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We classify all R-separable coordinate systems for the equations 4,¥ = =} =187

172

3,8'°8"/3,%)=0and 2} ,_,¢"3, W3, W = 0 with special emphasis on nonorthogonal
coordinates, and give a group theoretic interpretation of the results. For flat space we show that
the two equations separate in exactly the same coordinate systems and present a detailed list of the
possibilities. We demonstrate that every R-separable system for the Laplace equation 4,% = O on
a conformally flat space corresponds to a separable system for the Helmholtz equations

4,9 = AP on one of the manifolds E,, S, X.S,, $,X.5,, and S,.

PACS numbers: 02.40.Ky, 04.20.Cv

1. INTRODUCTION

In this article we study the problem of R separation of
variables for the Laplace and Hamilton—Jacobi equations

4
@AP= 3 g 058", ¥)=0,
Lj=1
{1.1)
4
(b) 2 g/, Wa, W=0.
=1
ric, g = det(g;;) #0, Eij: 1gijgjk = Bl’gij =& jis and ajq/
=d_,¥ . Some aspects of R separation for these equations
have been treated in an earlier paper." In that paper we stud-
ied the orthogonal coordinate systems for which Egs. (1.1)
are R separable. For conformally flat spaces it was shown
that each R-separable orthogonal coordinate system for Eq.
(1.1a) corresponds to coordinates which permit pure separa-
tion for the Helmholtz equation 4,9 == A on one of the
manifolds E, (flat space), S, XS, S, XS, or S,, where S, is
thej dimensional sphere. In this paper we show that the same
basic results hold for nonorthogonal coordinate systems.
However, our methods here differ considerably from those
of Ref. 1. It is easy to show that if a coordinate system {x}
(orthogonal or not) is R separable for Eq. (1.1a) on a given
Riemannian space, then it is also additively separable for Eq.
(1.1b). For orthogonal coordinates on conformally flat
spaces the condition that an additively separable system for
Eq. (1.1b) also R separates Eq. (1.1a) could be completely
solved by employing the Robertson condition in the geomet-
rical form due to Eisenhart.>> However, the Robertson con-
dition no longer holds in general for nonorthogonal coordi-
nates* and in this paper we find it necessary to employ
detailed facts concerning the structure of the conformal
symmetry group of Eq. (1.1b) in order to obtain our results.
Indeed the use of Lie theory appears to be absolutely essen-
tial in this regard.
The paper is arranged as follows: In Sec. 2 we classify
the possible types of separable systems for the Hamilton—
Jacobi equation (1.1b) and in Sec. 3 we give the correspond-
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ing (crude) classification of R-separable systems for the La-
place equation (1.1a). Then in Sec. 4 we study in detail the
nonorthogonal separable systems for conformally flat spaces
and obtain an explicit list. Finally, in Sec. 5 we use our de-
tailed results to show that, even allowing nonorthogonal co-
ordinates, the flat space equations (1.1a) and (1.1b) separate
in exactly the same systems and that on a conformally fiat
space every R-separable system for Eq. (1.1a) corresponds to
a separable system for the Helmholtz equation on one of the
manifolds E,, §, X S;, S, X S,, and S,. Nonorthogonal co-
ordinates arise only from E, and S,. The extreme importance
of these constant curvature manifolds for variable separation
on conformally flat spaces is now clear.

The authors have already given an exhaustive study of
nonorthogonal separation for the Helmholtz equations on
E, S,,and S,.*°7 The remaining case S, will be treated in a
forthcoming paper. This paper will then conclude our analy-
sis of variable separation for the Hamilton-Jacobi, Helm-
holtz, and Laplace equations on three and four dimensional
Riemannian spaces.**

2. SEPARABLE SYSTEMS FOR THE HAMILTON-
JACOBI EQUATION

We now discuss the classification of separable systems
for Eq. (1.1b). Recall that separation of variables for this
equation means W = 2!_, W(x’) . The existence of sep-
arable systems for Eq. (1.1b) is closely related to the symme-
tries of this equation. To define symmetry operators we em-
ploy a phase space formalism. The coordinates of this space
are (x/, p,), where p; =4, W, j = 1,2,3,4. The Poisson
bracket of two functions F, G on phase space is the function

(FGiop)= 3 (0,63, F—3,F3,G). (1)

j=1

A first order symmetry of Eq. (1.1b) is a function

Z=3 Ewn 22)

i=1

such that {.%,2¢,_,¢"p, p,} = p(x) (B%,_.8" p: p;) for

© 1981 American Institute of Physics 42

Downloaded 30 Oct 2008 to 130.217.76.77. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



some analytic function p. The {£ {(x)} are just the conformal
Killing vector fields for the metric {g,, }. The first order sym-
metries form a Lie algebra 7 under the Poisson bracket
with dim#°<15 and the maximum dimension is achieved if
and only ifg;; is conformally flat, in which case #°=0(6,C).
A (strictly) second order symmetry is a function

4 . P .
L= 3 7x)pip; n'=1", (2.3)
=1
such that

4 4
[f’f Zlg"’pip,-] = s, p) ( Zlg”'p,-p,-) ,
W= W=
where p(x, p) is a linear function of the p,. The vector space
of second order symmetries can be decomposed into orbits
under the adjoint action of 7#°. We will show explicitly that
every class of separable solutions W of Eq. (1.1b) is charac-
terized by a triplet of first or second order symmetries .¥ |,
£, £ 3 which are in involution, i.e., {.¥;, £ ;} = 0 for
i+ j. The exact characterization is .2, = 4, (/ = 1,2,3),
where the A, are the separation constants.

