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Abstract

The main conjecture of Iwasawa theory bridges two seemingly disjoint areas
of mathematics: arithmetic and analysis. In particular, it provides a deep
connection between the p-adic L-function which interpolates critical values
of the complex L-series, and the Selmer group which is an important object
used to control the growth of arithmetic data. In this thesis, we explore some
questions that arise organically from the Iwasawa Main Conjecture, applied to
Hilbert modular forms and their tensor products.

Greenberg and Vatsal developed an approach to study the main conjecture
for a large class of elliptic curves simultaneously. They showed that if a given
pair of elliptic curves share the same residual Galois representation, then the
main conjecture holds for one if and only if it does for the other. The first
part of this thesis investigates whether the ideas of Greenberg and Vatsal work
for elliptic curves twisted by a CM-Hecke character. The second part of this
thesis then extends the method to treat non-ordinary classical modular forms
(without any twist). The former permits one to study rational elliptic curves
base-changed to an arbitrary number field, whilst the latter requires techniques
crafted by Pollack and Kobayashi in the early 2000s.

Finally, the third part of this thesis concerns Euler systems and their
applications to the arithmetic of motives arising from modular forms—these
objects are indispensable tools which can be used to prove half of the Iwasawa
main conjecture. However they often give rise to additional “junk” error terms,
as well as causing the p-adic L-function to be stripped away of certain bad Euler
factors. For modular forms and their tensor products we devise a method to
dispose of the error terms and to replenish the missing factors, allowing one

to genuinely obtain half of the main conjecture free from any discrepancies.
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Chapter 1

Introduction

Iwasawa theory is a powerful tool for studying the arithmetic of objects over
a tower of number fields exhibiting a p-adic analytic structure. When applied
to a modular form f, the main conjecture of Iwasawa theory predicts an
equality (over the Iwasawa algebra A) between the ideal generated by the
p-adic L-function attached to f and the characteristic ideal of the p-primary
Selmer group attached to f, up to a unit.

It was proposed in the work of Greenberg and Vatsal [GV00] that given two
rational elliptic curves sharing the same residual representation, if the [wasawa
Main Conjecture (abbreviated as IMC) holds for one elliptic curve then it does
so for the other elliptic curve. Whilst this theory does not establish the validity
of the main conjecture, it serves as a way to propagate the equality in the main
conjecture to a class of p-congruent elliptic curves. The authors themselves
have shown that this concept works when both elliptic curves are p-ordinary,
meaning that the Fourier coefficient a,(E;) is a p-adic unit for each i = 1, 2.

The first objective of this thesis is to extend the result of Greenberg and

Vatsal to the case of p-ordinary elliptic curves twisted by a Hecke character.

Theorem A. Let Ey and Ey be a pair of p-ordinary rational elliptic curves
which are congruent modulo p, and let O : K — C* be a Hecke character over

a CM-extension K/K*. Under suitable hypotheses there is an equivalence:

IMC holds for E1 @ 9 <= IMC holds for Ey ® V.



Chapters 4 and 5 are devoted to the discussion of this topic. We also mention

that the motivation behind considering twists of elliptic curves is the identity

L(E/K,s) = [ L(E/Q,7,5)"™"

where 7 ranges over the irreducible representations in Reg(K /Q), which reduces
the analytic properties of a rational elliptic curve E over an arbitrary Galois
extension K/Q to the study of twists by irreducible representations.

Another avenue one can explore is to ask whether or not the proposed
idea of Greenberg and Vatsal still applies when one takes instead a pair of
p-non-ordinary modular forms f; and fy so that p divides both a,(f1) and
a,(f2). As it turns out, two crucial aspects break down when p-ordinarity is
not imposed: first, the p-adic L-function L,(f) is no longer a bounded power
series; second, the p-Selmer group Sel,(f) ceases to be a torsion A-module.
The first issue is dealt with by decomposing the original L,(f) into a pair
of signed p-adic L-functions L;t( f) which are p-integral. This was done by
Pollack in the case that a,(f;) = 0 for i = 1,2 [Pol03] and extended by Sprung
for elliptic curves by removing the assumption that a,(f;) = 0 [Spr12].

As for the second issue, Kobayashi treated the case of elliptic curves by
defining a pair of signed p-Selmer groups Sel;t( f) which are A-torsion [Kob03].
This definition hinges on the signed Coleman maps he constructed sending
the localisation of Kato’s zeta-elements to Pollack’s signed p-adic L-functions.
In this way, one can identify the signed p-Selmer groups as the algebraic
counterparts of the signed p-adic L-functions. The method of Kobayashi
has subsequently been generalized in [Leill; LLZ10; LLZ11] to higher weight
forms; this allowed for the synthesis of a signed Iwasawa Main Conjecture
which asserts that Lf(f) generates the characteristic ideal of SelE)( f) for § €
{—+}

It seems then that in the p-non-ordinary case, Greenberg and Vatsal’s
principle must be verified not once but twice—one for each choice of sign!
To harness the techniques in [GV00], one first needs to extend the construction

of Sprung to higher weight modular forms and define signed p-adic L-functions



as a limit of p-adic polynomials arising from modular symbols. Performing
this task along with proving a signed analogue of Greenberg—Vatsal’s result
for p-non-ordinary modular forms is the second objective of this thesis, and is

written up in Chapter 6.

Theorem B. Let fi and f5 be a pair of p-non-ordinary modular forms which

are congruent modulo p. Under various hypotheses, there is an equivalence:
IMC? holds for fi <= IMC" holds for f,.
Here IMCP refers to the signed main conjecture above with §j € {—,+}.

Theorems A and B appear in the thesis as Theorems 5.3 and 6.26, respectively.

Both theorems given thus far use the following idea applied to a pure motive
M defined over Q. Provided a system of norm-compatible zeta-elements exists
and is mapped via Perrin-Riou’s big logarithm map to the appropriate p-adic

L-function L, (M), then one obtains an inclusion
(Ep(M) - L, s)(M)) C (characteristic ideal of p-Selmer group over A).

In the expression directly above, Ly, (s)(M) denotes the usual p-adic L-function
stripped of its local Euler factors .Z;(M) at the primes q inside a finite set S.
The last objective of this thesis is to get rid of the junk factor =,(M) and

to replenish the Euler factors in L, (g)(M), resulting in a sharper containment
(Lp(M)) C (characteristic ideal of p-Selmer group over A) (1.1)

thereby giving us half of the main conjecture. The pivotal step is to identify a
suitable finite set of primes S and then to show that Ll‘f(M ) can be written as a
linear combination of the S-depleted function Lﬁ (5)(M) and its dual LZE;) (M),

for each fixed branch character ¢ : (Z/pZ)* — @; .
Theorem C. Let ¢ be a fixed branch character. Provided the product of local
Euler factors qus .,iﬂq‘b(]\/[) is relatively prime to the product qus Zf_l(M)

of its dual counterparts, one has a decomposition

LO(M) = WEO(M) - Y (M) x LY o (M) + V5 (M) x L o (M)

for some p-integral power series WE(M), Y (M) and Y (M).



Chapter 7 is devoted to verifying that for a suitable subset S of bad primes
of M, the products [] c¢ Z¢(M) and [ies .,?f_l(]\/[) are relatively prime for
several types of motives, namely those attached to: a Hilbert modular form f,
the symmetric square representation Sym?(f), and the tensor products f; x fy
and f; x fy x f3 of Hilbert modular forms. In addition, we have two corollaries

which we state below. The first is an immediate consequence of Theorem C.

—1

Corollary D. If both Li(s)(]\/[) and its dual Lz(s)(M) are holomorphic and
p-integral, then the full p-adic L-function L,(M) must also be holomorphic and

p-integral.

The second application requires us to modify the construction of families of
norm-compatible elements to mirror the decomposition in Theorem C, thereby
sending these modified zeta-elements to the full p-adic L-function. The details

can be found in Chapter 8.

Corollary E. Let M be a pure motive defined over Q which is self-dual and for
which an Fuler system exists. Assuming the hypothesis of Theorem C holds,

then one obtains the inclusion
(Lp(M)) C (characteristic ideal of p-Selmer group over A).

We mention that Theorem C appears in this thesis as Proposition 7.2.
Corollaries D and E on the other hand are discussed on a case-by-case basis
for each example considered and can be found in Theorem 8.2, Corollary 7.8,
Corollary 7.6 and Theorem 8.3.

Finally, Chapters 2 and 3 are devoted to equipping the reader with a
sufficient amount of background. More precisely, in Chapter 2 we provide a
brief exposition about Hilbert modular forms, and in Chapter 3 we give several
statements of the Iwasawa Main Conjecture. Whilst our results pertaining to
the main conjecture only hold when the base field is Q (i.e. for elliptic modular

forms), we are able to prove more general results for Hilbert modular forms.



Chapter 2

Hilbert modular forms

In this chapter we present Hilbert modular forms (HMFs) as a generalisation
of classical modular forms into several variables. Our discussion shall closely
follow that of [Shi78] with slight deviation in notation.

Roughly speaking, a modular form is a function on several copies of the
upper-half plane $) while an automorphic form is a function on some reductive
algebraic group GG. To a modular form f, one may associate an automorphic
form f using an approximation result that relates $ to a quotient of G and then
taking f to be the pull-back of f. This is the underlying philosophy behind
the adelic construction in Section 2.1, which uses the approximation result in
[Gee88, Proposition 7.2]. In other words, the Hilbert modular form presented
in Definition 2.2 is an automorphic form by construction. In the next few
sections, we shall enumerate several operators acting on HMFs (Section 2.2)
and we explain how the space of Hilbert modular cuspforms splits into an
“old” and a “new” subspace (Section 2.3).

The space of automorphic forms decomposes into a direct sum of irreducible
invariant subspaces which in turn induce irreducible admissible representations
on a given algebraic group. One then defines the automorphic representation
m(f) attached to f as the irreducible admissible constituent for which the
projection of f is nontrivial (see [JL70] for a more detailed discussion in the case

of G = GLy and [Bum97, §3.3] in the case of G = GL,, with n > 2). Moreover



by the tensor product theorem, one can write 7(f) as a restricted tensor
product &, 7(f), of local representations on GLy(F,) [Bum97, Theorem 3.3.3].

As a consequence of the Jacquet-Langlands theory for GLy [JL70, §16], one
can attach an L-function L(7(f),s) to 7(f) which decomposes as a product
of local L-factors L(w(f),s) = ][, Lv(m(f),s), and which satisfies various
analytic properties listed in the beginning of Section 2.4. This is where the
relationship between Hilbert modular forms and automorphic representations
proves to be beneficial. In fact, by explicit computation of each local integral
representation, it can be shown that W(x(f), s) = U(f, s + £1) where U(f, s)
is defined in Equation (2.34) below. Finally, we close the chapter with a

discussion of the Rankin-integral representation which is pertinent to Chapter 4.

2.1 Adelic framework

Let F' be a totally real number field of degree n, and let D and 0 be the
discriminant and different of its ring of algebraic integers Or. The symbol
Nrg(a) or Npjg(a) denotes the norm of an element a or an ideal a in F, thus
Nr#/g(dF) = Dp. When the context is clear, we simply write D, 2, O and N.

Let us write @F for the profinite completion of F' and F, for the completion
of F' at a place v. For an Archimedean place v, either F, = R or F, = C,
whereas for a non-Archimedean place v, F, is a finite extension of the field

Qq for a rational prime ¢ | v. We denote the corresponding integer ring as

Or

b*

Recall that there is a one-to-one correspondence between finite places
and prime ideals of F' so we use these terms interchangeably.

Let Ap be the ring of adeles of F' and let A be the group of ideles of F.
Denote by Apo = F®gR and Ap gy, = F ®o, @ the infinite and finite parts
of Ap, respectively. One therefore has Ap = Ap - Ap 6y, and given an element
a € Ap, one may write it as @ = (aoo | @y) O Goo - Gfin, Where ao € Ap o and
afn € Ap gn. For example, a € Ag may be written as (ae | ag,as, as,...). We

write a, = 1 to signify that the infinite part of @ equals 1 = (1,...,1).



The group GL2(R) of invertible 2 x 2 matrices over R acts on the upper-half
plane $ = {z =rx4+yy/—1€C:y> O} via the Mobius transformation: for

a=(2Y%) and z € 9,

az+b
cz+d’

az =

This action naturally extends to $": given o = (v, ...,q,) € GLy(R)™ and
z2=1(z1,...,2,) € ", one has az = (a1(z1), ..., an(2,)).

Fix an embedding (oy,...,0,) : F' < R", so that an element z € F is
sent to (z°,...,2°"). The subgroup GLj (R) C GLy(R) of elements with
positive determinant acts on $" by first mapping o € GL3 (R) to the n-tuple
(a?,...,a") € GLj (R)", where a% is the matrix o with o; acting on each
entry. The element (o', ..., ") can then be made to act on z € " via the
Mobius transformation.

For k = (kyi,...,k,) € Z" and z = (21,...,2,) € C", we use the notations
2 =TI lz]j and Tr(z) = >°7 | 2;. Moreover, we recall the exponential

function ep(z) = e2™V=1 1) gyer the field F. Given an element z € $™ and a

a; b;
ci d;

matrix o = <( )) € GL3 (R)™, the factor of automorphy is given by
1<i<n

- cizi +d;) (2.1)
21l

and the slash operator is defined as

(f [, @) (2) = (det )2 j(a, 2) " f(a(2)). (2.2)

Let G C GLs, be a reductive algebraic group. Viewing GLo(F') as the
subgroup G(Q) of Q-rational points of G allows one to identify GLo(Ap)
with the adelisation Ag of G. Under this identification along with the fixed
embeddings (o1, ...,0,) : ' < R"™, one sees that R™ and GLy(R)™ correspond
to A and Ag o, respectively.

Put AL = {a € Ag : axs € GL3 (R)"} and G(Q)" = G(Q) N A}. Note
that G(Q) embeds into Ag via the mapping a — (a,...,a | «a,...,q,...),
and therefore one can think of G(Q)* as elements of G(Q) with positive

determinant. We call ' C G(Q)* a congruence subgroup if it contains the



subset

F(n) = {Oé € SLQ(OF) ca—I, en- MQ(OF)},
for some integral ideal n of F'.

Definition 2.1. Let k € Z" and let I" be a congruence subgroup. A classical
Hilbert modular form of weight k& with respect to I' is a holomorphic function

f 9" — C satistying the following:
1. f}ka: f, for all « € I'; and
2. f is holomorphic at all the cusps of I'.

Remark 1. When F' = Q, the above definition describes a classical (or

elliptic) modular form.

The existence of a translation matrix (§ %) in T tells us that any such f is
a periodic function to which one can attach a Fourier expansion

F(2)=>a(f,&) er(s2). (2.3)

3

Here, the index £ runs over 0 and all totally positive elements of a lattice in F.
We denote by M (I") the C-vector space of classical Hilbert modular forms.
If the constant term of f ‘k « vanishes for every a € G(Q)", we say that [ is

a cusp form and we denote the subspace of cusp forms by Si(I'). Finally, put
M = JMp(T(m)) and S = JSu(T(n)),

with both indices running over integral ideals n of F'.

Next we demonstrate how to lift classical Hilbert modular forms to functions
on the adelic ring Ag. For a fractional ideal a and a prime ideal q of F', we
regard aq as a submodule of the completion F;. Given an integral ideal ¢ of F',

we define the following subsets of Ag:
Y :=Y(c)=AgN (GL;(R)” X HYq>
q

and W :=W(c) = GL§ (R)" x [[ W,
q



where for each prime ideal q,
Yy = { (aq q) € GLy(Fy) : ayOr, + ¢q = Op,, by € 0%, ¢4 € ¢gdg, dy € Opq}

and Wy = {ag € Y : detag € O }.
(2.5)
Given a multiplicative character iy : (Or/c)* — C* satisfying no(z) = sgn(x)*

for every x € OF, one can define another character ny : Y — C* as follows:

(C)ebm) e

where 7 denotes the canonical mapping [[, O — (O/¢)*.
Before we proceed, we state the following class field theoretic result. Let

Jr be the group of fractional ideals of F' and P its subset of principal ideals.
Proposition 2.1. Let CI(F') = Jr/Pr be the ideal class group of F.

(a) There is a natural isomorphism CI(F') = FF\AL/Ap - [, OF.

(b) (Strong approzimation) Let Ky be a compact subgroup of A gn such that
its image under the determinant map is [ [, OF. There is an isomorphism

CL(F) = GLo(F)\ GLa(Ar)/ GLa(Ap.0) Ko,

Proof. To prove (a), note that there is a homomorphism A} — Jr given by

(to)o > [ J a7t (2.7)
q

which runs through all prime ideals q of F. This map is surjective due to
the unique factorisation property of ideals, and its kernel is the subgroup of
elements a € Ay for which ag, € [[, Oy. The isomorphism follows from the
fact that £ maps to principal ideals.

Strong approximation was proven in [Hum80] for the case Ky = [[, GL2(O,).
To obtain the general case, we bring the discussion down to (a) by composing

with the determinant map
GLy(F)\ GL2(Ap)/ GLa(Apoo) Ky — F\AL/det(GLa(Ap o) Ko).

Since the image of K under the determinant map is [[, Oy, the situation

reduces back to the case considered in op. cit. |
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Convention 1. Given a fractional ideal a, we denote by a the corresponding
idele under the map (2.7). On the other hand, if we are given the idele a first,

we write a or a to denote its corresponding fractional ideal.

Let h be the narrow class number of F. Take {f,,...,%,} to be the complete
set of ideal representatives. Then we have the associated idele representatives

{t1,...,tn} which can be chosen so that (f))s = 1 for 1 < X\ < h. Next we set

10 o0
Ty = and z;" = | , (2.8)
0 ¢ 0 1

where ¢ denotes the involution M* = det(M)- M ™" for a matrix M € My(Ap).

We define the congruence modular group as
F)\ = F(t)\b, C) = x)\Waf;1 N G(Q)

which can be described more explicitly as

b
{ (a d) cG(Q)" :a,de Op,be (ty0) ' c € tyoe,ad — be € O;} . (2.9)
c

We then define the C-vector spaces

M(Ty,mo) = {f EM: f |ka = ny(zy'axy) - f for all a € F,\}, and

h
Mi(e,mo) = [ Mr(Ta,m),

A=1

and the corresponding spaces of cusp forms

h
Se(Tx.m0) = Mp(Ta,m0) NS and - Si(c,mo) = [ Sk(Tx,m0)-
A=

To an element (f1,..., fr) € My(c,m0) with f € My(Ty,no) for each A,
we can associate a complex-valued function f given by

flaxy'w) =y (w') - (fr |kwoo) (2), aeGQ),weW, (2.10)

where ¢ = (v/—1,...,+/—1). Proposition 2.1(b) with Ko = W (see (2.4))

implies that we have a decomposition

Ac = | |G@QuW = | |G@Quzy'W (2.11)

A=1

which tells us that f is a function over Ag.
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Remark 2. Throughout this chapter, one will encounter multiple guises of

the multiplicative character ng : (O/¢)* — C*. We summarise them here.
1. A character over Y C Ag given by (2.6).

2. An idele Hecke character n : Ay — C* defined analogously with (1):

n(w) = [yjc no(us mod ¢) for u € T, Oy and n(x) = sgn(z)* forz € A .

3. An ideal Hecke character 7 : (Jg/¢)* — C* given by 7 = Tn * Moo,
where the finite-type is determined by s, (a) = [], n(m,)® given an ideal
(a) =11, a5 € Jp and m, denotes a uniformiser in O} ; the infinite-type

is defined by 7., (z) = n(a ® 1) = sgn(x)* for z € R" 2 F ®@q R.

We note that the formulation of i here depends on n but in general it may
be induced directly from the multiplicative character 7. For more details, we

refer the reader to [Neu99, Chapter VII, §6].
We are finally ready to define adelic Hilbert modular forms.

Definition 2.2. Let k € Z", ¢ be an integral ideal of F', and let n : A%, — C*
be a Hecke character. An adélic Hilbert modular form or simply a Hilbert
modular form of weight k, level ¢ and nebentypus 7 is a function f: Ag — C

satisfying:

(i) f(sazw) =n(s)ny (w)-f(z), for s € A%, a € G(Q),z € Ag,w € W with

Weo = 1 and ny as in (2.6); and

(ii) Foreach 1 < A < h, there exists f) € M, such that f(a:;‘y) = (fA ‘k y) ()
for all y € GLj(R)". In other words, f corresponds to an h-tuple

(f1,..., fn) of classical Hilbert modular forms, where f\ € Mg(Ix,n0)-

If in addition, each fy in (ii) is a cusp form over My (', 79), then we say that

f is a cusp form over My(c,n).

The decomposition in (2.11) thus induces an isomorphism of C-vector spaces:

h

M (e, n) = @ M (T, ).

A=1
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Remark 3. Throughout this thesis we assume that all our Hilbert modular
forms have parallel weight & := (k,..., k). Without this assumption, some of

the results that we will come across in the future may no longer be true.

Let f € My(c,n) with fy € Mg(T'x,no) for each A. The collection of ideals
{t1,...,t,} generates a lattice of F. We recall from (2.3) that each f, has a
Fourier expansion

) = alf0)+ > a(fr,€) - er(é2).
gety
&0
Using the fact that every integral ideal m of F' can be written as ff;l for a
unique A and a totally positive element & € £y we define the constants

a(fr,€) -2 if m is integral and m = &t
c(f,m) = (2.12)

0, if m is not integral.

and

a(fr,0)- N(H)~%2,  if m is integral and m = &fy
co(£,m) = (2.13)

0, if m is not integral.

Finally, we define the Fourier expansion of f in the same manner as [Shi78,

(2.18)]: for x € Ap and y € A%,

' ((g f)) B Z c(f, fyo)(gyoo)k/ZeF@iyOO)XF(gx) + ‘ngco(f’ y0),
333 (2.14)

where xp : Ap/F — C* is Tate’s standard additive character in [Tat67, §2.2].

2.2 Operators acting on Hilbert modular forms

Let ¢ be a fixed integral ideal of F'and let ng : (Op/¢)* — C* be a multiplicative

character. We introduce some operators that act on the C-vector space My/(c, no).
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2.2.1 Double coset operator

Let Ty and T', be congruence modular groups and take a € G(Q) U z,Yx,".

The action of I'y on I'yaI',, by left-multiplication gives us a finite disjoint union
Dol =| |Taay, (2.15)
J

for some representatives o of I'xal',. The weight-k double coset operator is

defined as the operator taking f\ € My(I'x,n0) to
-1 -1
f)\ | F/\Oérﬂ = Zny (Z‘)\ ozjxu) : (f)\ ‘k Oéj) c Mk(l“u,no). (216)
J

To extend this operator to Hilbert modular forms one observes that for an
element y € Y, there is a disjoint union similar to (2.15) given by:

IWW:UW%

J

for coset representatives y; that are chosen so that (y;)e = 1. One then defines

the weight-k double coset operator acting on f= (fi,..., fn) € Mg(c,n) by
(£|WyW)(z) = Zny(yj)_l f(zy;) forz € Ag. (2.17)
J

Additionally, we note that for each 1 < A < h, there is a unique index
p and an element oy, € G(Q) N xAYxljl such that WyW = Wx;loz)\mMW.

Property (ii) in Definition 2.2 therefore tells us that

f|WyW = (g1,...,9n), with g, = fr|Taaal,.

2.2.2 Diamond operator

Let n be an integral ideal of F. The diamond operator S,(c) is defined as

WaW, if nis prime to ¢ and n = aOp for some a € Ay
Sa(c) = (2.18)

0, if n is not prime to c.

The level ¢ on the left-hand side comes with the definition of W in (2.4).
We describe the effect of this operator on a nontrivial element f € My (¢, n).

A prime ideal q of F' corresponds under the map (2.7) to the idele ¢ with 1 on
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each component except for the g-th component which contains the uniformiser

mq of OF,. Therefore, Wq¢W has the unique coset representative

0
Ly Dy | Ly Iy [ Iy, ..
0 m

Going back to the definition of 7y in (2.6), we see that (2.17) turns out to be

(F] 5,(0)) () i(a) - f(z), ifate,

0, otherwise

and this readily extends to integral ideals n by multiplicativity.
When there is no risk of confusion with the level, we simply write (q) to

denote S4(c), hence the name diamond operator.

2.2.3 Hecke operator

We define the n-th Hecke operator T,(c) as the sum

Tie)= >  WyW (2.19)
yey
det(y)Op=n
When the context is clear, we drop the symbol (¢) and simply write T,,.
For a prime ideal g C F, one has T = W () W. This follows from the
fact that one can find a pair [ and m of ideals with m C [, uniquely determined

by y, satisfying [ 4+ ¢ = O and Im = det(y) such that
0

l
WszW(
0 m

)W:T@m

(c.f. [Shi62, (2)]). Therefore Equation 2.19 can be rewritten as

T, =Y T'(l,m). (2.20)

Im=n
In order to describe the action of T; on a Hilbert modular form f € M(c,n),

we need to know what the coset representatives look like (c.f [Hid06, p. 106]).

Proposition 2.2. Let q be a prime ideal of F' and let ¢ € A}, such that § = q

under the map (2.7). A complete set of representatives of

W\W(1 O)W
0 ¢°
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15 given by
( ql_f u
o 0<f<lLamod Ja+d+¢7T=03, ifqtc,
q
1 u . . )
cu mod ¢ p, otherwise.
\ O q
(2.21)
One can then employ the above result to explicitly compute that
, N(q) - (£, qm), qlc
o(f| Ty, m) = (2.22)

N(q) - c(f. qm) +7j(q) - c(f,qg7'm), qfc
For each integral ideal m of F', we rescale the Hecke operator and the coefficients

(2.12) and (2.13) as follows:

Ty =Nm)*E22. 7" and

(2.23)
C(f,m) = N(m)*?2 . ¢(f, m).
As a result, we are able to rewrite (2.22) as:
C(f, qm), q|c
C(f| Ty, m) = (2.24)

C(f, qm) + 7(q)N ()" - C(f, g7 'm), qtc

The above formula in fact extends to a more general version for integral
ideals n:

C(f| Th,m) = Z A(@)N (a)* 1 C(a *mn, f). (2.25)

To show this, one first establishes the identity on T, with e > 2 using the
relation Tye-1Ty = Tye + N (q)* 1S, Tye-2 found in [Shi61, Proposition 1.10] and
then performing induction on e. One obtains the desired result by exploiting

the following multiplicativity result found in [Shi61, Proposition 1.9].
Lemma 2.3. Given a pair of coprime integral ideals ny and ny of F', we have
T Ty =Ty ..

Convention 2. To easily distinguish between the two cases, we write Uy to

denote the Hecke operator T, whenever q is prime to c.
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Definition 2.3. The Hecke algebra R(W,Y’) is defined as the commutative

algebra generated by S; and Tj, for all prime ideals q of Op.
We end the discussion on Hecke operators with a well known analytic result.

Proposition 2.4. The Dirichlet series . Ty - N(m)~* can be written as the
formal Euler product
1

DTN (m) ™ = [[ (0= TN (@) + SN (@) )

q

where q runs over the prime ideals of F.

Proof. The proof follows from unique factorisation of ideals in a Dedekind

domain and the multiplicativity of T;,. ]

2.2.4 J-operator

For an element f € Mj(c,n), the J-operator, oftentimes referred to as the

Atkin-Lehner operator, is defined by the rule
(f|J)(z) =f (z7'b) € My(e,n7") (2.26)
where b = by - bgy, € Ag with by, = 1 and

0 1
bay, = ( 0) for ¢y € Ap g, satistying ¢y = 0.
Co

When the weight £ is even, the J-operator turns out to be an involution
due to the equality
f|J2 = (—1)Fd* .t

The following result shows how J-operators interact with Hecke operators.

(c.f. Proof of [Shi78, Proposition 2.10]).

Proposition 2.5. Let f € My(c,n) be a Hilbert modular form. Then one has

the equality
(€20 | T, = i) (8|7 |

The proof of this proposition is straightforward and shall therefore be
omitted. We do note however that one only needs to prove the relation for 7§

where q is a prime ideal and the general version follows from multiplicativity.
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2.2.5 Trace operator

The trace operator is a variant of WyW , where instead we consider W (¢)yW (¢)
with ¢ C ¢/, and y is the identity matrix. This operator projects modular forms
in My (¢, %) onto the vector subspace My/(c’, ). It comes as no suprise that

the trace operator has a very similar formulation to Hecke operators:
Teg (F)(z) == N(e- )2 3" w(y) " - flay). (2.27)

yeW (\W (')

The following result determines the coset representatives of W(c) \ W(¢’)
allowing us to see explicitly the action of the trace operator on f. We shall

omit its proof as it is standard and rather tedious.

Proposition 2.6. Let q be a prime ideal and let a be an integral ideal of F'.

A complete set of representatives of W(aq) \ W (a) is given by

{(:u 2) € W(a)

when q | a. The same holds when q 1 a with the additional coset representative

ok . ) ~
|, a=ad" and ¢ Cq.
a q

N.B. In both cases, we ensure that the top left entries are chosen so that each

@ mod q, 7 = aDQ}

determinant in Wy for q | a is equal to 1.

The following proposition shows us the explicit relation between trace

operators and Hecke operators. This is pertinent to the results of Chapter 4.

Proposition 2.7. Let q and a be as in Proposition 2.6. Let f € My(aq,n) be

a Hilbert modular form of weight k > 2. Then

N(q) 2. £|U, o J,, ifq|a
e (F | Jug) = @) |Uyo Ja |

N(@)*2 £ (Ug+ N(@)F - (q)oq) oo, ifqfa.

Before we prove the proposition we introduce a scaled diamond operator Ué

via the formula

Ny a2 g (o (0 0) (@ B
v o (1) (7))
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provided q + a = Op. The intuition behind this is the familiar identity T, =

U, + ¢ - U, for elliptic modular forms.

Proof. In the first case where q | a, choose wy, ws € Ap so that o, = aqd? and

Wy = ad?. One then computes:

£ (Ju 0 Uy o Ja)(@) _ (w ( 0 1))
N (q)F/2=1 wy 0
“E(60) 006)
-2 EE6) ()
2000 6 ()

—1 we 1 0
[N — "E
q w —unu  q (%)

(Ug o Ja)

Ja

Towards the end, note that we can choose the coset representatives for U, to

-1

10 1 1 0

be B (c.f. [Shi78, §2]), eliminating the extra factors
0 ¢ 0 ¢ 0 %2

w1

in the third from last line. Thus f | (JogoUqoJg) = (—1)F- N (q)*/*71- (£ | Txl?)
and replacing the Hilbert modular form f by f ’ Jaq yields the desired identity.

For the second case where q 1 a, we let wy, wy € Ar be as before and choose
a € A% so that @ = ad?. The first half of the computation (for the operator

U,) is already dealt with above, and we only need to compute the second half
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as follows:

fy(Jaqu;oJa)(a;)_f (01
Nape T " e o
B 10\ (1 0\ [ag B\ (1 O
"M o g) \og)\a 1)\0 =
e, (01 10\ (1 0\ (aqg 8
wy 0 0 ¢q 0 ¢ a 1
e (0 1) (10N fag BY
e (= (0 0)(os) (70)
e[ (e (0 1Y (1 0 (e 8
e ) os) (7
Y B I AR R AW A
) G

-1 1 .q- g W
= n(ag) ™ £ O
w; g — Pa —[ - wq - wo wy

= n(aq) ™ n(~1) - nlag — fa) f<x (_“ 4 ek )

Fonlag) T | o ! a'“’% L .
etomenrtefo(,L %))

The above matrix
1 a--L
w2
Brwy a-q

may be taken as the last choice of matrix in the coset representatives given
in the second part of Proposition 2.6, which completes the calculation for

q1a. |

2.3 Eigenforms

In this section we introduce an inner product over My(c,n). We then show

that as an inner product space, Sk(c,n) decomposes into “old” and “new”
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subspaces.
Let f,g € My(T") for some congruence subgroup I' = I')(¢,0, ¢). We define
an inner product over the vector space My (I") by the integral
(f,9)e=p(T\H")™ \ F(2)g(2)y" du(z), (2.28)
r\gn
where dpu(z) denotes the Haar measure
du(z) = H yj_zdxjdyj, for 2% = x; +iy;
j=1
and the symbol
n\5Y = [ du(2
r\on
denotes the volume of a fundamental domain for I\ $™ with respect to du(z).
This inner product over My(I") converges when fg is a cusp form, meaning at
least one of f or g has to be a cusp form (c.f. [Gar90, p.50]). Furthermore, one
can clearly observe that the integrand of (2.28) is independent of the choice of
I'. This fact combined with the existence of a normalising factor u(T"\ $")~!
tells us that the whole inner product (f, g). is independent of the choice of T
We define the inner product operation between two adelic Hilbert modular

forms £ = (f1,..., fn) and g = (g1, ..., gn) belonging to My(¢,n) as the sum

(£,8)e = (fr o). (2.29)

A=1
This is of course only meaningful if each summand exists, and so we make
the additional assumption that at least one of f or g is a cusp form. We also
remark that the volume of a fundamental domain for an arbitrary congruence
modular subgroup I'y \ $” can be calculated as follows (c.f. [Shi78, (2.31)]):

(M $H") = p(SLa(0r) \ §7) x [(05) " : (03] x N [0+ N (@) ™).

qle

(2.30)

The following result introduces an operator that takes a Hilbert modular

form of lower level to one of a higher level.
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Proposition 2.8. For every integral ideal n and every f € My(c,n), there is

a unique element f ‘ n of Mg(nc,n) whose Fourier coefficients satisfy
C(m,f|n) =C(n'm,f).

Proof. Let n € Ap such that n = n. Let us write f = (fy, ..., fn). We note that
for each index A, one can find a unique index p and a totally positive element a,,
such that ¢ty = a,t,. Put f} = f, ‘ (“6‘ (1)) and consider the Hilbert modular

form f = (f],...,f}). It satisfies C(f,m) = N (n)*2 . C(f,n"'m). Taking

f|n=N(n)"%2.f completes the proof of the proposition. ]

Let SP4(c,n) be the subspace of Si(c,n) spanned by all f‘ n obtained
by applying the previous proposition to f € Si(b,7n), for every nontrivial
integral ideal b | ¢ divisible by the finite part of the conductor of n and n
running through all ideals dividing b~'¢. On the other hand, let SV (¢,n) be
the orthogonal complement of S(¢,n) in S(c,n) with respect to the inner
product (2.28). We call $°(¢,n) (resp. S"%(c,n)) the space of oldforms (resp.

newforms) of weight k, level ¢ and Nebentype 7.

Definition 2.4. An element f € M;(c,7n) is said to be an eigenform if it
is a common eigenfunction of 7, for all integral ideals n. We say that f is

normalised if C(f,0) = 1.

Given an eigenform f, one can write f ‘ T, = v(n,f) - f for each n. From
equation (2.25), we know that C(f ‘ T,, (9) = C(f,n). Thus if f is normalised,

then the n-th eigenvalue v(n, f) is precisely the n-th coefficient C(f, n).

Definition 2.5. An element f € §pV(¢, n) is said to be a primitive cusp form
if it is a normalised common eigenfunction for all 7;,. We call ¢ the conductor

of f. When there are multiple HMF's involved, we use the notation ¢(f) instead.

To end this section, we remark that My(c,n) is stable under the action
of Hecke operators. This follows directly from equation (2.25). In fact, both
subspaces Sp(c,n) and Sp'(c,n) are stable under Ty(c) for ¢ prime to c.

The former can be deduced from the fact that Hecke operators commute with
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n-operators; the latter follows easily from the following result which we state

without proof (c.f. [Shi78, Proposition 2.4]).

Proposition 2.9. Let y € Y such that det(y)O is prime to ¢. Then for any

f7 g€ Mk(C, 77)7
i(det(y)O) - (£ |[WyW,g) = (£, g | WyW).
And finally, we state the following immediate result.

Corollary 2.10. Both $(c,n) and S (c,n) are stable under the action of
the Hecke algebra R(W,Y).

2.4 [L-functions attached to Hilbert modular
forms

Throughout this thesis, one will come across multiple types of L-functions.
The aim of this section is to discuss the complex imprimitive and the primitive
L-functions attached to Hilbert modular forms.

An imprimitive L-function is given by a Dirichlet series and it decomposes
as an Euler product. On the other hand, a primitive L-function arises from
the Deligne-Taylor representation [Tay89], which can also be written as an
infinite product of local Euler factors.

In most cases, these L-functions can be ‘completed’, i.e., multiplied with
a factor at infinity so that the resulting function possesses desirable analytic
properties such as: convergence for sufficiently large Re(s), holomorphicity on
the whole complex plane, and the existence of a functional equation. We
shall show this in the case of a single Hilbert modular form f and some
products of HMFs including: the double product f; x f5, the symmetric square

representation Sym?*(f) and the triple product f; x f5 x fs.
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2.4.1 A single HMF

Let f € My(c,n) be a Hilbert modular newform of weight k, conductor ¢
and Nebentype 7. As a consequence of Proposition 2.4, the Dirichlet series
> C(f, m)- N (m)~* attached to f has the following infinite product expansion
—5s ~ —1-2¢\ 1 _s\—1
T (=, N (@)~ +i@N (@) < [] (- CEaN (@) ™) ;
afe qle
(2.31)

we call this the imprimitive L-function of f denoted D(f,s). For each prime

q € Spec(Op), the local Euler factor Dy(f, s) of D(f, s) factorises into

(1= ag(F)N(9)~*) (1 = Ba(F)N (9) ™) (2.32)

where it is understood that for q | ¢, we take oy(f) = C(f, q) and G,4(f) = 0.
On the other hand, let us denote by {V,(f)}, the compatible system of
two-dimensional /-adic representations attached to f attributed to Deligne and

Taylor. We define the primitive L-function of f as

V() N@T) L (#e (239)

L(f,s) = Hdet (Id—Frobq_1
q

Here Frob, is the arithmetic Frobenius element at q and I, C Gal(Fy/F,) is
the inertia subgroup.

One can easily verify that the imprimitive and primitive L-functions of f
coincide: D(f,s) = L(f,s). This is not true in general, and if that is the case,
one needs to consider an ‘incomplete’ version of the L-function. For S a finite
set of places in F, the S-depleted L-function Ls)(f,s) of L(f,s) is obtained by
removing the local Euler factors at v € S. So as not to be confused with the
notation L, for local factors, we enclose S in parentheses as a reminder that
we are omitting factors.

Lastly, we define the complex L-function of f as the ‘completed’ product
U(f,s) = Loo(f,s) x L(f, s) (2.34)

where Lo (f,s) = (27)7™I'(s)". Shimura proved that this complex L-function

converges for Re(s) > 0, it is meromorphic on C with at most simple poles
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that may only occur at s = k and s = 0, and it satisfies the functional equation
U(f,s) =e(f,s) x V(£ k—s), (2.35)

identifying the critical strip as s € {1,2,...,k—1} (c.f. [Shi78, (2.48)]). Here,

£? represents the Hilbert modular form with coefficients C(f”,m) = C(f, m)

and €(f, s) = [, e (f, s) is the product of local epsilon-factors in [Tat79, §3].

2.4.2 Double product

Let f; € My, (c1,m) and 3 € My,(cz,72) be a pair of Hilbert modular
newforms satisfying ks < k;. As in the preceding case, the imprimitive

L-function of the double product f; x5 is derived from the convoluted Dirichlet

L-series Y C(fy, m)C(fy, m) - N(m)~* and is defined as:

D(£1,£3,8) = ((eyen) (il 25 + 2 — ki — ko) x > C(f1, m)C(f2, m) - N(m)~*.
" (2.36)

Here, ((c;c0) (M2, 8) = > i72(m) - N'(m)~* where m runs over integral ideals

prime to ¢y¢. The imprimitive L-function has an infinite product expansion

[T Dt £2,5) = TT (1 = a(2)rg(E2)N (@) %) (1 = By(£2) B (£2)A (a) )

q

(1 — Oéq(fl)ﬁq<f2)-/\/(q)is) (1 - 5q(f1)aq(f2)N(Q)s))_l

where aq(f;) and B,(f;) are the roots of X2 — C(f,q)X + 7(q)N (q)*~! for
i = 1,2, following the convention in place at (2.32). Meanwhile, the primitive

L-function of £; x f5 is given by the infinite Euler product

L(f, ® f2,5) = [ ] det (1 — Frob; ! ‘(vg(fl) @ Vi(£2)) " .N(q)’s) T
q (2.37)
and we denote the local L-factor at q by Ly(f; ® f, s).
The primes ¢ that do not divide ¢; shall be referred to as the good primes
of f; while the primes that do divide the conductor shall be called bad primes.
Since V,(f;) is unramified outside £¢;, the good primes are precisely the primes

q for which I; acts trivially on Vi(f;). One can then deduce the equality
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Ly(f1 ®f£s,s) = Dy(f1,fs,s) for q 1 cico. Unfortunately, this is not the case for
local factors at bad primes which we shall compute explicitly in Chapter 7.

