
 
 
 

http://researchcommons.waikato.ac.nz/ 
 
 

Research Commons at the University of Waikato 
 
Copyright Statement: 

The digital copy of this thesis is protected by the Copyright Act 1994 (New Zealand). 

The thesis may be consulted by you, provided you comply with the provisions of the 

Act and the following conditions of use:  

 Any use you make of these documents or images must be for research or private 

study purposes only, and you may not make them available to any other person.  

 Authors control the copyright of their thesis. You will recognise the author’s right 

to be identified as the author of the thesis, and due acknowledgement will be 

made to the author where appropriate.  

 You will obtain the author’s permission before publishing any material from the 
thesis.  

 

http://researchcommons.waikato.ac.nz/


 

 

  

 

 

Seismic isolation of buildings for vertical 

earthquake excitations 

 

A thesis  

submitted in fulfilment 

 of the requirements for the degree 

of 

Doctor of Philosophy in Engineering 

at 

The University of Waikato 

by 

Fatemeh (Elena) Eskandary-Malayery 

 

2022 

 

 



 

 



i 

 

Abstract 

This thesis concerns a seismic isolation mechanism for vertical component of earthquake. The 

vertical component of earthquake can be stronger and more destructive than the horizontal 

component in near-fault areas, for instance, Christchurch earthquake in New Zealand in 2011 

or Bam earthquake in Iran in 2003. Therefore, this needs to be considered in designing and 

retrofitting structures to reduce damage to buildings and human lives. This thesis develops a 

numerical and experimental model of the seismic isolation based on quasi-zero-stiffness-

system (QZSS) and high-static-low-dynamic-stiffness-system (HSLDSS) concepts. The results 

suggest the HSLDSS considered could be a practical solution for decreasing the response of 

the system to the vertical component of earthquake.  

Analytical and numerical models of a HSLDSS and a QZSS are developed. The behaviour of 

the mechanism subjected to static loading as well as time harmonic excitation is investigated. 

The harmonic balance method and the direct numerical integration method are employed to 

solve the equations of motion for the system. In addition, the effect of each design parameter 

is studied when the structure is subjected to static and harmonic excitation loadings. The impact 

of uncertainties in the payload as well as mistuning in the system are addressed. It is seen that 

the QZSS is very sensitive to any changes in payload or mistuning, while HSLDSS is 

unaffected by slight changes to load or initial geometry. In addition, the effects of linear and 

nonlinear friction elements in the model are investigated. It is seen that friction decreases the 

performance of the system and needs to be minimised. The response of the HSLDSS 

mechanism subjected to 23 near-fault earthquake ground motions is presented and discussed. 

Moreover, the mechanism design variables (initial geometry, static loading, stiffness of the 

springs) which minimise the peak acceleration, RMS response, and peak displacement are 

investigated. The behaviour of the linear, QZSS and HSLDSS are compared to show which 

case is more efficient. Although QZSS is the most effective, it is sensitive to any changes in 

the payload and mistuning. On the other hand, HSLDSS is less sensitive to those changes while 

retaining good performance and reducing the peak and RMS acceleration significantly. 

The experimental results are presented, the measurements taken compared to the numerical 

results and show good agreement. The results show significant reduction in peak and RMS 

acceleration for most input signals. However, for Chichi earthquake, the reverse is true. This 

is explained by the frequency content of the signal which has high power in the frequency range 

below 1 Hz. The friction force is estimated from three techniques: measurement from static 

tests, measurement from harmonic excitation and from the least squared error between 

numerical and experimental results. Among these three, the last method is found to give good 

agreement between numerical and experimental results for all earthquake inputs. 

The developed mechanism is shown to be efficient in isolating structures with one support 

subjected to earthquake inputs. It reduces the force transmission from the base to structures 

during earthquakes. 
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Chapter 1.  

Introduction 

1.1    Overview 

Some parts of the world are prone to earthquakes, which can cause death or injury and 

destruction of buildings and other infrastructure. Although the horizontal component of 

earthquakes is larger in some areas, in other places, especially near faults, the vertical motion 

plays a significant role in causing the collapse of structures. For instance, the Bam earthquake 

of 26 December 2003 (Moment Magnitude (Mw) of 6.5) occurred in the city of Bam in the 

southeast of Iran [1]. That earthquake demolished the city of Bam. The greatest vertical 

acceleration of this earthquake was 1.1 times gravity, which is considered as a severe vertical 

acceleration, and caused a disaster in this city of 100,000 population. The number of victims 

was declared officially to be more than 26,000 and more than 30,000 people were injured. 

Moreover, a historical monument of Arg-e-Bam, which was over 2000 years old, was mostly 

destroyed by this earthquake. Another example is the Christchurch earthquake with moment 

magnitude of 6.2, which struck on 22 February 2011 in Christchurch (New Zealand’s second 

largest city with a population of 377,000) [2]. The impact of the Christchurch earthquake, with 

a high vertical ground acceleration of 0.8 times gravity in the city centre (and 2.2 times gravity 

in the epicentre, Heathcote valley station), was massive for this city, among which there were 

181 fatalities and the collapse of some central city buildings including office buildings and 

iconic heritage structures. Total repairs have been estimated to have cost NZ$15-20 billion, 

making the Christchurch earthquake the most expensive in New Zealand’s history.  

In 1991, Niazi and Bozorgnia showed that the ratio of 2/3 for vertical-to-horizontal peak 

acceleration ratio V/H for designing structures is not safe in near-fault areas [3]. This ratio is 

generally higher in near-field than far-field, higher in low period than in high period range and 

higher on soil rather than on rock base [4]. In the short-period part of the spectrum (less than 

0.2 sec), the vertical response may exceed the horizontal one as well (V/H ratio is presented as 

1.5 and 0.9 for a distance shorter than 3 km and 20 km, respectively). Therefore, the vertical 

component of an earthquake in a near-fault location is equally or more important than the 

horizontal component. For higher periods (more than 3s), however, the V/H ratio is usually 

around 0.5 or less which does not need to be considered in earthquake the design of an 

earthquake-resisting building. Papazoglou & Elnashai [5] indicated that a V/H ratio which 

exceeds 1.7 causes damage to structural elements. Based on evidences, the damage was due to 

the increase in axial compression forces in the columns and shear walls. In addition, fluctuation 

in the forces led to flexural or shear failures in those members. Moreover, the vertical 

component of the earthquake can cause damage to non-structural elements as well [6; 7]. 

According to New Zealand Standard 1170.5 [8], the structures located at the distance less than 

20 km from a major fault, should be designed for the vertical component of earthquake as well 

as the horizontal component.  

Therefore, retrofitting buildings and designing new structures for isolation from both horizontal 

and vertical components of earthquakes is necessary in near-fault areas to improve building 

safety and reduce the risk to people’s lives. Numerous studies have been conducted to introduce 

different devices to control horizontal vibrations of earthquake either passively or actively. 

Although there have been only a few studies that address protection against vertical excitation, 
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this topic has become of more interest in recent years. In this chapter, mitigation solutions 

introduced by other researchers for horizontal and vertical vibration as well as earthquake 

excitations are reviewed.  

To address the shortcomings of the available methods, in this thesis, an isolation mechanism 

based on the use of negative geometric stiffness is proposed to isolate structures from vertical 

component of earthquakes. This study contains theoretical and experimental results and 

discusses the influence of various design parameters on isolation performance.  

In the next chapter, analytical and numerical models of the proposed isolator will be presented, 

and results will be discussed. 

1.2    Vibration mitigation systems 

Almost all structures are exposed to different types of vibration in their lifetime. There are 

many sources of structural vibration, for instance, human activities or natural sources such as 

earthquake and wind. While in most cases vibrations may cause inconvenience for inhabitants 

or users, in some situations vibrations can lead to the collapse of structures. Therefore, in order 

to mitigate unexpected deterioration and raise the safety of structures, different systems can be 

adopted. There are three methods introduced to control vibrations in structures: passive, active, 

and hybrid (active-passive, and semi-active). Structural vibration control includes multiple 

principles [9]. The first principle is that an auxiliary oscillator system can be added to absorb 

vibrational energy transferred from the main structure in order to reduce the motion of the main 

structure. For instance, a passive-tuned mass damper or an active mass damper driver (AMD) 

system is an auxiliary oscillator system which is an active control method. The second principle 

is to decrease the energy transmitted from the input excitation into the structure. For example, 

base-isolation is a passive control system which reduces the energy flow transferred to 

structures. The third principle is to provide additional damping for the main structure. Oil 

damper systems, for example, follow this principle using either passive or semi-active control. 

The fourth principle is to prevent buildings from resonance subjected to input excitations. For 

instance, base-isolated buildings as well as variable-stiffness system with semi-active control 

increase the natural period of the system up to around 3-4s which avoids resonance due to 

earthquake excitations.  The fifth principle, which is only implemented in active-controlled 

systems, is to produce computer-controllable forces for the main structure.  

For protecting structures from deterioration due to vibration as well as earthquake ground 

motions, four control techniques have been used: active [10], passive [11-13], hybrid [2] and 

semi-active [14].  

1.2.1    Passive control systems 

Passive control is a method of controlling vibration and dissipating vibrational energy without 

requiring external power [15]. There are three main devices which have been used as passive 

control systems in structures: dampers, absorbers, and isolators. 

• Dampers 

A damper is a device which dissipates the vibrational energy of a structure. The damping device 

uses the energy of excitation and turns it into other types of energy thereby reducing the energy 

available to cause potential damage.  There are at least four types of dampers: (1) friction 

dampers, (2) viscous dampers, (3) yielding dampers, and (4) magnetorheological dampers (MR 
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dampers) [16]. The first three types are passive and the last damper, MR damper, can be either 

a passive or semi-active control system. Friction dampers dissipate energy by rubbing two 

surfaces on each other (using dry friction or Coulomb friction). This is considered an efficient, 

practical and economic type of damper without any need for maintenance. Mualla and Belev 

investigated the seismic performance of a friction damper in a single frame numerically and 

experimentally [17]. The results showed that this damper significantly reduces the response 

displacement as well as the base shear. Viscous dampers consist of a steel cylinder containing 

silicon oil and a piston and do not need any maintenance during their lifetime [16]. This type 

of damper changes the vibration energy into pushing fluid through an orifice. Moreover, it is 

able to dissipate the energy, and reduce the acceleration and deformation due to vibrations. In 

a study, the effect of internal stiffness of a viscous damper was investigated for a full-scale stay 

cable application experimentally and analytically [18]. The results illustrated that the internal 

stiffness of the viscous damper should be minimal in order to get the maximum damping. 

Another type of damper is yielding dampers which are made up of a metal and dissipate energy 

by plastic non-linear behaviour [16]. Although the system is ductile, the initial stiffness and its 

bearing capacity are high. This damper is mostly used as a fuse in metal bracing in structures. 

In a study, aluminium shear yielding dampers had the effect of an energy dissipating device 

[19]. This study was carried out on a one-storey industrial building subjected to seismic 

excitation. The analytical and experimental results showed 36-82% reduction in the maximum 

base shear force, and it reduced the roof acceleration and displacement significantly.  

• Absorbers 

Absorbers are secondary oscillators which are attached to a body or structure to protect it by 

absorbing the kinetic energy due to excitation; therefore, they vibrate instead of the main 

structure, while the main structure remains more or less stationary. Tuned mass dampers 

(TMD), tuned liquid dampers (TLD), and tuned liquid column dampers (TLCD) are three 

common absorbers. The function of these three absorbers were investigated in an experimental 

study which showed that they perform well [20]. As an example, multiple tuned mass dampers 

have been designed using a formal optimization methodology for structures with 3D 

irregularities [21]. This method would reduce the structural and non-structural damage due to 

severe excitation. An eight-story irregular building was used as an example in this research and 

the location of the required TMDs was investigated. Another article introduced tuned liquid 

damper (TLD) for a single-degree-of-freedom structure [22]. TLD is a kind of passive damper 

which can absorb vibrations by using the sloshing motion of the liquid inside a container. The 

sloshing motion of the liquid is nonlinear and complex. This research was conducted to tune 

the natural frequency of the sloshing motion to the natural frequency of the structure in order 

to absorb vibrational energy. The TLD damper can be constructed relatively simply. In 

addition, it needs low maintenance and is practical for retrofitting structures. This system was 

only investigated for horizontal vibration excitation. Some other absorbers have also been 

introduced to prevent structures from vibrating [23]. For instance, shape memory alloy wires 

have been implemented in buildings as a real-time tuned vibration absorber which is an 

adaptive passive control system. The stiffness of this beam-like absorber is changed by 

changing the temperature. Moreover, a synthetic shunt impedance has been employed in order 

to change the characteristics of the absorber to adjust its frequency to the excitation frequency 

and increase the performance [24]. Analytical and experimental research was done as well as 

a comparison of the performance of the proposed system to a non-adaptive undamped system. 

Hirunyapruk et al [25] used a magneto-rheological fluid as the core of a beam-like vibration 

absorber to make the stiffness tuneable. This concept is helpful for the case in which the 
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excitation frequency is time harmonic, and the frequency varies with time. In this mechanism, 

the shear stiffness of the absorber changes while the magnetic field changes.  

• Isolators 

Isolation bearings are widely used passive control systems which isolate structures from 

seismic ground motions. In order to limit force transmission, the structure can be retrofitted by 

a base-isolator [26]. In this situation, the structure can be isolated from the vibration coming 

from the base. Isolators are effective at frequencies greater than √2𝑘/𝑚 (where 𝑘 and 𝑚 are 

the stiffness and the mass of the structure, respectively). It was shown that if the stiffness 

decreases, the isolation would be effective over a wider range of frequencies.  

There are three general types of base isolations: frictional/sliding bearings and elastomeric 

bearing. Resilient-friction base isolation (R-FBI) is an example of a sliding bearing, which was 

investigated by some researchers [27-29]. This type of bearing works based on a friction 

between a Teflon and a stainless-steel surface, which resists small horizontal loads but slides 

under large loads. There is a hard rubber cylindrical core, which carrying the horizontal and 

vertical loads on the foundation.  The friction pendulum system (FPS) is another example for 

the sliding isolation system [30; 31]. This isolator performs based on articulated slider on 

spherical concave chrome surface in which the friction coefficient plays a significant role. As 

an example of the Elastomeric bearing, lead-rubber bearing (LRB) is one of the most popular 

and frequently used of this type [32]. There are many publications addressing the application 

of LRBs in different buildings and bridges [33; 34]. This type of bearing consists of two steel 

plates on the top and the bottom and several elastomer layers in the middle to provide lateral 

flexibility and isolation.  There is a lead core which dissipates energy by yielding. There are 

some steel shims inside the elastomeric part to provide the vertical stiffness and load bearing 

capacity.  

The main problem of purely passive controlled building isolation for seismic applications is 

that the performance depends on the input excitation [35]. In other words, if a passive system 

is optimised for an earthquake input, defined after another historical earthquake with different 

characteristics, it may perform poorly. There are also some other limitations and problems 

related to passive control systems [36]. For example, the rubber in lead-rubber-bearing base-

isolators is susceptible to ageing and loss of durability. Those passive systems based on fluid 

viscosity need regular maintenance. For those systems based on steel yielding or lead extrusion, 

also, there are some complexities regarding the installation and replacement of parts after 

strong earthquakes. Moreover, polymer-based systems, for instance, perform differently in 

different temperatures. Therefore, active-control can be an option for mitigating building 

vibration for a wider range of earthquake inputs without the mentioned limitations. 

Another practical vibration isolator is the vibration barrier (ViBa) [37]. This isolator which was 

introduced by Cacciola & Tombari [38], is a buried structure which works based on structure-

soil-structure interaction (SSSI). The study showed that the greater the soil density and 

consequent interaction between structure and soil, the more effective the ViBa would become. 

However, in a less dense soil, isolation decreases, and the resonance can be observed at the 

natural frequencies of the structure. It was also shown that for a soil stiffness of 200 N/m, the 

energy dissipation became maximised. The experimental study resulted in a considerable 

reduction of 87% in the acceleration of a structure due to harmonic ground motion. Moreover, 

the hypothesis of this research includes linear soil behaviour and single-dimensional ground 

motion which could cause unrealistic results. There are some other papers addressing ViBa 
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isolator and developing this method for different situations theoretically and experimentally [2; 

14; 26]. This method has so far only been considered for horizontal ground excitations. 

1.2.2    Active and semi-active control systems 

Active control is a technology that relies on sensors, actuators and computer control, and needs 

a significant amount of power to control structures subjected to excitation [39]. The real-time-

measured data are employed in the process so this system can reduce the structural response 

drastically. The seismic-response-control philosophy of active control was first introduced by 

Kobori in 1956 [40]. This system was then designed and validated for the Kyobashi Seiwa 

Building in Tokyo, Japan in 1989 by Kobori et al. [41; 42]. Moreover, Yao published a practical 

scheme of active control in earthquake engineering in 1972 which inspired many researchers 

in this area [43].  

There are various active control strategies, which are used to mitigate the response of structures 

subjected to lateral forces such as wind and earthquake. For instance, Yan et al. designed an 

optimum active TMD for a high-rise building subjected to wind loads [44]. In another study, 

active tendon systems were suggested for cable-stayed bridges subjected to wind loads [45]. 

Active coupled building systems are also another active control strategy which has been 

proposed by a number of researchers [46; 47]. In this method, by using actuators and 

connecting two or multiple buildings together, the response of a structure is controlled. This 

technique is usually used for coupling two buildings with different height and stiffness to 

reduce the response of structures subjected to earthquake excitation. By adding more actuators, 

the effect can be magnified. 

Because of economic reasons, active-controlled systems are usually used in high-rise buildings 

and luxury hotels and would be too expensive in short buildings. Since active control systems 

require considerable power resources, in the case of a power failure, there will be no protection 

against wind or earthquake loads. Semi-active control, however, requires less power and mostly 

operates using batteries.  

Semi-active control is also a kind of hybrid control that needs much less power than active 

control to work. It needs power only for some of the stages. Therefore, this system has an 

appropriate efficiency and effectiveness using less power. As mentioned previously, the MR 

damper can be an active or semi-active controllable fluid device [48]. This damper consists of 

iron particles in oil, which can align themselves subjected magnetic fields. As a result, the 

viscosity of the fluid changes depending on the magnetic field. If the magnetic field is constant, 

it behaves like a linear fluid passive control system, while, if the magnetic field varies, the 

viscosity and stiffness change and the system behaves as semi-active control. This semi-active 

control MR damper dissipates energy subjected to electromagnetic forces [16]. Xu et al. 

proposed a modified sigmoid model to estimate the behaviour of MR dampers, and provided a 

detailed design of an optimum MR dampers for seismic applications [49]. Experimental results 

showed good agreement with the numerical results which proves the accuracy of this model. 

Another study investigated the use of MR dampers for semi-active controlling base-isolated 

structures [50]. Experiments and analysis showed that this damper reduces both relative 

displacements and absolute acceleration of a base-isolated building effectively.  A study was 

conducted to find a semi-active damping coefficient by solving the nonlinear 

inhomogeneous‐constrained optimal control problem to decrease the displacement of the 

structure in unisolated modes [51]. 
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Although single passive, active, or semi-active control systems have limited applications in the 

structures subjected to vibrations, hybrid systems, which involve a combination of any of those 

systems, are a more practical solution for a smart structure technology and improve the 

performance of a structure subjected to vibrations [52; 53].  