Our classification of separable systems is based on the
number of ignorable and essential variables. A variable x in
a separable system is termed ignorable if .Z = p, is a sym-
metry for Eq. (1.1b), where p, = d_; W. Otherwise the vari-
able x' is essential. If the separated ordinary differential
equation in the essential variable x'is first degree, then x'is of
type 1; if second degree, then x' is of type 2.

We consider a separable system for Eq. (1.1b) with two es-
sential variables of type 2 (x',x?), one essential variable of
type 1 (x*), and one ignorable variable (x*). (This is called a
type G equation.) With W=3},_ W), W, =9, W
we can write the separated ordinary differential equations in
the form

W% + lei +A.a, + A40,=9,=0,
Wi+ LW+ Aa,+Ab,=D,=0,
W, W, + 4,85 + A,by=®, =0,
W, =A,,
where f;, a;, b, are function of x’and A, 4,, A, are the
separation constants. Making the trivial change of variable
x’ = X /(%) if necessary, we can assume without loss of gen-

erality that a, = b, = a, = 1. To relate Eq. (1.1b) with Eqgs.
(2.4) we seek functions 6 ;(x',...,x*) such that

_El 6,0,=73 g'W.W,
J= L7
identically in the separation constants, i.e., the coefficients of
Ay, Ay, A5 should vanish in Eq. (2.5). As is easily verified, this
condition determines the @ ; up to an arbitrary multiple
Q(x',....x*) and leads to the Hamilton—Jacobi equation
(G) Q@b —1)(W7i + i)+ (b, —b)
X(W35+ LW+ (1 —ab)W,W,]=0,
with symmetry operators
Ly =(ab, —1)" (pi + fipi — by(P3 + £2P7))
FLr=(ab, 1) (p3 + foPi —ax(p? + £193)),
L= ps- 2.7

2.4)

(2.5)

(2.6)
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The most general metric tensor yielding separation of this
type can be read off from Eq. (2.6) and the separation is
characterized by .2, =4 ,,j = 1,2,3.
In addition to the type G separable equations above, the
following Hamilton—Jacobi equations admit separation:
(A) Four ignorable variables:

4
(A) Qz P?=0,$,=P.2, i=123;

i=1

(B) Three ignorable variables:

4
B @ Z Gij(x4)pipj =07, = pi» =123
hi=1 2.9
(C) Two ignorable variables with two essential variables
of type 2:
(C) Q[pl + p3 + (e +e)p3 + 2k, + ho) py s
+h+ fHpi]=0,
Ly=psy L= ps
Ly=pi+epi+2h pip,+ fipes

(D) Two ignorable variables with one essential variable
of each type: [It can be shown that (D2)'is a special case of

(D1)]
(D1) Q[ p} +2a,p,p5+ 25, P, ps + dp;

2.8)

(2.10)

+2fi + f)pspa+epi] =0, 2.11)
1= P3L 2= psL3=2a,p, 5+ 2b,p, ps
+2£p3Ps,

D2) Q[p} +2p,ps+ d, +d) p3
+2f1psPatepi] =0,
L= p3Lr=puLs=2p,ps+d, 3 ; (2.12)

(E) Two ignorable variables with two essential variables
of type 1:

(E1) Q(Q2a,pips+2p,ps+2a, 0,03 +2p, p,4
+ (¢4 —Cz)Pg) =0,

L= p3L = pu-L3=2a,p,p3 +2py s+ ¢, P,
(2.13)
(E2) Q(2pips+2p,ps+2b,p,p4
+ (dl +d2)p§) = O’ b27é01

L= ppLy= Ppu-L3=2p,p3+2b,pr ps + 2 p5
(2.14)
(E3) QQpipa+2p,ps+c,ps+d,p;)=0,
L= p3Lr=puL s =2p,ps+dypi; (2.15)

(F) One ignorable variable with three essential variables
of type 2:

(F) Q(g2—9:) T + (g — q1) + P53+ (g, — g) P}

+ ["ng — g3} + ralgs — q)) + ralg, — g1 p3)

L= pLy=2[d} — )73 (2.16)
+(@ — )23 + (@5 —q2) 73],
Ly=2 [4243(q2 —93)-@% + 4193(9; —ql)-gj;%
+ 019:lq, — )73 ]
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where
2 =lgi — 99, — @)lg2 — 931, P 7 = P} + 1. pi,
=123
(H) No ignorable variables

(H) Q(j}; M, 77) =0,

4
Zi= S M =123,

J=1

(2.17)

where M ;, is the (j,/) minor of a 4 X 4 Stickel matrix
[ D, (x") 1.

Just as noted in the case of three dimensions, there are
no strictly R-separable solutions of the Hamilton-Jacobi
equation which are not equivalent to one of the separable
types listed above.® [An R-separable solution would have the
form W= Wx', x?, x*, x*) + Z%_ , WO(x)) . ]

3. A-SEPARABLE SYSTEMS FOR THE LAPLACE
EQUATION 4,% =0

Here we classify the systems for which the Laplace
equation (1.1a) admits R separation of variables. Again the
separable systems can be characterized by a triplet of com-
muting symmetry operators. Recall that

4
L= £/x)d,, +&(x) (3.1)
j=1

is a first order symmetry operator for Eq. (1.1a)if [L, 4,]
= p(x) 4, for some analytic function p. The set of all first
order symmetries L forms a Lie algebra G under the commu-
tatorbracket [4,B] = AB — BA, called thesymmetryalgebra
of Eq. (1.1a). The £ / satisfy the Killing equations for a con-
formal Killing vector relative to the metric g, ; and (factoring
out the ideal generated by the trivial symmetry L = 1) Gisa
subalgebra of the infinitesimal conformal group of the met-
ric. When g;; corresponds to flat space then ¥ =0(6,0), a
15-dimensional complex Lie algebra.