The completion of the primitive L-function is obtained by multiplying the
Archimedean L-factor Lo, (f; @ f3,5) = (2m) 72T (s)"T'(s — ky + 1)™ so that:

\I/<f1 (024 fg, S) = Loo(fl (24 f2, S) X L(fl & fQ, S). (238)

It converges when Re(s) > 0 and it is meromorphic on C. In particular, poles
arise only when k; = ks, in which case they are simple and may only occur at

s =k and s = k — 1. Furthermore, its complex functional equation is given by
qf(fl X f2, S) = E(fl X fg, S) X \Il(ff X fg, kl -+ kz —1- S) (239)

with the critical strip at {ks, k2 + 1,...,k; — 1}. These properties mentioned
above were proven in [Shi78, §4]| using Rankin-Selberg theory and in [JL70,
§17] via representation theory.

In Chapter 7 we shall see a few more examples of tensor product of Hilbert
modular forms namely: the symmetric square representation and the triple

product. We will delay the discussion of their analytic properties until then.

2.5 The Rankin-integral representation

In this section we define the Hilbert-Eisenstein series or simply Eisenstein
series. We shall see that the analytic properties exhibited by the L-functions
in the previous section turn out to be satisfied by Eisenstein series as well. We
also introduce the Rankin-Selberg method, which is a technique for analytically
continuing a given L-series by passing off desirable analytic properties that
Eisenstein series satisfy on to the given Hilbert modular form.

We first introduce a few notations. Let ¢ be a Hecke character of finite
order with conductor ¢(¢)). Let r = (r1,...,r,) € (Z/2Z)" so that ¢(zs) =
sgn(rs)". We extend ¢ to a character of the group of ideals of F' by setting

Y (a) = 0 for each integral ideal a not prime to ¢(1)). Define the Gauss sum as

G(y) = seu(w) P (ze($)d) - ep(). (2.40)
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where z runs over a complete set of representatives of ¢(¢)) 1071 /07! and ep
is the standard additive character in Section 2.1. It is a well-known property

of the Gauss sum that !G(@Z))‘Q = N(c(qu))

2.5.1 Hilbert-Eisenstein series

Let a and b be fractional ideals while ¢ is an integral ideal of F'. Let s be an
integer and let 1) be a Hecke character of finite order modulo C(l;) such that
Y(xOp) = sgn(z)”® for an element = = 1 (mod ¢) of O@}. Following [Pan89)],
we define for Re(s) > 2 — k the Fisenstein series and its dual as
K(z,810,b;50) =) sgn(N(d)*) d(db ") (cz + d) [z + d| > and
c,d

] (2.41)
Li(z,5:0,b;9) = > sgn(N(e)") d(ca™)(cz + d) ez +d| >,

ed

respectively (x hereis min op. cit.). Each sum is taken over the O-equivalence
classes of nonzero pairs (¢,d) € a X b where the equivalence relation is given
by (¢1,dy) ~ (ca,ds) if and only if ¢ = uey; and dy = ud; for some u € OF.
This is the equivalent to Shimura’s formulation in [Shi78, p.672] with r taken
to be (0,...,0).

For each 1 < A < h, where h is the narrow class number of F', one defines

Ki(z,570,050)x = N(E0)* TN (y)° Koz, 58300, b39), and (2.42)

Li(2,570,0;9)5 = N(0) "IN (y)* Lu(z, 50,15, 07'; 1)), |
Proposition 2.11. The Eisenstein series in (2.41) converges for sufficiently
large Re(s) and it has a meromorphic continuation on C. In fact, it is entire

when k > 0; 1t has a simple pole at s = 1 and possibly another simple pole at

s = 0 otherwise. Furthermore, if ¢ is primitive, one has a functional equation

Ac(1—r—38)K.(1—kK—s;a,b;1),
(2.43)
= G(Y)N (2abe) ™ 71A(s) Lyn(2, 570, be; 1)
where A (s) = 7" T(s + k)" and (=) signifies complex conjugation.
Proof. The Eisenstein series K7 (—) and L’.(—) are linear combinations of the

infinite sum E7, ; defined in [Shi78, (3.8)]. The first two claims follow from the
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properties of the completed function I'(s + x + )" - B ;; detailed in [Shi78,
p.656]. The functional equation can be found in p.672 of op. cit. and is stated

in the theorem using the notation in [Pan89]. This proof works for » > 0. W

The Eisenstein series (2.41) then extend naturally into functions on Ag by
setting K,(z,s;a,0;7) := (K.(—)x), and Ly(z, 550, b;7) := (Le(—)a),.

2.5.2 The Rankin-Selberg method

The Rankin-Selberg method is a way to write the complex L-function of
an HMF as an integral of its associated automorphic form multiplied by an
Eisenstein series. This integral is called the Rankin integral representation.
The method originated from the independent works of Robert Rankin and
Atle Selberg [Ran39; Sel40] who studied the Dirichlet series of the double

product of classical modular forms. Shimura applied this to the L-series
7(f,8,5) = Y _ C(f,m)C(g,m) - N(m)~*

of Hilbert modular forms f € Sy (c(f), n¢) and g € M;(c(g), ng) satisfying k& > 1
and ¢ := ¢(f) = ¢(g); ¢ and ng are Hecke characters over Ap [Shi7§].
Our strategy in Chapter 4 uses the following Rankin integral representation
of 2(f,g,s) which is given in §4 of op. cit. (see also [Pan89, (4.8)])
h

DY’T(s+1—1)" o
\I/(c)(f,g, 5) = F L ) % Z <N(t,\) +1—(k+1)/2

T—ns
A=1

(2.44)
/ oy Kii(zs — k+ 1,400, 0; meng )y N(y) ™ da dy) :
Ta(e)\oH™

Here, W (f, g, s) = (2m) 2" T(s)"T'(s =14+ 1)"( (25 +2—k—1,¢¥p)2(f, 8, s),
which (despite being derived from a Dirichlet series) coincides with the primitive
L-function multiplied by the appropriate factor at infinity and whose factors
at primes dividing ¢ are removed. The fact that W is entire except when
k = [ where it has a simple pole at s = k and possibly another simple pole at
s = k — 1 follows from the fact that Kj_; is a linear combination of the E; s

as in the proof of Proposition 2.11.
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Combining (2.44) with Equation (2.43) allowed Shimura to prove that for

integers [ < m < k — 1,

(2my/=T)" T e g,

is an algebraic number (c.f. [Shi78, Theorem 4.2]).

To conclude this chapter, we mention that Panchishkin considered the
case that both f and g are Hilbert modular cuspforms with possibly distinct
conductors [Pan89, §4]. The main issue that arises with HMF's of unbalanced
conductors is that its inner product may no longer be logically sound. To
address this problem, one constructs new Hilbert modular forms F and G
from f and g respectively, so that their conductors divide a common ideal.
We discuss the construction of F and G and a workaround to Panchishkin’s

additional condition supp(¢(f)) Nsupp(c(g)) = 0 as we apply it in Chapter 4.



Chapter 3

The Iwasawa Main Conjecture

(IMC)

In this chapter, we state several versions of the main conjecture of Iwasawa
theory. Section 3.1 starts the chapter off with the classical version for class
groups. We also give the statement of the main conjecture for modular forms
in Section 3.4. In order to do so, we must first recall in Section 3.3 the p-adic
L-function attached to a modular form, the construction of which can be
summarized nicely using the theory of motives contained in Section 3.2. We
end the chapter by describing in Section 3.5 how p-congruence can be used to

study the main conjecture for a class of modular forms.

3.1 Classical IMC

Throughout this chapter we work with a fixed prime p > 3. An extension of a
number field F' is called a Z,-extension if its Galois group over F' is isomorphic
to Z,. Let p,» be the multiplicative group of the p"-th roots of unity and recall
that Gal(Q(upn+1)/Q) = (Z/pZ)* x (Z/p"Z). Let Q,, C Q(uym+1) be the fixed
field under (Z/pZ)™ so that Gal(Q,,/Q) = Z/p"Z. As n increases, one gets

Q=QcQc..cQ¥:=]JQ, (3.1)
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where Gal(Q¥°/Q) = Jim (Z/p"Z) = Z,,. We call Q¥ the (unique) cyclotomic
Zy-extension of Q.

Let F be a totally real number field and assume that p 1 Dr. The above
construction can naturally be extended to F' by considering the fields F'(p,n)
with G, := Gal(F(upm+1)/F) for n > 1. These fields form a tower that build

up to F(ppe) ==, F(ppm) with Galois group
Goo = Gal(F(pp)/F) = A X Goe.

Here A, = Gal(F(u,)/F) = (Z/pZ)* and G = Gal(F(up~)/F(pp)) = Z,.
The Galois group of F¥°¢ := FQ%° C F(pup~) is isomorphic to G so it is a
cyclotomic Z,-extension of F'. The fact that F'¢ is the unique Z,-extension
of F follows from Leopoldt’s conjecture for totally real abelian fields [Bru67].

Iwasawa theory is the study of arithmetic objects over a Z,-extension of
a given number field. It was first applied to p-class groups where Iwasawa

observed that over the tower (3.1), the class numbers behave regularly [Iwa59].

Theorem 3.1. Let p be a prime and let h, be the p-part of the class number
of Q(upn). Then there exist positive integers A and i, and an integer v such

that for n sufficiently large,
h, = p'? A (3.2)

Let G,, be the unique cyclic subgroup of G, with degree p”. We define the

Twasawa algebra of G, as the projective limit
Az, i= Z,[Goc] = 1 Z,[G,]

with respect to the restriction map G,+1 — G,. Let 7 be a topological
generator of G. One can view the Iwasawa algebra as a power series ring

Z,[X] by sending v to 1 + X. This induces a non-canonical isomorphism

Zy|Gp) = Zp[[X]]/((l + X)P" — 1).

The Iwasawa algebra of G is defined similarly and is identified with Z,[A,][X].
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Let H,, be the p-Hilbert class field of F), := FQ, so that [H, : F,] = h,
and Hy := |J, H, is the maximal abelian extension of F°. Observe that
each A, := Gal(L, /F,) is a module for the group ring Z,|G,] and so it follows
that Az, acts on the projective limit A, := I&Hn A,,. Iwasawa proved that A,
is a finitely-generated torsion Az -module [Iwa59]. The Structure Theorem for
finitely-generated modules gives us a natural choice of characteristic polynomial

chary(As) of Ay over the Iwasawa algebra Az, (c.f. op. cit. and [Ser60]).

Theorem 3.2. Let M be a compact finitely-generated A-module. Then there is

a pseudo-isomorphism (i.e., a A-homomorphism with finite kernel and cokernel)

c d
M <@ A /pmA) o (@ A/WX)MA) 53
i=1 j=1
for some nonnegative integers pi;, Aj, and r = ranky (M), and each F;(X) is

a distinguished polynomial over A.

Indeed, one can read off from Equation (3.3) that

c d
chary, (As) = Hp‘” X H fj)‘j.
i=1 j=1

Let w: A, — Z; be the Teichmiiller character, i.e., the character sending
x € A, to the unique (p — 1)-st root of unity in Z, congruent to z (mod p).
Then the group Hom(A,,Z)) consists of w' for 0 <t < p —2. Let u be the
image of v under the cyclotomic character k.. : Gal(Q/Q) — Z,. We state

the (classical) Iwasawa main conjecture for class groups.

Conjecture 3.3. For odd integers t not congruent to 1 modulo p— 1, there is
an equality
chary (A([Q) =L,(w'",T) (3.4)

up to a unit factor over the Iwasawa algebra Az, .

Here All .= A1 = {4 € A : o(a) = w'(0)(a) forall 0 € A,} is the
w'-isotypic component of A. Moreover, L,(w', T') is the unique p-adic function
which satisfies the relation L,(w', (1 + p)* — 1) = (,(w',s) where (,(w?,s)

denotes the Kubota-Leopoldt p-adic L-function associated to the character w'.
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We briefly outline the progress made towards the proof of Conjecture 3.3.
Mazur and Wiles have succeeded in proving the main conjecture for primes
p > 3 over the field F' = Q using Jacobians of modular curves [MW84]. Shortly
after, Wiles supplied the missing case of p = 2 over the field of rational numbers
along with a proof of the main conjecture for totally real fields [Wil90]. Rubin
gave an alternative proof to the result of [MW84] using the theory of Euler
systems [Rub91]. With this method, he was also able to extend the validity of
the main conjecture for imaginary quadratic fields.

Before we proceed with the rest of the chapter, we recall the decomposition
7y = Ay x (14 pZy) where 1+ pZy, = (Zy,+). Then an element z € Z; may
be written as * = w(x) - (z). Here, the Teichmiiller character w is regarded as
a character over Z) via the map Z) modp A, — 27 and (z) = x - w(z) " is
viewed as the projection of z onto the multiplicative group 1 + pZ,.

We also recall the usual p-adic logarithmic function log, which induces an
isomorphism (1 + p"Z,, x) — (p"Z,,+) for n > 1. Recall that v is taken to
be a topological generator of 1+ pZ, and define log, (y) := log,(y)/ log, (p).

If z € Z) is a lift of an element o € (Z/p"*t'Z)*, then one can write

a=wz) - (z) = w(z) @ mod prt!.

3.2 Motives over totally real fields

Motives or “motifs” originated from Grothendieck’s 1965 paper. The proposed
idea is that motives are the “building blocks” of smooth projective algebraic
varieties and that one can build a universal cohomology theory that underlies
all pre-existing cohomologies. Grothendieck himself never published these
ideas but he communicated them to Serre in the form of letters.

Among the many conjectures put forth by Langlands is one that predicts
that a motive has an associated automorphic representation. In general, most
properties of motives are still conjectural but we place ourselves in the motivic

setting anyway to gain access to the uniformity that this framework offers (e.g.
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the factor at infinity (see (3.5) and the p-adic multiplier (see Definition 3.1)).
Let M denote a pure motive over a number field F' of degree n = [F' : Q]
whose coefficients lie in another number field 7', and suppose M has rank

d = d(M). In other words, one has the following arithmetic data:

Jr = {0 : F — C} — the set of complex embeddings of the number field;

e Mg, — the Betti realisation of M (with respect to an embedding o € Jr)

which is a d-dimensional T-vector space with a T-rational involution p,;

Mgr — the de Rham realisation of M, a free T'® F-module of rank d

equipped with a decreasing filtration Fil\z (M) C Myg of T ® F-modules;

{Vft(M )} — a compatible system of ¢-adic realisations at finite places of

T equipped with an action of the absolute Galois group G := Gal(F/F).
Moreover, there is a complex comparison isomorphism of T" ® C-modules
Ivo: Mp,®9C — Myg ®Fp,C atevery o € Jr;
similarly, for each finite place ¢ there exists an f-adic comparison isomorphism
Iy : M, @r T — Wét(M) of Ty-vector spaces.
The Betti realisation admits a Hodge decomposition into C-vector subspaces

Mg, @ C =P MY
.3
for which p, (M il ) C M%7 at real embeddings o € Jr, and the Hodge numbers
h(i,j) = dimg (M27) are independent of 0. We have the further compatibility
I <@ M;'"j> = Filig (M) ®p, C.
i >i
Throughout, we assume M is a pure motive of weight w (and thus i + j = w).

One next introduces a pair of integers (m., m*) by setting

My = max{i €L | there exists j with ¢ < j such that h(i, j) # 0} +1



34
m* :=min {i € Z | there exists j with ¢ > j such that h(i, j) # 0}

so that m* —m, +2 is the width of the critical strip for the complex L-function.

We shall also require the various operations on motives listed below:
(i) the dual motive M"Y, whose (-adic realisations satisfy the isomorphisms
Ve (MY) = V(M) = Hom (Vi (M), Ty)
the right-hand side being the contragradient representation of V,*(M);

(ii) the tensor product M; @ Ms, whose (-adic realisations are given by

VM @p Ms) = V(M) @r, Vi (Ma);

(ili) the restriction of scalars motive Rp/p M, whose (-adic realisations equal

VE(Rpyp M) = Indgi ,(V£4(M)) where F' denotes a fixed subfield of F;

(iv) for a Hecke character x of finite order, one considers the Artin motive [x],
-1
whose l-adic realisations [x], arise from the map G2 AY/F* 5 Q"

where recr denotes the Artin reciprocity map;

(v) the cyclotomic Tate motive F(1), whose (-adic realisations are defined

by the G g-action on the I-power roots of unity (I: characteristic of ¢);

(vi) lastly, for each m € Z one has the motive F'(m), with ¢-adic realisations

X T® (Zy(1))°" if m > 0
Vi (F(m)) =
T ® (Hom(Z(1),2:))°™™ it m < 0.
Henceforth assume that F'is a totally real number field. For each embedding
o : I' — R one obtains a decomposition Mp , = Mg’UEBMg’o into a direct sum
of 41-eigenspaces, with corresponding dimensions d* (M) which are known to
be independent of o. One defines Fili; (M) C Mgg as in [CPR89, p33] so that

d*(M) = dim(Mgr /Filgr (M)); in particular, I, induces isomorphisms

Ioioﬁ ; MBiJ ®9C > Mgg/Filix(M) ®r, C at any (every) o € Jp.
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Similar to Section 2.4, there is a fairly standard recipe to attach a zeta-function
to a given motive M,p. Provided Re(s) > 0, the complex L-function can be

defined via an Euler product

1
L(M,s) = H det (1 — Frob, ! for any ¢ # v;

veSpec(OF)

(Vi ()™ - N(o) )
One next defines the completed L-function
U(M,s) = Loor(M,s) X Looc(M,s) x L(M,s) (3.5)
where Lo (M, s) = Tr(s —w/2)* Mg (s +1—w/2) M and Ly (M, s) =
[L.; Tc(s — )" with h; ; denoting the dimension of (RpygM )y’
The following conjecture by Deligne[Del73] predicts that motives exhibit

exactly the same analytic properties as those discussed in Section 2.4.

Conjecture 3.4. The function V(M,s) can be meromorphically continued

over C, and it should satisfy a functional equation
U(M,s)=eM,s) x U(MY,1—5) (3.6)

where e(M,s) = 1], e(M,s) is a product of local factors. Furthermore, if

MEP2 =0, then A(M, s) has an analytic continuation to C.

For example, if M = F(m)[x] = F(m) ®p [x] for some m € Z and some
Hecke character y, then the element Frob, € G, acts through multiplication
by xNr/g(v)™ on Vft(F (m)) In particular, one has an identification of

L-functions

L(F<m>[X]7 8) = H 1 X_l(r’)./\}p/@(b)_(s"’_m) = CF (X717 s+ m)

veSpec(OF)

which is the y~!-twisted Dedekind zeta-function, right-shifted by m. The
factor at infinity equals I'r(s + m)™, while L(F(m)[x], s) has a simple pole at

s =1 — m (with residue given by the analytic class number formula for F').

3.2.1 Conjecture of Coates, Perrin-Riou & Panchishkin

A usual approach for attaching a p-adic L-function to a motive M involves

first establishing a version of Deligne’s period conjecture [Del79]; as there are
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several formulations of this statement, we state a version that includes twists
by finite order characters (c.f. [Pan94, §2]). Let F' be totally real and denote

by Sgnp C F the group of signs of F' (i.e. the elements of order 2 in F).

Conjecture 3.5. For each choice g = {9} € Sgny there exists a nonzero

motivic period Q(eg, M) = (QW\/—l)T(RF/QM)ca’ (RpjoM) € (T®C)* such that

(6o (1o D;P))CFO(M) X % ET()CT®C

for all finite order Hecke characters x and every Tate twist m € Z for which

M (x)(m) is critical at the point s =0 (here G(x) is the Gauss sum for x).

Let us assume that p { 2Dp and that the motive M/p is ordinary at all p‘ .
One may refer to [CPR89, Definition 4.1] for the definition of p-ordinary
motives, but suffice to say that a p-ordinary motive should correspond via
the Langlands conjecture to a p-ordinary modular form (see Section 3.4.1).

We fix embeddings (o : Q — C and Lp @p — C,, i.e. into the Tate field
which is endowed with a p-adic norm | - |, normalised so that |p|, = p~'.
Consider the Cp-analytic Lie group X, = Homcont (Gal(F;'go /F ) , (C;) where
in';o is the maximal abelian extension of F' unramified outside the primes over
p and oo. The elements of finite order x € X;°™ may be regarded as Hecke

characters (whose conductor ¢(x) contains only primes of F' lying above p),

upon composing the maps

X ARF S Gal(F JF) — @ <= ¢~

One also has a Tate twist homomorphism Nz, € X, given as the norm

character
Nz, : Gal(F /F) — Gal(Q,/Q) — ZX — C). (3.7)

Panchishkin details the properties of p-adic measures defined on all of X,

[Pan94]; in this chapter we restrict ourselves exclusively to the cyclotomic line

Homgont (Gal(F;yC /F), C;)

,O0
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which we henceforth assign as the new X,. Here F}77 denotes the maximal
cyclotomic extension of F' lying inside of F;E;O. In particular, there is a short

exact sequence of abelian groups
1 — Gal(FS/F), — Gal(Fe /F) — Gal((FXe N F2)/F) =1 (3.8)
where Gal(F}%ﬁ)/F)o = A, x (1+pZ,).

Definition 3.1. For a finite order Hecke character X, of conductor ¢(x), the

p-adic multiplier term is given by the formula

(- o)

i=1

A M), s) =% T =xma?@N(p) ™) ifpteix)
i=dt+1
d* N(p)® ordy ¢(x) ‘
\ g (a O (p) ) otherwise,

for each prime ideal p € Spec(Op) lying over the original prime p and the

o (p) are reciprocal roots of the polynomial det <1 —Flrobp_1 ‘ (VA (M) sy -X> .

The conjecture below was formulated by Coates and Perrin-Riou [CPR89;
Coa91] over F' = Q, and generalised a few years later by Panchiskin [Pan94]

to totally real number fields.

Conjecture 3.6. For each choice ¢g = {€0,} € Sgny there exists a unique
C,-analytic function LI(JSO)(M) defined on X,, interpolating at all but finitely
many pairs (m,x) for which the motive M(x)(m) is critical at s = 0, the

following data:

N (L (1))
» DZLdeo(M)/Q W(M(x),m (39)
pip

If M;”/Q’W/Q =0, then LffO) is a bounded holomorphic function on X, otherwise
it has only a finite number of poles (and hence it corresponds to a bounded

pseudo-measure).
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Remark 4.

1. One can replace the condition that the motive M is p-ordinary with a

weaker condition on the Newton and Hodge polygons of M, namely that
PNewton,U (d+(M)) - PHodge7o' (d+ (M)) fOl" all o € jF ,

and the conjecture above then coincides with Conjecture 6.2 in op. cit.

2. In the general case, the C,-analytic function LI(,EO)(—) should be the
Mellin transform of an h-admissible measure on X,, i.e. a function of

type o(logz’;) where

h = hy(M) := max [Pewtono (4" (M)) — Prodgeo (d°(M))] + 1.

oeJr
3. Provided that h,(M) < m*—m,+1 holds, the p-adic L-function LSO) (—)
is uniquely determined by its critical values at those characters of the

form xNx)".

3.3 p-adic L-functions

Let h be a nonnegative integer and let p € Spec(Op) lying over p. An
h-admissible measure pu is a linear map from the space of C,-valued functions

that are locally polynomials of degree < h to C,, satisfying the growth condition

sgpl l(x = a) - Loy = o(lp"|V™M), forall0<j<h (3.10)
acGalp

where a + (p") = {x € Gal, : * = a mod p"} and 1,y denotes the
characteristic function on the given set. When h = 1, p is a bounded measure.

Amice-Vélu and Visik [AV75; Vis76] introduced h-admissible measures as
a means to construct p-adic L-functions associated to classical modular forms.
More precisely, a p-adic L-function is a function taking a continuous p-adic

character x € X, and integrating it against a given h-admissible measure
Ly,: %, —C

X — x dge.
Galy,
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The growth condition (3.10) ensures that L, is analytic and o(logp(l + T)h)
(c.f. [Vis§76, Theorem 2.3]. Moreover, L, is completely determined by its values
on xN ), for finite order characters x € X and 0 < j < h — 1.

We recall that finite order character may be written as y = ¢ - ¢ for some
¢ : A, — C; and some v : Gal, — (1 + pZy, x) — C;\. The character ¢ is
referred to as the tame or branch character and it can always be written as
w! for some integer 0 < ¢t < p — 2 and where w is the Teichmiiller character.
The character v on the other hand is called the wild character. The Tate
twist homomorphism Nz, in (3.7) corresponds to the character w™'keye Gal,
restricted to Gal,.

In Section 2.4 we showed instances wherein the functional equation in
Conjecture 3.4 is satisfied by tensor products of Hilbert modular forms. For
the remainder of this section, we discuss the corresponding (conjectural) p-adic
functional equation. Let M be a pure motive and ¢y € Sgnj as in Section 3.2.
In what follows, we consider tuples L;‘?O)(M ) = {L}(fO)"b(M )} , Where each
L;EO)’¢(M ) : 1+ pZ, — C, indicates a branch of the p-adic L-function. We
begin by stating the hypothetical p-adic functional equation in the language of
motives and then we give a concrete example featuring Hilbert modular forms.

Let ¥P24(M) be the primes of O dividing the conductor of M, excluding
those that divide p. For a given subset S C ¥P2d(M), we recall that the
S-imprimitive complex L-function Lgy(M, s) is related to the usual L-function

by Lsy(M,s) = L(M,s) x [[,eq Lo(M,s) where L,(M,s) denotes the local

vesS

L-factor at v. We also consider the depleted p-adic L-function L;EE%)(M ) as
interpolating exactly the same values in Conjecture 3.6, except W(M (x), m) is

now replaced by

U(M(x),m) x ] Lo(M(x),m)

veS

(the existence and holomorphy of LS?;)(M ) is implied by Conjecture 3.6).
Henceforth assume that Conjectures 3.4, 3.5, 5.6 hold for the motiwe M,p
i.e. the holomorphy and complex functional equation for W(M (), s), Deligne’s

period conjecture, and the existence of LI(fO)(M ) each hold true. We write out
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the complex functional equation (3.6) at the critical point s = m:
W(M(x),m) =e(M(x),m) x ¥(M"(x"),1—m).
This equation induces a non-trivial p-adic relation between the special values
N (LE (M) = wp(M(x),m) x Ny ™ (LE=(MY)) - (3.11)

at all but finitely many (m, x) for which the motive M (x)(m) is critical at

s = 0. By the formula given in Conjecture 3.6, the factor w, (M (x), m) equals

Q-eo, M¥) D" A (M (x),m)
lp E(M(X)JTL) X Q(£O>M) x D%l—m)dfo(MV)/z X H

3.3.1 A single HMF

Let f € Si(c,n) be a newform as in Section 2.4.1. The motive M (f) attached
to f (due to Scholl [Sch90] over FF = Q and various others if F' # Q) has
rank two, weight w = k — 1 and coefficient field T = F(C(m, f): m), i.e. the
minimal extension of F' containing the Fourier coefficients of f. The complex
L-functions of f and M(f) are related by L(M(f),s) = L(f,s + ).

By generalising the ideas in [AV75; Vis76] to Jacquet-Langlands L-functions
associated to automorphic representations in GLo, Manin constructed a unique

element L,(f) € Or,[A][y — 1] ® Q interpolating

U(f, x,1+m)
Qsen00 ()

XN (Lyp(£)) = B(E, x,m) x [ [ Ap(M(£), x, 14 m) x

plp

(3.12)

at every Tate twist m € {0,1,...,k — 2} and for each xy € X;°" [Man76].
Here, U(f,y,s) is the completed L-function (2.34) of the the x-twist of f
while the exact forms of B(—), [],, As(—) and Qeen0) (f) shall be supplied in
Section 3.4.1 (see also [Pan94, Theorem 8.2]). Since the dual motive M(f)"

can be identified with M (f”), the p-adic functional equation becomes
XN (Ly(£)) = w, (M(£)(x),m) x x "Ny~ (Ly(£)). (3.13)

at all such critical twists (m, x).
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Remark 5. We replace (£, x,m) in [Pan94] by ¥(f, x, 1+m) in (3.12). This
is to be consistent with the fact that L,(f) is the limit of p-adic polynomials
interpolating the modular symbols associated to f, and evaluating at YN T,
gives the m-th coefficient of the modular symbol which encodes the special

value U(f, x, 1+ m). This will be discussed thoroughly in Chapter 6.

An analogues for the the symmetric square representation Sym(f) and the
tensor products f; x fy and f; x fy x f5 of Hilbert modular forms can be found in
Chapter 7 where we will be requiring knowledge of their corresponding p-adic

functional equations. We shall postpone the discussion until then.

3.4 IMC for modular forms

The version of Iwasawa Main Conjecture we shall now introduce below is
synthesised by Greenberg in a string of papers (see for example [Gre94]). This
is the version that we shall need in Chapters 4 and 5. It is worthwhile to
mention that between this version and the classical one stated at the beginning
of the chapter, another variant of the main conjecture for elliptic curves was

formulated by Mazur and Swinnerton-Dyer (see [MSD74] for details).

3.4.1 Ordinary case

Let p be the odd prime we fixed in the beginning of this chapter. In this section,
we shall consider a Hilbert modular form f € Si(c,n) with Fourier expansion
Yo C(f,m) - N(m)~*. Let K be the minimal extension of Q, containing the
image of C(f,v) under the fixed embedding ¢, for all v € Spec(OF) and let
Ok be its discrete valuation ring. We choose a uniformizer w of the maximal
ideal mg of Ok and we denote by Fg := Ok /mg the residue field.

Let us recall a few other notations. For any discrete G-module M, one
writes H'(G, M) for its i-th cohomology group. If L/K denotes an algebraic
extension of fields and G = Gal(L/K), we abbreviate this cohomology group
by H'(L/K,M). Furthermore, one defines H'(K, M) := H'(Gg, M), where
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as usual G denotes the absolute Galois group Gal(K /K).

Suppose f satisfies the following conditions:
(a) f is p-ordinary, i.e., C(f,p) is a p-adic unit; and
(b) the residual representation p¢ : Gg — GLa(Fx) is absolutely irreducible.

Let us denote by V¢ the Deligne-Taylor p-adic representation of f. Condition (b)
implies that there is a unique lattice Ty C V¢ (up to isomorphism) which is
G ,-stable for each prime ideal p | p. We write Wy = Hom(T¢, K/Ok)(1).

Let us begin setting up the algebraic half of the main conjecture. The
p-ordinary condition ensures the existence of a Gp,-stable one-dimensional
subspace Vi© C V;. The corresponding lattice T;" = Ty N V" induces a short

exact sequence of G'p,-modules (c.f. [Gro90, Proposition 12.1]):
0— W — Wy — Wy — 0. (3.14)

where W' = Hom(T;", K/Ok)(1) and Wy is the &tale quotient Wy/W;" of
negative Hodge-Tate weight. Greenberg’s p-primary Selmer group attached to
a p-ordinary modular form f is defined as (c.f. [Gre89, §2]):

Hl(Fva Wf)

Selay(F,f) :=ker | H'(F,W;) — ][] T (P17
f,Gr\fvs

vESpec(OF)

(3.15)

where the local conditions are given by

ker (H'(F,,W¢) — H(Ip,,W;))  for v{p,
Hj 6, (F,, W) =

ker (H'(F,, Wg) — H'(Ip,,Wy)) for v | p.
Recall the n-th layers {F,},>1 of the cyclotomic Z,-extension F<° at the
beginning of this chapter and write H'(F¥¢ W) = limg HY(F,,Ws). The
p-primary Selmer group of the p-ordinary form f over F'“¢ is given by

HY(Fe, We)

e (3.16)
H},Gr(F”Uy ) Wf)

Selg (FY° £) := ker | H(F<°, W) — H

vESpec(OF)
We write Selg, (F®¢, f)l¥l for the wi-isotypic component of Selg(F®°, f). The

cyclotomic Selmer group is a discrete cofinitely-generated Ap,-module (c.f.
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[Gre89, Proposition 6]) which means that its Pontryagin dual
X (£) = Selg, (F°, £)" 1! = Hom (Sele, (F, £)1,Q,/Z,)

has the structure of a compact finitely-generated Ao, -module.

We recall the definition of Iwasawa invariants.

Definition 3.2. For a nonzero element ¢(X) = > - e, X™ € O[X], the

p-invariant and A-invariant of ¢ are defined as

w(@) = mnin {ordy(c,,)}  and

A¥) :=min {m : ord,(c;n) = u(¥)}.

The cyclotomic p-primary Selmer group in the case of ordinary modular
forms is always Ao, -cotorsion (c.f. [Kat04]). Applying Structure Theorem 3.2

to Xa.(f) gives

c d
chary, (Xar(B)1) = ] x [] Z5(X) (3.17)
i=1 j=1

which allows one to extract the following algebraic Iwasawa invariants.

Definition 3.3. Let f be a p-ordinary modular form. For 0 <t < p — 2 we

define the algebraic pu- and A-invariants of £ over the branch character w' as

p(f, wh)ag = Z“i and
=1

d
ME, ") == Y Ay - deg(F)),

=1

respectively.

Next, we give some background on the analytic half of the main conjecture.
The construction of Amice-Vélu and Visik for the field F' = Q tells us that
given an allowable root T of X2 — a,(f)X + e(p)p*~! (i.e. a root T with
ord,(Y) < k —1) then one can construct an h-admissible measure from which
the p-adic L-function is uniquely defined (c.f. [Vis76, Lemma 3.8]). This idea

was subsequently extended by Manin for Hilbert modular forms [Man76].
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Since f is p-ordinary, there is a unique p-adic root T = o, (f) of the Hecke
polynomial. The resulting p-adic L-function L,(f) lies inside Ox[A,][X] ® K
and has the following interpolation property: for y a finite order Hecke character

of conductor p¥ (with p | p) one obtains

XN, (Ly(f)) = Dri [T A0, 1+) x @(;(éz% Y (3.18)

where the p-adic multiplier term is given by

) (- ) (-2

We remind the reader that Equation (3.18) agrees with the formula in [Pan94,

Ap(f(x),1+j) = (

Theorem 8.2(i)] after applying a shift m = j + 1 to the right-hand side of the
equation (see Remark 5).

The element L,(f) in Equation 3.18 is treated as a p-adic distribution
rather than as a power series. The power series representation in O [A][X]
arises upon applying the Amice transform to L,(f). Let us take yN l’% where
once more Y = w' - 1): evaluating at the fixed branch character w'® gives us
L,(f,w', X) € Og[X]; evaluating next at ¢)NaJ where ¢ is an arbitrary

character and 0 < j <k — 2 results in L, (f, w7, v/(1 4+ X) — 1) € Ox[X].

Definition 3.4. Let f be a p-ordinary modular form. For 0 <t < p — 2 we

define the analytic - and A-invariants of f over the branch character w' as

(£, w)an == p(Ly(f,w', X)) and
= A

AME, W) an (Lp(f,wt,X)),
respectively

We are now ready to state the Iwasawa main conjecture for p-ordinary

Hilbert modular forms.

Conjecture 3.7. Let £ € Si(c,n) be a Hilbert modular form which satisfies
Conditions (a) and (b) at the beginning of Section 3.4.1. For each integer

0<t<p-—2, there is an equality

ChaerK(XGr(f)[t]) = Lp(f,wt,X) ,
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up to a unit factor over the lwasawa algebra Ao, .

The above conjecture is now a theorem for a large group of classical modular
forms f thanks to the works of Kato and Skinner-Urban. More precisely, Kato
formulated an alternative version of the Iwasawa main conjecture without
p-adic L-functions and demonstrated one-divisibility, i.e. the characteristic
polynomial of Selpk(Q%, f)"1 (see (3.19) below) divides into L,(f,w’, X)
[Kat04]. A decade later, Skinner and Urban proved the reverse-divisibility
[SU14] with Greenberg’s Selmer group. Even with two different Selmer groups,
there should be no discrepancy between [Kat04] and [SU14] since Selgk (Q<°, f)
is a finite index subgroup of Selg, (Q¥°, f) (c.f. [Och00, Proposition 4.2]) and

therefore they generate the same characteristic ideal over Ag,. .

3.4.2 The main conjecture of Kato and Perrin-Riou

As mentioned above, Kato presented an equivalent version of Conjecture 3.7

without p-adic L-functions in [Kat04]. This completely algebraic formulation

attributed to Kato and Perrin-Riou was done with the use of Euler systems.
Simply put, an Fuler system for a motive M refers to a norm-compatible

system of zeta-elements

Z(M> = {me(M>}m21 S l.glj_[élt(z[:upm’ 1/Np]7T)

where T C V(M) denotes a Galois stable lattice, N divides the conductor
of M, and the inverse limit is taken with respect to the natural corestriction
maps [Rub00, Chapter II.1].

In order to state Kato’s main conjecture, we first specialize to modular
forms. Let V}; be the two-dimensional Deligne representation of G attached to
f. We take a Gg-stable lattice Ty C V; and we write W; = Hom (T}, K/Ok)(1)

for the p-divisible version. Let us consider
HI(T) = lim HYy (Z[Gom, 1/p),T) and  HI(V) := H{(T) €2 Q

where the inverse limit is taken over corestriction maps.
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According to Theorem 12.5(1) in [Kat04], there exists a unique Ky-linear
map V; — H'(V}) sending v — z,. Let us fix an element v € V} so that its
image v* in the d-eigenspace VfjE is nonzero. We denote by Z(Ty) C H*(V})
the A-module generated by z,+ € T. The following conjecture is a restatement

of Conjecture 12.10 in op. cit..

Conjecture 3.8. The inclusion Z(Ty) C H(T}) holds and for a branch

character ¢ : A, — CX, there is an equality

1 2
ChaerK<H;((;;;l > = ChaerK(HQ(Tf)d’)

up to a unit factor over the Iwasawa algebra Ao, .

We recall the definition of the Bloch-Kato p-Selmer group in [BK90, §3]:

Sel(@. ) :=ker<H1<@,Wf>—> 1 . (?5W$f)) (3.19)
f.BK\ v

v prime
where the local conditions are given by

ker (H'(Qy, Wy) — H'(Ig,, Wy)) for v 1 p,
H},BK(QM Wy) = (3.20)

ker (H}’BK(QU, Vi) — H'(Ig,, Wf)) for v | p.
and Hjpi(Qy,V) = ker (HH(Q,,V) — HY(Qy,V; ®g, Bais)). We denote
by &,k (f) the corresponding Pontryagin dual of Selgk(Q, f). As before, we
add the supercript [t] to indicate that we are only considering the w'-isotypic
component.

Fix a branch character ¢. The Poitou-Tate duality yields an exact sequence

Hllw((@mTf(k - D)’
lim, HH(Qp(Gr), Ty (k = 1))? (3.21)

— Xk (f)? — H(T7(k —1))? — 0.

0 — H'(Tj(k—1))* —

We briefly explain how the above conjecture is equivalent to Conjecture 3.7.
A combination of Theorems 17.11 and 16.6 in [Kat04] yields a non-canonical

isomorphism

Aoy = Hy, (Qy, Ty(k — 1))°/ i Hy(Qy(Gpn ), Tt (k — 1))°
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which sends the image of Z(T7(k—1))? to A-L,(f, ) via Perrin-Riou’s regulator
map (see Definition 8.1). The equivalence between Conjectures 3.7 and 3.8
follows shortly.

The fact that Kato’s main conjecture does not assume p-ordinarity became
the impetus for a string of results in the p-non-ordinary direction. We discuss

this in greater detail in Chapter 6.

