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Abstract: Let E be an elliptic curve over Q, and p 6= 2 a prime of good ordinary reduction.
The p-adic L-function for Sym2E always vanishes at s = 1, even though the complex L-function
does not have a zero there. The L-invariant itself appears on the right-hand side of the formula

d

ds
Lp(Sym2E, s)

∣∣∣
s=1

= Lp(Sym2E)× (1− α−2
p )(1− pα−2

p )× L∞(Sym2E, 1)

(2πi)−1Ω+
EΩ−E

where X2 − ap(E)X + p = (X − αp)(X − βp) with αp ∈ Z×p .

We first devise a method to calculate Lp(Sym2E) effectively, then show it is non-trivial for
all elliptic curves E of conductor NE ≤ 300 with 4|NE, and almost all ordinary primes p < 17.
Hence, in these cases at least, the order of the zero in Lp(Sym2E, s) at s = 1 is exactly one.
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1 Introduction

Let p be an odd prime. For a pure motive M defined over Q of weight zero, there is a conjectural
recipe to attach a p-adic L-function, Lp(M, s), provided its Galois representation is p-ordinary
(see [6] for the precise details). The interpolated p-adic L-function should be related to its
complex cousin, L∞(M, s), at the critical point s = 0, via the formula

Lp(M, 0) = Ep(M, 0)× L∞(M, 0)

Ω∞(M)
.

Here Ep(M, s) is a product of certain Euler factors at p, and Ω∞(M) denotes the Deligne period.

Curiously, sometimes Ep(M, s) can vanish at s = 0 even when L∞(M, 0) 6= 0, in which case
we say that M has an exceptional p-adic zero. Let us factorise out the trivial zero contribution
into Ep(M, s) = E†p(M, s) × Etriv

p (M, s), where E†p(M, 0) 6= 0 and orders=0

(
Etriv
p (M, s)

)
= ep.

Greenberg [19] has associated an explicit invariant LGr
p (M) ∈ Qp, and he predicts that

depLp(M, s)

dsep

∣∣∣∣
s=0

= LGr
p (M)× E†p(M, 0)× L∞(M, 0)

Ω∞(M)
.

One is naturally left to address the following problem.

Question. For a given motive M as described above, and for an ordinary prime p satisfying
the exceptional zero condition, is Greenberg’s L-invariant term LGr

p (M) non-zero?

For example, let f be a primitive eigenform of weight k ≥ 2, level N and trivial nebentypus.
Then the symmetric square motives M = Sym2(f)(k − 1) and M = Sym2(f)(k) both exhibit
exceptional p-adic zero phenomena at ordinary primes p - N .

Over two decades ago, Coates and Greenberg suggested to the first-named author to compute
LGr
p

(
Sym2(f)(k− 1)

)
as part of his PhD, but he was unsuccessful and the project was shelved.

Recently there has been a renewed interest in this topic [2, 22, 30], in particular with the
construction of global cohomology classes (an Euler system) for the motive M(f ⊗ f) in [27].

Under some standard assumptions, Hida has shown [26] that in a Λ-adic family of modular
forms {Fk}k∈W , the quantity LGr

p

(
Sym2(Fk)(k − 1)

)
can vanish at only finitely many points

in the weight-space W. It therefore seems an appropriate time to revisit this open problem of
non-vanishing for the symmetric square L-invariant, albeit from a computational perspective.

Goal. To calculate LGr
p

(
Sym2(f)(1)

)
mod pm numerically when f arises from an elliptic curve,

and then check whether the associated L-invariant is non-vanishing in a variety of examples.

Let E be an elliptic curve over Q, so that E is necessarily modular by the work in [4, 35].
Provided Re(s) > 2, the symmetric square L-function for E is given by an Euler product

L∞(Sym2E, s) =
∏

primes l

det
(

1− Frob−1
l X

∣∣∣ Sym2Hét

(
E,Qq(1)

)Il)−1 ∣∣∣
X=l−s

where q is any prime different from l, Frobl is an arithmetic Frobenius element, and Il ⊂ GQl
denotes the inertia subgroup at l. If the prime number l does not divide the Q-conductor NE

of the elliptic curve, then

det
(

1− Frob−1
l X

∣∣∣ Sym2Hét

(
E,Qq(1)

)Il) =
(
1− α2

lX
)(

1− β2
l X
)(

1− lX
)

where 1−al(E)X+ lX2 =
(
1−αlX

)(
1−βlX

)
is the factorisation of the Hecke polynomial at l.

Gelbart and Jacquet [17] showed that the function L∞(Sym2E, s) has an analytic continuation
to all s ∈ C, and satisfies a functional equation linking the value at s with the value at 3− s.
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To describe Greenberg’s L-invariant term in detail, let us first fix an ordinary prime p.
Consider the Galois representation V = Sym2

(
Hét

(
E,Qp(1)

)∗) ∼= Qp⊗Zp Sym2
(
Tap(E)

)
where

Tap(E) = lim←−nEpn is the p-adic Tate module of E. Viewed as a GQp-module, there is a filtration

0 = Fil3V ⊂ Fil2V ⊂ Fil1V ⊂ Fil0V = V

where each quotient FiliV
Fili+1V

is isomorphic to Qp(i) as an Ip-representation, for i ∈ {0, 1, 2}.
Let Σ denote a finite set of primes containing p and the primes of bad reduction for E.

Associated to the Gal
(
QΣ/Q

)
-representation V in [3] are the Bloch-Kato Selmer groups

H1
f,{p}(Q, V ) := Ker

H1
(
Gal(QΣ/Q), V

) ⊕resl−→
⊕

l∈Σ, l 6=p
H1
(
Il, V

)
and

H1
f (Q, V ) := Ker

(
H1
f,{p}(Q, V )

resp−→
H1
(
GQp , V

)
H1
f

(
GQp , V

))
where H1

f (GQp , V ) denotes the kernel of the mapping from H1(GQp , V ) to H1(GQp , V ⊗Bcris).

Flach et al. [16, 35, 12] have shown H1
f (Q, V ) = {0}, which implies that dimQpH

1
f,{p}(Q, V ) = 1.

Let us fix a generator η of this line, so that H1
f,{p}(Q, V ) = Qp · η.

We now explain how to choose coordinates. Observe first thatH1
(
GQp , V

)
= H1

(
GQp ,Fil1V

)
,

an assertion that can be checked from the local formula

dimQpH
1
(
GQp ,W

)
= dimQp

(
W ⊗Bcris

)GQp + dimQpH
0
(
GQp ,W

)
+ dimQpH

0
(
GQp ,W

∗(1)
)

which yields the value 3+0+0 if W = V , and 2+0+1 if W = Fil1V . Applying Kummer theory,

there is a natural identification H1
(
GQp ,Qp(1)

) ∼= Qp ⊗Zp

(
lim←−nQ

×
p /Q

× pn
p

)
, from which one

obtains the homomorphism

q : H1
(
GQp , V

)
= H1

(
GQp ,Fil1V

) mod Fil2−→ H1
(
GQp ,Fil1V/Fil2V

) ∼−→ Qp⊗Zp

(
lim←−
n

Q×p /Q× p
n

p

)
.

Furthermore, on the right-hand target space there is an isomorphism

Qp ⊗Zp

(
lim←−
n

Q×p /Q× p
n

p

)
∼−→ Qp ×Qp sending q 7→

(
logp(q), ordp(q)

)
,

where logp : Q×p → Qp denotes Iwasawa’s logarithm map, normalised so that logp(p) = 0.

Definition 1.1. The arithmetic L-invariant is defined to be the slope of q ◦ resp(η) inside the
vector space H1

(
GQp ,Fil1V/Fil2V

) ∼= Qp ×Qp, i.e.

LGr
p (Sym2E) :=

logp
(
q
(
resp(η)

))
ordp

(
q
(
resp(η)

))
which is clearly independent of the choice of generator η for the Qp-line H1

f,{p}(Q, V ).

In fact, there is a more analytic way to introduce the L-invariant if we work with the p-adic
L-function directly. Depending on the reduction type of the curve, p-adic L-functions which
interpolate Dirichlet twists of Sym2

(
h1(E)

)
(1) have been constructed in [7, 9, 11, 21, 24, 31].

Now if E has good ordinary reduction at p, there exists F(X) ∈ X · Zp[[X]]⊗Q such that

F
(
χ(1 + p)− 1

)
=

τ(χ)

α
2mχ
p

× L∞(Sym2E ⊗ χ, 1)

(2πi)−1Ω+
EΩ−E
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at all non-trivial characters χ of conductor fχ = pmχ > 1 satisfying χ
∣∣
F×p

= 1, while F(0) = 0.

Here αp is the p-adic unit root of X2−ap(E)X+p, secondly τ(χ) denotes a Gauss sum for χ−1,
and lastly Ω±E are real/imaginary periods associated to a minimal Weierstrass equation for E/Z.

Definition 1.2. We write Lp(Sym2E,−) : Zp → Qp for the Mazur-Mellin transform

Lp(Sym2E, s) := F
(
(1 + p)s−1 − 1

)
,

so that Lp(Sym2E, s) has an exceptional zero at s = 1.

In the late 1980s, Coates and Greenberg made the following prediction about its first derivative.

Conjecture 1.3. If E has good ordinary reduction at p, the L-invariant given by the ratio

Lan
p (Sym2E) :=

d

ds
Lp(Sym2E, s)

∣∣∣
s=1
×
(

(1− α−2
p )(1− pα−2

p )× L∞(Sym2E, 1)

(2πi)−1Ω+
EΩ−E

)−1

is a non-zero p-adic number, so in particular

orders=1

(
Lp(Sym2E, s)

)
= 1.

As will be discussed at length in §3.3, in most situations the work of Citro, Dasgupta and
Hida [5, 10, 26] implies that Lan

p (Sym2E) = LGr
p (Sym2E), so we may shift between these two

definitions as appropriate. In particular, the non-vanishing of the analytic L-invariant means

that the line H1
f,{p}(Q, V ) has a non-trivial slope inside Qp ⊗Zp

(
lim←−nQ

×
p /Q

× pn
p

)
∼= Qp ×Qp.

Remarks: (a) If E has complex multiplication, then a result of Ferrero and Greenberg [14]
implies that Lan

p (Sym2E) = logp(α
−2
p ); therefore in the CM case, Conjecture 1.3 is at least

known to be true.

(b) If E has split multiplicative reduction at p, under certain restrictions Rosso [30] recently
proved Lan

p (Sym2E) = logp(qE)/ordp(qE) where qE is the Tate period of the rigid analytic curve;
moreover logp(qE) 6= 0 by [1, Theorem 3], so Conjecture 1.3 holds in this situation too.

(c) We should also point out that in the case where E has split multiplicative reduction at p,
the Tate period qE is a universal norm for the Zp-extension F∞/Qp cut out by

Im
(
H1
(
GQp ,Sym2Tap(E)

) mod Fil1−→ H1
(
GQp ,Zp

))
inside H1

(
GQp ,Zp

)
= Hom

(
GQp ,Zp

) ∼= Z2
p. Under the Tate local pairing

H1
(
GQp ,Qp(1)

)
×H1

(
GQp ,Qp

)
→ Qp,

the line q◦ resp

(
H1
f,{p}(Q, V )

)
will then be orthogonal to the subspace Hom

(
Gal(F∞/Qp),Qp

)
.

Applying exactly the same reasoning as [19, p154], it follows that the slopes logp(qE)/ordp(qE)
and logp

(
q
(
resp(η)

))
/ordp

(
q
(
resp(η)

))
are actually equal.2

(d) Using efficient methods to compute overconvergent modular symbols, Dummit et al [13, §7.2]
have computed Lan

p (Sym2E) for (E, p) =
(
X0(11), 11), and for p = 5 and E ∈ {15a1, 19a1, 95a1}

(here we employ Cremona’s elliptic curve labelling from [8]).

By devising algorithms to compute Lp(Sym2E, 1)′ and Lan
p (Sym2E) numerically to a reasonable

accuracy, and then implementing them into SAGE, we have established the following result.

2In the case of split multiplicative reduction the L-invariant for Sym2E is the same as the L-invariant for E,
and it is further conjectured (by Greenberg) that the L-invariants for SymmE should be independent of m > 0.
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Theorem 1.4. Let E be an elliptic curve over Q of conductor NE ≤ 300, with 4 dividing NE.

(i) If p ∈ {3, 5, 7} is a prime of good ordinary reduction for E then Conjecture 1.3 is true,

i.e. Lan
p (Sym2E) 6= 0 and orders=1

(
Lp(Sym2E, s)

)
= 1.

(ii) If p = 11 is a prime of good ordinary reduction for E then Conjecture 1.3 is true, with the
possible exception of the following four elliptic curves:

116a1, 124b1, 200a1, 296a1.

(iii) If p = 13 is a prime of good ordinary reduction for E then Conjecture 1.3 is true, with the
possible exception of the following six elliptic curves:

140a1, 200b1, 232b1, 244a1, 272b1, 280a1.

Here is a brief plan of the paper.

