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Abstract: Let E be an elliptic curve over Q, and p # 2 a prime of good ordinary reduction.
The p-adic L-function for Sym®E always vanishes at s = 1, even though the complex L-function
does not have a zero there. The L-invariant itself appears on the right-hand side of the formula

d 2 _ 2 —2 L9, _ Leo(Sym®E, 1)
ng(Sym E,s) = L,(Sym*E) x (1 — a,”)(1 — pay,”) x m
where X? — ap(E)X +p = (X — ap)(X — B,) with oy, € 5.
We first devise a method to calculate Ep(Sym2E) effectively, then show it is non-trivial for

all elliptic curves E of conductor Ng < 300 with 4| Ng, and almost all ordinary primes p < 17.
Hence, in these cases at least, the order of the zero in Lp(SmeE, s) at s =1 is exactly one.
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1 Introduction

Let p be an odd prime. For a pure motive M defined over QQ of weight zero, there is a conjectural
recipe to attach a p-adic L-function, L,(M, s), provided its Galois representation is p-ordinary
(see [6] for the precise details). The interpolated p-adic L-function should be related to its
complex cousin, Lo (M, s), at the critical point s = 0, via the formula

Lo (M, 0)

L,(M,0) = &,(M,0) x Qo (M)

Here £,(M, s) is a product of certain Euler factors at p, and Q. (M) denotes the Deligne period.
Curiously, sometimes &£,(M, s) can vanish at s = 0 even when Lo (M, 0) # 0, in which case

we say that M has an exceptional p-adic zero. Let us factorise out the trivial zero contribution

into £,(M,s) = Eg(M, s) X E;TW(M, s), where Eg(M, 0) # 0 and orders—g (Slﬁri"(M, s)) = ep.

Greenberg [19] has associated an explicit invariant L’gr(M ) € Qp, and he predicts that

Lo (M,0)

d®?Ly,(M, s) _ pGr t
T Y = L"p (M) X gp(M,O) X W .

One is naturally left to address the following problem.

Question. For a given motive M as described above, and for an ordinary prime p satisfying
the exceptional zero condition, is Greenberg’s L-invariant term Egr(M) non-zero?

For example, let f be a primitive eigenform of weight £ > 2, level N and trivial nebentypus.
Then the symmetric square motives M = Sym?(f)(k — 1) and M = Sym?(f)(k) both exhibit
exceptional p-adic zero phenomena at ordinary primes p { V.

Over two decades ago, Coates and Greenberg suggested to the first-named author to compute
Eg’r (Sme( (k- 1)) as part of his PhD, but he was unsuccessful and the project was shelved.
Recently there has been a renewed interest in this topic [2, 22, 30], in particular with the
construction of global cohomology classes (an Euler system) for the motive M (f ® f) in [27].

Under some standard assumptions, Hida has shown [26] that in a A-adic family of modular
forms {Fi}epys the quantity Eg}r (Sym*(Fy)(k — 1)) can vanish at only finitely many points
in the weight-space W. It therefore seems an appropriate time to revisit this open problem of
non-vanishing for the symmetric square L-invariant, albeit from a computational perspective.

Goal. To calculate Egr (Symz(f)(l)) mod p™ numerically when f arises from an elliptic curve,
and then check whether the associated L-invariant is non-vanishing in a variety of examples.

Let E be an elliptic curve over Q, so that E is necessarily modular by the work in [4, 35].
Provided Re(s) > 2, the symmetric square L-function for E is given by an Euler product

Loo(Sym2E, s) = H det (1 —Frobl_lX ‘ Sym2Hét(E7Qq(1>)Il>_ ‘

: X=l—s
primes [

where ¢ is any prime different from [, Frob; is an arithmetic Frobenius element, and I; C Gg,
denotes the inertia subgroup at [. If the prime number [ does not divide the Q-conductor Ng
of the elliptic curve, then

det (1 = Frob; X | Sym?He (B, Qu(1)") = (1 - afX) (1= 82X) (1 - 1X)

where 1 —a;(E)X +1X? = (1 — alX) (1 — ﬂlX) is the factorisation of the Hecke polynomial at .
Gelbart and Jacquet [17] showed that the function Lo, (Sym?FE, s) has an analytic continuation
to all s € C, and satisfies a functional equation linking the value at s with the value at 3 — s.



To describe Greenberg’s L-invariant term in detail, let us first fix an ordinary prime p.
Consider the Galois representation V = Sym? (Hét (E , Qp(l))*) = Qp®z, Sym? (Tap(E)) where
Ta,(E) = @n Epn is the p-adic Tate module of E. Viewed as a Gg,-module, there is a filtration

0=Fi’V C FiI’V c Fil'V c Fi'V=V
Fil'v
Fili+ty

Let 3 denote a finite set of primes containing p and the primes of bad reduction for FE.
Associated to the Gal(Qyx/Q)-representation V in [3] are the Bloch-Kato Selmer groups

where each quotient is isomorphic to Q, (i) as an I,-representation, for i € {0, 1, 2}.

H} ,)(Q.V) = Ker [ H'(Gal(Qx/Q).V) =% (P H'(5.V)
1€, I#£p

and

res, H'(Gg,, V)
Hi{(Q,V) := Ker (H}{p}(@, V) = W

where H}c (Gg,,V) denotes the kernel of the mapping from H'(Gq,,V) to H'(Gg,,V ® Beis).
Flach et al. [16, 35, 12] have shown H} (Q,V) = {0}, which implies that dimeHi{p} Q,V)=1.
Let us fix a generator 7 of this line, so that H} ) (QV)=Qp 7.

We now explain how to choose coordinates. Observe first that H* (Gva V) =H! (Gva Filt V),
an assertion that can be checked from the local formula

dimg, H' (Gg,, W) = dimg, (W ® Beis) “% + dimg, H'(Gg,, W) + dimg, H (Gg,, W*(1))

which yields the value 3+040if W =V, and 24041 if W = Fil'V. Applying Kummer theory,
there is a natural identification H'! (G@p,Qp(l)) = Qp Rz, (@n Q /Qp P ), from which one
obtains the homomorphism

a: H(Gg,, V) = H(Gg,, FillV) "5 B (Gg,, Fi'V/FiPV) = @, @z, (1m Q) /Q) 7).
n
Furthermore, on the right-hand target space there is an isomorphism

Qp ®z, (@Qg /Q,) pn> — Qp x Q, sending ¢~ (logp(q), ordp(q)),

where log, : QF — @, denotes Iwasawa’s logarithm map, normalised so that log,(p) = 0.

Definition 1.1. The arithmetic L-invariant is defined to be the slope of qores,(n) inside the
vector space H' (GQP, FiIIV/Fﬂ?V) = Qp x Qp, i.e.

log,, (q(resy(n)))
ord,, (q (resp(n)) )

which is clearly independent of the choice of generator n for the Q,-line H} {p}((@, V).

LS (Sym®E) =

In fact, there is a more analytic way to introduce the L-invariant if we work with the p-adic
L-function directly. Depending on the reduction type of the curve, p-adic L-functions which
interpolate Dirichlet twists of Sym?(h(E))(1) have been constructed in [7, 9, 11, 21, 24, 31].
Now if E has good ordinary reduction at p, there exists F(X) € X - Z,[X] ® Q such that

T(X) _ Loo(Sym’E ® x,1)
Fix(1+p) —1) = X
(et +2) -1) ay™ (2mi) 1050,
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at all non-trivial characters x of conductor §, = p™x > 1 satisfying x|x = 1, while F(0) = 0.
p

Here a, is the p-adic unit root of X2 — a,(E)X +p, secondly 7(X) denotes a Gauss sum for x 1,

and lastly Q;S are real/imaginary periods associated to a minimal Weierstrass equation for £ /2.

Definition 1.2. We write L,(Sym?E, —) : Z, — Q, for the Mazur-Mellin transform
L,(Sym?E, s) := F((1 +p)¥t = 1),

s0 that L,(Sym2E, s) has an exceptional zero at s = 1.

In the late 1980s, Coates and Greenberg made the following prediction about its first derivative.

Conjecture 1.3. If E has good ordinary reduction at p, the L-invariant given by the ratio

Loo(Sym?E, 1) > -
(2mi) L0,

an d
L, (Sym?E) := —L,(Sym?FE, S)L

P X ((1(1;2)(1]904;2) X

i$ @ non-zero p-adic number, so in particular
orders—; (Lp(SmeE, s)) = 1

As will be discussed at length in §3.3, in most situations the work of Citro, Dasgupta and
Hida [5, 10, 26] implies that E;n(Sysz) = Eg’r(Sym2E), so we may shift between these two
definitions as appropriate. In particular, the non-vanishing of the analytic L-invariant means

that the line H}’{p} (Q,V) has a non-trivial slope inside Q, ®z, (@n Q} Q) p") = Qp X Qp.

Remarks: (a) If E has complex multiplication, then a result of Ferrero and Greenberg [14]
implies that Egn(SmeE) = log,(,?); therefore in the CM case, Conjecture 1.3 is at least
known to be true.

(b) If E has split multiplicative reduction at p, under certain restrictions Rosso [30] recently
proved ﬁgn(SmeE) = log,(qr)/ordy(gr) where gg is the Tate period of the rigid analytic curve;
moreover log,(qr) # 0 by [1, Theorem 3], so Conjecture 1.3 holds in this situation too.

(c) We should also point out that in the case where E has split multiplicative reduction at p,
the Tate period ¢g is a universal norm for the Z,-extension Fu,/Q, cut out by

im(H' (Gg,, Sym?Tay (E)) "5 H1(Gg, . 2,) )
inside H! (G@p, Zp) = Hom(GQp, Zp) = Zz. Under the Tate local pairing
H'(Gg,,Qy(1)) x H'(Gg,,Q,) = Qp,

the line qores, (H} . (Q, V)) will then be orthogonal to the subspace Hom(Gal(Fis/Qp), Qp).
Applying exactly the same reasoning as [19, p154], it follows that the slopes log,(qx)/ord,(qx)
and log,, (q(resp(n))) /ord, (q(resp(n))) are actually equal.?

(d) Using efficient methods to compute overconvergent modular symbols, Dummit et al [13, §7.2]
have computed £Zn(Sym2E) for (E,p) = (Xo(11),11), and for p = 5 and E € {15al,19al, 95a1}
(here we employ Cremona’s elliptic curve labelling from [8]).

By devising algorithms to compute L,(Sym?E, 1)’ and [,;n(SmeE) numerically to a reasonable
accuracy, and then implementing them into SAGE, we have established the following result.

%In the case of split multiplicative reduction the £-invariant for Sym?E is the same as the £-invariant for E,
and it is further conjectured (by Greenberg) that the L-invariants for Sym™ E should be independent of m > 0.



Theorem 1.4. Let E be an elliptic curve over Q of conductor Ny < 300, with 4 dividing Ng.
(i) If p € {3,5,7} is a prime of good ordinary reduction for E then Conjecture 1.3 is true,

ie. Egn(SmeE) #0 and orders_y (L,(Sym*E,s)) = 1.

(ii) If p = 11 is a prime of good ordinary reduction for E then Conjecture 1.3 is true, with the
possible exception of the following four elliptic curves:

116al, 124b1, 200al, 296al.

(iii) If p = 13 is a prime of good ordinary reduction for E then Conjecture 1.3 is true, with the
possible exception of the following six elliptic curves:

140al, 20001, 232b1, 244al, 27201, 280al.

Here is a brief plan of the paper.

Sections 2.1-2.5 explain the theory behind our method. We first derive a technical result
about the Petersson inner product in §2.1. In the next two sections, we relate the moments
of the p-adic measure interpolating Sym?E(1) to a specific inner product involving the weight
two newform fr obtained from F by modularity, and an auxiliary weight two form “R|Ugm_1”
which is independent of the elliptic curve. Then in §2.4, we use our identity from §2.1 to obtain
an expression for L,(Sym®E, 1)’ mod p™, thereby yielding an approximation to £g“(8ym2E).
Lastly in §2.5, we discuss how one might increase both the speed and the accuracy of our
computations by instead evaluating Tate-twists for the p-adic measure, although there remain
significant technical hurdles to overcome if one adopts this approach.

Sections 3.1-3.2 contain an implementation of our algorithms. We chose Np < 300 and
p < 13 as our bounds to determine whether or not L,(Sym*E, 1)’ was non-zero, and thence to
tabulate the L-invariants to a decent accuracy — see Appendix B for the full numerical results.
It took ten months to run our programs within these limited ranges, on a single core of an
Intel i5-2400. The 4 + 6 = 10 missing pairs (F,p) in Theorem 1.4(ii)-(iii) occurred because the
run-time required to show that Lp(SmeE , 1)’ # 0 for these specimens was too slow.