Similarlx, .

L'= 77 (x)0 s + [2 7' ()3, + n(x) (3.2)

k=1 =1

is a second order symmetry operatorfor A,if[L',4,] =K 4,,
where K is a first order differential operator of the form (3.1)
(but K is not necessarily a symmetry). If every L’ acting on
the solution space of Eq. (1.1a) agrees with a linear combina-
tion of first and second order operators in the enveloping
algebra of %, then Eq. (1.1a) is said to be of class I; otherwise
it is of class I1.

We now proceed to classify all systems for which Eq.
(1.1a) is R separable, i.e., for which Eq. (1.1a) admits solu-
tions of the form ¥ = eRI1¢_, ¥ (x’) , where each ¥ (x")
satisfies an ordinary differential equation and R is some
specified function of the x’. Substituting ¥ = e*® into
4,¥ = 0 we obtain the equation

S bUa, P+ Y bDB+bD=0,

i, j=1 i=1

(3.3)
where R
b"j:g"j’ b,-: Zgijalen [gI/ZgijMZ] ,

=
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by=M"(AM), M=c".

Clearly, an R-separable solution of Eq. (1.1a) corresponds to
a purely separable solution of Eq. (3.3). In proceeding to
classify R-separable systems we do not distinguish between
purely separable and strictly R-separable systems for Eq.
(1.1a) because the conditions for pure separation can be ob-
tained from those for R separation by setting M = 1.

The classification of R-separable types proceeds along
the lines of the systems treated for the Hamilton-Jacobi
equation. A variable x' in a separable system is ignorable if
for some analytic function p, L =3 + p(x) is a symmetry
operator for Eq. (1.1a); otherwise x' is essential. If the sepa-
rated equation in the essential variable x'is first order, then x’
is of type 1; if second order, then x' is of type 2. It is readily
seen that for a given metric the separation of Eq. (1.1b) is
necessary for the R separation of Eq. (1.1a). Thus, the only
possible systems permitting R separation of Eq. (1.1a) are
those listed in Sec. 2. However, there are additional condi-
tions that must be satisfied by the multiplier M in order for
variables to R separate.

To explain our method we treat one exampie, tne anai-
ogy of the type G equation for Sec. 2, in detail. Here there are
two essential variables of type 2 (x',x?), one essential variable
of type 1 (x*), and one ignorable variable (x*). With
¥ = MII%_, ¥ P(x’) we can write the separated ordinary
differential equations as

W(lll) + hlq/(ll] + (.fl/lg +Alal +/12b] +K1)W(”

E¢]W“) == O s
VE +hPY + (LA + 4,0, + Ayh, + KW ®
=P,¥"? =0, (3.4)

VI 4+ (Aay + A.b, + K)WP=0, W =0,
v =,0,

where ) =9, %' . To relate Egs. (3.3) with (3.4) one
looks for functions O, (x',...,x*) such that

3 4 . o
v/ E 0,0,= Z b9, o+ Y b3,P+bP=0,
j= i1 =1
(3.5)
where @ = I1° _ | ¥ (x’) . Comparison of the coefficients
of the second derivative terms and the A; terms on both sides
of Eq. (3.5) leads to the same solutions for 8 ; and g as
found in Eq. (2.6). Comparison of the coefficients of the first

derivative and constant terms yields the R-separation
conditions

M* 3 ;
= A.Cef
0 [.-11 '(x)}

X exp(ax*) (1 — azb)) [ (@b, —1)(b, — b3) 17,
AM =MQ [K (ab; —1) + Kx(b, — b))+ K (1—ab) ],

acC . (3.6)

The symmetry operators .#”’, for Eq. (3.5) such that

L@ =A,;9P,j= 12,3 can easily be obtained by solving for
Ay, As, and A, in Eqs. (3.4). The simplest of these is .¥'; = d;
the other two operators while straightforward to compute
have rather lengthy expressions which we will not bother to
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put down. Finally, the symmetry operators .#” ; for Eq.
(1.1a) such that .¥° ;¥ = A ¥ are given by .& ;
=M.Z" M ~' . The simplest of these is

gog 1O 1,
2 0 2

In the following we list the R-separable coordinates for
Eq. (1.1a) in each of the cases (A)-(H), excluding (G) al-
ready listed. In each case we give the form of the metric ds®
and the necessary and sufficient conditions to ensure R sepa-
ration. The Hamilton-Jacobi equations and the defining tri-
plet of commuting symmetry operators can be obtained in a
straightforward manner from these results:

(A) All variables ignorable:

as’ =0 3 (axP),

i=1 (3.7)
4 A M
M?Q= exp( D a,.x’) AM = an, aeC;
i=1
(B) Three ignorable variables:
4

d=0( 3 g,hixdx),

Lj=1

4
M?*Q = f(x')exp (z a,.x") , (3.8)
i=1

AM = A—th ), a,eC;

