Matrix operator symmetries of the Dirac equation and separation of variables
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The set of all matrix-valued first-order differential operators that commute with the Dirac
equation in n-dimensional complex Euclidean space is computed. In four dimensions it is shown
that all matrix-valued second-order differential operators that commute with the Dirac operator
in four dimensions are obtained as products of first-order operators that commute with the Dirac
operator. Finally some additional coordinate systems for which the Dirac equation in Minkowski
space can be solved by separation of variables are presented. These new systems are comparable to
the separation in oblate spheroidal coordinates discussed by Chandrasekhar [S. Chandrasekhar,
The Mathematical Theory of Black Holes (Oxford U.P., Oxford, 1983)].

I. INTRODUCTION

A complete theory of separation of variables for the
nonscalar equations of mathematical physics has yet to be
developed. Some partial results have been obtained for the
Dirac equation, the Proca equation, and the Pauli-Fierz
equation.’ More recently there has been renewed interest
in the separability properties of the equations for first-order
perturbations of spin fields in a gravitational background. In
particular Teukolsky* has shown that for massless fields of
spin-0, -}, and -1, a form of separable solution does exist for
perturbations in a Kerr metric gravitational background.
Chandrasekhar’® has shown that the Dirac equation also ad-
mits a separable solution in such abackground. These results
have been extended by several authors®’ and shown to hold
for more general classes of type D vacuum metrics. More
recently the constant of the motion associated with the sepa-
ration of variables for the Dirac equation (the other two
constants are associated with geometrical symmetries) has
been characterized.®'° It is found that the additional con-
stant of the motion is a matrix first-order differential opera-
tor that commutes with the Dirac Hamiltonian. This opera-
tor is associated with the generalized Killing tensors of Yano
and Bochner."' Furthermore McLenaghan and Spindel®
have established the general form of a matrix first-order op-
erator that commutes with the Dirac Hamiltonian. An inter-
esting feature of Chandrasekhar’s work is that it also implies
that the Dirac equation in Minkowski space admits a separa-
ble solution in oblate spheroidal coordinates. We should
mention in this connection the work of Cook'? on separation
of variables for the Dirac equation. These results inject new
life into the possibility of classifying all separable coordinate
systems and solutions for the Dirac equation. To this end in
Sec. Il we compute the matrix operators which commute
with the Dirac Hamiltonian in complex Euclidean #-space.
We then study the first- and second-order matrix symme-
tries of the Dirac equation in four dimensions in Sec. III
culminating in Theorem I. Finally, in Sec. IV we present
several examples of separable solutions (of the Dirac equa-
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tion) in four-dimensional Minkowski space and give their
operator characterization.

Il. FIRST-ORDER CONSTANTS OF THE MOTION FOR
THE DIRAC HAMILTONIANIN £,

In complex Euclidean n-space E, Cartesian coordinates
will be denoted by z;, i = 1,...,n, and the associated infinitesi-
mal distance is

ds* =dz; dz,. (2.1)

In this section repeated subscripts imply summation; we
only use subscripts and work exclusively in Cartesian co-
ordinates. Furthermore we will take the dimension to be
n =2v,1i.e., even. Then, as is well known,'* there is a unique
representation of the Clifford algebra of dimension 2v by
2v X 2v matrices y;, which satisfy the anticommutation rules
({ , }is the anticommutator bracket)

{Yi’yj} =vY; + VY= 21;.6.'_,'- (2.2)
The associated Dirac Hamiltonian is
H=y4d +m (3,- = _3_) (2.3)
az

Clearly the results of significance in this section are to be
obtained by considering various real forms of complex Eu-
clidean n-space. The resulting W, which is a solution of
HY = 0, could then be interpreted as the solution of an ap-
propriate wave equation in a physical theory realized in di-
mension n. The other advantage of working in complex Eu-
clidean n-space is that a large number of different cases for
operators of a given type correspond to a single class in this
case. The classification problem is thus made considerably
simpler.

We now search for operators L = F, d, + G, which
commute with H:

[AL]=0. 2.4)

Equating to zero the coefficients of the derivatives in this
condition we obtain
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[YarFs] + [¥6:F] =0, (2.52)
[G7v.] = (7, 8)F,, (2.5b)
(v, 3,)G=0. (2.5¢)

In addition to the ¥, matrices we define 7,, , , = = (1/
) €, ..., Vi, =V, (Here €, ., is the usual antisym-
metric tensor.) This matrix satisfies

(2.6)
A suitable basis'® for the space of 2v X 2v matrices is then
Yo, ** VYay P =1Ly,
OYa Vo, _,» P= 1,...v.
where a; <a; if i <j. We write
F,=\F I+ 3F0,Ya Ve, +

{Cl),}’j} =0 j= 1,...,21/.

