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Abstract

All R-separable coordinate systems are classified for the equation

9 . _ .
Am\P+Zea—t\P—E’\P, (*)

here b, = 30 —O
wnere = —_—
i u=1 (ayu )2

coordinate system for (*) is a coordinate system y“ = y“(z*), t = t(z*) such

and the variables ¢ and y“ are real. An R-separable

me1 ‘ )
that (*) admits a solution of form ¥ = eR(z’) [T ¥i(zticy. - - .cmey). Fore = ;—
i=1

and ¢ = — ;— E =0, (*) yields standardised versions of the Schrédinger and Heat

equations respectively. Recognition of (*) as a symmetry-reduced version of the
Helmholtz equation on m +2 dimensional Minkowski space, for which there is a
well developed theory of separation, is central to the solution of the
classification problem. The solution is built from the case ¢ = 0 which has been
solved by Kalnins and Miller in an article submitted to the Transactions of the

American Mathematical Society.

We find the operators and separation equations for (*) and give a detailed
treatment of the physically interesting case m =3. The operators are always in
the enveloping algebra of the Schrodinger algebra. This means that much of the
special function theory relating to the separated solutions can be reduced to

problems in the representation theory of this algebra.

Various complex extensions of (*) are treated. In particular a class of sys-
tems is uncovered leading to nontrivial R-separation for the Hamilton-Jacobi
equation corresponding to (*). A formula is derived for expressing the second
order Killing tensors describing separation in flat spaces in terms of the
enveloping algebra. This formula forms the basis of a program written in the
symbolic language MACSYMA capable of producing all the time consuming

details of separation.
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Introduction

1.1 Statement of Problem

Variable separation is one of the major techniques for solving partial
differential equations. In this thesis a complete treatment of the variable

separation problem is given for the equation
m
Br¥ + 200, ¥ = E¥Y.,  (bn =} Oyupu ). (*)
u=]

in the real variables y“ and t. In addition a partial treatment is given when
these variables are complex. When € = 1/ 2 this equation is a standardised ver-
sion of the ""constant potential Schrodinger equation” which will be referred to
as the "Schrodinger equation”. If ¢ = —1/2 and E£=0 then (*) is a standardised

version of the Heat or diffusion equation.

The coordinate system

y* = y¥(x), uwu=12 .. m,

o
1}

t(x), x=(z', ... ,z™*), (1.1.1)

is R —separable if there are complex analytic functions ¥, ¥; and R, such that

(*) admits a solution of form

¥(x.c) = eR(‘)"ﬁl ¥;(z?. ¢) . (1.1.2)

=1

where ¢ = (c,. . .Cm+)) are the m +1 separation constants. It is the main task
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of this thesis to classify these systems. At first it might seem that any solution
of (*) is R-separable but the independence of R from the constants o severely
limits the possible R-separable solutions. Pure separation corresponds to £ =0

and trivial R-separation to
m+1 X
R =Y R(z'). (1.1.3)
=1

Variable separation for (*) has its origins in the Classical Mechanics of the last

century. We now trace the development of the subject.



1.2 Background

The History of variable separation dates back to Liouville (1846) who found

a large class of separable systems for the Hamilton-Jacobi equation of Classical

Mechanics:

H(pz') = E, p.=0W/0z' ,i=1.. . .n (1.2.1)

The most powerful method of solving this equation is to find a complete integral.
This method is treated in many standard texts on Classical Mechanics such as
Pars (1965). A complete integral is a regular n-parameter family of solutions
W= W(z’:\, .An) of (1.2.1) such that det(82W/ 0z'0\;)#0. The A; are

referred to as constants or integrals of the motion and satisfy
{H.A\ip=0 (1.2.2)

where { , {p denotes the Poisson Bracket.

If
n .
W= W(z“A. .. A,) (1.2.3)
i=1

then the coordinates z' are said to be separable and the A, are called the
separation constants. In this case (1.2.3) is equivalent to a set of n ordinary

differential equations, the separation equations.

It was Stackel (1891) who first raised the subject from an art to a science.
He considered the motion of a particle in a Riemannian space with orthogonal

nondegenerate metric (i.e. g;; =0 for i#j and det(g;;)=g #0):
ds? = g,;dz‘dz’ (1.2.4)

Here the Einstein summation convention has been used and the term "Rieman-
nian® is understood to mean "pseudo-Riemannian”. Both of these conventions
will be assumed unless otherwise stated. Stackel found that the condition for

the corresponding Hamilton-Jacobi equation
g¥p;p; = E . (E=0), (1.2.5)

to be separable was that there exists a matrix (¥;;) = (¥;;(z*)) such that
11
y“ = YV—’— (1.2.6)

where ¥ = det(¥,;). The matrix (¥,,) is called a "Stackel matrix" and its i-th row
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is a function of z' alone. The g% are the 1,1 cofactors of (¥y;) or. equivalently

the first row of the inverse of (w‘j). Stackel determined the constants of the

motion:

A=Y lgi.p,? , (1.2.7)

J=1

and showed that they are in involution, i.e.,
f)\i . AJ;p =0 (1.28)

For elementary treatments of Stackel's results see Pars (1965) and Hagihara
(1970).

Levi-Civita (1904) provided some useful results for Hamiltonians in the
more general form (1.2.1). He found a set of integrability conditions for solu-
tions of the type (1.2.3) to exist. However the integration of these conditions for
Hamiltonians quadratic in the momenta p; proved difficult. An indirect method
was furnished by Dall’Acqua (1912) who managed to derive the separation equa-

tions whose form had been conjectured by Burgatti (1911).

With the advent of Quantum mechanics in the 1920's the method of variable

separation was extended to the Helmholtz(or time~independent;Schrédinger)
|

equation by Robertson (1927). This equation when expressed in coordinate

invariant form in a Riemannian space V, with metric (1.2.4) is
AV = EVY (1.2.9)

where A, = g~'/29,(g'/?g¥9; ) is the Laplace-Beltrami operator. The Helmbholtz

equation is separable if it has a complete solution of form
n .
¥ =J] ¥i(z¥icy. ... . cp) (1.2.10)
=1

where substitution of ¥ into (1.2.9) reduces it to n second order linear ordinary
differential equations for the ¥;. Robertson (1927) showed that the Helmholtz
equation was separable in orthogonal coordinates provided that the correspond-
ing Hamilton-Jacobi equation (1.2.5) was separable and that extra constraints
called the Robertson or Schrodinger conditions were satisfied (see (D9)). The
passage between the Helmholtz equation (1.2.5) and the Hamilton-Jacobi equa-
tion (1.2.9) is analogous to that between Classical and Quantum mechanics. In
Kalnins and Miller (1983) additive separation was defined as the fundamental

kind of separation for partial differential equations. The conditions of



separation for the Helmholtz equation are derived by setting ¥ = e ¥, and reduc-

ing its product separation to additive separation.

Thus far only the general functional form of the separable orthogonal
metrics had been given (the entries in the Stackel matrix could be arbitrary
functions). Few attempts had been made at classifying the separable systems
occurring in particular Riemannian spaces. The first effort in this direction was

that of Eisenhart (1934). In this classic paper he applied the flat space curvature
conditions (see (D11))

Ry =0, 1=1i,j7kl=<3, (1.2.11)

coupled with Stackel's conditions (1.2.6) to give a complete list of separable
orthogonal systems on three dimensional real Euclidean space [R3(see Appendix
A, Tables 2 and 5 for this list). Eisenhart (1934) also found some useful general
results. He gave a geometric counterpart for the Robertson condition in orthog-
onal coordinates by showing that there it was equivalent to R;; = 0 (see (D12) for
the definition of this tensor). In Einstein spaces such as flat and constant curva-
ture space this means that the Hamilton-Jacobi and the Helmholtz equations
separate in exactly the same orthogonal coordinate systems. Eisenhart
uncovered a useful set of necessary and sufficient conditions for the Stackel
form (1.2.6) (see Lemma 2.4.1), and was able to characterise the constants of
the motion that give rise to variable separation. He showed that if a set of con-
stants of the motion were in involution and also possessed n simultaneous nor-
malizable eigenvector fields, then coordinates could be chosen such that the
Hamiltonian (1.2.5) was separable (see Eisenhart (1949) for the relevant
definitions). This result was not only important in that it gave a coordinate free

description of separation but also in other ways which will soon be discussed.

Only sporadic advances were made over the next thirty years. Olevski
(1950) classified separable systems on three dimensional spaces of constant cur-
vature and a few results were obtained by Moon and Spencer (1952). Useful
summaries of separable coordinate systems are contained in Moon and Spencer
(1961) and Morse and Feshbach (1953). Agostinelli (1958a,b) studied classes of
solutions to R;; = 0 and later extended these results to nonorthogonal cases.
Carter (1968) showed that the Hamilton-Jacobi equation for a rotating black hole
was not only separable but could be derived and generalised simply using

separation of variables theory.
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In the meantime the theory of symmetry (or Lie) groups was becoming
established as an invaluable tool in Physics. For example in the Hydrogen atom,
Just from a knowledge of its symmetry group SO(4), it proved possible to exploit
the commutation relations and calculate many physical quantities: energy lev-
els, transition probabilities, wave functions etc. It was some time before these
ideas flourished in the field of variable separation. Several simple systems had
been characterised in terms of second order symmetry operators, but the expli-
cit statement of the relationship between symmetry and variable separation
appeared for the first time in Winternitz and Fris (1965). These authors gave
group theoretic characterisations of the separable coordinate systems in two

dimensional spaces of constant curvature.

Let us discuss some of these concepts in more detail. The symmetry
group of a partial differential equation is the group of transformations which
leaves its form invariant (see Bluman and Cole (1974), Miller (1977)).
Equivalently it is the group of transformations which maps solutions of the equa-
tion into other solutions of the same equation. Using the methods of Bluman
and Cole, the symmetry algebra corresponding to the symmetry group of the

Hamilton-Jacobi equation (1.2.5) can be derived by solving the relation
tH . pjlp=0 (1.2.12)

for the Killing vectors pu; = aj(x)p; + b;(x). The y; form a Lie algebra under the
action of the Poisson Bracket. The symmetries of the corresponding Helmholtz
equation are realised as first order partial differential operators via the commu-

tator bracket (see Bluman and Cole (1974))
(A, .]=0 (1.2.13)

where Ji; = a}(x)d; + b;(x). There is a direct correspondence between the Kil-
ling vectors for the Hamilton-Jacobi equation and the first order symmetries of

the Helmholtz equation:

/J,) = a}pi+b,» g ﬁ) = a}6i+bj (12.14)

For spaces of constant curvature, Delong (1982) has shown that the second
order Killing tensors are in the enveloping algebra. A second order Killing ten-
sor is a tensor a¥ which satisfies Killing's equations: afL+a{{‘+af‘,~"=0. (;1 denotes
the covariant derivative as it is defined in Eisenhart (1949)). We will sometimes

loosely refer to the constant of the motion a"p‘pj derived from this tensor as
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also being a Killing tensor. Delong's statement implies that if the Killing vectors

K, are a basis for the space of Killing vectors and A,, is any second order Killing

tensor, then there are constants b’ such that
Am = @y pip; = 0% uju (1.2.15)
).k

It follows from Eisenhart's results that any orthogonal separable system in a
space of constant curvature is uniquely characterised by n’ Killing tensors which
are in the enveloping algebra. Using the results of Kalnins and Miller (1983) it
can be shown that the separation constants c; for the Helmholtz equation are

eigenvalues of a set of n second order partial differential operators, i.e.

LnVY=cp¥ ., lsm=<n , (1.2.16)
where
Lm = AY(X)8;; + BL(x)3; + Cp(x) (1.2.17)

Notice that (1.2.16) implies that

in analogy to the involution property for Killing tensors (1.2.8). The results of
Kalnins and Miller (1983) show that

A = aY (1.2.19)

by examining the highest order derivative terms of both the Helmholtz and

Hamilton-Jacobi equations. It follows that modulo a first order member of the

Lie algebra
Ly = bR, e (1.2.20)
Here { .| is the symmetric bracket which is defined for two operators A and B
by
ta.py= 45154 (1.2.21)

Thus it is possible to compute the operators for the Helmholtz equation directly
from the Killing tensors for the Hamilton-Jacobi equation in spaces of constant
curvature. This will be a useful result since we will be able to formulate the R-
separation problem for (*) as one of pure separation for a Hamilton-Jacobi equa-

tion.
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Another illustration of the importance of the symmetry group 1s in the case of
gnorable variables. A variable is ignorable if it is possible to choose a coordi-
nate system in which that variable does not appear explicitly in the Helmholtz or
the Hamilton-Jacobi equations. Greek letters will be used to denote such variar
bles. Nonignorable coordinates will be referred to as essential variables] Ignor-
ables correspond to elements of the Lie algebra and from (1.2.18) systerrlls con-

taining N of them correspond to N-dimensional abelian subalgebras.

Since the symmetry operators corresponding to the ignorables are first

order partial differential operators, the eigenfunction condition implies that
LoV = 0,¥ =c,¥ (1.2.22)
in which case the z® dependence in ¥ is simply

¥, = e (no sumon «a ) (1.2.23)

The theory of ignorable or cyclic coordinates for the Hamilton-Jacobi equation

is well known (see Pars (1965)). In that case
Pa = 0W/0z% = A, (1.2.24)
so that the £® dependence in ¥ is
Wa = Aaz” (1.2.25)

The remainder of the operators and Killing tensors are second order as has

already been discussed.

One solution to the variable separation problem in spaces of constant cur-
vature is to use the relation (1.2.18) to find possible commuting sets of members
from the enveloping algebra and then solve for the coefficients. The coordinate
systems determined by these sets can then be tested to see if they are separ-
able. The determination of the N-dimensional abelian subalgebras correspond-

ing to ignorable variables will be a key factor in the resolution of the R-

separation problem for (*).

Reviews on separation have been written by Huaux (1976) and Benenti
(1980b). A lot of the material in this last article is duplicated in Benenti (1980a)
where a rigorous definition of equivalence is given for the Hamilton-Jacobi equa-
tion. By Benenti's definition two separable coordinate systems for the

Hamilton-Jacobi equation are equivalent if their separated complete integrals
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are the same. He shows that by wusing this definition the only types of
equivalence that can occur are (2.1.3a) and (2.1.3b). These equivalences extend
quite naturally to the Helmholtz equation since both preserve the separability of
that equation. It is also possible to add the equivalence (2.1.3c), as equivalence
under the group removes the distinction between the many different coordinate

transformations leading to the same functional form of the Helmholtz and

Hamilton-Jacobi equations.

Using his definition of equivalence Benenti was able to use the results of
Dall’Acqua and Levi-Civita to give the conditions for the separability of the
Hamilton-Jacobi equation (1.2.5) in any coordinate system, orthogonal or
nonorthogonal. The general form of the contravariant separable metric is given
in (D3). With this work Benenti put nonorthogonal separation on a sound footing.
When nonorthogonal separation occurs the class of essential variables we have
already discussed splits into two further classes: Stackel variables z% for which
9% #0, and first order variables z” for which g”"=0.(see Appendix D). The first
order variables are of null type and systems containing them can not appear in
positive definite spaces). Even before Benenti had rigorously established the
conditions for nonorthogonal separation, Kalnins and Miller had embarked upon
a programme to classify separable coordinate systems for some of the most
common partial differential equations of mathematical physics (see Miller (1977)
and the references cited therein). Many of these physically important systems
were nonorthogonal. Along with the separable coordinates they provided t;he

operators in the enveloping algebra defining the separation.

Kalnins and Miller (1983) give an intrinsic definition of separation for a
much larger class of partial differential equations than those considered by
Benenti. Using their definition many of the generalisations of the statements for
orthogonal coordinates are easily extended to the nonorthogonal case.
Helmholtz separation implies Hamilton-Jacobi separation as in the orthogonal
case. The conditions for the converse of this statement, the generalisation of
the Robertson conditions, are given in (D9). However these conditions are no
longer equivalent to R;; = 0. The Killing tensors for the Hamilton-Jacobi equa-
tion (see (D5),(D6)) are still second order as are the corresponding symmetry
operators for the Helmholtz equation. In spaces of constant curvature the work
of Delong implies that these Killing tensors are in the enveloping algebra and so
our statements (1.2.12)-(1.2.25) made for orthogonal coordinates are still valid.

In such spaces much of the variable separation problem can be reduced to
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algebra, that 1s, to determining commuting sets of members of the enveloping

algebra.

A recent feature has been the solution of the variable separation problem
In various spaces of arbitrary dimension. Kalnins and Miller (1982a,b) have pro-
vided inductive constructions of all separable systems on real Euclidean space
IR™, the real n-Sphere S,, and the Hyperboloid H,. In Kalnins,Miller and Reid
(1983) all orthogonal separable systems have been classified on n-dimensional

complex Euclidean space E(n f).

Many of the important special functions of mathematical physics: Bessel,
Hypergeometric, Mathieu etc. arise as the separated solution of a partial
differential equation. Miller (1977) has shown how the group theoretical charac-
terisations can be used to study these functions and their identities, a possibil-
ity first realised by Weisner (1955, 1959a,b). One example: the problem of
expanding one set of separable solutions in terms of another reduces to a prob-

lem in the representation theory of the Lie symmetry algebra.

1.3 Thesis outline

This thesis takes its place in the programme to classify separable coordi-
nate systems for the important equations of mathematical physics and to

characterise these systems with algebraic invariants.

Although (*) is not of Helmholtz type,it is close. It can be taken as a sym-
metry reduced version of a Helmholtz equation on a higher dimensional space
(see § 2.2 ). Thus the theory which has been discussed in § 1.2 can be brought to

bear on (*).

The core of this thesis lies in the resolution of the variable separation prob-
lem for the real Heat and Schrodinger equations. This is Chapter 2. An exhaus-
tive treatment is given there of all the details of separation - the separation
equations, the R-separation factors and the operators. The early work of Miller
(1977) is generalised when it is shown how R-separable systems for the

Schrodinger equation are naturally related to the Schrodinger equation with
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harmonic oscillator and linear potentials. A major deficiency here is that the
special function theory is not pursued. This thesis is confined to obtaining the
ordinary differential equations representing the separated solutions, and to
obtaining the constants of the motion in terms of the enveloping algebra. A

rigorous study of these special functions will be made in the future.

Chapter 3 deals with complex extensions of the work in Chapter 2. In the
real case covered in Chapter 2, the signature of Minkowski space enables us to
reduce the metric to one nonorthogonal element. For the complex case, as the
class covered in § 3.4 shows, this is not always possible. If we assume, however,
that the metric has only one nonorthogonal element as is done in § 3.2, much of
the analysis for the real case can be applied. In this case there is also an excep-
tional class of systems which is not of Heat type i.e. these systems do not lead

to R-separation for the Heat equation.

Finally there are some interesting sidelines. A program has been written in
the symbolic language MACSYMA capable of producing all the time consuming
details of separation in flat spaces. An essential element of the program was the
derivation of a helpful general formula, which for flat spaces converts second
order Killing tensors into the corresponding members of the enveloping algebra..
Given the Stackel matrix and the coordinate transformations the program could
among other details calculate the metric, the separation equations and most
importantly, the Killing tensors defining the separation in terms of the envelop-
ing algebra. This program is useful not only in checking, but also in providing
results from which general solutions can be guessed. Furthermore it is used to
calculate the details of separation for the unusual class of systems given in § 3.4,

an almost impossible task by hand.
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The Real Heat and Schrédinger equations

2.1 Introduction

In this chapter we completely solve the R-separation problem for (*) when
the variables y“ and ¢ are real. Both the Heat and Schrédinger equations stu-
died in this chapter have diverse applications. If e=—1/2 and £=0 then (*) is
the Heat equation, and ¥ could represent the temperature of a fluid, or the den-
sity of one gas diffusing through another. When £=i/2, (*) is the Schrédinger
equation, and ¥ is the wave function with |¥|? being proportional to the proba-
bility density function for a free particle. By keeping £ unspecified we are able
to treat these two equations simultaneously.

Fortunately the case £e=0 has been solved by Kalnins and Miller (1982a).
This case, the enumeration of all separable systems on /K™, forms the building
block of our solution. Another valuable reference is Miller (1977) where the R-
separable coordinate systems are classified for both the Schrodinger and Heat
equations in one and two spatial dimensions (i.,em=1or 2).

Even though it will not be possible to solve the classification problem using
group theory alone it will be a great help to us. Using the techniques of Bluman

and Cole (1974), the infinitesimal generators

L = a'(Y)d,.+b(Y) (2.1.1)
for the Lie algebra of (*)'s symmetry group are found by solving the relation

[Q.L]=M(Y)Q. (2.1.2)
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where @ = A, +2e8,-F and Y = (y', .y™.t) This s the analogous relation to
(1.2.13), the equation used to find the symmetries of the Helmholtz equation.
The infinitesimal generators £ can also be interpreted as symmetry operators in

the sense that they map solutions to solutions: if ¢ is a solution of (*) then so too
i1s L$.

To simplify this study we will say that two R-separable coordinate systems

{x| and {x{ are equivalent if

a % = f%(z%) , (2.1.3a)
b % =cgzP+ Y g (z®) det(cg) # 0 , (2.1.3b)
a
or
¢ they are related by the action of the symmetry group. (2.1.3¢c)

The cg above are real constants and the z® are essential variables. The
equivalences (2.1.3a) and (2.1.3b) are those that Benenti (1980a) derives using
his definition of equivalence for the Hamilton-Jacobi equation. In a similar
manner to the Helmholtz equation these equivalences extend naturally to (*),
since they preserve this equations R-separability. Again the equivalence (2.1.3c)
can be added because equivalence under the group removes the distinction
between many different coordinate transformations leading to the same func-

tional form of (*).

The structure of this chapter is as follows. In §2.2 we transform (*) to the
Helmholtz equation in Minkowski space, and exploit the fact that both this equa-
tion and the even simpler Hamilton-Jacobi equation separate in the same coordi-
nate systems. §2.2 is also introductory in nature as it outlines much of the basic
material needed for our study. In §2.3 we determine the possible sets of com-
muting Killing vectors (or abelian sub algebras) characterising separable sys-
tems for the Hamilton-Jacobi equation. Using these abelian subalgebras a sim-
ple form is then found for the metric. As a result the Riemann curvature condi-
tions are solved in §2.4 and the metric completely determined. The technical
work of finding the coordinate transformations is also carried out in §2.4. This
work is summarised in graphical form in §2.5. In §2.6 we determine the opera-
tors for (*) and in §2.7 the R-separable solutions. The applications for the Heat
and Schrodinger equations are discussed in §2.8 and the results for

m= 1, 2, and 3 are tabulated in Appendix A.



- 14 -

2.2 Passage to the Hamilton-Jacobi equation in Minkowski space

The problem of finding all R-separable systems for (*) is shown to be
equivalent to that of finding all separable systems for the Helmholtz equation
(2.2.1) defined on Minkowski space with symmetry (2.2.2). The conditions for
separability of (2.2.1) are best derived from its classical counterpart, the
Hamilton-Jacobi equation (2.2.14). We show that the symmetry algebras of (*)
and (2.2.14) are isomorphic to the Schrédinger algebra when £=0 and to the

Galilean algebra when £ #0. The central result is the following theorem.

Theorem 2.1

There is a mapping between R-separable coordinate systems of (*) and
separable coordinate systems for the Helmholtz equation on n(=m +2) dimen-

sional Minkowski space,

(J,9=E%., n=m+2, (2.2.1)
whose solutions ¥ are eigenfunctions of the symmetry operator

|
0 (Bgn-1 + 9gn) (2.2.2)

;™ T 2
with associated eigenvalue . (i.e. 8,.¥ = ¢¥).

Here the D'Alembertian operator on Minkowski space with the coordinates

—1

¥' .1 = 1,2,...,n, is defined by

4, = Dyt * Ognoigno1 = dgnpn (2.2.3)

Proof
We first construct the mapping from (*) to (2.2.1). Suppose

y =yi(z),. ..z =12 ..., n-2,

t =t(z', ..., =", (2.2.4)

is an R-separable system for (*) then there are functions ¥, ¥; and R such that
Rn—l X
v =efJ] ¥(z?) (2.2.5)
J=1

Consider the coordinate system z£*



y) - y’(f‘, . " 1) ']‘ -1, 2 n_2.
grl-gt =20(z'. 2,
gn—l + —N fn _ R/

Yy = 2 (2.2.6)

This is a system in Minkowski space with ignorable £™, corresponding to the

symmetry operator (2.2.2) whose eigenvalue we shall specify as £. Let

= et T v,(z7)
._l J
J-

n-1 n n-l ;
ele(gn '+ g )+ RITT ¥;(z7) (2.2.7)
i=1
As ¥ satisfies (*), ¥ is easily shown to satisfy (2.2.1). In other words (2.2.6) is a
separable coordinate system for the Helmholtz equation (2.2.1). We now show
that the mapping from (2.2.4) to (2.2.6) is onto by constructing its inverse. If {X]
is a separable system for (2.2.1) with symmetry operator (2.2.2) then

g o=yi(z', ..., Y j=1,2 . . n-2,
grl gt =2t(g', ...z,
grl e gt =2t + f (2 ") (2.2.8)
which if we let
f =-R/¢ (2.2.9)

is the image of (2.2.4),and the theorem is proved. Q.E.D.

In fact (2.2.1) separates in the same coordinate systems for each nonzero
value of £. Care must be taken when E£=0. When this occurs (2.2.1) is the wave
equation which in general separates in additional coordinate systems as is shown

in Kalnins and Miller (1982c). However if we define

¥ = e Et/2ey (2.2.10)

then by substitution:
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¥ 1is an R —separable solution for (*) with E=0
s
¥ is an R —separable solution for (*).

