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Abstract

The thesis is concerned mainly with topics in the theory of
Riemann's zeta function, but it also includes some contributions to prime
nunber theory and the study of the Mobius function. New conditions are
stated for the validity of the quasi-Riemann hypothesis RH(UO), that
t(s) # 0 for O > 0y. The orders and oscillatory behaviour of a variety
of summatory functions are considered in this context. Particular study

is made of the sums defined by

= A(n)
A_, (&) I 57 A = ) A ()
ngx ngx
and
(n)
B (x) = R, B(@ =) B __(n
-1 e n k new k-1

(k =0, 1, 2 ...), incomplete sums of the form

Z A(n)

K X
I Amn“C1 ana 7T

ngaxd nxd e
and summatory functions associated with the coefficients of the Dirichlet

series representations for

g (s)

I -1
ta- e k=123, ..0 ma = ‘_l-(l - Tk > D).
2 p p1]

On the same topic results are proven about connections between RH(OO)
and the distrikution of the set X

n

Some general theorems concerning the sums

of Farey numbers of order N.

z (p;:—;i:i), (r=1, 2, 3, ...),

kaHN



(iii).
are established which allow known results in the cases r = 2, 3 to be
extended to r = 4, 5, 6. Other analytic studies include a series
representation for Riemann's £ function, and a theorem improving earlier
results concerning the number of zeros of f(A + 2¢) with 0 < ¢t < T,
and fixed A Dbetween 0 and 1, ~where f(s) = ﬂ—s/z I'(s/2)z(s).

The remaining topics are more arithmetic in nature. An attempt is
made to show by elementary methods that the order of the Tchebychef
difference yYl(x) - x is not greater than that of the Mobius sum M(x),
and although only partially successful, the attempt improves on previously
published elementary results. Some theorems are proved which relate the
order of J(x), the maximum number of consecutive integers each of which
is divisible by at least one prime g x, to the problems of the least
prime in an arithmetic progression and the order of the difference
between consecutive primes. Two sections contain a direct attack by
elementary methods on the problem of getting estimates of‘ AO(T) and
BO(T) which would be equivalent to RH(OO) for some oo < 1l, and
the problem is reduced, roughly speaking, to finding sufficiently large

N such that the solutions x , xz, ceer Xp of the system
1
7 N N
) Fx, = (7 - ]
Tsnsk k'"n k T+1

(k =1,2, ..., D

are predominantly of one sign.

The closing sections in the thesis deal with Mobius functions of
ordered semigroups of a certain type, and lead to a conjecture that the
Mobius functions in a way characterize the ordered multiplicative structure.

Some evidence supporting the conjecture is given in the case of

the ordinary Mdbius function .
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Introduction

This thesis is concerned mainly with topics in the theory of
Riemann's zeta function, but it also includes some contributions to
prime number theory and the study of the Mobius function.

The first eight sections deal with a variety of necessary and/or
sufficient conditions for the quasi-Riemann hypothesis FRH(d;) that
z(sy # 0 for Res > 00. It is investigated how RH(OO) is related to
the behaviour of certain summatory functions involving the Mobius
function U, orxr the Liouville function A, or one of a class of
functions of which A and u are special cases. There are also
results relating RH(UO) to the distribution of Farey numbers.

In the next four sections some isolated topics are studied:
two concerned directly with the zeta function, and two concerned with
the distribution of prime numbers.

The problem of RH(oo) is taken up again in sections 13 and 14,
where a technique is developed that may shed some light on the
behaviour of two of the summatory functions considered earlier on in
relation to RH(GO).

The final two sections are concerned with Mobius functions
defined on ordered semi-groups. A conjecture about the Mobius function
is formulated, and some supporting evidence for this conjecture is

given.
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The following surmary previews in more detail che content of
this thesis.

Section 1 is intrcductory and uses standard methods to establish
connections between RH(OO) and the orders and average orders of the
summatory functions

S @ = néx Nn® and M (@) = nzm nynS.

Higher averages, defined by

A =S5 @, Afe) = [ 4 _m) (k=0,1,2, ...
nsx

By =M @, B = ] B_,n) (k=0,1,2, ...)
n<xe

are considered in sections 2 and 3, and it is shown how their order
and their oscillatory behavioﬁr relate to RH(oo). This generalizes
and improves known results concerning Bo(x) and Ao(x). It is noted
that further generalization is possible by using, instead of A and
u, a class of functions of which A and u are special cases.
This theme is taken up again in section 7.

Section 4 deals with incomplete sums, such as
T oamn i .

ngas n

Further conditicns fox- RH(GO) are obtained, and attention is drawn
to some unanswered questions in this context

Section 5 begins with a brief survey of earlier results linking
RH(GO) with the distribution of the set HN of Fdrey numbers of

order N. Scme general theorems are proven concerning the sums
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These allow known results in the cases r = 2, 3 to be extended to
r=4,5, 6.

In section 6 general results are established concerning the
Dirichlet expansion of any real power of a Dirichlet series. These are
used to show that RH(Y%) is equivalent to a sequence of conditions
involving the sum function of the Dirichlet coefficients of

1/k

{@a - ;%OC(S)} (k =1, 2, 3, ...). A consequence of Lindelof's

hypothesis is also noted.

(k)

In section 7 a class of functions A is introduced by

1 - 1 -1 ¢ x(k)(n)
——'(1-————) =} T
z(s) [pk]s e ]

p
where Kk ranges over all real.numbers‘> l. Results, similar to those
for A and u in earlier sections, are then obtainable for k > 2.

The case 1 < k < 2 1is also studied, and connections with RH(lﬁ are

k

demonstrated.

Links between RH(oo) and the order of

Aln)

nsy en/x—l

are examined in section 8. A general result for Dirichlet series is obtained
first. This does not seem to have been stated before, and it is used as
one of the principal tools in the discussion.

Section 9 gives a series representation, believed to be new, for
Riemann's E function. This may be of some interest in itself, but no

significant application of this representation has been found.
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Section 10 contains a theorem improving earlier results concerxning
the number of zeros of the real and imaginary parts of fix + 1t) with
0 <t <T and fixed A between 0 and 1, where
Fls) = 7210 (s/2)c(s).

An attempt is made in section 11 to show by elementary arguments
that the order of the Tchekychef difference Y(x) - x 1is not greater
than that of the MObius sum My(x). The attempt is only partially
successful, but yields an improvement on previously published elementary
results.
| Let J(x) be the maximum number of consecutive integers each of
which is divisible by at least one prime < x. In Section 12, it is shown
how knowledge of the order of J(x) 1leads to information about the least
prime in.an arithmetic progression .and about the difference between
consecutive primes. (However, it appears difficult to obtain sufficiently
good estimation of J(x).)

Sections 13 anq 14 contain a direct attack, by elementary methods,
on the problem of getting estimates of Ao(x) and Bo(x) which would,
according to the results stated in section 1, be equivalent to RH(GO)
for some S < 1. Preliminary results copcerning weighted sums
involving A and yu are obtained in section 13. The ideas developed
there are applied in section 14 to obtain estimates of AO(T) and BO(T)
whose quality, roughly speaking, depends on finding sufficiently large

N such that the solutioéns ml, xz, ceer Zp of the system

7 N N _
T>£>k [zimn = [Ei - [T:IJ (k=1,2, ..., D

are predominantly of one sign.
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Section 15 begins with some observations about the Mobius function
of ordered semigroups of a certain type. This leads to the
conjecture that the Mobius function in a way characterizes the ordered
multiplicative structure. Some evidence supporting this, as far as
the ordinary u 1is concerned, is given in section 15 and, more

explicitly, in section 16.
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Section 1.

Some statements equivalent to the

quasi-Riemann hypothesis.

As usual in Number Theory, let S be a complex variable,
0 =Res, ¢ =Ims. Let  be Riemann's zeta function, and, for

1>0g 2 %, let RH(0g) be the statement
t(s) # 0 for o > 0.

We refer to this statement as the 'quasi-Riemann hypothesis'. With our

notation, RH(}%) will then signify the Riemann hypothesis proper.

In this and later sections we have occasion to use the following
result for expressing a Dirichlet series as an integral. The proof of
this result is a simple application of a well-known technique but is

included here for the sake of completeness.

Proposition 1.

Let a : W - C satisfy

A) = §am = o@d
ngxe

as & > o, Then for g > A ,

vam _ [TAm
) - SJI ! dx .



o N
a(n) a(n)
L 25 - un FOQ)
n=1ln N> n=1 »n
¥ An) - A(n-1)
= lim ) o (4(0) = 0)
N> n=1 n
N-1
= lim{ J A(n)[is- L s] 4 4
Noow |{n=1 n (n+1) I\I3
N-1 n+l
cun { T of A gy D
N> {n=1 n X NS
_ oc'A(x)
<o A
lx

and the function defined by the integral is analytic for o > A.

For real k let

S @ = I A, M@ = [ uean®

nse nsx

@ = F amnl, g @ = T oumal,
K n<xe K nsx

H (x) = homy, G(x)= ) g (@m ,
K ngm K K nex K

where A is Liouville's function, and u is the MCkius function.

Proposition 2.

Let either x = -1 or Kk > -0Og. Then the following statements are

equivalent:



(i) RH (0g) ,

(ii) V. e>o, 5. = 0’0 ey 45 2 5w,
(iii) Voe>o, B @ = 0@ as gy a,
(iv) V oe>o0, M (@)= 0?0y a5 x> w,

(v) Vv e>0, G, @ = 0 @0ty s & 5w,
Proo:

We show that (i) <> (ii) = (iii) => (i). The proof that

(1) = (iv) = (v) = (i) 1is similar.

To show that (i) => (ii) suppose that RH(og) 1is true and
consider first the case k = -1. The method in Titchmarch [l1], pages

282-283, can be modified to argue that z(s) = 0(t%),

) = O(te) as t -+ «, for every o > gy, and every € > 0. Now let

fs) = c(zs)/g(s)-

Then for every ¢ > gy and any € > 0, f(s) = 0(t°) as ¢t » », and
by Titchmarch [1], page 6,
- A(n
) Al f(s) for o > 1.
S
n=l n
Also it is clear that f(l) = 0. Using a procedure similar to that in

Titchmarch [1l], page 315 we thus get

S l(m) = z A_(.nl.
- nge "
2+1T w 2
= 2}”. J f w+1) %« dw + O(“:cq—,-)
T lodr



1 og=1+6-2T og=1+8+1T 24T =
= 57 [ + [ + J fw+l)== dw +
2-7T 0g-1+8-2T og-1+6+LT
2
+ 0
- O(T~1+e .’L’2) + O(Te x00‘1+6)

as & *> «, provided € >0, and 0 < 8 < 1 - 0g. Hence, choosing

T = x3, for every € > 0,

S (z) = 0(x00-1+€

-1 ) as & > o,

i.e. (i) = (ii) when ««k = -1.

That (i) = (ii) when K > - 0p can now be deduced as follows. If

K >=-09g and € > 0, then

1

; K+
S.@ = [ (5 0 -5 (-1)n

nge

1 _ (n+l)K+l) +

5 (@<t
ngx -1

+ S_l(m) [ac+l]K+l

- 0[ z nK+00-l+€] + O(xK+00+€)
nsx

K+Jg+€

= 0(x )

as X » », for evexry € > 0.

To show that (ii) = (i) suppose that for every € > O,

K+gg+e
£

SK(x) = 0( ) as & > o,

Then, by partial summation,



)\(rz)n'<

1 A

converges and represents an analytic function for

fo~> 8

g > 0g + K.

Then from

nm - g(2s-2k)
§  r(s-k)

we see that g(s) is non-zero for ¢ > 0y.

To show that (ii) => (iii) suppose that k = -1 or «k > - 0p, and that

OptK+e

Y € > 0, SK(w) = 0(x ) as & o> oo,

Then, via (i), also

ogtktl+e

V >0, SK+l(x) = 0(x ) as T > =,

But S @)= ) (5. -8 n-1))n
K+1 n<x K K
= - ngx S (n) + 5 (x) [z+1] ,
so that
(1) HK+l(x) = hK+l(n)
n<x
=. S (n)

]

[c+1] SK(x) - SK+l(x)

00+K+l+€
X

0( )

as &« + o, for evexry € > O.



To show that (iii) = (i), note first that the estimate,

SK(ac) = O(xKH‘) as X >

is trivial for « > -1, and follows for Kk = -1 from
1 x 1 x
S @ =2 L amil vz L amG)
nsx nge
L (Vz
= = [/l + 0(1)

as & > o,

Consequently, using proposition 1, and Titchmarch [1], page 6, we have

L (28-2€) _ E A )n®

tls=x) n=1 n°
pOO SK (x)
(2) = le 5L dx
o I SK (x)
(3) = SJ —_SE- dx
1 X

for o>k +1, k2 -1.

Also, replacing 8 by 8 +4+1, and Kk by K + 1 in (2), for
o>k+1, K2-2

8(2-26) _ oo, (mSK+1(x) -

(4) T (8-K) Jl LS+2

Hence from (3) and (4), for o0 >k + 1, «x 2 -1,

()
1 dx .

®© I SK(x) - S|<+

1 zi(2s-2¢) _ J

(5) s (s+l) <C(s-x)

1 xs+2

From (1) we easily see

HK+l(x) =X SK(x) - SK+1(x) +

+
+ O(ac'< 1)



as & »+ », and so from (5) for o >k +1, k-1

(6)

1 -2 _ [T Ben®
s{s+l) ¢g(s-k)

where EK(S) is analytic for o > Kk,

Finally if (iii) holds, i.e. if

V oe>o0, H () = 0(x0°+K+1+€

as £ > ®
K+1 ) !

then the RHS of (6) is analytic for ¢ > gy + Kk + €, and hence

must be non-zero for ¢ > 0gy.

Corollary:

Let ¢(S) have zeros on o = g, > 0.

Let either Kk = -1 or Kk > - 0.

Then
. K+1+01-¢

(i) Vv oe>o0, B @ =9 175y as x> o,
- K+1+071-€

(ii) YV >0, GK+l(x) = Q 1 ) as X > o,

(iii) YV € >0, SK(x) = Q(x

!
o
B

(iv) Y >0, M%(x) =

Proof of (i):

Suppose the statement

K+1+071-€

Y € >0, HK+l(x) = Q(x ) as & >«

14

is false. Then there exists €* > 0 such that

k+l+oy-€*

HK+l(x) = 0(x ) as x > o,

and hence from the previous proposition

g (s)



t(s) 1is zero free for o > 0} - e*

14

which contradicts the initial assumption. (ii), (iii), and (iv) follow

similarly.

Note 1. Since & (8) does have zeros on O =% the statements

of the corollary, with 0); replaced by %, are all true.

Note 2. The most familiar functions appearing in the literature

are

S(x) = So(x) = ) Am), M) =Myx) = L um,
nsy nse
A
h@ = how = ) S =gowy = | ML,
nsxe nse
H@) = Ho@@) = ) ho(m), G@) = Go(x) = ) go(n).
nse nsxe

We now prove an extension of the previous proposition in a

specialised case.

Let S*(x) = X,Mn){%}.

nsx

Proposition 3.

Let 1 > 0g 2 . The following statements are equivalent:

(i) V e>0, Hi) = 0@’ as z =,

(ii) V e>0, h@ =060 as o+ w,

(iii) Y >0, S@ =0@"0"% as x>,

(iv) Y >0, S*(x) = O(x00+8) as & » =,

(v) V €50, S@ - 5% =00 as x>,
(vi) RH (0) .



Proof:
We have (i) <> (ii) <= (iii) <= (vi) from proposition 2.

From (1),

xh(x) = H(x) + S(x) + 0(1) as & > =,
Also,
(7) gh(x) - S*() = ] A(n) l:ﬁ-:[
ngx

' [Vx1 ,

and hence from these two equations
1
(8) Hx) = S*(x) - S(x) + 0(x?) as & + .

From (7), (ii) <=> (iv), and from (8), (i) <> (v), thus completing the

proof.

Note 3. In the previous proposition (ii) => (i) holds for
every pair of functions Kk, K such that
K@ = )} k(), and in this
ngxe
sense (i) is weaker than (ii), and in the next section we

develop this theme further.

Note 4. A corresponding result to proposition 3 holds for the

functions

G@), glx), M), M*(x).
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Note 5. Turan's conjecture that Rx) > 0, for « > 1, has
been upset by numerical investigation (Haselgrove, C.B. [1])
but we note in the next section that the argument of Lehmer
and Selberg [1], that G(x) changes sign infinitely often

as &« » o does not apply to H(x) if RH (%) is true.
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Section 2,

Further statements eqguivalent to RH(og) ,

The notion of 'weakness' we mention in note (3), section 1,

manifests itself in unigher averages.

A(n)
n ’

Let A_ @) = ]
ns<x
and for any integer Xk 2 0 1let

Ak(m) = z Ak—l(n).

n<ax
In this notation,

hix) = 4_ @),
and

H(x) = Ay (x).

In this section we prove:

Propositioa 1.

For any fixed integer »r 2 -1, the following statements are equivalent:

(i) RH (o),

+
(CUUO r+e

(ii) For every € > O, Ar(x) = 0f ) as x > =,

Before proceeding to the proof we establish some helpful lemmas:
Lemma 1.

e e

For every integer 2 2 -1,

1 r+l A () n,r+l 7
A_(x) = — ; LRULE - =
r erny: L n L x)

nga

+ Q0(r' ) as x .
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Prooz:

For r = -1, the trxuth of the above statcment is secen from the

definition of A_l(x).

