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Abstract
Operator networks are neural networks designed to learn operators with special emphasis on solution operators for

parameterized families of partial differential equations (PDEs). Once trained, operator networks can provide a solution to a

PDE more quickly than current numerical PDE solvers by several orders of magnitude. Fourier neural operators (FNOs)

and deep operator networks (DeepONets) are the two primary operator networks in existence for learning the solution

operator to PDEs and have mostly only been applied to two-dimensional or three-dimensional problems, due to the

computational expense of training networks in higher dimensional settings. The sole exception is a model-parallel FNO,

which decomposes the function input domain space. We demonstrate a neural operator network with a physics-informed

integral kernel that, once trained, is able to predict skin and ocular media’s time-dependent thermal response to incident

laser radiation much more rapidly than existing numerical algorithms.

Keywords Machine learning � Neural networks � Heat equation

1 Introduction

From image classification [1] to natural language pro-

cessing [2], data-driven models have rapidly revolutionized

the way computers learn complicated mappings. The rapid

developments in machine learning are being applied to the

world of scientific computing by augmenting or replacing

numerical algorithms based on mathematical models [3].

Even the Navier–Stokes equations for fluid flows, which

are known to be difficult to simulate, are a current focus of

interest for researchers looking to improve the simulation

process via the application of machine learning [4].

Numerically solving the various differential equations

within mathematical models often gives rise to

computationally expensive algorithms. This is especially

true as the dimension and complexity of the model

increases. For such applications, scientific computing has

produced a computationally attractive alternative for sur-

rogating such models that rely on recent advances in arti-

ficial neural networks (ANNs) [5]. Despite the early

introduction of ANNs for solving partial differential

equations (PDEs) and ordinary differential equations

(ODEs) in the late 90s [6], subsequent results in data-dri-

ven algorithms predominantly focused on other machine

learning applications. It was not until the recent introduc-

tion of physics-informed neural networks (PINNs) in [7, 8]

that led to a wave of interest in applying deep learning

techniques to either approximate or enhance numerical

solvers. This is because neural networks provide a data-

based approach to modeling simulations that are more

computationally efficient and tractable and do not require

all governing mathematical elements to be accurately

represented.

The basic PINN employs a data-driven network

approach to solving PDEs by encoding the PDE residual as

a soft constraint within the loss function used to train the

neural network. Ensuing research tailored this concept to

specific frameworks such as developments in PINNs
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targeting problems in fluid mechanics [9] and broadened

the versatility of PINNs to handle other classes of PDEs as

in [10, 11], which solve instances of fractional and time-

dependent stochastic PDEs, respectively. Additional inde-

pendent efforts tackled the curse of dimensionality as can

be seen in [12] wherein the authors blend Galerkin [13]

methods with the PINN process, as well as sought to hard

code certain constraints (i.e., initial and boundary condi-

tions) [14]. Despite the significant advancement, all

research regarding PINNs and such similar approaches to

solving PDEs focuses on learning the solution to a single

instance of the PDE as they are techniques based on the-

orems that show neural networks to be universal approxi-

mations for functions [15, 16]. For the purposes of this

paper, attention is shifted to learning an operator acting

across a parameterized family of PDEs.

The work of Chen and Chen in [17] has gone largely

unnoticed until recently within the machine learning

community. The major theorem introduced by Chen and

Chen provides a theoretical foundation for universal infi-

nite dimensional nonlinear operator approximation by

single-layer neural network-dubbed operator networks.

This introduced the notion that the mapping between infi-

nite dimensional function spaces can be represented by a

neural network. Hence, the implication to physical models

is a neural network that can learn the mapping between a

state(s), condition(s), or other relevant physical data of the

model to the solution.

Currently, there are two primary competing types of

operator networks based on Chen and Chen’s theorem:

DeepONet [18] which was explicitly motivated by the

work in [17] and its counterpart Fourier neural operator

(FNO) [19]. The FNO was initially motivated by the idea

of fundamental solutions of PDEs, while the DeepONet

extends the operator network in [17] to deep networks in

place of single layers. The basic structure of a DeepONet is

a network comprised of two distinct networks known as a

branch net and trunk net that are trained simultaneously.

Built on the idea of using integral kernels, FNOs take

advantage of the convolution theorem in Fourier analysis to

parameterize the kernel integral operator in the spectral

domain (computationally faster than convolution). A sep-

arate work has shown the theoretical justification for the

FNO by Chen and Chen’s universal approximation theo-

rem, but only in the case of invariant kernels [20].

The goal of this effort was to demonstrate the ability of a

deep learning algorithm to efficiently provide a material’s

thermal time-dependent response to incident laser radiation

in both one and three spatial dimensions. More plainly, we

desired a replacement for existing numerical simulators to

provide expeditious real-time calculations in the laboratory

environment. FNO networks were unable to learn the

desired operator in all problems under the relevant

application settings and for the selected materials and were

unable to produce a successful approximation for either of

the four-dimensional problems. DeepONet was imple-

mented using deepXDE, [21], where testing revealed the

operator network capable of learning the operator after

significant training iterations ([10,000 epochs). A more

recent version of DeepXDE’s DeepONet v1.8.4 demon-

strated a working operator network in significantly less

training time in contrast to older versions used in the initial

experimentation. Operator networks such as FNO and

DeepONet have previously only been applied to two or

three-dimensional problems with the exception of Grady

et al. in [22], wherein a model-parallel FNO is successfully

able to learn an operator for function input on a four-di-

mensional domain. This is done by decomposing the

domain for both the function input data and network

weights.

