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Abstract

In 2008, Cavenagh, Drapal and Hamildinen described a method of constructing Latin
trades using groups. The Latin trades that arise from this construction are entry-
transitive (that is, there always exists an autoparatopism of the Latin trade mapping
any ordered triple to any other ordered triple). Moreover, useful properties of the Latin
trade can be established using properties of the group. However, the construction does
not give a direct embedding of the Latin trade into any particular Latin square. In this
paper , we propose a similar approach to the above to construct Latin trades embedded
in a Latin square L, via the autoparatopism group of the quasigroup with Cayley table
L. We apply this theory to identify non-trivial entry-transitive trades in some group
operation tables as well as in Latin squares that arise from quadratic orthomorphisms.

Keywords Latin square - Quasigroup - Latin trade - Autoparatopism group -
Automorphism group

Mathematics Subject Classification 05B15 - 05B30

1 Introduction

A partial Latin square of order n is an n x n partial array P = (P[i, j]), where each cell
is either empty or contains an element from a finite set Q of n distinct symbols, so that
each symbol appears at most once per row, and at most once per column. The number of
non-empty cells in P is its size, which we denote by | P|. If | P| = n?, then the array is a
Latin square of order n. Furthermore, the partial Latin square P is uniquely identified
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with its set of entries Ent(P) = {(i, j, P[i, j]) | i, j, P[i, j] € Q}. Observe that
any two distinct entries of a partial Latin square agree in at most one coordinate. If
Ent(P’) C Ent(P), for some other partial Latin square P’ of the same order, then it
is said that P’ is embedded in P. This is denoted by P’ C P.

A Latin trade in a Latin square L is any non-empty partial Latin square 7 € L
such that there is another partial Latin square 7’ of the same order satisfying the
following three conditions: (1) |T| = |T’|; (2) Ent(T) N Ent(T’) = @; and (3) the set
(Ent(L)\Ent(T)) UEnt(T"’) is the set of entries of a new Latin square. Not every Latin
trade is embedded in a Latin square of the same order, but this can always be done for
some higher order. (In particular, every partial Latin square of order » is embedded in
a Latin square of order m > 2n (see [16]).) Further, Condition (3) above is equivalent
to the following: (3*) corresponding rows and columns of T and 7" contain the same
set of symbols. Conditions (1), (2) and (3*) above allow the definition of a Latin trade
as a partial Latin square that is not embedded in any particular Latin square.

The partial Latin square 7" is said to be a disjoint mate of T, and the pair (T, T') is
called a Latin bitrade of size |T|. It is said to be primary if, whenever (U, U’) is also a
Latin bitrade such that U € T and U’ € T',then U = T and U’ = T’. Furthermore,
the Latin trade T is said to be minimal if, whenever (U, U’) is a Latin bitrade such
that U C T, then U = T. Finally, the Latin bitrade (T, T’) is said to be orthogonal
if, whenever T'[i, j] = T[i’, j'], with i # i’ and j # j', then T'[i, j]1 # T'[i’, j'].

Observe that if L and L’ are distinct Latin squares of the same order, then
Ent(L) \ Ent(L’) is a Latin trade with disjoint mate given by Ent(L")\Ent(L). Thus
the study of Latin trades in Latin squares is close to the study of the difference between
Latin squares, sometimes known as the Hamming distance ([8, 11]). In particular, the
minimum Hamming distance between group operation tables and other Latin squares
has been a much studied topic [3, 10, 12, 13, 19]. Other applications of Latin trades
include defining sets and randomization; see [4] for a survey.

The Latin trade T is said to be k-homogeneous if the set Ent(7") intersects each row,
each column and each symbol in L either zero or k times. It is known [5] that there exist
3-homogeneous Latin trades embedded in the Cayley table of the elementary abelian
2-group (Z»)?", forall n > 1. Particular constructions of 3- and 4-homogeneous Latin
trades are described in [6, 7], while the existence of k-homogeneous Latin trades of
certain sizes has been dealt with in [1, 2].

In 2008, Cavenagh et al. [9] described a method to construct Latin bitrades via
certain finite groups. These Latin bitrades satisfy (1), (2) and (3*) above and are not
embedded in any particular Latin square. More specifically, rows, columns and entries
are labeled as co-sets of subgroups of the group under consideration. The Latin bitrades
constructed in the following result are also entry-transitive. (We define entry-transitive
in the next section.)

Theorem 1.1 ([9, Theorem 2.14 and Lemma 3.2]) Let G be a finite group with unit
element 1 and three elements a, b, c € G \ {1} such that

(GI) abc =1, and
(G2) [(a) N (b)| = [{a) N {c)| = [(b) N {c)| = L.
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Let A = (a), B = (b) and C = {(c). Then, the pair of partial Latin squares (T°, T™),
with respective set of entries

Ent(T°) := {(gA, gB,gC) | g € G} and
Ent(T*) := {(gA, gB,ga 'C) | g € G},

is a Latin bitrade of size |G|, with |G : A| rows (each with |A| entries), |G : B]|
columns (each with | B| entries), and |G : C| entries (each occurring |C| times). It is
primary whenever G = (a, b, ¢). It is orthogonal whenever |C NaCa™'| = 1.