Also,

Agw) = ] A_ (k)
kzx
A(n)
= z o
ksx ngk
A(n
- g Am gy
nge ngkg [x]
=1 “n) ([£] - 7 + 1)
nx
= Z~ A(n) (x-n) + 0(1)
nsx

Logr oy Al Hl+ o), as &>,
1! n ’
nsxe

and we see the proposition is true for »r = O.

Now suppose the proposition is true for » = R 2 O.

Then z
A (@) = 4 (k)
+1 k<x
1 R+1 An) . n R+l

= z —_— X (-L——

few EFDI nite " k

+ 0{ ) kR]
“k<x
. j“j%TT‘ X z Aln) (e ,)R+1 O(xR+l)
0 ks ngk



13.

1 z An) Z(k-n)R+l + o(xR+l)

(f+1) ! ngx nskg[x]
(1) = —(T?_S.JT ) Af:) ) kR+l + 0(;2:R+l) as & - o,
| nsx 0skg [w]-n
Now
b R+1 .
R+1 1 R+2 T
(2) ) Kt =s=bp"" s ] ¢, Db
k=1 R+2 i1 R+1,71
where the coefficients CR+1 ; are independent of b. Consequently,
from (1) and (2),
1 A (n) R+2
(3) A, (@) = ) - ([z1-n) T+
R+1 (R+2) ! nea n
N S R V) R’zfl (z1-m)"
(R+1)! nsx n i1 R+1,7
.0 (xR+l).
But
R+1 .
A(n) z 1
) c . ([x]-n)
nsx Y R+1,7
R+1 . .
A(n) Z 1 -t t
=1 Coir o L O (m)
nsx " 4=l Rel,z =0 ¢
R+1 T . .
-t t t-1
=1 Cpy . I Q™ en” I oamn
i=1 't =0 n<x
R+l 1
=olf ] &
1=1 t=0
- O(:CR+1)

' . . t~1 t
as x = », since, as noted in scction 1, Z SA(m)n = 0(x"),
n<w

as x - o, for each integer ¢ 2 O.
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t]

Thus it follows from (3) that
(4) A @) = =t TR 2o
+1 (R+2) ! nsx
as & > *®,
Finally,
R O I
n
nsx
An R
] A (o) -{ah ™2
nse
' -t R
) x(:) -T2 L 7 Ay Reet )t [+2]
nsxe ngxe 1<t<R+2
n - R+2- -8 R+2-
] M @™ [ AL TR e -0°n (1){}[
nsx ns% 1<t<R+2 O0<8<R+2-t
A+2- +2-T S-
) ;\(nn) @) B2 ZR+2 I -1+ () 2 t—s[}?: 1,] I A
nsx 1stgR+2 O0<sgR+2-t nsx
But, as noted in section 1, for s > O
) Amn® ™t = 06®)
nse
as & - o, Hence
. An A R+2
s 5 A (™2 o Mg,
nsx n<xe
-t R+1
=o{ ) ) oit? }=0(¢C )
1St<R+2 0segh+2-¢
as &X > oo, Tﬁe lemma now follows from (4) and (5), and the principle of

induction.



Recalling the notation
S (x) = Z A(n)nK
K _
ngxe

we next have
Lemma 2.

Foxr every integer »r 2 -1,

1
A @) = —=~r )

(r+1)! SK—l(x) +

r+l
™

+ +1.~
r l](_l)K r+l~x
k=0

r
+ 0(x') as a =+ o=,

Proof:

From lemma (1)

Ap @) = (r+11)! ngx }\Sf) :gcl) [?:l]xrﬂ-m(_l),( n +
+ o)
1 Tl r+l| r+l-x K =1
TSN [ K )x (-1)° ) A@mn +
k=0 nsx
+0@)
as & * °,
Thus

i
+ 0(x as &L > v,



1s.

Lemma 3.

For 0 >r + 1, and every integer »r > -1,

L dr = 1 T (2s-27)
S+1 s(s-1)...(s-r-1) z(s-r)

+ Pr(s)

where Pr(s) is analytic for o > r.

Proof:
We have noted in (2), Section 1, that

dx

T (28-2K) _ sJoo SK(.’B)

g (S-K) 1 :cs+l

for K2 -1, and ¢ > K + 1.

Writing $8-r+K for 8 in this formula we have

o S _(x)
C (28 -27r) K
o = (8-P4K) j ——:———da:
G (s-7) 1 xs P+K+1
for 0 >r + 1, with Kk 2 -1.
Hence
Y—-K+1
) * 1 1 £ (25-2r)
s+1 (s=r+k-1) z(s-r)
1 X
for o > r 4+ 1 with «x 2 0.
Consequently, from lemma 2,
J 74 ()
1 e ®
x
r+l T s wyde
| ) [r+1](_l)m Pe-1
(r+1)! Sol ¥ 1 25+
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where PI’(S) is analytic for ¢ > r.

Then from (7) we have for ¢ >r + 1,

o AI, (x)
o [
1 oz
=__i__131 r+l PDK 1 T (28-21)
(r+l)! K (s-r+k-1) C(s-r)
k=0
+ Pp(s),

Using the 'vover up' rule for partial fractions we easily see that

r+l

1 r+l K 1
D) | KZO[ c ]('1) (6-r+e-1)

1
s(s-1)...(s-r-1)

’

and hence from (8),

(9)

r 4, @) 1 g(2s-2r)

1 xs+l s(s-1)...(s-r-1) z(s-r)

+ Pr(s)

for 0 >r + 1, where Pp(s) is analytic for o > r.

R

Proof of proposition 1:

For integer r 2z -1 let Tp be the statement:

ggtr+e
x

For every € > O, Ar(w) = 0f ) as & > =,

From proposition 3, section 1, we have

RH(0g) <= T_l = Ty,

Clearly, TP => Tr+l for all r 2z 0. It thus suffices to show



18.

Tr => RH(0p) for any fixed »r 2 -1, and this follows

readily from (9).

Note 1. With B_l(x) = ) H(:—)
n<x
and
B (x) = ) B, . )
4 o k-1

for integer Kk 3 0, the method of proof of the preceding

proposition leads to an analogue of lemma (3). Namely,

for o > r + 1, and integer r > -1,

© B (x)
(10) J r 1

N —:cs"'l dx = §(8-1)...(s—r-1)z (s-1) +Q,08),

where Qr(s) is analytic for ¢ > r. We consequently have

Proposition 2.

For any fixed integer »r 2 -1, the following statements are equivalent

(i) RH(0() ,
: +r+
(ii) For every € > O, Br(x) = O(:z:oo e) as & > @,
Proof: c.f. Proposition 1.
Note 2. Although we are concentrating mainly on the Mobius

function and the Liouville function the preceding propositions

k .
apply to the class of functions {T( )} defined for k =2, 3, ...
by

© (k)

] ) = tke), (0> 1),
=1 n

{2) _ .
where we have T = A, and, in a sense, T

(<) = U
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Section 3.

Some results on the oscillatory behaviour of

certain summatory functions involving p and .

Let Ar(x) and Br(x) be defined as in section 2. Let O
satisfy % € 0 < 1 and be such that £(S) = 0 has a solution with

o 2 0. From propositions 1 and 2, section 2; it follows that

r+0-€

V >0 Q (x ).

14

4, @)

and

Y €>0 Br(x) o TO-¢E

’

Q( ),

as & =+ «®, Actually, we can say more than this.

Proposition 1.

Let I be an integer, »r 2 -1, and let K be any real number. Then

for every € > 0,

r+0-¢€
Bp(x) - Kx

changes sign infinitely often as X > %,

P+5—e

i.e. Y € > 0, Br(x) = Q+ (& ) as X > oo.

Proof:

For ¢ >r + 1, r 3 0, 1let the Dirichlet series Lr(s) be defined by
o Br l(n) = Knr~l+0—a
L_(s) = } .
n=1 n

, where 0 < ¢ < g.
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From proposition 1, section 1,

- K t(s-r+l-o+e)

L,@©)

I

o0 BI, () _

SJ dr - K g (s-r+l-c+e)
S+l

l «

Hence, from 10, section 2,

s
s(s-1) ....(s-r-1)z(s-r)

(1) L,(s) = - KL (s-r+1-0+€) +

+Q,(8)

where Qp(s) is regular for o > r.

Suppose that the coefficients of the series for Lr(s) are eventually
of one sign. Then by a classical theorem of Landau, the series has a

singularity at the real point on the line of convergence of the series.

1
(s-1) (s-2)...(s-r-1)g(s-r) '

singularities at s =1; 2, ..., r and s =r + p, where p 1is a zexo

But the first term in (1), has

of §(s). Since {s) has no real zeros with 8 > 0 the first term
has no real singularities with ¢ > r. The second term in (1),

K c(s—r+l_5+e), has no singularities at all for ¢ > r + o - €. Hence
Lr(s) has no real singularity for o > r + o - €, and the abscissa of
convergence of the Dirichlet series for LP(S) must be less than or
equal to r + o - €. Hence Lr(s) is analytic for ¢ > r + g - €, and
thus, from (1), Z(s) must be non-zero for o > o - €, which contradicts
the definition of 0. If follows that the coefficients of the Dirichlet

series for Lr(s) cannot be ultimately of one sidgn, and this completes

the proof.

Corollary 1:

Let r be an integer, »r 3 -1, and let K be any real number.
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1
Then Y >0, Br(x) - g pfhEE

changes sign infinitely often as & - =,

Proof:

This follows since o 2 4.
As a corollary to the method of proof of proposition 1 we also have

Corollary 2.

Let r be an integer, r 2 -1, and let X be any real number.

r+0g

Let 1209 2%, If B, (x) - K is eventually of one sign as

x - «, then RH(0g) 1is true.

Proof:

Let B (%) - X £ 100

be eventually of one sign as X - .
Then with 0y playing the role of 0 in the equations leading up to

(1) we find

1
Ly = GG D ey - K pETriloog) 4

+ Qr(s) ,

where Qr(s) is regular for o > r. As in proposition 1 we then have

Lr(s) analytic for o > 0y + r and consequently g(s) # 0 for o > agj.

Note 1. Analagous results to proposition 1 hold for the

(k)

corresponding summatory functions associated with < for

k=13, 4, ..., where we xecall

w (k)
y -T-—s—‘”-’- t(s) = g(ks), (o> 1).
n=1 n
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(2)

However, for kK = 2, 1 = A, and the equation corresponding to (10) is

1 ¢ (28-27)
(8-1) (8-2)...(s=r-1) r(s-r)

Lr,(S) =
- Kr(s-r+l-o+€) + P (s).

The pole of £ (25-2r) at s =2 + % prevents the argument in proposition
1 following here in the case o =% But for 0 > % the corresponding
result holds.

i.e.

Proposition 2.

Let 0 satisfy % < o0 <1 and be such that £(s) = 0 has a solution

with o % 0. Let P be an integer, r 2 -1. Then for every ¢ > O,

r+0-¢
Ar(o:) = Qt(x )

as X > o,

Proof:

Similar to that of proposition 1. A result corresponding to corollary 1
cannot be stated here for the Ar(x)' since proposition 2 assumes
6 >%, and if RH(%) is true it is conceivable that the Ap(x)

are eventually of one sign as & > «© for some r 2 R > -1.

However, we do have an analogue of corollary 2, for the Ap(x).

Namely,

Corollary 3.

Let - be an integer, r 2 -1, and let K be any real number.

r+ay

Let 1 2 0og 2 . If Ar(x) - Kx is eventually of one sign as

x > o then RH(0pg) is true.
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Proof:

Similar to that of corollary 2.

Note 2. These results improve and generalise the result of Lehmer
and Selberg [1], that Bo(x) - K changes sign infinitely often

as X - o, and generalise the well known result that if

Hx)
T
22

is either bounded above or below then RH()%) is true.
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Section 4.

Incomplete sums involving the Mobius and

Liouville functions.

Let 0 = inf{og : RH(0)) is true}
= inf{og : £(s) # 0 for o > aggl.
Let a(x) = inf {£ : SK(x) = O(xE) as x > = }.

From proposition 2, section 1, and its corollary, we have
a(k) =6 + k if K=-1 or Kk >~ 0,
Let

X
T, s@ = I amn" 01,
nsy

and
B(S,r) = inf{E : T'< 6(x) = O(xg) as & > =},
7
where 0 < 8§ <1, and either k=0 or «k > 1 -0,

8 X
We would expect TK G(x) to behave rather like xSK_l(m ) when 6§ is
4

e

. x . . XL
not too close to 1, using - as an approximation for [Eﬂ. However,
when § is close to 1 we would expect the comparison to be more

delicate since, for example,

Y oam ti—] = /%,
ngy

To,1 @)

whilst

xS [ (x) = Q(x ) as x > if € > 0,
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Proposition 1.

Suppose that K = 0 or k > 1 - 6. fThen

B(8§,k) = 1 + §(O+k-1)

for 0 6 < 3%6-.

Proof:

For convenience we put B(§,k) = B. Then

(1) x SK_lFxG) = TK’G(ac) + X )\(n)nK{%} .

ngxd

Hence, for every ¢ > O,

(2) x S (xG) = o(:c6+e) + 0(x6(1+v<)

), as T > =,

Also, from proposition 2, corollary, section 1, for every € > O,

(3) z S (xd) - Q(xl+6(e+K-l_€)

as & - o,
k-1 )

From (2) and (3), for sufficiently small positive ¢,
B < 8§(1+k) = B + € £ §(1l4k)

= §(k+1l) > 1 + §(B+k-1-¢)

1

= § > 2-0+¢

Consequently , for sufficiently small positive g,

1 S < 1
2-6 2-0+¢

= B + g > §(1+k)
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Hence, from (2) and (3)

a<§%§=> g+ e > 1+ 8(0+k-1-€) .

Then, letting € = O,

(4) § < Sfo = g3 1+ 8(04k-1).

Also, using proposition 2, section 1, for all € > 0,

_ § K,
(5) Qﬁw)-xﬂﬂw)-ngme{#

xl+6 (0+k-1+€) ch (k+1)

= 0t ) + 0f )

as & - «, and from the definition of B8
B-¢€

T X) =

(6) K,G( ) Q(x )

as X > «,

Since for sufficiently small positive ¢,

= §(k+1l) £ 1 + §(0+k=-1-€),
we have from (5) and (6) that

1+ §(0+k=-1+e) > B - €

Letting € > O,

. 1
{7) B< 1+ (S(O'H("l) if O £ § < 'é-:—e— .
Comparing (4) and (7) we obtain the desired result.

For the omitted 6-interval we have
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Proposition 2.

Suppose that either

Proof:

We treat the

Firstly forx

Hence

(8)

Since S (x)

(9)

Also, from Gelfond and Linnik [1]

(10)

K =0 or K>1=-26., Then
B(S,x) £ 1 + §(0+k-1)
< 1.
cases k =0 and k > 1 - 06 separately.
K = 0, we have
Ty s@ = L A
0.8 n<xs n
= el - L AmE]
x<nsx
= el - ] M -S5m-10] .
x°<ngx
x x
Ty s(@) = Dl - ZS(n)[[;} - {m]]
(8] ¢n<x
S, | x
+ S(x )[;x ;] .
= 0(xe+€) as & > o,
S(ma) = 0(x6(6+€)) as & » o,

we have with 7 > %;,

_ oz
Ty . Lon= Gl
[n] - [n+l

0, n;é[%,
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where X < ¥x is an integer.

Applying (10) to (8), noting that §& > 2/3 here, it follows that

_ x $ x
Ty @) = /3] - [ SG) + 5@ l:[a-cg]] ,
ks =
(28]
Hence, from (9),
(11) Ty o@ = vzl + 0@ 8

Finally since 06 2%, § <1 we see 068 - 8§ + 1 2%, and so from (11)

we have
B(s, 0) £ 68 - 6§ + 1.

We now consider the case in which Kk > 1 - 6. For convenience put

N = [x6]. Then for every € > O,

T ()

X
S L (5.m -5 (n-1)) ]

n<i

X X X
) SKm)[t;;] - [m]] + 5 ) (5]

N+1
nsN
(
O+k+e| x X O+xk+e . X
=0 Zn [[’E] - [m‘]] + N [N+l]]
\ngN
( +k+e X
-0 X (ne+K+€ _ (n_l)e K e)bﬂ]
“ngN
( -
= ol = n6+K+e 2]
. ngh
= 0 N9+K+€-l)

x1+6(6+K+e-l)

= 0( )

as x > o, since 6§ + k > 1.
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Hence, letting € - 0,

B(S,k) € 1 + 8§(B+k-1) .

Proposition 3.

Suppose that k > 1 - 6. Then

B(8,k) = 1 + §(B+k-1)

at § =1. i.e. B(l,k) = 0 + K.

Proof:

From proposition 2 we have

B(L,x) €8+,

and it thus suffices to show that B8(1l,k) 2 0 + x. For convenience

we set
A = [ Amn .
nsx
Then <
SK(x) = Z A(n)yn
nse
= I ama § w2
nsx re
n
= 7 owe) I oamnt .
r<e h5£
r
Thus
=
(12) S @) = ) w@ag) .

rsx
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Now if B(1,k) € 0p + k with 0g + ¥ > 1, then from the definition

of B(1,x) and (12), for every € > O,

}

X, Ogt+K+e
{3 8

5
(@)
rx

0 (x0'0+|<+€

) as X > o,
Hence from our copening remarks,
Og + K+¢€ 20 +k,
Letting € > 0, o0g 2 6.
Thus B(l,k) £ 0pg + k=09 20

= B(l,k) 2 6 + K

and the proposition follows.

