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Abstract 

All R-separable coordinate systems are classified for the equation 

m 
where 6.m = :E 

u=I 

a2 
---- and the variables t and y"' are real. An R-separable 
(ay"' )2 

coordinate system for (•) is a coordinate system y"' = y"' (xA: ), t = t (xA:} such 
. m+I . 

that(•) admits a solution of form -1- = eR(z') fl -1-,{x';c 1, • • • ,Cm+ 1). For£= .!... 
i=I 2 

and £ = - ! , E = 0, (•) yields standardised versions of the Schrodinger and Heat 

equations respectively. Recognition of(•) as a symmetry-reduced version of the 

Helmholtz equation on m + 2 dimensional Minkowski space, for which there is a 

well developed theory of separation, is central to the solution of the 

classification problem. The solution is built from the case £ = 0 which has been 

solved by Kalnins and Miller in an article submitted to the Transactions of the 

American Mathematical Society. 

We find the operators and separation equations for (•) and give a detailed 

treatment of the physically interesting case m =3. The operators are always in 

the enveloping algebra of the Schrodinger algebra. This means that much of the 

special function theory relating to the separated solutions can be reduced to 

problems in the representation theory of this algebra. 

Various complex extensions of (•) are treated. In particular a class of sys­

tems is uncovered leading to nontrivial R-separation for the Hamilton-Jacobi 

equation corresponding to (•). A formula is derived for expressing the second 

order Killing tensors describing separation in flat spaces in terms of the 

enveloping algebra. This formula forms the basis of a program written in the 

symbolic language MACSYMA capable of producing all the time consuming 

details of separation. 
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I 

Introduction 

1.1 Statement of Problem 

Variable separation is one of the major techniques for solving partial 

differential equations. In this thesis a complete treatment of the variable 

separation problem is given for the equation 

in the real variables yu and t. In addition a partial treatment is given when 

these variables are complex. When £ = ii 2 this equation is a standardised ver­

sion of the "constant potential Schrodinger equation" which will be referred to 

as the "Schrodinger equation". If £ = -1/ 2 and E=O then (•) is a standardised 

version of the Heal or diffusion equation. 

The coordinate system 

Yu = Yu (x), u = 1,2, .. , m, 

t = t(x). x = (x 1, (l.1.1) 

is R-separable if there are complex analytic functions -1-. t, and R. such that 

, (•) admits a solution of form 

m+l 
-1-(x,c)=eR(K)n -11,(xi,c), ( l. 1.2) 

j = I 

where c = {c 1 • . , Cm+ i) are the m + 1 separation constants. It is the main task 
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of lhis thesis lo classify these systems. At first it. might seem lhat any solution 

of (•) is R-separable but the independence of R from the constants c, severely 

limits the possible R-separable solutions. Pure separation corresponds lo R = 0 

and trivial R-separation lo 

m+I 

R = ~ R,(x'). (1.1.3) 
i.=I 

Variable separation for (•) has its origins in the Classical Mechanics of the last 

century. We now trace the development of the subject. 
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1.2 Background 

The History of variable separation dates back to Liouville ( 1846) who found 

a large class of separable systems for the Hamilton-Jacobi equation of Classical 

Mechanics: 

H(p- x') = E 
\, ' (l.2.1) 

The most powerful method of solving this equation is to find a complete integral. 

This method is treated in many standard texts on Classical Mechanics such as 

Pars ( 1965). A complete integral is a regular n-parameler family of solutions 

W = W(xi;X 1 , ,Xn) of (l.2.1) such that det(o2 W/ox'oX,);,tO. The X, are 

referred to as constants or integrals of the motion and satisfy 

( 1.2.2) 

where l , ~P denotes the Poisson Bracket. 

If 

n 
W = ~ W,(x';X 1, { 1.2.3) 

i=I 

then the coordinates x' are said lo be separable and the X, are called the 

separation constants. In this case (l.2.3) is equivalent to a set of n ordinary 

differential equations, the separation equations. 

It was Stack el { 1891) who first raised the subject from an art to a science. 

He considered the motion of a particle in a Riemannian space with orthogonal 

nondegenerate metric (i.e. g,,=O for i;,tj and det{g,,)=g;,tO}: 

ds 2 = g--dx'dx' ,, (l.2.4) 

Here the Einstein summation convention has been used and the term "Rieman­

nian" is understood to mean "pseudo-Riemannian". Both of these conventions 

will be assumed unless otherwise slated. Stackel found that the condition for 

the corresponding Hamilton-Jacobi equation 

to be separable was that there exists a matrix (1",,) = (1",, (x' )) such that 

•h' I 
g'' = .:r:__ 

1P 

{ 1.2.5) 

( 1.2.6) 

where 1J, = det(1"t, ). The matrix (1",,) is called a "Sta.eke! matrix" and its i-th row 
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1s a function of x' alone. The g" are the i, 1 cofactors of (1/li.i) or, equivalently 

the first row of the inverse of (1/li.i ). Stackel determined the constants of the 

motion: 

( 1.2. 7) 

and showed that they are in involution, i.e., 

(1.2.B) 

For elementary treatments of Stackel's results see Pars (1965) and Hagihara 

( 1970). 

Levi-Civita (1904) provided some useful results for Hamiltonians in the 

more general form ( 1.2.1). He found a set of integrability conditions for solu­

tions of the type ( l. 2. 3) to exist. However the integration of these conditions for 

Hamiltonians quadratic in the momenta Pi proved difficult. An indirect method 

was furnished by Dall'Acqua (1912) who managed to derive the separation equa­

tions whose form had been conjectured by Burgatti { 1911). 

With the advent of Quantum mechanics in the 1920's the method of variable 
' ' 

separation was extended to the Helmholtz(or time,independent,Schrodinger) 
I 

equation by Robertson (1927). This equation when expressed in coordinate 

invariant form in a Riemannian space Vn with metric ( 1.2.4) is 

{ 1.2.9) 

where lln = g -l/ 28i. (g l/Zgi.i 8; ) is the Laplace-Beltrami operator. The Helmholtz 

equation is separable if it has a complete solution of form 

n 
'I(, = TI 'l(ri(xi;c l• ... 'en) 

i.=1 

(l.2.10) 

where substitution of 'I(, into {l.2.9) reduces it to n second order linear ordinary 

differential equations for the 'l(ri.. Robertson (1927) showed that the Helmholtz 

equation was separable in orthogonal coordinates provided that the correspond­

ing Hamilton-Jacobi equation {l.2.5) was separable and that extra constraints 

called the Robertson or Schrodinger conditions were satisfied (see {D9)). The 

passage between the Helmholtz equation (1.2.5) and the Hamilton-Jacobi equa­

tion ( 1.2.9) is analogous to that between Classical and Quantum mechanics. In 

Kalnins and Miller ( 19B3) additive separation was defined as the fundamental 

kind of separation for partial differential equations. The conditions of 



separation for the Helmholtz equation are derived by selling "1 = e w, and reduc­

ing its product separation to additive separation. 

Thus far only the general functional form of the separable orthogonal 

metrics had been given (the entries in the Sta.eke! matrix could be arbitrary 

functions). Few attempts had been made at classifying the separable systems 

occurring in particular Riemannian spaces. The first effort in this direction was 

that of Eisenhart ( 1934 ). In this classic paper he applied the flat space curvature 

conditions {see {D11)) 

R1.;1r.t = 0 , 1 S i,j ,k ,l s 3 , (l.2.11) 

coupled with Stackel's conditions (l.2.6) to give a complete list of separable 

orthogonal systems on three dimensional real Euclidean space JR 3{see Appendix 

A, Tables 2 and 5 for this list). Eisenhart (1934) also found some useful general 

results. He gave a geometric counterpart for the Robertson condition in orthog­

onal coordinates by showing that there it was equivalent to R,; = O {see (D 12) for 

the definition of this tensor). In Einstein spaces such as flat and constant curva­

ture space this means that the Hamilton-Jacobi and the Helmholtz equations 

separate in exactly the same orthogonal coordinate systems. Eisenhart 

uncovered a useful set of necessary and sufficient conditions for the Stiickel 

form ( 1.2.6) (see Lemma 2.4.1), and was able to characterise the constants of 

the motion that give rise to variable separation. He showed that if a set of con: 

slants of the motion were in involution and also possessed n simultaneous nor­

malizable eigenvector fields, then coordinates could be chosen such that the 

Hamiltonian (l.2.5) was separable {see Eisenhart (1949) for the relevant 

definitions). This result was not only important in that it gave a coordinate free 

description of separation but also in other ways which will soon be discussed. 

Only sporadic advances were made over the next thirty years. Olevski 

(1950) classified separable systems on three dimensional spaces of constant cur­

vature and a few results were obtained by Moon and Spencer (1952). Useful 

summaries of separable coordinate systems are contained in Moon and Spencer 

(1961) and Morse and Feshbach (1953). Agostinelli (1958a,b) studied classes of 

solutions to R,; = 0 and later extended these results to nonorthogonal cases. 

Carter (1968) showed that the Hamilton-Jacobi equation for a rotating black hole 

was not only separable but could be derived and generalised simply using 

separation of variables theory. 
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In lhe meantime lhe theory of symmetry (or Lie) groups was becoming 

established as an invaluable loo! in Physics. For example in the Hydrogen atom, 

JUSl from a knowledge of its symmetry group S0(4), il proved possible lo exploit 

lhe commutation relations and calculate many physical quantities: energy lev­

els, transition probabilities, wave functions etc. It was some lime before these 

ideas flourished in the field of variable separation. Several simple systems had 

been characterised in terms of second order symmetry operators, but the expli­

cit statement of the relationship between symmetry and variable separation 

appeared for the first lime in Winlernilz and Fris (1965). These authors gave 

group theoretic characterisations of the separable coordinate systems in two 

dimensional spaces of constant curvature. 

Let us discuss some of these concepts in more detail. The symmetry 

group of a partial differential equation is the group of transformations which 

leaves its form invariant {see Bluman and Cole (1974), Miller (1977)). 

Equivalently it is the group of transformations which maps solutions of the equa­

tion into other solutions of the same equation. Using the methods of Bluman 

and Cole, the symmetry algebra corresponding lo the symmetry group of the 

Hamilton-Jacobi equation ( 1.2.5) can be derived by solving the relation 

( 1.2.12) 

for the Killing vectors JJ-; = aj(x)p, + b;(x). The JJ-; form a Lie algebra under the 

action of the Poisson Bracket. The symmetries of the corresponding Helmholtz 

equation are realised as first order partial differential operators via the commu­

tator bracket (see Bluman and Cole ( 1974)) 

(1.2.13) 

where 'i1,; = aj(x)8, + b;(x). There is a direct correspondence between the Kil­

ling vectors for the Hamilton-Jacobi equation and the first order symmetries of 

the Helmholtz equation: 

( 1.2.14) 

For spaces of constant curvature, Delong ( 19B2) has shown that the second 

order Killing tensors are in the enveloping algebra. A second order Killing ten­

sor is a tensor a'i which satisfies Killing's equations: a~l+aff+a1=0. {;i denotes 

the covariant derivative as it is defined in Eisenhart ( 1949)). We will sometimes 

loosely refer to the con slant of the motion a ,j PiP; derived from this tensor as 
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also being a Killing lensor. Delong's slalemenl implies lhal if lhe Killing vectors 

µ, are a basis for lhe space of Killing vectors and Am is any second order Killing 

lens or, lhen there are constants bik such that 

Am = ngAP; = ~bikµjµk 
j,k 

{ 1.2.15) 

It follows from Eisenhart's results that any orthogonal separable system in a 

space of constant curvature is uniquely characterised by n Killing tensors which 

are in the enveloping algebra. Using the results of Kalnins and Miller (1983) it 

can be shown that the separation constants c, for the Helmholtz equation are 

eigenvalues of a set of n second order partial differential operators, i.e. 

{ 1.2.16) 

where 

( 1.2.17) 

Notice that { 1.2.16) implies that 

[L; , Lk] = 0 , { 1.2.18) 

in analogy lo the involution properly for Killing tensors {l.2.8). The results of 

Kalnins and Miller ( 1983) show that 

{ 1.2.19) 

by examining the highest order derivative terms of both the Helmholtz and 

Hamilton-Jacobi equations. It follows that modulo a first order member of the 

Lie algebra 

L - bikt~· ~ ! m - m (/.J,j • /.J-k (1.2.20) 

Here I . ! is the symmetric bracket which is defined for two operators A and B 

by 

{ 1.2.21) 

Thus it is possible to compute the operators for the Helmholtz equation directly 

from the Killing tensors for the Hamilton-Jacobi equation in spaces of constant 

curvature. This will be a useful result since we will be able to formulate the R­

separation problem for(•) as one of pure separation for a Hamilton-Jacobi equa­

tion. 



- A . 

Anolher illuslralion or lhe 1mporlance or lhf' symmetry group 1s in the case or 

ignorable variables. A variable is ignorable if il is possible to choose a coordi­

nate system in which that variable does not appear explicitly in the Helmholtz or 

the Hamilton-Jacobi equalions. Greek lellers will be used to denote such varia~ 

bles. Nonignorable coordinates will be referred to as essentia.L varia.bLesJ Ignor-
• I 

ables correspond lo elements of the Lie algebra and from ( 1.2.18) systems con-

taining N of them correspond lo N-dimensional abelian subalgebras. 

Since the symmetry operators corresponding to the ignorables are first 

order partial differential operators, the eigenfunction condition implies that 

(1.2.22) 

in which case the xll dependence in 'Ir is simply 

, {no sum on ex ) (1.2.23) 

The theory of ignorable or cyclic coordinates for the Hamilton-Jacobi equation 

is well known {see Pars { 1965)). In that case 

( 1.2.24) 

so that the xll dependence in W is 

(1.2.25) 

The remainder of the operators and Killing tensors are second order as has 

already been discussed. 

One solution to the variable separation problem in spaces of constant cur­

vature is to use the relation (1.2.18) to find possible commuting sets of members 

from the enveloping algebra and then solve for the coefficients. The coordinate 

systems determined by these sets can then be tested to see if they are separ­

able. The determination of the N-dimensional abelian subalgebras correspond­

ing lo ignorable variables will be a key factor in the resolution of the R­

separation problem for (•). 

Reviews on separation have been written by Huaux ( 1976} and Benenti 

(1980b). A lot of the material in this last article is duplicated in Benenti (1980a) 

where a rigorous definition of equivalence is given for the Hamilton-Jacobi equa­

tion. By Benenti's definilion two separable coordinate systems for the 

Hamillon-Jacobi equation are equivalent if lheir separated complete integrals 
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are lhe same. He shows lhal by using lhis definition lhe only types of 

equivalence that can occur are (2.1. 3a} and (2. l .3b}. These equivalences extend 

quite naturally lo the Helmholtz equation since both preserve the separability of 

that equation. It is also possible to add the equivalence (2.1.3c}, as equivalence 

under the group removes the distinction between the many different coordinate 

transformations leading to the same functional form of the Helmholtz and 

Hamilton-Jacobi equations. 

Using his definition of equivalence Benenti was able to use the results of 

Dall' Acqua and Levi-Ci vita to give the conditions for the separability of the 

Hamilton-Jacobi equation (1.2.5) in any coordinate system, orthogonal or 

nonorthogonal. The general form of the contravariant separable metric is given 

in (D3). With this work Benenti put nonorthogonal separation on a sound footing. 

When nonorthogonal separation occurs the class of essential variables we have 

already discussed splits into two further classes: Sta.eke! variables x~ for which 

g~ ;oi!Q, and first order variables xr for which grr=O.(see Appendix D). The first 

order variables are of null type and systems containing them can not appear in 

positive definite spaces). Even before Benenti had rigorously established the 

conditions for nonorthogonal separation, Kalnins and Miller had embarked upon 

a programme to classify separable coordinate systems for some of the most 

common partial differential equations of mathematical physics (see Miller (1977} 

and the references cited therein). Many of these physically important systems 

were nonorthogonal. Along with the separable coordinates they provided the 

operators in the enveloping algebra defining the separation. 

Kalnins and Miller ( 1983) give an intrinsic definition of separation for a 

much larger class of partial differential equations than those considered by 

Benenti. Using their definition many of the generalisations of the statements for 

orthogonal coordinates are easily extended to the nonorthogonal case. 

Helmholtz separation implies Hamilton-Jacobi separation as in the orthogonal 

case. The conditions for the converse of this statement, the generalisation of 

the Robertson conditions, are given in (D9). However these conditions are no 

longer equivalent to Rt; = 0. The Killing tensors for the Hamilton-Jacobi equa­

tion (see (D5),(D6)) are still second order as are the corresponding symmetry 

operators for the Helmholtz equation. In spaces of constant curvature the work 

of Delong implies that these Killing tensors are in the enveloping algebra and so 

our statements (1.2.12)-(1.2.25) made for orthogonal coordinates are still valid. 

In such spaces much of the variable separation problem can be reduced to 
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algebra, lhal is. lo determining commuting sets of members of the enveloping 

algebra. 

A recent feature has been the solution of the variable separation problem 

in various spaces of arbitrary dimension. Kalnins and Miller ( 19B2a,b) have pro­

vided inductive constructions of all separable systems on real Euclidean space 

/Rn, the real n-Sphere Sn, and the Hyperboloid Rn. In Kalnins.., Miller and Reid 

( 19B3) all orthogonal separable systems have been classified on n-dimensional 

complex Euclidean space E(n 4'). 

Many of the important special functions of mathematical physics: Bessel, 

Hypergeomelric, Mathieu etc. arise as the separated solution of a partial 

differential equation. Miller ( 1977) has shown how the group theoretical charac­

terisations can be used lo study these functions and their identities, a possibil­

ity first realised by Weisner (1955, 1959a,b). One example: the problem of 

expanding one set of separable solutions in terms of another reduces lo a prob­

lem in the representation theory of the Lie symmetry algebra. 

1.3 Thesis outline 

This thesis lakes its place in the programme lo classify separable coordi­

nate systems for the important equations of mathematical physics and lo 

characterise these systems with algebraic invariants. 

Although (•) is not of Helmholtz type, it is close. It can be taken as a sym­

metry reduced version of a Helmholtz equation on a higher dimensional space 

(see § 2.2 ). Thus the theory which has been discussed in § 1.2 can be brought to 

bear on (•). 

The core of this thesis lies in the resolution of the variable separation prob­

lem for the real Heal and Schrodinger equations. This is Chapter 2. An exhaus­

tive treatment is given there of all the details of separation - the separation 

equations, the R-separation factors and the operators. The early work of Miller 

( 1977) is generalised when it is shown how R-separable systems for the 

Schrodinger equation are naturally related lo the Schrodinger equation with 
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harmonic oscillalor and linear potentials. A major deficiency here is that the 

special funclion theory is not pursued. This thesis is confined to obtaining the 

ordinary differential equations representing the separated solutions, and lo 

obtaining the constants of the motion in terms of the enveloping algebra. A 

rigorous study of these special functions will be made in the future. 

Chapter 3 deals with complex extensions of the work in Chapter 2. In the 

real case covered in Chapter 2, the signature of Minkowski space enables us to 

reduce the metric to one nonorthogonal element. For the complex case, as the 

class covered in § 3.4 shows, this is not always possible. If we assume, however, 

that the metric has only one nonorthogonal element as is done in § 3.2, much of 

the analysis for the real case can be applied. In this case there is also an excep­

tional class of systems which is not of Hea.t type i.e. these systems do not lead 

lo R-separalion for the Heat equation. 

Finally there are some interesting sidelines. A program has been written in 

the symbolic language MACSYMA capable of producing all the time consuming 

details of separation in flat spaces. An essential element of the program was the 

derivation of a helpful general formula, which for flat spaces converts second 

order Killing tensors into the corresponding members of the enveloping algebra._ 

Given the Sta.eke! matrix and the coordinate transformations the program could 

among other details calculate the metric, the separation equations and most 

importantly, the Killing tensors defining the separation in terms of the envelop­

ing algebra. This program is useful not only in checking, but also in providing 

results from which general solutions can be guessed. Furthermore it is used to 

calculate the details of separation for the unusual class of systems given in § 3.4, 

an almost impossible task by hand. 



II 

The Real Heat and Schrodinger equations 

2.1 Introduction 

In this chapter we completely solve the R-separation problem for (•) when 

the variables yu and t are real. Both the Heat and Schrodinger equations stu­

died in this chapter have diverse applications. If e=-1/ 2 and E=O then (•) is 

the Heat equation, and -Ir could represent the temperature of a fluid, or the den­

sity of one gas diffusing through another. When e=il 2, (•) is the Schrodinger 

equation, and -Ir is the wave function with 1-v 12 being proportional to the proba­

bility density function for a free particle. By keeping e unspecified we are able 

to treat these two equations simultaneously. 

Fortunately the case e=O has been solved by Kalnins and Miller (1982a). 

This case, the enumeration of all separable systems on /Rm, forms the building 

block of our solution. Another valuable reference is Miller (1977) where the R­

separable coordinate systems are classified for both the Schrodinger and Heal 

equations in one and two spatial dimensions (i.e.m = 1 or 2). 

Even though it will not be possible to solve the classification problem using 

group theory alone it will be a great help to us. Using the techniques of Bluman 

and Cole ( 1974 ), the infinitesimal generators 

(2.1.1) 

for the Lie algebra of (•)·s symmetry group are found by solving the relation 

[ Q, L] = M(Y)Q, (2.1. 2) 
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where Q = l:!,.m + 2t:B1 -E and Y = (y 1, . ym ,t) This 1s the analogous relation lo 

( 1.2.13). the equation used lo find the symmetries of the Helmholtz equation. 

The infinitesimal generators L can also be interpreted as symmetry operators in 

the sense that they map solutions lo solutions: if cJ> is a solution of (•) then so too 

is LcJ>. 

To simplify this study we will say that two R-separable coordinate systems 

! xl and !i:l are equivalent if 

b. x°'=c;x~+~g 11 (x 11 ). det(c;)~O. 
Cl 

or 

c they a.re related by the a.ction of the symmetry group. 

(2. l.3a) 

(2. l.3b) 

(2. l.3c) 

The c; above are real constants and the x 11 are essential variables. The 

equivalences (2. l.3a) and (2. l.3b) are those that Benenti (19B0a) derives using 

his definition of equivalence for the Hamilton-Jacobi equation. In a similar 

manner to the Helmholtz equation these equivalences extend naturally to (•), 

since they preserve this equations R-separability. Again the equivalence (2. l.3c) 

can be added because equivalence under the group removes the distinction 

between many different coordinate transformations leading to the same func­

tional form of (•). 

The structure of this chapter is as follows. In §2.2 we transform (•) to the 

Helmholtz equation in Minkowski space, and exploit the fact that both this equa­

tion and the even simpler Hamilton-Jacobi equation separate in the same coordi­

nate systems. §2.2 is also introductory in nature as it outlines much of the basic 

material needed for our study. In §2.3 we determine the possible sets of com­

muting Killing vectors (or abelian sub algebras) characterising separable sys­

tems for the Hamilton-Jacobi equation. Using these abelian subalgebras a sim­

ple form is then found for the metric. As a result the Riemann curvature condi­

tions are solved in §2.4 and the metric completely determined. The technical 

work of finding the coordinate transformations is also carried out in §2.4. This 

work is summarised in graphical form in §2.5. In §2.6 we determine the opera­

tors for (•) and in §2.7 t.he R-separable solutions. The applications for the Heat 

and Schrodinger equations are discussed in §2. B and the results for 

m = 1. 2, and 3 are tabulated in Appendix A. 
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2.2 Passage lo the Hamilton-Jacobi equation in Minkowski space 

The problem of finding all R-separable systems for ( "') is shown to be 

equivalent to that of finding all separable systems for the Helmholtz equation 

(2.2.1) defined on Minkowski space with symmetry (2.2.2). The conditions for 

separability of (2.2.1) are best derived from its classical counterpart. the 

Hamilton-Jacobi equation (2.2.14). We show that the symmetry algebras of ("') 

and (2.2.14) are isomorphic lo the Schrodinger algebra when E =O and lo the 

Galilean algebra when E ~ 0. The central result is the following theorem. 

