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(ii) . 

Abstract 

The thesis is concerned mainly with topics in the theory of 

Riemann I s zeta function, but it also includes some contributions to prime 

number theory and the study of the Mobius function. New conditions are 

stated for the vc:lidi ty of the quasi-Riemann hypothesis RH (a ) , 
0 

that 

s(s) i O for cr > cr 0 . The orders and oscillatory behaviour of a variety 

of su.llIT\atory functions are considered in this context. Particular study 

is made of the sums defined by 

and 

(k = O, 1, 2 ... ), incomplete sums of the form 

and 
, >..(n) 
l n/x • 

n~xcS e -1 
I 

and summatory functions associated with the coefficients of the Dirichlet 

series representations for 

and _l_n(l 
r; (s) 

p 

. t ) -1 (k > 1) . 
[p ] s 

On the same topic results are proven about connections between RH(cr 0) 

and the distribution of the set HN of Farey numbers of order N. 

Some general theorems concerning the sums 

(r = 1, 2 , 3 , ... ) , 



(iii) . 

are established which allow known results in the cases r • 2, 3 to be 

extended to r = 4, 5, 6. Other analytic studies include a series 

representation for Riemann's function, and a theorem improving earlier 

results concerning the number of zeros of f(A + it) with 0 < t < T, 

and fixed A between O and 1, ,where f (s) = 7T -s 12 r (s/2) l; (s). 

The remaining topics are more arithmetic in nat-'...lre. An atternpt is 

made to show by elementary methods that the order of the Tchebychef 

difference 1jJ (x) - x is not greater than that of the t-lobius sum M(x), 

and although only partially successful, the attempt improves on previously 

published elementary results. Some theorems are proved which relate the 

order of J (x) , the maximum nUIDber of consecutive integers each of which 

is divisible by at least one prime ~ x, to the problems of the least 

prime in an arithmetic progression and the order of the difference 

between consecutive primes. 'l'wo sections con ta.in a direct attack by 

elementary methods on the problem of getting estimates of A (T) 
0 

and 

B (T) which would be equivalent to RH(a) for some a < 1, and 
0 0 0 

the problem is reduced, roughly speaking, to finding sufficiently large 

N such that the solutions x, x, ... , xT of the system 
l 2 

n 
[-]x 
k n 

are predominantly of one sign. 

(k = 1, 2 , ... , T) 

The closing sections in the thesis deal with Mobius functions of 

ordered semigroups of a certain type, and lead to a conjecture that the 

Mobius functions in a ·way characterize the ordered multiplicative structure. 

Some evidence supporting the conjecture is given in the case of 

the ordinary Mobi 'l.1S function 11. 



( iv) . 

Acknowledgements 

All stages in the formation of this thesis have 

been assisted by th~ kindly comments and expert advice 

of my Supervisor, Professor A. Zulauf. I am indebted 

to him for his constant interest in the project. 

I thank Mrs. J. Tait for her painstaking work in 

typing the thesis, and thank Mrs. K. Fransharn for her 

assistance in additions and alterations to the near-

final copy. 

P.B. BRAUN. 



(v) . 

Introduction 

This thesis is concerned mainly with topics in the theory of 

Riemann's zeta function, but it also includes some contributions to 

prime number theory an? the study of the Mobius function. 

The first eight sect.ions deal with a variety of necessary and/or 

sufficient conditions for the quasi-Riemann hypothesis RH(a0) that 

r;;(s) f- 0 for Res > a0 • It is investigated how RH(cr 0 ) is related to 

the behaviour of certain summatory functions involving the Mobius 

function µ, or the Lionville function A, or onP. of a class of 

functions of which A and µ are special cases. There are also 

results relating RH(a0 ) to the distribution of Farey numbers. 

In the next four sectio_ns some isolated topics are s·tudied: 

two concerned directly with the zeta function, and two concerned with 

the distribution of prime numbers. 

The problem of RH (cr ) 
0 

is taken up again in sections 13 and 14, 

where a technique is developed that may shed some light on the 

behaviour of two of the surrrrnatory functions considered earlier on in 

relation to RH(a ). 
0 

The final two sections are concerned with Mobius functions 

defined on ordered semi-groups. A conjecture about the Mobius function 

is formulated, and ·some supporting evidence for this conjecture is 

given. 
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The following summary previews in more detail che content of 

this thesis. 

Section 1 is introductory and uses standard methous to establish 

connections between RH (CJ ) and the orders and average orders of the 
0 

summatory functions 

s (x) I ;\ (n)n 
K 

and M (X) I µ(n)n 
K 

= = . 
K K 

n~x n~x 

Higher averages, defined by 

A_1 (x) = S -l (x) , Ak (x) = I 
n~ 

Ak-l (n) (k = o, 1, 2, ... ) 

B_1 (x) = M_ 1 (x), Bk (x) = I Bk-1 (n) <k = o, 1, 2' ... ) 
n~x 

are considered in sections 2 and 3, and it is shown how their order 

and their oscillatory behaviour relate to RH(a). 
0 

and improves known results concerning B (x) 
0 

and 

This generalizes 

A (x). 
0 

It is noted 

that further generalization is possible by using, instead of A and 

µ, a class of functions of which A and µ are special cases. 

This theme is taken up again in section 7. 

Section 4 deals with incomplete sums; such as 

K X 
A(n)n [-] . 

n 

Further conditions for· RH(a) are obtained, and attention is drawn 
0 

to some unanswered questions in this context 

Section 5 begins with a brief survey of earlier results linking 

RH(a0 ) with the distribution of the set HN of Farey numbers of 

order N. Some general theorems are proven concerning the sums 
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(I' = 1, 2 t 3 I • • • ) • 

These allow knovm results in the cases I' = 2, 3 to be extended to 

r = 4, 5, 6. 

In section 6 general results are established concerning the 

Dirichlet expansion of any real power of a Dirichlet series. These are 

used to show that RH(½) is equivalent to a sequence of conditions 

involving the sum function of the Dirichlet coefficients of 

{(1 - !)z;;(s) }l/k (k = 1, 2, 3, ... ). A consequence of Lindelof's 
2 

hypothesis is also noted. 

In section 7 a class of functions A {k) is introduced by 

00 

= I 
n=l 

A (k) (n) 

ns 

where k ranges over all real numbers> 1. Results, similar to those 

for A and µ in earlier sections, are then obtainable for k ~ 2. 

The case 1 < k < 2 is also studied, and connections with RH<½-> are 

demonstrated. 

Links between RH(a 0 ) and the order of 

I ~ n/x. 1 n.,x e -

are examined in section 8. A general result for Dirichlet series is obtained 

first. This does not seem to have been stated before, and it is used as 

one of the principal tools in the discussion. 

Section 9 gives a series representation, believed to be new, for 

Riemann's H function. This may be of some interest in itself, but no 

significant application of this representation has been found. 
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Section 10 contains a theorem improving earlier results concerning 

the number of zeros of the real and imaginary parts of f(A + it) with 

0 < t < T and fixed A between O and 1, where 

-s/2 
f(s) = ~ r(s/2)s(s). 

An attempt is made in section 11 to show by elem~ntary arguments 

that the order of the Tohetychef difference ljJ (x) - x is not greater 

than that of the Mo0bius sum M0 (x). The attempt is only partially 

successful, but yields an improvement on previously published elementary 

results. 

Let J (x) be the maximum number of consecutive integers each of 

which is divisible by at least one prime ~ x. In Section 12, it is shown 

how knowledge of the order of J(x) leads to information about the least 

prime in. an arithmetic progression .and about the difference between 

consecutive primes. (However,. it appears difficult to obtain sufficiently 

good estimation of J(x) .) 