Sections 2.1–2.5 explain the theory behind our method. We first derive a technical result
about the Petersson inner product in §2.1. In the next two sections, we relate the moments
of the p-adic measure interpolating Sym2E(1) to a specific inner product involving the weight
two newform fE obtained from E by modularity, and an auxiliary weight two form “R|U2m−1

p ”
which is independent of the elliptic curve. Then in §2.4, we use our identity from §2.1 to obtain
an expression for Lp(Sym2E, 1)′ mod pm, thereby yielding an approximation to Lan

p (Sym2E).
Lastly in §2.5, we discuss how one might increase both the speed and the accuracy of our
computations by instead evaluating Tate-twists for the p-adic measure, although there remain
significant technical hurdles to overcome if one adopts this approach.

Sections 3.1–3.2 contain an implementation of our algorithms. We chose NE ≤ 300 and
p ≤ 13 as our bounds to determine whether or not Lp(Sym2E, 1)′ was non-zero, and thence to
tabulate the L-invariants to a decent accuracy – see Appendix B for the full numerical results.
It took ten months to run our programs within these limited ranges, on a single core of an
Intel i5-2400. The 4 + 6 = 10 missing pairs (E, p) in Theorem 1.4(ii)-(iii) occurred because the
run-time required to show that Lp(Sym2E, 1)′ 6= 0 for these specimens was too slow.

Finally in §3.3, we discuss how the work of Hida, Citro and Dasgupta [26, 5, 10] combined
with Theorem 1.4 implies the non-vanishing for the derivative of the Hecke eigenvalue ap(Fk)
at weight k = 2, where F denotes the p-ordinary family lifting fE .

Acknowledgements. The first author warmly thanks John Coates and Ralph Greenberg for
originally suggesting this problem. Both authors are also grateful to Antonio Lei, Max Flander
and Denis Benois for their helpful suggestions on computing symmetric square L-invariants.
They are also grateful to the referee for their insights, in particular the theoretical approach
suggested in Section 2.5 (although we have been unable to implement this approach in practice).
The second named author is financially supported by a University of Waikato PhD scholarship.

2 The Analytic Theory

For an integer N > 1, we write M2

(
Γ0(N)

)
for the C-vector space of modular forms of weight

two, level N and trivial nebentypus. We also denote by S2

(
Γ0(N)

)
the subspace of cusp forms.

Throughout one normalises the Petersson inner product by

〈g, h〉N :=

∫
Γ0(N)\H

g(z)h(z) · dxdy for all g ∈ S2

(
Γ0(N)

)
and h ∈M2

(
Γ0(N)

)
.

5



Let fE ∈ Snew
2

(
Γ0(NE)

)
denote the primitive form associated to the modular elliptic curve E.

Without loss of generality, we assume that

• the conductor NE of the newform fE is divisible by 4.

Because L∞(Sym2E, s) is invariant under taking quadratic twists, one can always ensure that the
above holds by replacing E with its twist by the unique character of conductor 4 (if necessary).
We also modify the quantities in Conjecture 1.3, as follows:

• we swap the motivic period (2πi)−1Ω+
EΩ−E with the automorphic period π〈fE , fE〉NE ;

• we shall exchange the primitive symmetric square L-function L∞(Sym2E ⊗ χ, s) with its

imprimitive version

D(E,χ, s) := LfχNE

(
χ2, 2s− 2

)
×
∞∑
n=1

χ(n)an2(E)

ns
;

• we replace the p-adic L-function with Limp
p (Sym2E, s) := F imp

(
(1 + p)s−1 − 1

)
, where

F imp
(
χ(1 + p)− 1

)
=

τ(χ)

α
2mχ
p

× D(E,χ, 1)

π〈fE , fE〉NE
if χ 6= 1, with F imp(0) = 0.

Providing the imprimitive L-function is non-vanishing at s = 1 so that D(E, 1) 6= 0,
the L-invariant may be equivalently rewritten as

Lan
p (Sym2E) :=

d

ds
Limp
p (Sym2E, s)

∣∣∣
s=1
×
(

(1− α−2
p )(1− pα−2

p )× D(E, 1)

π〈fE , fE〉NE

)−1

. (1)

The right-hand bracketed term in Equation (1) is reasonably straightforward to evaluate.

Lemma 2.1. Assume E has minimal conductor amongst its quadratic twists. If the geometric
conductor of Sym2

(
h1(E)

)
is denoted by CSym2E ∈ N2, then one has the formula

D(E, 1)

π〈fE , fE〉NE
=

4 ·
√
CSym2E

NE
×
∏
l∈S1

Hl(l
−1)

Hl(l−2)

where L∞(Sym2E ⊗ χ, s) = D(E,χ, s)×
∏
l∈S1

Hl

(
χ(l)l−s

)−1
for a finite set of bad primes S1.

Proof. If we define Λ∞(Sym2E, s) :=
(
CSym2E

)s/2 · π−s/2Γ(s/2)(2π)−sΓ(s) × L∞(Sym2E, s),
then the functional equation [7, Thm 2.2] for this completed L-function states that

Λ∞(Sym2E, s) = Λ∞(Sym2E, 3− s).

Combining the above equation at s = 2 with the formula D(E, 2) = 8π3

NE
× 〈fE , fE〉NE for the

imprimitive symmetric square L-function in [15, Equation (5)], the result follows easily.

To calculate Lan
p (Sym2E) numerically, we must therefore evaluate d

dsL
imp
p (Sym2E, s) at s = 1

to a reasonable accuracy. If µimp
E ∈ Meas(Z×p ,Qp) is the p-bounded measure corresponding to

the power series F imp(X) ∈ X · Zp[[X]][1/p], then

Limp
p (Sym2E, s) =

∫
x∈Z×p

<x>s−1
p · dµimp

E (x) for every s ∈ Zp,
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where <−>p: Z×p � 1 + pZp denotes the projection to the principal local units. It follows that

d

ds
Limp
p (Sym2E, s)

∣∣∣
s=1

=

∫
x∈Z×p

logp<x>p · dµ
imp
E (x) ≈

∑
e∈(Z/pmZ)×

logp<e>p ×µ
imp
E (e+pmZp)

upon using a Riemann sum approximation for the covering Z×p =
⊔
e

(
e+ pmZp

)
.

Question. Given a class e ∈ (Z/pmZ)×, how do we calculate each µimp
E (e+ pmZp) efficiently?

It is well known [7, 9, 31] the moments µimp
E (e+ pmZp) can be written as an inner product of

f0(z) :=
(
fE(z)− βpfE(pz)

)∣∣∣∣ ( 0 −1
pNE 0

)
∈ S2

(
Γ0(pNE)

)
with a certain modular form Rm,e ∈ M2

(
Γ0(pNE)

)
, whose Fourier coefficients are p-integral.

The integrality of µimp
E (−) is then controlled by that of

〈f0,Rm,e〉pNE
〈fE ,fE〉 for varying m and e.

2.1 Petersson inner product identities for f 0

Recall that the functional equation for the completed Hasse-Weil L-function, Λ∞(E, s), has the
form Λ∞(E, 2− s) = wE × Λ∞(E, s) where wE ∈ {±1} denotes the root number for E over Q.
In terms of the associated newform,

fE
∣∣W (NE) = −wE · fE under the action of W (NE) =

(
0 −1
NE 0

)
.

Let h(z) denote a weight 2 holomorphic modular form of level pNE , and with trivial character.
Our goal here is to derive the following technical result, which we repeatedly make use of later.

Lemma 2.2. (i) If C · h(z) ∩
(
C · fE(z)⊕ C · fE(pz)

)
= {0}, then

〈
f0, h

〉
pNE

= 0;

(ii) If wE ∈ {±1} is the root number for E/Q, then
〈
f0, fE(z)

〉
pNE

= −wE ·
α2
p−1

αp
×
〈
fE , fE

〉
NE

;

(iii) Replacing fE(z) with fE(pz), one instead has
〈
f0, fE(pz)

〉
pNE

= −wE ·
α2
p−1

α2
p
×
〈
fE , fE

〉
NE

.

Proof. The fE-isotypic part of M2

(
Γ0(pNE)

)
consists of the subspace C · fE(z) ⊕ C · fE(pz).

Without loss of generality, assume h(z) is an eigenform for the Hecke algebra at level pNE .
Then by multiplicity one, we can pick a prime l - pNE such that al(fE) 6= al(h); consequently

al(fE)×
〈
f0, h

〉
pNE

=
〈
f0
∣∣T ∗l , h〉pNE =

〈
f0, h

∣∣Tl〉pNE = al(h)×
〈
f0, h

〉
pNE

in which case
〈
f0, h

〉
pNE

= 0, so part (i) is true.

To establish statement (ii), let us first introduce the p-stabilisation

f0(z) := fE(z)− βpfE(pz) = α−1
p · fE

∣∣∣(Up − βpI2

)
∈ S2

(
Γ0(pNE)

)
. (2)

This cusp form f0 is related to f0 through the formula

f0(z) = fρE
∣∣W (pNE)− αpp−1fρE

∣∣W (NE) = fρ0
∣∣W (pNE), (3)
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where the involution (−)ρ above sends each h(z) =
∑

n≥1 hne
2πinz to hρ(z) =

∑
n≥1 hne

2πinz.
Now using Equation (3) and observing that fρE = fE , one obtains the equalities〈
f0, fE

〉
pNE

=
〈
fρE
∣∣W (pNE), fE

〉
pNE
− αpp−1 ·

〈
fρE
∣∣W (NE), fE

〉
pNE

=

〈
fρE

∣∣∣W (NE)
∣∣∣ ( p 0

0 1

)
, fE

〉
pNE

− βpp
−1 ·

〈
− wE · fE , fE

〉
pNE

=

〈
− wE · fE

∣∣∣ ( p 0
0 1

) ∣∣∣Tr
Γ0(pNE)
Γ0(NE) , fE

〉
NE

+ wEβpp
−1
[
Γ0(NE) : Γ0(pNE)

]
·
〈
fE , fE

〉
NE
.

Note from the trace map identity fE

∣∣∣ ( p 0
0 1

) ∣∣∣Tr
Γ0(pNE)
Γ0(NE) = fE

∣∣T ∗p = ap(E)fE together with

the index formula
[
Γ0(NE) : Γ0(pNE)

]
= p+ 1, the above becomes

〈
f0, fE

〉
pNE

= wE ·
(
−ap(E) + βp ·

p+ 1

p

)
×
〈
fE , fE

〉
NE

= −wE ·

(
α2
p − 1

αp

)
×
〈
fE , fE

〉
NE
.

Lastly to prove that (iii) is true, one knows from Equation (2) that〈
f0, fE(pz)

〉
pNE

=
〈
f0, β−1

p

(
fE(z)− f0(z)

)〉
pNE

= β−1
p ×

(〈
f0, fE

〉
pNE
−
〈
f0, f0

〉
pNE

)
.

The first term 〈f0, fE〉pNE is already determined from (ii) above. To compute the second term,〈
f0, f0

〉
pNE

= (pαp)
−1(αp − βp)(pαp − βp) ·

〈
fρE
∣∣W (NE), fE

〉
NE

upon applying [18, §C.5, Lemma 1], and clearly one has
〈
fρE
∣∣W (NE), fE

〉
NE

= −wE
〈
fE , fE

〉
NE

.
Combining these strands together:

〈
f0, fE(pz)

〉
pNE

= β−1
p ×

(
−wE ·

α2
p − 1

αp
+ wE ·

(αp − βp)(pαp − βp)
pαp

)
×
〈
fE , fE

〉
NE

= −wE ·

(
α2
p − 1

p
− (αp − βp)(pαp − βp)

p2

)
×
〈
fE , fE

〉
NE

= −wE ·

(
α2
p − 1

α2
p

)
×
〈
fE , fE

〉
NE

which completes the demonstration of (iii), and thereby the lemma.

2.2 The q-expansion of the modular form Rm,e

The key ingredient in calculating the first derivative of Limp
p (Sym2E, s) at s = 1, is that the

moments of the measure dµimp
E (−) can be written in terms of the f0-isotypic projection of a

holomorphic modular form. More precisely, let us recall from [7, Eqs (3.22)-(3.23)] that

µimp
E (e+ pmZp) = 2α−2m

p ×

〈
f0, Rm,e

∣∣U2m−1
p

〉
pNE〈

fE , fE
〉
NE

(4)

where Rm,e ∈M2

(
Γ0(p2mNE)

)
is obtained by summing up products of certain theta-functions

of weight 1/2 with Eisenstein series of weight 3/2 (the precise definitions will not be needed).
Note also from [7, Lemma 3.10(ii)], the classical trace map identity

h
∣∣U2m−1

p = h
∣∣∣W (p2mNE)

∣∣∣Tr
Γ0(p2mNE)
Γ0(pNE)

∣∣∣W (pNE)
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implies that Rm,e
∣∣U2m−1

p actually has level pNE , so the inner product above is well-defined.

Remarks: (i) If Rm,e =
∑∞

n=0 rn(m, e)qn then clearly Rm,e
∣∣U2m−1

p =
∑∞

n=0 rnp2m−1(m, e)qn;
furthermore, r0(m, e) = 0 since the theta-functions of weight 1/2 vanish at the cusp ∞.

(ii) Applying [7, Theorem 3.11] each coefficient rn(m, e) ∈ Q, in fact rn(m, e) ∈ Zp if p2m−1
∣∣n;

it therefore follows that Rm,e
∣∣U2m−1

p ∈ q · Z(p)

[[
q
]]

.