Theorem 2.1 

There is a mapping between R-separable coordinate systems of ("') and 

separable coordinate systems for the Helmholtz equation on n (=m +2) dimen­

sional Minkowski space, 

(2.2.1) 

whose solutions ~ are eigenfunctions of the symmetry operator 

(2.2.2) 

with associated eigenvalue£. (i.e. or"~=£~)-

Here the D'Alemberlian operator on Minkowski space with the coordinates 

fl' ,i = 1,2, ... ,n, is defined by 

(2.2.3) 

Proof 

We first construct the mapping from("') lo (2.2.1). Suppose 

; i( l n-1) • 1 2 n 2 y = y X , . . , X ,] = , , . . . , - , 

(2.2.4) 

is an R-separable system for("') then there are functions "1. "1; and R such that 

n-1 
"1 = eRfI "1;(xi) (2.2.5) 

j=I 

Consider the coordinate system x' 



y) = yJ (£1' x" 1) .J = 1, 2, n -2, 

Yn-1 - y" = 2t (z I, xn-1) 

ijn-1 + ijn = x" - RI r: (2.2.6) 

This is a system in Minkowski space with ignorable .fn, corresponding to the 

symmetry operator (2.2.2) whose eigenvalue we shall specify as r;. Let 

n-1 
~ = ecrn TI "'j(xi) 

j = I 

n-1 
= elc(gn-l+g")+RITI -.J,j(xi) (2.2. 7) 

j=I 

As -.J, satisfies (•), ~ is easily shown to satisfy (2.2.1). In other words (2.2.6) is a 

separable coordinate system for the Helmholtz equation (2.2.1). We now show 

that the mapping from (2.2.4) to (2.2.6) is onto by constructing its inverse. If tx! 
is a separable system for (2.2.1) with symmetry operator (2.2.2) then 

, n-2. 

-n-1) 
X • 

(2.2.B) 

which if we let 

I= -Rlr: (2.2.9) 

is the image of (2.2.4),and the theorem is proved. Q.E.D. 

In fact (2.2.1) separates in the same coordinate systems for each nonzero 

value of E. Care must be taken when E=O. When this occurs (2.2.1) is the wave 

equation which in general separates in additional coordinate systems as is shown 

in Kalnins and Miller (1982c). However if we define 

,'f = e -Et/2C-.J, (2.2.10) 

then by substitution: 
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f 1,s an R -separable solution for ( •) with E = 0 

if I 

-Ir is an R -separable solution for (• ). 

The presence of the symmetry (2. 2. 2) has eliminated these additional systems. 

This means that a classification for nonzero E will also yield all possible systems 

when E=O. Again care must be taken as the symmetry group of the wave equa­

tion is larger: it admits additional conformal symmetries. In essence, some of 

the systems which are inequivalent for (•) when E ;,i!O become equivalent under 

the action of the extra symmetries when E=O. We will return to this point later. 

All that we need lo know al the moment is that everything can be obtained from 

the nonzero case. 

One of the advantages of transforming our problem lo the Helmholtz equa­

tion (2.2.1) is that lo such an equation we can naturally associate a Riemannian 

geometry. Here (2.2.1) corresponds lo the metric 

(2.2.11) 

which is the fundamental metric of a general n-dimensional Minkowski space 

E(n. l). The classification of the separable coordinate systems can now be 

framed as the classification of the metrics 

ds 2 = g· -dx'-d.xi \J 
(2.2.12) 

that can occur in Minkowski space {i.e. a space with fundamental form (2.2.11)) 

and separate the Helmholtz equation {2.2.1). Such a classification can be 

accomplished using the results of Riemannian geometry. Since the space is Min­

kowski these results imply that all the components of the Riemann curvature 

tensor given in {D11) are identically zero, i.e. 

1 ~ i ,j .k ,l ~ n (2.2.13) 

Since (2.1.1) is a Helmholtz equation the discussion in §1.2 implies that 

every separable coordinate system for this equation also separates the 

corresponding Hamilton-Jacobi equation 

. Pi. = aw I ayi. . (2.2.14) 

with Minkowski space metric (2.2.11) and symmetry operator (2.2.2). As 
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menlioned in §1.2, nol every separable system for lhe Hamillon-Jacobi neces­

sarily separates the Helmholtz equation. Helmholtz separation only occurs if 

the generalised Robertson conditions given in (D9) are also satisfied. These con­

ditions depend on the metric components and are especially complicated in 

metrics with many nonorthogonal components. In our case they can be shown 

lo be always satisfied after the metric has been reduced to the simple form 

(2.3.1) given in §2.3. The argument is the same as that used for the complex 

case (see (3.2.3) and (3.2.4)). Thus the Hamilton-Jacobi equation and the 

Helmholtz equation (2.2.1) separate in exactly the same coordinate systems. 

This result can also be proved by making the following observation which avoids 

introducing the technical details of the generalised Robertson condition. The 

separability of (2.2.1) in all separable systems for the Hamilton-Jacobi equation 

(2. 2.14) is ultimately demonstrated in §2. 7 by obtaining the corresponding 

separation equations for (•). In summary our problem has been reduced to the 

much easier one of finding all separable systems for the Hamilton-Jacobi equa­

tion (2.2.14). 

Working with the Hamilton-Jacobi equation is more convenient since its 

form ( 1.2.5) is not as complicated as that of the Helmholtz equation ( 1.2.9) and 

is more closely related to the metric (2.2.12)(it's just the inverse). Using his 

definition of equivalence. Benenti ( 1980a) was able give the conditions for separ­

ability of the Hamilton-Jacobi equation (D2). He showed that each of his classes 

contained a canonical separable system (xa. zT. xal with contravariant metric 

(D3). The form of (D3) implies that the first order variables are of null-type, and 

the signature of Minkowski space which is n -1 thus limits the number of these 

variables (n2) to l. A discussion of null variables is given in Eisenhart (1949). 

Since our problem will be solved using the Hamilton-Jacobi equation 

(2.2.14). we first find the Killing vectors corresponding to the first order sym­

metries of (2.2.1) and (•) when E-.tO. To find these Killing vectors we solve 

(1.2.12) in the standard coordinates y': 

(H .µ,Jp = 0 (2.2.15) 

whereµ,= ai(y)P;- When E-.tO the Hamilton-Jacobi equation (2.2.14) admits a 

Lie algebra of Killing vectors which is the Lie algebra of Minkowski space e (n. 1). 

All the coordinate systems we are considering possess the symmetry (2.2.2) and 

so ( 1.2.18) implies that all symmetries of (2.2.1) musl commute with (2.2.2). The 

Killing vector counterpart of this relation, ( 1. 2. B). is 
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(2.2.16) 

where f is the Killing vector corresponding lo (2.2.2). This extra condition 

confines us lo a subalgebra of e (n, l) - the Galilean algebra 9m of dimension 

~ m(m+1)+2 and basis 

(2.2.17) 

Here u,v E: U = l 1. . . . n-2i. In general the indices u and v will be taken from 

the set U. Since the above Killing vectors are a basis, any Killing vector has the 

form 

(2.2.18) 

where the p-;:, m::v. p-;: and K.a are all real constants. The commutation relations 

for 9m may be derived from Table 2.2.1. The symmetry algebra for the 

Helmholtz equation (2.2.1) (E~O) is again 9m with the identifications 

(2.2.19) 

By solving (2.1.2) for (•) we find that 9m is also the symmetry algebra for (•), 

except that the operator f is replaced by its eigenvalue e. 

If E =O the symmetries of (2.2.1) are of the form a) P; + f where 

lH. ai P; + f jp = M(Y)H and then there are two extra symmetries. When 

expressed as Killing vectors these are 

K2 = -t 2Pe - tEy"Pu + ~ fE(y") 2 , 

" " 
(2.2.20) 

• 
and as operators for(•) 

K2 = -t 28e - tEy" a" - ! mt + ! E E(y" )2 , 

" " 

D = EY" a" + 2t 8e + ! m (2.2.21) 

" 

These satisfy the commutation relations 
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This enlarged algebra is the Schrodinger algebra sm of dimension ~ m (m +3)+4. 

Geometrically, the Pu and Muv are generators of space translations and 

rotations under which (•) is clearly invariant. Less obvious are the transforma­

tions corresponding to the Bu 's. These are the Galilean or velocity boosts and 

illustrate the fact that (•) retains its form in uniformly moving frames of refer­

ence. When E=O we have the additional conformal Killing vectors D and K2. D is 

the generator of the dilatation symmetry -1-(y,t) ➔ 'l-(o:y,cx2t ). The action of K2 is 

rather complicated and it does not have a simple geometrical interpretation. 

One of the chief applications of these symmetry algebras will be to deter­

mine the abelian subalgebras corresponding to sets of ignorable variables. Again 

the action of the group helps us choose simple representatives for these 

subalgebras. The group acts on the algebra 9m via its adjoint action. In general, 

for two members of a Lie algebra Li and L2, the adjoint action of Li on L2 is 

given by 

(2.2.23) 

where Ad Li(L2) = [Li, L2]. A proof of this result is given by Hausner and 

Schwartz (1968). The adjoint actions for the Galilean algebra are summarised in 

Table 2. 2. 1. 
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Table 2.2.1 Adjoint Actions for the Galilean Algebra 

P,,, + M_ + 
a (6,,,,,Pv. -6v.,,, P,,) a (6,,.,, Mv.a -6,,. Mv.,,, 

+a2 .. t +6v.• M,,,,, -6v.,,, M,,.) 
+a2 ... t 

M,,,.+ 

B,,,+ 

a(6,,.,,Bv.-6v.,,,Bv) 
+a2 ... t 

Table 2.2.1: each entry represents eaAdL 1(L2), e.g. eaAdPv.(Bw) = Bw + a.o;we. 

If the adjoint has no effect, i.e. ea Ad £ 1(£2 ) = £ 2 • then there is no entry. From 

(2.2.23), the commutation relations are simply the coefficients of a. in the table. 

For example [Mvv•Pw] = ovwPv -Ou.wP,, where o;,,. is the Kronecker delta. 

t -The adjoint action of M"" on the Pw 's is e aAdllv."(p"P" +p,,P,,) = Pv 'Pv +p,, 'P,, 

where Pv' and p,,' are determined by [::: I = [ ~;:<;J) :::~:~I[:: I· It acts 

on the Bv's in exactly the same manner. {u,v,w,z e::U = ll, ... ,n-20. 
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The operalors Pu. Hu. t generale lhe 2m + 1 dimensional Weyl algebra wm 

and lhe Muv 's generale lhe ½-rn (rn -1) - dimensional orlhogonal algebra o (rn ). 

If we define lhe operators 

(2.2.24} 

these satisfy the commutation relations 

(2.2.25} 

and form a basis for the Lie algebra sl (2,D? ). It follows that the structure of Sm 

is 

Sm = (sl (2,D?} EB o (m}} $ Wm (2.2.26) 

where EB represents the direct sum and <B the indirect sum. Similarly the 

Galilean algebra has structure 

(2.2.27} 

where t I is the one dimensional algebra of time translations. Using standard 

results from Lie theory, these operators can be exponentiated lo obtain the 

Schrodinger and Galilean groups. These groups act on lhe space of locally ana­

lytic functions of lhe real variables y; ,t and map solutions of (•) into solutions. 

Expressions for lhe actions of these groups appear in Miller ( 1977}. 
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2.3 Reducing the Hamilton-Jacobi equation 

In this section we find simple forms for both the metric and the Killing vec­

tors, summarising these results in the following theorem. 

Theorem 2. 3.1 

All Hamilton-Jacobi separable coordinate systems for (2.2.14) with Killing 

vector f, are equivalent lo a coordinate system associated with the Hamilton­

Jacobi equation 

+ gCn-2)(n-2)p 2 + g""p 2 + 2p p = E n-2 n n-1 n • 

Moreover if one variable is first order, and there are r ignorables xa(ll, 

in addition lo x", the corresponding Killing vectors are 

Aa(l) = M12, • · • ,Aa(p) = M2p-l.2p 

'\ - B p+q+lp '\ B p+rp 
"a(q+l) - p+q+l-P p+q+l• • • •, "a(r) = p+r-P p+r· 

(2.3.1) 

(2.3.2) 

If there are no first order variables then all the Killing vectors except for onet 

will be those in (2.3.2). 

Proo/ 

Let x 11 be a Stiickel variable while xr is first order. From (2.2.B) 

gni = (2.3.3) 

so that 

(2.3.4) 

since inversion of (D3) shows that for Stiickel variables 9 11\ =611\{g- )- 1• The equa­

tions in (2.3.4) can be integrated lo give 

t = h(xr) + E9na(xr)xa 
a 

i - This Killing vector can only be calculated from the coordinate transformations (2.4.30). It 
has form K_2 +fJ" B,., but it's knowledge was not needed to produce the reduced form of the 
contravariant metric (2.3.1). It may be regarded as a special subcase when the first order 
variable has become ignorable. 

(2.3.5) 
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Now from (2:3.5) and (2.2.B) 

(2.3.6) 

so (2.2.1B) implies 

(2.3. 7) 

We know from §2.2 that n 2~ l. 

If n 2 = 0 then 

(2.3.B) 

under a general linear motion amongst the ignorables. 

Consider n 2 = 1. If for some (3. K-fJ ~ 0, we can use a general linear motion and 

then the freedom (2. l.3b) lo transform t to xn-2 . i.e .. 

Thus from (2.3. 7}. (g,;} has form 

• • • 
• 

• 
• • • 
0 0 

• 0 

• 

• 
• 
0 

0 

0 

0 

(2.3.9) 

(2.3. lOa) 

The variable xn-l is first order. thus g(n-l)(n-l) = 0 and by laking the inverse of 

(2.3. lOa). (g'i) has form 
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• 
• • • 0 • • 
• 0 • 

• • • 
0 0 0 

• • • 0 0 • 
• • • • 

(2.3. lOb) 

The vectors 

:xn-1 = (0,0, . 

:xn-2 = (0,0, · 

.0.0.1.0) 

.0.1.0,0) (2.3.11) 

are orthogonal and null with respect to (gi.i ). which is impossible in Minkowski 

space (see Eisenhart (1949)). Thus 

"o. = 0, for each o.. (2.3.12) 

It is now possible to use the freedom (2.1.3a) to change variables so that 

(2.3.13) 

We see that whether xn-l is first order or ignorable the coordinate transforma­

tions are 

This is progress as the time coordinate t has been identified as just xn-l_ 

From (2.2.18) and (2.3.14) 

(2.3.14) 

(2.3.15) 

Let xn -• = c and xn =k in (2.3.14) where c and k are both constants. The metric 

(2.2.11) becomes 



n -2 
ds2 = ~ (dy" )2 (2.3.16) 

u 

with corresponding Hamilton-Jacobi equation 

(2.3.17) 

From (2.3.14) the coordinate transformations for this system are 

(2.3.18) 

Technically it is not possible to take both xn-l and xn to be constants since the 

metric (2.2.11) then becomes singular. It will be legitimate in our case, how­

ever, as the properties we will derive do not depend on the singularity of the 

metric. 

n-2 
Separable solutions 'ir= TI 'ir,.(x") 'Vn_ 1(xn- 1)e'z" will also yield separable 

u=l 

solutions of (2.3.17) parameterised by c and k. Thus (2.3.18) is a separable 

coordinate system for the Hamilton-Jacobi equation (2.3.17). All such systems 

have been classified by Kalnins and Miller (1982a). They find that there is an 

equivalent separable system lx!, 

(2.3.19) 

in which the Killing vectors are 

(2.3.20) 

Now consider 

(2.3.21) 

which is an equivalent separable system for (2.3.14). Setting xn-l = xn = 0, a 

constant, (2.3.15) becomes 

(2.3.22) 

Comparing with (2.3.20) the 15:·s and m:v•s are determined and with the 
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reslriclion xn-l = xn = constant = O, removed 

(2.3.23) 

We can assume that 

p:, = 0 ,s = p + 1, . . q. 

P;' ~ 0 ,for some v, s = q+l, ... ,r, (2.3.24) 

and will show that 

p:, = o. s = 1 ... _ . p. (2.3.25) 

First consider the Killing vector 

(2.3.26} 

From Table 2.2.1 its possible to take 

(2.3.27) 

by using the action of B
1 

and B
2

. Now using rotations independent of x 1 and x 2
, 

(2.3.28} 

where 

(2.3.29) 

Again letting xn-l = c and xn = k, 

Aa(l) ➔ M 12 - {Jc Ps , (2.3.30) 

which must be a Killing vector for a separable system on mn-2 . The argument 

used by Kalnins and Miller {1982a) to derive (2.3.20) shows that this is only possi­

ble if p = 0, i.e .. from (2.3.29) 

P:'" = o - (2.3.31) 

This result is easily generalised to show that (2.3.25) holds. 

We will now show that 

p:, = 0 ,u ~ s +p , q + 1 s s Sr (2.3.32) 
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Using rolal1ons independent of y 5 • P 

(2.3.33) 

where 

{J = [ }:; (p:)2)1/2 (2.3.34) 
u res +p 

Further using the rotation M (s +p)v we obtain 

(2.3.35) 

where from (2.3.24) 

(2.3.36) 

is nonzero. Applying the action of K _2 

(2.3.37) 

where K, has been absorbed in xa(s) and 

(2.3.38) 

From (2.2.8) and (2.3.37) 

dys+p 

, W ~ V ,S +p , (2.3.39) 

which implies 

ys+p 

yw = A,,., . 

(2.3.40) 

where A 1 , . , .4n_2 and D do not depend on xa(s) and xn-i_ If p ~ 0, and 

xn-i = c, a constant, the work of Kalnins and Miller (1982a) implies that As+p 
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and Av are not functions of the x", so they depend on xn-l alone. This is impossi­

ble since if it occurred y 5 +p, y" and yn-l - yn would be dependent. Thus ~ = 0 

and together with (2.3.34) and (2.3.3B}, (2.3.32) is verified. 

The results (2.3.25) and (2.3.32) show that the Killing vectors have the 

form (2. 3. 2) given in Theorem 2. 3.1 and this will be used to prove the other part 

of the theorem. Using (2.3.2) 

dxals) = d'Jl..2s -I 
= 

d'Jl..2s 
= 

d'Jl..c(s) 
, 1 S S Sp , IC(S) ~ 2s -1, 2s , 

-y2s 2s -1 0 -y 

dxa(s) = dy_P +s 
= 

dy_c(s) 
.p+lss S q , IC(S) ~ p +s , 

1 0 

q + 1 s s s r . 1C(s) ~ p +s. n-1 , n -2 

= ~ = dy_n-1 = 
0 1/ 2 

we obtain the coordinates 

!!:1L_ 
1/ 2 • 

.p+lsssq. 

Ys = As , r + 1 s s s n -2 . 

(2.3.41) 

(2.3.42) 

Here A A D are functions of xn-t and the Stackel variables alone. Tak-1, -~-2• 

ing xn - 1 to be constant. the work of Kalnins and Miller ( 19B2a) implies that 

A25 , 1 S s Sp+ 1 , A,, +s , p + 1 S s S r , (2.3.43) 

are not functions of the Stackel variables which means they are dependent on 

xn-l alone. Using the transformations. 
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(2.3.44) 

it can be assumed that 

A,,+s = 0, p + 1 ~ S ~ q. (2.3.45) 

With the aid of the results of (2.3.42), (2.3.45) and the fact that for Stackel vari­

ables 9a.:=6a1(g~)- 1, the metric can be written as 

ds2 = L9uu(dx")2 + 9(n-l)(n-l){dxn-1)2 + 2dxn-ldxn (2.3.46) 

" 
Inversion of (2.3.46) gives the Hamilton-Jacobi equation in the form (2.3.1). 

Q.E.D. 

By finding the symmetries and using the restrictive signature of Minkowski 

space we have reduced the nonorthogonal part of the Hamilton-Jacobi equation 

to one off-diagonal element. 

2.4 Metric and coordinates 

In the previous section we established a simple form (2.3.1) for the contra­

variant metric and this will enable us to use the curvature conditions (2.2.13) to 

determine this form exactly. We will also find the coordinate transformations. 

Theorem 2.4. 1 

The Hamilton-Jacobi equation can be written 

(2.4.1) 

where 
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(2.4.2) 

is some subset of U=!l, ... ,m! and lhe sets 

(2.4.3) 

form a partition of U. Here aq is a function of x"'- 1 alone, and if b€.Bq 

(2.4.4) 

where c f:.Bq· 

As an illustration of the notation used in Theorem 2.4.1 see (2.5.14). There 
I 

U=Q=!l.2!, B 1=(1! and B 2 =l2!. In (2.5.17) Q=(l!, B 1=(1,2! and a 1=l(x 3 ) 2 +ll 2 . 

To prove the Theorem we will make use of the following equivalent condition for 

the Stackel matrix found by Eisenhart (1934). 

Lemma 2.4.l 

The nonsingular Qx Q matrix (1/1;,;) is a Stack el matrix if and only if 

We now prove Theorem 2.4.1. 

Proo/ o/ Theorem 2.4.1 

(2.4.5) 

For notational convenience we need only assume n 2= 1 since the functional 

form for n 2 =0 is just a special case. Consider the matrix 

(2.4.6) 

where 

is an MxN matrix ( N = n 1+1, M = n-2-n 1) and 11111 is the MxM identity 

matrix. 

This matrix has the properties 
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cJ>ln -1)1 

cl> 
(2.4.B) 

These will enable us lo make extensive use of Lemma 2.4. l. It follows immedi­

ately from (2.3.1) and Lemma 2.4.1 that 

(2.4.9) 

It is easily shown that 

(2.4.10) 

Substitution of (2.4.9) into [] in (2.4.10) gives 

(2.4.11) 

This implies 

( n -1) -9uu = C1u X 9uu (2.4.12) 

where fluu does not depend on :,;n-l_ From (2.4.9) and (2.4.11) 

(2.4.13) 

We can define an equivalence relation ~ on U by u ~ v if Uu is proportional 

lo u11 , and by rescaling coordinates there is no loss in assuming that Uu = u11 on 

each equivalence class. By reordering the indices. the sets of the partition can 

be taken to be the Bq • s of Theorem 2.4. l. Furthermore. (2.4.13) implies that the 

9bb • s are only functions of those :,;c: • s in their class. i.e. they satisfy property 

(2.4.4) in Theorem 2.4. l. Defining 

(2.4.14) 

the Hamilton-Jacobi equation takes the form (2.4.1) given in Theorem 2.4. l. 

Q.E.D. 
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dsq 2 = ~ 9bb (dxb )2 

b1:.B, 

are separable, flat and positive definite. Also we have 

(2.4.15) 

(2.4.16) 

Proo/: We first show that the metrics (2.4.15) are differentially flat, separable 

and positive definite. The flatness conditions Rt;1ct = 0 with i,j ,k ,l e: B,,, are 

equivalent to Rt;1ct = 0, i.e., those for the metrics in (2.4.15). It follows that the 

spaces associated with these metrics are flat. Since the metrics in (2.4.15) are 

orthogonal the separability conditions (2.4.5) for i,j ,k E: B,, can be applied to 

show that these metrics are also separable. To show that the metrics in (2.4.15) 

are positive definite we first compute the eigenvalues of (2.4.1). These are 

(2.4.17) 

Regardless of the value of gnn the eigenvalues ( + and f- are positive and nega­

tive respectively. The remaining eigenvalues (u must be positive since the space 

is Minkowski with signature n-1. It now follows from (2.4.1) that 

a,, > 0 and !fuu > 0 , (2.4.18) 

redefining a,, and 9uu to be their negatives if necessary. This shows that the 

metrics (2.4.15) are positive definite. 

To prove condition (2.4.16) of the Theorem we notice that since v,, is given 

by (2.4.14), the extension of Lemma 2.4. l (see equation (2.4.B)) can be used to 

obtain 

(2.4.19) 

Alternatively this result can be obtained by considering the Hamilton-Jacobi 

equation {artificially created for our purpose) ~ g""p,,2 + ~ V,,P~-l. As this 
bEB, q 

equation is separable the results of Lemma 2.4.1 can be applied: equation 

(2.4.19) is derived from (2.4.5) with j=c, k=d and i=n-1. Combining this result 
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wilh lhe curvature conditions Re (n -J)(n -J)d = 0, which are equivalent to 

(2.4.20) 

we obtain condition (2.4.16). Q.E.D. 