3.5 Equivalence between IMCs

Fix an odd prime p > 3 and let f € Si(c(f),n) be a Hilbert modular eigenform
over a totally real number field F'. Recall our notation K/Q, for the coefficient
field of f and Ok for the corresponding discrete valuation ring. Assume further

that f is normalized so that the representation
Pr - GF — GLQ(OK)

is unramified outside p- ¢(f) such that for each prime of F' not dividing p- ¢(f),

Tr(p(Frob, ')) = C(f,0) and
(3.22)
det(p(Frob, 1)) = n(v) - M(0)**,
The Hilbert modular eigenform f is said to be p-congruent to another Hilbert

modular eigenform g if there is an isomorphism pg = p, between their residual

Galois representations. It follows from (3.22) that this is equivalent to

C(f,m) = C(g,m) mod p for each m C Op with m + ¢(f) - ¢(g) = Op.
(3.23)
It was shown in the seminal work of Vatsal [Vat98] that given a pair of
p-ordinary (classical) Hecke eigenforms satisfying the stronger condition that
congruence (3.23) holds for all positive integers m, their corresponding p-adic
L-functions are congruent modulo p. A natural question that arises is whether
this property is also exhibited by the corresponding Selmer groups. In the case
of rational elliptic curves, this was answered in the affirmative by Greenberg

and Vatsal and they showed that the algebraic and analytic Iwasawa invariants
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behave in parallel manner [GV00]. With Kato’s one-divisibility result, one may
then deduce that if IMC holds for one elliptic curve then it holds for the other.
In this case we say that there is an “equivalence of Iwasawa main conjectures”.

These ideas have been extended over the intervening years by many authors
[EPW06; CKL17; CK17; Del20; D1.20; Del21; Del24; RSV23] to allow variation
in the weight of the newforms, as well as including more exotic fields e.g.

anticyclotomic Zg—extensions, or non-abelian p-adic Lie extensions.



Chapter 4

The 7-component in the IMC:

Analytic theory

Fix a prime number p # 2 and let F; and FE, be a pair of modular elliptic curves
defined over a totally real number field F'. We write pg, : Gp — GL2(Z,,) for
the two-dimensional representation of the absolute Galois group G arising
from its action on the p-adic Tate module of E; for ¢« = 1,2. The goal of
Chapters 4 and 5 is to prove an analogue of Greenberg and Vatsal’s result when

pr, and pg, are twisted by a fixed Artin representation 7 : Gp — GL, (@)

4.1 Main result

Let us retain the fixed embeddings ¢, and ¢, from Chapter 3. For this chapter

and the next, our main hypothesis shall be as follows.

Main Hypothesis 4.1. E; and E, are p-congruent, i.e. the corresponding

weight two Hilbert modular newforms £1 and £5 of trivial Nebentype satisfy (3.23).

As mentioned in Section 3.5, F; and Es are p-congruent precisely if pg, and
pE, have isomorphic residual representations, namely p = pp : Gp — GLy(F,).
In other words, E[p] = Es[p] as Gp-modules. We administer three additional

running assumptions:
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Hypothesis 4.1.

(i) the Fourier coefficients C(f1,p) and C(fa,p) are p-adic units at all prime

ideals p | p;
(it) pp : Gr — GLo(F,) is an absolutely irreducible G p-representation; and
(111) the semi-simplification of pE|GFp 18 p-distinguished at all primes p}p.

The first condition is the assumption of p-ordinarity for both £y and E, while
the second condition is automatically satisfied when im(pg,) = GL2(Z,) =
im(pg,). The third condition is true if the restriction w‘ Gr is nontrivial.

We shall also consider a finite order Hecke character ¥ defined over a

CM-extension K/F, and then set
7= Indk (Vg) : Gp — GLy(Q).

Henceforth we choose a finite integral extension R/Z, so that im(7) Ly GLy(R).
For simplicity, let us suppose the prime p is inert in F', so that p- Op = p
say. Recall from Section 2.4.2 that the complex L-function attached to pp ® 7
over the w!-branch can be defined via the Euler product
L(E, 7,0 s) = H det <Id — Frob;* ‘ (VpE®T®wt)IF“ .N(U)_S>
veSpec(OF)
which converges for Re(s) > 0 and has an analytic continuation to all of C.
For each choice £ = E; or E = E5 and any branch ¢ € {0,...,p — 2}, the
analytic p-adic L-function L,(E, T ® w') is an element of the Iwasawa algebra

Ar = R[G] interpolating twists of the complex L-function [Hid91; Pan89).

Specifically, at any character x of p-power conductor with x|« = w', one has
P

¢ . 1 EF(T ® X5 O)
X(LP(E7T K w )) = lp Ol (hE X ap(E)ordp(cond(’r@x))

L(E,T* ®x L, 1))

(2m) - Qe

(4.1)

X Ay(E,7® x,1) x

where hg is a congruence number (see Definition 7.2), ex(T7®80, s) is the e-factor

associated to 7 ® 6, o, (E) is the unit eigenvalue of Frob,, and A,(E,7® 6, s)
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is the p-adic multiplier term in Definition 3.1 and made explicit in (4.4). The
eventual ‘correct choice’ of transcendental period Q%e/tF is quite complicated
(see Sections 4.3 and 4.6), but for now it suffices to say that we make a choice
that ensures both L,(E;, 7®@w') and L,(Es, T ®w") are p-integral power series.

Throughout this chapter, we define the set of bad primes for (F1, Ey, 7) as
»P2d:= {q € Spec(Op) such that q | cond(r) - cond(E;) - cond(E») and q 1 p}.

As in Definition 3.2, we denote by u(E, 7, w")., the largest power of p dividing
the coefficients of L, (E,T ® wt), and by A(F,7,w")., the number of zeroes
(counting multiplicity) of the p-adic L-function on the open unit disk in C,.
The main result of this chapter (Corollary 4.10) supplies the analytic half of the

analogue of Greenberg—Vatsal’s result for p-ordinary 7-twisted elliptic curves.

Theorem 4.1. Assume (i) p is inert in F, (ii) the version of Ihara’s Lemma
in Section 4.6 holds, (iii) the non-square-free part of cond(E;) divides cond(r),
and (iv) at all q € XP2d;

e ordg(cond(E))) = ordg(cond(Es)) = ord,(cond(p)), or
e ordg(cond(p)) =0, ordy(cond(E))) <2 and ordg(cond(E»)) < 2, or
e 1 =ordy(cond(p)) < ordy(cond(E;)) < ordy(cond(p))+1 fori € {1,2}.

Then the (cyclotomic) analytic p-invariant of pg, ® T QW' vanishes if and only
if the (cyclotomic) analytic p-invariant of pp, @ T @ W' vanishes, in which case
MEL 7,0 ) an = MEa, 7, wan + Z eq(Ls, T, wh) — eq(Er, T, W)

qexbad
where eq(E,T,w") for E = Ey or E = E, denotes the (cyclotomic) analytic
A-invariant of the power series interpolating the factor Ly (E ®RT R Yuwt, 1) at

characters v : G — @;

These conditions above on the conductor are required in order to generalise
the modified Hida pairings constructed for elliptic cusp forms by Ray, Sujatha

and Vatsal [RSV23] to the Hilbert modular setting. In particular, if FF = Q
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then these conditions on the conductor are automatically satisfied by utilising
a fundamental result of Gouvea. If F' # Q, it is still open as to whether the
conductors of elliptic curves sharing the same residual Galois representation p
always satisfy these conditions.

The proof of the analytic A-invariant formula exploits a congruence modulo
p between L, (El, T ®wt) and L, (Eg, T®wt), or more accurately a congruence
between their ¥°*-depleted versions (Theorem 4.9 and Corollary 4.10). Once
we perform depletion and level-raising however, the automorphic periods may
change, and in this scenario we need a version of Thara’s lemma which will
allows us to relate the two periods up to a unit. The precise form of Ihara’s
lemma we are considering is described at length in Section 4.6, and represents
a natural extension of the statement given in op. cit. If F = Q then Thara’s
lemma is known [MS21] so in this case we omit it as a condition.

Here is a brief plan of this chapter. In Section 4.2 we give a careful
resynthesis of the construction in [Del20, §3] of the explicit Rankin-integral
expansion for the double product of HMFs. In Section 4.3 we extend the
pairings in [RSV23] to cover the case of Hilbert modular cusp forms, and
apply them to the Rankin-Selberg convolution L(F,T,s). It is at this point
that one requires Thara’s lemma, as well as our hypotheses on the conductor
which are unavoidable if F' # Q. Our resulting choice of periods then allows
us to deduce a mod p congruence between the depleted Rankin-Selberg p-adic
L-functions in Section 4.4, which we specialise to a pair of elliptic curves over a
totally real field tensored by a weight one theta series in Section 4.5. Lastly, in

Section 4.6 we explore the validity of [hara’s Lemma in a more general context.

4.2 Rankin-Selberg L-functions

Let f € Sy(¢(f),1r) be an ordinary Hilbert modular cusp form of parallel

weight two, level ¢(f) and trivial Nebentype, with complex L-series given by

L(f,s)= ) C(f,m)-N(m)™*.

m<O0p
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We assume that f is p-stabilised, meaning ¢(f) is divisible precisely by the first
power of p so that one can write ¢(f) = p - ¢(f)"™™ with p + ¢(f)*™® = Op.
Then the above summation has an Euler product expansion
5 —s\ 1
L(f.s)= J] (1—C(. )N (a)™* +N(q)' xH (1—C(f, N (q)™*) .
afpe(f) qlpe(f)

The local factor Ly(f, s) at each q € Spec(Op) with q 1 ¢(f) factorises into

Lq(f, 5) = (1 = ag(B)N(a)7*) (1 = B4(F)N(a) ™) (4.2)

and if q | ¢(f), we will always choose a4(f) = C(f, q) and 4(f) = 0. We will
extend « multiplicatively to the group of nonzero fractional ideals of O so
that under the decomposition a =[], q;", one has o, := [], ag’.

Suppose we are given another Hilbert eigenform g of parallel weight one,

level ¢(g) and Nebentype 7. The local Euler factor at q similarly splits into

Ly(g,5) = (1 — aqg(g)N'(a) ") (1 — Ba(8) N (a) ™).

where a,(g) and ,(g) are algebraic numbers following the convention in (4.2).
Let us choose a finite set ¥ of places of F' not containing the prime p such that

supp(¢(g)) C X U {p} and factorise the conductor of f € Sy(c(f), 1¢) as

o(f) = p-c(f)™™ =p-c(f) - c(f)

with supp(¢(f)?) C ¥ and supp(¢(f)’) N = 0.

Towards the end of Section 2.5 we remarked that f and g may need to be
replaced so that the Rankin-integral representation of the convoluted L-series

P(f,8,5) = Y Clm, £)C(m, g) - A(m) ™~
mCOp

makes sense. More precisely, one needs to derive new HMF's out of f and g
so that the new levels divide a common ideal n. We detail this process below
following the technique applied in [Pan89, §4], and allowing for a potential

non-empty intersection between supp(c(f )) and supp(c(g)).
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Definition 4.1. Let us define ny := [[ .y, q and ng := lem(png, ¢(g)).

(a) One constructs fy, € Sy(p - lem(ng, ¢(f)*) - ¢(f)’, 15) via the summation

fu =3 ur(a) - Gulf) - (£] a)

ajnyg

where pp denotes the Mobius function on the ideals of Op.

(b) Define the depleted cusp form g, € Si(lem(c(g), (p-ns)?),mg) by taking
8 = Y _ir(a)- (g Usoa),
alng
hence g, is the unique HMF which satisfies C(g,,,m) = C(g,m) if

m+ny = Of and C(gno,m) = 0 otherwise.

(c) Setting n’ := p° - lem(c(f)?, ¢(g)'*™°,n) with e > 1 chosen sufficiently

large, the levels of both fy, and g, divide the common ideal n’ - ¢(f)’.

If we specialise the discussion in Section 2.4.2 to the Hilbert modular cusp
forms F € S (¢(F),nr) and G € Si(¢(G),nc), then for Re(s) > 0, the

completed L-function

\IJ(S, F, G) = o N2ds X g(c(F)c(G))(QS -1, 77(;) X @(F, G, S)

can be holomorphically continued to the whole complex plane C. It further
satisfies a functional equation relating its value at s to its value at k+1—1—s.

Shimura proved in [Shi78, Equation (4.32)] that if the levels of F and G divide

a common ideal ¢, then

\I](F’st) _ \/DF-F(S—Z+ 1)” o <FP’G.K1(S— 1,C777(_;,1)>

7-(-718

where F” is obtained by replacing each Fourier coefficient by its corresponding
complex conjugate and K;(s — 1;¢; 77(__}1) is shorthand for the Eisenstein series
K,(z,5 — 1;¢,0;ng") introduced in (2.41). We also define the normalised

FEisenstein series Ep,(s;¢;n) as in [Pan89, Section 4.5]:

27" DV2 T (m +r)"
(—4m)rm (—=2mwi)mn

x (—1)™N(c0?)* /2 (K (s; e, bym) | J.) (4.3)

where J; denotes the J-operator for HMFs with level ¢ in Section 2.2.4.
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Before we proceed, we remark that the symbols F,G,H,F; and F, are
merely used as placeholders to recall general properties of HMF's that is needed
in this chapter. In particular, F and G are often paired together for the purpose
of discussing the double product pp ® 7, while F; and F, are paired in place
of the newforms associated to E; and FEs.

To construct a p-adic measure, one first makes a shrewd choice of F and G.

Following [Pan89] and [Del20] let us therefore choose
c=n"-c(f), F=fy and G=g, |Jwvcry-

Henceforth we set the Op-ideal ny := lem (c(f)*, ¢(g)**™, pn%) so that ny |[n’. In
particular, from Definition 4.1(c) the quotient ideal % = pe~! belongs to p. In
order to obtain a nontrivial algebraic relation between ¥ (F, G, 1) and the inner

product <F’° ,G-Eq(0;¢; 77{;1) | J‘>c we must introduce further assumptions.
Hypothesis 4.2.

(i) the coefficient C(£,¢(f)’) # 0;

(i1) g is a primitive Hecke eigenform;

(iii) the conductor ¢(g) C p?;

(iv) lem(c(g)™™, ny) C ¢(f)".

One can easily dispatch with conditions (iii) and (iv) by starting out with
twists of both f and g by suitable Hecke characters. On the other hand, (i) is
a crucial assumption that prevents the p-adic measure constructed in [Del20]
from becoming identically zero. Note that if g is a primitive eigenform of
conductor ¢(g), then g | Jig) = v(g) - g” where the pseudo-eigenvalue v(g) of
the J-operator lies on the complex unit circle. Moreover g” is also a primitive

form, and its local L-factor at q factorises into

1-C(g”, )N (a) " +ng ()N (a) ™ = (1 — aq(g”)N (@) ™) (1 — By(g")N (a) ™) -

with aq(g”) = N4(q) - aq(g) and B4(g”) = 7x(q) - B4(g). The main example we

will consider is when g is a theta-lift of a Hecke character.
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The following is an explicit expansion of equation (2.44). It is a special case
of Corollary 3.7 developed in [Del20] for HMFs of parallel weight & > 2 which
we shall only state for parallel weight k = 2. Assuming Hypotheses 4.2(i)—(iv)
hold, if s =1 then

v(g) - N (c(g)o?)
oy (F)ords <(2)

(v’
C(f,c(f)°)-a_ ~ (f)

c(g)tame

><<f§,(gn0-E1(s—1;n’-c(f) )’U/ojnlc >
ny-c(f)>

where the p-adic multiplier in this case is given by the finite product

X AZ(fagpvs) X \Il(f7gp73) -

As(f,g%,5) = ] (1= Ba(F)aqg(g”)N (@) ™) (1 = By(F)Ba(8" )N (0) ")
4.4
< I (1 —ag® ag@N (@) ™) (1 - aqglf) ' By(g)N (@) ) .

qETPSULSP

U{p}

with P consisting of the subset of places q € X at which £ is principal series,
and ¥°P consisting of the subset of places q € ¥ — XP° at which C(f, q) # 0.
The reader will notice the presence of unwanted factors Ayx(-) which have
the potential to lengthen our calculation of the A-invariant of f ® g since they
will have to be removed at some point. To simplify matters considerably, we
shall now introduce the Y-depletion of f by taking
£ = 3 pr(a) - (F| Upoa) € 82<lcm( (f),n%),lp). (4.5)
ajns
For reasons that will become apparent in the next section, we shall need to

work at a smaller level than n; - ¢(f)” in general; we will thus choose

ny = lem(c(f)*, pni). (4.6)
Recall the trace map Trnl ‘ f) /\/lg(nl e(f), lp) — Mz(nQ - e(f), ].F)

introduced in Section 2.2.5 which satisfies

. ny-c(f)’
<F1a F2>l’11~t(]‘—)b - <F1’ Trn;-c(f)b F2>1’12'C(]:)b

for any pair Fy € Sy(ny - ¢(F)’,15) and Fy € My (n; - ¢(F)’, 15) of HMFs.

Repeating the Rankin integral calculation with f%ep in place of fy, one obtains:
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Proposition 4.2. If the Hypotheses 4.2(i)—-(iv) hold, then one has an equality

v(g) x N (c(g)o?) (—4v/-1)"

N

x Uy(f, g% 1) =
ay(£)ords <(e) =(f.g%1) C(fm(f)b)'o‘(;l;me(f) (4.7)
(8 T B0 O V) D)
naz-c

where the symbol Vs, (f, g’ s) denotes the completed L-function \I/(f, g’, s) with
the Euler factors at primes dividing X stripped away, and the twisted trace

mapping Tg : ./\/lg(nl - ¢(F)°, lp) — Mg(ng - ¢(F), lp) is defined by

Tg(—> = TI':; (— | Jnl-c(f)b) Jn_Q.lc(f)b . (48)

The left-hand side of Equation (4.7) is independent of the choice of ideals
ny, no and 1, hence so is the right-hand side. Note that the pseudo-eigenvalue
v(g) # 0 since {U(g)‘oo = 1 under Hypothesis 4.2(ii), while C(f, ¢(f)’) # 0

under Hypothesis 4.2(i). Therefore, Equation (4.7) is a non-trivial identity.

Proof. From the special case of [Del20, Corollary 3.7] given earlier, one deduces

v(g) - N (c(g)0?) (= 4v=1)
p (f)ordp «(g) C (f’ c(f)b) ) O[c(g;;me(f) (49)

- <(f%ep)p’ (gno B (00 C(f)bmél)) ‘ Un o Jm-c(f>b>

nl-c(f)b

NI

x Ux(f g’ 1) =

o(f)

c(f)t and cleaning up J-operators, the result follows. W

. . ni-
Tracing down via Tr

4.3 The Ray-Sujatha-Vatsal Pairing

In order to obtain a congruence modulo p, one needs to work in a setting
with an underlying integral structure. Following the work of Ray, Sujatha
and Vatsal in [RSV23, §2] for elliptic modular forms, we now extend their
algebraic pairings to include Hilbert modular forms of parallel weight & > 2
and arbitrary central character 7.

For each ideal n<<Op and a fixed integral extension R/Z,, let T(n; R) be the
algebra generated by the Hecke operators Tj, U, and U, acting upon Si(n; R).

We recall Hida’s ordinary idempotent ¢ := lim,, o, U;“ (c.f. [Hid91, p. 335])
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and let us put M (n; R) = My (n; R) [ ¢ and Sg™(n; R) = Si(n; R) | e
If R contains the Fourier coefficients of some Hecke eigenform F € So*4(n; R)
then one has a ring homomorphism Ag : T(n; R) — R, and there is a unique
maximal ideal 9t of T'(n; R) containing both the kernel of Ay and the ideal
mpg-T(n; R) (here mp is the maximal ideal of R so that R/mpg = Fg). Localising

at the maximal ideal 90, one obtains a perfect pairing

Sk(n; R)gm X T(ﬂ; R)gjz — R
(4.10)

(H,T) — C(H|T,Or)
which induces a canonical ring isomorphism T (n; R)sy = Hompg (S (n; R)an, R).
(In the sequel, we will choose n to be a minimal common level for both F; and
F,, we always take the parallel weight to be two, and choose F; = fi%’ as in

Section 4.2.)
Hypothesis 4.3.
(i) p is inert in the extension F/Q, so that p- O =p and pt Dp;

(11) the Galois representation ps : Gp — GLa(R) attached to the eigenform f

15 absolutely irreducible, pg s p-ordinary, and the semisimplification

|GFp

1z | G, 8 non-scalar;
(111) at each prime ideal q € 3, the oldform f%ep q does not occur at level n.

The motivation for imposing these assumptions is identical to that in
[RSV23], i.e, without them there is no way to ensure that the p-adic L-function
is integral. Conditions (i) and (ii) imply that T(n; R)on is a Gorenstein ring
using [Dim05, Theorem 6.7], in which case T (n; R)ox = Hom (T(n; R)ax, R) as
left Hecke modules. The right-hand module is isomorphic to Si(n; R)ey from
the pairing (4.10), and the left-action of T(n; R)ay on Hom (T(n; R)m, R) =
Sk(n; R)on coincides with the standard right-action of the Hecke algebra. We

therefore obtain a duality

(= =)t Se(n; R)on X Sp(n; R)oy —> R (4.11)
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which is a Hecke-equivariant bilinear pairing of localised modules [Hid93, §7].
The following proposition has been proven in [RSV23] for the field F' = Q
(c.f. Lemma 2.14 and Corollary 2.15); we illustrate its natural extension to

totally real fields.

Proposition 4.3. Assume that each of the Hypotheses 4.3(i)-(iii) holds true.
(a) There is an isomorphism (T(n; R)gm),PF = Frac(R) with Pr = Ker(Ar)om.
(b) The pairing of F = £ with itself is non-trivial, i.e., (f%epf;elo)n # 0.

Proof of (a). Set Tpan := T(n; R)oy ® Q,. This is a finite-dimensional algebra
over Frac(R) as implied by [Hid88, Theorem 3.1], and therefore Tpon = [, K;
where each K; represents a finite-dimensional (over Frac(R)) localisation of
T, on at a maximal ideal. Suppose K is the image of (T(n; R)gm) Pe under this
identification. Thus in order to prove (a), one needs to show that K7 is a field.

Let S§p%(n; R) be the subspace of newforms spanned by common eigenforms
f; of T(n; R) as defined in Section 2.3. The subalgebra Toom C T(n; R)gn ® Q
generated by m-th Hecke operators for which m +n = Op acts semisimply
on SpV(n; R)op (c.f. [Miy71, Theorem 1, §2]). As a consequence, one can
write Toom = [] ; Lj where each L; is the corresponding field of definition of
the newform f;. If, say L; = Frac(R), then one obtains a homomorphism
Toom — L1 — K; whose kernel P’ lies below Pk.

The duality of Sg(n; R)on and T(n; R)ay translates the problem into proving
that the subspace Si(n; R)ym ® Q, annihilated by P’ has dimension one over
Frac(R). This is automatically true by multiplicity one provided F is a newform,
however we wish to apply this on the depleted form F = fi®. Note that the
conductor n of fi® differs from the conductor ¢(f") of the newform f associated
to f at the primes {q;...,qs} = XU{p}. We use the superscript a'¥ to denote
the exact power of q dividing the ideal a and write n(® = g% . ¢(f)@ with
eq > 0. Starting with Sk(c(fT); R)W®Qp we show that Si(c(f) - q;™; R)m®Q,
has dimension equal to one and we repeat this process iteratively until we

obtain S, (n; R)s:rz ® Qp.
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In order to carry out the idea outlined above, we define for every prime

ideal g € X U {p} a subspace Si(q) C Si(n; R) as follows:
(i) if ¢ = p and p { ¢(f"), then Si(q) is the space generated by f' and f' | p;
(ii) if q = p and p| ¢(f"), then Si(q) is the line generated by f;

(iil) if q # p and q 1 ¢(f)f, then Si(q) is the space generated by f', f' | q and
£ ] o%

(iv) if q # p and q| c(f)!, then Sk(q) is the space generated by f' and f' | g;
(v) if q # p and ¢%| ¢(f)%, then S(q) is the line generated by f'.

We claim that each localised component S(q)om is one-dimensional. If this is
indeed the case, then as Sy (c(f") - qi‘“;R)Djt ® Q, = Si(c(f); R),, © Sk(d)m,
the result follows.

Let us prove the claim we made in the above paragraph. First we note
that each subspace Si(q) is annihilated by P’ and is stable under the full
Hecke algebra T'(n; R). Using [SW93, Theorem 3.3] which is a generalization
of Atkin-Lehner theory to Hilbert modular forms, one is able to deduce that the
U,-eigenvalues of each space Si(q) are distinct. Under Hypothesis 4.3(iii), we
easily see that f%ep is the unique Hecke eigenform of level n (in the f Tisotypic
component) which has eigenvalues equal to zero at all prime ideals q € X.

Each localised component Si(q)o is therefore one-dimensional as required. l

Remark 6. Item (b) in Proposition 4.3 readily follows the the non-degeneracy
of the pairing (—, —), extended to Si(n;R)m ® Q, and the fact that the

subspace of S (n; R)gm ® Q,, annihilated by P’ is one-dimensional over Frac(R).
Let us define the twisted Petersson inner product as
(F1,Fy) = (F},Fy| J,), (4.12)

for all F1,Fys € Sig(n,n;C). This pairing is Hecke-equivariant under the

right-action of T(n;C). We remark that Fs ‘ Jn is a constant factor of F%
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following Proposition 2.5 and the fact that for integral ideals m prime to
n, the eigenvalues satisfy v(m) = 7j(m) - v(m). As a consequence, one gets
<f%ep,f%ep>; # 0. Identifying C = C, as fields, we now have two C,-valued

linear functionals
gbi}%‘(_) = (f%ep’ _)n ) ¢E,eFt(_) = <fCX1]ep7 _>; : Sk(nvna (Cp>gm — CP
which are both nonzero on the Y-depleted Hilbert modular eigenform F = f %ep.

Definition 4.2. We define a p-adic period by
Pet (pdep
Qux(f) = ﬁ Cy. (4.13)
Of course, one can redo the construction of these pairings by working at
level ¢(f) and without X-depleting f first, in which case one obtains a period
Qce)0(f). We conjecture that if p is unramified in F, then €, »(f) coincides
with Que),0(f) up to a p-adic unit (and some other simple factors). Indeed
if I/ = Q then Ray, Sujatha and Vatsal [RSV23, Lemma 2.20] proved this

statement using an appropriate version of Thara’s lemma—we will return to

this question again in Section 4.6.

4.4 Congruences between algebraic L-values

We shall now combine together the results in the previous two sections to
obtain our p-adic congruences. Suppose we are given two p-stabilised ordinary
eigenforms f; € 82(c(f1), 1p; R) and fy € S, (c(fz), 1p; R), where R is a finite
extension of Z, with uniformiser w. Henceforth, one assumes that for some

fixed positive integer r:
C(f?g’,m) = C(fg%),m) mod w" - R at every ideal m. (4.14)

In the next section, we will discuss in greater detail how this situation arises
for a pair of congruent modular elliptic curves E; and E, defined over F.
We once again fix a primitive Hecke eigenform g of parallel weight one

which satisfies Hypothesis 4.2 for both f; and f5, where ¥ C Spec(Or) — {p}
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is a finite set consisting of prime Op-ideals dividing ¢(f;)*- ¢(f2)" - ¢(g) but not
¢(f1)* - ¢(f2)’. In order to express the algebraic L-values for f; ® g” at each
i € {1,2} using a common inner product, the calculations are done at a level

with stable p-part, namely
n:=ny- lem (C(f1>b, C(fg)b). (415)

Here one modifies n, from (4.6) to ny := lem(¢(f1)%, ¢(f2)*, p-n#) to involve both

f, and f5; this new ny clearly divides n’ := p® - lem (c(f1)?, ¢(f2)%, ¢(g)"™, nd).
Lemma 4.4. If we put p = pg, = py,, and if either of the following conditions:

e ordg(c(fy)?) = ordy(c(f2)*) = ordq(cond(p)), or

e ordy(cond(p)) =0, ordy(¢(f1)*) < 2 and ord,(c(f2)*) < 2, or

e 1 =ordy(cond(p)) < ordg(c(f;)*) < ordy(cond(p)) + 1 fori e {1,2}
holds at every prime q € X, then Hypothesis 4.3(iii) is automatically satisfied.

Proof. Note that n = lem(c(fy), ¢(f2),p - n%), and so we must show that the

g-part of the level of fiezp { q is bigger than n( := q°4® for each q € X.
(i) Suppose that ordg(c(f1)?) = ordy(¢(f2)*) = ordg( cond(p)): then
— either ordg(n) = ordy( cond(p)) > 2
—or ordg(n) = 2 > ord,( cond(p)).
In both cases fieg has exact g-level n¥ so the g-level of fi';’ | q is too big.

(11) Suppose that ordq(cond(ﬁ)) =0, ord, (c(fl)ﬁ) < 2 and ord, (c(fg)”) < 2:

then it is easy to see that the g-level of both forms f(f%’ | g and fg%’ lq

exceeds nl® = ¢2.

(iii) Suppose that 1 = ordy(cond(p)) < ordg(c(f;)*) < ordg(cond(p)) + 1:

then

— either ordq(c(f1)*) = ordy(¢(f2)?) = ordy( cond(p)), which is done!
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—or ordg(¢(f1)*) = ordq(c(f2)?) = ordy(cond(p)) + 1 =2
—or ordg(¢(f1)*) — 1 = ordq(¢(f2)*) = ordy(cond(p)) =1

—or ordg(¢(f1)*) = ordq(c(f2)*) — 1 = ordy(cond(p)) = 1.

In the last three cases ordy(n) = ordy( cond(p)) +1 = 2, hence the g-level
of both ¥-depleted Hilbert modular forms f(ieg |q and fdep | g exceeds

n@ = 2 again.
We have exhausted all possible scenarios hence the proof is complete. |
Corollary 4.5. If F' = Q then Hypothesis 4.3(iii) always holds true.

Proof. The corollary follows immediately upon combining together each of
[Gou90, Proposition 6], [RSV23, Lemma 2.26|, and finally Lemma 4.4 above.
|

Proposition 4.6.
a e twisted trace operator Ty in (4.8) preserves p-integral q-ezpansions.
The twisted t tor Ty in (4.8 tegral
(b) The form g, -E1(0;nw'c(f)’;ngt) | Uw has an algebraic integral q-expansion.
ni

Proof. Beginning with assertion (a), we note that {1 = ] (g)wme 9% say with
each exponent e; > 0. If we define an auxiliary level n; = Heqzz g%~!, then

the twisted trace operator Tg(—) can be factorised into Tg = Tgﬂ oT gT, where

(_

- n1 o(f
TH(=) =T

)?
n -¢(f)P
Sty L nl c(f)b
Tg ( ) T nz c(f)b( ‘ C(f ) ‘ ng- C f)b
Let us make the important observation that supp(ng) = supp(ny), whilst

tracing down from level ng to level ny consists exclusively of removing primes
with e; > 1. Let a be an Op-ideal. We recall the trace mapping relation in
Proposition 2.7: for a Hilbert modular form H € My(aq, €) of weight k > 2,

N(q)'= %2 - H|U, o Jg, ifq|a
e (H | Jyg) = U,

N(q) =2 H| (U +N(@)* - (q)oq) o Je, ifqta
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A simple induction argument that exclusively utilises the first case gives us

H| [Jue.

eq>2

H := TI(H) = N (n /nd) 7.

Next, employing induction and using instead the second case yields the identity

Ty(H) = T3 (H) = N (nf /no) ™ 1| TT (U + N (@) () 0 q).

eq>1

At weight k = 2, one has

[T U +N(a)- (@) oa):

eq>1

70— (m

[T

€q>2

because the Hecke operators Uy, the diamond operators (q), and the g-operators

preserve p-integrality, part (a) follows.

To prove (b), note that the primitive form g has an algebraic integer Fourier

expansion and so does g, , while by the formula in [Pan89, Proposition 4.2]
E, (0; 77;3 ' C(ﬂb)/\ = N(&) AR Z Z ng r(£2)-
o<eely €=bé

Therefore the product g, - E1(0;n;";n' - ¢(f)") also has an algebraic integer
Fourier expansion, and the U . -operator will preserve integrality (at the very
least on holomorphic HMFs). 1 |

At our current set up, the levels of the ¥-depleted forms f f%’ and f gfg divide
into our previously fixed n in (4.15) (in fact, equality occurs if ¥ is chosen
as in Lemma 4.8). This is crucial for the following result which establishes
the congruence modulo p of the special values of the Y-depleted L-functions

attached to f; ® g” and fo ® g”.

Theorem 4.7. Assume that the Hypotheses 4.3(i)-(iii) hold for £1 and fs.
Then following the notation of Section 4.2, one obtains

N(c(g)o?)? y Uy (f1,g%,1)

a (fl)ordp c(g) Qn (fl)

N(c(@p?)® x(fze’ 1)

(fz)ord" & Q, 2(f2)

uy (f1) x v(g) x

=

= uy(fy) X v(g) x mod @" - O,

where the scalar terms wy (£;) := C(£;, ¢(£:)) -a_w_(£)-(—4v/—1)" € O¢, -

c(g)tame
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Proof. We first observe that by Proposition 4.6(a) and (b),
o(g-By) =T, (gno -E1 (03755 9% 'n) ‘ Un;)
ny

is holomorphic of level n and character 1, and moreover ®(g - E;) € Oc, [q];

enlarging R if necessary, one may then assume that (I>(g . El) € M, (n, 1p; R).

ord

One clearly deduces that the ordinary projection <I>(g . El) = CI>(g-E1) eord

also has p-integral Fourier coefficients, although it might not end up being a
cusp form in general.

Writing Hord(n; R) for the algebra generated by the Hecke operators over
F acting on the space M (n, 1p; R), one observes a surjection of R-algebras
7 : H(n; R) — T°(n; R). Moreover, T (n; R) = @, T(n; R)ar, where the
direct sum ranges over a finite set of maximal ideals 9; < T(n; R), namely
the associated primes of the Hecke algebra. The congruence (4.14) between
the weight two Hilbert modular forms ensures that the specialisation maps
Ap 0 T(n;R) - TYn;R) — R for both of F = fcll%) and F = f;lfg are
congruent mod w", hence they share the same maximal ideal 9.

We define 9 := Z~1(9M), which is a maximal ideal of H"(n; R). One
may then write ef, € H™(n; R) and e € T (n; R) for the corresponding

dep

projectors. If we choose F = 5 or F = fgfg, then a simple series of

calculations reveals that
#(2(g - E1)) = (F, ®(g-E)), = (F, &(g-E)™),
= (F | eqn, @(g - E1)™™) = (F,0(g - E1)™ | ely), .
Using the period from Definition 4.2, if F = f?fg’ then one has a compatibility

Ok (22 B) " ehy) = o5 (R(e Bi)™ |ely) x Qun(f).

ord

Put H = <I>(g . El) e;rm € Sy(n, 1x; R)gn. By definition of the twisted

Petersson inner product (4.12), one has

r{(ER) B B | ),
n B Qn,Z(fi) '

GEH) = Qus(f)™ x (FI2. 05 B))
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The numerator can be readily evaluated using Proposition 4.2, in which case

N

v(g) - N (c(g)0?) LU (f;. g, 1)
oy (f;)0rde c(e) Qs (f)

LS (H) = uw(f;) x

By assumption, C(fclifg,n) = C(fg%’,n) mod @”" - R at every Op-ideal n.
Therefore the algebraic pairing (fiezp, —)n must preserve congruences modulo

w" as we switch between indices ¢ = 1 and ¢ = 2. The result follows easily. W

Remark 7. As we will see, one can also consider a family of twists g ® x
where x ranges over characters factoring through the cyclotomic Z,-extension
Fe¢/F. One may then interpret Theorem 4.7 as the congruence mod w” of the
Y-depleted p-adic L-functions attached to f; ® g” and fy ® g”, respectively. In

fact this congruence will be deduced by simply reading off the special values.

4.5 Elliptic curves over totally real fields

We recall our fixed prime p > 2 assumed to be inert in F', so that p- O = p.
Let F; and E5 be two modular elliptic curves defined over the totally real
field F', and assume they are p-congruent. Lastly, we ensure that both elliptic
curves F; and Fy either have good ordinary or bad multiplicative reduction
over Fj, hence a,(F;) and ay(F,) are both p-adic units. We shall write f1 and
f; to denote the Hilbert modular cusp forms of parallel weight 2 and trivial
nebentypus, associated to the curves Fy and FEs respectively; to be consistent,
their p-stabilisations will be denoted by f; and f, as before.

Suppose 7 : Gr — GLy(Q) is a two-dimensional Artin representation
induced from a primitive Hecke character over K, where K/F is a CM field
extension. One can consider the weight one theta-series, g, arising from 7 in
[Shi78, §5], so that

L(g,.s) = H det (Id —7(Frobg) - N'(q) %)
q€Spec(OF)
for all s € C with Re(s) > 0. In particular, one has g, € M, (¢(g,),n,) where

n, = det(7) and ¢(g.) = cond(7). To make any further progress, we must
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restrict the allowable levels of the forms f;, f5 and g_ appropriately, in order

to apply our preceding congruence formulae.
Hypothesis 4.4. For every prime ideal q € X", either

e ord,(¢(f1)*) = ordy(c(f2)?) = ordg(cond(p)), or

e ordy(cond(p)) =0, ordy(¢(f1)*) < 2 and ordq(c(f2)*) < 2, or

e 1= ordy(cond(p)) < ordy(c(f;)*) < ordg(cond(p)) +1 fori € {1,2}.
In addition, if ¢* | ¢(f;), then ordy(c(f;)) < ordg(cond(r)) fori € {1,2}.

The first three conditions are symmetric in £; and F,, and imply that
the levels of the eigenforms f; are close to each other, as well as to the Artin
conductor of p. The fourth condition will be satisfied whenever the Hecke
character ¥ that induces 7 has conductor sufficiently divisible by the primes

dividing ¢(fy) - ¢(fy) - Ok. Henceforth we assume Hypothesis 4.4 holds for the

elliptic curves Ey and Es, and the fived Artin representation T : Gp — GLa(Q).
The following technical result guarantees that Theorem 4.7 is applicable in the

scenario that we have set up.

Lemma 4.8. If x # 1 is a finite order character factoring through F(py~)/F

and if we adopt the following choice of finite places
v i= {a € Spec(Op) : q | c(f1) - <(f2) - clg,) and q £ p .
then Hypotheses 4.2(i)-(iv) and 4.3(i)-(iii) hold for (f1,g,®x) and (f2,8,®X).
Proof. First, we check through the conditions listed in Hypothesis 4.2 in order:
(i) our choice of ¥ ensures that ¢(f;)" = ¢(f2)” = Op, hence C(£;, ¢(f;)") = 1;
(ii) g, is a primitive form whenever the Hecke character over K is primitive;
(iii) the level of g ® y is divisible by p? provided y is a non-trivial character;

(iv) Hypothesis 4.4 and our choice of ¥ imply that ¢(f;)* | lem (¢(g, ®x), ny).



68

Second, we check through the various conditions in Hypothesis 4.3 in order:
(i) throughout this section, p is assumed to be inert in the totally real field;

(ii) the absolute irreducibility and p-ordinarity follows from Hypotheses 4.1,

1A =SS CUQb;l 0 :
while 5, Cry ™ ( 0 4 > and w!GFp # 1p, since I, N Q, (1) = Qy;

(iii) Hypothesis 4.4 in tandem with Lemma 4.4 implies Hypothesis 4.3(iii).

All seven required conditions have been verified hence the proof is finished. W

With the above choice of X, the Y-depleted forms f‘ffg and fg%’ therefore
satisfy condition (4.14), and using Lemma 4.4 one can show that their levels

are equal to our fixed n. We now present a p-adic analogue of Theorem 4.7.

Theorem 4.9. Under Hypothesis 4.4 and for the same choice of ¥ as in
Lemma 4.8, one obtains a congruence of imprimitive p-adic L-functions
Qn — 7
L% (B, 7w = Lty (B2, 7 ®w') mod p

at each separate branch t € {0,...,p — 2}.