(iii) Assuming p2m−1 divides n, from [7, p133] the qn-coefficient of Rm,e is given by

rn(m, e) =
−2

φ(pm)
×
∑
χ∈∆m

∑
(n1,n2)∈Wn

∑
(a,b)∈Vn2

µ(a)b · εn2(a)χ(b2a)χ−1(n1e) · LNE (χεn2 , 0).

(5)
Here we have employed the notation:

• ∆m denotes the set of non-trivial Dirichlet characters of conductor dividing pm;

• Wn is the set of pairs (n1, n2) ∈ N× N coprime to p, and satisfying n2
1 ×

NE
4 + n2 = n;

• Vn2 consists of pairs (a, b) ∈ N× N that are coprime to pNE , such that (ab)2 divides n2;

• εn2 refers to the character of the imaginary quadratic field Q
(√
−n2NE

)
.

As usual, LNE (χεn2 , s) indicates the χεn2-twisted zeta-function with its Euler factors at the
primes dividing NE removed.

Definition 2.3. (a) For an integer t ≥ 1 and y ∈ Z with p - y, one defines

ϑt(y) =



(p− 1)2/p2 if t ≥ 2 and y ≡ 1 ( mod pt)

−(p− 1)/p2 if t ≥ 2, y 6≡ 1 ( mod pt) but y ≡ 1 ( mod pt−1)

0 if t ≥ 2 and y 6≡ 1 ( mod pt−1)

(p− 2)/p if t = 1 and y ≡ 1 ( mod p)

−1/p if t = 1 and y 6≡ 1 ( mod p).

(b) For any m ∈ N and integers x, n2 both coprime to p, we set

M (n2)
m (x) :=

m∑
t=1

pt∑
j = 1,
p - j

pt · ϑt(xj) ×
−1

fεn2
·
fεn2−1∑
i=0

εn2(i) ·
(
(i− j)p−t

)]
where

(
(i− j)p−t

)] ∈ {0, . . . , fεn2− 1
}

is the unique integer congruent to (i− j)p−t mod fεn2 .

The following yields an alternate expression for rn(m, e), designed for use in our programs.

Proposition 2.4. If p2m−1 divides n, then the qn-coefficient of Rm,e is given by

rn(m, e) = −2 ·
∑

(n1,n2)∈Wn

∑
(a,b)∈Vn2

∑
d|NE

µ(ad)bεn2(ad)× φ(pm)−1 ·M (n2)
m

(
ab2d(n1e)

∗)
where (n1e)

∗ ∈ {1, . . . , pm − 1} denotes the multiplicative inverse of n1e modulo pm.

Before we give the demonstration, we make a couple of observations.

Firstly, the main expense in computing rn(m, e) is in tabulating the values of εn2 necessary

to compute M
(n2)
m (−). The length of time required to compute rn(m, e) is roughly proportional

to the sum
∑

(n1,n2)∈Wn
fεn2 , which has order O(p3m) as a function of m.
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Secondly, the quantity φ(pm)−1 ·M (n2)
m

(
ab2d(n1e)

∗) occurring above is actually p-integral.

The reason is that M
(n2)
m (−) coincides with ‘Mm(−)’ defined in [7, Eq (3.30)], and then by

Lemma 3.12 of op. cit., the latter is congruent to zero modulo pm−1. However, once one has

programmed in the function ϑt, our version M
(n2)
m (−) is the quicker to calculate numerically.

Proof. If one recalls the standard identity LNE (χεn2 , s) =
∑

d|NE µ(d)χ(d)εn2(d)d−s ·L(χεn2 , s),
then Equation (5) can be rewritten as

rn(m, e) =
−2

φ(pm)
×

∑
(n1,n2)∈Wn

∑
(a,b)∈Vn2

∑
d|NE

µ(ad)b · εn2(ad) ·
∑
χ∈∆m

χ

(
ab2d

n1e

)
L(χεn2 , 0).

Therefore, it is enough to show that
∑

χ∈∆m
χ(x)L(χεn2 , 0) is equal to the quantity M

(n2)
m (x).

Now as each L(χεn2 , 0) = −B1,χεn2
with B1,χεn2

denoting a χεn2-twisted Bernoulli number,

L(χεn2 , 0) =
−1

fχfεn2
·
fχfεn2∑
a=1

χεn2(a) · a =
−1

fεn2
· p−t ×

fεn2∑
i=1

pt∑
j=1

χ(ai,j)εn2(ai,j) · ai,j

where fχ = pt > 1 say, and the integers ai,j := (i − 1)pt + j. Moreover χ(ai,j) = χ(j), so
decomposing ∆m into a disjoint union of ∆t −∆t−1’s yields∑

χ∈∆m

χ(x)L(χεn2 , 0) =

m∑
t=1

∑
χ∈∆t−∆t−1

χ(x)L(χεn2 , 0)

=
m∑
t=1

pt∑
j = 1,
p - j

p−t · ∑
χ∈∆t−∆t−1

χ(xj)

× −1

fεn2
·
fεn2∑
i=1

εn2(ai,j) · ai,j .

The lemma will now follow, provided one can verify that:

(i) p−t ·
∑

χ∈∆t−∆t−1
χ(xj) equals ϑt(xj);

(ii)
∑fεn2

i=1 εn2(ai,j) · ai,j coincides with pt ·
∑fεn2−1

i=0 εn2(i) ·
(
(i− j)p−t

)]
.

To establish statement (i), if ∆t = ∆t ∪ {1} for t > 0 with ∆0 = {1} then

p−t ·
∑

χ∈∆t−∆t−1

χ(xj) = p−t ·

∑
χ∈∆t

χ(xj) −
∑

χ∈∆t−1

χ(xj)


= p−t ·

(
φ(pt)× char1 mod pt(xj) − φ(pt−1)× char1 mod pt−1(xj)

)
where char1 mod pt(y) returns 1 if pt divides y− 1, and returns 0 otherwise. It is then routine to
check that the above formula agrees with ϑt(xj) from Definition 2.3.

To prove that (ii) is true, we first observe that

fεn2∑
i=1

εn2(ai,j) · ai,j = pt
fεn2−1∑
i=0

εn2

(
ipt + j

)
· i + j

fεn2−1∑
i=0

εn2

(
ipt + j

)
and the right-most summation is identically zero. Furthermore

pt ·
fεn2−1∑
i=0

εn2

(
ipt + j

)
· i = pt ·

fεn2−1∑
i=0

εn2(i) ·
(
(i− j)p−t

)]
so statement (ii) is also verified.
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2.3 Expressing Rm,e

∣∣U2m−1
p in terms of a rational basis

The next stage is to write Rm,e
∣∣U2m−1

p in terms of an explicit rational basis of M2

(
Γ0(pNE)

)
.

One first uses the decomposition

M2

(
Γ0(pNE)

)
= S2

(
Γ0(pNE)

)
⊕ Eis2

(
Γ0(pNE)

)
where the second summand denotes the space of generalised Eisenstein series of weight two,
level pNE and trivial nebentypus.

Definition 2.5. For two Dirichlet characters χ and ψ, we define the q-expansion

E2(χ, ψ)(q) = c0(χ, ψ)q0 +
∞∑
m=1

∑
d|m

ψ(d)χ
(
m/d

)
· d

 qm ∈ Q
[[
q
]]

where the constant term c0(χ, ψ) =

{
0 if fχ > 1

−B2,ψ/4 if fχ = 1.

Let XpNE be the group of Dirichlet characters χ : (Z/pNEZ)× → C×. One can then form sets

Σ1 :=
{
E2(1,1)(q)− c · E2(1,1)(qc) where c ∈ N, c 6= 1 and c

∣∣pNE

}
, and

Σ2 :=
{
E2(χ, χ−1)(qc) where c ∈ N, χ ∈ XpNE − {1} and cf2χ

∣∣pNE

}
.

Remember throughout we have assumed the conductor NE is divisible by 4, and that p - NE .
The following is a special case of a very well known result – the full details can be found in
Miyake’s book [28, Thm 4.7.1 and §7.2].

Proposition 2.6. (i) dimC

(
Eis2

(
Γ0(pNE)

))
= 2 ·

∑
d|NE φ

(
gcd(d,NE/d)

)
− 1;

(ii) The union Σ1 ∪ Σ2 consists of Hecke eigenforms, and yields a C-basis for Eis2

(
Γ0(pNE)

)
.

Turning our attention to the space of cusp forms,

S2

(
Γ0(pNE)

) ∼= ⊕
M |pNE

⊕
c|pNE/M

Snew
2

(
Γ0(M)

)∣∣∣Vc
and one can express an arbitrary cusp form as a linear combination of Hecke eigenforms.

Proposition 2.7. Since 4 divides NE, the size of the space of cusp forms is given by

dimC

(
S2

(
Γ0(pNE)

))
= 1 +

(
p+ 1

12

)
·
∏
l|NE

(
l + 1

)
· lordl(NE)−1 −

∑
d|NE

φ
(

gcd(d,NE/d)
)
.

Proof. This follows immediately from a classical formula of Shimura (e.g. see [34, Prop 6.1]),
upon noting that 4|pNE and p exactly divides the level pNE .

Write dS for the dimension of S2

(
Γ0(pNE)

)
, and let dEis be the dimension of Eis2

(
Γ0(pNE)

)
.

Then there exist coefficients δ•(m, e) ∈ Q such that

Rm,e
∣∣U2m−1

p = δ1(m, e)·fE(z) + δ2(m, e)·fE(pz) +

dS∑
i=3

δi(m, e)·gi +

dEis∑
j=1

δj+dS (m, e)·hj (6)
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where
{
fE(z), fE(pz), g3(z), g4(z), . . . , gdS (z)

}
is a basis of cuspidal eigenforms at level pNE ,

and
{
h1, . . . , hdEis

}
denotes an arbitrary Q-basis for the Eisenstein component.

Remarks: (a) We have adopted the labelling convention that g1(z) = fE(z) and g2(z) = fE(pz).

(b) To find the basis elements g1, . . . gdS generating the space of cusp forms, at every M | pNE

we compute a basis of q-expansions for Snew
2

(
Γ0(M)

)
, by using the SAGE command

CuspForms(Gamma0(N),k).new subspace().q expansion basis(prec)

with level N = M and for weight k = 2. We then compute g(qc) for each g ∈ Snew
2

(
Γ0(M)

)
and

c dividing pNE/M (note the precision of the q-expansions is determined by the value of prec).

(c) To find the elements h1, . . . , hdEis
one can code up an implementation of Proposition 2.6(ii),

or instead produce a basis of q-expansions (in echelon form) via the SAGE command

EisensteinForms(Gamma0(N),k).q expansion basis(prec)

with level N = pNE and for weight k = 2, once again.

We are then left with the task of determining the δ•(m, e)’s, especially δ1(m, e) and δ2(m, e). To
accomplish this we select an ordered tuple N =

[
n1, n2, . . . , ndS+dEis

]
∈ NdS+dEis of distinct

positive integers, then consider the (dS + dEis)× (dS + dEis)-linear system of equations

rnp2m−1(m, e) =

dS∑
i=1

an(gi) · δi(m, e) +

dEis∑
j=1

an(hj) · δj+dS (m, e) for each n ∈ N,

arising from Equation (6). The corresponding q-coefficient matrix is given by

M =


an1

(
g1

)
. . . an1

(
gdS
)

an1

(
h1

)
. . . an1

(
hdEis

)
an2

(
g1

)
. . . an2

(
gdS
)

an2

(
h1

)
. . . an2

(
hdEis

)
...

...
...

...
andS+dEis

(
g1

)
. . . andS+dEis

(
gdS
)

andS+dEis

(
h1

)
. . . andS+dEis

(
hdEis

)


so we can write the system as r(m, e)T = M × δ(m, e)T , where r(m, e) =
(
rnp2m−1(m, e)

)
n∈N

and δ(m, e) =
(
δi(m, e)

)
i=1,...,#N

.

Hypothesis (detM 6= 0). The matrix M = M(N) is invertible for the choice of tuple N.

Clearly one can always find an N for which the above holds, otherwise
{
g1, . . . , gdS , h1, . . . , hdEis

}
would not be a basis for M2

(
Γ0(pNE)

)
. In practice, we choose a tuple N that will minimise∑

n∈N
∑

(n1,n2)∈Wn
fεn2 , and hence the time needed to compute the vector r(m, e).

Corollary 2.8. If Hypothesis (detM 6= 0) is satisfied for a tuple N, and W =
(
wi,j

)
1≤i,j≤#N

denotes the inverse matrix to M = M(m, e,N), then δ(m, e)T = W × r(m, e)T ; in particular

δ1(m, e) =

#N∑
j=1

w1,j · r(m, e)j and δ2(m, e) =

#N∑
j=1

w2,j · r(m, e)j .

Therefore, to obtain these first two components of δ(m, e), we must:

• compute the dimensions dS and dEis by using Propositions 2.7 and 2.6(i), respectively;

• calculate g1, . . . gdS and h1, . . . , hdEis
using the SAGE commands in (b) and (c) above;
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• find an optimal choice of N ∈ NdS+dEis such that Hypothesis (detM 6= 0) holds;

• produce the vector of q-coefficients r(m, e) =
(
rnp2m−1(m, e)

)
n∈N from Propositon 2.4;

• evaluate the first two basis coefficients, i.e. δ1(m, e) and δ2(m, e), using Corollary 2.8.