For this article’s contribution, an improvement is

introduced to the FNO that allows for the physics of the

problem to inform the kernel integral operator instead of

using a general convolution as the integral kernel resulting

in the Fourier integral operator typically used in FNO

networks. Neural operators are an excellent starting point

as they are well designed for scientific simulations, able to

extrapolate and predict solutions at new locations unseen

during training [3]. This physics-informed kernel neural

operator (PIKNO) network demonstrates similar or better

convergence to DeepONet in the four test problems used in

the application with the PIKNO being the only neural

operator network to demonstrate any success with the four-

dimensional domains for functional inputs, as FNO fails to

converge. Hence, the PIKNO shows results comparable to

that of DeepONet and is the only neural operator network

to successfully learn an operator with input data defined in

the four-dimensional setting (3D space and 1D time) with

the exception of the model-parallel FNO in [22]. To the

knowledge of the authors, it is the first neural operator

network that does not require decomposing the domain for

the input data. The numerical simulators being replaced

relied on localizing the problem, which was computation-

ally expensive, due to its ill-posed nature over the entire

domain. Circumventing this challenge was a primary goal

of implementing the operator network.

The remainder of the paper is structured as follows:

Sect. 2 provides more details regarding operator networks

as well as an overview of the numerical simulators utilized

in the laboratory, focusing on two specific applications: the

response of skin and ocular media to radiation exposure.

Within Sect. 2, details of the heat equation, a fundamental

component of the modeling process and the basis of the

paper’s physics-informed approach, are elaborated upon.

Section 3 delves into the construction and design of a

neural operator, including a detailed architectural
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description and subsequent improvements. This is followed

by the section detailing the numerical experiments and

results. The Conclusion and Acknowledgements are in the

final two sections.

Remark 1.1 The discovery of DeepXDE’s DeepONet

v1.8.4 demonstrating drastically improved performance

over older versions was made during the revision process,

due to the lapse in time from experimentation to clearance

of information for public release. All 4D experiments were

updated to reflect the improved implementation of Deep-

ONet, but the 2D experiments remain with the v1.4.0.

2 Background

2.1 Operator networks

In the brief time since their introduction, DeepONet and

FNO have already been compared in a variety of settings to

include the extensive and fair comparisons conducted in

[23]. The FNO was originally praised for its fast conver-

gence during training, excellent accuracy, and its use of the

resolution invariant fast Fourier transform (FFT) (although

it requires a uniform grid). DeepONet was subsequently

improved with a faster implementation than FNO and was

also shown to better handle irregular domains as the

Fourier transform in FNO requires a regular structure.

However, all comparisons were done with operators that

act on at most two spatial dimensions with a maximum of

three-dimensions for time-dependent problems. With the

exception of three test problems in [23], these comparisons

were conducted in the presence of ample data, most of

which exceeded 1000 training instances, which follows

from [17] wherein the theorems clearly suggest better

accuracy from larger pools of data. A multiphysics elec-

troconvection problem, predicting the surface vorticity of a

flapping airfoil, and one of the regularized cavity flow

problems demonstrate convergence for both operator net-

works with training data sets of 15, 28, and 10, respec-

tively. For the test problems in [23], DeepONet was the

better operator network with smaller relative L2 error in

most of the test scenarios.

Additionally, a physics-informed DeepONet (PIDeep-

ONet) [24] and physics-informed Fourier neural operator

(PINO) [25] were introduced. Both augment their base

network by including the physics element in the loss

function. This integration of the physics into the soft

constraint was inspired by PINNs, which is only designed

to learn the mapping for the solution of a system under

fixed conditions. Two notable further developments to

operator networks include U-FNO [26] a modification of

the original FNO structure designed for multiphase flow,

and a hybrid network, Fourier DeepONet [27] that com-

bines DeepONet with layers of FNO and U-FNO networks.

Several of these options showed promise as initial can-

didates for replacing the numerical simulators outlined in

the subsequent section; however, each fell short in some

way. Initial testing of incorporating the physics as a soft

constraint yielded promising results [28], but ultimately

produced mixed outcomes when applied to the context

outlined in the following sections. The U-FNO modifica-

tion was designed to target multiphase flow problems, and

Fourier-DeepONet, introduced around the time of sub-

mission, would have added to the computational demand in

a way that the research aim desired to avoid. Hence, the

primary focus shifted to integrating the physics of the

specific problem into the architecture as outlined in Sect. 3

2.2 PAC1D and SESE

Python Ablation Code (PAC1D) and Scalable Effects

Simulation Environment (SESE) are comprehensive com-

puter programs that conduct time-dependent simulations of

a material’s response to incident laser radiation. While

PAC1D assumes a one-dimensional spatial domain

(Fig. 1), SESE calculates the distribution of radiative

energy within the material and simulates the thermal

energy diffusion for a three-dimensional spatial domain.

Both algorithms are able to successfully model the relevant

effects of laser radiation on an inhomogeneous structure

[29, 30].