2.7

v+ 1% aay a3, 0 a a,,
+ Fl 27 '"7/2

+ 2Faalw7/al + -+ ZVFaa1 dy, lwya, ot 7’a2v‘ 1?
(2.8)
where we take F,, . ap_y = ‘,,Fa[a| —ay_1]" The square
bracket denotes complete antisymmetrization. The condi-
tions (2.5a) then imply

oFega,_, = oFlagea, (2.9)
In particular
2v + lFaoa| ay, T 0 and ZVFaOal gy CeO,l ,,,,, 2v—1°

The conditions (2.5b) then imply
[l/p!]Paé...a;,_l [aa;, (pFaa; —ay_y ) ]

+ ac (p+2Faca0--~aP71 ) + 2(p+2Gaao-~-ap_| ) = 0’
(2.10)

where round brackets denote symmetrization, the first sum-
mation is over all permutations a; «- @/ _, of the fixed set

P
g8, 1, and P, is the sign of this permutation.

’
[

From these equations we can deduce that
ab(pF'aa‘ma‘,_l) +a"(PFbax"'ap_|) =O, (211)

ie,each F, . o, function is a generalized Killing-Yano ten-
sor.!" In particular, 3,C =0 and d, (,F,) + d,(,F,) =0.
This last condition is just the statement that the ,F, are the
components of a Killing vector. The remaining conditions
are, in fact, redundant, since, for any general Killing-Yano
tensor'' F, a,» We have that

aa ab (pFalu-a‘,) =0. (2.12)
We thus see that the space of operators L is determined by
the Killing-Yano tensors ,F, .. o and , G, .,  via
(2.10)

The general solution of the Killing-Yano equations
(2.11) is known!! to be

pFaa,(Zri2,) = AZi€ o + BE,, . (2.13)
and the corresponding solutions for
p+2GCaaa, =3P 3 (,F, .. a,)
=A %peaa,...ap. (2.14)

A basis for the space {L} consists of
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Loy = (VQONP,, .y 2,0 Oy Vg =¥

aéq
+aVaVs¥a, Vo 4=0 1, (2.15)
LZ‘I‘I = [1/(2q - 1)!]Pa’b’a{ --~a§q‘ |za’ ab’ (l)'}’a; o ya

I3
29— 1

+ @@= DovaVsVe, Vo, _,» 4= Ly,

(2.16)
M,, = [1/29)"1P, rafwas, O Vag Ve 9=0L.,

(2.17)
My =[1/Qq =P, . 3, ay, Ve, o

(2.18)

where the summations extend over a fixed set of indices
(e.g, a, b, ay,..,a,, in the case of L,,). This basis has a
particular significance, which we can see as follows: consider
operators of the type M,. From (2.17) and (2.18) we have

M}=3}+-+3], (2.19)

i.e., M? is the second-order Casimir invariant for the sub-
group E, |, whose Lie algebra has the basis

P/l = (9,1 ’

M, =2,0,—2,0, + 717,
A #u. (2.20)

A similar result holds for the operators L;; from (2.15) and
(2.16) it follows that

A, /l = b,al,...,al,

L}= zMi#+%l(l+1)I,,, (2.21)

A>p
i.e., to within a constant L ? is the Casimir invariant for the
subgroup SO(/ + 1), whose Lie algebra has a basis

M,,, Au=11ba,..a, A>p.

These operators generalize the “square root of angular mo-
mentum” introduced by Dirac in this treatment of the elec-
tron.

It is in fact the study of orbits of commuting operators
that should be of basic importance to a study of separation of
variables. The particular example of Chandrasekhar® has
highlighted this feature. From the point of view of separation
of variables theory the operators that are associated with it
could be second order. As a step in this direction we extend
the studies of McLenaghan to second-order matrix differen-
tial operators that commute with H.

lIl. SECOND-ORDER CONSTANTS OF THE MOTION
FOR THE DIRAC HAMILTONIAN IN £,

In this section we study second-order operators of the
type

2 =K,3,8,+L.3. + M, (3.1)
which commute with the Dirac Hamiltonian in complex Eu-
clidean four-space. (To make the computations relatively

straightforward we restrict ourselves to E,.) The condition
[H, .£] = 01is equivalent to the equations