1.2.3    Hybrid control systems  

Hybrid control is an alternative system to a single passive or active control systems in structures 

and can alleviate the limitations of these two systems and protect the structure better [53]. There 

is less required power for active control in this system as it has a higher efficiency [54]. In 

addition, unlike pure passive control, it is not limited to low-rise buildings, and can minimise 

the possibility of uplift arising from severe horizontal excitations. Most of the time, base 

isolators are combined with other devices such as dampers to decrease the displacement of the 

main structure. There are various types of hybrid systems such as a combination of an active 

mass driver (AMD) and passive dampers [55]. Madden et al. also considered adding 

an adaptive fluid damper to a 2D sliding base-isolated frame to reduce displacement of a 

building subjected to earthquake excitations [56].  

1.3    Mitigation of the vertical component of earthquake excitation 

1.3.1    Overview 

Most of the successful seismic mitigation systems in use are for horizontal seismic excitation, 

and there is no practical/commercial solution for vertical component of earthquake excitations 

in near-fault areas. In the last few years, researchers have tried to address the importance of 

vertical excitation and develop mitigation solutions. For instance, Furukawa et al. have done 

experimental research on a four-storey building on a base-isolator to investigate the 

performance of base-isolators for the vertical component of earthquakes [57]. They showed 

that if the vertical acceleration exceeds 2g in the building, damage would be detrimental as the 

vertical acceleration is amplified in the higher storeys. Some of the papers focus on three 

dimensional (3D) seismic isolation. For example, Liu et al. investigated a 3D isolator for a 

four-storey building subjected to seismic ground motions [58]. In this technique, there are lead-

rubber bearings used beneath the building to isolate it from horizontal ground motion. For the 

vertical isolation, however, some simple linear springs and viscous dampers are employed as 

isolation components. This research compared the experimental and analytical model (in 

SAP2000 software) of an isolated structure with a non-isolated structure. Although they studied 

several earthquakes and carried out theoretical and experimental studies, the isolation was not 

completely satisfactory. This is thought to be because the stiffness which is used for the vertical 

isolator is constant, whereas tuneable stiffness would be ideal to isolate buildings over a 

broader frequency range. 

Vu et al. proposed a vertical distributed flexibility and damping strategy (VDF) for base-

isolated buildings [59]. In this method, column bearings are installed to columns in order to 

reduce the vertical seismic motions in higher levels rather than in the base. There are many 

aspects which should be addressed about this strategy in the future. For instance, the details of 

the column bearings should be investigated. Moreover, the relative displacement between the 

floors and the large lateral deformation may cause damages to non-structural components 

which need further study. 
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In another paper, a vertical seismic base-isolation system with a variable stiffness using 

hydraulic cylinders was proposed for long-span spatial structures [60]. Taking advantage of 

validated numerical models and experiments, it was shown that, although complicated, this 

mechanism performed similarly to a traditional 3D linear spring isolator and the complications 

in the system did not improve the performance. 

A numerical investigation conducted by Barbieri et al. employed semi-active control strategies 

in a two-story building on a variable stiffness mechanism for vertical seismic isolation [61]. 

This does not depend on applying dynamic forces to oppose to the earthquake forces.  Instead, 

isolation was achieved by changing the stiffness of the supports to half its static state value, 

when either the acceleration of the excitation or the velocity of the base exceeds a specific 

value. The results showed that transmissibility of acceleration could be reduced by using an 

isolator with such stiffness variation. However, this was a specific case study and would rely 

on having an active control system to change the stiffness.  

1.3.2    Quasi-zero stiffness isolators 

The idea of quasi-zero-stiffness (QZS) dates back to 1989 [62]. Having high static and low 

dynamic stiffness (HSLDS), this nonlinear mechanism can be designed to have a low resonance 

frequency. This idea gained popularity in recent decades as researchers employed this idea in 

various areas, such as in space research to simulate zero gravity [63] as well as in mechanical 

engineering to isolate vehicle seats from vibrations caused by road profiles [64]. There have 

been a variety of researches utilizing negative stiffness (NS) elements to create a HSLDSS or 

QZSS. For instance, Carrella et al. added two inclined springs to a linear mass-spring system 

to achieve QZSS and investigated its static behaviour using a Taylor Series extension [65]. 

Zheng et al. used a magnetic element to add NS to a system to create a QZS isolator [66]. In 

this study, the dynamic behaviour of the mechanism subjected to harmonic excitation was 

evaluated analytically and experimentally. In another study, Liu et al. added two horizontal 

buckled Euler beams to obtain a QZSS [67]. Le and Ahn proposed another QZSS with two 

inclined arms and horizonal springs for isolating vehicle seats from vibrations [64]. The design 

parameters for the mechanism, shown in Figure 1.1 (a), was investigated theoretically and 

experimentally. Figure 1.1 (b) shows the dimensionless force versus dimensionless 

displacement graphs in which γ1is configurative parameters of the proposed system (γ1 =
𝑎

L0
).  

 

 
(a)  (b) 

Figure 1.1.(a) Negative stiffness mechanism, (b) Force- displacement graphs [64]. 

As it can be seen, the horizontal springs add negative stiffness to the system which are the main 

elements to make a QZSS. This is explained comprehensively in chapter 2. The results showed 

https://www.worldcat.org/search?q=au%3AThanh+Danh+Le&qt=hot_author
https://www.worldcat.org/search?q=au%3AKyoung+Kwan+Ahn&qt=hot_author
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that this can isolate the mass from excitations over a wide range of frequencies. After that, 

more experimental investigations were conducted for a NS structure subjected to low frequency 

vibrations (i.e. ≤ 5 Hz) [68]. Moreover, Le and Nguyen suggested adjusting the parameters of 

a QZSS in order to keep the performance high and isolation for any changes in the self-weight 

of the mechanism [69]. In another paper, an optimization was carried out for four negative 

stiffness systems for a vehicle seat suspension [70]. For this purpose, the bearing capacity of 

the mechanism has to be compromised with the low stiffness to get the maximum vibration 

isolation. In another study, the benefit of active control strategies in QZS mechanism was 

investigated [71-73].  

Zhang et al investigated the effect of inertia of the inclined arms, friction and nonlinear 

damping in a QZSS [74]. The results showed that in order to avoid the impact of inertia on the 

performance, the mass of the arms should not be more than 10-3 times the total mass on the 

isolator. Friction and nonlinear damping, however, do not have significant effects at higher 

frequencies. 

Since a QZS isolator system has been proven to be an effective adaptive passive control system, 

it has been becoming more popular amongst earthquake engineers for seismic applications in 

the last decade. This is because by reducing the natural frequency of the system to lower than 

0.5 Hz, isolation of the vertical acceleration with high frequency content (e.g. > 1 Hz) can be 

improved. Mochida et al also investigated the use of negative stiffness in reducing the 

transmission of forces in structures and suggested its use for seismic isolation [75]. However, 

it was limited to static analysis and they did not conduct any dynamic analysis. Asai proposed 

a QZSS within a variable ellipse curve mechanism to reduce the acceleration response at the 

structure and proved the efficiency with a prototype experiment [76]. Bouna et al. proposed a 

QZSS adopting two inclined springs to add NS for the piers of multi-span bridge to isolate the 

vibration and compared this system with a linear viscoelastic isolator [77]. A parameter study 

was carried out to investigate the effect of each design variable such as spring stiffness and 

damping on the isolation performance. The dynamic behaviour of this mechanism was only 

evaluated using sinusoidal input not earthquake excitation. Najafijozani et al. investigated 3D 

adaptive seismic isolator mechanisms for nuclear powerplant equipment [78]. In this study, six 

adaptive vertical isolators with linear and nonlinear spring and damping were compared. The 

results showed that the system with a nonlinear spring (with hardening behaviour) and linear 

damping decreases the peak response acceleration more than other cases. In addition, the linear 

or nonlinear damping did not significantly affect the results. Liu et al proposed a QZS isolator 

consisting of two inclined bars and horizontal springs to add NS and a vertical damper to reduce 

vertical ground motion in near-fault earthquakes [79]. Although the results show that the QZSS 

effectively reduces the response of a mass subjected to near-fault excitations, details of the 

design parameters need to be quantified, which requires further study. Besides, changes in the 

payload, the effect of rocking etc. were not addressed in this research. Zhou et al. proposed 

another configuration of a QZSS for vertical seismic isolation [80]. In this study, two inclined 

springs added NS to the system. The experimental results were provided for this system, 

however, there was no verification with an analytical modelling. They also investigated the 

efficiency of the isolator through experiments and compared the results with numerical 

analysis. In another paper, Zhou et al. proposed a QZSS consisting of a spring disc to add NS 

and a vertical spring to support the payload for vertical seismic isolation. [81] In this research 

the performance of this isolator was investigated numerically and analytically for a seven-

storey building. Although the results are promising, the feasibility of this system in practice 

needs further investigation. Also, the detailed design and the combination of horizontal and 
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vertical vibration need to be studied. Two years after that, Zhou et al. developed a 3D base-

isolator system including the same QZSS configuration (for vertical and rotational isolation) 

and a friction pendulum system (for isolation in the horizontal direction) for a 20-storey 

building subjected to earthquake excitations and metro vibration [82].  The numerical results, 

which were generated by OpenSees software, showed that the isolator reduces base shear 

significantly, however, the overturning may cause a large displacement and drift in higher 

floors. This research was just limited to two earthquake inputs (Chi-chi and El Centro) and did 

not consider uncertainties in the design (e.g. any changes in payload or mistuning). In addition, 

a friction element is not considered in the modelling which is not realistic. In another research, 

the mentioned QZSS (with disc spring) was combined with an LRB to isolate a large-aspect-

ratio facility from vertical and horizontal components of earthquakes [83]. The numerical 

results show that the performance of the isolator varies for different earthquake excitations and 

input amplitude. Generally, those earthquakes with high period content are disadvantaged from 

the isolation. This research did not consider the effect of friction or any uncertainties in the 

modelling. The feasibility and the detailed design of this isolator also required further 

investigation.  

The studies on vertical isolators to date do not consider theoretical and experimental 

investigation into the QZSS or the HSLDSS isolators performance under seismic loading and 

the effect of friction and uncertainties on their static and dynamic behaviour. The purpose of 

this study is to address this gap in literature 

1.4    Research questions 

The general objectives of this research are to investigate the applicability of a QZSS or a 

HSLDSS for earthquake isolation of structures.  

The overall question is how to minimise transfer of damaging forces to the structure.  

Considering the variation in loads on civil engineering structures, and the uncertainties 

associated with construction, the performance of an isolator need to be clearly understood in 

terms of parameters associated with geometry and load change. This leads to the following 

research questions: 

• How to minimize vertical force transmission? 

• How does the mechanism behave subjected to vertical excitations considering the 

uncertainties? 

• How to optimize the design parameters of the isolator after taking into account the 

answers to the first two questions? 

1.5    Thesis outline 

This thesis consists of six chapters including introduction and conclusion.  

In Chapter 2, the analytical and numerical models of a HSLDSS are developed. The behaviour 

of the mechanism subjected to static loading as well as time harmonic excitation is investigated. 

Harmonic balance method and direct integration method are employed to solve the equations 

of motion for the system. In addition, the effect of each design parameter is studied when the 

structure is subjected to static and harmonic excitation loadings. The impact of uncertainties in 
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the payload as well as mistuning in the system are addressed. At the end of this chapter, the 

effects of linear and nonlinear friction element in the model are investigated. 

In Chapter 3, the response of the HSLDSS mechanism subjected to 23 near-fault earthquake 

ground motions is presented and discussed. Moreover, the mechanism design variables are 

optimised for these input signals in order to minimise the peak acceleration, RMS response, 

and peak displacement. The behaviour of the linear, QZSS, and other HSLDSS are compared 

together to show which case is more efficient.  

In Chapter 4, the rig and equipment which were used in the experiments are described. In 

addition, the tests conducted and the measurements taken are explained.  

In Chapter 5, experimental results from static, time harmonic and earthquake tests are 

presented. These results are compared to the numerical ones and discussion is provided. In this 

Chapter, the friction force is measured from three techniques and the results are presented. 

In Chapter 6, a comprehensive conclusion is provided regarding the results and discussions in 

the previous chapters. 
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Chapter 2.  

Analytical and Numerical Models for Harmonic Excitation 

2.1    Introduction 

As mentioned in the previous chapter, isolation from the vertical component of an earthquake 

would be an advantage for buildings located in near-fault areas. To be able to develop a 

mechanism with high-static-low-dynamic stiffness to satisfy the needs, the static and dynamic 

behaviours must be fully understood. In this chapter, relevant equations are derived for this 

mechanism under both static and time harmonic dynamic loadings. These equations are solved 

analytically (if possible) or numerically using MATLAB software. Moreover, the effect of each 

of the design parameters is studied to find the range of ideal parameters. In the last part, dry 

friction is also introduced into the model and the effect of this on the system behaviour using 

numerical analysis is explored. 

In the next chapter, the behaviour of the mechanism will be investigated under earthquake 

excitation. 

2.2    Model description 

The single-degree of freedom (SDoF) system representation of the mechanism is shown in 

Figure 2.1, which is the same as the proposed model in the paper by Le & Ahn [1]. The aim is 

to isolate the mass (𝑚) from base motion. This system comprises two rigid, massless arms 

(inclined bars in the figure) with length 𝑙. The angle between arms and the horizontal direction 

is 𝜃. One end of each arm is supported by a horizontal spring (stiffness 𝑘ℎ) and the other end 

is connected to the mass. The mass is also supported by a vertical spring (stiffness kv) which is 

parallel to a viscous damper (𝑐). One end of each spring is connected to the base. The two 

horizontal springs remain horizontal at all time. The arms are assumed to be able to rotate freely 

in relation to the mass and the horizontal springs. 

 

Figure 2.1. View of the SDoF model of the system with the isolator mechanism [1]. 

There are two main differences between the equations in this research and the literature. First, 

the equations in this research are based on more tangible parameters with physical expressions 

whereas in the literature, the parameters are mostly ratios of different dimensions. Second, the 

equations of motion in this research are developed from the unloaded position as an origin, 

while in the literature the origin of the equations is the static equilibrium position with arms in 

horizontal position (𝜃 = 0). Considering the unloaded position as an origin allows to study the 

system at different equilibrium positions and investigate the effects of mistuning which is not 

possible with the equation in the literature. A QZSS is generally designed to have equivalent 

stiffness of zero at the static equilibrium position (𝜃 = 0). The vertical spring has a positive 

stiffness and the horizontal springs add negative stiffness to the system if they are in 

𝜃

𝑚𝑙𝑘ℎ 𝑘ℎ

𝑘𝑣

𝑙

𝑐
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compression when 𝜃 = 0. Therefore, in the equilibrium position, the arms are horizontal and 

they add the maximum negative stiffness to the system and the equivalent stiffness of the 

system becomes zero while retaining the stability, but is at a critical state. It is important to 

note that the stiffness of the horizontal spring cannot be larger than this value or else the system 

becomes unstable at 𝜃 = 0.  

2.3    Static behaviour of the mechanism  

To find the static stiffness of the system, consider a force 𝐹 which is applied at point A along 

the vertical upward direction (𝑥) as shown in Figure 2.2. For any given force 𝐹 the internal 

force in the inclined bars, horizontal springs and the vertical spring are 𝐹𝑖, 𝐹ℎ, and 𝐹𝑣, 

respectively. The origin of the vertical coordinate 𝑥 (𝑥 = 0) is set at the unloaded state of point 

A, which is the position of the point A before applying the static loading. It is, also, assumed 

that both horizontal and vertical springs are unstretched in this position (Figure 2.3 (a)). The 

initial value of 𝜃 is 𝜃0. Considering 𝑏 = 𝑙 cos 𝜃 is the horizontal projected length of each arm 

and 𝑏0 = 𝑙 cos 𝜃0 is the initial value of 𝑏 when 𝜃 = 𝜃0. Figure 2.3 (b) shows the mechanism in 

the static equilibrium position, when F is due to the weight and the arms are designed to be 

horizontal. 𝜃𝑠 is the angle of the arms with horizontal axis at the static equilibrium position, 

which in this case equals to 0°. 

 

Figure 2.2. Force diagram of the SDoF system and the isolator mechanism  

 

(a) (b) 

Figure 2.3. Diagram of the isolator mechanism for (a) unloaded position, (b) static equilibrium 

position 

For any applied load F, the equation of equilibrium of point A in the vertical direction is given 

by 

𝜃

A 

 

𝐹𝑖 

𝐹𝑖 

𝐹 

𝐹𝑖 

𝐹𝑖 𝐹𝑣 

 

 

𝑥 

𝐹ℎ 𝐹ℎ 

 

𝑏 

𝜃0

A 
𝐹 = 0 

 

 

𝑥 = 0 

 

𝑏0 

𝑥𝑠 = −𝑙 sin 𝜃0 

A 
𝐹 = −𝑚g 

𝜃𝑠 = 0°

𝑋 = 0 
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𝐹 = 2 𝐹𝑖 sin 𝜃  + 𝐹𝑣 . (2.1) 

The internal forces in the horizontal springs, vertical spring and the inclined arms are given by 

𝐹ℎ = 𝑘ℎ  (𝑏0 − 𝑏), (2.2) 

and 

𝐹𝑖 =
𝐹ℎ

cos 𝜃 
=

𝑘ℎ

cos 𝜃
(𝑏0 − 𝑏), (2.3) 

and 

𝐹𝑣 = −𝑥 𝑘𝑣, (2.4) 

respectively. 

By substituting Eq. (2.3) and Eq. (2.4) into Eq. (2.1), the static equation is rewritten as 

𝐹 = 2𝑘ℎ (𝑏0 − 𝑏) tan 𝜃 − 𝑥 𝑘𝑣. (2.5) 

Assuming that the static load F is due to the weight and the arms are designed to be horizontal 

(𝜃𝑠 = 0°)at the equilibrium state( Figure 2.3 (b)), the static displacement 𝑥𝑠 is then given by 

𝑥𝑠 = −𝑙 sin 𝜃0. (2.6) 

By substituting Eq. (2.6) into Eq. (2.4), the internal force in the vertical spring is given by 

𝐹𝑣  = 𝑘𝑣 𝑙 sin 𝜃0. (2.7) 

By rewriting 

𝑏 = √𝑙2 − (𝑙 sin 𝜃0 + 𝑥)2, (2.8) 

and substituting Eq. (2.8) into Eq. (2.2) and Eq. (2.3), the forces in the horizontal springs and 

the arms are given by  

𝐹ℎ = 𝑘ℎ  (𝑙 cos 𝜃0 − √𝑙2 − (𝑙 sin 𝜃0 + 𝑥)2), (2.9) 

and 

𝐹𝑖 =
𝑘ℎ

cos 𝜃
(𝑙 cos 𝜃0 − √𝑙2 − (𝑙 sin 𝜃0 + 𝑥)2), (2.10) 

respectively. 

If Eq. (2.9) is divided by 𝑘𝑣 𝑙, the dimensionless force in the horizontal springs is given by 

𝐹̂ℎ = 𝜆 (cos 𝜃0 − √1 − (sin 𝜃0 +
𝑥

𝑙
)

2

), (2.11) 
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in which 𝜆 =
𝑘ℎ

𝑘𝑣
. Considering 𝑥 = 𝑥𝑠, the maximum dimensionless compressive force in the 

horizontal springs (when 𝜃𝑠 = 0°) for any given initial angle is given by 

𝐹̂ℎ = 𝜆 (cos 𝜃0 − 1), (2.12) 

which is also shown in Figure 2.4. As illustrated, by using higher initial angle, the compression 

force in the horizontal springs will be higher. This is because the horizontal springs experience 

larger displacement and are compressed more when the arms reach a horizontal position. Using 

higher horizontal to vertical spring stiffness ratio 𝜆, results in higher compression force in the 

horizontal equilibrium position. Overall, by increasing either 𝜆 or the initial angle 𝜃0, the 

compression in the horizontal spring increases which also increases the nonlinearity in the 

system. 