Sections 13 and 14 contain a direct attack, by elementary methods, 

on the problem of getting estimates of A 0 (x) and B0 (.x) which would, 

according to the results stated in section 1, be equivalent to RH(a 0 ) 

for some a 0 < 1. Preliminary results concerning weighted sums 

involving A and µ are obtained in section 13. The ideas developed 

there are applied in section 14 to obtain estimates of A O (T) and B O (T) 

whose quality, roughly speaking, depends on finding sufficiently large 

N such that the solutions of the system 

1, 2 , ... , T) 

are predominantly of one sign. 
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Section 15 begins with some observations about the Mohius function 

of ordered semigroups of a certain type. 'l'his leads to the 

conjecture that the Mobius function in a way characterizes the ordered 

multiplicative structure. Some evidence supporting this, as far as 

the ordinary µ is concerned, is given in section 15 and, more 

explicitly, in section 16. 
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1. 

Section l. 

Some statements equivalent to the 

quasi-Riemann hypothesis. 

As usual in Number Theory, let s be a complex variable, 

a= Res, t = Ims. Let s be Riemann's zeta function, and, for 

1 > cro ~ ½, let RH(cro) be the statement 

s(s) i o for a> ao. 

We refer to this statement as the 'quasi-Riemann hyl,lothesis'. With om.· 

notation, RH(½) will then signify the Riemann hypothesis proper. 

In this and later sections we have occasion to use the following 

result for expressing a Dirichlet series as an integral. The proof of 

this result is a simple application of a well-known technique but is 

included here for the sake of completeness. 

Proposition 1. 

Let a JN + CC satisfy 

A(x) = l a(n) = O(x~) 
n~ 

as x + 00 Then for a> /J. 

00 

I ac;> = 
n=l n 

sf oo ~1& dx 
s+l 

l X 



2. 

Proof: 

For a > tJ. , 

oo N 
l a<;> = lirn l ~ <;> 

n=l n N-+m n=l n 

N 
= lim l A (n) - A (n-1) (A (0) = 0) 

N-+m n::::l n8 

= lirn 
N-+m 

{
N-l [ l A (n) ~ -
n=l n 

1 8 ] + A (H) } 

(n+l) tf 

:::: lim 
N~ 

{
N-l In+l A (x) A (N) } Is --a.x+--

s+1 . ..s n=l n X N 

= sfoo A (x) d.x 
S+l I 

1 X 

and the function defined by the integral is analytic for a> t::i.. 

For real K let 

s (X) I >..(n)nK, M (x) I µ(n)n K = = K K n~ n~x 

h (X) I K-1 I K-1 
= >..(n)n , g (X) = µ (n)n , K K n~x n~x 

H (X) = I h (n) I G (X) = I g (n) I K K K K n~x n~x 

where >.. is Liouville's function, and µ is the Mol:ius function. 

Proposition 2. 

Let either K = -1 or K > -cr0 . Then ths following statements are 

equivalent: 



3. 

(i) RH(era), 

(ii) 'tJ £ > 0, s (X) = o (xero+K+£) as X -+ oo, 
K 

(iii) 'tJ £ > o, H 
K+ l 

(X) = 0 (Xera+l+K+£) as X -+ "", 

(iv) 'tJ £ > o, M (X) 
K 

= o (xera+K+£) as X -+ co, 

(v) 'tJ £ > o, G 
K+ l 

(X) = O(xera+l+K+£) as X -+ co. 

Proof: 

We show that (i) ~ (ii) ~ (iii)~ (i). The proof that 

(i) ¢::::> (iv) =:> (v) => (i) is similar. 

To show that (i) ~ (ii) suppose that RH(ero) is true and 

consider first the case K = -1. The method in Titchrnarch [l], pages 

282-283, can be modified to argue that 
E: 

z.; (s) = o (t ) , 

_l_ - (t£) 
z_; (S) - 0 as t -i-- co, for every er> era, and every £ > 0. Now let 

Then for every er> era and any £ > 0, f(s) = O(t£) as t-+ co, and 

by Titchmarch [l], page 6, 

<X> 

A (n) I --= f (s) for er > 1. 
n=l 

s n 

Also it is clear that f(l) = O. Using a procedure similar to that in 

Titchrnarch [1], page 315 we thus get 

S (X) = 
-1 

l f 2+iT xw x2 
= -. f(w+l) -- dw + 0(-T-) 

2TI~ 2 'T W -'l-



4. 

2 
+ otT) , 

as x + 00 , provided E > o, and O < o < 1 - ao. Hence, choosing 

T = x 3 , for every E > 0, 

i.e. (i) ~ (ii) when K = -1. 

That (i) ~ (ii) when K > - ao can now be deduced as follows. If 

K > - ao and E > 0 1 then 

S (X) = 
K I 

+ 

= o[ l nK+cr~-l+e) + O(xK+a 0+e) 
n~ 

as x + 00 , for every E > O. 

To show that (ii)~ (i) suppose that for every e > 0, 

Then, by partial suir.ina t ion, 



5. 

00 

I 
K 

>..(n)n 
8 

converges and represents an analytic function for 
n==l n 

a > a 0 + K. 

Then from 

00 K 

I >..(n)n 7; (2s-2K) 
= 

7; (8-K) 
, 

8 
n=l n 

we see that r; (8) is non-zero for (J > (JO. 

To show that (ii) => (iii) suppose that K = -1 or K > - cro, and that 

Then, via (i), also 

But 

so that 

(1) 

£ > 0, 

S 1 (x) == 
K+ 

= 

H l (X) = 
K+ 

= 

= 

l (S (n) 
K 

n~ 
S (n-1) )n 

K 

I S (n) + S (x) (x+l] 
K K J 

I h <n> 
n~x K+l 

I s (n) 

n~x K 

[x+l] S (x) 
K - SK+l (x) 

as x + 00 , for_every £ > O. 

as x + 00 • 



6. 

To show that (iii) =" (i), note first that the estimate, 

is trivial for 

as x + 00 • 

K+l s (X) = O(X ) as X + 00 , 
K 

K > -1, and follows for 

1 I X 1 
= A (n) [-] +-

X n X 

K = 

I S_1 (X) 

n~ n~x 

1 
[Tx] + 0 (1) = 

X 

-1 from 

X A (n) {-} n 

Consequently, using proposition l,and Titchmarch [l], page 6, we have 

00 
A(n)nK l;(2s-2K) 

= I l';(S-K) s 
n=l n 

(2) = 
sfoo SK (x) 

clx 
l xs+l 

(3) foo X SK (X) 

= s s+2 dx 
l X 

for a> K + 1, K ~ -1. 

Also, replacing s by s + 1, and K by K + 1 in (2), for 

a> K + 1, K ~ - 2 

(4) 1';(2S-2K) 
I'; (S-K) 

r oo SK+l {X) ,1_ 

= (s+l) u;J; 

j 1 XS+2 

Hence from (3) and (4), for a> K + l, K ~ -1, 

(5) 
l l; (2S-2K) ---

s (s+l) I'; (S-K) 

XS (X) - S 1 (x) 
K K+ dx • 

s+2 
X 

From (1) we easily see 

H l(x) = X s (X) - s l(x) + K+ K K+ 

K+l 
+ O(x ) 
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as x + 00 , and so from (5) for a> K + 1, K ~ - 1, 

(6) 
1 

s (s+l) 
I'; (2S-2K) 

l; (S-K) 
f oo H 1 (x) 

= K+. dx + E (s) , 
1 xs+2 K 

where E (s) is analytic for a> K. 
K 

Finally if (iii) holds, i.e. if 

V e: > o, as x + 00 , 

then the RHS of (6) is analytic for a> ao + K + e:, and hence r;(s) 

must be non-zero for cr > cro. 

Corollary: 

Let r; (s) have zeros on a = al > 0. 

Let either K = -1 or K > - <J1 . 