In this paper, we propose a new method to construct Latin bitrades embedded in a
given Latin square L, via subgroups of the autoparatopism group of L. This follows an
approach similar to the construction described in Theorem 1.1, to which our proposal
is identified under certain conditions. This new method is described in Sect. 3, where
we also characterize the fundamental aspects of the Latin bitrades so constructed, as
its size, homogeneity or orthogonality, among others. We finish that section with some
examples illustrating all these results. A pair of more comprehensive examples based
on the use of Mersenne primes, and on quadratic orthomorphisms over finite fields,
are described in Sect. 4.2.

2 Preliminaries

In this section, we describe some basic concepts, notations and results on partial Latin
squares that are used throughout the paper. See [18] for more details on this topic, and
[4] for a survey on Latin bitrades.

Every Latin square of order n constitutes the Cayley table of a quasigroup of the
same order. That is, a pair Q, := (Q, *) formed by a finite set Q of n elements that
is endowed with a binary operation , so that both equations i xx = jand y i = j
have unique solution x, y € Q, for all i, j € Q. Equivalently, the set Q is endowed
with right- and left-division. If the operation * is associative, then the quasigroup is
indeed a group. From here on, whenever there is no confusion, we denote by Q the
quasigroup Q, and we denote by ij the product i x j, for all i, j € Q. In addition,
we denote by L(Q.) (by L(Q), if there is no confusion) the Latin square describing
the Cayley table of the quasigroup Q..

Let S3 and S denote the respective symmetric groups on the sets of symbols
{1, 2,3} and Q. The quasigroup Q. is paratopic to a quasigroup Q, := (Q, o) if
there exist a permutation 7 € S3 and atriple f := (fi1, f2, f3) € Sp X Sg x Sg such
that,

Sray(lez) o fr2)(ex2) = fr3)(ex@3)),

for every entry e := (eq, €2, €3) € Ent(L(Q4)). The pair (;r; f) is a paratopism from
0. to Q,. It acts on the set Ent(L(Q,)) in the following way.
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e First, we apply the isotopism f by permuting the rows of L(Q,) according
to the bijection fj, its columns according to f», and its symbols accord-
ing to f3, giving rise to an intermediate Latin square of set of entries

{f(e) :== (fi(e1), fa(e2), f3(e3)) | e € Ent(L(Q4))}.
e Then, we permute the coordinates of each entry in this intermediate Latin square
according to the permutation r, so that we get the set of entries

Ent(L(Qo) = (13 1)) i= /™ (ext)s exa)s ex) | € € Ent(L(QD)}
M

where for each permutation p € S3, we denote from here on

12 = (fomray for@ fom13) -
That is,
Ent(L(Q0) = {(fray(ex)): fa)(ex@), fr3(ex3) | € € Ent(L(Q.))}-

In particular,
(fMP = fr. @)

Note that the composition from the right to the left of two paratopisms is again a
paratopism. More specifically, if (p; g) is a paratopism from the quasigroup Q, to a
third quasigroup Q. := (Q, ©), then, for each entry e € Ent(L(Q)), we have from
(1) and (2)

(03 ) (5 ) (&) = (03 8) (fry(exn), fr(ex): fr3)(ex3)
=8 f (enio)- extp@)- €x (o))

(o)~ f(fm)’1 (

=8 Cr(p(1)s €n(p(2))s eﬂ(p(3)))

= (mp: 8" f) (o).
That is,

(p; 9)(; f) = (p; g7 f). ©)
This conforms with the standard law for a semidirect product S5° X (Sg x Sg x Sg),

where op refers to the opposite group. We illustrate all the previous notions by focusing
on quasigroups with entries in Zq.

Example 2.1 Let Za,, Z4, and Z4,, be three quasigroups of respective Cayley tables

13[0]2 0[1[2[3 2[3]0[1
0[2[1]3 3[2[1]0 3[2[1]0
LZs) =10k L&) =pipr ad L) =01
3[1]2[0 10[3]2 0[1]2]3
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It can readily be checked that the pairs
® = ((123); ((01), (123),1d)) and O = ((23); ((0132), (12), (03)))

are respective paratopisms from Zs.,, to Z4,, and from Z4,, to Z4,,. Then, we have from
(3) that

®'0 = ((12); ((013), (01), (12)))

is a paratopism from Za, to Zs.,. <

In what follows, let ® = (sr; f) be a paratopism from Q to Q.. If f = Id g has the
trivial permutation on Q as its three components, then © is said to be a parastrophism
from Q. to its parastrophe Q.. In particular, we have from (3)

(0; Idg)(r; Idg) = (7p; Idg).

In many papers the term “conjugate” is used for parastrophe. However, since group
theory conjugates are used in this paper, we adhere to the term parastrophe to avoid
confusion. If this is the case, the entries of L(Q,) coincide with those ones of L(Q4)
after interchanging the role of rows, columns and symbols according to the permutation
m € S3. The quasigroup Q. is totally symmetric if it is identical to each of its six
parastrophes.

The paratopism (;r; f) is an isotopism if m is the trivial permutation Id in the
symmetric group S3, in which case, the quasigroups Q. and Q, are said to be isotopic,
and the pair (Id; f) is denoted only by f. In particular, we have from (3)

(Id; )d; f) = dd; gf).

The isotopism (Id; f) is an isomorphism if fi = f> = f3. If this is the case, then, by
abuse of notation, we identify f with its three components.

The paratopism (;r; f) constitutes therefore the composition of a parastrophism
and an isotopism. More specifically, we have from (3)

(3 ld)d; f) = (73 f) and (™' 1do)(d; £)(r; Tdg) = (Id; f7).