The presence of the symmetry (2.2.2) has eliminated these additional systems.
This means that a classification for nonzero £ will also yield all possible systems
when £=0. Again care must be taken as the symmetry group of the wave equa-
tion is larger: it admits additional conformal symmetries. In essence, some of
the systems which are inequivalent for (*) when E #0 become equivalent under
the action of the extra symmetries when £=0. We will return to this point later.
All that we need to know at the moment is that everything can be obtained from

the nonzero case.

One of the advantages of transforming our problem to the Helmholtz equa-
tion (2.2.1) is that to such an equation we can naturally associate a Riemannian

geometry. Here (2.2.1) corresponds to the metric
ds? = (ay')? + + (dy™1)? - (dy™)? (2.2.11)

which is the fundamental metric of a general n-dimensional Minkowski space
E(n.1). The classification of the separable coordinate systems can now be

framed as the classification of the metrics
ds? = g;jdz‘dz’ (2.2.12)

that can occur in Minkowski space (i.e. a space with fundamental form (2.2.11))
and separate the Helmholtz equation (2.2.1). Such a classification can be
accomplished using the results of Riemannian geometry. Since the space is Min-
kowski these results imply that all the components of the Riemann curvature

tensor given in (D11) are identically zero, i.e.

Rju=0 ., lsijkls<n (2.2.13)

Since (2.1.1) is a Helmholtz equation the discussion in §1.2 implies that
every separable coordinate system for this equation also separates the

corresponding Hamilton-Jacobi equation
H = P2+ + P2 - P.?=E . Po=awsdyt . (2.2.14)

with Minkowski space metric (2.2.11) and symmetry operator (2.2.2). As
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mentioned in §1.2, not every separable system for the Hamilton-Jacobi neces-
sarily separates the Helmholtz equation. Helmholtz separation only occurs if
the generalised Robertson conditions given in (D9) are also satisfied. These con-
ditions depend on the metric components and are especially complicated in
metrics with many nonorthogonal components. In our case they can be shown
to be always satisfied after the metric has been reduced to the simple form
(2.3.1) given in §2.3. The argument is the same as that used for the complex
case (see (3.2.3) and (3.2.4)). Thus the Hamilton-Jacobi equation and the
Helmholtz equation (2.2.1) separate in exactly the same coordinate systems.
This result can also be proved by making the following observation which avoids
introducing the technical details of the generalised Robertson condition. The
separability of (2.2.1) in all separable systems for the Hamilton-Jacobi equation
(2.2.14) is ultimately demonstrated in §2.7 by obtaining the corresponding
separation equations for (*). In summary our problem has been reduced to the
much easier one of finding all separable systems for the Hamilton-Jacobi equa-
tion (2.2.14).

Working with the Hamilton-Jacobi equation is more convenient since its
form (1.2.5) is not as complicated as that of the Helmholtz equation (1.2.9) and
is more closely related to the metric (2.2.12)(it’s just the inverse). Using his
definition of equivalence, Benenti (1980a) was able give the conditions for separ-
ability of the Hamilton-Jacobi equation (D2). He showed that each of his classes
contained a canonical separable system {z®, z7, z%] with contravariant metric
(D3). The form of (D3) implies that the first order variables are of null-type, and
the signature of Minkowski space which is n —1 thus limits the number of these

variables (n;) to 1. A discussion of null variables is given in Eisenhart (1949).

Since our problem will be solved using the Hamilton-Jacobi equation
(2.2.14), we first find the Killing vectors corresponding to the first order sym-
metries of (2.2.1) and (*) when E#0. To find these Killing vectors we solve

(1.2.12) in the standard coordinates y*:
{H.ulp =0 (2.2.15)

where u = a’(y)P;. When E#0 the Hamilton-Jacobi equation (2.2.14) admits a
Lie algebra of Killing vectors which is the Lie algebra of Minkowski space e(n,1).
All the coordinate systems we are considering possess the symmetry (2.2.2) and
so (1.2.18) implies that all symmetries of (2.2.1) must commute with (2.2.2). The

Killing vector counterpart of this relation, (1.2.8), is
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{8 ulp=0 &= ;—(P,,_, + P,) (2.2.16)

where £ is the Killing vector corresponding to (2.2.2). This extra condition
confines us to a subalgebra of e(n,1) - the Galilean algebra g,, of dimension

;—m (m +1)+2 and basis

€ Py My, = y*P,-y“P,., B, = y“£-tP, . K_,= P, (2.2.17)

Herew,v € U ={1,. . ,n-2{. Ingeneral the indices © and v will be taken from
the set U. Since the above Killing vectors are a basis, any Killing vector has the

form
Ao = PP, + MmUY M,, + BLB, + Kk, K_5. (2.2.18)

where the p¥ mYY, B and k, are all real constants. The commutation relations
for g, may be derived from Table 2.2.1. The symmetry algebra for the
Helmholtz equation (2.2.1) (£ #0) is again g,, with the identifications

£ - é_(an—-l"'an)' Py » 0y, My, - yuav_yvau’

Bu - ‘y“f—tau. K_z g 6,. (2219)
By solving (2.1.2) for (*) we find that g,, is also the symmetry algebra for (*),
except that the operator € is replaced by its eigenvalue ¢.

If £=0 the symmetries of (2.2.1) are of the form aij+f where
{H.a’Pj+fi{p = M(Y)H and then there are two extra symmetries. When

expressed as Killing vectors these are

Ke

—t2P, —tY Yy P, + 2 EN(y¥).
v u

D

Ny P, + 2P, (2.2.20)
A 73

L J

and as operators for (*)

Ke

1
—t%9, — t%:y“au - -;—mt + z—cZ(y")z.

D

gyuau +2t, + é_m (2.2.21)

These satisfy the commutation relations
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(D.P,)==P,.[D.M,,]=0. [D.B,)=B,. [D.K,2)=+2K,,.
(K2.Pu]=~By. [K2.Muy]=0, [K2.Mu,1=0. [K2.B,]=0. [K2.K_2]=D. (2.2.22)

This enlarged algebra is the Schrodinger algebra s, of dimension -;—m. (m +3)+4.

Geometrically, the P, and M,, are generators of space translations and
rotations under which (*) is clearly invariant. Less obvious are the transforma-
tions corresponding to the B,'s. These are the Galilean or velocity boosts and
illustrate the fact that (*) retains its form in uniformly moving frames of refer-
ence. When £=0 we have the additional conformal Killing vectors D and K,. D is
the generator of the dilatation symmetry ¥(y.t) » ¥(ay.a?t). The action of K3 is

rather complicated and it does not have a simple geometrical interpretation.

One of the chief applications of these symmetry algebras will be to deter-
mine the abelian subalgebras corresponding to sets of ignorable variables. Again
the action of the group helps us choose simple representatives for these
subalgebras. The group acts on the algebra g,, via its adjoint action. In general,
for two members of a Lie algebra L, and L, the adjoint action of L, on L; is

given by
e,z gty (2.2.23)

where Ad L,(Lz) = [L,.Lz]). A proof of this result is given by Hausner and
Schwartz (1968). The adjoint actions for the Galilean algebra are summarised in
Table 2.2.1.
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Table 2.2.1 Adjoint Actions for the Galilean Algebra

DN Py Mo B., K
My +
P“ a(éuwpx—éuxpw) Bw"'%‘mc‘
Pw+ My + . Bw"’
Mvv a(évau _Guwpv) a(évaux "dvx Muw a(évau -6\4va)
+a2 ot +6uz Muw-éuva:) +a2 R |
+a?- -t
M, +
Ouw 2
Bu Pw— z ‘2‘ - a(éuwB: "auz Bw) K—Z+apu— 0.45
K_. By —aP,

[0 X T >
2

If the adjoint has no effect, i.e. eaAdL‘(Lz) = L,, then there is no entry. From

eaAdPu

Table 2.2.1: each entry represents eaAdL‘(Lz). e.g. (By,) = By +

(2.2.23), the commutation relations are simply the coeflicients of a in the table.
For example [M,,.P,] = 6,4, Py —064, P, where dj is the Kronecker delta.

aAdNM,,

t -The adjoint action of My, on the P,’'s is e Y(pu PutpPuPy) = pu'Putpy'Py

Pu _ | cos (a) sin(a) | |Pu 1t acts
Py’ —-sin(a) cos(a) ) (pv
on the B,'s in exactly the same manner. (u,v,w.z €U = {1,...n—-2{).

where p,' and p,' are determined by
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The operators P,. H,.t generate the 2m +1 dimensional Weyl algebra w,,

and the M,,'s generate the ;—m(m—l) - dimensional orthogonal algebra o(m).

If we define the operators

A =D, Az = Ko + K_j, A3 = K, - K, (2224)
these satisfy the commutation relations
[A).42] = —2A43. [A3.4,] = 24, [Az.43] = 24, (2.2.25)

and form a basis for the Lie algebra st(2,/R). It follows that the structure of s,

1s

Sm = (sl(2,R)®o(m)) ®w, (2.2.26)

where @ represents the direct sum and ® the indirect sum. Similarly the

Galilean algebra has structure

Im = (¢, ®0(m)) ®wny (2.2.27)

where ¢, is the one dimensional algebra of time translations. Using standard
results from Lie theory, these operators can be exponentiated to obtain the
Schrodinger and Galilean groups. These groups act on the space of locally ana-
lytic functions of the real variables y’,t and map solutions of (*) into solutions.

Expressions for the actions of these groups appear in Miller (1977).
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2.3 Reducing the Hamilton-Jacobi equation

In this section we find simple forms for both the metric and the Killing vec-

tors, summarising these results in the following theorem.

Theorem 2.3.1

All Hamilton-Jacobi separable coordinate systems for (2.2.14) with Killing
vector £, are equivalent to a coordinate system associated with the Hamilton-

Jacobi equation
9''p\ %+ + g A 2Ap, 2+ g™pa?+ 2p,pn = E (2.3.1)

Moreover if one variable is first order, and there are r ignorables z®(), . , zo)

in addition to ™, the corresponding Killing vectors are

An = 3 (Pooy+ Pa) =€,
Aa() = Myz. . .. Ra) = Mzp-12p -
Aape1) = Pzper o - Aagq) = Ppeg
Nag+1) = Bpager=PP 9 ' Ppiger. - v Na(r) = Bpar—pP " Ppar. (2.3.2)

If there are no first order variables then all the Killing vectors except for onet

will be those in (2.3.2).

Proof

Let z° be a Stackel variable while z” is first order. From (2.2.8)

ot
Imi = oo (2.3.3)

so that

ot ot
ozs = 0 g = Inal=). (2.3.4)

since inversion of (D3) shows that for Stackel variables gq,,=6*(g**)~!. The equa-

tions in (2.3.4) can be integrated to give

t = h(z™) + Y gnalz")x*. (2.3.5)

t - This Killing vector can only be calculated from the coordinate transformations (2.4.30). It
has form K_p+B*B,. but it's knowledge was not needed to produce the reduced form of the
contravariant metric (2.3.1). It may be regarded as a special subcase when the first order

variable has become ignorable.



ey
Now from (2.3.5) and (2.2.8)
Ao = Y¥ aPu t gra(Paoy = Pa) + 5f a(Paoy + Pa) a#n, (2.3.6)
so (2.2.18) implies
Ina = Ka . (2.3.7)

We know from §2.2 that n,<1.

If n, = 0 then
= Kqz® » "7} (2.3.8)

under a general linear motion amongst the ignorables.

Consider n, = 1. If for some @, kg # 0, we can use a general linear motion and

then the freedom (2.1.3b) to transform ¢ to z" 7%, i.e.,
t-> h(z" )+ "% 5 "2 (2.3.9)

Thus from (2.3.7). (g;;) has form

/ - )
)
* ® [ * 0
[ J [
* 4 l
] * * *
0 0 1 0
\ y

(2.3.10a)

The variable z"~! is first order, thus g~ -1) = 0 and by taking the inverse of
(2.3.10a), (g¥) has form
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L [ e
0 1
[J * l * *
\ y
(2.3.10b)
The vectors
X*-!' = (0.0, - - -,0,0,1,0)
X*—2 = (0.0, ---,0,1,0,0) (2.3.11)

are orthogonal and null with respect to (g¥), which is impossible in Minkowski

space (see Eisenhart (1949)). Thus
kK, = 0, for each a. (2.3.12)
It is now possible to use the freedom (2.1.3a) to change variables so that
h(z™ 1) » zn 1, (2.3.13)

We see that whether ™! is first order or ignorable the coordinate transforma-

tions are
y¥ = y¥(z!, ..., z™7Y),

yn—l — yn = zzn—l = 2¢ ,

yrleyt =z 4 f(zh 2. (2.3.14)

n-1

This is progress as the time coordinate ¢ has been identified as just z

From (2.2.18) and (2.3.14)
Ao = pa Py + mg'Myy + BBy a #n—-1. (2315)

Let z""! = ¢ and z" =k in (2.3.14) where ¢ and k are both constants. The metric

(2.2.11) becomes
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ds? = "22 (dy*)? (2.3.16)

with corresponding Hamilton-Jacobi equation

Y PE=E (2.3.17)

From (2.3.14) the coordinate transformations for this system are
yu = yu(xl '''' 2:"'2; zn_l:c) (2.318)

Technically it is not possible to take both z™~! and z™ to be constants since the
metric (2.2.11) then becomes singular. It will be legitimate in our case, how-
ever, as the properties we will derive do not depend on the singularity of the
metric.

n-2
Separable solutions ¥=]] ¥,(z") ¥, _(z™ ")e*" will also yield separable
u=l

solutions of (2.3.17) parameterised by ¢ and k. Thus (2.3.18) is a separable
coordinate system for the Hamilton-Jacobi equation (2.3.17). All such systems
have been classified by Kalnins and Miller (1982a). They find that there is an

equivalent separable system {%],

£ = T¥(z¥; c), (2.3.19)
in which the Killing vectors are
Xa) = Miz. .. Aap) = Mep-12p .
Xa+1) = Paper .- - Aatr) = Ppar (2.3.20)
Now consider
z¥ = T¥(zV;c = 0)
Fn-1 = gn-l
£" = 7 (2.3.21)
which is an equivalent separable system for (2.3.14). Setting "=z =0, a
constant, (2.3.15) becomes
Aa(s) = PP, + MMy, a(s) # n-1.n (2.3.22)

Comparing with (2.3.20) the pg“s and Mm;'s are determined and with the
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restriction ™! = ™ = constant = 0, removed
Al.x(l) = MIZ + ﬁluBu : -)‘a(p) = MZp—l,Zp + B;)‘Bu'
Nap+1) = Popart BpaiBu. . Aagr) = Ppir + B¥By. afs) #n-1,n. (2.3.23)

We can assume that

Bs=0,s =p+1, . . q.
Bs # 0.for some v,s =q+1, ..., 7, (2.3.24)
and will show that
B¥=0,s=1,....p. (2.3.25)

First consider the Killing vector
Aa(r) = M2 + BB, . (2.3.26)
From Table 2.2.1 its possible to take
Bl =Bf=0 (2.3.27)
by using the action of B, and B,. Now using rotations independent of z! and z2,
Aat) ® Mz + B Bs., (2.3.28)
where

B% = Y (BY) (2.3.29)

Again letting z""! = ¢ and z™ = k,
Aa(1) * M2 — Bc Ps. (2.3.30)

which must be a Killing vector for a separable system on /R™“2. The argument
used by Kalnins and Miller (1982a) to derive (2.3.20) shows that this is only possi-
ble if 8 = 0, i.e., from (2.3.29)

gr'=0. (2.3.31)
This result is easily generalised to show that (2.3.25) holds.
We will now show that

BL=0,u #s+p .g+l<s<r (2.3.32)
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Using rotations independent of y**P

Aa(s) * Pssp + BS*PBs,p + B B, .some v # s+p , (2.3.33)
where
=10 Y (B*?])V* (2.3.34)
u ®s+p

Further using the rotation M(s+p), we obtain
Nats) + (BIPP,y ~ B P, ] + & Boy (2.3.35)
where from (2.3.24)
€ = (B2 + (B3 *P)?)VE (2.3.36)
is nonzero. Applying the action of K _,
Xas) @ Bs+p — B P, (2.3.37)

where « has been absorbed in z%) and

p= £ (2.3.38)
K
From (2.2.8) and (2.3.37)
dxa(s) _ l dys +p _ dy:’ - d%w - ;iyn—l - ldyn
— -1 - d .,s¢p A s+p
s -y ) B =Y Y
LW #VU,S+p (2.3.39)

which implies

yS*P = —gn-lgals) 4 As+p ,
yv = —Bz%) + 4, ,
y¥ = A, .
y* leym= ™ - ;—z""(:z:"‘(’))2 + A pz®C) + D
y"loym= 2zn7) (2.3.40)
where A4,, . ,A,_ and D do not depend on z%6) and z"'. If B # 0, and

z™"-! = ¢, a constant, the work of Kalnins and Miller (1982a) implies that Asip
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and A, are not functions of the z¥%, so they depend on z™ ! alone. This is impossi-
ble since if it occurred y**P, y¥ and y™ ! - y™ would be dependent. Thus g = 0

and together with (2.3.34) and (2.3.38), (2.3.32) is verified.

The results (2.3.25) and (2.3.32) show that the Killing vectors have the
form (2.3.2) given in Theorem 2.3.1 and this will be used to prove the other part
of the theorem. Using (2.3.2)

d 2s -1 d 2s d: &(s)
dz®) = fyzs = _y“'{?s_l = yO . 1<ss<p.k(s)=#2s-1,2s,
dyP*s d x(s)
dz®) = yl =J’0 ., p+tl<ss<gq . k(s)#p+s,
dza(s) _ dyp#s - dyn—l _ dyn _ dyx(s)
] _ - )
[ppes — Hy™ ' —y™)]  LyPs ZyP*s 0
g+tlss=<7r, k(s)#xp+ts.n-1,n-2
dy n-1 n
den = Y° - dy"T _ dy" (2.3.41)

0 /72 172
we obtain the coordinates
y2 1 = A, cos(z%6) + A5),
Y% = Aps_,;sin(z%() + Ay) ,1<s<p.
yl’*‘=:r:“(s)+.4;,+s . ptl=ss<=gq,

yP*s = [pp+s _In-l]za(s) + Apss 1Qqtl=ss=r,

yS = A ,T+l<s<sn-2,
r
yrTleyt=at ) (él—[pm -z (22602 + Ay 2 + D,
s=q+1
yrl-yn=2z""! (2.3.42)
Here A,, . An_2, D are functions of z™~! and the Stéckel variables alone. Tak-

ing z™ ! to be constant, the work of Kalnins and Miller (1982a) implies that
Ay . 1<s<sp+l.A, .ptl<s=r, (2.3.43)

are not functions of the Stickel variables which means they are dependent on

z™ ! alone. Using the transformations,



. g+l<ss<r, (2.3.44)

it can be assumed that

Apes = 0. ptlss <g (2.3.45)

With the aid of the results of (2.3.42), (2.3.45) and the fact that for Stackel vari-

ables g,,=6*(g**)~!, the metric can be written as

ds? = ¥ guu (dz¥)? + g(n-1)n-1)(dz™"")? + 2dz™"'dz™ (2.3.46)
u

Inversion of (2.3.46) gives the Hamilton-Jacobi equation in the form (2.3.1).
Q.E.D.

By finding the symmetries and using the restrictive signature of Minkowski
space we have reduced the nonorthogonal part of the Hamilton-Jacobi equation

to one off-diagonal element.

2.4 Metric and coordinates

In the previous section we established a simple form (2.3.1) for the contra-
variant metric and this will enable us to use the curvature conditions (2.2.13) to

determine this form exactly. We will also find the coordinate transformations.

Theorem 2.4.1

The Hamilton-Jacobi equation can be written

1 _ v -
2 0—_ 2 gbbpbz + zpn—lpn + 20 'oi_Pnz = £ (2'4'1)
qEQ V¢ bGBv q€

where
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QR=1¢91<gz¢< <qu (2.4.2)
1s some subset of U={1,..., m{ and the sets
By =lgi.qitl, . qun-1). 1=<sis<l, (2.4.3)
form a partition of U. Here 04 is a function of z™~! alone, and if b €B,
g% = g% (z%) . V, = V,(z°) (2.4.4)

where ¢ EBq.

As an illustration of the notation used in Theorem 2.4.1 see (2.5.14). There

L
U=@={1.2§, B,={1} and B,={2]. In (2.5.17) @={1}, B,={1,2} and o,=|(z3)%+1] 2.
To prove the Theorem we will make use of the following equivalent condition for

the Stackel matrix found by Eisenhart (1934).

Lemma 2.4.1

The nonsingular @x@ matrix (¥;;) is a Stackel matrix if and only if

a,klog(g,—) = 8,log( Yo, 10g( L) - a,-log(%)auog(—*—)

.¢il ‘;0“ v,jl
- aklog(%-)ajlog(%) 1<j<k=<@ (2.4.5)

We now prove Theorem 2.4.1.

Proof of Theorem 2.4.1

For notational convenience we need only assume n,=1 since the functional

form for n,=0 is just a special case. Consider the matrix

Voo O (2.4.6)
(24) = Asp Tun o
where
Age = —APP. B =m +1, . . ., n-2 (2.4.7)

"

is an MxN matrix (N =n,+1, M =n-2-n,) and lyy is the MxM identity

matrix.

This matrix has the properties
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a $e! $A! - (n-
a " L gPh = T'g(n no_ g = q)_q)_ (2.4.8)

9

These will enable us to make extensive use of Lemma 2.4.1. It follows immedi-

ately from (2.3.1) and Lemma 2.4.1 that

Ou(n-1)108Guu = 841089,y On_110gGuy — 8,108y On _1108g 0, (2.4.9)

It is easily shown that

g

_ 1
Rwu(n-l) - ?guuav(n-l)log(guu) + :u [ aulog (guu) an—llog (guu)

= 0yl0g (Juu) On-1log(gw) ] = 0 (2.4.10)

Substitution of (2.4.9) into [] in (2.4.10) gives

Oy (n-nlog(guu) = 0. (2.4.11)

This implies

where g,, does not depend on z™~!. From (2.4.9) and (2.4.11)

0y1og(guu ) On_,log(oy/ 0,) = 0. (2.4.13)

We can define an equivalence relation ~ on U by u ~ v if ¢, is proportional
to 0,. and by rescaling coordinates there is no loss in assuming that o, = 0, on
each equivalence class. By reordering the indices, the sets of the partition can
be taken to be the B,'s of Theorem 2.4.1. Furthermore, (2.4.13) implies that the
Jes ' s are only functions of those z°'s in their class, i.e. they satisfy property
(2.4.4) in Theorem 2.4.1. Defining

Vv, = ¥ g*aAr (2.4.14)

ber

the Hamilton-Jacobi equation takes the form (2.4.1) given in Theorem 2.4.1.

Q.E.D.
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Theorem 2.4.2

The spaces with metrics

d5,2 = Y Gup (dz®)? (2.4.15)

bep,

are separable, flat and positive definite. Also we have

8,0, Vg =0, c#¥d, c.d€B,. (2.4.186)

Proof: We first show that the metrics (2.4.15) are differentially flat, separable
and positive definite. The flatness conditions Ry = 0 with 1,57.k.,l € By, are
equivalent to Ry = 0, i.e., those for the metrics in (2.4.15). It follows that the
spaces associated with these metrics are flat. Since the metrics in (2.4.15) are
orthogonal the separability conditions (2.4.5) for i,j.k € B, can be applied to
show that these metrics are also separable. To show that the metrics in (2.4.15)

are positive definite we first compute the eigenvalues of (2.4.1). These are

b= g™ 6= Jlg™ £ VE™F + 4], (2.4.17)

Regardless of the value of g™" the eigenvalues {(, and £_ are positive and nega-
tive respectively. The remaining eigenvalues ¢, must be positive since the space

is Minkowski with signature n-1. It now follows from (2.4.1) that
0g >0 and §y, >0, (2.4.18)

redefining o, and §,, to be their negatives if necessary. This shows that the
metrics (2.4.15) are positive definite.

To prove condition (2.4.16) of the Theorem we notice that since V, is given
by (2.4.14), the extension of Lemma 2.4.1 (see equation (2.4.8)) can be used to

obtain
Beca Vg + 0c Vy 0alog(gec) + 84 Vg 9clog(gas) = O (2.4.19)

Alternatively this result can be obtained by considering the Hamilton-Jacobi

equation (artificially created for our purpose) Y g*pZ + Y V,pZ_,. As this
bEB' q

equation is separable the results of Lemma 2.4.1 can be applied: equation

(2.4.19) is derived from (2.4.5) with j=c, k=d and i=n—1. Combining this result
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with the curvature conditions R, -1)(n -1)¢ = 0. which are equivalent to
1
—z—acd Vq + ac Vq adlog(gcc )/4 + ad Vq Bc log(gdd)/4 =0, (2420)

we obtain condition (2.4.16). Q.E.D.

We now go on to determine the exact form of the unknown functions
Jes. 0¢. V. and hence obtain the classification we are seeking. First since the
spaces defined by the metrics (2.4.15) are positive definite, we can use the
results of Kalnins and Miller (1982a), in which they completely classified such
spaces; this determines the §,,'s. By transforming to standard cartesian coordi-
nates on each R, the o, and ¥, are determined. In transforming back to gen-
eral separable coordinates, however, the separability is not necessarily
preserved, so we find the compatibility conditions to ensure this preservation.

