model simi-
lar to (8.1) has been made by Nitzan et al. (1974), who use a
Langevin equation approach. EHere, we again use a master equa-
tion approach . The itwo approaches are not necessarily equiva-
lent.

Vle may allow for spatial dependence in the stochastic ana-
lysis of this model by the procedure outlined in chapter seven:
we subdivide the system into small cells, and consider the multi
variate probability distribution Pix,xa,..,Zw,t) = P(X,t) | where

XKk represents the number of molecules of species X in cell
kK + As in chapter seven we obtain a master equation for
Pg%,t) which describes the reaction procee&ing in each cell,

and also the diffusion of X Dbetween cells:

%{(0_’-,{7’ = iﬁ_d(j[(’xﬁ’l)P(x,‘fl,?‘j'I,:f) "14'»P(?5’(7)] + 2-{.
<y ¢

K ea) Poxerl, 2 ) = P(Qs)] e K[ (ag-1) P(x;l,—,g) (8.25)
- X P(:}Q] + K;l%\/ [P("M’",E‘) - P(Z)]

+ % [(1;4.1):{;?(2;-&1, ‘5“ -~ 2 (x-1) P(’.ﬁ)]}
Here we shall assume thesystem is isotropic, so as defined
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o

in chapter seven, { d , cells 1i,j nearest neighbours
1 -

o, otherwise,
V is the volume of a cell, and Ku,KQ,ﬁ,S ‘are as previously

defined.

The equation for the generating function F(s )= 2 Z Tfs P(z £)

is then:
JF s 4 or
poy/ = X3 S\’: . ‘
a3t ?’J A (e8) 35, (8.26)

6 _of of g
+ ?(1'515[75; 65;'1 + Ky 50 ~ K1 :5-51 ’BKQVF]

8.2.1 Approximate Solutions for Mean and Correlations.

It is now straighforward to calculate the equations 6f mo-
tion for the various moments of P(g)‘b) « The first moments are
the mean numbers <X%K> in the cells, and are given by <o¢k7~

[ ] 'I'aklng the continuum approximation, we obtain from (8. 26) the
<ALy )Y

follo*.sing equation for <Q(£)>= v)ao —g—
¥ et z (K=K <eer V> K
ot = DV <oty « ik Qely & pra (8.27)
L Lo (1)
~ 0 lun
0 veo  V*

Where, as defined in chapter seven, D= zlm»rd/,é" 4 being
om P

the dimension of a cell.

We shall consider the second moments, or correlations, in the
1

form gg =<mA; - bej<xe> = [‘OS,ZSJ].ﬁq . In the continuum

approximation we obtain the following equation for %Cg,«;‘)
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o 3 <ptrp(tY> .
temfpo 2 T €% ges $Cr-v )<€(g1> :
D alx,»™) 1 .
ﬁs S D[V: * V‘,] 8(5)1") +2(Kz'k1)3(j,r) f&ﬁ[ﬁg(g)‘)#e(g‘)‘?]

<X (XY
—  (8.28)

S .
2K 8r-v' )y -2y SOo=1) Lim
# 26 $r- P )oY -2y Ser) b

3 3
. ] [ F
_ 9 A L L
® vomfp V3 [Bsz\s} " st 2 ]iq,
e see that the *f term in the equation for F{s,{:‘, means

i ]

that each moment is ;Zifled to the next highest order moments, eo
that the moment equations form a non-closed hierarchy. In order
to solve the two moment equations (8.27) and (8.28) we must close
them using some approximation scheme., We shall use the Gaussian-
like approximation scheme given in equation (8.22). To further
simplify the solution, we shall also assume that the reduced dis-
tribution in each cell is poissonian, that is we put <x(x-1)9 ~ x>

for each cell. Under these approximations the steady state forms

of equns. (8.27) and (8.28) are:

(Ka-K,)<R> + pHa =8¢0 =0 (8.29)
'Dv’a(gs + [kamke) - 8<e>]8(g) + K,S‘?p [<Q>-5<C>’] (8.30)
+ BKatey + S<€>" =0

Here we have use the fact that the system will be homogeneous
in the mean, so that <g()> =<¢> , and that 3(;,:‘) will be a
function of ‘:'!" only, so that ¥ in (8.30) now means t;-f' .