Proof. We begin by choosing the integer 7 > 1 such that p - Oc, = @" - Oc,,
which means C(f?fg,m) = C(fg%’,m) mod w@” for every ideal m < Op. Now

at any non-trivial ! Hecke character y of p-power conductor with y

it
]pr_w’

(L (B @)

_ er(T®x,0)
oy (£ )ordp(cond(r@)) x Ay (B, 7@ x) X

\I’E(EZ', T® X_l, 1)
Qn,Z(fi)

N(e(g, ® x) x %) y Vs (i, (g, @ x)", 1)
ap (£ ;) ordee(Br &) Qo (f3)

N

F:
= V1" % u(g, @) X

i) ap(f;)

The second equality follows from a combination of a standard e-factor identity

where A, (E;, T®x) = (1— qugz)(,f “(g)> (1 - Xﬁl(pzﬂ”(g» is the p-adic multiplier.

er(T® X, 5)

» = \/—_1[F:Q] - Dp - \/NF/@(c(gT & X)) : U(gr ® X)

s=

'Tf ¥ = 1 then one needs to introduce an extra Euler factor at p to obtain a congruence,

which relates back to why the condition p? | ¢(g, ® x) was necessary in Hypothesis 4.2(iii).
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(c.f. [Dell6, Lemma B.1]) together with the property that A, (Ei, T® X) =1
whenever one twists by x # 1.
Lemma 4.8 confirms that the congruence in Theorem 4.7 is valid for the

family of weight one twisted HMFs g_® x with x # 1. It follows readily that
uy (1) x <L§,22) (El, T® wt)> = uy(fs) x (ngz) (EQ, T® wt)> mod @"-Oc,.

Of course, we have been forced to omit the twist by the trivial character

X = 1p. Fortunately the (punctured) set of finite order characters

Homcont<Gal (F(;/Jpoo)/F),(QTpX> —{1F}

tors
is p-adically dense inside the space parameterising the cyclotomic deformations
of the double product f; ® (g. ® x)?. Using properties of continuity, one
can therefore extend the mod w” congruence above to include the p-adic
L-functions themselves.

Lastly, the scalar terms from Theorem 4.7 satisfy uy (f1) = uy(fz) mod p

due to the congruence oy(f1) = o, (f2) mod p, and the result follows. |

Corollary 4.10. Assume that Hypothesis 4.4 holds for Ey, FEs and T, and
let X be as in Lemma 4.8. We also recall from Section 4.1 that u(E;, 7,0")an
and N(E;, 7,w")an represents the p-invariant and A-invariant of the full p-adic
L-function L%(El, T @ w'), respectively.

(a) The invariant pu(Ey, 7,w")an = 0 if and only if u(Eq, 7,w")an = 0.

(b) If one (and therefore both) of these p-invariants equals zero, then

ANEL T, 0 an = M Fa, T, 0" an + Z eq(Er, 7, w') — eq(Ey, T, w").
ges

Proof. One begins by reintroducing the local Euler factors removed in the
process of depleting the eigenforms f;, for each i = 1,2. Let e (E;, 7,w")
be the cyclotomic A-invariant of the p-adic polynomial interpolating the local
L-factor Ly(E;, T ® Yw', 1) at characters ¢ : Gop — Q, - The assertions follow
from the nontriviality of the congruence obtained in Theorem 4.9 and the fact

that M(Lg‘é}(Ei, TRw)) = M(Lg‘ez)(Ei, T w)). |
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4.6 Canonical periods and Thara’s Lemma

The reader may have noticed that the canonical periods Q, x(f;) differ from
the automorphic periods associated to E;/p. We recall from Definition 4.2 that

(£ £) 0, _ (£i £ | J‘(fi)>c(fi)

Qo) =
(£).0(F3) (£ F)ecr) (Fi, £0)ecey)

The numerator is the twisted Petersson inner product of f! with itself (at
weight two), and the denominator is the congruence number hg, = (f;,f;).(¢,)
for the HMF'. Therefore, if we divide through by this value, the p-adic L-function

for F; @7 has hg, in its numerator and Qg‘ft/ b= (f] f1)e(r,) in its denominator.

177

Question. Is it always the case that Q, 5 (f;) = (p—adic unit) X Qe 0(fi)?

To work in more generality, let F be a Hilbert modular eigenform of
parallel weight k£ > 2, level ¢ and Nebentype 7, along with a maximal ideal
M<T(c; R). Applying the Eichler-Shimura-Harder isomorphism, an R-valued
Hecke eigenform F corresponds to a d-cocycle in §(F) € Hz o (Yi(c)™, Via(R))
where Y)(c)® is the (analytic) Hilbert modular variety of level Kj(c), the
symbol Vi_o(R) represents the sheaf of homogeneous polynomials of degree
k—2, and n = [F : Q. In fact, if k& > 2 then HZ (Y1(c)™ Viea(R)) =
H'(Yi(c)™, Vi_2(R)) where the latter R-module is the image of the cuspidal
cohomology in the full H™.

Hida proved for k > 2 that § induces an isomorphism 2

B Psiv(¢.nR) | = H(Yi(e)™, Via(R))
e b
of T(¢; R)-modules, where 7 runs over primitive finite order Hecke characters

of conductor dividing ¢ [Hid94]. Note also that the twisted Poincaré pairing

[—, =lc : H'(Y1(0)*™, Via(R)) x H{L(}ﬁ(c)an,Vk,Q(R)) — R

2If the weight k& = 2 then the n-form (277\/71)“ -F(z1,...,2q) - dz1 - - - dz, defines an

element of H" (X1 (c)*", C) for the compactification X (¢) = Y7 (c), and we should work with

this cohomology.
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is compatible with the algebraic pairing (—, —). : Sk(¢; R)g7 — R under 6 x §
(see [Dim05, (6)] for details). Moreover, H{"(Yi(c)™, Vi—a(R)),,, is free of rank

2" over T(c¢; R)on by [Dim05, Theorem 6.7].
Remark 8.

(a) We consider the R-module L(¢, R) C H{(Y;(c)™, Vk_Q(R))m generated
by the R-valued HMFs, as well as its dual lattice L(c, R)* under [—, —|,.

For each q € X with cq | n, there are two separate degeneration maps
id*, (= [q)": H'(Yi(0)™, Via(R)) — H['(Yi(cq)™, Via(R)) .
both sending the lattice L(c, R) into L(cq, R) at the higher level K;(cq).

(b) If one writes dep; : Hy"(Y1(¢)™, Veea(R)) — H (Yi(cq ™)™ Vi _5(R))
for the (induced) g-depletion mapping at level K (c) where
x—x|Ujoq if cq? tn

dep,(z) :=
v—x|Tpoq+N(a) ™t a|{g)oq® ifcg®[n,

then dep; (L(c, R)) C L(cq® %™ R) as a direct consequence of point (a).

Using exactly the same argument as described in [RSV23, Section 2.8] over
F = Q, one can deduce that both periods Q, »(F) and Q) ¢(F) coincide (up

to a unit) if the following two conditions hold:

e for the dual lattices, dep; (L(c, R)*) C L(cq® %™ R)* at all q € X;

L(cqordq (n) , )*

Aopi (L R)) is R-torsion free at every q € X.

e the quotient module

Whilst the inclusion of dep; (L(¢, R)*) C L(cq®%™ R)" can be established
using the Hecke-equivariance of the twisted pairings [—, —] at levels ¢ and
ord

¢4 (™ the second bullet above requires a suitable version of Thara’s lemma.

If | n and k£ > 2, [Dim09, Theorem 3.1] implies that the map
id*+ (= [q)": H(Yi(e)™, Vioa(R)) " — H"(Yi(cq)™, Vis(R))

is injective with flat cokernel, so after localisation one obtains the second

statement. Alternatively, if q | n and k& = 2, then one can likely deduce the



72

second statement from a mod p version established by Manning and Shotton
in [MS21, Theorem 6.8].

However if g2 | n, then it is still open as to whether the second statement
is true, to the best of our knowledge. Fortunately, some important new work
of Maletto [Mal25] should treat the remaining cases, thereby removing all the

Thara’s lemma hypotheses needed in this chapter as well as in [RSV23].



Chapter 5

The 7-component in the IMC:

Algebraic theory

We shall now treat the algebraic analogue of the problem we considered in
Chapter 4. Let F'° denote the cyclotomic Z,-extension of I’ with associated
Galois group G = Gal(F'?¥°/F) = 1+ pZ,. As before, let E; and Es be two
ordinary p-congruent elliptic curves satisfying Hypothesis 4.1. We prove in
this chapter that the 7-twisted Selmer groups over F'¥¢ of E; and Fs exhibit

the same congruence properties observed in Section 4.2.

5.1 Main results

To any ordinary p-adic representation, Greenberg has attached a p-primary

Selmer group, which in our case corresponds to the group
Sel(E, )l ¢ H! ( Gal (F/F™), (pp@r0w)® Qp/Zp) L tef{0,....p—2)

comprised of one-cocycles which are unramified outside of the primes dividing
p, and satisfy an ‘H}(Fp, —)’ local condition at the primes p ‘ p (see Definition 5.1
and also Section 3.4.1). Let R/Z, be the same extension we have set in
Chapter 4. The cyclotomic Selmer group has the structure of a discrete
cofinitely-generated Ag-module where Ap := R[G], which means that its

Pontryagin dual X (E, 7)) := Sel(E, 7)1 is compact and finitely-generated
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as a Ag-module. Provided X' (E,7) is Ag-torsion, we write ju(FE, T, w!)., for
the highest exponent of p dividing chary (X (E, 7)) and A\(E, 7, "), for the
number of its zeroes (including multiplicity) as dictated by Definition 3.2.
We also recall that Y24 is the finite set comprised of primes q € Spec(Op)
relatively prime to p satisfying ¢ | cond(7)-cond(E;)-cond(Es). The main result
of this chapter (Theorem 5.8) relates the arithmetic of the four-dimensional

representation pg, ® 7 to the congruent representation pp, ® 7.

Theorem 5.1. Assume there exists an elliptic curve E°PY defined over F which
is p-congruent to Ey and Es, such that the (tame) conductor of pgest ® T is
equal to cond(py @ 7). Then Sel(Ey, 7)Y will be Ag-cotorsion with a trivial
p-invariant if and only if Sel(Ey, 7)U is Ar-cotorsion with a trivial p-invariant,
in which case
AME1, 7, wh)atg = M Fa, T, W) alg + Z eq(Ey, 7, w') — eq(Ey, 7, w")
gexbad

where eq(E, T,w") for E = Ey or E = Ey are the same as in Theorem 4.1.

We should point out that if E; and E5 are defined over QQ, the existence
of this optimal curve E?f,t is easily verified from the work in [KWO09] on
Serre’s conjecture (see Proposition 5.5), so that the theorem above holds
unconditionally. However we have been unable to establish the existence of
this optimal curve E;’gt in general, as the problem is intimately connected to
modularity lifting theorems.

The crucial step in proving the above theorem is to use the optimal elliptic
curve E;)E,t to relate the p-torsion in Greenberg’s Selmer group to the residual
Selmer group Sel(ﬁE ® 7') "1 This idea will be carefully set up in Sections 5.2
and 5.3, and then applied in Section 5.4. Next, we demonstrate in Section 5.5
a trio of numerical examples of p-congruent elliptic curves E; and F5 defined
over Q with a fixed Artin representation 7 : Gp — GLg(C), which nicely
illustrate the theorems presented. We end the chapter with Section 5.6 which

displays two tables summarizing our several other examples.
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An important application of Theorems 4.1 and 5.1 concerns the Iwasawa

Main Conjecture for the double product which we shall state below.

Conjecture 5.2. For each 0 <t < p—2, the p-Selmer group Sel,(E, 7)1 is a

cotorsion Agr-module. Moreover, there is an equality
chary (Sel(E, 7)) = L, (B, 7,0', X),

up to a unit factor under the identification Ag = R[X] of the Iwasawa algebra.
N.B. For any such pair (E, ) and branch w' we abbreviate this conjecture by

IMCt (E, 7).

To realise the application of the above theorems, it is worthwhile to discuss

the benefit of having an Euler system of Beilinson-Flach elements over F'(ji,r):
(BF.(E,7)), € limHy ( Spec (OF [1/%>, w]) , im B[p"] @ T)

which maps down to the p-adic L-function Lgfzbad) (E, 7) in the sense of [KLZ17].
Granted the existence of an Euler system with suitable properties, it is folklore

that one can show that Sel(E,7)® is Ag-cotorsion for modular elliptic curves

E,r. Moreover, one should obtain the following divisibility of p-adic functions
“chary, ( Sel, (E, T)V’”i) divides p”* - Ly, (sbad) (E, T® wi)”

where the power of p depends on the structure of the Galois representation,
among other things. In any case, if one combines this (hypothetical) divisibility
with the transition formulae in Theorems 4.1 and 5.1, it is an easy exercise to
show the equivalence of IMC,(E, 7) and IMC,:(E>, 7) in the situation where
the p-invariant vanishes.

As nobody has yet constructed these elements (CBFT(E , T))T over a general
totally real field F', this discussion is nothing more than idle speculation. The
notable exception is the rational field F' = Q, where such an Euler system has
been found by Lei, Loeffler, Zerbes and Kings [LLZ14; KLZ17]. Combining
their A-cotorsion and divisibility results with Theorems 5.1 and 4.1, we deduce

the following equivalence of Iwasawa Main Conjectures as a by-product.
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Theorem 5.3. For F = Q and 0 <t < p — 2, if at each choice i € {1,2}
the non-square-free part of the conductor of E; divides into cond(T), then the

following statement
“IMC,t (Ey, 7) is true <= IMCyt(Es,T) is true”

will always hold, provided that one, and hence both of these p-invariants vanish.

5.2 A-structure of the cyclotomic Selmer group

Let p be a fixed prime. If E is one of our elliptic curves F; or E, (over the
totally real field F) then the p-adic Tate module Ta,(E) = lim E[p"] is given
by the projective limit of the p™ torsion points of E. We relax our assumption
that p is inert in F' and no longer insist that p 4 Dp. The following discussion
is an echo of Section 3.4.1 specialised to the 7-twist of an elliptic curve.
Provided E has good ordinary or bad multiplicative reduction at each place

p | p, there exists a short exact sequence of discrete Gal (Fp / Fp)—modules
0 — E/on p*] — Ep™] — C' — 0

where E /O, [p>] is the height one formal group, and Cgt is an étale p-divisible
group. For example, if E' has good ordinary reduction at p, then Cﬁt >~ E[p™]
where E/r denotes the reduced (non-singular) curve defined over F := Op/p.
Recall that 7 : G — GLy(Q) was the two-dimensional Artin representation
induced from a Hecke character 95 over the CM-field K, so that 7 = Indf (V).
By enlarging the finite field F if necessary, we may assume im(7) C GLy(F).

Taking Teichmiiller twists by w! with 0 < t < p — 2, the Galois representation
pr®TRW : Gp — GLy(Q,)
has an associated free rank four R-module, T'(E) [:]7 equipped with a G g-action:

T(E)Y = Ta,(E) @ ndX (95) @ w'.
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[1]

T

[t]

T

We write W(E), = T(F), ®z, Qp/Z, to denote the corresponding p-primary

object. When viewed as a local G'p,-module, at each place p | p one sets

0 > K 0 _ T(E),
T.HE) Tap(E/@Fp) ® Indp (Vx) @ W' and T, (E), = ——"=

p T T Tp+(E)[t]

[t

with analogous notation for the p-divisible versions: W,"(E)," and W;(E)[t]

Definition 5.1. For a finite subset ¥ C Spec(Op) not containing the places

p | p, the X-depleted p-Selmer group Sels(F°, E ® 7)1 over the cyclotomic

extension F° (or Sely(E,7)® for short) is the kernel of the restriction maps

H1<F/FCYC,W(E)M>ILQS§ [I #(reewe))

,
vgxeyeu{p|p}

_ t
< T]# (IF;W,WP (E)E)

plp

which is a module over the Iwasawa algebra Ar = R[Gal(F%°/F)] = R[X].

Here we have written 3¢ for the (finite) set of places of F¥¢ lying over .

The Pontryagin dual Xs(E, 7)1 := Homeow (Sels (E,7) [t], Q,/Zy,) is a
compact Ag-module as the T-twisted cyclotomic Selmer group above is discrete.
One may therefore apply structure theory to analyse X, (E , 7') C particular,
we shall study the irreducible factors in its characteristic power series. Let us
recall our fixed uniformiser w for the discrete valuation ring R. The following

technical lemma summarises the results we will need later on.
Lemma 5.4.

(a) The module Xs(E, 7)Y is finitely-generated over the Iwasawa algebra Ag.
(b) Sels(E, 7)[w] is finite iff Xs(E, 7)Y is torsion with trivial p-invariant.

(c) If Sels(E, 7)U[w] is finite then Sels(E, 7)U is w-divisible, in which case
the A-invariant of chary, (XZ(E, T)[t]) coincides with the F-dimension of

Sely (E, ) [w].

(d) If ordg(cond(pp @ 7)) = ordq(cond(py ® 7)) for q € Spec(Op) with
[t]

T

q1p, then the cohomology groups H° (FVCYC, W(E) ) are w-divisible at

places v | q.
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Proof. Statements (a)-(c) follow from [Del24, Proposition 4.3], which is itself
a generalisation of Greenberg’s argument in [Gre97, Proposition 4.14] for
elliptic curves. We should point out that in (c), the vanishing condition
H° (F,T(E)E} ® Q> = {0} is required in order to apply [Del24, 4.3(c)]; in

—ker(Vg)

fact if K/ =Q then

H(F.T(E),2Q) — H'(K'(1,), T(E),®Q) = H*(K'(1,), V,y @z, R)

the right-hand group is zero, as the residual representation py : Gp — GLy(F,)
arising from the action on the p-torsion points is absolutely irreducible.

To show (d), we use the reduction formula for the Swan conductor:
ordy(cond(pp®7))+dim <V£2q®T> = ord,( cond(p5®7))+dime (W(E)[TO] [w]qu> .

(c.f. [Liv89, §1]). The condition stated in (d) instantly implies the equality
dimg (W(E)[O] [w]“q> — dim (VIF“

. pE®T> and consequently the inertia invariants
HO ([Fq, W(E) E”) are w-divisible.

[0]

Clearly, H° <[Fq,W(E)T > ~ HO (IFq,W(E)E]> for all of the w'-twists as

w’ G is unramified at q. Secondly, as q does not ramify in the cyclotomic
Z,-extension, HY (IFsyc,W(E)E]> = H° ([Fq,W(E)E]> must be w-divisible.

Lastly, we may conclude that the group

[t]

T

[t] > Frobg=1

HO(F;YC,W(E) ) —H° (IFchc,W(E)T

is also w—divisible, since taking Frobg-invariants preserves this property. W

The condition stated in (d) on the conductors plays a pivotal role later in
this chapter. Indeed, the existence of an elliptic curve that is congruent to F
modulo p and which satisfies property (d) at primes q € Spec(Op) not lying

above p will prove to be invaluable.

Hypothesis 5.1. There is a ‘T-optimal curve’, E(/)gt, which is congruent to E/p

modulo p, with ordg( cond(ppert @ 7)) = ordg( cond(py®7)) for qtp-cond(r).

Whilst we have been unable to establish that this 7-optimal congruent

elliptic curve E?;lt exists over general totally real number fields F', if we
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consider exclusively the situation from the introduction, then one can prove

the existence of such a curve.

Proposition 5.5. If the elliptic curve E is defined over Q then Hypothesis

5.1 1s true, i.e. a T-optimal p-congruent elliptic curve E;’Et exists.

Proof. Let pr : Gg — Aut (Ta,(E)) = GLy(Z,) denote the p-adic Galois
representation of E,g. By results of Khare and Wintenberger [KW09], there
exists a classical newform f°P* € Sy(Ig(cond(py) - p°)) with level equal to the
conductor of p : Gg — GLa(F,) (except maybe for the power of p), and which
shares the same mod p representation. We write E°P* = E;’g for the rational
elliptic curve inside Jj ( cond(pg) - pe) associated to the f°P'-isotypic part, thus
E°P is p-congruent to F and is a curve with minimal conductor outside p.
Fix a place 9 € Spec(Ok) of the CM-field lying above a prime g # p and
let q € Spec(OFr) be the unique prime ideal lying under 9. If q 1 cond(7) then

q1 Dk and ¢ is unramified in K/Q. Moreover, it follows from [Liv89] that

ordg<cond (pgowt ’GK)> > ordg<cond (ﬁE|GK)>. (5.1)

If (5.1) were a strict inequality, then ord, (cond(pgest)) > ord, (cond(pg))
because E?(St has the same reduction type (good, multiplicative or additive) at
q as E;’I;(t does at £, since the extension of local fields Kq/Q, is unramified.
However this contradicts the minimality property of the Q-optimal curve E°P!
stated in the previous paragraph, hence we deduce that (5.1) is an equality.
Let us next recall that 7 = Ind (¥ ) where 9 was a finite order character.

Because ¢ 1 cond(7) it follows that ¥, is unramified at 9, whence

(5.1

ordg<cond (pEopt ‘GK ® Q9K)> 5.1) OI’dD<COIld (ﬁE}GK ® 19;())

as the Q-part of the conductors does not change ! if one twists by the character

Yg. Taguchi has shown that if one induces from K down to F = K™, the

If one extends the definition of a 7-optimal elliptic curve to include primes q | cond(7),

the equality between the Q-part of the conductor of pgopt

Gr ® Vi and its residual

representation would not hold in general. Moreover one requires the work of Corbett and
Saha [CS18] on twisting automorphic representations of GL,, by GLj, and then one must

avoid all the pathological cases.
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conductors of both pgopt

.OT = Ind?(pEopt

L ® 19K) and its residual

G G

version satisfy precisely the same descent formula [Tag02, p2866]. We therefore

conclude that ordy ( cond(ppgort @ ® 7)) =ordy( cond (g | Cr ®7)) at all primes

q1p-cond(r). ]

5.3 [F-rank of the residual Selmer group

Let us now introduce a residual version of the Ag-module Sely(E, )% which
has the structure of an F-vector space, where F is the finite field O /p. Recall
that £ = Ey, F = F,, and (if it exists) £ = E’;’?, have a common mod p

representation pp : Gp — GLy(F,). For t € {0,...,p — 2}, one can then

consider the tensor product of Galois representations (in characteristic p),
PERTRW :Gp — Aut]p(v[t}) >~ GLy(F)

where V' = }—17 Ly ®7, T(E) [Tt] denotes the underlying rank four [F-vector space.
N.B. V" is identified as the co-torsion subgroup of W(E)E] = @p/Zp@)sz(E)[:].

At each place p | p, one gets an exact sequence of local Gal (Fp / Fp)—modules

0— V:’[t] Y Vp_’[t] —0

[1]

T o

satisfying dimg (W’M) = dimp (Vp_’[t]) = 2, where V:’M = % Ly @7, Tpi(E)

Definition 5.2. Let ¥ C Spec(Op) be a finite subset not containing any of
the primes above p, and write X%° for those places of F¥°¢ lying above X.. For

t €{0,...,p— 2}, we define the residual Selmer group Sels(p; ® 7) 4o equal

. T1resy | —
ker | H'(Fe VY = T m'(FZVY) x [[H (Ieee, Y, ")

vgxveu{plp} plp

We can compare the residual Selmer group with the w-torsion in the usual
one. For each i > 0 and closed normal subgroup G <G, there is a short exact

sequence

0 — H(G,W(E)Y) /o 25 o6, V) 25 56, w(E)!) (@] — 0.
(5.2)
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In particular, one obtains a large commutative diagram with exact columns:

0 0
(0) _
po(peve, Wi fm — 1o T A0 < [T #° (T, W) [0
vip,pgxeye plp
8o (o,ao—)l

H! (Fcyc V[t]) [Tres, H H! (Flfyc7 WM) [w] % H H! (]F;yc : v;,[ﬂ)
| Vip v R plp
2 . l

Hl(Fcyc’W[t])[w] @) H H! (FlfYC,W[t})[W] X HHl([chyc?Wpi’[t])[w]

vip,vg¥eye plp

because the context is clear, we have suppressed E and 7 in the notation.

From Lemma 5.4(d), if ordq (cond(pr ®7)) = ordq( cond(pz ®7)) for some
[1]

q tp, then HO(FS¥, W (E);

) is w-divisible at all places v | q, and so

By HY(Foe VY = 1 (P, w(E)Y) ] (5.3)

T

is an isomorphism (by the exactness of the sequence in (5.2) above at i = 0).
For example, if £ = E?f;t is an optimal elliptic curve, then this condition
on the conductors holds for all q 1 p - cond(7). More generally, if we choose X

‘sufficiently large’, then 8, will be an isomorphism of local cohomology groups.

Lemma 5.6. Suppose the finite set of primes X contains all q such that

ordy(cond(pg ® 7)) > ordy(cond(pg ®7)). Then the induced mapping
Br : Sels (pp ® T)[t] — Sely(E, 7)[w]

yields an isomorphism of vector spaces over F = Op/p.
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Proof. From the previous discussion, at places v ¢ ¢ not lying above p
[t]

one deduces that H! (F;yc,vm) ~ H'(FY°,W(E), )[w]. Applying the Snake

Lemma to our large commutative diagram, one obtains the exact sequence

0— H ker(locéo) ) 80—’; Sels, (ﬁE®T) ] g Sely (F, T)[t} [c] — H coker(lOC,gO) )

plp plp

The kernel of loc(o) vanishes at each place p | p since H° (F, V[t]) is identically
zero. Moreover, the vanishing of the cokernel of loc at each p | p can be shown

using the same argument as in [Del24, Proof of 4.7(c)], so we are done. |

Henceforth we will always choose our finite set of places ¥ C Spec(OpF) to
include the primes dividing cond(7), excluding the primes lying above p. We

also fix an elliptic curve E/p, and we pick any branch ¢t € {0,...,p — 2}.

Corollary 5.7. Assume that Hypothesis 5.1 holds true, i.e. that the optimal
elliptic curve E(/)gt exists. Then Sels; (p E®7’) s finite if and only if Xs,(E', 7)1
is Ag-torsion with p-invariant equal to zero for some (and therefore every)

elliptic curve E;F with the same residual representation pg : Gp — GLo(F,).

Proof. We begin by comparing the residual Selmer group with the one for the
optimal elliptic curve E(/’g Since ord, ( cond(pger @ 7)) = ordg( cond(py®T))

for all g 1 p - cond(7), clearly Lemma 5.6 implies that there is an isomorphism
Brs : Sels (pp @ 7) 1~ Sely, (E°**, 7) g [].

In particular, Sels (pg @ 7) " is finite if and only if Sely, (E°P", T)[t} [o] is finite.
Next, replacing the set 3 by a possibly larger set ¥/ containing all primes

q' 1 p such that ordy (cond(pp @ 7)) > ordy (cond(py ® 7)), one calculates:

dimg ( Sely (E', 7)1 [ ]) = dimg (Selg/ (E°Pt 1) [w])

= dlmﬂ:(Selg(pE@)T >—|— Z dlmF< FCyc VM)).

v[geX\X
The stated result (for the larger set 3') now follows directly from Lemma 5.4(b).

Finally to descend from ¥’ back down to X, we remark that the following
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quotient module satisfies

XZ/(E/, T)[t} ~ 1 cve / t
o = I Home (B (F2e, W (B, 7)), Q,/2,)
v|qeX\XE
each one of the right-hand groups is Ag-torsion of trivial u-invariant. |

5.4 Transition formulae for M-invariants

We remind the reader that E; and F, denote a pair of p-congruent elliptic
curves defined over the totally real number field F, and that 7 = Ind% (9)
was a two-dimensional Artin representation. Throughout this section we shall
assume the finiteness of Sels, (pg ® 7) 1 As a consequence of Lemma 5.4(b),
this condition is equivalent to the cyclotomic Selmer groups attached to F;
and Fs being both p-divisible and Ag-cotorsion. Here our goal is to show that
the algebraic analogue of Corollary 4.10 holds. Most of the technical results
have already been established, so all that is left to do is essentially read off the

Iwasawa invariants from the dimension formulae in the proof of Corollary 5.7.

Theorem 5.8. Assume that Hypothesis 5.1 is true, i.e. the curve E;)E,t erists.
Recall from Section 4.1 that u(E;, 7,w")ag and N E;, 7,w")ay represents the

p-invariant and A-invariant of the dual p-Selmer group X (E, T)m, respectively.

(a) The invariant pu(Ey, T,w")ag = 0 if and only if p(Es, 7, w")ag = 0.

(b) If one (and therefor both) of these p-invariants equals zero, then

MEL, 7w alg = MEa, T, w") g + Z eq(Ey, 7,w") — ey(Fy, 7,w")
qeX

with ¥ = supp( cond(7) - cond(E1 ) - cond(E»)) but excluding primes p | p.
Proof. We should first point out that Corollary 5.7 guarantees that all the
Selmer groups we are considering are Az-cotorsion and with trivial y-invariant.
In particular, statement (a) follows immediately from the aforementioned result.

To establish statement (b), an identical argument used in the proof of
Corollary 5.7 implies that

dimp ( Sely,(E, 1) [w]) = dimp ( Sely (pp ® 7) M) + Z dimp (Hl (Fe, V[ﬂ)>

vlgex
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for both the elliptic curves F = E; and E = E».

Because the right-hand side is independent of this choice of either elliptic
curve, it follows that Sely(Ey, 7)[w] and Selx (s, 7)¥[w] must have the same
F-dimension. Furthermore, Lemma 5.4(c) informs us that this F-dimension

coincides with the M-invariant As(E, 7, w")a of chary (X5 (E, 7)), and hence
As(Eq, T, wt)alg = As(Ey, T, wt)alg. (5.4)
Choosing either £ = E; or E = FEs, a simple calculation reveals that
A (B, 7,0 ag = ME, 7, w")aig + Z A(charAR<H1 (F,fyc, W(E)E])v» )

vlgex

[t]

However, A (charAR(H1 (Fve, W(E), )V>) is equal to eq(E, 7, w") for each prime

q € X by [Del21, Lemma 3.5], and as a direct consequence

)\Z(Ea T, wt)alg = A(E7 7, wt)alg + Z eq<E7 T, wt)' (55)
qes
Combining together Equations (5.4) and (5.5) proves statement (b). [

5.5 Numerical examples

We begin with a basic but very useful lemma. Let > be a finite collection of
primes and once again let v be a topological generator of G.,. At every branch
wt, the p-adic L-function factorises into a product
LY sy (B reu') =L(E,rew) x [[ 4B rou) (5.6)
qeX

where Z(E, 7 @w') € R[Gw] = R[X] interpolates ¢, (Lq(E, 7 ® x™*,1)) at

characters y of p-power conductor satisfying x|« = w'. In particular, one has
p

L(E, ™oyt s)=2 E,T*;T‘
ol x7s) al )T=x‘1(q)~N(Q)‘S

where the polynomial &,(E,7*;T) divides into the g-th Euler factor term

(1 - O‘q(f)aq (g)T) (1 - Bq (f)aq(g)T) (1 - O‘q(ﬂﬁq(g)T) (1 - ﬁq(f)ﬁq(g)T).
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Any one of these four brackets is either equal to 1 or of the form (1—w,T"), with

= Z(E. 7 x Ha) - N(q9)™) it

wy a p-adic unit; since Z4(E, 7 @ w') o0
X=x(v)—1

is then straightforward to establish that

_ logp (N (a))
L(ETow) = H <1 —wy-w Hg) - (1+ X)) o™ >

wq€Wq

for some subset Wy C {aq(£)aq(g), By(£)ag(g), og(£) B4(g), Be(£)B4(g) }- Since

the p-invariant of 1+ X is trivial, then the p-invariant of £4(E, T @ w') is also

trivial as q # p. Hence
M(Ll?,(z) (E,7@uwh)) = M(L&,(E, TR W)
using Equation (5.6) together with the additivity property of the p-invariant.

Lemma 5.9. Ifpthg - ep(t1 @w',0) - A (E, 7 @ w') - %, then
E/F

M(Lfg),(z) (E,’T ®wt)) = u(LﬁQ(E,T ®wt)) =0

. T . Wt (p)-ap(g) W (p)-Bo(g)
where the p-adic multiplier is A, (E, 7®Y) = (1—T;g> (1—ng>'

Proof. This follows immediately from the above discussion, and the fact that

L;?,@ (E, 7®w") takes the value b X - < (13w ,0) x Ay (E, T®w") LErawl)

. (f)ordp (cond(T@w?)) (271-) [K:Q] ,Q%e/tF

when evaluated at the trivial character (by its interpolation properties). W
The above result provides a simple criterion to check that the “u = 07
condition holds true for both these analytic objects. Throughout we shall only

consider pairs of p-congruent elliptic curve Ey and FEy defined over F' such that
u(LﬁQ(El,T ®wt)) = /L(Lg@(EQ,T ®wt)) =0 at the branch w' = 1p.

However there is one caveat: we replace (2m)% - Q. /o with (Q£Q5) @
where QF = Il B(c): WE are the real/imaginary Néron periods of the elliptic
curve. This swap is fine as long as Ihara’s Lemma holds (e.g. if F' = Q),
otherwise the period ratio might not be a unit, although conjecturally this
should not happen.

We shall work exclusively over totally real number fields F' of small degree
as the calculations become very slow for larger field extensions of Q. The
following examples are computed using the Dokchitser brothers” MAGMA
routines [BCP; DDO07], as well as John Cremona’s database in [LMFDB].
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Example 5.1. Consider the pair of elliptic curves E; = 24a4 and Ey; = 312el.

Their minimal Weierstrass equations are given by

Ei =2 —2>+2

Ey y* = 2® — 2% — 651a + 6228.
One can check that these two elliptic curves are congruent mod p = 3, meaning
anm(f1) = am(f2) mod 3 for all m € N with ged(m,2-13) = 1.

E; and E, both have a non-split multiplicative reduction over Q3, hence both
these curves are p-ordinary. Let F' = Q and K = Q(+/—3), and pick A > 1 to

be a cube-free integer. We consider the two-dimensional Artin representation
7B) = Ind& (9)

where ¥ : Gal(K(AY3)/K) = uz. Then 7 : Gg — GLy(C) is realisable
over the field of rational numbers. It follows that 7(*) will be self-dual (that

is 7 = 7*), thereby providing an alternative way to compute L(E, () s):

E/Q(AY?), s)
L(E/Q,s)

L(E, 7 5) = L
Note that the pairs (E;, 7)) and (E,, 7*)) may not automatically satisfy
condition (iii) of Theorem 4.1 for any choice of A. However, if we replace
them by twisted pairs (E1 @n LA 17) and (E2 @n L1r®® 77) where 7 is
a Hecke character over I’ whose g-conductor is large at the primes q dividing
the non-square-free part of cond(E;) and cond(FEs), then the twisted pairs will
satisfy condition (iii), and so one still expects the mod p congruences to hold.
Put A = 2 and assign ¥"* = {2 13}. Evaluating L(FE;, 7%, s) at s = 1
yields
L(Ey, 7% 1) ~ 1.399245719600

implying that the algebraic L-value is given by

L(Ey, 7%,1) - \/disc(Q(A/3))
* (2)y 1, ) ~
L (Ey,m7) = 207 0, )1 ~ 0.999999999999.
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Similarly, evaluating L(E,, 7). s) at s = 1 yields
L(E,, 7@ 1) ~ 1.645733674248

which we then use to compute

L(Ey, 7@, 1) - /disc(Q(A/3))
* 2)y 2 ) —~
LBy, 77) = R ~ 24.9999999999879.

Remark 9. We take approximations £*(E;,7%) ~ 1 and L£*(Ey,7?) ~ 25
as we do not expect either of these numbers to be divisible by large primes.

In fact for all our numerical examples below, these numbers were integers.

Next we will evaluate the 7(¥-twisted p-adic L-functions of E = E; and
E = E, at the trivial character, utilising the interpolation formula (here we

use f(7,p) is used as a shorthand for the value ord,(cond(r ® 15))

L(E,m,1)

_ er(T,0 .
l(Lp’(E)(E, T)) = LSOLool —F< )P . Ap(Ea 7-) . H Lq(EgT 9 1) ' (Q+Q_)[FQ]
E°°E

ay (E)TTP)

qezbad

Applying the Dokchitsers’ method for computing local e-factors, we then obtain
er(7?)3 = ((— 1.04520385168448 x 107') + 5.19615242270663i ~ 3v/—3.

Checking the Fourier expansion of E; and E, shows az(E)) = —1 = az(E»),

and as cond(7®) = 108, one deduces that
a3<E1)f(T<2)’3) =-1= a3(E2)f(T(2)’3).

The Euler factors that we require can be calculated using a built-in routine

from the MAGMA package, and thus we determine that

Ly(Er, 7%, 5) = 1,

L2<E277(2),8) =1,

Lis(Fy, 7%, 5) =169-137% —26-137% - 9.137% —2.137° 4+ 1, and
Lig(Fy,7® . 5) = 1372 — 1375 4+ 1.

Lastly, note that since we chose A > 1 so that ord,(A?~'—1)—1 = 0, we have

Az(Er, 7)) = (1—a3(E))9(3)) =1 and  As(Ep, 7%) = 1.



38

Plugging in all the factors that we have computed above, we conclude that

2- As(Ey, 7
1(L By, 7)) = 130070 EF(T)3 3(Br, 7 (Ey, 7%, 1)
e R AL m 1] 2t
qeXb
L(Ey, 7*,1) - \/disc(Q(A/3))
(292, Q)
1 2
2 -1 169
~ 1358 = [2,2,0,2,1,2,1,0,...] as a 3-adic number.

Repeating the process for Es, one readily obtains

1 2 157
1(Ls sy (Ey, 7@~ = — . [ 1- 2
( 3:(E)< 2, T )) 2 1 ( 169) )
~ 365 = [2,1,1,1,1,1,0,0,...] as a 3-adic number.
These values are indeed congruent modulo 3, as was predicted by Theorem 4.1.

Example 5.2. Consider the elliptic curves F; = 52al and Fy = 1612al with

minimal Weierstrass equations

Ei:yP=a2342-10

By y? = 2® — 2722 + 80980.

Using MAGMA, one can verify that these curves are congruent modulo p = 3.

(A

We consider the same two-dimensional Artin representation 7(*) as above with

A =2, so that ¥P* = {213, 31}. Evaluating L(F;,7®?,5s) at s = 1, one gets
L(Ey, 7@ 1) ~ 1.823895795706

which we then use to calculate the algebraic L-value

L(Ey, 7?1 di Al/3
(B, 7?) = | K 1’T(QQ+) i )fcl((%( DI ~ 3.999999999995.

Repeating the process for the congruent elliptic curve F5, we compute that
L(E,, 7@ 1) ~ 0.363500752332
and as a consequence,

L*(E,, 7%) ~ 15.999999999980.
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We make the rational approximations £*(E;, 7)) ~ 4 and L*(E,, 7?) ~ 16.

Because E; and Es both have supersingular reduction at p = 3, we have
as(Ey) = 0 = as(E,) and hence A3(E;, 7?)) =1 = A3(E,, 7). Furthermore,
we shall fix the same root as(FE;) = /=3 = az(Es) of the Hecke polynomial
T?+ 3. Using the MAGMA package again, one easily determines the following

Euler factors:

LQ(E17T(2),S> =1,

Lis(Fy,7? . s) = 1372 — 137° 4+ 1,

Los(Ey, 7 s) = 961 -317% — 620 - 3172 +162-317% —20-137° 4 1,
LQ(EQ,T(2)78> =1,

Lis(Ey, 7@ ) = 1372 —137° 4+ 1, and

Log(Fo, 7, s) = 3172 +2.317% 4+ 1.

Abusing notation and writing 1(Ls s (E;, 7@)) for the 3-adic L-value of the

7 twist of E;, one finds

(12 157 484
(b (7)) = o2t (515 (1 1a0 oer) )

~ 1306 - 130 1) (—379/2).

and similarly

1 2 157 1024
1(L E, ) ~ -1, (1 — - -—— ) -16
(Lo (B2 7)) m s ol | 5 (V=3 169 961

~ (5359 + O(3%)) - 13015 (—37%2)..

Despite both values lying in Q3(1/—3), they are in fact congruent mod p = 3.

Example 5.3. The elliptic curves £} = 19a3 and F, = 323al are given by

By 4+aoy+y=2®+4r—6

Ey: 9y +oy=a34+Tc—T7.