Finally in §3.3, we discuss how the work of Hida, Citro and Dasgupta [26, 5, 10] combined
with Theorem 1.4 implies the non-vanishing for the derivative of the Hecke eigenvalue a,(Fy)
at weight k = 2, where F denotes the p-ordinary family lifting fg.

Acknowledgements. The first author warmly thanks John Coates and Ralph Greenberg for
originally suggesting this problem. Both authors are also grateful to Antonio Lei, Max Flander
and Denis Benois for their helpful suggestions on computing symmetric square L-invariants.
They are also grateful to the referee for their insights, in particular the theoretical approach
suggested in Section 2.5 (although we have been unable to implement this approach in practice).
The second named author is financially supported by a University of Waikato PhD scholarship.

2 The Analytic Theory

For an integer N > 1, we write MQ(FO (N )) for the C-vector space of modular forms of weight
two, level IV and trivial nebentypus. We also denote by S (FO(N )) the subspace of cusp forms.
Throughout one normalises the Petersson inner product by

(g, h)n = / g(2)h(2) - dzdy for all g € S3(I'o(N)) and h € My (To(N)).
Lo(N)\$



Let fp € &3V (Fo (N E)) denote the primitive form associated to the modular elliptic curve E.
Without loss of generality, we assume that

e the conductor Ng of the newform fg is divisible by 4.

Because L (SmeE , 8) is invariant under taking quadratic twists, one can always ensure that the
above holds by replacing E with its twist by the unique character of conductor 4 (if necessary).
We also modify the quantities in Conjecture 1.3, as follows:

e we swap the motivic period (2mi)"1QLQ, with the automorphic period 7(fg, fE)Ny;

e we shall exchange the primitive symmetric square L-function L., (Sym?E ® ¥, s) with its

imprimitive version
o~ X(1)an2 (E)
D(E,x,s) == Lyn,( X% 2s — 2) x Z ;
n=1

e we replace the p-adic L-function with Li"™(Sym?E, s) := Fmp((1+ p)*~t —1), where

), DEx.1)

1, with F™P(0) = 0.
a)™ (e, fE)Ng 7 )

FR(x(14p) — 1) =

Providing the imprimitive L-function is non-vanishing at s = 1 so that D(E,1) # 0,
the L-invariant may be equivalently rewritten as

% _a _ -2 D(Evl) -
<(1 0 = pay )XﬂfE,fE)NE) - W

The right-hand bracketed term in Equation (1) is reasonably straightforward to evaluate.

n d im
Ly (Sym?E) := ng P(Sym?%E, 5)

Lemma 2.1. Assume E has minimal conductor amongst its quadratic twists. If the geometric
conductor of Sym? (h1 (E)) 1s denoted by CSmeE € N2, then one has the formula

D(E, 1) B Csym
(fe, fE)N,

lesSy
where Loo(Sym?E ® x,s) = D(E, x, s) X [Lies, Hi (X(l)l_s)_1 for a finite set of bad primes Si.

Proof. If we define Ao (Sym?E,s) := (C’Syng)“”/2 - m3/20(5/2)(2m) T (s) X Loo(Sym?E, s),
then the functional equation [7, Thm 2.2] for this completed L-function states that

Aso(Sym?E, 5) = Ax(Sym2E,3 — ).

Combining the above equation at s = 2 with the formula D(E,2) = % X (fE, fe) Ny for the
imprimitive symmetric square L-function in [15, Equation (5)], the result follows easily. O

To calculate E‘m(Sym2 ) numerically, we must therefore evaluate %L;mp(SmeE, s)at s =1

to a reasonable accuracy. If ulmp € MeaS(Z;;,Qp) is the p-bounded measure corresponding to
the power series F'™P(X) € X - Z,[X][1/p], then

L;mp(SmeE, s) = / <x>f,_1 . dluiénp(x) for every s € Zy,
TE€Ly



where < —>,: Z* — 1+ pZ, denotes the projection to the principal local units. It follows that

d im 2
ng P(Sym“E, s)

=/ og,<a>, dupP(z) & Y log,<e>p xupT(etp"Zy)
v€lp e€(Z/pm7)*

s=1

upon using a Riemann sum approximation for the covering Z, = [ |, (e 4+ p™Zy).
Question. Given a class e € (Z/p™Z)*, how do we calculate each ,uiénp(e +p™Zy,) efficiently?

It is well known [7, 9, 31] the moments ,uiénp(e + p™Zy) can be written as an inner product of

0

1@ = (16t = te2)| (o,

o ) € S(To(pNi))

with a certain modular form R,, . € MQ(F()(]DN E)), whose Fourier coefficients are p-integral.

<f01Rm,€>PNE

The integrality of /j,iglp(—) is then controlled by that of FoTo)

for varying m and e.

2.1 Petersson inner product identities for f°

Recall that the functional equation for the completed Hasse-Weil L-function, A (F, s), has the
form Ao (E,2 — s) = wg X Ao (E, s) where wg € {1} denotes the root number for E over Q.
In terms of the associated newform,

fE‘W(NE) = —wg - fE under the action of W (Ng) = < ]\? _01 ) .
E

Let h(z) denote a weight 2 holomorphic modular form of level pNg, and with trivial character.
Our goal here is to derive the following technical result, which we repeatedly make use of later.

Lemma 2.2. (i) If C-h(z) N (C- fp(z) & C- frp(pz)) = {0}, then (f°, h>pNE =0;

(it) If wp € {1} is the root number for E g, then (f°, fE(z)>pNE =—wg- %20’;1 X (fe, fE) n

E

. . . a2-1
(#1i) Replacing fr(z) with fr(pz), one instead has <f0,fE(pz)>pNE = —wg- Z% X <fE,fE>NE.

Proof. The fp-isotypic part of My (Fo(pNE)) consists of the subspace C - fr(z) ® C - fp(pz).
Without loss of generality, assume h(z) is an eigenform for the Hecke algebra at level pNg.
Then by multiplicity one, we can pick a prime [ 1 pNg such that a;(fg) # a;(h); consequently

) % (SR, = (P Ry = (PRI, = o) x (1% R,

in which case (f°, h>pNE =0, so part (i) is true.

To establish statement (ii), let us first introduce the p-stabilisation
fo(2) = fu(z) = Bpfu(pz) = o' fE‘(Up — Bpla) € S2(To(pNE)). (2)

This cusp form fq is related to f© through the formula

f22) = fo|W(pNE) — app™ ' fR|W(Ng) = f§|W (pNE), (3)



where the involution (—)? above sends each h(z) = 3 o, h,e?™"* to h*(z) = D1 hpe?minz,
Now using Equation (3) and observing that fg = fg, one obtains the equalities

(P f2) g = (FEIWGONE). fr) = ™ (F5W(NE). f)
- <fg\W(NE>\ ( ' 1) fE> — B (—wp fo ),
= <— wE‘fE‘ < ]5 (1) ) ‘TYEEE%ZE)J > + wrBpp ' [To(NE) : To(pNE)] '<fEafE>NE

0 1 "To(Ni)
the index formula [To(Ng) : To(pNg)| = p+ 1, the above becomes

Note from the trace map identity fg ( p 0 > TyLo®NE) _ fE‘T = ap( )fE together with

ozfl

<f0’fE>pNE = wg - <—ap(E) +Bp - p;l> X <fEafE>NE = —wg- ( ) X <fE?fE>

Qp

Lastly to prove that (iii) is true, one knows from Equation (2) that

e = % B ) = 102)) = 870 % (% i, — (O Sodps )

pNEg

<f07 fE (p2)>
The first term (f°, fg),n,, is already determined from (ii) above. To compute the second term,
<f0’f0>pNE = (pap)il(ap - /Bp)(pap 5]0 fE‘W (Ng), fE>

upon applying [18, §C.5, Lemma 1], and clearly one has <f§‘W(NE), fE>NE = —wp(fE, fE>NE
Combining these strands together:

2_1 _ _
(£, fo(p2)) =5;1><<—wE-ap +ug- (2= 0% 5p))x<fE,fE>NE

pNEg Qap Py,
a?—1 ay — By)(pay, — B oz —1
= g (S LT B B e (SR (s )
p p a2 E
which completes the demonstration of (iii), and thereby the lemma. O

2.2 The ¢g-expansion of the modular form R, .

The key ingredient in calculating the first derivative of Li"P(Sym2E, s) at s = 1, is that the
moments of the measure dup, *(—) can be written in terms of the fO-isotypic projection of a
holomorphic modular form. More precisely, let us recall from [7, Egs (3.22)-(3.23)] that

<f0 me‘UQm—1>

pNEg
<fE7fE>NE )

HIP (e + pT,) = 2057

where R, . € My (Fo(meN E)) is obtained by summing up products of certain theta-functions
of weight 1/2 with Eisenstein series of weight 3/2 (the precise definitions will not be needed).
Note also from [7, Lemma 3.10(ii)], the classical trace map identity

BUZ = bW (2 Np) | e ) | W (pN )

8



implies that Rm,e‘Ugm_l actually has level pNg, so the inner product above is well-defined.

Remarks: (i) If Rpye = Y 0" grn(m,€)q" then clearly Ry, U™t = S°0° (ryp2m—1(m, e)q™;
furthermore, 79(m, e) = 0 since the theta-functions of weight 1/2 vanish at the cusp oo.

(ii) Applying [7, Theorem 3.11] each coefficient r,(m, e) € Q, in fact r,(m,e) € Z, if p
it therefore follows that Rmye|U5m_1 € q- Ly [[qﬂ

(iii) Assuming p2m_1 divides n, from [7, p133] the ¢™-coefficient of R, ¢ is given by

Tn(m,e) = X Z Z Z a)b - en,(a)x (bz) (nle) LNE(X€n27O)'

XEAm (n1,n2)EWn (a,b)EVn,
(5)

Here we have employed the notation:
e A, denotes the set of non-trivial Dirichlet characters of conductor dividing p™;
e W, is the set of pairs (n1,n2) € N x N coprime to p, and satisfying n} x % + no = n;
e V,, consists of pairs (a,b) € N x N that are coprime to pNg, such that (ab)? divides ns;
e ¢, refers to the character of the imaginary quadratic field Q( —na N, E)

As usual, Ly, (Xen,,s) indicates the yen,-twisted zeta-function with its Euler factors at the
primes dividing Ng removed.

Definition 2.3. (a) For an integer t > 1 and y € Z with pty, one defines

([ (p—1)%/p? ift>2andy=1(mod p')
—(p—1)/p* ift>2,y#1(mod p') buty =1 (mod p")

e(y) = 0 ift>2 andy # 1 (mod pt—1)
(p—2)/p ift=1andy =1 (mod p)
—1/p ift=1andy# 1 (mod p).

(b) For any m € N and integers x,ny both coprime to p, we set

m pt _ f5n271
M) = 3030 e x e X el (=)
t=1 7 Eny =0
p

where ((z — j)p_t)ti S {0, T 1} is the unique integer congruent to (i — j)p~t mod fen, -
The following yields an alternate expression for r,(m,e), designed for use in our programs.

Proposition 2.4. If p*™~1 divides n, then the q"-coefficient of Ry, is given by

rn(m,e) = —2- Z Z Z (ad)ben, (ad) x ¢(p™)~ 'M,Sfb”)(abzd(nle)*)

(n1,n2)EWn (a,b)€Vn, d|Ng
where (n1e)* € {1,...,p™ — 1} denotes the multiplicative inverse of nie modulo p™

Before we give the demonstration, we make a couple of observations.
Firstly, the main expense in computing 7, (m, e) is in tabulating the values of ¢, necessary
w2 (=)-

to compute M, The length of time required to compute r,(m, €) is roughly proportional
to the sum -, . yew), fen, Which has order O(p>™) as a function of m.

9



Secondly, the quantity ¢(p™)~! - M,Sf? 2)(ab2d(nle)*) occurring above is actually p-integral.

The reason is that M,(,?Q)(—) coincides with ‘M,,(—)’ defined in [7, Eq (3.30)], and then by
Lemma 3.12 of op. cit., the latter is congruent to zero modulo p™~!. However, once one has
programmed in the function 9J;, our version M,(,? 2)(—) is the quicker to calculate numerically.

Proof. If one recalls the standard identity Ly, (Xeny, $) = g v, (d)X(d)Eny (d)d ™ - L(XEn,, 5),
then Equation (5) can be rewritten as

—92 ab*d
rp(m,e) = 5™ X Z Z Z (ad)b - ep,(ad) - Z X < e ) L(x€n,,0).