Equation (8.29) is exactly the deterministic equation (8.2)
for <@% , and so yields the deterministic solution, which ex-
hibits the transition-like behaviour in the limit p-+0 i.es
equation (8.3). Solution of equation (8.30) by Fourier trans—

form yields the following expression for the correlation func-
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tion <@y, o)y = <@IE(LY =LY<y = 8(5,5‘) +
BUr-£9 ey =) <EN> ¢

kt<€>"Pk2 —~ f‘/
3 Lo
QL eo)> = HUrIey + o € (8.31)
4
where the correlation length . = [K ’E vy »]/z
TRy 4 €

In the limit I3~ao s Tthe correlation length becomes
D Y
fe= (557 | (8.32)

This is symmetric about the transition point Ki=Ki , and
at the transition point, where the <@> versus K, slope is dis=
continuous, be comes infinite. This behaviour is closely analogous
to the behaviour of the correlation length of the order parameter
in a second order phase transition (see, e.g. Stanley (1971 )
where further references are given). Thus even though the inter-
action is short range (nearest neighbour cells only), the coherent
autocatalytic production of X induces a correlation such that
each point is correlated to every other point in the system at
the transition point. It should be noted that the critical expo-
nent (classically the power of ﬁ-“:’il occuring in Le s or in this
case the power of I-Irzlz.:'_f(;l) has the classical value of %. This
gshould be compared with the work of Nitzan et al. (1974) who
obtzin similar behaviour using a linearized Langevin equation
analysis of their system. Simils;ar behaviour in the spatial cor-
relations in liquids exhibiting the Benard instability has been
found by Zaiisev and Schliomis (1971), Graham (1974), and Boon

(1975) .
A point to note is that when solving the equations (8.27) and
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(8.28) for <g()> and 3(;,3_-‘) it is not essential to make the cont-
inuum approximation before the equations can be solved. However,
after solving the equations it turns out that this assumption is
true provided S/DL << 1 where Ll is the dimension of the cell
at which the continuum approximation becomes valid. A detailed

discussion of this point is given in the work by Gardiner et al.

(1976).

8.2.2 Two Time Correlation Function; Correlation Time.

As in the non space dependent analysis, it is useful to study
the two time correlation function in this space dependent analysis,
in order to increase the analogy to second order phase transition
behaviour. The two-time correlation function in the space depen-
dent case is 30,‘,5’; £,€) = <o), 0(,€)Y , and its equation of
motion is most easily obtained using the equation for the two-time

. . ~r. % ‘1: ) .
generating function (s $44,6) = £%,[ls, HS,» P(g:,&;og,’c‘) . Since
(%

x %

this generating function obeys the same equaiion as the one-time
generating function in the unprimed variables, equn.(3.26), we

obtain for <p(nt)P (Yt )>  in the continuum approximation:-

2 <olr,Bleecy D> 2 N s ga (4 e
5 = DV. <€(5,{)€C£,{)> + PR, € (8.33)
= (K=K )< ) O ) = § o SRl DT (€7
Voo v3

where D has its usual definition.

Again, the nonlinearity means that the second moment <xx‘'™>
is coupled to the third moment <x(x-1)x'> , and we utilize the
approximaten (8.22) to close the equation (8.33).

We shall now consider the steady state, in which situation
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<e(f,e)€(£‘,t‘)> will be a function of r-r and t-tt only. We

—~3 -

obtain the following equdtion for t‘j('” V';‘a’"/ £ :

2 - Q
29eT) = DY) - [tki-ka) + 284¢7] 9x,T) (5.30)

where [_"\_r: is replaced by ¢ , and TGt
The solution of (8.34) must satisfy the "initial" condition
that ﬂ(f_,’Czc:) must be equal to G¢L)  of equn. (8.31). We ob-

tzin (in the limit p-oo )

<Y -+74ot ~ DT/’
§T) 2 s € +
(4TDT)
8.35)
Kide? [ e o (L The o (G, 5 ] (
e B’TC(T/%?) te s C( lJEt)
This consists of a standard diffusion term modified by the
~DT/p 2 ~IK3k 7' T
chemical term € /e =& e along with a mixed diffu-

sion and chemical term.