 

Figure 2.4. Dimensionless force in horizontal spring for various initial angles 𝜃0 and  𝜆.  

The force-displacement equation can be rewritten as      

𝐹 = 2𝑘ℎ (𝑙 cos 𝜃0   − √𝑙2 − (𝑙 sin 𝜃0 + 𝑥)2 ) ×
𝑙 sin 𝜃0 + 𝑥

√𝑙2 − (𝑙 sin 𝜃0 + 𝑥) 2
− 𝑘𝑣 𝑥. (2.13) 

By substituting 𝑋 = 𝑙 sin 𝜃0 + 𝑥 into Eq. (2.13), This equation can be rewritten based on a new 

orientation (Figure 2.3 (b)) given by  

𝐹 = 2𝑘ℎ  (𝑙 cos 𝜃0 − √𝑙2 − 𝑋2) ×
𝑋

√𝑙2 − 𝑋2
− 𝑘𝑣 (𝑋 − 𝑙 sin 𝜃0). (2.14) 

As can be seen in Eq. (2.14), there are four parameters involved in the static behaviour of the 

mechanism, namely 𝑘ℎ, 𝑘𝑣, 𝜃0, and 𝑙.  
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In order to simplify this, the equation is divided by 𝑘𝑣 𝑙 to give the dimensionless equation 

𝐹̂ = 2 𝜆 𝑋̂ (
cos 𝜃0   

√1 − 𝑋̂2
− 1) − 𝑋̂. (2.15) 

in which 𝐹̂ =
𝐹−𝑘𝑣 𝑙 sin 𝜃0

𝑘𝑣 𝑙
 and 𝑋̂ =

𝑋

𝑙
. Using this equation, the number of unknowns decreases 

from four to two (initial angle 𝜃0 and the ratio of the stiffness as of the horizontal and vertical 

spring 𝜆). 

Figure 2.5 illustrates the force-displacement relationship for different initial angles 𝜃0 with 𝜆 =

1. As shown, for small values of 𝜃0 the static behaviour is close to linear. However, by 

increasing the initial angle for the same value of 𝜆, the effects of nonlinearity increase.  

 

Figure 2.5. Dimensionless force-displacement graph for various initial angles 𝜃0, 𝜆 = 1.  

The equivalent vertical stiffness of the mechanism can be found from the derivative of the force 

F with respect to the vertical displacement. Therefore,  

𝑘𝑒 = −
𝑑(𝐹)

𝑑𝑋
 . (2.16) 

Consequently, substituting Eq. (2.14) into Eq. (2.16) gives 

𝑘𝑒 = 2 𝑘ℎ (
𝑙3 cos 𝜃0 

(𝑙2 − 𝑋2)
3
2

− 1) + 𝑘𝑣. 
(2.17) 

By dividing Eq. (2.17) by 𝑘𝑣 𝑙, the dimensionless equivalent vertical stiffness is given by 
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𝑘̂𝑒 = 2 𝜆  (
cos 𝜃0 

(1 − 𝑋̂2)
3
2

− 1) + 1; (2.18) 

in which 𝑘̂𝑒 = 𝑘𝑒/𝑘𝑣. 

The force-displacement behaviour of the system with an initial angle of 60° and three values 

of 𝜆 = 0, 1.0, 3.0 is shown in Figure 2.6. It is evident that by increasing 𝜆 the effects of 

nonlinearity increase. For this case, if  𝜆 ≤ 1, there will be only one equilibrium position, and 

if  𝜆 > 1, there will be three equilibrium positions. In the latter case, the middle equilibrium 

position, which occurs when 𝜃𝑠 = 0°, the equivalent stiffness of the system is negative (shown 

in Figure 2.7); the middle equilibrium position is unstable. This mechanism will be designed 

in order to have a small positive/zero stiffness; the negative equivalent stiffness will be avoided 

to ensure the stability of the mechanism.  

 

Figure 2.6. Dimensionless force-displacement graph for an initial angle of 60 degrees and 𝜆 =0, 1, 

and 3. 
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Figure 2.7. Dimensionless equivalent stiffness-displacement graph for an initial angle of 60 degrees 

and 𝜆 = 0, 1, and 3. 

For each initial angle and configuration, there is a combination of horizontal and vertical spring 

stiffness which causes zero stiffness at the static equilibrium position, giving a so-called quasi-

zero-stiffness-system (QZSS). By setting 𝑋̂ and 𝑘̂𝑒 to zero in Eq. (2.18), the value of the ratio 

𝜆 = 𝑘ℎ/𝑘𝑣, which provides the QZSS, is given by 

𝜆𝑄𝑍𝑆 =
1

2(1 − cos 𝜃0  )
   . (2.19) 

By substituting Eq. (2.19) into Eq. (2.18), the equivalent stiffness of a QZSS is  

𝑘̂𝑒,𝑄𝑍𝑆 = (
1

1 − cos 𝜃0  
)  (

cos 𝜃0

(1 − 𝑋̂2)
3
2

− 1) + 1 (2.20) 

which is zero when 𝑋̂ = 0 (in the static equilibrium position). Then all the static loadings are 

carried by the vertical spring as the horizontal springs do not provide any vertical resistance. 

Figure 2.8 shows the relationship between the ratio of the spring stiffness 𝜆 and the initial angle 

𝜃0 to satisfy the QZS condition. This is presented in Eq. (2.19). As shown, the higher initial 

angle needs less horizontal spring stiffness to make the QZSS.  
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Figure 2.8. Relationship between 𝜆 and 𝜃0 for a QZSS 

2.4    Choosing design parameters 

Considering a QZSS, the vertical spring should be defined so that it carries the weight of the 

building solely at the equilibrium state, since the arms which would lie horizontally cannot 

contribute to the vertical component of the force. Therefore, 𝑘𝑣 can be calculated by dividing 

the static force by the spring displacement, which is equal to the vertical projected length of 

the arm at the initial state. This gives 

𝑘𝑣 =
𝑚𝑔

𝑙 sin 𝜃0  
  . 

(2.21) 

In the QZSS, the equivalent vertical stiffness at static equilibrium is zero. Thus, by setting 

𝑘𝑒,𝑄𝑍𝑆 = 0 in Eq. (2.18), 𝑘ℎ can be calculated as  

𝑘ℎ,𝑄𝑍𝑆 =
𝑘𝑣

2(1 − cos 𝜃0  )
  . (2.22) 

By substituting Eq. (2.21) into Eq. (2.22), the stiffness of the horizontal spring can also be 

calculated directly from 

𝑘ℎ,𝑄𝑍𝑆 =
𝑚𝑔

2𝑙 sin 𝜃0  (1−cos 𝜃0 )
  , 

(2.23) 

where 𝑙 and 𝜃0 are two design parameters which need to be determined. The natural frequency 

of the system in the vertical direction can provide a useful criterion for this purpose. As the 
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frequency content of vertical earthquake excitations are richer in higher frequency components 

(higher than 1 Hz) [2], the vertical natural frequency of the building should be less than 1 Hz.  

Since, during the vibration, the location of the mass changes, it affects the equivalent stiffness 

of the system. If the displacement of the system is infinitesimal around the instantaneous 

position of the mass, the linearised natural frequency of the system subjected to an excitation 

is defined as 

𝜔𝑛_𝑄𝑍𝑆 = √
𝑘𝑒,𝑄𝑍𝑆

𝑚
 = √

𝑘𝑣𝑘̂𝑒,𝑄𝑍𝑆

𝑚
  . (2.24) 

If Eq. (2.20) is substituted into Eq. (2.24), therefore 

𝜔𝑛_𝑄𝑍𝑆 = √
𝑘𝑣

𝑚
 . √(

1

1 − cos 𝜃0
) (

cos 𝜃0

(1 − 𝑋̂2)
3
2

− 1) + 1  . (2.25) 

Eq. (2.25) shows that the frequency of the QZSS is a function of 𝑋̂ which shows it varies with 

the displacement of the mass. The maximum value of the frequency 𝜔𝑛_𝑄𝑍𝑆 should ideally 

remain below 1 Hz (2𝜋 rad/s) for seismic applications [2]. Therefore, to find the desirable 

parameter range, each factor of 𝜔𝑛_𝑄𝑍𝑆 is analysed separately. Ignoring the nonlinear term, the 

natural frequency of the linear system is 

𝜔𝑛 = √
𝑘𝑣

𝑚
  . (2.26) 

Therefore,  

√
𝑘𝑣

𝑚
≤ 2𝜋 . (2.27) 

Substituting Eq. (2.21) into Eq. (2.27) and rearranging gives 

𝜃0 ≥
𝑔

4𝜋2𝑙
 , (2.28) 

which is shown in Figure 2.9. The desirable region in this graph recommends the natural 

frequency of the linear system to be less than 2𝜋 rad/sec (1 Hz).  

On the other hand, the nonlinear term, which changes during an earthquake, should also be 

investigated. To do so, the dimensionless natural frequency of a linearised QZSS is introduced 

as 

𝜔̂𝑛_𝑄𝑍𝑆 = √(
1

1 −cos 𝜃0
) (

cos 𝜃0

(1 − 𝑋̂2)
3
2

− 1) + 1 , (2.29) 
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where 𝜔̂𝑛_𝑄𝑍𝑆 =
𝜔𝑛_𝑄𝑍𝑆

√
𝑘𝑣
𝑚

. 

Figure 2.10 shows the relationship between the dimensionless frequency of a QZSS and the 

dimensionless displacement of the mass, shown in Eq. (2.29), for various initial angles. 

Considering the linear natural frequency √
𝑘𝑣

𝑚
= 2𝜋, the dimensionless frequency should 

remain below 1 (the shaded zone) for any given dimensionless displacement. As shown in 

Figure 2.10, the maximum frequency of the system with lower initial angles changes rapidly 

with the displacement. For instance, for a system with initial angle of 𝜃0 = 10°, a displacement 

of 0.1𝑙 gives a maximum frequency of 1 Hz (considering the linear frequency √
𝑘𝑣

𝑚
= 2𝜋). By 

increasing the displacement/length of the arm ratio (value varies for different initial angles), 

however, the maximum frequency exceeds 1 Hz. On the other hand, a QZSS with higher initial 

angles provide a wider range of displacements without exceeding frequency of 1 Hz. A QZSS 

with initial angle of 80°, for example, can keep the maximum frequency below 1 Hz for 

displacements up to 0.84 𝑙. Therefore, higher initial angles are preferred since they allow higher 

displacements while keeping the maximum frequency below 1 Hz.  

 

Figure 2.9. Relationship between initial angle and the length of the arms for a linear system to ensure 

𝜔̂𝑛_𝑄𝑍𝑆 ≤ 2𝜋 

 

 

𝜃0 = sin−1
𝑔

4𝜋2𝑙
 

 

Desirable range 
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Figure 2.10. Relationship between dimensionless frequency and displacement for QZSS with large 

displacements 

2.5    Dynamic behaviour subjected to time harmonic excitations 

2.5.1    Equation of motion 

In this section, the dynamic behaviour of the SDoF system with the mechanism is investigated.  

Figure 2.11 illustrates the dynamic model in which 𝑌 is the absolute dynamic displacement of 

the mass (which is measured from the static equilibrium position 𝜃𝑠 = 0) and 𝑧 is the 

displacement of the ground excitation.  

 

Figure 2.11. Idealized model of the mechanism with viscous damping  

Therefore, the dynamic equation for the SDoF system is written around the static equilibrium 

position where 𝜃𝑠 = 0° as 

𝑚𝑌̈ + 𝑐(𝑌̇ − 𝑧̇) + 𝑘𝑒 (𝑌 − 𝑧) = 0 . (2.30) 

By substituting Eq.(2.17) into the Eq. (2.30) and replace X with 𝑌 − 𝑧 gives 

Desirable range 

m 

𝑧 

𝑌 
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𝑚𝑌̈ + 2𝑘ℎ (𝑙 cos  𝜃0 − √𝑙2 − (𝑌 − 𝑧)2 ) ×
(𝑌 − 𝑧)

√𝑙2 − (𝑌 − 𝑧)2
+ 𝑘𝑣 (𝑌 − 𝑧)

+ 𝑐 (𝑌̇ − 𝑧̇) = 0 . 
(2.31) 

If the relative displacement of the mass to the base is defined as 

𝑌′ = 𝑌 − 𝑧 , (2.32) 

and substituted into Eq. (2.31), it gives 

𝑚 (𝑌̈′ + 𝑧̈) + 2𝑘ℎ (𝑙 cos 𝜃0 − √𝑙2 − 𝑌′2) ×
𝑌′

√𝑙2 − 𝑌′2
+ 𝑘𝑣 𝑌′ + 𝑐 𝑌′̇ = 0 , 

(2.33) 

where 

𝑐 = 2𝜉𝑚𝜔𝑛 , (2.34) 

in which 𝜉 is a damping ratio and 𝜔𝑛 is the natural frequency of a linear system which is given 

by 𝜔𝑛 = √
𝑘𝑣

𝑚
.  

Dividing Eq. (2.31) by 𝑘𝑣  𝑙 gives the dimensionless dynamic equation of motion as 

1

𝜔𝑛2
𝑌̂′̈ + 2 𝜆 (cos 𝜃0 − √12 − 𝑌̂′

2
) ×

𝑌̂′

√12 − 𝑌̂′
2

+ 𝑌̂
′
+

2𝜉

𝜔𝑛
 𝑌̂′̇ = −

1

𝜔𝑛2
𝑍̈ ; 

(2.35) 

in which 𝑌̂′ =
𝑌′

𝑙
 and 𝑍 =

𝑧

𝑙
 are the dimensionless relative displacement of the mass and the 

dimensionless base excitation, respectively.  

By defining  

𝛼 = 1 + 2𝜆  (cos 𝜃0 − 1) (2.36) 

and 

𝛽 = 𝜆  cos 𝜃0   , (2.37) 

Eq. (2.15) can be rewritten as 

𝐹̂ = 𝑌̂′ +
𝑌̂′  (2 𝛽 − 2 𝜆 √1 − 𝑌̂′2

)

√1 − 𝑌̂′2
  , (2.38) 

which can be approximated by the Taylor series given by  

𝐹̂ = 𝛼 𝑌̂′ + 𝛽 𝑌̂′3 +
3 𝛽 𝑌̂′5

4
+

5 𝛽 𝑌̂′7

8
+ ⋯  . (2.39) 
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As it can be seen in Figure 2.12, the Taylor series with order 3, 5, and 7 give increasingly 

accurate approximation for the small displacements. A Taylor series of order 3 will henceforth 

be used to approximate the response.  

 

Figure 2.12. Comparison of the Taylor series of order 3, 5, and 7 with the exact solution for a QZSS 

2.5.2    Analytical solution 

In order to analytically solve the equation of motion for the mechanism subjected to harmonic 

excitations, harmonic balance method is adopted. This method has previously been used by 

other researchers for this system [1]. This method is an approximation of the accurate solution.  

It is assumed that the relative displacement of the mass is small, then the Taylor series of order 

3 is used and the higher orders are ignored. Since this method is not accurate for large excitation 

amplitudes, it is only used to verify the MATLAB numerical model. This can be seen in Figure 

2.14. Then the numerical model is used for further analysis. 

By substituting the Taylor series of order 3 into Eq. (2.35), the dynamic equation of motion can 

be rewritten as 

1

𝜔𝑛2
𝑌̂′̈ +

2𝜉

𝜔𝑛
𝑌̂′̇ + 𝛼𝑌̂′ + 𝛽𝑌̂′3 = −

1

𝜔𝑛2
𝑍̈ (2.40) 

 

The time harmonic excitation can be written as 𝑍 = 𝑈 cos(𝜔𝑡) , where 𝑈 = 𝑧/𝑙. Consequently, 

the acceleration of the base is 𝑍̈ = −𝑈𝜔2 cos(𝜔𝑡)  . By substituting 𝑍̈ into Eq. (2.40), it 

becomes 

1

𝜔𝑛2
𝑌̂′̈ +

2𝜉

𝜔𝑛
𝑌̂′̇ + 𝛼𝑌̂′ + 𝛽𝑌̂′3 = 𝑈𝛺2 cos(𝜔𝑡)  (2.41) 

in which 𝛺 =
𝜔

𝜔𝑛
 is the dimensionless frequency ratio. If the response of the system is 

considered as 
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𝑌̂′ = 𝐴 cos(𝜔𝑡 + ∅) (2.42) 

Then the 𝑌̂′̇  and 𝑌̂′̈  are defined as 

𝑌̂′̇ = −𝐴𝜔 sin(𝜔𝑡 + ∅)  , (2.43) 

and 

𝑌̂′̈ = −𝐴𝜔2 cos(𝜔𝑡 + ∅)  . (2.44) 

Substituting Eq.(2.42), Eq.(2.43) and Eq.(2.44) into Eq.(2.41) gives 

𝛺2(−𝐴 cos(𝜔𝑡 + ∅) ) − 2𝜉𝛺(𝐴 sin(𝜔𝑡 + ∅)  ) + 𝛼(𝐴 cos(𝜔𝑡 + ∅) )

+ 𝛽(𝐴 cos(𝜔𝑡 + ∅) )3 = 𝑈𝛺2 cos(𝜔𝑡)  (2.45) 

which can be expanded, using cos3(𝜔𝑡 + ∅)  =
3

4
cos(𝜔𝑡 + ∅) +

1

4
cos(3𝜔𝑡 + ∅)  and 

ignoring the third harmonic, to give 

−𝐴𝛺2 cos(𝜔𝑡 + ∅)  −2𝜉𝛺𝐴 sin(𝜔𝑡 + ∅)  +𝐴𝛼 cos(𝜔𝑡 + ∅)  +
3

4
𝛽𝐴3

cos(𝜔𝑡 + ∅) = 𝑈𝛺2 cos(𝜔𝑡) 
(2.46) 

As there are only sin(𝜔𝑡 + ∅)  and cos(𝜔𝑡 + ∅) terms in the equation. Then harmonics in both 

sides must be balanced. The multipliers of cos(𝜔𝑡 + ∅) and sin(𝜔𝑡 + ∅)  on the left-hand side 

of Eq.(2.46) are 

𝐹𝑐 = −𝐴𝛺2 + 𝐴𝛼 +
3

4
 𝛽𝐴3 (2.47) 

and 

𝐹𝑠 = −2𝜉𝛺𝐴 (2.48) 

respectively. Then based on the fact that 𝐹𝑐2 + 𝐹𝑠2 = (𝑈𝛺2)2, we have 

(
3 𝛽 𝐴3 

4
− 𝐴 𝛺2 + 𝛼 𝐴)

2

+ (2𝜉𝛺𝐴)2 = (𝑈𝛺2)2. (2.49) 

Consequently, Eq. (2.49) is solved to give two values for 𝛺 as 

𝛺1,2

=
√4 𝐴2  𝛼 + 3 𝐴4  𝛽 − 8 𝐴2  𝜉2 ± 2 𝐴 √

9 𝐴4  𝑈2  𝛽2

4
− 12 𝐴4  𝛽 𝜉2 + 6 𝐴2  𝑈2  𝛼 𝛽 − 16 𝐴2  𝛼 𝜉2 + 16 𝐴2  𝜉4 + 4 𝑈2  𝛼2

4 (𝐴2 −   𝑈2)
. 