Furthermore, if Q. = Q,, then the paratopism (respectively, the isotopism or
the isomorphism) is an autoparatopism (respectively, an autotopism or an automor-
phism). We denote by Apar(Q,) (respectively, Atop(Q) and Aut(Q,)) the set of
autoparatopisms (respectively, the sets of autotopisms and automorphisms) of the
quasigroup Q. (We remove the index = if there is no confusion.) The three sets have
group structure. More specifically, the set of autoparatopisms is a subgroup of the
semidirect product S5° x (Sg x Sg x Sg) with the composition described in (3). In
particular, the inverse of a paratopism (7r; f) is

(; )= (nl; (f‘)ﬂl>~ )
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Both the set of autotopisms and the set of automorphisms of a quasigroup Q have
group structure with the component-wise composition of permutations. These groups
are, respectively, called the autoparatopism group, the autotopism group and the auto-
morphism group of the quasigroup Q. In particular, Aut(Q) < Atop(Q) < Apar(Q)
(see [17, Lemma 1]). This paper focuses on the subgroup

Apar (15 (Q) = Atop(Q) U {(f; (12)) € Apar(Q)} < Apar(Q).

(In a similar way, one can also define the subgroups Apar3)(Q) and Apar ;3 (Q),
for which analogous results to those ones described in the subsequent sections arise
trivially by parastrophism.) The stabilizer of an entry e € Ent(L(Q)) with respect to
a subgroup G < Apar i, (Q) is the subgroup

Ge:={m: )G | (m flle)=e} =G NG NGI™ < G,
where

G :={(m; f) € G| fray(exy) = €1},
G = {(; ) € G| fr)(ex2) = €2},
GP" i ={(m: ) € G| fa3)(ex3) = e3h.

By abuse of notation, we also define the stabilizer of an element i € Q with respect
to a subgroup G < Aut(Q) as the subgroup

Gi={feG|f)=i}=G.

Based on (1), all the previous concepts and notations are naturally translated to partial
Latin squares. Furthermore, we say that two Latin bitrades (77, T{ ) and (7>, Tz/) are
paratopic if there exists a paratopism mapping both T; to 7> and 7| to 7. In this
sense, we say that a partial Latin square P is entry-transitive if the group Apar(P)
acts transitively on Ent(P).

3 The constructive method

Let Q be a quasigroup. Based on an approach similar to the construction described
in Theorem 1.1, we describe in this section a new method to construct Latin bitrades
via a subgroup of the autoparatopism group Apar(Q). The following lemma is useful
to this end. (Remind here, and in the subsequent results, the respective notations
e = (e, e2,e3)and f = (f1, f2, f3) for each entry e and each isotopism f associated
to any partial Latin square.)

Lemma 3.1 Let G < Apar(Q) and e € Ent(L(Q)). For each autotopism (rw; f) € G,
there is a bijection between

1. GPV and the set S| = {(p; 8) €G | gpr-11y(€pr-11)) = [ (el)}.
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2. G‘é"l and the set Sy 1= {(,0; 8) €G | gpr10)(€pr-1(2)) = f2(€2)}.

Proof We prove the first statement. (The second one follows similarly.) To this end,
we define the map

o: S| — Grov
(p; 8) — (3 /) N(p; 9).

We first show that ¢ is well-defined. To see this, note from (3), (4) and (2) that

-
(7 /) ;) = (rrl; (f”) >(p; 9)

Since (p; g) € S1, we have

()

(rp~H~!

_ -1
1 (epnil(l)) B <f >pﬂ*‘(l)
= fi ' (filen)

=ey.

(&m*l(l) (%n*‘(l)))

pr~(

Thus, ¢ ((p; g)) € GY*Y and hence, the map ¢ is well-defined. It is one-to-one because
of the group structure of Apar(Q). In order to prove that it is also onto, for each
autoparatopism (o; h) € GV, we consider the autoparatopism

(om; f7h) = (m; f)(o:h) € G.
It belongs to S; because
(fah)(arr)n_l(]) (e(m)n*‘(l)) = (fgh)o(l) (60(1))

= fou) (o (ean))
= fi(er).

Then,
¢ ((om; f7h) = (: ) om: f7h) = (x; f)~ ((r: o3 h) = (03 h).
[m}

The following result describes the main constructive method to be studied in this
paper.

Theorem 3.2 Let G < Apar(j5)(Q) and © := (¢, ©,©) € Ent(L(Q)) x G x G be
such that
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(Cl) ® ¢ Grow \ Gcol
(C2) ® e GCO‘ nd

c3) 0 'eec¥™

If © := (5 f), then the pair of partial Latin squares (Tr g, Tr”G), with respective set
of entries

Ent(T; g) := {@’(e) |® e G}
and
Ent(T/ ;) :={©' ((e1. €2, f3(e3))) | © € G}

is a Latin bitrade of size |G|/|G.|.

Proof Since G < Apar 5, (Q), both partial Latin squares 77 ¢ and T] .G occupy the
same cells. Further, the set Ent(7% ) constitutes the orbit of the cell (el , e2) under the
action of the subgroup G < Apar ;,)(Q) on the set of cells of the Latin square L(Q).
Thus, Tr,¢ € L(Q), and we have from the orbit-stabilizer and Lagrange’s theorems,
that |77 | = |G|/|Ge|.