(C) Two ignorable variables and two essential variables
of type 2:
B
ef —h?
X | fldx®? + eldx*)? — 2hdx3dx4}> ,

ds*=Q ((dx')2 + (dx? +

M2Q = A(x' 1ol explags® + apx)(ef —h?]7,  (39)
A= i+ K,

e:el+e2,h=h1—+—h2,f=f,+f2;

(D) Two ignorable variables with one essential variable
of each type:

(D1) dx*=Q [(dx') + (2b,f — e, — b3d,)""{(e,d,
— fA)(dx?)? — (bdx® — dx*)
+ 2(b, f — e,)dx%dx?
+2f —bd)dxdx*|) f = fi+ o, (3.10)
MQ= A,(x")14,(x?) exp(ax’ + a,x’)
X [2b,f —e, —b3d,]'?,

M
A4M= E(K1+K2)’

(D2) ds*=Q [(dx‘F + 1} = ed
+ (@x°f — 2 fidx?dx® 4 2d dxdx*}] ,

3.11
MzQ = Al(xl)Az(xz) e"p(afsx3 + a4x4)(d )]/2 s ( )

M
AM = E(Kl +Ky), d=d,+d,;
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(E) Twoignorable variables with two essential variables
of type 1: For systems of this type we supply some of the
details of the R-separation conditions:

(E1) ds*=0Q [ - (-CLCZ—) (dx' — dx?)?
a,—a
+2 dx*(dx' — dx?) +2dx*(a,dx* — a,dx") ].

(3.12)

The (first derivative conditions for R separation of 4,¥ = 0
are equivalent to

@, + az)ln(MzQ) =a,+a,,
(@, + azaz)ln(MzQ) =b,+b,,
ajln(MzQ) =a;eC,j=3,4.

The solutions of these conditions fall into two classes:

(3.13)

Class (i): (a) @, = cosh x', a, = cosh x? or (b} a, = *,

a,=e"; (3.14)

M= [sinh % (! — )| A 02

X explax® + ax?), (3.15)
M

AM = E(Kl + K,), a, a,eG;

Class {ii): a,, a, are not of the form (3.14). (3.16)

The the R-separation conditions are of the form (3.15) wih
a=0:

(E2) ds®=Q[ — (d, + d,)(b, dx' — dx?)
+2dx3(dx? — b, dx") + 2dx' dx"].  (3.17)

The (first derivative) conditions for R separation of 4,¥ =0
are equivalent to

(0: + b282)ln(M2Q) =a;+a,,
I, In(M*Q)=0b, + bz,c?jln(M 2Q) =a;eC, j=34

(3.18)
There are two solutions to these conditions:
Class (i): b, #x?, (3.19)
M?Q=4 (", (x7) expla;x’ + ax),
M
AM = E K, +K,), (3.20)
Class (ii): b, = x*. (3.21)
Conditions (3.20) hold, except that now
M?Q = A4, exp(x’e ™~ + a.x* + a,x?), (3.22)
(E3) ds’ = Q[ — dydx")> — ¢,(dx*)? + 2dx" dx*
+ 2dx%dx?] . (3.23)

The first derivative R-separation conditions are

9, In(M?Q)=b, +b,,
(3.24)

3, In(M>Q) = a, + ay,
3, InM’Q)=a;,j=34.

These conditions have the general solution
M?Q = A4, exp(ex'x® + a x> + a,x*), €=0,1,
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AM = %’ K, +K>). (3.25)

{F) One ignorable variable with three essential variables
of type 2:

ds*=Q [ (dx")? + (d@x?)*. + (@x’f
q9:— 43 g — 4, 91— 9
(dx*)

+ ,
[71(g2 — g3) + 7293 — ¢1) + r3lg: — ¢2)]
M?Q = A4,4,4,8 explax®),

S =[lg, — ¢:)lgs — 91)(q: — )"l — @5)
+ rlgs — 41) + rslg, — 2} 177,

AM= %{K.(qz — g5+ Kilgs — q))

+ Kilg, — q2)];
(H) No ignorable variables:

dsz=Q<i )

(3.26)

——) S = det® #0,

i=1 Mil
4 172
1M,)",

j=1

o= (@), oM*= DA |

4+ B.M.

A4M= _A!(z J jl+a)‘
o\= S

Here M, is the (j, 1) cofactor of the 4 X 4 Stickel matrix @.

(3.27)

4. CONFORMALLY FLAT NONORTHOGONAL. A-
SEPARABLE SYSTEMS

Here we specialize the results of Sec. 2 and 3 to flat
space, limiting ourselves to nonorthogonal coordinates. (The
orthogonal case has already been treated in Ref. 1.) In princi-
ple, the classification is straightforward: One need only com-
pute the Riemann curvature tensor for each of the separable
nonorthogonal metrics (A)~(G), require that it vanish identi-
cally, and classify all possibilities. In practice, however, the
computations are hopelessly complicated. The problem be-
comes tractible only if detailed use is made of the conformal
symmetry algebra O(6,C) of the flat space Laplace equation.