The slowest part of the algorithm is the penultimate line, and as we need #N = dS + dEis of
these rnp2m−1(m, e)’s, the time required for this step has order O

(
(dS + dEis)× p3m

)
.

2.4 An explicit formula for Lan
p (Sym2E) modulo pm, when D(E, 1) 6= 0

We shall begin by expressing the moments of the measure dµimp
E in terms of the vector δ(m, e).

For each m ≥ 1, define an integer νm,p = νm,p
(
F imp

)
by the rule

νm,p
(
F imp

)
:= min

{
ordp

(
δ1(m, e)

)
, ordp

(
δ2(m, e)

)
where e ∈

(
Z/pmZ

)×}
.

Therefore to compute νm,p we must calculate the 2(p− 1)pm−1 coefficients δ•(m, e), • = 1, 2.

The Zp-module Lm,p ⊂ Qp generated by the δ1(m, e)’s and the δ2(m, e)’s evidently satisfies

Lm,p := Zp ·
〈
δ1(m, e), δ2(m, e)

∣∣∣ e ∈ (Z/pmZ)×
〉

= pνm,p · Zp.

In particular, if the values δ•(m, e)’s are p-integral then Lm,p ⊂ Zp, whence νm,p
(
F imp

)
≥ 0.

Lemma 2.9. For each integer m ≥ 1 and congruence class e ∈
(
Z/pmZ

)×
,

µimp
E

(
e+ pmZp

)
=
−2 wE
α2m
p

· (1− α−2
p )×

(
αp · δ1(m, e) + δ2(m, e)

)
and these moments lie inside pνm,p(1− α−2

p ) · Zp.

Proof. Considering Equations (4) and (6) in turn, one deduces that

µimp
E (e+ pmZp) = 2α−2m

p ×

〈
f0 , Rm,e

∣∣U2m−1
p

〉
pNE〈

fE , fE
〉
NE

= 2α−2m
p ×

〈
f0 , δ1(m, e)fE(z) + δ2(m, e)fE(pz) + R̃(z)

〉
pNE〈

fE , fE
〉
NE

where R̃(z) ∈M2

(
Γ0(pNE)

)
intersects trivially with the isotypic subspace

(
C ·fE⊕C ·fE(pz)

)
.

If we make full use of Lemma 2.2, the three Petersson inner product identities imply

µimp
E (e+ pmZp) = 2α−2m

p ×

(
δ1(m, e) ·

(
−wE ·

α2
p − 1

αp

)
+ δ2(m, e) ·

(
−wE ·

α2
p − 1

α2
p

)
+ 0

)

which is equivalent to the stated formula.

Note the integrality statement for µimp
E (−) follows as δ•(m, e) ∈ pνm,p ·Zp and −2wE

α2m
p
∈ Z×p .

An important corollary of this result is that the power series F imp(X) belongs to pνm,p ·Zp[[X]],
hence the imprimitive p-adic L-function is p-integral if

∣∣δ1(m, e)
∣∣
p
,
∣∣δ2(m, e)

∣∣
p
≤ 1 for all e.

Furthermore, if Sord denotes the set of primes where E has good ordinary reduction over Qp,
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and Sdenom consists of those primes dividing 6×
∏
l∈S1

Hl(l
−1)× (2πi)−1Ω+

EΩ−E
π〈fE ,fE〉NE

(cf. Lemma 2.1),

an easy exercise verifies that

F(X) ∈ pνm,p · Zp[[X]] at every prime p ∈ Sord − Sdenom.

Consequently, the primitive p-adic L-function Lp(Sym2E, s) is a p-integral Iwasawa
function at good ordinary primes p 6∈ Sdenom for which sup

{
νm,p(F imp)

∣∣ m ∈ N
}
≥ 0.

For each m, the quantities νm,p give a lower bound on the µ-invariant of F(X) when p 6∈ Sdenom.
In all of our numerical calculations, we found that the exponent νm,p(F imp) stabilized as a
function of m ≥ 3, and was only once smaller than −2 in value. In fact, this was the single
instance where L′p(Sym2E, 1) 6∈ Zp, occurring at the prime p = 3 for the curve E = 268a1.

Theorem 2.10. Provided that D(E, 1) 6= 0, if one defines ξSym2E := D(E,1)
π〈fE ,fE〉NE

and sets

εp = ordp
(
(1− α−2

p ) · ξSym2E

)
, then the L-invariant will satisfy the congruences

Lan
p (Sym2E) ≡

−2 wE · ξ−1
Sym2E

α2m
p (1− pα−2

p )
×

∑
e∈(Z/pmZ)×

logp<e>p ·
(
αp ·δ1(m, e)+δ2(m, e)

)
mod pm+νm,p−εp

for every integer m ≥ 1.

Proof. From Lemma 2.9, our formulae for the moments of the measure dµE imply that

d

ds
Limp
p (Sym2E, s)

∣∣∣
s=1

=

∫
x∈Z×p

logp<x>p · dµ
imp
E (x)

≡
∑

e∈(Z/pmZ)×

logp<e>p ·µ
imp
E (e+ pmZp) mod pm+νm,p

≡ −2 wE
α2m
p

· (1− α−2
p ) ×

∑
e∈(Z/pmZ)×

logp<e>p ·
(
αp · δ1(m, e) + δ2(m, e)

)
mod pm+νm,p .

Now using Equation (1) which is valid as D(E, 1) 6= 0, the L-invariant can be expressed as

Lan
p (Sym2E) =

(
(1− α−2

p )(1− pα−2
p ) ξSym2E

)−1
× d

ds
Limp
p (Sym2E, s)

∣∣∣
s=1

and since (1− α−2
p )(1− pα−2

p ) ξSym2E · Zp = pεp · Zp, the result follows directly.

2.5 Attempts at evaluating the moments
∫
xj · dµimp

E for j 6= 0?

Theoretically at least, there should be a more efficient way to compute the derivative of the
imprimitive p-adic L-function at s = 1, which we now outline. Keeping our previous notation,

d Limp
p (Sym2E, s)

ds
=

∫
Z×p
<x>s−1

p logp<x>p · dµ
imp
E (x)

=

p−1∑
e=1

∞∑
j=0

Ae,j(s) ·
∫
e+pZp

xj · dµimp
E (x)

where
∑∞

j=0Ae,j(s)xj is the power series development for <x>s−1
p logp<x>p along e+ pZp.

Question. Is there an efficient algorithm to determine
∫
e+pZp x

j · dµimp
E (x) when j 6= 0?
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If there is a positive answer, then one simply needs to evaluate
∑∞

j=0Ae,j(1) ·
∫
e+pZp x

j · dµimp
E

to some prescribed p-adic precision, and next sum the values over the range e = 1, . . . , p − 1.
In theory this should yield a far quicker and more accurate method than using Riemann sums,
but in practice there are a number of difficulties that arise.

To better illustrate these difficulties, let us assume that Fk is a p-stabilised ordinary Hecke
eigenform of weight k ≥ 2 and level Np. The critical points for the L-function of the symmetric
square of Fk are {1, . . . , 2k−2} which, after p-adically interpolating Limp

(
Sym2Fk, s

)
at positive

integer values, naturally subdivide into the disjoint subsets {1, . . . , k − 1} and {k, . . . , 2k − 2}.
If dµimp,−

Sym2Fk(j)
is the measure interpolating χ-twists of Sym2Fk(j) at each j ∈ {1, . . . , k − 1},

then the analytic methods in [9, 31] imply for some non-zero constant ck ∈ Q×:

∫
e+pmZp

xj−1 · dµimp,−
Sym2Fk(1)

(x) = µimp,−
Sym2Fk(j)

(
e+ pmZp

)
= ck ×

〈
F0
k , Hol

(
R̃

(k,j)
m,e

)∣∣U2m−1
p

〉
pN〈

Fk,Fk
〉
pN

where R̃
(k,j)
m,e are certain C∞-modular forms exhibiting moderate growth at the cusps ofX1(p2mN),

and ‘Hol’ denotes the operator of holomorphic projection, in the terminology of [20].

Remarks: (i) If j = k − 1 then the modular forms R̃
(k,k−1)
m,e are already holomorphic, and there

is no need to hit them with the operator ‘Hol’ (e.g. for weight k = 2, one has Rm,e = R̃
(2,1)
m,e ).

(ii) However if j ∈ {1, . . . , k− 1} and j 6= k− 1, then R̃
(k,j)
m,e is not a holomorphic modular form.

(iii) More alarmingly, if j ∈ Z−{1, . . . , k−1} then R̃
(k,j)
m,e no longer has moderate growth at the

cusps of X1(p2mN), so attempting to evaluate Hol
(
R̃

(k,j)
m,e

)
does not even make sense.

For each critical value j ∈ {1, . . . , k − 1}, the Fourier expansion of Hol
(
R̃

(k,j)
m,e

)∣∣U2m−1
p can be

readily computed [9, pp.592-594], and is of the form

Hol
(
R̃(k,j)
m,e

)∣∣∣U2m−1
p =

∞∑
n=1

 ∑
p2m−1n=Nn2

1+n2

C(k,j)
n2,m,n ×

∫
x∈e+pmZp

xj−k+1 · dµ−(x, εn2)

 · qn
(7)

where the scalars C
(k,j)
n2,m,n ∈ Q, and dµ−(x, εn2) is the twisted Kubota-Leopoldt pseudo-measure

interpolating
∫
Z×p χx

s · dµ−(x, εn2) = ζp(s, χ
−1εn2) at finite order characters χ, with 1− s ∈ N.

In order to evaluate
∫
xj ·dµimp,−

Sym2Fk(k−1)
, one could naively try to Tate twist the q-expansions

in Equation (7) at integer values j 6∈ [1, k − 1], and then compute the F0
k -isotypic component.

We attempted this for both the ranges j > k − 1 and j < 1 (which lie outside the region of
p-adic interpolation), but found that the corresponding q-expansions could not possibly come
from modular forms of level Np. Essentially these methods fail because the operator ‘Hol’
cannot be extended to real analytic forms that do not exhibit moderate growth.

A possible salvage is to allow the p-stabilised eigenform Fk to vary in an ordinary family.
For example, one could pick another weight k′ = k + t(p− 1)pr for some t, r ∈ N, and a Hecke
eigenform Fk′ ∈ Sk′

(
Γ1(Np)

)
such that Fk′ ≡ Fk mod pr. Morally it should be the case that

Lan
p

(
Sym2(Fk′)(k′ − 1)

)
and Lan

p

(
Sym2(Fk)(k − 1)

)
are also congruent, albeit modulo a lesser

power of p. Suppose that we want to compute the moments
∫
xj · dµimp,−

Sym2Fk′ (k′−1)
instead.

Because k′ = k+ t(p−1)pr with the chosen r > 1, the strip {1, . . . , k′−1} is considerable larger

than the strip {1, . . . , k−1}, so the range of j’s for which Hol
(
R̃

(k′,j)
m,e

)∣∣∣U2m−1
p is a classical weight

k′ modular form is now bigger. There are also more moments
∫
xj · dµimp,−

Sym2Fk′ (k′−1)
available.
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The main hindrance is that expressing Hol
(
R̃

(k′,j)
m,e

)∣∣∣U2m−1
p in terms of a basis of weight

k′ modular forms is computationally far slower than before, as the dimension of Mk′
(
Γ0(Np)

)
grows rapidly with k′. Therefore any advantage gained by calculating this larger set of moments

is immediately offset by the slowness in writing each Hol
(
R̃

(k′,j)
m,e

)∣∣∣U2m−1
p in terms of a C-basis.

For example, if p = 5, N = 11, k = 2 and k′ = 2 + (5− 1)510 then a simple SAGE calculation

reveals dimC

(
Mk′

(
Γ0(Np)

))
= 234, 375, 008, which is crippling from a numerical standpoint.

Nevertheless, because the subspace of p-ordinary modular forms has fixed dimension by Hida’s
control theory, any theoretical result which could bypass the slowness in computing a full basis
for Mk′

(
Γ0(Np)

)
would make the algorithm far more efficient.

3 The Basic Method

Using the SAGE computer package, we implemented the method outlined in §2.1- §2.4 to compile
tables of d

dsL
imp
p (Sym2E, s)

∣∣
s=1

for all curves E of conductor NE ≤ 300 such that 4
∣∣NE , as well

as their symmetric square L-invariants. These numerical values are tabulated in Appendix B.
Here we were mainly interested in verifying that Lan

p (Sym2E) was non-zero, rather than in
computing it to a high p-adic accuracy.

3.1 An algorithm to compute the L-invariant numerically

We begin with some general observations. Assume we are given an elliptic curve E/Q with no

restriction on its conductor NE . Then Lan
p (Sym2E) depends only on the Q-isogeny class of E.

Indeed Nastasescu [29] has shown that the p-adic L-function for Sym2E uniquely determines
the Q-isogeny class of the elliptic curve E, up to a twist by a quadratic character.

Let l 6= 2 be a prime. We write ωl : F×l → µl−1 for the Teichmüller character modulo l,
which associates to each x ∈ F×l the unique (l − 1)-st root of unity congruent to x modulo l.