Since the spaces defined by the metrics are flat and positive definite we

can choose standard coordinates z° :

z® = 2%(z°). b. c € By. (2.4.21)
and
ds;2= Y (dz®)2 (2.4.22)
beB,

Working in terms of these coordinates (2.4.19) implies that

8,.,4Vg=0 c.d€By.c#d (2.4.23)

R(n-1)cc(n-1) = O is equivalent to

Y4 V
Lo (gg)* 1y Veee _ (2.4.24)
2 409 zgeq O¢

where the prime denotes differentiation with respect to z™"!. Together with

(2.4.23) this last equation implies that

Vg = E (i’ z%)2 + 7,2%) + 6 (2.4.25)
bep,

and

2og0," — (0402 =¢g. 04 >0.¢3.6€ R (2.4.26)
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Making a transformation of form z™ - z™ + g(z" ') we can take é = 0 in (2.4.25).
When ¢,#0 it is possible to translate z® so that 7o #0. To solve (2.4.26)
differentiate it to obtain ¢''=0 and substitute the resulting quadratic into the
original equation (2.4.26). Application of the coordinate freedoms (2.1.3) leads
to the five possibilities / - /V+ in Table 2.4.1.

Table 2.4.1 Possibilities for g(z™™!)

type O¢ {q Vq

! 1 0 arbitrary
17 (z™ 14wy )? 0 arbitrary
I/ (z™ 1+vy) -1 0

IVs | (z™'+vug )2rwd| 4wl wg#0 0

The constants ¢4, 7,. vy and w, are all real.

A knowledge of the lower dimensional cases, plus the form of the coordi-
nate transformations (2.3.42), and a little guess work leads to the transforma-

tions for n=3(m =1). They are

zla;__', ‘;‘7_/-[‘7_3/2'

y =
2, .8 = .3 1y2 V1 T gz _ 2o -3/2y2
yi+y =z—o(z)/4—-z—-720f0 -Bf(fo )2,
y% — y® = 222, (2.4.27)

where f fy) = fy‘_: f (y)dy. We now show that this 1-dimensional case forms
~¥o0

the building block for all others. Define
T, 1
Fug(z¥.z™™Y) = z%0d + 2—7uffo;3/2, (2.4.28)
and

G,

P 72
g 24z = 0,'(z%)%/ 4 + -’2—7u z¥of faq-sxz + E,Lf(fcr;”’z)2 .(2.4.29)
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then the coordinate transformations are

y¥ = Fuq
yn—l+yn=zn_2 Zqu.
qEQbEBq
y" ol -yt = 27n! (2.4.30)

These results can be checked by computing the metric using (2.4.30) and then
taking its inverse to obtain the Hamilton-Jacobi equation (2.4.1). In the above

transformations we will say that the y, term is attached to the z“ coordinate.

To obtain the coordinate transformations in terms of the z* we simply sub-
stitute the expressions given for the z® in (2.4.21). Not all the systems thus
obtained will be separable. Naturally they will be separable when ¥, =0 for all u
and {g =0, or for all values of these parameters when the coordinates are carte-
sian. Given a certain separable system (2.4.21) the problem is to work out the
form of V, (or equivalently the values of the parameters y, and ¢,) to ensure

separation in the variables z*.

To tackle this problem it is necessary to know just what the possible sys-
tems (2.4.21) are. We give a brief summary of the solution provided by Kalnins
and Miller (1982a). They show that it is possible to decompose [R™ into a direct
sum of subspaces R™ in such a way that the separable coordinates on each of

these are of either "elliptic’ or "parabolic” type with graphical representations

\e 1 e, |- - -|€n,

2.4.32A)
X2 V (
SP] SP,- gﬁ”

or

el - e, L eN-1
T ¥ (2.4.32B)
E

r PN'—I

respectively. We will say that /[R" splits into the subspaces R™ . Cartesian
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coordinates on R"" for case A are given by

z' = (n w;)( pjsqj) l<isn,, 1<j<N, (2.4.334)
and for case B

z! = ( N,.wl) ,

z' = ( N, w; )( Pis"j) i2<i<n,, 2<j<N,. (2.4.33B)

Here the p;Sq; 1=q;<p;+1 are coordinates on the p;-dimensional sphere Sp’, and
therefore satisfy
pj +1
2 _
Y pSq =1 (2.4.34)
g; =1

In (2.4.32) the sphere Spj is said to be attached to e; or equivalently to the coor-
dinate y w;. When p;=0, Sp’, is the "zero dimensional” or "trivial” sphere.

Equivalently there is no sphere attached to N, Wj -

For elliptic-type coordinates A

Ne
[z} =€)
w2=cE i =1,....N,. (2.4.35A)
N, %5 r H(elr_ e}- 7 r
tey
where

N
el <z) < - <ef <=z .cref€R.

For parabolic coordinates B
¢, M N, -1
mwr = AT+ 5 el)
t=1 1=1
N"
H(zrl- - e;’.—l)
t=1

H (el - ej'_,)

ey -1

j=2 ... .N. (2.4.35B)

2
N W= —Cr

where

N,
z) <el < <ejy-1 <z .cref€R
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If the case N, =1 is treated in the same way as N,>1, it is possible to have

the elliptic and parabolic systems

. O

P
1)2
corresponding to the metrics dsz'-'((fx—)and ds?=(dz')? respectively. Both of
x _el

these systems are equivalent via the scaling transformation (2.1.3a). This
explains why the parabolic case does not appear when N,.=1. This will help clar-

ify some of the exceptional behavoir that we will later encounter for N,.=1.

The classification also depends on the possible separable systems on the

spheres Spj. The structure of these systems is independent of the V; and o,
terms. Separable systems on Spj can be built from irreducible blocks, each hav-

ing graphical representation

er| | epyn (2.4.36)

The coordinate transformations for this block are

IEI(zj_ei)

sf=c?El 1 <i<p+l (2.4.37)
P TIes=e) i
)=
where e,<z'< - <zP<ep,,. Ageneral graph for Sp’, has form
el
; \ (2.4.38)
gil hyl

The coordinates for (2.4.38) can be built in multiplicative-iterative fashion from
those of (2.4.37). This process is best understood by consulting Kalnins and

Miller (1982a) and the examples provided in Tables 2 and 5 of Appendix A.
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Applying these results to our case, decomposing the space corresponding
to ds, 2 corresponds to partitioning By into subsets E, in just the same way that
we partitioned U into the subsets By (i.e. the set E, is labelled by its minimum
value 7 ). For example in (2.5.17) E,={1}, E,={2}, and in (2.5.22) E,={12}.
Using this partition

ds,2= ) ds? (2.4.39)
red!r\B'

where d5,% is the infinitesimal distance

d5,2 = Y oo (dz®)? (2.4.40)

b €E,
Here ® is the set of all the (minimum) indices = (e.g. in both (2.5.14) and
(2.5.17) ®={1,2}). For simplicity on each irreducible block E, of form (2.4.32A)

or (2.4.32B) the coordinates =z".z"*!, ... z""™"' are relabelled as

1 2

' z°, Lz V, for each of these blocks is defined as in (2.4.14) but with b

restricted to £,. Confining ourselves to one of these blocks £, we systematically

determine V,.

Suppose that ¢, # O(i.e. g4 is of types Ill or /V+) on E,. Here

(z%)? (2.4.41)

»I""‘

- ¥ &

=

—

and from (2.4.33) and (2.4.34),

. S 2.4.42
Substituting for the y w; from (2.4.35) and expanding in partial fractions in
terms of the e;’s we find after some time that for the elliptic case A
N, N,
v Z -2 el (2.4.43A)

i=1

and for the parabolic case B
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(qcr2 s Ny N, Ny -1
V, = —116 22(1")2_(2:‘)2*-62:‘ 2 e,
1=1 1= 1=

t=1
N, -1 N, -1
(Y e)P-2Y e?) (2.4.43B)
t=1 t=1

However only the V, of (2.4.43A) satisfies (2.4.16). This means that if ¢q#0 only

elliptical-type coordinates are separable.

Now consider ¢(;=0 and suppose that at least one of the v:'s (7, say ) is

nonzero. In this case o, is of type I or Il and

Ty i Ny p;+1 )
Ve = 27"2 = 2 N, Wj 2 7qu p’-sqj (2.4.44)
1 j=1 g;=1

Let z! be any of the separable coordinates on the sphere SPl' From (2.4.16)

P+l

N,

0,14V (z . x%=e,,...2 "=ey ) =0=0_(yw)o_ () Y4,9,5¢,) (2.4.45)
7:=1

since y w,(z*¥=e,)=0. Now 8_,( N, w,)#0 so that

1!

0.2 7¢,p,5¢,] = 0. (2.4.46)
7,=1
Pitl
l.e., 2)77’1 p,S¢, = A. a constant. Such arelation can not exist among the pSq, S
9=

unless p,=0. No sphere can be attached to the coordinate y w,. This is demon-
strated as follows. As the 7711'5 are real, rotations can be used to pass to an

equivalent set of separable coordinates, Pn‘?'h' for the sphere Spl,such that

P+l 1
2

Y 74, p.Se, (L ))?)E 5.5 (2.4.47)
9171 LB
Since },(74,)° # O equation (2.4.46) now implies
71
9,.(p5,) =0 . foralll (2.4.48)

This is only possible if p;=0 i.e. no sphere is attached to the y w, coordinate.

Still assuming ¢4 =0 and 7, #0 consider the elliptic case.
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Let N,=1 No spheres are attached to iw, by the argument above and so
z'= Jjw,=z!. Condition (2.4. 16) is satisfied and the system is separable.

Let N,>2 Using the above argument and the symmetry of the elliptic coordi-
nate transformations (2.4.35A). shows that no spheres (beside the trivial ones)

can be attached to any of the N,wj coordinates. Let x! and z? to be any two of

the elliptic-type coordinates in (2.4.35A). Equation (2.4.186) yields

Vi N W
a:lzZVr =0= Z
1

~ 4(z'—e;)(z2—¢,) (2.4.49)

1
Multiplying this last expression by (z°-e;)? and setting z;=e; for 1i>2, we find
that 7,=0. This result is easily generalised to show that 7¢=0, for all i: contrad-
icting our initial assumption that one of the v,'s was nonzero. Under these con-

ditions, it follows that the elliptic block £, leads to separability only if V,.=0.

In the parabolic case using the same methods we find that only 7, can be

nonzero and then

VT = 71 Nrwl (2-4.50)

N
;—7,c,(:'+ CooHzT T He o tey ).

i.e. parabolic coordinates are separable in this case.

Finally if y, = 0 = ¢, (i.e. o4 is of type I or II), then both elliptic or parabolic
type blocks are possible.

A more elegant proof of the above results will be given for the complex case
in §3.2. That proof is equally applicable here and does not use the explicit form
of the coordinate transformations. We have determined all Euclidean coordinate
systems that can combine with a given V, to form a separable system for (2.4.1).
Thus using the results of §2.2 the R-separation problem for (*) has been solved.

This procedure is systematised in graphical form in the next section.
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2.5 Graphical Representation of Coordinates

We develop a graphical calculus to represent the R-separable coordinate
systems for (*), illustrating this procedure in detail for m = 1,2,3 -the cases of

physical interest.

From (2.2.4) and (2.4.30) the coordinate transformations for (*) are given
by

1
u., 2z 1 -3/72
z%0, % + Cl 7uffaq .uEBq. geq.

t = "1, (2.5.1)

and these can be given the graphical representation

L,

: — (2.5.2)
o] %)

~

Here G, is a separable system on ”?n(B,) and the box indicates that there is just
one function o, on G;, while the Latin number Ly (1. 11, III or IVt) specifies its

type. G, is one of Kalnins and Miller’'s graphs and will in general have form

G/ G (2.5.3)

where each Gj is one of the elliptic or parabolic types given in (2.4.32A) and
(2.4.32B).

At the end of the last section we found the compatibility conditions for a Oq
- Gg combination to be separable. To summarise these results we start with a
given separable Euclidean system Gq and then give the compatible o functions.

If Gg is of elliptic-type then Ly could take any of its values /+/V+. However
the case ¢(;=0, 7, #0 where z“ is one of the coordinates on Gy can only occur if
Gq has form @ . If the block Gy is of parabolic-type it is only compatible with
the o-types / and // since it was shown in §2.4 that ¢, #0 did not satisfy (2.4.16).

In the allowed cases / and //, the 7, term attaches itself to the coordinate y, w,
of (2.4.35B).

These results are now generalised to a block of form

(2.5.4)

(%]
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If all the Gg 's are of elliptic-type then Ly can take any of it's values, /| » [V+.

The parameters vy, on Gy can only be nonzero if the blocks Gg to which they are
attached have form @

If at least one Gq is of parabolic-type, then Lq is restricted to types J or /J.

The exceptional case N=1 can be given our uniform general treatment if we
regard it as being egivalent to the two systems O and @ as discussed in §2.4.
A 7, term can be attached to O (no spheres can be attached to this graph).

Spheres can be attached to @ and this is compatible with ¢q¢=#0 but not with
¢{¢=0 and y, #0.

The parameters wg and v, can be normalised, since by making the separa-

bility preserving transformations
"' s az™ ' + b, (2.5.5)

we can take one vy to be zero and one w, to be 1. Further normalisations are
possible when E£=0 because of the extra conformal symmetries K, and D. For
instance, consider the case when one of the Ly'sis [ in (2.5.2). The coordinates

on this block are
y® = 2% + 9 (z™*")%/4 . beB, . (2.5.6)
The dilatation D acts on the coordinates as
y® scy®. t-c? ., ceR. (2.5.7)
If this action is combined with the equivalence transformations
z% 2 c2®, Ml c33mtl (2.5.8)

and ¢ =7, '3 then 7, can be normalised to 1 or 0. If L, is // on a block, then the
same normalisation is possible by similar methods. There are more equivalences
possible under the conformal symmetries, but the discussion of these will be
postponed until the operators have been determined in §2.6. It is not possible to
simultaneously normalise all the 7,'s. There is a different coordinate system for
each value of 7,. Thus in general, there is an infinite number of R-separable
coordinate systems for (*) and the numbering of these systems in Appendix A is
for tidiness only.

The following procedure emerges for the construction of all R-separable

systems for (*).



- 473 -

A. Construct the graphs representing all separable systems on [R™.
B. For each of these construct all possible boxings.

C. From the discussion above determine all possible o’'s compatible with

the boxings.
We now go through this procedure for m =1.

A. There is only one possible separable system on R’

(o) (2.5.9)

corresponding to the choice of coordinate
z! =z (2.5.10)
B. There is only one possible boxing:

l@ (2.5.11)

_

C. The resulting types with their coordinate transformations are listed in

Table 1 of Appendix A.

We have displayed possible normalisations of the parameters vg.,wg in
brackets alongside Ly, but have not substituted their values in the coordinate
transformations since the unnormalised forms will be needed for the m =2 and

m =3 classifications.

For m =2 the separable systems resulting from step A are listed in Table 2

of Appendix A. There are three classes of boxings arising from step B:

L,

@ (2.5.12a)

where G is the elliptic, parabolic or polar system of Table 2 in Appendix A,

L, L,

(2.5.12b)

and



(2.5.12¢)

where G, is @ . The only new systems are those of type (2.5.12a) as it will be
shown that the remaining systems can be derived from the m =1 case. The

unsplit class a types are listed in Table 3 of Appendix A. The class b systems are

mixtures of the m =1 systems

L1 ana L2 (2.5.13)
<D

where 0, # 0, and these are listed in Table 4 of Appendix A. [R? has split into
IR®[R and so these coordinate systems are referred to as splitting types. For

example, the system 5://, I//(v,=0) in Table 4 has coordinate transformations

1

y!' = (23+v,)z! + 7,/ 4(z3+v)),
1
y2 = |z3] %22,
t = z3 (2.5.14)

that are easily derived from systems // and /// in Table 1. The remaining sys-

tems of class c are simply combinations of the m =1 systems

L L,
and I_Ef: (2.5.15)

where o, = 0, that is class b with L, = L,. They are listed in Table 4 of Appendix

A. For example the coordinate transformations for /V+(v,=0, wf=1) can be

derived from those of the system

IV+(v =0, w{=1)

©

(2.5.16)

given in Table 1. They are

1
vl = (%2 + 117 2!

L
2

[(z3)% + 1] z?

<
I
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t = x (2.5.17)

Miller (1977) has also classified the R-separable systems for m=2 and
developed many of their properties but misses splitting types such as (2.5.14)
and (2.5.17). In general, his classification only includes those mixing types of
class b for which one of the coordinates is y' = z!. These omissions are rectified
in Kalnins and Miller (1979).

For general m the R-separable systems have form

L,

, (2.5.18)
where G is of parabolic or elliptic-type, or they will be a mixture of systems like
(2.5.2). In this case (*) is equivalent to the equations

(Bg + 280, )¥g = Tg¥g, ¥ = []¥, . (2.5.19)
q€Q

where
¥, = ¥ (z%). beB,. (2.5.20)

All such mixtures can be classified from the lower dimensional equations given

in (2.5.19).

The classification for m =3 for the unsplit types given in Table 5 of Appendix
A has not appeared before. These systems can of course be derived from our
general procedure but we list them for easy access. The splitting types for m =3
can be derived from the tables for m=1 and m =2 given in Appendix A. For

example consider

11(v,=0) i
® @o2n
for which the coordinates are
y!= cx4cosh(z!)cos(z?) .
y? = cz4sinh(z")sin(z?) .
1
yd= |zt + vl 223,
t = z4, (2.5.22)

and these can be obtained from the tables for m =1 and m=2.
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2.6 Operators

Each R-separable system for (*) is characterised as a commuting set of
second order partial differential operators that are in the enveloping algebra of

(*). These operators are derived from those representing separable systems on
R™.

We will first derive the operators for (2.2.1) from the Killing tensors A; for
the Hamilton-Jacobi equation (2.4.1) associated with (2.2.1). The Killing tensors
characterising separable systems for (2.4.1) are of second order, and the work
of Delong (1982) implies that they are in the enveloping algebra of e(n, 1). In
other words if the Killing vectors u; are a basis for e(n, 1) then there are real

constants a’* such that

No=YaFlui ). 1sijk<sn. (2.6.1)
).k

Recall that §{ , | is the Symmetric Bracket which is defined by

Mijle + Ml
tyoped = = ——F—— (2.6.2)

From the discussion surrounding (1.2.20) the corresponding operators X for

(2.2.1) may be obtained by the identification u;~+[i; defined in (1.2. 14) so that

K = Da® ;. Rl (2.6.3)
ik

These will also be operators for (*) with the identification £-+¢ since
KT =LY iff RNy =LY (2.6.4)

where ¥ and V¥ are defined in (2.2.7).

The Killing tensors can be determined from (D6). They are

n-2 gat (p(n—l)i n-2 ¢¢i
A=Y %pf + 25— Pn-iPn * Y AT "
a=1 a=1
i=1,2 ....n-1, (2.6.5)

where (®;;) is the Stackel matrix defined in (2.4.6). We first find this matrix in
terms of the Stackel matrices for the embedded separable Euclidean systems

d§q2. These are the n(B,)xn(B,;) dimensional matrices, (¢ )i, such that

9?1
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The matrix (¢,)) can be taken as

0 ~ - - o 0 0
! |
| q;l :
. Lo -2
. 0 B s B
| 1
; bg
[
0
0] o’q

(2.6.7)
since this matrix satisfies
b1 q,bl
oo - P71 _ 1 %4
g 3 e B, for bep,. (2.6.8)
By substituting for ($;;) from (2.6.7) into (2.6.5) the Killing tensors are
bv
Ao = 3 ZPE+ Uups
beB, *q
v =12 m,
Aoy = E. (2.6.9)
where
q,bv
v, = Y A (2.6.10)
beB, &g
bv
In (2.6.9) the terms 2 —;——pf can be recognised as having the same form as
aEBv q

that for the constants of the motion for the separable system d§,2. This fact will

guide us in what follows.

The constant of the motion A, may also be written
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Av =P A P (2.6.11)

where
P
P= , and
Pn
O .
. 0
A, = .Af. (2.6.12)
. O. |
Uy}

Here Af is a diagonal matrix whose elements as determined by (2.6.9) are (A%),.
bv

= gb¢ ?q-. It is what will be called the matrix form of the Euclidean constants of
q

the motion arising on ds‘qz. We express A, in terms of the y*' coordinates by using

the transformation matrix J:

Jap = 0y®/ 0z°. (2.6.13)
In the y! coordinates
Ay, = P JEALJ P (2.6.14)
where
P,
P= . Pz oW (2.6.15)
P,

and t denotes matrix transposition. Using (2.6.13) J is given by
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0J, c, ¢,
0
1
ogJq cq cq
0
B, B, X Y
K 0 0 172 1/ 2)

(2.6.16)

where from (2.4.30)

(gla = =200 Y Gy and (Jg)g = 02%/02° (2.6.17)

2
b qu

As our final result is independent of the quantities By, X and Y we need not cal-

culate them. Finally

Ao = 0 PLAE P,

1

L
- P;e 0g'0g AE zg + 0f [foq'a/Z] A~ Yol t F,e°. (2.6.18)
In this equation
F, =4ctAfc, + U, .
AE = JtAfy (2.6.19a)
and y,. P, and z, are n(B,)x1 vectors:
(7¢)6=76 » (Pglo=PFs . (24)o=2° . bEB, (2.6.19b)

From (2.6.19a) AZ is just Af in the z® coordinates. Equation (2.6.18) implies that
the constants of the motion for v€B, do not depend on the structure of (*) on
any of the other blocks. This is natural since (*) is equivalent to the set of lower
dimensional equations given in (2.5.19). The problem of finding the operators for
a general system has now reduced to the determination of the constants of the

motion on one of the blocks
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(2.6.20)

5

Kalnins and Miller (1982a) give specific formulae for the Euclidean con-

stants of the motion )'\Vf. On each irreducible block they find that

P& M& and (Mg, .Py}. a. bEB,, (2.6.21)
are a basis so that
KE= YA PZ + LB (My. Py} + 3 C** M3, (2.6.22)
b b a<bd

A%, B C* e R

The reader is referred to Kalnins and Miller (1982a) for the determination of the

constants in (2.6.22). Since (2.6.18) provides us with a relation of form
A = N (BE.ay) (2.6.23)

all that has to be done for each of the o's for / » [V, is to determine the
images of the Euclidean constants of the motion in (2.6.21). In each case we will
find an expression A' in the enveloping algebra such that A is determined to
2 -

within a term in £°i.e.

A=A+ Fed (2.6.24)

(In this discussion prime is not the derivative). Since A is a constant of the

motion and X' is in the enveloping algebra
{EXNp =0={EN + F'e?lp = {E.F'e}p (2.6.25)

Solving this relation with £ = P + + P2_, — P? we find that F' is a con-

stant, but since ¢ is already on the orbit

A=\ (2.6.26)

in (2.6.24).

The images of the Euclidean operators are displayed in Table 2.6.1, however
one example will be done in detail to show how they are derived. Consider the
term {Mg,.P,} which appears in constants of the motion in parabolic-type coor-

dinates. The matrix form AF for this term is



—zb, 2

-z%/2 0 29 A (2.6.27)

as it is easily checked that PtAE P = {Mgo .Py{. From (2.4.30) and (2.4.50)

YT =27 4y (@n 4

ybzzb b#q

The calculation for the constant of the motion corresponding to {Mqp Py} goes as

follows:

A{Mgy .Py}.0=1) = {(z9P, - z"Py, . Py} = PéxznWREy, £ + Fe?
= (Mg . P — :—7q(2"-’)zpoz + ;—‘hzn_leE + F'e?

= {Mgy Py} — 7¢BE/ 4 (2.6.28)

since F'=0 from the discussion above. The corresponding operator for (2.2.1)
and (*) is obtained via (2.6.3) but it may be unambiguously written as (2.6.28) by
removing the tildes. Occasionally P, has been used to represent both the
Euclidean constant of the motion dW/82z° and 8#/0dy®, a constant of the
motion for the Hamilton-Jacobi equation (2.4.1). Sometimes, as in (2.6.28), we

have written Pys to emphasise the difference.



Table 2.6.1 Images of Euclidean Operators

Lq
AE / Il 11/ Vs
2

Py PE+yyeBy  (vg Py —By )? vy PE (vg Py —By )?
+758Pb —tpb .Bb; :tqupbz

ME M M3 M3 ME

{Mgo . Pol | Mgy Py} {Mgo . vg Py —By} does not does mot

~7q B&/ 4 ~%q P2/ 4 occur occur

The results in Table 2.6.1 can be used to obtain the operators for any m

but we will go through these results in detail for m =1 and m =2.

When m =1 the Euclidean operator is P?, and its images can be read from
the row containing P£ in Table 2.6.1 obtaining the results listed in Table 1 of

Appendix A.

When m =2 the operators resulting from the unmixed systems are listed in
Table 3 of Appendix A. The operators for the mixing systems are simply those of
the component one dimensional systems. For example the two Euclidean opera-

tors for (2.5.14) are P? and P# and by using Table 2.6.1 their images are
('Ulpl-Bl)z + 7]8P1. and —iPI'Bl;' (2.6.29)

Alternatively the same result is easily obtained from Table 1 of Appendix A.