We now go on to determine the exact form of the unknown functions 

{jbb. Oq, Vq, and hence obtain the classification we are seeking. First since the 

spaces defined by the metrics (2.4.15) are positive definite, we can use the 

results of Kalnins and Miller ( 1982a}, in which they completely classified such 

spaces; this determines the {juu 's. By transforming to standard cartesian coordi­

nates on each /Rn', the Oq and Vq are determined. In transforming back to gen­

eral separable coordinates, however, the separability is not necessarily 

preserved, so we find the compatibility conditions to ensure this preservation. 

Since the spaces defined by the metrics are flat and positive definite we 

can choose standard coordinates z" : 

(2.4.21) 

and 

ds/ = ~ (dz" )2 . (2.4.22) 
bEB1 

Working in terms of these coordinates (2.4.19) implies that 

(2.4.23) 

R(n-l)cc(n-l) = 0 is equivalent to 

(2.4.24) 

where the prime denotes differentiation with respect to xn-l. Together with 

(2.4.23) this last equation implies that 

(2.4.25) 

and 

2 .. ( •)2 - ,,. OqOq - Uq - '>q• (2.4.26) 
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Making a transformation of form xn ➔ xn + g (x" - 1) we can take 6 = O in (2.4.25). 

When ( 11 ;1! 0 it 1s possible to translate z b so that "Yb ➔ O. To solve (2.4.26) 

differentiate it to obtain a"'=O and substitute the resulting quadratic into the 

original equation (2.4.26). Application of the coordinate freedoms (2.1.3) leads 

to the five possibilities I ➔ IV± in Table 2.4.1. 

Table 2.4.1 Possibilities for a{x"-1) 

type 

I 1 0 arbitrary 

II 0 arbitrary 

Ill -1 0 

IV± 

The constants ( 11 • "Yb. v 11 and w 11 are all real. 

A knowledge of the lower dimensional cases, plus the form of the coordi­

nate transformations (2.3.42), and a little guess work leads to the transforma­

tions for n=3{m=l). They are 

y2 - y:, = 2x2. (2.4.27) 

where ff (y) = J,z_2 / (y }dy. We now show that this 1-dimensional case forms 
Jl-1/o 

the building block for all others. Define 

(2.4.28) 

and 
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then the coordinate transformations are 

yn-1 + yn = Xn _ L L Gt,q , 
q£.QbEB9 

(2.4.30) 

These results can be checked by computing the metric using (2.4.30) and then 

taking its inverse to obtain the Hamilton-Jacobi equation (2.4.1). In the above 

transformations we will say that the --Yu term is attached to the zu coordinate. 

To obtain the coordinate transformations in terms of the x' we simply sub­

stitute the expressions given for the zb in (2.4.21). Not all the systems thus 

obtained will be separable. Naturally they will be separable when --Yu= 0 for all u 

and ( q =O, or for all values of these parameters when the coordinates are carte­

sian. Given a certain separable system (2.4.21) the problem is to work out the 

form of Vq (or equivalently the values of the parameters --Yu and (q) to ensure 

separation in the variables x'. 

To tackle this problem it is necessary to know just what the possible sys­

tems {2.4.21) are. We give a brief summary of the solution provided by Kalnins 

and Miller ( 19B2a). They show that it is possible to decompose /Rn into a direct 

sum of subspaces /Rnr in such a way that the separable coordinates on each of 

these are of either "elliptic" or "parabolic" type with graphical representations 

{2.4.32A) 

or 

(2.4.32B) 

respectively. We will say that /Rn splits into the subspaces /Rnr_ Cartesian 
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coordinales on /Rnr for case A are given by 

(2.4.33A) 

and for case B 

(2.4.33B) 

Here the P,s,,1 . l~q;~P; + 1 are coordinates on the p;-dimensional sphere SP, and 

therefore satisfy 

Pj + I 

'°' s 2 = 1 LJ Pj 'l; • 
'lj = I 

(2.4.34) 

In (2.4.32) the sphere SP; is said to be attached toe; or equivalently to the coor-

dinate When P; =O. Sp. is the "zero dimensional" or "trivial" sphere. , 
Equivalently there is no sphere attached to Nr w;. 

For elliptic-type coordinates A 

.j=l, .... Nr, (2.4.35A) 

where 

For parabolic coordinates B 

,j = 2, .... Nr. (2.4.35B) 

where 
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If lhf' case Nr = 1 is lrealed in lhe same way as Nr > 1, it is possible to have 

lhe elliptic and parabolic systems 

and 0 

. . (dx 1)2 
corresponding to the metrics ds 2 = 1 and ds 2 =(dx 1) 2 respectively. Both of 

X -e 1 

these systems are equivalent via the scaling transformation (2. l.3a). This 

explains why the parabolic case does not appear when Nr = l. This will help clar­

ify some of the exceptional behavoir that we will later encounter for Nr = l. 

The classification also depends on the possible separable systems on the 

spheres Sp.· The structure of these systems is independent of the V9 and u9 , 
lerms. Separable systems on SP; can be built from irreducible blocks, each hav­

ing graphical representation 

(2.4.36) 

The coordinate transformations for this block are 

IT (xi -ei) 
S ·2 = C 2 --=j===-1 -,-----,--

p 1 I](e;-ei) (2.4.37) 

j -i 

wheree 1 <x 1<· <x"<ep+i· A general graph for s,,; has form 

(2.4.38) 

The coordinates for (2.4.38) can be built in multiplicative-iterative fashion from 

those of (2.4.37). This process is best understood by consulting Kalnins and 

Miller ( 1982a) and the examples provided in Tables 2 and 5 of Appendix A. 
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Applying lhese results lo our case, decomposing lhe space corresponding 

lo dsq 2 • corresponds lo partitioning Bq into subsets Er in just the same way that 

we partitioned U into the subsets Bq {i.e. the set Er is labelled by its minimum 

value r ). For example in (2.5.17) E 1 =!1!, E 2 =l2!, and in (2.5.2'.l.) E 1 =fl,2!. 

Using this partition 

as/= ~ d~r2 
r EltnB, 

where dsr 2 is the infinitesimal distance 

dsr 2 = ~ g,,,, (dx" )2 

b E Er 

(2.4.39) 

(2.4.40) 

Here fR is the sel of all the {minimum) indices r {e.g. in both (2.5.14) and 

(2.5.17) <R=ll,2!). For simplicity on each irreducible block Er of form (2.4.32A) 

or (2.4.32B) the coordinates xr, xr• 1, . ... xr•nr-l are relabelled as 

xnr Vr for each of these blocks is defined as in (2.4.14) but with b 

restricted to Er. Confining ourselves to one of these blocks Er we systematically 

determine Vr. 

Suppose that (q ~ O{i.e. u, is of types III or IV±) on Er· Here 

(2.4.41) 

and from (2.4.33) and (2.4.34), 

(2.4.42) 

Substituting for the Nr w; from {2.4.35) and expanding in partial fractions in 

terms of the e; 's we find after some time that for the elliptic case A 

(2.4.43A) 

and for the parabolic case B 



- 39 -

Nr-1 Nr-1 

-( L et )2 -2 L e/] (2.4.43B) 
t = I t = l 

However only the Vr of (2.4.43A) satisfies (2.4.16). This means that if ("9 ;,t:Q only 

elliptical-type coordinates are separable. 

Now consider ("9 =0 and suppose that at least one of the ')','s (')'A: say) is 

nonzero. In this case c,9 is of type I or II and 

(2.4.44) 

Let x 1 be any of the separable coordinates on the sphere Sp t" From (2.4.16) 

p,+1 

Ozl zl Vr(x 1,x2=e2,···•xNr=eN) = 0 = Oz1( Nrw 1)oz,( ~ ')'J 1 p 1s 91 ) (2.4.45) 
91= l 

(2.4.46) 

pl+ l 

i.e., L 'YJ, P,s91 = A. a constant. Such a relation can not exist among the P,s91 's 
9,=1 

unless p 1 =O. No sphere can be attached to the coordinate Nr w 1. This is demon-

strated as follows. As the 'YJ/s are real, rotations can be used to pass to an 

equivalent set of separable coordinates, pi591 , for the sphere Sp 1,such that 

Since ~(-),J1)2 ;,t: 0 equation (2.4.46) now implies 
9 I 

(2.4.4 7) 

(2.4.48) 

This is only possible if p 1=0 i.e. no sphere is attached to the Nrw 1 coordinate. 

Still assuming ("9 =O and 'YA: ;,t:O consider the elliptic case. 
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Lel Nr = 1 No spheres are altached lo 1w I by lhe argumenl above and so 

z 1 = 1w 1 =x 1- Condi lion (2.4.16) is satisfied and lhe system is separable. 

Let Nr~2 Using the above argument and the symmetry of the elliptic coordi­

nate transformations (2.4.35A). shows that no spheres (beside the trivial ones) 

can be altached to any of the Nr w; coordinates. Let x I and x 2 to be any two of 

the elliptic-type coordinates in (2.4.35A). Equation (2.4.16) yields 

(2.4.49) 

.L 
Multiplying this last expression by (x 2 -e 2 ) 2 and setting x,;=e,; for i~2. we find 

that )'2 = 0. This result is easily generalised to show that )',; =O, for all i: contrad­

icting our initial assumption that one of the )',; 's was nonzero. Under these con­

ditions, it follows that the elliptic block Er leads to separability only if V,.=O. 

In the parabolic case using the same methods we find that only /'i can be 

nonzero and then 

= Lv C (x 1+ 2 / I T 

i.e. parabolic coordinates are separable in this case. 

(2.4.50) 

Finally if -y 1 = 0 = (q (i.e. aq is of type I or II), then both elliptic or parabolic 

type blocks are possible. 

A more elegant proof of the above results will be given for the complex case 

in §3. 2. That proof is equally applicable here and does not use the explicit form 

of the coordinate transformations. We have determined all Euclidean coordinate 

systems that can combine with a given Vq to form a separable system for (2.4.1). 

Thus using the results of §2.2 the R-separation problem for (•) has been solved. 

This procedure is systematised in graphical form in the next section. 
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2.5 Graphical Representation of Coordinates 

We develop a graphical calculus to represent the R-separable coordinate 

systems for (•). illustrating this procedure in detail for m = 1.2,3 -the cases of 

physical interest. 

From (2.2.4) and (2.4.30} the coordinate transformations for (•) are given 

by 

(2.5.1) 

and these can be given the graphical representation 

~ 
(2.5.2} 

Here Gq is a separable system on /Rn(B,l and the box indicates that there is just 

one function Clq on Gq, while the Latin number Lq (I. II, Ill or /V±} specifies its 

type. Gq is one of Kalnins and Miller's graphs and will in general have form 

GI q (2.5.3} 

where each G; is one of the elliptic or parabolic types given in (2.4.32A} and 

(2.4.328). 

At the end of the last section we found the compatibility conditions for a Clq 

- q combination lo be separable. To summarise these results we start with a 

given separable Euclidean system G; and then give the compatible CJ functions. 

If G; is of elliptic-type then Lq could take any of its values / ➔JV±. However 

the case (q =O, -Yu ;,tO where xu is one of the coordinates on G; can only occur if 

G; has form 0 . If the block G; is of parabolic-type it is only compatible with 

the a-types / and II since it was shown in §2.4 that ( q ;,tO did not satisfy (2.4.16). 

In the allowed cases / and //. the "fu term attaches itself to the coordinate Nr w 1 

of (2.4.35B). 

These results are now generalised to a block of form 

[sJ (2.5.4) 
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If all lhe c; 's are of elliplic-lype lhen Lq can lake any of il's values, / ➔ JV±. 

The paramelers "fu on Gq can only be nonzero if the blocks c; to which they are 

atlached have form 0· 
If al least one c; is of parabolic-type, then Lq is restricted to types / or //. 

The exceptional case N = 1 can be given our uniform general treatment if we 

regard it as being eqivalent to the two systems Q and 0 as discussed in §2.4. 

A "fu term can be attached to Q (no spheres can be attached to this graph). 

Spheres can be attached lo 0 and this is compatible with (q = ;,tO but not with 

(q =O and "/u ;,tO. 

The parameters wq and vq can be normalised, since by making the separa­

bility preserving transformations 

(2.5.5) 

we can take one vq to be zero and one wq to be l. Further normalisations are 

possible when E=O because of the extra conformal symmetries K2 and D. For 

instance, consider the case when one of the Lq 's is / in (2.5.2). The coordinates 

on this block are 

(2.5.6) 

The dilatation D acts on the coordinates as 

c EIR . (2.5. 7) 

If this action is combined with the equivalence transformations 

(2.5.8) 

and c =1;- 1/ 3 then "lb can be normalised to 1 or 0. If Lq is JI on a block, then the 

same normalisation is possible by similar methods. There are more equivalences 

possible under the conformal symmetries, but the discussion of these will be 

postponed until the operators have been determined in §2.6. It is not possible to 

simultaneously normalise all the 'Yb's. There is a different coordinate system for 

each value of 'Yb. Thus in general, there is an infinite number of R-separable 

coordinate systems for (•) and the numbering of these systems in Appendix A is 

for tidiness only. 

The following procedure emerges for the construction of all R-separable 

systems for (•). 
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A Construct the graphs representing all separable systems on /Rm. 

B. For each of these construct all possible boxings. 

C. From the discussion above determine all possible a's compatible with 

the boxings. 

We now go through this procedure form= l. 

A. There is only one possible separable system on JR 1 

corresponding to the choice of coordinate 

zl = xl_ (2.5.10) 

8. There is only one possible boxing: 

(2.5.11) 

C. The resulting types with their coordinate transformations are listed in 

Table 1 of Appendix A. 

We have displayed possible normalisations of the parameters v 9 ,w9 in 

brackets alongside L9 , but have not substituted their values in the coordinate 

transformations since the unnormalised forms will be needed for the m =2 and 

m = 3 classifications. 

For m =2 the separable systems resulting from step A are listed in Table 2 

of Appendix A. There are three classes of boxings arising from step B: 

(2.5.12a) 

where G is the elliptic, parabolic or polar system of Table 2 in Appendix A, 

(2.5.12b) 

and 
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(2.5.12c) 

where Ge is @ . The only new systems are those of type (2.5.12a) as it will be 

shown that the remaining systems can be derived from the m = 1 case. The 

unsplit class a types are listed in Table 3 of Appendix A. The class b systems are 

mixtures of the m = 1 systems 

and (2.5.13) 

where 17 1 -;t 172 , and these are listed in Table 4 of Appendix A. JR 2 has split into 

JR©JR and so these coordinate systems are referred to as splitting types. For 

example, the system 5: II, lll(v 2=0) in Table 4 has coordinate transformations 

t = x 3 (2.5.14) 

that are easily derived from systems II and Ill in Table l. The remaining sys­

tems of class c are simply combinations of the m = 1 systems 

L1 
1r.7 and 
l::J 

(2.5.15) 

where 17 1 = 172 , that is class b with L 1 = £ 2 . They are listed in Table 4 of Appendix 

A. For example the coordinate transformations for IV+(v 1 =O, wr = 1) can be 

derived from those of the system 

(2.5.16) 

given in Table l. They are 

.!.. 
y I = I (x3)2 + 11 2 x l 

.!.. 
y2 = I (x3)2 + 11 z x2 
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t = x~ (2.5.17) 

Miller ( 1977) has also classified the R-separable systems for m = 2 and 

developed many of their properties but misses splitting types such as (2.5.14) 

and (2.5.17). In general, his classification only includes those mixing types of 

class b for which one of the coordinates is y 1 = x 1. These omissions are rectified 

in Kalnins and Miller ( 1979). 

For general m the R-separable systems have form 

(2.5.1B) 

where G is of parabolic or elliptic-type, or they will be a mixture of systems like 

(2.5.2). In this case (•) is equivalent lo the equations 

(Aq + 2t:8t )-1-q = Tq -1-q, "1 = TI-1-q . (2.5.19) 
qEQ 

where 

(2.5.20) 

All such mixtures can be classified from the lower dimensional equations given 

in (2.5.19). 

The classification for m = 3 for the unsplil types given in Table 5 of Appendix 

A has not appeared before. These systems can of course be derived from our 

general procedure but we list them for easy access. The splitting types for m = 3 

can be derived from the tables for m = 1 and m =2 given in Appendix A. For 

example consider 

for which the coordinates are 

y 1 = cx 4 cosh{x 1 )cos{x 2 ) , 

y 2 = cx 4 sinh{x 1 )sin{x 2 ) , 

t = x 4 , 

and these can be obtained from the tables form= 1 and m =2. 

(2.5.21) 

(2.5.22) 



- 4 6 -

2. 6 Operators 

Each R-separable system for ( •) is characterised as a commuting set of 

second order partial differential operators that are in the enveloping algebra of 

(•). These operators are derived from those representing separable systems on 

/Rm. 

We will first derive the operators for (2.2.1) from the Killing tensors At for 

the Hamilton-Jacobi equation (2.4.1) associated with (2.2.1). The Killing tensors 

characterising separable systems for (2.4.1) are of second order, and the work 

of Delong ( 19B2) implies that they are in the enveloping algebra of e (n, 1). In 

other words if the Killing vectors J.l; are a basis for e (n. 1) then there are real 

constants aik such that 

At = ~ aik tJ.L;, J.Lk l , 1 ~ i .j ,k ~ n . (2.6.1) 
j,k 

Recall that t , l is the Symmetric Bracket which is defined by 

(2.6.2) 

From the discussion surrounding ( 1.2.1..0) the corresponding operators tl for 

(2.2.1) may be obtained by the identification J.L;-+'f1; defined in (1.2.1,4;} so that 

f" - "°"' jk 1~ ~ j "t - LJ a < J.l,j • J.lk • 
j.k 

These will also be operators for (•) with the identification f-+c since 

where f and -Ir are defined in (2.2. 7). 

The Killing tensors can be determined from (D6). They are 

i = 1, 2, ... , n -1, 

(2.6.3) 

(2.6.4) 

(2.6.5) 

where (cf>t;) is the Sta.eke! matrix defined in (2.4.6). We first find this matrix in 

terms of the Stackel matrices for the embedded separable Euclidean systems 

r1.st These are the n (Bq) xn (Bq) dimensional matrices, ( cl>q )t;. such that 

(2.6.6) 
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ThP m alnx ( 4>,1 ) can be la ken as 

0 r- 0 0 

<I> 1 

L - - - - J 

0 r-- - - 7 . 
<I>q 

- - - - _J 

0 

1 
-1 

0 -1 
0 

0"1 O"q 

(2.6. 7) 

since this matrix satisfies 

(2.6.B) 

By substituting for ( 4>i;) from (2.6. 7) into (2.6.5) the Killing tensors are 

V = l, 2, .. , m, 

(2.6.9) 

where 

(2.6.10) 

4> tlv 
In (2.6.9) the terms ~ -f-"Pt12 can be recognised as having the same form as 

mEB9 q 

that for the constants of the motion for the separable system dst This fact will 

guide us in what follows. 

The constant of the motion >-v may also be written 
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>-.., = p' A., p (2.6.11) 

where 

Pi 

p= , and 

Pn 

0 
0 

(2.6.12) 

0 

Here A! is a diagonal matrix whose elements as determined by (2.6.9) are (Av10bc 
4> bv 

= 6bc -t-- It is what will be called the matrix form of the Euclidean constants of 

" 
the motion arising on dst We express>.., in terms of the yi coordinates by using 

the transformation matrix J: 

(2.6.13) 

In the yi coordinates 

(2.6.14) 

where 

P= p. = 8 .w \ :v' 
(2.6.15) 

and t denotes matrix transposition. Using (2.6.13) J is given by 
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( 
.L 

I z 
al JI 

0 

.L 

Gqz Jq 

0 

B1 Bq X y 

0 0 1/2 1/2 

(2.6.16) 

where from (2.4.30) 

(2.6.17} 

As our final result is independent of the quantities Bq. X and Y we need not cal­

culate them. Finally 

(2.6.18) 

In this equation 

(2.6.19a) 

and "/q• Pq and Zq are n(Bq)xl vectors: 

(2.6.19b) 

From (2.6.19a) 'K! is just A! in the z 11 coordinates. Equation (2.6.18) implies that 

the constants of the motion for v EBq do not depend on the structure of (•) on 

any of the other blocks. This is natural since (•) is equivalent to the set of lower 

dimensional equations given in (2.5.19). The problem of finding the operators for 

a general system has now reduced to the determination of the constants of the 

motion on one of the blocks 
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(2.6.20) 

Kalnins and Miller ( 1982a) give specific formulae for the Euclidean con­

stants of the motion ff On each irreducible block they find that 

(2.6.21) 

are a basis so that 

>:! = ~A11 P112 + ~B 11 lM,,11,P11 ! + ~ ~II M~ (2.6.22) 
II II u<II 

The reader is referred lo Kalnins and Miller (19B2a) for the determination of the 

constants in (2.6.22). Since (2.6.18) provides us with a relation of form 

(2.6.23) 

all that has to be done for each of the a's for I ➔ IV±, is to determine the 

images of the Euclidean constants of the motion in (2.6.21). In each case we will 

find an expression "A.' in the enveloping algebra such that "A. is determined to 

within a term in c2 i.e. 

"A. = "A.' + F'c 2 . (2.6.24) 

(In this discussion prime is not the derivative}. Since "A. is a constant of the 

motion and "A.' is in the enveloping algebra 

Solving this relation with E = Pr + 

slant, but since ,: is already on the orbit 

(2.6.25) 

+ PJ _1 - PJ we find that F' is a con-

(2.6.26) 

in (2.6.24). 

The images of the Euclidean operators are displayed in Table 2.6.1. however 

one example will be done in detail to show how they are derived. Consider the 

term l Mq 11 ,P11 ! which appears in constants of the motion in parabolic-type coor­

dinates. The matrix form KE for this term is 



z9 0 (2.6.27) 

C 

as it is easily checked that pt n P = IM P I F (2 4 30) d (2 4 50) n qb, " 1 . rom . . an .. 

The calculation for the constant of the motion corresponding to IMqb ,Pt, J goes as 

follows: 

since F'=O from the discussion above. The corresponding operator for (2.2.1) 

and (•) is obtained via (2.6.3) but it may be unambiguously written as (2.6.28} by 

removing the tildes. Occasionally P" has been used to represent both the 

Euclidean constant of the motion a W / az" and a W / ay". a constant of the 

motion for the Hamilton-Jacobi equation (2.4.1). Sometimes, as in (2.6.28), we 

have written P • to emphasise the difference. y 



Table 2.6.1 Images or Euclidean Operators 

Lq 

KE I II Ill IV± 

p,,2 P,,2 +-,,,tB,, (v9 P,, -B,, )2 VqPt,2 (vqP,,-B,, )2 

+-y,, tP,, -lP,,,B,,! ±w 2?,2 
'l b 

M:i, Ma.\ Ma.\ Ma.\ Ma.\ 

lMqb .P,, ! !Mq,,,P,,! lMqb ,vqPb -B,, ! does not does not 

--yqB,,214 --yqP,,214 occur occur 

The results in Table 2.6.1 can be used lo obtain the operators for any m 

but we will go through these results in detail form= 1 and m =2. 

When m = 1 the Euclidean operator is Pf, and its images can be read from 

the row containing P,,2 in Table 2.6.1 obtaining the results listed in Table 1 of 

Appendix A. 

When m = 2 the operators resulting from the unmixed systems are listed in 

Table 3 of Appendix A. The operators for the mixing systems are simply those of 

the component one dimensional systems. For example the two Euclidean opera­

tors for (2. 5.14) are Pf and P/ and by using Table 2.6.1 their images are 

(2.6.29) 

Alternatively the same result is easily obtained from Table 1 of Appendix A. 