Time steps are adaptive and are controlled to ensure

stability and bounded local errors, with a combination of

explicit and implicit stepping methods used to optimize

convergence speed. Within each time step, both programs

employ iterative algorithms to solve the nonhomogeneous

heat equation based on the physical characteristics of the

material under a variety of boundary conditions. PAC1D

uses the Crank-Nicolson method to solve the one-dimen-

sional diffusion step [31], while SESE solves the heat

equation in three-dimensions using the easily parallelized

red-black successive over-relaxation (RBSOR) [32–34]. To

model the radiative transport from the source, PAC1D is a

more straight forward calculation relying on the material’s

relevant physical characteristics due to the one-dimen-

sional spatial domain, while SESE uses a Monte Carlo

method to model the transport of radiative energy which

can account for multiple sources [29, 30].

The application for this study focused on the thermal

response from laser radiation exposure to skin and ocular

media. PAC1D and SESE simulations were used to gen-

erate data employed for the purposes of training the oper-

ator networks. The three-layer skin model simulates the

effect of thermal diffusion through the epidermis, dermis,

and fat due to laser radiation exposure. While PAC1D and
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SESE can simulate different ocular media, the retina model

was selected as its response throughout the simulation

varies greatly from the response in the skin example due to

the differences in tissue geometry and properties.

The material properties of both the skin and retina

examples vary throughout the domain, with physical

properties changing abruptly due to the various layers of

biological material that lay adjacent to each other within

each model. The physical characteristics of each material

determine the spatial distribution of radiation absorbed,

referred to as the radiative dose, I, with SI units W=m3. For

the three-dimensional spatial domain, SESE also accounts

for how the rays, small packets of energy that model the

incident radiation, can erratically change direction due to

the scattering, absorption, and anisotropy properties of the

material [30].

2.3 Heat equation

The target problem for the purposes of this work is the

successful construction of a deep learning surrogate for

PAC1D and SESE, which both focus on a material’s

response to laser irradiation. Thus, a primary element of the

physical phenomenon being described is the transfer of

heat energy throughout the material. This diffusion occurs

both while the source of laser radiation is active and

inactive, and this is why PAC1D and SESE contain a

numerical method for solving the heat equation. Knowl-

edge of the heat equation is also what motivated the

specific elements of the operator network used in the

experiments, with the relevant information presented

below.

Consider the diffusion of heat in a bounded domain X �
Rds for some ds [ 0. Given a constant heat conductivity, a,

the heat equation

utðx; tÞ � aDuðx; tÞ ¼ f ðx; tÞ; x 2 X; t[ 0 ð1Þ

governs the propagation of heat inside the body, where D
represents the Laplacian operator and u(x, t) is the

temperature at the point (x, t). Moreover, letting a ¼ 1

without loss of generality, it is well-known that the

function

Uðx; tÞ ¼
1

4pt

� �ds=2

e�
jxj2
4t x 2 Rds ; t[ 0

0 x 2 Rds ; t\0

8><
>: ð2Þ

solves the homogeneous heat equation away from the

singularity (0, 0) and is called the fundamental solution.

Consequently, given the initial value problem

utðx; tÞ � Duðx; tÞ ¼ 0 in Rds � ð0; TÞ
u ¼ g on Rds � t ¼ 0f g

(
ð3Þ

for some T [ 0 and g continuous and bounded on Rds , the

convolution

uðx; tÞ ¼
Z
Rds

Uðx� y; tÞgðyÞdy ð4Þ

solves (3) for each fixed y 2 Rds . Turning attention back to

the nonhomogeneous initial value problem, it can be shown

that, given g continuous and bounded on Rd and with

f ; fxj ; j ¼ 1; . . .; ds; continuous and bounded on Rds � ½0; T�,
the initial value problem

utðx; tÞ � Duðx; tÞ ¼ f ðx; tÞ in Rds � ð0; TÞ
u ¼ g on Rds � t ¼ 0f g

(
ð5Þ

has a unique strong solution satisfying

uðx; tÞ ¼
Z
Rds

Uðx� y; tÞgðyÞdy

þ
Z t

0

Z
Rds

Uðx� y; t � sÞf ðy; sÞdyds:
ð6Þ

For further details on the derivation and relevant proofs of

these results, refer to [35, Ch. 2]. While the given frame-

work for the heat equation that guarantees the fundamental

solution in (2) is not exactly presented in the application, it

was the motivation for the inclusion of the fundamental

Fig. 1 PAC1D visual

representation of 1D domain

with layer dependent optical and

mechanical properties
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solution within the architecture used for the operator

network.

All operator networks used for the experiments within

this work were trained using data from the skin and retina

models. The diffusion equation for these scenarios then

takes the form

utðx; tÞ �
j

q � cp
Duðx; tÞ ¼ 1

q � cp
I ð7Þ

where j is the thermal conductivity, q is the density, and cp
is the specific heat capacity for the material used, and I

denotes the irradiation dose. Notice from (1), where a ¼
j

q�cp and the source function becomes 1
q�cp I. For both the skin

and retina models, the optical and mechanical properties of

the material change with the structure of the biological

tissue. This is more evident in the skin model, where the

three adjacent layers epidermis, dermis, and fat have dis-

tinct responses to the laser irradiation and subsequent dif-

fusion of thermal energy.