Then 

(i) V e: > o, H K+l (X) = r2 (XK+ l+<J 1 -e:) as X + 00' 

{ii) V e: > o, G K+l (X) = Q(xK+l+cr1-e:) as X + 00, 

{iii) V e: > o, s (X) = Q (XK+<J1 -e:) as X + 00'. 

K 

(iv) V e: > 0, M (X) = Q (XK+<J1 -e:) as X + 00 

K 

Proof of (i): 

Suppose the statement 

V e: > o, as x + 00 , 

is false. Then there exists e:* > 0 such that 

Ii 1 (x) = o {xK+l+cr1 -e:*) as x + oo , 

K+ 

and hence from the previous proposition 
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s (s) is zero free for a > a1 - £ * , 

which contr..:i.dicts the initial assumption. (ii), (iii), and (iv) follow 

similarly. 

Note 1. Since l;;{s) does have zeros on cr = ½ the statements 

of the corollary, with cr1 replaced by ½, are all true. 

Note 2. The most familiar functions appearing in the literature 

are 

S(x) = s0 cx> = I A (n) , M(x) = Mo(X) = I µ (n), 
n~x n~x 

h(x) = ho ex> = I A(n) 
g (X) = go(X) = I µ (n) 

n , 
n n~x n~x 

H(X) = fl O (X) = I ho (n), G(x) = c0 ex> = I go (n) . 
n~x n~x 

We now prove an extension of the previous proposition in a 

specialised case. 

I X 
Let S*(X) = A (n){-}. 

n 
n~x 

Proposition 3. 

Let 1 > a0 ~ ½. The following statements are equivalent: 

(i) V £ > o, H(x) = O(xcro+e:) as X ->- ex, I 

{ii) V £ > o, h(x) - o (xcro-1+£) as X + oo, 

(iii) V £ > o, S(x) = o (xcro+£) as X + <», 

(iv) 't/ £ > o, S*(X) = O(xcro+£) as X + oo, 

(v) V E: > o, S(x) - S*(X) 
ao+e: 

= 0 (X ) as X+<», 

(vi) RH(a 0). 
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Proof: 

We have (i) ~ (ii) ~ (iii) ~ (vi) from proposition 2. 

From (1), 

Also, 

(7) 

xh(x) = H(x) + S(x) + O(l) 

xh(x) - S*(x} = l 
n~x 

= [Ix] I 

and hence from these two equations 

(8) 
!,: 

H(x) = S*(x) - S(x) + O(x 2 ) 

as x ➔ 00 • 

as x -+ 00 • 

From (7), (ii) ~ (iv), and from (8), (i) ~ (v), thus completing the 

proof. 

Note 3. In the previous proposition (ii) -=> (i) holds for 

every pair of functions k, K such that 

K (X) = l k (n), and in this 
n~ 

sense (i) is weaker than (ii), and in the next section we 

develop this theme further. 

Note 4. A corresponding result to proposition 3 holds for the 

function:;i 

G(x), g(x), M(x}, M*(x). 
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Note 5. Turan's conjecture that h(x) > 0 1 for x > 1 1 has 

been upset by numerical investigation (Haselgrove, C.B. [1]) 

but we note in the next section that the argument of Lehmer 

and Selberg [1], that G(x) changes sign infinitely often 

as x ➔ 00 1 does not apply to H(x) if RH(½) is true. 
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Section 2, 

Further statements equivalent to RH(cro). 

The notion of 'weakness' we mention in note (3), section 1, 

manifests .:. ts elf in 1ligher averages. 

Let 
A (n) 

n 

and for any integer k 3 0 let 

In this notation, 

and 

H(x) = Ao (X). 

In this section we p::cove: 

Propositio~1 1. 

For any fixed integer r 3 -1, the following statements are equivalent: 

(i) 

{ii) 

RH(cro>, 

For every E > 0, as x -+ 00 

Before proceeding to the proof we establish some helpful lernmas: 

Lerr>.ma 1. 

For every integer r :; -1, 

r+l , 
X l 

). (n) 

n as :c .. ;,. 00 



l2. 

Proof: 

For r = -1, the truth of the above statement is seen from the. 

definition of 

Also, 

A (X). 
-1 

Ao ex> = I A -l (k) 
k-$:X 

= I I A (n) 

k-$:X n~k n 

= I A (n) I ·1 
n n~x n~k~[x] 

= I A(n) 
( [X] - n + 1) 

n n-$:X 

= I . ~~ (x-n) + 0 (1) n 
n~x 

= _!_XI 
l! 

l A~n) (1-;) 1 + 0(1), as 
n~x 

X -+ oo, 

and we see the proposition is true for r = 0. 

Now suppose the proposition is true for r == R 3 0. 

Then 

= 

>,_ (11) k R+l R+l __ ..:__ ( -·n) + 0 (X ) 
n 



13. 

l I A (n)_ L(k-n)R+l R+l 
= ----- + O(x ) 

(R+l) ! n 
n~x n~k~[x] 

(1) 
1 I A (n) L kR+l + O (;:CR+l) = as X ->- co. 

(R+l) ! n 
o~k~ [:c] -n n~ 

Now 

(2) 
b R+l l kR+l = _1_ bR+2 + l C . bi 

k=l R+2 i=l R+l,-i 

where the coefficients C . 
R+l,-i 

are independent of b. Consequently, 

frorn (1) and (2) , 

(3) 
1 

(R+2) ! 
, A(n) R+2 
l n ( [x]-n) + 

n~x 

1 
+ (R+l) ! 

R+l i L A(n) L C . ([x]-n) + 
n ,,,· __ 1 R+l,-i n::,x ., 

But 

, R+l . 
L ~ L C . ( [x] -n) -i 

n . l R+l,-i n~x -i= 

= 

as x ->- oo, since, as noted in section 1, I. A(n)nt-l - O(xt), 

n::,x 

as :r; ->- co, for each integer t ~ 0. 



Thus it follows from (3) that 

( 4) 

as x ➔ 00 • 

Finally, 

AR (X) = +l 

\' ;\ (n) R+2 
l n Ux]-n) 

n~ 

= '° ;\(n) R+2 l ( {x-n)-{x}) n 
n:sx 

1 
(R+2) ! 

14. 

\' A(n) R+2 R+l 
l n ( [X]-r1) + O(X ) 

= l ;\ ~) (x-n)R+2 + l ;\ ~) l (x-n)R+2-t (-1) t{x} t[R:2) 
n~ n~x l~t~R+2 

= l ;\~) (x-n)R+2 + l 
n:::x n~ 

;\ (n) 
n l [R-~2) 

l:S t:sR+2 

l xR+2-f;...s (-l)sns (-l) t{x}t[R+:-t) 

O~s:sR+2-t 

= l [R;2) 

l:S t:::R+2 

l (-l)s+t {x} t xR+2-t-s [R+:-t) 

0:SS :sR+2-t 

But, as noted in section 1, for s ~ 0 

). ;\(n)n8 -l = O(x8 ) 

n~x 

as x ->- 00 • Hence 

\' ;\(n) R+2 
l ([X]-n) -

n~x n 

s-1 ;\ (n)n 

as x ➔ 00 • The lenuna now follows from (4) a.nd (5), and the principle of 

induction. 



Recalling the notation 

we next have 

Lerrnna 2. 

S (X) = 
K 

15. 

K 
11.(n)n 

Fo:;:- every integer r ~ -1, 

Proof: 

From lemma (1) 

as X + oo. 

Thus 

(6) 

A (X) = 
r 

A (X) = 
r 

= 

A (X) = 
r 

1 rf 1 [r+Kl) (-1) K xr+l-K SK-1 (x) + 
(r+l) ! 

K=O 

r + 0 (x ) as x +. oo. 

1 A (n) 
1'+1 

[r;l ]x1''+1-K (-l) K I I (r+l) ! n 
n-$:X K=O 

r 
+ O(X) 

r+l 

K 
n + 

1 [r:1Jxr+l-K(-l)K K-1 I I A (n)n 
(r+l) ! 