One can then define a quadratic character $l : F×l → {±1} by the rule $l(x) = ω
(l−1)/2
l (x).

However if l = 2, then $2 : (Z/4Z)× → {±1} denotes the quadratic character of conductor 4.

Step 1: If E has conductor NE divisible by 4 and 2 ≤ ord2(NE⊗θ) < ord2(NE) where θ is one
of $2,

(−
2

)
, and

( −
−2

)
, then replace E with its twist E⊗ θ; alternatively, if E has conductor NE

such that ord2(NE) ≤ 1, then replace E with its twist E ⊗$2 to ensure that 4|NE holds.

Step 2: For our (possibly new) choice of E, let us define the set

S1 = S1(E) :=
{

primes l
∣∣NE such that ordl(jE) ≥ 0

}
.

Note if the j-invariant of E satisfies ordl(jE) < 0, then the Euler factor at l for D(E, s) equals
1− (±1)2l−s = 1− l−s which agrees with that of L∞

(
Sym2E, s

)
, hence there is no discrepancy;

the contribution to the l-part of the conductor is then given by ordl
(
CSym2E

)
= 2 if l

∣∣∣∣NE .

We shall now compute the bad Euler factors, Hl(X), at each prime number l ∈ S1, and also
the l-part of CSym2E (we should point out that E has potential good reduction at all l ∈ S1).

If l 6= 2, we write Φl ⊂ Gal
(
Ql(E4)/Ql

)
for the inertia subgroup; alternatively, if l = 2 then

Φ2 ⊂ Gal
(
Q2(E3)/Q2

)
will denote the inertia subgroup.

Step 3a: Suppose E ⊗ θ has good reduction at l where θ = $l if l > 2, or θ ∈
{
$2,

(−
2

)
,
( −
−2

)}
if l = 2; then Hl(X) = (1 − α̂l2X)(1 − β̂l

2
X)(1 − lX) with Φl

∼= C2 and ordl
(
CSym2E

)
= 0,

where the Hecke polynomial 1− al
(
E ⊗ θ

)
X + lX2 = (1− α̂lX)(1− β̂lX).
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Step 3b: If #Φl > 2, then each factor Hl(X) is determined by Proposition A.1 in the Appendix,
in which case ordl

(
CSym2E

)
can be read off from the results in [7, pp120-121].

Step 4: Evaluate the imprimitive L-value ξSym2E = D(E,1)
π〈fE ,fE〉NE

using the formula in Lemma 2.1,

which requires both
∏
l∈S1

Hl(X) and CSym2E =
∏
l|NE l

ordl(CSym2E) from the previous steps.
However, if D(E, 1) = 0 then STOP!

Step 5: Compute dS and dEis, then find a q-coefficient matrix M = M(N) with det(M) 6= 0.

Step 6: Fix the desired accuracy m ≥ 1; then for each e ∈ (Z/pmZ)×, compute both of the
terms δ1(m, e) and δ2(m, e) by following the method described at the end of Corollary 2.8.

Step 7: Calculate Lan
p (Sym2E) mod pm+νm,p−εp via the numerical congruences in Theorem 2.10.

The structure of these inertia subgroups Φl was worked out completely by Serre in [32, §5.6].
To summarise, if ordl(jE) ≥ 0 and l

∣∣NE then Φl ∈
{
C2, C3, C4, C6

}
provided that l 6= 2, 3. If

l = 3 then the semi-direct product C4 oC3 is also a possibility, while if l = 2 then both SL2(F3)
and Q8 (the quaternion group of size 8) can also occur as Φl.

Fortunately, there is an extensive table given in [7, p121] which contains the information
required to pin down the structure of Φ2 and Φ3, as well as the 2- and 3-parts of CSym2E .
Therefore Step 3 can be fully automated.

We should also point out that the matrix M(N) in Step 5 need only be determined once,
which is lucky because dS+dEis can typically be greater than 104 even if NE is relatively small.

3.2 A general formula for Lp(Sym
2E, 1)′ modulo pm, even when D(E, 1) = 0

It is important to mention for the six elliptic curves 176b1, 196a1, 200b1, 240d1, 272b1, 300c1,
the value of Limp

p (Sym2E, 1)′ is zero at all primes p simply because D(E, s) vanishes at s = 1.

One should note that the triviality of Limp
p (Sym2E, 1)′ does not imply either the

triviality of Lp(Sym2E, 1)′, nor the triviality of Lan
p (Sym2E).

In order that our study of Conjecture 1.3 is not missing out any curves of conductor ≤ 300,
for those six elliptic curves listed above with D(E, 1) = 0, we shall now describe a general
method to approximate Lp(Sym2E, 1)′ that will work irrespective of whether D(E, 1) is zero.
Let us begin by partitioning the set S1 = S1(E) into a disjoint union of

S′1,− :=
{
l ∈ S1 − {2} such that #Φl > 2 and Gal

(
Ql(E4)/Ql

)
is abelian

}
,

S′′1,− :=
{
l ∈ S1 such that #Φl = 2

}
, and S1,+ := S1 − S′1,− − S′′1,−.

A careful reading of the argument in [7, pp119-121] indicates that for each prime l ∈ S′1,−∪S′′1,−,
one has Hl(X) = (1− lX) ·Υl(X) where

Υl(X) :=

{
1 if l ∈ S′1,−(
1− α̂2

lX
)(

1− β̂2
l X
)

if l ∈ S′′1,−.
(8)

Alternatively, if a prime l ∈ S1,+ then Hl(X) = (1 + lX) unless either l = 3 and Φ3
∼= C4 oC3,

or instead l = 2 and Φ2 ∈
{

SL2(F3), Q8

}
, in which case Hl(X) = 1.

It follows that for s ∈ C, there is a natural separation of Euler factors given by

∏
l∈S1

Hl(l
−s) =

 ∏
l∈S1,+

Hl(l
−s) ×

∏
l∈S′′1,−

Υl(l
−s)

× ∏
l∈S′1,−∪S′′1,−

(
1− l1−s

)
with the bracketted term non-zero at s = 1, while the other term has order #S′1,− + #S′′1,−.
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Definition 3.1. For any s ∈ Zp, let us define the (period modified) p-adic L-function by

Laut
p (Sym2E, s) :=

(2πi)−1Ω+
EΩ−E

π
〈
fE , fE

〉
NE

× Lp(Sym2E, s).

Comparing the above with the imprimitive p-adic L-function, one can factorise the latter into

Limp
p (Sym2E, s) = Ip(s) ·

∏
l∈S′1,−∪S′′1,−

(
1−< l >s−1

p

)
× Laut

p (Sym2E, s) (9)

where Ip(s) ∈ Zp〈〈s〉〉 is an Iwasawa function satisfying

Ip(1) =
∏

l∈S1,+

Hl(l
−1)×

∏
l∈S′′1,−

Υl(l
−1).

It follows directly from this factorisation that

orders=1

(
Limp
p (Sym2E, s)

)
= #S′1,− + #S′′1,− + orders=1

(
Laut
p (Sym2E, s)

)
,

hence Conjecture 1.3 is equivalent to Limp
p (Sym2E, s) vanishing with order 1 + #S′1,− + #S′′1,−

at the critical point s = 1.

To verify Coates and Greenberg’s conjecture for a given elliptic curve E when S′1,−∪S′′1,− 6= ∅,
we must therefore supply a method to calculate Laut

p (Sym2E, 1)′, then check it is non-zero.

Theorem 3.2. For all integers m ≥ 1, there are congruences

d

ds
Laut
p (Sym2E, s)

∣∣∣∣
s=1

≡
∑

e∈(Z/pmZ)×
(

logp<e>p
)1+#S′1,−+#S′′1,− · µimp

E (e+ pmZp)
(1 + #S′1,− + #S′′1,−)!× Ip(1)×

∏
l∈S′1,−∪S′′1,−

logp(1/l)

modulo p
m+νm,p−ordp

(
Ip(1)×

∏
l∈S′1,−∪S

′′
1,−

logp(1/l)
)
.

Proof. Let us first set κp := #S′1,− + #S′′1,− ≥ 0. We have the following Taylor series at s = 1:

• Limp
p (Sym2E, s) =

dκp+1Limp
p (Sym2E, s)

dsκp+1

∣∣∣∣
s=1

· (s− 1)κp+1

(κp + 1)!
+ O

(
(s− 1)κp+2

)
• Laut

p (Sym2E, s) =
dLaut

p (Sym2E, s)

ds

∣∣∣∣
s=1

· (s− 1) + O
(
(s− 1)2

)
• Ip(s) = Ip(1) · (s− 1)0 + O

(
(s− 1)1

)
•

(
1−< l >s−1

p

)
= logp(1/l) · (s− 1)1 + O

(
(s− 1)2

)
for each prime l 6= p.

Plugging these directly into Equation (9), one reads off from the (s− 1)κp+1-term that

dLaut
p (Sym2E, s)

ds

∣∣∣∣
s=1

=

dκp+1Limp
p (Sym2E,s)

dsκp+1

∣∣∣∣
s=1

(κp + 1)! · Ip(1)×
∏
l∈S′1,−∪S′′1,−

logp(1/l)
.

Further, upon differentiating the Mazur-Mellin transform (κp + 1)-times, one easily deduces

dκp+1Limp
p (Sym2E, s)

dsκp+1

∣∣∣∣
s=1

=

∫
x∈Z×p

(
logp<x>p

)κp+1 · dµimp
E (x)

≡
∑

e∈(Z/pmZ)×

(
logp<e>p

)κp+1 × µimp
E (e+ pmZp) mod pm+νp .

The approximation now follows after dividing by (κp + 1)! · Ip(1)×
∏
l∈S′1,−∪S′′1,−

logp(1/l).
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Remarks: (a) The preceding theorem yields an effective method to calculate Laut
p (Sym2E, 1)′,

as a formula for the moments of the measure dµimp
E has already been given in Lemma 2.9.

(b) The L-invariant itself is then obtained simply by working out the ratio

Lan
p (Sym2E) =

d

ds
Laut
p (Sym2E, s)

∣∣∣∣
s=1

×
(

(1− α−2
p )(1− pα−2

p )× L∞(Sym2E, 1)

π〈fE , fE〉NE

)−1

.

(c) In the Appendix A, we give a method to determine S1,+, S′1,−, S′′1,− and also the Hl(X)’s.

(d) If S′1,− = S′′1,− = ∅ so that D(E, 1) 6= 0, then Theorem 3.2 and the L-invariant equation

specialise to the situation covered in §2.4 – here Laut
p and Limp

p have the same order at s = 1.

A worked example at level 176. Consider the elliptic curve

E = 176b1 : y2 = x3 + x2 − 5x− 13

of conductor NE = 24 · 11. Its first few good ordinary primes are p = 3, 5, 7, 13, . . . with
corresponding Hecke eigenvalues a3(E) = 1, a5(E) = 1, a7(E) = 2, a13(E) = 4, . . . respectively.
The quadratic twist E ⊗ $2 has conductor 11, and therefore will be Q-isogenous to X0(11).
One determines that S1,+(E) = S′1,−(E) = ∅ and S′′1,−(E) = {2}, with

Υ2(X) =
(
1− α̂2

2X
)(

1− β̂2
2X
)

= 1 + 4X2

where α̂2 = −1 + i and β̂2 = −1 − i are the roots of X2 − a2

(
X0(11)

)
X + 2 = X2 + 2X + 2.

Furthermore at s = 1, the primitive complex L-function satisfies

L∞(Sym2E, 1)

π〈fE⊗$2 , fE⊗$2〉NE⊗$2

=
4 ·
√
CSym2E

NE⊗$2

×
∏

l∈S1(E⊗$2)

1

Hl(l−2)
=

4 ·
√

121

11
× 1 = 4.

The period ratio is given by

〈fE⊗$2 , fE⊗$2〉NE⊗$2

〈fE , fE〉NE
=

[
Γ0(NE⊗$2) : Γ0(NE)

]−1 × Ress=2

(∑∞
n=1 an(E ⊗$2) · n−s∑∞

n=1 an(E) · n−s

)
=

NE⊗$2 ·
∏
l|NE⊗$2

(1 + 1/l)

NE ·
∏
l|NE (1 + 1/l)

× 1 + 1/2

D2(E ⊗$2, 2)
=

1

16×
(
(1− 21−2) ·Υ2(2−2)

) =
1

10
,

in which case

L∞(Sym2E, 1)

π〈fE , fE〉NE
=

L∞(Sym2E, 1)

π〈fE⊗$2 , fE⊗$2〉NE⊗$2

×
〈fE⊗$2 , fE⊗$2〉NE⊗$2

〈fE , fE〉NE
= 4× 1

10
=

2

5
.

Now for each choice of prime p ∈ {3, 5, 7, 13}, applying Theorem 3.2 yields the congruences

Laut
p (Sym2E, 1)′ ≡

∑
e∈(Z/pmZ)×

(
logp<e>p

)2 · µimp
E (e+ pmZp)

2!×Υ2(2−1)× logp(1/2)
mod pm+νm,p−1.