The boundary conditions for the physical domain are not

shown for equation (7) as they vary depending on the

specific application. The skin model assumes convective

(Robin) boundary conditions for the portion of the physical

domain that is exposed to air, and fixed (Dirichlet)

boundary conditions for the remainder of the boundary for

the 1D spatial domain. For the 3D spatial domain, the

active boundary conditions are convective, radiative, and

evaporative on different parts of the boundary. The data

were generated assuming typical ranges for body and room

temperatures. The retina model assumes infinite domain

space outside the area of interest, which reflects the theo-

retical framework for the initial value problem in (3) that is

satisfied by the fundamental solution. Practically, there

must be a finite domain, and thus, the magnitude of a

thermal gradient near the edge of the domain contributes a

numerical error to the temperature solution due to the

insulated boundary condition. The infinite domain is

mimicked by increasing the domain size until the error

contribution from the boundary in the region of interest

converged on a sufficiently small value relative to the

numerical error of the thermal solver.

Thus, under consideration of the setting in equation (7),

the aim is for the neural network to learn the operator

mapping dose to the solution Gy : I ! u, essentially the

inverse of the PDE operator in equation (7). The dose

function is parameterized by different irradiance (W=cm2)

levels in the 1D spatial setting and by differing values of

power (watts) in the 3D spatial setting. The beam geometry

in the 3D setting is left unchanged between experiments

and is a matter of future investigations.

Remark 2.1 The abrupt change in layers of material within

the skin example results in a discontinuous, piece–wise

continuous, source term f(x, t). Continuity is a necessary

assumption for implying the existence of the solution (1).

This does not seem to affect the success of the models, but

for theoretical justification for use of the heat kernel, a

smooth version of the source term is assumed.

3 Methodology

3.1 Neural operators

Consider the more general setting where D � Rds � R is a

bounded and open set for some fixed ds 2 N designating

the spatial dimension and where d ¼ ds þ 1 for conve-

nience. The separate temporal dimension is due to the time-

dependent nature of the problems considered, but not a

necessary inclusion. Next, consider the functions

a : D ! Rda ; for a 2 AðD;RdaÞ ð8Þ

u : D ! Rdu ; for u 2 UðD;RduÞ ð9Þ

such that A and U are Banach spaces. Then, given the

operator Gy : A ! U , operator networks seek to build an

approximation for Gy via the parametric map G : A�H !
U: Starting with a presentation of the evolution of neural

operators, this paper concludes with a selection of operator

network based on relative performance.

Under these considerations, the neural operator is

defined, first introduced in [36], as N : A ! U , where N

is a composition mapping of depth L 2 N taking on the

form

N ðaÞ ¼ Q � LL � . . . � L2 � L1 �R � a: ð10Þ

Here, R : Rda ! Rdv is a lifting operator while Q : Rdv !
Rdu is a projection operator, both acting locally and sand-

wiching a series of operators L‘ : R
dv ! Rdv for ‘ ¼

1; 2; . . .; L that send their respective input, v‘, to a succes-

sive state, v‘þ1. In particular, for a given ‘ , this operator is

defined as

L‘ :¼ r ðW‘v‘ÞðxÞ þ ðKða; hÞv‘ÞðxÞð Þ; 8x 2 D ð11Þ

where W‘ defines a linear mapping Rdv ! Rdv , r : R ! R

is a nonlinear activation function acting component-wise,

and K defines a mapping on A�H to the space of

bounded linear operators on UðD;RdvÞ, represented by

LðUðD;RdvÞ;UðD;RdvÞÞ. For practical purposes dv is

assumed greater than du and da. Moreover, the operators Q

and R can be sufficiently represented by shallow fully

connected neural networks as shown in [19, 20].

Neural Computing and Applications (2024) 36:22773–22787 22777

123



Definition 3.1 (Kernel Integral Operator) Following the

aforementioned framework, [19] defines kernel integral

operators with the following specification for the operator

K :

ðKða; hÞv‘ÞðxÞ :¼
Z
D

jhðx; y; aðxÞ; aðyÞ; hÞv‘ðyÞdy; 8x 2 D

ð12Þ

where the integral kernel j : R2ðdþdaÞ ! Rdv�dv is actually

a neural network parameterized by h 2 H and learned from

the data.

Motivated by fundamental solutions, the authors of [19]

replace the integral kernel with jðx; yÞ ¼ jðx� yÞ in order

to obtain a convolution operator for (12). This allows for

the subsequent introduction of Fourier integral operators

which utilize the fast Fourier transform (FFT) in order to

parameterize j in Fourier space, taking advantage of the

convolution theorem for faster training.

Definition 3.2 (Fourier Integral Operator) Applying the

same framework as in 3.1, the Fourier integral operator is

defined as

ðKðhÞv‘ÞðxÞ ¼ F�1 Rh � Fv‘ð Þð ÞðxÞ; 8x 2 D ð13Þ

where Rh 2 Cdv�dv is a matrix parameterized by h 2 H and

indexed by k 2 Zd such that RhðkÞ ¼ F ðjhÞðkÞ. Conjugate

symmetry is also imposed on Rh as j is real-valued. As k

represents the order of the discrete Fourier modes, the finite

representation of the Fourier series is truncated at some

kmax such that jkij � kmax for i ¼ 1; . . .; d þ 1 and for k 2
Zd depending on the specific application and is usually

fine-tuned during the testing phase. For more details on the

selection of kmax, or the operator K, refer to [19].

While the Fourier integral operator has seen great suc-

cess within the FNO architecture at learning various

operators, this has typically been in environments with

ample datasets and in a one or two-dimensional spatial

setting. Achieving the same success with smaller datasets

and within the four-dimensional setting (three spatial

dimension and one temporal) has not been as successful.