Next, we prove that Ent(7;.g) N Ent(T’ G) = (). Otherwise, there are two
autoparatopisms ®1, ®, € G such that @](6‘) Oz ((e1, e2, f3(e3))) € Ent(L(Q)).
Then, we have that (e1, e2, f3(e3)) € Ent(L(Q)). Since e € Ent(L(Q)) and any two
distinct entries in a Latin square agree in at most one coordinate, it must be f3(e3) = e3.
But (C1) implies that f3(e3) = fra)(ex(1) fr2)(ex2) = e1fz2)(ex) # e1e2 =
e3, which is a contradiction. Thus, Ent(7;,G) N Ent(TT’,G) ={.

Now, we show that each non-empty row of 77 ¢ and T;G contains the same set of
symbols. From the first statement of Lemma 3.1, it suffices to show this for row e.
To this end, since ® € G°V, note that

G = {00 | @ eGP} .
Then, from (3), row e; of Ty contains the set of symbols
{83(e3) | (p19) € G} = (g3 f3(e3) | (p:8) € GV,

which is the set of symbols in row e; of 77

Finally, we show that each non-empty column of 77 ¢ and T’ G contains the same
set of symbols. From the second statement of Lemma 3.1, it sufﬁces to show this for
column e;. To this end, suppose that 0= ( f; n). From (C2), we have that

Gl = {@’@ 10 € Ggol} .

In addition, we have from (C3) that (©'®) ' (©/©) € G¥™, for all ® € G. From
(3), this is equivalent to the fact that g3 f3 (e3) = g373 (e3), forall (g; p) € G.Hence,
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column e, of T; ¢ contains the set of symbols

{g3 (e3) (g p) € 0501} = {8373(83) | (03 ) € Ggf’l}

= {3 1 (01 9) € G2

which is the set of symbols in column e, of Tr’, G-

Example 3.3 Let Q be the quasigroup of Cayley table

L(Q) =

Its autotopism group is generated by
((0123), (13), (0132))

Together with the autoparatopism

0 := ((12); ((0132), (23), (023))),

they generate the group Apar ;) (Q). In particular, |Atop(Q)|

[ w[—[o

S[—=[w[

3
2
0
1]

w[[o[—

and

((23), (0132), (0213)).

96 and

|Apar(12)(Q)| = 192. Let us consider the entry e := (0,0,0) € Ent(L(Q)) and
the subgroup G < Apar,)(Q) of size 16 that is generated by © and the following

autoparatopism of Q.

0 = ((12); ((12), (0312), (023)))

We have from (3) and (4) that

0= ((12); ((0213), (12), (032)))
87'0 = (d; ((02)(13), (02)(13), 1d)).

Then, it is readily verified that Conditions (C1)—(C3) in Theorem 3.2 hold and hence,
the pair of partial Latin squares (77 g, Tr/, g)» With T := (e, ©, ©) constitute a Latin
bitrade. Its entries are highlighted in bold type within L (Q) as follows, with entries in
Tr” i shown as subscripts. (Itis the way in which we represent Latin bitrades throughout

the paper.)

0>

23

3

1

3

23

0>

30

1

0

23

23

0>

1

3
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<

In what follows, we characterize some fundamental aspects of the Latin bitrade
described in Theorem 3.2. First, we establish the number of entries in the Latin trade

T: 6.
Lemma 3.4 The Latin trade Ty g satisfies the following statements.

1. Each non-empty row has |GV |/|G.| entries.
2. Each non-empty column has IGg01 |/|G.| entries.
3. Each entry appears |Gy " | /|G| times.

Hence, the Latin trade Ty g is k-homogeneous, if and only if |G*%| = |G| =
G| =k |Gel.

Proof We prove the first statement. (The remaining ones hold by parastrophism, while
the consequence holds readily from the three statements.) From Lemma 3.1, it is
enough to determine the number of entries in the row e;. Note to this end that the
set of entries in the row e in T¢ g is the orbit of the entry e under the action of the
subgroup of autoparatopisms in G preserving the row e, which contains in turn the
set G.. From the orbit-stabilizer and Lagrange’s theorems, we have that the row e; in
T; ¢ contains |GX°V|/|G,| entries. O

Now, we characterize the orthogonality of our Latin bitrade.

Lemma 3.5 The Latin bitrade (TG, TT/’G) is orthogonal if and only if

sym sym
Ge NG (erer. fyien) < G- ©)

Proof First suppose that (5) is true. Let (p; g) and (p’ ; g’) be two autoparatopisms in

G such that g, ;) (ep(i)) + g/’o,(l.) (ep/(i)), fori € {1,2}, and g3(e3) = g5(e3). Then,

(0:8)" (p:g) € GZ™\ Ge.

From (5), this composition does not belong to G?fenll o2, o))" Hence, g3 fa(e3) #
g5 f3(e3). Thus, the Latin bitrade (T¢,G, T, ;) is orthogonal.
Conversely, suppose the existence of an autoparatopism

) sym sym
(0:8) € (G2 NG ., o) \ Ce-

Since (p; g) € GY™, we have that g3(ez) = e3. As a consequence, since
(p; 8) ¢ G, and every two distinct entries in a Latin trade agree in at most one
coordinate, it must be that g,1)(ey(1)) # e1 and g,2)(ep2)) # e2. Further, since
(p; g) € G?{g,ez,ﬁ(eg)))’ we have that g3 f3(e3) = f3(e3). In summary, (e1, e2, €3)
and (go(1)(ep(1))s 8p2)(€p(2)), €3) are distinct entries of T; g while (eq, e2, f3(e3))
and (g,(1)(ep(1)), &o(2)(€p(2)), f3(e3)) are distinct entries of TT’,G containing the same
symbol. This contradicts orthogonality. O
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Next, we characterize those intermediate subgroups between G and Apar(Q) under
whose action the Latin trade 7; ¢ is a block.