A basis for 0(6,C) is given by

P,=4d,, j=1234,

Ik,zzkaz,—zlazkz _Ilk9
4

D= —(1+ zziazi)’
i=1

K; =22/ + 22V ~ 22)9,, + 22729,
+ 2220 . + 2z'z°d,. ,
where j,l,m,n = 1,2,3,4 and no two are equal. Now every

nonorthogonal R-separable system for the flat space Laplace
equation

4
D F¥=0,
ji=1
or any other Laplace equation, contains at least one ignora-
ble variable x'. Clearly there must exist an analytic function
psuchthatd,, + p = LeO(6,C). In general, a system with m
ignorable variables is associated with an m dimensional Abe-

1<k <4,
(4.1)

(4.2)
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lian subalgebra of O{6,C). Since we identify two systems if
one can be obtained from the other by an action of the con-
formal symmetry group, to classify all possibilities for ignor-
able variables associated with Eq. (4.2) it is necessary and
sufficient to determine all equivalence classes of Abelian
O(6,C) subalgebras under the adjoint action of O(6,C).

We first list the classes of one dimensional subalgebras
of O(6,C). To obtain most easily the results of Table I we have
made use of the well known isomorphism O(6,C) =sl(4,C)
and the Jordan canonical forms for 4 X 4 matrices. We have
also identified in this and the higher dimensional cases those
subalgebras which can be mapped into one another under
the outer automorphisms of spatial reflection and inversion.
For each equivalence class we exhibit a representative
element.

Suppose that ¢ is an ignorable variable belonging to the
R-separable system { ,x*x3x*]. Then we can assume the
corresponding symmetry operator L = d, + p is identical
with one of the five operators listed in Table I. From this
relationship we can determine how the “standard” coordi-
nates z',...z* are associated to ¢ and the general form of the
metric ds° in terms of dt. The ignorable variable ¢ is orthogo-
nal if the corresponding metric can be written

4
ds*=Q|dt* + > & j(t,xz,x3,x4)dxidxf] . (4.3)

=2

Otherwise, t is nonorthogonal. In Table II we list the metrics
and coordinates corresponding to the operators in Table I.

It follows from Table II that the only operators associ-
ated with orthogonal ignorable variables are 14, 1,3, D, and
P5. Among nonorthogonal ignorable variables the only one
for which the (d¢ )? term doesn’t occur in the metric ds” is
associated with the operator P; + iP,. (Note that in each case
tis not unique; it can be replaced by ¢’ = ¢ + ffor arbitrary
£ For nonorthogonal variables the assertation is that, no
matter what the choice of £, the metric contains cross terms
ofthe formdt ' da.) This last possibility is of great interest, for
it leads to “heat type” variables (slightly renormalized):

=g =b2—i=2t,2 +iz*=c. (4.4)
If in these coordinates we assume a solution of Eq. (1.1a) of
the form ¥ = @ (a,b,c)e”, the resulting equation becomes

(0 + )P = Po.P. (4.5)

Note that here the ignorable variable ¢ is characterized by its
nonorthogonality and the fact that there is no (d# ) term in
the metric.

TABLE I. One-dimensional subalgebras of O(6,C).

cali + BLs+ yD, a, ByeC

al— Iy + Ly —iD) 4 Py 4 iPy— Ly — il + il — Iy, i= V' |
al,+ P,

aly + Bl —iD)+ Py +iP,

P+ iP3) iy — Iy

NS
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TABLE II. Metrics and coordinates associated with ignorable variables.

12! =ae "coslat +¢c), Z2=be "cospt
Z=be "sinft, 2*=ae "sinlat+ )
ds’ = e~ *"[da® + db® — 2ydt(ada + bdb )
+ (Y@ + b))+ b? B?dt* + a¥adt + dcf)
Nonorthogonal unless two of a, B,y are zero.

22 —ir=aé¥, Z'4it=b+2u2

Z+ir=(-2at+cje?™, 2—i=2
ds> = e [da db + 2dt (dc + iaa db) + Miac — a)dt?).
Nonorthogonal.

3zZ'=acosat, 2=b Z=t+c, z*=asinat
ds’ = da® + a’d*dt* + db? + (dt + dc)?
Nonorthogonal unless a = 0.
42 + izt =age'Pra 2 _ izl = peiB—ar
2 — it =24 ¢, + it = fP
ds* =e"#[dadb + i B+ a)adt db + i B — a)b dt da + df dc
+2dt(df + i ff de) + (ab(a® — B°) + 4i Bf }dt?]
Nonorthogonal. No dz? term only if a = 8=0.
52'=a22+i = i‘/zg)evi— ce” )
Z2—iZ2=t=be? +ce V¥ .
Nonorthogonal.

A representative basis for each equivalence class of two-
dimensional abelian subalgebras of O(6,C) is listed in Table
IIIL.

The corresponding results for three dimensional abe-
lian subalgebras are listed in Table IV.

Finally, there is only one equivalence class of four di-
mensional abelian subalgebras of O(6,C). A representative

TABLE III. Two-dimensional abelian subalgebras of O(6,C).