In the three dimensional case the operators have not been listed in Appen-
dix A, but the following example will show how they are obtained. Consider sys-

tem 4 of Table 6 in Appendix A

IV—-(v =0, wlz=l)

(2.6.30)




The operators for ellipsoidal coordinates are easily derived from the work of Kal-

nins and Miller (1982a) but we also record them in Table 5. They are
P + P} + P},
33 + c?(1+a)PE + aP} + PZ], (2.6.31)
JZ + aJf + c%aP?
Employing Table 2.6.1
JE+JE P2+ BE-P2b=1,223 (2.6.32)

so that the operators for (2.6.30) are

Zb:(Boz - P§).

JJ + c?*[(1+a)(BE-P?) + a(B}-P2) + BZ-PZ), (2.6.33)

JE + aJ} + c2a(BE-P?).

The operators for the m =3 mixing types are also computed in the same
fashion. For instance the operators for the mixing type (2.5.21) can be derived

from the tables for the one and two dimensional cases. They are

B?Z + B, M% + c?B? and vgP$ - {P3.Bs. (2.6.34)

All R-separable systems for (*) have been characterised as commuting sets
of second order partial differential operators which are members of the envelop-

ing algebra. An immediate application for this characterisation is now given.

m
All separable systems on I[R™ possess the Casimir operator 2 PZ If E=0
u=1

and our systems have form

(2.6.35)

then the operators corresponding to this invariant for each of the o types are:
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I YPE+ yeB,
1
m

1 Y BE + y,eP,
1
m

111 Y 1Py By (2.6.386)
1
m m

Vs Y BE +) P?
1 1

By examining the forms of the operators in (2.2. 19)-(2.2.20) the following substi-

tutions hold on the solution space of (*) when E£=0.
m 2 m m
L PE » —2eK 5 Y {Py.By} » £D and Y BE » 2eK, . (2.6.37)
1 1 1

With these substitutions, the new expressions for the operators in (2.6.36) are

summarised in Table 2.6.2.

L, Operator Table 2.6.2

! 5[7131 - 2K—2]

17 e[2Kz + 7, P,]

117 eD

IV  e[K,FK_;]

Each of the operators in Table 2.6.2 is first order and can be diagonalised to
reduce (*) by a dimension. This feature is discussed by Miller (1977) for the one
and two dimensional heat equations. His claim, however, that this is a feature of
all systems of those dimensions does not hold. For example the operators

(2.6.29) of the splitting type (2.5.14) can never be made first order. This subject
will be discussed in greater depth in §2.8.

The knowledge of the operators will now be exploited to find the extra
equivalences for £=0 that were mentioned in §2.5. For a system like (2.6.35) it

is possible, as was explained in §2.5, to normalise 9, to 0 or 1. Thus there are the
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possibilities for L,

1 a /(y,=0)
b 1(7,=1)

2 a. /I(v,=0,7,=0)
b. II(v,=0,,=1)

3 I/ (v,=0)
4 a [V—(v,=0,wf=-1)
b. IV+(v,=0,wZ=1) (2.6.38)

The extra equivalences occur under the action of the operator Ag=K_,—K,. The

adjoint action of this operator is given in Table 2.6.3.

Table 2.6.3 Adjoint Action of A,

AdA
A e

P, cos(s)Pgy+sin(s)B,

Mab Mcb

B, cos(s)B, —sin(s)P,

A, A,cos(2s)—-Azsin(2s)

Az Azcos(2s)—A,sin(2s)

The adjoint action of Ag on any element {L,.L,} of the enveloping algebra is

easily shown to be
e* (L. La3) = (e M ANL,) " M (L, (2.6.39)

by using (2.2.23). Consider the action of A3 when s=-n/4 and for convenience
-n

_Aa
let J=e 4 ~. Then from (2.2.23)

-n

—Ad A
et (L)=JLJ (2.6.40)
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The Euchdean operators for (*) are

KE= DAPE + LB My Pyl + T C2MS, (2.6.41)
b b a<b
where v =1, .m +1. For case 3 in (2.6.38) the corresponding operators as

obtained from Table 2.6.1 are

Ay = — 2A°{P., By + Y CS*ME (2.6.42)

a<d

If the action of J is applied to these operators using Table 2.6.3 we obtain

Py By B, Py
Ay = = Y AL - . by 2
LAV~ 5 m t Bt L O MG
= LANBE-PE)/ 2+ L GO MG (2.6.43)
b a<bd
. Py By LB 5 .
since P, - Z - By v, + Wand Mgy -+ Mgy, under the action of J. The

expression obtained in (2.6.43) is precisely the one that would have been been
obtained from the same Euclidean operators for system 4a in (2.6.38). In similar
fashion it can be shown that the systems la and 1b are equivalent to the sys-
tems 2a and 2b respectively under the action of

n
_2_,43

J2=¢e (2.6.44)

We have demonstrated that the systems in (2.6.38) collapse to the systems la,
1b, 3 and 4b. The action of J/ on solutions of (*) is

m/s2
_ |2 £Yy'y ] V2y t-1
Jo(y.t) = (1+¢) XPl2i+e) |"|t+1 ¥l
2 — -m/2 L:_L
JEb(y.t) =t exp _ZLZt fb[t, ; ]
J4e(y.t) = —d(-y.t)
J8®(y.t) = o(y.t) (2.6.45)

The expression for J? is particularly notable: it is the Appell transform, and its
importance for the theory of the Heat equation is discussed in Widder (1975).

The above work is a generalisation of that of Miller (1977) for the one and two
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dimensional heat equations

In conclusion, it is possible to exploit the conformal symmetries for unsplit
systems when £=0 to show that some systems that look different are actually

equivalent under the action of the Schrédinger Group.

2.7 R-separable solutions

We now investigate the R-separable solutions of (*). To accomplish this it is
necessary to determine both the R-separation factors and the separation equa-
tions. The separation equations for (*) are the ordinary differential equations
determining the ¥; functions in (2.2.5)From (2.2.7) these are the same as the
corresponding functions for the Helmholtz equation (2.2.1). Therefore this equa-
tion is used to find the separation equations for (*). The form of (2.2.1) in the
separable coordinates z' can be found by using this equations local coordinate

description given in (1.2.9). Itis

1 . bb _
Y — 2 lgg 129, (g%° g7 20s ¥) + §°° AZ™0pn V]
qEQ Y oeB,

+ 20 ¥ + 3 n(By)(logog )0, ¥ = E¥ (2.7.1)
q€Q
where
gq = det(goc). b.c €5,. (2.7.2)

n .
and A" is defined in (2.4.14). When ¥ = [[¥:(z*) is substituted into (2.7.1) and

i=1

the resulting equation is divided by ¥ we obtain the separation equations:

Vo' = e¥n, (2.7.3)
and
2en y + Y g, + £ 5 n(By)(10g0y)¥n-y = E¥ny. (2.7.4)
ge@ % q€Q

Here sg is the eigenvalue of the operator S; whose action on ¥ is
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SV = E [gq'l/zau(ﬁbbg-q”zao\l’) + (5)2§00A°nn\l,] = so¥ (2.7.5)

bep,

The remaining separation equations are derived from (2.7.5) by noticing it is the

Helmholtz equation on ds'q2 with an extra term

Y (£)3g%° APV (2.7.8)
beB
q
By a simple modification of Kalnins and Miller's results for IR"(B') we obtain

these equations.

The one dimensional elliptic case is an exception to the general construc-
tion of the separation equations that we are about to give. The separation equa-

tion for this case is

v,

—(dxl)z + {e2[¢ (V)2 /74 + y,z'] —s§¥, =0 (2.7.7)

Returning to our general treatment we can confine ourselves to a block E, of
form (2.4.32A) or (2.4.32B). For simplicity on each of these irreducible blocks
the coordinates z", z"*!, . ,z”n'-l are relabelled as z!, z%, , . .. ,:c"' just as
in our discussion of the coordinate transformations at the end of §2.4. The addi-
tional term contributed to the separation equations by (2.7.6) for the elliptic-

type A coordinates z? is

2.4 N,
zo = - e oy ipe ey
b =1

.a=12 ...,N,. (2.7.84)

For the parabolic-type B coordinates z* this term is

()2 71, aybr-1y o 5

Z¢=—B——(I) (x+2e.,)
b =1

.a=1.2....,N,. (2.7.8B)

The separation equations in both of these cases are



1 1
(Pa/ Q)F 2 (Pa @) T =) + (2.7.9)
N, I—I(eb—ec) N,
czb A a\Ny b _
ib=l (Ia_eb) tb + bzz:llb(x ) + Zq;\l’a = 0.

In this last equation

N'

NT
Py = [J(z%-ep). Q@ = J[(z%-ep)™ (2.7.10)
b=1 b=1

. 0 » P =

® Jo(Jo +Ps=1) . pp#0
where p, is the dimension of the sphere S, attached to e, (see (2.4.32A) and
(2.4.32B)). If there is no sphere attached then p, = 0. From (2.7.5) there is no
loss in assuming !,=-s,. The constant ¢, is the eigenvalue of the Helmbholtz
equation on the sphere sPo‘ The form of t, given in (2.7.10) appears in Kalnins

and Miller (1982a) and is derived from the spectral theory of the Sphere.

We now consider the separation equations for the remaining variables i.e.

those on the attached spheres SPe' As was mentioned in §2.4 the separable sys-

tems for such spaces have been classified by Kalnins and Miller (1982a). If we
trace down one of the tree graphs they use to represent these systems it will

have form (see (2.4.38))

[ e, I - l Cu+1 I
Sw (2.7.11)
SP| Py 41

u

The separation equations for the variables z!, .. .z% on S, are



- 60 -

1 1
(Pa/ Q)¢ 1z (Pa@y)? dz—“%’ + (2.7.12)
u +1 cl:lb(eb —ec) u
(z°—ep) ty + Y L(z*)“ [V, =0, a=1,2, ..., u.
b=1 ) b=1

with the same definitions for P,, @, and ¢, except that the number of elliptic or
parabolic coordinates N, is replaced by w. We can of course take —!, as the
value of the Helmholtz equation on the sphere S,, and via the spectral theory to
be —u(u+w —1) (see Talman (1968)). These separation equations are unaffected
by the terms V, and o4. and are just the same as they would be on Euclidean

space.

The separation equation for ™!, (2.7.4), can be directly integrated:

-n n-1
Yooy = {]] o ! ezp(gl—[Ex“" -y sqfdz ]). (2.7.13)
q€Q & q€Q Oq¢

As an example consider system 9 in Table 6 of Appendix A:

I (v ,=0)
QT (2.7.14)
0]t ]
The separation equations for this system are
1
z d d
SR "‘“"‘“‘”Wc '
2 2.4
_J2 s 2% +ly+ ﬂi'—x'ﬂ(:cﬂ—l)]\lq, =0,a=12  (27.15)
(z®-1) 16

and

(233~ 1)]F Ll (=27 1)) o) = 745 = O (2.7.16)
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Here s,. 1, and 7% are the separation constants. These coordinates are in stan-
dard form but they could easily be transformed to the more familiar expressions

in terms of cos, sinh etc. that appear in Appendix A. Indeed letting z3=sin%9,
(2.7.16) becomes

d?¥
1 ) .
4— dﬂz + .722\;'1’ =
We also have from (2.7.13)
=8 _ 5
Y, = |zt ¢ 2Btz (2.7.17)

In order to fully determine the R-separable solutions we now find the R-

separation factor R. From (2.2.9) and (2.4.30)

R=-tf =€) Y Gy, (2.7.18)
qEObEB'
If we define
R =t ) Gy (2.7.19)
beE,
then
R=% Y R, . (2.7.20)
qEQTreER

and as a result the essential structure of the R-separation factor is solely depen-
dent on the structure of each of the irreducible blocks £,. Employing (2.4.50) it
can be assumed that y,,,=7,,2= - - - =0, with 7, being nonzero and zero in the

parabolic and elliptic cases respectively. By using (2.7.18) we obtain

og’ by2 4 1 r [ -3/2
R,=e-—4—2(z)+-2—7,.zoqfaq
bEE,

+ "_'gfz_.f(faq-w?)? (2.7.21)

The last term of R, is a function of z™~! alone and so only contributes to trivial
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R-separation. It is absorbed in ¥, _) by redefining this function:

750
E n-1 876 dx™ !
x exp| =5—+ ) ([o7372)2 - e - 2.7.22
mm s (o 2l %, )| v
and then
= i by2 —3/2
Ry = el bg(z 2+ 29,270 fa (2.7.23)

Using the results of (2.4.39) we have

N, _
cfy(zt —e).
1

br2 if £, is of elliptic —type
2 (2°)% = N,-1 -1 N,-1 (2.7.24)

veE, —[zzw)z <zz‘>2+szx 5 e z e)-2 o)

if £, is of para.bolzc —-type

R is now determined for each of the types / through /V+. For /, when
gg=1on E,,

R, = ;—87 zTzn"! (2.7.25)

If the coordinates on E, are elliptic-type then R,=0 except in the cartesian case

when

R, = ;—87,2:":"“. (2.7.26)

If the coordinates are of parabolic-type then

N, -1 N,
R, = ey,c,z™ 7} 2 z +Z)e,]/4 (2.7.27)

In this last case ¥, _, may be redefined so that
N, -1

R, = ey,c z™! E zt/ 4 (2.7.28)

In both cases nontrivial R-separation occurs only if some 7, is nonzero.



B4
In case // when gy =(z" "+ug)?
£ no
R, = E{(x ,+Uq)2(zb)2 - 7rzr/4(rn—l+vq)‘~ (2729)

If the coordinates are elliptic-type then by scaling

N,
£ IRt
R, » Z—C,?':c" xt (2.7.30)
1
except for the cartesian case where
3 -
Re » @ 4y )(27)2 — 277 4(z" Ny, ) (2.7.31)

When the coordinates are of parabolic-type the result is messy and is obtained

by substituting the expression for ) (z°)? given in (2.7.24) into (2.7.29).

For types /// and /V+, only elliptic type coordinates are possible on £, and

£ .
R, = 2°¢ Y, (2°)?2 (2.7.32)
beE,
In case Il when Uq=lz:“"+'uq|, only trivial R-separation occurs and R - 0, by

absorbing functions of z* into the separated solutions ¥;.

In /V+, by similar redefinitions of the ¥,

2
ec .
R} » 7, ——=z" 'Y (2.7.33)
where 7, = sign((z"'+v, )z:tqu). In each case the R-factor is independent of

the variables on the spheres SPo' The R-separation factors corresponding to the

unmixed types m = 1, 2, 3 are given in Appendix A. The R-separation factors for
the two dimensional mixing types may be obtained simply from those for the

one dimension. Similar comments apply for m = 3.

In one and two dimensions the separation equations can be solved to give
known special functions. Miller (1977) lists these results and investigates some
of their properties (e.g.bases and overlaps for the Schrédinger equation). In
higher dimensions however, the separation equations lead to new special func-
tions about which little is known. Development of the properties of these func-

tions is a problem for future research.
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2.8 Applications
In (*) £ could take any complex value, but we are more interested in the
Schrodinger equation (e= ;—i) and the Heat or Diffusion equation (e=—;—. E=0).

Some interesting relations between (*), the harmonic oscillator and linear
potential Schrodinger equations will be discussed. Finally there are some brief
comments on how the results in this chapter could be applied to moving boun-

dary value problems.

Consider the Schrodinger equation with a potential V(y.t):
AV +10, ¥V + V¥ =0 . (2.8.1)

Although only systems for which V=0 have been classified, these results can be
extended to many cases in which this restriction has been removed. Just as for

(*). (2.8.1) may be considered as a symmetry reduced version of
O, ..+ Vvey=0, (2.8.2)

where the operator £ = —;—-(Pm,,, + P, .2) has been diagonalised. Reasoning as

previously, all R-separable systems for (2.8.1) may be classified by finding all
separable systems for (2.8.2) with £ diagonal. Once again the well developed
theory of separation for equations like (2.8.2) helps us out. In Benenti (1980b) it
was shown that (2.8.2) is separable if and only if

1. Equation (2.8.2) with V=0 is separable.

2. V has Stackel form; that is,in analogy with (2.4.14)

V= "'z?’ li;—lui(zi) (2.8.3)

where each v, is an arbitrary function of z*' alone and (¥;;(z*)) is the Stackel
matrix (see (D4)). In other words the R-separable systems for (2.8.1) are the
same as those for (*) but with the added constraint that V must take Stackel
form. For example the general type of potential compatible with the spherical

type Il coordinates of Table 6 in Appendix A is

b 1 o, vtz |l (2.8.4)
ey TR vy SRy | -

There are cases where more can be said about the potential. Boyer (1974)

classified all time-independent potentials for (2.8.1) which admitted symmetry
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groups. To find the symmetry algebras of these groups he solved the relation
(2.1.2):

(@.L)=M7G (2.8.5)

where b = A, +10,+V. As all such systems are invariant under time translations
Boyer only considered those admitting at least one other symmetry calling them
nontrwial. He found that all these algebras were isomorphic to some subalgebra
of the Schrodinger algebra s,,. In effect adding a potential to the free particle
equation has restricted us to a subalgebra of that equation’s symmetry algebra
Sm- Boyer gave a complete list of potentials and their corresponding algebras
for the three dimensional case. In general these potentials contained arbitrary
functions. For instance the form of potential admitting the algebra o(3)at,
(rotations and time translations) was V(r). Exact forms were obtained for those
potentials invariant under the Schrédinger algebra of maximal dimension

;—m(m +3)+4. Boyer found the following possibilities:

—

V=0 - Free Particle

N

V= qy! - Linear Potential

3. V= i4—1y-y - Attractive(-) and Repulsive(+) Harmonic Oscillators (2.8.6)

The equivalence of these 3 cases is at first surprising, since one would expect the
harmonic oscillator to break translational symmetry and the linear potential to
break rotational symmetry. This will become clearer after we have made a
transformation from the Schrodinger to the Heisenberg pictures. The above
equivalences were first demonstrated by Neiderer (1973) together with the expli-
cit forms of their associated isometric mappings.

The generators of (2.2.19) and (2.2.20)(when £ =0) will be used to represent
the Schrodinger algebra for the above 3 cases. It must be remembered that for
the different potentials it is only the commutation relations that are preserved

and not the explicit forms of the operators.

Boyer (1974) showed that these operators could be interpreted as a Lie
algebra of skew symmetric operators on the Hilbert space L(/R™) of complex-

valued Lesbesgue square integrable functions with respect to the scalar product

(¥, . ¥2) = ] ]\P.'(y.t)\l'z(y-t)dy‘ dy™ (2.8.7)
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where the * denotes the complex conjugate. We will first follow his argument for

the free particle case. To do this set £ =0 everywhere and make the replacement

K =08, ~ilb, = K_, (2.8.8)

that holds on the solution space of free particle equation. Consider f €L,(/R™).
Let

V(y.t) = eFzp (y) (2.8.9)

then substituting ¥ in (*)
l?-z\l’ - a‘\l, (2810)

l.e. ¥ also satisfies the free particle equation. This shows how to obtain the solu-
tion ¥ at a time t given a knowledge of ¥ at ¢=0: we are passing from the
Schrodinger to the Heisenberg pictures. Kato (1966) gives the following useful

integral operator form of e K2,

e K-z y(y.0) (2.8.11)

¥(y.t)

Lim (4mit) ™2 [ .- [exp[—|x-y|?/ 4it ]¥(x.0)dz! - - - dz™

Here l.i.m. refers to the limit in the mean as it is defined in Kato. The operator

oKz is unitary so the inner product (2.8.7) is independent of t of time transla-

tions. Similarly setting ¢ =0 the other generators become

Mab - ‘{_!cb = yuav_yuau 4

Py » Py = 0,
By, » B, = w°® .
K_z—’[—(_2=iAm.

D-D=Yy%, +m/2,
K~ Ka=1Y (y°)%. (2.8.12)

These operators satisfy the same commutation relations as the unbarred opera-
tors. It can be verified by using the adjoint action and the commutation rela-

tions that if u is any of the unbarred operators then



e fne "tz (2.8.13)

This shows how the barred and unbarred operators are related.

Now consider

o(y.t) = e B3f (5) (2.8.14)

where f (y)€L,(R™) and A3=K_,— K,. From (2.8.12)
0,9 =A30 =14, -1iyyd (2.8.15)

- ¢ satisfies the equation for the attractive harmonic oscillator. It follows that

the operator

I’e -tK_,

A(t) = e (2.8.16)

maps solutions of the free particle equation to the harmonic oscillator equation

ie. if ¥ is a solution of the free particle equation then
d = A(t)V (2.8.17)

1s a solution of the attractive harmonic oscillator equation. In a similar vein each
of the linear potential and repulsive oscillator equations are related by time
dependent operators to the free particle equation. Using the results of Table

2.6.2 the equations in (2.8.6) may be written

V=0 6,‘[’ = K—Z\P
2. szl at\['=(l—(_g—§1)‘l'
3. V= %y‘y 0,V = (K_ptKp) ¥ (2.8.18)

These results are now used to interpret R-separation for the free particle equa-
tion. Given any unsplit R-separable system for this equation, the Casimir opera-
tor always yields one of the operators in Table 2.6.2. If this operator was A3 then
there are others O,, Os.....0, such that the free particle equation is equivalent

to
As¥ = \\V. 0¥ = AV, . L, OV = A ¥, \NER (2.8.19)

If we pass to the equivalent system
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Asd = 0,9 (2.8.20)

using A(t) the operators for this new system will be
Azd = 0D, 00 =230, ..., O,d =N, 0 (2.8.21)

Consequently, the Hamiltonian A3 has been diagonalised, the variable t is ignor-
able, and as a result (2.8.20) is purely separable. We have shown that every R-
separable system for the free particle equation possessing the operator Aj is
equivalent to a purely separable system for the attractive harmonic oscillator
equation (2.8.20). The other cases can be treated in a similar manner. In each
case unsplit R-separable systems of the free particle equation correspond to
purely separable systems of the linear potential, attractive or repulsive oscilla-
tor equations. Miller (1977) gives this treatment for m =2 and also provides the
explicit form of the mapping A(t)¥=%. It has been shown that all the above
equations are equivalent under the action of the Schrodinger group with this
equivalence having a direct bearing on their separability properties. All three

equations should be studied as a unit.

It is interesting to note that the V of (2.4.14) is analogous to the potentials
of the four types of Hamiltonians. Further, it is easily shown using the results of
§2.4, that given a general R-separable system (2.5.1) of (*) the coordinate sys-

tem

t =zm*! (2.8.22)

provides a purely separable system for

A ¥ +10, ¥V + ) V¥ =EV (2.8.23)
7€Q

It must be noted that solutions of (*) can be mapped to solutions of (2.8.23) via

the Schrédinger group only when £=0, and the R-separable system is of unsplit

type.

It is possible to obtain potential terms for (2.8.1) by diagonalising various

operators for higher dimensional versions of (*). For example consider

N 2
bn¥ = 3 a;")z V+ioy=EY. (2.8.24)
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Taking a,, =0 for each w shows that the R-separable systems for (2.8.24) form a

subclass of those for (*). These systems may be obtained from
Doy +1i0,¥ = EV (2.8.25)

by diagonalising the symmetry operators Mz Ma, ..., Mzn_1)2n- The graphs for
(2.8.25) can be identified in that the N circles corresponding to the above
operators must be attached to their lowest extremities. Another way to achieve
this classification is to consider all the graphs for the R-separable systems of (*)

and choose those for which the circles (0T1) can be attached to form an R-
separable system for (2.8.25).

The classification for m =1 appears in Miller (1977). It is obtained from
(2.8.25) with N=1 by diagonalising M,,. The only possible graphs for (2.8.25) are
7 - 10 of Table 3 in Appendix A, i.e.,

L

O,

! (2.8.26)
(0]1]
where L: ] » [V+. The coordinates for (2.8.24) are
1
y'=o,2z! . (2.8.27)

Alternatively the only way the circle can be attached to the m =1 systems
to form m =2 systems is in the manner above. The R-separation factors and
separation equations are easily obtained from those for (2.8.26). Miller (1977)
develops many of the spectral properties and special function identities associ-

ated with this classification.

All the possibilities for m =2 have form

¥ — |2 “g‘\n'aq, EY (2.8.28)
- 1 = .0.
e (¥')?  (¥?)?) ‘

If both a, and a, are nonzero, the only ways two circles can be attached

separately to the graphs in Table 2 of Appendix A are



Ll
(2.8.29a)
[o11]
and
L L
@;‘ (2.8.29b)
B [o]1]

where L,,L,: I - [V+. The systems of (2.8.29b) are split types and can be derived

from the results for m =1. The coordinates for (2.8.29a) are

1

y!= oLz—cosh(z')cos(za)cos(za) .
R

y? = ¢, % cosh(z)cos(z?)sin(z3) .
e

y? = 0, 2 sinh(z!)sin(z?)cos(z?) |,

e

y* = 0, 2 sinh(z!)sin(z?)sin(z*) ,
t = z%, L:I - [Vt . (2.8.30)

The R-separation factors and the separation equations are just those for 4-
dimensional system with graph (2.8.29a). Using our general methods we repro-
duced the results of Boyer (1976). In the same article Boyer explored some of
the special function theory related to this case.