Lemma 3.6 Under the assumptions of Theorem 3.2, let B < Apar(lz)(Q) be such
that G < B. The Latin trade T; ¢ is a block under the action of B if and only if
B.G = GB,.

Proof Suppose firstly that B,G = G B,.Let ® € B be such that ®'(e) € T; . Then,
there exists an autoparatopism ®” € G such that ®(e) = ©”(e). Thus, ®” ~lo’ e B,.
Letting '@’ = ©;, we have @ = 0.

Next, let ®, € G. Since B.G = GB,, ®gl®f1®2 € B,. Thus,

0,'07'0s(e) = ¢
& 0'0,(0;'07'0:(e) = 00 (e)
& 07010,(0,'07'0:(e) = 0'0s(e)
& 0"Os(e) = O'Oa(e).

Hence, since ©®”®; € G, we have that 'O, (e) € T; .

In summary, whenever ®" € B satisfies ®'(e) € T;,g, we have that 'O, (e) €
T: G, for each ®; € G. Thus, the Latin trade T; ¢ is a block under the action of B.

Conversely, suppose that the Latin trade 77 g is a block under the action of B.
Let ®; € B, and ®; € G. By the definition of a block, since ®1(¢) = e, we
have that ®1(®2(e)) € Tr ¢ and thus ®1(®2(e)) = O3(e) for some O3 € G. In turn,
®3_1®1®2 € B,. Thus®0; = 0304 forsome ®4 € B,.Itfollowsthat B.G C GB,.
By elementary group theory, | B.G| = |G B,|, so we have that B,G = GB,. O

We have already indicated that our approach is identified under certain conditions
with the constructive method described in Theorem 1.1. More precisely, it happens
when the subgroup G < Aparj,)(Q) constitutes indeed a subgroup in the auto-
morphism group Aut(Q). The following result shows how both constructions can be
identified.

Theorem 3.7 Let G < Aut(Q) and t := (e,a, @) € Ent(L(Q)) x G x G be such
that

(Cl') @ € G\ G,

(C2) @ e G and
(C3) o la e GP™.

Suppose in turn that

(BI) G = (a);
(B2) G = (a);
(B3) GO = (@ a);
(B4) |(a) N (@)| = 1.

Leta :=a ' b:=a c:=a 'a, A := (a), B := (b) and C := (c). Then,
the Latin bitrade (T G, TT” ) described as in Theorem 3.2 is isotopic to the Latin
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bitrade (T°, T*) described as in Theorem 1.1 via the pair of isotopisms (®, ©') that
is defined as follows.

Ogle) .= (gA, gB, gC)
and
®'g(e) := (3A, gB.ga"'C),

for all automorphism g € G.

Proof First, suppose that © g (e) = Og»(e), for some g1, go € G. Then gz_lgl e G,.
From (B4), g1 = g2. Thus, ® is an injection. Since |77 g| = |T°| = |G| by Theorem
1.1 and Theorem 3.2, ® is in turn a bijection.

We next show that ® preserves rows, columns and entries. To this end, suppose that
both entries g;(e) and g (e) share the same row in 7 g, for some g1, g2 € G. Then,
g{lgl € GV = A, and thus, g1 A = g»A. Hence, ®g;(e) and ®g>(e) lie in the same
row of T°. Similarly, if two entries in 77 g share the same column (or entry), then this
property is preserved under the map ©. Finally, since @ = a~!, it follows similarly
that ®/(T;’G) =T*. O

Let us finish this section with some illustrative examples.

Example 3.8 Let Q be the additive group ((Z»)?, 4+), whose Cayley table is

0[1]2(3
10{3|2
2|3|0|1
3|2{1|0

The autotopism group Atop(Q) has size 96. It is generated, for example, by the
automorphism (123) and the autotopism ((01), (0213), (0312)).

Now, we consider the subgroup G < Atop(Q) of size 12 that is generated by the
autotopisms

O := ((123), (013), (013)) and @ := ((012), (132), (012)).

Conditions (C1)—(C3) in Theorem 3.2 hold and hence, we can construct the Latin
bitrade (7% g, Tt’,G), with e := (0,0,0) € Ent(L(Q)) and T := (e, ®, ®). Since
G, = {Id}, we have that |T; g| = |G| = 12. Even more, since |G}>V| = |G§°1| =
IGZ™| = 3, Lemma 3.4 ensures that both Latin trades T.G and T, G are 3-
homogeneous. Their respective 12 entries are highlighted in bold type within L(Q)
as follows.