[y(a,Kbc) ] = 09 (323)
—274(0aKyp) + [V Lsy] =0, (3.2b)
Kalnins, Miller, Jr., and Williams 1894
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Ya(04L,) + [, M] =0, (3.2¢)
Ya(d;M) =0, (3.2d)

where the ( ) subscripts denote complete symmetrization of
the enclosed indices. '

Our purpose is to show that all second-order constants
of the motion of the type (2.1) can be constructed as pro-
ducts of the firgt-order ones, as calculated in Sec. II. We note
that the set {.#'} does not close under commutation; how-
ever, if L,, L, are any two first-order matrix differential op-
erators that commute with H, then [L,L,,H]} =0.

A suitable basis for {L} in E, is

Loy =V5[Vw2b Oy — Va2 Oy ] + Vas

a>b>c, ab,cd#, (3.3a)
Qus =7¥sVia Gbpy a>b, (3.3b)
Sase =YV 90, a>b>c, (3.3¢)
M = €,.47V"V’2. 84 + Vs (3.3d)
M, =2z, 3y + 4.7, a>b, (3.3¢)
P, =4, (3.3f)
H=y,d (3.3g)

where all indices run from 1,...,4. From the first of conditions
(3.2), if we write

Kab = Kab1+ Kabcyc + Kabcd}’c'yd + Kabc?’S?’c + KabYS’

(3.4)
then the coefficients of K, must satisfy
K opeya =0, (3.5)
Kyt (8,068 — 84p0u0) + Kiooi (840845 — 8450 4s)

+ Kopa (80absp — 8564, ) =0, (3.6)
R, =0, (3.7)
K, =0, (3.8)
in addition to the obvious symmetries

K =0, (3.9)
Kaseay =0. (3.10)

For the second set of conditions (3.2) we write

L, =L, I+ Ly, +La. VsV +Lap¥s¥s + L,Vs
(3.11)

with L, ., = 0 and obtain
acKab + L(ab)c + adKabdc = 0’ (312)
9 K\apdey + €pode Oy Koy + 2Ly €404, + 2L €4y, =0,

(3.13)
€care Oc (Kopg) + au']? lable] F €acreLpe + €perelige =0,
(3.14)
3:(Ropa) + 2L, + L) =0, (3.15)
4.K,. =0. (3.16)
For the third set of conditions, we write
M=MI+M,y, + M, 7.7, + M.ysy. + Mys (3.17)
and obtain the conditions
a.L,. =0, (3.18)
4L, +9.L,, —2M,, =0, (3.19)
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305 Litedy + €utod Do Ly + 2e0peaM =0, (3.20)

016 Ligic) + €aech FaLoe + 26,000 My + 26,4 My =0,
(3.21)

3.L, +2M, =o. (3.22)

We will now show that the space of operators L in E, is
spanned by all products of first-order matrix operators.
From (3.12) and (3.5) we can see that

0K =0. (3.23)
There are 50 independent operators L of the form
Z =Kab aa ab +Labc7b7’c aa +M (324)

constructed from the symmetric products in the enveloping

algebra, ie., products of the form {P,P,}, {P,M,},

{M,;,M,,}. The conditions (3.23) are the equations for a

symmetric Killing tensor to exist in four-dimensional flat

space E,. These conditions have been discussed by Katzin

and Levin'* and the above result is included in their work.
From (2.6) we deduce that

Kape =0, abc#, (3.25)

— Koo +2K,, =0, a#b, (3.26)
and consequently

Ko =K, 5, (3.27)

From (2.16) we have that
4.K, +3,K, =0,

these are just Killing’s equations. There are therefore ten
independent operators of the form

i =Kabc?’caa ab +2‘\ab757’b aa +Lab7b aa' (328)
These operators are formed by taking symmetric products of
the form {H, P,}, {H,M,;}.