Note 1. If x =0 then B(S§,x) =% for 35§ = 1.

i.e. B(1,2) = % < 8.

The problem of a lower bound for B(§,k) when §%§-< § <1

is still under investigation.

Note 2. In this section the only estimate we have used for

Y A(n)nK{SJ is the trivial estimate
nsx

(13) L A(n)n'({f;} = o(xd(“'())

nsxS
as & > «, although it follows from proposition 2 and (1) that

for every € > 0,
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ngx n

as ® > ®, provided 1 2 6 2 2E6 '

when either Kk = 0 or

K >1-~-26.

We see (14) is a significant improvement on (13) but the problem
of improving cn (13) in the range 0 < § < 5%5- remains open.

In light comperison with

) AoynS = 0(x6(6+K+€)

)
nged

as & - o, (for all € > 0), we may suspect

S (0+k+e)

] Aonn) = o )

nsx

as &« -+ o (for all € > 0) for the whole range 0 £ § < 1.

Note 3. The methods and results in this section apply, and are
valid, with the Mobius function replacing the Liouville function.
We conclude this section with some remarks on the sum

x.2
L AmnCi

ngxd
From
Y n2= 73 n(%)\(g))
n2gx nsx gin
= L Z. z
=457 An (] [[n] + 1]
n<x
we have

. 3
) L ama’’+ [ amnll = o /2y

nse nsx
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The possibility that each term

I amnca®, 1 amn (4
nsx n<x

has order greater than 3/2 and that cancellation occurs to produce the

3
0(x Az)term on the RHS of (15) is open, particularly in view of the

corresponding uU-equation
x. 2 x
L wentd® + 1 wmmnil =1
nse n{x

.

where, from the analogue of proposition 3 we necessarily have

3/ -
) u(n)n[anﬁ] = Q(x /2 ®) as x> o,
ngax

However, we note from proposition 3 that

3
I amnid) = ow /2 )

nse

as X = o,

(for every € > 0), implies RH(%), and there is consequently some point

in examining the orders of

X X 2
Anyni=1, d A(n)n[—]
nérd (N, an n§m§ (mnl ]

For 0 < 6 £1 we have

B(s,1) = inf{£: [ A(mn(] = 0@®) as z -},
nsx
and we let
v6,1 = inflg: L amnEi? = 0@®) as @) .

n<xd
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Proposition 4.

y(8§,1) - 8(§,1) =1 - §.

Proof:

The methods of proposition (1) apply here so the detail is not repeated.
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Section 5.

Farey Series and RH(0g).

Connections between statements involving properties of Farey
series and RH(0() were discovered by Franel and Landau, [1], and certain
extensions of their results were developed by Kopriva, [1]. Some of their
arguments were non-elementary in nature but Zulauf [4] provided elementary
arguments for all the preceding results. In this section we survey these
results and develop a lemma which has application in Zulauf [4], and

include a further result in the theory.

For complex s =0 + 1t 1let
1
Z(s,x) = ) ==
m<ax m3
and
x
Yis,@) = ] wm 2(s.5) .

ngx
From the method of proof in Titchmarch, [1], page 67, we see that for
g>1,

l-s

Z(s,@) = (5) - —+ 0@& ")

s-1

as & > », Thus for o > 1, 7Z(s,x) increases and tends to a limit as
x + », and we thus expect the behaviour of Y(s,x) as & * « to be
similar to that of M{x). In fact, this turns out to be the case for

0>1-06 as the following proposition shows.

Proposition 1.

Suppose that o > 1 - gg, Then RH(og) is true if and only if for every

aat
e>0,.ﬂax)=om‘)% as x > .
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Proof:

Firstly, we note that

Yis, ) = § um ] =
nga msx/n
= z ﬁ%r z u(n) ’
msx n<x/m
and so
1 X
(1) Y(s,@) = ) MO .
msx

Thus, if for € > 0, we have

M) = 0(z°%%%) as x +®, then

(2) Y(s,x)

L]

T Opg+e
0[ ) ;%'(—0 0 ] as & >
mex MO M

go+
0 (x 0 e) as & > o,

|

Now from (1) we have

@ Y. = [ O udy
msx

and hence, using the Mokius inversion formula

(3) o M@ = [ oum 16D,
mg<x

Jgte

It then follows from (3) that if for every € > 0, Y(s,x) = O(x )

as & > o, then

(4) M) = o@ C § T
mgx
Uo+€

= 0(x ) as & > o,

The proposition now follows from proposition 2, section 1, and the fact

that (2) and (4) imply each other.
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The sums Y (S,%) have certain connections with Farey series which we

develop from the following lemma.
Let Ky = {4 7: @b)=1, 0<bsWN, a, bén }.

i.e. 1let KN be the set of all positive rational numbers whose

denominators in reduced form do not exceed N.

Let Pi, P2, P3, ... Dbe the elements of ‘KN' enumerated in ascending

order of magnitude, and let

K=0@) = )} ¢(n), where ¢ is
ns<i
Euler's function. We note that pK =1 and with pPgo = 0, Po, P1, "‘ipK

are the elements of the Farey series of order N.

Let HN = {pl, Ppr wees pK}.

Lemma 1.

Let f be any function defined on the positive rational numbers, and let

X be any positive number.

Then
Ffon = 3 udy ¥ or& .
P&y k 1<bsl b asbx b
kax
Proof:
N
Mg L f@= 1 1 §rEd nik
1sgslv b asbx 1sbslN asbx ds‘l/bbd bd
(a,b)=1
= 7 1 ré I oudh
1<bgl ashzx 2 dsi/b bd

(a,b)=1
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= I I rg

1shbgl ashz
(a,b)=1

= I fipp)

PyKy

ka$

Note 1. This lemma is well known in the special case x = 1.

i.e. the case in which the sum on the ILHS extends over all positive

Farey fractions of oxrder N. (see for example, Edwards, [1l], p.264).

Note 2. Using the lemma with the choice f (%) = % we get
N
(5) ] 2= 1 oud 1 &0
P&y F 1$bsH asha
kax
= ) 114(%7-)13S Z(s,bx) .
1sbsN
But from (1),
Y-s,my = M@,
1<bsN

and hence

) f)-l—g= Y(-s,N) Z(s,bx).
pfky K
kax

For o > 1, letting & = «, we thus have

Ao Y(-s,m) t(s).

(6) g (s) =
i Pr&&y P’

Also, with & = 1,
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(7) ] 2= ] 5° M(%) Z(s,b) .
pRGHNpk 1<bsN
With »r a ncn-negative integer let
Z(-r,b) = § nb
nghb
= Z C .bj

1gjsr+l U9

for each natural number b, where for fixed »r the coefficients

C_ . are independent of b.
r,d

Proposition 2.

For every integer r 2 2,

r 1.1 ,
gﬂ ®y - =2 * -2101"«7' Y(r-4 1),
Pptliy d
Proof:
From (7)
r _ -r , N
Z pk - Z b M(b) Z(-Plb)
pkeﬂN 1<bsh

= ¥ ¥ M(%- I ¢, p 2
1<bsN 1gjsr+l 7

I ¢, 1 udhp™
1gj<r+l ' 1<bgN

Hence, from (1),

(8) ¥ pZ I Xw=d.m.
P ey 1ggsr+l
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With r = 0,

o) = ) 1=2C. _Y(-1,W),
cH 0,1
Pr~"w
and so .
(9) } 1=Y(-1,m)
pkEHN
. . | 4
Also, since Cr,r+l = oL’ for all »r > 0 we have from (8),
r 1. - (et
(10) Loy - S [ G, ;1w-d.m.
pkéﬂh lggsr

The proposition follows from (10) on noting from (1) that

N _
(11) Y,N = ) M) =1,
ns<y
and that c =L for r 2 1.
r,r 2

In particular, for »r = 2,3 we have

(12) I ®2-D =2+gr,m,
and
1 1
(13) ) P - D= %+ 7 Y@M,
pRGHN :

The known equivalence (Kopriva[l], Zulauf [1]) of the statements

(i) RH(00) ,

(i) Vv e > o0, I @2 -5 =0w’%) as N>,
pkEHN

(iii) V e >0 I @} -9 = o?0*%) as N>,

kaHN
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can now be deduced from (12) and (13) using proposition 1.
Note 3. The original discovery of a connection between RH(0()

and the distribution of Farey numbers by Franel and Landau [1]

was in the form of the equivalence of the three statements

(iv) Y € >0, M@y = o0y as x> =,
(v) v oe>o0, T oo, - —=)2 = o0 g e,
¢y ke
Pr™w
. k Oo+e
(vi) ¥y e>0, Y o lp, - =) =0W ) as N > o,
€y k o (N)
Prn

An elementary proof that (iv), (v) and (iv) are equivalent can be
obtained by repeated use of lemma 1. (See Zulauf [4]). Statements
(ii) and (iii) are weaker than (v) and (vi) in the sense that (v) = (vi)

=> (ii) A (iii)using only the fact that HN has & (V) elements.

Note 4. From (8) in the case 2» = 1, and (9) and (11), we
only get
I by =Cn1 Y(O,M) + Cpp Y(-1,0)
pkEHN
A
2 2
pREHN

which is an essentially trivial relationship. However, with the aid of

lemma 1 it can be shown (Zulauf [4]) that
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From (10) and proposition (1) we easily see that RH(Og) implies for

every € > 0 that

I w) - = = o@’*®

pREHN

)

as N » «, for any fixed integer » 2 2. We have noted that the converse
implications are valid in the cases r = 2, 3. We are not aware of a
proof that the converse implication is valid for each fixed » 2 2, and

we now prove a result which moves in this direction.

Proposition 3.

Let r be a fixed integer, » 2 3. Suppose that for every € > 0

r 1, _
EH 0 ~ 757 = OW
Prw

gnte
0™%)

as N - », Then either RH(0og) is true or every zero of ¢(8) in

r-1
o >0y is azero of f (s) = A.Zl Cp, i Bl842=d)
J=1

Proof.

For 0 >1, b >0,

1
z(s+b) _ E u (m) ) nb
ns

=

C(S) 1 ms =1
T ek
Zl, o

where

e (k)

]

=

&
-
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and therefore, by (1)

I ety = § 7 u(%)—%
ksx kzx n|k n
=7 X Tum
ngxe N7 msx/n
n<x nb
= Y(b,x) .

Hence, from proposition 1, section 1, we have for o > 1, b > 0,

gs+b) _ [~ Y(b,=)
(14) z(s) —SJI StL da .

Now suppose for every € > O,

as N =+ o, for fixed r > 2.

Then from proposition 2, for every € > O,

v s — oote
E Cp 5 Y=g ) = oW

)
as N » o, But then

© r-l -s-1
sJ y C, . Y@-g,x) x dx
. r,J
1 9=t

defines a function which is analytic for o > ogg .

However, for ¢ > 1,

0 17:1 g -1
sJ v %,.Yw{m)xu dx
1 J=1 o]
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J=1 1
- pilc | L(sHr=y)
. ral
= c_ . +r-g
) jzl i ©EHr=d)

from (14), and the proposition now follows.

Using this proposition we can now provide the following additional result

Proposition 4.

Let 1209 2%.

The following statements are equivalent

(1) For every € > O,
o
XH @Z - %) = oW ") a5 N oo,
Pty
(ii) For every € > O,
Og+E
@F -2 = o) a5 N e,
(iii) For evexry € > 0,
) (Pz - %) = oW 0%y as N>,

pkeﬂN

(iv)  RH(gp) -

Proof:

In view of the preceding discussion and the last proposition it suffices

to show that certain linear combinations of g(s+l), ... r(g+5) are
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non-zero for ¢ 2 og 2

A,\'—‘

Since
N
Y obto=Ins iy oy L3 o Ly
b1 5 2 3 300 !
ﬁ"
5 -1y . Lys L Sy - L1py2
bzl et G G
and

-

N
Y op6 = Ln7 + Lyb 4 Lys . Ly3 4 Ly
oy 7 2 2 42

o

b

the actual linear combinations of ¢(s+l), ..., L(8+5) corresponding

to cases (i), (ii) and (iii) are

I 1
(15) fu(s) = 35 G(6+3) + 5 Tls+l),
(16) fs(s) = - —L-c(s+3) + Ji-c(s+l),
: 12 12
and
N S _ 1 1
(17) fe(8) = 25 G(8*5) - = T(s+3) + 3 g (s+1)

respectively. We now prove that fi(s), fs(s), and fg(s) are non-zero
for o 2 %, treating (15) and (16) together and (17), which seems to

require more care, separately.

Firstly,we note that for o 2 %,

z (s+3)
z (s41)

(18)

1
§ s+3

s+l

| °§ )
n=1l n

Lo,y L

3
n=1 , /2 =1, /2

A

t(7/2) - ¢t/ .

N
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From Jahnke, Pmde and Iosch [1] s p. 41, we have

(19) £(3/5) < 2.613
(20) z(7/3) < 1.128
(21) z(1l/3) < 1.0253 .

Hence from (18), (19), and (20) with o > %

7

< 2.948 .

‘g (s+3)
gz (s411)

From (15),f4(3) =0 with 0 2 % implies

.

=10 > 2.948 .

T (5+3)
z(s+1)

Frem (16), f5(8) = 0 with o 2 % implies

Z(s+3)

L (5+1) =5 > 2.948.

Hence fy(s), fs(8) are non-zero for o 2 %.

To complete the corresponding result for fg(8) we note for o 2 %.

lfe I A -k ISl
s % + %nzz ;—}73 ¥ 23-'2—22 n—1—117—5)C(3/2)
<[7 + 2(/2) -1 * o (c(% —1)] t/2)

N

(.1429 + .0214 + .0007) % 2.613

A

.432 , from (19), (20), and (21).
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Since fg(8) = 0 implies

(s+3) _ 1 r(s+5)

1
(8+1) 42 r(s+l) 2

4

o+

&
g

we have fg(s) # 0 for o >%.
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Section 6.

Dirichlet series connected with 7(s).

Let N(o,T) be the number of zeros B + Zy of z(s) such that
B >0, 0<t < T. Backlund [1] proved that the Lindelof hypothesis,
[for every € > 0, ¢(o + 1t) = O(te) as t >, for o 2 %], is
equivalent to the statement WN(o,T+1) - N(0,T) = 0(logl) as T =+ o,
for every 0 > %. Littlewood [1] proved, that RH(%) implies the

Lindelof hypothesis.

In this section we derive two statements: one equivalent to RH(%)
and one which is implied by the Lindel&f hypothesis, and note a curious
implication which follows from the statements. Firstly we determine

some general properties of Dirichlet series.

et ¢ : € > N satisfy c¢(l) = 1 and be such that the Dirichlet

series
v oem
cn
L(s) = } =3
n=1 "
has a finite abscissa of convergence oy . Let 03 be the abscissa

of absolute convergence of -L(s). We know og £ 03 £ 0g + 1.

For o0 > 03, and with ¢ > ¢' > 03 we note

2]

A

cm) °Z° le o |
n=a 1 =2 n°

°z° leen] | _1

1 i !
nea  n° n0~0

1 °X° le o) |

[
nO’

A
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for sufficiently large o.

Hence finite numbers o;, 0, are defined by

o
c(n
o1 = inf{o': z (o) <1 for ¢ >gc'}
n=2 "
and
(o]
c(n
o, = inf{o': z l—igll-< 1 for o > o}
n=2 n
and we also have Jj 2 07;.

Proposition 1.

o
Let o € R. Then L(S) can be represented by a Dirichlet series which

is absolutely convergent for ¢ > 0Jjp,

Proof:

Let M(s) = ) cr(;) and (o) = ¥ leenl

n=2 =2 19

Then for 0 > 0y
|M(s)| s Ma) < 1,
and hence

(1) Les)* = 1+ MeNn®

]

RESLIC N
r=0Q

where the sum is in fact absolutely convergent for o > 03.

Also for o > 0y,

o]

(2) (1 + MeN® = 7 WG
r=0
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where the sun is absolutely convergent for o > gs.

But for o > g3 (and so for o > 0y)

© . (r)
(3) Me)¥ =y L
)
n=
where
@) _
n) = ) elmdemy) ... em,)
mmo..o. m_=n !
r
my My «eo, m, 2 2
and
~ oo "(1’)
(4) M(G)Z’ - Z b (n)
no
=1
where
b () = Y |etmy)emy) “.cmHI,
mmy... m_ =n '
r
mp,mo, «.., mr 2 2
and so
)
) | b | 5T )
ns ) no )

Using (4) in (2) we see the double sum

~

[ o © b(p) (n)
) () ) ——,— converges absolutely for ¢ > 0j.
-0 ” n

0 n=1
Then using (3) in (1) and noting (5) it follows that

2 & b(P)(n)
Z (P) ————= converges absolutely for o > cj.

oo
r=0 n=1 nd
We may consequently invert the order of summation in this sum, and so,

from (3) and (1), for o > oy,

a,, (r) 1
()b (")}ns .