K=O n-$:x 

r 
+ 0 (X ) 

1 
r+l 

[r+ll (-l)K r+l-K I ,, 
K-.l (X) + :c ... , 

(r+l) ! 
K=O K J 

J_"J 
+ o (x ) a:::; X -► r0. 

+ 
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Lermna 3. 

For a > r + 1, and every integer r ~ -1, 

Ico Ar (X} 
1 r;; (2s-2r) --dx = + 

1 s+l 
X 

s (s-1) ... (s-r-1) 

+ p (S) 
r 

where P (s) is andlytic for a> r. 
r 

Proof: 

We have noted in (2), Section 1, that 

for K ~ -1, and a> K + 1. 

Writing s-r+K for s in this formula we have 

s (28 -21') 

r;; (s-r) 
foo SK (X) ,3_ 

= (s-r+K) u;.J; 
s-r+K+l 

1 X 

for a> r + 1, with K ~ -1. 

Hence 

(7) 

for a> r + 1 with K '.3 o. 

Consequently, from lemma 2, 

f co A_,, (X) 
,. d.x 

1 s+l 
X 

r;(s-r) 

z:; (2s-2r) 
i:; {s-r) 

r+l [ ) _ 1 ~ r+l -l K 
- {1'+ l) ! l K ( ) 

K=O 

1'+1-J<: 

frolx ____ 0_0_K __ -_l_(x_)d:._-_~ 
S+l + p (s) 

X y, ) 
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where P (S) is analytic for o > r. 
r 

Then from (7) we have for a > r + 1, 

(8) Joo A (X) 
r dx 
s+l 

l X 

= 
l r.+l [ 1) 1 l r+K (-1) K 

(r+l) ! K=O (s-r+K-1) 

I;; ( 2S-21") 
1;; (s-r) 

+ P (s) • r 

Using the 1 8over up' rule for partial fractions we easily see that 

1 ril [r+l) l K 1 
(r+l) ! K (- ) (s-r+K-1) 

K=O 

1 =--------
s (s-1) ... (s-.r-1) 

and hence from (8) 1 

(9) 

for a> r + 1, 

Joo A {x) 
!' 

s+l 
1 X 

where 

Proof of proposition 1: 

1 =--------

p (S) 
r 

s (s-1) ... (s-r-1) 

+ p (S) 
r 

is analytic for 

For integer r ~ -1 let T be the statement: 
r 

I;; (2B-2r) 
1;; (s-r) 

o > r. 

For every A ( ) 0 (xo 0+r+E:) 
E: > 0, . X = as x ->- 00 • 

r 

From proposition 3, section l, we have 

+ 

Clearly, T ~ T for all r ~ O. 
r r+l 

It thus suffices to show 
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Tr=-~ RH(oo) for any fixed r ~ -1, and this follows 

readily from (9). 

Note 1. With B (X) = 

(10) 

-1 n 

and 

for integer k ~ 0, the method of proof of the preceding 

proposition leads to an analogue of lemma (3). Namely, 

for a> r + 1, and integer r ~ -1, 

f 00 Br {X) d:x; = 
s+l 

1 X 

1 
s (s-1) ... (s-r-1) z; (s-r) + Qr (s), 

where Q (1? ) is analytic for a > r. We consequently have 
r 

Proposition 2. 

For any fixed integer r ~ -1, the following statements are equivalent 

(i) 

(ii) 

Proof: 

Note 2. 

RH(o 0), 

For every e > 0, as x -+ 00 

c.f. Proposition 1. 

Although we are concentrating mainly on the Mobius 

function and the Liouville function the preceding propositions 

apply to the class of functions {,<k)} defined for k = 2, 3, 

by 

ex, 

r ! <k> <n> 
z; (s) -· z;(ks>, (a > 1), 

n=l 

where we have a~d, in a sense, T 
(oo) 

- µ. 



19. 

Section 3. 

Some results on the oscillatory behaviour of 

certain summatory functions involving µ and A. 

-Let A (x) and B (X) be defined as in section 2. Let cr r r 

satisfy ½~a< 1 and be such that ~(s) = 0 has a solution with 

-a~ a. From propositions 1 and 2, section 2, it follows that 

V c: > o, 

and 

V e: > o, 
-

B (X) = ~(Xr+a-e:), 
r 

as x + 00 Actually, we can say more than this. 

Proposition 1. 

Let r be an integer, r ~ -1, and let K be any real number. Then 

for every £ > 0, 

changes sign infinitely often as x + 00 

i.e. 'rJ £ > o, 

Proof: 

-
B (x) = ~±(xr+cr-e:) 

r 
as x ->- oo. 

For a> r + 1, r ~ o, let the Dirichlet series L (s) 
r 

be defined by 

L (s) = r 

00 

I 
n=l 

r--l+cr-E: 
B ()--Kn 

r•-1 n -where O < e: < a. 
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From proposition 1, section 1, 

co 

L (S) = l r 

B 1 (n) r-
--8-- - ]( r;(s-r+l-CH£) 

n=l n 

Ico B (X) 

= s r dx - K ~(s-r+l-cr+E) 
1 xs+l 

Hence, fro1,1 10, section 2, 

(1) L (s) = r 
s 

s (s-1) .... (s-r-1) r; (s-r) 
](r; (s-r+ 1-0+£) + 

+ Q (s), 
r 

where Q (s) is regular for a> r. 
1' 

Suppose that the coefficients of the series for L (s) 
1' 

are eventually 

of one sign. Then by a classical theorem of Landau, the series has a 

singularity at the real point on the line of convergence of the series. 

1 
But the first term in (1), 

(s-1) (s-2) ... (s-r-1) c; (s-r) ' 
has 

singularities at s = l; 2, ... , r and s = r + p, where p is a zex-o 

of r;(s). Since r;(s) has no real zeros with s ~ 0 the first term 

has no real singularities with cr > r. The second term in (1), 

-
]( r;(s-r+l-0+£), has no singularities at all for a> r + cr - c. Hence 

-L (s) has no real singularity for a> r + a - £, and the aLscissa of 
r 

convergence of the Dirichlet series for L (s) must be less than or 
r 

equal to r + cr - £_. Hence L (s) r 
is analytic for o > r + cr - c, and 

thus, from (1), r;(s) must be non-zero for a> a - £, which contradicts 

the definition of o. If follows that the coefficients of the Dirichlet 

series for L (S) cannot be ultimately of one sign, and this completes 
r 

the proof. 

Corolla:r.y l: 

Let r be an integer, r ~ -1, and let K be any real nurnber. 
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Then 't/ E: > 0, 
r+½-e: 

B (X) - K X •• 
r 

changes sign infinitely often as x + 00 

Proof: 

This follows since a~½, 

As a corollary to the method of proof of proposition l we also have 

Corollary 2. 

Let l 

x->-«>, 

Proof: 

Let r be an integer, r ~ -1, and let K be any real number. 

~ O' 0 ~ k 2. If B (X) 
r - K xr+ao is eventuaJ.ly of one sign as 

then RH(cro> is true. 

Let 
r+cr 0 B (X) - K X r be eventually of one sign as x ->- 00 • 

-Then with oo playing the role of a in the equations leading up to 

(1) we fina 

1 
L (s' = ----------- - K z;; (s-1•+1-cr 0} + 

r ' (s-1} .... (s-r-1) z;; (s-r) 

where Q (s) is regular for 0 > r. As in proposition 1 we then have 
r 

L (s) analytic for a > a O + r ancl consequently z;; (s} 'I O for a > a o. 
r 

Note 1. Analagous results to proposition l hold for the 

corresponding surnmatory functions associated with 

k == 3, 4, ... , where we recall 

<X> 

L 
n=l 

-r (k} (n) 
----'- z;; (s) .. 

s 
n 

z;; (ks> , (cr > 1) . 