(2.50) 

The dimensionless absolute displacement of the system, is 

𝑌̂ = 𝐴 cos(𝜔𝑡 + ∅) +𝑈 cos(𝜔𝑡) , (2.51) 

which can be expanded to give 

𝑌̂ = (𝐴 cos ∅  +𝑈) cos(𝜔𝑡)  −𝐴 sin ∅ sin (𝜔𝑡) (2.52) 
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Therefore, the absolute transmissibility can be written as 

|𝑇𝑎| =
|𝑌̂|

|𝑍|
=

√(𝐴 cos ∅ +𝑈)2 + (𝐴 sin ∅ )2

𝑈
 (2.53) 

which can be simplified to give 

|𝑇𝑎| =  
√

1 + 𝐴2 +
2 𝐴  (

3 𝛽 𝐴3

4 − 𝐴𝛺2 + 𝛼 𝐴)

𝛺2
 . (2.54) 

Figure 2.13 shows the transmissibility curves for various values of excitation amplitude for a 

QZSS with 𝛼 = 0, 𝛽 = 0.5, 𝜆 = 1 and 𝜉 = 0.05. As it can be seen, by increasing the excitation 

amplitude, the peak value increases and move toward higher frequencies. 

 

Figure 2.13. Comparing the transmissibility curves for a linear system with a QZSS with 𝛼 = 0, 𝛽 =

0.5, 𝜆 = 1 and 𝜉 = 0.05 and various input amplitudes  

2.5.3    Numerical solution 

Eq. (2.31) is solved numerically using step-by-step direct integration of the equation of motion.  

MATLAB ode45 solver is obtained to solve the equation. This solver is based on an explicit 

Runge-Kutta (4,5) formula which gives a solution for a single time step only. The default 

parameters are used for the solver. For instance, the relative error tolerance and maximum error 

tolerance are 1e-3 and 1e-6 respectively. The initial conditions include displacement and 

velocity. For the first step, the static displacement was used as an initial condition for the 

equation based on unloaded position origin and zero displacement for the equation based on 

equilibrium position origin. The velocity for the initial conditions in both cases are zero. The 
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solution for each time step is considered as initial condition to solve the equation for the 

following time step.  

The numerical results are verified with the analytical results shown in Figure 2.14, which gives 

the transmissibility curve for a system with 𝛼 = 0.866,  𝛽 = 0.433, 𝜉 = 0.05 and 𝑈 = 0.1. 

The numerical modelling correctly simulates the behaviour of the mechanism. Therefore, 

numerical modelling is used for more complex cases for which the analytical computation is 

out of reach. There is a region in the transmissibility curve where there are three possible 

solutions available. Two of these are stable and one is unstable. The unstable solution cannot 

be found using the solver as it only converges to the stable solution.  

 

Figure 2.14. Comparison between analytical and numerical results for a system with 𝛼 = 0.866,  𝛽 =

0.433, 𝜉 = 0.05 and 𝑈 = 0.1 without friction 

2.6    Other equilibrium positions 

The dynamic behaviour of the mechanism has been analysed for the case where the weight of 

the system brings the arms into the horizontal position 𝜃𝑠 = 0° (static equilibrium position). 

However, in practice, this may not be the case because of some uncertainties. Therefore, it is 

important to evaluate the dynamic behaviour of the system for other static equilibrium positions 

to see how sensitive the mechanism is to changes in the system parameters. For this purpose, 

two mistuning factors have been considered, which are the variation in the geometric 

configuration of the arms and the change in payload. Substituting Eq.(2.17) into Eq. (2.30) 

gives the equation of motion for any static equilibrium position 
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𝑚𝑦̈ + 𝑐(𝑦̇ − 𝑧̇) + 2𝑘ℎ  (𝑙 cos 𝜃0 −√𝑙2 − (𝑙 sin 𝜃0  +(𝑦 − 𝑧))
2

 ) ×

𝑙 sin 𝜃0 +(𝑦−𝑧)

√𝑙2−(𝑙sin 𝜃0 +(𝑦−𝑧))
2

+ 𝑘𝑣 (𝑦 − 𝑧) − 𝑚𝑔 = 0; 
(2.55) 

in which 𝑦 is the absolute displacement of the mass from the unloaded position. 

2.6.1    Mistuning  

In practice, there might be a mistuning because of some error in installation. In other words, 

the rig may not be installed in the exact configuration for which it was designed. For instance, 

the initial angle of the arms with respect to the horizontal may be slightly different from the 

design. In this part, the performance of the mechanism is evaluated when the system is 

subjected to a shift in location of the payload by 0.1 𝑙 and 0.01 𝑙, above or below, compared to 

the values defined when designing the system. It is important to note that by mistuning the 

system, the equilibrium position is not at 𝜃 = 0°, so, it is not a QZSS anymore.  The effects of 

mistuning on the performance of a QZSS is studied considering a system with 𝑘𝑣 = 𝑘ℎ = 140 

N/m (𝜆 = 1), 𝜃0 = 60°, 𝑙 = 0.1 m and 𝑚𝑔 = 12 N. The static behaviour of this mechanism is 

shown in Figure 2.15 (a). As illustrated, the mistuning of 0.01 𝑙 (positive mistuning implies 

that the initial location is above the intended point) does not affect the static behaviour of the 

system significantly. However, by increasing this error to 0.1 𝑙, the changes in the static 

behaviour are considerable. Moreover, by mistuning the system to a higher initial position 

(increasing the initial angle), the nonlinearity which causes the negative stiffness increases. As 

a matter of fact, a QZSS is generally designed to obtain the maximum possible negative 

stiffness in the system to provide a zero stiffness in the static equilibrium position while 

retaining stable. Therefore, by adding more nonlinearity to the system, there will be a zone 

with negative equivalent stiffness. In this case, there are three possible equilibrium positions, 

two stable and one unstable at 𝜃 = 0°. Therefore, the stable static equilibrium position will be 

at 𝜃𝑠 ≠ 0°.  

Considering 𝑚𝑔 = 12 N, 𝜃0 = 45° and 𝜆 = 1, the stiffness 𝑘𝑣 = 𝑘ℎ is calculated so that the 

static equilibrium position is reached at zero angle. This mechanism is not QZSS, since the 

equivalent stiffness at the static equilibrium system is non-zero and positive, so-called High 

Static Low Dynamic Stiffness System (HSLDSS). The static behaviour of this system for 

various mistuning values is shown in Figure 2.15 (c). As can be seen, by increasing the initial 

angle, the nonlinearity of the system increases and by mistuning the mass into lower initial 

positions, the nonlinearity reduces. However, the system remains stable with only one 

equilibrium position and positive stiffness at a time.  
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(a) (b) 

Figure 2.15. Force-displacement graph for a system 𝑚𝑔 = 12N, 𝑙 = 0.1 𝑚 and 𝜆 = 1 with 

mistuning. (a) QZSS (𝜃0 = 60°), and (b) HSLDSS (𝜃0 = 45°) 

 

To compare the dynamic behaviour of the QZSS and the HSLDSS with and without mistuning 

subjected to harmonic excitations, transmissibility of the acceleration is used. Transmissibility 

is defined as the ratio of the maximum amplitude of the response acceleration to the amplitude 

of input excitation. The peak response of the system subjected to input harmonic excitation is 

numerically calculated for different frequencies (the numerically obtained response is multi-

harmonic in general). Figure 2.16 (a) shows the input and the response acceleration time 

histories of QZSS subjected to a harmonic excitation with frequency and amplitude of 0.5 Hz 

and 0.08g, respectively. As it can be seen, the response of the system has multiple harmonics 

and it takes several minutes to settles after the initial disturbance. The transmissibility then is 

the peak value of the response (when settled) to that of the input. So, for this case the 

transmissibility is 1. Subsequently, the transmissibility for different input frequencies is 

calculated numerically. 

Figure 2.16 (b) shows the transmissibility for a QZSS with various degrees of mistuning. 

Comparing these two graphs (Figure 2.16 (b) and (c)), it is noted that mistuning affects the 

transmissibility of the QZSS system more than the HSLDSS in the frequency range bellow 3 

Hz. In other words, although the QZSS without mistuning performs better than a HSLDSS and 

isolate wider range of frequencies, by adding a mistuning to the system, it can be seen that as 

there is a risk of mistuning, the HSLDSS behaves better and is more resilient than the QZSS. 
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(a) 

 

(b) (c) 

Figure 2.16. (a) Input and response acceleration time histories for a QZSS 𝑚𝑔 = 12 N, 𝑙 = 0.1 𝑚 

and 𝜆 = 1 without mistuning and the excitation frequency of 0.5 Hz and amplitude of 0.8g. 

(b)Transmissibility for a QZSS (𝜃0 = 60°), and (c) HSLDSS (𝜃0 = 45°)  

 

(Hz) (Hz) 
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Negative values of the mistuning parameter indicate that the initial position of the mass is 

below the intended location. As can be seen, not only does the mistuning increase the response 

of the system at low frequencies, but it also changes the resonance frequency of the system. It 

is also evident that by mistuning the mass to the higher or lower positions (except −0.01 𝑙), 

two other branches emerge before and after the main branch at the resonance. These two 

branches are called emerging branches and show harmonics at  
1

2
𝜔𝑛 and 2𝜔𝑛. For a mistuning 

of −0.01 𝑙, however, only one other branch is noticeable at  
1

2
𝜔𝑛. As mentioned before, for the 

case of mistuning of 0.1 𝑙, the system can experience negative stiffness in some stage: the light 

blue dots in Figure 2.16 (b) illustrate this case. As seen at some frequencies, the numerical 

model did not converge to a stable solution. 

The transmissibility for the HSLDSS with various values of mistuning is presented in Figure 

2.16 (c). It is evident that this system is less sensitive to the mistuning in comparison to the 

similar QZSS shown in Figure 2.16 (b). Except for the case with 0.1 𝑙 mistuning which has 

three branches, the response of the system has only one main branch. Moreover, the resonance 

frequency of the system is not affected significantly. Therefore, a system with some positive 

stiffness in the static equilibrium position (non-zero equivalent stiffness) is less sensitive to the 

mistuning than a QZSS.  

2.6.2    Change in the payload 

The static load on a building support varies all the time due to changes in live load. As there 

are many uncertainties in calculating the weight of the building and the expected live load, it 

is important to see how the dynamic behaviour of the system changes with various weights. In 

this section, the behaviour of a QZSS and another a HSLDSS, which has low stiffness at the 

equilibrium position but not zero, are studied for changes in the payload of ±0.1 𝑚𝑔 and 

±0.01 𝑚𝑔. The transmissibility curves for these two systems against the variation in the 

payload is presented in Figure 2.17 (a) and Figure 2.17 (b). 

Figure 2.17 (a) illustrates the transmissibility curves for the QZSS, which was introduced in 

the previous section with different payload. It is important to note that by changing the payload, 

the equilibrium position is not at 𝜃 = 0°, so, it is not a QZSS anymore.  The response of the 

system with an increase in the payload of 0.01 𝑚𝑔 is similar to that of the system with a 

decrease in the payload of 0.01 𝑚𝑔. In other words, increasing or decreasing the payload by 

1% has a similar influence on the behaviour of the QZSS. In this scenario, two other branches 

emerge at 
1

2
𝜔𝑛 and 2𝜔𝑛.  
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(a) (b) 

Figure 2.17. Transmissibility curves for a system 𝑚𝑔 = 12N and 𝜆 = 1 with changes in payload and 

the excitation amplitude of 0.08 g (a) QZSS (𝜃0 = 60°), and (b) non-QZSS (𝜃0 = 45°) 

In addition, by changing the load on a QZSS by ±10%, the resonance frequency increases. 

Moreover, the emerging branches at  
1

2
𝜔𝑛 and 2𝜔𝑛 become more evident. It is interesting to 

note that both in this case and the previous case with a ±1% change in payload, the behaviour 

of the system is very similar with a slight shift of the resonance peak. 

Considering a HSLDSS with  𝑚𝑔 = 12N, 𝜃0 = 45° and 𝜆 = 1, the stiffness 𝑘𝑣 = 𝑘ℎ is 

calculated in order to have the static equilibrium position at zero angle. The transmissibility 

curves for this system are presented in Figure 2.17 (b), which shows that this system is much 

less sensitive to the variation of the weight of the system in comparison to the QZSS. Moreover, 

the emerging branches are not well formed.  

2.7    Mechanism with friction 

Friction is a complicated phenomenon which exists to some extent in all mechanisms, and in 

many cases the effects of friction cannot be neglected. For this specific mechanism, some dry 

friction was observed (stick and slip behaviour) from the experiments conducted for this study 

which is explained in chapter 5 and needs to be considered in the analysis. The dry friction has 

been addressed by other researchers for a similar mechanism [3; 4] as well.  Because of the 

complexity, it is difficult to identify the main source. Rubbing of surfaces, from springs on 

guide rods for instance, is the main source of friction in this mechanism. The friction force can 

be in both the horizontal and vertical directions. The model including dry friction is shown in 

Figure 2.18, which illustrates the dry friction elements for this mechanism. 

 

(Hz) (Hz) 



36 

 

 

Figure 2.18. Idealized model for the mechanism with viscous damping and Coulomb friction 

There have been many models proposed for dry friction, or Coulomb friction, such as stick-

slip model (signum function), the smooth Coulomb model, velocity-based model etc. [5]. In 

this study, the continuous Coulomb friction model has been chosen for the numerical modelling 

in order to avoid computational difficulties caused by force discontinuities in a stick-slip 

model. This model has been proven to be an accurate approximation for the signum function 

[6]. Figure 2.19 shows the continuous Coulomb friction model which is used in this study. This 

model illustrates 𝑓𝑑 tanh (
𝑌̇′

𝑣𝑑
), in which 𝑓𝑑 refers to the constant asymptotes for the dynamic 

friction force and 𝑣𝑑 is the velocity tolerance which is a real number in the neighbourhood of 

zero.  

By adding the dry friction terms for the horizontal and the vertical motion to Eq. (2.33), the 

equation of motion is written as  

𝑚(𝑌̈′ + 𝑧̈) − 2𝑘ℎ (√𝑙2 − 𝑌′2 − 𝑙 cos 𝜃0   ) ×
𝑌′

√𝑙2 − 𝑌′2
+ 𝑘𝑣  𝑌′ + 𝑐 𝑌̇′ + 𝑓

𝑑𝑣
.

tanh (
𝑌̇′

𝑣𝑑

)  +2
𝑌′

√𝑙2 − 𝑌′2
𝑓

𝑑ℎ
.tanh (

𝑌̇′ℎ

𝑣𝑑

) = 0 
(2.56) 

in which 𝑓𝑑𝑣 and 𝑓𝑑ℎ are constant asymptotes for the friction forces in the vertical and 

horizontal direction respectively, 𝑌̇′ℎ is the velocity in the horizontal direction which is derived 

from differentiating the horizontal displacement (√𝑙2 − 𝑌′2 − 𝑙 cos 𝜃0) with respect to time. 

This parameter is written as 

𝑌̇′ℎ =
𝑌′

√𝑙
2

− 𝑌′2
𝑌̇′. 

(2.57) 

 

 

 m 
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Figure 2.19. Smooth Coulomb friction model 

Figure 2.20 illustrates the transmissibility of the system with different maximum vertical 

friction forces defined as a fraction of 𝑚𝑔. For this mechanism, parameters are taken as 𝛼 =

0.866, 𝛽 = 0.433, 𝜆 = 0.5, 𝜉 = 0.05, 𝑣𝑑 = 0.002  and with a harmonic excitation amplitude 

of 0.1 𝑙. As can be seen, by increasing the friction force, the stick part of the graph widens and 

the response of the system at lower frequencies decreases significantly, while the response 

increases at higher frequencies, around 20% at 3 Hz for 𝑓𝑑𝑣 = 0.3 𝑚𝑔. As the higher 

frequencies (greater than 1.5 Hz) are of importance in earthquake applications, it is desirable 

to minimize the friction in the vertical elements of the mechanism to gain more isolation in the 

system. 

The effect of friction in the horizontal elements, however, is observed to be less severe (Figure 

2.21). Although it decreases the peak in the resonance area, the increase at higher frequencies 

is imperceptible. Therefore, taking advantages of some friction in the horizontal direction may 

be useful for reducing the response around resonance.  
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Figure 2.20. Absolute transmissibility curves for various values of vertical friction for a system with 

𝛼 = 0.866, 𝛽 = 0.433, 𝜆 = 0.5, 𝜉 = 0.05, 𝑣𝑑 = 0.002  and 𝑓𝑑ℎ = 0 

 

Figure 2.21. Absolute transmissibility curves for various values of vertical friction for a system with 

𝛼 = 0.866, 𝛽 = 0.433, 𝜆 = 0.5, 𝜉 = 0.05, 𝑣𝑑 = 0.002 and 𝑓𝑑𝑣 = 0 
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2.8    Conclusion 

In this chapter, the equation of motion for HSLDSS including friction effects subject to base-

excitations was developed and the design parameters were identified and studied. As expected, 

the QZSS was found to be the most effective isolation system for harmonic excitation, and the 

ways of designing the parameters for the QZSS were provided. In addition, the effects of the 

tolerance in the initial configuration of the system, and the uncertainty in the weight of the 

system were considered. The results show that the dynamic behaviour of QZSS is highly 

sensitive to these changes and is susceptible to become unstable. while designing the system 

with less nonlinearity decreases the sensitivity.  

In addition, the effects of dry friction in both vertical and horizontal directions were modelled 

using Tanh function and the results were compared. The results indicate that friction forces in 

both horizontal and vertical directions decrease the transmissibility at resonance while they 

increase it in the high frequency range. Therefore, the friction in the system must be minimal 

to get a higher isolation performance in the high frequency range. 
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Chapter 3.  

Numerical modelling for earthquake excitation and 

designing variables 

3.1    Introduction 

In the previous chapter, the equations of motion for static and dynamic behaviour of the isolator 

have been derived. Moreover, the solution for harmonic excitation was provided and the 

numerical model was verified by the analytical results. 

In this chapter, the dynamic behaviour of the mechanism subjected to earthquake excitation is 

investigated. A set of 23 near-fault earthquake time histories are used as inputs for selecting 

suitable design variables. Moreover, the behaviour of a suggested quasi-zero-stiffness system 

(QZSS) is compared with a linear system as well as a high-static-low-dynamic-stiffness system 

(HSLDSS) with small stiffness in the static equilibrium position. 

In the next chapter, experimental model will be presented as well as the equipment which were 

used for the tests. 