In the three dimensional case the operators have not been listed in Appen­

dix A. but the following example will show how they are obtained. Consider sys­

tem 4 of Table 6 in Appendix A 

(2.6.30) 



Tht' operalor·s for ellipsoidal coordinates are easily derived from the work of Kal­

nins and Miller ( 19B2a) bul we also record lhem in Table 5. They are 

(2.6.31) 

J22 + aJ2 + c2ap2 
3 l • 

Employing Table 2.6.1 

(2.6.32) 

so lhal lhe operalors for (2.6.30) are 

(2.6.33) 

The operators for the m =3 mixing types are also computed in the same 

fashion. For instance the operators for the mixing type (2.5.21) can be derived 

from the tables for the one and two dimensional cases. They are 

(2.6.34) 

All R-separable systems for (•) have been characterised as commuting sets 

of second order partial differential operators which are members of the envelop­

ing algebra. An immediate application for this characterisation is now given. 

m 
All separable systems on /Rm possess the Casimir operator E PJ. If E=O 

u=l 

and our systems have form 

(2.6.35) 

then lhe operators corresponding lo this invariant for each of the o- types are: 
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m m 
IV± Ea,,2 ±EP,,2 

I I 

By examining the forms of the operators in (2.2.19) ➔ (2.2.20) the following substi­

tutions hold on the solution space of(•) when E=O. 

m m m 
'EP112 ➔ -2cK _2, 'ElP11 ,Bi,~ ➔ cD and 'EB112 ➔ 2cK2 (2.6.37) 

I I I 

With these substitutions, the new expressions for the operators in (2.6.36) are 

summarised in Table 2.6.2. 

L1 Operator Table 2.6.2 

I c[ -y1B 1 - 2K -21 

II c[2K2 + -y1Pi) 

Ill cD 

IV± c[K2-=F K _2] 

Each of the operators in Table 2.6.2 is first order and can be diagonalised to 

reduce (•) by a dimension. This feature is discussed by Miller ( 1977) for the one 

and two dimensional heat equations. His claim, however, that this is a feature of 

all systems of those dimensions does not hold. For example the operators 

(2.6.29) of the splitting type (2.5.14) can never be made first order. This subject 

will be discussed in greater depth in §2.B. 

The knowledge of the operators will now be exploited to find the extra 

equivalences for E=O that were mentioned in §2.5. For a system like (2.6.35) it 

is possible, as was explained in §2.5, to normalise -y1 to O or l. Thus there are the 



poss1bilil1es for L 1• 

1 a. /()' 1=0) 

b./()'1=1) 

2 a. Il(v 1=0,)' 1=0) 

b. Il(v 1=0,"f1=l) 

3 III(v 1 =O) 

4 a. JV-(v 1=0,wf =-1) 

b. IV+(v 1=0,wf =1) (2.6.3B) 

The exlra equivalences occur under the action of the operator As=K _2-K2. The 

adjoint action of this operator is given in Table 2.6.3. 

Table 2.6.3 Adjoint Action of As 

A e sAdA:,A 

Pa. cos (s )Pm +sin(s )Ba. 

Ma.,, Mm,, 

Ba. cos (s }Ba. -sin (s }Pa. 

A1 A I cos (2s }-A2sin (2s) 

A2 A2cos {2s }-A 1sin{2s) 

The adjoint action of As on any element (L 1,L 2 l of the enveloping algebra is 

easily shown to be 

{2.6.39) 

by using (2.2.23). Consider the action of As when s = -1T/ 4 and for convenience 

.=..!!....,f3 
let J=e 4 . Then from (2.2.23) 

.::.!!..Ad A 
e 4 3(L)=JLJ- 1 (2.6.40) 



- 56 -

ThP F:uclidean operators for (•) are 

Xf = L,~Pb2 + 'f,B!!Mqb ,Pb l + L, C:"Ma\ 
b b a<b 

(2.6.41) 

where v = 1, . m + l. For case 3 in (2.6.38) the corresponding operators as 

obtained from Table 2.6.1 are 

Av = - 'f,.4! !Pb ,Bb ! + L, C:b Ml (2.6.42) 
b a<b 

If the action of J is applied to these operators using Table 2.6.3 we obtain 

= 'f,A!(Bb2 -Pb2 )/ 2 + L, ~Ma\ (2.6.43) 
b a<b 

expression obtained in (2.6.43) is precisely the one that would have been been 

obtained from the same Euclidean operators for system 4a in (2.6.38). In similar 

fashion it can be shown that the systems la and lb are equivalent to the sys­

tems 2a and 2b respectively under the action of 

(2.6.44) 

We have demonstrated that the systems in (2.6.38) collapse to the systems la, 

lb, 3 and 4b. The action of J on solutions of(•) is 

✓ ~(y.t) = lc~J,.expl 2 cr~~) H~:r · ::: l 
✓•~(y., ) = , -m/2exp [ wH t- ~· l 
J 4 4.i(y.t) = -4.J(-y.t) 

J 6 4.J(y,t) = 4.J(y,t) (2.6.45) 

The expression for J 2 is particularly notable: it is the Appell transform, and its 

importance for the theory of the Heat equation is discussed in Widder ( 1975). 

The above work is a generalisation of that of Miller ( 1977) for the one and two 



d1mens1onal heal equations. 

In conclusion, il is possible to exploit lhe conformal symmetries for unsplit 

systems when E=O to show that some systems that look different are actually 

equivalent under the action of the Schrodinger Group. 

2. 7 R-separable solutions 

We now investigate the R-separable solutions of (•). To accomplish this it is 

necessary lo determine both the R-separalion factors and the separation equa­

tions. The separation equations for (•) are the ordinary differential equations 

determining the -lri functions in (2..'l.5)From (2.2.7) these are the same as the 

corresponding functions for the Helmholtz equation (2.2.1). Therefore this equa­

tion is used lo find the separation equations for (•). The form of (2.2.1) in the 

separable coordinates xi can be found by using this equations local coordinate 

description given in ( 1.2.9). It is 

where 

+ 2c3cn-l)n"' + ~ En(B,)(loga,)'c3n-1' = E-t 
qEQ 

n 

(2. 7.1) 

and Ar" is defined in (2.4.14). When "t = fl-ti(xi) is substituted into (2.7.1) and 
i=l 

the resulting equation is divided by -Ir we obtain the separation equations: 

and 

(2.7.4) 

Here s 11 is the eigenvalue of the operator S 11 whose action on -11 is 
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(2. 7.5) 

The remaining separation equations are derived from (2. 7.5) by noticing it is the 

Helmholtz equation on dsq2 with an extra term 

E (t:)2gbb .4t1n"1. (2.7.6) 
bEB9 

By a simple modification of Kalnins and Miller's results for /Rn(B,) we obtain 

these equations. 

The one dimensional elliptic case is an exception to the general construc­

tion of the separation equations that we are about to give. The separation equa­

tion for this case is 

(2. 7. 7) 

Returning to our general treatment we can confine ourselves to a block Er of 

form (2.4.32A) or {2.4.328). For simplicity on each of these irreducible blocks 

r r+I r+nr-1 l b II d I 2 nr • t the coordinates x , x , , . . . x are re a e e as x , x , , ... , x JUS as 

in our discussion of the coordinate transformations at the end of §2.4. The addi­

tional term contributed to the separation equations by (2. 7.6) for the elliptic­

type A coordinates x 4 is 

, a = 1, 2, . . . , Nr. (2. 7.BA) 

For the parabolic-type B coordinates x 4 this term is 

, a.= 1, 2, ... ,Nr· (2.7.8B) 

The separation equations in both of these cases are 



In this last equation 

Nr 

Pa = TI (xa -e11 ), 
II =I 

Nr 

Qa = TI (xa -e11 tb 

11=1 

(2.7.9) 

(2.7.10) 

where p 11 is the dimension of the sphere SP6 attached to e,, {see {2.4.32A) and 

(2.4.328)). If there is no sphere attached then p 11 = 0. From (2.7.5) there is no 

loss in assuming l 1 =-s 1. The constant t,, is the eigenvalue of the Helmholtz 

equation on the sphere Sp6 . The form of t 11 given in (2. 7.10) appears in Kalnins 

and Miller { 19B2a) and is derived from the spectral theory of the Sphere. 

We now consider the separation equations for the remaining variables i.e. 

those on the attached spheres Sp6 . As was mentioned in §2.4 the separable sys-

tems for such spaces have been classified by Kalnins and Miller ( 1982a). If we 

trace down one of the tree graphs they use to represent these systems it will 

have form (see (2.4.38)) 

el eu + 1 

j S,., (2. 7.11) 

5P1 P,. ♦ I 

The separation equations for the variables x 1 , . . . xu on S,., are 
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with the same definitions for Pa., Qa. and tt1 except that the number of elliptic or 

parabolic coordinates Nr is replaced by u. We can of course take -L 1 as the 

value of the Helmholtz equation on the sphere S,.,, and via the spectral theory lo 

be -µ,(µ,+w -1) (see Talman ( 1968)). These separation equations are unaffected 

by the terms V9 and r,9 , and are just the same as they would be on Euclidean 

space. 

The separation equation for xn-l, (2.7.4}, can be directly integrated: 

.,. - I TI -n(B,)/4! (_GE n-1 - " J dxn-1 ]) 
Tn-l - < a9 exp z=-t x LJ s 9 • 

qEQ t qEQ <1q 
(2. 7.13) 

As an example consider system 9 in Table 6 of Appendix A: 

///(v 1 =O) 

(2.7.14) 

0 1 

The separation equations for this system are 

1. 2, (2.7.15) 

and 

(2. 7.16} 
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Here s 1• l2 and Jf are lhe separalion conslanls ThPse coordinales are in slan­

dard form bul lhey could easily be lransformed to the more familiar expressions 

in lerms of cos. sinh elc. that appear in Appendix A. Indeed lelling x 3 =sin219, 

(2. 7.16) becomes 

We also have from (2. 7.13) 

-3 5 1 

-.i, 4 = jx414- ~eEz 4/2c_ (2. 7.17) 

In order to fully determine the R-separable solutions we now find the R­

separation factor R. From (2.2.9) and (2.4.30) 

R = -cf = c ~ ~ Gt,q (2. 7.18) 
qEQ bEB, 

If we define 

(2. 7.19) 

then 

(2. 7.20) 

and as a result the essential structure of the R-separation factor is solely depen­

dent on the structure of each of the irreducible blocks Er- Employing (2.4.50) it 

can be assumed that 'Yr+i=J'r+ 2 = • • • =O, with J'r being nonzero and zero in the 

parabolic and elliptic cases respectively. By using (2. 7.18) we obtain 

(2. 7.21) 

The lasl term of Rr is a function of xn-t alone and so only contributes to trivial 
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R-separation. It is absorbed in 'Yn _1 by redefining this function 

'Yn-J ➔ !TT O'q-n(Bq)/4! 

qEQ 

and then 

Using the results of (2.4.39) we have 

Nr 
2"' ( t Cr LJ x - e, ), 

I 

if Er is of elliptic -type 

(2.7.22) 

(2. 7.23) 

2 N N. N. N -I N -I N -I (2.7.24) Cr r r r r r r 

-=_f-{2E(x')2 -(Ex')2 +6Ex' E et -( E et ) 2 -2 E el], 
I I I I I I 

if Er is of parabolic -type 

R is now determined for each of the types / through IV±. For /, when 

O'q = 1 on Er, 

(2. 7.25) 

If the coordinates on Er are elliptic-type then Rr = 0 except in the cartesian case 

when 

If the coordinates are of parabolic-type then 

Nr-1 Nr 

Rr = t:)'rCrXn-l[ E x'+EetJ/4 
I I 

In this last case 'Vn _ 1 may be redefined so that 

Nr-1 

Rr = l:J"rCrXn-1 E x'/ 4 
I 

In both cases nontrivial R-separation occurs only if some J"r is nonzero. 

(2. 7.26) 

(2. 7.27) 

(2. 7.28) 
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If the coordinates are elliptic-type then by scaling 

Nr 
Rr ➔ ½cr2Xn-l~xi 

I 

except for the cartesian case where 

(2. 7.29) 

(2. 7.30) 

(2. 7.31) 

When the coordinates are of parabolic-type the result is messy and is obtained 

by substituting the expression for ~(z 11 ) 2 given in (2.7.24) into (2.7.29). 

For types/// and IV±, only elliptic type coordinates are possible on Er and 

(2.7.32) 

In case III when rTq = lxn- 1+vq I. only trivial R-separation occurs and R ➔ 0, by 

absorbing functions of x" into the separated solutions -i,i· 

In IV±, by similar redefinitions of the "1,: 

c:c/ -R :t ➔ 'T ------xn-l°"'x~ 
r :t 2 LJ (2. 7.33) 

where ; :t = sign((xn- 1+vq )2 ±wq2 ). In each case the R-factor is independent of 

the variables on the spheres SP,. The R-separation factors corresponding to the 

unmixed types m = 1, 2, 3 are given in Appendix A. The R-separation factors for 

the two dimensional mixing types may be obtained simply from those for the 

one dimension. Similar comments apply for m = 3. 

In one and two dimensions the separation equations can be solved to give 

known special functions. Miller ( 1977) lists these results and investigates some 

of their properties (e.g.bases and overlaps for the Schrodinger equation). In 

higher dimensions however, the separation equations lead to new special func­

tions about which little is known. Development of the properties of these func­

tions is a problem for future research. 
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2. B Applications 

In ( •) r could take any complex value, but we are more interested in the 

Schrodinger equation (r= ! i) and the Heat or Diffusion equation (t=-!, E=O). 

Some interesting relations between (•), the harmonic oscillator and linear 

potential Schrodinger equations will be discussed. Finally there are some brief 

comments on how the results in this chapter could be applied to moving boun­

dary value problems. 

Consider the Schrodinger equation with a potential V(y,t ): 

{2.B. l) 

Although only systems for which V=O have been classified, these results can be 

extended to many cases in which this restriction has been removed. Just as for 

(•), (2.8.1) may be considered as a symmetry reduced version of 

{2.B.2) 

where the operator f = ! (Pm+l + Pm+2 ) has been diagonalised. Reasoning as 

previously, all R-separable systems for (2.8.1) may be classified by finding all 

separable systems for (2.8.2) with f diagonal. Once again the well developed 

theory of separation for equations like (2.8.2) helps us out. In Benenti (1980b) it 

was shown that (2.8.2) is separable if and only if 

l. Equation (2.8.2) with V=O is separable. 

2. V has Stackel form; that is,in analogy with (2.4.14) 

(2.8.3) 

where each v.,; is an arbitrary function of x.,; alone and (1/1..:, (xi)) is the Stackel 

matrix (see (D4)). In other words the R-separable systems for (2.8.1) are the 

same as those for (•) but with the added constraint that V must take Stackel 

form. For example the general type of potential compatible with the spherical 

type II coordinates of Table 6 in Appendix A is 

(2.8.4) 

There are cases where more can be said about the potential. Boyer ( 1974) 

classified all time-independent potentials for (2.8.1) which admitted symmetry 



groups To find the syrnmelry algebras of lhesP groups he solved lhe relalion 
(2.1.2): 

[Q.L]=MQ (2.8.5) 

where Q = llm +i a,+ V. As all such systems are invariant under lime translations 

Boyer only considered those admitting al least one other symmetry calling them 

nontrivial. He found lhal all these algebras were isomorphic lo some subalgebra 

of lhe Schrodinger algebra sm. In effect adding a potential lo the free particle 

equation has restricted us lo a subalgebra of lhal equation's symmetry algebra 

Sm. Boyer gave a complete !isl of potentials and their corresponding algebras 

for lhe three dimensional case. In general these potentials contained arbitrary 

functions. For instance the form of potential admitting lhe algebra o (3)©t 1 

(rotations and time translations) was V(r ). Exact forms were obtained for those 

potentials invariant under the Schrodinger algebra of maximal dimension 

~ m(m +3)+4. Boyer found lhe following possibilities: 

l. 

2. 

3. 

V=O 

V = yl 

- Free Particle 

- Linear Potential 

±1 
V = --;--y· y - Allraclive(-) and Repulsive(+) Harmonic Oscillators 

4 
(2.B.6) 

The equivalence of these 3 cases is al first surprising, since one would expect the 

harmonic oscillator lo break translational symmetry and lhe linear potential to 

break rotational symmetry. This will become clearer after we have made a 

transformation from the Schrodinger to the Heisenberg pictures. The above 

equivalences were first demonstrated by Neiderer (1973) together with lhe expli­

cit forms of their associated isometric mappings. 

The generators of (2. 2.19) and (2.2.20)(when E =O) will be used to represent 

the Schrodinger algebra for the above 3 cases. ll must be remembered that for 

the different potentials il is only lhe commutation relations that are preserved 

and nol lhe explicit forms of lhe operators. 

Boyer ( 1974) showed that these operators could be interpreted as a Lie 

algebra of skew symmetric operators on lhe Hilbert space £ 2(/Rm) of complex­

valued Lesbesgue square integrable functions with respect lo lhe scalar product 

dym (2.B.7) 
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where lhe • denoles lhe complex conjugate. We will first follow his argument for 

the free particle case. To do this set t =O everywhere and make the replacement 

(2.8.8) 

that holds on the solution space of free particle equation. Consider / E.L 2(.D?m ). 

Let 

(2.8.9) 

then substituting t in ( •) 

(2.8.10) 

1.e. '¥' also satisfies the free particle equation. This shows how to obtain the solu­

tion -Ir al a lime t given a knowledge of -Ir al t =O: we are passing from the 

Schrodinger to the Heisenberg pictures. Kato ( 1966) gives the following useful 
. -tK integral operator form of e - 2 : 

( -tK 
-11 y,t) = e - 2 -lt(y,O) (2.8.11) 

= l.i.m. (4rrit)-m/ 2f · fexp[-lx-yl 2/4it)"'(x,0)dx 1 • • • c1xm 

Here l.i.m. refers to the limit in the mea.n as it is defined in Kato. The operator 

e tK_2 is unitary so the inner product (2.8. 7) is independent of t of time transla­

tions. Similarly setting t =O the other generators become 

(2.B.12) 

These operators satisfy the same commutation relations as the unbarred opera­

tors. It can be verified by using the adjoint action and the commutation rela­

tions that ifµ is any of the unbarred operators then 
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(2.B.13) 

This shows how lhe barred and unbarred operators are related. 

Now consider 

( t 1 
cl> y. t ) = e 3 / (y) (2.B.14) 

(2.B.15) 

- cl> satisfies lhe equation for the attractive harmonic oscillator. It follows that 

the operator 

{2.B.16) 

maps solutions of the free particle equation to the harmonic oscillator equation 

i.e. if "1 is a solution of the free particle equation then 

cl>= A(t}-1, {2.B.17) 

is a solution of the attractive harmonic oscillator equation. In a simi,lar vein each 

of the linear potential and repulsive oscillator equations are related by time 

dependent operators to the free particle equation. Using the results of Table 

2.6.2 the equations in (2.8.6) may be written 

l. V=O oi "1 = K -2"1 

2. V = y• oi"1 = (K_2-B1)"1 

3. V= ±1 oi "1 = (K -2±K2) "1 (2.B.1B) -y·y 
4 

These results are now used to interpret R-separation for the free particle equa­

tion. Given any unsplit R-separable system for this equation, the Casimir opera­

tor always yields one of the operators in Table 2.6.2. If this operator was A:, then 

there are others o2 , 0 3 , ... , Om such that the free particle equation is equivalent 

lo 

{2.B.19) 

If we pass lo the equivalent system 



- 6B -

(2.B.20) 

using A ( t ) lhe operators for lhis new system will be 

(2.8.21) 

Consequently, lhe Hamiltonian .A3 has been diagonalised, the variable t 1s ignor­

able, and as a result (2.8.20) is purely separable. We have shown thal every R­

separable system for lhe free particle equation possessing the operator A 3 is 

equivalent lo a purely separable system for the attractive harmonic oscillator 

equation (2.8.20). The other cases can be treated in a similar manner. In each 

case unsplil R-separable systems of the free particle equation correspond to 

purely separable systems of the linear potential, attractive or repulsive oscilla­

tor equations. Miller (1977) gives this treatment for m =2 and also provides the 

explicit form of the mapping A(t )"1=4>. It has been shown that all the above 

equations are equivalent under the action of the Schrodinger group with this 

equivalence having a direct bearing on their separability properties. All three 

equations should be studied as a unit. 

It is interesting to note that the V of (2.4.14) is analogous to the potentials 

of the four types of Hamiltonians. Further, it is easily shown using the results of 

§2.4, that given a general R-separable system (2.5.1) of ("') the coordinate sys­

tem 

provides a purely separable system for 

6m "1 + i 8t "1 + ~ V9 + = E "1 
q£.Q 

(2.8.22) 

(2.8.23) 

It must be noted that solutions of ("') can be mapped to solutions of (2.8.23) via 

the Schrodinger group only when E=O, and the R-separable system is of unsplit 

type. 

It is possible to obtain potential terms for (2.8.1) by diagonalising various 

operators for higher dimensional versions of{*). For example consider 

(2.8.24) 
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Tctk111g aw= 0 for each w shows lhal lhe R-sepctrable systems for (2.8.24) form a 

subclass of lhose for (•). These systems may be obtained from 

(2.8.25) 

by diagonalising the symmetry operators M 12 , M34 , ... , M c2N-i)2N. The graphs for 

(2.8.25) can be identified in that the N circles [QJI] corresponding to the above 

operators must be attached to their lowest extremities. Another way to achieve 

this classification is to consider all the graphs for the R-separable systems of (•) 

and choose those for which the circles (Q]Ij can be attached to form an R­

separable system for (2.B.25). 

The classification for m = 1 appears in Miller (1977). It is obtained from 

(2.8.25) with N = 1 by diagonalising M 12 . The only possible graphs for (2.8.25) are 

7 ➔ 10 of Table 3 in Appendix A. i.e .. 

L 

~ 
@b 

where L: / ➔ IV±. The coordinates for (2.8.24) are 

.L 
yl=<JL2xl_ 

(2.8.26) 

(2.8.27) 

Alternatively the only way the circle [[II] can be attached to the m = 1 systems 

to form m =2 systems is in the manner above. The R-separation factors and 

separation equations are easily obtained from those for (2.8.26). Miller ( 1977) 

develops many of the spectral properties and special function identities associ­

ated with lhis classification. 

All the possibilities form =2 have form 

{2.B.2B) 

If both a I and a 2 are nonzero, the only ways two circles can be attached 

separately lo the graphs in Table 2 of Appendix A are 
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~1 
[~ rtrr] 

(2.B.29a} 

{2.B.29b) 

where Li,Lz: I ➔ IV±. The systems of (2.B.29b) are split types and can be derived 

from the results form= 1. The coordinates for (2.B.29a) are 

.L 
y 1 = aL 2 cosh(x 1}cos(x2}cos(x3 } • 

.L 
y 2 = aL 2 cosh(x 1)cos(x 2}sin(x3 ) 

.L 
y 3 = aL 2 sinh(x 1}sin(x 2 }cos{x 4 ) , 

.L 
y 4 = fl£ 2 sinh(x 1 )sin{x 2 }sin{x 4 } , 

t = x~. L: I ➔ IV±. (2.B.30) 

The R-separation factors and the separation equations are just those for 4-

dimensional system with graph (2.B.29a). Using our general methods we repro­

duced the results of Boyer ( 1976). In the same article Boyer explored some of 

the special function theory related to this case. 

The other operators resulting from the orbit analysis of §2.3 may also be 

diagonalised. By diagonalising Pu the free particle equation in m dimensions is 

transformed into the constant potential Schrodinger equation in m -1 dimen­

sions. This may seem trivial but it shows that {*} with E=O is the primitive equa­

tion of our study. Diagonalising B,.,, -v,.,,P,.,, yields the time dependent potential 

term 

{2.B.31) 

In general the equations 
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(2.B.32) 

can be derived from (2.B.2) with V=O by diagonalising the operators 

M12, (2.B.33) 

The corresponding graphs are obtained by attaching the circles corresponding 

to the Mi.i's to the lowest parts of the graph and then adding the systems 

(2.B.34) 

These results can be generalised by replacing the circles mentioned above by p­

dimensional spheres. The eigenvalues -~ can then be replaced by the more 

general forms -µ.,.,(µ.,., +p -1). 

Many of the properties that held for the Schrodinger equation also hold for 

the Heat equation. A potential term is analogous to a heating term or a distribu­

tion of sources for the Heat equation. For R-separability this term must take 

Sta.eke! form. just as it did for the Schrodinger equation. It is not possible how­

ever, to introduce a Hilbert space structure directly as for the Schrodinger 

equation. Rosenbloom and Widder ( 1959) do manage to obtain some expansion 

theorems by using a time independent form similar to (2.B. 7). The main 

difficulty is that the resulting operators are not all unitary. 