'£ 
(k} 

for 
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"lowever, f·or k -- 2, ..,. <2 > _ ', d th t' d' t (10) • £ , A an e equa ion correspon ing o is 

L (s) = r 
1 

(s-1) (s-2) ... (s-r-1) 
s (2S-2r) 
z; (s-r) 

- Ks(s-r+l-o+e) + P (s). r 

+ 

The pole of s(23-2r) at s = r + ½ prevents the argument in proposition 

-1 following here in the case a=½. But for a>½ the corresponding 

result holds. 

i.e. 

Proposition 2. 

Let a satisfy ½<a < 1 and be such that s(s) = 0 has a solution 

-
with a~ cr. Let r be an integer, r ~ -1. Then for every e > 0, 

-
Ar(x) = n±(xr+cr-e) 

as x ➔ 00 • 

Proof: 

Similar to that of proposition 1. A result corresponding to corollary 1 

cannot be 3tated here for the A (x), since proposition 2 assumes r 

a>½, and if RH(½) is true it is conceivable that the A (X) r 

are eventually of one sign as x ➔ 00 for some r ~ R > -1. 

However, we do have an analogue of corollary 2, for the 

Namely, 

Corollary 3. 

A (X). r 

Let r ·bean integer, r ~ -1, and let K be any real nturber. 

If A (x> - v-r+ao . , 11 f ' rw., is evencua yo one sign as 
r 

x + 00 then RH(cro) is true. 
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Proof: 

Similar to that of corollary 2. 

Note 2. These results improve and generalise the result of Lehmer 

and S8lberg [1], that B0 (x) - K changes sign infinitely often 

as x-+ 00 , and generalise the well known result that if 

H(~ is either bounded above or below then RH(½) is true. ¾ 
x2 
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Let 

24. 

Incomplete sums involving the t-1obius and 

Liouville functions. 

RH(ao) is true} 

= inffoo ~(s) to for a> cro}. 

Let a(~c) = inf {l; : S (X) = O(xl;) as x ➔ 00 }. 

K 

From propos:i.tion 2, section 1, and its corollary, we have 

a(K) = 0 + K if K = -1 or K > - 0. 

Let 

and 

where O ~ o ~ 1, and either K = 0 or K > 1 -0. 

We would expect T 1: (X) 
K ,v 

not too close to 1, using 

to behave rather like 
0 

xSK-l (x ) 

X 
- as an approximation for n 

[~, 
J • n 

when 0 

However, 

when o is close to 1 we would expect the comparison to be more 

delicate since, for example, 

To 1 <x> = l 
I 

whilst 

X 
A(n) [-] = n [v'x] I 

is 
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Propositio:-, 1. 

Suppose that K = 0 or K > l - e. Then 

for 0 ~ o < l 
2-e 

Proof: 

For conveni2nce we put S(o,K) = S. Then 

(1) 

Hence, for every £ > O, 

(2) 

Also, from proposition 2, corollary, section 1, .fo~ every e > o, 

(3) 

From (2) and (3), for sufficiently small positive e, 

s < o(l+K) => s + £ ~ o(l+K) 

=> o(K+l) > 1 + o(0+K-1-e) 

=> 0 > 
2-0+£ 

1 

Consequently , for sufficiently small positive £, 

o < _l_ ~ o ::: 1 
2-0 2-0+£ 
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Hence, from (2) and (3) 

1 0 < -- ~ S + £ > 1 + 0(8+K-1-£) . 
2-0 

Then, lettir.g 

(4) 

£ ➔ o, 

O < _r_ ~ f3 ~ 1 + 0 (0+K-1) . 
2-0 

Also, using proposition 2, section 1, for all £ > O, 

(5) 

as x ➔ 00 , and from the definition of 8 

(6) 

as x ➔ 00 

Since for sufficiently small positive £, 

~ _l _ __,,_ ~ 
v < 2-0 ......,. v ~ 2-0+£ 

1 

=?> o(K+l) ~ 1 + o(0+K-1-e), 

we have from (5) and (6) that 

if 8 < 1 
2-8 

Letting £ ➔ O, 

(7) 

1 + 8(0+K-1+£) > B - E 

f3 ~ 1 + o (O+K-1) if 
1 

0 ~ 8 < 2-0 

Comparing (4) and (7) we obtain the desired result. 

For the omitted o-:i.nterval we have 
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Propositio~. 

Suppose that either K = 0 or K > 1 - e. Then 

8(0,K) ~ 1 + 0(0+K-1) 

for 

Proof: 

We treat the cases K = O and K > 1 - e separately. 

Firstly for K = O, we have 

Hence 

(8) = [ v'x] - l S (n) f [~] - [n: 1] ) 

[x8] -..ns;;x 

+ 

Since S(x) = O(xe+s) as x -+ 00 

(9) as x ->- 00 • 

Also, from Gelfond and Linnik [1] we have with n > Ix, 

(10) 
[£J [ X ] 
n - n+l -{ 1, 

o, 
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where k ,< v'x is an integer. 

Applying (10) to (8), noting that o ~ 2/3 here, it follows that 

I 

Hence, from (9), 

(11) TO O (x) = [v'x] + 0 (xeo-o+l+e I). 
I 

Finally since 0 ~ ½, o ~ 1 we see 0 o - o + 1 ~ ½, and so from (11) 

we have 

sec, o> ~ eo - o + 1. 

We now consider the case in which K > 1 - 8. For convenience put 

0 
N = [x ]. Then for every £ > O, 

T I (S (n) -
X 

(X) = S (n-1)) [-] 
K 1 0 

n~N 
K K n 

l S (n) [ [X] X ] X = - [-] + S 'N) [-] 
K n n+l K' N+l 

n ~N 

= a[ l n0+K+£[[~l _ [_£_]) + N8+K+£[_E_]) 
n+l N+l 

n<t,N 

= a[ I (n0+K+£ _ (n-l)8+K+e)[~]) 
n<t,N 

= o( x l ne+K+e-2] 

n"£:N 

= O(X N0+K+£-l) 

= O(Xl+o(0+K+e-1)) 

as x ~ 00 , since B + K > 1. 
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Hence, letting e: -+ O , 

S(O,K) ~ 1 + o (0+K-1) . 

Proposition 3. 

Suppose that K > 1 - e. Then 

sco,K) = 1 + oce+K-1) 

at o = 1. i.e. S(l,K) = 0 + K. 

Proof: 

From proposition 2 we have 

sci, K) ~ e + K , 

and it thus suffices to show that S(l,K) ~ 0 + K. Fo:r: convenience 

we set 

Then 

Thus 

(12) 

A (X) I K X = >.. (n)n [-] 
n n~x 

s (X) = 
K 

= 

= 

S (x) -
K 

I 
n~x 

I 
n~x 

I 
.Y'~X 

I 

:\(n)n K 

1,.(n)n K r X 
µ (r) [ml 

X 
y,<-

"n 

Z:. 
K X 

µ (.Y') "(n)n [-] rn 
X 

n<-
"r 

X 
µ(r)A(-) r 
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Now if with ao + K > 1, then from the definition 

of S (1, K) and (12), for every £ > o, 

as x -+ 00 • 

Hence from our opening remarks, 

Letting £-+ o, ao >, a. 

Thus 

~ sc1,K) >, a + K 

a.nd the proposition follows. 

Note 1. If K = o then S(o,K) = ½ for o = 1. 

i.e. 8(1,J) =½~a. 

The problem of a lower bound for 

is still under investigation. 

sec, K) when - 1- < o < 1 
2-0 

Note 2. In this section the only estimate we have used for 

(13) 

~ K X l .:\ (n)n {-} 
n~xo n 

is the trivial estimate 

K X .:\ (n)n {-} n 
= O(xo(l+K)) 

as x-+ 00 , although it follows from proposition 2 and (1) that 

for every £ > 0, 



(14) 

Note 3. 