From (3.7) and (3.14) we deduce that

K(abc) = 0’ (3'7)

0Kieya =0. (3.29)
The number of independent solutions can be calculated as
follows. We note that for fixed d, K &’ = K, satisfies the

equations for a second-order Killing tensor in four-dimen-
sional Euclidean space, i.e.,

3K =0. (3.30)
It is known'* that the vector space of second-order Killing
tensors is in this case of dimension 50. Furthermore it is
always possible to choose a basis of the form

Kpe =A b p2,2,, 1=1,.,20,

Ui =By .z, m=1,.20,

vy =Ch, n=1,.10, (3.31)
where 4}, B}, and C}. are constants. Consequently
because of (3.30) we may write

K@ =¥, +d iy + e, (3.32)

Our problem is to determine the number of independent co-
efficients ¢*, d “™, e*", given that the K ,,_ are subject to the
conditions (3.7) and

«941?<m, =0, (3.7)

Kalnins, Miller, Jr., and Williams 1895
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8, 3.K sy, =0. (3.33)

To determing the number of independent coefficients e
consider the K, evaluated at 0, i.e., K, (0). There are 40
such coefficients and they are subjected to 20 independent
constraints K ,,., (0) = 0. There are therefore 20 indepen-
dent constants ¢”". These are constructed from the 24 anti-
commutators {P.,0Q,, } subject to the four constraints

QP =0. (3.34)

To determine the number of independent coefficients d am
we consider d,K,, (0). There are 80 unknown coefficients
d “" subject to the 51 constraints

aakdaa (0) = 0’ a7éd’
8,K 10 (0) +23,K,4,(0) =0, a+d,

ack\'(aab) (0) = 0’ a,b,c;é, (335)
aa/K\'(abc) (0) = O’ a,byc#9
R aper (0) =0, abed #.

All indices are distinct in these conditions and conditions of
the last type are subject to the restriction
0K peay (0) + 3K (caay (0) + 3K (4apy (0)

+ 34K gpey (0) =0,
which follows from conditions (3.29).

A suitable basis for operators associated with these inde-
pendent constants is obtained from the 52 anticommutators

{P,,L,..}, {M,,0.,} subject to the 23 independent con-
straints

Q(ach)d = LabcPd + H/zy
Q{a|b Mblc] = Qca - Labchs

P Lyar= —MpQoy + My Qs (3.36)
H

2 é-abchab ch +—= 0.

a>b 2

c>d

To determine the number of independent coefficients c*' we
consider the second derivatives d, d,K_,. (0). There are 80
unknown coefficients ¢ subject to 60 constraints:

0,8 1s(0) =0, 3,0,K.(0) =0, asd,
8.0,R 10a (0) =0, acd #,
. . (3.37)
3K (0) + 2K, (0)) =0, abc#,
3, 84(Koas (0) + 2Ky (0)) =0, a@bics#.
A suitable basis for operators associated with these inde-

pendent constants is obtained from the 24 anticommutators
{M_, L.} subject to the four constraints

M oL gjcay = Lpca- (3.38)
From (3.5) and (3.13) we have the conditions

K abra =0, (3.39)

A Kieyae =0 (3.40)

We are, of course, also assuming that X,,., = K,;,.. and
K,,.; =K, ca; Conditions (3.39) are then equivalent to

a

the four types

Kopd + Kospg + Kpoa =0, a,bc,d #, (3.41a)
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Kiew =0, a,#c, (3.41b)
Kaacd + 2Kcaad = 0, a,c,d ?é, (3410)
Kaaad = 09 a’#d- (341d)

Conditions (3.40) are equivalent to the five types

i,K,c. +9.K,p.. +3,K,... =0, abces#, (3.42a)
0K e + 0 Kipep + 9, Kooy =0, a,bc#, (3.42b)
20.Kocae +9cKopae =0, acdie#, (3.42¢)
29,Kpece + 0. Kpoee =0, ascie#, (3.42d)
9. Kouste =0, ade#. (3.42¢)

The number of independent solutions of these equations
again can be determined by the constants K, ., (0) and all
possible derivatives of K., evaluated at 0. The number of
independent components of X, (0) is 60 and the number
of constraints of type (3.29) is 34. The number of derivatives
d.K,,.,(0) is 240. The number of constraints on the first
derivatives are obtained by counting the number of indepen-
dent constraints from (3.40) and the derivatives of (3.39).
There are 136 such conditions, as it can readily be verified
that all the conditions so obtained are independent. If we
now repeat these considerations for the derivatives
3, 9;K .4 (0) we obtain at first glance 600 such derivatives
and 628 conditions on them obtained by differentiating con-
ditions (3.39) twice and conditions (3.40) once. There are,
in fact, only 600 independent conditions. This can be seen as
follows. From the conditions

aa (2 aaKacde + acl(vaade ) = 0’ a,c,d,e;é,
(3.43)
ae aa Kaade = 0’ e!a’d #,
we deduce that ’
a 3Kacde = O’ a,C,d,E?é . (344)