This could be due in part to the complexities of simulta-

neous learning across both the parameters in the Fourier

space and the linear mapping that comprise each step in an

iteration of the FNO network. This, in conjunction with the

fact that [20] seems to indicate an invariant kernel, sug-

gested that the higher dimensional setting required either

using another network, such as a graph kernel network

[36], to learn the parameters for an appropriate kernel

integral operator first followed by learning the parameters

in the linear mapping (hypernetwork approach [37]), or a

kernel integral operator that is motivated by the particular

physics of the problem. This operator can then either serve

as an initialization for the parameters in Fourier space or be

held invariant. Both approaches were tested using a heat

integral operator, defined below, that was motivated by the

heat kernel described in Sect. 2.3.

Remark 3.1 A major advantage of the physics-informed

kernel versus FNO is that FNO must maintain repeated

complex multiplication of the elements in Rh with Fv‘ in

order to coerce the parameters to maintain the necessary

properties needed for the integral operator in the Fourier

block. The number of multiplications needed increases

exponentially in terms of the domain space over which the

input functions are defined. This is a main reason the FNO

architecture becomes unreasonable in higher dimensions.

The physics-informed kernel does not increase complex

multiplications in this manner, maintaining the same

number in the higher dimension case as in the lower

dimension.

Definition 3.3 (Heat Integral Operator) Let

Kðx; y; tÞ ¼ Uðx� y; tÞ, then define the operator

ðHv‘ÞðxÞ ¼ F�1 FðSðKÞÞðkÞ � Fv‘ð Þð ÞðxÞ; 8x 2 D

ð14Þ

where, again, the discrete Fourier representation of K at

kmax is truncated, and with the necessary lifting operator S,

the composite mapping F � S : Rd ! Ckmax�dv�dv acts on

the heat kernel, K. The lifting operator essentially stacks

Fig. 2 Diagram displaying the

location of the physics-informed

kernel within the neural

operator layer
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copies of the kernel to match the dimensions of the hidden

layer input v‘.

Thus, for the purposes of surrogating the numerical

solvers PAC1D and SESE, the integral operator K was

replaced with the physics-informed heat integral operator

H resulting in a PIKNO. Since the Fourier transform of the

heat kernel is well-known, F � S was calculated analyti-

cally and hard-coded. The altered structure of the neural

operator layer can be seen in Fig. 2. It is also worth noting

that fundamental solutions of the heat equation assumes a

constant conductivity coefficient which is not the case in

this application. One can compute the numerical approxi-

mation to the fundamental solution for the variable coef-

ficient case, but no analytic solution exists. However, the

constant coefficient case is a good approximation if using

the average over all regions of discontinuity as a base

solution, and then training around this base solution by

treating the variable coefficient case as perturbation around

the constant coefficient case.

The network PIKNO-H refers specifically to the PIKNO

utilizing the heat integral operator. It demonstrated suc-

cessful outcomes for both the retina model and the three-

layer skin model under incidental laser exposure. Notably,

its accuracy surpassed that of FNO and was comparable to

results from DeepONet, especially in the four-dimensional

setting with limited data availability.

To ensure thoroughness, PIKNO-H was also compared

to other invariant integral operators using a variety of

choices for Rh in (13). However, these alternative operators

proved ineffective at learning Gy. Specifically, attempts to

modify the exponential term or choose a kernel unrelated to

the physics-informed selection resulted in the network’s

inability to learn the operator effectively. In cases where

changes from the heat-inspired kernel were more drastic,

the results were even worse, particularly in higher dimen-

sional settings and when updating the kernel through

backpropagation [38].

Additionally, the possibility of using the heat integral

operator with H as a point of initialization by allowing the

operator to update during the network learning process was

evaluated. However, the results indicated that holding H

constant as the integral operator yielded optimal outcomes.

It is also worthnoting that while the use of the physics-

informed heat integral operator is specific to certain prob-

lems, the process of adapting the integral operator to better

suit specific applications can be generalized to a broader

class of parabolic PDEs.

Remark 3.2 The PIKNO is much different than the

PIDeepONet and PINO as both PIDeepONet and PINO

adopt the PINN strategy of including the PDE residual as a

soft constraint, whereas the PIKNO does not employ any

use of the PDE. Instead the PIKNO is altering the integral

kernel, as a result of the physics of the specific problem.

This same integral kernel can then be used without alter-

ation even as the PDE changes for various specific

applications.

Remark 3.3 For the purposes of our experiments, it is

worthnoting that D is a rectangular domain and the work in

[20] is proven under the assumption that the domain is a

d-dimensional torus, but the proofs therein are generaliz-

able to rectangular domains. Moreover, certain irregular

domains such as the two-dimensional triangle or a star-

shaped domain with a hole in it were shown in [23] to

cause convergence issues for the FNO network, but that is

not an issue under our assumption for D.