The other operators resulting from the orbit analysis of §2.3 may also be
diagonalised. By diagonalising P, the free particle equation in m dimensions is
transformed into the constant potential Schrodinger equation in m —1 dimen-
sions. This may seem trivial but it shows that (*) with £=0 is the primitive equa-

tion of our study. Diagonalising B, —v, P, Yyields the time dependent potential

term

e v (2.8.31)

In general the equations
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A —qg2 N 2
D ¥ + () —=— % -
~ e L (zm ez ] Y POV =BV (28.32)

can be derived from (2.8.2) with V=0 by diagonalising the operators

M. M @2a-1)24. Beas1—V2441P2441. .By-upNPy (2.8.33)

The corresponding graphs are obtained by attaching the circles corresponding

to the M;;'s to the lowest parts of the graph and then adding the systems

1 (vy 17 =0)

pu— (2.8.34)
&)

These results can be generalised by replacing the circles mentioned above by p-

dimensional spheres. The eigenvalues —aZ can then be replaced by the more

general forms —p,, (uy, +p —1).

Many of the properties that held for the Schrédinger equation also hold for
the Heat equation. A potential term is analogous to a heating term or a distribu-
tion of sources for the Heat equation. For R-separability this term must take
Stackel form, just as it did for the Schrodinger equation. It is not possible how-
ever, to introduce a Hilbert space structure directly as for the Schrodinger
equation. Rosenbloom and Widder (1959) do manage to obtain some expansion
theorems by using a time independent form similar to (2.8.7). The main

difficulty is that the resulting operators are not all unitary.

We now focus our attention on the coordinate surfaces z' = constant =z§.

For R-separable coordinate systems (2.8.1) implies that

-1
(y* - ;_7“ ffoq—S/Z)oq z

¢ (2.8.35)

zu(xk)

Im.#l

If 6,=1 and 7,=0, for all q, then these surfaces are independent of time, and

represent separable coordinate systems for
AY = EV¥ (2.8.36)

From the formulae given for the coordinates in (2.4.35) it can be shown that

these surfaces are all confocal quadrics:
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al (u-u

In three dimensions these yield such familiar quadrics as ellipsoids, hyper-
boloids, paraboloids, planes etc. If time dependence is allowed, then these sur-

faces are again the confocal quadrics of (2.8.37) except that

1 _ -1
yY - [yu - 2_7u ffaq 3/2]aq 2 Izn-l=t° (2838)

These surfaces are now parameterised by time - they move. To illustrate, con-
sider the spherical systems 17 » 20 which appear in Table 6 of Appendix A. The

coordinates for these systems are:

1

y! = oLz_z'cos(:rz) ,
p
y? = 0, 2 x!sin(z?)cos(z3) ,
3 p
y° = o, % z'sin(z?)sin(z3) ,
t = x4 Ll » [Vt (2.8.39)

The coordinate surfaces are:

(z')? = constant = [(y!)%+(y?)2+(y3)?])/ or(t)

tan?(z?) = constant = [(y?)?+(y3)?])/ (y')?
tan(z3) = constant = y3/ y? (2.8.40)

The surfaces representing the angles £? and z3 are stationary. Indeed for any
R-separable system it can be shown that the coordinate surfaces associated with

the attached spheres are motionless.

When L=/ the coordinate surface x!=x{ are simply the stationary spheres
of radius z¢d. In case I, when o=t?, these spheres are expanding with speed z§.
When o=t the spheres z§ are expanding in such a way that their surface area is

increasing uniformly with time. In /V+ the radius at time t is

1
r(t) = (t2+1)2xd . (2.8.41)

These results could be used to solve moving boundary value problems where the
initial data is specified on a boundary moving in one of the ways above. Bluman

and Cole (1974) provide several examples of these moving boundaries for the
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Heat equation in one spatial dimension. Their similarity solutions are those we
obtain when m =1. In general the geometry of these boundaries is that of confo-
cal quadrics and there are only the five dependencies on time / - /V+. Despite
these restrictions it seems possible to solve a reasonable class of physical prob-

lems by applying perturbation analysis to the boundaries obtained by these
methods.

The classification of all R-separable systems has been achieved using direct
methods. We were helped by the restrictive signature of Minkowski space, which
enabled us to reduce the metric to one off-diagonal element so that the curva-
ture conditions could be successfully applied. In Chapter 3 this work is
extended to provide results for the case of one first order and one ignorable
coordinate in complex Euclidean space. There the metric has only one
nonorthogonal entry so that many of the same methods can be used. These
methods are hard to generalise when working with spaces where the signature is
less definite such as E(n,2) or with complex Euclidean space E(f.n) where the
signature does not help at all. The many nonorthogonal terms in the metrics of
such spaces mean that the curvature conditions are often impossible to solve.
However progress was made recently when Kalnins et al. (1983) extended some
forgotten work of Bocher (1894) to classify large classes of separable coordinate
systems on E(n {) and on the n-dimensional complex sphere. It was found that
if there are only Stackel and ignorable variables (i.e. none are first order) then
all separable systems are limits of elliptic coordinates. In this way even
nonorthogonal systems may be obtained. Roughly these limits refer to limits
taken amongst the parameters associated with separable systems. For our pur-
poses they are best understood by examining the examples that we will provide.
These limits enable the easy computation of the operators and coordinate
transformations. The remaining gap in the classification is for first order vari-
ables. In this study we have obtained many systems with one first order variable
for the Helmholtz equation. It will be shown how all these systems can be derived
from the type IV(harmonic oscillator) coordinates by using limits and in so doing

we offer a clue towards the solution of the general first order problem.
Putting [(z?+v)+w?] = (z%-a,)(z?—a;) the associated Minkowski metric for

system 4 in Table 1 of Appendix A is

(a,—az)*(z')?(dz?)?
4(z% -0y )(z%~0p)

ds? = (z%2-0,)(z%-az)(dx')? - + 2dr2dx® (2.8.42)
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If we make the transformations az »+ -1/6% z' - 6x' and take the limit of
(2.8.42) as 6 » 0 we obtain the metric for system 3 in Table 1 of Appendix A. To

obtain the associated metric of system 2:

ds? = (z%-q,)¥(dz!)? - (Tz%(dzz)z + 2dz?dz? (2.8.43)
-4

the substitutions

2 a o 2
zh e (62" ) @y v 5w s -6, 2f =. (2.8.44)

3 5 623 + y¥/ 26(2%-q,).

are made in (2.8.42) and the limit 6 - 0 is taken. The metric of system 1 is

obtained from (2.8.43) by making the transformations

a, - ;— z! - 6z, y - -6% (2.8.45)

and letting 6 go to zero.

This method also works for the operators: using limits they can all be
derived from the operator for system IV. When expressed in terms of «,; and a,

this operator is
{By—o,Py. B~z P,} (2.8.46)

If this operator is multiplied by 6 and the substitution a; - —1/ 6 is made, then
in the limit 6 » O we obtain {P,.B,—«a,P,} - the operator for system 3. Under the

adjoint action of K_, the operator (2.8.46) is equivalent to

{B,.B,—nP\} (2.8.47)

AdP,

If the adjoint actions eza and e“da’ are applied this becomes

{B,+ae.B,+ae-n(P,+be)i. (2.8.48)
If we put a=—7/ 7, b=—2y/7n% and let n » 0 then (2.8.48) is
BE+yeP, (2.8.49)

- the operator for system 2 of Table 1 in Appendix A has been obtained as a

~bAdK_p o 204dB,

limit. To get the last system, the actions of e are applied to

(2.8.49) and it is then
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(By+ae+bP | )?+yeP, (2.8.50)

Multiplying this operator by 62 and subtracting the term in ¢? (since ¢ is already

one of the operators) we have

6 (BE+b2PZ+2aeB,+2b{B,.P | +(2ab+y)eP,] . (2.8.51)

Making the transformations

a -+ y/26° b - 1/6, v -/ 6% (2.8.52)

and letting 6 go to zero we obtain

which is the operator for system 1. This process can be generalised to obtain
arbitrary m -dimensional unsplit systems from type IV elliptic coordinates. It
seems difficult, however, to obtain many of the split systems from the generali-
sation of the metric (2.8.42) because of the number of extra parameters (the
Vg's etc.) the splitting types possess. In that case the splitting types can be
derived from a system like (2.5.2) where each L, is IV and each G is an n(B,)-
dimensional elliptic system. This is more complicated than in the case of K™,
where only one parent metric (that of general elliptic coordinates) was needed.
At the very least, it seems difficult to obtain these first order type systems from

orthogonal systems.



111

The Complex Heat and Schrédinger equations

3.1 Introduction

In this chapter we consider the complex generalisation of (*)
0 o =
Am\l’+2€a—t\l’—5‘[’ . (3.1.1)

d.e.. y“, t and £ are now complex. Since this is the complex case the coordi-
nates may be scaled by any complex number. Thus ¢ can be normalised to -;—-or

'-;—: the complex Heat and Schrodinger equations are equivalent. It is easy to

check that Theorem 2.3.1 still holds: all the R-separable systems for (3.1.1) can
be classified by classifying those for the complex version of (2.2.1). As this is the

n

complex case, for tidiness sake, we can let §" - ig"™. Equation (2.1.1) becomes

An V¥ = (aylyl + -+ agngn)‘l/ =EVv (312)
and the symmetry operator (2.2.2) is now
z

-1 —y
O n = ;(ay,‘_, 1.6!’,‘) (3.1.3)

The symmetry algebra of (3.1.2) is the complexification of the symmetry algebra

for (*). When £=0 it is the complex Schrodinger algebra
Sme = (st@L)®o(Mm £)) ®wne . (3.1.4)

with the same commutation relations and adjoint actions as in the real case (see
Table 2.2.1). When E#0 the symmetry algebra is the complexification of the
Galilean algebra (2.2.27).
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In summary the R-separation problem for (3.1.1) becomes the separation
problem for the Helmholtz equation defined on complex Euclidean space E(n {).
Indeed the problem of classifying the R-separable systems for (3.1.1) is
equivalent to that of classifying systems for the Helmholtz equation. These two
equations are embedded within each other. This can be demonstrated by noting
that when £=0, (3.1.1) is just the Helmholtz equation in m dimensions. Thus we
will confine ourselves to classifying separable metrics for (3.1.2), with the under-
standing that the details for (3.1.1) can be easily derived from the results of the

last chapter.

Studying complex equations like (3.1.1) is a two-edged activity. On the one
hand it enables one to tidily treat the resulting real forms (examples of which
will be given). On the other hand solving the complex problem is always more
difficult. In the previous chapter, the signature of Minkowski space enabled us
to reduce the metric to one nonorthogonal entry. Here the signature does not
help at all. In general the separable metrics can contain many nonorthogonal

terms (see § 3.4 for an example).

The classification of separable systems on E(n ) is an unsolved problem.
The orthogonal systems have been classified in Kalnins, Miller and Reid (1983).
Some progress has been made with applying the methods of that article to
nonorthogonal systems consisting of only Stackel and ignorable variables. The
first order problem remains a mystery. In this chapter we offer some clues by
finding solutions to the case where the metric has one nonorthogonal entry and

1 first order variable. The Hamilton-Jacobi equation is then
gllpf+ - +gr AAPE 4ogin-lng  patg™"pl=E. (3.1.5)

When g""‘“”=l many of the same methods used in the real case can be applied.
This case is the subject of §3.2. All such systems will be shown to possess the
symmetry operator (3.1.3). Thus by the arguments of §2.2 they are of heat type:
they all provide R-separable systems for the complex equation (3.1.1). By
assuming that g"("~x1 in §3.3, systems are classified that are not of heat type.
These systems do not R-separate (3.1.1) via the mapping given in §2.2. However
they can be embedded in a higher dimensional Schrodinger equation by our pre-

vious discussion and do give insights into the general first order problem.
In §3.4 we cover a class of systems with two first order coordinates. This
class is the first documented occurrence of nontrivial R-separation for the

Hamilton-Jacobi equation.
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3.2 Heat-type systems with one nonorthogonal entry

In this section the contravariant metric is assumed to have one nonorthog-
onal entry g"(®-Y=1, and one first order variable z"~!. It will be shown that

these systems must be of heat-type.

Theorems 2.4.1 and 2.4.2 are readily proved with no changes except that
signature dependent statements are removed (e.g. the positive definite condi-

tion in Theorem 2.4.2).

In summary the Hamilton-Jacobi equation can be written

1 _ v,
L oL 9P +2Pnapnt L pi=E (3.2.1)
7€Q V9 bep, qe@ Yq

where in the now complex standardised coordinates z® = 2% (z¢),

[f:?_(T:i*_ Yo z°] (3.2.2)

oeB'

The separation equations for the Helmholtz equation corresponding to
(3.2.1) will not be derived here. Thus it will not be possible to verify Helmholtz
separability directly as was done in the real case. Instead the general
Schrodinger conditions (D9) are used. From the form of (3.2.1), (D9a) is easily
verified. Condition (D9b) is .

n-2
g V%0, 19gV%= Y g EXNz®) + ER_,(z™71) (3.2.3)
a=1

n-2 n-2
Here g = []0afaa = [] 0:(3,) ]13ea- Equation (3.2.3) is satisfied with
a=1 qEQ a=1

El =0 and
_ 1 d
o1 = z—qZG)Qn(Bq)dz—n_, log(og) . (3.2.4)

Thus any separable coordinate system with Hamilton-Jacobi equation (3.2.1) is
also Helmholtz separable and the form of the Helmholtz separation equations is
given in (D10). Incidentally this is the same result as in the real case (see (2.7.1)

and (2.7.4)).

The coordinate transformations are

yu - Fuq (zu(rv).zn—l) ,
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<
+_-
~
<
3
1l
o]
3
|
g}
g
$?
<

—ty" =2z, (3.2.5)

with the details being the same as in (2.4.30). (Remember y™-+iy™). In particu-
lar these transformations imply that O.n = %—(P,,_,—iP,,).i.e‘. all the systems are

of heat-type.

To obtain the coordinate transformations in terms of the z*‘, the expres-
sions z®=2%(z°) are substituted into (3.2.5). Not all such systems will be separ-
able. As in the real case, the problem is to work out the form of the "potential”
V; leading to separation in the variables z'. The key will be the compatibility
condition (2.4.16): 8,; V, =0.

As a first step the complex orthogonal separable systems z®=2%(z¢) are

determined. These have been classified in Kalnins, Miller and Reid (1983). A

brief summary of that solution is now given.

The solution is similar to that for /[R™, in which separable systems are
represented by tree graphs. Again ™ can be decomposed into a direct sum of
subspaces ¢‘n'. To simplify matters we will confine ourselves to one of these

irreducible blocks and unambiguously remove the subscripts g and r.

Consider as a prototype the elliptic-type A system with graph (2.4.32A) and
no spheres attached. This is also an orthogonal separable system for 4?"' where
the variables z® and z® are now complex-valued. The metric in these coordi-
nates is

N Hi(x"—z")
ds? = ) Lp———(dz')? . (N=N,). (3.2.6)
i=1 H(zi_ej)
J=1

Kalnins, Miller and Reid (1983) found that the case where the roots can occur
with various multiplicities also provides orthogonal separable systems on
E(n.£). That is, the restriction that the roots e; are different is dropped. These
metrics are

[T(z*-=7)

ds? = ) gt (dx')? (3.2.7)
=1 ﬁ(r‘—e,)x’

=1

where A; is the multiplicity of the root e;. The corresponding graph is



- B8O -

A A A
1 2y 'p

(3.2.8)

where A +...+A\, =N. Naturally the same generalisation applies to parabolic coor-
dinates but now with A+ - +Ap = N-1. Parabolic coordinates are obtained
from elliptic coordinates by a limiting process whereby one of the roots goes to
infinity at a specified rate. Indeed the number of the roots may take any value

between O and N.

To complete the classification it is shown that only complex spheres Sp¢
can be attached to a root of multiplicity one and only complex Euclidean spaces

can be attached to a root of multiplicity greater than one. Thus a general graph

has form
CN e’ eixj e;p
roor T
|
A Aj Ay
(3.2.9)
where 0 < A+ - +A, = N and
Sp.e: if Aj=1
A = ’ (3.2.10)

Epg i if A;>1

Of course there is always the trivial option of no space being attached to a root.

The metric corresponding to (3.2.9) is

[T(z*-=z7) ﬁ(z‘—-e,)
ds?= 3 L0 (dz*)?+ Y H—— dsf (3.2.11)
i=1 IEI(It_ej)’*j j=1 Dj(et e;) !
=1
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Here dsj2 is the infinitesimal distance for the space A;. The letters h,i,5 will be
used to denote variables from the leading block while k and ! will be used for
variables on the attached spaces 4;.

The spheres Spj are constructed in much the same way. They have graphi-

cal representation

A A
d,’ d;t d_:’
i
; |
Y Y
BI Bl Bp
(3.2.12)
where \j+ - - - +A, = n;+1 and
Sv‘¢ Nt )‘l =1
B = E,¢: if A>1 (3.2.13)
(=, . ... z™ are the coordinates on the leading block). The metric dsf? for Sp, i5

(3.2.11) with } A ;j=n;+1.

Next the potential term V(=V,) is determined. Equation (2.4.16) implies

V=u,(z)+ - +ump(zm)

$ g Am(z¥) . (m=n-2). (3.2.14)

Suppose that z% is a coordinate on one of the attached spaces 4;. If z!is one of

the coordinates on the leading block then from (3.2.11) and (3.2.14)
0 k’_V =0 (3.2.15)
n(ek "ej)

' e L

e LT
(.r'—e,-)I—[z(:c‘—ej) &}

i=
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~ l'
where ds? = ZQ,j,j(dz: 7)2. Equation (3.2.15) implies 8 ij = 0ie. from (3.2.14)
L. z

]

N
V=3 v(z') (3.2.16)
i=1
Thus Vis independent of the coordinates on the attached spaces A; just as it was

in the real case. In the following theorem V is completely determined.

Theorem 3.2.1

N
V=AY z'+B . (A. B constants ), where (3.2.17)
iz
¢, if f}x,=N.
i=1
A=|y. it DAN (3.2.18)
i=1
(7 is arbitrary and ¢=0 for this last case )

This theorem is a generalisation of the work at the end of §2.4.

Proof of Theorem 3.2.1: To prove this theorem we take a different route than
in the real case. The explicit form of the coordinate transformations is not
used. Instead the compatibility problem is solved using the remaining n curva-

ture conditions Rg(n_1)(n-1)a = 0. They are equivalent to

1 . 1 Jaa.a 1 Gaa b
S +u, ' = =, - =S T/ (3.2_19)
R N L
where
a d a o dug
ug (%)= ey va(z®)., and wug'= e (3.2.20)

Remember that we are considering an irreducible block £, attached to the func-

tion o where 200" —(0')? = ¢ (the label g has been dropped).

Of course for the variables z* on the attached spaces w, =0. From (3.2.11)
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1 . 1
> ¢guty, = - i
2 n 1 2 I —I]

1 u
PRI S L (3.2.21)
2,2"(33“3’)91;' ’
If this expression is multiplied by (z'-z"*) and then we set z*=x' (permissible

since none of the denominators vanish) it becomes

FwEH+ LT[ w(zt) =0 (3.2.22)
Since —2 hegi = — L.
u (') = u, (z4) (3.2.23)

i.e. all the u;'s have the same functional form (u;=u say). We now add the
expressions for Ry _1)(n-1)i 3nd Rp(n-1)(n-1)a. and making use of (3.2.23), take
the limit z” »z' of the result. The only things to be careful of are vanishing

denominators. The calculation goes as follows:

- —( hm (g tgnn)+ hm (-u, (z¥)+u'(zh))

zhozt zh
. Inh_ o (zt)- TE o (zh)
1o u(zh)—u(zh) 1 . i Ihn
— lim - s - = lhm " h
2iht zt -z N agi v —
gu i 1 Ghn ;
+ lim { L — ——u(z/)+ L —————u(z?)
)§hx hogi | 2 (2t -2))gy; 2 (:c"—z’)g,-j
Simplifying this equation gives:
Gnrn u(z')- Gu u(zh)
o1 u(xh)-u(zh) 1. Ju Ihn
2u' = — lim . - = lim " "
2 LA 't -z 2 LAl A
= L. lu' =w' 3.2.24
Tu'+ 3 u ( )

using I'Hbpital's rule. Thus«' = 0 and

N
V=AYz'+ B (3.2.25)
1
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fulfilling condition (3.2.17) of Theorem 3.2.1.

Equation (3.2.21) is now

1 1 1 A 9u ]
2>9n 2 2‘-:‘—:’ i1zt e, j,‘-(z‘—:c’)g,-j J

where

[T(z*-z7)

j =k

[T (z* ;)
J=1

In the case where A\;=1 for 1<j<N, tedious use of partial fractions shows that

Gexe =

(3.2.26a) implies A=¢ (the same result as in the real elliptic case). Equation
(3.2.26a) becomes

N

_;—yq = ;—['2 . S 3 1 _ » i (3.2.26b)

i) i i_ .
jei Tt —2) j=1T —€; jm‘(z —-T-’)ij

Since (3.2.26b) is continuous in the parameters e; we can let e;-e, in that equa-
tion. It then becomes (3.2.26a) with A\;=2, A\;=1, j#1, and implies that A=¢: solv-
ing the case where A,=2. This argument is easily generalised to show that if

Y Aj=N then (3.2.26a) implies that 4=¢.
J

Now let ey » = in (3.2.26b). This equation becomes

o- S - - r ‘

- e (3.2.26c)
—zi [Sizt-e;  JAi(z'-z))gy )

where
H(x"—xf)
_ g
9u = oo
[1(z"~e;)
j=1

The §i's are the metric coefficients for parabolic coordinates. Comparison of
(3.2.26c) with (3.2.26a) shows that for these coordinates (=0 and A is arbitrary,

a result already obtained in the real case. The case where the 2)\,-=N-—1 can be
J

treated in the same manner as that for elliptic coordinates: by letting e; »e, etc.

The results are identical: ¢=0 and A arbitrary(A=1y say).
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If ZA)SN—Z. arerun of the argument for ) )\, =N -1 gives the same results: ¢=0
) J

and A=y where 7 is arbitrary. The remaining conditions (3.2.18) of Theorem

3.2.1 have been satisfied. Q.E.D.

When ))A\;=N Theorem 3.2.1 implies that V=(2zj+3=§((z‘)2/4: the
J

i=1
coordinate transformations are completely determined.
If ZA,SN—I Theorem 3.2.1 implies that ¢(=0 but the 7; terms are still unknown.
The expression of potentials of the form V in (3.2.17), in terms of the cartesian
coordinates z', for orthogonal systems with graphs of form (3.2.8) has been

given in Boyer et al. (1983). There it was shown that

Z]:(z‘)z/4 . if x:i)x,:N (3.2.27a)

=1

N
Szi-Pae, = *2! . if A= PN =N-1(3.2.27b)

=1
M2l-iz?2 | if A:ijsN—2(3.2.27c)
i=1

* - z! can be determined from Boyer et al. (1983). There the z' are derived by

limiting processes from the z''s for elliptic coordinates.

** - Once again the particular z' meant here can be derived by limiting
processes using the work of Boyer et al. (1983). One way of detecting z! and z?
is to notice that they are the only coordinates such that z!-iz2 has the sum
form given in (3.2.27b).

In the two and three dimensional cases the results of (3.2.27) hold even
when there are spaces 4; attached (i.e. when the systems have graphs of form
(3.2.9)). Indeed we conjecture that (3.2.27) is still valid for any orthogonal
separable system on E(n.{) One reason, though not a proof, is that V is

independent of the coordinates on the attached spaces 4;.

Equation (3.2.27) can be used to give an alternative derivation of the

results for A= N given in Theorem 3.2.1. Using (3.2.27a)

N
V=A2:‘+B
1

= A f)x‘ - fx,e,l (3.2.28)
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since there is no loss in assuming that B=—Ai>\) e,. (B can be easily altered by
1

the transformations z™ -+z™+Cz™"!). Using (3.2.27a) Vv = Ai(z‘)2/4 and from
1
(3.2.2)
A=¢ (3.2.29)

the result already obtained in Theorem 3.2.1.

If \A=N -1 (and no spaces A; are attached) then (3.2.27b) implies

N o
V= A{Z:c‘ - f:)\jej]
1 1
= Az} (3.2.30)
so that
A=y . 720, j=1 (3.2.31)

If AN -2 (and no spaces 4; are attached) then

V = A(z'-1 2?)

712! + 7222 (3.2.32)

where A=7,, 7;=—1i7, and 7;#0 for j#1,2.

The conditions of Theorem 3.2.1 readily yield the results for the real case.
If the leading block is of elliptic-type then A\;=1 for j=1....N. Thus from (3.2.18)
and (3.2.27a) we obtain the conditions for the elliptic case (see (2.4.43A) and
(2.7.24)). The discrepancy in the sign of Y} A; between the V of (3.2.27) and that
for the real parabolic case (2.4.50) is caused by the definition that was taken for

the cartesian coordinates (2.4.35B). For consistency here we could have chosen
N, -1 N -1
- ) e; in the definition of y w, instead of }) e; without any change in the
1 1

infinitesimal distance.
In parallel with §2.5 a graphical calculus can be devised to represent these
results. The rules are much the same. Analogous to the elliptic-type A coordi-

nates is the graph
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(3.2.33)

where 2 Aj=N. Here Ly can take any of the values /»/V, and 7;=0.
j=1

In analogy to the real parabolic case, all the other graphs have form

(3.2.33) with )} A;<N. Here Ly can only be / or // and ¢(=0 always.
Jj=1

As in our real treatment the case N=1 is an exception. When this happens
there are two possibilities. The first parallels the elliptic one dimensional case

and has graph L
(]

’L’Kl 0

(3.2.34A)

where Ly can be /. /I, III or JV. Paralleling the parabolic case is the system

with graph L,

(3.2.34B)

where L, could be ] or //. As there are no roots no spaces can be attached to

this graph. Since n and are equivalent by the scaling transformation
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(2 1.3a),both linear and quadratic potentials are possible for N=1.