1. P, + iP, + 8Myy, I,y — iD

2. P, +iP, P, + iP,

3.P, 4 iPy Ly + il,,

4Py 4 iPy P, —iPy— il + Iy + Iy + il

5. Py 4 iPyP, —iPy— I, +iD+1,,

6. Py + iPy Py — iP, — Ly — ilyy — i, + I,

7.0y + Iy — iD, Py + iPy = Ly — il + il — I,

8. L+ ilyy+ 1y + il 5, 0Py + K} + Py + K, + 2, — 21,
9.1, + P, I,y — iP,

10. D, Iy + il

11. Py, P, + iP, + 2iI,,

120ihy + Ly, il + 1y

13.ihy + I3, ilP, — K\) = P+ Ky + Ly — il + Iy + il
14. P, + Loy + il,y, Py + Ly + i,

15. Iy — iD, Py + iPy + 2iI,

16. Iyy + Ly + a{ly, — iD ), 1,4 + iD + B(Ip — iD)
17.alyy + B3 — iD), Py + iP, + 8L, — iD)

18.P; —iP,+ B(D —il,, — il,;), D+ P, + iP,
—ilyy— il — Iy + Dy + iy + iI,

has basis P,, P,, P;, P,.
The above results apply with only slight modification to
the flat space Hamilton—Jacobi equation

.i @,W)=0. (4.6)

The symmetry algebra of this equation is again O(6,C) with
basis

Pj = Pj» ]= 1;213,41

1, =zkp14—— z’pk = —I,, 1<k<li4, (4.7)

D= — Z zipi ’

i=1
K, =Q2EY —z2)p; + 222' p, + 22’27 p,, + 22'2"p,, ,
where j,[,m,n = 1,2,3,4 and no two are equal. To find all
nonorthogonal metrics for Eq. (4.6) it is clearly sufficient to
examine each of the general nonorthogonal separable me-
trics from the list (A}{H) of Sec. 2 and determine which of
these is conformally flat. All orthogonal separable metrics
for Eq. (4.6) were already computed in Ref. 1, so here we
omit the systems of type (A), (F), and (H). Note that every R-
separable system for the Laplace equation (4.2) must corre-
spond to one of these conformally flat metrics. We will show
later that this correspondence is one to one.

The necessary and sufficient condition that a metric
ds® = Q (g, ;dx' dx’) = Q d§” be conformally flat is that the
conformal tensor C, ;;, of the metric d§” be identically zero.'
Here,

C'jkl = Rijkl + %(gikle - gilek +ngRik

—gxRy) + IR (848 jx —8u8jt)» (4.8)
where R, ;, is the Riemann curvature tensor, R ; is the Ricci
tensor and R is the scalar curvature. We will use this condi-
tion to determine the number of nonorthogonal conformally
flat metrics of each type.

TABLE IV. Three-dimensional abelian subalgebras of O(6,C).

1P+ iPy Ly +iD — Iy Py — iPy— i,y + Iy + Doy + il
2. Pyt iPy Ly + iD — Iy, iy — Iy + Ioa + i,

3. Py +iPy Iy +iD—1, P, +iP,

4 Py + Py Py + Ly + ilyy, Py + Iy + il

5. P+ iPy Py — iPy+ il,y — Iy + Ly + il,, P, + iP,

6.P, + iP, P, — iPy+ I,y + ily, + ilyy — Iy,
114 + i13l - i124 + 132

1Py + 0Py Ly + iy, 114 + i,

8.Py +iP, P, P+ il,, — I,

9. P, + iPy, P, — iPy I, + ily, — ilpy + I
10.D,1,,, I,

V. D, Iy + Ly, Ly + ilyy + il — I,

12. P, P, I,

13.P, P, P,
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{B) Three ignorable variables: For forms of type (B) the
conformal flatness conditions prove too complicated to solve
explicitly. Fortunately, group theory comes to our rescue:
The possible separable systems of this type correspond to the
three dimensional Abelian subalgebras listed in Table IV.
Subalgebras 10, 12, 13 correspond to orthogonal coordi-
nates. The subalgebra 4 does not give a separable system
because the three Lie derivatives are functionally dependent.
(In order to define a separable coordinate system the three
Lie derivatives must be functionally independent.) The re-
maining subalgebras yield nonorthogonal coordinates all of
heat type except 11 which, once a radial variable is separat-
ed, corresponds to the single nonorthogonal separable sys-
tem for the Helmholtz equation on the complex sphere .S,.”
[However, this system also arises in E, where the diagonali-
zation of D is accomplished by the diagonalization of the
Casimir operator for the subalgebra O(4,C) generated by the
I,.

’ ]The coordinates and their relationship to the standard
coordinates z/ can be obtained from Tables I and II. For
example, a suitable choice of coordinates for the operators of
type 3 is

Z'+if=e"% - =1,

Ztrit=we ™ Z—_it=u, (4.9)
where 8, — i =1I,; — I}, + iD, d, = {P, + iP,), and
d, = §(P, + iP,). The corresponding differential form is

ds* = e **[du dw — 2i ds(w du + dt )] . (4.10)
We note that this metric also provides a separation of varia-
bles for the flat space Helmholtz equation 4,% = EV. In-

deed, if wesetx' = e 2 x? =1 /2,x* = w/2,x* = u (these
are equivalent coordinates), we obtain

ds? = 2 dx" dx? + 2 dx*(x* dx' + x' dx?) (4.11)
and the Helmholtz equation is
2(3,, + il(~—x3823+834) V=EY (4.12)
x
with separation equations
oLV, =1¥, 4V, =LY,
(= 20,x°05 + 21,05)¥; = 1, ¥, (4.13)

(21,0, + 20./x"\¥, = E¥,

where ¥ = IT%_ | ¥ ,(x’) . The operators .’ ; which describe
this separation are .Y, = {(P, + iP,), £, = {{P; + iP,),
Ly =1Py —iPy, I3+ il,; + il |, — I,4}. The operators
which characterize separation in this case are not all first
order and would also suffice to describe the separation in the
case of the Laplace equation E = 0. (The significance of two
separate operator characterizations of the same coordinate
system will be the topic of a separate paper.) Similar com-
ments hold for subalgebras 1 and 2 on Table IV. Subalgebras
5 to 9 clearly directly define separation of the flat space
Helmholtz equation. Thus, nonorthogonal coordinates of
type (B) all correspond to coordinates that separate the
Helmbholtz equation on E,.