3.2    Design objectives 

3.2.1    Earthquake excitation selection 

In this chapter, 23 historical near-fault earthquakes are taken from the PEER ground motion 

database website [1] and used to find the suitable design parameters of the isolator. In near-

fault areas (less than 20 km from a fault), the intensity of the vertical component of earthquakes 

is usually more significant than for other areas. As it was mentioned in the literature review, 

the spectral acceleration of a building with a natural frequency of more than 1 Hz subjected to 

a vertical excitation can exceed 1.5 time the horizontal one in near-field areas [2]. Therefore, a 

set of 23 earthquakes with a magnitude of 6.5 (in the Richter scale) or more and less than 15 

km distance from a fault are chosen for this study. Table 3-1 shows the year and station of 

occurrence, magnitude (M), distance from the source (Rcl), and the average shear velocity at 

30 m depth (VS30) of each signal as well as the characteristics of the vertical component of 

these earthquakes including peak ground acceleration (PGA), velocity (PGV) and displacement 

(PGD). These earthquakes are also used in other publications [3; 4]. 
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Table 3-1. Near-fault strong vertical ground motions [1] 

No. Earthquake Year Station M 

(Richter) 

Rcl 

(km) 

VS30 

(m/s) 

PGA 

(g) 

PGV 

(cm/s) 

PGD 

(cm) 

1 Tabas, Iran 1978 Tabas 7.4 2.1 767 0.64 40.89 12.3 

2 Imperial Valley 1979 EC Meloland Overpass FF 6.5 0.1 186 0.24 18.9 9.6 

3 Imperial Valley 1979 El Centro Array #7 6.5 0.6 211 0.58 27.1 10.0 

4 Loma Prieta 1989 LGPC 6.9 3.9 478 0.90 55.9 2.0 

5 Erzincan, 

Turkey 

1992 Erzincan 6.7 4.4 275 0.23 16.4 10. 5 

6 Northridge 1994 Jensen Filter Plant 6.7 5.4 373 0.35 31.2 7.5 

7 Northridge 1994 Newhall - W Pico Rd Canyon 6.7 5.5 286 0.30 28.6 13.1 

8 Northridge 1994 Rinaldi Receiving Sta 6.7 6.5 282 0.96 42.2 3.7 

9 Northridge 1994 Sylmar - Converter Sta 6.7 5.4 251 0.61 26.1 8.3 

10 Northridge 1994 Sylmar - Converter Sta East 6.7 5.2 371 0.48 120 34.0 

11 Northridge 1994 Sylmar Olive View Med FF 6.7 5.3 441 0.54 18.6 7.9 

12 Kobe, Japan 1995 Port Island 6.9 3.3 198 0.57 62.1 27.8 

13 Kobe, Japan 1995 Takatori 6.9 1.5 256 0.28 16.2 4.4 

14 Kocaeli, Turkey 1999 Yarimca 7.4 4.8 297 0.24 30.8 29.5 

15 Chi-Chi, Taiwan 1999 TCU052 7.6 0.7 579 0.20 144.0 154.0 

16 Chi-Chi, Taiwan 1999 TCU065 7.6 0.6 306 0.26 69.4 57.3 

17 Chi-Chi, Taiwan 1999 TCU068 7.6 0.3 487 0.53 213.0 222.6 

18 Chi-Chi, Taiwan 1999 TCU084 7.6 11.2 553 0.32 25.6 13.2 

19 Chi-Chi, Taiwan 1999 TCU102 7.6 1.5 714 0.18 68.4 51.6 

20 Duzce, Turkey 1999 Duzce 7.2 6.6 276 0.35 20.2 20.8 

21 Bam, Iran 2003 Bam 6.6 1.7 487.4 0.97 39.9 8.5 

22 Christchurch, 

New Zealand 

2010 Heathcote Valley Primary 

School 

6.2 3.4 422 2.18 40.0 23.3 

23 Lucerne, 

Landers 

1992 Lucerne 7.28 2.19 1369 0.818 97.6 29.8 

 

One of the factors to quantify the severity of a ground motion is a frequency content [5]. This 

characteristic can be observed using spectral accelerations, which represent the responses of 

elastic linear SDoF systems subjected to harmonic excitations with specific frequencies. 

Frequency content of a ground motion can also be obtained from Discrete Fourier Transform 

(FFT) of the acceleration time history. Since the system studied in this research is nonlinear, 

FFT is chosen to show the frequency contents of the inputs. To  
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Figure 3.1. Fast Fourier Transform of acceleration for 23 near-fault earthquake signals [1] 

 indicate the FFT for the 23 near-fault earthquake signals. The graphs have been smoothened 

using sgolayfilt(order,framelen) function in MATLAB in order to decrease the noises and see 

the general trend of the graphs. Pronominal order (order) 3 and frame length (framelen) of 101 

was found to be suitable parameters for this function to meet the purpose. As can be seen, most 

of the earthquake accelerations are rich in higher frequencies (higher than 1 Hz). For instance, 

the Bam and Christchurch earthquakes, Nos. 21 and 22, have a substantial frequency content 

around 5-10 Hz. Therefore, an isolator with a natural frequency of less than 1 Hz is expected 

to considerably reduce the response of the system. However, the Northridge (No. 6), Kobe (No. 

12) and the Chichi earthquake from a few different stations (No. 15, 16, 17 and 19) have 

significant low frequency content. Therefore, the response of a system with an isolator could 

even be amplified due to these input signals (because of resonance) even with an isolator giving 

a natural frequency lower than 1 Hz. 
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Figure 3.1. Fast Fourier Transform of acceleration for 23 near-fault earthquake signals [1] 

3.2.2    Performance criteria 

The criteria which are used for evaluating the performance of the mechanisms for the 

earthquake applications are based on the following factors, with lower values indicating better 

performance:  

(a) Maximum acceleration ratio: defined as the ratio of the maximum magnitude response 

acceleration to the maximum magnitude base acceleration.  

(b) Maximum Root Mean Square (RMS) acceleration ratio: the RMS ratio of the response/base 

strong motion acceleration. The RMS criterion is calculated for the strong motion duration of 

the signal as this part includes the majority of energy which is the main cause of damage to 

structures [6]. To do this, the duration of the strong motion is calculated based on a percentage 

of cumulative energy [7] given by 

𝐶𝐸 = ∫ 𝑎2(𝑡)𝑑𝑡, (3.1) 

in which a is the base acceleration time history and 𝑡 is time. The part of the signal with CE 

between 5% and 95% gives the strong ground motion which is used to determine the RMS 

response. 

(c) Maximum relative displacement ratio: the ratio of the maximum relative response 

displacement to that of the base. 

(d) Maximum nondimensional force amplification  
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𝑓𝑡𝑟 = (
𝑦̈ + 𝑔

𝑔
) . (3.2) 

This criterion illustrates the amplification of the compressive force in the system due to 

earthquake excitation and is defined in terms of the payload. For instance, if 𝑓𝑡𝑟 = 1.4, it means 

that the maximum compressive force in the system during an earthquake reaches 1.4 times the 

static payload. 

3.3    Designing of QZSS parameters 

In this section, the variables in a QZSS are selected based on the earthquake signals tabulated 

in the previous section.  

In this process, the effect of the length of the arms, the initial angle of the arms, the damping 

coefficient and horizontal friction element (nonlinear friction force) and vertical friction 

element (linear friction force) will be considered. It should be noted that the stiffnesses are 

determined according to the QZSS equations given in Chapter 2. 

3.3.1    Length of the arms (𝒍) 

The length of the arms is one of the design variables. This length must provide enough stroke 

in the event of an earthquake. In other words, the length of the arms must allow enough space 

for the relative displacement of the mass. Therefore, the 23 near-fault earthquakes are taken to 

find a suitable option for this variable. On the other hand, a shorter length would be an 

advantage as it decreases the required space and provides a viable option for retrofitting 

buildings. 

The equation of motion Eq. (2.56) is considered in this section to find the suitable design 

variables. To simplify this equation for this purpose, the horizontal and vertical friction forces 

can be defined as a fraction of the payload and represented as   

𝑓𝑑ℎ = 𝜂ℎ𝑚𝑔 (3.3) 

and  

𝑓𝑑𝑣 = 𝜂𝑣𝑚𝑔 (3.4) 

respectively, in which 𝜂ℎ and 𝜂𝑣 are constant ratios for the horizontal and vertical friction 

forces and 𝑚𝑔 is the static payload. By substituting Eq. (2.21) and Eq. (2.26) into Eq.(2.34), 

the damping term is rewritten as 

𝑐 = 2𝜉𝑚√
𝑔

𝑙 sin 𝜃0  
 . (3.5) 

Therefore, by considering the system as a QZSS, Eq. (2.21), Eq. (2.23), Eq. (3.3), Eq. (3.4), 

Eq. (3.5) and Eq. (2.57) are substituted into Eq. (2.56), and expressed as 



46 

 

𝑚(𝑌̈′ + 𝑧̈) −
𝑚𝑔

𝑙 sin 𝜃0 (1 − cos 𝜃0  )
(√𝑙2 − 𝑌′2 − 𝑙 cos 𝜃0     ) ×

𝑌′

√𝑙2 − 𝑌′2

+
𝑚𝑔

𝑙 sin 𝜃0
 𝑌′ + 2𝜉𝑚√

𝑔

𝑙 sin  𝜃0  
 𝑌̇′ + 𝜂𝑣𝑚𝑔. tanh (

𝑌̇′

𝑣𝑑

) 

+ 2
𝑌′

√𝑙2 − 𝑌′2
𝜂ℎ𝑚𝑔.tanh (

𝑌′𝑌̇
′

𝑣𝑑
√𝑙2 − 𝑌′2

) = 0 

(3.6) 

Then 𝑚 can be cancelled out from the equation which can be expressed as 

𝑌̈′ −
𝑔

𝑙 sin 𝜃0 (1 − cos 𝜃0)
(√𝑙2 − 𝑌′2 − 𝑙 cos 𝜃0) ×

𝑌′

√𝑙2 − 𝑌′2
+

𝑔

𝑙 sin 𝜃0
 𝑌′

+ 2𝜉√
𝑔

𝑙 sin 𝜃0  
 𝑌̇

′
+ 𝜂𝑣𝑔.tanh (

𝑌̇′

𝑣𝑑

)  +2
𝑌′

√𝑙2 − 𝑌′2
𝜂ℎ𝑔.

tanh (
𝑌′𝑌̇

′

𝑣𝑑
√𝑙2 − 𝑌′2

) = −𝑧̈ 

(3.7) 

As can be seen, this equation only depends on two design variables, 𝜃0 and 𝑙. Consequently, 

𝜃0 is also replaced by 
𝑔

4𝜋2𝑙
 , from Eq. (2.28), considering 1 Hz as the target natural frequency 

of the system. Then the equation of motion will only depend on 𝑙, the length of the arms, and 

is given by 

𝑌̈′ −
4𝜋2

(1 − √1 − (
𝑔

4𝜋2𝑙
)

2

 )

(√𝑙2 − 𝑌′2 − 𝑙√1 − (
𝑔

4𝜋2𝑙
)

2

   ) ×
𝑌′

√𝑙2 − 𝑌′2
+ 4𝜋2𝑌′

+ 4𝜉𝜋𝑌̇
′
+ 𝜂𝑣𝑔.tanh (

𝑌̇′

𝑣𝑑

) +2
𝑌′

√𝑙2 − 𝑌′2
𝜂ℎ𝑔.tanh (

𝑌′𝑌̇
′

𝑣𝑑
√𝑙2 − 𝑌′2

) = −𝑧̈ 

(3.8) 

Therefore, the suitable length of the arms for a QZSS (at equilibrium) is the one which 

minimize the response of the system subjected to the 23 near-fault earthquakes. Considering 

𝜉 = 0.05, 𝜂𝑣 = 𝜂ℎ = 0, the response of the system with various length of the arms, from 0.20 

m to 2 m, are presented in the graphs.  

Figure 3.2 shows the ratio of the maximum acceleration of the response to the maximum 

acceleration of the input signal for all the earthquake input signals tested. As is illustrated, for 

the some of the earthquake signals (No. 10, 12, 14, 15, 16, 17, and 19), the maximum 

acceleration ratio initially reduces by increasing the length of the arms from 0.2 m to around 

0.6 m. However, the minimum of 0.4 m for the arms is necessary to provide a required stroke 

in some cases (there is no response applicable for 0.2 m and 0.3 m arms subjected to some 

earthquake signals, No. 10, 12, 16, 17, and 19). 
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Figure 3.2. Maximum acceleration ratio of a QZSS with 5% damping without friction for various 

length of the arms  

Having 0.6 m long arms or longer do not affect this criterion remarkably. As it was expected, 

the response is higher for Kobe, Northridge and the Chi-Chi earthquake because of containing 

low frequency contents which cause resonance in the system. The response of the system to 

the rest of the inputs remains lower than 1 for the system with 0.3 m or longer arms, although 

in some cases, by increasing the arm length, a slight increase can be observed. It is interesting 

to note that for almost all the earthquake inputs, there is not any major change in the maximum 

acceleration ratio for arms longer than 0.8 m. In other words, the system behaviour does not 

benefit from arms of longer length. This is because the ratio of the amplitude of the excitation 

to the length of the arms gets smaller and the variation as the angle decreases. 

While Figure 3.2 shows the variation of the ratio of peak acceleration magnitudes, Figure 3.3 

shows the RMS acceleration ratio for the same set of input signals. This figure indicates a 

similar trend as the maximum acceleration ratio graph for most of the input signals except for 

No. 14, which has more fluctuations. It is evident that for greater than 1m length arms, the 

RMS ratio remains almost unchanged for all of the signals. 
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Figure 3.3. RMS acceleration ratio of a QZSS with 5% damping without friction for various length 

of the arms 

As mentioned already, the length of the arms plays a significant role in the required space for 

the rig underneath the building. Therefore, shorter length would be preferable. In this case, 0.6 

m appears to be a good compromise considering both the maximum acceleration ratio as well 

as the RMS acceleration ratio criteria. Consequently, the writer suggests using 0.6 m long 

arms for the isolator irrespective of any other design variables.  

3.3.2    Initial angle (𝜽𝟎) 

The initial angle 𝜃0 is another design variable which is defined as the angle of the inclined arms 

with the horizontal axis in the unloaded state. As it was shown in the previous chapter, to have 

a QZSS with a natural frequency of 1 Hz, the relationship between 𝑙 and 𝜃0 must satisfy 𝜃0 =
𝑔

4𝜋2𝑙
 . Therefore, by knowing that the length of the arms is equal to 0.6 meters, the initial angle 

can be calculated as 24.4°. As illustrated in Figure 2.9 in the previous chapter, for a given 

length of the arms, 0.6 m, the initial angle of 24.4° or higher gives the natural frequency of 1 

Hz or less respectively. Furthermore, all initial angles higher than 24.46° can be considered for 

a desirable QZSS for seismic purposes. In order to find the suitable initial angle, an analysis is 

done, and results are presented as follow. In this analysis, the damping coefficient is considered 

as 0.63 (for the damping term when 𝜔𝑛 = 2𝜋 and 𝜉 = 0.05). This is to have only initial angle 

as a variable to be able to find the reasonable value. Friction is ignored in both horizontal and 

vertical directions.  

Figure 3.4 shows the maximum acceleration ratio of a QZSS as a function of initial angles 

subjected to 23 earthquake inputs. As can be seen, the maximum acceleration ratio decreases 

by increasing the initial angle for most of the earthquake signals, while the reverse is true for 
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that of earthquake #15 and #17. For records #10, #12 and #16, there are some fluctuations. This 

fluctuation can be because of the frequency content of each earthquake signal which causes 

resonance in the system with these specific parameters. It is evident that there is no specific 

angle to minimize all the responses at the same time. However, 𝜃0 = 60° gives a reasonable 

reduction in 19 cases except for #15, #16, #17 and #19. The response for these four earthquake 

inputs will be reduced using higher value for damping in the next section. 

 

Figure 3.4. Maximum acceleration ratio of a QZSS with 0.6 m long arms, damping coefficient 0.63, 

without friction as a function of initial angle, 𝜃0 

Considering the influence of initial angle in a slightly different way, Figure 3.5 indicates the 

variation of the RMS acceleration ratio with initial angle. It is evident that the trend is more or 

less similar to the maximum acceleration ratio. Similarly, 𝜽𝟎 = 𝟔𝟎° can be suggested as an 

initial angle for designing the efficient isolator system which reduces the RMS 

acceleration ratio for most of the cases. 
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Figure 3.5. RMS acceleration ratio of a QZSS with 0.6 m long arms 5% damping without friction 

and various initial angles 

3.3.3    Damping and friction ratios (𝝃, 𝜼𝒉, 𝜼𝒗) 

Having considered the two geometric design parameters that affect the stiffness of the system, 

the next set of variables to be considered are factors that give rise to energy dissipation. The 

damping and the friction ratios should be studied for this mechanism to see how the system 

behaves for different ratios. Damping ratios of 5 to 30% are considered for this mechanism and 

the results are shown in Figure 3.6, Figure 3.7, and Figure 3.8.  The maximum acceleration 

ratio for various damping inputs is shown in Figure 3.6. Generally, by increasing the damping 

in the system, the maximum acceleration ratio increases slightly in most of the cases. This is 

true for those inputs with high frequency content (more than 1 Hz) which are well isolated by 

the mechanism and are the main focus of the design. This suggests that the damping ratio of 

10% can reduce the maximum acceleration ratio for #15, #16, #17 and #19. Therefore, the 

maximum acceleration ratio is less than 1 for all input earthquakes with at least 50% reduction 

in peak acceleration for most of cases. 

The effect of damping on the RMS acceleration ratio is shown in Figure 3.7. As can be seen, 

the RMS acceleration ratio graph follows similar trend as the maximum acceleration ratio for 

most of the cases. It seems to suggest that 10% damping ratio can control the response 

effectively. Although this ratio is amplified for #15 and #17 by 35%, there is a reduction for 

all other cases.  
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Figure 3.6. Maximum acceleration ratio of a QZSS with 0.6 m long arms, 𝜃0 = 60° and various 

damping ratios without friction 
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Figure 3.7. RMS acceleration ratio of a QZSS with 0.6 m long arms, 𝜃0 = 60° and various damping 

ratios without friction  

Figure 3.8 illustrates the maximum displacement ratio for various damping ratios. As is 

evident, by increasing damping ratio, the maximum displacement ratio increases for most of 

the cases except #16 and #19. 10% damping ratio can still be suggested for the system. In this 

case, the maximum displacement ratio for 21 out of 23 inputs will be 1 or less, although there 

is an amplification in two cases. 
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Figure 3.8. Maximum displacement ratio of a QZSS with 0.6 m long arms, 𝜃0 = 60° and various 

damping ratios without friction  

Having considered the effect of viscous damping, the effect of dry friction will now be 

discussed. The changes due to horizontal friction ratio are studied first. The variation of the 

maximum acceleration ratio of a QZSS with horizontal friction force ranging from 0-0.3 is 

shown in Figure 3.9. The graph shows that by increasing the nonlinear friction in the system 

the performance of the isolator decreases. For friction forces more than 0.1 mg the response of 

the system is around 1, which means the isolator does not work. Similarly, in Figure 3.10 the 

RMS acceleration ratio follows a similar trend. For friction forces equal or more than 0.05 mg, 

the RMS ratio increases significantly and the performance of the isolator decreases. Although 

that friction parameters are difficult to control in design, from the results it is clear that 

generally the nonlinear friction force reduces the performance of the isolator. Therefore, it is 

suggested to decrease this friction in the system as much as possible to improve the isolator 

performance.  
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Figure 3.9. Maximum acceleration ratio of a QZSS with 0.6 m long arms, 𝜃0 = 60°, 10% damping 

ratio and various horizontal friction ratios 

 

Figure 3.10. RMS acceleration ratio of a QZSS with 0.6 m long arms, 𝜃0 = 60°, 10% damping ratio 

and various horizontal friction ratios 
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While nonlinear friction reduces the performance of the isolator, the vertical friction in the 

system appears to reduce the effectiveness in the isolation system as well.  When low, the linear 

friction decreases the maximum acceleration ratio for two inputs (#12 and #17), as shown in 

Figure 3.11. This can be because this friction can stop the mass from moving freely. However, 

it increases the response significantly for most cases. The effect of vertical friction is even more 

severe for the RMS acceleration ratio (Figure 3.12). However, the system may benefit from 

5% friction. 