(n1,n2)EWn (a,b)EVn, d|NEg XEAm

Therefore, it is enough to show that >, (o x(z)L(X&n,,0) is equal to the quantity Mr(,;w)(a:).

Now as each L(xén,,0) = —Bi xe,, With Bi ., denoting a xen,-twisted Bernoulli number,
foEVLQ fEnQ
L(X&‘nQ,O) = f f Z X5n2 ’ = f ’ X Z ZX a’ZJ Ena al]) i,
XlEny =1 Eng i=1 j=1

where f, = p' > 1 say, and the integers a;; := (i — 1)p' + j. Moreover x(a;;) = x(j), so
decomposing A,, into a disjoint union of A; — A;_1’s yields

> X(@)L(xeny, 0 Z Y X@)L(xens,0)

XEAm t=1 xEA+—Ai_1
m p f5n2
—1
3D Sl FLI wRYEH) RS e en
t=1 j= XEA—Ay_q Eng =1
f

The lemma will now follow, provided one can verify that:

i) p* 'ZXeAt—At L x(xj) equals J¢(zj);

(ii) Zilnf €n, (a4 ) - a;j coincides with pt Zf "2 5n2 (1) - ((z — j)p_t)ﬁ.
To establish statement (i), if A; = A; U {1} for ¢ > 0 with Ag = {1} then

pt Y x(@i) = pt [ D x(@i) - Y x(@)

XEA—A¢ 1 XEA: XEA_1
= p ' (¢>(pt) X chary moq pt (77) — ¢(p™1) X chary yoq pt—l(xj))

where chary poq pt(y) returns 1 if p* divides y — 1, and returns 0 otherwise. It is then routine to
check that the above formula agrees with ¥;(zj) from Definition 2.3.
To prove that (ii) is true, we first observe that

fEnQ f€n2 -1 f5n2 -1

D emlaig)aiy = P> en (i +5) i+ 5> en, (D' + )
=1

i=0 i=0
and the right-most summation is identically zero. Furthermore
fE"Q -1 fEnQ -1

P S et )i = oY en)- ()Y

=0 i=0

so statement (ii) is also verified. O
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2.3 Expressing Rm,e‘Ugm_l in terms of a rational basis

The next stage is to write Rm,e}Ume*1

One first uses the decomposition

in terms of an explicit rational basis of Ma(To(pNE)).

MQ(P()(pNE)) = SQ(FO(pNE)) @EiSQ(Fo(pNE))

where the second summand denotes the space of generalised Eisenstein series of weight two,
level pNg and trivial nebentypus.

Definition 2.5. For two Dirichlet characters x and v, we define the q-expansion

E06P)(@) = cwlut)d® + > Zw x(m/d) -d | ¢™ € Q[[q]]

0 ] >1
where the constant term co(x, ) = lf Tx
—B27w/4 ’Lf fX =1.

Let X,n, be the group of Dirichlet characters x : (Z/pNgZ)* — C*. One can then form sets
¥ = {52(1, 1)(q) —c-&(1,1)(¢°) where c € N, ¢ # 1 and c‘pNE}, and
Yo = {SQ(X,Xﬁl)(qc) where ¢ € N, x € X,n, — {1} and cfi‘pNE}.

Remember throughout we have assumed the conductor Ng is divisible by 4, and that p t Ng.
The following is a special case of a very well known result — the full details can be found in
Miyake’s book [28, Thm 4.7.1 and §7.2].

Proposition 2.6. (i) dimc (Eisz (FQ(pNE))> = 23 4Ny ¢(ged(d, Np/d)) —
(ii) The union X1 U Xy consists of Hecke eigenforms, and yields a C-basis for Eisy (Fo(pNE)).

Turning our attention to the space of cusp forms,

S:(Lo(eNE)) = P P S5 (Lo(M))

M|pNg c|pNg/M

Ve

and one can express an arbitrary cusp form as a linear combination of Hecke eigenforms.
Proposition 2.7. Since 4 divides Ng, the size of the space of cusp forms is given by
. p+1 dy(N
dime (82(F0(pNE))> = 1+ < 5 > .1|11_v[ (14 1) - goraNe) dlZN: ¢(ged(d, Np/d)).
E E

Proof. This follows immediately from a classical formula of Shimura (e.g. see [34, Prop 6.1]),
upon noting that 4|pNg and p exactly divides the level pNg. O

Write dg for the dimension of Sy (Fo (pN. E)), and let dgis be the dimension of Eisg (FO (pN. E))
Then there exist coefficients de(m, e) € Q such that

ds dgis
R o|UZ" 1 = 61(m,e)-f(2) + 2(m,e)-fu(pz) + Y _di(m,e)-gi + > djyas(m,e)-h;  (6)
i=3 j=1

11



where {f£(2), fe(pz),93(2),94(2), ... ,gas(2)} is a basis of cuspidal eigenforms at level pNg,
and {h1,...,hay, } denotes an arbitrary Q-basis for the Eisenstein component.

Remarks: (a) We have adopted the labelling convention that g1(z) = fg(z) and ¢g2(2) = fr(pz).
(b) To find the basis elements g1, ... gag generating the space of cusp forms, at every M | pNg

new

we compute a basis of g-expansions for &3 (FO(M )), by using the SAGE command
CuspForms (GammaO (N) ,k) .new_subspace () .q_expansion _basis(prec)

with level N = M and for weight k& = 2. We then compute g(¢°) for each g € S5V (T'o(M)) and
¢ dividing pNg/M (note the precision of the g-expansions is determined by the value of prec).

(c) To find the elements hy, ..., hqg, one can code up an implementation of Proposition 2.6(ii),
or instead produce a basis of g-expansions (in echelon form) via the SAGE command

EisensteinForms (GammaO(N) ,k) .q_expansion_basis(prec)

with level N = pNg and for weight £ = 2, once again.

We are then left with the task of determining the dqo(m, €)’s, especially d;1(m, e) and d2(m, e). To
accomplish this we select an ordered tuple 9t = [nl,ng, 7nd5+dEis:| € Ndstdeis of distinct
positive integers, then consider the (ds + dgis) X (ds + dgis)-linear system of equations

ds dEis
Tppem-1(m,€) = Z an(gi) - 0;(m,e) + Z an(hj) - 0j4+as(m,e) for each n € N,
i=1 j=1

arising from Equation (6). The corresponding g-coefficient matrix is given by

Gy (gl) . Gy (gds) G,y (hl) .. G,y (thiS)
M . an2 (-gl) e aTLQ (.gdg) ang (hl) .. an2 (this)
Unggyag, (gl) o Qnagiag, (gdS) Ung g+ ap, (hl) e Onggiag, (this)
so we can write the system as r(m,e)’ = M x §(m,e)”, where r(m,e) = (rnp2m71(m,e))nem

and d(m, e) = (di(m, €)),_; #oU

Hypothesis (det M # 0). The matriz M = M (M) is invertible for the choice of tuple M.

Clearly one can always find an 91 for which the above holds, otherwise {gl, ooy 9dgy Py this}
would not be a basis for MQ(FO(pN E)) In practice, we choose a tuple 91 that will minimise
Donen 2o (n1,na)eW,, Jeny - and hence the time needed to compute the vector r(m,e).

Corollary 2.8. If Hypothesis (det M # 0) is satisfied for a tuple M, and W = (wivj)lgi,jg#m
denotes the inverse matriz to M = M(m, e, M), then 6(m,e)’ =W x r(m,e)’; in particular

#MN #MN
di(m,e) = Z wij - r(m,e)j and d3(m,e) = Z waj - r(m,e)j :
j=1 j=1

Therefore, to obtain these first two components of §(m, e), we must:
e compute the dimensions ds and dgis by using Propositions 2.7 and 2.6(i), respectively;

e calculate g1,... gas and hq, ..., hqg, using the SAGE commands in (b) and (c) above;

12



e find an optimal choice of 9 € Nds+duis guch that Hypothesis (det M # 0) holds;

e produce the vector of g-coefficients r(m, e) = (7 pp2m—1(m, e))nem from Propositon 2.4;

e cvaluate the first two basis coefficients, i.e. d1(m,e) and da(m, e), using Corollary 2.8.
The slowest part of the algorithm is the penultimate line, and as we need #9 = ds + dgjs of

these 7,2m-1(m, e)’s, the time required for this step has order O((ds + dg;s) % p3m).

2.4 An explicit formula for £;“(Sym2E) modulo p™, when D(FE,1) #0

We shall begin by expressing the moments of the measure d,uiénp in terms of the vector d(m, e).

For each m > 1, define an integer v, , = Vi p (Fimp) by the rule
Vm,p(F™P) := min {ordp(51 (m, €)),ord,(d2(m, e)) where e € (Z/me)X} .

Therefore to compute vy, , we must calculate the 2(p — 1)p™ ! coefficients dq(m, €), ® = 1,2.
The Z,-module £,, , C Q, generated by the d;1(m, e)’s and the d2(m, e)’s evidently satisfies

Lomp = Ly - <(51(m, e),d2(m,e) ‘ ec (Z/me)X> = p'mr .7,

In particular, if the values dq(m, €)’s are p-integral then £, , C Z,, whence vy, ; (Fimp) > 0.
X
)

Lemma 2.9. For each integer m > 1 and congruence class e € (Z/me)

im m —2w _
ppt(e+p"Zy) = ?mE-(l—alf)x (ap-él(m,e)+52(m,e))
P

and these moments lie inside p"™» (1 — a,?) - Zy.

Proof. Considering Equations (4) and (6) in turn, one deduces that

(f°, Rme|Ug™ )

imp m o —om PN
(e ) = By T <fE,fE>NE
= 2q2m <f0 ’ 51(m’ €)fE(z) + (52(m, e)fE(pZ) + §(2)>pNE
’ (f5: f2) n,

where R(z) € M(To(pNg)) intersects trivially with the isotypic subspace (C- f & C- fr(pz)).
If we make full use of Lemma 2.2, the three Petersson inner product identities imply

imp m —2m 0512)_1 Oé%—l
v (e+p"Zy) = 20, ™ x (m,e)- | —wg - + da(mye) - | —wg - 2 + 0

Qp D

which is equivalent to the stated formula.
Note the integrality statement for p" (—) follows as de(m, €) € p”™»-Z, and _;%%E czy. O

An important corollary of this result is that the power series F™P(X) belongs to p*m» - Z,[ X],
hence the imprimitive p-adic L-function is p-integral if |51 (m,e) » |52(m, e)| <1 for all e
Furthermore, if S,.q denotes the set of primes where E has good ordinary recfuction over Qp,
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(2mi)1EQ,
m(fE.fE)Ng

and Sgenom consists of those primes dividing 6 x [[;c s, H(I71) x (cf. Lemma 2.1),

an easy exercise verifies that

F(X) ep™r.Z,[X] atevery prime p € Sord — Sdenom-
Consequently, the primitive p-adic L-function L,(Sym®FE,s) is a p-integral Iwasawa
function at good ordinary primes p € Sgenom for which sup {I/m’p(./_"lmp) ‘ m e N } > 0.

For each m, the quantities v, ,, give a lower bound on the p-invariant of (X)) when p ¢ Sdenom-
In all of our numerical calculations, we found that the exponent v, ,(F™P) stabilized as a
function of m > 3, and was only once smaller than —2 in value. In fact, this was the single
instance where L;)(SmeE, 1) ¢ Z,, occurring at the prime p = 3 for the curve E = 268al.

D(E,1)

Theorem 2.10. Provided that D(E,1) # 0, if one defines {gyp2p = PN T and sets
’ E
€ = ordp((l — oz52) . fsysz), then the L-invariant will satisfy the congruences
Egn(Sysz) =— SyniE X Z log, <e>, -(ap-51(m, e)+d2(m, e)) mod p™tVme=ep
apm(l — Py )

e€(Z/pm™L)*
for every integer m > 1.

Proof. From Lemma 2.9, our formulae for the moments of the measure dpg imply that

d . .
d—L;,mp(Sym2E, s) = / logp <T>p d,u};np(:z)
s s=1 xEZ;f
= Z log, <e>p (e +p"Zy)  mod pHmr
e€(Z/pmZ)*
_ -2 WE 1 —2 1 5 5 d m+vm,p
= —om (I—a,%) x Z 0g, <e> - ap - 01(m, e) + da(m, e) mod p .
p e€(Z/p™Z)*

Now using Equation (1) which is valid as D(F, 1) # 0, the L-invariant can be expressed as

an - - -t d im
Ly (Sym?E) = <(1 —a, 2)(1 — pa,, B\ §Sym2E> X ng P(Sym?E, 5)

s=1

and since (1 — a,?)(1 — pa,?) Ssym?E * Lp = P - Ly, the result follows directly. O

2.5 Attempts at evaluating the moments [ 27 - dy/n® for j # 07

Theoretically at least, there should be a more efficient way to compute the derivative of the
imprimitive p-adic L-function at s = 1, which we now outline. Keeping our previous notation,

d L™ (Sym?E, s) B /
ds a 7

<>y log, <z >, - dp™ ()

oo
= > YA [ )
e+pZy
where 3777, Ae,j(s)2? is the power series development for <z >571 log, <1 >, along e + pZj.