(6) L)* = ) {X

n=1 =0
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This relationship must of course hold for ¢ > 0,, where oy
abscissa of convergence of the Dirichlet series on the RHS, and

0g £ Oy £ O3,

Corollarz:

_ log (x+1)
Let S(x) = l:———logz + 1:[,
@ (o)
L) =y ;ﬁ)— cw =171 ¢%m,
n=1 n o ngxe
and Br(x) = z b(r)(n), for r»r=20,1,2, ... .
ngx
Then
S (x) o
C @ = I (B @ .
r=0
Proof:

From (3) we have
p® ) =0 for 1 gn < 2%,

and hence

b(p)(n) =0 for r 2 §(x), with n 4 x.

Then from (6) ,

Il G

C (x)
o n<x r=0

§ (x)
) (;)bm(n)
n<x r=0

S (x) ,
= 3 (;‘,) Yy b @) ()
r=0 nsxe

is the
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Gﬁx) o
= () B (x).
r=0 r r

We now examine the particular case
2
L(s) = (1 - —¢&(s)
28
and all terms defined such as M(s), oy, Br(x), etc. refer to this

particular choice.

Proposition 2.

If RH(%) 1is true then for all positive integers K,

§ (x)
(7) Y €>0 )

1/k
’ ( P
r=0

1
)Bp(x) = 0(x6+€) as x > o,

Conversely, if (7) holds for infinitely many positive integers KX then

RH (%) is true.

(The O-terms in (7) may depend on K).

Proof:

Firstly, suppose RH(Y%) is true. Then for k =1, 2, ... each function

f. defined by

fle) = (@ - %)c(s))l/k

satisfies

(a) Defined and analytic for o > %,
€
(b) Y > 0, fk(s) =0(t) as t >, for o >k,
and according to proposition 1,

(1/k)
e @) for o > 0g .

(c) fk(s) = S
1

it~ 8

n
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It then follows by a known theorem on Dirichlet series (see for example
Titchmarch [2], p.302) that each series

¢ M) ()

1 S 1is

l ~>1 8

n

convergent for o > %, and consequently from another well known result

that for every € > 0,

) c(l/k) ) = o(a:l/Z+€) as x> @,
nge

for k=1,2,... . The implication now follows on noting from the

corollary to proposition 1 that

Y x)
] MRy =) (MK

» 1B, (@) .

ngx r=0
Conversely, suppose that for every € > O,

Y
) c(l/k)(n) = 0™ %) as x>,
nsx

for infinitely many positive integers K.

°z° c,(l/k) )

Then each series

ni1 S = fk(s)

converges for O > %, and defines a function which is analytic for o

Then from

k

x )

/k

2 1
fk(s) (((l-;S-)C(S))

2
1- s
( 23)r,()

"x—

for o > %, wo see that a zero of ¢(s) in o > ‘would have

infinite multiplicity.
Hence ¢(s) # 0 for o > %.

In contrast to the last proposition we next have
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Proposition 3.

The Lindelof hypothesis implies
1
Vv e>o0, B @ = 0@?®) as x >,
for r=1,2, ... .

(The O-constants may depend on 7).

Proof:

Assuming the Lindelof hypothesis, for each positive integer r

r 2
M(s) = ((1 - e - LT

satisfies

(a) Defined and regular for all s,
® VYV e€>0, M) =0t as t-+w, for o>,

and in the notation of the proof of proposition 1,

@ o (r)
@ M@= § 2 e g5, .
n=1 n
Hence, by much the same argument used in the proof of proposition 2,
series
o, (r) )
) 3 is convergent for o > k.
n=1 n

Thus, for every € > 0, and each integer r 2 1,

nsxe

W
8
B
|

as X »r o,

each



54.

Note 1. From proposition 2 and 3 and our opening remarks we thus
have
S (x)
k L
VvV oe>o, ) (M9B @) = 0@ as x>,
r''r
r=0
for k=1, 2 ..., implies

L
Y € >0, Br(x) = o(x2+e) as & »o» for r=1,2,...

Note 2. We have noted that the O-terms may depend on more
than one parameter, however the possibility that the converse

implication can be argued is still under investigation.
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Section 7.

More Dirichlet series related to g (s).

We have noted that the results of sections 1 and 2 apply to the

corresponding summato:'y functions fcr the functions T(k) defined by
s (k)
T n
I ==t = tke), @ > 1),

k =2,3,..., and the restriction of k to integral values is necessary

k
for the T( ) to be well defined.
This restriction can be avoided by defining functions A(k) for real
k21 by

2 2 1 7t

] e rue) = |1 - —

n=1 " (pk1
p
k

for ¢ > 1, We see A( ) o T(k) for k =2,3, ... .

In the range Kk 2 2 the earlier results we mentioned will apply to the

, ()

wider class . In the range 2 > kK > 1 the logical relationships
between the orders of the summatory functions and RH(%) are not so
definite. In this section we prove a 'sample' result concerned with the
range 2 > k > 1, and a complete result for the orders of the sums
k
RS

nsx

for the range Kk 2 1.

We begin with what may be viewed as a weaking of Turan's now disproved

conjecture that #A(x) 2 0 for x > 1.

1
e

(Actually, from corollary 2, section 3 the statement h(x) + Ax >0

for & > 1 implies RH(}%)).
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X (k)
et A = ¥ *—n;”) , 5F @y =72 6y, ana
nse

H(k) (@) = Z h(k) ") .
nsx

Proposition 1.

Suppose for some fixed Kk satisfying 2 >k > 1, and 4 > 0, we have

-1+1/k

(k)
hY (x) + Ax >0 for x 3 1.

Then RH(1/k) is true.

Proof:

¥or convenience we let

-1
1

fy ) =m1 - 3} , (0> 1/k).
[pK]

For o > 1/k, fk(s) can be expressed as a Dirichlet series and we have

o (k)
_ a’ " (n)
fk(s) = nzl —F ¢ where
(1) a® ey = 7 ARy,
g|n

(k)

and from the product expansion for fk(s) we also have a (n) 2 0 for

Since the Dirichlet series for fk(S) converges for ¢ > 1/k it follows

by a well known theorem that

(k)(x) = 7 a(k)(n)

nse

(2) - A
o(x(l/k)+€)

as x » «, for every € > O.



57.

Applying the Mobius inversion formula to (1),

k
A( )(TL) = z u(’l)a(k) (g)'
gln 9
and hence
nsx
=1 T u®a® g
nsxr g|n g

(k) x.
I amudy.

nsx
Since a(k) (n) 20 for »n 2 1, and IM(CC)I § £ we thus have
(k)
(4) 5P @] o)t
nse
But
a(k) (n) ) A(k) n) - A(k) (n-1)
— = ”
nsx n<x
B A(k) ) .A(k) @)
- o (1) [x+1]

|

(1/k)+e r (1/k)+¢
ol I Ty +O[x——__x ]
<x n (n+l) '

0(1)

1

as « - o, and so from (4), choosing € so that 0 < e <1 ~-1/k,

(5) S(k) (x) = 0(x) as & + =,

Using (5), we can now see that

x)
D)
(6) K @y = ]
n<x
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x
) s  my - 5B g,
n

nsxe

k k
L3 K iy R gy

nex n (ntl) [Z+1]

= 0(log¥)
as & > o,
Hence, using (6),
(7) A% @y = 7 2 ®
nsxe
_ NI
msx nsm n
(k)
= 7 22 (@ —ae
nsx
= h(k) (x) - S(k) (x) + 0(logx)

as & * *,

rom proposition 1, section 1, for ¢ > O,

(k)
flen Lot
(8) =
G (s+1) el ns
(k)
- Jl th‘l'](.m) daz !
and for o > 1,
T 8) x(k) )
(9) ws) nzl n®
@ (k)
S ()
= SL S+1 da
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Writing 8-1 for 8 in (8), and using (9), we thus see that for o > 1,

(10) r 28O =Wy 2 5O
1 oS+l (s-1)s r(s) *

From (7) and (10) we thus see that for o > 1,

(11)

w (k) £ (8)
ji_m-dh LTk ey,
1

acs+l (s-1)s ¢ (s)

where C((8) is analytic for O > 0.

We note that (11) is essentially a special case of lemma 3 section 2,

which could have been applied here, once (6) was obtained.

(k) -1+1/k

Now suppose A (x) + 4n > 0 for & 2 1. Then the Dirichlet

series

(k) -1+1/k

h (n) + An

7S

has a singularity
n=1

at the real point on its line of convergence.

However, from proposition 1, section 1, and (11) for ¢ > 1,

(k) -1+1/k o (k).
(12) X h (n) ;SAn - SJI E?sj%ldx + Az (s+1-1/k)
n=1
fq1,(8)
= E%T)- _]g_(é—)' + AT (s+1-1/k)
+ C(s),

where C((s) is regular for ¢ > 0. Since fk(s) has no real zeros forx
o > 1/k, and ‘g(s+l-l/k) is analytic for o > 1/k we see from the
RHS of (12) that the series on the LHS of (12) converges and is analytic

for o > 1/k. Then from the RHS of (12) it follows that z(s) # O

for o > 1/k.
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Recalling the definition

0 = inf{co : RH(Og) is true}

we next prove -

Proposition 2.

Let Xk be real, X 2 1. Then

V e>o0, ) ;\(k) ) = O(me+Max{6,1/k})

nsx
as & > o,
Proof:

We have already noted in section 1 that Littlewood's argument reproduced

in Titchmarch [1] p. 282-283 can be modified to prcve
V e>0, 1/z(s) = 0(t%), as t= =,

for each o > 8. Also, since

o a(k) )
z s (= fk(s)) is absolutely convergent for
n=1

o > 1/k, we have j}!s) = 0(l) as ¢t > » for each ¢ > 1/k.

Now for ¢ > 1, we have

(k)(n) ] fk(s)
ns z(s)

(13) y 2
n=1

Since fk(s)/ is analytic for o > Max{1/k,8}, and

g (s)

V €>0 ; fk(s)/l;(s)=0(te) as t > o,

for each o > Max{1/k,0}, it follows from (l3) and Titchmarch [2], p.302
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that

(k)

E A n)

5 is convergent for o > Max{1/k,0}.
n=1 n

The proposition now follows:

Proposition 3.

Let K be real, k'> 1. Then

5 2 %) ) = Q(x-€+Max{l/7(,6})
nsx

Y &> o0,

Proof:

. 1 . . . .
Firstly, suppose Kk > g-and there exists €* > 0 sotisfying k(B-c*) > 1

such that

€*

7 A% oy = 0
nse

as & *> o, Then the equation

(k) -1
A e =ﬂ[1— . ]

n=1 n p [pk] 8

is valid in the form written for ¢ > 6 - €*, which then shows that the

zeros of ¢(8) in Re 8 € (6-e*, 6] are zeros of

-1

‘1 1

[l— ; s] . The proposition for Kk > 5 follows from
]

1
this contradiction. We now suppose 6-2 k > 1., If for some €* > 0 we

have

7 2% oy = o WK e
nsx

as & > %, then for

g > 1/k - ¢* we have
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SN
P R I I
n=1

7S
This contradicts the fact that fk(S) has a simple pole at s = 1/k,

and the prorosition now follows.

In conclusion we note from propositions 2 and 3 that if RH(%) is true

NG

the distinctive behaviour change in the is at k = 2, and the

corresponding function is Liouville's function.
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Section 8.

A representation for Dirichlet series.

o

an

Let f(s) = z —igl- be any Dirichlet series satisfying
n=1 "

|a(n)| £ C for mn 2 1, where (C 1is a constant independent of 7. We

note that the series defining f is absolutely convergent for 0 > 1.

For each integer r 2 -1 1let coefficients Ar be defined by

-]
zl = [ 4,4, for o< |z] < om

e -1 ==1

1

Then Ar = ?;IITTBr+l' where the Br‘ are the Bernoulli numbers.”

Proposition 1.

For o > 1, and any fixed 6 satisfying 0 < § <1,

00 © A
a(n) -3-1 r s+r-r§
Z —_— de = I ) .
«[1 [nsaciﬁ (en/x—l)] pe-y S8

Proof:

Let F _(x) = z a(n)nr. Then from proposition 1, section 1,
r ns<x
o F (x)

r
fls-r) = SJ s+1
lx

for o >r + 1, with » 2 - 1, and hence

o Fr(x)
(1) f(s) = (s+1) J L &
: l x

for ¢ > 1, with » 3 - 1. .
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Now for ¢ > 1, 0 <38 51, we easily see that

(2) I = e R
1 [nsx 8 (%1

® m n?t -s-1
J Y am ¥ 4,00 dx

1 ngxd =1
(o] FCD
= ) A, T oamn® 77T g
r=-1 "1 ngxl
: @ F @)
= A —_— de .
pemy )y r¥etL

It follows from (1) that

8
o F (x7)
r Ie = 1 S+r-rf,
(3) J e+l T (s+r) Fe—

and hence from (2) and (3) we obtain the required rssult.

Corollary:

For o > 1,

® a(n) -s-1 2 4,
I ) /x z dz = fe) ] s+r °

1 (nsz (¢ 7 -1) r=-1
Proof:
This follows choosing ¢ = 1.
Note 1. The restriction 0 < § £ 1 in proposition 1 is

necessary since the Laurent series for is convergent
' e” -1

only for 0 < Izl < 2w, and consequently the interchange of

. n
operations following (2) is only valid for C < |z1 < 2T,
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© A

Note 2. The function defined by Z Ef%' is analytic in the
r=-1

entire plane except for simple poles at s =1,0,-1,-3,-5, ...

For 0 > 1, we easily see that

o A
- _r
q) = =z-l s+r
1 xs—l
[,
0 eg"-1
© -8-1
x
= —dx.
fl el/x—l
We note from Titchmarch ([l], p.18, that
0 xs—l
I (5)%(8) =J - d=,
0eg’-1
for O > 1, and hence
ooxs..l
q(s) =r(s)t(s) - J — dx
1 (e -1)

i

rs)eg(s) +ps) ,

where p(s) is analytic in the whole plane.

We next examine some aspects of the case a(n) = A(n) for n 2 1, where

A is Liouville's function.

Proposition 2.

A(n agg+e
RH(og) == V € > 0, z n}x) =0( 0 ) as & - .
n<x e -1
?roof:
6o L1
Let w(x) = z e .
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x L
1 X e - -

Then w'(x) = = {e” - « 1)2} , and since em/2 < e -1 for 20
(e _1)2 X X

it follows that w'(x) < 0 for x % 0. We thus see that w(x) decreases

from % to 0 as & increases from 0 to .

Now

A(n) x 1
xh@) - ) —H =7 )\(n){__.___}
n 1 n<x nogME

T amwd
n<x z

L (st - sm-1)w )

nsae

- ny o L
ngx S WE) - wE) +
+S([x1)w(—[—”—a]-c+—1) )

From proposition 3, section 1, and our opening remarks it thus follows

that RH(0g) implies for € > O,

sc| 1 n°°+€{w(ﬁ) -w(ﬁ)} =

x h(x) z _Afbn)

n/x
nse e / -1

i

Oqgte ggte n,
C. 1 {no - (n-1) }u)(x)

nse

I

0[ X nco—l+e]

nsx

gp+e

0(x )

as & > .
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But from preposition 3, section 1, RH(Og) implies Y e >0,

h - Jo+e .
T n(x) = O(x ) as & > ®, and the proposition now follows.

We can also prove a weak converse of proposition 2.

Proposition 3.

Let 1 > 0g 2 %, and for every € > 0, let

Z A(n)

x00+€
n

= 0( ) as & > »,

nsx e
Then every zero of §(S) in 0 > 0 is a zero of q(s).
Proof:

From the corollary to proposition 1, with 0 > 1; we have

J { ) _a@_] e~ Y = g sy 280
1 (n

sw %1 ¢ (8

The integral on the LHS defines a function which is analytic for

¢ > dp, and the proposition follows.

In contrast to this last result we have

Proposition 4.

For any fixed ¢ > 1,

A(n) Y% Y ~mx -t

—_— =L rx* - % 4+ 0 x ‘e + Ojxe
5 nw/x

n<xL e -1

as X *r o,
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Proof:
v -n2ng

Let w(x) = z e for real x > 0.
=1

Then
o

w@) = T [z A(g)]e—nnx

n=1 gln
X A (n)
n=1 en“m-l

From Davenport [l1], page. 64 we. have

1 5 1
w(g) =L ax’-L+ z2 w(x) .

Hence
A (n) LB 23
(1) ) 72 D A w(x) +
nSac‘S e -1
_ z A(n) .
n>ad (en"/x—l)
X

But w(x) = O(e- ) as & = <, and

Z A(n) z 1
nSz6 Ty n>xS enﬂ/x—l
—nge® 1
= O[xe ]

as « - «, and the proposition now follows using these estimates in (1).
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Section 9.

o]

A series representation for Riemann's ¥ function.

In standard notation

L s (s-]_)ﬂ—s/

£(S)

21‘(%—):(8),

and

=

®) = £ + i),

where § is Riemann's zeta-function.

A well-known integral representation for E (%) is

{=]

(%)

2J ¢ (U)cos (ut)du,
(6]

where

s = 2272 L eyr @)

for |Im u| < %-, and

l

y(x) =
n

I~ 8

for Re £ > 0. 1In this section we obtain a series representation for

Let

kz_m¢(—gﬂﬁ .

9 (t)

Proposition 1.

'or t > 0,

pos Smt) =(0)
T(t) = _Z_ u(n){ﬂnt -1
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Proof.
spira [1], remarks that
d(u) = ¢(-u),
as a consequance of tha functional equation
vey + 3= 0d + 3.
We may therefore write

B(t) = J ¢ (1) cos (ut)du.

Writing nt for t, where 7 1is any integer,

® (nt) J ¢ (u)cos (unt)du.