We now focus our attention on the coordinate surfaces xi.= constant = xt. 

For R-separable coordinate systems (2.B.1) implies that 

(2.B.35) 

If <1q = 1 and "'fq =O. for all q, then these surfaces are independent of time, and 

represent separable coordinate systems for 

(2.B.36) 

From the formulae given for the coordinates in (2.4.35) it can be shown that 

these surfaces are all confocal quadrics: 
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,m (2.B.37) 

In three dimensions these y1· eld such f ·1· d • am1 1ar qua ncs as ellipsoids, hyper-

boloids, paraboloids, planes etc. If lime dependence is allowed, then these sur­

faces are again the confocal quadrics of (2.B.37) except that 

(2.8.38) 

These surfaces are now parameterised by time - they move. To illustrate, con­

sider the spherical systems 17 ➔ 20 which appear in Table 6 of Appendix A. The 

coordinates for these systems are: 

.!. 
y 1 = aL 2 x 1cos(x 2 ), 

.!. 
y 2 = aL 2 x 1sin(x 2 )cos(x 3 ) , 

.1.. 
y 3 = a L 2 x I sin(x 2 ) sin(x 3 ) • 

t = x 4 .L:I ➔ IV± (2.B.39) 

The coordinate surfaces are: 

tan(x 3 ) = constant = y 3/ y 2 (2.B.40) 

The surfaces representing the angles x 2 and x 3 are stationary. Indeed for any 

R-separable system it can be shown that the coordinate surfaces associated with 

the attached spheres are motionless. 

When L=I the coordinate surface x 1=xJ are simply the stationary spheres 

of radius xJ. In case II, when a=t 2, these spheres are expanding with speed xJ. 

When a= t the spheres xJ are expanding in such a way that their surface area is 

increasing uniformly with lime. In IV± the radius al lime tis 

.1.. 
r(t) = (t 2 ±1) 2 xJ. (2.B.41) 

These results could be used to solve moving boundary value problems where the 

initial data is specified on a boundary moving in one of the ways above. Bluman 

and Cole ( 1974) provide several examples of these moving boundaries for the 



Heal equation in one spalial dimension. Their similarity solutions are those we 

obtain when m = 1. In general the geometry of these boundaries is that of confo­

cal quadrics and there are only the five dependencies on time / ➔ JV±. Despite 

these restrictions it seems possible to solve a reasonable class of physical prob­

lems by applying perturbation analysis to the boundaries obtained by these 

methods. 

The classification of all R-separable systems has been achieved using direct 

methods. We were helped by the restrictive signature of Minkowski space, which 

enabled us to reduce the metric to one off-diagonal element so that the curva­

ture conditions could be successfully applied. In Chapter 3 this work is 

extended to provide results for the case of one first order and one ignorable 

coordinate in complex Euclidean space. There the metric has only one 

nonorthogonal entry so that many of the same methods can be used. These 

methods are hard to generalise when working with spaces where the signature is 

less definite such as E(n ,2) or with complex Euclidean space E{f,n) where the 

signature does not help at all. The many nonorthogonal terms in the metrics of 

such spaces mean that the curvature conditions are often impossible to solve. 

However progress was made recently when Kalnins et al. { 1983) extended some 

forgotten work of Bacher (1894) to classify large classes of separable coordinate 

systems on E(n 4') and on the n-dimensional complex sphere. It was found that 

if there are only Sta.eke! and ignorable variables {i.e. none are first order) then 

all separable systems are Limits of elliptic coordinates. In this way even 

nonorthogonal systems may be obtained. Roughly these Limits refer to Limits 

taken amongst the parameters associated with separable systems. For our pur­

poses they are best understood by examining the examples that we will provide. 

These limits enable the easy computation of the operators and coordinate 

transformations. The remaining gap in the classification is for first order vari­

ables. In this study we have obtained many systems with one first order variable 

for the Helmholtz equation. It will be shown how all these systems can be derived 

from the type IV{harmonic oscillator) coordinates by using limits and in so doing 

we offer a clue towards the solution of the general first order problem. 

Putting [(x 2 +v )+w 2

] = (x 2 -a
1
){x 2 -a

2
) the associated Minkowski metric for 

system 4 in Table 1 of Appendix A is 

(2.8.42) 
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If WP make lhe lransformalions a2 • -1/ 6 2 . x 1 ➔ ox I and lake lhe limil of 

(2.8.42) as 6 ➔ 0 we oblain lhe melric for syslem 3 in Table 1 of Appendix A. To 

oblain the associated metric of syslem 2: 

lhe substitutions 

x2 
x2 ➔ 

6 

(2.8.43) 

are made in (2.8.42) and the limit c5 ➔ 0 is taken. The metric of system 1 is 

obtained from (2.8.43) by making the transformations 

a ➔ 1 x I ➔ ox i -v ➔ L 
i ~ ' t c53 (2.8.45) 

and letting c5 go lo zero. 

This method also works for the operators: using limits they can all be 

derived from the operator for system IV. When expressed in terms of <Xi and a 2 

this operator is 

(2.8.46) 

If this operator is multiplied by c5 and the substitution a 2 ➔ -1/ c5 is made, then 

in the limit c5 ➔ 0 we obtain f Pi, Bi-cxiPd - the operator for system 3. Under the 

adjoint action of K _2 the operator (2.8.46) is equivalent lo 

(2.8.47) 

• • . 2u.AdP I d b.AdB 1 1· d th' b If the adJoml actions e an e are app 1e ts ecomes 

(2.8.48) 

If we put a =--yl T/, b = -2-y/ T/2 and let T/ ➔ 0 then (2.8.48) is 

(2.8.49) 

- the operator for system 2 of Table 1 in Appendix A has been obtained as a 
--b.AdK 2 2u.AdB 1 limil. To gel the last system. the actions of e - and e are applied lo 

(2.8.49) and it is then 
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Mulliplying this operator by 6 2 and subtracting lhe lerm in r 2 (since r is already 

one of the operators) we have 

(2.B.51) 

Making the transformations 

(2.B.52) 

and letting 6 go lo zero we obtain 

(2.8.53) 

which is the operator for system 1. This process can be generalised to obtain 

arbitrary m -dimensional unsplit systems from type IV elliptic coordinates. It 

seems difficult, however, lo obtain many of the split systems from the generali­

sation of the metric (2.8.42) because of the number of extra parameters (the 

u,, 's etc.) the splitting types possess. In that case the splitting types can be 

derived from a system like (2.5.2) where each Lq is IV and each G,, is an n (B,, )­

dimensional elliptic system. This is more complicated than in the case of IR", 

where only one parent metric (that of general elliptic coordinates) was needed. 

Al the very least. it seems difficult to obtain these first order type systems from 

orthogonal systems. 



III 

The Complex Heat and Schrodinger equations 

3.1 Introduction 

In this chapter we consider the complex generalisation of (•) 

(3. 1. 1) 

,i.e .. yu. t and E are now complex. Since this is the complex case the coordi­

nates may be scaled by any complex number. Thus t: can be normalised to ! or 

-~ : the complex Heat and Schrodinger equations are equivalent. It is easy to 

check that Theorem 2.3.1 still holds: all the R-separable systems for (3.1.1) can 

be classified by classifying those for the complex version of (2.2.1). As this is the 

complex case, for tidiness sake, we can let fin ➔ ifjn. Equation (2.1.1) becomes 

(3.1.2) 

and the symmetry operator (2.2.2) is now 

(3.1.3) 

The symmetry algebra of (3.1.2) is the complexification of the symmetry algebra 

for(•). When E=O it is the complex Schrodinger algebra 

(3.1.4) 

with the same commutation relations and adjoint actions as in the real case {see 

Table 2.2.1). When E~O the symmetry algebra is the complexification of the 

Galilean algebra (2.2.27). 
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In summary the R-separal1on problem for (3. 1. 1) becomes lhe separation 

problem for the Helmholtz equation defined on complex Euclidean space E(n.f). 

Indeed lhe problem of classifying lhe R-separable systems for (3.1.1) is 

equivalent lo lhal of classifying systems for the Helmholtz equation. These two 

equations are embedded within each other. This can be demonstrated by noting 

that when t:=O, (3.1.1) is just the Helmholtz equation in m dimensions. Thus we 

will confine ourselves to classifying separable metrics for (3_ 1.2), with the under­

standing that the details for (3.1.1) can be easily derived from the results of the 

last chapter. 

Studying complex equations like (3.1.1) is a two-edged activity. On the one 

hand it enables one to tidily treat the resulting real forms {examples of wl:iich 

will be given). On the other hand solving the complex problem is always more 

difficult. In the previous chapter, the signature of Minkowski space enabled us 

to reduce the metric to one nonorthogonal entry. Here the signature does not 

help al all. In general the separable metrics can contain many nonorthogonal 

terms (see § 3.4 for an example). 

The classification of separable systems on E{n,f) is an unsolved problem. 

The orthogonal systems have been classified in Kalnins, Miller and Reid (1963). 

Some progress has been made with applying the methods of that article to 

nonorthogonal systems consisting of only Stackel and ignorable variables. The 

first order problem remains a mystery. In this chapter we offer some clues by 

finding solutions to the case where the metric has one nonorthogonal entry and 

1 first order variable. The Hamilton-Jacobi equation is then 

(3.1.5) 

When gn(n-i)= 1 many of the same methods used in the real case can be applied. 

This case is the subject of §3.2. All such systems will be shown to possess the 

symmetry operator (3.1.3). Thus by the arguments of §2.2 they are of heat type: 

they all provide R-separable systems for the complex equation (3.1.1). By 

assuming that gn(n-l);it 1 in §3.3, systems are classified that are not of heat type. 

These systems do not R-separate (3.1.1) via the mapping given in §2.2. However 

they can be embedded in a higher dimensional Schrodinger equation by our pre­

vious discussion and do give insights into the general first order problem. 

In §3.4 we cover a class of systems with two first order coordinates. This 

class is the first documented occurrence of nontrivial R-separation for the 

Hamilton-Jacobi equation. 
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3.2 Heal-type systems with one nonorthogonal entry 

In this section the contravariant metric is assumed to have one nonorthog­

onal entry gn(n-l)=l, and one first order variable xn-l_ It will be shown that 

these systems must be of heat-type. 

Theorems 2.4. l and 2.4.2 are readily proved with no changes except that 

signature dependent statements are removed (e.g. the positive definite condi­

tion in Theorem 2.4.2). 

In summary the Hamilton-Jacobi equation can be written 

(3.2.1) 

where in the now complex standardised coordinates z b 

(3.2.2) 

The separation equations for the Helmholtz equation corresponding to 

(3. 2.1) will not be derived here. Thus it will not be possible to verify Helmholtz 

separability directly as was done in the real case. Instead the general 

Schrodinger conditions (D9) are used. From the form of (3.2.1), (D9a) is easily 

verified. Condition (D9b) is 

n-2 

Here g = TI Ua.tla.a. 
a.= I 

E:; = 0 and 

n-2 
g -l/20n-1Y 1/2 = ~ gaa. E:;(xa.) + E;: _1 {xn-1) 

Cl= I 

n(B,) n-2 -
= TI Uq TI Yaa.. Equation (3.2.3) is satisfied with 

q EQ Cl= I 

l ~ ( ) d = - n Bq -- log(uq) . 
2 dxn-1 

qEQ 

(3.2.3) 

(3.2.4) 

Thus any separable coordinate system with Hamilton-Jacobi equation (3.2.1) is 

also Helmholtz separable and the form of the Helmholtz separation equations is 

given in (D 10). Incidentally this is the same result as in the real case (see (2.7.1) 

and (2. 7.4)). 

The coordinate transformations are 
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n I + n n _ 'li.7 Y' ,~
9 y iy =x L, L,~ 

qEQb£B9 

(3.2.5) 

wilh the details being the same as in (2.4.30). (Remember yn ➔iyn ). In particu­

lar these transformations imply that ozn = ! (Pn _1-iPn ),i.e., all the systems are 

of heat-type_ 

To obtain the coordinate transformations in terms of the x', the expres­

sions zb=zb(xc) are substituted into (3.2.5). Not all such systems will be separ­

able. As in the real case, the problem is lo work out the form of the "potential" 

V9 leading lo separation in the variables x'. The key will be the compatibility 

condition (2.4. I 6): aii V9 =O. 

As a first step the complex orthogonal separable systems z b = z b (xc) are 

determined. These have been classified in Kalnins, Miller and Reid {1983). A 

brief summary of that solution is now given. 

The solution is similar to that for /Rn, in which separable systems are 

represented by tree graphs. Again f" can be decomposed into a direct sum of 

subspaces f"r. To simplify matters we will confine ourselves to one of these 

irreducible blocks and unambiguously remove the subscripts q and r. 

Consider as a prototype the elliptic-type A system with graph {2.4.32A) and 

no spheres attached. This is also an orthogonal separable system for f"r where 

the variables x 11 and z 11 are now complex-valued. The metric in these coordi­

nates is 

TI (xi -xi) f "--;;_i ____ (dx')2 . {3.2.6) 
i=I TI (xi-e;) 

j = I 

Kalnins, Miller and Reid (1983) found that the case where the roots can occur 

with various multiplicities also provides orthogonal separable systems on 

E(n ,f). That is. the restriction that the roots e; are different is dropped. These 

metrics are 

(3.2. 7) 

where A; is the multiplicity of the root e;. The corresponding graph is 
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(3.2.8) 

where ')1. 1 + ... +Ap =N. Naturally the same generalisation applies to parabolic coor-

dinates but now with ')1. 1 + · +')...p = N-1. Parabolic coordinates are obtained 

from elliptic coordinates by a limiting process whereby one of the roots goes to 

infinity at a specified rate. Indeed the number of the roots may take any value 

between O and N. 

To complete the classification it is shown that only complex spheres Sp~ 

can be attached to a root of multiplicity one and only complex Euclidean spaces 

can be attached to a root of multiplicity greater than one. Thus a general graph 

has form 

N 

t 1 
A; A,, 

(3.2.9) 

where O ~ X1 + • 

(3.2.10) 

Of course there is always the trivial option of no space being attached to a root. 

The metric corresponding to (3.2.9) is 

N 

N 
fl(xi -xi) 

t 
fl(xi-e;) 

ds 2 = ~ 
; ,.i (dxi )2 + 1=1 ds-2 

ll(xi-e;)~i 
fl(e,-e;) ] 

i=I j=I 
i .. ; 

(3.2.11) 

j=I 



Here d.s/ is lhe infinitesimal distance for lhe space Ai. The lellers h,i,j will be 

used lo denote variables from lhe leading block while k and l will be used for 

variables on lhe attached spaces Ai. 

The spheres SP; are constructed in much the same way. They have graphi­

cal representation 

T 
' 
r 

I 

t 

(3.2.12) 

where >.. 1 + • · • +Xp = ni + 1 and 

(3.2.13) 

(x 1, .... xn.i are the coordinates on the leading block). The metric ds/ for SP; is 

(3.2.11) with E"-; =n; + 1. 

Next the potential term V( = V9 ) is determined. Equation (2.4.16) implies 

m = Eguu.4;n(xu) • {rn=n-2). (3.2.14) 

u=I 

Suppose that xk; is a coordinate on one of the attached spaces A;- If x 1 is one of 

the coordinates on the leading block then from (3.2.11) and (3.2.14) 

(3.2.15) 
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where d.s/ = ~g1.1.(1u/i)2 . Equation (3.2.15) implies a "V = O i.e. from (3.2.14) 
L. 1 1 z 1 
1 

N 
V = ~ vi(xi) (3.2.16) 

i=l 

Thus V is independent of the coordinates on the attached spaces A; just as it was 

in the real case. In the following theorem Vis completely determined. 

Theorem 3.2.1 

N 
V = A~x' + B (A. B constants ), where (3.2.17) 

i=l 

(3.2.18) 

()' is a.rbitra.ry and {=O for this la.st ca.se ) 

This theorem is a generalisation of the work at the end of §2.4. 

Proo/ o/ Theorem 3.2.1: To prove this theorem we take a different route than 

in the real case. The explicit form of the coordinate transformations is not 

used. Instead the compatibility problem is solved using the remaining n curva­

ture conditions Re1(n-l)(n-l)e1 = 0. They are equivalent to 

where 

and 
dua 

u '=--
a dx"-

(3.2.19) 

(3.2.20) 

Remember that we are considering an irreducible block Er attached to the func­

tion u where 2uu"-(u')2 = ( (the label q has been dropped). 

Of course for the variables x" on the attached spaces u" =O. From (3.2.11) 



(3.2.21) 

If this expression is multiplied by (xi -xh) and then we set xh =xi (permissible 

since none of the denominators vanish) it becomes 

(3.2.22) 

S. 9ii. I 1nce -- ,._ , = -1, 
9hh z -z 

(3.2.23) 

1.e. all the Ui_'s have the same functional form (ut=u say). We now add the 

expressions for Ri(n-t)(n-l)i and Rh(n-l)(n-l)h• and making use of (3.2.23), take 

the limit xh ➔ Xi. of the result. The only things to be careful of are vanishing 

denominators. The calculation goes as follows: 

Simplifying this equation gives: 

!.. lim 
2zti .. zi 

9hh ( i.) 9;.i ( h) --U X ---U X 

9ii. 9hh 

= !...u • + !...u • = u ' 
2 2 

(3.2.24) 

using l'Hepital's rule. Thus u' = 0 and 

(3.2.25) 
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fulfilling condition (3.2.17) of Theorem 3.2. l. 

Equation (3.2.21) is now 

where 

TI (xk -xi) 
= j,.k 

TI (xk -e; )~; 
j = 1 

{3.2.26a) 

In the case where A;= 1 for lsj sN. tedious use of partial fractions shows that 

(3.2.26a) implies A=( (the same result as in the real elliptic case). Equation 

(3.2.26a) becomes 

{3.2.26b) 

Since (3.2.26b) is continuous in the parameters e; we can let e 2 ➔ e 1 in that equa­

tion. It then becomes (3.2.26a) with X1=2, X;=l. j.tl, and implies that A=t solv­

ing the case where ")... 1=2. This argument is easily generalised to show that if 

~A; =N then (3.2.26a) implies that A=(. 
j 

Now let eN ➔ oo in (3.2.26b). This equation becomes 

where 

Il(xi-xi) 
= j .. i 

N-1 TI {xt-e,) 
j=I 

(3.2.26c) 

The fitt 's are the metric coefficients for parabolic coordinates. Comparison of 

(3.2.26c) with (3.2.26a) shows that for these coordinates (=O and A is arbitrary, 

a result already obtained in the real case. The case where the ~A;= N -1 can be 
j 

trealed in the same manner as that for elliptic coordinates: by letting e; ➔ ek etc. 

The results are identical: (= 0 and A arbitrary(A = )' say). 
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If L,AJ-5N-2, a rerun of lhe argumenl for Z::>..J=N-1 gives lhe same results: (=0 
j 

and A =1 where 1 is arbitrary. The remaining conditions (3.2.1B) of Theorem 

3.2.1 have been satisfied. Q.E.D. 

m 
When Z:'>,.;=N Theorem 3.2.1 implies that V=(Exi+B=E((z')2/4: the 

j i=l 

coordinate transformations are completely determined. 

If EA;-5N-1 Theorem 3.2.1 implies that ("=0 but the -y, terms are still unknown. 

The expression of potentials of the form V in (3.2.17), in terms of the carlesian 

coordinates z', for orthogonal systems with graphs of form (3.2.8) has been 

given in Boyer el al. ( 1983). There it was shown that 

if '>,.=E'>,.;=N-1(3.2.27b) 
i=l 

"z 1-iz 2 , if '>,.= E >,,.1sN-2(3.2.27c) 
i=l 

• - z 1 can be determined from Boyer et al. (1983). There the z' are derived by 

limiting processes from the z' 's for elliptic coordinates. 

** - Once again the particular z' meant here can be derived by limiting 

processes using the work of Boyer et al. ( 1983). One way of detecting z 1 and z 2 

is to notice that they are the only coordinates such that z 1-iz 2 has the sum 

form given in (3.2.27b). 

In the two and three dimensional cases the results of (3.2.27) hold even 

when there are spaces A; attached (i.e. when the systems have graphs of form 

(3.2.9)). Indeed we conjecture that (3.2.27) is still valid for any orthogonal 

separable system on E(n ,f). One reason, though not a proof, is that V is 

independent of the coordinates on the attached spaces A;. 

Equation (3.2.27) can be used to give an alternative derivation of the 

results for '>,.=N given in Theorem 3.2. l. Using (3.2.27a) 

N 
V = AZ:x' + B 

l 

(3.2.28) 
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s ince there is no loss in assuming that B = -Af >..1 ej. (B can be easily altered by 
I 

the transformations n n C n •) m x ➔X + x - . Using (3.2.27a) V = AL(zi )2/ 4 and from 

(3.2.2) 

A= ( (3.2.29) 

the result already obtained in Theorem 3.2. l. 

If X=N-1 (and no spaces A; are attached} then (3.2.27b) implies 

= Az 1 (3.2.30) 

so that 

(3.2.31) 

If X~N -2 (and no spaces A; are attached} then 

(3.2.32) 

The conditions of Theorem 3.2.1 readily yield the results for the real case. 

If the l_eading block is of elliptic-type then X; = 1 for j = l, ... ,N. Thus from (3.2.18) 

and (3.2.27a} we obtain the conditions for the elliptic case (see (2.4.43A) and 

(2.7.24}}. The discrepancy in the sign of LA; between the V of {3.2.27) and that 

for the real parabolic case (2.4.50) is caused by the definition that was taken for 

the cartesian coordinates (2.4.35B). For consistency here we could have chosen 
Nr-1 

- L e; in the definition of Nr w 1 instead of 
I 

infinitesimal distance. 

Nr-1 

L e; without any change in the 
I 

In parallel with §2.5 a graphical calculus can be devised to represent these 

results. The rules are much the same. Analogous to the elliptic-type A coordi­

nates is the graph 
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N I >-, I >. . 
>.p I e I e j , ep 

' I 

i 
'F I 

. 
I 

where ~ Aj =N. Here L9 can lake any of lhe values / ➔ JV, and -y, =O. 
j =I 

(3.2.33) 

In analogy lo lhe real parabolic case, all lhe other graphs have form 

(3.2.33) with ~ A; <N. Here L9 can only be/ or fl and (=O always. 
j = I 

As in our real lrealmenl lhe case N = 1 is an exception. When this happens 

there are two possibilities. The first parallels lhe elliptic one dimensional case 

and has graph Lq 

A 

(3.2.34A) 

where L9 can be /, JI, Ill or JV. Paralleling the parabolic case is the system 

with graph 

(3.2.348) 

where L could be / or //. As there are no roots no spaces can be attached to 
q 

this graph. Since (1 j O I and GJ are equivalent by lhe scaling transformation 
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(2 1 3a), both linear and quadratic potentials are possible for N = l. 

To illustrate the above procedure the classification is carried out for m = 1 

and 2. 

If m = 1 the R-separable systems are those listed in Table 1 of Appendix A, but 

with understanding that the variables .:r'. y' and t are now complex. 

If m =2 then there are six orthogonal separable systems on E(2,f}. Four of 

these are the complexifications of the systems in Table 2 of Appendix A. There 

are a further two truly complex systems and these are listed in Table 7 of the 

same Appendix. System A of that table corresponds to the degenerate form of 

elliptic coordinates obtained when the roots have become equal. Since 

X= X1 + >-2= 2, all the cases Lq: / ➔ IV are possible. These are listed in Table B of 

Appendix A. The real forms corresponding to this case are obtained by making 

the replacements z 1 ➔u 1 , z 2 ➔ i u 2 {u 1 and u 2 real}. The R-separable systems 

under these replacements are for 

(3.2.35) 

This is an example of what was referred to as a real form in §3.1. Using this 

technique systems derived from metrics with varying signatures can be 

classified. (However not all complex systems have corresponding real forms). 

System 8 of Table 7 is the degenerate form of elliptic coordinates obtained 

when both roots have been taken to infinity. Since X=O. only the u-types I and 

// are possible. The 'Yi terms attach themselves to the z 1-iz 2 coordinate since 

this is .:r 1 +.:r 2 . 

The mixing types are the complexifications of those in Table 4 of Appendix 

A. 