In the small T and large ¢ 1limits we may replace the erfc
functions by less combersome approximate expressions. Power series
expansion of the erfc functions yields the following small

form for ﬁ(ﬁ,’l’) :

’ Yot !DZ’) ‘f_g? "’/ﬁ«c 8.36
gt = <€>e' [(Mro”c) v r3 ] Y jor € 829

Use of the asymptotic forms of the erfc functions yields

the following large ¢ behaviour for 3(}:,?) t

-V /ot
€ Kibe ~ DTy 2 .
90T) = | Gaerys * L (oo ]<€7 (8.37)

If we consider the long time behaviour of 36';,‘5) to give the
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measure of the correlation time, then it is clear from equation

(8+37) that this time is given by
¥ ~1
T. = D = K-k, | (8.38)

The relation z;=‘£J/D was found also by Graham (1974)
in his work on the Benard instability. The result (8.38) for
C. is, not unexpectedly, the same as that found for the system
in the non space dependent analysis, equn.(8.24).
The result (8.38) may be obtained in a more transparent man—
ner by directly infegrating equn.(8.34) over a volume V with di-
mensions much larger then the correlation length f¢ . In this

. 2
case the surfaces terms created by V vanish, and we obtain

z ~.C/ <
<xlv,z1,X1y,0]1> = &'Lv,0]. & i (8.39)

8.2.3 Fluctuations In Finite and Infinite Volumes.

We may consider fluctuations in finite volumes and correla-
tions between finite volumes, rather than the point quantities,
by direct integration of the point correlation function (e():,(*)g Q(;‘,é’)‘)
over the volumee in question. We first consider the fluctuations
in a subvolume AV of the system, which we take to be spherical,

with radius R . The two time correlation function is

<xLpv,cd, klsy,0]> = Sd’i'; Sdsg‘ <eee,TY, QLe’, 0> « In the
by  av
.limit €0 , this becomes the variance 6* of AV , which

is a measure of the fluctuations in the volume AV

3 o R 2 R ke Ry
& n/) = KX I>{T+ ’fg’gg[("" )-e U+ g) ]} (8.40)
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I1f R<<f., this becomes

&l > <xiavi>[s s 2R (8.41)

Thus in the limit R-?O , the fluctuations become Poissonian
in form, in agreement with the assumption made in deriving egua-
tions (8.29) and (8.30). This assumption is in effect the ass—
umption that a local equilibrium exists in each small cell.

1r R» L , (8.40) becomes

|

vl = x| L o3 K k] (8.42)
IKi=Kal 2 R

In the limit R -0 s this does not tend to the exact resuls
(8.17) of the non space dependent analysis because of the approx-—
imations which have been made in the space dependent analysis. The
two agree only in the limit K, <<K, P i.e. well below the thres-
hold Koz Kq .

It is of some interest to consi der the correlation beiween
a small volume AY of the system, and the rest of the system's
volume V~-AY . This correlation is

<Xy T,XIv-8v1> = goPs Ydﬁs‘ <ptr), @uh>

Av  y-ay (8.43)
«43

= fd."rgﬁf%fz?,céﬁw - §d3f§d3£‘<qcx>,ecz‘>*>
L Y by BV
The pioneering work in this topic by Nicolis et al. was

concerned with the fluctuations in a small volume AY of the
system and those in the large surrounding volune V-AY . Their

factorization ansatz essentially neglects the correlation (8.43)
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between these two volumes.

If we assume V 1is Jlarge, so that its dimension V% wio,
the integration over V  in the first integral may be easily
evaluated by integrating the correlation function equation (8.30)
and ignoring the surface terms generated by VZS . The integra-
tion over AY  then yields simply the factor AV . The second

integral is precisely 61[AV] given by (8.40). If we define

by writing (8.40) as

S*av] = <XWvI> (l#mvﬂ (8.44)

<Kisv], X[v-A¥3Y
Sihav]) &Ly-4v]

the normalized correlation coefficient C[M{,V-b\(] =

is then, in thelimit AV<«V |

[ ] o~ K, -1~ (A-V‘ [AV]‘/Z (8.45)
R e £

The normalized correlation is thus not infinitesimal , and

Av

“
tends to zero as approximately ["v"] only.
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CHAPTER 9 CONCLUDING RENARKS

In part 1 we presented exact solutions of the master equation
describing various two-photon interactions with two level atoms. As
expected for nonlinear processes we found that the behaviour of the
light (even the first moments) depends on the statistics, with the
dependence most strong at low intensities. Thus the current experi-
ments examining the dependence of two photon absorption on the sta-
tistics of the ingoing light are of interest. Similar experiments
on Raman scattering do not seem to have yet been carried out; .such
experiments would be of interest in the light of the work in this
thesis,

The price paid for obtaining exact solutions is that the ex-
pressions are rather complicated, and there is a resultant loss of
clarity. It is necessary to compute the expressions to provide a
clear view of the time behaviour. In some cases the slow conver—-
gence of the moment series and the large arrays required give some
computational problems.