 

Figure 3.11. Maximum acceleration ratio of a QZSS with 0.6 m long arms, 𝜃0 = 60°, 10% damping 

ratio and various vertical friction ratios 

Comparing linear and nonlinear friction effects of the system, the nonlinear friction force 

reduces the performance of the isolator much more than the linear one. Therefore, it is 

important to decrease this friction. The linear friction, however, can be allowed up to 5% of 

the weight of the system as the isolator retains good performance. 
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Figure 3.12. RMS acceleration ratio of a QZSS with 0.6 m long arms, 𝜃0 = 60°, 10% damping ratio 

and various vertical friction ratios 

3.4    Comparison of non-QZSS and QZSS 

3.4.1    Comparison linear system and QZSS 

In this section, the behaviour of the QZSS is compared to a linear system with similar 

properties.  

By ignoring the friction terms and substituting Eq. (2.19) into the Eq. (3.7), the equation of 

motion is rewritten as 

𝑌̈′ −
2𝑔𝜆

𝑙 sin 𝜃0  
(√𝑙2 − 𝑌′2 − 𝑙 cos 𝜃0 ) ×

𝑌′

√𝑙2 − 𝑌′2
+

𝑔

𝑙 sin 𝜃0  
𝑌′ + 2𝜉√

𝑔

𝑙 sin 𝜃0
𝑌̇

′

= −𝑧̈ 

(3.9) 

in which horizontal/vertical spring stiffness ratio, 𝜆 = 1 for a QZSS with initial angle 𝜃0 = 60° 

and 𝜆 = 0 for a linear system. In this section, the length of the arms 𝑙 = 0.6 m and the damping 

ratio 𝜉 = 0.1. As can be seen, this equation is dimensionless and independent of the payload. 

The objective is to find how the nonlinear properties affect the response of a SDoF system 

compared to a traditional linear spring isolator. The results are presented in the graphs and 

discussed. 

Figure 3.13 shows the maximum acceleration ratio of a QZSS and a linear system. It is evident 

that the maximum acceleration ratio of the QZSS is less than the linear system in all the cases 



57 

 

and QZSS reduces the response by 27-93% for different inputs. However, there is an 

amplification in the response of the linear system subjected to earthquake input #19. In some 

cases, the difference between the response of the linear system and the QZSS is significant and 

clearly overall the QZSS behaves better than the linear one.  

 

Figure 3.13. Comparison of maximum acceleration ratio of a linear system with a QZSS with 0.6 m 

long arms, 𝜃0 = 60°, 10% damping ratio without friction 

Moreover, in Figure 3.14, the RMS acceleration for the linear and the nonlinear systems are 

compared. As shown, this ratio for the QZSS is less than the linear system except for input #15 

for which the QZSS amplifies the response by about 20%. The linear system, however, 

amplifies the RMS acceleration of the response subjected to earthquakes #10, #15, #17, and 

#19.  
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Figure 3.14. Comparison of RMS acceleration ratio of a linear system with a QZSS with 0.6 m long 

arms, 𝜃0 = 60°, 10% damping ratio without friction 

The maximum displacement ratio for the QZSS is compared to that of the linear system in 

Figure 3.15. In most of the cases (except #15 and #17) this ratio is below 1 for QZSS and less 

than that of the linear system. Moreover, the linear system amplifies the maximum 

displacement of the system subjected to all earthquake inputs in this study. 

The force amplification ratio of the QZSS is compared to that of the linear isolator system as 

well as a system without an isolator and the results are shown in Figure 3.16. As can be seen, 

both the QZSS and the linear system reduce the force amplification compared to the system 

without an isolator. This reduction is more in the QZSS, which shows a higher seismic 

performance of the QZSS compared to the linear isolator system. 

Generally, the QZSS performed better than a linearly isolated system subjected to various near-

fault vertical ground motions. 
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Figure 3.15. Comparison of maximum displacement ratio of a linear system with a QZSS with 0.6 m 

long arms, 𝜃0 = 60°, 10% damping ratio without friction  

 

Figure 3.16. Comparison of force amplification of the linear system, QZSS with 0.6 m long arms, 

𝜃0 = 60°, 10% damping ratio without friction and without isolator case 



60 

 

3.4.2    Comparison of HSLDSS and QZSS 

In all studies to date, the QZSS with zero stiffness in the static equilibrium position is the device 

considered for isolation. It may not be a practical solution for the base of a building unless a 

lock-release system is used to avoid any unwanted displacements. Therefore, it is necessary to 

investigate the behaviour of a practical system, a HSLDSS with some positive stiffness in the 

equilibrium position for the design load. This system is also designed to have zero static angle 

in which arms are horizontal (𝜃𝑠 = 0°) in the static equilibrium position. As discussed in the 

previous chapter, the performance of a HSLDSS due to changes in the payload or mistuning is 

not affected as much as that of a QZSS. For this purpose, the QZSS with 0.6 m long arms and 

60° initial angle is considered and compared to the HSLDSS. Using Eq. (2.19) in chapter 2, the 

ratio of the horizontal spring stiffness to the vertical one in QZSS with initial angle of 60°, 

𝜆𝑄𝑍𝑆60
= 1. 

For a HSLDSS, the ratio of the horizontal spring stiffness in a HSLDSS to that of QZSS is 

defined as 

𝛽 =
𝑘ℎ

𝑘ℎ,𝑄𝑍𝑆
 (3.10) 

in which 𝛽 can take any value between 0 (linear system) and 1 (QZSS). If 𝛽 > 1 , the system 

is unstable at 𝜃 = 0, which needs to be avoided.  

In this section, the seismic performance of the HSLDSS with 𝛽 = 0.2, 0.4, 0.6, and 0.8 (as 

examples) is compared to that of the QZSS (𝛽 = 1). Figure 3.17 shows the static behaviour of 

the HSLDSS with different values for 𝛽 compared to a QZSS. As can be seen, the nonlinearity 

of the system increases for a higher value of 𝛽. The equivalent stiffness of the system (slope of 

the curve) at the static equilibrium position, 𝑌̂ = 0, is zero for the QZSS and takes a positive 

value for the HSLDSS. 
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Figure 3.17. Static behaviour of the HSLDSS for various values of  𝛽 in comparison with a QZSS 

with 0.6 m long arms and 𝜃0 = 60°. 

By replacing 𝜆 with 𝛽 (since 𝜆𝑄𝑍𝑆60
= 1) in Eq. (3.9), the equation of motion is rewritten as 

𝑌̈′ −
2𝑔𝛽

𝑙 sin 𝜃0  
(√𝑙2 − 𝑌′2 − 𝑙 cos 𝜃0    ) ×

𝑌′

√𝑙2 − 𝑌′2
+

𝑔

𝑙 sin 𝜃0  
𝑌′

+ 2𝜉√
𝑔

𝑙 sin 𝜃0
𝑌̇

′
= −𝑧̈. 

(3.11) 

Figure 3.18 shows the maximum acceleration ratio of the HSLDSS for various values of 𝛽 in 

comparison to a QZSS. As is evident, by increasing 𝛽, the maximum acceleration ratio 

decreases for most cases except for #15 and #17 which have fluctuations. Therefore, the closer 

𝛽 is to 1 (QZSS), the higher performance the isolator will have. Therefore, 𝛽 = 0.8 can be 

suggested for a HSLDSS. 
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Figure 3.18. Maximum acceleration ratio for HSLDSS with various values of  𝛽 in comparison to a 

QZSS with 0.6 m long arms, 𝜃0 = 60°, and the damping ratio of 10% 

The RMS acceleration ratio, on the other hand, decreases by increasing 𝛽 in most cases except 

for input #15, which has an opposite trend (Figure 3.19). Considering 𝛽 = 0.8 as a suggested 

ratio for the horizontal spring stiffness, the RMS ratio is below 1 in all cases except #15 and 

#17. In other words, this HSLDSS retains the performance of the isolator with a reduction in 

RMS acceleration ratio between 20-90% in most cases. 

Figure 3.20 shows the maximum displacement ratio of the HSLDSS for various values of 𝛽 in 

comparison to a QZSS. As can be seen, the maximum displacement ratio of the HSLDSS is 

generally higher than the QZSS in most cases except #15 and #17. For the suggested case 𝛽 =

0.8, also, this ratio is above 1 for 18 cases but below 1.15 for all cases. Which means that the 

HSLDSS may not be suitable for displacement sensitive equipment and structures.  
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Figure 3.19. RMS acceleration ratio for HSLDSS with various values of  𝛽 in comparison to a QZSS 

with 0.6 m long arms, 𝜃0 = 60°, and the damping ratio of 10% 

 

 

Figure 3.20. Maximum displacement ratio for HSLDSS with various values of  𝛽 in comparison to a 

QZSS with 0.6 m long arms, 𝜃0 = 60°, and the damping ratio of 10% 
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Figure 3.21 shows the force amplification for the HSLDSS and the QZSS subjected to different 

ground excitations. As evident, both HSLDSS and QZSS reduce the compressive force 

transmitted to the mass significantly in all cases. As shown, except for #10, #15 and #17, the 

force amplification decreases by increasing the nonlinearity in the system, which shows that 

the QZSS has the highest isolation performance compared to the HSLDSS, although the 

difference is not significant. For the system with 𝛽 = 0.8, this ratio is very close to that of the 

QZSS and can be a reasonable alternative. 

 

Figure 3.21. Force amplification for HSLDSS with various values of 𝛽 in comparison to a QZSS with 

0.6 m long arms, 𝜃0 = 60°, and the damping ratio of 10% 

3.5    Conclusion 

In this chapter, the selection of 23 near-fault earthquake ground motions were used to design 

the parameters of a QZSS for vertical seismic isolation of a building. Based on the assumptions 

and analysis, 0.6 m long arms with a 60° initial angle to the horizontal and 10% damping ratio 

were suggested. The linear and nonlinear friction effects (in the horizontal and vertical 

directions) were also studied. The results showed that the nonlinear friction negatively affects 

the performance of the isolator more severely than the linear one. Therefore, friction in the 

system must be minimal to get the maximum seismic isolation. 

Moreover, the dynamic response of the designed QZSS with 10% damping without friction 

force was compared to a linear system with similar properties. Based on the results, it was 

shown that the QZSS was more effective than the linear one. Besides, the QZSS with horizontal 

springs can be adjusted to provide a desirable configuration, while this is not an option in a 

linear system.   
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Finally, other options for the HSLDSS were studied and compared to a QZSS. Since a QZSS 

has ideally zero stiffness in the static equilibrium position, it may cause some unwanted static 

displacements. Therefore, a lock-release system could be used. Alternatively, the system 

should have some positive stiffness, a so-called HSLDSS, to resist changes in payload or 

mistuning while it retains its performance subjected to earthquakes. The horizontal spring 

stiffness ratio of 0.8 and 𝜆𝑄𝑍𝑆60
 gave good acceleration reduction while it decreased the force 

amplification. 
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Chapter 4.  

Experimental model 

4.1    Introduction 

In the previous chapters, the numerical model for the mechanism to predict the behaviour of 

the system subjected to both the harmonic and the earthquake excitation was developed.  

In this chapter, the physical model of the experimental rig is described. The equipment used 

for static and dynamic testing of the rig are presented. The type of tests and the techniques of 

measurements and calculation of different parameters such as spring stiffness, static behaviour 

of the rig, and friction force are also explained.  

In the next chapter, the experimental results are presented and compared to the analytical and 

numerical results to validate the numerical modelling and for further discussion. 

4.2    Rig description 

The physical model was designed and made based on various factors. First and foremost, the 

capacity of the shaker is considered to be the main factor to design the rig. The purpose of the 

experiments was to understand the behaviour of the system under earthquake excitations and 

excitations with as large displacement amplitudes as possible. Therefore, the size of the rig 

should be suitable for the shaker capacity in order to excite it in the desirable range of 

displacement and frequency.  

Figure 4.1 illustrates the rig. The arms (A) were made in two lengths, 50 mm and 100 mm. To 

take account of mass of the arms which is assume to be rigid, half the mass of each arm added 

to the payload. The actual effect of the mass (inertia) of the arms would change depending on 

angle of orientation. However, knowing that the mass of the arms is within the uncertainty of 

the mass already considered in the analysis (section 2.6.2), it was decided not to perform the 

exact analysis. The holes in the horizontal (B) and the vertical (C) shafts were made to adjust 

the stiffness of the springs (by changing the number of the active coils). The horizontal shafts 

are supported by two linear ball-bearings (D), inlaid in the housing in the side frames to reduce 

the friction between the surfaces. The carriage (or platform E) is made of plastic slides on the 

vertical shaft. The top frame (F) and arms are made of aluminium (to decrease the weight), 

while the rest of the parts are from stainless steel. The exact measurements for each part are 

provided in Appendix A.  
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4.3    Equipment description 

4.3.1    Static testing system 

The static testing was intended to find an accurate static behaviour of the rig as well as measure 

the stiffness of the springs. For this purpose, an Instron 5900 series 100 kN machine was used, 

shown in Figure 4.2.  The capacity of this system was 100kN. A picture of the static test on the 

rig is shown in Figure 4.3.  

 

Figure 4.2. Instron 100kN tester – 5900 series 

 
Figure 4.1. The rig 

(A) (A) 
(B) (B) 

(C) 
(D) (D) 

(E) 

(F) 
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Figure 4.3. Static test on the rig 

 

4.3.2    Dynamic tests 

• Shaker 

APS 113 Electro-series shaker is used to excite the rig (Figure 4.4). This shaker has a large 

stroke and is suitable for the large displacement excitation and is able to model most of 

earthquake signals without any filtering required. The general specification of this shaker can 

be found in Appendix B. The rig on the shaker is shown in Figure 4.5. 

 
Figure 4.4. Vertical shaker: APS 113 with APS 0077 series 
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Figure 4.5. The rig on the shaker 

• Controller 

The “Vibration Research” controller is employed to create the sine sweep signals as well as 

earthquake excitations and control the vibration.  

• Sensors 

The results were measured by accelerometers with 200 mv/g sensitivity DYTRAN – 7500 A3 

(the figure is given in Appendix B). As the accelerometers were being used for the 

measurements, the input and output signals were based on acceleration. For the earthquake 

excitation, also, the acceleration inputs were used. The tests were based on closed loop 

acceleration controls. 

4.4    Design variables 

The tests were conducted for various values of the following design variables: 

• Length of the bars 

Two different length were used for the tests, 100 mm and 50 mm.  

• Initial angle 

The initial angle of the arms was chosen in order to bring the arms to horizontal in the static 

equilibrium position. Based on chosen load and spring stiffness, the initial angle was calculated 

around 30 degrees. 

• Horizontal spring 

The stiffness range of the horizontal springs are: 200-300 N/m.  
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• Vertical spring 

The changes were made in the vertical spring by putting a pin and changing the number of 

active coils in the spring. The spring stiffnesses were in the range 100 - 200 N/m. Mistuning 

was made by pushing the end of the vertical spring up or down by 10% (1 cm for the system 

with 10cm arms) which also changed the initial angle. 

• Payload 

The mas used was 0.7085 kg and slight changes (less than 10%) in the payload were also 

applied to observe the change in the dynamic behaviour of the system. 

4.5    Description of tests 

Various tests were done on the mechanism to validate the numerical results with the real case 

including static, pure sinusoidal, sweep sinusoidal and earthquake tests.  

4.5.1    Static tests 

The static tests were done with 20 mm/min displacement rate (which was found to be sufficient 

to get consistent readings) and the force was measured. The stiffness of the springs as well as 

the static behaviour of the mechanism were measured with compression loading tests. The load 

applied was in the range 0 – 10 N.  

4.5.2    Sweep sinusoidal tests 

This type of test was reasonably quick and gave the transmissibility curve for the mechanism 

as well as the resonance frequency and the general behaviour. The tests were carried out by 

increasing the frequency from 0.7 Hz to 3 Hz for sweep up and decreasing from 3 Hz to 0.7 Hz 

for sweep down. The computer software calculates the real-time transmissibility based on the 

maximum response it receives from the sensor divided by the maximum excitation amplitude. 

4.5.3    Pure sinusoidal tests 

To get an accurate transmissibility curve around the resonance frequency, the sine sweep was 

not satisfactory, because to get a reliable data, the mechanism must be excited long enough by 

being subjected to a specific harmonic excitation. Therefore, the pure sinusoidal tests were 

done for each frequency inputs to plot the transmissibility curve around the resonance. It is also 

interesting to note that in order to capture some data, the tests must run from low to high 

frequencies and for some other, the reverse was true. The reason was because there were three 

possible response for the same frequency. Therefore, the initial conditions affected the 

mechanism to pick any of those three types of response, of which two are stable. Although the 

tests were done a few times, the middle branch was not been captured. It is because the middle 

response is unstable and the mechanism cannot stay long enough in that response. As a result, 

it jumped up (in sweep down tests) or down (in sweep up test) to the other possible responses. 

4.5.4    Earthquake tests 

To evaluate the dynamic behaviour of the isolator under earthquake excitations, 7 earthquake 

ground motions were chosen (Table 4-1). The vertical acceleration time histories of the 

earthquake ground motions were used as inputs. The reason was that the controller could 

produce the signals as acceleration and the sensors were accelerometers. Therefore, the 
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controller was getting an acceleration feedback from the shake table and comparing it with 

demand acceleration which led to more accurate results. Using a displacement time history 

input could not converge to the demand. This was because the measured data from 

accelerometer was in terms of acceleration and it required double integration to calculate the 

displacement and compared to the demand. This was also true for the velocity input. 

On the other hand, the capacity of the shake-table was limited, Bam, Christchurch, and LGPC 

earthquake signals required some scaling. For Christchurch earthquake, three different scaling 

were considered to study the effect of intensity on the performance of the system. For this 

purpose, the acceleration amplitude was scaled for the mentioned signals. Besides, the main 

purpose of the experiments was to prove the concept and validate the numerical model, 

therefore, this simple scaling satisfied the needs. The scale factor values for each earthquake 

signals are shown in Table 4-1.   

Table 4-1. Earthquake input list series 
 

Earthquake Station Scale factor 

Bam Bam 0.5 

Christchurch Heathcote Valley Primary School 0.2, 0.3, 0.4 

Chi-Chi, Taiwan TCU084 1 

Imperial Valley EC Meloland Overpass FF 1 

Imperial Valley El Centro Array #7 1 

Erzincan, Turkey Erzincan 1 

Loma Prieta LGPC 0.5 

Northridge Sylmar - Converter Sta 1 

4.6    Friction force measurement and calculation 

Friction force is a complicated phenomenon which is very difficult to measure but modelling 

shows it has a noticeable effect on the response. In this study, three types of test have been 

done to measure the friction force: static test, sweep sinusoidal test, and earthquake tests. 

4.6.1    Static tests 

In order to measure the friction force in the mechanism, the loading-unloading tests were done. 

The difference between the loading forces and unloading forces gave twice the friction force 

for each displacement. The average value was considered as the friction force in the system. 

4.6.2    Sweep sinusoidal tests 

The second method used to calculate the friction force was the sweep sinusoidal test. In this 

method, the frequency (𝜔𝑠𝑙𝑖𝑝) at which the mass slipped and started to move was detected. The 

acceleration of the mass when it overcomes the friction force and slips is defined by  

𝑎𝑠𝑙𝑖𝑝 = 𝐴𝜔𝑠𝑙𝑖𝑝
2   , (4.1) 
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in which A is the amplitude of the excitation (displacement input) and 𝜔𝑠𝑙𝑖𝑝 is the frequency 

where the slip happens. Therefore, the friction force is given by Newton’s second law as 

𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 𝑓𝑜𝑟𝑐𝑒 = 𝑚. 𝑎𝑠𝑙𝑖𝑝  . (4.2) 

The friction force is calculated for different displacement amplitudes.  