Operators: The general formula (2.6.18) is equally applicable in the complex 

case. As in the real case the essential problem is to work out the the images of 

members of the enveloping algebra characterising orthogonal systems. 

In general any member of the enveloping algebra will have the form {86). 

The operators for orthogonal complex systems can be derived from Kalnins, 

Miller and Reid ( 1983). 

In the following table the results of Table 2.6.1 are generalised to a larger 

class of members of the enveloping algebra needed in the complex case. 
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Table 3. 2. 1 Images of Euclidean Operators 

Lq Images of the Euclidean Operator Pa.Pb 

PaPb+ ! c(-yaBb+)'bBa) 

II !vqPa-Ba,VqPb-Bbl+! c(-yaPb+-YbPa) 

III VqPaPb-! [!Pa,Bb!+!Pb.Bal] 

IV !vqPa-Ba,vqPb-Bb!+wq'PaPb 

Images of the Euclidean Operator !M"" ,Med J 
(if !'a =-yb =-ye =-yd =O) 

Images of the Euclidean Operator (Mqb ,Pb l 
(if !'b =0) 

I !Mqb•Pb!--yqBb'/4 

II !Mqb ,vqPb -Bb !--yqPb'l 4 
III.IV Do not occur 

Images of the Euclidean Operator (Mat, -iM,u: ,Pb -iPe J 
(if !'a iJfO and !'b =-ye =O) 

!Mab -iMae ,Pb -iPe !--Ya (Bb -iBe )' / 4 

II !Mat, -iMae ,vq(Pb -iPe )-(Bb -iBe }!--ya(Pb -iPe )2/ 4 

III.IV Do not occur 

Images of the Euclidean Operator !M"" ,Po. -iPb ! 
(if 'Yb= -i)'a) 

!Mab ,Pa -iPb !-i--yo. (Ba -iBb )'/ 4 

II !Mab ,Vq (Pa -iPb )-(Ba -iBb }l-i--ya (Pa -iPb )' / 4 

III.IV Do not occur 
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When a= b the results of the real case in Table 2.6.1 are reproduced. As in 

§2.6 notation has been abused. The Euclidean operator Pa. in Table 3.2.1 is oz.,. 

while its image in the above table is Pa. =o .,.. 
If 

As in §2.6 we provide the details of one of the calculations needed to pro­

duce Table 3.2. l. Suppose we are dealing with Euclidean constants of the motion 

containing the terms 

(3.2.36) 

, u =a.,b ,c ,d. 

Equation (2.6.16), the formula for computing the image >-..1, gives 

(3.2.37) 

where z=(z 1,z 2 , • • • )t. By going through the possibilities for a.,b ,c ,d we find 

that 

'fi.E z = 0 (0 is the zero vector). (3.2.36) 

For example consider a. ,b ,c ,d to be all distinct. There is no loss in assuming 

a.= 1. b =2, c =3. d=4. 

The matrix 'fi.E is 

0 0 l.e 2z 4 
2 

-l.e2z3 
2 

0 ... 

0 0 -1-elz4 Le lz3 
2 2 

l.e2z4 -l.elz4 0 0 
2 2 

-l.e2z3 ~lz3 0 0 
2 2 

0 0 0 0 i 

j 
It is easily verified that 

(3.2.39) 
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Direct c-alculation shows that (3.2.3B) is satisfied F'rom (3.2.37) 

(3.2.40) 

Thus lhe row containing Mo.\ in Table 2.6.1 is generalised in the complex case to 

(3.2.41) 

under the condition that -ro.=-rti=-Yc =-r11.=0, regardless of whether L., is I. II, III. 

or JV. The E superscript has been used in (3.2.41) to emphasise that the opera­

tors on the left hand side of that equation are the Euclidean operators while 

those on the right are their images. The work of Kalnins el al. (1983) implies 

that all lhe operators on the attached spaces are sums of elements of form 

(3.2.36). The images of these operators are determined by (3.2.41). 

Consider the case when m = 3. The defining operators for the correspond­

mg orthogonal E(3,f) systems can be derived from the work of Kalnins et al. 

( 1983). Alternatively they are listed in Kalnins and Miller (1976). 

When 2),i = N = 3 all the operators are of the form ~ Ao.tied. Mo.ti Med. + C® Po.Pt, 
G. .ti .c .d. 

( l~a ,b ,c .d~3). The images of these operators can be obtained from Table 3.2.1. 

When ~Xi =N-1=2 then we need to compute the images of the two further 

operators {Mo.ti -iMo.c ,Pt, -iPc ! and lM.,ti ,Pt,!-

If ~Xi~N-2 the only new Euclidean operator whose image needs to be found is 

tMo.b ,Pg, -iPt, !-

In three dimensions at least, the above observations show that Table 3.2.1 is 

sufficient to work out all the operators. We conjecture that Table 3.2.1 is 

sufficient to work out all the operators in m dimensions. 

Example: consider system 6 of Table 8. The complex orthogonal system from 

which it is derived is system 8 of Table 7 in Appendix A. The defining operators 

for that orthogonal system are also supplied in the same table. They are 

(3.2.42) 

To find the images of these operators we compute the following: 

pb2 ➔ Bt,2 + C °Yb Pb . b = 1, 2, 

(3.2.43) 
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These results allow us lo find lhe lwo operators for system 6 which are given in 

Table B. 

3.3 Non Heat-type systems for the Helmholtz equation 

We find a general class of contravariant metrics with one nonorthogonal 

enlry gCn-l)n_ When gCn-l)n=l the class yields the systems of §3.2. But when 

g In -l)n ~ 1 the resulting metrics are not of heat-type. Only a sketch of this latter 

case is provided: the operators and coordinate transformations are not given. 

We give as a generalisation of (2.4.1) the class of Hamilton-Jacobi equations 

E = (3.3.1) 

Here the V9 , a9 have the same significance they had in Theorem 2.4.1 and Tis an 

arbitrary constant. Also A=P,2, ... ,nA! is a subset of C=P,2, ... ,nA,···•nc!. The 

sets Q and B9 are the same as those defined in (2.4.2) and (2.4.3). Note that now 

q 1 =nc+ 1. 

Using the methods of §2.4 the orthogonal metric dsl corresponding to ~ gccPc2 

cEC 

can be shown to be the metric of a flat space. That space splits into a sum of 

flat disjoint subspaces each with metric of form (3.2.11). One of these, is taken 

to be 

TI (xa -e;) 
--=a=e=-A ___ -,-- ds ~ 
TI {et -ek) ' 

(3.3.2) 

It:,.; 

where l~a ,a •~nA. We also suppose that the root e I has multiplicity at least two. 

There is no loss in taking e 1 =O 
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This hefty notation is now illustrated with a few examples. If nA =O, (3.3.1) 

collapses to the form of (2.4.1). The most simple example occurs when nA =m =2 

1.e. on E(44'). The Hamilton-Jacobi equation is then 

(3.3.3) 

with corresponding metric 

This system appeared in Kalnins and Miller ( 1979) together with its coordinate 

transformations and defining operators. As they noted al the time it was the 

single nonorthogonal system they found which was not of heat-type. In general 

any system with g (n-I)n ~ 1 and one first order variable is not of heat type. This 

can be explained as follows. If a system is of heat-type then it must have the 

symmetry operator ! (Pn _1-iPn ). It follows that its coordinate transformations 

are of form (2.2.8). A simple modification of the argument at the beginning of 

§2.3 (see (2.3.3)-(2.3.10)) shows that g(n-I)n can be scaled to 1. 

To explain the technical notation used in (3.3.1) we give the next simplest 

example. This occurs when n,1 =2 and n =5. The Hamilton-Jacobi equation is 

then 

with metric 

The curvature condition R 3443=0 is equivalent to 

where 

2 " ( •)2 - >- + 2 2 0-3 0-3 - 0-3 - \ 3 ' 0-3 

(3.3.5) 

(3.3.6) 

(3.3. 7) 

(3.3.8) 
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Differentiating (3.3. 7) gives 

(3.3.9) 

Solving this equation for <1' and substituting back into (3. 3. 7) gives 

1
1 , or 

0'3 = 
U3eT~4 + 

(3.3. lOa.) 

The constants U3 and W3 are arbitrary. From (3.3.B) 

(3.3.11) 

Notice that if a= 1 then (3.3. 7) implies ("3 = -T2 . We have completely determined 

the unknown functions in the metric (3.3.6). This system is not of heat-type 

because the component g 4r,= 1/ x 1x 2 in (3.3.5) can not be scaled to 1. It is an 

example of a system with one first order variable not of the type in §3.2. 

We will now determine the V11 and the a11 for the general class of Hamilton­

Jacobi equations in {3.3.1). Since the root e 1 =O has multiplicity at least 2 then 

from (3.3.2) 

nA-2 
E r,{xci)'{xci)2 

ga,a. = i=O (3.3.12) 

nA-2 

The r,: 's are constants which can be determined from (3.3.2) ( E r,:(z 4 ),:+l 
i=O 

= TI (x 11 -e; )).i). The following identities are verified by using partial fractions: 
j=l 

(xa )" • = fl {xci -xa ) 
Cl •,.Cl 

Using these identities 

, V = 0, ... ,nA-2 

V = -1 (3.3.13) 



" aa 1 LJY -(x-a-)4-= (3.3.14) 

The metric corresponding to (3.3.1) can now be written 

(3.3.15) 

The r I term has been removed by the transformation xn ➔Xn - ½<-l)nAr 1xn-l_ 

From (3.3.12) 

To = TI x" (-ea)"• 
ae:A 

The conditions Rb(n-l)(n-l)e =O, b ~c imply, 

as in §3.2. The curvature conditions Rb(n-l)(n-l)b =Oare equivalent lo 

(3.3.16) 

(3.3.17} 

(3.3.18) 

The spaces with metrics d.s 2 = ~ flee (dxe )2 are flat (using the methods of §2.4). 
be:B, 

In terms of the standardised coordinates z b on each of these spaces 

These equations have the solution as in (3.3. 7) and (3.3.B). Thus 

The constants U11 and W11 are arbitrary. From (3.3.19) 

Vq= 2:[(q(zb)2/4+-ybzb 
b e:B, 

(3.3.20a) 

(q ( ) - 2- 3.3.20b 
T 

(3.3.19) 

(3.3.21) 
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We will show how lhe above systems can be represented with graphs similar 

lo those in §3.2. Following our discussion in §3.2 the metric ds 2 =°"g (dxa.)2 
A LJ Q.Q. 

has graph 

NA o>-1 >. . 
e;, >-,, 

eP 

! 

t ~, ,, 

I 

(3.2.22) 

where X1~2. The separable systems dsq2 = ~ fibb (dxb ) 2 are flat and can also be 
b EB, 

represented by the graphs given in §3.2. The compatibility problem for the 

potential terms Vq has the same solution as in §3.2. (the determining equations 

for Vq, {3.3.17) and (3.3.21), are the same as (3.2.12) and (3.2.2)). 

The labelling of the a-functions depends on the value of T in (3.3.18). If T=O 

then a can be any of the types I .II .III or IV. Incidentally, here the metric col­

lapses to that given in §3.2. If T;tO then a is of form (3.3.19a) (i.e. type /) or of 

form {3.3.19b). This latter form will be called type V. A a function of type Vis 

exactly specified by Uq, Wq and (q- The potential Vq attached to this block is 

specified by all these parameters in addition to the --,,, 's. Thus the label given to 

such a block is 

(3.2.23) 

As an example the system (3.3.3) has graph 

T 

~ 
(3.2.24) 

(T is attached to the leading block). The system (3.3.5) has graph 

T 

(3.2.25) 
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The Schrodinger conditions for the class covered in this section can also be 

verified .i.e., all these systems are also Helmholtz separable. The operators and 

the coordinate transformations have not been calculated but the same tech­

nique used in §3.2 should help in finding these details, i.e., standardisation of the 

coordinates in the manner of §2.4 (see (2.4.27)-(2.4.30)) to find the general form 

of the coordinate transformations. Also one might be able to construct a gen­

eral formula like (2.6.18) for calculating the operators from the Euclidean ones 

on. the space E(n -2.f). 

The techniques used to derive the general class (3.3.1) are direct ones 

requiring arduous calculations involving the Sta.eke! and curvature conditions. 

The effectiveness of these methods is heavily dependent on the metric having 

only one nonorthogonal entry. It seems difficult to generalise these techniques 

lo solve the general first order problem. 

3.4 R-separation for the Hamilton-Jacobi equation 

Initially the aim of this thesis was to classify all heat-type separable sys­

tems on E{f ,5). This aim was abandoned in favour of the complete results 

obtained for the case of one first order variable. Only partial results were 

obtained beyond this case. Nonetheless this partial classification yielded the 

particularly interesting class which is the subject of this section. This class 

gives rise to the first instance, to our knowledge, of nontrivial R-separation for 

the Hamilton-Jacobi equation 

(3.4.1) 

This class is an extension of that which was the subject of an article by Kalnins 

and Reid { 1982). 

By "R-separation" we mean that there is a nonzero function R (x) such that 

(3.4.1) admits a complete solution of the form 

n 
W = R(x) + ~ W,(x'; E. >-2, ... >-n) (3.4.2) 

i=l 
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As in the corresponding definition for the Helmholtz equation R need not depend 

on the separation constants >..i. The R-separalion is said lo be trivial if 

82 R I axiaxi = 0, for all i ~j. 

Before the work of Kalnins and Miller ( 1960) R-separation was only thought 

to exist for the Laplace equation. These investigators have found nonorthogonal 

systems for the Helmholtz equation which are nontrivially R-separable. 

The class of metrics we consider is the one which is the subject of the 

MACSYMA example given in Appendix B. It is the class with coordinate transfor­

m alions (B36), Hamilton-Jacobi equation {B41), metric {B43) and is uniquely 

defined by the Killing tensors {B4 7). 

E. Kalnins observed that if the transformation 

(3.4.3) 

is made in (B36) then R-separation results for the Hamilton-Jacobi equation in 

the new coordinates x 1,x2,x3,x4,x5. Since z 5 =.x5 , this new Hamiltonian is (B41) 

with b=O, i.e. 

(3.4.4) 

(3.4.5) 

is a separable solution for (B41). Substituting for x 5 from (3.4.3) into (3.4.5) 

(3.4.5) 

is an R-separable solution of (3.4.4). The parameter ex is arbitrary. If ex=O the 

R-separation is trivial. When ex;i!:0 the R-separation is nontrivial since 8z1z2R ;i!: 0 

for the R-separation factor R = exlog{x 1-x 2 ). The separation equations for W are 

derived from (B44) with X5 b replaced by ex. They are 

ex = 3,4,5 . {3.4. 7) 
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ThPre is no loss in laking >.. 1=£ 

The Killing lensors describing lhis R-separalion are derived from lhose in 

(B4 7), by replacing >..:'Jb wilh a. They are 

>.. 2 = -a(P3 -iP4 )+K+Q>..Q+R>,.8 +S>,.s , 

(3.4.B) 

where 

(3.4.9) 

Some additional explanation is needed here. The freedom to choose an 

equivalent set of Killing tensors ~ Ci;A; for {B4 7} has been used. For example in 
j 

the above set ">..3 is the negative of ">..3 in (B47}. Simplification with the aid of the 

identities (B15) and (B2B) has also taken place. 

In addition the result has implications for the corresponding 
~ 

EAaza 

Helmholtz equation. If ,J, = ,J, 1{x 1)-l-(x 2 } e 3 is a separable solution of the 

Helmholtz equation (B4 7} then under the transformation (3.4.3) 

(3.4.10) 

will be a solution of the transformed Helmholtz equation (which is (B42) with 

b =O). Again we have nontrivial R-separation with a family of R-separation fac­

tors M 0 (x) =(x2 -x 1 ) 0 depending on the parameter a. The operators characteris­

ing this separation are as usual obtained from the correspondence (l.2.20), i.e., 



- 100 -

(3.4.11) 

where now P1.=a1 az1., M1.j=z1.az:,-ziaz:, and 

f;R = ~ !P3-iP4 ,(M 13-iM23)-i(M 14 -iM24)! etc. 

The operator £ 2 is "non-self-adjoint" for ex;,! 0. {The adjoint A* of an opera­

tor A is defined by 

(3.4.12) 

A second order operator S is said to be self adjoint if s•=s). In the case of pure 

separation. a=0 and the operator £ 2 is self-adjoint. If we are to have a satisfac­

tory theory of variable separation we must be able to account for this 

phenomenon and classify it when it occurs. 

This section has been of mainly theoretical interest, and is a generalisation 

of a class of four dimensional systems which appeared in an article by Kalnins 

and Reid ( 1982). That class is obtained from ours by diagonalising Pr, and taking 

Q = R = S = 0. The essential elements are the same: nontrivial R-separation 

depending on a free parameter and Helmholtz separation characterised by a 

non-self-adjoint operator. We have also managed to fill a gap in the classification 

of Kalnins and Miller ( 1979) by providing the operators for the four dimensional 

system obtained by diagonalising Pr, when Q. R and S are nonzero. 
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Appendix A Tables of R--separable systems 

The main purpose of this appendix is to summarise in tabular form results 

concerning R-separation for m = 1, 2 and 3. 

In all the tables au ➔ a1v± are the functions of Table 2.4.1, that is 

au= (xm+l+v)2, 

and 

(Al) 

As we have already mentioned 

(A2) 

In the tables for the unsplit systems we have unambiguously removed the sub­

scripts from the parameters so that v 1 ➔ V, w 1 ➔W and -y 1 ➔)', 

The general forms for elliptic and parabolic coordinates in (2.4.35) can be 

transformed to give their more familiar appearance in low dimensions. For 

example we make the transformations 

(A3) 



to give elliptic' coordinates their 'usual' appearance in Table 2. It must be 

remembered however that in higher dimensions this is not always possible. For 

cases like the ellipsoidal coordinates of Table 5 the general forms of (2.4.35) 

must be used. In Table 5,J 1=M32, J2=M 13 and J 3=M 21 . 

In the tables some of the parameters er have been normalised. In general 

by making the transformations 

(A4) 

an elliptic block 

(A5) 

can become 

(A6) 

Analogous remarks apply to parabolic blocks and to those representing separ­

able systems on the spheres Sp6. As a final remark, the split types form =3 may 

be obtained from the results form= 1 and m =2(i.e. from Tables 1 and 3). For a 

brief discussion see (2.5.19) ➔ (2.5.22). 
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Table 1 R-separable Coordinates and Operators for 

(a 2 , + 21:at H = E'+ y 

Graph Coordinates ! y 1, t ! Operator 
t =x 2 for all systems R-separation factor R 

I 
l. 

~ 
y I = X I + ')'( X 2) 2 / 4 Pf + ')'t:B1 

R = l:')'X 1x 2/ 2 

ll(v=0) 
y 1 = a11 ff x 1 + ')'/ 4(x 2 +v) (vP 1-B 1 ) 2 +')'t:P 1 2. [§] R = k[(x 2 +v)(x 1) 2 

2 
-')'X 1 / 4(x 2 +v)] 

ll/(11 =0) 
yl = a111ffx1 vPf-!P1,Bd 3. 

~ R=O 

/V:t:(v=0.ui 2=1) 
Y I-a ffx1 (vP 1-B 1) 2±w2Pf 4. 

~ 
:I: - JV~ 

R = T:1:1:(x1)2.:z:2/ 2 



Table 2 Separable Coordinates and Operators for 

P~ +Pi= E 

Name & Graph 

Elliptic 
G,=<il}) 

Parabolic 

c,. = 0 
Polar 

Gr=~ 

Cartesian 

®© 

Coordinates 

z,1 = c cosh(.:z: 1)cos(.:z: 2) 
z,2 = c sinh(.:z: 1)sin(.:z: 2) 

z,} = ½-{ (.:z: 1)2-(.:z:2)2) 

z,.2 = .:z:1.:z:2 

Zr1 = .:z: 1cos(.:z: 2) 

Zr2 = .:z: 1sin(.:z: 2) 

Operator 

Pf 
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Table 3 Unsplit R-separable Coordinates and Operators for 

(62 + 2d), )-1, = E-¥ 

Graph Coordinates IY" ,t ! Operators 
t =x3 for atl systems R-separation factor R 

l. 

~ 
y" = z:- Pf+Pl 

Mf2+c 2Pf 

R = 0 

//(v=O} 
y" = u11Kz:, (vP 1-B 1)2+(vP2-B2)2 2. 5] 

Mf2+c 2(vP,-Bi)2 

R = cc 2x 3(cosh2(x 1)+cos2(x 2))/2 

1//(v =O} 
y" = umKz:, v(Pf +Pl)-IP1,B,!-IP2,B2! 3. 

BJ Mf2 +c 2(vPf-lP1,B d) 

R = 0 

/V:tc(v=o.w 2=t} 
y~ = UJV:tcK z:- (vP1-B 1)2+(vPz-B2)2±w2(Pf +Pl) 4. 

~ Mf2 +c 2[(vP,-B 1)2±w2Pf] 

R = £T *c 2:z: 3(cosh2(x 1)+cos2(x2))/ 2 

I 
yl = Zp'+-y(.z3)2/ 4 Pf +Pl +-ycB, 5. 

~ y2 = z; IM 12,P2f--yBj 14 

R = c-yx3((x ')2-(2:2)2)/ 4 

//(v=O} 
y 1 = u 11 K zp1+-y/4(x3+v) (vP 1-B 1)2+(vPz-B2)2+-yc P1 6. 

~ y2 = UJJK Zp2 IM 12,VP2-B2!----,Pl 14 

R = £. [ (xs+v )((x 1)2+(2:2)2)2 
B 

2'.{{x ')2-{x2}2} ] -
2(x 3+v) 

I 
Pf+Pl 7. 

~ 
y" = z~ 

Mf2 

R = 0 



Table 3 (continued} 

Graph 

//(v =D) 
8. 

///(v=O) 
9. 5) 

10. 
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Coordinates IY" ,t ! 
t =x 3 for all system.s 

Operators 
R-separation factor R 

R = 0 

(vP1-B 1)2+(vP2-B2)2 

±w2(Pf +Pf) 

Table 3: The results of Table 2 have been used to simplify the presentation of 
this table. For example in system 7 

//(v =O) 

and yu = au* z;!- is 

/~) 

rn 
y 1 = lx 3 +v lx 1cos(x 2} 

y 2 = lx 3 +v lx 1sin(x 2 ) 

(Recall that t =x 3 for these systems). 



l. 

4. 

7. 

9. 
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Table 4 Split R-separable Coordinates for 

(62 + 2ccJ, H = E-¥ 

Class b Splitting Types 

I l/(v 2 =0) 2. I ll/(v 2 =0) 3. I IV±(v 2=0,wj = 1) 

ll(v 1=0) ll(v2 ~0) 5. I/ l//(v2 =0) 6. I/ IV±(v 2=0,wj = 1) 

lll(v 1=0) lll(v 2 ~0) 8. /[[ IV±(v2 =0,wj = 1) 

IV± /Vt: 10. IV± [V''f' 

Class c Splitting Types 

l. I 

Table 4: An entry L 1 £ 2 in this table corresponds to the split coordinate system 

y' = aL/f'·x' + ½ r,J J a-3/2 

y2 = aL/x2 + ½. 1'2/ J a-3/2 

t = x 3 , L1.: I ➔ IV± 

An entry £ 1 in part c of Table 4 has coordinate transformations as above but with 
L1 = L2-
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Table 5 Unsplit Separable Coordinates and Operators for pf+ pf+ J>& = E 

Name & Graph 

Ellipsoidal 

Paraboloidal 

GP•"'~ 

Oblate Spheroidal 
(µI) 

c ..... m 

Parabolic 

GP"""~ 

Spherical 

Conical 

Coordinates 

.l. 
z;0 = c [(:i: 1-1)(:i: 2-I)(:z: 3-1)] 2 

:z:1<0<:z:2<1<:z:3 

z.J. = c cosh(x 1)cos(:z: 2) 

z is = c sinh(x 1 )sin(x 2)cos(x 3) 

z;s = csinh(:z: 1)sin(x2)sin(x3) 

z 0~ = c cosh(:z: 1)cos(:z: 2)cos(x 3) 

z 0~ = c cosh(x 1)cos(x 2)sin(x 3) 

z 0~ = c sinh(x 1)sin(x2) 

z.J,. = ½{(x 1)2-(:z:2)2] 

z;,. = :z: 1x 2cos(:z: 3) 

z;,. = :z: 1:z: 2sin(:z: 3) 

zJ = :z: 1cos(:z: 2) 

z~ = :z: 1sin(x 2)cos(:z: 3) 

zJ = x 1sin(:z: 2)sin(x 3) 

Operators 

J-J-c 2(Pl+Pf) 

Jf 

J·J+c 2(Pl+Pf) 

Jf 

Jf 

J·J 

Jf 

J·J 

Jl +a.JI 



1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 
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Table 6 Unsplit R-separable Coordinates and R-factors for 

Graph 

I 

5J 
//(v=D) 

~ 
1//(v =D) 

cg 
/V,i,(v .. o,w 2=1) 

5d 
I 

[i:J 

//(v=O) 

~ 

I 

~ 
//(v=O} 

~ 
1//(v .. o) 

I a,,. I 
/V,i,(v=D.wZ=I) 

[B 
I 

~ 
//(v=D) 

~ 

(6:, + 2ca, )-1, E'¥ 

Coordinates IY" ,t ! 
t =:z: 4 for a.LL systems 

y" = z;:, 

y" = a,,K z;'o 

y,. = a IIIK z;'o 

Y! = a,v~K z~ 

y 1 = z,,'o +7(:z:4)2 / 4 

y2 = z;o 

y3 = z;o 

y I = a ,,K z,,'a +7/ 4:z:4 

y2 = a 1/K z,,za 

y:i = auKz;o 

yV = z;, 

y" = auYt z;, 

y" = au,Yt z;, 

Y! = aw.K z;. 

y" = z~ 

y" = a11Yt z.!'. 