(15} 

31. 

l ;\(n)nK(£} == 0 (xl+o (0+K-l) +£) 

n~x8 n 

as ~ ->- 00 , provided 
1 

1 ~ 0 ~ 2-0 ' when either K == 0 or 

K > 1 - 0. 

We see (14) is a significant improvement on (13) but the problem 

of improving on (13) in the range 

In light comparison with 

l ;\(n)nK = O(xo(0+K+£)) 

n~x5 

1 
0 ~ o < 

2-0 

as x ➔ 00 , (for all £ > 0), we may suspect 

re.mains open. 

as x ➔ 00 (for all £ > 0) for the whole range 0 ~ o ~ 1. 

The methods and results in this section apply, and are 

.. 
valid, with the Mobius function replacing the Liouville function. 

We conclude this section with some remarks on the sum 

From 

~ X 2 
l ;\(n}n[-] 

n~x8 n 

l n ( L ;\ (g}) 
n~x g1n 

we have 

'i. X 2 
;\ (n)n[-] + 

n I X 
;\ (n)n[-] 

n 



The possibility that each term 

l X 2 
A (n)n[-] , n 
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X 
A (n) n [-] 

n 

has order greater than 3/2 and that cancellation occurs to produce the 

3h 
0 (X ~) term on the RHS of (15) is open, particularly in view of the 

corresponding µ-equation 

where, from the analogue of proposition 3 we necessarily have 

as X ➔ oo. 

However, we note from proposition 3 that 

l A{n)n[~] = O(x312 +£) as x ➔ oo, 
n$]: 

(for every £ > O), implies RH(½), and there is consequently some poi~t 

in examining the orders of 

and 
\" X 2 
l A (n) n [ -] . 

n$J:P n 

For 0 ~ 0 ~ 1 we have 

S(o,l) = inf{ 1; : l A(n)nt] = 0 (Xi;) as X ➔ oo} I 

n<xo n ._ 

and we let 

y(o,1> -- inf{ 1; : l X 2 A (n) n [n] 
n~xo 

- 0 (Xi;) as X ➔ ou} . 
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Proposition 4. 

For 1 
0 ~ o < 

2-0 

y(o,l) - S(o,l) = 1 - o. 

Proof: 

The methods of proposition (1) apply here so the detail is not repeated. 
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Section 5. 

Farey Series and RH(ao>• 

Connections between statements involving properties of Farey 

se:?::"ies and RH(cro) were discovered by Franel and Landau, [1], and certain 

extensions of their results were developed by Kopriva, [1]. Some of their 

arguments were non-elementary in nature but Zulauf [4] provided elementa.ry 

arguments for all the preceding results. In this section we survey these 

results and develop a lerr.ma which has application in Zulauf [4], and 

include a fu~ther result in the theory. 

For complex s = a + it let 

Z (S ,X) I 1 
= 

m~ 
ms 

and 

Y (S ,x) I X 
= µ (n) Z (S ,-) n n~ 

From the method of proof in Titchmarch, [1], page 67, we see that for 

a> l, 

1-s 
Z(s,x) = () - x __ + O(x-a) s s s-1 

as x ->- 00 Thus for o > 11 Z(s,x) increases and tends to a limit as 

x + 00 , and we thus expect the behaviour of Y(s,x) as x + 00 to be 

similar to that of M(x). In fact, this turns out to be the case for 

a> 1 - e as the following proposition shows. 

Proposition 1. 

Suppose that a > 1 - a 01 Then RH (ao) j_s true if and only if for every 

e: > 0 , 
er o+e: 

Y (s ,x) = O (x } as x ➔ 00 , 



Proof: 

Firstly, we note that 

and so 

(1) 

Y (s ,x) = l 
n~x 

Y (s ,x) = 

Thus, if for e: > O, we have 

35. 

µ (n) l m~ 
m~x/n 

(2) Y (S ,X) as X + oo 

Now from (1) we have 

xs Y (s ,x) = l 
msx 

as x + 00 • 

and hence, using the Mobi.us inversion formula 

(3) 
XS X 

µ (m) (-) Y (S ,-) . m m 

It then follows from (3) that if for every e: > O, 

as x + 00 , then 

(4) M (x) -- o (x -cr l 
m~x 

Y(s X) = O(xcro+e:) ' , 

The proposition now follows from proposition 2, section 1, and the fact 

that (2) and (4) imply each other. 
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The sums Y(S,X) have certain connections with Farey series which we 

develop fro,n the following lermna. 

j{ { a b Let N = Ii: (a, ) = 1, o<b~N, a,bE:N}. 

i.e. let KN be the set of all positive rational numbers whose 

denominators in reduced form do not exceed N. 

Let P 1, P 2, p 3, . . . be the elements of KN' enumerated in ascending 

order of magnitude, and let 

K = <P (N) = l <P (n), where <P is 
n~N 

Euler's function. We note that Px = 1 and with Po = O, Po, Pl, .•. , Px 

are the elements of the Farey series of order N. 

Lemma 1. 

Let f be any function defined on the positive rational numbers, and let 

x be any positive number. 

Then 

Proof: 

l f(pk) = 
pkEKN 

pk~ 

I t<~> = 
a~bx 

l t<~> 
a~bx 

l l 
H:b<i:N a<;,bx 

(a,b)::::l 

L I 
l~b<;,N a~bx 

(a,b)=l 



Note 1. 

Note 2. 

(5) 
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= 

= 

L l 
l'$:b'$:N a~bx 

(a,b)=l 

l f (pk) 
pkEKN 

pk~x 

This lemma is well kno~m in the special case x = l. 

i.e. the case in which the sum on the LHS extends over all positive 

Farey fractions of order N. (see for example, Edwards, [1], p.264). 

Using the lemma with the choice f(t) = t-s we get 

= l M<f>b8 Z(s,bx). 
Hb'$:N 

But f:com (1), 

and hence 

For cr > 1, letting x + 00 , we thus have 

(6) 

Also, with x = l, 
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(7) 

With r a non-negative integer let 

Z(-r,b) = l nr 
n:£:b 

= l C .bj 
1:£:j~r+l r ,J 

for each natural number b, where for fixed r the coefficients 

C . are independent of b. 
r ,J 

Proposition 2. 

For every integer r ~ 2 , 

Proof: 

From (7) 

l P~ = 

pkEHN 

= 

Hence, from (1), 

(8) 

1 1 r-1 
r+l ) = 2 + }: C . Y(r-j ,N). 

. 1 r,J 
J= 

I -r M(N) Z(-r,b) b 
l~b~N b 

l b-r M(i) l C • bj 
l~b~N 1:;:j~r+l r,J 

l C . Y (r-j, N) . 
1:::j ~r+l r ,J 



With r = 0, 

and so 

(9) 

Also, since 

(10) 

C 
r,r+l 
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l 1 = Y(-1,Jll) 

pkEHN 

l = r+l , for all r ~ O we have from (8), 

L C . Y(r-j,N). 
1 . r,J 
~J~r 

The proposition follows from (10) on noting from (1) that 

(11) Y (0,N) = l M(N) = 1, 
N n n~ 

and that C = r,r 
1 

for 
2 

r ~ l. 

In particular, for r = 2,3 we have 

(12) 

and 

(13) 

The known equivalence (Kopriva[!], Zulauf [1]) of the statements 

(i) RH(cro), 

(ii) 'rJ £ > 0, L (p2 - !) = O(Ncro+e:) as N + Ot>, 
pkEHN 

k 3 

(iii) 'rJ £ > 0 L <pi - ¼> = O(Ncro+e:) as N+Ot> , , 
pkEHN 
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can now be deduced from (12) and (13) using proposition 1. 