Hence, for t > 0,

I

(1) E (nt) %—J ¢(%)cos(nu)du.

It is easily seen that

-7 -
Y'(x) = O(e ), and Y"(x) = O(e )
as x - ©, and it follows readily from this that

22U
(2) o) = 0@%™™ )

as u > ®. Also, since ¢(-u) = ¢(u), we have

o
(3) b(-u) = 0% )

as u » »,
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With estimates (2) and (3) we can justify transforming (1) as follows:

12 2(k+1)w
Emt) = = J ¢ () cos (nu)du
¢ k=-o J2ky v
(o] 21[
1 J u+2km
=z ¢ ( ) cos (nu)du
¢ kz_m 0 ¢
2t ®
= %‘J ) ¢(u+§kﬂ)}cos(nu)du
0 k=-
Hence
1 271
(4) Z(nt) = E'J o(u,t)cos (nu)du,
0
where

ety = ) oM

=00

®(u,t) is a regular even function of u, for Lnéﬂ <

T P s
Z-, and it is

periodic in u with period 2m. By (4) we therefore have the Fourier

expansion

d(u,t) = JZ'E(O) + z z % (nt)cos (nu) .
27 m
n=1
Setting u = 0, and noting that
9(t) = ¢(0,%)
we get
- = (0
(5) I Emt) = T o(t) - =0
n=1

We see in Titchmarch [1], pages 214-215, that

2(t) = o(tte ™Y

4

as t > . Hence it is easily seen that
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oo =~}

L)L u()E (nt)
n=1 k=1

converges absolutely, and consequently that

©o

u ()= (knt) A nm)Eme)
1 m=1 n]m

(6)

le~8
Heo~18

n=1 X

(%) .

Thus from (5) and (6)

ey T mmt) _E©
E(t) = Zlu(n){ - > }

Note: This result appears in Braun [4] .
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Section 10.

A problem connected with the zeros of

Riemann's zeta function

Let
foy = 12r&ee,

where ¢ 1is Riemann's zeta function. Suppose that A is a fixed

real number such that % < A < 1, and let

R(t) Re f(A+2t), I(f) = Im f(A+it).

Finally let NR(A,T) and NI(X,T) be the number of zeros of R(ft) and
I(t), respectively, in the interval 0 < ¢ < T, multiple zeros being

counted according to their multiplicity.

Berlowitz [1l] proved that NR(K,T) and NI(A,T) are unbounded
as T - «, Berndt [2] improved on this result by showing that there

exists a positive constant A such that, for all sufficiently large T,
NR(X’T)'> AT, NI(A,T) > AT,
The following proposition is a further improvement.

Proposition 1.

For every A such that Y, < A < 1, there exists a positive constant

A such that, for all sufficiently large T,

1 1 -
NR(A,T) 2 Eg-TlogT - AT, NI(A,T) > Y TlogT - AT.
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Proof:

We shall prove the theorem for NR(A,T); the proof for NI(K,T) is the
same, except for obvious changes of notation. Let % <A <1, T > 0.
Without loss of generality we may assume that T is not the imaginary part

of a zero of ¢ (s).

Let L be the straight line segment joining the points A and A + 2T
modified, if need be, by small semicircular indentations so that any zeros
of T(8) with real part A 1lie to the left of L. It is obvious that
the number of distinct zeros of Re f(§) on L is not less than

[%-AL arg f(8)1. If T(s), and hence f(S), has a zero of order ” at

A + 2ty then R(t) has a zero of the same or higher order at %g; on the
other hand, if Y be the semicircular detour by which L avoids A + Ztg,
then Re f(S) has at most 7 + 1 distinct zeros on Y, the radius of Y

being assumed to have been chosen sufficiently small. Hence it follows

easily that
m 1
(1) Ne\,T) 2 (5 8 arg £(8)1 - VoA, 1),

where DNgo(X,T) 1is the number of zeros of £(S) on the straight line

segment from A to A + ZT. It is well known that WNg(A,T) = 0(T), and it

is easily shown (c.f. the Lemma below) that
(2) AL arg f(s) =% TlogT + O(T) .

By (1) and (2) the theorem is thus established.

Lemma

1f L is defined as in the proof of the theorem above, then (2) holds.
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Proof:

Let L' be the contour which is symmetric to I about the line of real
part %; and let C be the simple closed contour which goes along L
from A to A + 2T then straight from X + 2T to 1 - A + 2T, then
along L' from 1l - A + 2T to 1 -}, and finally straight from 1 - A

back to A.

It is well known that the number of zeros of f(8) (or, equivalently,

of &(8)) inside C is é%-fiogT + 0(T). Hence
(3) AC arg fs) = TiogT + o(7).

But f(S) is real on the real axis, and f(1-8) = f(8), and f(8) = f(s)

for all §. Hence
(4) Ac arg f(s) = ZAL arg f(8) + 2AK arg f(9),
where K is the straight line segment from A + tI to % + ZT.

But

/

-s/2 -8/2
By arg (T / ) = Ay Im log(m ) =0,

s 8
Ay arg P(aﬁ = Ay Im log r(59 = 0(1),

as may be seen by Stirling's formula, and
AT

m (Y ds = 0(logT),

Ag arg g(s) = - J z(s)

T

as may be shown by the method given in Davenport [1l], pages 103-104.

Hence

(5) Ay ary f(s) = 0(logT).
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The desired result (2) now follows from (3), (4) and (5).

Note 1. By using improved estimates for WNg(A,T) and for the
number of zeros of g(s) inside (C (see Titchmarch [1],
theorems 9.4 and 9.19), it can easily be seen that the term

AT in proposition 1 may be replaced by
1
o (1 + log(2m))T + o(T).

Note 2. Proposition 1 appeared in Braun and Zulauf [3].

It was also obtained, independently, by Levinson [1].

Note 3. It has subsequently been noted by Montgomery [1],
that proposition 1 can, by a simple additional argument, be

sharpened to

1 =L .
No(A,T) = 5= Tlogl + 0(T), N (\,T) = 5= TlogT + 0(T).
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Section 11

An elementary connection between the orders of

g(r) and YP(x) - x.

The extent to which arguments in number theory can be made
elementary is of ongoing interest, and in this section we examine a
problem in which elementary methods appear to be far less efficient

than non-elementary techniques.

Let Y Dbe Tchebychef's function defined by

Y Am)

nsx

v (x)

=7 ] ud 1og 3 .
nsxd|n

The following statements can be proved equivalent using non-elementary

methods,
With 0<A<k,
- -A+e
T, £ for every € > 0, g(x) = O(x ) as Z >
P .
1-Ate
T, = for every € > 0, y(x) -g= 0 (x™ ) as X > o,

a path of proof being
T, == RH(1-A) => Tp => RH(1-A) = Ty .

We are unaware of any previous record of an elementary proof that

T2=> Tl'
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Here we offer an elementary proof of a result which, at least for small

values of A, comes close to the desired goal.

Proposition 1.

A 1/ (1+2)

Let 0<A<Y If g@) =o0(® ) as & >, then Y(®) -z =0 )

as x > o,

Proof:
For each natural number #n let p(n) be defined by

) %= logn + y + p(n).
r

1
It is well known that p(#®) = O(ﬁ) as n > o,

Firstly we note

= nzx d%n H(d) (log %+ Y +p(%))

v vy + L ) wdp,
ngx din

and since

] wadp@ = I peme,

n<x d|n n<xe
we have
x
(1) DI ) %=w(ac) +y+ ) pmMC) .
nsx d|n 1g¢ren/d nse
Now if gx) = O(xml) as & - «, we have
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(2) M(x) 1 @m - gm-1)n

nsx

- )} gm + ([x1+l)g(x)
ngxe

= O(xl-l) as & > oo,

Then examining the last term in (1),

1-A
F poyn® =o| § &
nsx n nsx

= O(xl'-)\) as & »+»,

and hence from (1),

= P{x) + O(xl'—l) as & > o,

(3) Y owd ]

nsx d|n 1grsn/d

Bl

On the other-hand,

I T ud I z= I ) v
n<x d|n lsrsn/d 1<rsx d|n

= I 2 I w@uZ - re)
- lsrsx CZS.’XJ/I’

|
R~

1 udip +
1srsx dgx/r

I ud o+ § sul .
re re

X
Since z M(;,") =1, and
rsxe
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= O(xl'_x) as x = o,
it follows that
(4) ] Tva I 7= 1 1 v+
ngx d|n lgrsn/d 1sr<x  dgx/r

Z p(d) [‘dE] + O(xl'-l) as & > o,

(5) Py = )
r sx/r

With

in (5), and noting that

) % u(d) _ 1
lsrsx dsgx/r
we obtain
(6) Yle) = - ) % ) u(d){adﬁ} +
1<rsx =~ dsx/r

We next obtain a satisfactory estimate for the double sum in (6).

Let T be any fixed natural number satisfying 2 s T ¢ (Vx] - 1.
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Then

@ I L v@@= ] L] v
r<x “dix/r 1sr<T “dga/r

+ I o3I wa®
T<rgx ~dzx/r

X X
) DG+ 0@
1srsT ~ dgx/r

[}
R ™~
N

as ¥ > «, where the O-term is uniform with respect to T.

Now since,

I G =z g@ -1
dsx 1-A
= 0(x™ )
as X - o, we have
(®) I 21 wv@@P=- I =1 udif+
1srsT -~ dgx/r 1srs? © dsx

-1 2] v

25sr<T “x/r<dsx

T
=- 7 ) w51+

2¢r<T " x/r<dsx

Sl

+ 0@ 10g7T)
uniformly, as X > %,
Thus from (7) and (8),

u(di{a‘ =- 7 7 ) u(d){d} +

(9) y L
rse T 25r<T ~ x/r<dsx

lsrse ~ d<x/r

-A

+ 0(%’,-) + O(a:l logT) as & =+ .
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For convenience we let
x x
Iy = (ggls (31
for positive integer X < Z.
Then (9) can be written in the form

(10) I 2 e =- I I v
1srsx  dex/r 25sr<T ~ kgr-1 deJk

1o
+ 0(%) + 0@ 1ogT)

as & > »,

For d € Jk’ we have [%] = K and so {:dﬁ} =

QU8

From (10) we thus have

(11) I 21 vaa&=- ] 2 I TuwdG-h
1sr<x  dgsx/r 2sr<T ~ ksr-1 déJk
X . X
= - “g@) - gE)) +
25551’ r r
e T T ke MEED) -
2SI’STP ksr-1 x 2
+ 0(5‘;;) + 0@t 1ogT), as =z + .
But
X X Z -A
= (gx) -g)) =0 = (=)
252»517 z z [2@51’ ror
- oMY

as £ =+ «, and



X x
Z r Z k(M(E) _M(7<+_l))

= 7 2T v -rud)
2gr<T r ksr k r
1-A 1-)
1 x - x =
=0l ) =) & + 0 )
[rsT T ker K J [I’ST z
= 0(x —ATA), as & =+ o,
Hence, from (11) we obtain
(12) ) ;l; z u(d) {g-} = O(xl-_le) + 0(‘%) as X > o,

1srs®  dgx/r
Then from (6) and (12))

V@) =z + 0@y + 0(%)

A (1)

as & > <, and the proposition now follows choosing T = [x

Note 1. A somewhat more economical proof of proposition 1

appeared in Braun and Zulauf, [5].

Note 2. In Gelfond and Linnik,. [1]1, p.54-55, there is an
elementary argument that M(x) = dlx) as & > «, implies
Y(@x) -2 = olx) as x > o,

1-)

If M(x) O(x™ ") we obtain, again by elementary methods,

the following improvement.

Proposition 2.

-

1 1/(1+})
Let 0< A<k 1If Mx) =0 ") as &+, then Y(x) ~x = 0

)

as & - o,
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Proof:

We see from Braun and Zulauf [5] that M(x) = OCrl-A) = g(x) = O(x_l)
as & - <, can be argued by elementary methods. We thus have an

elementary proof of proposition 2.



85.

Section 12.

Consecutive integers covered by a given set

of primes.

We say that an integer #n is covered by a given set, P, of

primes if and only if p[n for at least one p € P.

Let P = {P1, P2sr -ees p,} Dbe the set of the first r primes,

and let

a o Oy
Qp={p11p2 2...pr ta; 20, ..., GPZO, GIEZ}.

i.e. let QP be the semigroup generated by Pr' We may regard the

equation

1= ] wonid
ngl

as a special case of

N
Loowmd

$_ (V)
r
nEQr

The number of positive integers & N

not covered by Pp.
Let

J) = Max{[N] : 3 K21 : ¢ (N+K (X))} .

m (@) THE) = by

Then J(x) is the maximum number of consecutive numbers each of which

is covered by PTr . In the following we show how certain order

(@)

estimates for J(x) relate to the problems of

(i) the least prime in an arithmetic progression, and
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(ii) the distance, (in the asymptotic sense) between consecutive primes.
The problem of the actual order of J(x) though remains unsolved.

Throughout this section let (D,l) =1 with 0< 1 <D, D3 2.

Proposition 1.

Let M and B be integers with B > 0. Let P be any given set of
primes. Suppose Dm + 1 is covered by P for all m € [M+l, M+B].
Then there exists a positive integer K such that #n is covered by P

for all =n € [K+1l, K+B].

Proof:

For each m € [M+l, M+B] ch39se P € P such that Dm + 7 = 0 (mod pm).
The pm méy not necessarily be distinct, but since (D,1) = 1 we note
that if Dm + L = 0 (mod pm) and Dm' + 1 2 0 (mod pm) then

m = m' (mod pm). Thus by the Chinese remainder theorem we can choose

a positive integer K such that
K = -m (mod pm) for m=11, 2, ..., B.
Then
K+ m=0 (mod pm) for m=1, 2, ..., B, and

proposition 1 follows,

Proposition 2.

Let 0 < o £ 1. Suppose that o (x) < Am2~a for all x > 2. Then the

2/a 2/a
least prime of the form Dm + 1 does not exceed (4+1) / D / .
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Proof:

2/0 .2/a
A D -
Suppose that for 1 € m £ l'( *+1) 5 Z:I each Dm + 1 is

composite. Since if a number 7 is composite it has a prime divisor
< V7 it follows that the set of primes s A+1)Y% DY% cover the

numbers Dm + L for

Leme I:(A+1)2/°‘ p%/* Z:[
~ ~ D .

Then from proposition 1 it follows that

2/0 _2/a
J((A+1)l/°‘ pM% s |:(A+1) DD - Z:[ .

s s . 2-0
Hence from our initial assumption, J(x) < Ax , Wwe have

_ 2/a _1 2/0 _
A (AD4D) (2/0)-1 [(AD+D) _ }) (AD+D) . 2D

Whence

2 > (AD+D) (2/“)'1{/1———%” - A}

(2/a)=-1

N D(2/a)—l 5

= (AD+D) D

)

since 0 < a £ 1 and, obviously, 4 > 0. But D 2 2 by assumption.

Hence there must be a prime Dm + 1 with

2/0 _2/0
lsmsli(’“l) DD -Z] .

Proposition 3.

AP/ B a1l oz 3 2.

Let B >1, A > 0. Suppose that J(x) ¢
Then for every positive integer N > 1 there is at least one prime of

the form Dm + 1 with N s m g [(A+l)8 DB N .
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Proof:

For convenience we let

B

B = [wu+1)® 0P .

As in the previous proposition if Dm + 1 is composite for m =W,
N+ 1, ..., B- 1, then each such number is covered by a prime less

1
than or equal to (D(B-1) + Zf?

L L1
since (D(B-1) + 1) < (DBY?< §2(ap+D) (PF1)/2
1
(1) JWiwup+py Bt/2y 5 p oy .
However, from our initial assumption
1
J@Wiapspy B2y ¢ 4B/ BFD) 4y B
< Ay 4p+D) B
= v+ B 0B _ v apsn) B
<+ ® 1 p? - w
< m+n) ® pP g,
and hence'
1. \
(2) Jartup+py B2y < oo

From (1) and (2) it thus follows that at least one of Dm + I with

m=N,¥N+1, ..., B-1 is prime.
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Corollary:

If J(x) = O(xY) as & -+ o, for some Yy < 2, then there are infinitely

many primes of the form Dm + L.

Proof:

In this case we may write vy = 28/(B+1l) for some B 2 1, and then apply

the proposition for N = Ni' for an integer sequence {Ni} satisfying

N. . > (a+1)® DB

7+1 Ni

for 7 2 1.

Proposition 4.

1+2
Let % >y >0, A> 0. Suppose that J(z) g Ac~ ' VY& > 2. Then .

1
(a) For all N 2 Ny there is a prime in [[N - AN6+Y],N],

1.
2+Y) as n -« where p, is the nth

() Puyl = Py = 0Py
prime.

Proof:

Y
(2) We assume that N - AN 1 for N z Ng.
. Nl/z+Y . .
If every number in [[N - A i1, N1 is composite then every number
in this interval is covered by the set of primes < .

Consequently, from the definition of J(x),

Y, L2y

L
A >N - [V - ANETY) & 1,

and hence

thus establishing (a).
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(b) With N = pn+l in (a) we see

Lty
- < A 2
Ppe1r ~ Py S Ppyn * 1
bty
= 0(p ) as n > o,
n
Note 1. These results are somewhat related to a more specialised

result proved in Formenko [1].