By checking the g-expansion of the associated newforms, one sees that these

two curves are congruent mod p = 5. Let K = Q(us5) and write F' = Q(us)™ for
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its totally real subfield. We consider the two-dimensional Artin representation
&) = Indg(ﬂ)

induced from a Hecke character ¥ : Gal(K(AY?)/K) = us, where A > 1 is

an arbitrary fifth-power free integer. Applying the Artin formalism yields

L(E/Q(A'?),s)
LE/Q,s)

For ease of notation, we write TQ ) for the induced representation IndQ (V). If

L(E/F,7®)s) = L(E/Q,nd§ (9),s) =

we set A = 2 and X" = {2 7,13}, then using built-in MAGMA functions
L(B,7$,1) ~ 1267565010650

which allows us to calculate

L(Ey, 7, 1) - /disc(Q(2177))

~ 0.999999999999 ~ 1.
(29—51 le)(t—)_l)/Q

£ (B 7g)

N.B. As E, has a point of infinite order over Q(2'/%), clearly L(EQ’ 7'(2), 1) =0,
in which case it follows that 1 (L5(E2, 7(2))) = 0 via the interpolation formula.

Applying the Dokchitsers’ method for computing local e-factors, one finds
ep (7)), = —55.90169945 — (1.647223047i x 10™%) ~ 25v/=5.
The Euler factors we require can be calculated using MAGMA, namely

Ly(Ey, 7% 5) =1,
Li7(Fy,7® . s) = 83521 - 177% — 47 177% + 1, and

Lig(Fy,7?,s) =197% —2.197% + 1.
One readily computes that A5 (F, 73) = 1, and plugging in the factors above:

(2)) 22 A5 (E
WL s (B r®Y) = 15 01 [ 20T B (Br, 77 1)
(Ls,s) (B, 7)) = 150 0, (a5 BN \/W Hd b
qexb®
L(Ey, 7, 1) - /disc(Q(A1/3))

(20, 2, )?
1’ 4 83475 129600 (1)

83521 130321

~~ 386250 = [0,0,0,0,1,1,3,3,...] as a 5-adic number.

In particular, 1(L57(E) (El, 7'(2))) = 1(L57(E) (Eg, 7'(2))) =0 mod b5 as expected.
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5.6 Tables of mod p congruences

Listed below are some calculations of congruences between p-adic L-functions

evaluated at the trivial character; here we take 7 to be the Artin representation

Indg; (9) where ¥ : Gal(K(AY?)/K) = pu,,.

Table 5.1: Pairs with good ordinary or multiplicative reduction

at p = 3.
A EC L(E,T,1) L£YE,7,1) | 1L,(E, 7)) 1(L, s (E,7))
11al | 1.781648682364 ~ b [1,1,0,2,1,0,0,2] | [0,1,1,1,1,1,1,0]
’ 77cl | 3.657242366397 ~ 8 [1,0,1,0,2,2,1,2] | [0,1,1,2,0,2,0,0]
16a1 | 1.721043980809 ~ 4 2,1,2,2,2,2,2,2] | [0,1,2,0,1,1,2,0]
’ 195d1 | 0.130935136834 ~1 2,2,2,2,2,2.2.2] | [0,1,0,0,1,0,0,1]
15a1 | 1.721043980809 ~ 4 2,1,2,2,2,2,2.2] | [0,1,2,2,2,0,2,2]
’ 915a1 | 0.305093964816 ~ T 2,0,2,2,2,2,2,2] | [0,1,1,1,0,2,2,1]
195d1 | 0.130935136834 ~1 2,2,2,2,2,2,2,2] | [0,1,2,0,0,0,1,1]
’ 915a1 | 0.305093964816 ~ 7 2,0,2,2,2,2,2.2] | [0,1,0,0,2,2,1,0]
33al | 0.789496453287 ~ 2 [1,2,2,2,2,2,.2.2] | [0,1,2,1,2,2,2,0]
’ 1023a1 | 2.833889853162 ~ 500 [1,1,1,2,2,0,2,2] | [0,1,1,2,0,2,1,1]
11al | 1.187765788242 ~5 2,2,0,1,0,1,0,1] | [2,:2:2,2,2,2,0,0]
’ 77c1 | 0.609540394399 ~ 2 2,1,0,0,1,1,2,2] | [2,0,1,0,1,0,0,0]
14al | 2.021689274629 ~ 6 [1,1,2,2,1,1,0,0] | [0,0,0,0,1,1,0,0]
’ 182b1 | 2.664859317082 ~9 0,2,0,2,2,2,0,2] | [0,0,0,0,2,2,0,1]
14a1 | 2.021689274629 ~ 6 [1,1,2,2,1,1,0,0] | [0,0,0,0,1,0,2,0]
’ 434b1 | 2.3274271572479 ~9 0,2,0,2,2,2,0,2] | [0,0,0,0,2,2,1,0]
15a1 | 1.147362653873 ~ 4 [1,0,2,2,2,2,2.2] | [2,1,1,2,2,1,1,2]
’ 195d1 | 2.182252280571 ~ 25 [1,1,0,1,2,2,2,2] | [2,1,2,0,2,2,0,1]
24a4 | 1.865660959467 ~ 2 2,1222222 | [2,1,0,0,1,1,1,2]
’ 312el | 2.194311565665 ~ 50 2,2,0,2,1,2,2,2] | [2,0,0,0,0,0,2,0]
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33al | 0.526330968858 ~ 2 2,1,2,2,2,2.2.2] | [2,0,1,0,2,0,2,2]
’ 1023a1 | 0.472314975527 | =~ 125 |[2,0,2,2,2,1,2,2] | [2,1,2,2,0,0,0,1]
195d1 | 1.147362653873 ~ [1,0,2,2,2,2,2.2] | [2,2,0,0,2,1,0,1]
’ 915al | 0.203395976544 ~ [1,1,1,2,2,2,2.2] | [2,2,0,2,1,0,2,1]
11al | 2.850637891783 ~20 | [1,0,0,1,0,2,2,0] | [0,1,0,1,2,1,0,0]
’ 77c1 | 1.462806946559 ~ 8 [1,1,0,0,2,1,2,2] | [0,1,2,2,0,0,2,0]
24a4 | 1.119396575680 ~ 2 1,0,1,2,1,0,1,2] | [1,2,0,2,1,0,1,1]
° 312e1 | 0.210653910303 ~ 8 (1,1,1,0,1,2,1,0] | [1,1,1,1,0,2,2,0]
33al | 0.315798581315 ~ 2 1,0,1,2,1,0,1,2] | [0,1,1,1,2,2,1,1]
’ 1023a1 | 1.915709540737 | =~845 | [1,1,1,2,1,1,2.2] | [0,1,0,2,2,0,2,0]
11al | 0.509042480675 ~5 2,1,0,0,0,1,1,1] | [0,2,1,0,0,1,1,2]
’ 77c1 | 0.261231597599 ~ 2 2,0,2,1,0,0,2,1] | 0,2,0,2,1,1,1,0]
14al | 2.599314781666 ~18 |10,0,1,2,2,1,0,0] | [0,0,0,0,0,1,0,0]
! 182b1 0 0 0,0,0,0,0,0,0,0] | [0,0,0,0,0,0,0,0]
15a1 | 1.966907406639 ~16  |[1,2,0,0,2,1,2,0] | [0,2,2,0,2,0,0,0]
! 195d1 | 0.598560625528 ~16 | [1,2,0,02,1,2,0] | [0,2,0,2,1,1,0,2]
24a4 | 0.799568982628 ~ 2 2,0,1,0,2,1,2,0] | [2,0,2,1,0,0,1,0]
! 312e1 | 6.357234078812 | ~338 | [2,1,2,2,0,1,2,0] | [2,2,2,0,2,1,1,2]
33a1 | 0.225570415225 ~ 2 2,0,1,0,2,1,2,0] | [0,2,2,1,2,2,0,0]
! 1023a1 | 0.008096828151 ~ 5 2,1,1,2,0,1,0,2] | 0,2,2,0,2,2,1,2]
14al | 4.962328219546 ~54 |10,0,0,2,0,1,0,0] | [0,0,0,0,0,0,2,2]
! 182b1 0 0 0,0,0,0,0,0,0,0] | [0,0,0,0,0,0,0,0]
15a1 | 1.251668349679 ~16 |[2,0,0,2,21,1,0] | [0,1,0,1,0,2,0,2]
! 195d1 | 2.880573010354 | ~ 121 |[2,1,0,2,2,2.2,2] | [0,1,1,2,1,1,2,1]

The numbers above are truncated at O(3%) with the coefficients of 3™ for m

negative written in boldface (e.g. [2,1,0,2,...] means (2 x 371) + (1 x 3°) +

(0x3Y) +(2x3%)+...).
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Table 5.2: Pairs with good supersingular reduction at p = 3.

A| EC L(E,T,1) £(E,71) | UL,(E,7) | 1L, (E, 1))
17al | 1.635008772863 ~ 4 2,1,2,2,2,2,2,2] | [0,1,2,0,0,0,2,1]
’ 221a1 | 4.164948598819 ~ 49 (2,1,0,1,2,2,2,2] | [0,1,1,2,1,1,2,2]
17a1 | 0.654003509145 ~4 2,0,2,1,0,1,2,1] | [0,1,2,2,0,2,1,2]
’ 221al | 2.175973145505 ~ 64 [2,1,2,0,0,1,2,1] | [0,1,2,1,1,0,2,1]
17al | 0.467145363675 ~ [1,1,2,0,1,0,2,1] | [0,2,0,0,0,0,1,1]
! 221a1 | 4.104235062393 | ~ 169 | [1,2,2,2,1,0,1,0] | [0,2,0,0,0,0,2,0]
17al | 1.635008772863 ~4 2,1,2,2,2,2.2.2] | [0,1,2,1,0,1,0,1]
’ 629b1 | 1.074505543131 ~ 8 2,2,0,0,0,0,0,0] | [0,1,1,1,0,1,2,2]

As in Example 5.2, the values in the last two columns of Table 5.2 belong to the

local field Q3(v/—3). It is also noticeable from these tables that the constant

term of the p-adic L-function, namely 1(L, ) (E,T)), is frequently highly

divisible by p. This is for the most part attributable to the Iwasawa power

series interpolating the Euler factors L,(E,7*, s) that we are taking out at

primes ¢ € ¥ having zeroes very close to the trivial character. Nevertheless,

provided it is the case that for either £ = E; or £ = F,

p does not divide (hE -ep(7,0) - & (E, 7') .

L(E,7,1)

(2m)lEQl 'Qge/tF> 7

then the analytic u-invariant of £ ® 7 vanishes by Lemma 5.9.




Chapter 6

Variation of Iwasawa invariants

of p-non-ordinary modular forms

We once again fix a prime number p > 3. The principal goal of this chapter is to
investigate whether the results of Greenberg and Vatsal apply to p-non-ordinary
modular forms. We restrict to the case F' = Q (i.e. classical modular forms)
as p-adic L-functions corresponding to non-ordinary modular forms have yet
to be constructed when F' # Q. Let us write My (N,n; E) to denote the space
of modular forms with weight k, level N € N and character n defined over a
field E, and Sk(N,n; E) its corresponding subspace of cusp forms.

There are two points of divergence from the ordinary case: first, the p-adic
L-functions constructed in [AV75; Vig76; MTT86] do not give rise to bounded
power series; second, the dual p-primary Selmer groups over the cyclotomic
Z,-extension of Q are not torsion over the corresponding Iwasawa algebra.
Once we get past these issues, we show by a similar argument as Chapter 4
that Greenberg-Vatsal’s results do indeed hold in the p-non-ordinary case. To
avoid confusion we carry over only the notations in Chapters 2 and 3.

The last few decades have seen substantial progress towards treating the
two issues arising in the p-non-ordinary scenario which are enumerated above.
For a modular form f = )" a,¢" € Sip(N,n) of weight £ > 2 and a,(f) = 0,

Pollack constructed plus and minus p-adic L-functions Ly (f) that give rise
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to bounded power series [Pol03]. Let T be a root of the Hecke polynomial
X2+ a,(f)X +n(p)p"' and write L,(f, T) for the p-adic L-function given in
[AV75; Vis76; MTT86]. We have

L,(f,T)= log;f,C Ly (f)+ 7 -log, . -L, (f),

where logi i are explicit functions defined using cyclotomic polynomials. Sprung
generalized this result by introducing a pair of p-adic functions L,(f,f) and
L,(f,b) for modular forms of weight two without the assumption that a,(f) =0
[Spr12; Sprl7].

When f corresponds to an elliptic curve with a,(f) = 0, Kobayashi gave
an arithmetic interpretation of Pollack’s signed p-adic L-functions [Kob03] by
constructing the plus and minus Selmer groups Selé,t( f). The duals of these
groups are torsion over the Iwasawa algebra of the cyclotomic Z,-extension
of Q, allowing us to formulate the plus and minus Iwasawa main conjectures,
which assert that there exists n* € Z such that the characteristic ideal of
Sel;,t( f)¥ is generated by P LE(f). One inclusion of this conjecture was
proved in [Kob03]. When the elliptic curve has complex multiplication, the
full main conjecture was proved by Pollack-Rubin [PR04]. These ideas have
been generalized to higher-weight modular forms in [Leill; LLZ10; LLZ11]

using p-adic Hodge theory and Wach modules.

6.1 Main results

Let p > 3 be our fixed prime and let ¢, : Q < C, be a fixed embedding. We
consider two normalized cuspidal eigenforms f = 3 - a,-¢" € Sp(I'1(Ny), ny)
and g = > -1 b,-q" € Sp(I'1(Ny), my) which are both p-non-ordinary, meaning
the values ord,(a,) and ord,(b,) are positive. Additionally, we set the integer
N :=lem(Ny, Ny) > 4. Let E/Q, be a finite extension containing ¢,(a,) and
tp(by) for all n € N and choose a uniformizer w of the maximal ideal of O.
We recall the Teichmiiller character w : Gal(Q(s,)/Q) — Z, and we write

L, (%, #,w", X) and L,(*,b,w", X) for the respective w'-isotypic component of
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the signed p-adic L-functions L,(x, £) and L, (*, ) for * € {f, g} (see Section 6.4

for more details). In this article, we work under the following assumptions.

Hypothesis 6.1. (analytic congruence) The eigenforms f and g are congruent
modulo w" for some positive integer r, in other words, a,, = b,, mod w” for

all integers m that are relatively prime to N.
Hypothesis 6.2. (Fontaine—Laffaille) The fized prime p satisfies p > k.
Hypothesis 6.3. (unramified) The coefficient field E/Q, is unramified.

Hypothesis 6.4. (nonzero) The choice of the symbol § € {4,b} and integer

0 <t < p—2 are such that both L,(f,8,w", X) and L,(g,b,w", X) are nonzero.

Hypothesis 6.5. (algebraic congruence) There is an isomorphism Ty/wTy =

T,/wT, as Gg-representations.

In Hypothesis 6.5, Ty and T, are Gg-stable O-lattices inside Deligne’s
representations attached to f and g, respectively. As f and ¢ are assumed
to be p-non-ordinary, these representations are irreducible and the Gg-stable
lattices are unique up to isomorphism. Note that we may take @ = p under
Hypothesis 6.3. Furthermore, if Hypothesis 6.5 holds, then a,, = b,, mod p for
all m that are relatively prime to N. In other words, Hypothesis 6.5 implies
that Hypothesis 6.1 holds for » = 1. Conversely, under Hypotheses 6.1 and 6.2,
the residual representations are irreducible (see [Edi92, Theorem 2.6]) which
implies that Hypothesis 6.5 holds.

Our strategy is as follows. In Section 6.2, we recall the relationship between
modular symbols and special values of the complex L-function associated
with modular forms. We then make use of Hypotheses 6.1 and 6.2 to show
that the congruence between f and g translates to a congruence between
their respective modular symbols after choosing appropriate periods. Towards
the end of the section, we recall the definition of Mazur-Tate elements. In
Section 6.3, we review how the Mazur-Tate elements for different critical

twists are used to construct the p-adic L-functions in [AV75; Vig76; MTTS86].
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We then explain how to decompose these p-adic L-functions into the signed
p-adic L-functions L,(f, , w', X) and L,(f,b,w", X) using the logarithm matrix
introduced in [BL21] and we give a detailed analysis of the integrality of these
elements under Hypotheses 6.2 and 6.3. In Section 6.4, we demonstrate how

the congruence in Section 6.2 trickles down to a pair of congruences:

Lp,(Eo)(fa ﬁth7X) = Lp,(Eo)(g7 ﬁuwta X) mod w" - O[[X]]u

Ly so)(f:b, 0", X) = Ly s)(g,0, 0", X) mod =" - O[X],

where Y, denotes the set of primes dividing NyN, and L, (s, represents the
Yo-imprimitive p-adic L-function. The reader is referred to Theorem 6.21 for a
precise statement. Finally, we show in Section 6.5 how the above congruences
allow us to deduce the following theorem (c.f. Theorem 6.22) regarding the

behavior of the Iwasawa invariants p(*,w’)?, and A(*,w!)?, of L,(x, 1, w', X).

Theorem 6.1. Let f and g be p-non-ordinary modular forms, t € {0,..., p—2}
and iy € {#,b} satisfying Hypotheses 6.2-6.5. Let X be the finite set of primes
dividing NyN,. Then u(f,w'), = 0 if and only if (g, w*)5, = 0, in which case

(f? )an - g,w an + Z €y g? eU(f’wt)> )

vEX

where each e,(x,w') corresponds to the A-invariant of an Iwasawa function

interpolating the Euler factor of the L-function of x € {f, g} at v € 3.

The latter half of Section 6.5 is spent recalling the signed Selmer groups of
p-non-ordinary modular forms and their respective duals, denoted by X%(x), for
ne€ {4} and x € {f, g}. The Iwasawa invariants of its w'-isotypic component
are denoted by p(*,w )h and A(k, w ) . We extrapolate an algebraic version

of Theorem 6.1 (c.f. Theorem 6.25), which follows from the results in [HL19].

Theorem 6.2. Let f, g, §, t and ¥y be as in Theorem 6.1. Then, X% )1

and X)) is O[X]-torsion. In addition, p(f,w")% = 0 if and only if

alg

w(g, w )ang =0, in which case

(f w )ilg g,w alg + Z €v g’ ev(f? wt)) :

veEX
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Together, these two theorems above give the following application (c.f.

Theorem 6.26) to the signed Iwasawa main conjectures (see Conjecture 6.23).

Theorem 6.3. Let f, g, 4, t and ¥y be as in Theorem 6.1. If the equality
,u(*,wt)ilg = u(*,w"), = 0 holds for = € {f, g}, then the signed Iwasawa main

an

congecture holds for X5( ) if and only if it holds for X%(g)1.

Similar questions were studied in [KLP19], where the authors showed that
modules involving Kato’s zeta elements that are used to formulate the Iwasawa
main conjecture without p-adic L-functions behave well under congruences. In
particular, they proved that the Iwasawa invariants of these modules satisfy
similar relations to those given by Theorems 6.1 and 6.2 when f and g have
isomorphic residual representations. Furthermore, they obtained applications
to the signed Iwasawa main conjectures in a similar manner as Theorem 6.3.
Our method is different, and we work under different hypotheses. Finally, we
remark that in the special case of elliptic curves, Theorem 6.2 was already
established by Kim in [Kim09]. Other similar results were studied in [Kim21;

CK17; RS23; Ham23; AL21; Pon20; HLV22] in various contexts.

6.2 Review of the Mazur—Tate elements

The aim of this section is to introduce modular symbols attached to an arbitrary
modular form and to show its relation to the critical L-values. As we will see,
these elements have associated Mazur-Tate elements which we will need in

order to define the non-integral p-adic L-function in the next section.

6.2.1 Modular symbols attached to cusp forms

Let D = Div(P'(Q)) be the free abelian group of divisors supported on the
rational cusps P'(Q) and let D C D be its subgroup of degree 0 divisors.
Then D? is generated by the symbols [r] — [s] where r,s € P'(Q). Given
a commutative ring R and a congruence subgroup I' we take A to be a

right R[[']-module. An additive homomorphism ¢ : D° — A that satisfies
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&(yD) |fy = ¢(D) for all v € T' is called an A-valued modular symbol and we
denote by Symb(I', A) the R-module of modular symbols.

The group of matrices GLs(R) acts on the space Vi_5(R) of degree k — 2
homogeneous polynomials in the indeterminates X and Y defined over R as

follows: for P(X,Y) € V,_o(R) and v = (%) € GLy(R),
P(X,Y)|v:=P((X,Y)y") = P(dX — cY,—bX +aY). (6.1)

Consider a cusp form f € Si(I'1(Ny),ns). One may view {r} — {s} as any
simple path s — r in the upper half plane which allows us to construct a

Vi—2(C)-valued modular symbol
& A{r} —{s}— 27T\/—_1/T f(2)(zX +Y)2dz (6.2)

that lives in Symb (I';(Ny), Vi—2(C)) := Homp (D°, V;_»(C)).

It is well known that the modular symbol §; encodes the special values
of the L-function L(f,s) associated to f. For a positive integer D, we let
X : (Z/DZ)* — C* be a Dirichlet character. The L-function of the twisted
form fy =) X(n)a, - ¢" can be written as

_ _(—277\/—_1)5 "
M = 0en) 2 i

oo

RCICS D7 63

where as usual, I'(s) denotes the Gamma function and G(x) is the Gauss sum

given by >° 7 pz)x x(a)e*™=1¢/D We apply the action in (6.1) as follows:

§r

(é g) ({oo} —{0}) = 2mv/—1 o f(2)(DzX + (—aX + Y))’f—Q dz.
a/D

Setting (X,Y) = (1,1) in the above expression, its right-hand side becomes

k-2 .
k—2 o[
277'\/—12 < j ) D’ / Df(z) <z - %)j dz.
3=0 o/
For 0 < j <k —2, let & ,(a, D) be the projection of the above expression to

the j-th exponent. Equation 6.3 can then be written as

s+ =S (R > @ D). 09
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6.2.2 The Eichler-Shimura isomorphism

We bring g € Si(I'1(Ny), n,) into the mix and we assume further that both
f and g are normalized cuspidal eigenforms. Let I := I'y(N) with N > 4 a
common multiple of Ny and N,, making I' C SLy(Z) a discrete torsion-free
subgroup.

For a I'-module A, let HI(I", A) be the ¢g-th cohomology group and denote
by HI(T', A) those with compact support. We define the parabolic cohomology
group Hp(T', A) as the natural image of HI(I', A) — HY(T', A). Let R be a
ring as before and set A = Vi_o(R). It follows from [AS86, Proposition 4.2]

that there is a canonical isomorphism
H} (T, Vi—2(R)) = Symb (T, Vi_2(R))

resulting in an exact sequence

Sk(T) 2 Symb(I', Vi_5(C)) = HA(T', Vi_o(C)) — H'(T, Vi (C)). (6.5)

The following theorem, referred to as the Eichler-Shimura isomorphism, relates
the C-vector space of modular forms to cohomology groups, allowing us to

analyze the former using techniques in cohomology theory.

Theorem 6.4. There is an isomorphism

Hp(T, Vi—2(C)) = Si(T) @ Si(D)°
which extends to

HY(T, Vj_o(C)) = M (T) @ Sp(T)° (6.6)
where ¢ denotes the complex conjugation operator.

Proof. We first note that Si(I') @g C = Si(I") & Si(I')°. One can then read
off the first isomorphism from the exact sequence (6.5). As for the second
isomorphism, we recall the decomposition of My (I") = Si(I") @ Ex(I") into the
space S(I") of cusp forms and the space Ex(I") of Eisenstein series. The claim

follows using a dimension formula argument detailed in [Hid93, §6.2]. |
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The idea is that if f and g both satisfy Hypotheses 6.1 and 6.2, then
one should be able to observe a congruence between their associated modular

symbols. In order to do so, we first bring the discussion to an integral setting.

Lemma 6.5. If A C C is an R-flat algebra, then
Hp(T, Vi—s(C)) = Hp(T', Vi—2(A)) @r C.

The above lemma is an application of a result given in [Hid93, §6.2 (1b)]. Let
E be the coefficient field of f and g with integer ring O as in the introduction.

Then Lemma 6.5 combined with Theorem 6.4 yields
Hp(T, Vi—2(E)) ® C = Hp(T, Vi—2(C))
= Si(I) @ Se(T)°
(6.7)
= (SE)®C) @ (Sk(T; E)® C)
= (Sp(I E) @ Sp(I; E)°) @ C,
where the last equality follows from [Hid93, §6.3, Theorem 2.

Remark 10. Let f € Sip(I';O). The Vj_o(C)-valued modular symbol &;
can be decomposed as fj[ + &, where ij belongs to the +1-eigenspace of the
complex conjugation. Lemma 6.5 implies that we can divide fjf by a complex
number ij to obtain an Vj_o(K)-valued modular symbol gpjf. In fact, we
can choose ijf so that gojjf € HL(T,Vi_2(0))*. We refer to these numbers
as cohomological periods, which are well-defined up to units in O (see [PW11,

Definition 2.1 and Remark 2.2]).

Let T(I'; O) be the O-algebra generated by all Hecke operators T, acting
faithfully on the space of cusp forms Si(I'; @) defined over O. It is well
known that these algebras act on the torsion-free part of H'(T', V;_o(O)) and
HE(T, Vi_2(0)), respectively. As observed in Section 4.3, the bilinear pairing

Sy, 0) x TH(T;0) = O
given by (T,,, f) = a1 (f | ) induces a duality Home (Tj(I'; 0), 0) = S, (T'; O).

Our eigenforms f and g give rise to the following group homomorphisms

)\f, )\g : Tk(F; O) — O.
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If f and g are p-congruent eigenforms, then the compositions of Ay and A\, with
the reduction map modulo w coincide and we denote their common kernel by
M. This M is a maximal ideal in Ty([; O) and it determines an identical

semisimple representation for f and g
pm : Gal(Q/Q) — GL, (Ty(I; ©)/M)
that is unramified outside Np, such that for all primes ¢ { Np,

Tr(p(Frob,')) = T, mod M
det(p(Frob, ")) = £(f) mod M.

We recall the Fourier expansion of our eigenforms f = > ., a,¢" and
qg= 2@1 b,q"™. Let X be any finite set of primes and consider the Y-depletion
of f and g given by:

F = fg:Za;Lq” and G := gg:Zb;1 "
n>1 n>1
where a;, = b, = 0 for all n € N divisible by primes in ¥, and a], = a,, b}, = b,
otherwise. We also recall from Section 2.4 that for Re(s) > 0 the L-function

associated to f can be written as (¢ here is any prime not dividing v):
L(f,s) = det(l ~ X - Frob_! ‘ w(f)f@v) ~TLfo)™" (68

where each local factor equals L, (f, X) = vaNf (1—au(flv™+ nf(v)kalfzs)_l
X HUWf(l—av(f)v*S)*l; a similar formulation applies to g. We write L(s)(f, s)
and Ly (g, s) for the X-imprimitive L-function attached to f and g, respectively.
Let ¥ be the set of primes dividing N;N,. Then the Hecke eigenvalues of
the ¥o-depletions F' = f5, and G = gy, agree on every n > 1. If M is the
smallest integer so that F' and G are both modular forms of level M then M is
divisible only by primes in 3. This is because depleting a modular form, say
at a prime ¢, increases the level by at most ¢*. We henceforth set T' = T'y(M).
The main result of this section is that if f and ¢ satisfy Hypotheses 6.1 and
6.2, that isif f and g are @w"-congruent for some positive integer r and if p > k,

then the special L-values of F' and G are also congruent modulo @w”. Let &g
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and &g be the modular symbols attached to F' and G via Equation (6.2). We
normalise them by their respective cohomological periods (see Remark 10) to

define the V;_5(O)-valued modular symbols @5 and ¢ satisfying

fi
oy = o ARG

We show that ¢}, and ¢} are congruent to ¢, and ¢ modulo ", respectively.

As discussed above, the congruence class of F' and G determines a maximal
ideal 9 C Ty(I; O) so that F' and G lie in the same class in Si(I'; O)gy. To
prove that @? = gpé mod w", we need the following multiplicity one result

which is a consequence of [FJ95, Theorem 2.1]: if p{ M and p > k, then
Hp(T, Vi—2(0))gn = Si(T; O)on. (6.9)

Applying [GS93, (6.7)] with A = O and localizing at 9, we deduce the

following short exact sequence

0 — ]3(1"7 V’f—Q(O))im — Symb (F, Vk_g(O))m 2, H} (F, Vk—2<0))m —0.

The modular symbols ¢F are sent to §(¢F) € Hp(T,Vi_o(O))s and since
F =G mod @ Si(T; O)a, we get 0(¢%) = 6(p5) mod @ Hp(T, Vi_a(O))an.
Note that this congruence lifts naturally to ¢ in Symb(T, V;_5(O))gn. This is
because the action of Hecke operators on the boundary symbols B(I", Vi, _2(O) )
are well-known to be Eisenstein, and the irreducibility of pgy guarantees that
the maximal ideal 90 is non-Eisenstein.

Therefore, we have the following congruence between modular symbols:

S e (; ;,f‘) ({o0} — {0})

a€(Z/pnZ)*

= ¥ w (; ;f) ({o0} — {0}) mod ="

a€(Z/p"Z)*

(6.10)

Since p{ M and p > k, a version of IThara’s Lemma is available for us to use in
order to relate the periods of the modular forms f and g to the periods of their
respective Yp-depletions F' and G via Qf = u]jf . QI{E and Q;E = u;t . Qé, where

ujjf, uy are p-adic units. We refer the reader to [DFG04, Proposition 1.4(c)]
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for the full statement of Thara’s Lemma. In fact without loss of generality, we

can take u? = u;t = 1. This then allows us to prove the following result.

Proposition 6.6. Let x : (Z/DZ)* — C* be a Dirichlet character and
suppose f and g satisfy Hypotheses 6.1 and 6.2. Let ¥ be the set of primes
dividing N¢N,. Then there exist complex numbers Qf and Q;t such that for
0<j<k—2

- G(x) _Qj,<k—2
(—2my/—1)J ij J

BRI N
J

(—2my/-1)7 QF

Proof. The proposition follows upon combining Equations (6.4) and (6.10). W

> : L(Eo)(fv%vj—{_ 1)

) * L(s0)(9,X;J + 1) mod w".

6.2.3 Mazur—Tate elements

Let us put in place a few more notations. For n > 1, let G,, = Gal(Q(u,»)/Q)
and let G, = Gal (|, Q(1»)/Q) which decomposes into Go, = A x Go where
A = Gal(Q(1,)/Q) = (Z/p2)* and Ga = Gal(Q(pye)/Qpty)) = Z,. Waite
Q¢ for the cyclotomic Z,-extension of Q whose Galois group is isomorphic
to G and define the Iwasawa algebra of G, as the completed group algebra
A =0[G] = @O[Gn] where G,, = Gal(Q(pm+1)/Q(1p)) = Z/p"Z. Recall
that is an isomorphism G, — (Z/p"Z)”* given by o, — a, where o, is the

automorphism ¢ — (¢, for any ¢ € fpn.

Definition 6.1. For a modular symbol ¢ € H!(I'1(N), Vi—2(R)), we define

the associated Mazur—Tate elements 9,,(p) of level n > 1 by

In(e) = Y. @

(1 » ) ({o0} = {0}) - 0 € RIX. Y][G).

ae(Z/pZ)* 0
and we write
k=2 g ‘ .
Inl0) = < j >XJYMJ ()
=0

where 9, ;(¢) € R[G,].

For the modular symbol &; defined in (6.2), one has the explicit formula

V(&) = 2mv/~1 N f(2)(p"z +a) dz - o, € C[G,).

_a/pn
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Under the decomposition £y = 5}“ + &, implied by Remark 10, one obtains

[e.e]

0seh) =mV=I( [ e 0y e

_a/pn

+ (—1)** h f() "z —a)’ dz) -0, € C[G,].

a/p"
Dividing through by the cohomological periods, we set

In g (€7)

O (6F) 1= 2
f

€ 0[G.].

Recall that there is a decomposition G,, 1 = A x G, where G, is a cyclic group
of order p™ and recall also that w is the Teichmiiller character on A. When
R is a Z,-algebra, we obtain an induced map w' : R[G,11] — R[G,] for each

0<t<p-—2.

Definition 6.2. For integers 0 < ¢t < p—2,0< 7 < k—2and n > 0,
we define the theta element 0, ;(f,w") € O[G,] as the image of 0,11 ; (gﬁ‘”j

under w7,

More explicitly,

O (fw') = Li Z (/_OO f() "2+ a) dz

(_
Qf aE(Z/p”‘HZ)X a/pn+1

o0

+ (—1)tk+ // » f() "z —a) dz) W (a)a,

where 7, denotes the image of o, under the natural projection G,.1 — G,.

k—1
)

Moreover, if T is a root of the Hecke polynomial X* — a,(f)X + n¢(p)p we

define for n > 1 the p-stabilized theta element

By () = PP o () € BTG,

Yn+2 n—1

1

O (f, T, 0") = Tt

n
where v]}_,

: O[G,-1] — O]G,)] is the norm map that sends o € G,,_; to the
sum of the pre-images of ¢ in GG, under the projection map 7, : G,, = G,,_1.

These theta elements satisfy the following properties (c.f. [MTT86, §4 and
§10]): forn >1land 0 <t <p-—2:

Lo 70,00 5 (f,wh) = ap(f)0n;(f,w") — np(p)p* 2001001 ;(f, wh);

2. 7T771L+10n+17]'(f7 Ta Wt) = en,j (fa T, Wt)-
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6.3 Signed p-adic L-functions

Let £/Q, be the finite extension with integer ring O as in Section 6.2.2.
We review in this section the construction of signed p-adic L-functions. In
[LLZ10; LLZ11; BL21], these elements are defined as the image of Kato’s zeta
elements under some local Coleman maps. We however outline an alternative
construction that relies on decomposing the Mazur—Tate elements using a
logarithmic matrix. While we only state our results for f in this section,

all results hold for g analogously.

6.3.1 Non-integral p-adic L-functions as limits of

polynomials

Let us first introduce a few tools and notations used in p-adic analysis.

Definition 6.3. Let P(X) =) " ¢ X' € O[X] ®0 E. We define its norm
as ||P|| = sup; |ci|,, where | - |, is the p-adic norm, normalized by |p|, = p~*.

Given a real number p < 1, we define ||P||, = supy, -, (IP(2)]p)-

We set &y = X and for n > 1 we define ®,, = I~ o(1 4 X)7P"" swhich is
the p"-th cyclotomic polynomial in X + 1. If we write w,, = (1+ X)P" —1 then
we have the elementary identity ®,, = w,/w,_1 for n > 1. We also recall the
p-adic logarithm given by
(14 X)
log (1 + X) = x [ =24

n>1

Let 7 be a topological generator of G, = Gal(Q®°¢/Q) and we identify O[Gw]
with the power series ring O[X] via v — 1 + X. In what follows, u is the

image of v under the cyclotomic character xqy.. For an integer h > 1, we write

O —H<I> w1+ X) - 1),
h—1
W ::Hwn(u_j(l +X)— 1), and
j—o

log, ;, Hlogp (14 X)-1).
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Given an element ) ¢, X" € E[X], we say that it is O(log,) if r is a
real number such that
Cn
sup [¢aly < 0.
n N’

Similarly, we say that an element > -, ,en Cn o0 - X™ € E[A][X] is O(log,) if

sup —|Cn’0|p < 00
nr

for all o € A.
The following result comes from [BL21, Lemmas 2.2 and 2.3, combined

with Remark 2.4], which is based on [PR94, proof of Lemme 1.2.2].

Lemma 6.7. Let h > 1 be an integer. For 0 < j < h —1, let (Qn,j)nZO be a

sequence of polynomials in E[X| such that ||Q, ;|| < oo, and for n >0

p It (—1) (i) Qs (u™'(1+X) —1)

t=0

<d,

for some constant d,, € R. Denote by P, € E[X] the unique polynomial of

degree < hp™ such that
Po=Qn;(u’(1+X)—1) mod w,(u (14 X)—1) - E[X]

for all 0 < j < h — 1 (the existence and uniqueness of P, follows from
the Chinese remainder theorem). Then we have ||P,|| < cund,, where ¢y, is
a constant that depends only on h. (If h =1, we may take ¢, = 1.)

Suppose further that Qn41; = Q,; mod w, - E[X] for alln > 0. Then
Prt1 = Pp mod wy,p, - E[X]. If, in addition, there exists a real number r such
that 0 <r < h andd, < p™ for alln > 0, then the sequence (Py)n>0 converges

to a power series Po, € E[X] that is O(logy).

We can make the bound ¢, more precise under Hypotheses 6.2 and 6.3 by

carefully analyzing [PR94, proof of Lemme 1.2.2]. For 0 < ¢ < h — 1, let

L

H(X) = Z(—l)H (f) Qui(u™(1+X)—1).

1=0

One can verify that
h

H(X,Z) =) (f);ﬁ()() (6.11)

=0

=
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is a polynomial of degree < h in Z with coefficients in the ring O[X], satisfying

H(X,j)=Qn; (u_'(l +X)— 1) for 0 < 7 < h—1. On the other hand, define

h—

,_.

_ W (1+Y) -1
J _
Qw1+ X)-1) ] O
j=0 0§z’_§h—1
(5]

It is the unique polynomial of degree < h in Y with coefficients in O[X],
satisfying S (X, w?" —1) = Q,; (v (14 X)—1). Furthermore, the polynomial
P, (X) in the statement of Lemma 6.7 is equal to S(X, (1 + X)*" —1).

In what follows, given a two-variable polynomial Z(X,Y) € O[X,Y] and

a real number r, we write
|2 (X, Y|, := sup {|Z(2,y)], : [xlp < 1,]yl, < 7}

Let p be a real number satisfying the inequality p~! < p < p~¥/®=1. One can

n+1

calculate easily that ﬁ = pp"*™ > 1 for all n > 0. The homeomorphism

between the following open disks
{v:lyly <p} —{z: Izl < p/lu?" —1],}
y — log(1 + y)/log u?"

u?P —1 iz

gives the following equality of sup-norms:

ISV, = [HX, 2, (6.12)
|“pn*1|p
This, combined with the expression in (6.11) yields
Z
IHX 2, = suw [AGX)]]{
|upn71‘p 0<j<h—1 ] ﬁ
Assuming p > h — 1, then one obtains
Nzz-1)...(Z2-j+1) B p J
B J! L N |uP" — 1|p

T, "],
since p/|uP" — 1\p > 1.
Let us write S(X,Y) = S2/7) Se(X)-Y*. If sup; |74 (X)| < p~"+1, then

Equation (6.12) becomes

s (ISCOI) = s (140002

0<t<h—1 0<j<h—1 lup" — 1[5,
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= sup ("X ) < sup P =1
0<j<h-1 0<j<h—1

Therefore, ||S¢(X)|| < p~* for each 0 < £ < h — 1, which implies that

h—1

D S(X)((1+ X" 1)

=0

4

[Pn(X)]| = <p Y.

Since p can be arbitrarily close to p~'/°~Y then supposing p > h, one has
[P (X)|| < p" D7D < p.

If in addition P,(X) is defined over an unramified extension of Q,, then
|P.(X)| is an integral power of p. In particular, ||P,(X)| < 1. We can

summarize the discussion above with the following refinement of Lemma 6.7.

Proposition 6.8. Let h and Q,; be as in the statement of Lemma 6.7.
Assume that p > h and that E/Q, is unramified. Then ¢, can be taken to

equal 1. In particular, if d,, =1, we have P, € O[X].

Let us write E' = E(a,(f)) = E(By(f)), where a,(f) and f5,(f) are the
roots of X2 — a,(f)X + ns(p)p*~t. We write O’ for the ring of integers of E'.
For simplicity, we shall write Y := Y, for T, € {a,(f), 8,(f)}. Recall that

there is a natural identification
E[G,] = E[y — 1]/ (""" — 1) = E[X]/(wn) - (6.13)

The same is true if we replace E by E’. Note that G, is a cyclic group of order
p" generated by the image of v in G,. For a € (Z/p"Z)* the element G, in
E[G,] (or E'[G,]) can be regarded as the polynomial (14 X)™@ where m(a)

m(a

is the unique integer satisfying 0 < m(a) < p” — 1 and &, = 7™ mod ~+*",
We define Q,, ;(f,w') € O[X] as the image of the theta element 6, ;( f,w")

under this identification and define Q,,;(f,Y,w') € E'[X] similarly.