Differentiating (3.41c) with respect to d, and using (3.42e)
we have thatd,K ., = 0. Consequently the four conditions

a caa

ac (aaKbcce + acI(abce + abKtzcce) = 0’ a’b’c’esé’

(3.45)

which are obtained from (3.42a), are redundant.
Further, the conditions

0,(29,K e +9cKiuoee) =0, asc, (3.46)

9. oK oose =0, ciad #, (3.47)
imply that

FeKoeee =0, ace. (3.48)
The condition

92 (Kopea + 2Keaa) =0, acd #, (3.49)
then implies

0eKoeea =0, ac,d #. (3.50)
Then condition

05 (0:Kpacd + 9pKoeep) =0, a,bic#, (3.51)
implies that

0y 0K opoe =0, abic#. (3.52)
Now conditions

Kalnins, Miller, Jr., and Williams 1896
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aa ad (Kaacd + 2Kcaad) = Oa c,a,d #7 (353)

also imply (3.52), so they are redundant. There are 24 of
them. Thus we have succeeded in showing that there are only
600 independent conditions on the second derivatives
9, ;K 4.4 (0). In fact, apart from the redundancies noted
above, all these conditions are independent. These computa-
tions indicate that there must be 58 independent solutions to
our original conditions. These solutions can be generated by
anticommutators {H,Q,,}, {H,L, }, {MM,}, {MP},
{S,0csM;}, {S.s,P:}. There are 60 of these combinations
but there are two independent relations among them:

SavePay =0, (3.54)
S Lu(P 4B +P)+(30,)H=0.  (359)
i>j>k i>j

Theorem 1: Let H = y,d, + m be the Dirac operator in
complex Euclidean four-space. Further let .# = {L} be the
space of all first-order differential operators L = F, d, + G
that commute with H. Then the space 7= {L} consnstlng
of all second-order operators of the type L= K, d,ad,

+ L, 3. + M, K, 540, that commute with H, is spanned by
all products of element pairs of elements of .%.

Theorem 1 suggests that higher-order operators that
commute with the Dirac operator also can be constructed as
products of first-order symmetries, but we have not proved
this.

IV. SEPARATION OF VARIABLES FOR THE DIRAC
EQUATION IN MINKOWSKI SPACE

In this section we discuss how the first-order matrix op-
erators L that commute with the Dirac Hamiltonian can be
associated with separable solutions of Dirac’s equation. This
was implicitly shown by Chandrasekhar’s analysis® of Dir-
ac’s equation in a Kerr background and explicitly by the
detailed study® of Carter and McLenaghan. In the limiting
case, where the Kerr metric degenerates to a flat space met-
ric in oblate spheroidal coordinates, we have infinitesimal
distance

[r2+a COS 7] P + (7 + a® cos® 0)d6?

+ (r2+a2)sin20d¢2]. 4.1

A more familiar version of this infinitesimal distance can be

obtained by putting » = a sinh 7:
ds® = dt> — a*[(sinh® 57 + cos® 0) (dn* + dB?)

+ cosh? 77 sin® 9 d¢?].

Dirac’s equation in Newman-Penrose notation is
(D+€e—p)F, + (6% + m— a)F, =imG,,
(A+p—1F+ (648 —1)F, =imG,,

(D +e* —p*)G, — (6 + 7* — a*)G, = imF,,
(A+pu*—y*)G,— (6+B*—7)G,=imF,.

Here we have used Chandrasekhar’s® notation for the spin
coefficients and derivatives. A distinguishing feature of
spinor equations is that the specification of coordinates does

(4.2)
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not determine uniquely the resulting form of the equation;
one also needs to specify a (null) tetrad or moving reference
frame in order to write the resulting equation. These ideas
have their natural framework in the tetrad formalism.’

The first-order operators L, which commute with the
Dirac operator H, are of crucial importance for the separable
solutions of Dirac’s equation computed by Chandrasekhar.
We briefly review his procedure. Essentially Chandrasekhar
has shown that Dirac’s equation in a Kerr space-time back-
ground admits a solution which can be obtained from a sepa-
ration of variables ansatz. Since oblate spheroidal coordi-
nates in Minkowski space are a special case of the standard
Kerr space-time metric, this implies that the Dirac equation
in Minkowski space admits separable solutions in these co-
ordinates.