Question. Is there an efficient algorithm to determine fe+pzp xJ -duiénp(x) when j #07?
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If there is a positive answer, then one simply needs to evaluate » 7% Ae (1) - [, 7, xl duiénp
to some prescribed p-adic precision, and next sum the values over the range e = 1,...,p — 1.
In theory this should yield a far quicker and more accurate method than using Riemann sums,
but in practice there are a number of difficulties that arise.

To better illustrate these difficulties, let us assume that Fj is a p-stabilised ordinary Hecke
eigenform of weight k£ > 2 and level Np. The critical points for the L-function of the symmetric
square of Fj, are {1,...,2k—2} which, after p-adically interpolating L™P (Sme}'k, s) at positive
integer values, naturally subdivide into the disjoint subsets {1,...,k — 1} and {k,...,2k — 2}.

If d“is?i;]—'k(j) is the measure interpolating y-twists of Sym2F(j) at each j € {1,...,k— 1},

then the analytic methods in [9, 31] imply for some non-zero constant ¢ € @X:

(7 ol (B 03
<‘7:k" fk>pN

pN

j—1 5, imp,— _ ,,imp,— m —
/ 27 dugpar 1)(@) = Hgar, ) (6 TP L) = cp
e+p™Zyp

where R,(ﬁg) are certain C**-modular forms exhibiting moderate growth at the cusps of X1 (p?*™N),
and ‘Hol’ denotes the operator of holomorphic projection, in the terminology of [20].

Remarks: (i) If j = k — 1 then the modular forms ]:ngf ) are already holomorphic, and there
~(2’1))

is no need to hit them with the operator ‘Hol’ (e.g. for weight k = 2, one has Ry, c = Rue
(ii) However if j € {1,...,k—1} and j # k — 1, then R,(fig) is not a holomorphic modular form.
(iii) More alarmingly, if j € Z—{1,...,k— 1} then f%?(fe) no longer has moderate growth at the

cusps of X1(p?™N), so attempting to evaluate Hol( ~§,’f;£)) does not even make sense.

For each critical value j € {1,...,k — 1}, the Fourier expansion of Hol(Rg,Ifjg)) ‘Ug"ﬁl can be
readily computed [9, pp.592-594], and is of the form
naREe = Y[ X e [ e | o
’ Y r€etp™Zy

n=1 p2m—1n:Nn§+n2

, (7)
where the scalars C£’§Z%n € Q, and du~(z,&p,) is the twisted Kubota-Leopoldt pseudo-measure
interpolating fZ,? xz® - dp” (w,en,) = (p(s, X Len,) at finite order characters y, with 1 — s € N.
mp,—
Sym? Fy (k—1)
in Equation (7) at integer values j ¢ [1,k — 1], and then compute the FP-isotypic component.
We attempted this for both the ranges j > k — 1 and j < 1 (which lie outside the region of
p-adic interpolation), but found that the corresponding g-expansions could not possibly come
from modular forms of level Np. Essentially these methods fail because the operator ‘Hol’
cannot be extended to real analytic forms that do not exhibit moderate growth.

In order to evaluate [ 2l -dp , one could naively try to Tate twist the g-expansions

A possible salvage is to allow the p-stabilised eigenform Fj to vary in an ordinary family.
For example, one could pick another weight k' = k + ¢(p — 1)p" for some ¢, € N, and a Hecke
eigenform Fir € Sy (Fl(N p)) such that Fpr = Fr mod p". Morally it should be the case that
Lo (Sym*(Fy)(K' — 1)) and E;H(Sme(]:k)(k — 1)) are also congruent, albeit modulo a lesser

imp,—
Symsz/ (k/—l)
Because k' = k+t(p—1)p" with the chosen r > 1, the strip {1,..., k" —1} is considerable larger

than the strip {1,...,k—1}, so the range of j’s for which Hol(Rgrfjéj))

power of p. Suppose that we want to compute the moments [ - dp instead.

Ugm*I is a classical weight

imp,—

Sym? F,, (k/—1) available.

k' modular form is now bigger. There are also more moments [ 2 - dp
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The main hindrance is that expressing Hol(ﬁ’fﬁjéj ))‘U‘gm*1 in terms of a basis of weight

k' modular forms is computationally far slower than before, as the dimension of M, (FO (N p))
grows rapidly with &’. Therefore any advantage gained by calculating this larger set of moments

is immediately offset by the slowness in writing each Hol(]%gf:éj )) ‘UJET”*1 in terms of a C-basis.
For example, if p =5, N =11, k = 2 and k¥’ = 2 + (5 — 1)5'° then a simple SAGE calculation
reveals dimc (/\/lk/ (FO(N p))) = 234,375,008, which is crippling from a numerical standpoint.
Nevertheless, because the subspace of p-ordinary modular forms has fixed dimension by Hida’s

control theory, any theoretical result which could bypass the slowness in computing a full basis
for My (To(Np)) would make the algorithm far more efficient.

3 The Basic Method

Using the SAGE computer package, we implemented the method outlined in §2.1- §2.4 to compile
tables of $L,""(Sym®E, s)|,_, for all curves E of conductor Ng < 300 such that 4| Ng, as well
as their symmetric square L-invariants. These numerical values are tabulated in Appendix B.
Here we were mainly interested in verifying that Egn(Sym2E) was non-zero, rather than in
computing it to a high p-adic accuracy.

3.1 An algorithm to compute the L-invariant numerically

We begin with some general observations. Assume we are given an elliptic curve E/g with no
restriction on its conductor Ng. Then Lgn(SmeE) depends only on the Q-isogeny class of E.
Indeed Nastasescu [29] has shown that the p-adic L-function for Sym?E uniquely determines
the Q-isogeny class of the elliptic curve F, up to a twist by a quadratic character.

Let | # 2 be a prime. We write w; : IFlX — uj—1 for the Teichmiiller character modulo I,
which associates to each x € F;* the unique (I — 1)-st root of unity congruent to = modulo I.
One can then define a quadratic character w; : F;* — {£1} by the rule w;(z) = wl(lfl)/Q(x).

However if [ = 2, then wy : (Z/4Z)* — {£1} denotes the quadratic character of conductor 4.
Step 1: If FE has conductor Ng divisible by 4 and 2 < orde(Npggg) < orda(Ng) where 6 is one

of o, (5), and (—2), then replace E with its twist £ ® 0; alternatively, if E has conductor Ng

such that ordg(N. E_) < 1, then replace E with its twist E ® wy to ensure that 4| Ng holds.

Step 2: For our (possibly new) choice of E, let us define the set
S1=51(F) = {primes Z‘NE such that ord;(jg) > 0}.

Note if the j-invariant of E satisfies ord;(jg) < 0, then the Euler factor at [ for D(E, s) equals
1—(£1)217% = 1 —1~* which agrees with that of Lo, (SmeE7 5), hence there is no discrepancy;
the contribution to the [-part of the conductor is then given by ordl(C’Sysz) =2 if lHNE.

We shall now compute the bad Euler factors, H;(X), at each prime number [ € S;, and also
the I-part of Cgy 2 (we should point out that E has potential good reduction at all I € Sy).

If I # 2, we write ®; C Gal(@l(E4)/Ql) for the inertia subgroup; alternatively, if [ = 2 then
by C Gal(QQ(Eg)/QQ) will denote the inertia subgroup.

if I = 2; then H)(X) = (1 — @*X)(1 — 612)()(1 — 1X) with ® = Cy and ord;(Cgyp2p) = 0,
where the Hecke polynomial 1 — ;(E ® 0) X +1X? = (1 — @ X)(1 — BiX).

Step 3a: Suppose E ® 0 has good reduction at [ where 8 = w; if [ > 2, or 0 € {wz, (%), (

|“
o

16



Step 3b: If #®; > 2, then each factor H;(X) is determined by Proposition A.1 in the Appendix,
in which case ord; (C’Symz E) can be read off from the results in [7, pp120-121].

— _ Dby
— m{fe.fE)Ng
which requires both [];cq, H(X) and Csym?E = Hl| N 1°°4(Csym2E) from the previous steps.
However, if D(E,1) =0 then STOP!

Step 5: Compute ds and dgis, then find a g-coefficient matrix M = M (91) with det(M) # 0.

Step 4: Evaluate the imprimitive L-value {Symz B using the formula in Lemma 2.1,

Step 6: Fix the desired accuracy m > 1; then for each e € (Z/p™Z)*, compute both of the
terms d1(m, e) and da(m, e) by following the method described at the end of Corollary 2.8.

Step 7: Calculate E;H(SymZE) mod p™T¥m.r~ via the numerical congruences in Theorem 2.10.

The structure of these inertia subgroups ®; was worked out completely by Serre in [32, §5.6].
To summarise, if ord;(jg) > 0 and Z‘NE then ®; € {02,03,04,06} provided that [ # 2,3. If
[ = 3 then the semi-direct product Cy x C3 is also a possibility, while if [ = 2 then both SLy(F3)
and Qg (the quaternion group of size 8) can also occur as ®;.

Fortunately, there is an extensive table given in [7, p121] which contains the information
required to pin down the structure of ®; and ®3, as well as the 2- and 3-parts of Cgy,2p.
Therefore Step 3 can be fully automated.

We should also point out that the matrix M (M) in Step 5 need only be determined once,
which is lucky because ds + dg;s can typically be greater than 10* even if N is relatively small.

3.2 A general formula for L,(Sym*E, 1)’ modulo p™, even when D(E,1) =0

It is important to mention for the six elliptic curves 176b1, 196al, 20001, 240d1, 272b1, 300c1,
the value of L;mp(SmeE ,1)" is zero at all primes p simply because D(F,s) vanishes at s = 1.
One should note that the triviality of L;,mp(SmeE7 1)) does not imply either the
triviality of L,(Sym®E,1)’, nor the triviality of £;H(Sym2E).

In order that our study of Conjecture 1.3 is not missing out any curves of conductor < 300,
for those six elliptic curves listed above with D(E,1) = 0, we shall now describe a general
method to approximate L,(Sym*E, 1)’ that will work irrespective of whether D(E, 1) is zero.
Let us begin by partitioning the set S; = S1(F) into a disjoint union of

17_ = {l € S1 — {2} such that #®&; > 2 and Gal(QZ(E4)/Ql) is abelian},
f’_ = {l € S1 such that #®&; = 2}, and S14:= 51— 17_ — 5’”7_.
A careful reading of the argument in [7, pp119-121] indicates that for each prime [ € S _USY _,
one has H)(X) = (1 —1X) - Yy(X) where
1 iflesS]

. 8
(1-&X)(1-p7X) ifles) ®)

TZ(X) = {

Alternatively, if a prime [ € Sy 4 then H;(X) = (14 1X) unless either | = 3 and ®3 = C4 x C3,
or instead | = 2 and @3 € {SLy(F3),Qs}, in which case H;(X) = 1.

It follows that for s € C, there is a natural separation of Euler factors given by

[Lmas = I s« T vas )« 1 -

lesy leSt,+ IESQ”_ IGSQ’_US{C_

with the bracketted term non-zero at s = 1, while the other term has order #57 _ + #57 _.
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Definition 3.1. For any s € Z,, let us define the (period modified) p-adic L-function by

(2mi) 150,

LZ“t(Sym2E7 s) = x L,(Sym?E, s).

7r<fE7 fE>NE
Comparing the above with the imprimitive p-adic L-function, one can factorise the latter into
Lipmp(Sym2E, s) = Jp(s) - H (1-<1 >;71 ) % LZUt(Sym2E, s) 9)
leSL_uS{’,_

where J,(s) € Zy((s)) is an Iwasawa function satisfying

31 = [ #@YHx I neh.

leS1,+ lesy
It follows directly from this factorisation that
orderg—; (L;mp(SmeE, 5)) = #517_ + # 1’7_ + ordergs— (LEUt(Sym2E, s)),

hence Conjecture 1.3 is equivalent to L;,mp(Sym2E ,8) vanishing with order 1 4 #5] -+ #S”’_
at the critical point s = 1.

To verify Coates and Greenberg’s conjecture for a given elliptic curve £ when SL_US{C_ £ 0,
we must therefore supply a method to calculate LZ“t(Sym2E ,1)’, then check it is non-zero.