4 Numerical experiments and results

In this section, the numerical experiments are described to

demonstrate the effectiveness of the PIKNO at surrogating

the numerical algorithms PAC1D and SESE in both the

two-dimensional and four-dimensional settings and under

the constraint of small datasets. For both frameworks, the

PIKNO network is learning the operator that maps the

radiative dose to the solution of the heat equation (7) under

incidental laser exposure. A comparison was performed

with other well-known operator networks DeepONet and

FNO as well as with the PIKNO heat integral operator H

set to other initializations for the kernel integral operator

outside of the random initialization employed by FNO. A

comparison between holding the heat integral operator

Table 1 L2 error for 2D (1D

space and 1D time) problems
Operator network Retina Skin Epochs Retina Skin Epochs

DeepONet 0.0332 0.2000 1000 0.0332 0.0214 10,000

FNO – 0.0147 1000 – 0.0081 10,000

PIKNO-H(upd) 0.0279 0.2003 1000 0.0228 0.2003 10,000

PIKNO-H(const) 0.0275 0.0250 1000 0.0241 0.0210 10,000

The PIKNO-H(upd) versus PIKNO-H(const) displays results from updating (upd) H versus holding it

constant (const) respectively. The dash denotes a network that was not able to converge at the stated

number of epochs
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invariant versus allowing H to serve as an initialization and

updating the heat integral operator via backpropagation is

also demonstrated.

For these experiments, the focus is on two physical

models: the retina model and the three-layer skin model. In

both cases, the physical domain is represented as a rect-

angular slice of either the retina or the skin, with the

material properties defining the physical characteristics of

the domain. To simulate real-life scenarios of incidental

laser exposure, Robin boundary conditions are applied on

the side of the domain exposed to the laser, while Dirichlet

boundary conditions are applied on the opposite side.

The data for these experiments were obtained from two

sources: PAC1D for the two-dimensional setting and SESE

for the four-dimensional setting. PAC1D primarily served

as an initial testing ground for the SESE experiments, and

its results are included for completeness. The L2 relative

error was used as the test metric for all experiments, fol-

lowing the methodology described in [19, 23].

In implementing the optimal PIKNO for various prob-

lem settings, a network with four stacked PIKNO layers

(see Fig. 2) was found to be most effective. Each layer

employed hyperbolic tangent as the output activation

function, which is a departure from the usual choice of

Gaussian error linear unit (GeLU) for FNO layers, as

described in [3].

Remark 4.1 In both the 1D and 3D time-dependent prob-

lems, time as input was included in the FNO and PIKNO

thus performing the convolution in both space and time as

Table 2 L2 error for 2D (1D

space & 1D time) problems on

the more course mesh

Operator network Retina Skin Epochs Retina Skin Epochs

DeepONet – 0.2000 1000 0.0206 0.0222 10,000

FNO 0.0207 0.0087 1000 0.0207 0.0087 10,000

PIKNO-H(upd) 0.0157 0.1997 1000 0.0120 0.1997 10,000

PIKNO-H(const) 0.0206 0.0477 1000 0.0188 0.0249 10,000

Fig. 3 Comparison of the predicted temperature (Kelvin) for the 2D three-layer skin model using (a) FNO network after 1000 epochs and

(b) DeepONet after 100,000. Both figures generated from networks trained using dose values taken on the more coarse grid
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opposed to performing the convolution in the space domain

only and using an RNN for propagating in time as the latter

usually produces worse error.

4.1 2D retina and skin

For both the retina and three-layer skin model in PAC1D, a

simulation was run to generate only 22 samples of radiative

dose functions resulting from a laser irradiance ranging

from ½1 � 107 W
cm2 ; 1:01 � 107 W

cm2� and equally spaced

across the range. Each simulation ran for a total of one

second across a one-dimensional spatial grid of 250 equally

spaced points for a total of 1000 time steps in the three-

layer skin example. The retina data have 1000 time steps

and 200 steps on the spatial domain. The source irradiation

was on for half the time with the remainder of the time

allowing for the heat diffusion process to continue with no

source term. For both models, only 16 data samples were

used for training purposes and six for testing.

During the training process, the operator networks

learned the mapping to the solution of equation (7) from

the dose function values. Different training runs were

conducted across different discretizations for the (x, t)

domain with the results from the full grid shown in

Table 1:250 � 1000 for the three-layer skin problem, and

200 � 1000 for the retina problem. The networks were also

trained on more sparse but uniform grids across the domain

making up only 20% of total domain points available from

numerical simulations. Table 2 shows the results from

training networks using dose function data taken on course

grids of size 50 � 200 for the skin problem and 40 � 200

for the retina problem. The results between the various

discretizations were similar, with computational time nat-

urally in favor of the more coarse space and time grid. The

FNO, PIKNO(upd), and PIKNO(const) converged within

0.01 of the final relative error shown in Tables 1, 2 in

fewer than 300 epochs while DeepONet required signifi-

cantly more iterations in order to reach a relative error that

was comparable with the other operator networks. Results

from at least 1000 training iterations were included with

the extra 10,000 required by DeepONet for convergence in

order to achieve similar results as the FNO.

It is important to note that DeepONet was faster in

iterating through the training loop than FNO by an

approximate factor of 10. Thus, the 10,000 epochs required

by DeepONet were comparable in computational time to

1000 epochs of FNO. The PIKNO improved the backpro-

pogation time from FNO on average by a factor of 25.7

with a sample variance of 0.8, and the optimizer step by a

factor of 2.5 on average with a variance of 0.01. This,

paired with PIKNOs ability to converge in significantly

fewer epochs than FNO, made it appealing as a substitute

for the numerical simulators PAC1D and SESE.

Given enough time, however, the DeepONet actually

outperforms the other networks in some cases. In particu-

lar, the DeepONet when trained on the dose function cor-

responding to the more coarse grid actually reaches a

relative error of 0.0034 after 100,000 epochs for the skin

problem. This exceeds the performance of the other oper-

ator networks for this same example. The corresponding

image of the trained DeepONet for the skin problem on the

more coarse grid can be seen in Fig. 3b, in comparison

with the FNO image in Fig. 3a generated after only 1,000

epochs. The DeepONet trained on the same resolution for

the retina problem, however, sees no improvement in the

relative error after 100,000 epochs.