Note 2. Jutila [1l] proves that.Linnik's constant L satisfies

L £ 80. The same result would follow from proposition 2 if it

could be shown that o 2 i%-.
Note 3. Huxley [1] proves that
)
- <
P?’l+l pn pn
L s 7 .
for sufficiently large #, whenever § > 1a° A similar

result would follow from proposition 4 if it could be shown

1
£ —.
that Y ¢ 12

Thus Jutila's result is implied by V x 2 1, J(x) < Ax79/”0,

7/6
and Huxley's result is implied by V x 21, J(x) € 4dx .
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Section 13.

Weighted sums involving A and u.

We recall that one standard definition for the Mobius function
u: W > {-1,0,1} is

Y oulg) =

{l if n=1,
gln

0 if n >1,

and that the corresponding definition for the Liouville function
A:ow o> {-1,1) is
1 if n =g,

L Mg ={

gln 0 if n # o.

As in earlier sections we let

Mx) = ) uwm), S@) = ) Amn) ,
n<x nsx

g = ] B g = ] 2B,
nse nsx

Gx) = ) g, H(z) = ) h®n) .
n<xe n<xe

In this section we examine certain sums of the form
(1) Y u(n) PW,n) = F(N)
nghN
where P(@W,n) 2 P(N, ntl) > 1 for 1 < n £ N-1, and investigate some
circumstances in which a knowledge of the order of P(N,1) and F()

could lead to new information about the order of M(N).

-

The form (1) occurs naturally in weighted summations.
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For example:
N
L1 ) wgy= I wened,
ngh g|n nsN
and hence, from the definition of u,
N
L u@) (1 = 1.
ng<hN

The corresponding equation for the Liouville function is

.

I reia = v/m
nsi

Generally, we have

Y} wm)P@,n) Y} (M) - M(n-1)) P(V,n)
nslN ngh

) M) (PW,n) - P(W,n+l)) +
ngl-1

+ MW)YPW,N),

and hence
(2) Z Mn) (PW,n) - P(U,n+l)) + M(NMPW,N) = FW).
ng-1
Also, trivially,
(3) P(W,1) = ) (P(N,n) - P(N,n+l)) +P(V,N)
1gngh-1

With the conditions

(1) PW,m) 2 P(N,n+l) 21, 1l ¢ n g N-1,

(ii) P(N,n) integer valued for 1<ng<hN, we see from (2)
and (3) that if the orders of P(N,1) and F(N) can be kept low, (i.e.
less than one), the possibility of obtaining non-trivial estimates for

M(N) then arises.
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We consider some examples of the form (1), which do however involve

functions whose orders are not known.

Example 1

Let PW,n) = [/gg] for 1 s n ¢ N. We see that conditions (i) and
(ii) are satisfied with this choice. Actually, (1) becomes the
familiar equation
I vt/ G- san
ngh
Thus if F(@) = S@V) = O(Na) as N +> », we know from proposition 2,
section 1, that the order of M(NV) 1is the same as the order of S(N).

This can be argued directly though, by a simple elementary method.

Indeed,
F) = ) umlI %
n<h
=¥ um L1
ns<iy /ﬂv
kg 7
= 22 R
k=N nSN/kz
N
= ) MEm
k2gN Kz
and hence
My = Y _ue ) M(fﬁ
r<viN i F [3
N a
=o| J (=
[r ke ]

H

o*) as N+,

provided o > Y%, and F@) = 0(8%) as N - .
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Example 2.
N
[iii' ' lsngT ’
Let P(N,n) =
N
[ ﬁ-] ' T+1snsgh,

where T = [NB], for fixed B satisfying 0 < 8 < 1.

Again we see that conditions (i) and (ii) are met, and that the equation

corresponding to (1) is

N N
=1 S(T) + ) wm =] = F().
T+1 ST n

We now show that if B < E%a- where o satisfies % < a <1, and
- €
F@) = O(NTa 1) as N - «, then for every € > 0, M(T) = O(TOL+ ) as

T » o,

To see this, we firstly note that

S(ry = ) (hn) - h(n-1))n
n<T
=- Y h(n) + (T+1)H(T),
n<T
l.e.
(4) S(T) = -H(T) + (T+L)H(T) .
Hence

]

T oweP@a = A oAk + I adoif

nsl T ker kT
N_ o . .
= o £ + U - ] Aozl + 0D

kT

N
msm - Nh(T) + [YN] + o(I).

[}
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= -
= - mp HD + VA + o),

as T > >, using (4).

-1
Thus if F(N) = OWT" ) as N+ ®, it follows that H(T) = 0(I%)

as T + o,

Consequently, from proposition 2, section 1, for every ¢ > O,
M(T) = O(Ta+€), as T > «», We are unaware of a direct elementary
argument which can be used to obtain this estimate for M(T) from the
given conditions.
The literature does not appear to contain an example of the form

I wmPW,m = FW@),

ns<hN

satisfying simultaneously the three conditions:

(i) PW,n) 2 P(VN,n+l) > 1, for 1 < n g N-1,
(ii) PW,1) = oW™), as N > o with 0 < a < 1,

(iii) F() = o™, as N » o, with 0 < o < 1.

In examples 1 and 2, conditions (i) and (ii) are met but the order of
the corresponding F(N) is not known. By contrast, if we relax
condition (i) to 'asymptotically monotonic' we can provide an example

meeting conditions (ii) and (iii) with o = .

Example 3.
Let
X
r) = (2] - ) [ .
n>1 n (n+l)
Then
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1
ow?.

]

as N » =,
Here, we do not necessarily have

N N
l"(z) 31’(7—{;1—) for 1 ¢<n < N-1,

but we next prove that
1 1
r@) =gtz + o@ /3y,

as ¥ *> o, and this gives

1
lf’(-iv;) ar(n—i\_%), for 1sn5AN/7,

A cursory comparison of examples (1) and (3) suggests the possibility
1
Sy = O(Né), and in section 14 we note a similar type of comparison

which can be made in formulae which involve H(N).

Let ! be defined on I so that

(i) (1) =0, Ln) 20 if n 2 2,
1
(ii) J L) =x°+0(l) as x » o,
nse
(iii) A _ g4 o) as x> e,

n
nsxe

Let

- x
r, @ = [x] - ) ln)[=1.
Z nsxe n

Proposition 1.

1 1
r, (%) =-C gzt + o /3y,

as x > o,
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Proof:

Firstly, we prove that

Yn) 1 1
(5) L 221 - s0d
ngx n az:/5 x
as X > ®,
Indeed, from (iii) we have
(6) L RN Zg" = 1.
ngx Yo x<ngy
Letting P(X) = z L(n), we then note that
ngx
A 0 NS Y X Wl < ()
7 n
x<nsy x<nsy
- z pm _ px) + py)
n(n+1) (] [y+1]
[xlsn<y]
Hence, from condition (ii),
7 P
A O R S e A e I eI
z<nsy n n(n+l) xé % Yy
[x]<nsy
as Y *®, with x <yYy.
Consequently,
1
. 1(n) 3 n? 1 1
lim ) = ——— - -+ 0(3)
Yoo TN =] 7 (n+1) 3 @
— 1
= xl/z + O(x)'

and (5) now follows from (9).
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Further,

(7) Y ot 1= 7 wm Y
nge n msx ngx/m

]

D) L(m)

Nsx mgxrm

Y p& .
n<w

Also, for any fixed integer k satisfying 1 ¢ k < £ we have

(8) I pH =1 1 1w
ksngax ksmge ngx/m

It -k + 1)
n<x/k

= ] w1 - k-Lp@).

ngx/k
Hence, from (7) and (8»
(9) I tmia = [ ph+ [ umia+
nse ngk-1 ngx/k

X
- (k-1)p (7<') .
We now obtain estimates for the terms on the RHS of (9).

Firstly,

L
I p& = ] & rom
ngk-1 ngk-1

L .k Y
x2(2k* + () + 0(1L/Kk?)) + 0(k).
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l.e.
(10) y X %) 2 Ly 2 )%
b PG = 2@ st e ol + otk
Also,
(11) I wmi == . —Z—%l—)-+ o( g Z(ﬁ):]
nsz/k- nsa/k- nsa/k
L x b
=@ = (k) + 0k) + 0D
using (5).
Finally,
x 5 x Y
(12) (k-1)p (—)'= (xk) = + 0((E) ) + 0(k).

Using (10), (11) and (12) in (9) we thus have

1 1
E L) 1 =@+ tlaa’ + 0D + og,
nsxe

1
and the choice k = [m’é] leads to the result.

Note 1. The method of proof heie has been applied to general

theorems on special divisor problems (Zulauf and Braun [1]).

1 if n =m@m+l),
Note 2. Putting Z(n) ={
0 otherwise

we get r, (x) = r(x) and conditions (i), (ii), (iii) are easily

[

seen to be satisfied.
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In the next section we have occasion to use definite upper and lower

1
bounds for P(m)/m'?

Proposition 2.

For © 2 1,

Proof:
With L(n) as defined in note 2, we have

r@ = - [ to 1.

n<x
Setting
p=p@ = ) Ln
nse
we have
(13) p(p+1l) £ [x] < (p+l) (p+2).
Also,
Ln 1 1
(14) - le-mD
nsx m(m+1) <x
1
::1—55 .

Hence, from (14),

rx) z [zl - ) Z(n)ﬁ-
nex
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x
> - -
2 [x] x+p+l'

X
> >~ __1
p+1

Since r(x) 1is an integer, we thus have

x
(15) r(x) = l:m:l

Also, using (14),

r(x)

N

z - L itm&-1
nsx

x
- _—..'.
x - x+ ) p

x
p+l

+p,
and consequently, since r(x) and p are integers we have

X
(16) PW)S[EE]+p.

If p(p+l) < ® < (p+1)%2 then
.
(Vz] = p = E;_—l':[ ’
and from (15) and (16) it follows that [Vx] < r(x) < 2[Vx] .
If (p+1)2 < = < (p+1) (p+2) then
X
[Vz] = p+l = I:Z;H] ’
and from (15) and (16) we obtain

Vz] < r(x) < 20/x] - 1.
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Section 14.

Some aspects of H(x) and G(x).

For any integers N and T with 1 <7 <N let xi(N,T)

(¢ =1,2, ..., T) be the unique solution of the system of equations

n N N
quKT e 7 = 7 - [mpg, (k=12..D.
Proposition 1.
T+ 72
W HD == T e @D+ o,
nsT
and
T+1 T2
(2) G == I = @D + oF
nsT

as T ~ *,( and consequently N - ©), where the constants implicit in
the O—terms are independent of N and 7.

Proof:

For convenience we write xn = xn(N,T).

Then

z_ [Vn] ) A (k) (4
nzT n ns? " ksn k

=7 ak) L w7
k<T kener MK
N N

= RET AR () = L))

N R - a5

il
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- L Aol + () s
<T

N
= ?:T.H(T) + 0(T), as T -+ », using (4), section 13.

Hence the result for H(T), with a similar method leading to (2).

We now examine the equation which corresponds to (1) with [J%] replaced
by rz(n) as defined in section (13))recalling that

Yy

r ) = -clal/nl +p ).

Proposition 2.

For all integer N,T satisfying N 2 T 2 1)

Y Y2
DL ] o« WDy () = 27+ oZ ) + o
nsT n N

as T + », (and consequently N - «), where the constants implicit in
the O -notation are independent of N and T but may deperd on the

choice of the function l.

Proof:

For convenience we write &

” xn(N,T). Using the definition of %  and

n

rz(n)p

n
x r (n) = ) x (n- ) LEIFH
nzT n"1 ngT ksn k

Z x n - Z (k) X xn[%

ng?l ksT ksngT
N s N N
=8 - [/ - (k) (31 - 771)
T+1 kgT k T4+1
=N - X Z(k)[ﬂi + [Eg—l [ Z (k) - 1]
k<T k +1 {x<r .
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1
_ 2 )
1/z+O(T)+O(T ), as T > =,

using (5), section 13, and properties (i) and (ii) of 7, as defined in

section 13. The proposition now follows.
Corollary:
y, 3,/2
H(T) = “T"T + 0(1) + 0( ) +
g ()
+ T;l ) @, W, TR, in)
ngT -
as T - o, where
1y

ro (@) + Yzl = 0@ )

1
@ Ty

as & > <o,

Proof:

By propositions 1 and 2,

H(T) = T+l z
n<T
- I+l o1
=5 nszn( T rz.(n) +R, (n))
3
) 1, /ﬁ
B c( 5)
T+l z .’L‘ R ") .

v nsT
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Note 1. Selberg [1] notes that if X, k are the upper and
lower limits of H(x)/x%, respectively, (with these constants

possibly infinite) then

2
g ()

K> - > k, but

Ingham [1] states that a method of Schmidt and Landau can be

used to obtain the stronger inequalities,

-2 -2
> D> — >
Kz te cay— 2k

where ¢ 1is a positive constant (finite or infinite) dependent
on the complex zeros of g(s).
Before comparing proposition 1 and 2 further we obtain formal

expressions for the xi, and look at some systems of equations

which have a superficial resemblance to the original system.

Propositicn 3.

For 1 <kgT,

N
Xy = ) wn) (7] - ) r u(n)[Z?z:ijﬂ +
nS['i(- nS[m]
T T N

- W@ - M) Tl
Proof:
Recalling that

v N N

) z 171 = 71 - (797,

n<T

for 1 < h g T) we have
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I vy o= 1w (23 o+
T n<T z T rk
rslyl rsl7]

M ]

T+l
On the other-hand,
w(r) § x[ = ) e [
r nsT n<rt T rk
r<iz] rs(zl

Cansequently,

N
,% g o= 1w f - MO e
<

from which the proposition follows.

We now contrast the original system of equation with other related

systems.
Example 1:
Let y. = yi(N,T)) (L £ 72 <7, be the solutions of
kSELST i - _2.+ 2_lk_) ) % i ELL
for 1. <k <T. Then y = ——2E——-, lsngT.
noo(r+1)2

This result follows by some simple algebraic manipulation. We note that

: n .
the average difference between [%i and % for =1, 2, .., kK is

1k
2k :



107.

Example 2.

Let yi = yi(N,T), 2=1, 2, ..., T, be the solution of

NN
b IR SR AT AskED,
Then
y = G(T
192%1’ " T+1 o
Indeed,
I v,= Ly, I vbig
1<n<T ngT k<n

k<T ksnsT
=7 e -
ksT kK~ T+l
oo
sy G .

The last step following after an argument similar to that in example 2,
section 13.

Now we note that Yp > 0, and from Lehmer and Selberg ([1] that G(T)
changes sign infinitely often. Consequently, we might expect considerable
sign difference in the yi when G(T) < 0. We now examine how the

sign distribution in the x, = mi(N,T) defined by

] oz =t - e, asksD,

is related to the order of H(T). For each positive integer T let

E(T) be defined as follows.



108.

Let A be the set of all positive integers N such that the solution

of the system of equations

] 20 =104-lmd, LsksT
: k k ! = h !

satisfies xn 20 for 1 <ngT.

Max{V : ¥ € A}, 4] < =,

Let FE(T)

Min{N : N € 4,0 > T2}, |4] = =,

We note that T € A, (since for N = T the solution is
] =%y = ... = xT—l = 0, xT = 1), so that 4 # ¢, and E(T) is well
defined.

Proposition 4.

1/2 T2
O(T ) + O(s) as T » oo,

H(T) 6

Proof:

From proposition 1 and 2 with, for example, the choice

r(x) = [x] - ) [k_(?xﬁ')‘]' we have

k=1
72 T+1
(3) H(T) + 0(1) +0(3) ==~ [ @ @,D) nl,
nsT
and
3

1 /2

2 T+l
(4) 2T+ 05— + 0(1) = —N—-nzT xn(N,T)r (n) .

From proposition 2, section 13, we have
(5) (/nl < r(n) s 20V/nl

for n 2 1. If we now choose N = E(I) then the xn(N,T) are all

non-negative and we get from (3), (4) and (5),
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T+1 72
H(T =
B = 777 nX 2,0/ + 0) + 0ty )

T+1 T2
< L X r(n) + 0(1) + 0(z)
E(T) neT n E(T)
1/2 72
=27 + 0(1) + O(ETTTQ
1
_ /2 72
= 0(T ")+ O(E-(—T)—)
as T + », which is the desired result.
Note 1. Since T € A, as noted earlier, we have E(T) = T.

It can be shcwn that E(T) < 572 if T 2 60.

Note 2. From proposition 3, section 1, RH(0p) is true if and

Jot+e

only if for all € > 0, H(T) = o(T ) as T - o, Consequently

RH(0g) is true if for every € > 0, there is a Ae such that
2-0g-

ET) > AT 07 for all T 3 1..We next see how the condition

restricting the size of E(T) can be considerably relaxed yet

can still lead to a result similar to

%é T2
H(T) = o(T )+ O(EW,T) as T » o,

Again, with reference to the system

no [%1 -, ask s D,

z x (NIT) [ E:I ’

n k
k<ngT

let
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pt = ptw,my = x  [Vnl,
X >0 n
PP=pP @wn=- 75 x UV,
n
x <0
n
+ _ +
Q=9 wWwn =) x rmn,
n
x >0
n
Q =@ WD =- ] x rn),
x <0
with the understanding that
P =Q =0 if there does not exist xn < 0.
Let § be any fixed real number such that 0 < § < 1. We put &j = Ig—

and let

B={N:P 3 (2480)F |, P 2 (2¢69)P"};

Finally, let

Max {N : IV € B} if IBI < ®,
Ey1(T) ={

Min {N : ¥ € B N »E(T), N3 T% it |B] = =.