Theorem 3.2. For all integers m > 1, there are congruences

LS ST
iLEM(SmeE s) = ZEE(Z/ID’"Z)X (logp<e>p ) a L=y (e + p™Zy)
p ’ ==

ds - (U #S]_+ #57) % 3p(1) x Tliesy _usy_108,(1/1)

Mm~+vm, p—ordy ( Tp(1) X[, o i log,(1/1)
modulop ac 1es], LSy _ Top )

Proof. Let us first set ry, := #S5] _ +#57 _ > 0. We have the following Taylor series at s = 1:

; AL (Sym?E, s) (s — 1)retd
L™ (Sym?E, s) = P ’ . O((s — 1)rr+2
) p (SymeE ) dsrertl o1 (Rp+ 1) £ Oll-1mT)
dL2"(Sym?E, s)

° LZUt(Sym2E, s) = (s=1) + O((s - 1)2)

ds s=1
o T3(s) = 31 (s—1)° + O((s— 1))

e (1-<I >f,*1 ) = log,(1/1)- (s — 1! + O((s—1)?) for each prime [ # p.

Plugging these directly into Equation (9), one reads off from the (s — 1) !-term that

d"PJrlL;)mp (Sym?E,s)
dsnp—Q—l

au 2
dL3"(Sym®E, s)
ds

_ s=1

s=1 (k1) Tp(1) x Hlesiﬁusi”, log,(1/1) .

Further, upon differentiating the Mazur-Mellin transform (k, 4 1)-times, one easily deduces

d”PHL]igmp(SmeE, s)
dgket1

N / (log, <z>p )HPH' duy™ ()
zE€Zy

= Z (log, <e>, )'{”Jrl X uiénp(e +p"Z,) mod p™tr.
e€(Z/p™Z)*

The approximation now follows after dividing by (k, + 1)! - J,(1) x HleS{ ust log,(1/1). O
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Remarks: (a) The preceding theorem yields an effective method to calculate Lg“t(SmeE, 1),

as a formula for the moments of the measure duiglp has already been given in Lemma 2.9.

(b) The L-invariant itself is then obtained simply by working out the ratio

d
n 2 u 2
L (Sym’E) = —L3"(Sym’E, s)

Loo(Sym2E, 1)\
ds

©(fe, fE) N

(c) In the Appendix A, we give a method to determine Sy 4, S7 _, S _ and also the H;(X)’s.

3 X ((1 — a;Q)(l —pa;Q) X

(d) If S]_ = S{_ = 0 so that D(E, 1) # 0, then Theorem 3.2 and the L-invariant equation

specialise to the situation covered in §2.4 — here L;‘“ and L;,mp have the same order at s = 1.

A worked example at level 176. Consider the elliptic curve
E=176b1 : y*> = 23+ 2% — 52 — 13

of conductor N = 2* - 11. Its first few good ordinary primes are p = 3,5,7,13,... with
corresponding Hecke eigenvalues a3(E) = 1, a5(F) = 1, a7(F) = 2, a13(F) = 4, ... respectively.
The quadratic twist E ® ws has conductor 11, and therefore will be Q-isogenous to Xo(11).
One determines that Sy 4(F) = 5] _(E) =0 and S} _(F) = {2}, with

To(X) = (1-a3X)(1 - B3X) = 1+4X?

where &g = —1 4+ ¢ and Bg = —1 — 4 are the roots of X2 — ag(Xo(ll))X +2=X24+92X +2.
Furthermore at s = 1, the primitive complex L-function satisfies

Loo(Sym*E, 1) _ @X 10 L 4V
7T<fE®wzafE(X)wz>NE®W2 NE®W2 1eS1(Bows) Hl(l_2) 11

The period ratio is given by

<fE®w2 ) fE®w2 >NE®w2

[Fo(NE@,wQ) : FO(NE)]*l « Res,—s (Zzo:l an(F ® ws) .ns>

(fE: fE) N S an(E) -n=s
_ Negw jnpe., (1 +1/0) 1+1/2 B 1 1
Ng - Tlyn, (1 +1/0) “DyF®wn2) | 16x ((1-21-2).Ty(272)) 10’

in which case

Loo(Sym?E,1) Loo(Sym?E, 1) (fE@ws: fE@ws) Npgwmy 1 2
m(fe, fE)Ng T(fE@ws s [E@ws) Npgm, (fE: fE)NS 10 5

Now for each choice of prime p € {3,5,7,13}, applying Theorem 3.2 yields the congruences

imp

2 m
Z:eG(Z/me)>< (logp <€>p ) HE (6 +p Zp) mod p™mTYmp—1
20 % T5(2°1) x log,(1/2) P '

aut 2 —
L"(Sym*E, 1)’ =

Evaluating the moments of the measure duiénp (via Lemma 2.9) for varying m > 2, we obtain

L§"(Sym®E, 1) = p+ O(p"), L2"(Sym’E, 1) = p+ O(p?),
La"(Sym?E, 1) = 2p+O0(p?),  Li(Sym’E,1) = 4p+ O(p?).
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Finally, dividing the above derivatives by (1 —a,, H(1 - pa_Q) X %w, we conclude that
) E

L£5" (Sym?® X (11)) L3(Sym?E) = 1+ 2p* + O(p?)
8" (Sym®Xo(11)) = £8"(Sym’E) = p+ O(p?)
an(Sym*Xo(11)) = ﬁan(s m?E) = 2p+ O(p?)

B (Sym®Xo(11)) = LE(Sym’E) = 2p+ O0(p*)

which are all non-zero elements of Zj,.

Remark: In fact, if one chooses p = 11 so that X((11) has split multiplicative reduction at p,
then it is established in [13, p51] that £37 (SmeXo(ll)) = 6p + 5p> + Tp® + Tpt + O(p®) £ 0
by using an approach based on overconvergent modular symbols?. It follows immediately that
Conjecture 1.3 must hold for the modular elliptic curve Xy(11), at all odd primes p < 17.

3.3 The connection with deformation theory

We conclude by interpreting these numerical calculations in the context of A-adic cusp forms.
For a given elliptic curve F/g and a good ordinary prime p > 3, one can lift the p-stabilisation
fo € S (Fo(pN E)) to an [-adic eigenform, F, where I denotes a suitable finite, flat extension
of Z,[X], isomorphic to the irreducible component of the universal ordinary Hecke algebra
carrying the form fj.

For a sufficiently small choice of p-adic disk W C Z,, centred on k = 2, each specialisation

Fi 2y € S (To(Ngp™),w2*)  for k€ WNZsy

]:|X 1+p
yields a classical cuspidal Hecke eigenform, with the g-expansion Fj(q) = Y .7, a(]:k,n) q".
One can then interpolate each ¢"-coefficient to yield a function, a(]—" (X), n), on the disk W.
If n = p, then the derivative of a(]-" (X), p) with respect to X is rigid meromorphic on W.
Hida established in [25, Prop 7.1] under suitable hypotheses (which are true, for instance, if the
versal deformation ring Rg is Gorenstein) that da(]: P) s non-zero, and can thus vanish at only
finitely many unspecified bad weights. Furthermore the main formula in [26, Thm 1.1] yields

da(F, p)

L5 (Sym?(Fi) (k) = —2log,(1+p) - a(Fip) " x — 7
X=(14p)F=2-1

(10)

for every weight k € W N Zx>2, where Eg’r( — ) again denotes Greenberg’s algebraic L-invariant.

Note that the Gorenstein property of the versal deformation ring R g above has been verified
for numerous elliptic curves E, and ordinary primes p > 3 (see [4, 24, 35]). For example, it is
known to hold if the conductor Ng of the elliptic curve is a square-free integer.

Remarks: (a) Let Ly(Fy ® Fg,s) denote the analytic p-adic L-function constructed in [23],
which interpolates the special values L(]—"k R Fr ® X, k) From Dasgupta’s result in [10, Thm
1], one has a factorisation

Lp(]:;C ®-7:k75) = x X Cp(s—k:+1,wg) pr(Sme(}"k),s).

Here x consists of some Euler factors which are non-zero at classical weights, and so *’s:k # 0.

3 We also computed £,(Sym?E) for E = 304el at the good ordinary prime p = 5, using an identical method.
In fact L5(Sym?(304el)) = L5(Sym?(19al)) because E ® ws is Q-isogenous to 19al; thankfully, the value we
obtained numerically agreed with the 5-adic expansion for £5(19al) given in [13, p52], at the weight k + 2 = 2.
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(b) Allowing s — k and observing that Ress— <§p (s —k+1, wg)) =1—p~ ! the above implies
Loo(sym2~7:ka k)
Qoo sym? (1)

with &,(Fi) = |- (1=p7") (1= ap(F) 297 1) (L= B(F), *p7F) # 0.
(c¢) Under the same assumptions as [26, Thm 1.1], Citro proves in [5, Thm 1] that

Ly (Fr @ Fi k) = L2 (Sym?(Fp)(k)) x Ep(Fi) - (11)

Loo(sym2]:ka k)

Ly (Fie @ Fieo k) = L7 (Sym?*(Fe) (k) x &, (Fr) - =
00,Sym?(Fy)

(12)

Using Equations (11) and (12), Dasgupta [10, Thm 4] then reads off Greenberg’s prediction
that
L5 (Sym?(Fi) (k) = L3 (Sym*(Fi)(k) = £37 (Sym?(F)(k — 1))

(note the second equality is a consequence of the p-adic functional equation for Sym?(Fy)).

A corollary of these remarks is that we can replace the algebraic L-invariant in Equation (10)
with either analytic version. In particular, at weight two Hida’s formula now becomes

da(F,p) B ap

= —— P x[™(Sym?F 13
dX |y 21ng(1 +p) X Ap ( ym ) (13)

. . .. . Lan 2E .. . .
hence the derivative of a(F,p) at zero coincides with M, up to an explicit p-adic unit.

Of course, this could just end up being be the equation “0 = 0” in disguise!
Nevertheless, combining our numerical calculations from Appendix B with Equation (13):

Corollary 3.3. Suppose that E is an elliptic curve over Q of conductor Ny < 300 with 4|/ Ng,
and let p < 13 be a prime of good ordinary reduction for E. Provided that (E,p) is not one of
the ten missing pairs listed in Theorem 1.4(ii)- (i), it immediately follows that

da(F, p) _
dX =0 - P(E) P

' L2 (Sym*E)

where F denotes the Hida family lifting fr € S5V (FO(NE)), and 6,(E) := —% €EZ,.
Dummit, Hablicsek, Harron, Jain, Pollack and Ross [13] have a direct method to calculate
a(F,p)'(0) through the use of overconvergent modular symbols, and they have computed four
examples in op. cit., thereby establishing the non-triviality of Lgn(SmeE) in these cases.
Their results further determine power series expansions for a(Fg, p), as a function of k, over the
weight-space W.

The non-triviality of this £L-invariant has a key consequence for the Iwasawa Main Conjecture
for Sym?E over the cyclotomic Z,-extension Q¢ of Q. The property that Egn(SmeE) # 0
allows one to deduce that the order of the algebraic p-adic L-function at s = 1 is exactly one.
Here the algebraic p-adic L-function denotes the Mazur-Mellin transform of a generator, for
the characteristic ideal of Homeont (Selyee (Sym? E(1)/Q%),Q/Z) over the cyclotomic Iwasawa
algebra Z, [[Gal(Q%¥°/Q)]] — we refer the reader to [30, Sect 10] for a fuller discussion.
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A Determining the set S;, and the bad factors H;(X) with [ € S}

The purpose of this Appendix is to compute the decomposition S = S+ U S} U S{_, and
the corresponding Euler factors H;(X). We retain the same notation and assumptions as §3.2.
Let Ag denote the discriminant associated to a minimal Weierstrass equation for E over Z.

_ if and only if ord, (NE®9) =0
at the character 0 = w; if | > 2, or instead at 0 € {wQ, (%), (_;2)} if | = 2, in which case

Proposition A.1. (a) A prime | € Sy belongs to the subset S{

H(X) = (1-47X)(1 - 57 X)(1 - 1X)
where 1 — aj(E® 0)X +1X2% = (1 — 4 X)(1 — 5 X).

(b) A prime l € S1 — 8] _ —{2,3} belongs to S _ if and only if either
° ordl(AE) =2,4,8,10 andl =1 (mod 3), or
e ord;(Ag) =3,9 and I =1 (mod 4)
in which case H(X)=1-1X.

(c) A prime l € S1 — 8] _ —{2,3} belongs to S1 y if and only if either
° ordl(AE) =2,4,8,10 and l =2 (mod 3), or
e ord;(Ag) =3,9 and I =3 (mod 4)
in which case H(X)=1+1X.