To illustrate the above procedure the classification is carried out for m =1
and 2.

If m =1 the R-separable systems are those listed in Table 1 of Appendix A, but

with understanding that the variables z*, y* and ¢t are now complex.

If m =2 then there are six orthogonal separable systems on E(2¢). Four of
these are the complexifications of the systems in Table 2 of Appendix A. There
are a further two truly complex systems and these are listed in Table 7 of the
same Appendix. System A of that table corresponds to the degenerate form of
elliptic coordinates obtained when the roots have become equal. Since
A=X1+Az=2, all the cases Ly: [ » [V are possible. These are listed in Table 8 of
Appendix A. The real forms corresponding to this case are obtained by making

1 2

the replacements z!-su!, z2+7u? (u! and u? real). The R-separable systems

under these replacements are for
(0,11 — B 2,2)¥ + 20, ¥ = EV (3.2.35)

This is an example of what was referred to as a real form in §3.1. Using this
technique systems derived from metrics with varying signatures can be

classified. (However not all complex systems have corresponding real forms).

System B of Table 7 is the degenerate form of elliptic coordinates obtained
when both roots have been taken to infinity. Since A=0, only the o-types / and

2 coordinate since

/I are possible. The y; terms attach themselves to the z!—iz
this is z'+z?2
The mixing types are the complexifications of those in Table 4 of Appendix

A

Operators: The general formula (2.6.18) is equally applicable in the complex
case. As in the real case the essential problem is to work out the the images of

members of the enveloping algebra characterising orthogonal systems.

In general any member of the enveloping algebra will have the form (B6).
The operators for orthogonal complex systems can be derived from Kalnins,
Miller and Reid (1983).

In the following table the results of Table 2.6.1 are generalised to a larger

class of members of the enveloping algebra needed in the complex case.
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Table 3.2.1 Images of Euclidean Operators

Il
I11
Iv

I1

LIV

11
HLIV

I
HI IV

Images of the Euclidean Operator P, P,

PaPy+ 5 (7a By +7s Ba)

tvg Pa=Ba.vg Py ~By}+ -6 (Yo Po +75 Pa)
Vg PaPo =5 (1 Pa.Bo 3 +1Py . Ba}]

{vg Py =By vg Py =By | + WEP, P,

Images of the Euclidean Operator {M,, .M 4}
(if 7a =7 =7c=74=0)

!Mab-Mcd; (Lq: I - [V)

Images of the Euclidean Operator {My,.P,
(if 7, =0)

iMqo-Pb ;_7q B#s 4
iqu Vg Pb —Bb ;—71 sz/ 4
Do not occur

Images of the Euclidean Operator { Mg, —iMy . .Py, —iP,}
(if 74 #0 and 7y, =y, =0)

{Mab -iMac 'Pb —iPc ;"’7:; (Bb _ch )2/ 4
{Map —iMge Vg (Py —iPc )—(By —iBc )} —7a (Py —iP. )%/ 4
Do not occur

Images of the Euclidean Operator { Mgy . Py —iP, {
(if 7o =—17,)

{Map . Pa —iPy{ =174 (Ba—1By )2/ 4
iMab-vq(Pa _in)°(B¢ _iBb)i_i‘ra(Pc _in )2/ 4
Do not occur
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When a=b the results of the real case in Table 2.6.1 are reproduced. As in
§2.6 notation has been abused. The Euclidean operator P, in Table 3.2.1is 9_,

while its image in the above table is Pa=6y,.

As in §2.6 we provide the details of one of the calculations needed to pro-

duce Table 3.2.1. Suppose we are dealing with Euclidean constants of the motion

containing the terms

Mab Mcd (3236)

Suppose that ¥4 =7y =7 =74 =0. Then

=0°z , u=a,b,c.,d.

Equation (2.6.18), the formula for computing the image A, gives

L
2

A =oP'AEP-Ptecdo? A 2z (3.2.37)
where z=(z!,z% - - )'. By going through the possibilities for a,b,c.d we find
that

AE z=0 (0is the zero vector). (3.2.38)

For example consider a.b,c.d to be all distinct. There is no loss in assuming

a=1,b=2 c=3 d=4.

The matrix AF is

\
1 _2_4 1 2.3
0 0 22 z -5-z z 0
11,4 1,.1,3
- —zlz
0 0 72 z >
}_zzz‘ _I_le‘ 0 0
2 2
_;_zzzs -;—z'zs 0 0
0] 0 0 0]

It is easily verified that

M2M3s = PCAE P (3.2.39)
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Direct calculation shows that (3.2.38) is satisfied. From (3.2.37)
A= oPREP = My M., (3.2.40)
Thus the row containing M3 in Table 2.6.1 is generalised in the complex case to
(M3, . MES ~+ (May . My (3.2.41)

under the condition that y, =7, =y, =74=0, regardless of whether Ly is I, 11, IIT,
or /V. The E superscript has been used in (3.2.41) to emphasise that the opera-
tors on the left hand side of that equation are the Euclidean operators while
those on the right are their images. The work of Kalnins et al. (1983) implies
that all the operators on the attached spaces are sums of elements of form

(3.2.36). The images of these operators are determined by (3.2.41).

Consider the case when m =3. The defining operators for the correspond-
ing orthogonal E(3f) systems can be derived from the work of Kalnins et al.

(1983). Alternatively they are listed in Kalnins and Miller (1976).

When )'X;=N=3 all the operators are of the form Y, A Moy Mg + C® PPy
abcd

(1=a.b,c.d<3). The images of these operators can be obtained from Table 3.2.1.
When ZAJ» =N-1=2 then we need to compute the images of the two further
operators { Mgy —iMgc .Py —iP.} and {My, . Py §.
If Z)\JSN—Z the only new Euclidean operator whose image needs to be found is
{Map . Pa —1Pp}.

In three dimensions at least, the above observations show that Table 3.2.1 is

sufficient to work out all the operators. We conjecture that Table 3.2.1 is

sufficient to work out all the operators in m dimensions.

Erxample: consider system 6 of Table 8. The complex orthogonal system from
which it is derived is systemm B of Table 7 in Appendix A. The defining operators

for that orthogonal system are also supplied in the same table. They are
PE + P§ . —ilMiz. P\=iP3} + (P +iP2)? (3.2.42)
To find the images of these operators we compute the following:
(M 2. Py—iP3) » (M 2. —(B,=iB2){ i (P, ~iP2)?/ 4 .
PE+BE+eyP, . b=12

PPz » {B,. B} + -£7,(P2=i P)) (3.2.43)
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These results allow us to find the two operators for system 6 which are given in
Table 8.

3.3 Non Heat-type systems for the Helmholtz equation

We find a general class of contravariant metrics with one nonorthogonal
entry g("~U" When g("-Un=1 the class yields the systems of §3.2. But when
gn~In 21 the resulting metrics are not of heat-type. Only a sketch of this latter

case is provided: the operators and coordinate transformations are not given.

We give as a generalisation of (2.4.1) the class of Hamilton-Jacobi equations

Y gcpd + s x (3.3.1)

c€eC

x 2_ 2 _bbpb + 2Pn- lpn"'[z U_-TZHZ Z—La—):-]pnz

qeo"q beB, J€EQ Y a€4 a€Ad

Here the 1, g, have the same significance they had in Theorem 2.4.1 and 7 is an
arbitrary constant. Also A={1,2,...,n,4{ is a subset of C={1,2,....n4,....n¢{. The
sets @ and B, are the same as those defined in (2.4.2) and (2.4.3). Note that now
gi1=nc+1.

Using the methods of §2.4 the orthogonal metric ds& corresponding to Zg“pf
ceC

can be shown to be the metric of a flat space. That space splits into a sum of

flat disjoint subspaces each with metric of form (3.2.11). One of these, is taken

to be
I1 (z2-z") [1(z®-e;)
ds? = a’za dz®)? 2€4 _ gs? (3.3.2)
4 aze:A IEI (z°® _ej)",' ( ¥ jgl kl:lj(ek—ek) %
j=1

where lsa.a"s-n,,. We also suppose that the root e, has multiplicity at least two.

There is no loss in taking e ,=0
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This hefty notation is now illustrated with a few examples. If n,=0, (3.3.1)
collapses to the form of (2.4.1). The most simple example occurs when ng=m=2

i.e. on £(44). The Hamilton-Jacobi equation is then

(=')pf -(=*)°p¢ 2 1 1 1|,
(z'=%) ziz? PP 127 G T e

= E (3.3.3)

with corresponding metric
ds? = (z'-z?)[(dz'/ 2')?—(dx?/ z2)?] + 2z'z2%dz3dz*—7%(z'+z2)(dz3)? (3.3.4)

This system appeared in Kalnins and Miller (1979) together with its coordinate
transformations and defining operators. As they noted at the time it was the
single nonorthogonal system they found which was not of heat-type. In general
any system with g("'”"#l and one first order variable is not of heat type. This
can be explained as follows. If a system is of heat-type then it must have the

symmetry operator ;—(P,,_,—‘LP,,). It follows that its coordinate transformations

are of form (2.2.8). A simple modification of the argument at the beginning of
§2.3 (see (2.3.3)-(2.3.10)) shows that g(* " can be scaled to 1.

To explain the technical notation used in (3.3.1) we give the next simplest
example. This occurs when n,=2 and n=5. The Hamilton-Jacobi equation is

then

_ (=)2pi-(=®)%p}

E = (z1—2?) (3.3.5)
+ x,lxz U:Zi) + 2pps + [ﬁg%:—e) + ;I::—]p?
with metric
ds? = (z'—z?)[(dz !/ z1)2—(dx?/ 2?)?] + x'z204(dz3)? + 2z'z2dzx4dz?
— [Tz +x?) + :z':'.z:z-(%:—](d:c‘)2 (3.3.8)
The curvature condition Rg,,3=0 is equivalent to
203"03 — (03')% = ¢3 + 7203 (3.3.7)
where
;—(3 = Vsss (3.3.8)
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Differentiating (3.3.7) gives

03" — 7204 = 0 (3.3.9)

Solving this equation for o' and substituting back into (3.3.7) gives
1, or (3.3.10a)

Use™" + Wae ™' + N/ 4UsW; - —2‘ (3.3.100)
T

The constants Uz and W3 are arbitrary. From (3.3.8)

O3 =

- ('3(1'3)2

Vs 2

+ 73z + 6 (3.3.11)

Notice that if o=1 then (3.3.7) implies ¢3=—72. We have completely determined
the unknown functions in the metric (3.3.6). This system is not of heat-type
because the component g*°=1/z!z? in (3.3.5) can not be scaled to 1. It is an

example of a system with one first order variable not of the type in §3.2.

We will now determine the 1 and the o, for the general class of Hamilton-
Jacobi equations in (3.3.1). Since the root e,=0 has multiplicity at least 2 then
from (3.3.2)

n,-2
Y r(z®)(z)?
go = MI)T —— (3.3.12)
Y

a ra

n,-2

4 )
The r;'s are constants which can be determined from (3.3.2) (Y ri(:c")‘*l
1=0

= fl(x“ —e; )*). The following identities are verified by using partial fractions:
Jj=1

o
N
|

= 0""'"’,4 -2

(=) _ . (=1)™ v = -1 (3.3.13)

a€A
a =a
(-1)™ 1 -
ra Mer =-2
I_[:L' a€d T
a€l

Using these identities



Ygee Lo GEDM [ e (3.3.14)
()~ []z° | &z 1 -
a€l
The metric corresponding to (3.3.1) can now be written
ds? = Y gec (dz®)? + []z® (Z} = ) e (dz®)? +
c€C a€d qEO q bEB
+ 2dz™ " ldz™ + [ro7T¥(—1)" —L)(dz™ )2 )
aeax? gee¥¢
(3.3.15)

The r, term has been removed by the transformation z™ »z"—é—(—l)"‘r,z“".

From (3.3.12)

ro = [Jz%(—eq) (3.3.16)

a€l

The conditions Ry (n_j)(n-1)c =0, b #c imply,

V, = bgg vy (z®) (3.3.17)

as in §3.2. The curvature conditions Ry _1)(n-1)» =0 are equivalent to
204"0q — (0402 = ¢q + T2r§ 0 (3.3.18)

The spaces with metrics ds?= )} §..(dz®)? are flat (using the methods of §2.4).
beB,

b

In terms of the standardised coordinates 2” on each of these spaces

¢
5= Voo (3.3.19)
These equations have the solution as in (3.3.7) and (3.3.8). Thus
1, or (3.3.20a)
og =
Uge™ ™' + Wee ™"+ N/ 4U, Wy - T—"z (3.3.200)
The constants U, and W, are arbitrary. From (3.3.19)
Ve = 2 [¢(2°)2/4 + 9,2° ] (3.3.21)

bepn,
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We will show how the above systems can be represented with graphs similar

to those in §3.2. Following our discussion in §3.2 the metric dsA2=Zga (dz*)?
Q

has graph
( A A,
NA 0 ! e)' J epAP
T
Y Y
A A; Ap
(3.2.22)
where A\;>2. The separable systems ds? = Y gy, (dz®)? are flat and can also be

beB,
represented by the graphs given in §3.2. The compatibility problem for the
potential terms ¥, has the same solution as in §3.2. (the determining equations

for V,. (3.3.17) and (3.3.21), are the same as (3.2.12) and (3.2.2)).

The labelling of the o-functions depends on the value of 7in (3.3.18). If 7=0
then o can be any of the types /,//,//] or IV. Incidentally, here the metric col-
lapses to that given in §3.2. If 7#0 then o is of form (3.3.19a) (i.e. type /) or of
form (3.3.19b). This latter form will be called type V. A ¢ function of type Vis
exactly specified by U, W, and {,. The potential V; attached to this block is
specified by all these parameters in addition to the 7,'s. Thus the label given to

such a block is
Ly = V(Ug, Wq. &q. %) (3.2.23)

As an example the system (3.3.3) has graph

-
(3.2.24)
2| o2
(7 is attached to the leading block). The system (3.3.5) has graph
T V( US' W:-(:-?S)
(3.2.25)

CZO2 1] 0
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The Schrodinger conditions for the class covered in this section can also be
verified .i.e., all these systems are also Helmholtz separable. The operators and
the coordinate transformations have not been calculated but the same tech-
nique used in §3.2 should help in finding these details, i.e., standardisation of the
coordinates in the manner of §2.4 (see (2.4.27)-(2.4.30)) to find the general form
of the coordinate transformations. Also one might be able to construct a gen-
eral formula like (2.6.18) for calculating the operators from the Euclidean ones
on.the space E£(n-2().

The techniques used to derive the general class (3.3.1) are direct ones
requiring arduous calculations involving the Stackel and curvature conditions.
The effectiveness of these methods is heavily dependent on the metric having
only one nonorthogonal entry. It seems difficult to generalise these techniques

to solve the general first order problem.

3.4 R-separation for the Hamilton-Jacobi equation

Initially the aim of this thesis was to classify all heat-type separable sys-
tems on E(f.5). This aim was abandoned in favour of the complete results
obtained for the case of one first order variable. Only partial results were
obtained beyond this case. Nonetheless this partial classification yielded the
particularly interesting class which is the subject of this section. This class
gives rise to the first instance, to our knowledge, of nontrivial R-separation for

the Hamilton-Jacobi equation
H=gY%p;p,=E . E#0. (3.4.1)

This class is an extension of that which was the subject of an article by Kalnins
and Reid (1982).

By "R-separation” we mean that there is a nonzero function R(x) such that
(3.4.1) admits a complete solution of the form

W =rR(x)+ i W (z*: E. Nz, ... A\,) (3.4.2)

=1
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As in the corresponding definition for the Helmholtz equation R need not depend
on the separation constants A;. The R-separation is said to be trivial if

0°R/ dz'dz’ = 0, for all i #5.

Before the work of Kalnins and Miller (1980) R-separation was only thought
to exist for the Laplace equation. These investigators have found nonorthogonal

systems for the Helmholtz equation which are nontrivially R-separable.

The class of metrics we consider is the one which is the subject of the
MACSYMA example given in Appendix B. It is the class with coordinate transfor-
mations (B38), Hamilton-Jacobi equation (B41), metric (B43) and is uniquely
defined by the Killing tensors (B47).

E. Kalnins observed that if the transformation
z% » % + blog(z?-z!) (3.4.3)

is made in (B38) then R-separation results for the Hamilton-Jacobi equation in
the new coordinates z!,z%,z3,z4 %% Since 2%=%°%, this new Hamiltonian is (B41)

with =0, i.e.

~ 2
H=pPp§+ m[x’z@#xzps)*‘m@ﬁxlps)] + pd (3.4.4)

where P = —Q(z'+z?)+R(z'+x?)/ (z?-z2')+S/ (z®-z'). In detail suppose
W= W, (z")+ Wa(x2)+Asz3+ Nz 4+ 22" (3.4.5)
is a separable solution for (B41). Substituting for z° from (3.4.3) into (3.4.9)
W = alog(z?—x)+ W, (x')+ Wa(z?)+ Aax3+ A x4+ Xs2° |
(a=xrgd). (3.4.5)

is an R-separable solution of (3.4.4). The parameter a is arbitrary. If a=0 the

R-separation is trivial. When a#0 the R-separation is nontrivial since az,,zR #0
for the R-separation factor R = alog(z'-z?). The separation equations for W are

derived from (B44) with Asb replaced by «. They are

—2ong+AS(S+Rx '+ Q(x')?) -z 'NE+ X+ N 2!,

2(\+z'N3)p)

A2(Rz?2-Q(z22)?) +xAE—No-\ 22

2(Ay+z2r3)pP2

Pa=Aa . =345, (3.4.7)
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There is no loss in taking A= £

The Killing tensors describing this R-separation are derived from those in
(B47), by replacing A;b with a. They are
Az = —a(P3=iP)+K+QXg+RAp+Shs .

Aa = Pl—iPZ »
Ag = —;_(MIS_iMZS)+ ;;(MH-“.'M24) .

As = Ps (3.4.8)

K = M 3(P,—iP2)—iM34(P3—iP )+ Pa(M s —iMa ) +1M 2 P53 .

>‘O = - :—[(M,s—iM23)-i(M“—iM24)]2 ,

Ap = F{Pa=iP)[(M13=iM2g) =i (M 14—iMz,)] .

As = =P 1=iP2)(P3—1iPy) (3.4.9)

Some additional explanation is needed here. The freedom to choose an

equivalent set of Killing tensors EC}J-)\)- for (B47) has been used. For example in
J

the above set A3 is the negative of A3 in (B47). Simplification with the aid of the
identities (B15) and (B28) has also taken place.

In addition the result has implications for the corresponding
S
Lr,z®
Helmholtz equation. If ¥ = ¥,(z")¥(z?) e? is a separable solution of the

Helmholtz equation (B47) then under the transformation (3.4.3)

¥ = (1:2—:1:‘)"\I',(:r:‘)\P(xz)ek"za“‘z‘ﬂszs . (a=xgb) . (3.4.10)

will be a solution of the transformed Helmholtz equation (which is (B42) with
b=0). Again we have nontrivial R-separation with a family of R-separation fac-
tors M,(x)=(z%—z')* depending on the parameter a. The operators characteris-

ing this separation are as usual obtained from the correspondence (1.2.20), i.e.,
L = —a(P3—iP,)+K+ QKo+ RKp+Sks .

Ly = P,-iP, .



- 100 -
Ly= —;_(MIS_tMZS)+ ;—(Mn_iMu) .

Ls= Py . (3.4.11)
where now P,=9/ 92", My;=2'9_,-278_; and
g = ;—EPS—'&PM(Mla—iMza)‘i(Mu—iMu); etc.

The operator L, is "non-self-adjoint"” for a#0. (The adjoint A® of an opera-

tor A is defined by
<A%f . h>=<f ,Ah> (3.4.12)

A second order operator S is said to be self adjoint if S¥=S5). In the case of pure
separation, a=0 and the operator L, is self-adjoint. If we are to have a satisfac-
tory theory of variable separation we must be able to account for this

phenomenon and classify it when it occurs.

This section has been of mainly theoretical interest, and is a generalisation
of a class of four dimensional systems which appeared in an article by Kalnins
and Reid (1982). That class is obtained from ours by diagonalising P; and taking
@=R=S=0. The essential elements are the same: nontrivial R-separation
depending on a free parameter and Helmholtz separation characterised by a
non-self-adjoint operator. We have also managed to fill a gap in the classification
of Kalnins and Miller (1979) by providing the operators for the four dimensional

system obtained by diagonalising Ps; when @, kK and S are nonzero.
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Appendix A Tables of R-separable systems

The main purpose of this appendix is to summarise in tabular form results
concerning R-separation for m = 1, 2 and 3.

In all the tables o;; -+ oy, are the functions of Table 2.4.1, that is

o = (™ 4+v)?,
oy = lz™* v |,
and
Orvs =

[(z™*'4+v)23w?| , z™*' =t

As we have already mentioned

(A1)
7T = sign((z™* 1 +v)%1rw?). (A2)

In the tables for the unsplit systems we have unambiguously removed the sub-
scripts from the parameters so that v,»v, w,»w and y,;~»7.

The general forms for elliptic and parabolic coordinates in (2.4.35) can be
transformed to give their more familiar appearance in low dimensions. For
example we make the transformations

Vz1 4 cosh(z!), Vz? » cos(z?)

(A3)
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to give elliptic coordinates their 'usual’ appearance in Table 2. It must be
remembered however that in higher dimensions this is not always possible. For
cases like the ellipsoidal coordinates of Table 5 the general forms of (2.4.35)

must be used. In Table 5,J,=Mg,, Jo=M,3 and Jg=M,,.

In the tables some of the parameters e, have been normalised. In general

by making the transformations
rioaz'+b, e;sae;+b (A4)

an elliptic block

<?l ez en, > (A5)

can become

<o 1| eg |- eN'> (A6)

Analogous remarks apply to parabolic blocks and to those representing separ-

able systems on the spheres S, . As a final remark, the split types for m =3 may

be obtained from the results for m =1 and m =2(i.e. from Tables 1 and 3). For a

brief discussion see (2.5.19) » (2.5.22).
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Table 1 R-separable Coordinates and Operators for
(6:, + 2£a¢ )\l" = Evy
Graph Coordinates {y!.t} Operator

t =z° for all systems

R-separation factor R

II(v=0)

1 (v=0)

IV(

v=0w?=1)

y'=z! + y(z?)%/4

y'= o %z + v/ 4(z%+v)

<
|
Q
=
<
B S
R

PE + yeB,
R = eyx'z?/2

(vPy=B,)%+7eP,
R = —;—t:[(:czﬁ-v)(:r:‘)2
—yzl/ 4(z%+v)]

UPi?"iPhBl‘
R =0

(vP,-B,)?+w?P?
R = 7,e(z")?z?%/2
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Table 2 Separable Coordinates and Operators for

pi +pf=E
1
Name & Graph Coordinates Operator
Elliptic z! = ccosh(z')cos(z?) MEG+c?P?
G =<0 l 1 zZ = csinh(z!')sin(z?)
Parabolic zp = H(z")*=(z?)?] {M 12, Pel
Gy = @ zf = z'z?
Polar z,! = z'cos(x?) M2
G, = z? = z'sin(z?)
(0 [ 1]
Cartesian z!' = z! P?

©@o ==
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Table 3 Unsplit R-separable Coordinates and Operators for
(Az + 2!:0, )‘l’ = FEv¥

Graph

Coordinates {y“,t{
t =z3 for all systems

Operators
R-separation factor R

11](v=0)

IVi(v=0,w 2= 1)

1/(v=0)

y\l

zy

otz

otz

Orvs

zg+y(z%)?%/ 4

2
Zp

% pu

an® zt+y/ 4(z+v)

9

%2
Zp

PE+P%

Mlzg +C2P|z

R =0

(vP—B,)*+(vP.-B.)?
ME+c¥(vP,~-B))?

R = ecz¥cosh?(z')+cos?(z?))/ 2
v(P§+P%)-|P,.B\{—P2.B2}
Mizz"'cz(vplz—ipl.Bl*)

R =0

(vP1—B )%+ (vP~B2)*+w?(P{ +P¥§)
M;zz +cz[(vP,—B .)ztwan]

R = e1,c2z%(cosh®(z!)+cos?*(z?))/ 2
PE+PE+veB,

{M12.P2)—yBE/ 4

R = evz%((z")2—(z%)?)/ 4

(vP1—B1)2+(vPz—Bz)?+7e Py
{M12,vP2—B2—yP§/ 4

R = S [(z%+v)((z")2+(z?)?)?
8 12— (2?)?
2(z3+v)
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Table 3 (continued)

Graph Coordinates {y¥,t] Operators
t =z3 for all systems R-separation factor R
1/(v=0)
8. y* =g, ttzy (vP,—B,)%+(vP,—B.)?
M
R = ex3(z")?/2
111(v=0)
> E Yy = Ulll” z/ v(PE+PZ)-{P,.B{—|P2.Be}
M
R =0
IVt(v:D.wzzl)
10. y¥ = otz (vP1—B\)*+(vPz—B:)*
+w?(PE+P¥)
M
R =er.z3(z')2/2

Table 3: The results of Table 2 have been used to simplify the presentation of
this table. For example in system 7
11(v=0)

1I(v=0)
—tf,_] - 01

y! = |z3+v |z!cos(z?)