Lemma 6.9. Suppose that p > k—1. For an integer j such that 0 < j < k—2,

we have the inequality

;(-nji (Z) O i(fr!) (= (1 + X) — 1)
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Proof. For an integer i € {0,...,k — 2}, we have

Qni(f,w)(u™(1+X)—1)
=”“tT§Z</m Pz +a) d

PNEY
QS” ) a/pntl

a

o0

+ (_1)t+k+i // ) f(Z)(pn—HZ _ a)i dZ) u—im(a)wt—i<a)(1 + X)m(a)
a/p™ 1

m/—1 o0 P+ a\’
= (—1)t Z / f(z) < m(a) dz
0} —a/pnt w(a)u

a

+ (—1)tFkt / N f(2) (m) dz> w'(a)(1 4+ X)™@.

Jpne1 w(a)um@)

Let & = w(a) - u™@ so that @ = @ mod p"*! - Z,. One therefore obtains

J

> (—1y (Z) Q,.i(f, ) (u (14 X) —1)

=0

ZETVTZ(/OO f(2) (@—dez

f a _a/pn+1

+ (_1)t+k+j /OO f(z) (M N 1>] dz) wt(a)(l + X)m(a)
a/pmtl

m/—1 & ;
=Dy (/_ ()5 dz

f o a/pn+1

(n+1)j

-H—WM/m ﬂ@F@H%pA

/pn+l

w'(a)(1+X)™,

which belongs to p("*17 . O[X] since

e}

550‘1)1&({00} — {a/p"}) = 77\/__1(/ F2)(2X + V)2 dz

—a/p"t!

- [ fwwa+Yf*w>

/pn Tl

belongs to ngl)t -O[X,Y]. Hence,
W—\/__l (/_OO f(2)Zdz + (—1)t+k/ f(2)(=2) dz) €0,

o Loy e

from which the lemma follows. |
Let P,(f,w") be the unique polynomial of degree < (k — 1)p" such that
Po(f,w') = Quy(f,w)(u(1+X) —1) mod w,(u(1+X)—1)-E[X]

for0<j<k-—2
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Corollary 6.10. Suppose p > k — 1 and that E/Q, is unramified. For all

integers n >0 and 0 < t < p — 2, we have P,(f,w") € O[X].

Proof. This follows from applying Lemma 6.7 to Q,, ;(f,w") with d, =1 from

Lemma 6.9. Finally, the assertion is a consequence of Proposition 6.8. |

We now turn our attention to the p-stabilized version of these polynomials.
For each T € {a,(f), Bp(f)}, define P,(f, T,w") as the unique polynomial of

degree < (k — 1)p™ such that

Pu(f,Y,0") = Quy(f, T, w) (u/ (14 X) —1) mod w,(u7(1+X)—1)-E'[X]
for0<j<k-—2

Lemma 6.11. For alln>1 and j € {0,...,k — 2}, we have

Loty =Py o (),

Qnj(f, T, W) = Ynt2

’I‘n—i—l
Proof. This follows from the three-term relation satisfied by the Mazur—Tate
celements stated at the end of Section 6.2.3. The map v,,/,—1 sends (1 + X) to

i;é(l + X)i+2" " Thus, it is equivalent to the multiplication by ®,,. |

Lemma 6.12. There exists a polynomial p*=2 - ényk,l such that for each 0 <

1 <k —2, we have
ph2. fl:)mk,l =p 2.9, (u’j(l + X) — 1) mod w, (u’j(l + X) — 1)

with ||pk_2'ci>n7k_1H < cx_1. If in addition one hasp > k—1, then pk_Q@n,k_l €

Ly X].

Proof. Let 0 < j <k —2. We have

_ e z]: ()2 w1+ X))

p—1 '
=2 (W 1) (1R X)) e ptT L7, X
s=0

since u € 1+ pZ,. Thus, the existence of p*~2- @n,k_l follows from Lemma 6.7.

The last assertion is a consequence of Proposition 6.8. |
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A p-stabilised version of Lemma 6.11 follows upon combining it with Lemma 6.12.

Lemma 6.13. Foralln>1,0<t<p—2and T € {o,(f), 5,(f)}, we have

k=2 _

Pn(fu wt) - %q)n,kl : 73nfl(f7 wt) HlOd wn,kfl .

1
Tn+1

Po(f, T, ) =
This congruence allows us to give a bound for ||P,(f, YT, w")]|.

Corollary 6.14. Suppose p > k — 1 and that E/Q, is unramified. For all

)

Proof. The result follows from combining Corollary 6.10 with Lemmas 6.12

n>0and 0 <t <p-—2, we have

pk—Z

Tn+2

1
Tn+1

Hpn(f, T,wt)H < max (‘

)
p

and 6.13. [ ]

In particular, this corollary implies that HpordP(Y)'"Pn(f, T,wt)H = 0O(1).
This combined with Lemma 6.9 allows us to then apply Lemma 6.7 after
setting h = k—1, r = ord,(T) (which is < k—1 as f is non-ordinary at p), and
Q= Qnj(f, T,w"). To be precise, we can define L,(f, T,w", X) € E'[X] as

the limit of the polynomials P,(f, T,w"). In other words,
L,(f,T,0", X) = JLIQOPn(f,T,wt), (6.14)
which is O(logzrdf’(T) ) Furthermore, it satisfies the congruence
L,(f,T,w", X) = P,(f, T,w") mod w1 . (6.15)

Let L,(f,Y, X) € E'[A][X] denote the Amice transform of the E’-valued
distribution constructed in [AV75; Vis76; MTT86]. The limit L,(f, T,w", X)

in (6.14) is the power series obtained from L,(f, T, X) after applying w’ to A.

6.3.2 Construction of the signed p-adic L-functions

We review the definition of the logarithmic matrix attached to f at p studied
in [BL21]. We write O[r] for the ring of power series in 7, which is equipped

with an O-linear operator ¢ that sends 7 to (1+7)? —1 and an O-linear action
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by Gs given by o -1 = (1 4+ m)X<(®) — 1. The Mellin transform that sends

a € O[Gx] to a- (1 + m) induces an isomorphism
M O]Gs] — Ox]¥=",
where v is a left-inverse of the operator ¢.

Definition 6.4. Let ¢ = ¢(w)/7 € O[x] and let § = p/(q — 7*7') € Ox]*.

0 nf(PS;k_l
Pf = 5’{71 ap(f) ’
x E—1

ny(p)q

We define the matrix

For n > 1, we define C, s to be the 2 x 2 matrix of polynomials of degree

< (k —1)p"™ that coincide with the image of
Mt ((1 + W)QO”(Pf_l) e gp(Pf_l)) mod wy, 1 -
Let us abbreviate a := a,(f) and 8 := 5,(f) and define the matrices

0 71@ a —p
) ()
1 f(P)(P) —af af

The proposition below summarizes Lemmas 2.6-2.8 of [BL21] detailing the

properties of the matrices defined above which we will need in this chapter.

Proposition 6.15. The determinant of C,, ¢ is equal, up to a unit of O[X]*,
to wnp—1/Por—1. The sequence of matrices A;”HC’n’f converges to a matrix
Mog, ¢ defined over E[X]. Furthermore, the entries in the first row on]TIMlog’f
are elements of E'[X] that are O(logordp )), while those in the second row

are O(logord”w ) ) We call Mg ¢ the “logarithmic matriz” attached to f.
We now have all the tools we need to define the signed p-adic L-functions.

Theorem 6.16. For each 0 < t < p — 2, there exist elments L,(f, 1w X)

and L,(f,b,w", X) of O[X] ®o E such that

1 . LP<f>Oé,wt7X) Q Lp(fvﬁawtvx)
a—3 \L,(f.3 w"X) 5 Mos.s Ly(f.h, 0!, X))

Furthermore, for all n > 1, we have

- k_f?(fﬂ wt) . = Cn,f LP(f?ﬂuw?X) mod wn,kfl )
Uf(p)p (I)n,kfllpnfl<f7w ) Lp(f7b7w 7X>
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Proof. Let Fy = ﬁ - L,(f,T,w", X). We can apply [BL21, Proposition 2.11]
to the pair of elements (F,, Fj) to deduce that there exist L,(f,f,w’, X),

L,(f,b,w", X) € O[X] ®o K’ such that

1 . (Lp(fvauwi7X)> — Q;lMl s (Lp(fvﬁawiaX)> )

a—B \L,(f B w, X) Ly(f.p,w', X)

A direct computation shows that

1 o 1 an+1 0 1 an+2 _ﬁnJrQ
—— A" 1Qf:_.Qf = . .
a — B o — 5 0 BnJrl o — ﬁ _an+25 aﬂ"”
Therefore, combined with (6.15) and Lemma 6.13, we deduce that

1 .A;nlef (Lp(faaawtaX)>

Oé—ﬁ Lp(f:ﬁawtaX)
1 O[n+2 _Bn+2 a/fnfl a7n72
a—G8 o238 aprt2) \ g1 gne2
¢
k_?f(f’w ) | mod wh ks
-y (P)p (I)n,kflpn71<f7 w )
A\ ()PP P (f, W)
Thus, it follows from Proposition 6.15 that
P’I’L ) wt —_—n— — L ) ) wt? X
. (f ) . = Afn 1Qfo1Mlog,f p(f ﬂ . )
—U(p)P (I)n,kflpnfl(fa w ) Lp(fa ba w >X)

L ) t7X
=Chf Lp(f E wt X) mod wy, j—1 -
p(f7 ,Cd 9 )

Since the left-hand side consists of elements belonging to w™* - O[X] for
some integer s that is independent of n, we deduce that

5L X
@ Ly(f 5w X)) lim O[X]%%/ ker b, = O[X]%,
w*L,(f,b,w', X)
where h, : O[X]*? — O[X]%*/wy -1 is the map given by the multiplication
by C,,r and the last equality is due to [BL21, Lemma 2.9]. Thus, L,(f, £, «*, X)

and L,(f,b,w", X) belong to O[X] ®e E (rather than O[X] ®o E'). |

We end this section with the following result which asserts the p-integrality
of the elements L,(f,t,w’, X) for each choice of sign § € {f,b}.
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Theorem 6.17. Suppose p > k — 1 and that E/Q, is unramified. Then for
0 <t <p-—2, the elements L,(f,f,w", X) and L,(f,b,w", X) belong in O[X].

Proof. We consider two separate cases: ||L,(f,,w", X)|| > || L,(f,b,w", X)]|| or
ILp(f, 8,0, XN < (| Lp(f, 0, ', X))

We first consider the case where ||L,(f,#,w' X)|| > ||L,(f,b,w", X)|| and
suppose for contradiction that ||L,(f,#,w", X)|| > 1. Let P,(f,,w") be the
image of L,(f,t,w’, X) modulo wy, —1. This implies that when n is sufficiently
large, one has ||Ly(f, b, w', X)[| = [|Pn(f, b @)

From the definition of Py and [BL21, Lemma 2.6] it follows that

0 * 0 *
Ch = e mod w
*Pp -1 0 *Prp1 0

where * represents a unit in O[X]. Let us set @1, | =11 .. on Prs—1 and

Poko1 = ngmodd D, 5—1. If nis odd,

0 or
Ch = - k1) od w
*(Pn’kfl 0

whereas when n is even

C, = *(I);’k_l 0 mod w.
! 0 *®F

n,

When n is even and sufficiently large, we have

o P.(f, 8, wh) _ (x®, 1 + @O)PL(f, 1, w") + WEP,(f, b, ")
"I\ PL(f.h,wt) U

for some ©,= € O[X] and ¥ € K[X]. Since &, , is monic, we have

I =P (f, b, I < 1Ly (£, 0, 0", X)II < [ Ly(f, 0", X))
= ”(*(I);,k—l + w@)Pn(f, ﬁ?wt)H :

Therefore, the strong triangle inequality implies that

[(x@,, )1 + @O)Pu(f, 8, w') + @EPu(f,b,0")]
= (@ 4y + @O)Puf, B, )| = | Lp(f, 4, 0, X)|| > 1.

Combining this with Theorem 6.16 allows us to deduce that ||P,(f,w")| > 1.

This however contradicts the statement of Corollary 6.10.
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On the other hand, if ||L,(f, b, w", X)|| > || L,(f, £, w", X)]|, then we instead
suppose that ||L,(f,b,w’, X)|| > 1 and deduce a similar contradiction by
considering an odd n that is sufficiently large. We therefore conclude that

in both cases we have ||L,(f, ", X)||, [|L,(f,b,w", X)|| <1, as required. W

6.4 Congruence of signed p-adic L-functions

Let f and g be the same pair of @w”"-congruent normalized cuspidal eigenforms
of equal weight k defined over a finite extension E/Q, as in the introduction.
In this section we establish an analogous version of Proposition 6.6 modulo p,
i.e. the p-adic L-functions attached to f and g are themselves w"-congruent.

For a prime v, we define
Z,(f) = Lo(fiv™" - m) € O[Gu] = OA|[G],

where L,(f, X) € O[X] is defined as in (6.8) and 7, € G is the element that
sends ¢ € pp~ to ¢V. For t € {0,...,p— 2}, we define Z,(f,w") € O[X] to be
the image of .Z,(f) after applying w' to A. Moreover, for an arbitrary finite
set of primes ¥, let Q, (5)(f,w") = Qu(f,w") X [ ex L0 (f, w") mod w, be the

Y-imprimitive version of the polynomial Q,, introduced in Section 6.3.

Remark 11. Take ¥ = ¥, the finite set of primes dividing NyN,. We recall
that Q,,(f,7) is the image of 6, ;( f,w") under the identification (6.13). We also
recall our notation F' and G for the respective ¥-depletions of f and g. In the
proof of Proposition 6.6, we chose uf, ugi = 1 so that Qf = QIDE and Q;k = Qz—;
We can therefore infer that Q, v,)(f,w') and Q,(F,w") interpolate the same

L-values, so they are congruent to each other modulo w,. The uniqueness

implied by the Chinese remainder theorem gives us P, s,)(f,w") = P, (F,w").

From this point onward, we take ¥ = ¥g and suppose that Hypotheses 6.2

and 6.3 hold. Furthermore, since E/Q, is unramified, we can take w = p.
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Proposition 6.18. Let f and g be modular forms of weight k > 2 satisfying

Hypotheses 6.1-6.3. Then for alln > 1 and 0 <t < p— 2, we have
Pn,(E)(fu wt) = Pn,(E) (g>wt) mod pT cWnk—1 - O{X]

Proof. We have shown in (6.10) that for each n > 1,

>, er (; ;ff) ({oc} - {0})

a€(Z/pt11Z)

= Y v (; ;f) ({oc} — {0}) mod p'.

a€(Z/p"H1Z)

If we set Q,,; = Qnj(F,w") — 9, ;(G,w") and replace the modular form f in

the proof of Lemma 6.9 by F' — GG, we deduce that

Zj:(—m“ (‘Z) Qni(u(1+X)—1)

1=0

< pf(nJrl)jfr )

Therefore, we can apply Proposition 6.8 with d, = p™ to conclude that
| Po(F,w") — Pn(G,w")|| < p~". The result then follows from Remark 11. W

We state two lemmas which we shall be needing shortly.

Lemma 6.19. If f and g are a pair of p"-congruent modular forms, then one

obtains the congruence ng(p) = ny(p) mod p".

Proof. The hypothesis that f and g are p"-congruent implies that

ae(f) = a(f)? — 0O = ap(g) = ar(g)” — ng(O)F*™" mod p’

for all £1 NyN,. Therefore, for all £1pN;N,, we have

nr(l) = ny(¢) mod p".

By Dirichlet’s theorem, there exists a prime number ¢ # p that is congruent
to p mod NyN,. For any such ¢, we have n;(¢) = ns(p) and n,(¢) = n,(p).

Hence, the lemma follows. |

Lemma 6.20. If f and g are p"-congruent modular forms, then for n > 1
we have an entry-wise congruence of the matrices Cy ¢ and C,, , defined in
Definition 6.4:

Chf=Chg mod p" - wyp—1 .
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Proof. Asa,(f) = a,(g), ns(p) = nyg(p) mod p", the lemma follows immediately

from the definition of C,, y and C, . n

Next, we define for each § € {f,b} the X-imprimitive signed p-adic L-function

Ly (f b0’ X) == Ly(f0,0", X) x [[ Z(f.w"). (6.16)

VEX

Theorem 6.21. Let f and g be a pair of p"-congruent modular forms of equal
weight k > 2 satisfying Hypotheses 6.1-6.3. Then for 0 <t < p — 2, we have

a pair of congruences

va(g)(f,ﬁ,wt,X) = Lp,(g)(g,lj,wt,X) mod p" - O[X] and

Ly, s(f, b, w', X) = Ly, (9, b,w', X) mod p" - O[X].

Proof. The proof resembles that of Theorem 6.17. Let P, () (*,1,w") be the
image modulo wy, ;1 of L, )(f,,w', X), for each f € {#,b} and * € {f, g}.
Set

Lh = Lp,(E)(fa ﬂ»wt>X) - Lp,(E)(.Q? hawta X) .

Choose n sufficiently large so that for both choices of f

”LHH = HPTL,(E)(fa ha wt) - Pn,(z)(g> hﬂﬂt)H :

Suppose without loss of generality that ||Ly|| > ||L|| and assume ||Ly|| > p~".

Forn > 0evenand h € {f, g}, we can write as in the proof of Theorem 6.17:

C \ 7)71,(2) (h7 ﬁa wt) _ (Uhq);k_l + th)Pn,(Z)<h7 Jj7 wt> + thPn,(Z)<h7 b) wt>
" Pn,(z)(h, b, w") Uy,

where Uy, € O[X]* and Oy, =), € O[X]. By Lemma 6.20, s = %, mod p" for
*x € {U,0,Z}. Thus, the first row of

t t
Cn,f (zn,(x)(fa Jj7 wt)> B Cn,g (Pm(E) (97 ﬁa wt)> (617)
n,(E)(f7b7w ) Pn,(E)(g7baw )

is equal to
(qu);,k—l +pOy) (Pn,(z)(f, f, Wt) — Pus) (9, ﬂywt))
+ 02y Py (f,0,0") = Prsy(9,b,0")) (6.18)
+ 0" (P (f. 1, w") = TPy (f. 0. w"))
for some polynomials S, T € O[X]. We deduce that
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o 7 (P ey (. 1.6) = TPy (f20, 0 < 97" < [Tl
o 1pZ0(Prs)(£.5,0") = Py (95,0l < Lol < Lyl by assumption:

o Ll = [[(Ug®, 1 +1Og) (Prz) (f: £, 0") = Pry (9, 8, ) ||, since

1S monic.

By the strong triangle inequality, the norm of the expression in (6.18) is equal
to ||Lg|| which is larger than p~" by assumption. As a result of Theorem 6.16,
one obtains ||Ly|| = || Py, (f,w") — Pu(g,w)|| > p~" which contradicts
Proposition 6.18. Therefore, we have ||Ly|| < p~".

If instead we have ||Ly|| < ||Ls||, we assume ||Ly|| > p"; we can repeat the

proof above but with n > 0 odd to deduce a contradiction. |

6.5 Iwasawa invariants of the signed p-adic
L-functions

Let f and g be as in the previous section. We now prove Theorems 6.1-6.3
presented in the beginning of the chapter. Throughout, we assume that
Hypotheses 6.2-6.5 hold, which implies that Hypothesis 6.1 holds for @w = p

and r = 1 so that a,,(f) = a,,(g) mod p for all natural numbers m { NyN,.

6.5.1 Analytic side

Firstly, we define the analytic Iwasawa invariants. Given a nonnegative integer

0<t<p-—2andasignf € {f,b} satisfying Hypothesis 6.4, we set

u(f, i = 1 (Ly(f, 5,0, X)), and

A(f? wt)in = A(Lp(f7 h» wt7 X))

where p(¢) and \(¥) for a given power series ¢ is as in Definition 3.2. Let us

now prove Theorem 6.1.
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Theorem 6.22. Let f, g, the sign i € {#,b} and the integer 0 < t < p — 2
be chosen so that Hypotheses 6.2-6.5 hold. Let ¥y be the finite set of primes
dividing N¢N,. Then u(f,w'):, = 0 if and only if u(g,w'):, = 0, whence
A(f? wt>in - 7 an + Z eU 97 eU(f’ wt)) ’
vEX

where e,(x,w") denotes the A-invariant of Z,(x,w") for x € {f, g}.

Proof. The fact that ., (f,w") has trivial g-invariant is due to Lemma 3.7.4 of
[EPWO06], so the first assertion of the theorem follows from Theorem 6.21 and
(6.16). To prove the second assertion, we note that since L, s)(f, 1, w*, X) is
an element of O X, we can apply the Weierstrass Preparation Theorem which
permits us to write it as p#(in . D(X) - U(X), where U(X) € O[X]* and
D(X) represents a distinguished polynomial in O[X]. The lambda-invariant
A(f)5, corresponds to the degree of D(X), which is determined by the image
of L,(f,1,w", X) modulo p. Computing the A-invariant of L,(f, ", X) and
of Ly(g,b,w', X) using the identity (6.16), and then relating the two using

Theorem 6.21 gives us

Mf e+ D0 ML (f,0') = Mg, i + Y ML
vEX vEXp
which concludes the proof. |

6.5.2 Algebraic side

In order to prove Theorems 6.2 and 6.3, we need to recall the signed Bloch-Kato
p-primary Selmer groups. As before, we narrate the discussion centred on the
modular form f with the understanding that the same applies to g.

Let V; be the Deligne p-adic representation attached to a modular form f
constructed in [Del69] and let Ty C V; be a Gg,-stable O-lattice. We write
W = Hom(Ty, E/O)(1). Take ¥ to be any finite set of primes containing p
and oo, as well as the primes dividing Ny. Let K be a number field and write

K, for the maximal extension of K unramified outside of ¥. The Bloch-Kato
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p-primary Selmer group of f over a number field K is given by the kernel of

the local-global map

HY (K, Wy)
Sel(K,Wy) =ker | HY (K, Wy) = [ 77
(K, W) < /) L HI(K,, Wy)

HY(K,, W
=~ Yer | H'(Ks/K,Wy) — ][] PFEK—UW;% ’
f vy

v|veEX
where H}(K,, Wy) is as in (3.20). If K is an infinite algebraic extension of Q,
we define Sel(KC, W) = limy Sel(K, Wy), where K runs over finite extensions
of Q contained inside U and the connecting maps are restrictions.

While the Pontryagin dual Sel(Q®°, W)Y is known to be a finitely generated
O[Go]-module, it is not torsion when f is non-ordinary at p. For this reason
we recall the definition of sharp/flat Selmer groups, whose duals are expected
to be torsion over O[G]. These Selmer groups can be regarded as the
algebraic counterparts of the signed p-adic L-functions we studied previously.

Before we proceed, we set up a few more notations. Let Qo = |J,, Q(ppn)
be the field extension with Galois group G, = Z). For § € Hom(A,Z)), we
write eg = ]ﬁ > rea0(1) - 771 for the corresponding idempotent element of
O[A]. Given an O[G.]-module M, we denote by M? = eq - M the f-isotypic
component of M.

Let p denote the unique prime of Q4 lying above p. Then Q, can be
identified with Q, (). We write

wa(@p(ﬂp“’)v Ty) = I&H H' (Qp(ppn), T)

where the connecting maps are corestrictions. As explained in [LLZ10, §3.2]
and [BL21, §2.3], the logarithmic matrix M., f decomposes the Perrin-Riou

map on Hf, (Qp(,upoo), Tf) into a pair of Coleman maps
Col® : Hllw((@p(ﬂpm),Tf) — O[[gm]]v

where § € {f,b}. Moreover, [BL21, Theorem 2.14] says that for 0 <t < p — 2,

there exists an explicit product of linear polynomials &, € O[X] such that

e - im(Col?) C & - O[Goo]
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and the containment is of finite index. For an explicit description of & ; (which

only depends on k and p), we refer to [LLZ11, §5A] or [HL14, Appendix A].

Definition 6.5. We define the sharp and flat Selmer groups of f over Q as
H' (Quop, W) )

H}<@oom= VVf)h

where H}(Quop, Wy)" is defined to be the orthogonal complement of ker(Col?)

Selu (Qooa Wf) = ker (Sel(@oo, Wf) —

with respect to the local Tate pairing Hf, (Qoop, Tf) X H (Qoop, Wy) = E/O
for b € {#,b}. We write X*(f) to denote the Pontryagin dual of Sel*(Qu, Wy).
For an integer 0 < t < p — 2, we write X%(f )[t] for the w!-isotypic component

of X%(f), which is a finitely generated O[Gy]-module.

Remark 12. From the proof of Theorem 6.5 in [LLZ10], Hypothesis 6.4
implies that X%(f)I is torsion over A := O[G,] for each § € {#,b}. Note
that this assumption holds for any choice of ¢ and g provided either k£ > 2 or

a,(f) =0 (see Corollary 3.29 and Remark 3.30 in op. cit.).

As discussed in Section 3.4.2, Kato’s main conjecture (c.f. Conjecture 3.8)

without p-adic zeta function is equivalent to:

Conjecture 6.23. For € {f,b} and 0 <t < p — 2, there is an equality of

A-ideals

CharA(Xu(f)[t]) — (Lp<f72t7:‘-] ?X)> )

If Hypothesis 6.4 holds for 0 <t <p—2and f € {f,b}, we define the following

algebraic Iwasawa invariants:

pu(f, ')y = (X3, and

Af @i = A (A5(H1)

The following result gives us half of Conjecture 6.23 provided Hypothesis 6.4

is true.

Proposition 6.24. If Hypothesis 6.4 holds and pu(f, wt)ilg = u(f,wh)i, =0,
then one obtains the following containment

Lp(.fa uawt7X)

‘@ € CharA(Xu(f)[t]).
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Proof. The proof of Corollary 6.8 in [LLZ10] shows that there exists an integer
n? such that

" M € char, (X(f)1).
t,f

This is applicable to our case since the p-adic L-function considered in loc. cit.

p

corresponds to the one studied in the present chapter up to a constant factor
given by the ratio of the respective periods utilized. The assumption on the

vanishing of the p-invariants allows us to remove the constant p”h. |

Let ¥ be the finite set of primes dividing N;/V, as before. We consider the
Yo-imprimitive version of the sharp and flat Selmer groups which is obtained

by ignoring the local conditions at primes in X

H' (Quop, Wy)
Selly, ) (Quo, Wy) = ker (HI(QZO/@W Wy) — H}(Qw’pfwf;cﬁ/b) , e {8b}

and its Pontryagin dual X(uzo). As shown in [HL19, §5], we have the isomorphism

fIl <mn»vV
Sel?zo)(Qoo, W)/ Sel'(Qu, Wy) H % : (6.19)
Ul’UEZO ! 0,0 f

In fact, H}(Qoop, Wy) = 0 whenever v { p since it is dual to the inverse limit

(@n(ﬂp”) Tf)
O T Q). Ty)

which is zero by [Leill, Lemma 6.2]. Therefore, we have the equality

charA(X(hEO)(f)[t]> = chary (X*(f)1) x H &E(f,w (6.20)

vEX

for each fj € {f,b}, where &,(f,w") represents the characteristic ideal of the
w'-isotypic component of [, H(Qoo, Wy)Y.

We now have all the necessary information to prove Theorem 6.2.

Theorem 6.25. Let f, g, t € {0,...,p— 2}, b € {f,b} and Xy be as in
Theorem 6.22. Then X*( ) and X%(g)¥ are both A-torsion. In addition, we
have that u(f,w )alg =0 if and only if u(g,w )alg = 0, in which case

(fa )alg g,w alg + Z €y ga ev(f: wt)) )

VEXQ

where e,(x,w') for x € {f, g} are defined as in the statement of Theorem 6.22.
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Proof. Let us first remark that for x € {f, g}, the element £, (x,w") defined
in Section 6.4 generates the characteristic ideal of &,(x,w"). Furthermore, the
Ojg-rank of [],, H'(Qu,, Wy)" coincides with the degree of &,(,w"). The
preceding statements are derived from the proof of [GV00, Proposition 2.4]
carried out on p.37-38 of op. cit., after identifying the w'-isotypic component
of H'(Quop, W)Y with HY(QF, W, (w™))Y. It follows that the p-invariant of
&,(*,w") is zero, whereas its A-invariant is equal to e, (x,w").

Recall from Remark 12 that Hypothesis 6.4 guarantees that X%(f) and
X%(g)® are torsion over A = O[G4]. The assertion on the p-invariants follows
from [HL19, Theorem 4.6].

By loc. cit., the A-invariants of the dual »g-imprimitive Selmer groups

X(ﬂz/b)( £ and X(ﬁéz)(g)[ﬂ coincide. Combining this fact with (6.20), we obtain
A+ 3 ME(f,wh) = Mg, wh)i, + Y ME
vEX IS

N.B. It was assumed in loc. cit. that the eigenforms f and g have even weight
k > 2. This condition is not used in the proof and carries over verbatim in

cases where k is odd. [ |

We conclude this chapter with the following application to the Iwasawa

main conjecture.

Theorem 6.26. Let f, g, t € {0,...,p— 2} and § € {#,b} be chosen so that
Hypotheses 6.2-6.5 hold. If u(*,wt)ilg = u(x, Wi, = 0 for x € {f, g}, then
Conjecture 6.23 holds for X*( ) if and only if it holds for X*(g)1.

Proof. Proposition 6.24 and Hypothesis 6.4 imply that

Ak, wh)i, — deg &y > A, wh)!

alg -

Furthermore, Conjecture 6.23 holds if and only if the equality holds.

After combining Theorems 6.25 and 6.22, one obtains the equality

A @i = Mg, )i = A, w0l = Mgs )i

from which the desired equivalence between the main conjectures follows. W



Chapter 7

Replenishing p-adic L-functions

at bad primes

The principal goal of this chapter is to identify a finite set of primes S and a
condition which we will call (S9P) so that a given p-adic L-function can be
written in terms of the S-depleted version and its dual. This decomposition
shall be used in the next chapter to deduce one of the two divisibilities required

to prove the Iwasawa Main Conjecture.

7.1 Summary of results

Fix an odd prime p and a totally real number field F' in which p does not
ramify. Let mp = ®; Try denote a cuspidal automorphic representation over
F whose complex L-function, L(7g, s), has the critical strip {k., ..., k*} which
is non-empty. Provided the Galois representation attached to 7p satisfies an
ordinarity condition at all places of F' above p, the Iwasawa Main Conjecture

for mp predicts the equality (up to a unit factor over the Iwasawa algebra A):
chary (Sel(F (py), mp)") = Ly(mp; X) .

In other words there should be a connection between the arithmetic of 7p
over the Z,-extension, and the object L,(mr; X) which interpolates the twists

L(mp & X, ky« + j) for integers j € {0,...,k* — k.}.
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The properties of Euler systems (assuming they exist for 7x) typically allow

us to obtain a weak divisibility of the left-hand side into the right-hand side:
chary (Sel(F(py), 7p)") divides Z,(mp) - Ly (s)(mp; X) .

Unfortunately the S-depleted p-adic L-function L, )(7p; X) is missing various
bad Euler factors for technical reasons, while the junk factor Z,(7p) is an
unwanted by-product of the construction of these elements as cup-products of
Siegel units in K-theory. In the subsequent two chapters we demonstrate how
one can replace L, g) with the full p-adic L-function L, and remove the factor
=,(mr), allowing for a sharper divisibility in the Iwasawa Main Conjecture.

The strategy that we shall adopt employs the four main steps listed below.

Step 1: Under a certain condition (S9P), one shows at every branch ¢ that

' Q) (@) [ w. — @ (.
L1(7¢)(7T’ X) = Q(Wi) X <W¢ ' yld) - Twys (Lp%(s) (ﬂ— ) X_J)r(l)> + yg ’ Lp?(s) (W’ X)>

where Ly, (s)(—) is an S-depleted version of L,(—), the integral elements W,

V1, Vs lie in the Iwasawa algebra A, and ggi; is a ratio of automorphic periods.

Here 7, occurs as a minimal twist in a family of decompositions © = 7; ® 7.

Step 2: Establish that the condition (S9P) holds true for each particular 7.

Step 3: Construct the zeta-elements g(j’) () and g;“fl)(w*) which map to

L;‘%) (7r; X ) and Twy- (Lff(;,l)) (7r*; ;—i)) under Perrin-Riou’s p-adic regulator,
respectively.

Step 4: Define the primitive norm-compatible element associated to m by

taking
Z(¢-) (7T) — Q(%1> % (qu . y¢ . (¢*1)<7T*) + y¢ . Z(¢)(7T)>
Zprim : Q(ﬂ'1> 1 £S5 2 45
(#)

so it is readily true that z; () is sent to L](3¢)(W; X) via Perrin-Riou’s map.

Using the Poitou-Tate sequence and the arithmetic properties of the Euler

system, one can then show that the characteristic power series of Hf, (F, T,(7))
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divides that of %, which is ‘half’ of the Main Conjecture (in the
notation of [KS24, §3]). Steps 1 and 2 will be the focus of this chapter and the
algebraic construction of primitive zeta-elements will be relegated to Chapter 8.

The main examples we will be considering are as follows: the automorphic
representation 7(f) for GL, attached to a parallel weight Hilbert modular
form f over F', the double product 7(f;) x 7(fy) of such a pair, the triple
product 7(fy) x 7w(fy) x 7(£f3) of a balanced triple, and the symmetric square

Sym?(f) which corresponds to GLs. As a consequence of this strategy and in

no particular order, we can deduce that:

e If F' = Q then the primitive Kato-Beilinson zeta-element (which maps to
L,(f; X)) has no poles in the cyclotomic direction, even if the image of

the residual Galois representation pg : Gg — GLy(FF,) does not contain a

conjugate of SLy(F,)! (see also the recent work of C.-H. Kim [Kim23]);

e The primitive p-adic L-function attached to Sym?(f) has no poles if the

unitarisation of x - det(w(f))™!

is not imaginary quadratic, otherwise it
has at most a simple pole—this holomorphy property was previously
proven when the ground field F' = Q via the work of Schmidt and others

[DD97; Sch&8|;

e The primitive p-adic L-function attached to m(f1) x w(fy) is holomorphic
and becomes p-integral after multiplying by the congruence number b,
(this was only previously known for the imprimitive Rankin-Selberg

version by [Hid91]);

e If FF = Q and under the same assumptions as in Kings, Loeffler and

Zerbes in [KLZ17, Theorem 11.6.4], there is a divisibility of p-integral

!What one actually needs is for the image of Gal(Q/Q((p=)) under p to contain (a
conjugate of) SLo(FF,) in order to prove the result [Kat04, Theorem 12.4(2)], which is
instrumental in demonstrating the integrality of the zeta-element. The condition that p
contains a conjugate of SLy(F,) is sufficient for all odd primes p except for the case p = 3

(see [Kim23, Lemma 2.2]).
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power series

CharA(Sel (@(,proo),ﬂ(fl)xw(fg))v>¢ divides f)f1~Lp(7T(f1)><7T(f2);X)(Zb

at each branch ¢ (essentially the same result was shown in op. cit. but

the Hida-Panchiskin imprimitive version appears on the right-hand side).

These results shall appear in the ensuing sections as Theorem 8.2, Corollary 7.8,
Corollary 7.6, and as an easy to derive consequence of Theorem 8.3. The
reader will have noticed that we have said nothing about the triple product
7(fy) x w(fy) x m(f3). In fact, we shall prove that the condition (S9P) holds for
such a representation but the construction of Hsieh and Yamana [HY24] only
treats the situation where the levels of the three modular forms are square-free,
hence there is no discrepancy between the imprimitive and primitive p-adic
L-functions.

We have decided to work within the framework of motives as the conjectures
of Coates, Perrin-Riou and Panchiskin [Coa91; CPR89; Pan94] from the 1990s
are written in this manner. There are presumably other ways one can replenish
the missing Euler factors in these examples whilst preserving either holomorphy
or p-integrality, however the advantage of our approach is that it offers a unified
method to tackle this problem. This chapter is divided into two parts. In
Section 7.2 we state the condition (S9P) precisely and explain how it is used
to decompose the primitive p-adic L-function. We establish this condition in

Section 7.3 for all the examples we have enumerated above.

7.2 Decomposition of the primitive p-adic
L-function

Let us reiterate a few notations that will be used throughout this chapter.

(a) If F is a number field or a finite extension of Q,, then Gal (F(fiy)/F)
is a product of a finite group A and a free part Go, = 1 + pZ,; we shall

choose a topological generator 7 of the latter group, so that 7% = G..
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(b) The Iwasawa algebra A := A(G) is the completed group algebra

MGoo) = 1 Z, [Cou/(Goc)"] = Z,[Goc] 5 Z,[X]

m

where the right-most (non-canonical) isomorphism arises from sending

y—= X+ 1

(c¢) Using Kcye to denote the p-th cyclotomic character, for each integer j
there is an isomorphism Tw; : A(Gs) — A(G) sending a generator

Y= wlge(7) - -

(d) IfTis a Gal(F/F)-module over Z, then H(F/F(p,),T) for any integer
i > 0 has a natural action of Gal (F (fepee) /F), which extends linearly
and continuously to an action of the full Iwasawa algebra Z,[A][Go] =

Z,|A][X] on cohomology.

(e) If we fix a generator ((ym ), of the Tate module Z,(1) where (ym € ppm
are primitive roots of unity satisfying ((,m+1)? = (ym, there exist twist

isomorphisms

TWJ : Hi(F/F(Fpr)aT) 4 Hi(F/F(MP‘”)?T(j))

oc— 0 ® (Cpm);e;ij.

(f) We write ® for the involution on A(G.,) which sends vy — 7!, and if
M is a A-module then M*® denotes the same module with its G..-action

flipped by °.

Let M be a pure motive defined over a totally real number field F' of degree
n = [F : Q]. Denote by ¥P2(M) the primes of O dividing the conductor
of M excluding those that divide p. Let us take a subset S C $**(M) and
choose ¢p € Sgny. Furthermore, we assume that Conjectures 3.4, 3.5, 3.6 hold
for the motive M, i.e. the holomorphy and complex functional equation for
the completed L-function W(M(x),s), Deligne’s period conjecture, and the
existence of LéEO)(M ) each hold true. We refer the reader to Section 3.2 for a

more in-depth discussion on motives.
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Our plan for this section is to decompose the p-adic L-function L;eo)(M )
in terms of its S-depleted versions L;?;)(M ) and LI(;(?)) (MV(1)). To begin,
we construct an element in Op,[X]* interpolating the factor w, in the p-adic

functional equation (3.11).

Lemma 7.1. At every branch character ¢ : A — @; there exists an invertible

power series WEOD?(M) € Op,[X]* such that for each finite order character
X=0-¢Pea

WA =w,(M(x),m).
(M) X=1p(7)Keye (7)™ —1 p< %) )

Proof. Observing that Or,[X] = Or,[y — 1], let us define a power series

L (0M)

W(’?O)’qb(M) = —
(D)

€ Frac (OT,p[[’V - 1]])

where o : Or,[y — 1] — Or,[y — 1] extends the involution v +— ~7*
linearly. In fact, Q/JNxIT(L;,_aOM (MY(1))*) = v 'Nal~ m( EO)’Wl(MV))

which implies

zb./\/’x;” (W(‘EO)’(‘S(M)) = wp(M(X), m) with y = ¢ - 9,

at all but finitely many critical (m, x) via the p-adic functional equation (3.11).

To establish that W9 (M) € Op, [y —1]*, it is enough to show that the
interpolated factor w, (M (x), m) is a p-adic unit at all but finitely many critical
twists (m, x). Following the same notation as that of Coates and Perrin-Riou
for the e-factor over F' = Q [Coa91; CPR89], one obtains

v (M(x).m) = [T e(M(x).mo dz) x 0 (MY (x71),1 - m)

otp,00

(for example, see [Coa91, Equations (37) and (25)]). Dividing through by the

period Q(eq, M) yields

(e0) (—e0) 1
Ven O] _ ) ) YO L2
Q(éo,M) P 7 Q(—éo,Mv)
with wl (M (x),m) := :3 ]]\\jv) Tlotpoo eo (M(x), m; ¢, dz) an algebraic number.