What is interesting about Chandrasekhar’s result is that
the proper choice of null tetrad is unexpected. If we adopt
coordinates ¢, r, 8, and ¢, corresponding to the infinitesimal
distance (4.1), the proper null tetrad has the components

li=(l91’0’ a/(’.2+02))’ (4.3a)
n'=[1/2(7 + a* cos’ §) | (P + a*, — ¥ — a*,0,a), (4.3b)
m’' = [1/v2(r + ia cos @) ] (ia sin 8,0,1,i/sin ). (4.3¢c)

This is quite different from the appropriate choice in, say, the
case of cylindrical coordinates with infinitesimal distance

ds’ =dt* —dr* — rd¢* — dz, (44)
I'= (1/v2)(1,0,0,1), (4.5a)
n'= (1/v2)(1,0,0, - 1), (4.5b)
m' = (1/v2)(0,1,i/r,0). (4.5¢)

This frame is simply related to the frame of orthogonal vec-
tors
e =V +nh), e =1/V2)('—n),
(4.6)
ek = (V) (m' +m'), €& =(1/V2)(m —m),
where
e, =0, if A #u,

€re;; =€,,

€, = +1ifA=1and — 1 otherwise. For all coordinate
systems that are characterized by the Casimir operators of
some subgroup chain of the Poincaré group E(3,1), a choice
of tetrad of this type will yield separable solutions and un-
coupled equations.'® There are sound group theoretical rea-
sons for this, which we do not elaborate on here. Now the
obvious choice for oblate spheroidal coordinates would be a
null tetrad constructed via (4.6) from the orthogonal vec-
tors

é; = (1,0,0,0),
&= — V(¥ +a*)/ (P +d*cos? 0) (0,1,0,0),

& = (1/7 + a* cos? 8) (0,0,1,0),
€, = (1/sin 8 ¥+ a%)(0,0,0,1).

However, this choice does not lead to separable solutions.
With the proper null tetrad (4.3) and

4.7)
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fi={(r—iacos 0)F,, f,=F,

(4.8)
g =(r+iacos 0)G, g, =G,
Dirac’s equation becomes
Dofi +27V2.L o f, = mlir+acos 0)g,,
ADY, f,—2"2L 0 fi = — 2m(ir + a cos 0)g,,
4.9)

D, -2 L8

AD 8.+ 22 L 1.8, = —2m(ir—acos ) f,,
where

Do=0d,+iK/A, D, =2, —iK/A+r/A,

Lip=0+Q+1icoth, ZL1,=7,—Q+lcoth,
and

K= (? +a*)o + am*,
In these equations the ¢ and ¢ dependence has been removed

by assuming it to be of the form ¢"** * ™*#) and factored out.
These equations admit a separable solution if we make the
substitution

=m(ir—acos®)f,

Q =ao sin 0 4 m* csc 6.

J

0 0
0 0
(—iacos@/p*) D, (r/V2p*).L )2
(r/V2p*) L1, (—iacos 0/20*)ATD},

L=

In addition we have that [H,L] =0, so L is a first-order
matrix symmetry operator. In fact,®
L = (1/V2)(Ly + a0.y), (4.14)

where the operators L are those obtained from (3.3) for the
corresponding realization in Minkowski space. In this parti-
cular case

Z234 =y (x*d, —x*d,) + Yy x*a, —x*3,)
+ P, —x23) + v, (4.15)

QM =y d,+ v a,
where the 7 matrices satisfy

{Vi,yj} = gl j’
where g/ = diag(1, — 1,
ordinates x’, i = 1,2,3,4.

If one is to construct a satisfactory theory of variable
separation for equations of Dirac type, examples of this type
need to be explained. In fact, from our knowledge of separa-
ble systems for the scalar wave equation we can construct

additional such examples of separation. Consider, for in-
stance, the coordinates

t=rcoshf, x=JP+ad° sinh @ cos ¢

—1,— 1) and contravariant co-

=y +a*’sinh Osing, z=z, (4.16)
0<r<ow, —ow<bl<w, 0<O0<2m, — w<z<w.

This is clearly a slightly different variation of oblate spheroi-

1898 J. Math. Phys., Vol. 27, No. 7, July 1986

Sfi=R_p(1)S_12(0), f,=R,/(r)S,,,(0),
4.10)

81=R,,(r)S_1/2(0), & =R_,;(r)S,,2(0).

The functions appearing in this substitution can be chosen to
satisfy

A2DR_ ;= (A +imr)AV?R, ),
AV2DIAVIR = (A —imr)R_, )y,

(4.11)
ZinSip= — (A —amcos O)S_,p,

L8 _12= (A +amcos 0)S,,,,

where A is a separation constant. If we write ¢ as the column
vector (f,, fo &1, &) the Dirac’s equation has the form
HyY=my.