The ocular medium has a significantly different

responses to the laser irradiation in comparison with skin

resulting in an excellent test of the operator network’s

flexibility. The FNO was unable to converge at all to a

suitable network for the fine discretization of the space and

time grid. DeepONet appears to produce a favorable result

as it converges to a relative error of less than 0.04; how-

ever, further inspection of the network shows that the

solution approximations produced by DeepONet are con-

stant functions and miss the key features of the true solu-

tions. The solutions to the retina problem, for all of the

dose inputs, are mostly constant in terms of temperature

throughout the spatial temporal domain with the exception

of two relatively small areas of the spatial domain that have

drastic spikes that gradually decrease in time due to the

diffusion. The DeepONet misses these spikes completely in

favor of a function that is constant everywhere, while both

the PIKNO-H(upd) and the PIKNO-H(const) are able to

pick up the essential shape of these temperature peaks. The

coarse grid only contains the information for the larger

peak, with the smaller temperature peak missed completely

by the coarse data. Thus, the FNO is able to converge to a

network with small relative error, but whose output com-

pletely misses the primary temperature peak. In a similar

manner as the DeepONet, the solution approximations

produced by the FNO network maintain a constant

Table 3 L2 and L1 error for 4D

(3D space and 1D time) three-

layer skin problem after 1000

training iterations

FNO DeepONet PIKNO-H(upd) PIKNO-H(const)

Mean L2 Relative Error – 0.114 0.0438 0.0546

L-inf Error – 34.4 39.39 41.08

L-inf Relative Error – 0.455 0.517 0.539
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temperature for all x and t and miss the spike in tempera-

ture that is in the actual solution.

The other operator networks had some success in the

lower dimensional setting with a comparison of the images

shown in Fig. 3. The FNO, however, was unable to pro-

duce a successful network for the retina model as the

function values tend to be mostly constant with the

exception of a drastic spike in values at a relatively small

part of the domain. This caused issues for the Fourier

transform even when all Fourier modes were included. The

DeepONet was successful at learning the operator for both

the retina and skin models, but only after allowing the

training to run significantly more epochs than what was

required from the other operator networks. However, this

was implemented with DeepONet v1.4.0 in the DeepXDE

library, and it should be noted versions released post

experimentation have demonstrated significant reduction in

training time. Also, DeepONet is well-known to be much

faster per training epoch than FNO. Even so, the compu-

tational demand for training these operator networks made

them sub-optimal for surrogating the existing numerical

algorithm PAC1D. The 2D results are included out of

completeness, but the main interest lies in the 4D simula-

tion domain since radial diffusion cannot often be neglec-

ted due to beam diameter or exposure duration. As such,

the 2D setting served mostly for the purposes of providing

a testing ground prior to implementing models in the higher

dimensional setting.

4.2 4D retina and skin

For the 4D case, SESE simulations generated only eight

data samples of radiative dose calculated using the beam

geometry and power (watt) for both the retina and three-

layer skin models. For these samples, the radiative dose

resulted from altering the power delivered, while holding

the wavelength and pulse duration constant. There are nine

time steps sampled across one second with the laser source

active for the entire second for the skin example. For the

Table 4 L2 and L1 error for 4D

(3D space and 1D time) retina

problem after 1000 training

iterations

FNO DeepONet PIKNO-H(upd) PIKNO-H(const)

Mean L2 Relative Error – 0.0147 0.0131 0.0153

L-inf Error – 15.2 14.73 15.38

L-inf Relative Error – 0.289 0.282 0.294

Table 5 Number of parameters for each of the three-layer skin

models

Number of network parameters

FNO 3:87 � 107

DeepONet 5.04 �107

PIKNO-H(upd) 1:94 � 107

PIKNO-H(const) 3:48 � 103

Table 6 L2 and L1 error for 4D (3D space and 1D time) three-layer skin problem after 500 training iterations with only the initial time steps

where the source term is active

FNO DeepONet PIKNO-H(upd) PIKNO-H(const)

Mean L2 Relative Error – 0.0786 0.0911 0.0952

L-inf Error – 74.3 81.93 82.75

L-inf Relative Error – 0.643 0.709 0.972

Table 7 L2 and L1 error for 4D (3D space and 1D time) retina problem after 500 training iterations with only the initial time steps where the

source term is active

FNO DeepONet PIKNO-H(upd) PIKNO-H(const)

Mean L2 Relative Error – 0.00728 0.00367 0.00373

L-inf Error – 5.38 5.37 5.37

L-inf Relative Error – 0.127 0.127 0.127
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retina case, there were 11 time steps sampled across one

millisecond, again, with the laser active for the entire

millisecond. Various discretizations were used during

experimentation, but the results were similar. Laser power

(watt) varied between models for the eight samples used

and are as follows:

Retina : 24:5; 28; 35; 42; 49; 56; 70; 84f g
Skin : 250; 500; 750; 1000; 1250; 1500; 1750; 2000f g:

For training purposes, five samples were used with three

withheld for testing.