Evaluating the moments of the measure dµimp
E (via Lemma 2.9) for varying m ≥ 2, we obtain

Laut
3 (Sym2E, 1)′ = p+O(p4), Laut

5 (Sym2E, 1)′ = p+O(p2),

Laut
7 (Sym2E, 1)′ = 2p+O(p2), Laut

13 (Sym2E, 1)′ = 4p+O(p2).
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Finally, dividing the above derivatives by (1− α−2
p )(1− pα−2

p )× L∞(Sym2E,1)
π〈fE ,fE〉NE

, we conclude that

Lan
3

(
Sym2X0(11)

)
= Lan

3 (Sym2E) = 1 + 2p2 +O(p3)

Lan
5

(
Sym2X0(11)

)
= Lan

5 (Sym2E) = p+O(p2)

Lan
7

(
Sym2X0(11)

)
= Lan

7 (Sym2E) = 2p+O(p2)

Lan
13

(
Sym2X0(11)

)
= Lan

13(Sym2E) = 2p+O(p2)

which are all non-zero elements of Zp.

Remark: In fact, if one chooses p = 11 so that X0(11) has split multiplicative reduction at p,
then it is established in [13, p51] that Lan

11

(
Sym2X0(11)

)
= 6p + 5p2 + 7p3 + 7p4 + O(p5) 6= 0

by using an approach based on overconvergent modular symbols3. It follows immediately that
Conjecture 1.3 must hold for the modular elliptic curve X0(11), at all odd primes p < 17.

3.3 The connection with deformation theory

We conclude by interpreting these numerical calculations in the context of Λ-adic cusp forms.
For a given elliptic curve E/Q and a good ordinary prime p ≥ 3, one can lift the p-stabilisation
f0 ∈ S2

(
Γ0(pNE)

)
to an I-adic eigenform, F , where I denotes a suitable finite, flat extension

of Zp[[X]], isomorphic to the irreducible component of the universal ordinary Hecke algebra
carrying the form f0.

For a sufficiently small choice of p-adic disk W ⊂ Zp centred on k = 2, each specialisation

Fk := F
∣∣
X=(1+p)k−2−1

∈ Sk
(
Γ0(NEp

∞), ω2−k
p

)
for k ∈ W ∩ Z≥2

yields a classical cuspidal Hecke eigenform, with the q-expansion Fk(q) =
∑∞

n=1 a
(
Fk, n

)
qn.

One can then interpolate each qn-coefficient to yield a function, a
(
F(X), n

)
, on the disk W.

If n = p, then the derivative of a
(
F(X), p

)
with respect to X is rigid meromorphic on W.

Hida established in [25, Prop 7.1] under suitable hypotheses (which are true, for instance, if the

versal deformation ring RE is Gorenstein) that da(F ,p)
dX is non-zero, and can thus vanish at only

finitely many unspecified bad weights. Furthermore, the main formula in [26, Thm 1.1] yields

LGr
p

(
Sym2(Fk)(k)

)
= −2 logp(1 + p) · a

(
Fk, p

)−1 × da(F , p)
dX

∣∣∣∣
X=(1+p)k−2−1

(10)

for every weight k ∈ W ∩Z≥2, where LGr
p

(
−
)

again denotes Greenberg’s algebraic L-invariant.

Note that the Gorenstein property of the versal deformation ring RE above has been verified
for numerous elliptic curves E, and ordinary primes p ≥ 3 (see [4, 24, 35]). For example, it is
known to hold if the conductor NE of the elliptic curve is a square-free integer.

Remarks: (a) Let Lp
(
Fk ⊗ Fk, s

)
denote the analytic p-adic L-function constructed in [23],

which interpolates the special values L
(
Fk ⊗ Fk ⊗ χ, k

)
. From Dasgupta’s result in [10, Thm

1], one has a factorisation

Lp
(
Fk ⊗Fk, s

)
= ? × ζp

(
s− k + 1, ω0

p

)
× Lp

(
Sym2(Fk), s

)
.

Here ? consists of some Euler factors which are non-zero at classical weights, and so ?
∣∣
s=k
6= 0.

3 We also computed Lp(Sym2E) for E = 304e1 at the good ordinary prime p = 5, using an identical method.
In fact L5(Sym

2(304e1)) = L5(Sym
2(19a1)) because E ⊗ $2 is Q-isogenous to 19a1; thankfully, the value we

obtained numerically agreed with the 5-adic expansion for L5(19a1) given in [13, p52], at the weight k + 2 = 2.
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(b) Allowing s→ k and observing that Ress=k

(
ζp
(
s− k+ 1, ω0

p

))
= 1− p−1, the above implies

Lp
(
Fk ⊗Fk, k

)
= Lan

p

(
Sym2(Fk)(k)

)
× Ep(Fk) ·

L∞(Sym2Fk, k)

Ω∞,Sym2(Fk)

(11)

with Ep(Fk) = ?
∣∣
s=k
·
(
1− p−1

) (
1− αp(Fk)−2pk−1

)(
1− β(Fk)−2

p p−k
)
6= 0.

(c) Under the same assumptions as [26, Thm 1.1], Citro proves in [5, Thm 1] that

Lp
(
Fk ⊗Fk, k

)
= LGr

p

(
Sym2(Fk)(k)

)
× Ep(Fk) ·

L∞(Sym2Fk, k)

Ω∞,Sym2(Fk)

. (12)

Using Equations (11) and (12), Dasgupta [10, Thm 4] then reads off Greenberg’s prediction
that

LGr
p

(
Sym2(Fk)(k)

)
= Lan

p

(
Sym2(Fk)(k)

)
= Lan

p

(
Sym2(Fk)(k − 1)

)
(note the second equality is a consequence of the p-adic functional equation for Sym2(Fk)).

A corollary of these remarks is that we can replace the algebraic L-invariant in Equation (10)
with either analytic version. In particular, at weight two Hida’s formula now becomes

da(F , p)
dX

∣∣∣∣
X=0

= − αp
2 logp(1 + p)

× Lan
p

(
Sym2E

)
(13)

hence the derivative of a(F , p) at zero coincides with
Lanp (Sym2E)

p , up to an explicit p-adic unit.
Of course, this could just end up being be the equation “0 = 0” in disguise!

Nevertheless, combining our numerical calculations from Appendix B with Equation (13):

Corollary 3.3. Suppose that E is an elliptic curve over Q of conductor NE ≤ 300 with 4|NE,
and let p ≤ 13 be a prime of good ordinary reduction for E. Provided that (E, p) is not one of
the ten missing pairs listed in Theorem 1.4(ii)-(iii), it immediately follows that

da(F , p)
dX

∣∣∣∣
X=0

= δp(E) ·
Lan
p (Sym2E)

p
6= 0

where F denotes the Hida family lifting fE ∈ Snew
2

(
Γ0(NE)

)
, and δp(E) := − pαp

2 logp(1+p) ∈ Z×p .

Dummit, Hablicsek, Harron, Jain, Pollack and Ross [13] have a direct method to calculate
a(F , p)′(0) through the use of overconvergent modular symbols, and they have computed four
examples in op. cit., thereby establishing the non-triviality of Lan

p (Sym2E) in these cases.
Their results further determine power series expansions for a(Fk, p), as a function of k, over the
weight-space W.

The non-triviality of this L-invariant has a key consequence for the Iwasawa Main Conjecture
for Sym2E over the cyclotomic Zp-extension Qcyc of Q. The property that Lan

p (Sym2E) 6= 0
allows one to deduce that the order of the algebraic p-adic L-function at s = 1 is exactly one.
Here the algebraic p-adic L-function denotes the Mazur-Mellin transform of a generator, for
the characteristic ideal of Homcont

(
Selp∞

(
Sym2E(1)/Qcyc

)
,Q/Z

)
over the cyclotomic Iwasawa

algebra Zp
[[

Gal(Qcyc/Q)
]]

– we refer the reader to [30, Sect 10] for a fuller discussion.
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A Determining the set S1, and the bad factors Hl(X) with l ∈ S1

The purpose of this Appendix is to compute the decomposition S1 = S1,+ ∪ S′1,− ∪ S′′1,−, and
the corresponding Euler factors Hl(X). We retain the same notation and assumptions as §3.2.
Let ∆E denote the discriminant associated to a minimal Weierstrass equation for E over Z.

Proposition A.1. (a) A prime l ∈ S1 belongs to the subset S′′1,− if and only if ordl
(
NE⊗θ

)
= 0

at the character θ = $l if l > 2, or instead at θ ∈
{
$2,

(−
2

)
,
( −
−2

)}
if l = 2, in which case

Hl(X) = (1− α̂2
lX)(1− β̂2

l X)(1− lX)

where 1− al(E ⊗ θ)X + lX2 = (1− α̂lX)(1− β̂lX).

(b) A prime l ∈ S1 − S′′1,− − {2, 3} belongs to S′1,− if and only if either

• ordl
(
∆E

)
= 2, 4, 8, 10 and l ≡ 1 ( mod 3), or

• ordl
(
∆E

)
= 3, 9 and l ≡ 1 ( mod 4)

in which case Hl(X) = 1− lX.

(c) A prime l ∈ S1 − S′′1,− − {2, 3} belongs to S1,+ if and only if either

• ordl
(
∆E

)
= 2, 4, 8, 10 and l ≡ 2 ( mod 3), or

• ordl
(
∆E

)
= 3, 9 and l ≡ 3 ( mod 4)

in which case Hl(X) = 1 + lX.

(d) For a prime l ∈
(
S1 ∩ {2, 3}

)
− S′′1,−, one determines whether it belongs to S′1,− or to S1,+,

and also its Euler factor Hl(X), by using the tables in [7, p121] and Lemma 2.13 of op. cit.

Proof. Most of these statements follow from the description in [32] of the Galois representation
ρE,p∞ : Gal(Q/Q)→ GL2(Zp) associated to the p-adic Tate module Tap(E) := lim←−nEpn .

Firstly (a) is true because ρE,p∞ ⊗ θ will be unramified at l, and corresponds to the Tate
module of the quadratic twist E ⊗ θ, which has good reduction at l by the criterion of Néron,
Ogg and Shafarevich; consequently Sym2(ρE,p∞) ∼= Sym2(ρE,p∞ ⊗ θ) is also unramified at l.

To establish (b) and (c), let us now assume (i) the prime l ≥ 5, and also (ii) dl := #Φl > 2
so that Φl ∈ {C3, C4, C6} here. Then using [7, Lemma 1.4],

Hl(X) =

{
1− lX if Ql(Ep)/Ql is abelian

1 + lX if Ql(Ep)/Ql is non-abelian.

Since Ql(Ep∞)/Ql(Ep) is unramified, we observe that Ql(Ep)/Ql is abelian if and only if
Ql(Ep∞)/Ql is abelian.

If Ql(Ep)/Ql is abelian, then Φl factors through the inertia subgroup inside Gal
(
Qab
l /Ql

)
,

and hence through Gal
(
Ql(µl∞)/Ql

)
. Because l - dl clearly Gal

(
Ql(µl∞)/Ql(µl)

)
acts trivially

on Tap(E), in which case Φl factors through Gal
(
Ql(µl)/Ql

)
, whence l ≡ 1 ( mod dl).

Conversely, there exists a unique tamely ramified extension Hd of Qnr
p with degree d > 0.

If l ≡ 1 ( mod dl) then the action of Φl
∼= ρE,p∞(Il) on Tap(E) factors through the algebraic

extension Hdl = Qnr
l (Ep∞) ⊂ Qnr

l (µl), which is certainly an abelian extension of Ql.

Conclusion: The extension Ql(Ep)/Ql is abelian if and only if l ≡ 1 ( mod dl).

To complete the proof, we note that dl = #Φl can be read off from [32, p312] as follows:

• #Φl = 3 if and only if ordl(∆E) ≡ 4 or 8 mod 12;

22



• #Φl = 4 if and only if ordl(∆E) ≡ 3 or 9 mod 12;

• #Φl = 6 if and only if ordl(∆E) ≡ 2 or 10 mod 12.

It is then a tedious but straightforward exercise to verify that the conditions stated in (b)
correspond to l ≡ 1 ( mod dl), while the conditions in (c) correspond to l 6≡ 1 ( mod dl).

B Results for odd primes p ≤ 13, in the range 11 ≤ NE ≤ 300

Throughout we have only considered elliptic curves E/Q whose conductors are divisible by 4. We
first treat the curves with D(E, 1) 6= 0, and then the six exceptional curves with D(E, 1) = 0.

B.1 Tables of L-invariants for elliptic curves E with D(E, 1) 6= 0

Tabulated below are the values we computed for both the derivative of Limp
p (Sym2E, s) at s = 1

together with the corresponding L-invariant term, for the elliptic curves E with D(E, 1) 6= 0.
If the elliptic curve E is already a quadratic twist of another (earlier) elliptic curve listed in our
tables, then we omit the L-invariant data for E completely.

The reader will notice for the elliptic curves of conductor 32 and 36, which have complex
multiplication by Q

(√
−1
)

and Q
(√
−3
)

respectively, that Lp(Sym2E) coincides with logp(α
−2
p )

in agreement with the Ferrero-Greenberg formula. However if E has no complex multiplication,
this identity no longer appears to hold in general.