(C) Two ignorable variables and two essential variables
of type 2: It would be possible but extremely complicated to
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derive these metrics by directly requiring the metric (3.9) to
be conformally flat. An easier method follows from the ob-
servation that for a conformally flat space the two Lie sym-
metries corresponding to the ignorable variables x*, x* are
taken from the list of commuting pairs of symmetries in Ta-
ble I11. For each pair of symmetries from this list there are
constraints on the form ds” and the way in which the differ-
entials dx* and dx* appear in it. For subalgebras 1-9 the
corresponding metric is such that e = 0, i.e., the ignorable
variable x* is nonorthogonal and there is no (dx*)? term ap-
pearing in ds>. Thus, to compute all coordinates correspond-
ing to subalgebras 1-9 we can simply require that the metric

d§* = (I, — L)[(dx")* + (dx??] +2dx* dx*
+ (ml — mz) (dx*)?
L —1
be conformally flat.

Subalgebras 10~13 each contain an orthogonal ignora-
ble variable so they do not correspond to type (C) metrics.
Subalgebras 14-18 are somewhat more awkward to treat but
in each case one can show that the metrics associated with
these subalgebras are not of the form (3.9). Thus, none of
these subalgebras correspond to type (C) coordinates.

Now suppose the conformally flat metric is of the form
(4.14). The conditions of conformal flatness are

C1221 = % R1221 =0 ,C1442 = R|442 =0,

(4.14)

m, — m, \?
C1332=R1332+§( : 2) R1442=0,
I —1,

1

Cis = %(Rlsal — Ry + PRV (4.15)
(ly—1)
XW@ — im, — my)R 5, =0,

1

C2332 = %(stsz - R1331) + m

X — $(m — MR =0.

These conditions imply R, ;; = 0 so the metrics d§° are
flat. We then obtain the following distinct solutions:

. (dxl)z (dxz)z
dszz(x] —xz) ——x—l— el 'x—2
+2dx%dx* + (x! + xY)dx*), (4.16)
d§? = (x' — x2)[(dx') — (@x?)?] + 2 dx’dx*
+ (x! 4+ x?)dx*?, (4.17)
d§? = (dx')? + (dx?)? + 2 dx’dx?
+ (ax' + bx?)(dx*)?. (4.18)

The remaining conformally flat metrics of this type are
of the form

d§* = do”* + 2 dx*dx*, (4.19)

where do” is a separable metric in Euclidean two-space (see
Ref. 11). Thus, all conformally flat metrics of type (C) corre-
spond to coordinates that separate the flat space Helmholtz
equation.

(D) Two ignorable variables and one essential variable
of each type: We look for conformally flat metrics of type
{(D1) for which the Lie symmetries corresponding to the ig-
norable variables x?, x* are taken from the list of commuting
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pairs on Table III. Proceeding through the list we find that
there can be no conformally flat metrics of this type, which
are not already of type (D2).

For forms of type (D2) two of the conditions of confor-
mal flatness are

Cin = IR3113=0,C1203 = Rypp3 — 3fiR135,=0.

(4.20)
These two conditions imply d { = 0 and f; = 0. The remain-
ing conformal flatness condition is then C,,; =1
X (Ry221 — d Ry323) = 0, which is equivalent tod 7 — 2
X (d 4)*/d, — d,e} = 0. This equation can be solved to give
the forms
ds? = (dx’)? + [1 + (x®)?1(dx")* +2 dx’dx*
1

+ —— (x'dx?»?, 421
1+ (x?)? () @b
1 232
ds* = (dx*)* 4+ x*(dx')* +2 dx’dx* + w , (422
dx2 2
ds? = (x’dx'y* + ax' (—2)‘ + (@Y +2dx%dx . (4.23)
X

(For these forms we have redefined x? and multiplied by a
suitable function of x>.) The forms (4.21)—(4.23) all define
separation for the flat space Helmholtz equation.®
(E) Two ignorable variables and two essential variables
of type 1: For metrics of type (E1) the conditions of confor-
mal flatness imply that the metric 4§ is flat where
ds® = Qd§® is given by Eq. (3.12). Thus, from Ref. 8 we ob-
tain the possibilities
d$? = 2dx*(dx" — dx?) +2 dx* [(x")dx* — (x})%dx'],
4.24)
1 2
ds* = {A (x4 BE A HC L )2+ C] (dx' — dx?)
+2dx*(dx' — dx?) +2 dx*(x'dx* — x’dx"),
g — [A B C D ] (x%dx' — x'dx?)?