(d) For a prime | € (S1N{2,3}) — S{_, one determines whether it belongs to S; _ or to Sy 4,
and also its Euler factor Hi(X), by using the tables in [7, p121] and Lemma 2.13 of op. cit.

Proof. Most of these statements follow from the description in [32] of the Galois representation
pE e Gal(Q/Q) — GL2(Z)) associated to the p-adic Tate module Tay(E) := Jm Epn.

Firstly (a) is true because pg o ® 6 will be unramified at [, and corresponds to the Tate
module of the quadratic twist £ ® 0, which has good reduction at [ by the criterion of Néron,
Ogg and Shafarevich; consequently Sym?(p Epo) = Sym? (pEp> @ 0) is also unramified at [.

To establish (b) and (c), let us now assume (i) the prime [ > 5, and also (ii) d; := #®; > 2
so that ®; € {C5,C4, Cg} here. Then using [7, Lemma 1.4],

Hi(X) = 11X if Q(E,)/Qy is abelian
"7 140X if Qu(E,)/Q s non-abelian.

Since Q(Ep~)/Qi(E},) is unramified, we observe that Q;(E,)/Q; is abelian if and only if
Qi(Ep)/Qy is abelian.

If Q(Ep)/Qy is abelian, then ®; factors through the inertia subgroup inside Gal(@?b / Ql),
and hence through Gal(@l(,uloo)/@l). Because [ 1 d; clearly Gal(@l(uloo)/(@l(,ul)) acts trivially
on Ta,(E), in which case ®; factors through Gal(Q;(1)/Q;), whence I =1 (mod d;).

Conversely, there exists a unique tamely ramified extension Hy of Q" with degree d > 0.
If I =1 (mod d;) then the action of ®; = pg e (I;) on Ta,(E) factors through the algebraic
extension Hy, = Q" (Ep~) C Q" (1), which is certainly an abelian extension of Q.

Conclusion: The extension Q;(Ep)/Qy is abelian if and only if I =1 (mod d;).
To complete the proof, we note that d; = #®; can be read off from [32, p312] as follows:
o #®; =3 if and only if ord;(Ag) =4 or 8 mod 12;
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o #®; =4 if and only if ord;(Ag) =3 or 9 mod 12;
e #®; =6 if and only if ord;(Ag) =2 or 10 mod 12.

It is then a tedious but straightforward exercise to verify that the conditions stated in (b)
correspond to [ = 1 (mod d;), while the conditions in (¢) correspond to [ Z 1 (mod d). O

B Results for odd primes p < 13, in the range 11 < Ny < 300

Throughout we have only considered elliptic curves £, whose conductors are divisible by 4. We
first treat the curves with D(E,1) # 0, and then the six exceptional curves with D(E,1) = 0.

B.1 Tables of L-invariants for elliptic curves £ with D(E,1) # 0

Tabulated below are the values we computed for both the derivative of L;mp(SmeE ,s)at s =1
together with the corresponding L-invariant term, for the elliptic curves E with D(E, 1) # 0.
If the elliptic curve E is already a quadratic twist of another (earlier) elliptic curve listed in our
tables, then we omit the L-invariant data for £ completely.

The reader will notice for the elliptic curves of conductor 32 and 36, which have complex
multiplication by Q(\/TI) and Q(\/TP)) respectively, that Ep(Sysz) coincides with log, (cv,, 2)
in agreement with the Ferrero-Greenberg formula. However if F has no complex multiplication,
this identity no longer appears to hold in general.

E = 20al, Cgyp2p = 102, 81 = {2}, &2 = 5

p | ap(E) L,""(Sym’E, 1)’ L2 (Sym*E)

31 =2 [P+ +2"+20° + 25 +0(p") | PP+ 20"+ O(p")

7 2 2p + 2p° + p® + O(p?) p+2p° +p° + O(p?)
13 2 11p + 2p® + O(p?) 12p + 12p% + O(p?)

E = 24al, Cgpop = 122, S = {2}, &gyp2p = 2

p | ap(E) L, P (Sym?FE, 1)’ L3 (Sym”E)

5 —2 [ 202 +p® + T+ O(p°) | 3p® +2p° + O(p°)
11 4 6p + 8p? + O(p?) p+ O(p?)

13 -2 7p + 9p® + O(p?) Ip + 4p® + O(p?)

E = 32al, Cg ey = 8%, S1 = {2}, &gy = 1

p | ap(E) L,"?(Sym?E, 1) Egn(SmeE)
51 =2 [3p+p°+20° +4p" +O0°) | 4p + 3p* + 3p® + 3p* + O(p°)
13 6 p+ 9%+ O(p?) 4p+ 7p* + O(p°)

FE = 36&1, CSmeE - 627 Sl - {273}7 éSmeE - %

p | ap(E) L,"P(Sym*E, 1)’ L2 (Sym®E)
7 —4 6p + 3p° + 2p° + O(p4) 2p + 3p° + 2p3 + O(p4)
13] 2 P’ +O0(p®) P’ + O0(p®)
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E = 40al, Cgpop = 20%, S = {2}, &2y = 2

p [ ap(E) [ Ly (Sym?E, 1) L (Sym”E)

7] —4 p+6p°+0() | p+4p® +6p° + O(p?)
1] 4 | 5p+4p+0@®) | 10p+3p2+ O(p°)
13| —2 [10p+2p2+0(p°) | 1lp+ 11p2+ O(p®)

E = 44&1, CSysz = 2227 Sl = {2}7 £Sym2E - %

p | apE) | LyP(Sym’E,1) L3 (Sym®E)

3] 1 2p° + 0(p°) P’ +p° +0(°)

5 -3 |4p+2p> +p*+0®°) | 2p+3p> + 3p* + O(p°)
7 2 3p + 5p° + O(p?) 5p + p? + O(p*)

3] —4 3p+p2 +0(7) 9p + 11p* + O(p®)

E = 52al, Cgppop = 26%, S1 = {2}, &gyp2p =

8

3

p | ap(B) | Ly (Sym?E, 1)’ L3 (Sym?E)

5 2 4p +2p* + O(p°) | 2p + 2p° + 3p* + O(p°)
7 -2 > +O(p*) 4p3 + O(ph)

1] —2 [10p+p>+00%) | 5p+ 97+ 00

E = 56al, Cgpop = 287, S1 = {2}, &2y = 2

p [ ap(B) | LyP(Sym?E, 1) L5 (Sym’E)
50 2 |p+p+20°+00") | 4p+2p°+ 00"
11| —4 p+ O(p®) 2p + 10p° + O(p%)
3] 2 9 + O(p?) 6p + O(p°)

E = 56bl, Cg 2 = 28%, S1 = {2}, g2 = 2

p | ap(E) | Ly"P(Sym*E, 1) | L2(Sym’FE)
3] 2 [2p+p7+00°) [ 2+p°+0(pY)
50 —4 [ 3p+p2+00°) |4+ 2p+ 0@

FE = 76&1, CSysz - 3827 Sl = {2}7 £Sym2E = %

p | ap(E) | Ly (Sym?E, 1) E;H(SmeE)

3 2 1+2p+00mY) | 1+p+2p°>+0(ph)
5 -1 [ 4p+3p*+0(p?) 3+2p+O0(p?)

7 -3 P2+ 00) 6p* + O(p*)

1] 5 [5p+42+00°) | 9+ 47 +0(p°)

13| —4 |[4p+9p2+0@(*) | 12p+3p*+0(p?)

FE = 84&1, CSym2E = 4225 Sl = {2}’ £Sym2E = %

p | ap(E) | Lpy™P(Sym?E, 1) L2 (Sym?F)
11| =6 | 5p+3p2+ 0% | 9+ 4p2+ 00
13 2 [10p+10p2+ 07 | 5p + 6p2 + O(p°)
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E = 84bl, Cg 2 = 422, 81 = {2}, &gy =

b

ap(E)

L,"P(Sym?E, 1)/

b}

4

p+2p° + O(p?)

11

2

5p + 4p? + O(p?)

13

-6

7p + 3p* 4+ O(p?)

FE = 88&17 CSysz = 4427 Sl - {2}7 é-SmeE =2
p [ ap(B) [ LI Sym’E, 1) | L3 (Sym?E)
5] =3 | 4p+p°+00") | p+4p>+p°+ 00"
7] =2 [6p+5pP+00%) | 4p+5p2+ O

E = 92al, Cg 2 = 46%, S1 = {2}, &gpm2p = 5

p [ ap(B) [ L (Sym?E, 1) | L3 (Sym’E)

3 1 | p 4205+ 005 | 20"+ 20° + 0(pF)
7 2 6p + 2p° +O(p?) | 3p+4p* + O(p?)
3] —1 11p + O(p?) 2+ 0(p)

E = 92b17 C’SmeE‘ = 4627 Sl = {2}7 §Sym2E = %

p lap(B) | LyPSym’E 1) | L(Sym’E)

5 —2 |[4p+p?+20° + 00 | 2p+3p7 + O(pY)
71 —4 3p+3p2+0(p°) | dp+4p® + O(p®)
1] 2 10p + O(p?) 5p+ O(p*)

13| -5 12p + O(p?) 12p + O(p?)

FE = 96&1, CSysz - 2427 Sl = {2}7 £Sym2E =

1

p [ ap(B) | Ly (Syw’E,1) [ L3 (Sym’E)
5 2 [ pPP+20°+ 00" | 3p*+4° + 0(p?)
7 —4 |4p+2p°+0®®) | p+2p° +0(p%)
11| 4 9 + 0(p?) 3p+0(p?)
3] —2 3p + 0(p?) 4p +O0(p?)
E = 104al, Cgyp2p = 522, 1 = {2}, &gymzpp = 2
p[a(B) [ LiP(Syw’E,1) L3 (Sym®E)
31 1 [p+p°+2p°+p"+00°) [ 2+2p+2p° +O(p?)
51 1 2% + O(p°) 2p 4+ O(p?)
7 5 p+O(p®) 3p + 6p° + O(p*)
| —2 9p + O(p?) 6p + O(p°)

E = 108al, Cgyp2p = 182, 51 = {2,3}, &gn2p = §

p [ ap(E) [ L™ Sym’E,1) | L3 (Sym’E)
71 5 | 6p+op2+O00°) | 2p+3p2 + O°)
13 —7 6p° + O(p°) P’ +O0(p°)
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E =112cl, Gy = 142, 1 = {}, gy =

1
2

p | ap(E) L;Dmp(Sym2E, 1) an(Sym2E)
3 2 p+2p2 +0(°) |14+ %+ 0%
13 —4 9p + O(p?) p+ O(p?)

E = 116al, Cgy 2 = 582, S1 = {2}, &gy = §
p | ap(B) [ Ly (Sym?E 1) | L3(Sym?E)
5 3 | p+3P+00%) |3p+2p° + 00
714 [4p+3p2+ 0% | 3p+ 207 + O(p°)
] —1 o(p?) O(p)
13 -3 12p + O(p?) p+O0>(?)

-8

E = 116b1, Cg 2 = 582, S1 = {2}, Egpm2p = 3

p [ap(B) | Ly®(Sym’E,1) Ly (Sym’E)

3 1 2p% + 2p° + O(p°) p? +p3 +pt+0(°)
5 3 3p + 4p® + 4p3 + O(p4) Ap + 2p° + 4p° + O(p4)
7| —4 6p + 4p? + O(p?) p+4p® + O(p?)

11| 3 5p + 0(p?) 4p + O(p?)

3] 5 9 + 0(p?) 9p +O(p*)

E =116¢l, Cgyp2p = 582, 51 = {2}, &gy = 5

p [a(B) [ LP(Sym’E,1) L3 (Sym’E)

3] 2 |[14+2p+p°+2p°+00"Y) [ 1+p+2p°+0(p")
5 —2 p+ 407 + 0(p%) 3p +4p* + O(p°)
7 4 3p + 4p? + O(p?) 4p + 3p* + O(p?)
1] —6 2p + O(p?) 8p + O(p?)

13 2 8p + O(p?) 4p + O(p)

E =120al, Cgpep = 60%, 81 = {2}, &g 2p = 2

p | ap(E) | Ly"P(Sym?E, 1)’ an(SmeE)
11| —4 6p + O(p%) p+ O(p?)
13| 6 11p + O(p?) 9p + O(p?)