E = 20a1, CSym2E = 102, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −2 p2 + p3 + 2p4 + 2p5 + 2p6 +O(p7) p2 + 2p4 +O(p7)

7 2 2p+ 2p2 + p3 +O(p4) p+ 2p2 + p3 +O(p4)

13 2 11p+ 2p2 +O(p3) 12p+ 12p2 +O(p3)

E = 24a1, CSym2E = 122, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 −2 2p2 + p3 + p4 +O(p5) 3p2 + 2p3 +O(p5)

11 4 6p+ 8p2 +O(p3) p+O(p3)

13 −2 7p+ 9p2 +O(p3) 9p+ 4p2 +O(p3)

E = 32a1, CSym2E = 82, S1 = {2}, ξSym2E = 1

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 −2 3p+ p2 + 2p3 + 4p4 +O(p5) 4p+ 3p2 + 3p3 + 3p4 +O(p5)

13 6 p+ 9p2 +O(p3) 4p+ 7p2 +O(p3)

E = 36a1, CSym2E = 62, S1 = {2, 3}, ξSym2E = 4
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

7 −4 6p+ 3p2 + 2p3 +O(p4) 2p+ 3p2 + 2p3 +O(p4)

13 2 p2 +O(p3) p2 +O(p3)

23



E = 40a1, CSym2E = 202, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

7 −4 p+ 6p3 +O(p4) p+ 4p2 + 6p3 +O(p4)

11 4 5p+ 4p2 +O(p3) 10p+ 3p2 +O(p3)

13 −2 10p+ 2p2 +O(p3) 11p+ 11p2 +O(p3)

E = 44a1, CSym2E = 222, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 1 2p3 +O(p6) p3 + p5 +O(p6)

5 −3 4p+ 2p2 + p4 +O(p5) 2p+ 3p3 + 3p4 +O(p5)

7 2 3p+ 5p3 +O(p4) 5p+ p2 +O(p4)

13 −4 3p+ p2 +O(p3) 9p+ 11p2 +O(p3)

E = 52a1, CSym2E = 262, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 2 4p+ 2p4 +O(p5) 2p+ 2p3 + 3p4 +O(p5)

7 −2 p3 +O(p4) 4p3 +O(p4)

11 −2 10p+ p2 +O(p3) 5p+ 9p2 +O(p3)

E = 56a1, CSym2E = 282, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 2 p+ p2 + 2p3 +O(p4) 4p+ 2p3 +O(p4)

11 −4 p+O(p3) 2p+ 10p2 +O(p3)

13 2 9p+O(p2) 6p+O(p2)

E = 56b1, CSym2E = 282, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 2 2p+ p4 +O(p5) 2 + p3 +O(p4)

5 −4 3p+ p2 +O(p3) 4 + 2p+O(p2)

E = 76a1, CSym2E = 382, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 2 1 + 2p+O(p4) 1 + p+ 2p2 +O(p4)

5 −1 4p+ 3p2 +O(p3) 3 + 2p+O(p2)

7 −3 p2 +O(p3) 6p2 +O(p3)

11 5 5p+ 4p2 +O(p3) 9p+ 4p2 +O(p3)

13 −4 4p+ 9p2 +O(p3) 12p+ 3p2 +O(p3)

E = 84a1, CSym2E = 422, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

11 −6 5p+ 3p2 +O(p3) 9p+ 4p2 +O(p3)

13 2 10p+ 10p2 +O(p3) 5p+ 6p2 +O(p3)
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E = 84b1, CSym2E = 422, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 4 p+ 2p2 +O(p3) 1 + 3p+O(p2)

11 2 5p+ 4p2 +O(p3) 8p+ 3p2 +O(p3)

13 −6 7p+ 3p2 +O(p3) 4p+ 2p2 +O(p3)

E = 88a1, CSym2E = 442, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 −3 4p+ p3 +O(p4) p+ 4p2 + p3 +O(p4)

7 −2 6p+ 5p2 +O(p3) 4p+ 5p2 +O(p3)

E = 92a1, CSym2E = 462, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 1 p4 + 2p5 +O(p6) 2p4 + 2p5 +O(p6)

7 2 6p+ 2p2 +O(p3) 3p+ 4p2 +O(p3)

13 −1 11p+O(p2) 2 +O(p)

E = 92b1, CSym2E = 462, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 −2 4p+ p2 + 2p3 +O(p4) 2p+ 3p2 +O(p4)

7 −4 3p+ 3p2 +O(p3) 4p+ 4p2 +O(p3)

11 2 10p+O(p2) 5p+O(p2)

13 −5 12p+O(p2) 12p+O(p2)

E = 96a1, CSym2E = 242, S1 = {2}, ξSym2E = 1

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 2 p2 + 2p3 +O(p4) 3p2 + 4p3 +O(p4)

7 −4 4p+ 2p2 +O(p3) p+ 2p2 +O(p3)

11 4 9p+O(p2) 3p+O(p2)

13 −2 3p+O(p2) 4p+O(p2)

E = 104a1, CSym2E = 522, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 1 p+ p2 + 2p3 + p4 +O(p5) 2 + 2p+ 2p3 +O(p4)

5 −1 2p2 +O(p3) 2p+O(p2)

7 5 p+O(p3) 3p+ 6p2 +O(p3)

11 −2 9p+O(p2) 6p+O(p2)

E = 108a1, CSym2E = 182, S1 = {2, 3}, ξSym2E = 8
9

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

7 5 6p+ 5p2 +O(p3) 2p+ 3p2 +O(p3)

13 −7 6p2 +O(p3) p2 +O(p3)
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E = 112c1, CSym2E = 142, S1 = {}, ξSym2E = 1
2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 2 p+ 2p2 +O(p5) 1 + p3 +O(p4)

13 −4 9p+O(p2) p+O(p2)

E = 116a1, CSym2E = 582, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 3 p+ 3p2 +O(p3) 3p+ 2p2 +O(p3)

7 4 4p+ 3p2 +O(p3) 3p+ 2p2 +O(p3)

11 −1 O(p2) O(p)

13 −3 12p+O(p2) p+O(p2)

E = 116b1, CSym2E = 582, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 1 2p2 + 2p3 +O(p5) p2 + p3 + p4 +O(p5)

5 3 3p+ 4p2 + 4p3 +O(p4) 4p+ 2p2 + 4p3 +O(p4)

7 −4 6p+ 4p2 +O(p3) p+ 4p2 +O(p3)

11 3 5p+O(p2) 4p+O(p2)

13 5 9p+O(p2) 9p+O(p2)

E = 116c1, CSym2E = 582, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 2 1 + 2p+ p2 + 2p3 +O(p4) 1 + p+ 2p3 +O(p4)

5 −2 p+ 4p2 +O(p3) 3p+ 4p2 +O(p3)

7 4 3p+ 4p2 +O(p3) 4p+ 3p2 +O(p3)

11 −6 2p+O(p2) 8p+O(p2)

13 2 8p+O(p2) 4p+O(p2)

E = 120a1, CSym2E = 602, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

11 −4 6p+O(p2) p+O(p2)

13 6 11p+O(p2) 9p+O(p2)

E = 120b1, CSym2E = 602, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

7 4 5p+ 3p2 +O(p3) 5p+ 2p2 +O(p3)

13 −6 6p+O(p2) 12p+O(p2)
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E = 124a1, CSym2E = 622, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −2 2 + 2p+ p2 +O(p4) 2 + p2 + 2p3 +O(p4)

5 −3 2p+ 3p2 + 2p3 +O(p4) p+ p2 + 2p3 +O(p4)

7 −1 2p2 +O(p3) 4p+O(p2)

11 −6 7p2 +O(p3) 6p2 +O(p3)

13 2 4p+O(p2) 2p+O(p2)

E = 124b1, CSym2E = 622, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 1 p+ 3p2 +O(p3) 2 + p+O(p2)

7 3 5p+ 6p2 +O(p3) 2p+ 5p2 +O(p3)

11 6 O(p3) O(p3)

13 −4 11p+O(p2) 7p+O(p2)

E = 128a1, CSym2E = 162, S1 = {2}, ξSym2E = 1
2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −2 2p+ 2p2 + p3 +O(p5) 2 + p+ p2 + 2p3 +O(p4)

5 −2 4p+ 2p2 + p3 +O(p4) 4p+ 3p3 +O(p4)

7 −4 3p+ 5p2 +O(p3) 5p+ 6p2 +O(p3)

11 2 7p+O(p2) 4p+O(p2)

13 −2 5p+O(p2) 9p+O(p2)

E = 132a1, CSym2E = 662, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 2 4p+ p2 + p3 +O(p4) 2p+ 3p2 + 2p3 +O(p4)

7 −2 p+O(p3) 4p+O(p3)

13 −2 12p+O(p2) 6p+O(p2)

E = 132b1, CSym2E = 662, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 2 2p+ 3p2 +O(p3) p+ 4p2 +O(p3)

7 2 3p+ p2 +O(p3) 5p+ 5p2 +O(p3)

13 6 3p+O(p2) 11p+O(p2)

E = 136a1, CSym2E = 682, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −2 2p2 + 2p3 + p4 +O(p5) 2p+ 2p2 + p3 +O(p4)

5 −2 3p+ 3p2 + 3p3 +O(p4) 2p+ 2p2 + 4p3 +O(p4)

7 −2 2p+ 2p2 +O(p3) 6p+ 2p2 +O(p3)

11 −6 10p+O(p2) 2p+O(p2)

13 2 9p+O(p2) 6p+O(p2)
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E = 136b1, CSym2E = 682, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 2 2p+ 2p2 + 2p3 + 2p4 +O(p5) 2 + 2p+ 2p2 + 2p3 +O(p4)

11 2 3p+O(p2) 2p+O(p2)

13 −6 p+O(p2) 2p+O(p2)

E = 140a1, CSym2E = 702, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 1 2p+ p2 +O(p4) p+ 2p2 + 2p3 +O(p4)

11 3 p+O(p2) 3p+O(p2)

13 −1 O(p2) O(p)

E = 140b1, CSym2E = 702, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

11 −5 2p+O(p2) 8p+O(p2)

13 −3 8p+O(p2) 5p+O(p2)

E = 148a1, CSym2E = 742, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −1 2p+ p2 +O(p4) p+ 2p2 + 2p3 +O(p4)

5 −4 3p+ 4p2 +O(p3) 3 + 2p+O(p2)

7 −3 p+ 3p2 +O(p3) 6p+ 4p2 +O(p3)

11 5 8p+O(p2) 10p+O(p2)

E = 152a1, CSym2E = 762, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −2 2p+O(p5) 2 +O(p4)

5 −1 p+ 2p2 +O(p3) 1 + 4p+O(p2)

7 −3 p+ 6p2 +O(p3) p+O(p3)

11 −3 3p+O(p2) p+O(p2)

13 −4 4p+O(p2) 3p+O(p2)

E = 152b1, CSym2E = 762, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 1 2p+ 2p2 + 2p3 + 2p4 +O(p5) 1 + 2p+O(p4)

7 3 p+O(p3) p+ p2 +O(p3)

11 2 8p+O(p2) 9p+O(p2)

13 1 7p+O(p2) 8 +O(p)
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E = 156a1, CSym2E = 782, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 −4 2p+ p2 +O(p3) 2 + 3p+O(p2)

7 −2 4p+O(p3) 2p+ 2p2 +O(p3)

11 −4 7p+O(p2) 5p+O(p2)

E = 156b1, CSym2E = 782, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

7 2 6p+O(p3) 3p+ 3p2 +O(p3)

E = 160a1, CSym2E = 402, S1 = {2}, ξSym2E = 1

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −2 2p+ 2p2 + p3 + p4 +O(p5) 1 + 2p+O(p4)

7 −2 p+ 3p2 +O(p3) 6p+O(p3)

11 −4 2p+O(p2) 8p+O(p2)

13 −6 10p+O(p2) p+O(p2)

E = 168a1, CSym2E = 842, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 2 p+ p2 + 3p3 +O(p4) 4p+ p3 +O(p4)

13 −2 3p+O(p2) 2p+O(p2)

E = 168b1, CSym2E = 842, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 2 4p2 + 2p3 +O(p4) p2 +O(p4)

13 6 10p+O(p2) 7p+O(p2)

E = 172a1, CSym2E = 862, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −2 2 + p+O(p4) 2 + 2p+ 2p3 +O(p4)

7 −4 4p+ 2p2 +O(p3) 3p+ 3p2 +O(p3)

11 −3 3p+O(p2) 9p+O(p2)

13 −1 9p+O(p2) 4 +O(p)

E = 184a1, CSym2E = 922, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −1 2p2 + p3 + p4 +O(p5) p+ p3 +O(p4)

5 −4 2p2 +O(p3) p+O(p2)

7 2 p+ 6p2 +O(p3) 3p+ 2p2 +O(p3)

11 −4 6p+O(p2) p+O(p2)

13 −5 3p+O(p2) 4p+O(p2)
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E = 184b1, CSym2E = 922, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −1 2p2 + 2p3 +O(p5) p+ 2p2 + 2p3 +O(p4)

5 −2 p+ 3p2 +O(p4) 4p+ 3p2 + 2p3 +O(p4)

7 −4 3p+ p2 +O(p3) 3p+ 6p2 +O(p3)

11 −2 4p+O(p2) 10p+O(p2)

13 7 3p+O(p2) 6p+O(p2)