It is also important to note that the period ratio is independent of p, while

wp(M(x),m) = 1y (wh (M (), m) ).
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To determine the behaviour of the local e-factors under both types of
twisting, let us recall from Tate that at a finite place v 1 p and with W

unramified:
& (V@ W,m;p,dz) = &(V,m; ¢, d:v)dimw x det W(wﬁ“’”dimv'"(@)

(c.f. [Tat79, (3.4.6)]). In particular, if W denotes the one-dimensional
representation associated to x then W is unramified at v because supp {¢(x)}

consists of primes above p, in which case
€ (V(X), m; p, dx) =€ (V, m; o, dx) X (a root of unity)

. Furthermore,
P

so that ‘ Hnmoo €o (V(X), m; o, dx) ’p = ‘ Hb’[p,oo €v (V, m; e, dm)

€y (V,m; %dSU) = € (V; gp,dq:) X f(V)*m . 5(S0)*m-dimV

using [Tat79, (3.4.5)], and therefore one obtains the equality of absolute values

‘ HU’[p,oo €p (V(X)7 m; e, de') ’p = ‘ Hﬂfp,oo €y (Va s d[[‘) .

p
to the (-adic realisations of the motive M/, one has

ofp,00

where the final equality follows [Coa91, (25)]. Thus w,(M(x),m) € Og,. N

Applying this formula

=1
P

Definition 7.1. For each prime v € ¥*d(M) we write £ (M) € Op, [y —1]

for the unique element interpolating

ONZ(ZLI(M)) = 1p(Lo(M, ¢ - 1, m))
at every finite order character v : Gal(FIfzfo /F )0 — @; which is trivial on A
and the Galois group Gal(F¥S /F) , is as in the exact sequence (3.8).

We now state the hypothesis we need in order to write L;f‘)) ?(M) as an

Or [y — 1]-linear combination of its S-depleted counterparts.

Hypothesis 7.1. (S%P) At every branch ¢ and for a fized subset S C X2 (M),

the pair of principal ideals generated by the product of the bad Fuler factors

Hiﬂf(M;’Y) and H"Z’d)_l(Mv(l);’fl)

veS veS

respectively, are relatively prime to each other inside the algebra Or,[y — 1].
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Proposition 7.2. If Hypothesis (S ) holds for the motive M then at each

branch ¢, there exist Y{ (M), V(M) € Op,[y — 1] and a decomposition
—€0), -1 b d £€0),
L0 (M) = WEDS D) - P (M) x Ly (MY (1) + V5 () x LG (0).

Hence, if both L (M) and LI()’_(EO)) (MY(1)) are p-integral then so is L(EO)(M).

p:(5)
Proof. Fix a branch ¢ : A — @; Utilising Equation (3.11) and Lemma 7.1,
we know that LEO¢(M) = WE4 (M) x L= (MY(1))*, which means

[T (0 (097 x L (a0) = W (a) x LL 3 (017(1)* (7.)

veS

in terms of the S-depleted p-adic L-function attached to the dual MV (1).
Under Hypothesis (S9P), there exist elements Y7 (M), V5 (M) € Op,[y—1]
satisfying the identity
L=y [T (e i) + 500 [T 22 005).
vesS vesS
Multiplying both sides by Lz(fo)’qs(M ), simplifying, and then using Equation (7.1)

produces:

LE (M) = V(M) - TT 20 (W77 x LD (M) + V5 (M) - L) (M)

veS

= VP(M) - W) x LE G (MY (1) + V5 (M) - LGS (M)

as required. The second statement follows directly from the first. |

7.3 Verifying (59P) for tensor products

To get a decomposition for L *(M) that is unconditional (c.f. Proposition 7.2)
one must verify that Hypothesis (S9P) holds for each motive M,r being
considered. As will become apparent later on, the elements D%d)(M ;) and
,Z,¢_1(M V(1); 7—1) have trivial p-invariant at all bad places v { p, therefore it
sufficient to show that the zeros of

[[£e0;y) and J[Z (MY

veS veS

yield disjoint subsets of the open disk B¢, (0,17) = {x € Oc, : ‘x}p < 1}.
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7.3.1 The Manin-Vishik p-adic L-function

Let f be a Hilbert modular newform in Si(c,n) of parallel weight £ > 2

conductor ¢, Nebentypus 7, and L-function L(f,s) = > C(f,m)-N(m)—*

m<1(9p

with Euler product expansion given by (2.31). The following result [SW93,

Theorem 3.3] describes the Fourier coefficient of f at the bad primes.
Theorem 7.3. Suppose that v is a prime ideal of O dividing the level ¢ = ¢(f).

(1) If n is not defined modulo c¢v™' then we either have C(f,v) = 0 or
k—

|C(f,n)‘oo = N(v)= . Moreover, C(f,0) # 0 whenever the inertial

degree of v equals 1, or when v | c.

(ii) If n is a character modulo co™' then we either have C(f,0) = 0 given

that v? | ¢, or instead |C(£,0)|_ = N (0v)¥=2 in the situation where v* { c.

2
The interpolation property of the p-adic L-function L,(f) attached to f is
given by (3.12) along with a p-adic functional equation (3.13). We refer the

reader to Section 3.3.1 for further detail.
Proposition 7.4. Hypothesis (S ) holds for M(f) and the set S = X *(f).

Proof. If b € ¥P3(f) then L,(f,s) = 1, or else Ly(f,s) = 1 — a,(f)N(0)~*
where a,(f) = N (v)® - u, with ’un}w: 1 and e, € {#2, 51} by Theorem 7.3.

Given a branch ¢, the Euler factor (1 — x(v)a,(f)A (v)™") is interpolated by

logy (N (v))
(1 — d(v)ay(f) - (1 + X)“gp“cyd”)) evaluated at X = keye(7) " x(7) — 1.

log), (N(»))

Note that N (v) coincides with the image of wp(b) - y'zrreve® € Z [y — 1]

under Kqy. where wp is the restriction of the Teichmiiller character to the field
logp, (N (v))

F; likewise, x(0) = ¢(v) - ¥(v) = ¢(v) - x(7)"°=r"»<®) in the same notation as

Section 7.2. Therefore, any zeroes of L0 (M s Keye(7) 7" -7) must have the form

logy, keyce (v)

x¢ = (6(0) -, W) - 10) ) " () -1

(7.2)

_ logy, keye(v)

= (600) 1y (o) ) )T ) - 1
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If ¢ € XP84(f) then Ly(f”,s) = 1, or else Ly(f*, s) = 1—ay(f)N(q)~* where
ag(£7) = ag(£) = N(q)% - Tg with |uq| =1, eq € {52, 55+ } by Theorem 7.3.
At any branch ¢!, the dual factor (1 —X(q)oq(f)A (q)"*) is interpolated by

B  Tos (@),
(1—¢(q)aq(f)j\/(q)’k~(1 +X) T “oyc”’) evaluated at X = Keye(y) "x(7)—1.

It follows that any zeroes of D‘Z]¢_1(MV(1); Keye(7)" - 7) must be of the form

: o
- s eq—k — °g q r
x” = (6(a) -y W@ ) ) T (7)1
- Ing Kcyc('}’) (73)
= (30) -y eora) ™ - 5) ) P )
108p Keye () Ing reye ()

In the expressions above, the interior terms of (—) ™™ and (—) PerW©@)
belong to 1,(Q) and both have complex absolute value equal to one under
the map ¢ 0 ¢, 1. We shall next carefully pick the topological generator v €
Gal(F¥e /F)o s0 that keye(7) lies in ¢,(Q) N (1 + pZ,) and that the complex
number iy, 0 ¢, ! (/‘icyc(’}/)) does not have absolute value one, e.g. choosing -y
with Keye(y) = 1 + p works fine. As a direct consequence, one immediately
finds |to 0 1y (Keye (7)) ‘Oo =1+p#1.

Suppose that x§ = xff_l for some v,q € ¥P(f). Together, (7.2) and (7.3)
imply that

KcyC(V)T_eu - Hcyc(/y)T+6q_k7 i.e. €y + €q = k.

k—1

The latter equality is impossible as ey, ¢4 € {%, 5

and hence x? # xfl’fl.
We conclude that the zeroes of 2 (M;~) and .,?f_l(Mv(l); 7~!) are disjoint.
Finally, the p-invariants of both these products of bad Euler factors equal

zero hence their principal ideals are relatively prime, and Hypothesis(S9°P)

holds. [ |

7.3.2 Hida’s double product p-adic L-function

Let f1 € S, (¢1,m) and f5 € S, (c2,72) be a pair of Hilbert modular newforms
satisfying ko < k1. To the double product f; x f5 one can associate the motive
M (f; ® f3) equivalent to the tensor product of motives M (f;) ® M (fy) which

has rank four and weight w = ky + ks — 2.



135
Let us recall from Section 2.4.2 that the imprimitive L-function of f1 x fy
is defined as

D(fl, f2, S) = C(C1c2)(77]1772, 28—}-2—]61—]{72) X Z C(fh m)C(fQ, m)/\/(m)_s (74)

m

with an infinite product expansion
[T Dut1.£2.5) = [T (1~ (B (DN (0) ) (1 = Bulf1)Bu(E2)A (0) )
(1= (B (EIN(0) ) (1~ () (E)N () ) )

where ((¢e)(M172,8) = Y Mi2(m) - N(m)~* over integral ideals m prime to
ci1¢o. Here, a,(f;) and 3, (f;) represent the roots of X2—C(f, v) X +7(0) N (b)~~1
so that for places v | ¢, we assign o, = C(f;,0) and 5, = 0 for i = 1,2.

Meanwhile, the primitive L-function of £ x f5 is given by the infinite product
1 I, -t
L(t,®t5,5) = [ det (1—Frob; ‘(vg(fl)@vg(fz)) ~N(n)*5) L0+ (T.5)
|

where for i € {1, 2}, Vi(f;) is the Deligne-Taylor representation attached to f;,
Frob, denotes the arithmetic Frobenius element at v and I, C G, is the inertia
subgroup. We denote the local factor of L(f; ® fs,s) at v by L,(f; ® fo, s).
Let mp(f)) = @, 7k (f1) and 7r(f2) = @, 7k, (f2) be the irreducible
cuspidal automorphic representations of G = GLy(F’) associated to f; and fs,
respectively. One also writes ¢(mp(f1)) < Op and ¢(mp(f2)) < OF to indicate
their F-conductors. The work of Langlands, Jacquet and Gelbart in [GJ78;
JL70] yields a description of the double product Euler factors occurring at

primes v € X"(f), as we now outline:

(I) 7 (f1) = m(p1,11) is an unramified principal series, while 7p, (f2) is
arbitrary but v | ¢(mp(f2)). Here (W(f1)®W(f2>)IFU = Vg(f1)®(Vg(f2))1F"
so that L, (f1 ® f2,3) and D, (fl,fg,s) both equal the (degree 0 or 2)

factor

(1 — (1) (F2)N (0) %) (1 = Bo(F1) v (F2)N (0) %) .
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(I11)

(V)
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For some ramified character €, one has that g, (f;) ® ¢, = 7T(,u1€n, Vla,)
is an unramified principal series, and 7, (f2) satisfies v | ¢(7p(f2) @&, !).
Because this is just an g,-twist of Case (I)’, one may readily deduce that
Lo(f1 @ fa,5) = Ly ((f1 ® &,) @ (f2 @, 1), )
= (1 —ap(f1 ®&p)ap(fa ® e, h) -J\/(U)_S)
x (1= Bolfr ® e)(f2 @ 2;) - N (0) ™)
which coincides exactly with the Euler factor D, (f 1 Qe fa®@et, s).

For some ramified character ¢, both of 7p, (f 1 ® 50) and 7p, (fQ ® e, 1)

are principal series and unramified, and it follows immediately that
Lo(f1 ® £, 5) = Ly ((f1 @ &) ® (F2 @ e;"), 5)
= Dn((fl ® &), (f2 @e;1), s)
which are both of degree 4.
m = 7R, (f1) = a(ul,ul) is a special representation with pv;' = N

whilst o = g, (f2) is not a special representation, so that upon applying

[GJ78, Equation (1.4.2)] we find L(7r1 X T, s) = L(S,/Jl ® 7T2); thus
Lo(f1 @ f2,8) = (1 — ap(f1) o (F2) N (0) ™) (1 — v (£1) 8o (£2)N (0) %)

which coincides again with the imprimitive Euler factor D, (f 1, o, s).

Both of m = 7 (f1) = a(ul, yl) and my = 7p,(f2) = a(ug, VQ) are

special series representations satisfying p;v; ' = N, so that by [GJT8,

Equation (1.4.3)] one has
L(m X ma,8) = L - po, 8) X L(v1 - pa, s)
= L(p1 - p2,8) X LINT - iy - po, s) = L(p - po, 8) X Lpa - pra, s — 1),
Furthermore, in terms of the Hilbert modular newforms we deduce that
Lo(f1 @ f2,5) = (1 — ao(f1) o (£2) N (0) ) (1 — aw(f1) ca(F2)N (0)' )
# (1 — aw(F1)(F2)N (0) %) = Dy (1,2, 5)

k:l k‘2
with [ (f1)| =N (v) 2 ! and | (f2)| = N (v) 2 " by Theorem 7.3(ii).

[e.9]
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(VI) Both of m; = 7g,(f1) and m = g, (fs) are supercuspidal representations
and by [GJ78, Proposition 1.2] the only possible pole of L(7r1 X T, 3)71
is simple; such a pole occurs at s = sy precisely when N2% = (191192)71
where 9J; denotes the quasi-central character of m; for ¢ = 1,2, which
means Sg = 3 (k1 + ko — 2). It follows that D, (fl, fo, s) = 1 whilst either

1
2
(f1 ® £, ) 1, or instead

Lo(f1 @ f2,8) = (1=t - N (0) ™) with [8h] = A(v)20+h72,

The reader may have noticed that we apostrophised each of the Cases (I),
(I), (IV). In fact, there are complementary Cases (I)”, (II)”, (IV)” obtained
by exchanging the roles of 7g, (f;) and 7g, (f2), however the calculations are

otherwise identical.

Notation. For each choice of » € {LLILIILIV,V,VI} one writes E'Ef)d for the

subset of bad primes corresponding to Case (%) above, hence there is a partition
P, fr) = S U IR U SHD U SE U IR U SR -

If one defines f; :=f; ® ¢ and fy := £y ® ¢! where ¢ = Hneg?ﬁ?ug?ﬁﬁ) €v, then

L(fl X fQ,S) = L(S) (fl X fQ,S) X HLU (fl X fg, 8)71

veS

= D(S) (f‘l,f‘z,S) X HLD (f1 X f2, S)

veS

-1

where the finite set S = S(f1, f5) consists exclusively of primes in 25§ UX,.

Panchishkin, Hida and a few others [Pan89; Hid91; Dis17; Del20] have
constructed a p-adic L-function that interpolates the imprimitive complex
version (7.4) on the critical strip {ks,..., k1 — 1}. More precisely, if we write
\I/(fl, fa, x, s) for the completed L-function (2.38) associated to the Dirichlet

series D(fy, 5, x, s) in place of L(f; ® f3 ® ¥, s), then

XNx;n(Dp(flan)) = B(fy,fy, x,m) x H-Ap (M(f1 ® fa),x, 1+ m)

plp (7.6)
\Il(fla f27 X 1 + m)

Q(fq, f2)
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at every Tate twist m € {0,1,...,k — 2} and for each x € %;Ors. Here the
automorphic period Q(fy, f5) is equal to the Petersson norm (fy, f;).,. A more
precise version of Equation 7.6 can be found in [Pan89, Theorem 2.1] (see
also Equation (4.1)). The p-adic functional equation involves the primitive
p-adic L-function L,(f; ® f5) which a priori only belongs to the quotient field

of Or,[A][y — 1]. In particular one has for every critical twist (m, ) that

XNy (Ly(fr @ £2)) = wy (M(£1® £2)(x), m) (7.7)

XAk R (L (8 @ £7))

The following result identifies a necessary condition for Hypothesis (S4P)

to be valid in the case of double products.

Proposition 7.5. Hypothesis (S4P ) is true for M (f1@f,) and S = EbadUEF{}%

if one replaces the newform pair (£f1,£,) with its twisted counterpart (fl, fQ).

Proof. We remark that for M = M(f; ® f5), there is a pair of factorisations

Lo(f @ f5)

_— .$¢ M;~) .Z¢ and
Q(fy) - Qf) 1 H H

bad bad
DGE( V) UGE(VI)

LY @ £5)°
p gqﬁ MV 1 —1
Q(F)) - Q(F)) ! 61;([) 177

< T 2 0rwn).

bad
062(31)

Ly o (f1,£2) =

1 e
LY o (£ £5)* =

One must then compute the zeroes of these bad factors in Cases (V) and (VI).
Firstly, Ly (f10f2, s) = (1= (1) (£2)N (0) %) (1= (£1) i (F2) N (0)79)
k k
if v € 35 with | (f1)] = ./\f(t))Tlf1 and |ay(f2)| = N(U)%*l, therefore

kitks o
=N(v) 2 and

o0

o (F1) e (£) ao(F ) (BN (0)!| = N ()22 1.

oo

'

Given a branch ¢, any zeroes of L8 (M s Keye () -7) must then have the form

Ing "ucyc(ﬁ’)
~log, (N —
x¢ = (000) - sp(wr @)™ - w)) T k()T -1 (78)
where |un‘oo: 1, and either e, = 2122 — 2 or ¢, = B1dk2 1,
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Ifve Eb{afll), either L, (f1 ® £y, s) =1or Ln(fl ® £y, 3) = (1 — -N(U)_S)

with |4, = N (v) 3(k1+k2=2) whence the zeroes of £ (M keye(y) ™) assume

the form
o reye ()
b _ €o _llf;p("\?’l(“;) r—eyp
Xy = ¢(U) clp (WF(U) : uU) fﬁcyc(V) -1 (79)
where |uv‘oo: 1 and e, = % —1.

Alternatively, if q € 2'(0{“}3‘ then by a similar argument, at each branch ¢!

any zeroes of the dual Euler factor £¢ (M"Y (1); kiye(7)" - 771) have the form

logy, Keye(7)

X;bil - (a(q) . Lp(WF(q)eq_%T U_Q)) B Kcyc('y)r—’—eq_%T - L (7'10)

where kT = %(kﬁ—k‘g— 1) is the symmetry point, and e, € {@ —2 %—1}.

Likewise, if q € Ebad then any zeroes of £ ( V(1); Keye (7)™ -y 71) is of the

form

logp Kcyc (v)

x{ = (5@[) : L;,,(uJF(CI)e"‘*Q’cT u_q)) N G ) I LA (7.11)

Suppose the zeroes are not disjoint, say XU = x¢ for some v, q € E'(Dad UE?\E}%

Together, Equations (7.8)-(7.11) imply that
’iCyc(’Y)T € _ ,icyc(,y)r—l-eq—QkT’ ie. ey + eq = okt = ky + ko — 1.

But this is impossible as e,, e, € {£3k2 2 Btk 1} tperefore x¢ 4 xﬁ_l. |

In preparation for the following corollary, we provide a definition of the

congruence number in the sense of [Dia91; Hid91; Wil95].

Definition 7.2. To a cusp form f € Si(c; R), one can associate the congruence
number bg := Ann(ker V/f) where #% : Si(¢; R) — R denotes the map sending

g — (f,g). with (—, =), being Hida’s pairing introduced in (4.11).
Corollary 7.6. The primitive function L,(f; ®f3) has no poles on X, in fact
be, - Lp(f1 @ £2) € Orp[A][y — 1]

Proof. As Hypothesis (59°?) holds for M = M (f; ® f5) with S = %) U ZE

it follows from Proposition 7.5 that for elements Y (M), V(M) € Op,[v—1],

Ly(fy @ £y) = WD (M) - YF (M) x Twi, g, 1 D (fl,f)
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(M) x D . (f;.f
+y2( ) X p7(S)( 1 2)-

The holomorphy of both DZ( 5) (fy,f5) and DZZ;) (ff, f’g) on X, was established
by Hida in [Hid91, Theorems 5.1 and 5.2], which immediately implies the

holomorphy of
LO(fy ® £5) = 10 1) (Q(ﬁ) : Q(fl)‘1> x LO(F @ 1)) € Q@ Or,[y —1].

The p-integrality of by, - Lf,’(f 1 ®1f5) is an easy consequence of the p-integrality

of be, - DY (f1,f2) (cf. the last line in Theorem 5.1 of op. cit.) since the quotient

Ly (f12f2)

D3 s £a) is composed of products of p-adic Euler factors, each of which has a
p\11,12

trivial p-invariant. |

7.3.3 The symmetric square p-adic L-function

Let f € Sk(c,n) be a Hilbert modular newform and {W(f)}é its system of
(-adic representations. The symmetric square representation Sym?(f) is the

three-dimensional component in the tensor product
Vi(f) @ Vi(f) = Sym*(f) & (g -

The hypothetical symmetric square motive M ( Sym?(f )) has rank three and
weight w = 2k — 2.

Once again, we define the primitive L-function for Sym?(f) as the product

-1

L(Sym?(f), s) = [ ] det (1—Frob;1 ‘ (Sym?2(f))" .N(n)‘5> L 0#v. (7.12)
v

and the imprimitive L-function for Sym?(f) as the product of Dirichlet series

D(Sym®(f),s) = (o (7%, 25 +2 = 2k) x > C(f,m*) - N(m)™*  (7.13)

with infinite product expansion

T (1= an(0)2A7(0) ) (1= Bu(£)*N(0) ) (1 = (o)A (o)) >_1

b

Both L-functions converge when Re(s) > k and the L-factors agree at v 1 c.
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The factor at infinity for the symmetric square representation is given by

22m) ™™ (s)"T'(s —k+1) if kis odd
Loo(Sym?*(f), s) := (7.14)

22m) ™ T'(s)"T'(s — k+2) if k is even.

and one writes as usual the completed L-function:
U (Sym?*(f), s) = Loo(Sym?*(f), s) x L(Sym?(f),s). (7.15)

Gelbart and Jacquet proved the analytic continuation of \Il( Sym?(f), s) to C

along with the complex functional equation
U (Sym*(f), s) = e(Sym?(f),s) x U(Sym*(f*),2k — 1 —s). (7.16)

using the automorphic representation associated to Sym?(f) [GJ78].

The p-adic analogues of these objects were constructed buy Coates—Schmidt,
Schmidt and others [CS87; Sch88; Gue95; DDI7; Ros16] by utilising Shimura’s
theory of half-integral weight modular forms. There is a long back-story to the
order in which results where obtained, however suffice to say that over I' = Q
most of the work is already done. It is important to note that the behavior

of the completed L-function on the critical strip {1,2,...,2k — 2} changes at

the point of symmetry s = &2_1, which means there are two separate p-adic

L-functions, D (Sym?*(f)) and D (Sym?*(f)), satisfying at all even N Tt

XN:CL"(D;t(Sme(f))) = B(Sym*(£), x,m) x [ [ Ay (Sym®(£), x, 1 +m)
plp
\IJ(Sme(f),X,l—i-m)
Qi(Sme(f),m)

(7.17)
where we will choose ‘=" if m € {0,...,k—2} and ‘+"if m € {k—1,...,2k—3}

(at odd characters xN'z}" both p-adic L-functions are identically zero).

Remark 13. The automorphic period in the above equation is given by:

(2m) DS )2
I(m+ 1)
(27T)n(2m+3—k) <f’ f)%

(20(m + 2 — k)D(m + 1))

and

Q_(Sym2(f), m) =

QF (Sym?*(f),m) =

n

with £ chosen as above (c.f. [DD97, Theorem 3.1.2)).
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The p-adic functional equation concerns the primitive versions L ( Sym?(f))

which & priori only lie inside of Frac(Or,[AT][y —1]). More exactly, one has

XN <L; ( Sme(ﬂ)) = Wp <M( Sme(ﬁ) (). m) (7.18)
« Xlexikafm (L;r( Sme(fp))>

where L;,t interpolate the same special values as D;t, except D( Sym?(f), x, —)

is replaced by the primitive L-function L( Sym?(f), x, —) in the formulae.

Proposition 7.7. Hypothesis (59 ) is true for the motive M = M ( Sym?(f))
if one takes S to consist of the primes where f is supercuspidal, and then

replaces £ with a minimal twist £* = f@e amongst all quadratic characters € p.

Proof. The argument closely follows the F' = Q scenario outlined in [DD97;
Sch88]. Let m#(f) = @, 7r, (f) be the cuspidal automorphic representation of
GLy(F) associated to f. Then by [GJ78; Rosl6] the following occurs at the

finite places v of F":

(I) 7p,(f) = 7m(p,v) is principal series with p and v unramified, whence

(Sym? Vy(£))"™ =Sym? Vj(£) and Ly, (Sym?(£), s) = D, (Sym?(f), s) equal

(1 — ag(f)N(U)—S) (1 - ﬁS(f)./\/’(n)—S) (1 . H(U)N(U)k_l_s).

(II) 7p, (f) ® €, is unramified principal series with €, a quadratic character,

so that (Sym” Vg(f))IF" >~ Sym* (V,(f) ® &,) and L,( Sym*(f), s) equals
(1= ag(f @ )N (0)7*) (1 = B (f @ o) N (0) ™) (1 = n(0) N (0)* )
which coincides with the imprimitive Euler factor D, ( Sym?(f ® ,), s).

(IIT) 75, (f) = o(u,v) is a special representation with urv=' = AN, so that
Ly(Sym?*(f),s) and D, (Sym?(f), s) are both equal to(1 — N (0)*~27¢).

(IV) 7, (f) is a supercuspidal representation so either L, ( Sym?*(f), s) = 1, or
Ly(Sym?*(f), s) = (1 — 3, - M(0)*7'7*) for some root of unity 3, € Q%

note however that in both situations, one always has D, ( Sym?(f), s) =1

(one can specify the root of unity 3, exactly, e.g., see [Ros16, §4.2]).
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For the motive M = M(Sym?(f)) and S C XP*!(M) as above, one has

factorisations
- L;#( Sym?(f)
D, % (Sym*(f%)) = & 2( _2) < [[ 42 (M;y)  and
112 - IElle) s
. L?7(Sym?(£7))* )
Dul (S = e ooy < LA (0w,
) o(f)

o(ft veS

Based on our analysis of the local factors above, one only observes a discrepancy
between the imprimitive and primitive local Euler factors when v belongs
to Case (IV). Therefore, we take S = E}(Jf‘\‘}) and compute for the zeroes of
ZL2(M;~) and %¢_1(MV(1);7_1) at the places v € S.

Firstly, if b € S then by the same arguments as in the previous two sections,

for a given branch ¢ any p-adic zeroes of £ (M; Keye(7)™" - ) takes the form

_ Ing Kcyc ()

X = (¢(0) - 1y (wrp (D) - uy)) PNV ko (y) T =1 (7.19)

where ’un ‘Oo =1 and e, = k—1 from the shape of the factors in (IV). Secondly,

if g € S then any zeroes of .,Zif’*l(]\/[v(l); Keye(7)" - 77") has the form

. lng reye(7)

x{ " = (3(0) 1y (wr (@)1 ) ) TS g () -1 (7.20)

Suppose that x¢ = xf_l for some v,q € S: Equations (7.19) and (7.20) imply
Feye (7)™ = Kege() T2 iel ey +eq = 2k — 1.
Clearly this is impossible as ey, eq = k — 1, in which case xf #+ Xf_l. |

Corollary 7.8. The element L;E(Sym2(f)) is either holomorphic on X,, or
has at most a simple pole at those x € X, where xn~' is imaginary quadratic.

In particular, if F = Q then L;(Sme(f)) is an entire function defined on X,.
Proof. Applying both of Propositions 7.2 and 7.7, we have a decomposition
L;’¢( Sym?*(f)) = WS PP s Twoy_s D;(g (Sym2(fp’u)).
¢ _7¢
+ Y5 x D (Sym?(£%))

where W(e0):¢ ¢ f belong to Or,[y—1]. The holomorphy of Dlj’d’( Sym2(fu))

follows from the result [Hid91, Theorem 5.1] specialised to the cyclotomic
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line. Moreover Dy "f’_l( Sym?(£7%)) is well known to be holomorphic [Ros16,
Theorem 7.7] except maybe for simple poles if yn~! is an imaginary quadratic
character over F. The first assertion is now a consequence of the above
Orp[y — 1]-linear decomposition. The second assertion follows from the fact
that if F' = Q, then by [DD97, Theorem 3.1.2] the imprimitive p-adic L-function
D ( Sme(fp’h)) is entire on the whole of X, therefore L;’¢(Sym2(f)) must
be an entire function too (via our decomposition).

N.B. The corresponding assertions for L;;( Sym?(f)) are directly implied by the
p-adic functional equation because L ( Sym*(f)) and Tws_o, (L, ( Sym?*(f))")

coincide after dividing through by the unit W) (M) € Op, [AY][y—1]*. W

Remark 14. If ' = Q then the integrality of bg - Dpi(Sme(f)) has been
shown in [RSV23, Theorem 1.4], and therefore one acquires the integrality of
be- L= ( Sym?(f)) for free. If F' # Q then it is conjectured that be- L ( Sym?(f))

has non-negative u-invariant.

7.3.4 The triple product p-adic L-function

The final example features another tensor product of Hilbert modular newforms.

Let f; € Sk, (c(f;),m;) for i = 1,2, 3 satisfying ky > ko > k3. The motive M =

M (f,®f,®f3) associated to the triple product is given by the tensor product of

motives M (f1)®@ M (f2) @ M (f3) with rank eight and weight w = ki +ko+k3—3.
The imprimitive L-function for the triple product f; x fy x f3 is given by
Dfifotss) = [ TI (1= Tl XalE)TolE)N (@) )" (7.21)

9 Tqe{aq.fq}
where X2 — ¢(f; )N (0) ™% 4+ n;(0)N(0) ™% = (X — ap(£;)) (X — Bo(£;)) for each i
with a,(f;) and S, (f;) following the convention laid down in the previous cases.

Meanwhile, the primitive L-function is the infinite product given by

L(f,@f,®fs,s) = [ ] det | 1 — Frob,*
v

(7.22)
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We assume in this thesis chapter the triple product f1 x £5 x f3 is balanced,
meaning ki + ko + ks > 2k*, where k* = max{k; : i = 1,2,3}. This is
equivalent to ko + k3 > k; by our assumption on the weights. In fact, we
impose a slightly stronger condition ky + k3 > k1 4+ 2 so that the critical strip
{ki,k1+1,..., ko+ ks — 2} is non-empty. In this case, the factor at infinity is
given by Loo(f1 ® £5 ® £3, 5) = D¢ (s + thaths=2)n [T, De(s + k)", where

ki = Bitkeths g for each i and the completed L-function is defined as

\Ij(fl X fg X fg, S) = Loo<f1 X f2 X f3, S) X L(fl X f2 X f3, S) . (723)

The analytic properties of the triple tensor product has been studied in [PSR87],
namely ¥ (f; ® fy ® f3,s) converges for Re(s) > 0, it is meromorphic on C

possessing only a finite number of poles, and it has the functional equation
qf(fl ®f2®f3, S) = 6(f1®f2®f3, S) X qj(f’f@fg@fg, k1+k2+l{'3—2—8) . (724)
For technical reasons, we also suppose each character 7; is a power of wp.

Conjecture 7.9. There exists a meromorphic function L,(f; @£, ®£3) defined

on the whole of X, uniquely determined by the data

XN (L, (£1 ® £2 @ £3)) = B(Er, £2,£5, x,m) x [ [ Ap (M, x, k1 +m)
plp
\I](fl ® f2 & f37 X5 kl + m)
Q(f1) - Q(f2) - Q(f3)

at every Tate twist m € {0,... ks + ks — k1 — 2} and finite order character

X € X,. Furthermore, it should satisfy the p-adic functional equation

XNI;H (Lp(fl & f2 & fg)) = wp(M(fl X f2 & f3)(X>, m)

X x TNzt (L (80 @ £ @ 1))
Remark 15.

1. The above is just a restatement of Conjecture 3.9 for the triple product

motive M = M (f; ® f3 ® f3) together with a functional equation.

2. Hsieh and Yamana have already proven Conjecture 7.9 when F' = QQ and

the lem (c(fy1), ¢(f2), ¢(f3)) is a square-free integer [HY?24, §7.6].



146

3. Provided Conjecture 7.9 holds, if the residual Galois representations
attached to each newform f; are absolutely irreducible and p-distinguished,
it follows from Corollary 7.9 in op. cit. that be be,be, - L, (f1 @ £2 @ £3)
is both analytic on X, and p-integral (here b, is the congruence number

associated to f;).

Let D,(f1,f2, f3) denote the (conjectural) triple product p-adic L-function
interpolating the same arithmetic data as L,(f; @ f ®f3), with the caveat that
L(f1 ® fo @ f3, x, —) is replaced by its imprimitive version D(fy, £y, f3, x, —).
Our goal in this section is to deduce holomorphy and integrality properties of
L,(f;®f;®f3) from that of its imprimitive cousin, which means we must verify
Hypothesis (S9P) for an appropriate set S. Unfortunately the calculation of
the bad Euler factors for the triple product is extremely fiddly, forcing us to

make a simplifying assumption.

Definition 7.3. We say that (fl,fg,fg) is an M-smooth triple if for every
finite prime v | ¢(fy) - ¢(f2) - ¢(f3), at least one of the 7p, (f;)’s is a ¥,-twist of
an unramified principal series representation, and where the Hecke polynomial
of f; ® ¥, has roots a,(f; ® 9J,) and G, (f; ® ¥,) satisfying |an(f7; ® 190)|OO =
|Bo(£: @ 0y)] = N (0*i=D/2),

Proposition 7.10. For an M-smooth triple (fi,fs,f3), Hypothesis (S9P)

holds true for the motive M = M(f1 ® fo ® f3> provided:

o Wuwe replace (fl, fo, f3) with a certain twisted triple(f1®5’1, fo®el, f3®€g)

where €\e4el is trivial; and

o We take S to be the set consisting of bad primes v where one of the
Hilbert modular newforms f; is a twist of an unramified principal series

at v, and the other HMFs are either special or supercuspidal at v.

Proof. Let v € ¥P24(f). As (fl, fo, f3) is M-smooth, without loss of generality

one may assume that f3 ® ¢, is principal series and unramified. Consequently,

(Vel(f1) ® Vi(fa) ® Vilf3)) "™ 22 (Vel£1) © Vi(E2) @ 9, 1) ™ @ (Vi) ® )
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in which case the polynomial L, (f 1 ®fy®f3, X ) coincides with the L-factor
Lo(f1 @ f2 @0, au(f5 @ 0) - X) X Lo (£1 @ £, @ 0,1, Bo(f3 ® 0y) - X)

where |a,, (f3 @ Yy) ‘ ‘617 (f3 @ Y, )‘ = /\/’(U(kf”’lm) under our hypothesis.
We adopt the notations in Section 7.3.2 for the twisted pair (fl, fo® 19;1).

Ifoe E?‘;d U 2?13131 U E?ﬁ% E?f{‘,i then studying the proof of Proposition 7.5,

Ly(fr @ 50 0,1, X) = Dy(f1 ® 0, £2 ® (0) 1, X)

therefore L, (f; ® f2 ® f3, X) = Dy (f1 @ €y, f2 @ (e00) 7", f3 @ ¥y, X) and one
can ignore these primes entirely (i.e. we do not need to include them within
the set S). In this situation, one would define the local characters €} , := &,
ghy = (eo¥) " and &, 1= ¥y, so that the product ] &b &5, = o+ (e00y) 7"y
is trivial.

Alternatively, if v € Zl(m)l U Ebad for the twisted pair (f,fs @ ¥;!) then

either both of the representations 7g, (f;) and 7g, (f2) are special series so that
Li(f1®@f 9, X) = (1 -4 - X)(1=N(v) - & - X)
with ‘Ll{,!oo = N(U)%(’“*’”)_Q, or both are supercuspidal at v, in which case:
(i) Lo(f1®f2 ®9;%, X) =1, or alternatively
(i) Lo(f1 ® f2 @951, X) = (1 — 8l - X) with [tl]_ = N(v)ztk)-1,

It follows that L, (f 1 ®f ®fs, X ) is composed of a product of linear terms
(1 — 8y - X) where |4,|_ is equal to N (v )akithatha=5) op Af(p)z(k1theths=3)
N.B. The same reasoning works fine if any one of f; @9, or fo®1, are principal
series and unramified, one just has to permute the indices appropriately.

Let us next define global characters &} := [],cswaa(pp € for each i =1,2,3.

From the above discussion and the choice of set S, one readily computes that
L(S) (fl & f2 & f3, S) = D(S) (f1 (%9 5/1, f2 &® 5/2a fd X 52),, 5)'

We are now in a good position to check whether the Euler factors at primes in

S arising in the p-adic functional equation (at a fixed branch ¢) are coprime.
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Suppose that a zero of L (M; Keye (7)™ - ’y) 1s the same as a zero of the dual
factor L7 (MY (1); Reye(7)" -7 7), e, x5 = x¢" for some v, q € X0 U

Then by a similar argument used in Sections 7.3.1-7.3.3, one concludes that

Hcyc(’yy_eu = ’icyc('y)r+eq+2_k1_k2_k37 Le. €y + 6q - kl + k2 + k3 - 2.

However this is not possible since ey, eq € {5(k1+ka+ks—5), 3 (k1+ka+ks—3)}
in which case X% =+ Xﬂffl, and so we conclude that Hypothesis (S9P) holds when

§ = yshd .

Corollary 7.11. For an M-smooth triple (f17 fs, fg) as above, the holomorphy
(resp. integrality) of be be,be, - Ly(f1 ® fo ®@ £3) follows directly from the
holomorphy (resp. integrality) of be be,be, - Dp(f1 ® €1, f2 ® ), f5 @ &) in

our preceding notation.
Proof. The argument uses identical reasoning to Corollaries 7.6 and 7.8. W

This corollary puts us in the rather unusual position of being able to deduce
several nice analytic properties of the primitive triple product p-adic L-function
(in the balanced case) from the analytic properties of an imprimitive version
that has not been constructed, and whose existence is purely conjectural!

Although the definition of an M-smooth triple excludes the possibility
all three HMF's are Steinberg at v, this scenario has been treated by Hsieh
and Yamana for F' = Q in their work on the exceptional zero conjecture for
elliptic curves [HY24]. While the case where all three Hilbert modular forms
are supercuspidal at v is currently beyond us, we are able to at least give a
description of the local Euler factors in the case where each f; arises from a

modular elliptic curve E; defined over a totally real number field.

7.3.5 Euler factors of triple product of elliptic curves

Let us fix a prime number r # p and for simplicity let us take E; to be a rational
elliptic curve for each 7. Let ¢ # p,r be another prime and recall the ¢-adic

Galois representation given by pg, , : Gg — Aut(Ty(E;)) = GLy(Zs). We shall
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write V; := Ty(E;) ®z, Q for the corresponding two-dimensional vector space
over Q. The objective of this section is to extend the procedure in [CS87] by

Coates and Schmidt in order to compute

L.(E, ® By ® Es, s) = det (Id — Frob .

even)"). (725

Case 1. At least one elliptic curve has good ordinary reduction at £.

Say F4 has good ordinary reduction at ¢. This amounts to the representation
pE, ¢ being unramified at ¢, implying that V" = Vi. Therefore, one can
deduce that (V1 RV ® ‘/3)IT = 11 ® (Vo ® V3)I, and one can then use the
same technique applied in the single and the double product case in order to

compute for (7.25). The same method applies for the rest of the subcases.

Case II. The j-invariant of each E; has a non-integral (-adic valuation, i.e.,
ordy(j(E;)) < 0 for each i.

This is the case of potential multiplicative reduction. In this scenario there is a
unique ¢; € Q* with |¢;|, < 1 producing an isomorphism E; = G,, /¢ =: E,,
over Q, (c.f. [Sil94, Theorem 5.3]). In fact, this isomorphism occurs over Q if
E; has split multiplicative reduction and over an unramified (resp. ramified)
quadratic extension K/Q if E; has non-split multiplicative (resp. additive)
reduction at /.

Most of Case II has been dealt with by Hsieh and Yamana in [HY?24,
Remark 3.5] by explicit computation of local zeta-integrals. The remaining
scenario is when each of the FE;’s are additive. By applying the appropriate
quadratic twists however, the situation becomes that of one additive and two
split multiplicative elliptic curves. One then uses linear algebra to conclude

that the dimension of (V1 RKVe® V},)IT is either O or 4.