01(13] 2 |39
12| 0 (31|23
20(32]03| 1
3121|19(02
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It is orthogonal from Lemma 3.5, because G N G%“O 1 = Ge = {1d}. N
Example 3.9 Let Q be the totally symmetric group ((Z;)>, +), whose Cayley table is
the Latin square

0[1]2[3]4]5[6]7
1/0[3]2[5[4]7]6
2[3]0[1]6]7[4]5
3(2[1]0[7]6]5]4
L) = 71576701213
54]7]6[1]0[3]2
6|7]4]5]2[3]0[1
716[5(4]3]2[1]0

The automorphism group Aut(Q) has size 168. It is generated, for example, by
the automorphisms (1735)(46) and (1736452). Furthermore, the autotopism group
Atop(Q) has size 10752. It is generated, for example, by the autotopisms

((0265)(1374), (0573)(1462), (0716)(23))  and
((0526713), (0361542), (0647251)).

Now, let us consider the subgroup G < Atop(Q) of size 32 that is generated by the
autotopisms

® = ((1643)(27), (0621)(3745), (0621)(3745))
and
© = ((0674)(1532), (1346)(27), (0674)(1532)) .

Conditions (C1)—(C3) in Theorem 3.2 hold and hence, we can construct the Latin
bitrade (77 g, T;’G), with e := (0,0, 0) and 7 := (e, ®, ©®). Since G, = {Id}, we
have that |T7 g| = |G| = 32.

Even more, since |GJ>V| = |G§°1| = |GZ™| = 4, Lemma 3.4 ensures that
both Latin trades 77 ¢ and Tr” ¢ are 4-homogeneous. Their respective 32 entries are
highlighted in bold type within L(Q) as follows.

O6(19|21|3 |4 |51(62|7
1103132(24(5 49| 7|6
2137|0|1|6|74|45|53

3121(15/0(71|67|5¢| 4
490|516 |7 (03]11(24|32
514(71(62(19|0¢| 3
67|71|41|5¢/2|3]0|15
74| 6|53|45(37|/2 | 1
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Lemma 3.5 implies that this Latin bitrade is not orthogonal, because |G.| = 1 and

G NG o.6) = 1((05(14)(27)(36), (05)(14)(27)(36), 1d), 1d}. <

The 4-homogeneous Latin trade described in Example 3.9 was first observed in
[7], as a singular example not part of a general construction. Therein, it was noted
that this Latin trade gives the minimum Hamming distance, 32, from ((Zp)3, +) to a
Latin square containing no 2 x 2 subsquares. It is also a minimal Latin trade. Adding
any new entry to the Latin trade yields a minimal defining set of the Latin square
(Z2)*, +).

Example 3.10 Since the group Q described in Example 3.9 is totally symmetric, we

have that |[Apar(Q)| = 6 - |Atop(Q)| = 64512. Moreover, the autoparatopism group
Apar(Q) is generated by the autoparatopisms

((123); ((0265)(1374), (0573)(1462), (0716)(23)))
and
((12); ((0526713), (0361542), (0647251))) .

Let us consider again the entry e = (0, 0, 0) € Ent(L(Q)), as in Example 3.9, and let
G’ < Apar(Q) be the subgroup of size 32 that is generated by the autoparatopisms

O := ((12); ((0642)(1753), (26)(37), (0642)(1753)))
and
0 = ((12); ((27)(36), (0653)(2174), (0653)(2174))) .

Conditions (C1)—(C3) in Theorem 3.2 hold a_n/d hence, we can construct the Latin
bitrade (Tr/.g', T/, ;). with T/ := (e, ®,©). Since |G,| = 1 and |G'Y™| =
|G’ z°1| = |G'"?™| = 4, then Lemma 3.4 implies that both Latin trades 7,/ ¢/ and
TT’,’G, are 4-homogeneous. Their respective 32 entries are highlighted in bold type
within L(Q) as follows.

Og| 1230|435 [64|7
11061302 |5 |43]| 7 |64
2013107/ 1]|61|74|42|5
31201 1(07|74| 6|5 |42
415,16(75/0(17|21| 3
5514175/ 6|17| 0 | 3 (2¢
65/ 7(45312(31]/0 |1¢
7165|5314 (31|21 0
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4 Further examples

We finish our study by illustrating our constructive proposal with a pair of more
comprehensive examples. They refer to the construction of Latin bitrades arising from
Mersenne primes and from quadratic orthomorphisms.

4.1 Construction of Latin trades via Mersenne primes

Let p be a Mersenne prime; that is, p = 29 — 1, where both p and ¢ are primes.
Assume also that ¢ > 3. If F denotes the finite field of order 29, then let a be a
primitive element in [F; let i be the unique solution modulo p to a?+a>+a+1=0;
and let Q be the additive group in [F. Suppose furthermore the existence of a positive
integer j such that 2/ +i — 1 is divisible by p.

Let w, @ € Aut(Q) be defined by w(x) = ax and a(x) = xP+D/2 (Note here
that =1 (x) = x2 and hence, o~! (and thus «) is an automorphism of Q, because
(x + )% = x2 + y? over F.) In addition, observe that @ has order p; &~ (and hence
o) has order ¢, and aw? = wa, composing from right to left. From Cavenagh et al.
[9], for example, we have that w and « generate a group G < Aut (((Zy)4, +)) of size
Pq.

Next, let e := (1,a,a + 1) € Ent(L). Then, G, = {Id} and |GV = |G°°l| =
|GY™| = ¢. In addition, o € G“’W\GC"l Further, let@ = w'a /. Since 2/ +i — 11is
divisible by p, we have that

w(a) =o'a "l (a) = a)i(azl) =ad?* =a.
So, o € Gg"]. Moreover,

o l@a+ ) =a lwad@a+ 1) =a @@ +1) =a 1@ +d) =
= ot_l(a + ai) =a’+a*

From the above assumption on a, we have that ala e G:ym. As a consequence,
the next result follows readily from Theorem 3.2 and Lemma 3.4, for the subgroup G
and the tuple (e, «, @).