4.6.3    Earthquake tests 

The friction force was also calculated using the least square of error method based on results 

from earthquake responses. In this method, the numerical response for each earthquake input 

was generated using various friction forces. Then the difference between each numerical and 

experimental acceleration response time histories gave the error. The sum of squared errors 

gives a parameter to optimize and finds the friction force which gives the least error. This is to 

be done for eight earthquake inputs. As different earthquake input gives different friction force, 

the RMS of these friction forces was considered for the numerical model. This estimation of 

the friction force appears to be the best one as it gives better agreement between numerical and 

experimental results for both transmissibility and earthquake tests. 

4.7    Conclusion 

In this chapter, the equipment which was used for measuring static and dynamic behaviour of 

the system was presented. The techniques of measuring and calculating the parameters of the 

system were also described as well as the tests which were done. Three techniques were 

employed to calculate the friction force using static test, Sweep sinusoidal test and earthquake 

test. The friction force calculated from earthquake tests gave a better agreement for the 

numerical modelling.



73 

 

 

 

 

 



74 

 

Chapter 5.  

Experimental results and discussion 

5.1    Introduction 

In the previous chapter, the equipment used for the static and dynamic tests were described. 

The techniques and process of measuring were also explained. 

In this chapter, the experimental results are presented and compared to numerical results to 

validate the model and discuss the behaviour, performance, and sensitivity of the system to 

mistuning (changes in the location of the arms) and changes in the payload. These results 

include static tests, time harmonic tests and earthquake tests. 

In the next chapter, the conclusion of the whole thesis will be provided. 

5.2    Static tests 

As mentioned in the previous chapter, the static tests were performed using an Instron machine, 

which is an accurate measuring equipment. In this section, the results from static tests to 

determine the stiffnesses of the vertical and horizontal springs, the static force-displacement 

relationship for the mechanism, and the friction force are provided.  

5.2.1    Spring stiffness measurements 

The compression tests were carried out to measure the stiffness of the springs. Figure 5.1 

illustrates the force-displacement graph for the horizontal and vertical springs for one of the 

specimens with 10 cm long arms. By fitting a straight line to the data, the slope gives the 

stiffness of the springs as 280.3 N/m for the horizontal and 139.8 N/m for the vertical springs. 

 

 

(a) (b) 

Figure 5.1. Force displacement graphs for (a) horizontal, and (b) vertical springs for one specimen 
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5.2.2    Measuring the static behaviour of the mechanism 

Once again, using the Instron machine pre-set, displacements were applied to the carriage and 

the induced force in the mechanism was measured. Therefore, the static behaviour of the 

mechanism was captured and is shown in Figure 5.2. A mechanism with 10 cm long arms, 

0.7085 kg payload, 30 degrees initial unloaded angle, vertical and horizontal spring stiffness 

of 140 N/m and 280 N/m, respectively, was considered to calculate the analytical results. As 

shown in Figure 5.2, the analytical results are in reasonably good agreement with the 

experimental results. The reason that the fitting curve has an even powered term can be because 

of the friction which was not considered in the analytical model.  

 

Figure 5.2. Force-displacement relation for the mechanism with  𝑙 = 0.1 m, 𝑘ℎ = 280 N/m, 𝑘𝑣 =
140 N/m, and 𝜃0 = 30°. 

5.2.3    Friction measurement from static tests 

For measuring the friction in the system, the loading/unloading tests were conducted and the 

difference between those two equals twice the friction force. Therefore, 

𝑓𝑑𝑣 =
𝐹𝑙𝑜𝑎𝑑𝑖𝑛𝑔 − 𝐹𝑢𝑛𝑙𝑜𝑎𝑑𝑖𝑛𝑔

2
 (5.1) 

in which 𝐹𝑙𝑜𝑎𝑑𝑖𝑛𝑔 and 𝐹𝑢𝑛𝑙𝑜𝑎𝑑𝑖𝑛𝑔 are the loading and unloading forces measured for each 

displacement respectively. 

The tests were repeated several times and the average value of the friction force at 𝜃 = 0 (y = 

0.025 m) was measured as 0.47 N. Figure 5.3 (a) and (b) illustrate the force-displacement and 
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force-theta graph for loading/unloading of the rig with 5 cm long arms. Figure 5.4 (a) and (b) 

show the change in friction force with respect to displacement and angle of the arms (𝜃), 

respectively. As shown, the friction force increases initially when the applied 

force/displacement increases, then decreases to reach a minimum in the vicinity of 𝜃 = 0 (y = 

0.025 m), about 0.47 N. After this, the friction force increases. 
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 .  

(a) (b) 

Figure 5.3. (a) Force-displacement graph for the loading and unloading tests, (b) Force-theta graph for the loading and unloading tests for the mechanism with  

𝑙 = 0.05 m, 𝑘ℎ = 280 N/m, 𝑘𝑣 = 167 N/m, and 𝜃0 = 30°. 
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(a) (b) 

Figure 5.4. (a) Friction force-displacement graph, (b) friction force - 𝜃 graph for the mechanism with  𝑙 = 0.05 m, 𝑘ℎ = 280 N/m, 𝑘𝑣 = 167 N/m, and 𝜃0 = 30°. 
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This is because of increasing force in the inclined bars which induces more compression on the 

platform resulting in more friction between the platform and the vertical bars. This also 

increases the friction in the horizontal bars because of the same reason. However, it is very 

difficult to differentiate between the vertical and the horizontal friction forces in the system. In 

this model, the friction force varies between 0.2 N and 1.85 N depending on the payload and 

the equilibrium position.  

5.3     Time harmonic tests 

5.3.1    Transmissibility measurement 

The transmissibility of sinusoidal inputs was measured using displacement-controlled and 

acceleration-controlled tests. Figure 5.5 shows the transmissibility for various input amplitudes 

with displacement-controlled tests. As can be seen, the amplitudes less than 30 mm cannot 

excite the system to capture the resonance. This is because of friction in the system. For 30 mm 

amplitude, however, the resonance happened around 1.5 Hz. For this case, as there are multiple 

solutions available around resonance, the tests were done once slowly sweeping from low to 

high frequencies and again from high to low frequencies (SD). At the resonance, there is a flat 

part which occurred because the mass was overexcited and dispatched from the vertical spring. 

As can be seen, using displacement control tests, the mass was either under-excited (for the 

input amplitudes of less than 30 mm) or overexcited (for input amplitude of 30 mm). Therefore, 

the acceleration-controlled tests were used. In order to get more accurate results, a series of 

pure sinusoidal tests were conducted to find the transmissibility of the excitation for discrete 

frequency. This helped to capture more data around the jump frequencies at resonance.  

 

Figure 5.5. Transmissibility of the rig with 𝑚 = 0.708 kg,  𝑙 = 0.1 m, 𝑘ℎ = 280 N/m, 𝑘𝑣 = 140 N/m, 

and 𝜃0 = 30° subjected to displacement-controlled time harmonic excitation with various amplitude.  
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It can be seen that the transmissibility is lower for high amplitudes (e.g. 30 mm) in higher 

frequency range, despite the higher stiffness. This may be because of the effect of dry friction. 

Considering the applied force as F (𝐹 = 𝑚. 𝐴. 𝜔2) as a function of mass (m), frequency of the 

excitation (𝜔), and the excitation amplitude (𝐴), for lower amplitude, the force is less than dry 

friction and the mass sticks and transmissibility is 1. When the applied force reaches dry friction 

force, the mass starts to slip. After that, force transmission can be decreased by the isolation 

system. The difference between the applied force and the friction force is an isolatable force. 

Therefore, by increasing the amplitude of the excitation, the isolatable force increases and as a 

result, transmissibility decreases at the high frequencies. However, around resonance 

frequency, by increasing the amplitude and isolatable force, transmissibility increases. 

Therefore, for high amplitude excitations the effect of dry friction is less than low amplitude 

excitations and does not significantly affect the performance of the mechanism. 

 

Figure 5.6. Analytical transmissibility in comparison to the experimental transmissibility of the rig 

with 𝑚 = 0.708 kg, 𝑙 = 0.1 m, 𝑘ℎ = 280 N/m, 𝑘𝑣 = 140 N/m, and 𝜃0 = 30° subjected to 

acceleration-controlled time harmonic excitation with amplitude of 0.08g. 

Figure 5.6 shows the experimental transmissibility compared to the numerical results for a case 

with and without friction subjected to constant acceleration inputs with amplitude of 0.08g. 

Damping ratio 𝜉, and velocity tolerance 𝑣𝑑 in the numerical modelling are considered as 5% 

and 0.002 respectively. The friction force 𝑓𝑑𝑣 is considered as 0.27 N using a least squared 

error method explained in section 5.4.3. As can be seen in this figure, the transmissibility for 

the model with friction element has good agreement with the experimental results compared to 

that of the model without friction element. As evident, the agreement between experimental 

and numerical with 0.27 N friction is good. However, the transmissibility without friction has 

a much higher resonance amplitude. It means that considering friction element in the numerical 
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model is necessary. From the payload and the stiffness values given in the caption of Figure 

5.6, the natural frequency of a linear system (without the arms and the horizontal springs) is 

calculated as 2.24 Hz, which means that the isolator reduces the resonance frequency of the 

system to 1.8 Hz and widens the isolation range. This is because of the negative stiffness 

coming from the horizontal springs making the system less stiff. 

5.3.2      Friction measurement from time harmonic test 

There was another technique which was used to measure the friction force in the system 

subjected to time harmonic test. For this purpose, the transmissibility shown in Figure 5.5 was 

used. In this case, the maximum friction force 𝑓𝑑𝑣 is given by 

𝑓𝑑𝑣 = 𝑚. 𝐴. 𝜔𝑠𝑙𝑖𝑝
2  (5.2) 

in which 𝜔𝑠𝑙𝑖𝑝 is the frequency at which the mass begins to slip to move, and 𝐴 is the amplitude 

of the excitation and 𝑚 is the mass of the payload. Figure 5.7 shows the measured friction force 

as a function of the excitation amplitude. As can be seen, the friction force in the system 

changed randomly between 0.5 N and 1.85 N. The mean value for these numbers gives 1.07 N 

for the maximum friction force. 

  

 

Figure 5.7. Maximum friction force vs. excitation amplitude for the mechanism with 𝑚 = 0.708 kg,  

𝑙 = 0.1 m, 𝑘ℎ = 280 N/m, 𝑘𝑣 = 140 N/m, and 𝜃0 = 30°. 
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5.4    Earthquake excitation inputs  

Since the capacity of the shake-table was limited, the Bam, Christchurch, and LGPC 

earthquake signals were scaled. For this purpose, the acceleration amplitude was multiplied by 

0.5, 0.4, and 0.7 for the mentioned signals respectively (the number before the name of an 

earthquake shows this multiplier). Since the main purpose of the experiments was to prove the 

concept and validate the numerical model, this scaling is unlikely to have any effect on the 

findings.  

Figure 5.9 to Figure 5.16 show the calculated and measured response acceleration time histories 

in comparison to the base excitation for the rig. The strong part of the graphs is also presented 

to see the difference more clearly. As can be seen the numerical results with friction elements 

has good qualitative agreement with the experimental results. However, the responses without 

friction element have significant difference with the experimental responses. This can also be 

seen clearly when the peak and RMS values are compared numerically in Table 5-1 and Table 

5-2. The differences between the results may be attributed to different factors, the most obvious 

being the approximation in modelling and estimating the friction. Other sources of deviation 

include but are not limited to, the inaccuracy in the determination of damping and stiffness 

values and simplifying assumptions regarding the distribution of inertia. 

Table 5-1. Maximum measured and predicted input and response accelerations  

Earthquake 

name 

Input signal peak 

(g) 

Response signal peak 

(g) 

Experimental 

Ratio 

Predicted 

Ratio 0.5Bam 0.4841 0.1318 0.27 0.32 

0.3Christchurch 0.7707 0.1404 0.18 0.15 

ChiChi 0.3327 0.7395 2.22 2.63 

El Centro-170 0.8976 0.2419 0.27 0.35 

El Centro-182 0.2412 0.0799 0.33 0.44 

EZ Turkey 0.248 0.1138 0.46 0.48 

0.5 LGP 0.4414 0.1245 0.28 0.33 

Northridge 0.6187 0.2689 0.43 0.48 
 

Table 5-1 shows the calculated and measured peak acceleration for the input and output and 

their ratio to the base input. As is evident, both experimental and numerical results show more 

than 50% reduction in the maximum acceleration. Table 5-2 shows the corresponding results 

for the RMS values. The RMS acceleration is calculated for the stronger part of the signal with 

CE between 5% and 95%.  

In all cases, reduction in both peak and RMS values is substantial except for Chichi earthquake 

which amplified the input excitation. An analysis of the frequency contents of the earthquake 

signals revealed that the ChiChi earthquake had a much a higher energy content in lower 

frequency range compared to other signals.  
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Table 5-2. RMS measured and predicted input and response accelerations in g 

Earthquake 

name 

Input signal RMS 

(g) 

Response signal RMS 

(g) 

Experimental 

Ratio 

Predicted 

Ratio 0.5Bam 0.1187 0.0366 0.31 0.31 

0.3Christchurch 0.158 0.0268 0.17 0.21 

ChiChi 0.0873 0.1535 1.76 2.19 

El Centro-170 0.1174 0.059 0.50 0.36 

El Centro-182 0.0695 0.0259 0.37 0.59 

EZ Turkey 0.0538 0.0324 0.60 0.81 

0.5 LGP 0.0753 0.0415 0.55 0.53 

Northridge 0.1187 0.0366 0.31 0.31 
 

Figure 5.8 (a), and (b) show the FFT of the input and response accelerations, respectively. As 

evident, the mechanism isolated the input excitation effectively for higher frequencies (more 

than 3 Hz). However, frequencies less than 3 Hz were magnified because of the resonance. The 

Chichi earthquake is relatively rich in low frequencies close to the natural frequency of the 

system and as a result, the response of the system to this signal was magnified to twice the 

input acceleration. Therefore, the mechanism works well for inputs with high frequency 

contents as is expected in the near fault earthquakes. 
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(a) (b) 

Figure 5.8. FFT of (a) the input acceleration time histories, and (b) the response acceleration time histories for the mechanism with m = 0.708 kg,  𝑙 = 0.1 m, 

𝑘ℎ = 280 N/m, 𝑘𝑣 = 140 N/m, and 𝜃0 = 30°. 
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Figure 5.9. Christchurch base excitation, experimental and numerical response acceleration time histories for the mechanism with 𝑚 = 0.708 kg,  𝑙 = 0.1 m, 

𝑘ℎ = 280 N/m, 𝑘𝑣 = 140 N/m and 𝜃0 = 30°. 
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Figure 5.10. Bam base excitation, experimental and numerical response acceleration time histories for the mechanism with 𝑚 = 0.708 kg,  𝑙 = 0.1 m, 𝑘ℎ =
280 N/m, 𝑘𝑣 = 140 N/m and 𝜃0 = 30°. 



87 

 

 

Figure 5.11. Chichi base excitation, experimental and numerical response acceleration time histories for the mechanism with 𝑚 = 0.708 kg,  𝑙 = 0.1 m, 𝑘ℎ =
280 N/m, 𝑘𝑣 = 140 N/m and 𝜃0 = 30°. 
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Figure 5.12. Northridge base excitation, experimental and numerical response acceleration time histories for the mechanism with 𝑚 = 0.708 kg,  𝑙 = 0.1 m, 

𝑘ℎ = 280 N/m, 𝑘𝑣 = 140 N/m and 𝜃0 = 30°. 
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Figure 5.13. EZ Turkey base excitation, experimental and numerical response acceleration time histories for the mechanism with 𝑚 = 0.708 kg,  𝑙 = 0.1 m, 

𝑘ℎ = 280 N/m, 𝑘𝑣 = 140 N/m and 𝜃0 = 30°. 
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Figure 5.14. LGPC base excitation, experimental and numerical response acceleration time histories for the mechanism with 𝑚 = 0.708 kg,  𝑙 = 0.1 m, 𝑘ℎ =
280 N/m, 𝑘𝑣 = 140 N/m and 𝜃0 = 30°. 
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Figure 5.15. EL Centro170 base excitation, experimental and numerical response acceleration time histories for the mechanism with 𝑚 = 0.708 kg,  𝑙 =
0.1 m, 𝑘ℎ = 280 N/m, 𝑘𝑣 = 140 N/m and 𝜃0 = 30°. 
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Figure 5.16. EL Centro182 base excitation, experimental and numerical response acceleration time histories for the mechanism with 𝑚 = 0.708 kg,  𝑙 =
0.1 m, 𝑘ℎ = 280 N/m, 𝑘𝑣 = 140 N/m and 𝜃0 = 30°. 
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5.4.1    Mistuning and change in the payload 

So far, it was seen that a non-QZSS can significantly reduce the maximum as well as the RMS 

level of the response acceleration. The isolation was effective for frequencies higher than 3 Hz. 

As discussed in chapter 2 section 2.6, there might be some mistuning in the location of the 

mass or change in the payload applied on the system. Therefore, it is important to evaluate the 

performance of the system with mistuning or change in the load subjected to earthquake. In 

this section, mistuning and change in the payload are observed and the results are presented.  

Figure 5.17 shows the experimental results comparing the response of the mechanism with 

horizontal arms in the static equilibrium position as well as for the cases with ±0.1𝑙 mistuning. 

In order to make the mistuning, the vertical spring was pushed up or pushed down, without 

making any other changes to the rig. As can be seen in the figure, although there are some 

fluctuations in the response, there is no noticeable changes in the general response of the 

system. In other words, the system shows resilience in that its performance is not noticeably 

affected by a small shift in the location of the vertical spring.  

 

Figure 5.17. Acceleration time history for the mechanism with mistuning for the mechanism with 𝑚 

= 0.708 kg,  𝑙 = 0.1 m, 𝑘ℎ = 280 N/m, 𝑘𝑣 = 140 N/m and 𝜃0 = 30°. 

Similar results are recorded for slight changes in the payload of the platform. Three payloads 

have been tested in experiments: 679.78g, 720.08g, and 740.62g. Figure 5.18 shows the 

response of the system for three different values of payload. As is evident, there is only a very 

small difference between the results which shows that the system is not sensitive to a slight 

change in the payload and exhibits similar isolation performance. 
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Figure 5.18. Acceleration time history for the mechanism with change in the weight for the 

mechanism with  𝑙 = 0.1 m, 𝑘ℎ = 280 N/m, 𝑘𝑣 = 140 N/m, and 𝜃0 = 30°. 

5.4.2    Different intensities 

In this section, the effect of intensity of the input excitation (amplitude input acceleration) on 

the performance of the HSLDSS and the system with mistuning and different loadings is 

investigated. The maximum response of these system is compared as well as the RMS of the 

strong part of the response to see how the response changes with different intensities. 