Referring to the definition of A and FE(I) preceding proposition 4

we note that 4 € B and E(T) £ E1(T).

Proposition 5.

1/2 T2
H(T) = 0o(T ) + O(E1 )

)

as T » o,
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Proof:

We note that 2 + §p = %E§-> 2.

Let N = Eyj(T). Then either

\%

(1-86)P" 3 (2-8)P" and thus, by (5),
*

Q" - @ 3z P" - 2P
s s - P
2 8 (1+80) P~
20,
ox
(1-6)F > (2-6)P" and thus, by (5),
@ -q@ zpP - 2p"
z 8P - P
> §(1+8¢)P"
>0 .

In both cases,

-+

lot - @7| = s]p" - P].

Hence, from, (3) and (4),

T+l |+ - T2
IH(T)l =T|P - P l + 0(1) +0(E1(T))r
<TGt L Q] 4 o) + 0
SFy 19 - + B (T) "
3
72
1 -

IN

£y (7)

p 2

%- {2T 2+ 0(l) + 0[-;11—«—]} + 0(1) + O(z—=7)

B (D)

’
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L 2

= m 2 T
o Y+ O(E;TTT )

as T - o which is the desired result.

We next detail a consequence of RH(gy) being false.

Proposition 6.

If 1> 0p 2% and RH(0g) is false, then there exists an € > 0, and

an infinite increasing natural number sequence {Ti}’ such that

< QS(N’Ti)

%‘00—26
9 W,T;)

-1<T7T
7

for all N 3 zgz*cofe and all < 2 1.

7

Proof:

Suppose gg 3 L and RH(GO) is false. Then, by proposition 3, section

1,

00+2€)

H(T) = O(T as T > o

’

is false for some ¢ > 0, and consequently by proposition 5, there is an

infinite increasing sequence of natural numbers '{Ti} satisfying

2-0¢-2¢ Ogt+2e

(6) Ey(T,) < T, and IH(Ti)l > of,

for some fixed € > 0 satisfying ogg + € < i. For this sequence

{Ti} we let Pi+ = P(N,Ti) etc., and let B, be the set‘used in the
definition of El(Ti)-

We note that Bi must be finite since otherwise we would have

Ey(T.)>1T72.
7 Z
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Hence if N > F (Ti) then ¥V ¢ Bi' and consequently

+ - - +
Pi < (2 + GO)Pi and Pi < (2+6°)Pi .

It then follows that Pi+ >0, P. >0, and

7
+
p.
1 1
< - < 2 + §p.
7

Hence

1 P’

- < -1
2+(50 = < 1+ (50.
i.e.
-(1+6) P.T
- <

2+60 = 1 1+ (50,
and so

p.*
(7) -] <1+ 8

P.

7
< 2.

But from proposition 1 and 2 we have

V23
T’I:+l + - 1/’ T’Z: . ]
s _ r,?
(9) H(Ti) =5 (Pi - Pi ) + 0(—ﬁro + 0(1)
Then from (8) with N Ti2'°°‘e > E1(T,) we have
T .41 1 1
1 + - =y = om 3 0'0-/2+€
(10) 7 (Qi Qi ) = 2T, %+ O(Ti ).

Since g + € <1 we have % > 0p -~ J% + €, and then from (10),

+
7

Q

- Qi~ > 0 for 1 > 1y say.

, . 2-0p~€
From (9) and (10) with % > 29, and N 2 T, 0

> E (T.
! z)y

it follows that
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P.+-Po— 1 1
(11) H(T,) = —+—"-2_ |op,% 4 o(p, 907 %€y | | o(p 00+
Yot -q” ¢ i)
7 7
as 1 > o,
. Og+2€
Since IH(Ti)I > 9Ti 0 , it follows from (11) that with < > %, (say)
and N 2 Tiz—oo-e we have
P;' -p." 5
- ’L— >4T1:00—2+26.
Q'l: - Q’l:
Finally, using (7),
o<Q+-Q—<£P+—P-T L-0g-2¢
7 7 4171 7 . '
and hence
+ - +
Q. P. P, L
0 < —&- - 1<:11__7f_ X _ y|p, #C%0-2¢
o | p."” v
QL Qt 7
Lgm
< l.z-z e Og-2¢€
4
if N 2 Ti2-00— ©and 7 : 1.
The proposition then follows by relabelling the sequence {T,} .

1>7)
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Section 15.

On _a possible characterization of the multiplicative

structure of the natural numbers by the Mobius function.

In this section we examine an interpretation of the equations

I owy (-1, N21, Fem,
1sngN n

which leads to a conjecture about U. Throughout, (G) will be any

commutative semigroup,
G ={A1’ Az, As' e oo e },

for which we have a transitive relation, <, and the following

properties:
(i) Al <_ }\2 < X3 < ceee ’
(ii) A} 1is an identity,
(iii) Ap < Aq = An Ap <_xn lp ,
for xp’-kq’-kn € G. Relations >, %, &, are defined in the obvious way.

We define [ 1 by

A o if mn >N,

n k if mg N and A A S Ay <A X, .
We then define the Mobius function of G, w : G > Z, by the equations

) ﬁ_(xn)[;”l] =1, N21, NEN,
1gngl n

but note that an alternative, equivalent definition is
i, n=1

) nig) = {

Ag|kn 0 n > l,

for all n € N .




Further, if we assume "inigueness of factorisation in G,

have an equivalent definition:

(-1)

1le.

if »n

if A

distinct generators,

then we also

is the product of 7T

otherwise (i.e. if An is divisible

by a square generator)

The principal direction of inguiry in this context was addressed to the

problem of classifying semigroups for which

V n €N : 10y =),

and we begin with some simple observations:

Proposition 1.

if and only if

v Am, Xn € G:

Proof:
Suppose that

VoAy, A, €G:

and let m and n be positive integers, m 2 2.

. Anm
Then [jr“i = m,
n

Ay
=]
>‘n

[;ﬂ

’
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and so

>
>
A

>

nom nm*

Cn the other hand, obviously,

Anm—l.
{ b\ 1 =m -1,
n

and hence

AA > A .

n m ym-1
Consequently

A = A

n m - nm

for all 7 2 1 and all m 2 2, and the same result holds trivially

for all n 2 1 if m = 1.

Conversely, suppose that

Vox, A €6, A A =2

n- nm

Let N and n be positive integers, N > n. Then, putting N = rn + s,

rx1, 0<s<mn,

Ar %n =~Arn S‘AN < A(r+1)n = Ar+l An'

and hence

Proposition 2.

If

VoA, A, €6 A A=A
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then

V n€ N ﬁ(xn) = nu(n).

Proof:

In this case we have

A

i N
[X—i = [;ﬂ .

n

Hence
~ N

I w1 =1, nx1, N3l

1sngh

But the equations

X u(n)[g]=l, nx=>1, N 3x1,
1<ngN

uniquely define the Mobius function.
Hence

Y nen : ﬁ(xn) = un).

Provosition 3.

If (G) ¢ (RY) 1is a semigroup of numbers with the usual ordering, and

multiplication, and V A n Am € G, An Am = Anm then there exists

. o
oo € R* such that V =»n € W, An =n .
+

Proof:

Let p be any prime. We define vk(p) = vk by

A v (k) 5 Azk > 3 vik)-1

- p | p
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Consequently
v(k) tog A, , vik)-1
k 7 log A k
9%
and so
log Ao
. vk :
(2) lim = ————
Jeroo k log Ap

But from (1), and our initial assumptions, we also have

L -
N v (k) 5 sz 5 A vi(k)-1

p E p ’

and hence

p 22 3 .
Consequently
(3) lim vgf) = iog 2
Koo og p
log A,
Hence, putting o = _ISE‘E_) we see from (2) and (3) that log’Ap = ologp,
i.e. Ap = pa, for all primes p. The proposition now follows.

Consecquent investigation into the condition ﬁ(kn) = yu(n) led to the

CONJECTURE 1. If u(An) = u(n) for all 7 2 1 then

A =A A, forall mn 21, m=> 1.
nm - wnnom

In support of this conjecture we firstly summarise the results of a
numerical investigation, Braun [2], where uniqueness of factorization
in G was not assumed, and in the next section, give a detailed proof
of the conjecture for wnm $ 26, where we do assume uniqueness of

factorization in G.
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Consequences of the assumption

A
I vt =1, w1
1snglN n

were investigated in a step-wise manner starting from N = 1

For any fixed N > 1 write

AN A

[ =
)\n

N-1
A

] + 8(n),
for 1 <n g N,
We then have 6 (#11) 6'{0,1}, 1<n <N, and

(4) ! umsm =o .
1sngl/

One consistency condition which could be checked with respect to the

accumulating data was:

A A
if '[A—N] = [;V—ll +1
p p
= k,
then
A
N
(5) [ =p
A .

Starting with p = N, and decreasing, we could use this condition to
show that certain 6(n) were zero. Also 6(1) = §() = 1.
The remaining undecided cases led to a modified form of (4)

(6) Z p(n)d{n) = 0.

nEAN

Further use of (5) and (6) then determined the feasible factoxizations

for A and where more than one choice was available, the factorizations

Nl
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were conditional on scme definite preceding structure of factorization.

The only possible case up to N = 7 is

A1, A, prime, A3 prime, A\, = A2,

A5 prime, Ag = Apl3, A7 prime.

At I = 8, two cases arise which cannot be excluded using the preceding
data. Namely either Ag = A,3 or Ag = A32, and at N = 9, the
correspording choices were either Ag = A3% or Ag = A3, Although
uniqueness of factorization was not assumed the first case of different
factorizations occured at N = 22, where the possibility X,p = A33 = 152
arose, subjeét to X32 = Ag, but then contradiction arose at N = 24

with no consistent factorization for Agy.

With increasing N, more logical possibilities for factorizaticns occur,
and the development of all cases was carried along in a lattice structure.

For example,

AaA7

N

Ay or Ars
Agds = M5 or Ay

A3Aq

A21 or Az

}\2>\11 =)\22 ox )\21 .

All the cases involving A32 = Ags A23 = g lead to contradiction, in the
sense above, that eventually an N value was arrived at for which AN

had no consistent factorization.
At N = 28, the possibility

X32 = Ag, kza = Ag was excluded, as was the case

Aohy = A15, A3 Ag = A1y
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The case Azp = Agdy, App = Ay)); was excluded at N = 46, and for
nm < 23 we had necessarily An Am = Anm’ and we refer to Braun [2],

for this verification.

The assumption of uniqueness of factorization requires only the
consideration of factorizations of AN consistent with the third
definition we listed for u(AN), and this provides a basis for a much

quicker method of investigation and verification.

Proposition 4.

Assuming unique factorization in (G): If ﬁ(n) =un) for 1 < n £ 240
then
A=A < <7
m m for 1< nm < 74.
Proof:

A proof is contained in Zulauf [2]. A proof for the ranges 1 < »n < 68,

1 < nwm £ 26 is given in the next section.

It is clear that the step-by-step procedures described here and in the
next section cannot be carried on indefinitely. They have also failed
to reveal any general pattern suitable for mathematical induction, or to
give any clue as to how a general proof of conjecture 1 might be
constructed. It seems that more sophisticated tools will have to be:

used, and with this in mind we explored the possiblity of introducing

a 'logarithm' function L on G with real non-negative values,
satisfying
(i) L(Amln) = L(Am) + L(An)

(ii) Am < An-¢=> L(Am) < L(An) for all Am' An € G.
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A 'logarithm' of sorts does indeed exist if uniqueness of factorization is

assumed in (G), provided that condition (ii) is weakened to
ii A< A = A <
(iia) m < My L m) L(An) = Am < An for all Am'-xn € G,

We call L a logarithm of G if it satisfies (i) and (iia), and a

strong logarithm on G if L satisfies (ii) as well.

Proposition 5.

Assuming unique factorization in (G) there exists a logarithm I
(satisfying conditions (i) and (iia)) on G. This logarithm is unique
except for a positive factor of proportionality, and can be made unique by

assigning a prescribed positive value to 'L(Az).

Proof:
See Zulauf and Braun [6].

Putting 'Anl = exp L(An), and calling this the norm of An' it can now
be seen that the elements of (G are generalized integers in the sense

of Beuring [1l]. Generalized integers have been studied extensively
(c.£. Le Veque [1]), but we have not found any evidence that conjecture

1 has been studied, let alone solved, before. We note that the following

conjecture implies conjecture 1.

COMJECTURE 2.

Distinct orderings (satisfying the multiplicative condition) in semi-
groups (G) with (countably) infinitely many genexators give rise to

distinct Mobius functions.
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However, if we allow only finitely many generators for G then the

equivalent of conjecture 2 is false.

Indeed, with G; and &3, both generated by Ap P Ap , for G; we
1 2
could have

Ay <AL <A, <A 2 <A AL <A 3 2.
1 p1 ~ Py P

e e oo 2

and for Gjp,

AL < Ap < <A

L <, 2<a, 22, <

2 3
Py P, P, <A <

pl pl ss e,

yet both & and G, would have the same Mobius function.
We now look at natural extensions of conjectures 1 and 2 which we derive
from the arithmetic nature of u.

o]
31

o Q; . . .
p. 2 ... p. ¥, where the p; axe distinct prime

With n=p io iy ;

numbers, we let -

Then a form of definition for u is

(1 if n=1,

0 if 3 t>1: t?n
u(n) = 4

]

-1 if 2 ¢ > 1: t?|n, and v(n) = 1l(mod2),

i

(-1)2  if A t > 1: t?|n, and v(n) = 2(mod2),
and the fact that p is weakly-multiplicative is easily verified.

A family of functions which u belongs to can be defined as follows:

Let & be an mth primitive root of unity, and let ut be given by
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o if 3 t>1: ¢,

u_(n) =4
13 if 2 t>1

tm[ n, vin) = r(modm),

\ lcsr

N

m.

We see that ug is weakly multiplicative, and u = M_q- If £ 1is an
m primitive root of unity we call ug an m-primitive Mobius function.
There would not seem to be a clear reason why the status of u, in

conjecture 1, should be different from where

is any

£’ He

m-primitive Mobius function, assuming uniqueness of factorization in G,

Thus defining u,.(A ) for all A_ € G analogously .to the way ' u, -is
£n n , Y ¥

defined we have

CONJECTURE 1(&).

If uE(An) = ug(n) for all »n 2 1, where uE is an mM-primitive Mobius

function, then

A A=A for all n 31, m3 1.
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Section 16.

A small step towards proof of a conjecture concerning the

Mobius function.

Let (G) be a semigroup with an ordering relation satisfying the
multiplicative conditions in section 15. We now assume uniqueness of
factorization in (G) or, what comes to the same, that (G) is a free
semi-group. As in section 15, let An be the nth element, and let
"i be the ith generator, according to the ordering of (. Let the
MObius function ﬁ be defined on (G as in section 15. Let pi be the
ith prime number. If Hpiai is the canconical factorization of the
positive integer #»n then conjecture 1 of section 14 may be stated thus:

If

(1) ﬁ(xn) = p(n) for all n 2 1, then

(2) n=up = =T m %% for all = % 1.

As mentioned in section 15 we now prove (2) for 1 < n < 26 assuming
(1) for 1 € n € 68. Although this represents only small progress
towards conjecture 1, the proof is actually quite lengthy, and we divide

it into several stages.

: i i i £ 1 <n g 15.
Stage 1: The possible factorization of An or

Proceeding stepwise n = 1,2,3, ... we determine all factorizations
of An that are consistent with (1) and with the data obtained in
previous steps. We denote by h(n,7) the smallest nultiple of T,
which is not less than Xn. By checking whether ﬁ(h(n,i)) = u(n) we
see whether h(n,Z) 1is a possikle candidate for An' and we do this
for all L < A”. For convenience we write n for An when there is

-

no danger of confusicn. It will be clear from the context whether 7
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denotes an element of G or an integer. We adopt the convention that

n*m stands for A A .
n'm

Table 1.

Possible Factorization

An ﬁ(kn) Stage 1 Stage 2 Stage 3
1 1 unit

2 -1 2 =m

3 -1 3 =1y

4 0 22

5 -1 5 = 7y

6 1 2¢3

7 -1 7=

8 o 23 v 32 23
9 o 32 y 23 32
10 1 25
11 -1 11 = 7wy
12 0 22.3
13 -1 13 = mg
14 1 2¢7 V 35 27
15 1 3¢5 v 27 3+5

It is clear that 1 must be the unit and that 2 is the smallest generator,

i.e. 2 = m;. Now we consider An for 3 < n g 15.
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(n = 3) A | ey
h(3,1) = mp*2 = m* ' 0

Since ﬁ(3) = -1, we must have 3 = Mo
(n = 4) A | ey)
h(4,1) = my 2 = m;? o
h(4,2) = mp2 = mymy 1

Since 1(4) = 0 we have 4 = nlz = 22,

(=5 A | i
h(5,1) = my+*3 = mmy 1
h(5,2) = mp*2 = Wy 1
Since n(5) = -1 we have 5 = mg3.
(n = 6) A 1Eey)
h(6,1) = my+3 = m Ty 1
h(6,2) = mp*2 = MMy 1
h(6,3) = mg*2 = w73 1
Since 1(6) =1, and m Ty < W Ty we have 6 = m) Wy = 2°3.
(n =17 A | ES)
h(7,1) = my°4 = mp 3 0
h(7,2) = Tpe3 = W2 0
h(7,3) = w32 = MT3 1

Since ﬁ(?) = -1 we have 7 = my.
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Two cases now arise for 9.