Y
(Recall that t =z3 for these systems).

and y* = o ¥ 2% is

2 = |z3+v |z'sin(z?)
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Table 4 Split R-separable Coordinates for
(Az + 256,)‘!’ = Ev¥

Class b Splitting Types
1. I H(v,=0) 2. I Il(vy=0) 3. I IVi(v,=0,w&=1)
4. [I(v,;=0) [I(v,=0) S. I Il(v,=0) 6. Il IVi(v,=0,w&=1)
7. UI(v,=0) HI(vy=0) B. [l [Vi(va=0,wf=1)
9. Vs [Vt 10. v+ Iv¥

Class c Splitting Types

1. I 2. ’I(Ul=0) 3- [[[('Ul=0) 4» IVt(v|=0,w{"=l)

Table 4: An entry L, L, in this table corresponds to the split coordinate system

oLl”:r:l + -;-:7,ffo"3/2

f’LZ”-"’2 + %.72.[_/_0_3/2

t=:c3. Liil—’lvi
An entry L, in part c of Table 4 has coordinate transformations as above but with
L, =L,

[N
"
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Table S Unsplit Separable Coordinates and Operators for p? + pf+ pé = E

Name & Graph Coordinates Operators
. . zlz2z3 +
Ellipsoidal z) =¢ < I1J+c?(14a)PE+aPE +PE)
@1 -)E-1) |*
Can =0 np zczo =c (l-a.) ] J§+GJ§+czan
L
s _ | &l-e)Et-a)e-a) |2
Zeo a(a-l) l

O0<z'<1<z?<a <z’

Paraboloidal zgo = dc(z!4z?423-1) (/2.P3i—1/3.Pel+c (PF+P§)

P
Gpo = zf = c[-z'z%23)? JE+c1/3.Pp)
1
z> = c[(z!-1)(z%-1)(z3-1))?
z'<0<z?<1<x?

Prolate Spheroidal  zJ = ccosh(z')cos(z?) JI-c¥(P§+P%)
Gps = aﬂ.;] 2% =c sinh(z !)sin(z?)cos(z3) JE

zh =c sinh(z !)sin(z?)sin(z3)

Oblate Spheroidal zl = c cosh(z!)cos(z?)cos(z3) I J+c?(PE+PE)
(o]
Gos = -~ zZ = c cosh(z ')cos(z?)sin(z?) JE
(0.1}
z23 = ¢ sinh(z !)sin(z?)
Parabolic Zpy = %{(x’)z—(:cz)z] {J2.P3}—1Js.Pal
()
2 - 1.2 3 2
Gpa = S Zpa = Z'T cos(z?) Jt
zf = zlz%sin(z3)
Spherical Zgp = zlcos(z?)
Gp = @ zZ = z 1sin(x2)cos(x3) JZ
(O] 1] zy = z 1sin(z?)sin(z?)
(o] 1]
23|+
Conical z) = z! ‘: 33
0 2 3 é'
C.o = L 22 =zl iz_'_lﬂ.ﬂ)_l JE+aJ?
O [1Ta] 1-a
2_ 3__ 2
s - 1| (z%-a)(z’-a
Zeo = % a(a-1)

z1>0, 0<z?<1<z3<a
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Table 6 Unsplit R-separable Coordinates and R-factors for

(As + 286;)4’ = EvY

Graph Coordinates {y* ¢t R-separation factor
t=z*for all systems R

[y
Q
<
|
N
oF
o

N
-
<
1
S
<

2 y¥ =o, %zl ;—cc 2z4(z'+z2%+x3)
11 (v=0)
3. G y“ = 0‘”,” Z:; 0

Y=g tzl Ler,c 2z4(x +2%+23)

>
- 2]
<
"

5. yl= z,‘, +y(z4)%/4 ccyzi(z 14z242%/4
G,
'po
y3=1zp,
1(v=0 3 3. 3, .
6 ) y‘ = a”Kz +7/ 4: ;—c[c2:‘[22(:‘)2—(21‘)34-62:‘]
1 1 1
3
yi=o,%z2 —ycYzt/ Bz}
1
y3=o Mz
Yo = Zps
B. 1tv=0) yv = a”” zy ec2z4(cosh®(z!)+cos¥(z?))/ 2
Cps
111 (v =0)
9. v = otz 0
fVi(v= =l
10. *(“ ) v = UIV:” Zgy ET,C 224(cosh?(z ) +cos?(z?))/ 2
ps
I \"3 “v
11. yY =z4% 0
12. I1(v=0) y¥ = g”” z Y ec2z4(cosh®(z!)+cos¥(x?))/ 2




Table 6 (continued)
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Graph Coordinates [y“.t| R-separation factor
P P
t =z for all systems R
11 (v =0)
13. z yY = a”,“ EAA 0
os
IVe(v=0,w?=1)
14. - y¥ = otz er,c2z%(cosh®(z ) +cos?(z?))/ 2
os
/
15. yl= z,,'u+7(z‘)z/4 eyz*[(z!)2-(z?)?)/ 4
y%= zpza
yi= zpan
1/(v=0)
16. = yl = o”” z,,l¢+7/ 4z %{;:‘((:l:')"'4»(;':2")2)z
Pa
132 2)2
2 _ 2 i (G0l (CWE)
y = UII” Zpa 224
yS = all” zpau
7
17. y“ =z 0
1I(v=0)
18. y¥ = a”” zy ;—cx‘(z 12
1/{(v=0)
19. y¥ = oy tzl 0
Ive(v=0,wl=1)
= (.E y¥ = oty ezt
1 “v
21. y¥ =2z% o]
1/(v=0)
22 v = o tzd ;_u:%tl)z
111(v =0)
23. y¥ = otz 0
IV:(v=0.wz=l)
24. = y¥ = le*” zX4 ;—c'r*::‘(:: 1)2
co
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Table 6: In analogy to the case m =2 we have used the results of Table 5 to sim-
plify the presentation of Table 6. For instance in system 19

111(v=0)
I1{v=0) 0
ey
(oI

and y“ = om* zs‘; is

1
y! = |z%+v |? z'cos(x?)
1
y?2 = |z*+v |? z'sin(z?)cos(z3)
1
y® = |z4+v |? z'sin(z?)sin(z?) .



- 113 -

Table 7 Complex Orthogonal Separable systems for £(2. ()

Graph Metric & Operator Coordinates

1_ 2 1 2
A G,=(2] 02 dsz=cz-(z—4—z—l-{(d:c‘/x')z—(dzz/zz)z] z‘q—i.z'q:cz\/;‘-:l-:2

1 z
ME +c¥(Py—1i Pp)? zA+i zA=\/:c‘/zz+\/zz/:c‘
1 2
B. Gg= ds?=(z'-z?)[(dz')2-(dz?)?)] zB—i z‘9=:z."+::z
1 2
~1{M12.P1—1 P} +(P1+1P2)%/ 4 z8+i z = ;—(z‘—zz)z

Table 7: The other four complex separable systems for £(2() are those listed in
Table 2 with it now being understood that z' and z' are complex.
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Table B Unsplit R-separable Coordinates and Operators for

the complex equation (A + 2ed,)¥ = EV¥

Graph Coordinates {y“,t] Operators
t =z3 for all systems
1 . ‘
. v = 2 2
Yy z, Pi+Pg

M +c¥(Py—i Pe)?

B} +B}

N
)
<
13
"
Q
N
ES
N
S

M&+c?(B,—1 B2)?

111(v=0) u
3. @ y* = oyt z —{P.B\{—{P2.B2}
M% —c?(Py—1i P2,B1—1 B}
IV(v:D.wz= 1) "
4. y: =o,y,”zA Blz+Bzz+Plz+Pzz
M +c?[(B—iB2)*+(P,—iP?)?]
! 1
5. y!= zB+7(z3)z/4 P} +P%+ye(B,—iB?)
2
y2= zB—i‘y(z’)z/ 4 —i{M 2. P\ =P} + (P +iP2)%/ 4
+7_e(3,+i32).—{43.—t3z)‘
z
1I(v=0) 1
6. y'= ot zB+7/ 4z3 B} +BE+ye(P,—1iP3)
2

y2=o, " z —iv/ 4z’ —i[{M12.—(B,—iB2)} +
— (P, —iP2)?] +
+:—[(B,+i33)3+27c(P|+iPz)]

Table 8: The other complex systems in two dimensions are the complexifications
of those in Table 3, and Table 4. Also see those tables for an explanation of the

notation used here.
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Appendix B Symbolic Programming in Separation of Variables

Symbolic programming refers to the capability of performing analytic cal-
culations such as integration, differentiation etc. on computers. There has been
much progress in recent years. Gerdt et al. (1980) have written a comprehensive
review comparing various symbolic languages such as MACSYMA and REDUCE,
and detailing some of the applications in mathematics and physics. An excellent
example provided in that review is that of Delaunay who spent 20 years
writing a monumental work on Celestial mechanics. He derived an analytic
theory for the moon correct to small quantities of the seventh order. Deprit,
Henrard and Rom (1970), in just one year, reproduced Delaunay's results using a
symbolic language. Remarkably, only one error was found in Delaunay's mul-
tivolume work which contained more than 40,000 equations! We are lucky to
have one of the most versatile symbolic languages, MACSYMA (see Mathlab
(1983)). available at Waikato University on its VAX computer. It was T. Robb, a
graduate student at Waikato, who first pointed out that many of the arduous cal-
culations required in variable separation could be performed with ease using

MACSYMA.

In this Appendix we give an outline of a program capable of producing all
the time consuming details of separation on flat manifolds. In the process of
writing this program, an explicit formula was derived for expressing the con-
stants of the motion A, = a,,‘,{pipj in terms of the enveloping algebra. Finally we
give an application for this program. We find all the details of separation for the
interesting class of systems in §3.4, an almost impossible task were it attempted
by hand. The program itself, SEPCAL.V, is given in Appendix C together with a

rough explanation of the MACSYMA commands it uses.

Equation (D6) shows that the constants of the motion may be computed
given the Stackel matrix , the BI%, and the 4%f. We will go one step further here
and show how these Killing tensors can be expressed in terms of the enveloping
algebra. The initial problem is that these tensors, A,,, are expressed in terms of

the separable coordinates {z‘}.i.e.,

oW oW (B1)

A, = a¥ : 4
m am(X)az‘ Py,

To gain a coordinate free description they are expressed in terms of the carte-
sian coordinates z'. In analogy to (2.6.14) and (2.6.15)

u ~, OW OW
Am = aRPP, = BY o (B2)
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where

a8, = J'a, J (B3)

(see line 178 of the program SEPCAL.V given in Appendix C).

Here (J)y = (8z*¥/ 08z') is the transformation matrix

(@n)i; =82 and (am)y = a¥ (B4)

Thus
Am = PYE, P (B5)
where P = (P,. . .,Pp) and P, = 8_;W. As has been mentioned in the Introduc-

tion, for flat spaces these Killing tensors can be expressed in terms of the

enveloping algebra - i.e. there are constants 79,k TY* 7T such that
Am = Tijkl Miijl+ Tijk Miij+ T"J P‘PJ (BG)
(Recall that the Einstein summation convention is assumed ). The problem is to

on

zl

determine these constants. Since M;; = 2'P;-27P, (P, ), (B6) implies
that
8Y = Azkz'+BYzk+CY (B7)

In the following argument the relationship between the constants 44, B¢, CY

and the constants in (B6) is determined. The terms

Adz*z'p;p, (B8)
correspond to the

a™" M M (B9)
part of the enveloping algebra. Expanding

3 - kiuj _ o kilj gkl 4 L kily, kb o
A.éizkzlpipj = (a*¥ —a*¥ —aV* +a™")2* 2 p;p;

=> 2AHzk 2! = [ a ki _qikli _g kil 4 g kil

+ akjli_akjt'l _ajlcli+ajk\'l ]zk zl
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=> 4Akt'l — { alct.l) _aktjl_a\kl]+atk)l « —

L e+ aRt_ghi gkl gk

-
D)kil D*JL

—— 4 [ al%I _qlik _quks 4 g ik

+  alk_glik _g ki g jtic ]

_ jkeil ikjl
= D + DY (B10)
where
DU = gkl g kil _ okl kst
+ abiki_glik _gJtki gy gl (B11)

Here D" is the overall coeflicient of M. My except when k={ and i=j. In that

case it is twice the coefficient of MZ.

The DY* possess the Riemann-type symmetries

Dt = _ piklj
Dt = _ pkit
piit = _ pitix (B12)

Since DY* is the overall coeflicient, the order i<j, k<! and i<k can be imposed
on the indices.
If none of the indices are equal, then

n-3 n-2 n-1

Ajztz'ppy = Y S D Y T (B13)

r=] ssr+]l t=s+l u=t+1
where
TTstu — prstu My Moy + prisu My Moy + prust M Mg, (B14)

and without loss of generality r<s <t <u.

Making use of the Riemann-type identity :
M Mge + Mis My + Mpe My = 0, (B15)

and substituting for M, ¢ M,, in (B14)
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n-3 n-2 n-1 n

Ak‘:{zkzlpip) = Z Z Z z [(Dr:tu‘DMl)Mrthu

r=] s=r+l t=s+l u=t+]
+ (DT D7) My M, ] (B16)

This last equation, when combined with (B10) and (B12) implies

B n-3 n-2 n-1 n
Aﬁzkzlpipj =4 2 E Z 2 [AsrtttMrthu + A{:MrtMsu ] (817)

r=l s=r+)l t=s+) u=t+1

If two indices are the same then

Ai{zkzl o n-2 n-1 n rsu
k Pv.PJ - Z: 2 Z T (Ble)

r=1s=r+l u=s+l
where
TRY = D™ MM, + DY M s Moy + D™ My Mgy,
(from(B10) )= QAT M My, + 4ATS MMy, + 2ATS M My, (B19)

The case where more than two of the indices are the same can only occur as two

pairs, and then

. n-—1 n
Adz*z'pip; = ¥ ¥ TT (B20)

r=1 s=r+l

where
TS = l_DrsrsMZ
2 s

ATTMZE (B21)

Now consider,
BYz*p;p, (B22)
which in terms of the enveloping algebra must be
a™" M P, (B23)
Expanding,

B¥z*p,p; = (a*V —a™)z*p;p;



=> 2BYz* = (ak9 g%

+ akjt_ajkl)zt (824)
Taking —of (B24)
0z
2BY = at—gW

+ abi_git

=a@ +Q (B25)

rst
where @  is the overall coefficient of M, P, and we can assume 7 <s.

Consider terms with all indices different (i.e. 7 <s<t), then

X n-2 -1 n
BYz*p;p; = Y nE Yy, T (B26)

r=1 s=r+l t=s+l

where
rst str rts
TSt =Q M P +Q M P, + QA My P (B27)
Substituting the identity
My P, = M Py — M P, (B28)
and using (B25)
T™t = —2BI*M,s P, — 2B M, P; (B29)

If two of the indices are the same then

. n-1 n
BYz*pp; = Y, » TT (B30)
r=1 s=r+l
where
r Tss
=" M P+ Q@ M P, (B31)
Using (B25) this is
T™ = 2B M, P, — 2B My Ps (B32)

The form of the Cy P, P,(r # s) and C, PZ terms is easily computed.
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Collecting these results:

r
n-3 n-2 n-1 n ﬁ
Am =4 2 E 2 [As'zMrthu+At’.éA!r!Msu]
r=] s=sr+l1t=s+] u=st+]
n-2 n-1 n
+ Z 2 2 [ZAQMrsMru
r=1 s=r+l u=ss+l
+4AG Mrs My,
+2AN M My

—2B M Ps —2B* M P, )

n-

+ rg

Y [AZME

1
1 s=r+l

+zBrrsMrsPr—zB:sMrsPs
+2C P, Py )

n
+ Y G P? (B33)
L r=1 )
Example: We express the second order Killing tensor

A=2'23P,P, — 2'24P,P3 — 2%2%P P, + 2%2%P P;

in terms of the enveloping algebra. Equation (B7) implies that

24 _— 13 — 23 — 14 —
Als = Azq = Ay = Azg = -

-bl-—
-¢~|-—-

The formula (B33) then implies

A= 4A3M M3y = M2M3, .

a result which is easily checked.

The formula (B33) is incorporated in lines 280 to 293 of the SEPCAL.V pro-
gram. There A~[r.t.s.u) = A} and B[r.s.t] = B{™.

The dimension D(n) of the enveloping algebra is easily calculated from

(B33):

D(n)=2"C,+5"Cs+ 4" Cy+ "C,

1]

n(n+ 11);(11 +2) (B34)

The dimension rapidly grows with n. When n=5 D(5)=105. The dimension
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formula has already been given by other investigators (e.g see Delong (1982)).

The Killing vector part of the argument works in a similar and even simpler

fashion:
A, = ) i KSR Gl , no
a = EVC M‘) + Z d P‘ = 2 C‘](Z‘Pj - ZJP“) + 2 d"Pi (835)
i<y i 1=] j=i+] 1=1
This calculation is carried out in lines 316-331 of the SEPCAL.V program. There
c~[1.j]=cY and d~[i]=d".

The only remaining difficulty is that &Y is a function of the z' 's, and is not
yet expressed in the z' 's as in (B7). The difficulty is resolved by obtaining the
coeflicients AY, BY, and CY by differentiation:

023
d9zk 9zt

Ad =

Upon application of the Chain rule

Ak“l - oxP 0 [62:" 0 "'tJ]

dz* 9zP |9z! o8z9
2 0 T
_ -1 - ~
=(J )kp 3P (v l)lq 529 anl (B36)
(lines 196-198 of the program SEPCAL.V ).
Only knowledge of the inverse of the transformation matrix J is needed.
To obtain the BY and the C¥ is a simple matter:
BY = ST (@y - Afiz*z")
oz m
CY = g — Aljz*2' — BYz* (B37)

(line 239 of SEPCAL.V).

The result, (B33), is the heart of the program and its most useful function;
computing the constants of the motion in terms of the enveloping algebra. For
completeness, the program "“SEPCAL.V" has been included in Appendix C. A list
of a few symbols and their meanings is also given there. The description is not

complete, and is only meant to be a guide to the program's general nature.

The separation equations, the Helmholtz equation, the Schrodinger condi-

tions, and the inverse of the Stackel matrix have explicit formulae (see the
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example 1n Appendix D), and therefore have been easily incorporated in the pro-
gram SEPCAL.V.

Early in the program (lines 82-90) the product of the contravariant and
covariant metric term is calculated. If the product is not the identity (which it
should be) an error message is printed. This is an invaluable check. Once past

this stage the results should be totally reliable.

The program can also perform calculations in spaces which are not flat. At

present it is being used to check the results for separation obtained by Kalnins

and Miller in certain spaces of low dimension.

Time consumption becomes a problem in more than five dimensions. Vari-
ous things have been done about this: all the symmetries in the A4, and B have
been exploited (see lines 220-272 of SEPCAL.V). In addition, since the AY etc.
are constants. evaluation of these at x = x5 often speeds the simplification pro-
cess. This facility is available if it is needed. Nevertheless, it does perform all
the details for 2-dimensional elliptical coordinates in 1 minute and 50 seconds.

That's got to be faster than doing it by hand!

In the following example the program is used to compute the details of
separation for the class of metrics that is the subject of §3.4. All the systems in
that class possess 2 null coordinates and 3 ignorable coordinates. We first

present the input file.
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Example of the SEPCAL. V program

Input file

/¢ The following commands put the output file in VTROFF notation,
make the program distinguish between upper and lower case letters,
and add ““~" to the programs alphabet =/

(typeset true. bothcases: true, declare("“™~", alphabetic))s

/% We enter the dimension of the space n (=5) and the number of first
order variables n2 (=2) «/
(n S.n1 0 ,n2:2)¢

/% Next the values of the BCu.r) and Clu,v, rl necessary for
the definition of the Hamilton-Jacobi equation are given #/

(BC3.1] «Ct], BL{4.,11 1, B[(S.11:. O)s

(B(3.2) -x(2]). BC(4.2] -1. B(S.2]. O)s

/% All the components of Cli. j,. k) are set to zero #/

Cli. 5. k] = O%

/¢ The nontero components of C(1. . k] are now entered #/

(C(3.5.11 b, CCS.5.11 x(11, C(S.5.21 «x(21)s

CcC(3.3.11 ~Q#x(1172 - 1(1)eR - Ss

C(3.3.21 -Q#x(21"2 + x(2)=Rs

Schrodinger trues
/# The above command causes the praogram to compute the Schrodinger
conditions given in (DY) #/

/% The Stackel matrix is entered #/
PHI matrice(C xC1), x(C2) 1.
c 1 . 1 s
/% i i 3
We enter the coordinate transformations 1z = z (x ) implicitly
defined by the linear equations ylil] =/
yC1) C1)-%Zi#z(2) = x(2)-xC11]s
021 1(1)+%Zi#3202) = (x(11+x(2))%x(4] - 2#x(3]
+ Q#(x(2)72-x01172) - 1/2«R#(x(1)+x(2))#(1+2%10g(x(1)-x(2]))
- S#log(x(1]-x(21)%
y(3) (3)+%i#z(4) = (x[(1)-x(2]1)#x(4)]
—1/2#Q# (2 (1)-x[21)"2 + 1/2#R#(x{1]-x(2))%(1-2%10g(x(1]-x(2]1))¢
yl4]l 1 (3)-%Zi#204] = «(1)+x(21%
y(S] (51 = x(5) - b#log(xC21-x(11)%
/# The following solves for the z[1i] and puts them in a form acceptable to
the program «/
linsolve(CyC1), yC2).yC31.yC(41,yCSI1, CzC1], 2021, 203), 204, 20(511)
+globalsolve: trues

/%« The program SEPCAL.V 1s loaded %/

load (“SEPCAL. V") s

hjy(n.n1,n2, 2. A, B, C. PHI) ¢

for i thru S do display(yCil):

ki1ll(z, M)s )
/# The following line puts the Killing tensor L(2) calculated by SEPCAL.V into

a nicer form by picking out the coefficients of the constants Q.R,S and b «/
HC(2) ratcoeff(L(2).G)*»Q + ratcoeff(LL{2],R)#R + ratcoeff(L(2]1,S)+S
+ ratcoeff(LL{2).b)#b + ev(L(2], @=0,R=0,S=0.b=0).
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The output file was printed with the aid of the computer typesetting
language VTROFF but for a little doctoring to tidy the presentation and give

equation numbers. For example on a Visual Display Unit one would see

C X b}
C 1 2 ]
( - ——===== e ]
C x - x x - x ]
C 2 1 2 1 1
F =t ]
C X ]
C 1 1 ]
L --—-——-- - —————— ]
C x - x x - x 1]
C 2 1 2 11

for the matrix F instead of the VTROFF version in (B40): MACSYMA output is
quite readable on a ordinary terminal screen. Normally MACSYMA does not use

superscripts so here the contravariant quantities z* are subscripted.

Output file
The coordinate transformations are:
for i thru 5 do display(y[i]):

z,—12,=xp,—1x,

(z2+x,)(2log(z, —z3)+ 1)R
2

z,+i1z,= —log(z, —x,)S —

+(z3 -z2)Q+(zo+x,)x,—2x4

(z)—z2)(1 —2log(z, ~z))R _ (z,-22)°Q

Zg+12z,= > 2 +(z,—x2)z4
Zg—1z,=xp+x,
zs=x5—blog(z,—x,) (B38)

The Stackel matrix is

x, xa

- (B39)

d=

The inverse of the Stackel matrix is
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1 )
i Iz—zl Ip,—x,
F= 1 oz (B40)

IZ—II Iz—I]

The Hamilton-Jacobi equation is

_ 2papsb + p32(S+(:c2+z,)R+(xf—:c§)Q) +
1:2—:1 :z-xl

p?

_ 2Z2p2P3  2P2Ps  2Z,PiP3  2P.P,

=K (B41)
Tp— X, Tp— X, To— I, T — T,
The Helmholtz equation is
2 2
0¥ 4, L (St(zorz)R+(zE-28)Q) 2 0¥
0z 0z, N ox3 . a2y 0z 3
T2— I, Tp—x, 0z 2 Tp—x,
%¥ 3%y 3%y %y
_— 2z, 2xy s
0z, 0x, 0z, 0x3 0x, 0z, 0z, 0x3 _ T
Tpr— I, To— X, Tp—x, Tp— X,
(B42)

The metric is

(dzp—dz )2 (b2 + (x,-2,) S+ (22 -z8)R+(z8 —z,z§ -z z,+2})Q)

ds® (372":1)2
_ Zdzedrsb | zf’d:sb +dz? —2zpdz,dr,+2z,dzydz, — 2dz,dzs + 2dz, dzy
T2—I, 27X,
(B43)
The Hamilton-Jacobi separation equations are
P (2A+22,X3) = —2Aghsb —Af(-S -z, R -z} Q) —xz A+ Ntz N\
Pa(—2h,—2z,h3) = ~AN(z2 R —x£ Q) =z A+ Ao+ N\ T
P3= A3
Pa=2A
Ps=As (B44)
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The Schrodinger conditions are

2 _ E3.2_E3,l

IZ—II :cz—:c,

_ Ei2-Ey,

T—T,
_ Es2-Es,
To—X,
The Helmholtz separation equations are

d
dr,

0=(2l4+2:c,l3) "l/|+

(B45)

(2lalsb =15 S -z LE R -zFlE Q+ 1B+ 2 L2+, Eg +1sEs,~lo—x,0,)¥,

d
dz,

0=(-21,-2z,14) ¥, +

(zl3 R—z313 Q+1sEso+zalZ + 1 E a+lsEsa—la—1,z3) ¥,

d

dz4 V3 =1l3V¥g
d

dz, Ve=1l,¥,
d
dz, Vs=1l5¥5

The constants of the motion are

H[2]: ratcoefl(L[2].Q)*Q + ratcoeff(L[2].R)*R + ratcoefI(L[2].5)*S
+ ratcoefI(L[2].b)*b + ev(L[2]. Q=0,R=0,5S=0,b=0);

(B46)
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H2(=)\2)=(1P4—P3+1P2—-P1)P5b
1 ‘ .
+2—5[(P2+1P,)P4+(zPe—P,)P3+P§+2z‘P,P2-—P,2]
+1—R[(iM ~Ma3—M\ —i M
2 24 — M23 14— My3) P,
+(—M24—';M23—":M14+M13)P3]

1 : .
—4—9[2M12M34+M224+(27«M23+21M14—4M13)M24

~ M3 ~2iMis Moy~ M% —21 Mys Myo+ M |

~ M3y Py~ 1 PsMa+i M2 P3s—1i Py Mag+ My Pa—i M 3P+ P, M3

Ag=iPy—P,
Moy 1My 1My, M3

MEZTt 5t T3

A:>=P5 (B47)

The Schrodinger conditions (B45) are easily solved to give:
Esz =2 and E5,=L4=L4=E52=E£5,=0 , (B48)

thus determining the unknown functions in the Helmholtz separation equations

(B486).
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Appendix C The SEPCAL.V program

In this appendix we include the MACSYMA program SEPCAL.V, together with

a list explaining some of the symbols used in the program. These explanations

are sketchy, and not intended as a substitute for the MACSYMA reference

manual (see Mathlab(1983)). If more information is required the reader should

write to the author of this thesis.