Note 3. The original discovery of a connection between RH(cro) 

and the distribution of Farey numbers by Franel and Landau [1] 

was in the forrn of the equivalence of the three statements 

(iv) 'i £ > o, 

(v) 'r/ €: > 0 , l (pk -
k 2 O(N2cro-2+e:) N + oo qi (N) ) = as 

pk EHN 

(vi) V €: > 0 , l I (pk - qi~) ) I = O(Ncro+E) as N + oo. 

pk EHN 

An elementary proof that (iv), (v) and (iv) are eq~ivalent can be 

obtained by repeated use of lerrrrna 1. (See Zulauf [4]). Statements 

, 

(ii) and (iii) are weaker than (v) and (vi) in the sense that (v) => (vi) 

~ (ii) A (iii)using only the fact that HN has qi(N) elements. 

Note 4. From (8) in the case r = 1, and (9) and (11), we 

only get 

i.e. 

which is an essentially trivial relationship. However, with tha aid of 

le.rrJna 1 it can be shown (Zulauf [4]) that 
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1 
4 

From (10) and proposition (1) we easily see that RH(cro) implies for 

every £ > 0 that 

as N + 00 , for any fixed integer r ~ 2. We have noted that the converse 

implications are valid in the cases r = 2, 3. We are not aware of a 

proof that the converse implication is valid for each fixed r ~ 2, and 

we now prove a result which moves in this direction. 

Proposition 3. 

Let r be a fixed integer, r ~ 3. Suppose that for every £ > 0, 

as N ➔ 00 Then either RH(cro) is true or every zero of ~(s) in 
r-1 

cr > cr 0 is a zero of f (s) = l C . ~(s+r-j) 
r j=l r,J 

Proof. 

For cr > 1, b > QI 

1 
co 00 

nb ~(s+b> I µ (m) I = 
~ {s) m=l mS n=l ns 

co 
a <k> 

= l I 

k=l ks 

where 

a Ck) l k 1 
= µ (-) 

nb 
, 

nlk 
n 
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and therefo!~e, by (1) 

l C (k) == 
k~x 

== ..!__ M {x> 
nb n 

= Y(b,x) . 

Hence, from proposition 1, section 1, we have for a> 1, b > 0, 

(14} s(s+b) == sJ00 Y(b,x) dx. 
s (s) 1 s+l 

X 

Now suppose for every £ > O, 

as N ➔ 00 , for fixed r > 2. 

Then from proposition 2, for every e > O, 

r-1 

I 
j==l 

C . Y(r-j,N) 
r,J 

as N ➔ oo. But then 

Joo 1'-1 
s l C • . r,J 

J==l 1 

defines a function which is analytic for. a> ao • 

However, for a > 1 , 

Joo Y'·-1 
1 . ··S ··l 

s I C . y (1' -J ,x ) X dx 
• L.. 1' ,J 

1 J~=l 
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r-1 Joo , -S-1 
= s l C • l Y (r-j ,x) x d."C 

j=l r,J 

= 

r-1 , r, (s+r-j) 
l C . ~----'"-'-

• 1",J l,;(S) 
J=l 

1 
= l,; (s) 

r-1 
I 

j=l 
C . r,; (s+r-j) 
r,J 

from (14), and the pr0position now follows. 

Using this proposition we can now provide the following additional result 

Proposition 4. 

Let 1 ~ cro ~ ½. 

The following statements are equivalent 

(i) For every £ > Q I 

I 4 !) o(Ncro+£) N ➔ co, <Pk - = as 
pkEHN 

5 

(ii) For every £ > Q t 

I (P~ !) = o(Nao+£> as N ➔ co, 

pkEHN 
6 

(iii) For every £ > Q I 

I (Pi - !) = o(Nao+£> as N -+ oo, 

pk EHN 
7 

(iv) RH(cr 0). 

Proof: 

In view of the preceding discussion and the last proposition it suffices 

to show that certain linear combinations of l,;(s+l), •··, l,;(s+5) are 
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non-zero for a:;: cr 0 ~ ½. 

Since 

N 

2 b4 ~5 =Nl 4 ~3 1 
= + 2 - foN 

h=l 
5 + 3 

l'.1 

2 b5 = ¼.,6 + ¥5 + 2-n4 ~2 
6 12 12 I 

h=l 

and 

N 
= kv7 + ½v6 + .;iy5 - ~y3 +~ 2 b6 

42 b=l 7 2 6 

the actual linear combinations of z;(s+l), ... , z;(s+5) corresponding 

to cases (i), (ii) and (iii) are 

(15) = - 310 z; (s+3) + ½ z; (s+l)' 

(16) f 5 (S) 
1 5 = - 12 z; (s+3) + 12 z; (s+l), 

and 

(17) f 6 (S) 
1 1 1 = 42 s (s+5) - 6 z; (s+3) + 2 z; (s+l) 

respectively. We now prove that f4(s), f5(s), and fG(s) are non-zero 

for o ~ ½, treating (15) and (16) together and (17), which seems to 

require more care, separately. 

Firstly,we note that for a~½, 

I nil I I 
00 

(18) ll;(S+3)1 1 I .ill~ = . 
z; (s+l) s+3 s+l 

n n=l n 

00 00 

I 1 l _l_ 
~ -- . 

n=l ½ n=l n 312 n 

~ z;c 712> • z;(3/2) 
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From Jahnke, Emde and Iosch [1], p. 41, we have 

(19) 

( 20) 

( 21) 

Hence from (18) , (19), a.nd (20) with (5 > ½ I 

ll;;(S+3)1 
l;;(S-il) ~ 2.948 . 

From (15), f 4 (S) = 0 with (J ~ ½ implies 

ls(S+3)1 = 10 > 2.948. 
s (S+l) 

Frcm (l6),f5(S) = 0 with (J ~ !..< 2 implies 

ls(s+3) I = 5 > 2.948. 
s (S+l) 

Hence f 4 (s) , f s (s) are non-zero for (J ~ ½. 

To complete the corresponding result for fG(s) we note for a~½. 

I !.J;(s+3) 
6 ~(s+l) 

1 s (s+5) I 
42 s (s+l) 

= l!(1 + I2 8~3) - 4\(1 + I s~5)1·1 I µ~:ii 
n= n n=2 n n=l n 

~ (.1429 + .0214 + .0007) X 2.613 

~ .432 , from (19), (20)1 and (21). 



46. 

Since f 6 (s) = 0 implies 

1
1:. ~(s+3) _ .l_ z;; (s+S) I = ½ , 
6 z;; (s+l) 42 z;; (s+l) 

for 
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Section 6. 

Dirichlet series connected with l:_;(s). 

Let N(0,T) be the number of zeros S + iy of l:_;(S) such that 

S > 0, 0 < t ~ T. Backlund [1] proved that the Lindelof hypothesis, 

[for every £ > O, 
.. E 

~(0 + ~t) = O(t) as t ➔ 00 , for 0 ~ ½l, is 

equivalent to the statement N(0,T+l) - N(0,T) = O(logT) as T ➔ 00 , 

for every 0 > ½. Littlewood [1] proved, that RFI(½) implies the 

Lindelof hypothesis. 

In this section we derive two statements: one equivalent to RFI(½) 

and one which is implied by the Lindelof hypothesis, and note a curious 

implication which follows from the statements. Firstly we determine 

some general properties of Dirichlet series. 

Let C a: ➔ JN satisfy c (1) = 1 and be such that the Dirichlet 

series 

00 

L (s) = 2 
n=l 

has a finite abscissa of convergence 00 . Let 03 be the abscissa 

of absolute convergence of L(s). We know 00 ~ 03 ~ 00 + 1. 

For 0 > 0 3 , and with 0 > 0' > 03 we note 

I I c(;Lj 
00 le (n) I 

~ I n0 n=2 n n=2 

00 

le (n) I r 1 
= 0-a' 0' 

n=2 n n 

00 

la (n) I 1 
E ~ 

(5-(5' a• 
2 n=2 n 

< 1 
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for sufficiently large o. 