(n:g)

A B )
h(8,1) = my+4 = 13 0
h(8,2) = my°3 = ﬂzz 0
h(8,3) = m3+2 = mym, 1
h@®,4) = my*2 = mym, 1

Since 1(8) = 0 we have 8 = ﬂla =23 veg-= m52

If 8 = m3 = 23,

A 1)
h(9,1) = m*5 = mym3 1
h(9,2) = mp+3 = my2 0
h(9,3) = m3+2 = mymy 1
h(9,4) = my+2 = MMy 1

and, since ﬁ(9)

0, we have 9 = m,

32,
A 1)
h(9,1) = m+4 = mp3 0
1(9,2) = mped = m2m, 0
h(9,3) = mge2 = mym3 1
h(9,4) = my*2 = mmy 1

and, sincg ﬁ(9)

(n = 10)

Since

0 and ﬂls < n12 To, we have

A (\)
h(10,1) = my+5 = mm3 1
h(10,2) = mp+d4 = m2m, 0
h(10,3) = m3+2 = W73 1
h(10,4) = my+2 = MMy 1

§(10) = 1 and m mg < M} ™, We have 10 = T °T3

2°5.
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1) A e
h(11,1) = my+6 = m 2w, 0
h(11,2) = mp+4 = my%m, 1
h(11,3) = mg*3 = momg 1
R(11,4) = m,°2 = mym, 1
Since ﬁ(ll) = -1 we have 1l = mg.
12) A 1L\
h(12,1) = Ty 6 = m2m, 0
h(12,2) = mpr4 = m 2w, 0
h(12,3) = mg*3 = mW,T3 1
h(12,4) = my*2 = mymy 1
h(l2,5) = w52 = mT5 1
Since 1(12) = 0 we have u(12) = m? mp = 22.3.
13) A L)
h(13,1) = M7 = MMy 1
h(13,2) = M5 = mWom3 1
h(13,3) = m3+3 = momy 1
h(13,4) = my*2 = MMy 1
h(13,5) = mg*2 = M Tg 1
Since ﬁ(13) = -1 we have 13 = Tg.
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= 14) A 1Y)
h(l14,1) = my+7 = mym, 1
h(14,2) = my+5 = mymy 1
h(14,3) = m3*3 = m,mg 1
h(l4,4) = my+2 = mymy, 1
h(l4,5) = mg*2 = w75 i
h(14,6) = mge2 = mmg 1
Since ﬁ(l4) =1, and m 7, < M Tg < M} Tg we have

14 = wy my, = 27 V 14 = 7y

2

Ty = 3e5.

Two cases now arise for 15,

If 14 = 3+5 = momg
= 15) A H\)
h(15,1) = my*7 = MMy 1
h(15,2) = mMp*6 = mm,y2 0
h(15,3) = m3+5 = my2mg 0
h(15,4) = my+2 = mymy 1
h(15,5) = mg*2 = W W5 1
h(15,6) = mge2 = mmg 1
and, since ﬁ(lS) =1 and m ™, < W Tg < M Tg we have
15 = my my = 2°7.
14 = 27 = m Ty
A n ()
h(15,1) = m 8 = m tvmymy? 0
h(15,2) = mg*5 = MMy 1
h(15,3) = m3*3 = Wym3 1
h(l5,4) = my*3 = MWy 1
h(15,5) = mg*2 = M7y 1
h(15,6) = mg*2 = M Tg 1
and, since p(15) = 1, and mp W3 < T3 Ty,
and Tmp Ty < 12 Ty < M Mg < WM T, WE have 15 = m, T3 = 3-5.
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The preceding approach could perhaps be a basis for a computer-aided
investigation into this problem, but we now detail a method suggested by

A. Zulauf which leads to quicker 'human' resolution of some of the

doubtful cases.

Let
PO = L1,
An$A
=1
2(\) = ) 1
)\nSA
u(xn)=o ’
0 if ﬂi ﬂi+l > A,
pj(l) = . )
g-t Af W My SRS MTa, (Griel),
and
0 if p2 > 1,
z(p,A) ={ .

i if A% s d <A p2, 1 3 1.

It is easily seen that

PA) =1+ ) P\, if A <mp oMy my My
M ie A ‘
and
2@ = -)  1lp) z(p,A).

1<p2<A

Stage 2. A verification that XAy = Ty my and Ays = T T3.



133.

Table 2

Possible Factorizations

" z(An) P(An) Stage 3 Stage 4 Stage 5 Stage 7
16 0 5 5 2

17 -1 5 5 17=m7

18 0 6 5 2032

19 -1 6 5 19=mg

20 0 7 5 22+5

21 1 7 6 2:1133°7 | 3-7

22 1 7 7 3:7,2°11 | 2-11

23 -1 7 7 23=mg

” o 8 4 23.3 52 23.3
25 o 9 7 52,233 52
26 1 9 a 2:13

27 o 10 8 33V22.7

23 0 11 8 2%-7,3°

29 -1 11 8 m10 2°3°5

30 -1 11 8 2°3+5,M10,11

31 -1 11 8 Ty 20303

32 0 12 8

33 1 12 9

34 1 12 10

35 1 12 11

36 0 13 1 2232

37 -1 13 11




Firstly

From table 1 we

and

Hence

Consequently

Then from Table
(3)
and hence

(4)
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pP1(2°3°*5) = Max{n-1 : 2m_ < 2:3°5 < 21},
7 n+l
= Max{n-1 : m_ 5 35 <
ax , S 3°5 ﬂn+l} ,
2¢3°5) = Max{n-2 : ™ g 2+5 <
pal ) ax{n-2 , §2°5 ﬂn+l}'
p3(2+3°5) = 0, since 5°+7 > 2¢3+5,
see

Tg $ 3*5 < my9 ,

TTL',SlO<T\'5.

p1(2¢3¢5) = 5, and p,(2+3+5) = 2.

P(2°3°5) = 1+ p1(2°3°5) + pp(2°3°5) = 8.

2, noting that ;(2°3°5) = -1, we must have

2¢3.5 € {29, 30, 31})

2(2¢3+5) = 11.

Now from Table 1

2(2, 2+3+5) = Max{n : 22en g 235}

I

Max{n : 2+n < 35}

14

{6 if 35

15

14

7 if 35
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Z(3, 2°3+5) = Max {n: 32.n ¢ 2+3+5)}
= Max {n: 3'n < 10}

=3'

2(5, 2+3:5) = Max {n: 52+ g 2:3+5}

1

= Max {n: 5n < 6}

Il
-

0 since

Also 2(6, 2°3°5)

62 = (2°3) .6 > (2-3) 5.
Hence

2(2°3°5)

(2, 2°3°5) + 2(3, 2+3*5) + 3(5, 2+3+5)

10 if 3°5 = 14,

11 if 3¢5 =15 .

Comparing (4) and (5), and consulting Table 1, we thus have

14 = 27
15 = 3+5 .
Stage 3: Verification that Ag = ﬂ13 and Mg = nzz, and

factorization of An for 1 £ n < 20.

Since 2°¢3¢5 2 29 by (3), all A < 29 with B(d) = -1 must be
generators. Hence 17 = my, 19 = mg, 23 = mg. Also, with 15 < A £ 20
there are three solutions of u({A) = 0, and candidates which are multiples

of 2, 3,5, .... are



7'4,
11-4,

respectively.

oo ey

From table 2 since u(3°7)

and so 3¢8 > 21, and

Noting that

and

2-10,
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3.9,

ce ooy

2+12,

° ey

= 1 we have 3
4.7 > 21.
3°6 = 28 V 2°9,
5+4 = 2+10

the three A satisfying ﬁ(l)

and 2°10.

Hence l6 =
18 =
20 =

2°8 ,

29 ,

0, 15 <

2910 = 22.5 ,

Next we note from tables 1 and 2 that

(6) py (22-32)

7) ps (22+3%)

]

]

|1

i

Max {m-1: 2e+7
n

Max {n-1: 2w
n

Max {n-2: 3~nn

5

6

if 2+32

if 232

Max {n-2: ﬂn

3

)

e sy

72 21,

A g 20,

< 22.32}

< 2032 }

16,

]

18 ,

< 22.32}

¢ 22.3}

nust be

28, 2°9
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(8) p3(22032) = Max {n_3: S.Trn s 22.32}

1, if 57 < 22-32’

Il

0, if 5-7 > 22.32,
(Note: Semg > 5:2:5 = 2.52 > 2.18 3 22.32),
Py(22+32) = 0 since 7:11 > 5+11 > 22.32 .

Since P(2%43%) = 1 + p; (22+32) + p,(22-32) 4 p3 (22+32)

we have
p(22-32) € {9,10,11} ,
and hence from table 2
2232 ¢ {33, 34, 35, 36, 37} .
Checking ﬂ—values we must have
(9) 22.32 = 36,
and hence P (22:32) = 11.
From (6), (7), and (8) we thus have
(10) 232 = 18 and 5°7 < 22:32,
But 18 = 2.9, gnd hence from Table 1
32 =9, 23 = 8.

The factorization of An has thus been determined for 1 < n < 20.



138.

<

Stage 4: Possible factorization of An for 20 <n g 31.

There are four solutions of ﬁ(l) = 0 with 20 < A < 2¢3+5 g 31,

N

and we note

(8]
N
IN
N
.
w
.
(9]
-

w
w
IN

235,

w
.

[\
w

N

2'3.5 2

N
N
L2

~

IN

235 .

Since

and
22:5 < 3.7,
we have
22.3.52 < 2%.3.7,
and hence

(11) 5% < 2247

Since
5¢7 < 22.32

by (10), and

we have
4+52:7 < 4+33:7,

and hence

Also
23'3 < 33 ’ -
and

23.3 < 22.7 .
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Hence

{23.3, 52}

{24, 25},

and

{33, 22.7} = {27, 28} .

Also, since 3°8, 2°*14 < 31 we must have 3+7, 2°11, 2+13 < 31, and

since 12°7 < 8°13 we have 3°*7 < 2°¢13. Then from table 2

21 = 37 V 2°-11,
22 = 211 V 37 ,
26 = 213 .

Further, since 2¢3¢7 > 22+32 = 36,
{29, 30, 31} = {myq, ™M , 2°3°5},

thus completing the stage 4 entries in table 2.



Stage 5: Verification that Aj; = m, m, and App = m Tg,

and factorization of An for 1< n g 23.

Table 3

Possible Factorization.

An ﬁ(kn) Z(An) P(An) Stages 5 and 6
29 -1 11 8 Tyg V 2+3+5
30 -1 11 8 2035 V Mg V Ty
31 -1 11 8 TT11v2.3.5
32 0 12 8 25
33 1 12 9 3.11 V 2417 V 57
34 1 12 10 2417 V 5+7 Vv 3+11
35 1 12 11 5+7 V 3¢11 V 217
36 0 13 11 22.32
37 -1 13 11 T2
38 1 13 12 2¢19 V 313
39 1 13 13 3¢13 v 219
40 0 14 13 25.5
41 -1 14 13 203+7 V g
42 -1 14 13 myg V My V 2037
43 -1 14 13 myy V 20307
44 0 15 13
45 0 16 13
46 1 16 14
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Firstly we note from tables 1 and 2 that

P1(2°3*7) = Max {n-1 : 20m < 20347}
=7’
P2(2+37) = Max {n-2 : 3em < 20347}

1]
(=N
-

and since 5°7 < 2°3'7,

and 511 > 5¢2¢5 > 20347

p3(2+3+7) = Max {n-3 : Sem % 23-7}
= 1.
Also Py (2°3+7) = 0, since 7°+11 > 5¢11 > 2+3-7,
Hence
P(2+3+7) = 13.
Npting that ﬁ(2°3-7) = =1 it follows from table 3 that

2+3.7 € {41, 42, 43},

and hence

(12) 2(23°+7) = 14.

However

Max {n: 2%n < 2-3+7}

2(2, 2°3°7)

Max {n: 2n < 3+7}

10, if 3+7 < 2°11,

11, 4if 211 < 3-7,

2(3, 2°3+7) = Max {n: 3%n g 23+7}

= 4

’
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2(5, 2+3:7)

Max {n: 52n ¢ 2+3+7}
= l'

2(6, 2+3.7) = Max {n: 621 < 2°3+7}

It

=1
’
and
2(7, 2+3*7) = 0, since 72 > 2¢3.7.
Hence
6
(13) 2(2°3°7) = = ) u(p)z(r, 2:3°7)

=1

14 if 37 < 2-11,

i

15 4if 37 > 2-11 .,

Comparing (12) and (13) we thus have 21 = 3¢7 and 22 = 2+11, and (2)

has been proven for 1 < »n < 23.
Stage 6: Possible factorizations of An for 31 < n g 43.

The next smallest non-generator A after 2°3°7 with ﬁ(l) = =1

is either 2°3°11 or 2°5°*7. Since, as noted before (10),

237 ¢ {41, 42, 43}

( 2.3.11
2:¢3¢7 < 5.11 < _
2547
. 2311
2437 < 6:10 <
24547

it follows that all A in the range 32 £ A € 43, except 2+3+¢7, with

A

u(A) = -1 are generators.

Thus

37 = m;, and {41, 42, 43} = {m3, ™y, 2°3°7} .
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In 32 £ A <43 only X =32, X=40 satisfy RN(A) = O.

Noting that

2% < 235
and

25 < 22.32 ¢ 2.3.7 ,
and

235 < 24347

we necessarily have
32 = 2%, 40 = 23.5 ,

All remaining A in the range under consideration have ﬂ(l) =1, and
from tables 1 and 2 possible multiples of 2, 3, 5, 7, .. to fit

the positions are

217, 2°+19, 2°+23, ...

3-11, 313, 317, ...

57,
respectively.
But 2017 < 22.32 = 36 ,
3+11 < 22.32 = 36 ,
2019 > 22.32 ,
3.13 > 22.32 ,
and 2023 > 2021 = 237 .
Hence
{33, 34, 35} =.{2-17, 3-11, 5°7},
and

{38, 39} = {2-19, 3-13} .
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Thus completing the stage 6 entries of table 3.

Stage 7: Verification that Ay = n13=n2 and Agg = n32, and

A

factorization of An for 1l s n 26.
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4

Table

P(An)

13

13

13

13

13

14
14
14
14

14

15

15
15

15
16

16
17
18
18
18
18
19
19
19

20
20
20
20

z(An)

14
14

14
15

16

16

17

18
19
19

20
20
21
21

22

23
23

23
24

25

25

25

26

H(A)

A

41

42

43

44
45

46
47

48

49
50
51
52

53

54

55
56
57
58

59
60
61
62

63

64
65

66
67
68




z(2, 2% =
Since 32.6 < 26,

2(3, 2% =
Since 2'52 < 26,
and

3+52 > 2.7

2(5, 25) =
Since 62 < 26 p
and

62.2 > 26,

z(6, 2%) =

Since 72 < (232 < 25,

and
2:72 > 2462 > 29,
2(7, 28) =
Since 102 > 10°8
z(10, 26) =
Consequently
z(2%) = -

146.

Max {n: 22.n ¢ 26}
16,

32.8 > 26,

= Max {n: 32n g 26}

6, if 32.7 > 26
7, if 32.7 ¢ 26 .
5 > 2:25 = 26,

Max {n: 52n g 26}
2.

Max {n: 62n g 26}
1'

Max {n: 72n < 25}
1.

> geg = 26 ,

0]

.
] wmae, 28

r=1
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24 if 26 < 32.7,
25 if 28 > 32.7 |
Noting that ﬁ(26) = 0 we see from table 3 that
2% ¢ {63, 64},
and hence
(14) P(2%) = 19.

However, from table (3)’

p1(28) = Max {n-1 : 2m < 28}

10.

Since
3¢19 < 3.22.5 < 26,
and
3.23 > 3.2-11 > 28,
6y = ‘—;3 526
po(2%) = Max {n-2 L }
= 6.
Since
5+11 < 5-22:3 < 25,
and

5.17 > 22.2% = 26,

3

p3(28) = Max {n-3 : 5m < 26}

2 if 2% <5413,

3 if 513 < 25,
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Since
7¢11 > 7+2+5 > 26,
py (28) = o.
Hence
P(2%) = 1 + p1(2%) + p,y(2) + ps(25)
18, if 2% < 5.13
(15) =

19, if 5413 < 2§
From (14) and (15) we thus have
26 < 5.13,
Also, from table 3’
3.13 < 23.5,

Hence,
26.3.13 < 23.52.13
and so

23.3 < 52,
Thus, from table 2,

24 = 23.3,

25 = 52,

and thus proposition 4 of section 14 is established.
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E_ﬂrrata

"Titchmarch" should be spelled "Titchmarsh' throughout.

p-40, line 8: For "(iv), (v) and (iv)" read "(iv, (v) and

(vi)."
p.47, line 13: For "¢ : € > N" read "¢ : N - C.
p-55, line 4 from bottom: For "weaking' read 'weakening'.
p-73, line 8 from bottom: For "Berndt [2]' read "Berndt [1]".
p-115, line 13: For Anxp < Ankp read xnkp < Anxq .

p-118, line 2 from bottom: For vy read v(k).

p-126, line 11 and p.1l48 last line:

For "section 14" read "section 15".
p.149, Edwards [1]: For "functions" read "function".

p.150, LeVeque [1]: For 335-367 read 355-367.
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