Fig. 4 A comparison of L2 relative error reduction between the PIKNO, DeepONet, and FNO models per iteration

Fig. 5 XY-slice of predicted outputs after 5000 training iterations by PIKNO-H(upd) (top) and DeepONet (middle) for the 4D three-layer skin

example across four time steps compared to SESE (bottom)
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The spatial domain for the retina and skin model is a

25 � 25 � 70 grid for (x, y, z) with the point of exposure

from the laser radiation occurring along the Z-axis. The

more coarse discretization shown here for the four-di-

mensional setting had the added benefit of being able to

train on a local machine with only 32 GB of RAM.

Moreover, the PIKNO, still retains the advantages of the

FNO of being able to be tested on a finer mesh than the one

used during training.

The results in Tables 3, 4 show the PIKNO-H(upd) as

the model with the minimal L2 error, although the PIKNO-

H(const) produced similar results more efficiently as the

network has significantly fewer trainable parameters. More

precisely, for the three-layer skin model, Table 5 shows the

PIKNO-H(const), which only has 3481 network parame-

ters, is a reduction in the number of parameters of four

orders of magnitude from the FNO network. Thus, while

PIKNO-H(upd) has the slight edge regarding performance,

the PIKNO-H(const) has the advantage of a much smaller

training time. Although PIKNO-H(upd) still only has

roughly half the trainable parameters as FNO for the same

model. DeepONet also demonstrated decent success with

the better L1 error for the three-layer problem and had

comparable results in the retina problem. The high

dimensionality and resulting complexity of the parameter

space also resulted in the FNO being unable to converge.

The operator networks were also trained only over the

initial time steps when the source term was presented. The

latter time steps modeling thermal diffusion without any

source term were omitted. It was speculated that the

DeepONet and FNO would perform better in this scenario

due to the smaller data sets and less variability in this initial

phase of the problem. Indeed, the results displayed in

Tables 6, 7 were more of a mixed bag and DeepONet,

PIKNO-H(upd), PIKNO-H(const) produced a workable

operator network after only 500 training instances. The

corresponding plots of the reduction in relative L2 error

during the 500 iterations are displayed in Fig. 4. In this

instance, the PIKNO-H(upd) and PIKNO-H(const) are

indistinguishable.

Continuing to train the algorithm, past 1000 iterations

yield marginal improvements in the relative error, but

improved the quality of the images created with the

exception of FNO networks that were unable to learn the

problem even past 10,000 training iterations. The images

generated in Figs. 5, 6 were created comparing the trained

PIKNO-H(upd) and DeepONet models after learning for

5000 iterations in comparison with the image generated by

SESE. The only consistent differences in the images gen-

erated by PIKNO-H versus DeepONet is that the PIKNO-H

appeared to better mimic the erratic change in direction of

the rays due to the scattering, absorption, and anisotropy

properties of the material while the DeepONet created a

Fig. 6 XZ-slice of predicted outputs after 5000 training iterations by PIKNO-H(upd) (top) and DeepONet (middle) for the 4D three-layer skin

example across four time steps compared to SESE (bottom)
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smoother, more even diffusion throughout the material.

This can be observed when comparing to the SESE image

shown on the bottom row of both figures.

As for the other operator networks used as the baseline

comparison, FNO struggled to find optimal models in the

4D environment, while DeepONet demonstrated compa-

rable results, with PIKNO-H(upd) demonstrating a slight

advantage. FNO failed to produce a successful network for

the purpose of surrogating the numerical algorithm SESE

in both the three-layer skin and retina settings. Several

different implementations were tested for all networks, but

changing the network structure, increasing the width of the

networks, or the modes in the FNO were all met with the

same results. It is possible that there are other higher

dimensional settings that would have resulted in a more

favorable outcome for the FNO network, but not for the

particular design of application here. For all of the tables,

the minimum errors are highlighted using bold typeface.

5 Conclusion

This article describes an operator network based on the

FNO network structure, but which uses a physics-informed

approach to the kernel integral operator. The resulting

network, PIKNO-H, could then be implemented as is with

the integral operator acting invariantly on the input data

during the training process, or the kernel of the integral

operator could be updated. Updating the kernel led to better

results in the 4D setting, but caused issues in the 2D setting

since the network had a relative error of 0.2003 when

tested on the three-layer skin data. The PIKNO-H(const)

was the optimal network in the 2D setting and maintained

excellent results in the 4D setting as well as having the

advantage of only a few thousand trainable parameters

producing a training time that is less than half of what the

PIKNO-H(upd) required. Moreover, DeepONet was the

only other operator network to demonstrate success in the

4D setting, as FNO was unable to learn the operator for the

higher dimension, with the PIKNO operators producing

similar or better results as DeepONet. This demonstrates

the PIKNO’s effectiveness at providing computationally

efficient approximations in place of SESE, whose calcu-

lation of simulations on a similar scale takes considerable

time. It is worthnoting that while the applications of

interest here dealt with a more smooth boundary and

connected region, more rough and complex domains can be

approximated by smooth boundaries. This allows for a path

in generalizing the use of the PIKNO to learn the operator

acting on functions with arbitrary geometries.

In theory, the same integral kernel could be tested in any

environment that depends on a thermal diffusion process,

but the ability of the PIKNO to generalize to other

situations depends on selecting an integral kernel suited to

the physics of the specific model. While the same integral

kernel is shown to be successful in producing great results

in two-different scenarios, a matter of future interest would

be to establish this an integral kernel for models where the

physics do not lend themselves to such an obvious choice.

Such a network could benefit from investigating GKNs and

employing them within the neural operator framework.
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