The separation constant is also the eigenvalue of an op-
erator L; i.e.,

L=y, (4.12)
where
(lacos 8/2p)AD},, (—r/V2p).L ),
rV2p) LY, (ia cos 6 /p) D (4.13)
0 0
0 0

i
dal coordinates. The appropriate null tetrad has contravar-
iant components

I'=(1,0,a/(F* + a*),1),

n' = [1/2(7 + a’cosh? 6) ] (P + @0, — a, — P — a?),

4.17)
m’ = [1/V2(r + ia cosh 8)](0,1,i/sinh 8,ia sinh 8).

These coordinates (4.16) and (4.17) enable Dirac’s equa-
tion to be written as

(D+ +_L)F1 + (f +icoth G)Fz—tmG,,
7* 2

Van*
(4.18a)
(F+a> 2 )
D_4+———|F.
2(1'2-1-a2 cosh? 6) \ + P+a>/?
1 ia sinh @
‘/217 (f + — 2 coth 8 — —-——ﬂ-*—)Fl = IMG2,
(4.18b)
(D+ 4+ )G2 - 72—_—(.2’ +2 L coth o)G, imF,,
(4.18¢c)
(r+a) r )
D_+4——|CG
2(r* + a® cosh? 6) \ P +ad/ !
— ‘/217_7 (,Sf + — coth o+ M)Gz = imF,,
(4.18d)
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where D, =4, + iam*/(r + @*) + ir,
& . =3dy F (m*/sinh 6)
+arsinh 8, 7 =r+ iacoshé,

and we have assumed ¢, z dependence to be &/™*¢+ ™,
Putting f, = 7j*F,, 8, = 1G,, f, = F,, and g, = G, we

can verify that separation of variables can be achieved via the

substitution (4.10) and the coupled first-order equations

D, R_,,=(A+mrR,, (4.192)
D_R_1/2=(—l+mr)R_l/2 (4.19b)

(—-1/2)ZL.S_1,=(—A+imacosh8)S,
(4.19¢)

(—1/2).7 _8,)= (A +imacosh8)S_,,,. (4.19d)

The operator whose eigenvalue is the separation parameter
is L123 + aQl + For a genuinely new separable system differ-
ing from spheroidal coordinates consider the infinitesimal
distance associated with the coordinate system (4.16),

— 2 2 i——d 2]
ds* = (¥ + a? cosh 0)[(r2+a2) 0

— (7 + a®)sinh? 0 d¢* — dz°. (4.20)

If we allow 7and 6 to be large and replace a/2 by b and ¢
by 2v, we obtain the related infinitesimal distance

ds® = (P + b%*) [dr*/r* — d8?] — re* dv* — d7°.
(4.21)
We can then associate with this distance the null tetrad
I'=(1,0,6/74,1), (4.22a)
= [A/2(# + b%*°)1(1,0,— b/, — 1), (4.22b)
m' = [1/V2(r + ibe®) 1 (0,1, — ie ~%,ibe®). (4.22¢)

This coordinate system and frame clearly afford a separation
of variables via the foregoing techniques. The separation
equations can be obtained by the appropriate limits from the
equations for the previous coordinate system. A suitable
choice of space time coordinates is

t+x =L ey +-£—e‘9——£e‘9,
b b r

(4.23)

t—x=bré®, y=re®, z=z.
The operator which describes the separation of the variables
rand @is

Ly + (0o + 014). (4.24)

The examples of coordinate systems given here are based on
the mechanism given in Chandrasekhar’s original work.
Clearly separation of variables for Dirac’s equation depends
on a simultaneous choice of coordinates and null tetrad.
What is the connection between the null tetrad (4.3) and
oblate spheroidal coordinates (4.1)? The operator L (4.14)
has associated it with a Killing-Yano tensor D¢, with ma-
trix elements

0 0 0 a
0 0 —x* X
De, = .
b 0 x 0 —x? (425)
a —x x? 0
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If we compute the roots and eigenvectors of D2,

(D L‘b - Aacb )Ub = 0, (4.26)
we obtain
(YA= +ir, v~(+iasin6,0,1, +i/sin @),
(4.27)

(iiYA= +acosB, v~(l,+ 1,0,a/(” +a*)).