E = 120b1, Cg 2 = 60%, S1 = {2}, g2y = 2

p | ap(E) | Ly"P(Sym?E, 1) L2"(Sym®E)
71 4 [Bp+3pP+ 007 | 5p+2p+O(P)
13| —6 6p + O(p?) 12p + O(p?)
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E = 124al, Cg 2 = 622, S1 = {2}, Egymrp =
p [a(E) [ Ly(Sym’E,1) Ly (Sym®E)
3 —2 2420+ + 0N | 2+p° +20° + O(pY)
51 =3 [2p+3p2+202 +0(p%) | p+p®+2p° +0(p?)
T 1 202 + O(p?) 4p + O(p?)
11| —6 7p% + O(p°) 6p* + O(p°)
13 2 4p + O(p?) 2p + O(p?)
E = 124bl, CsmeE =622, 51 = {2}, fsymZE = %
p | ap(E) | LI (Sym?E, 1y £§“(Sym2E)
5 1 P+ 3p2 + O(p°) 2+p+0(p)
71 3 | Bp+6p°+ 0@ | 20 +5p°+ 0P
11| 6 O(p®) o@p°)
13| —4 11p + O(p?) 7p+ O(p)

E = 128al, Cgy,,

E = 1627 S1 = {2}7 £Sym2E

1
2

p [ap(B) [ L™ (Sym’E, 1) Ly (Sym®E)

31 =2 [2p+2p2 +p3 +0(p°) 2+p+p2+2p3+0(p4)
51 —2 |dp+2p°+p5+00Y 4p + 3p° + O(p")

7 —4 3p + 5p° + O(p°) 5p + 6p° +0( ’)

11| 2 70+ O(p?) 4p+0(p?)

3] —2 5p + O(p?) 9 +O0@°)

E =132al, Cgyp2p = 66%, S1 = {2}, &gyp2p =

8
3

p | ap(B) | LyP(Sym’E, 1) L (Sym?E)
5 2 dp+p>+p° +0(Y) | 2p+ 3p% + 20° + O(pY)
7] -2 p+O0(p®) 4p+O0(p°)
13| —2 12p + O(p?) 6p + O(p?)
E = 132b1, Cgynep = 662 S = {2}, bgymep = &
p | ap(E) | Ly (Sym®E, 1) | L3 (Sym®E)
5 2 2p +3p2 + O(p®) | p+4p® + O(p?)
71 2 | 3p+p°+0(*) | 5p+5p +0(p3)
3] 6 3p+ 0% 11p + O (%)

E = 136al, Cgyp2p = 682, 51 = {2}, &gy = 2

p [ap(B) [ LFP(Sym’B, 1) L3 (Sym’E)

3 -2 |22+ 20 +p* + O(p°) | 2p+2p® +p° + O(p*)
5 —2 | 3p+3p2+3p° +0(pY) | 2p +2p% +4p> + O(p?)
71 =2 2p + 2p? + O(p?) 6p + 2p° + O(p°)

11| —6 10p + O(p%) 2p +O(p?)

13 2 9p + O(p°) 6p + O(p?)
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E = 136b1, Cg 2 = 68%, S1 = {2}, g2y = 2

p | ap(B) L, (Sym’E, 1)’ £y (Sym’E)
3 2 2p + 2p? + 2p3 +2p* + O(p°) | 2+ 2p + 2p* + 2p> + O(p?)
] 2 3p+ O(p%) 2p + O(p?)
3] —6 p+ 00 2p + O(p")

E = 140al, Cgyp2p = 707, S = {2}, &gpp2p =

8
3

p | ap(E) [ Ly™ (Sym®E, 1) L3 (Sym’E)

3 1 [ 2p+p2+00Y | p+2p7 +2p° + O(pY)
1] 3 »+ 02 3p+0@p?)

3] -1 0% o)

I = 140bl, CSmeE = 7027 51 = {2}’ éSmeE = %

p | ap(E) [ L™ (Sym?E, 1) | £3"(Sym?E)
1| —5 2p + O(p?) 8p + O(p?)
3] -3 8p + O(p?) 5p + O(p?)

E = 148al, Cgy,2p = 742, 1 = {2}, &gy = 5

p | ap(B) | Ly (Sym’E, 1)’ L3 (Sym®E)

3] -1 [ 2p+p°+00") | p+2p"+2p° + O(p")
5| —4 | 3p+4p?+ 00 3+ 2p+O0(p?)

71 =3 | p+3p?2+ 0% 6p + 4p* + O(p?)
1] 5 8p + O(p?) 10p + O(p%)

E =152al, Cgyp2p = 76%, S1 = {2}, &gpp2p = 2

b [ap(B) | LGB, 1) | Ly (Syn’E)
3 -2 2p + O(p°) 2+ 00"
5 -1 p+2p° +0) | 1+4p+ O(p?)
71 =3 | p+6p>+00%) | p+O@P)
11 -3 3p + O(p?) p+ O(p?)
13| —4 4p + O(p?) 3p + O(p?)

E = 152b1, Cg2p = 767, S1 = {2}, &gy = 2

p | ap(E) Ly (Sym?E, 1) L3 (Sym?E)
3 1 2p + 2p? +2p3 +2p* + O(p°) | 1+ 2p + O(p?)
-1 3 »+ 00 p+p°+ 0@
1] 2 8p + O(p?) 9p + O(p*)
131 1 7p + O(p?) 8+ 0(p)
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E = 156al, Cgy2p = 782, 51 = {2}, &gyn2p = 3

p | ap(E) | Ly"P(Sym®E, 1) | L3*(Sym®E)
5 —4 | 2047 +00%) | 2+3p+ 007
71 —2 4p+0(°) | 2p+2p>+0(p%)
11| —4 o+ O(p?) 5p+ O(p*)

E = 156b1, CSmeE = 782) 51 = {2}’ §Sym2E = %

p

ap(E)

L, P (Sym?E, 1)/

an 2
L3 (Sym“E)

7

2

6p + O(p°)

3p+3p? + O(p?)

E =160al, Cg 2 = 407, S1 = {2}, &gy = 1

p | ap(B) Ly (Sym’E, 1) L3 (Sym’E)
3| =2 [ 2p+ 202 +p3+p*+00(°) | 1+2p+0(p*)
7 =2 p+ 3p? + O(p?) 6p+O(p°)
11| —4 2p + O(p?) 8p + O(p*)
3] —6 10p + O(p?) p+O0(?)

E = 168al, Cgyp2p = 842, 51 = {2}, &gy = 2

p | ap(E) | Ly"(Sym’E,1) L (SymE)
5 2 | p+p°+3p°+00" | 4p+p°+ 00
13| —2 3p + O(p?) 2p + O(p?)

E =168b1, Cgyp2p = 842, S1 = {2}, &gz = 2

p | ap(E) [ Ly"(Sym?E, 1) | £3(Sym?E)
5 2 4p® + 2p° + O(p4) p? + O(p4)
3] 6 10p + O(p?) 7p + O(p?)

E = 172al, Cgyp2p = 862, S1 = {2}, &gyn2p = 5

p [ ap(®) [ L Sym’E 1) | L3 (Sym’E)

3| —2 24p+00Y |2+ 2p+ 207+ 00
71 —4 |4p+2p°+ 005 | 3p+3p2+ 00
1] —3 3p + O(°) 9+ O?)

13 -1 9+ 0% 4+ O(p)

E = 184al, Cg pep = 92%, 51 = {2}, &gp2p = 2

p |aE) [ LyP(Sym’E 1) | L3 (Sym’E)
31 -1 [222+p°+p"+00°) | p+p*+00"
51 —4 2% + O(p®) p+ 0%
7 2 p+6p +O(p?) 3p + 2p° + O(p?)
11 —4 6p + O(p?) p+ O(p?)
3] -5 3p+ 0(p?) 4p + O(p?)
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E =184bl, Cg 2 = 922, 51 =

{2}’ €Sym2E =2

p | ap(E) | Lp"P(Sym?E, 1) L2 (Sym’E)

3 -1 2p +2p3 +0(p°) | p+2p° +2p° + O(p?)
5 -2 p+3p>+0(Y) | 4p+3p? +2p° + O(p?)
7 —4 3p + p? +O(p ) 3p + 6p° + O(p?)

1| -2 4p + O(p?) 10p + O(p?)

13 7 3p + O(p?) 6p + O(p?)

E = 184cl, Cg 2 = 922, 1 = {2}, &gy = 2

p | ap(E) | Ly"P(Sym?E, 1) L3 (Sym*E)
7 4 | 5p+5p? +O(p3) 5p +4p* + O(p°)
11| 6 8p + O(p?) 6p + O(p?)
13 —2 7p + O(p?) 9p + O(p?)
E = 184d1, Cg 2 = 92%, S1 = {2}, &gym2p
p [ ap(B) [ Ly (Syw’E, 1) [ L3 (Sym’E)
71 -2 p+ O3 3p+ 5p° + O(p°)
3] -5 »+ O 10p + O(p?)

E =200al, Cgyp2p = 20%, 51 = {2,5}, &gym2p =

2
3

p | p(E) | Ly""(Sym*E, 1)’ | L3(Sym*E)

7 2 5p + 6p? + O(p?) | 3p + 2p* + O(p®)
1| 1 O(p)

13 4 6p + O(p*) 7o + O(p?)

E = 204al, Cgypep = 1022, S1 = {2}, &2 = §

p | ap(B) | Ly (Sym®E, 1) | L3 (Sym’E)
51 -1 [ 20402 +00%) |4+2p+00?
7 4 6p> + O(p*) P> +O(p*)
11 3 8p + O(p?) 2p + O(p?)
13 3 3p+ O(p?) 10p + O(p?)

E = 204bl, Cg2p = 1022, 51 = {2}, g2 = 5

E—3

p | ap(E) | Ly""(Sym*E, 1) | L2 (Sym®E)
51 1 20 +0(p%) | 4p+0(p°)
11 5 10p + O(p?) 7p + O(p?)
13| -5 8p + O(p?) 8p + O(p?)
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E = 208al, Cgyy2p = 262, 51 = {}, gyn2p = 3

p [ap(B) [ Ly™(Sym?E,1) L3 (Sym?E)

31 -1 | p+2p2 +2p+0(p°) | 2+2p% +2p° +O(p?)
5 -3 2p + 3p? +4p3 + O(p*) | 2p + p? + 2p> + O(p?)
7 1 6p + O(p?) 1+ O(p)

1] -6 7p + O(p?) 10p + O(p?)

FE = 208d1, Csysz = 262, S1=1{}, fsym2E = %

p | ap(E) | Ly (Sym?E, 1) [ £2(Sym’E)
51 —1 |[4p+4p2 400 [ 1+p+ 0@
7| —1 3p2 + O(p°) 4p + O(p?)
1] 2 6p + O(p?) 5p + O(p?)

E = 212al, Cgy,2p = 1062, S1 = {2}, &2 = 5

p [ ap(B) | Ly™(SymE, 1)’ L3 (Sym®E)

3 -1 [2+2p+p3+00Y | 1+p+p*+p>+ 00
51 =2 | PP +205+00pY 3p* +3p° + O(p*)

7 -2 3p + 4p® + O(p?) 5p + 3p” + O(p®)

1] 2 8p + O(p?) 4p+ O(p?)

3] -7 11p + O(p?) 10p + O(p*)

E = 212b1, Cg 2 = 1067, S1 = {2}, Egpn2p = §

p [a(B) [ L(Syw’E, 1) Ly (Sym®E)

3 2 [1+4p+p?+29°+00") | 1+p°+0p°+00")
5 2 dp +p? +3p2 +O(p?) | 2p+3p% + 3p> + O(p?)
11| —4 10p + O(p?) 4p + O(p?)

13| -2 3p + O(p?) 8p + O(p?)

E = 216al, Cgy2p = 362, S1 = {2,3}, Eqymep = 2

p [ ap(B) | LyP(Syw’E 1) | £y (Syw’E)
51 —4 [ 2p+3p2+0®%) | 3+p+0@p?)
7] -3 [ p+4*+00%) | 3p+p*+00?)
11| —4 6p + O(p?) 3p + O(p?)
13 1 4p + O(p?) 10 + O(p)

E = 216¢1, Cgypp = 36%, S1 = {2,3}, &gyn2p = 3

3

p | ap(E) | Ly"P(Sym?E, 1) L2 (Sym’E)

5 1 2p + O(p?) 14+ 0O(p)

7 3 4p +2p? + O(p?) | 5p + 5p* + O(p?)
1] —5 10p + O(p%) 6p + O(p*

13 4 2p + O(p?) 11p + O(p?)
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E = 220al, Cgy2p = 1102, 81 = {2}, &gy = 5

p [an(B) | Li®Sym?E 1) | Ly (Syw’E)
3 -2 2+ 0(p?) 2+p+0(p?)
7 —4 p+ O 6p + 4p* + O(p?)
13| —4 2p + O(p?) 6p + O(p?)