The symbols in the following list are entered in roughly the order they

occur throughout first the input file, then the output file, and finally the

SEPCAL.V program.

/s «/

typeset: true
$and:

bothcases: true

declare("~",alphabetic)

n
nl
n2

Alu,v,a]

C[u,v.r]

B(u.r]

PHI, F

z[i]

x[i]
linsolve([y[i]].[z(i]])
load("SEPCAL.V")
hj(n.n1,n2,z,A,B,.C,PHI)

ttyoff: true

List of Symbols

comment delimiters
puts the file in VTROFF notation

command line terminators: if $ the result is not
displayed, if ; then it is

the program distinguishes between upper and lower
case letters

the symbol "~" is added to the program alphabet,
i.e. now possible to define a~[i.j] etec.

the dimension of the space
n,, the number of Stackel variables

n,+n, where n; is the number of first-order vari-
ables

A¥(z®), (the indices v and v are used to denote
ignorables i.e. u,u «— a.f)

A¥(zT)

By (z")

the Stackel matrix ¢ and its inverse F( = ¢7!)
standard cartesian coordinates zt

separable coordinates z!

solves the linear equations y[i] for the variables z[i]
the input program SEPCAL.V is loaded

essentially the input program is a function hj of all
the variables n, nl, etc.

enables the program to be loaded without its
lengthy contents being displayed



and .=

LIST, Isimp

gli.j]
J.Ji

HJ.HE

se(i]
SE[i]
E[u.a]

Schrodinger

ratsimpx(f),moresimp

allcons

kill(x)

sum(k(i].i,a.b)

diff(f,x.k)
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value assignment and function assignment respec-
tively. eg. x:5isz = 5; f(x):x~2is f(z) = z?

if the switch Isimp is set to true, i.e. Isimp: true ,
then LIST may be set to [x[1]=al,...,x[n]=an] to help
speed the simplification of expressions which we
know to be constants

the components of g¥

the transformation matrix and its inverse respec-
tively

the Hamilton-Jacobi and Helmholtz equations
respectively

the Hamilton-Jacobi separation equations
the Helmholtz separation equations

EX(z*), the unknown functions needing to be deter-
mined by the Schroédinger conditions for the com-
plete definition of the Helmholtz separation equa-
tions. (see (D9))

if Schrodinger = true then the program displays the
Schrodinger conditions for the unknown functions
E2(z?) (see (D9))

if moresimp # true (by default), then ratsimpx =
ratsimp which performs rational simplifications of
functions.

if moresimp = true then some more powerful
simplification function than ratsimp can be called
e.g. ratsimpx = trigsimp

by default allcons = true and all the Killing tensors
are computed. If however allcons: false and nix = ni
and nfx: nf then only those Killing tensors L[j]:
ni < j < nf are calculated

kills the variable x and all its associated properties;
useful if x is wanted for something else or if com-
puter space needs to be saved
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1730

The SEPCAL.V Program

(The hine numbers are not part of the program and are only for reference)

ttyoff: trues

/#* We enler Lhe entire program as a block function h ().
The contents are not displayed in the output files
because of the command ttyaff: trues «/

hJ(n,nl.nZ‘, 1. A B, C,PHI): = block(C(1],

gcprint: false,

print(“The coovdinate transformations are: "),

for m thru n do display(zCml),

print(“The Stackel matrix is*),

display(PHI),

if lsimpUtrue then LIST:C1,

/#The following 2 lines are designed to print out an error message if the
list chocen to speed the simplification praocess does not have the required
n elementse/

if lsimp=true and length(LIST)#n then

(print("##ERKAR## your list does not have n elements”), return(ttt) ),

/#This section c(omputes F, the inverse of the Stackel matrix PHI#/
print(“The inverse of the Stackel matrix is"),

F: block((?varl)ist:?vaviistl, genmatrix(PHIX, n2, n2)**-1) ,

F: ratsimp(ev(F,PHIX=PHL1)).,

display(Fy,

/#First we introduce the symmetries ACu,v.al=Alv,u,a),Clu.,v,al=Clv.,u,als/
for a thru nil do
for u from n2+1 thru n do
faor v from u thru n do
(ACv.u.al: ACu,v.al),

for r from ni+l thru n2 do
for u from n2+1 thru n do
for v from v thru n do
(CCv.u.rl: Clusv.r),

/% Here we enter the contravariant metric whose components are gli, yl»/
for i thru n do

for j thru n do

gtil J]: o .

for a thru n! do
gla,al: FCa,1] ,

for r from ni+l thru n2 do
for u from n2+1 thru n do
gCr.ul: gCu.,v): FCr.1)%Blu.,v] .

for u from n2+1 thru n do
for v from u thru n do
glu,vl: glv.ul: ratsimp( sum( ACu.v.al#Fla.1].a. 1.0l )
+ sum( CCu,verlaFC(r, 11, r.n1+1.n2 )) .,

/#HJ is just the Hamilton-Jacobi equatiaon#/
HJ: sum(sum{gCi. yl#pCilepCyl.i,1,n).y. 1. n)=E,
print(“The Hamilton-Jacobi equatian is"),
print(HJ),

/#Next the transformation matrix J is computed, and subsequently the

sqg: the squarc root of the determinant of the metric by using sqg=det(J)s/
J: genmatrix(JJ.n.n).

sqg: block(C?varlist: varlistl, determinant(J)),

JICi k): = ratsimp(diff(C zCk1, xCid D))

J: ev(J),

sqg: ratsimp(evisqg)).

print(“The Helmholt: equation is"),
for i thru n do depends(PSI.x(il),
HE: sum(sum(gCi. jl1#diFR(difF(PSI, «Cil) xCyIdea. 1)yl

+sum( ratsimp(sum(di Ff(sqgugli., g1, x(id).1.1.n)/sqg) * dif€(PSI, (1), y. 1o n)

= E#PSI,
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71 print(HE).

72
73 /# The matrix gsup representing the contravariant metric 9Ci, 4] is given
74 and gsub the matrix representing the metric is computed using J #/

75 gsup:genmatrix(g,n,n),
76 gsub: ratsimp(J. transpose(J)),

78 metric: ds™2 = cum(sum(gsubli, yI#dxCiledxCyl.i.1,n). g, 1. n),
79 print(“The metric is"“),
g0 print(metric).

81
[ehy /#* Here we check that gsub.gsup = I the identity matrix. I¢ they don't
83 an error message 1s printed #/

84 [[:trigsimp(gsub. gsup).,

85 [:ident(n),

86 if [I#] then (

8?7 print(“##ERROR#» the melric and the HJ-equation displayed are not compatible.

808 The product of their two matrices is: "),
89 print(II),
2?0 return(uuu) ).
1
R /% Evaluation of the Hamilton-Jacobi separation equations */
93 print(“"The Hamilton—-Jacobi separation equations are"),
94 for a thru ni1 do
S seCal): plal*2 = - sua(sum(ACu,v,al*#’LCul#‘LLv], u,n2+1,n), v, n2+1,n)
6 + sum(PHICb, al#‘LCbI,b,1.n2),
7
93 for r from ni+l thru n2 do
Y selr): sum(2#RCu, rl®* ‘L Lul.u/n2+1, n)%plr] =
100 - sua(sum(Clu,v,r]®#LCul*LLv], u,n2+1.n). v, n2+1,n)
101 + sum(PHICb. vr1#‘LCbI, b, 1.,n2),
102
103 for u from n2+1 thru n do
104 seCul): pCul = ‘LCul.
109
106 for m thru n do print(selml),
107
108 /#* This section is designed to give the Schrodinger conditions determining
1097 the unknown functions ECu,s)] in the Helmholtz separation equations */
110 if Schrodinger=true then
111 ( print(“the Schrodinger conditions are: "),
112 tor a thru nt do
113 ( SCCa): diff(log(sqg#gCa,al), xCal) = £~Cal , display(SCCal) ).
114 for u from n2+1 thru n do
115 ( SCCrl: sum( 1/sqg#diféf(sqg#glr,ul, xCrl), r.ni+1,n2)
116 = qum(FCt, 11#ECu. t1, t.1.,n2) , display(SClr]) )
117 |
118
119 /% Evaluation of the Helmholt: separation equatiaons #/
120 print(“The Helmholtz separation equations are”).
121 for a thru nt do
122 SECa): di€ff(diff(PSIlal. xCad)., xCal) )
123 + ratsimp( (diff(sqg*gla,al,. xCal)/(sqg*gCa,al)) ) + diff(PSICal, xCal)
124 + ratsimp( sum(sum(ACu, v, al#‘1Cul#‘1lv], u, n2+1,n), v. n2+1. n)
125 +sum(FCu, al®1Cul, u, n2+1, n)
126 —sum(PHICb, al#‘1Cbl, b, 1, n2) ) # PSICal
127 = 0.
128
129 for v from ni+} thru n2 do
130 SECr): sum(2#BCu,rl*»‘1Cul.u, n2¢+¢1,n) & diffé(PSIC(rl, xCr])
131 + ratsimp( sum(sum(CCu, v, rIn‘1Cule’llv],u, n2+1,n).v.n2+1.n)
132 +sum(ECu, rl®1Cul, u,n2+41.n)
133 —gum(PHICb, r)=#‘1Cb1,b,1,n2) ) # PSICr]
134 = 0,
135
136 for u from n2+1 thru n do
137 SECul: diff(PSICul, x(ul) = “1Cul#PSICul,
134

139 for m thru n do print(SElm])



140
141

142
143
144
145
146
147
148
149
150
151

152
153
154
155
156
157
158
199
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181

182
183
184
185
186
137
1843
1089
190
191

192
123
194
195
194
197
198
199
200
201

200
203
204
205
206
207
208
209

/# The i1nverse Ji of the transformation matrix J is computed «/
Ji block([?varlist:?vnrlist).genmatril(dxln.n)““—l).
Ji ratsimp(ev(Jdi, JX=J)),
/# THE NEXT SECTION IS 1HZE HEART OF THE PROGCRAM -
OF THLE MOTIUN ARE CUMPUTED #/ " HHERE THE CONSTANTS
/# I1f allcons=false this enables the user to only compute those
coqstants of the motion between the the input values of ni and n¢
This is useful if the program is taking too long to run #/ .
if allcons=false then (nix: ni .nfx: néf),
1f allcons#false then (nix: 2 ,nfx: n2),

print(“The constants of the motion are"),
for m froa nix Lhru nfx do
(
/# First the constants a«re computed in the x(il,pCil coordinates #/
for i thru n do
for § thru n do
ali, yoal: O .

for b thru nt do
alb.b.m): FCb.m] .

for r from ni+{ thru n2 do
for u from n2+1 thru n do
alr,u.ml: alusr.ml): FCr.m)#Blu,r] ,

for u from n2+1 thru n do
for v from v thru n do
alu,.v.ml): alu,v.ml: ratsimp( sum( ACu,v.al®FCa,ml,a.1,nt )
+ sum( Clu,v.r1#FCr, ml,r.nl+1.n2 ) ).

/% We nouw get down to the business of finding the Alr.,s. t,ul’s
etc. needed to compule the constants of the motion in terms of the
enveloping algebra. First evaluate a™~ = transpose(J). am. J #/
aali, yl:= aCi., goml,
am: genmatricx(aa.n,n).,
a™~: ratsimp( transpoase(J). am. J ),
kill(aa.am),

/% The following are the necessary differentations etc. to find
the constants for the coefficients in the enveloping algebra #/

Da~C(r.s.t)l: = O,
fDa~Cr. s, t): = ratsimp( sum(Jilt, kIndiff(a~Cr, s, xCk1). k., 1.n) ),

for r from 1 thru n-2 do
for s from rv+1 thru n—-1 do
for t from s+1 thru n do

(Da~Cvr. s, t1: fDa~Cr.s,t). Da~C(r, t,s): €fDa™~Cr, t, 1),

for r from I thru n-1 do

for s from 1 thru n do
(Da*(r.s.s):#Da*(r.s:a].Da‘(r,r:s]:fDa”(r'r.s].Da*(r,s.r]:—l/QlDa‘Er.r,s]L

A~(r,s, t,ul: = O,
fFA~Cr, s, t,ul: = ratsimp(sum(ev(
Jilu. k1#ev(FflkI), F€Ck): ev(diff(Da~Cr,s, t), x[k1). difé)
LLISTY, kelin)/2),

/% LIST refers to the possibilty of substituting the values
LIST = (xCil=valuetl.....x[(nl=valuenl, to speed the calculation

0f the constants FfA~Cr.s. t, ul =/

for r from 1 thru n-3 do
for s from r+1 thru n-2 do
for t from s+J thru n-1 do

for u from (*1 thru n do
(A~Cr. t.s.u): fA~Cv.t, s, ul, A~(r, s, t, ul: €A~Cr, s, t,ul).



210
211

212
213
214
215
216
217
218
219
220
221

222
223
224
225
226
227
228
229
230
231

232
233
234
235
236
237
2308
239
240
241
242
243
244
245
246
247
248

250
251
252
293
254
255
256
257
250
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278
279

for r from 1 Lthru n-2 do
for s from v+1 thru n-1 do
for u from s+1 thru n do

(A~(r. s, 5.0 fA~(v. s, s, u), A(r.r, s, 0) FA~(r.r, s, 0],
A~(r.s,u.ul. fA~Cr.s.usuld ),

for r from 1 thru n-1 do
for ¢ from r+!1 thru n do
(A~Cr.r.s,s) fA~(r.,v.s5.5)),

/% [In th%s section we exploit the symmetries of the constants ACr.,s. t,ul
etc. in order to remove unnecessary computations and thus save time #/

AA~C1, j. k., 1]:= block(CQ),
Q: CminCi. g),.max(i, gdsminCk, 1), max(k, 1)1,
if Q1) # min(i, y. k, 1) then
Q: CQC3).Qr41.6r11,Q0213),
if Q1) = min(i. jo k. 1) and QC1) = QC3] and GC2] > QC4] then
Q: (QC331.06043.0011,Q(2)),
if QL4) = max(i, y.k, 1) then

1f Qr1l = QC3) or QC21 = QC4] then

AA~Ci, y. k. 13 -1/2#A~(G011.Q031.QC21),QC4]]

else

AA~Ci, ok, 1] A~(aC11.QC21,.Q031,4QC411
else AA™~Ci, 4. k,11: -A~(G(13,0031,.GC4),QC21)-A~CQC11,QC41,QC3),QC2]],
AA~Ci, y.o k. 1]

)'

fA~I(r, s, t):. = ratsimp( sum(AA~Cr, s, t, 11#z201]3, 1l.1.n) ).,
fB~(r. s, t): = rvatsimp( cv( Da~(r,s, t1-2#fA~:1(r, s, t] ., LIST) ),

for r from 1 Lthru n-2 do
for ¢ from r+1 thru n—-1 do
for u from s+1 thru n do

( A~z2(r, s, 0v): €fA~21Cv,s.ul,A%z(Cr.u.3): fA~zlr.u.sd,
B~(r,s,u): €B~Cr,s,ul, B~C(r,u,s) £B~Cr,u,s] ).

foar r froama 1 thru n-1 do
for s from r+1 thru n do
( A~zCr.s, r): fA~zlr,s.r), A~1Cr,s,s): fA~1lr.s,s],A~tlr.r,s): fA~t(r.T.s],
B~(r,s,r): ¢B~C(r, s, v, B™[r,s,s]: ¢B~(r,s.s1,B~(r, r,s]: ¢B~(r.r.s] ).

AA~z(i. 4y, k):= block(LQ],
Q: CminCi, y).max(i, y)J.
if k < GC11 then
AA~rCi. g, kl: -A~2Ck.0G011,QG0211-Az(k.QC21,Q(11]
else
AA~I(i, gy k1: A~20GC11,QC02], k1.
if i=y and i=k then
AA~r (i, J:k]: [o 3
AA~ (i, g, k]
)l

BB~Ci, j. k): = block((Ql.
Q: CminCi. y).maxCi, y)3.
if k < GC1] then
BB~Ci, y. kJ: -B~(k,QC11,QC211-B~(k.Q(21.4QC11]
else
BB~Ci. yo k1 B~(QC11,QC21, k1,
if i=3 and i=k then
BB~Ci. y. k1: O,
BB~Ci, y. k1
),
for r thru n do
for s from r Lhru n do
( C~(r.s) ratsimpl
ev(a~(r,sl-sum( (AA~z(r,s,13+BB~(r.s.1))#zC1] .1.,1.,n ) + LIST, infeval)
)
)l



280
201

202
283
284

235
286
287
268
289
2790
291

292
293
2794
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
a1s
316
317
310
319
320
321

322
323
324
325
326
327
a2a
329
330
331

332
333
334
335
346
337
336
339
340
341
342
340
344
3495
346
347
40
449

144

1if n>3 then
LClm] 4lsum(sum(sum(sum(A‘(r.t,s,u]lH(r,s]GH[t,u]
+AY(r. st uleMOr, t1%M0s, ul
,mt+l,n):t~s4l:n-l).s,r* = ‘ ’ /2 4 Bd
+sum(sum(sum(2*A~(r,r,s.uJ*H(r.s]uH[r,u]l n"2)erelin-3)
+4%#A~(r, 5, s, u)aMCr, s14M(s, u)
*Q’A.\'[ri S, Uy, U]“N[rl U]'“cio ul
~?lB~(r.s.u]¢HCr,u]'P(s]—2¢B“(r.u.s]’ﬁ[r,sJ!PCu]
cuss+l.n)osor+l,n=-1), v, 1, 0n-2)
+sum(sum( A~(r.r, s, sleM(r, s1°2
r203~(r.s.r]lN[r.a]iP(r]—2¢B~Cr.s:s]’ﬁ(r.s]éP(s]
+2#C~Cr, s1#P(Cr 1P s)
ss.T+l,n), v, i, n-1)
+sum(C™Cr, rl#PC(rl1 2, r, 1, n)
else 1if n=3 then
LCm]: sum(sum(sum(2#A~(r,r, s, uI#MCr, sI#MCr, ul
+4%#A~(r, s, s, ul#MCr, sI#M(s, u)d
+2#A~(r, s, U, UI*MOr, UI*M(s, vl
—-2#B~(r,. s, ul#Mlr, ul#P(s)-2#B~Cr, u, s1#M(r, sI*PCul
ruos+l.n)osor+l,n=1),r,. 1, n=-2)
+sum{sum( A~Cr,r, s, s1#M(r, s1°2
+2#B%~(r, s, v I#MIr, sI#P(r]1-24B~(r, s, sI#M(r. sI#P(s]
+2#C~(r, s1#P(r1%P(s]
ss.T+l,n)ivr, 1. n—-1)
+sum(C¥C(r, r1%PCrl™2, v, 1, n)
else if n=2 then
LCm]): sum(sum( A~[r,r,s,s)#Mr, 12
r2#B~lr, s . r1#Mlr, s1#P(r1-24#B~(r, s, sI*#M(r, s)*#P(s]
+2#C~(r, s1#PC(rl%P(s])
ssor+l,n),r. 1, n-1)
+tsum(C~¥Cr,.rl1»*PCrl*2. v, 1. 0Nn),

displag(LCm]l),
kill(A~,B~,C~, AA~1, fA™~1, £B~, BB™~, AA™, A™~1, AA™, £A™, £Da™~, Da™)
Y,

/#The constants c~Ci, yJ and d~Ci] for the KILLING VECTORS now calculated#/
for m from n2+1 thru n do
(
for j§ from 1 thru un do
for i from 1 thru j do
c~Cy,id: - (c™~Ci. yd:
ratsimp(sum( ev( Jilj . kI*ev(gglkl), LIST, gglkl: ev(diff(JJCm,id, xCk1), diff))
ckilon))
)l

for i thru n do
d~(i): ratsimp( ev(JJCm, 1)-sum(c™~Ci, y)#zCyl, 4.1, n) , LIST) ),

LCm): sum(d~Cil#PCid.i. 1., n)-sum(sum(c™Li, yI#MCi, g1, 1.1, y—1). 4y, 2. ),
display(l.tm]),
kill(c™, d™)

)l

/#If the equatian happens to be of heat type we use the following
section to simplify the constants of the motions/
if heat=true then
(kill(B.B™), '
print(“CExpressed in terms of BCy) = (M(y.n-1] - iMCy.nd)/2,
epsilon = (P(n-13J-iP(nl)/2, the constants of the motion are: "),
for j thru n-2 do
(MCy,n—-11: BCyd) + B~C(y1I, MCy.nl: Liw(BCyd - B~C 1)),
PCn-11: epsilon + KC-2), P(n): Zis#(epsilon - KC(-21).
for m from 2 thru n do
( L{m): ratsimp(ev(LCm])), display(LCm]) )

'
ttyoff: false ¢
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Appendix D General Results

In this appendix we collect some general results concerning separation on

a Riemannian manifold with metric
ds? = g,;dz'dz’ (D1)

Using his definition of equivalence Benenti (1980a,b) was able to give the condi-

tions for separability of the Hamilton-Jacobi equation
H=gYpp; = E (D2)

He showed that each of his classes contained a canonical separable system

{z®, z7, %} with contravariant metric

6¢bgu 0 0 n':.
(g¥) = 0 0 g™ |n, (D3)
0 gra gap ‘ﬂa

Here ng=n, and the integer indices a,r,a vary in the ranges l<a,b=n,;
n+1lsrsn,+n,; n,+n,+l1<a,f<n,;+nz+ng=n. The nonzero components of the

contravariant metric (2.19) are

gu - L‘ gra - B:a(xr) ]%l_’ gaﬂ = 2 Abaﬁ(xb)§. (D4)
b

where ¥ and ¥'! are the determinant and i1 cofactors of the (n,;+n;) x (n,+n,)
Stackel matrix (¥;;(z')). Furthermore, 8,9% =0 for each ignorable variable z°.
The variables z® and z” are referred to as Stdckel and first order variables
respectively. Together these variables form the class of essential variables that
was mentioned in the Introduction.

The constants of the motion are given in Kalnins and Miller (1981). They

are

a;{plpj A+ l=m<=n,+n,
Pa =Xy ntn+l<asn (DS)

where



(axd) =] O 0 apf (D6)
0 al® ag2f

The nonzero components of this tensor are

bm rm m
bt = o al® = Bro(z") wL agf = %} Ao""(x")y;—. (D7)

(It is straightforward, though tedious, to verify {Ai.A;3p=0). The Helmholtz equa-
tion
_L P
g %0:.(gg¥o;¥)=EV (D8)

is separable provided that the corresponding Hamilton-Jacobi equation (D2) is
separable, and the additional (Schrodinger) conditions are satisfied. That is

there are functions f,(z*), E2(z®) and E*(z") such that

1
0qlog(g29%®) = fa(z®). (D9a)
natne  _1 1 n, al nytn, ri *
S g o gtgr) =% Logrz)+ ¥ LB . (D9b)
T=n,+1 a=1 ¢ rT=n,+1 ‘w
a=n,;+n+1,. .. n

These conditions can be derived from the work of Kalnins and Miller (1983).

If the Helmholtz equation is separable then the Helmholtz separation equations

are:
nlfnz
Vo + fa¥e + {ZEa"la + VALl — ) vat(x“)lt]‘h =0
a a.p t=1
a =1, Loy, (D10a)

nytne
2Y BTl ¥, + [ZE‘,"‘la + VAL~ Y Y (:c')z,]q/, =0
a a a.B t=1
T =g+, ., +n, (D10b)

Yo' = laVa a=n,+n,+1,...7n (D10c)

Here the [; are the eigenvalues of the operators characterising the separation,
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dVv,
dx'

¥= ﬁ\h(z‘) 1s the separable solution, and ¥, =
v=1
The components of the Riemann curvature tensor are given by
Ry = ;_(gij.h.k t Ghei; — Gnjk — gilc.hj)
+ g™ ([ . t)][hk . m] = [hj . 1] [k .m]) (D11)
where
(ab.c]= ;_(gac.b + Goc.a — Jab.c)

The Ricci tensor is defined by

Ry = g™ Rue (D12)
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