0 

0 

R-separation factor 
R 

3 3 3 
.Lr:!c2:z:4[2L(:z:')2-(L:r')Z+6L:z:') 
z 1 1 I 

0 

0 

0 

3 

--ye LZ' / 8:z: 41 
1 
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Table 6 (continued) 

Graph Coordinates fy" ,t ! R-separation factor 
t =z 4 for all systems R 

13. 
1//(v=0) 

y" = a111 Yt z~ 

~ 
0 

14. 
/V±(v=O.wz=I) 

E;J y: = a,v,.Yt z~ 1:T ,.c Zz 4(cosh. z(z 1) +cosz(z 2))/ 2 

I 
15. 

lcpml 
y 1 = z,!m+7(z 4)Z/4 i:7:r•[(z 1)2-(z2)2]/ 4 

yz = z;m 

y3 = z;m 

16. 
//(v=0) 

y I = u 1/Yt z,!m +7/ 4:r 4 ~ Z 4((:r I )Z+ (zZ)Z)Z 

E;] 8 

z{{:r l?-HzZ?~ yz = u11Ytzpzm 
2:r• ] 

y3 = a11Yt z;m 

I 
17. 

~ 
y,. = z;;, 0 

18. 
//(v=0) 

y" = a11Yt z;;, .L 1:Z 4(z I )Z 

~ 2 

///(v =0) 
y" = a111Yt z;;, 19. I G'FI 

0 

20. 
/V±(v=O,wz=I) 

y~ = a,v,.Yt z~ .L i:T ±z4(z 1) 2 

~ z 

I 
21. 

~ 
y" = z::, 0 

22. 
//(v=0) 

y" = q 1/y,_ z~0 
.Li;;r4(zl)Z 

5;J z 

1//(v =0) 
y" = a111 Yt z~0 0 23. 5;] 

24. 
/V±(v=O,wz=I) 

~ 
y: = a,v,.Yt z~ .Li;T,_z 4(z 1)2 

z 
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Table 6: In analogy lo lhe case rn =2 we have used lhe results of Table 5 to sim­
plify lhe presentation of Table 6. For instance in syslem 19 

and yu = am'll. z~ is 
I 

y 1 = lx 4 +v 12 x 1cos(x 2 ) 

.!.. 

//(v =O) 

[9 

y 2 = I x 4 +v I 2 x 1sin(x 2}cos(x 3 } 

I 

y 3 = I x 4 +v I 2 x 1sin(x 2}sin(x 3 } . 

///(11 =0) 
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Table 7 Complex Orthogonal Separable systems for E(2, f) 

Graph Metric & Operator Coordinates 

I 2 
z -i z =c 2✓il'i"2 

A A 

I 2 
Z +i z =✓-zrR+✓z: 2/ z: 1 

A A 

I 2 
Z -i Z =z: 1+:z: 2 

B B 

I 2 
z +i z = !-{x 1-:z: 2) 2 

B B 2 

Table 7: The other four complex separable systems for £(24") are those listed in 
Table 2 with il now being understood that z" and x" are complex. 



l. 

2. 

3. 

4. 

5. 

6. 
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Table B Unsplit R-separable Coordinates and Operators for 

the complex equation (62 + 2t:c3, )'I, = E"l1 

Graph 

I 

5] 

//(v=D} 

~ 
///(v=D} 

5) 

/V(v=D.w 2=l} 

5] 

//(v =D} 

~ 

Coordinates IY" .t I 
t =x 3 for all systems 

.. 
y" = z 

A 

.. 
y" = uull z 

A 

.. 
y" =u,ullz 

A 

l 

y 1 = Z +-y(z 3)2/ 4 
B 
2 

y 2 = z -i-y(x3)2/ 4 
B 

l 
yl = uull z +-y/ 4x3 

B 
2 

y 2 = u 11 11 z -i-y/ 4x 3 
B 

Operators 

Pf+Pj 

-ilM 12,P1-iP2l+(P1+iP2)2/ 4 

+~(B1+iB2).--?'.--<81-iB2)2 
2 4 

- i [IM12,-(B1-iB2)1 + 

-~P1-iP2)2] + 
4 

+¼{ (B 1 +iB2)2+2-yc(P1 +iP2)] 

Table 8: The other complex systems in two dimensions are the complexifications 
of those in Table 3. and Table 4. Also see those tables for an explanation of the 
notation used here. 
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Appendix B Symbolic Programming in Separation of Variables 

Symbolic programming refers lo the capability of performing analytic cal­

culations such as integration. differentiation etc. on computers. There has been 

much progress in recent years. Gerdl et al. ( 1980) have written a comprehensive 

review comparing various symbolic languages such as MACSYMA and REDUCE, 

and detailing some of the applications in mathematics and physics. An excellent 

example provided in that review is that of Delaunay who spent 20 years 

writing a monumental work on Celestial mechanics. He derived an analytic 

theory for the moon correct to small quantities of the seventh order. Deprit, 

Henrard and Rom (1970). in just one year. reproduced Delaunay's results using a 

symbolic language. Remarkably, only one error was found in Delaunay's mul­

livolume work which contained more than 40,000 equations! We are lucky to 

have one of the most versatile symbolic languages, MACSYMA {see Mathlab 

(1983)), available at Waikato University on its VAX computer. It was T. Robb, a 

graduate student at Waikato, who first pointed out that many of the arduous cal­

culations required in variable separation could be performed with ease using 

MACSYMA. 

In this Appendix we give an outline of a program capable of producing all 

the time consuming details of separation on flat manifolds. In the process of 

writing this program, an explicit formula was derived for expressing the con­

stants of the motion >-m = a:/..Pi.P; in terms of the enveloping algebra. Finally we 

give an application for this program. We find all the details of separation for the 

interesting class of systems in §3.4, an almost impossible task were it attempted 

by hand. The program itself, SEPCAL.V, is given in Appendix C together with a 

rough explanation of the MACSYMA commands it uses. 

Equation (D6) shows that the constants of the motion may be computed 

given the Stackel matrix , the s;a. and the At,afJ_ We will go one step further here 

and show how these Killing tensors can be expressed in terms of the enveloping 

algebra. The initial problem is that these tensors. >-m. are expressed in terms of 

the separable coordinates fx,: !,i.e .. 

(Bl) 

To gain a coordinate free description they are expressed in terms of the carte­

sian coordinates z,:_ In analogy to (2.6.14) and (2.6.15) 

(B2) 
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whert' 

(see line 17B of the program SEP CAL. V given in Appendix C). 

Here (J )uc = (azk I ax"i) is the transformation matrix 

Thus 

{B3) 

{B4) 

{B5) 

where P = (P 1 , . , Pn )t and P"i = a1:i W. As has been mentioned in the Introduc-

lion, for flat spaces these Killing tensors can be expressed in terms of the 

enveloping algebra - i.e. there are constants T"ijkt, T"ijk, Tik such that 

{B6) 

(Recall that the Einstein summation convention is assumed ). The problem is to 

determine these constants. Since M"i; = z"i P;-z; P"i 

that 

( P-i = an: ). {B6) implies 
az\ 

{B7} 

In the following argument the relationship between the constants ~{. B~i. C'; 

and the constants in {B6) is determined. The terms 

(BB) 

correspond to the 

{B9) 

part of the enveloping algebra. Expanding 

= > 2~{ z A: z 1 = [ a kUj -a i.Jclj -a k"ijl + a ikjl 
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= (B10) 

where 

+ a Ljld -atjik -ajLki. + aiLik (B11) 

Here Di"il. is the overall coefficient of M;1c Mu except when k =L and i = j. In that 

case it is twice the coefficient of Ml 

The Di.jkL possess the Riemann-type symmetries 

Di.kit = - D;tvc (B12) 

Since Di.jkt is the overall coefficient. the order i <j. k <L and i<k can be imposed 

on the indices. 

If none of the indices are equal. then 

n L rrstu 
r=I s=r+l t=s+l u=t+I 

where 

and without loss of generality r <s <t <u. 

Making use of the Riemann-type identity : 

and substituting for Mrs M1,,_ in (814) 

(B13) 

(B14) 

(B15) 
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A~fz1c zLAP, 
n - 3 n -2 n - I n 

= L L L L [ (DrSlu -Drust) Mrs Mtu 
r=l s=r+J t=s+J u=t+l 

(B16) 

This last equation, when combined with (B10) and (B12) implies 

n-3 n-2 n-1 n 

~{z/cZIAP; = 4 L L L L [ As~Mn;Mtu + Af:MrtMsu] (Bl 7) 
r=l s=r+I t=s+J u=t+I 

If two indices are the same then 

n-2 n-1 

A1{z1c ztP,P; = L L (BlB) 
r = I s =r + I u = s + I 

where 

{B19) 

The case where more than two of the indices are the same can only occur as two 

pairs, and then 

n-1 n 
A1{zkZ 1P,P; = L L T" (B20) 

r=I s=r+l 

where 

T" = J..[;rsn M 2 
2 n; 

{B21) 

Now consider, 

(B22) 

which in terms of the enveloping algebra must be 

(B23) 

Expanding, 
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(B24) 

a Taking - 1-of (B24) az 

+ atj, -aih 

li.J i.lj 
=a + a (B25) 

rst 
where a is the overall coefficient of Mrs P, and we can assume r <s. 

Consider terms with all indices different (i.e. r <s <t ). then 

n-2 n-1 

B1izkP;,P; = ~ ~ (B26) 
r=l s=r+l t=s+l 

where 

rst dr rls 
rrst = a MrsPt + a Ms,Pr + a MrlPs (B27) 

Substituting the identity 

(B2B) 

and using (B25) 

(B29) 

If two of the indices are the same then 

n-1 n 
B~jZkPi.P; = ~ ~ rrs (B30) 

r= I s =r + I 

where 

rsr rss 
Trs = a MrsPr + a MrsPs (B31) 

Using (B25) this is 

(B32) 

The form of the Crs PrPs (r T- s) and CrrP/ terms is easily computed. 
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Collecting these results 

n-3 n-2 n-1 n 

Am = 4 L L L L [As'!MTSMtu +A[~Mrt Msu] 
r=I s=r+I l=s+I u=l+l 

n-2 n-1 n 

+ L L L [2~Mrs Mru 
r=I s=r+J u=s+I 

n-1 n 

+ L L [A;;M~ 
r=I s =r+I 

Example: We express the second order Killing tensor 

A = z 1z 3P 2P 4 - z 1z 4P 2P 3 - z 2 z 3P 1P 4 + z 2 z 4P1 P 3 

in terms of the enveloping algebra. Equation {B7) implies that 

A 24 _ A 13 
13 - 24 

The formula (B33) then implies 

a result which is easily checked. 

= 1 
4 

(833) 

The formula {B33) is incorporated in lines 280 to 293 of the SEPCAL.V pro­

gram. There A~[r.t,s,u] =~and B[r,s,t] = B 1rs. 

The dimension D(n) of the enveloping algebra is easily calculated from 

(B33): 

= n{n+1) 2{n+2) 
12 

(B34) 

The dimension rapidly grows with n. When n =5, D(5)= l 05. The dimension 
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formula has already been given bv other investigators (e.g see Delong (19B2)) 

The Killing vector part of the argument works in a similar and even simpler 
fashion: 

Ao. = E C ij Mij + E di. pi = 
i.<j 

n-1 n n 

E E C ij ( z i. pi - z j Pd + I: di. P;. 
i.=l j=i.+1 i.=1 

(B35) 

This calculation is carried out m lines 316-331 of the SEPCAL.V program. There 

c~[i,J]=c'i and d~[i]=di._ 

The only remaining difficulty is that a~ is a function of the xi. 's, and is not 

yet expressed in the zi. 's as in (B7). The difficulty is resolved by obtaining the 

coeflicients ~i. BJ/, and C'i by differentiation: 

Upon application of the Chain rule 

(B36) 

(lines 196-19B of the program SEPCAL.V ). 

Only knowledge of the inverse of the transformation matrix J is needed. 

To obtain the Bfj and the q_i is a simple matter: 

(B37) 

(line 239 of SEP CAL. V). 

The result, (B33), is the heart of the program and its most useful function; 

computing the constants of the motion in terms of the enveloping algebra. For 

completeness, the program "SEPCAL.V" has been included in Appendix C. A list 

of a few symbols and their meanings is also given there. The description is not 

complete, and is only meant to be a guide to the program's general nature. 

The separation equations, the Helmholtz equation, the Schrodinger condi­

tions, and the inverse of the Sta.eke! matrix have explicit formulae (see the 
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exctrnple in Appendix D). and lherefore have been ectsily incorporaled in the pro­

gram SEPCAL.V. 

Early in the program (lines 82-90) the product of the conlravarianl and 

covariant metric term is calculated. If the product is not the identity {which it 

should be) an error message is printed. This is an invaluable check. Once past 

this stage the results should be totally reliable. 

The program can also perform calculations in spaces which are not flat. At 

present it is being used lo check the results for separation obtained by Kalnins 

and Miller in certain spaces of low dimension. 

Time consumption becomes a problem in more than five dimensions. Vari­

ous things have been done about this: all the symmetries in the ~/. and Bli have 

been exploited (see lines 220-272 of SEP CAL. V). In addition, since the ~{ etc. 

are constants. evaluation of these al x = Xo often speeds the simplification pro­

cess. This facility is available if it is needed. Nevertheless, it does perform all 

the details for 2-dimensional elliptical coordinates in 1 minute and 50 seconds. 

That's got to be faster than doing it by hand! 

In the following example the program is used to compute the details of 

separation for the class of metrics that is the subject of §3.4. All the systems in 

that class possess 2 null coordinates and 3 ignorable coordinates. We first 

present the input file. 



~:xarn pie of lhc s~:PCJ\.L. V program 

Input file 

I• The following commands put the output file in VTROFF notation, 
make the program distinguish between upper and lower case letters, 
and add """" to the program-. alphabet •I 

<t4peset true, bothca-.es: true, declare("""",alphabetic))S 

1 • ~e enter the dimension of the -.pace n (=5) and the number of first 
oroer variable-. n2 <=2) •I 

(n S,nl O ,n2:2)S 

I• Nert the values of the B(u,r] and CCu,v,r] necessary for 
th~ definition of the Hamilton-Jacobi equation are given •I 

<IHJ. LJ 1(1]. 8(4, 1] 1. 8(5, 1] OlS 
<OCJ. 2l -1(2]. 8(4, 2] -1. 8(5. 2l: OlS 
I• Ali the component-. of C[i,J,k] are set to zero •I 

C [ 1 , J . k ] "' OS 
I• The nonzero components of C[1, J• kl are now entered •I 
<CCJ,S,tl b, C[S,5,1] 1(1]. C[S,5,2] 1[2llS 
CCJ.J.tl -0•1C1]·'2 - ,Cll•R - Ss 
C(J.J.2] -0•1[2]A2 • 1(2l•RS 

SchroJ1nger trues 
I• The above command causes the program to compute the Schrodinger 

conditions given in ,09) •I 

I• The Stackel matri1 is entered •I 
PH[ matrid( 1(1]. 1(2] ]. 

C 1 1 llS 
I• i i J 

we enter the coordinate transformations z • z (1 implicitly 
defined by the linear equations y[i] •I 

y(l] z[1]-'l.i•r[2] = 1(2]-x[t]S 
yC2l zC1l+'l.i•zC2l = i1Cll+1C2ll•xC4l - 2•1(31 

+ O•i1[2]'2-1(1]A2) - 1/2•R•<1Cl]+1(2l>•<1•2•log(1[l]-1(2lll 
- S•log<1[l]-1[2llS 

y(Jl z(Jl+'l.i•z(4] = 11Cl]-1[2])•1C4] 
-l/2•0•<a(1]-1[2])A2 + 1/2•R•<1Cll-1[2ll•(l-2•log(1[l]-1[2]))S 

y(4] z[J]-'l.i•z[4] = 1(1]+1[2]S 
y(SJ z(SJ = ,CS] - b*log(1(2J-1ClllS 

I• The following solves for the z[il and puts them in a form acceptable to 
thl!' program •I 

l 1 n-..:, 1 v e ( [ y ( 1 ]. y [ 2]. y ( J]. y ( 4 l. y ( 5 l l. ( z C 1 l, z C 2 l. z ( 3 l. z ( 4 l. z ( 5 J J l 
, globalsolve: trues 

I• The program SEPCAL. Vi-. loaded •I 
load<"SEPCAL.V"IS 
hJ<n,n1,n2, z,A,B,C,PH[lS 
for i thru 5 do displa~(y(i]); 
kill<z, HIS 

I• The following line put-. the Killing tensor LC2l calculated by SEPCAL.V into 
a nicer form by picking out the coefficients of the con-.tant-. Q,R,S and b •I 

H[2] ratcoeff<L(2],0>•0 + ratcoeff(LC2l,R>•R + ratcoeff(L[2l,Sl•S 
+ ratcoeff<LC:2]. b >•b + ev<LC2J. Q=O, R=O, SsO, b=Ol, 
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The output file was printed with the aid of the computer typeselling 

language VTROFF but for a litlle doctoring to tidy the presentation and give 

equation numbers. For example on a Visual Display Unit one would see 

( I ] 

( 1 2 ] 

( - ------- ------- ] 

C I - I I - I ] 

C 2 1 2 1 ] 

F .. C ] 

C I ] 

C 1 1 ] 

C ------- - ------- ] 

C I - I I - I ] 

C 2 1 2 1 ] 

for the matrix F instead of the VTROFF version in (840}: MACSYMA output is 

quite readable on a ordinary terminal screen. Normally MACSYMA does not use 

superscripts so here the contravariant quantities zi are subscripted. 

Output file 

The coordinate transformations are: 

for i thru 5 do display(y[i]}; 

Z1 -i Zz=Xz-X1 

The Stackel matrix is 

The inverse of the Stackel matrix is 

(838) 

(B39) 



1 X2 

X2-Xi 

F= 
X2 -x 1 

1 Xi 

X2-Xi X2-Xi 

The Hamilton-Jacobi equation is 

2X'lJ>'lJ>3 

X2 -Xi 

The Helmholtz equation is 

02'¥ 
2----

0X2 OX 4 

X2-Xi 

The metric is 

2XiP 1P3 

X2 -Xi 

- I 2 ~, -

2PtP4 

X2-Xi 

The Hamilton-Jacobi separation equations are 

=E 

02'¥ 
2x 1 ----

ox 1 OX:, 
------ = E -.i, 

X2-Xi 

(B40) 

(B41) 

(B42) 

(B43) 

(B44) 



Tht· Schrodmger co11dil1ons are 

0 = E4_2-E4,1 

X2-X1 
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The Helmholtz separalion equations are 

The constants of the motion are 

H[2]: ratcoeff(L[2],Q)*Q + ratcoeff(L[2],R)*R + ratcoeff(L[2],S)*S 

+ ratcoeff(L[2].b)*b + ev(L[2], Q=0.R=0,S=0,b=0); 

(B45) 

(B46) 



- 127 -

H 2 ( = A2) = ( l p 4 - p '3 + l p 2 - p I) p '5 b 

+ ! S l<P2 + i P1) P4 + (i P2- P1) P3 +Pf+ 2i P1 P2 - pd 
+ ! R [ ( i M 24 - M 23 - M 14 - i M 13 ) P 4 

{B47) 

The Schrodinger conditions (B45) are easily solved to give: 

(B48) 

thus determining the unknown functions in the Helmholtz separation equations 

(B46). 
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Appendix C The SEPCAL.V program 

In this appendix we include the MACSYMA program SEPCAL. V, together with 

a list explaining some of the symbols used in the program. These explanations 

are sketchy, and not intended as a substitute for the MACSYMA reference 

manual (see Mathlab( 1983) ). If more information is required the reader should 

write to the author of this thesis. 