Theorem 4.1 Let p = 29 — 1 be a Mersenne prime such that a* + a* +a + 1 = 0,
for some positive integer i and some primitive element a, over the field of order 29.
Suppose furthermore that there exists a positive integer j such that 27 +i — 1 is
divisible by p. Then, there exists a q-homogeneous minimal Latin trade in ((Z»)?, +)

of size pq.

Example 4.2 The hypothesis of Theorem 4.1 holds for ¢ = 3,7 = 6, j = 1 and
a’® = a+ 1. Let Q be the additive group in the finite field of order 8. It is isomorphic
to the totally symmetric group ((Z2)3, +), whose Cayley table is the Latin square L(Q)
described in Example 3.9. Particularly, the elements a, a2, ad=a+1,a*=d>+a,

a=a>+a+1anda® = a?+1 are, respectively, represented by 2, 6, 3,4, 5 and 7.
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From Theorem 4.1, we can construct a 3-homogeneous minimal Latin trade in Q
of size 21. To this end, we consider the automorphisms w(x) = ax and a(x) = x*
in Aut(Q), which are, respectively, represented by the permutations (1263457) and
(246)(357). In addition, we define the automorphism o (x) = a)6oz_1(x) in Aut(Q),
which is represented by the permutation (174)(356). Finally, we consider the entry
e = (1,2,3) € Ent(L(Q)). Our construction yields the following Latin bitrade

T:.6, Tr”G>, where G := (w, o) and T := (e, a, @).

0/1]|2(3(|4|5|6|7
1101|352 (5714 (73| 6
213(0|14|61|71|47|5
3126/ 1| 01(7267|5|4
4/5163] 7|0 |16 2 |31
5420 716|1]01(34(23
6|7(4151|125|31]0 (12
7164|56|45/ 31210

Lemma 3.5 implies that this Latin bitrade is orthogonal, because

sym sym
G, N G((l,2,5)) = {ld} = G,.
Furthermore, the subgroup Aut(Q). < Aut(Q) has size four. It is generated by the
automorphisms (46)(57) and (45)(67). Then,

(1Aut(Q)[ / [Aut(Q)el) / ITr. 6| = 2.

Indeed, under the action of the subgroup G, there are two disjoint and isomorphic
copies of the Latin trade 77, . These turn out to be the original 77 ¢ and its transpose,
which arises, for instance, by replacing the entry e in the tuple t by the entry (1, 3, 2).
(Note here that Aut(Q)((1,3,2)) = Aut(Q)..) Alternatively, if we add the generator
(12)(56) € Aut(Q) to the group G to create a group G’ of order 42, then the latter
induces two orbits on the set

Ent(L(Tr,6)) = {(i, j.i +j) € Ent(L(Q)) | 0 ¢ {i, j.i + j}} C Ent(L(Q)).

One is the above Latin trade T . The other one is its transpose, which is obviously
also a Latin trade. Note that the subgroup Aut(Q). < Aut(Q) does not stabilize the
Latin trade T7 ¢ as a set, because w maps, for instance, the entry (2, 6, 4) € Ent(77 )
to the entry (0,4, 6) ¢ Ent(7T; ). Since the group G is the stabilizer in Aut(Q)
of the Latin trade 77 g, the latter is not a block in the action of Aut(Q) on L(Q).
For instance, the automorphism (1746325) € Aut(Q) maps the entry e to the entry

(7,5,2) ¢ Ent(T7,G)- <
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4.2 Construction of Latin trades via quadratic orthomorphisms

Theorem 3.2 can be implemented to construct Latin bitrades from quadratic ortho-
morphisms over finite fields. An orthomorphism over a finite field F,, with ¢ an odd
prime power, is a permutation 6 : F, — F, such that the map x — 0(x) — x is also
a permutation of Fy. It is canonical if 6(0) = 0, while it is quadratic if there are two
constants a, b € F;\{0} such that 6(x) = ax, whenever x is a perfect square, and
6(x) = bx, otherwise. Observe that every quadratic orthomorphism is canonical.

Theorem 4.3 [15, 20] Two constants a and b define a quadratic orthomorphism as
above if and only if ab and (a — 1)(b — 1) are non-zero squares in F.

For any given orthomorphism 6 over I, let L(6) denote the Latin square of order
g such that

Ent(L(0)) == {(i, j, 0G —i)+i) i, j € Fg}. 6)

The automorphism group Aut(L(6)) has been characterized in [14] whenever 6 is
quadratic and ¢ is odd. We consider the subgroup B(g) (or B when the context is
clear) of Aut(L(0)) given by all automorphisms of the form f(x) = gx + h, where
h € F, and g is a perfect square in IF;. Observe that the order of B(q) is g(q — 1)/2.