Figure 5.19 shows the response of the system to the Christchurch earthquake input with four 

intensities: 0.1, 0.2, 0.3, and 0.4 time the actual acceleration. In other words, the scale factor of 

0.1, 0.2, 0.3, and 0.4 are considered to scale the amplitude of the input acceleration. Figure 5.20 

also shows the strong part of the input and output signals with a higher resolution. As can be 

seen, by increasing the intensity of the input (larger amplitude) the response amplitude of the 

system decreases with respect to the input. This is because of the friction force. While the 

friction force is larger than the applied force, the mechanism sticks and does not work. In this 

case the payload and the base move together. However, by increasing the amplitude of the input 

acceleration, the applied force increases. If this force is large than the friction force, the 

difference between the applied force and the friction force can be isolated by the mechanism. 

Therefore, a larger intensity, which causes higher applied force, increases the performance of 

the isolator.   
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Figure 5.19. Acceleration time histories for Christchurch earthquake with various intensity for the 

mechanism with 𝑚 = 0.708 kg,  𝑙 = 0.1 m, 𝑘ℎ = 280 N/m, 𝑘𝑣 = 140 N/m, and 𝜃0 = 30°. 

 

 

Figure 5.20. Strong part of acceleration time histories for Christchurch earthquake with various 

intensity for the mechanism with 𝑚 = 0.708 kg,  𝑙 = 0.1 m, 𝑘ℎ = 280 N/m, 𝑘𝑣 = 140 N/m, and 𝜃0 =

30°. 
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To study the performance of the mechanism with mistuning under earthquakes with various 

intensities, the results are compared in Figure 5.21 and Figure 5.22 (the strong parts). As 

evident, the responses of the system without and with 0.1𝑙 mistuning subjected to various 

intensity of inputs are similar. This shows that the isolation performance of the system is not 

significantly affected by mistuning and demonstrates its resilience.  

 

Figure 5.21. Acceleration time history for the mechanism with mistuning subjected to the 

Christchurch earthquake input for the mechanism with 𝑚 = 0.708 kg,  𝑙 = 0.1 m, 𝑘ℎ = 280 N/m, 

𝑘𝑣 = 140 N/m, and 𝜃0 = 30°. 
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Figure 5.22. Acceleration time history for the mechanism with mistuning subjected to the 

Christchurch earthquake input 

Figure 5.23 indicates the maximum acceleration and RMS level of the response of systems 

with mistuning subjected to the Christchurch signal with intensities of 0.1, 0.2, 0.3, and 0.4 

times the original acceleration. Figure 5.23 (a) shows the RMS response versus RMS input. As 

can be seen, by increasing the amplitude of the input acceleration, the RMS value of the 

response drops initially in all cases. Then it increases. Figure 5.23 (b) shows the ratio of 

output/input RMS versus RMS of the input acceleration. As can be seen, this ratio decreases 

rapidly at first and then continues decreasing. It is also evident that the RMS response for the 

mechanism with 0.1𝑙 mistuning subjected to low intensity (0.1 Christchurch excitation) is 

higher than the one without mistuning and the one with -0.1𝑙 mistuning. However, with 

increasing intensity, the mistuning effect on the RMS diminishes and tends to merge at high 

levels of excitation.  

Figure 5.23 (c) shows the maximum response acceleration versus maximum input acceleration. 

For the case without mistuning, the maximum acceleration gradually increases by increasing 

the input acceleration. The response of the system with 0.1𝑙 mistuning drops suddenly by 

increasing the acceleration of the input. After that, it remains nearly constant. For the system 

with -0.1𝑙 mistuning, however, the response decreases initially and then increases. By looking 

at the ratio of maximum output/input acceleration to maximum input acceleration presented in 

Figure 5.23 (d), it is evident that the response of the system with ±0.1𝑙 mistuning decreases by 

increasing input acceleration at first and then remains almost constant. The system without 

mistuning, however, has near constant response ratios for various input acceleration intensities. 
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Figure 5.23. Maximum and RMS of acceleration for Christchurch earthquake with various intensity 

for mechanism with mistuning 

5.4.3    Friction measurement from earthquake excitations 

Although the friction force was measured using two different methods, the numerical results 

for earthquake simulation using those values do not agree with the experimental results.  

Therefore, the least squared error method was used to calculate the friction force to model the 

earthquake response. In this method, the numerical acceleration response for various values of 

maximum friction forces (𝑓𝑑𝑣) was calculated for those eight earthquake inputs. The squared 

error is given as  

𝑒2 = ∑ (𝑎𝑒𝑥𝑝(𝑡) − 𝑎𝑛𝑢𝑚(𝑡, 𝑓𝑑𝑣))
2

 (5.3) 

in which t is time,  𝑎𝑒𝑥𝑝 is the experimental response acceleration time history and 𝑎𝑛𝑢𝑚 is the 

numerical response acceleration time history.  

Figure 5.24 illustrates Eq. (5.3) for various friction forces and earthquake inputs. As can be 

seen, the maximum friction force which makes this squared error minimum is different for each 

earthquake inputs. These values are shown in Table 5-3 for three different sets of data. The 
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mean of these values is 0.27 N which shows good agreement between experimental and 

numerical results for both harmonic and earthquake tests.  

Table 5-3. Friction force for each earthquake 

 

Earthquake name Friction force-set 1 Friction force-set 2 Friction force-set 3 

El Centro-170 0.11 0.07 0.11 
El Centro-182 0.36 0.38 0.31 

0.5 LGPC 0.26 0.22 0.36 

EZ Turkey 0.18 0.19 0.22 
Northridge 0.25 0.38 0.32 

ChiChi 0.29 0.73 0.82 
0.5 Bam 0.18 0.15 0.13 

0.3 Christchurch 0.16 0.15 0.14 

The maximum friction force calculated in this section is different from the values estimated in 

the static tests (0.47 N) and the time harmonic test (1.07 N). This friction force is lower than 

the other estimations. This is because the dynamic friction force was measured in this case 

which is normally less than friction force measured using static tests. The reason for the 

difference between this value and the friction force measure using transmissibility curve can 

be because of an inaccurate reading of the data from the graphs. 

 

Figure 5.24. Squared error vs. friction force for set 2 of various earthquake inputs 
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5.5    Conclusions 

In this chapter, the experimental results were presented and compared with the numerical 

results. The numerical model was developed based on parameters which were measured in the 

lab including the stiffness of the springs as well as the initial angle and the loading for two 

specimens with 0.05m and 0.1 m long arms. The maximum friction force was also calculated 

using three methods, based on static tests, time harmonic tests, and earthquake tests. In the 

static loading/unloading tests, the average friction force around the horizontal equilibrium 

position was calculated as 0.47 N. Using transmissibly of harmonic excitations, the friction 

force was calculated for various amplitudes of motion. This method gave different values for 

different amplitudes of excitation. The minimum and maximum friction force given by this 

method were around 0.5 N and 1.85 N, respectively. The numerical modelling with those 

friction forces did not show good agreement for the earthquake experimental results. Therefore, 

the least squared error method was used to calculate the friction force. In this method, the 

friction force was calculated for 8 different earthquake inputs and repeated three times. Then 

the mean of these values, 0.27 N, was taken as the maximum friction force for the numerical 

modelling. The friction force calculated from the last approach appeared to give a good 

agreement for both transmissibility and earthquake tests.  

The experimental results show that the system reduces the maximum acceleration and RMS 

acceleration by at least 50 and 40 percent respectively for 7 out of 8 cases compared to the rigid 

base without isolator. For the Chichi earthquake, however, there is a magnification which 

increases the maximum and RMS acceleration ratio to 2.22 and 1.76. This is thought to be due 

to the frequency content of this earthquake which seems to have higher energy levels of 

excitation at frequencies in the vicinity of the resonance frequency of the isolator. 

By comparing the acceleration spectrum of input and response, it has been shown that the 

mechanism can efficiently isolate frequencies higher than 3 Hz, which in this case is twice the 

resonance frequency. 

The sensitivity of the system to mistuning and change in the payload was also considered. It 

was shown that mistuning due to shifting the vertical location of the arms by 10% of the length 

of the arms does not affect the performance of the system substantially. The change in the load 

around 5% also does not affect the response of the system noticeably.  

The effect of the intensity of base excitation was also considered. It was shown that the system 

with or without mistuning has similar output/input ratios for maximum and RMS of 

acceleration for higher input amplitude around 0.87g (for Christchurch earthquake input). 

While for low input amplitude around 0.22g these ratios were higher for the systems with 

mistuning than the one without. 

The comparison between the measured and predicted values of the acceleration of the mass 

shows that the mathematical model of the isolator is good. However, the model can be 

improved considering other sources of deviation including but not limited to, the inaccuracy in 

the friction force, the determination of damping and stiffness values and the distribution of 

inertia.
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Chapter 6.  

Conclusion  

The general objectives of this research were to investigate the applicability of a quasi-zero-

stiffness system (QZSS), which has zero stiffness at the static equilibrium position, as well as 

a high-static-low-dynamic-stiffness system (HSLDSS), which retains some stiffness at the 

static equilibrium position, for earthquake isolation of structures. The overall question was how 

to minimise transfer of damaging forces to the structure.  Considering the variation in loads on 

civil engineering structures, and the uncertainties associated with construction, the 

performance of an isolator needs to be clearly understood when parameters associated with 

geometry and load change.  

This led to the following research questions which have been addressed in this study: 

• How to minimize vertical force transmission? How do the dynamic properties of the 

system components (stiffness, damping and friction) affect the force transmission? 

• How does the mechanism behave subjected to vertical excitations considering 

uncertainties? 

• How to optimize the design parameters of the isolator taking into account the answers 

to the first two questions? 

To answer these questions, in chapter 2, the static equation for the proposed mechanism was 

developed and the design parameters were identified. These parameters are the length of the 

arms, the initial angle (unloaded position) of the arms with the horizontal axis and the stiffness 

of the horizontal and vertical springs. The equation was limited to the case where all springs 

were unstressed before applying the payload and the effect of prestress was omitted. The results 

showed that by increasing the initial angle of the arms, the geometric nonlinearity increases. 

This is also true for the horizontal/vertical spring stiffness ratio. By analysing the static 

behaviour of the system, a formula was obtained to calculate the stiffness of the horizontal and 

vertical springs as a function of the payload and their ratio for a QZSS, which has zero stiffness 

when the arms are horizontal at the static equilibrium position. The values for the length and 

initial angle of the arms were chosen to fulfil the requirement of having the resonance 

frequency below 1 Hz. The dynamic equation of motion for the mechanism was developed 

which included the damping ratio and the linear and nonlinear friction in the system.  

The dynamic behaviour of the mechanism was seen to depend strongly on the amplitude of the 

excitation. The greater amplitude causes more nonlinear behaviour and an increase in the 

resonance value. In addition, the effects of the tolerance in the initial configuration of the 

system, and the uncertainty in the weight on the dynamic behaviour of a QZSS and a HSLDSS 

(with horizontal arms at the static equilibrium position) were investigated. The results for 

transmissibility (output/input acceleration ratio for sinusoidal inputs) showed that although the 

perfectly tuned QZSS had a low resonance frequency (which results in a high isolation 

performance), it is highly sensitive to any changes in the payload or initial configuration, and 

is susceptible to becoming unstable, and hence it may not be a practical solution. However, it 

has been shown that an HSLDSS system can be designed to significantly reduce force 

transmission. In addition to being less sensitive to changes, it does not become unstable, which 

appears to offer an advantage over the QZSS. In addition, dry friction in both vertical and 
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horizontal directions were modelled, and the results were compared. The effect of friction 

forces in both directions was found to decrease the transmissibility at resonance but increased 

it at high frequencies. Since the friction force was studied as a ratio of the payload, for a full-

scale model with higher payload, it is expected that the friction force/payload ratio becomes 

small, and the friction may not affect the seismic isolation performance of the system 

significantly. 

After studying the behaviour of the HSLDSS and the QZSS subjected to harmonic excitation, 

in chapter 3, the dynamic behaviour of these two mechanisms (QZSS and HSLDSS) was 

investigated subjected to vertical components of a selection of 23 near-fault earthquake ground 

motions. Seventeen earthquake signals had a high power in the frequency range above 1 Hz 

while six earthquake signals (from different stations for 3 earthquakes Northridge, Kobe and 

Chichi) had a higher power in the frequency range below 1 Hz. Based on the literature, the 

vertical component of earthquake excitations in near-fault areas is expected to have high power 

in high frequency range. However, there are a few cases where this does not happen. For 

analysing the seismic performance of the mechanism for these 23 cases, an equation was 

developed in order to keep the resonance frequency below 1 Hz. In this equation, the variables 

were defined based on the payload. The stiffnesses of the springs for any given payload were 

determined by using the criteria that at static equilibrium the arms will be horizontal, and the 

system will have zero stiffness. The results based on these 23 earthquake excitations suggested 

that for an ideal QZSS, the length of the arms should be equal to or greater than 0.6 m long in 

order to provide enough stroke for the amplitude of the earthquakes. The initial angle to the 

horizontal axis was also suggested to be 60° to get good reduction in the maximum and RMS 

acceleration for any given payload. The damping ratio of 10% was found to be suitable to 

improve the isolation performance for those six inputs with high energy in high frequency 

range (higher than 1 Hz). The linear and nonlinear friction effects (in the vertical and horizontal 

directions) on the seismic performance of the mechanism were also studied. The results showed 

that the friction forces (especially the nonlinear friction of 5% mg or more) decrease the 

performance of the isolator substantially and must be minimised to get the maximum seismic 

isolation. The results showed that the designed QZSS with 10% damping and without friction 

reduced the maximum and RMS acceleration by 27-93% for most cases. This mechanism also 

decreases the force transmitted to the mass significantly, which suggests that for 22 cases this 

force is less than 20% of the payload, while without an isolator, this force can be 3 times the 

payload. For the Chichi earthquake, also, the mechanism reduces the transmitted force by 

around 34% compared to the rigid base. By comparing the QZSS with a linear system with the 

same vertical spring stiffness and 10% damping, it was shown that the QZSS was more 

effective and reduces the maximum and RMS acceleration, the absolute displacement and the 

force transmission up to 50% more than the linear system. Besides, the QZSS with horizontal 

springs can be adjusted to provide the required stiffness, while this is not an option in a linear 

system. The analysis was based on the response of the system to 23 historical earthquakes and 

will apply to any other. 

To address sensitivity of the QZSS, a control system could be used to tune the mechanism in 

case of any changes to the payload or the initial configuration. Alternatively, by decreasing the 

stiffness of the horizontal spring, the system will become a HSLDSS which still retains the 

seismic performance while it is less sensitive to those changes. The results showed that the 

HSLDSS with 0.8 horizontal spring stiffness of the designed QZSS gives a good acceleration 

reduction and can be an alternative for a QZSS. 



104 

 

In chapter 4, the rig and equipment used for the experiments were introduced and in chapter 5 

the results (including static, sinusoidal harmonic and earthquake tests) for the HSLDSS rig 

were compared to numerical results.  The results for these three types of tests showed good 

agreement between experiment and Theory. The system was able to reduce the maximum 

acceleration and RMS acceleration by at least 50 and 40 percent, respectively for 7 out of the 

8 earthquake inputs. For the Chichi earthquake, however, there was a magnification which 

increased the maximum and RMS acceleration ratio to 2.22 and 1.76, respectively. This is 

thought to be due to the low frequency content of this earthquake which was mentioned 

previously. By comparing the acceleration spectrum of input and response, it was shown that 

the mechanism can efficiently isolate frequencies higher than 3 Hz, which in this case was 

around twice the resonance frequency. The sensitivity of the system to mistuning and change 

in the payload was also tested. It was shown that mistuning due to shifting the vertical location 

of the arms by 10% of the length of the arms does not affect the performance of the system 

substantially. In addition, the change in the load around 5% does not affect the response of the 

system noticeably either. In other sets of tests, the effect of intensity of input excitation was 

investigated, and it was found that the system with or without mistuning has similar 

output/input ratios for maximum and RMS of acceleration for a higher input amplitude around 

0.87g (for Christchurch earthquake input), while for low input amplitude around 0.22g these 

ratios were higher for the systems with mistuning than without. 

Overall, the developed mechanism is shown to be efficient in isolating structures with one 

support subjected to earthquake inputs. It reduces the force transmission from the base to 

structures during earthquakes.  

Future work 

Based on the results of this study, the proposed mechanism shows potential to be developed as 

an effective seismic isolator for structural purposes. In order to verify the potential practical 

implementation of the concept, further research need to be done including but not limited to 

the following suggestions: 

In this study, the performance of a single support subjected to the vertical component of 

earthquakes was investigated. However, there are other aspects which require further 

investigation. For instance, in practice, a structure/building needs more than one support and 

isolator. Considering multiple supports for a building/structure, the interactions between these 

supports need further research especially when the horizontal, rocking and rotational ground 

motions are combined with the vertical ground motion. Applying those motions changes the 

distribution of the payload on each support. Since the stiffness of the isolator depends on the 

geometry and changes for different values of payload, the response of each support to the 

vertical excitation can be different for each support. In addition, for long structures such as 

bridges, the vertical ground excitation can also vary for different supports which needs further 

investigation. 

Moreover, the dry friction model for this mechanism can be developed to include other effects 

such as the angle of the arms with horizontal axis, frequency of input signals and other 

unknown factors.  

Combining this mechanism with another control system can increase the performance for the 

system subjected to earthquakes. As mentioned earlier, the QZSS has the highest performance 

among other choice of HSLDSS. A weakness is the sensitivity to changes in payload or initial 

configuration. Another problem can arise if the relative displacement of the system is higher 
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than the length of the arms, therefore, the stiffness of mechanism becomes infinity and system 

behaves like a system with rigid support. By having another control system, the stiffness of the 

springs and the angle of the arms can be tuned in the real time basis to retain the system in QZS 

status. This control system should monitor the payload and send feedback to adjust the stiffness 

of the springs. 

A lock and release system could also be investigated in order to decrease unwanted 

displacement of the structures under daily changes in payload. Since the mechanism has ideally 

low stiffness at the static equilibrium position, a small change in payload might cause 

noticeable static or dynamic displacements which may make residents feel unsafe. Therefore, 

the mechanism could be locked under normal operating conditions and automatically released 

when an earthquake strikes. 

Further experimental work to verify the potential use of this concept for practical 

implementation will need to address the above.
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Appendix A  

Rig detailed design 
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Appendix B  

Shaker and sensors  
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Shaker 

APS 113 Electro-series shaker is used to excite the rig. This shaker with a large stroke is 

suitable for the large displacement excitation and is able to model most of earthquake signals 

without any filtrations required. The general specification of this shaker can be found in Table 

B.1. Based on the information on the catalogue, the armature weight including vertical table is 

5.8 kg and the weight of the rig is around 2kg. Therefore, the limitation can be seen in Figure  

for different frequencies. Figure  shows the acceleration, velocity and displacement capacities 

of the shaker for various payloads in different frequencies.  

 

Figure B.1. Acceleration-frequency graph for the shaker 
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Table B.1. General specification of the shaker APS 113 

Controller 

The “Vibration Research” controller is employed to create the sine sweep signals as well as 

earthquake excitations and control the vibration (Figure B).  

 

 

Figure B.2. Controller: VR9500 

Sensors 

The results were measured by accelerometers with around 200 mv/g sensitivity DYTRAN – 

7500 A3 (Figure B. and Table B.2). As the accelerometers were being used for the 

measurements, the input and output signals were based on acceleration. For the earthquake 

excitation, also, the acceleration inputs were used. In other words, using displacement inputs 

will not give enough accuracy and in some cases the demand and control signals do not 

converge. 

 

Figure B.3. Sensor: DYTRAN – 7500 AX 
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Table B.2. General specification of accelerometer 7500 AX 

 

 

 

 

 

 

 

 

 

 

 

 

 