Extension of the method of chapter 3 to higher order non linear
emission processes is possible, although the solutions would become
rather complicated. In the case of absorption, higher order non-
.linearity gives higher order derivatives in the generating func-
tion equation, and it is difficult to see the orthogonal polynomizals
series method working in these cases. It is possible numerical
solutions may be obtained.

The steady states examined in chapter 4 have rather interesting

properties, however the low photon intensities involved mean that



-108-

these properties are probably not of much pratical interest.

The work of chapter 5 shows that it is possible to obtain
approximate solutions which can be reasonably accurate, and give
a clearer view of the behaviour of the light fields. The other
approximate methods mentioned have been used in other nonlinear
problems such as superadiant emission of photons by atoms (Degiorgio
and Ghielmetti 1972).

One interesting theoretical possibility worth further inves-—
tigation is that the even and odd coherent functions already des—
cribed in the literature (Dodonov, Kalkin and Man'ko 1974) may
provide representations of field states in a manner analogous to
the "P" representation in terms of the normal coherent states.

The work of part 2 provides results for fluctuations and
spatial correlations in chemically reacting systems which are
amenable to experimental confirmation or otherwise, using,; e.g.
light scattering techniques (seeyc.g. Cummins and Pike 1974) or
fluorescence correlation spectroscopy (Blson and Hagde, 1974,
Magde, Elson and Welds, 1974).

A major short~coming in the theoretical work on phase tran-
sition models is the nature of the approximations necessary to
truncate non-closed systems of moment equations. The closure
_approximation used in this present work is closely related to the
gaussian approximation, and thus it fails at the critical point
because the standard deviation becomes infinite there. Prelimi-
nary work on alternative closure schemes is already under way
(D.F.Walls, private communication). Note that because of the
approximations used here, the space dependent analysis yields

nonpoissonian global fluctuations, while the exact global analysis
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Yields poissonian fluctuations,

The question of boundary conditions has been avoided in this
present work., In the analysis of the second order phase transition
model we have assumed an infinite siged system, so that boundary
conditions do not enter the problem. In the work in chapter T
any boundary conditions in the N cell problem will be taken into
account either in the eigenvalues Mk and eigenvectors 2\\;‘ through

the dﬂ s Or by modifications to the master equation.
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APPENDIX

1. Orthogonzlity and Integral Relations Required in Chapter 3.

To evaluate the coefficients An in the polynomial expan-—
sion of the generating function for the single mode two photon
absorption process (section 3.2.1) we use the well-known ortho-

gonality relation for Legendre polynomials:

[}

PV P = —_ (41)
-Sﬁ " SM’” An+1

along with the following integral relations:

)

Sx" Palxy doc =0 5 Mn (a2)
T
S‘ \ & L) N e and A odd )
P dx = 3 = R or (A3
=i "’ . “r‘(l k ﬂ)r(’)«mfi) nodd and A wen

To evaluate the coefficients An(d) in the polynomial expen-—
sion of the generating function R (’1,'(?) for the two mode two
photon absorption process (section 3.2.2) we use the Jacobi poly-

nomial orthogonality relation

! nip-q eNnep) C(ntg)
(2“"? ) [Y‘(lmPﬂ"

§a¥ o)™ GoPoys® Gl Pyg, 2 el = Butyn (24)

and the integral

' . n' f‘(mp) FOosNro- 342‘ rl p-q Msd)
S 2 (1-%)° 19“(%1,7() dx =

(45)

5'(1414?3 F(A-n-~ cw'l) r(P clrw\-\-q'* 1)
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2. Inversion of Laplace Trensform of the Raman Effect Distribution,

The inversion of En,,np(s) (equation (3.47)), allowing for

possible rcpeated factors in the denominator, yields for en"“P(Z‘:) :

ne' 2% (’A——wﬂ’
A " -p; )
Qasyno(T) = o [i é A M exp{ p;TY (46)
4 e(Y\yM) 'gM,ﬂs ()\,t)]
where N
M"{ 2 > X ever and w* = M & (ne-Mm)
- D=11/9 , A octel
and
(@) 3 x <O
e(’I) = {‘ { , x 2O
M -M 1 M- M-
§M,ﬂa(>\}‘t) = 2 é A’ (7\3 A (7\ X (A?)

m-o =m &M

. [ expd-pMT) - exp{-piMT}

o) - py2) T expl-gy}]
P = ps

+ Spg(%’), P5(70
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