(4.25)
—+
xl (Xl)2 x2 (x2)2 xl _ x2
+2dx3(xPdx" — x'dx?) +2 dx*(dx* —dx").  (4.26)
For metrics of type (E2), (i) the conformal flatness con-
ditions are

1
C|223 = b_czns = %Rlzz,z =0,

CIZZI = RIZZI + (dl + dZ)(R?_ll3 - b2R1223) = 0 (427)
Solving these equations we obtain the conformally flat
metric

o~ (B B C
d _( 2x! + (xz)z

— + %)(xzdx' — dx?)?
e € x
+2dx(dx? — x*dx') +2dx"dx* . (4.28)
This form is conformal to the type (E2), (i) metric of Ref. 8
which defines separation of the flat space Helmholtz equa-
tion. A similar computation shows that there are no type
(E2), (i1) conformally flat metrics.
For metrics of type (E3) the relevant conformal flatness
conditions are C,,,, = R ,,,, = 0 and we obtain the metrics
2 1
ds? = (x df‘

X

2
) — (dx?)? +2 dx'dx* +2(x")dx*dx?,
(4.29)
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d$? = (Pdx')? — (x'dx?)? +2dx'dx* +2dx*dx*,  (4.30)
ds? = xz(a;ill)z + x'(dx?)? +2 dx'dx* +2(x")’dx’dx’,
(4.31)
di? = xX(dx")? + x'(dx*)? +2dx'dx* +2dx’dx®, (4.32)
ds = XZ(‘%')Z 42 dx'dx* +2(c)dxdx’ . 4.33)

As shown in Ref. 8 these metrics define variable separation
for the flat space Helmholtz equation.

(G) One ignorable variable, two essential variables of
type 2 and one of type 1: Comparing the type (G) metric with
the metrics on Table II we see that the symmetry operator
P, + iP, must correspond to the ignorable variable x*. With
this restriction only the nontrivial conformal flatness condi-
tions are C\3;, = C>33; = 0 and we obtain two groups of
metrics:

2ix' 3\2
A2 — (112 € dw? — (dx’) ., (434
I.ds* = {dx') + wra W), ———4(x3 o (4.34)
11:d§? = (dx')? + dw? + Ax'(dx*), {4.35)
where
2 342
dof =Xl + 2dwaxt + EEL,
X
(xzde)Z
da)% = (1 + (x3)2)(dx2)2 + 2 dx3dx4 — "l—+_(x—3)—2° ,
{4.36)

3\2
dew? = (Pdx?? + 2 dx*dx* — sz(d;)i—) ,

dew? = (dx?)? + 2 dx’dx* + Ax*(dx*) .
The metrics of type I determine separation for the Helm-
holtz equation on the four sphere S, and those of type IT
determine separation for the flat space Helmholtz equation.
This completes our classification of conformally flat
nonorthogonal separable forms.

5. A-SEPARABLE COORDINATES FOR 4,¥ =0

In our treatment of conformally flat metrics in Sec. 4
the original flat space metric was chosen in the form
ds’ = Q (2g,,dx'dx") = Q ds*. In addition to the condition of
conformal flatness for the metric d§” the function Q = e** is
determined by solving the equations

4
/lij :%(l 1'jR _le) - %gij( z gkl/l,k/l.l)’ (5.1
ki1

whered,; =4, —4,4 ,=d_.4 and 4 is the second co-
variant derivative of A with respect to g, ; (see Ref. 10).

As we have shown, the metrics d§? correspond to only
two manifolds: £, and §,. The possible functions Q relating
flat space and these two manifolds are independent of co-
ordinates and were already computed in Ref. 1. Further-
more, it was shown in that reference that always

4{4Q1/2+ %Q‘”:o, (5.2)

where R is the (constant) scalar curvature, and A4 is the
Laplace-Beltrami operator on the manifold with metric d5>.
When we studied orthogonal separation for A,& = 0 in Ref.
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1 we showed that we could always choose the multiplier
M = Q' Using this result as a guide we consider one of the
nonorthogonal metrics ds® = Qd$® listed in Sec. 4 and set
¥ = Q-'*¢. Substituting this expression into 4,¥ = 0 and
making use of Eq. (5.2) we obtain

AP+ %qb:o

(5.3)
so that @ satisfies a Helmholtz equation on the manifold
corresponding to d§”. Since the Helmholtz equation sepa-
rates in the coordinates x’ corresponding to d§*, we can find
separable solutions @ = (IT%_ , 4 ;(x”) for Eq. (5.3) and R-
separable solutions ¥ = Q@ -"*IT4 _ | 4 ;(x) for the flat space
Laplace equation. This proves that a// nonorthogonal co-
ordinate systems which separate Eq. (4.6) also R-separate
Eq. (4.2). Combining these results with those of Ref. 1 we
obtain the following:

Theorem: Let {x’}] be a coordinate system (orthogonal
or not) for which the equation

4

S (9,W)=0

=1

5.4

is separable. Then

dx*= Y (dZ')y = Q( 3 g”dx‘dx’) =Qdf,

I=1 ij=1

where d§” is a metric on one of the spaces .# = E,, $; XS,
S, %X S,, S, and the coordinates {x’} are separable for the
Helmbholtz equation on .#. If {x’} is nonorthogonal, then
we can assume that .# is one of E, or S,. The function Q
satisfies Eq. (5.3), where R is the (constant) scalar curvature
of .# . Furthermore, the Laplace equation
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S EY=0 (5.5)

=
is R separable in the coordinates {x/}:

V=0 24, (x") A5x4 ) A 4 (x7) .

All separable systems for the Helmholtz equation on .#
yield R-separable systems for the flat space Laplace
equation.

Corollary: Equations (5.4) and (5.5) separate in exactly
the same coordinate systems (orthogonal or not}.

Corollary: If {x/} is a separable coordinate system for
the Laplace equation on a conformally flat space, then these
coordinates permit separation of the Helmholtz equation on
one of the manifolds E,, S, XS}, S, XS, or S,.
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