Here we have written the eigenvectors relative to the t, 7, 6, ¢
moving frame and have chosen Minkowski space-time co-
ordinates as in (4.16). From (4.3) we see that these eigen-
vectors are, apart from normalization conventions, the basis
vectors that define the null tetrad (4.3). We can go further
than this. Consider the square of the matrix D = (D?,). We
know'! that Z°, = D° D¢, is a Killing tensor and, from
what we have just observed, the above eigenvectors are also
eigenvectors of D?,. In fact the Killing tensor £ is inti-
mately related to the choice of coordinates ¢, 7, 6, and ¢. If we
pass to the cotangent bundle (i.e., phase space in Minkowski
space-time), then

D= D%.p, =m}; + mj, +m3,
+apymy; + a*(pt —p3), (4.28)
where we have used the notation
m;; =xpx' — xpx', i,j=2,34, (4.29)
=px, i=1,.,4 (4.30)
These linear forms on the cotangent bundle, together with
n; =x'px' +xpx', j=234, (4.31)

form the usual representation of the Poincaré algebra e(3,1)
with the Poisson bracket as commutator.

For additive separation of variables for the Hamilton~
Jacobi equation

H=gp,cp,b=p} —p’ —p’s —ps =E, (432)

expressed in a given coordinate system {)'} (e.g., ¢, 7,0, &,
oblate spheroidal coordinates), there is a complete the-
16,17
ory.
Theorem: Necessary and sufficient conditions for the
existence of an orthogonal separable coordinate system {y’}
for the Hamilton—Jacobi equation

H=g"3,aW3 bW=E,

g’/=g" 1<i,j<n, are that there exist n — 1 quadratic
functions A * = a‘®?p_p, satisfying the following.

(1) The {4°} are constants of the motion, i.e.,
[HA®] =0, a=1,.,n—1, where [ , ] is the Poisson
bracket.

(2) The {4°} are in involution:
I<a,B<n — 1.

(3) Theset {H, A4,...
n quadratic forms).

(4) At least one of the quadratic forms, say 4 ', has sim-
ple roots.

(5) In a local coordinate system {z} the quadratic
forms satisfy the algebraic commutation property

@@, —g®  g@b

(4.33)

[4°47] =0,

,A "~ '} is linear independent (as

To obtain additive separable solutions we identify
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Dxi = 8, iW and look for solutions of the form W = X}_ | W,
(y'¢), which are a complete integral, i.e.
det(ayiach) #0, c= (¢, ).

For oblate spheroidal coordinates a suitable choice of
basis for the constants of the motion {4 (®} is

A'=m3; +mi +mi +d(p; +p3),

(4.34)

Al=p}, A% =m3,.
Strictly speaking a set of constants of the motion in which 4 !
is replaced by D will not satisfy the criteria of our theorem.
In particular, condition (5) is not satisfied. However, it is
obvious from (4.28) and (4.34) that in oblate spheroidal
coordinates we could always choose separable solutions for
which D=¢,, p? =c¢, m} =c,, for fixed constants c,,
¢,, ¢;- Thus there are involutive sets of operators that do not
satisfy the criteria of our theorem but that admit additively
separable solutions in which each element of this involutive
set is a constant. Furthermore these involutive sets define
different null tetrads from those defined for the involutive set
satisfying the Theorem:

l'= (1/v2) (& + &),
n'= (1/v2)(& —¢&?),
m'= (1/v2) (&5 + ié}).

From the group-theoretic point of view it is not possible to
use group motions under the adjoint action of the Lie algebra
to transform the set {D, p?, m2,, H}into{4 ',4 2,4 >,H} asin
(4.34). Thus if we classify orbits of triplets {L,,L,,L,} of
second-order elements in the enveloping algebra (to within
the addition of arbitrary multiples of H), the sets {D,
p?, m%; } and {4 ',4 .4 %} lie on different orbits. Although
there is only one orbit that corresponds to the conditions of
the theorem, there are, in general, several orbits of involutive
sets of operators for which variable separation is possible in a
fixed coordinate system. The analysis we have made of this
specific case of separation of variables proceeds in an analo-
gous way for the other two examples of variable separation
we have given, viz. coordinates (4.16) and (4.23) and asso-
ciated null tetrads (4.17) and (4.22), respectively. More re-
cently Carter and McLenaghan'® have given a master sepa-
ration equation for all the separable perturbations of spin-0, -
}, -1, and -2 in a Kerr space-time background. Kamran and
McLenaghan'® have also gone some way toward finding the
conditions under which separation of variables occurs for
the Dirac and neutral equations. It is our intention to pursue
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these matters further and develop an intrinsic theory of vari-
able separation for equations of physical importance.
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