The symbols in the following list are entered in roughly the order they 

occur throughout first the input file, then the output file, and finally the 

SEPCAL.V program. 

typeset: true 

$and; 

bothcases: true 

declare("~", alphabetic) 

n 

nl 

n2 

A[u,v,a) 

C[u,v,r) 

B[u,r] 

PHI. F 

z[i] 

x[i] 

linsolve([y[i]) ,[ z[ i]]) 

load("SEPCAL.V") 

hj(n,nl,n2,z,A,B,C,PHI) 

ttyoff: true 

List of Symbols 

comment delimiters 

puts the file in VTROFF notation 

command line terminators: if $ the result is not 

displayed, if ; then it is 

the program distinguishes between upper and lower 

case letters 

the symbol "~" is added to the program alphabet, 
i.e. now possible to define a~[i,j) etc. 

the dimension of the space 

n 1, the number of Stackel variables 

n 1 +n2 , where n 2 is the number of first-order vari­

ables 

A;'v(x 11 ), (the indices u and v are used to denote 

ignorables i.e. u ,v __. cx,(:J) 

A;v(xr) 

B~r(xr) 

the Stackel matrix 4> and its inverse F( = 4i- 1) 

standard cartesian coordinates z' 

separable coordinates x' 

solves the linear equations y[i] for the variables z[i] 

the input program SEPCAL.V is loaded 

essentially the input program is a function hj of all 

the variables n, n 1. etc. 

enables the program to be loaded without its 

lengthy contents being displayed 



Mld 

LIST, lsimp 

g[i.j] 

J,Ji 

HJ.HE 

se[i] 

SE[i] 

E[u,a] 

Sc hroding er 

ratsimpx(f),moresimp 

allcons 

kill(x) 

sum(k[i],i,a,b) 

diff(f,x,k) 
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value assignment and function assignment respec­
tively. e.g. x:5 is x = 5; f(x):x~2 is/ (x) = x 2 

if the switch lsimp is set to true, i.e. lsimp: true . 
then LIST may be set to [x[ l]=al, ... ,x[n]=an] to help 
speed the simplification of expressions which we 
know to be constants 

the components of g"J 

the transformation matrix and its inverse respec­
tively 

the Hamilton-Jacobi and Helmholtz equations 
respectively 

the Hamilton-Jacobi separation equations 

the Helmholtz separation equations 

E:t(x a.). the unknown functions needing to be deter­
mined by the Schrodinger conditions for the com­
plete definition of the Helmholtz separation equa­
tions. (see (D9)) 

if Schrodinger = true then the program displays the 
Schrodinger conditions for the unknown functions 
E:(xa.) (see (D9)) 

if moresimp .t- true (by default). then ratsimpx = 
ratsimp which performs rational simplifications of 
functions. 

if moresimp = true then some more powerful 
simplification function than ratsimp can be called 
e.g. ratsimpx = trigsimp 

by default allcons = true and all the Killing tensors 
are computed. If however allcons: false and nix = ni 
and nfx: nf then only those Killing tensors L[j): 
ni s j s nf are calculated 

kills the variable x and all its associated properties; 
useful if x is wanted for something else or if com­
puter space needs to be saved 

" ~ kt 

~ 
cJx" 
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The SJ<:PCAL. V Program 

(The line nurnbcrs arc nol parl of lhc proaram and I ) " are on y for reference 

1 
2 
3 
4 
5 
6 
7 
13 
9 

10 
11 
12 
13 
14 
15 
1[, 

17 
18 

tt110FF: true$ 
I• ~e Pnler lh~ entire program as a block Function hJ(I 

The ~ontent\, are nol displ•11ed in the output Files 
b e c au!. e o F th e c o mm"" d t t., a FF : true$ * / 

hJ(n,n1.n2, z,A,((,C,PHfl:= block([], 
gcprint: F;,lse, 
print("The coo1·1linate tran'iFormations are: "I, 
Form thru n do di'iplaq(z(m]), 
print("The St .. ckel matri1 is"), 
displa-,<f>Hil, 

if lsimplttrue then LlST:Cl, 
/•The Following 2 lifle~ are designed to print out an error message iF the 
list cho~en to speed th~ simplification process does not have the required 
n elements•/ 
iF lsimp=trup and length(LlST>•n then 
(print<"••ER~O~•• -,our list does not haven elements"l,return(ttt> ), 

1? /•This section lOmputes F, the inverse oF the Stackel matri1 PHI•/ 
20 printC•The invt,rse oF the Stackel matri1 is"), 
;>J F: block C [?var Ji st: ?va1· J istl, genmatr i r CPHlX, n2, n2)""-1 > , 
2:? F: ratsimpCevCF,PHIXo:PHlll, 
23 d i s p la II C F l , 
24 
25 /•First we i,,troduce lh~ s11mmetries ACu,v,al=ACv,u,al,CCu,v,al=CCv,u,al•/ 
26 For a thru nl do 
27 For u from n2+1 thru n do 
213 For v From u thru" do 
2? ( AC v, u, a l : AC u, v, a l >. 
30 
31 for r From nl+l thru n2 do 
32 For u from n2+1 thru n do 
33 for v From u thru n do 
34 CC(v,u,rl: C(u,v,rll, 
35 
36 I• Here we enter the cantravari•nt metric whose components are gCi,Jl•/ 
37 for i thru n do 
313 For J thru n do 
39 g C i , J l : 0 , 
40 
41 For a thru n1 do 
42 g(a, al: F(a, 1l , 
43 
44 For r From n1+1 thru n2 do 
45 For u From n2+1 thru n do 
46 g(r,ul: g[u,rl: FCr,1l•BCu,r], 
47 
48 Far u From n:;>+t thru n do 
49 For v From u thru n do 
50 g[u, v]: g(v, 11]: rats imp( sum( A[u, v, al•FCa, 1]. a, 1. nl ) 
51 + sum( CCu, v, rl•FCr, ll, r, nl+t. n2 > > , 
52 
53 /•HJ is Just thr Hamilt~n-Jacobi equation•/ 
54 HJ: sum(sum(g[i, Jl•pCi J•pCJl, i, 1,n), J, 1. n)=f, 
55 printC"The Hamilton-Jacobi equation is"), 
56 pr int ( HJ l , 
57 
SB /•Nert lhe transformation m•trir J is computed, and subseq_uentl-, the 
59 sqg, the sq_uar~ root oF the determinant oF the metric b-, using sq_g•det(Jl•/ 
60 J: genmatri1 (JJ, n, n), 
61 sq_g: block(C?v.a1·li1ot:?varlistl,determinant(Jl), 
6;, JJCi, kl:== ralsimp(diFF< z[kl, 1Cil l l 
63 J: ev(J), 
64 '!.q_g: rat'loimp(f.'v(sqgll, 
6~ 
66 print("The Htelmholtr ecti•ation is"I, 
67 For i thru n du depends(PSI, r(ill, 
68 HE: sum(sum(g( ;, Jl•diff(diFF(PSI, dill. 1CJll, 1, 1. n), J• 1, n) 

69 +sum ( rat 'lo imp ( sum ( d; f F (sq g • g ( i, J l, 1 Ci l ) , 1 , 1, n I I '5 q 9 I • di FF ( PS [ • • C J J I• J • l • n I 

70 • E•PSl, 



71 
72 
73 
7 ◄ 

75 
76 
77 
78 
7? 
00 
81 
o;, 
03 
04 
85 
86 
07 
80 
8? 
?O 
91 
92 
93 
94 
95 
96 
97 
90 
99 

100 
101 
10;, 
103 
104 
105 
106 
107 
108 
10? 
110 
111 
112 
113 
114 
11 $ 
11b 
ti 7 
118 
11? 
120 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
1.34 
135 
136 
137 
13(~ 
1 '.l? 

print (HE), 

I• The matrix gsup r~pr 6 sent1·nn the c t • t t • ,. on ravar1an me ric g(i. J] is given 
and gsub the matri1 representing the metric is computed using J •I 

11 sup : g e nn,a tr i I C g, n, n ) , 
gsub: ralsimp(J. transpose(J) ), 

metric: ds"2" ~um(sum(gsub(i, Jl•d1(i]•d1CJl. i. 1.n), J• 1,n). 
print("The metric is"), 
print<n,etric>. 

I• Here we check that gsub. gsup = I the identity matri1. If they don't 
an error message is printed •I 

II: trigsimp(gsub. gsup ), 
I: ident(n). 
if IIII then C 
printC"••ERROR•• the melric and the HJ-equation displayed are not compatible. 
The product of their two matrices is:"). 
printCII>. 
return(uuu) ), 

I• Evaluation of the Hamilton-Jacobi separation equations •I 
print("The Hamilton-Jacobi separation equations are"), 
for a thru n1 do 

se(a]: pCa1"2 • - suru(sumCACu,v,a]•'LCul•'LCv],u,n2+1,n),v,n2+1,n) 
+ sumCPHICb,al•'LCbl,b,1.n2>. 

for r froru nl+l thru n2 do 
s e Cr l : sum ( 2* fl Cu, r] • 'l Cu L u, n2+ t. n > * p Cr] 

- suru(sumCC(u,v,rJ•'LCul•'LCv],u,n2+1,n),v,n2+1,n) 
+ sumCPHICb, rl•'LCbl, b, 1. n2), 

fer u from n2+1 thru n do 
seCul: p(ul = 'L(ul. 

form thru n do print(se(ml>, 

I• This section is designed to give the Schrodinger conditions determining 
the unknown functions E(u, s] in the Helmholtz separation equations •I 
if Schroding~r-=true then 

( print("the Schrodinger condition• are:"), 
,or a thru n1 do 

) . 

C SCCa]: diffClogC-.qg•gCa,aJ), 1Cal> a f"'Cal, displayCSCCal) >, 
for u from n2+1 thru n do 

C SCCr]: sum( 1/sqg*diff(sqg•gCr,u], 1Cr]), r,n1+1,n2) 
=-- sumCFCt, 1l•ECu, t], t, 1,n2> , display(SCCr]) 

I• Evaluation of the Hclmholtr separation equations •I 
printC"The Helmholtr separation equations are"), 
for a thru nl do 

SE ( a 1 : d if f C d i ff <PS I I ,'1 , 1 Ca l > , 1 Ca ] > 
+ ratsimp( (diff(sqg•g[a,a], 1(a])/(sqg•gCa,a])) ) * diff(PSI[a], 1(al) 
+ ratsimp( sum(sum(A(u,v,a]•'l(ul•'l[v],u,n2+1,n>.v,n2+1,n) 

+sumCF:Cu, al• 'l(ul, u, n:2+1, n) 
-sumCPHICb,al•'l(bl,b,1.n2>) * PSICal 

.. 0, 

for r from n1+1 thru n~ do 
SECrl: sumC2•BCu,rl•'lCuLu,n2t-1,n) * diff(PSICrJ.xCrl) 

+ rats imp C sum(~umCC(u, v, rl•'l(u]•'l[v], u, n:2+1, n), v, n2+t. n) 
+sumCECu, rl•'l[u],u,n:2+1,n) 
-sumCPHl[b,rl•'ltbl,b,1.n2> > * PSICrl 

.. 0, 

for u from n2+1 thru n do 
SECul: diffCPSICul. dull "' 'ltul•PSICu], 

form thru n do printCSE(mll, 
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17b 
177 
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1 :i:· 

I• The 1nv•rse J~ of~the ~ransform•tion m•tri1 J is comput•d •I 
Ji. block((?v•rl1st: ,v,-.rl1stJ. genm•trii(JX,n,n) ...... -1) 
Ji ralsimp(e-v(Ji.JX=J)), 

I• THE NEXT SECTION 15 1H~ HEART OF THE PROGRAM - ~HERE THE CONSTANTS 
OF THE MOTIUN ARE COMPUTED •I 

I• If allcons~f.,l•• this •nabl•s the us•r to onlv comput• those 
con~t~nts of th• molion between th• the input valu•s of ni and nf. 
This is useful if lh~ program is taking too long to run •I 

if allcons•fc0l!-e then <ni1: ni ,nfa: nf), 
if allcons4Hc1lc,.p then (ni1: 2 ,nf1: n2>. 

print("Th~ con~tants of the motion are"), 
form froru ni1 Lhru nf1 do 

( 

I• First lhe constants ~re c~mputed in the 1(il,pCil coordinates •I 
for i thru n do 
for J thru n do 

•Ci. J,111]: 0. 

for b thru nl do 
•Cb,b,ml: FCb,ml, 

for r from n1+1 thru n~ do 
for u from n2+1 thru n do 

a Cr, u, ml: a Cu, r, ml: FCr, ml•BCu, r l , 

for u from n;>+I thru n do 
for v from u thru n do 

aCu,v,m]: a(u,v,ml: ratsimp( sum( A[u,v,al•FCa,ml,a, Ln1 ) 
+ sum( C(u, v, rl•FCr, ml, r, n1+1. n2 ), 

I• ~e now get down to lhe business of finding the ACr,s, t,ul's 
e-tc. nreded ta compulr the constants of the motion in terms of the 
enveloping algebra. First evaluate a"" • lranspose(J). am. J •I 
aaCi,Jl:-= a[i,J,ml, 
am: genmatri1(aa,n,n), 
a"": rat1oimp( transpost-(J>.am.J >. 
lcill(aa, am), 

I• The following are th~ necessarv differentatians etc. to find 
th• constants for th• ca•ffici•nts in the •nv•laping algebra •I 

Da""Cr, s, tl: • 0, 
fDa""Cr, s, tl:"' rats imp( sum(JiCt, lcl•diff(a""Cr, sl, 1Clcl), le, 1, n) l, 

for r from 1 thru n-~ do 
for s from r+l thru n-1 do 
fort from s+1 thru n do 

(Da""Cr, s, t]: fDa""[r, c,., tl, Da""Cr, t, sl: fOa""Cr, t, sl), 

for r from 1 thru n-1 do 
for s from 1 thru n do 

<Da""(r, s, sl: fDa"'Cr, s, ~l, Da""[r, r, sl: fDa""Cr, r, sl, Da""Cr, s, rl:-1/2•Da""(r, r, sll, 

A""Cr, s, t, ul: == 0, 
fA"'(r, s, t, u]:.,. ratsimp(sum(ev( 

Jj[u, lcl•rv(ff(lcll, fHlcl: ev(diff(Da"'Cr, s, t], l[lr]). diffl 
,LIST>, lc,1.n)/2), 

/• LIST refers to the passibiltv of substituting th• values 
LIST "' [1[1J•value1. ... , 1[nl•v•luenl, to speed th• calculation 
of tht- constants FA""Cr, s, t. ul •I 

204 for r from 1 lhru n-3 do 
205 for 1, from r+l thru n-~ do 
20~ fart from s+I thru n-1 do 
207 For u From l ► 1 thru n do 
;>08 (A"'[r, t, fo, u]: fA"'(1·, t, s, uJ. A""(r, s, t, ul: fA""Cr, s, t, ul ), 
~'09 



~10 for r from 1 lhru n-2 do 
2 1 I f a r s f r om ,. - ► I t h r u n -· 1 d o 
:::> 1 :::> for u f ,- om s + l th r u n do 
;11:l (A""[r, \., s, ul fA""C,-, ._, 1i, u), A""(r, r, s, u) fA""(r, r, ,;, ul, 
214 A""Cr,s,u,ul. fA"'Cr,1i,u,ul ), 
215 
216 for r from 1 lhru n-1 do 
217 Fors From r+1 thru n do 
218 <A"' Cr, r, s, 1i l . FA"' Cr, ,. , •, 1i l > , 
21'1 
220 
221 
22:?. 
223 
224 
22~ 
226 
227 
228 
22'1 
230 
:?3 J 
23~ 
233 
234 
235 
236 
237 
238 
239 
240 
241 
24:?. 
243 
244 
245 
246 
247 
248 
24? 
250 
251 
25~• 
;,53 
254 
255 
25b 
257 
250 
259 
260 
261 
262 
263 
264 
265 
266 
267 
268 
269 
270 
271 
272 
273 
274 
;,7~ 
276 
277 
278 
'27? 

I* l n th i '» 1i e c t ion we t.· x p l o i t the 1i "mm e tr i ts o F the con• tan t 1i AC r, 1i, t, u ] 
etc. in ord~r to rernnve unnece,;,;ar" comrutation,; and thu1i save time •I 

AA""Ci. J, k, ll: = hlocUCOJ, 
0: [min ( i, J ) , max ( i, J ) , min ( k, l ) , max ( k, l ) ] , 
if 0[1] It min( i, J• k, 1) then 
0: COC3J.OC4J.M1J.OC2ll, 
if 0(1] ""'min(i.,J,k,l) and 0(1] = 0(3] and 0[2]) Q[4] then 
0: C0[3J. 0(4]. Ol 1 l, Q[:?J l, 
i F Q [ 4 ) = max ( i , J, k, I ) then 

if Q[1J = Q[3J or Q[2l = Q[4] then 
AA"'Ci, J• k, ll: ·1/2•A""[OC1],QC3J.Q(2].Q[4]l 
el 1i e 
AA"' C i. J , k , l l : A"" l O Cl l , QC 2 l. 0 [ 3 l. 0 C 4 l l 

el1ie AA""Ci, J• k, ll: -A""[Q[1l,OC3l.G[4l.OC2ll-A"'CGC1l,GC4l,QC3l,QC2ll, 
AA"' C i. J , L l l 

) . 
FA""zCr,s,tl:= rat•imp( 1iUm(AA""Cr,s,t,ll•z[ll. l.1,n) ), 

fB"'Cr, s, tl:"' 1·at,;imp( c-vC Da""Cr, ,;, tl-2•fA"'tCr, ,;, tl , LIST> >. 

For r from 1 lhru n-2 do 
Fors from r+I thru n-1 do 
for u from ,;+1 thru n do 

( A""1Cr, ,;, uJ: fA ... z[1·, s, ul,A ... z(r, u, sl fA""z(r, u, sl, 
B ... [r, 1i, u]: FB"'[r, 1i, ul, B"'Cr, u, ,;] fB"'(r, u, sl ), 

for r from 1 thru n-1 do 
Fors From r+l thru n do 
( A""z[r,s,rl: FA""z[r,,.,r],A"'zCr,s,sl: 

B"'(r, s, rl: 

M"'zCi, J• kl:= block([Ql, 
Q: [min ( i, J ) , max ( i, J ) J, 

if le<: 0(1] then 

fA"'zCr, ,;, sl, A"'zCr, r, s]: 
FB"'lr, s, 1il, B"'Cr, r, 1il: 

AA"'zCi, J• le]: -A ... zCk,0(1],Q[;;!Jl-A"'zU:,QC2l,QC1ll 
el 1ie 
AA""z(i, J• lel: A"'z(QC1l,QC2l, leJ. 
if i=J and i•k then 
AA ... zCi.J,lel: 0, 

AA"'z(i. J• le] 
) . 

BB"'Ci.J,kl:• block(CQ], 
Q: Cm i n ( i , J > , ma x ( i , J ) J , 

iF le < 0(1] then 
BB"'Ci. J• kl: -B"'lk,OC1l,QC2ll-B"'Ck,OC2J.OC1ll 
l' Is e 
BB""Ci, J• kl: B"'IGC1l,0[2l, kl, 
if i=J and i=le lhen 
BB"'Ci,J,kl: 0, 

BB"'Ci, J• kl 

for r thru n do 
for s from r lhru n do 

FA"'zCr, r, sl, 
f B"' Cr. r. s l ) , 

( C"'"C , •. -. l rals imp ( 
ev(a"'"(r,s]-sum( (AA ... tCr,s,ll+BB"'"(r,s,ll>•z(l] ,1,1,n), LIST,infeval> 

) 

), 
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314 
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321 
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323 
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326 
327 
323 
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331 
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336 
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339 
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344 
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346 
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if n>3 then 
l[m] 4•sum(sundsum(o;,um(A"'[r, t, s, u]•MCr, sl•M[t, ul 

+A"'[r, s, t, ul•M[r, t]•M[s, u] 
• u, t+l. n), t. s+l. n-1 >. s, r+l. n-2>. r, t. n-3) 

+sum(sum(sumC2•A"'[r,r,s,ul•HCr,sl•MCr,u] 
+4•A"'Cr, s,s,ul•M[r,sl•MCs,u] 
+2•A"'Cr,s,u,ul•MCr,ul•MCs,ul 

-~•B"'Cr, s,uJ•MCr,ul•PCsl-2•B"'[r,u, sl•MCr,'il•PCul 
, u, s+ 1, n l, s, r+ 1, n-1 l, r, t, n-2) 

+sum(sum( A"'[r,r, s, sl•MCr,sl"2 
► ~•B"'Cr, s,rl•MCr,sl•PCrl-2•B"'Cr, s, sl•MCr,sl•PCsl 

+2•C"'Cr,sl•PCrl•PCsl 
, s, r+t, n>. r, 1, n-1) 

+sum(C"'Cr, rl•PCr]"2, r, L n) 
else if n=3 then 

L(m]: sum(sum(sum<2•A"'Cr,r,s,ul•MCr,sl•MCr,ul 
+4•A"'Cr,s,s,ul•MCr,sl•MCs,ul 
+2•A"'Cr,s,u,ul•MCr,ul•MCs,ul 

-~•B"'Cr, s,ul•MCr,u]•PCsl-2•B"'Cr,u, sl•MCr,sl•PCul 
, u, s+l, nl, s, r+l, n-1 l, r, 1, n-2) 

+sum(sum( A"'Cr,r,s,sl•MCr,s]"2 
+2•B"'Cr, s,rl•MCr, sl•PCrl-2•B"'Cr,s,sl•MCr,sl•PCsl 

+2•C"'Cr,sl•PCrl•PCsl 
, s, r + 1, n >. r, 1, n-1 ) 

+sum(C"'Cr, rl•PCrl"2, r, l. n) 
else if n~2 then 

LCml: 'iUm(sumC A"'Cr,r,s,sl•MCr,sl ..... 2 
► ~•B"'Cr, s,rl•MCr,sl•PCrl-2•B"'Cr,s,sl•MCr,sl•PCs] 

+2•C"'Cr,sl•PCrl•PCsl 
, s, r+l, n>. r, 1, n-1) 

+sum(C"'[r, rl•PCrl"2, r, L n>. 

display(LCmJ>. 
kill(A"',B"',C"',AA"'i, r-A"'i, fB"',BB"',AA"',A"'i,AA"', fA"',fD•"'•D•"'> 

) . 
/•The ,onstant~ c"'Ci, JJ and d"'Cil for the KILLING VECTORS now calculated•/ 
form from n2+1 thru n do 

( 

for J from 1 thru II do 
for i from 1 thru J do 

c"'CJ,il:- <c"'Ci.JJ: 
r•t•imp(sum( ev( JiCJ, kJ•ev(ggCkll, LIST, gg[k]; ev(diff(JJ[m, il. xCkll,diff)) 

, k, 1, n) ) 

), 

) . 

for i thru n do 
d"'fil: ralsimp< t>vCJJCm, il-sum(c"'Ci, Jl•iCJl, J• l.n) , LIST> l. 

LCml: sum(cf"'Cil•P(i), i, l.nl-sum(sum(c"'Ci, Jl•MCi, Jl. i. 1, J-1>. J,2,n>. 
di<aplay(Umll, 
lcillCc"',d"'l 

/•If the ~~uation happ~ns to be of heat type we use the following 
section to simplify thr constants of the motion•/ 
if heatctrue then 

Ckill<B,B"'l, 
print("Eapressed in terms of DCJ] • <MCJ,n-11 - iMCJ,nll/2, 
epsilon,_ <P[n-ll-iPCnl)/2, the con•tants of the motion are:"), 

for J thru n-2 do 
<MCJ,n-11: BlJl + B"'(Jl, MCJ,nl: Xi•<BCJl - B"'CJJll. 

PCn-11: ep•ilor, + KC--21, PCnl: Xi•<ep•ilon KC-2]>, 
form from 2 thru n do 

( Llml: r.atsimp(ev<L[ml», di•play(LCm]) 



Appendix D General Results 

In this appendix we collect some general results concerning separation on 

a Riemannian manifold with metric 

ds 2 = g ii dx ' dx J (D1) 

Using his definition of equivalence Benenti ( 19B0a,b) was able to give the condi­

tions for separability of the Hamilton-Jacobi equation 

(D2) 

He showed that each of his classes contained a canonical separable system 

lx 11 • xr, x 11 ! with contravariant metric 

0 0 
0 9 ra (D3) 

9 ra gafl 

Here n 3=?:n 2 and the integer indices a, r, ex vary in the ranges lsa,b sn 1; 

n 1+lsrsn 1+n 2 ; n 1+n 2 +1scx,p'sn 1+n 2 +n3 =n. The nonzero components of the 

contravariant metric (2.19) are 

(D4) 

where ,f; and ,t;" are the determinant and il cofactors of the (n
1
+n

2
) x (n

1
+n

2
) 

Sta.eke! matrix (1/1,j (x' )). Furthermore, 0119 ii= 0 for each ignorable variable x 11 • 

The variables x 11 and xr are referred to as St dckel and first order variables 

respectively. Together these variables form the class of essential variables that 

was mentioned in the Introduction. 

The constants of the motion are given in Kalnins and Miller ( 19B1). They 

are 

(D5) 

where 



- 13(; -

c511b a::ib 0 0 

(~) = 0 0 a;,,_ a (D6) 
0 ara 

m a afJ 
m 

The nonzero components of this tensor are 

(D7) 

(It is straightforward, though tedious, to verify P,i:,AJ!P=O). The Helmholtz equa­

tion 

I I 

g - 2 a i: (g 2 g ii a 1 -1-) = E -1- (DB) 

1s separable provided that the corresponding Hamilton-Jacobi equation (D2) is 

separable, and the additional (Schrodinger) conditions are satisfied. That is 

there are functions fa. (xa. ). E:(xa.) and Er°(xr} such that 

I 

aa log (g 2 g aa) = fa (xa.) . (D9a} 

n1+nz 

L (D9b) 

These conditions can be derived from the work of Kalnins and Miller (1983). 

If the Helmholtz equation is separable then the Helmholtz separation equations 

are: 

,a = 1, (D 10a) 

2LBrc'la'¥r' + [LErala + LA.-a.{Jlal{J - n~nz'lfrt (xr}lt 1'¥r = 0 
a ex a .{J t = 1 

(DlOb) 

(DlOc) 

Here the li: are the eigenvalues of the operators characterising the separation, 
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n d '¥1 
'¥= n -It\ (x 1) IS the separable solution, and -It\' =" 

d.x\ 
t = I 

The components of the Riemann curvature tensor are given by 

R .. ... = -!-{g · · ..... + g ..... · · - g .. · "'- - Yik ... ) ,.\),.. 2 \J ,,..._ ,..._ . \J ••J . .,.. .nJ 

+ gLm([ij ,ll[hk ,rn] - [hj ,l][ik ,rn]} (D11) 

where 

[ a. b , C ] = ½{gczc ,b + 911c ,rs - gab ,c) 

The Ricci tensor is defined by 

(D12) 
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