Example 4.4 The triple (¢, a, b) = (11, 2, 6) satisfies the hypothesis of Theorem 4.3.
Thus, the permutation

0 = (12)(36)(48)(5 10)(79)

is a quadratic orthomorphism in ;. Then,

0[2(1|/6(8(10/3(9(4|7|5
611(3|2(7]9/0/4(10{5]|8
91712|4(3|8|10/1[5]|0]|6
7110813 (5(4]9|0(2|6]1
218(0|9(4]6|5(10{1|3|7
LO)=|8|3|9|1|10/5]7]|6|0|2]4
5/9(4|10(2(0|6(8]7|1]|3
416(10/5(0|3|1]7]9|8|2
3(5/7(0|6(1]4]2|8110/9
10/4(6(8|1|7[2[|5|3(9]0
110(5|7(9]2|8|3]6|4]10

The group B is generated by the automorphisms «(x) = 3x and @(x) = Sx —4. Now,
lete := (0, 1,2) € Ent(L(Q)) and let G = B. Conditions (C1)—(C3) in Theorem 3.2
hold and hence, we can construct the Latin bitrade (77 ¢, TT/ g)» With 7 := (e, @, @).

Since G, = {Id} and |G?V| = |G§°l| =|Gy™| = 5, then Lemma 3.4 implies that
both Latin trades 77 ¢ and Tr” ¢ are 5-homogeneous. They are highlighted in bold type
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within L(0) as follows.

0[26|11]67(8/108] 3 | 9 |4 (710|5
6|1 (37]2(7g/93|09 | 4 [10] 5 |8
91| 7 |2 |48 3 |89 [104(119| 5| O
71102 8|3 (59| 4 [919]| 05 (29| 6 | 1
21810319 |4(619| 5 |109|16| 31 |7
8

319(14/10] 5 |79 | 6 |01]|27 |42
531 9 [410(25] 0 | 6 |81 |7 |12 |33
49|64 |10/5|10 (36| 1 | 7 (92| 8 |23
34|510|75|0| 6| 1 [47] 2 | 8(103|9
10|45 |69(86| 1| 7 | 2 |58 (3] 9 |04
15| 0 |56|71(97| 2| 8 | 3 |69| 4 |10
A second, disjoint 5-homogeneous trade can be found using ¢ := (0, 10,5) €

Ent(L(Q)), a(x) = 4x and o (x) = 9x — 3:

02|14 6| 8 [10|31|93|45 |7 |59
610/ 1|3 (25| 7 (9]0 |42(104|56| 8
9 70| 2| 4|36|8[10|1]|53|05/67
T (10[ 81| 3 | 5 (47/9(0| 2 64|16
27189 0 |92] 4 |6|5g(10| 1 |3 |75
86 (358|910 1 |103] 5|7 (69| O |2 |4

519749 (109] 2 |04|6 |8 |710] 1|3
4 16(108(519| 01 |3 |15|7| 9 |82
31507 |09]|6g|12]4[26| 8 [10/9¢1
1024 6 | 8 [110/71]23/5(37]9 |0
1103 5] 71]9 |2/82(34] 6 |48|10

The previous example can be generalized as follows.

Theorem 4.5 Let 6 be a quadratic orthomorphism in ¥y based on two distinct con-
stants a and b such that ab and (a — 1)(b — 1) are non-zero squares in F,. Let m
be the order of the group generated by b/a and (b — 1)/(a — 1) in the multiplicative
group of F,. Then, there is an m-homogeneous Latin trade T in L(9) of size mq. In
fact, there are (g — 1)/m disjoint trades in L(0), each one of them m-homogeneous.

Proof First, let e := (0, 1,a) € Ent(L(0)), a1(x) = bx/a andoj(x) = (b — 1)(x —
1)/(a—1)+1, both of them in B,. Conditions (C1)—(C3) in Theorem 3.2 are satisfied,
so long as a # b.

Thus, there is a Latin trade 7%, ¢ in L(0) defined as in Theorem 3.7, where 71 :=
(e, @, @) and G is the group of automorphisms generated by o1 and o7. Observe that
|G| = mgq, |G®¥| = |G| = |Gy™| = m and G, = {Id}. By Lemma 3.4, Ty, ¢ is
m-homogeneous.
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Observe that G < B, because ab and (a — 1)(b — 1) are perfect squares in IF,
and hence, b/a and (b — 1)/(a — 1), which are the respective coefficients of x in the
orthomorphisms o1 and a7, are also perfect squares in [F;. Then, based on the fact that
B, = {Id}, we have from Lemma 3.6 that our Latin trade 77, ¢ is a block under the
action of B. In turn, there are g(q — 1)/2m disjoint and isotopic copies of 77, ¢ in
L(0) under action of B.

Next, fix a z which is not a perfect square in £, . define e = (0, z, bz) € Ent(L(0)),
az(x) = ax/bandaz(x) = (a—1)(x—z)/(b—1)+z. Observe that the group G defined
above is generated by «» and o;. In turn, as above, there is an m-homogenous Latin
trade 77, ¢ in L(0) defined as in Theorem 3.7, where 1, := (€, a2, @2). Moreover,
there are g(g — 1)/2m disjoint and isotopic copies of T, ¢ in L(#) under the action
of B.

It remains to show that the above sets of trades are disjoint. Suppose thereis f € B
which maps e to ¢/, where f(x) = gx +h.Then f(0) =h =0, f(I)=g+h =2
and f(a) =ga+h =bz. Inturn, g = z(b — 1)/(a — 1), contradicting the fact that g
is a perfect square. Thus, e and ¢’ lie in distinct orbits of B and therefore all the trades
constructed above form a pairwise disjoint set of size g(g — 1)/m. O
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