E = 184c1, CSym2E = 922, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

7 4 5p+ 5p2 +O(p3) 5p+ 4p2 +O(p3)

11 6 8p+O(p2) 6p+O(p2)

13 −2 7p+O(p2) 9p+O(p2)

E = 184d1, CSym2E = 922, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

7 −2 p+O(p3) 3p+ 5p2 +O(p3)

13 −5 p+O(p2) 10p+O(p2)

E = 200a1, CSym2E = 202, S1 = {2, 5}, ξSym2E = 2
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

7 2 5p+ 6p2 +O(p3) 3p+ 2p2 +O(p3)

11 1 O(p2) O(p)

13 4 6p+O(p2) 7p+O(p2)

E = 204a1, CSym2E = 1022, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 −1 2p+ p2 +O(p3) 4 + 2p+O(p2)

7 4 6p3 +O(p4) p3 +O(p4)

11 3 8p+O(p2) 2p+O(p2)

13 3 3p+O(p2) 10p+O(p2)

E = 204b1, CSym2E = 1022, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 1 2p2 +O(p3) 4p+O(p2)

11 5 10p+O(p2) 7p+O(p2)

13 −5 8p+O(p2) 8p+O(p2)
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E = 208a1, CSym2E = 262, S1 = {}, ξSym2E = 1
2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −1 p+ 2p2 + 2p4 +O(p5) 2 + 2p2 + 2p3 +O(p4)

5 −3 2p+ 3p2 + 4p3 +O(p4) 2p+ p2 + 2p3 +O(p4)

7 1 6p+O(p2) 1 +O(p)

11 −6 7p+O(p2) 10p+O(p2)

E = 208d1, CSym2E = 262, S1 = {}, ξSym2E = 1
2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 −1 4p+ 4p2 +O(p3) 1 + p+O(p2)

7 −1 3p2 +O(p3) 4p+O(p2)

11 2 6p+O(p2) 5p+O(p2)

E = 212a1, CSym2E = 1062, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −1 2 + 2p+ p3 +O(p4) 1 + p+ p2 + p3 +O(p4)

5 −2 p2 + 2p3 +O(p4) 3p2 + 3p3 +O(p4)

7 −2 3p+ 4p2 +O(p3) 5p+ 3p2 +O(p3)

11 2 8p+O(p2) 4p+O(p2)

13 −7 11p+O(p2) 10p+O(p2)

E = 212b1, CSym2E = 1062, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 2 1 + p+ p2 + 2p3 +O(p4) 1 + p2 + p3 +O(p4)

5 2 4p+ p2 + 3p3 +O(p4) 2p+ 3p2 + 3p3 +O(p4)

11 −4 10p+O(p2) 4p+O(p2)

13 −2 3p+O(p2) 8p+O(p2)

E = 216a1, CSym2E = 362, S1 = {2, 3}, ξSym2E = 2
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 −4 2p+ 3p2 +O(p3) 3 + p+O(p2)

7 −3 p+ 4p2 +O(p3) 3p+ p2 +O(p3)

11 −4 6p+O(p2) 3p+O(p2)

13 1 4p+O(p2) 10 +O(p)

E = 216c1, CSym2E = 362, S1 = {2, 3}, ξSym2E = 2
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 1 2p+O(p2) 1 +O(p)

7 3 4p+ 2p2 +O(p3) 5p+ 5p2 +O(p3)

11 −5 10p+O(p2) 6p+O(p2)

13 4 2p+O(p2) 11p+O(p2)
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E = 220a1, CSym2E = 1102, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −2 2 +O(p2) 2 + p+O(p2)

7 −4 p+O(p3) 6p+ 4p2 +O(p3)

13 −4 2p+O(p2) 6p+O(p2)

E = 220b1, CSym2E = 1102, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 2 1 + p2 +O(p3) 1 + 2p+ p2 +O(p3)

E = 224a1, CSym2E = 562, S1 = {2}, ξSym2E = 1

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −2 p3 +O(p4) 2p2 +O(p3)

11 −4 10p+O(p2) 7p+O(p2)

13 −4 8p+O(p2) 12p+O(p2)

E = 228a1, CSym2E = 1142, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 2 p+O(p3) 3p+ 2p2 +O(p3)

11 2 9p+O(p2) 10p+O(p2)

13 2 11p+O(p2) 12p+O(p2)

E = 228b1, CSym2E = 1142, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 −3 2p+ 4p2 +O(p3) p+ 4p2 +O(p3)

7 1 6p+O(p2) 5 +O(p)

11 −5 2p+O(p2) 8p+O(p2)

13 −6 p+O(p2) 8p+O(p2)

E = 232a1, CSym2E = 1162, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −1 p+O(p4) 2 + 2p2 +O(p3)

5 −3 p+ 3p2 +O(p3) 4p+ p2 +O(p3)

7 2 p+O(p3) 3p+ 5p2 +O(p3)

11 −3 3p+O(p2) p+O(p2)

13 −5 2p+O(p2) 7p+O(p2)
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E = 232b1, CSym2E = 1162, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 1 p+ 2p3 +O(p4) 2 +O(p3)

5 1 3p+O(p2) 3 +O(p)

7 2 2p+O(p3) 6p+ 3p2 +O(p3)

11 3 6p+O(p2) 2p+O(p2)

13 −1 O(p) O(1)

E = 236a1, CSym2E = 1182, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −1 2p2 +O(p3) p2 +O(p3)

5 −1 4p+O(p2) 3 +O(p)

7 −3 6p+O(p3) p+ 5p2 +O(p3)

11 −2 3p+O(p2) 7p+O(p2)

E = 236b1, CSym2E = 1182, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 1 2p2 +O(p4) p2 +O(p4)

5 3 2p3 +O(p4) p3 +O(p4)

7 −1 6 +O(p) 5p−1 +O(1)

11 6 5p+O(p2) 9p+O(p2)

13 −4 7p+O(p2) 8p+O(p2)

E = 240b1, CSym2E = 302, S1 = {}, ξSym2E = 1
2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

7 4 p+ 2p2 +O(p3) 4p+ 3p2 +O(p3)

13 2 10p+O(p2) 5p+O(p2)

E = 244a1, CSym2E = 1222, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 −3 p+ 4p2 +O(p3) 3p+O(p3)

7 −3 3p+ 2p2 +O(p3) 4p+O(p3)

11 −1 4p+O(p2) 2 +O(p)

13 1 O(p2) O(p)

E = 248a1, CSym2E = 1242, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −2 p2 +O(p4) p+O(p3)

5 1 3p+O(p2) 3 +O(p)

7 −3 2p+ 2p2 +O(p3) 2p+ 4p2 +O(p3)

11 −2 7p2 +O(p3) p2 +O(p3)

13 −2 6p+O(p2) 4p+O(p2)
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E = 248b1, CSym2E = 1242, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −2 2p3 +O(p4) 2p2 +O(p3)

5 2 4p+O(p3) p+ 2p2 +O(p3)

11 2 5p+ 5p2 +O(p3) 7p+ 5p2 +O(p3)

13 4 12p+O(p2) 9p+O(p2)

E = 248c1, CSym2E = 1242, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 −3 p3 +O(p4) 4p3 +O(p4)

7 −3 6p+O(p3) 6p+ 6p2 +O(p3)

11 2 3p2 +O(p3) 2p2 +O(p3)

13 −4 7p+O(p2) 2p+O(p2)

E = 256a1, CSym2E = 82, S1 = {2}, ξSym2E = 1
6

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −2 p+ p3 +O(p4) p+ p2 + p3 +O(p4)

11 −6 2p+O(p2) 7p+O(p2)

E = 256b1, CSym2E = 82, S1 = {2}, ξSym2E = 1
6

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 −4 p2 +O(p3) p+O(p2)

13 −4 5p+O(p2) 6p+O(p2)

E = 260a1, CSym2E = 1302, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 2 2 + p2 +O(p3) 2 + p+ 2p2 +O(p3)

7 2 p2 +O(p3) 4p2 +O(p3)

11 4 4p+O(p2) 6p+O(p2)

E = 264a1, CSym2E = 1322, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

7 2 3p+ p2 +O(p3) 2p+ 5p2 +O(p3)

E = 264b1, CSym2E = 1322, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 2 p+ 2p2 +O(p3) 4p+ 4p2 +O(p3)

13 2 12p+O(p2) 8p+O(p2)
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E = 264c1, CSym2E = 1322, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 −2 p2 +O(p3) 4p2 +O(p3)

7 4 5p+ 6p2 +O(p3) 5p+ 5p2 +O(p3)

13 6 5p+O(p2) 10p+O(p2)

E = 264d1, CSym2E = 1322, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 4 3p+O(p2) 4 +O(p)

7 −2 6p+O(p2) 4p+O(p2)

E = 268a1, CSym2E = 1342, S1 = {2}, ξSym2E = 8
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 2 p−1 + 2 + p+O(p2) p−1 + 1 +O(p2)

5 2 4p+ 3p2 +O(p3) 2p+ 4p2 +O(p3)

7 2 p+ 6p2 +O(p3) 4p+ 3p2 +O(p3)

11 −4 3p+O(p2) 10p+O(p2)

13 −6 6p+O(p2) 9p+O(p2)

E = 272d1, CSym2E = 342, S1 = {}, ξSym2E = 1
2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 2 p+ p2 + p3 +O(p4) 1 + 2p+ 2p2 +O(p3)

7 4 3p+ 2p2 +O(p3) 5p+ p2 +O(p3)

11 −6 p+O(p2) 3p+O(p2)

13 2 7p+O(p2) 10p+O(p2)

E = 280a1, CSym2E = 1402, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −1 p+ 2p2 + 2p3 +O(p4) 2 + p+ p2 +O(p3)

11 −5 7p+O(p2) 8p+O(p2)

13 1 O(p) O(1)

E = 280b1, CSym2E = 1402, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

11 −5 4p+O(p2) 3p+O(p2)

13 −5 10p+O(p2) 9p+O(p2)

E = 288a1, CSym2E = 242, S1 = {2, 3}, ξSym2E = 1
2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 −4 2p2 +O(p3) 4p+O(p2)

13 −6 7p+O(p2) 4p+O(p2)
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E = 296a1, CSym2E = 1482, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −1 p2 +O(p4) 2p+O(p3)

5 −2 4p+ p2 +O(p3) p+ p2 +O(p3)

7 1 4p+O(p2) 6 +O(p)

11 1 O(p) O(1)

13 −6 2p+O(p2) 4p+O(p2)

E = 296b1, CSym2E = 1482, S1 = {2}, ξSym2E = 2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −1 2p+ 2p2 + p3 +O(p4) 1 + 2p+ p2 +O(p3)

7 −3 2p+ 3p2 +O(p3) 2p+ 5p2 +O(p3)

11 −3 8p+O(p2) 10p+O(p2)

E = 300a1, CSym2E = 302, S1 = {2, 5}, ξSym2E = 8
9

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

7 1 p+O(p2) 6 +O(p)

11 6 5p2 +O(p3) 5p2 +O(p3)

13 −5 3p+O(p2) 9p+O(p2)

B.2 Tables of L-invariants for elliptic curves E with D(E, 1) = 0

Included below are the values we computed for both the derivative of Laut
p (Sym2E, s) at s = 1

and the corresponding L-invariant term, for the six exceptional elliptic curves with D(E, 1) = 0
(we omitted these specimens from §B.1 as Limp

p (Sym2E, 1)′ = 0 for each of these six curves).
To calculate these p-adic numbers, we used the generalised congruences given in Theorem 3.2.

E = 176b1, CSym2E = 112, S1 = {2}, ξSym2E = 2
5

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 1 p+O(p4) 1 + 2p2 +O(p3)

5 1 p+O(p2) p+O(p2)

7 2 2p+O(p2) 2p+O(p2)

13 4 4p+O(p2) 2p+O(p2)

E = 196a1, CSym2E = 142, S1 = {2, 7}, ξSym2E = 2
9

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −1 1 + 2p+ p2 +O(p3) 2p+ p2 + 2p3 +O(p4)

5 −3 3p+O(p2) 3p+O(p2)

11 −3 p+O(p2) 3p+O(p2)

13 −2 10p+O(p2) 8p+O(p2)
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E = 200b1, CSym2E = 202, S1 = {2, 5}, ξSym2E = 1
2

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

3 −2 p+ p3 +O(p4) 1 + p+ p2 +O(p3)

7 −2 4p+O(p2) 6p+O(p2)

11 −4 7p+O(p2) p+O(p2)

13 −4 O(p2) O(p2)

E = 240d1, CSym2E = 152, S1 = {2}, ξSym2E = 1
4

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

11 4 10p+O(p2) 6p+O(p2)

13 −2 3p+O(p2) 3p+O(p2)

E = 272b1, CSym2E = 172, S1 = {2}, ξSym2E = 1
4

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

5 −2 p+ 4p2 +O(p3) 2p+ 2p2 +O(p3)

7 −4 2p+O(p2) 2p+O(p2)

13 −2 O(p) O(p)

E = 300c1, CSym2E = 302, S1 = {2, 5}, ξSym2E = 1
3

p ap(E) Limp
p (Sym2E, 1)′ Lan

p (Sym2E)

7 4 2p+O(p2) 5p+O(p2)

11 −4 4p+O(p2) 4p+O(p2)
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