Case III. Suppose the j-invariant of all three elliptic curves have integral
(-adic valuation. This puts us in the case of potential good reduction at L.
Let m > 3 be an integer not divisible by p. If E; has potential good reduction

at the prime ¢, the inertia group I, acts on T;(E;) through a finite quotient
Gal(@r/(@r) — GaI(QT(Ei[m])/QT) — Aut(Ty(E;)). Let us denote by @, the
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inertia subgroup of Gal(Q,(E;[m])/Q;). The structure of ®, does not depend

on m and is limited to the following:

If r > 3, then ®, is cyclic of order 2, 3, 4 or 6;

e If r =2 or 3 and ®, is abelian, then it is cyclic of order 2, 3, 4 or 6;

If r = 3 and ®, is non-abelian, then it is isomorphic to the semi-direct

product Z/3Z x Z/AZ; and

e If r = 2 and P, is non-abelian, then it is either isomorphic to (Jg the

quaternion group of order 8 or SLy(F3).

In fact, all the enumerated possibilities have been shown to occur [Ser72, §5].
The above list renders three subcases directly below Case III to consider.

(A) Suppose the inertia subgroup ®, acts on T,(E;) through a group of order

2 for at least one F;. This means that one can take an appropriate quadratic

twist of F; so that it has good reduction at ¢, which takes us back to Case I.
(B) Suppose @, acts on Ty(E;) through a cyclic group of order d; > 3 generated

by 7;, for each E;. To tackle this case, we need the following well-known fact.

Lemma 7.12. Let us suppose that the inertia subgroup ®, is cyclic of order d

and write V; = V; ® Q,. Then one obtains the following decomposition
Vi=Vi(G) @ Vi(G) (7.26)

satisfying dim@(Vi(C)) = dim@e(Vi(C‘l)) = 1, for ¢ a primitive d-th root of

unity. The generator 7; acts on Vi(C) and Vi(C™Y) via ¢ and ™, respectively.

For each i, let u; and w; be a basis for V;(¢;) and V;((;), respectively.
The action described above naturally extends to the triple tensor product

Vi ® Vo ® Vs, For instance, take 7 € I.. Then one computes

T(ul (%9 Wao X U5) = 7'1('LL1) (%9 T2(w2) & Tg(Ug)
= (G- w1) ® (G - w2) @ (C3 - ug)

= (1G5 G+ (ur @ wo @ ug) .
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In other words, the action of I, on V; ® Vo ® Vs is characterised as follows:

Qu(¢162G) & Qu(GiG ") @ QGG ' ¢G) @ Q¢ ¢G)
D QGG G @ QGGG @ Q¢ ¢ G @ QGGG )

which suggests that the dimension of the I.-invariant subgroup of the triple

tensor product is equal to the number of components above that are isomorphic

to Q, as local Galois modules.

One can easily verify that only when {d;,ds,d3} = {3,3,3} or {6,6,3}, up

to permutation, do we get a non-trivial [.-invariant subspace. Moreover, in

both cases, the dimension is either 0 or 2. To compute for the Euler factor

explicitly, we turn our attention to the larger field Gal(Q,(E[¢>])/Q,). Let

o; € Gal(Q,(E;[€>])/Q;) be an element mapping onto the geometric Frobenius

element Frob ' in the decomposition group D,. By [ST68, p. 499], there exist

o (E;), B.(E;) € C with absolute value /2 such that

(i)

(i)

det (Id — 0;.X | V) = (1 — o (E)) X) (1 = B, (BN X) .

IfQ,(E;[€])/Q, is abelian for alli, then it follows from [CS87, Lemma 1.7]
that Q,(E;[€>°])/Q, is also abelian. Consequently, Gal(Q, (E;[(*])/Q;) is
generated by both o; and 7;, and these generators commute by assumption.

Hence, o; respects decomposition (7.26) and its action described as follows:
az(ul) = Oég(Ei) *Uj and al(w,) = Bg(E,L) W .

For ease of computation we choose the primitive roots of unity in (7.26)
so that 7 fixes the generators u; ® uy ® ug and w; ® we ® ws. Then

Li(Ey® By ® B3, X) = (1 =TT, ce(E:) - X) (1 =TT, Be(Er) - X).

If Q.(E;[(])/Q, is non-abelian for all i, then again by [CS87, Lemma 1.7]
it follows that the extension Q,(E;[¢*])/Q, is also non-abelian. In this
scenario, o; and 7; do not commute. However, the fact that ®, is a

normal subgroup of Gal(Q,(E;[¢>°])/Q) gives us the relation

-1 -1
UiTiai =T
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and we deduce that o; acts by switching the subspaces V;(¢;) and V;(¢).

In particular, we can choose
Uz(“z) = CYg(EZ') - W; and Uz(wz> = —55<E1) cUj.
Hence Ly(E) ® By ® E3, X) = 1+ ([[_; ae(E)) (TT., Be(Ey)) - X2

(C) Suppose @, acts on Ty(E;) as a non-cyclic group for each E;. In particular,
O, = Z/37 x ZJAZ, Qg or SLy(F3), each of which possess a cyclic normal
subgroup isomorphic to either Z/3Z or Z/AZ.

Let us for a moment hone in on a given index ¢. The following table
summarises the group properties of Z/37Z x Z /A7 and Qg provided 7; is the

generator of the respective cyclic normal subgroup.

Group Generators Properties
Z/?)Z X Z/4Z Ti7>\i )\iTi :TI-Q)\Z'
Qs Tiy O Ti4 = 177—1'2 = Q?; 0iTi = TiSQi

Once again we have a decomposition (7.26) of V; induced by the action of 7;.
The table above implies that )\; and o; interchange the subspaces V;(¢;) and

Vi(¢h), which suggests that

Ai(wi) = wi,  Ai(w;) = —ug, or

Qz(uz) = wy, Qi(wi) = —U;.

By a simple (yet tedious) linear algebra argument, one can check that the
I.-invariant subspace in this case is trivial.

Case IV. Suppose ®, acts as a non-cyclic group for at least one F;. We
summarise our findings in the table below. The symbol PM denotes potential
multiplicative reduction. The symbol PG on the other hand denotes potential
good reduction, and the subscripts B1, B2, C signify cyclic abelian, cyclic
non-abelian and non-cyclic following the labelling above. As above, the notation
{—,—,—} includes all possible permutations of the triple inside while the

second column labelled dimension represents the value dimg, (VieVae V).
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Table 7.1: Euler factors of triple product of elliptic curves

belonging to Case IV.

{— - -} dimension LBy ® By ® B3, X)
{PGp1, PM, PM} 0 1
{PGp2, PM, PM} 0 1
{PG¢, PM, PM} 0 1

{PGBl> PGBla PM} OOY 2 (1—@106253')() (1—B15263X)

{PGpa, PGps, PM} 0 or 2 (1 — (a1083) (81 B23) -X2)
{PGe¢, PG, PM} 0 or 2 (1-- 2. x)*
{PGp1, PGy, PM} 0 or2 (1443 X?)
{PGp1, PGe, PM} 0 or 2 (1—4,-r¥2. X)?
{PGps, PGc, PM} 0 or 2 (1+ - X?)
{PGp1, PGy, PG}l Oor2 (1+ 4 X?)
{PGpi, PG, PG} 0 1
{PGps, PGpa, PGpi}t 0 or2 (1— 4 -r¥2. X)?
{PGp,, PGp,, PG} 0 1
{PG¢, PGe, PGy} 0 1
{PG¢, PGe, PGp,} 0 1
{PGpy, PGp,, PG} 0 1

The entries with superscript (1) indicates that the actual Euler factor divides
the computed expression on the third column. Moreover, the symbol i, above
serves a placeholder for a root of unity.

We demonstrate how the table is obtained by going through an example.

Example 7.1. Let us consider the case {PGp;, PGpgi, PM} taking F; and Es
to be the pair of elliptic curves with potential good reduction. First we note
that by replacing F; with its twist by a quadratic character, we can assume

that the elliptic curve F3 has semistable reduction. The action of 7 on the
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space V1 ® V, ® V3 is then characterised by the tensor product

Ql 0 Cz 0 10
(b )e G e)e ()

where (; is a primitive d;-th root of unity and ¢ # 0. The above tensor product

is equal to the following matrix:

GG 0 0 0 0 0 0 0 Uy ® uy @ ug
il GG 0 0 0 0 0 0 up ® uy @ w3
0 0 GGt 0 0 0 0 0 U ® wy ® us
0 0 GGt GGt 0 0 0 0 U ® we @ w3
0 0 0 0 G'¢ 0 0 0 wy @ uy @ u3
0 0 0 0 o 'G GG 0 0 wy @ uy @ ws
0 0 0 0 0 0 GGt 0 w1 ® wy ® us
0 0 0 0 0 0 o'G GG wi@w ®ws

Here we have written the array of basis elements on the right side simply as a

guide, e.g. T(u1 ® uy @ ug) = (G1¢2)(ur @ up ® ug) + (c¢1¢2) (U1 ® Uy ® ws).
The next step is to determine the linear combinations of the basis elements

of V; ® Vo ® V3 which are invariant under 7. This is done by solving the

following system of equations

(1) QG- A+cCiG-B=A (5) (' -E+ce'G-F=E
(2) G¢-B=B 6) (('G-F=F

(3) GG - C+ e -D=C (7) GG Gt el G H=G
(4) GG'-D=D (8) (;'¢G - H=H

If one chooses the primitive roots of unity in (7.26) so that ¢; = ¢; ', then we
obtain two free variables B and H while the rest is equal to 0. This tells us
that the I,.-invariant subspace of the triple product has dimension 2.

For simplicity let us set B = H = 1. Then 7 fixes the basis elements

U1 Qus®us and w; R®wo®ugz. Applying the discussion above, we can deduce that
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the element o € Gal(Q,(E;[(>])/Q,) mapping onto the geometric Frobenius

acts as follows:

o(ur @ us @ wz) = ap(Er) - up @ ap(F2) - us @ Pe(Es) - ug

o(wr ® wy ® w3) = Be(E1) w1 ® Be(Ea) - wy @ Be(E3) - us.
Hence the Euler factor at ¢ is given by

det (Id —oX \ V1972 ® V?,)“) = (1= ag(By) o By)an(Es) - X)

(1 = B B1)Bu( Ez)aue(Es) - X) .

Finally we note that dimension 2 is obtained only when {d;,d>} = {3,3}, {4,4}
or {6,6} (here, d; is as in Lemma 7.12). Any other assignment of {d;, d»} would

yield a dimension 0 in which case the local Euler factor equals 1.

Remark 16. Using the method of computation employed above, one can
verify the dimensions of the cases considered in [HY24, Remark 3.5]. However,
an explicit description of the local Euler factors eludes us due to the sheer

amount of unknown variables. This is an advantage of the method in [HY24].



Chapter 8

Constructing primitive Euler

systems

In this chapter we discuss an arithmetic application of Chapter 7. In particular,
we describe in great detail how one can harness the decomposition obtained
from Proposition 7.2 to construct a system of primitive zeta-elements, by which
we mean the elements sent by Perrin-Riou’s map to the full p-adic L-function.

We assume in this chapter that ' = Q as our Euler systems have Q as
their ground field. In particular, the Hilbert modular forms from the previous
chapter will now be replaced by elliptic cusp forms, the conductors of these
newforms all belong to N, and their Nebentypes are now simply Dirichlet
characters (for a background on Euler systems, we refer the reader to the
survey paper [Ber+14]).

Given a pro-system of étale sheaves F = {F,},>1 (indexed by r) on a
scheme S satisfying the Mittag-LefHler condition [Jan88, Equation (3.1)], there
is an isomorphism

Hy, (S, F) = lim Hy, (S, F,)

due to the finiteness of H ét_ ! (S, ]:,,) at each » > 1. The most common example
that we consider is if S is one of the affine schemes Spec (Z[/,me7 1/N p]), and
F is the Z/p"Z-module arising from a newform f, or indeed from a tensor

product of them. The zeta-elements that we will study may be viewed as
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norm-compatible systems

z(N) = {me(N)}le € l&nHelt (Z[uper, 1/pM],T)

where T' C Vf*(N) denotes a Galois stable lattice, M divides the conductor N,
and the inverse limit here is taken with respect to natural corestriction maps.

This chapter is divided into two parts. Section 8.1 is spent summarizing
the interpolation properties of Perrin-Riou’s big logarithm map, which we
use in Section 8.2 together with Proposition 7.2 as a guide to construct a
system of norm-compatible primitive zeta-elements. One then obtains the
sharper one-divisibility in the Iwasawa Main Conjecture that was alluded to

in Chapter 7 as a consequence of the existence of these primitive elements.

8.1 Perrin-Riou’s big logarithm map

Let K be a field of characteristic zero and we write p,m C K~ for its group
of p™-th roots of unity. Throughout we will fix a compatible system (,m €
ppm such that ({ym+1)? = (ym. Upon passing to the inverse limit under the

corestriction maps, one can define the Iwasawa cohomology groups
H (K, T) = @Hi(K(upm),T) and Hj (K,V):=H} (K,T) ®z, Qp

where V' = T'®z,Q,, both of which have the structure of Z,[A][y—1]-modules.

Let us assume for the rest of this section that K is a finite extension of Q,.
Remark 17.

1. We write Bis C Bgqr to denote the rings of p-adic periods introduced
by Fontaine and his colleagues (see for example [FM87; BK90]). For a

finite-dimensional continuous p-adic G g-representation V', one defines

Dcris,K(V) = (V ®Qp Bcris)GK and DdR,K(V) = (V ®Qp BdR)GK;

ur

', and the latter is a

the former is a vector space over Ky := K N

K-vector space. Moreover B.;is comes equipped with a Frobenius ‘¢’,
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which D,;s(V) also inherits. Furthermore, the K-vector space Dggr (V)
has a decreasing exhaustive filtration Fil' Dgr(V) = (V ®q, t' - Biy) Cx

with t a uniformiser for the ring of integers Bj.

2. The well known short exact sequence 0 — Q, — Bl Bar/ BJR —0

cris

of G g-modules induces a long exact sequence on local cohomology groups

0 — VO — (V@g, BE) ™ — (V @q, Bar/Bl) "

cris

(8.1)
2y H'(K,V) — H'(K,V g, BSS') — -+

cris

If V is a de Rham representation so that dimy (Dar,x(V)) = dimg, (V),

we write
expg.y : tang(V/K) = Dyp,x (V) /Fil'Dagp (V) — H' (K, V)
for the exponential map induced from the boundary map 0 in (8.1).

3. Finally if we identify the cotangent space for V/K with Fil” Dgg x (V),
then the dual exponential map expjy is defined by the commutativity

of the following diagram.

Udr Trx/q,

cotang(V/K) x tang (V*(1)/K) — Dar,x(Qy(1)) 2 K —— Q,

expkv’[ eXP K, v+ l
U invg

HYK,V) x H'(K,V*(1)) —— H*(K,Q,(1)) ——— Q,

N.B. The kernel of the dual exponential expj i, coincides with the kernel

of the map H'(K,V) — HY(K,V ®q, Bar).

Building on the work of Coleman [Col79], in the early 1990s Perrin-Riou
constructed a machine to convert norm-compatible families into power series
[PR94]. There are several formulations of her regulator so we select one that
works for us. In fact the version we outline is actually the dual of Perrin-Riou’s
regulator map, and relies intimately on an explicit reciprocity law which has

subsequently been established (independently) by Kato-Kurihara-Tsuji, Benois
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and Colmez [KKT96; Ben97; Col98]. We also remind the reader that V' is
crystalline if dimg, (Dms’ K(V)) = dimg, (V).

Let us define a Ky-subspace Deis 5 (V)T C Deis (V) as the Ky-span of
those vectors on which the p-action is quasi-unipotent, and we further assume
that Des (V)T # 0. Henceforth let us now suppose that the field K is a finite
unramified extension of Q,, and that the Frobenius ¢ acting on De;s(V)T has

no eigenvalues belonging to p'.

Theorem 8.1. There is a unique Z,|Al[y — 1]-homomorphism
LOG = LOGg v+ : Hiy(K,V*) ®q, Derisx (V)T — Z,[A][y — 1] ®2, Q,

which interpolates at all finite order characters x # 1 and integers j > 0,
Wi (LOG(z ©0)) = pIG(x )

. (8.2)
X Z x(o) <exp*v*(_j) (zpm ® CSJJ) U go_m0>

where o is taken over Gal(K (u,m)/K), whilst at the trivial character x = 1

and for integers 7 > 0,

1

Nmi(LOG(g@D)) = jlexpi_j (@) U (1=pe™ ) (1—p7 7 9) 0.

Here we should point out that exp*K(Hpm)’V*(f i) above takes values inside of
Fil° DR, i (jum) (V*(— Jj )) and 0 € Ds(V)T, which means that the cup-product

satisfies

expye(_jy (Tpm ® (n?) Uar d € Dar, i () (Qp(—7)) = K (p1m).

If one relaxes these conditions and allows 0 ¢ DcriS(V)T, then the image of
LOG lies in the space of tempered r-admissible functions “H,” where r is the
slope of 0. It thus remains to use Perrin-Riou’s logarithm map (and some
low-brow algebra) to modify the imprimitive zeta-elements in [Kat04; KLZ17;
LLZ14; LZ19], and hence replenish their missing Euler factors at the primes

¢ # p dividing the conductor of each motive.
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8.2 Application to self-dual motives

In this concluding section we illustrate in detail the last two steps of the
procedure outlined in Section 7.1 pertaining to the construction of primitive
zeta-elements. We apply this procedure to several examples of self-dual tensor
product of elliptic modular forms namely: the single product, the double
product and the symmetric square.

The proof of the theorems will be quite lengthy but it follows a general
strategy which we provide here. Firstly, one fixes a critical s-value j and a
branch character ¢. One then recalls the existence of zeta-elements mapping to
a twist of the S-depleted function Lﬁ,(S)(_>; these elements are not p-integral
in nature and will require certain assumptions to force p-integrality. Next,
one constructs the corresponding dual zeta-elements mapping to a twist of the
dual function LZ_(;)(—). Whilst one can apply an identical method to ensure
the p-integrality of these elements, one additionally has to guarantee that the
global cohomology group where these elements live is a rank one torsion-free
module. From here, one pieces together a system of primitive zeta-elements
over the fixed branch ¢ using the decomposition in Proposition 7.2 as a blueprint.

The finished product is obtained by taking the aggregate of each ¢-component.

8.2.1 The Kato—Beilinson Euler system

Let f be a newform of weight k, central character n and level Ny € N, with
the g-expansion f(q) = > 0 a,(f) - ¢". We write K for the extension of

Q, containing all the Fourier coefficients a,(f). Recall that if V} is Deligne’s

p-adic representation attached to f, one has isomorphisms

Vie = V7 (1 — k) = Hom (V; ®z, Z,(k — 1), K).

Throughout we shall assume that fP = f, therefore a,(f) = an(f) for every n.
In particular, if one fixes a Gg-stable lattice in 7" C V} then clearly T' C V;, =

V¢, and one obtains a self-duality

T= HOIHZP (T(k - 1), OKf) (83)
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of free rank two O ,-modules, with a continuous action of Gg = Gal (@/ Q).
In the following discussion, we will choose T" to be the Galois-stable lattice

generated by the image of H*(Y (Ny)(C), Symgf(ﬂ 11))) inside the dual space
Vi, To be more precise, if 7 : E"™Y — Y (N;) denotes the projection from
the universal elliptic curve E"™" with a I'(N;)-structure to the modular curve,

then one writes

dual
H, = R'n,Z,(1) = (R'm.Z))

for the smooth étale sheaf of rank two on Y (Ny)[1/p], which we can then
localise at the maximal ideal of the Hecke algebra corresponding to the newform
f = f? (for more details of this construction, we refer the reader to [Kat04]
and [Del08, §2.4]).

Let us now suppose that the odd prime p satisfies both p { a,(f) and p* ¥ Ny,
and we use a,(f) to denote the p-adic unit root of X2 — a,(f)X + n(p)p*~*.
Because of the self-duality assumption, «,(f) is likewise the unit root of the

dual polynomial X? — a,(f?)X +7(p)p*~! as the newforms f* and f coincide.

Theorem 8.2. If one has f* = f, there exist norm-compatible zeta-elements

ZKato(f) — {Z;(T%to(f)}mzl c @ X llngélt(Z[/lpmy 1/p],T(k? - 1))

such that LOGq,,v; oloc, (z(f) ®0) is (up to a scalar) the p-adic L-function
Ly(f) in [MTTS86], where d generates the eigenspace Deys (V) ?=*) . Ifim(p;)

contains a conjugate of SLy(F,) then the element z¥**°(f) is p-integral.

If p; 1 Gg — GLy(Fpe) has large enough image then the stated result
is already known from [Kat04]. However if im(p,) is not big enough, it
was previously only shown that there are zeta-elements mapping to L, (s)(f)
where S consists of the primes ¢ | Ny with ¢ # p; one may then view the
theorem above as confirming that primitive zeta-elements have no poles along
the cyclotomic direction even if p; has too small of an image (see the closely

related work of C.-H. Kim [Kim23] who discusses other applications).

Proof. We begin by choosing a pair of integers ¢,d € Zs, coprime to 6 - Ny.

For each j € {0,...,k — 2}, the construction of Kato [Kat04, §12] yields
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zeta-elements

ed2(j) = { cazpm (f, k. J:supp(pNy)) } . € lim Hy (Z[pym, 1/p), T*(—5))
such that , 4z(j) = 42(0) ® (Gm)%77, and for S = supp(Ny) \ {p}:
LOGaq,v; (- (ea2(j) ®0) = (¢ =17 - 0) (& = &+ - 04) - Twj (Lys)(f))

where o, (resp. 04) maps to ¢ (resp. d) under Keyc.

If one considers the Iwasawa module, ZP"™ say, generated by the dZ(J)
as ¢ and d both vary then one can remove these junk factors at the cost of
p-integrality—these modified zeta-elements z(j) a priori lie inside
Q®lim H} (Zlpym, 1/p], T*(—34)). Moreover, if im(p;) does indeed contain a
conjugate of SLy(F,e) then there is no loss of p-integrality when constructing
z(j), as is outlined further in [Kat04; Del08; Kim23]. In terms of their special

values, at a critical twist j € {0,...,k — 2} one finds

LOGaq, v (- (2(7) ®0) = Tw; (Lys)(f))- (8.4)

Bearing in mind the decomposition of L,(f) arising from Propositions 7.2 and
7.4, one next constructs a dual version of the zeta-elements z(7).

For simplicity, assume that the image of p; contains a conjugate of SLy(IF,).
Recall from [Kat04] or [Kim23, Lemma 2.2] that for each choice of branch
character ¢, the Ok, [y —1]-module lim = Hy (Z]pm, 1/p), T*(—j))(qﬁil) will be
free of rank one; let es-1(j) be a generator (which is well-defined up to an
element of O [y —1]*). We again pick integers ¢, d’ € Zx, coprime to 6- Ny,

and can then directly write

o2 =y F 5y — 1) - e51(j) for some . F5(y — 1) € Ok, [y —1].

We define a dual Kato zeta-element inside lim H} (Zpym, 1/p), T*(—j))m as
v a?5(7) = Two g (00 F5(v" = 1)) - es()

Note that if we multiply e4-1(j) by an element of Ok, [y—1]* then this changes

*

o2l ¢(j) by an element of Ok, [y — 1]* as well. To normalise this element
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correctly, we first observe that LOGQP’V;(,J-) (C 2%y *(7) ® 0) belongs to

(?=*g(ow)o, ) (d®—d* 7 d(oa)oy" ) Twi_o; (Lz(s ()" -Ok, [v-1]"

where we have applied the functoriality LOGg, v (- (—*) = LOGg,v; (- ()"
It follows that at every branch ¢, there is a compatible choice of es(j) and
¢s-1(j) so that d/Z¢(j) is sent under the homomorphism LOGg,, v () (—®0)

to the power series element

—1

(¢ =™ - Glow)o ") (A% = d" 77 - Gloa)og") - Twio s (L9 6 (f))"

As a result, setting , ,2*(j) = > 4 ., vz *(j) one deduces that

LOG ( 42°(J) = (¢ — ¢ -051) (@2 — " 03Y) - Twia_; (Lngs) ()"

Applying the same procedure which allowed the removal of the extraneous
factors (¢ — F17 . 0,) (d? — dit! - o) from , 4z(j), we obtain dual (primitive)

elements inside Q ® lim H} (Z]pym, 1/p), T*(—5)), namely
Z*(j) — ((0,2 _ /3+] )(d/2 d/k—j 1 O-dll)) 1 C/’dfz*(j) .

These dual elements will be sent to the S-depleted dual of the p-adic L-function

under Perrin-Riou’s big logarithm map, i.e.

LOGq,vi(—y) (2°(7) ®0) = Twi-a—; (Ly(s)(f))"- (8.5)

Since im(p;) contains a conjugate of SLy(IFje ), each z*(j) will also be p-integral.
Fix a branch ¢ : A — @X. By Proposition 7.4, Hypothesis (S9°P) holds

for M(f) and S = ¥P3d(f) and hence Proposition 7.2 gives us a factorisation

LO(f) = WEL(M(f)) -V (M(f)) x Twia (LS 5 () +V5 (M () X L2 (5, (f)
(8.6)
for some V7, V5 € Ok, [y —1] and WH¢ € Ok, [y — 1]*, where ¢(—1) = £1.

One may therefore define each ¢-component of the primitive zeta-elements by

25 f, /)@ = Tw; (W) . Tw, (yl) 2z (1)@ + Tw, (yf) - z(j)@
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and LOGg,,v; oloc, (25 (f,0)?) coincides with the right-hand side of (8.6).
Here we have employed Equations (8.4) and (8.5) to compute the images of

z(5)? and z*(5)(?, respectively. Thus, at any critical twist j € {0,...,k—2}:
LOGq,,v (- oloc, (gKatO(f,j)(d’) ®0) = Tw; (L;’f(f)) .

Finally, if one now puts 2**°(f) := >_, 2*°(f,0)(? then the proof is finished.
N.B. If im(p;) contains no conjugate of SLy(F,), the above argument works
fine, except one has to tensor lglm H, (Z[,upm, 1/pl, T*(—j)) by Q throughout.

|

8.2.2 Beilinson-Flach zeta-elements

Let fi =3 an(f1)-¢" and fo = 7, ay(f2) - ¢" be primitive forms of type
(k:l,Nfl,nl) and (k:g,N f2,772) respectively, wherein k; > ko > 0. We denote
by K the finite extension of QQ, which contains the image of a,(f1) and a,(f2)
over i, for each n € N. We suppose throughout that f{ = f; and f5 = f,
and we set N := lem(Ny,, Ny,). For each choice of i € {1,2}, we shall write
Ty, for the Gg-lattice generated by the image of H' (Y (N)(C), SymZQ(ﬂ;))

inside the contragredient representation V. Let us further suppose that the

fixed prime number p # 2 satisfies the indivisibilities p t a,(f1) and p? { Ny,.

Theorem 8.3. There exist primitive norm-compatible Beilinson-Flach elements

prim __ prim
BFG)" = {BF <j>,pm}m2

€ Q& lim Y (Z[ppn, 1/pN], Ty, © T, ()
such that for j € {0,... k3 — ko — 1}, their image under Perrin-Riou’s map is
LOGa, vy ovpy iy 010y (BERS™ @ (0, @0"12) ) = by, N (L,(h @ ).

Here d, generates' the rank one module MdR(fl)/ Fil' as it appears in [KLZ17,
Proposition 10.1.1(2)] and 0, € Fil' Myr(f2) is the differential associated to

fa as in 10.1.1(1) of op. cit.

In fact lel is given by “ny,” in the notation of [KLZ17, Proposition 10.1.1], while 0}2

“ ”
refers to “wy,”.
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Note that the relation between imprimitive Beilinson-Flach elements and
the imprimitive p-adic L-function in op. cit. is initially obtained outside of the
critical region of interpolation, and makes use of Hida’s theory for p-ordinary
families [Hid88]. However the theorem above involves the inside of the critical
strip, where special values of L-functions are directly connected to Bloch—Kato

Selmer groups.

Proof. Let us keep the same notations/definitions employed in Section 7.3.2.
In particular, one recalls from the proof of Corollary 7.6 that S = Z?{}‘; U E?{}%

and that there is a decomposition

L(fi® fo) = YS(M) x LY o (f1, f2)

—1 ~ N )
+ WEDRL(M) - VP (M) X Tw, g,1 LS 5 (1, F5)

with Y7 (M), Y5 (M) € Og[y—1]. Moreover LS(f,® f) = % x LS (/i@ fa),

therefore one obtains the identity

by - LI(fL® fa) = 2—2 : 9823 X (yg’(M) < b7 - L0 g(fi. fo)
+WEDS) - VM) X b, - Ty g L (1 fg)') .

(8.7)
Applying [KLZ17, Theorem 10.2.2] to the pair of twisted newforms fi = fixe

s L -1 _ . .
and fo := fo ®e ™ where as before ¢ = Hnezl(jﬁ()luz%al% €y, it directly follows that

LOGa,v: avs () oloc, ( BF" @ (0 @) = ow, (F) 7 (-1)"!

y <02 e ith—A=2) 23 () 7725—2(C)> x b, N2 (Ly(fr, o)
where CB]—"él,)vfz S anm Hj (Z[upm,l/pN},T~l ® Tf2(—j)>, ¢ > 1 is coprime
to 6pN, and UN, ( fl) is the pseudo-eigenvalue of the Atkin-Lehner operator

acting on fl.

Remark 18.

(i) From the definition of f; and f,, it is clear that Vf*1 ® Vfi; 2Vi® Vi, in

which case JBF él)f ? takes coefficients within the same sheaf as B_.Ff’;)lm
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Furthermore, assuming Hypothesis (BI) as in [KLZ17], one can remove

the junk factor involving ¢ to obtain a p-integral element BF {;)f ? satisfying
BFI = <c2 — ¢ (krthema=20) L 23 ) .W(c)> - BF{H".

If Hypothesis (BI) does not hold, then one has to first tensor by Q to

: fi.f2
obtain B]-"(j) .

(ii) The element 0' ®D’ coincides with 0’ @0 since V;l ®VJ§"2 = VieVy and
if ¢ generates Homo,, (F~ (T, ® T},), Ok) (with the notation F~* as
in §11 of op. cit.) then the quotient & x (G(n; ")G(ny ") 4 ®D’J{-2)_1 must
generate the congruence ideal for fl. This explains why the congruence

number bz shows up in the formula.

(iii) Under Perrin-Riou’s logarithm map, BF {jl)f ? is sent to the imprimitive

function L, (fi, f>). If we form the depletion at the set S = S UEE,

then one has a factorisation

LZ(s)(flan): H c?ﬂfé(f:l,ﬁﬂ) H ‘Zf(fl,fz;ﬂ XL?(flan)

bad bad
PEX) PEXET)

wherein the imprimitive local Euler factors R%s ( f1, fo 7) interpolate the

corresponding ¢, (Ln( fis fo, &, ko + ])) at every finite order character
Y Gal (F;X;;/F)O — @; which is trivial on A.

Combining (i) and (ii), we reinterpret the p-adic regulator formula as

f1.f2 / " (_1>j+1 J ff
LOGOIOCP <Bf(3)’ X (Df1 ®Df~2)> = m X bfl 'pr(LP(flaf2)) .
f1

Bearing (iii) in mind, one next defines S-depleted Beilinson-Flach elements as

<B'7:éj§2*9)>¢' H Tw; (L (Frs F237)) % H Tw; (L2 (1, fai ))X(B}—{;)fz)(b

vexbad pexbad

V) (V1)

and it follows immediately that at each branch ¢ : A — @p,

S é 1)7+1 ~ .
LOG oloc, ((BFly) ) @ (0, @27)) = CU oy N (LS (1 J2)

UNfl fl)

(8.8)
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In the decomposition (8.7), half of the expression is already interpolated by
(B]—" é)’%q))d)and we must produce a ‘dual element’ interpolating the other half.

Now it was shown in [KLZ17, Theorem 11.4.3] that the Ok[y — 1]-module
77l N (. A0 (@)
@Hét(Z[MPm,l/pN],Tfl ®T2(_]>aA )

is torsion-free of rank one at the ¢-branches where Lg ( fl, fg) is not identically
zero. In their terminology, ﬁé}t(—;A(m) is the subset of cocycles that are
unramified at primes ¢ # p dividing N, and the Beilinson-Flach elements
belong to this subspace. Fix a generator e,-1(j) of l&nm ﬁgt(—;A(@))(d)_l)
and choose ¢ > 1 such that ¢ { 6p/N. Hence one obtains an isomorphism
i H(Z [, 1/pN), Tje @ Trp(=3): A®) ) 2 Oy = 1] - 41(j), and

one may express
A .
(C,B]:(j) ) = 93y —1) - eg-1(j) for some G5y —1) € Okly —1].
Let us therefore define the dual Beilinson-Flach element by taking
ff? ~2p7* ¢_1 71 N
(BFEET)T = Twin (o507 = 1) - ().
Because eg-1(j) is only well-defined up to multiplication by an element of
Ok[y — 1]*, we select e4(j) and eg-1(j) compatibly in order to normalise
CIB]:ff’f‘f’* so that
LOG 1 BN o 0, w0
Q. V7@V (=) © 10 { { 27 (j) ® (aflp ® Ofg)
_ U&;p (fll?) (1)t iRk (sz k22 g 200) 7725_2(Cl)>
1
ko 1—i “1,z0 7m\\°
x by, - Nap = (17 (7. F2) )
where we have once again applied the functoriality LOGg, (—*) = LOGg, (—)*.

Fortunately, one can remove the dependence on the positive integer ¢’ by

setting
11, 78.% ¢! 2 1k1—3ko+2—2j 2/ 7 —2/, n\ 1 71,78 * o7
(B]—"(j) ) = (?—c e () - mee () (aB]:(j) )

at the cost of tensoring by Q when the Hypothesis (BI) of op. cit. does not

hold. Moreover, one may S-deplete the dual elements constructed above by
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defining

i Foox\ ¢ P - jeit .
(BJT_‘{;):(%:) > = HTthkz*l*j (Z)‘ﬁ (ff,f;,7 1)> ‘ (BF{;) 2 )

veS

in which case,

LOGo, v+ aye (1 oloc ((Bfff’f5’*)¢_l®(0’~ @ %))
@V @V (=) P (4):(S) {7t
_ )t ltka—k L -1, ~p = °
:H—m X by Nl R (L (L))
UN_p(fl)

f1

(8.9)

The following identities are consequences of assuming f¥ = f; and f§ = fs,

together with the definition of twisted newforms f; := fi®e and fo := fo@e L
o ), @), =0} @ =0 @V
o Vﬁ@WZ%Vgthg%‘%@VJ%
¢ Ty @Typ, 2Ty QT5, = Th @Tp.

hfl hf_l
Q(f1) and Q(f1)

According to [Del24, Lemma 3.2], the quotient of the numbers
is a p-adic unit?® which we denote by u;, € OF under the map ¢, o 1}, It

follows that one may rewrite Equation (8.7) in terms of zeta-elements via

by, - Ny (LU @ f2)) =g x (VE(M()) x by, - Naj (LS (1. o))
FWES (M) - V(M) x by, - N1 (12 (1L 79)) )
un; (f1)
oy (yf(M(j))(fﬁw

F NG
’ LOGQp,Vle@V;Q(fj) © IOCP ((BFS)’,JC(QSQ @ (alfl ® 0%))

’UNf-{, (fllj)

(—1)it1+ka—k

LOG o, ((BF5) & (0, @
: Qp.V}, 0y, (—) © 10Cp ()(S) ® (0, ®0f,)

+WEDR (M () - VP (M(5)) x

where we applied both Equations (8.8) and (8.9) to obtain the second line.

Finally, if we define BF I();)im to be the p-adic zeta-element with ¢-branch as

rim ¢ ) UN—l (fl) Fg é
(8257)" = wn o (950060 = i (8735

2In fact, the statement of [Del24, Lemma 3.2] relies on an Thara’s Lemma type condition

which has subsequently been proven in [Mal25].
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UN 7 (ff) 0 7o %\ 0L
W) VM) e (BFGET))

(_ 1)J+1+k2*k1

then BF E’;)im =2 (BF E’;)im)¢ must satisfy the interpolation property given in

the statement of the theorem, and the proof is finished. |

Remark 19. If one further assumes that Hypothesis (BI) of op. cit. is true,
then the elements &?;;m constructed above are p-integral, in other words
(ﬂg;m)d) € lm H} (Z[pym,1/pN], Ty, @ TfQ(_j)>(¢) at each ¢-branch and

any j € {0,...,k — ko — 1}.

8.2.3 The symmetric square case

Let f be the exact same newform that we considered in Section 8.2.1. There
are already two Euler systems available for the symmetric square of f, namely
the Loeffler—Zerbes version from [LZ19], as well as the elements constructed
by Skinner—Vincentelli in [SV24]. Unfortunately, applying our replenishment
techniques directly to these elements proves troublesome and this section
outlines exactly why these obstructions arise.

We discuss the LoefHler—Zerbes approach first, which a formula of Dasgupta
in (c.f. [Dasl6, Theorem 1])

Ly(f® f®1,s) :Lp(Sme(f)@)waS) X Ly(yn,s —k+1).

Let p > 5 be a prime satisfying p 1 a,(f) and p{ Ny. To avoid any exceptional
zero scenarios (see [LZ19, §3]), we will also fix a Dirichlet character ¢ such
that ¢n(p) # 1. The image of the Beilinson-Flach elements takes values in one

of the summands
T}@Z = Tf ®0Kf Tf = Sym2 (Tf) ) /\2 Tf

depending on the sign of ¢; hence, the imprimitive element BF {J{ belongs to

i 3 (Z e 1 /pM] L Sy (1) (o)) i (1) = (~1)7+

lim  H (Z ey /M) N Tr(0nd)) i (=) = (<1)7.
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For reasons of parity, the dual imprimitive element (C/B]:{] {J)’f p’*)(yl takes
coefficients in (a Tate twist of) the opposite summand to ( BF {J{ )¢, thus there
is no way of combining them together using the decomposition in Section 7.2 as
they belong to incompatible cohomology groups. Indeed the most one can say
is that the primitive zeta-element lies in lim H} (Z[pym, 1/pM ]+,Tf ® Ty),
which is not enough to proceed.

The Euler system constructed by Skinner and Vincentelli seems to be a
better fit. Let AdO(Vf) denote the adjoint representation where the superscript
‘0’ means the submodule of endomorphisms whose trace is 0. For each positive
square-free integer M coprime to p, the authors [SV24, Theorem 5.11.4] have

constructed cocycle systems
C(F) = {Cupn(F)}, ., € Q@ lim H' (Qptprr) *, Ad® (Ti) (1))

attached to a Hida family F which passes through the p-stabilisation of the
form f. Recall that there is an isomorphism, Sym?(V;) 2 Ad(V}) ® keyelt ™"
so it is suitable for us to work with the above Euler system (in fact, there is no
need to twist by a non-trivial Dirichlet character ¢ in this case). If M = 1 and
for every even weight specialization f, the image under Perrin-Riou’s regulator
map yields

LOGg, oloc, (C(f)(7)) = Epby-Nuj(Ly(Sym®(f),9))x [] 4 (Sym*(f);iv)

bad
vexbad

where E; interpolates the product Uy - My - x*(Qups) at odd characters x (for
more details see §8.3 of op. cit.) and L,(Sym?(f,s)) is a re-normalisation of
Liu’s p-adic L-function constructed in [Liu20].

We should point out that by meticulously choosing the volume sections
where the Eisenstein series are defined, most of the missing Euler factors were
restored by the authors in [SV24] aside from the exceptional supersingular
primes, which are denoted by ZE’{{% in Section 7.3.3. This is another advantage

of using Liu’s approach. The obstruction here is that the p-adic interpolation

properties are only known for the right-half of the critical twists, that is at
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s € {k,...,2k —2}. The remaining critical values s € {1,...,k — 1} exhibit a
contrasting algebraicity behavior for the complex L-function, and there is no

explicit reciprocity law available at these twists (see [SV24, Theorem 7.6.15]).

Remark 20. It has been established in [SV24, §10] that the global cohomology
group @m H, (Z [,upm, 1/pN} +, AdO(Tf)(l))(dfl) is a rank one torsion-free
Ok [y — 1]-module provided Greenberg’s L-invariant attached to Sym?(f) is
non-zero (which is known at all but finitely many classical specialisations of F
from Hida). This ‘free of rank one condition’ is necessary to produce the dual
zeta-element but without the reciprocity law, one cannot then relate it to the

dual p-adic L-function.
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