E = 220b1, Cgyep = 1102, Sy = {2}, &gy = &
p [ ap(B) [ Ly (SymE 1) [ 3" (Sym’E)
3] 2 1+p2+00%) | 1+2p+p2+ 0%

E = 224al, Cg o = 567, S1 = {2}, &gy = 1

p | ap(E) [ L™ (Sym?E, 1)’ | £2"(Sym?E)
3 -2 p> 4+ O(p*) 2p° + O(p?)
11| —4 10p + O(p?) 7p + O(p?)

13| —4 8p + O(p?) 12p + O(p?)

E = 228al, Cgyp2p = 1142, 51 = {2}, &2 = §

p | ap(E) | Ly"P(Sym?E, 1)/ L2 (Sym?F)
5 2 p+O(p%) 3p+2p* + O(p)
11| 2 9 + O(p?) 10p + O(p?)
13| 2 11p + O(p?) 12p 4+ O(p?)

E = 228b1, Cg 2 = 1147, 81 = {2}, g2 = 5

3
b [w(B) | L EulE 1) | Ly (syn’E)

5 -3 [ 2p+4p> +0®) | p+4p® +O(p?)
7 1 6p + O(p?) 5+ O(p)

11| -5 2p + O(p?) 8p+ O(p?)

13| -6 p+ O(p?) 8p + O(p?)

E = 232al, Cg e = 116%, 51 = {2}, &gz = 2

p | ap(E) | Ly"(Sym®E, 1)’ | L& (Sym®E)

3] -1 p+ O(p?) 2 4 2p? + O(p?)
50 =3 [p+3p°+00°) | 4p+p”+0(p°)
7 2 p+ O(3) 3p +5p° + O(p°)
11| -3 3p + O(p?) p+ O(p?)

3] -5 2p + O(p?) p+ O(p?)
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FE = 232b1, CSmeE = 11625 Sl = {2}a gSmeE =2

p | ap(E) | Ly’ (Sym®E, 1) | L3"(Sym’E)

3 1 p+2p° + O(p?) 2+ 0(p?)

5 1 3p+ O0(?) 3+0(p)

7 2 2p + O(p?) 6p + 3p + O(p?)
11 3 6p + O(p?) 2p + O(p?)
13| -1 O(p) o(1)

E = 236al, Cg 2 = 118%, S1 = {2}, &gym2p =

8
3

p | ap(E) L, P (Sym?FE, 1) E;H(Sym2E)
3 [ -1 2p° + O(p°) P’ +0(p%)

5 -1 4p + O(p?) 34 O(p)

7 -3 6p + O(p?) p+ 5p? + O(p?)
1] -2 3p+ O(p?) 7p + O(p?)

E = 236b1, Cg 2 = 1187, S1 = {2}, &g

=8
E 3

p | ap(E) L, P (Sym?E, 1) an(SmeE)
3 1 2p% + O(p") p? + O(p")
5 3 2p3 + O (p") >+ O(p")
7] -1 6+ O(p) 5p~ 1+ 0(1)
11 6 5p + O(p?) 9p + O(p?)
13| —4 7p + O(p?) 8p + O(p?)

E = 240bl, Cgy,op = 30%, S1 = {}, &g2p =

1
2

p | ap(E) | Ly"P(Sym?E, 1)/ L2 (Sym®E)
7 4 p+2p° +0(p?) | 4p+3p* + O(p3)
13 2 10p + O(p?) 5p + O(p?)

E = 244al, Cgpep = 1222, 81 = {2}, &g 2 =

8
3

p | ap(E) | Ly"P(Sym?E, 1) E;H(Sysz)
51 =3 | p+4*+0@(%) | 3p+0@?)
71 =3 [3p+202+0(@?) | 4p+ O3
11| -1 4p + O(p?) 2+ O(p)
13] 1 o(?) O(p)

E = 248al, Cg pep = 1247, 1 = {2}, &g 2 = 2

p | ap(E) L},mp(SmeE, 1) Egn(SymZE)

3 -2 P>+ O0(p") p+0(p°)

5 1 3p + O( 2) 3+ 0O(p)

7 -3 | 2p+2p% + O(p3) 2p + 4p® + O(p?)
11| —2 % + O(p?) p? +O(p?)

13| -2 6p + O(p?) 4p + O(p?)
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FE = 248b1, CSmeE = 12425 Sl = {2}a £Sym2E =2

p | ap(E) | Ly"P(Sym®E, 1) | L¥(Sym’FE)

3 [ -2 2p° + O(p") 2p° + O(p’)

5 2 4p + O(p°) p+2p° + O(p°)
1] 2 |5p+5p2+0@p%) | Tp+5p* + O(p?)
13| 4 12p + O(p?) 9p + O(p?)

E = 248cl, Cg 2 = 1242, 81 = {2}, &gy = 2

p | ap(E) | Ly"P(Sym?E, 1)’ L2 (Sym®E)
5] -3 P’ +O0(p") 4p° + O(p")
7 -3 6p + O(p?) 6p + 6p° + O(p?)
11 2 3p* + O(p?) 2p% + O(p?)
13| —4 7p + O(p?) 2p + O(p?)

E = 256al, Cgypep = 8, S1 = {2}, &gym2p = §

p | ap(E) | Ly"P(Sym®E, 1)’ L2 (Sym®E)
3] =2 | p+p*+00" |p+p*+p°+00?)
1] —6 2p + O(p?) 7p + O(p?)

E = 256bl, CSmeE = 827 S1= {2}7 gSmeE' = %

p | ap(E) | Ly P(Sym®E, 1)’ | L2"(Sym®E)
5| —4 p*> + O(p?) p+ O(p?)
13| —4 5p + O(p?) 6p + O(p?)

E = 260al, Cgy,2p = 130, 51 = {2}, &gy = 5

p | ap(E) L, P (Sym?FE, 1) E;n(Sym2E)
3 2 2+p>+0M%) |2+ p+20°+ 0%
7] 2 P’ +0(?) 4p*> + 0(p?)
11| 4 4p + O(p?) 6p + O(p?)

E = 264al, Cgpep = 1322, 51 = {2}, &g 2 = 2

p

ap(E)

L, P (Sym?E, 1)

an 2
L3 (Sym*E)

7

2

3p+p*>+ O(p?)

2p + 5p% + O(p?)

E = 264bl, Cgy2p = 1322, S = {2}, {sym?E = 2

p | ap(E) | Ly"P(Sym?E, 1)’ E;H(SymZE)
5 2 p+2p2 +0(p?) | 4p + 4p* + O(p?)
3] 2 12p + O(p?) 8p + O(p)
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E = 264cl, Cgpep = 132%, S1 = {2}, &g = 2

p | ap(E) | Ly P(Sym®E, 1)’ | L¥(Sym’FE)
5| -2 P>+ 0(p%) 4p? + 0(p°)
7 4 5p + 6p° + O(p?) | 5p + 5p% + O(p?)
13 6 5p + O(p?) 10p + O(p?)

E = 264d1, Cg 2 = 1322, 51 = {2}, &gy = 2

p | ap(E) [ Ly (Sym’E, 1) [ £3"(Sym®E)
5 4 3p+ O(p?) 44 O(p)
71 —2 6p + O(p?) 4p + O(p?)

E = 268al, Cgyp2p = 1342, 51 = {2}, &gy = 5

p [ ap(BE) [ Ly™(Sym’E, 1) [ L3*(Sym’E)
31 2 [pl42+p+00®) | p t+1+00%
5 2 4p + 3p® + O(p?) 2p + 4p® + O(p?)
7 2 p+6p2+00p%) | 4p+3p>+ 0%
11| —4 3p + O(p?) 10p + O(p?)
13| -6 6p + O(p?) 9p + O(p?)

E = 272d1, CSmeE =342 5 ={}, gSmeE' - %

p | ap(E) | Lpy"P(Sym?E, 1) L2 (Sym*E)

3 2 |p+p+p°+00" [ 1+2p+2p° + 00"
7 4 3p + 2p° + O(p?) 5p + p? + O(p?)
11] -6 p+ O(p?) 3p+ O(p?)

13 2 7p + O(p?) 10p + O(p?)

E = 280al, Cgypep = 140%, 1 = {2}, &g 2 = 2

p | ap(E) L, P (Sym?E, 1) L2 (Sym®E)

3| -1 [p+r2p®+2p° +00Y) | 2+p+p>+ 0%
11| -5 7p + O(p?) 8p + O(p?)

3] 1 O(p) o)

E = 280b1, Cgy,2p = 1407, S1 = {2}, &g o = 2

p | ap(E) | Ly"P(Sym?E, 1)’ E;H(SmeE)
11| -5 4p + O(p?) 3p + O(p)
13| -5 10p+0(p?) | 9p+0@?)

1

E = 288al, Cgypep = 24%, 51 = {2,3}, &gy = 3
)

p | ap(E) | Ly,"P(Sym®E, 1)’ | £2(Sym®E
5 | —4 202 + O(p%) 4p + O(p?)
3] —6 o + O(p?) 4p + O(p?)
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E =296al, Cg,2p = 1482, 51 = {2}, &g 2 = 2

p | ap(E) | Ly"P(Sym®E, 1) | L3 (Sym®E)
3] -1 P’ +0@") 2p +O(p*)

5 =2 [ 4p+p°+00°) | p+p°+00%)
7 1 4p + O(p?) 6+ O(p)
11| 1 O(p) o(1)

13| —6 2p + O(p?) 4p + O(p?)

E =296b1, Cgy,2p = 1487, S1 = {2}, &g e = 2

p | ap(E) | Lp"(Sym’E, 1) L3 (Sym*E)

3 —1 [ 2p+202 +p + 00" | 1 +2p+p* + O(p?)
7 -3 2p + 3p? + O(p?) 2p + 5p° + O(p?)
11| -3 8p + O(p?) 10p + O(p?)

E = 300al, Cgyp2p = 30, S1 = {2,5}, £z = §

p | ap(E) | LyP(Sym®E, 1)’ | L2(Sym®E)
7 1 p+ O(p?) 6 + O(p)

11 6 5p? + O(p?) 5p? + O(p®)
13| -5 3p + O(p?) 9p + O(p?)

B.2 Tables of L-invariants for elliptic curves E with D(E,1) =0

Included below are the values we computed for both the derivative of L;”t(SmeE ,s)at s =1
and the corresponding L-invariant term, for the six exceptional elliptic curves with D(E,1) =0
(we omitted these specimens from §B.1 as Lipmp(SmeE, 1)’ = 0 for each of these six curves).
To calculate these p-adic numbers, we used the generalised congruences given in Theorem 3.2.

E = 176bl, Csysz =112, 51 = {2}, fsmeE = %

p | ap(E) | Ly"P(Sym®E, 1)’ | L2(Sym°FE)
3] 1 p+ 0" 1+2p” +0(p°)
51 1 P+ 0@/ P+ 0@/

7] 2 2p+ O(p?) 2p+ O(p?)
13 4 4p + O(p?) 2p + O(p?)

E = 196al, Cgy2p = 142, 51 = {2,7}, &gym2p = 5

p | ap(E) L, P (Sym?E, 1) E;H(Sym2E)
31 -1 [1+2p+2+0®°) | 2p+p? +2p° + O(p")
5 -3 3p + O(p?) 3p + O(p?)
1] -3 p+ O(p?) 3p + O(p?)
13 -2 10p + O(p?) 8p + O(p?)
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E = 200b1, Cgypep = 20%, St = {2,5}, Egpn2p = &

p | ap(E) | Lpy"P(Sym?E, 1)’ E;‘“(SmeE)

3] -2 | p+p’+00") [1+p+p°+00°)
7 -2 4p + O(p?) 6p + O(p?)

11 —4 7p + O(p?) p+ O(p?)

3] —4 0(?) O(p®)

E = 240d1, Cg 2 = 15%, 81 = {2}, &gp2p =
p | a(E) [ L™ (Syw’E, 1) | £3*(Sym’E)
11| 4 10p + O(p?) 6p + O(p?)
13 —2 3p + O(p?) 3p+ O(p?)

N

E = 2721, Gy = 172, 81 = {2}, €gymep = &

p | ap(E) L, P (Sym?FE, 1) E;H(Sysz)

5 =2 [ p+4p” +0(°) | 2p+2p° + O(p°)
7 —4 2p + O(p?) 2p + O(p?)

13 —2 O(p) O(p)

E = 300cl, Cgy2p = 30%, 51 ={2,5}, &gym2p = 3
)

p | ap(E) | Ly"P(Sym?E, 1)’ E;n(SmeE
7 4 2p + O(p?) 5p + O(p?)
11| —4 4p + O(p?) 4p + O(p?)
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