Hence finite numbers o 1 ' Oz are defined by 

01 = inf{a': I r a(:) I < 1 for a> 0 1} 
n=2 n 

and 

0, I a (n) I 
Oz = inf{a 1 : I < 1 for a> a} 

n=2 na 

and we also have o2 ~ cr1. 

Proposition 1. 

Let a E lR. 
a 

Then L(s) can be represented by a Dirichlet series which 

is absolutely convergent for a> Oz. 

Proof: 

0, 0, 

Let M(s) = l and M(o) = l 
n=2 n=2 

Then for a> Oz 

,. 
IM(s) I ~ M(a) < 1, 

and hence 

(1) 

0, 

= I 
r=O 

where the sum is in fact absolutely convergent for a> 01. 

Also for a > Oz , 

0, 

(2) 
,. a \' 

(1 + M(a)} = l 
r=O 
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where the sum is absolutely convergent for a> a2. 

But for (J > 03 (and so for (J > 02) 

0, 

b (I') (n) 
(3) 1' r M(s) = 

n=l nS 

where 

b(I') (n) = l c (m1 )c (m2 ) c(m) 
m1m2 ••• m = n 

1' I 

r 
m1 ,m2 •.. , m ~ 2 

1' 

and 

" 1' 
0, 

b<I'><n> 
(4) M(a) = r 

n=l no 

where 

i (1') en> = I le (m1) c (m2) c(m ) I, 
m1m2 ... m = n r 

r 
m1 ,m2' ... , m 

1' 
~ 2 

and so 

(5) 
b (I'~ (n) 

I ~ 
f; (1'> <n> 

ns no 

Using (4) in (2) we see the double sum 

0, 

r 
1'=0 n=l 

0, ,., (r) 
b (n) r nS 

converges absolutely for 

Then using (3) in (1) and noting (5) it follows that 

0, 0, 

r l converges absolutely for (J > C:2. 
r=O n=l 

We may consequently invert the order of summation in this sum, and so, 

from (3) and (1), for o > 02 , 

(6) 
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This relationship must of course hold for a> a 4 , where cr4 is the 

abscissa of convergence of the Dirichlet series on the RHS, and 

Corollary: 

Let 0 (X) = [ log(X+l) 
+ 1 J, log2 

co C (CL) (::Q_ a (a) (n) , L(s)a = I C (x) = I 
n=l 

and 

Then 

Proof: 

nS CL n~x 

B (x) = l b(r)(n), for r=0,1,2, ... 
r 

C (X) = 
CL 

<S(x) 
l (CL)B (X) r r 

r=0 

From (3) we have 

and hence 

b(r) (n) = o for r ~ <S(x), with n ~ x. 

Then from (6) , 

co 

(CL) b (r) (n) C (x) = I r a r 
n~x 1•=0 

cS (x) 
(a) b (r) (n) = }: }: r 

n~x r=0 

cS (x) 
b (r) (n) = }: <~> }: 

r=0 n~x 



o (x) 

= I 
1'=0 

51. 

(a.) B (x) . 
r r 

We now exami•1e the particular case 

L (s ) = ( l - _?_) I'; (s) 
2s 

and all terms defined such as M(s), 

particular choice. 

Proposition 2. 

B (X), r etc. refer to this 

If RH(½) is true then for all positive integers k, 

(7) V e: > 0 as , X + oo. 

Conversely, if (71 holds for infinitely many positive integers k then 

(The 0-terms in (7) may depend on k). 

Proof: 

Firstly, suppose RH(½) is true. Then for k = 1, 2, ... each function 

f defined by 
k 

satisfies 

f k (s) = ( ( l - ; ) 1:; (s) ) l/k 

(a) Defined and analytic for a>½, 

(b) 't;/ e: > 0, as t + co, 

and according to proposition 1, 

co 

(c) I for 
n=l 

for a > ½, 
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It then follows by a known theorem on Dirichlet series (see for example 

Titchmarch [2], p.3O2) that each series 

00 

I 
n=l 

c (1/k) (n) 

nS 
is 

convergent for o > ½, and consequently from another well known result 

that for every £ > O, 

l c(l/k) (n) = O(x½+£) 
n~x 

as x -+ 00 , 

for k = 1,2, ... The implication now follows on noting from the 

corollary t0 proposition 1 that 

\ (1/k) y ~X) (1/k)B {X) 
l c (n) = l 1:' 1:' • 

n~ 1:'=0 

Conversely, suppose that for every £ > 0, 

l c(l/k) (n) = O(x½+£) as x-+ 00 , 

n~ 

for infinitely many positive integers k. 

Then each series 
00 

I 
n=l 

c (l/k) (n) 
----'--- = 

nS 

converges for o > ½, and defines a function which is analytic for o > ½. 

Then from 

for o > !-2, w'2. see that a zero of l; (a) in o > ½ would have 

infinite multiplicity. 

Hence l;(S) t O for cr > ½. 

In contrast to the last proposition we next have 
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Proposition 3. 

'rhe Lindelof hypothesis implies 

E: > o, 

for r = 1, 2, ... 

B (x) r 
1..-4-£ 

= o (x'2' ) 

(The a-constants may depend on r). 

Proof: 

as X -+ co, 

Assuming the Lindelof hypothesis, for each positive integer r 

satisfies 

r 
M(s) 

(a) Defined and regular for all s, 

(b) V E: > o, M(s)r = O(tE) as t-+ co, for cr > ½, 

(c) 

and in the notation of the proof of proposition 1, 

co 

M(s)r = I 
n=l 

b (r) (n) 

nB 
for a> crz 

Hence, by much the same argument used in the proof of proposition 2, each 

series 

co 

I 
n=l 

h (r) (n) 

nB 
is convergent for a>½. 

Thus, for every E > 0, and each integer r ~ 1, 

as x -+ co. 

B (X) = r 

½+c 
= 0 (X ) 
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Note 1. From proposition 2 and 3 and our opening remarks we thus 

have 

o (X} 
'tJ E: > 0, l as X + ro ,. 

1'=0 

for k = 1, 2 ... , implies 

:t\ote 2. 

'tJ £ > o, B (x) = O(x½+e:) as x + 00 for r = 1,2, ... r -

We have noted that the 0-terms may depend on more 

than one parameter, however the possibility that the converse 

iinplication can be argued is still under investigation. 
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Section 7. 

More Dirichlet series related to z;; (s). 

We have noted that the results of sections 1 and 2 apply to the 

corresponding surnmato:~y functions fer the functions 1" (k) defined by 

00 

L • (k) (n> 
• z;; (S) = z;; (ks), (<J > 1) ,, 

n=l 

k = 2,3, ... , and the restriction of k to integral values is necessary 

for the to be well defined. 

This restriction can be avoided by defining functions A (k) 

k ~ 1 by 

00 

L 
A (k) (n) 

• z;; (S) 

n=l 

for (J > 1. We see A (k) = 1" 
<k> for k = 2,3, ... 

for real 

In the range k 3 2 the earlier results we mentioned will apply to the 

wider class A (k). :::n the range 2 > k > 1 the logical relationships 

between the orders of the summatory functions and RH(½) are not so 

definite. In this section we prove a 'sample' result concerned with the 

range 2 > k > 1, and a complete result for the orders of the sums 

l A (k) (n) 

n~x 

for the range k ~ 1. 

we begin with what may be viewed as a weaking of Turan's now disproved 

conjecture that h(x) ~ 0 for x > 1. 

-k 
(Actually, from coroJ.lary 2, section 3 the stateme:.t h (x) + Ax 2 ~ O 

for x 3 1 implies RH(½)). 



Let 

H(k) (x) = l h (k) (n). 

n~x 

Proposition 1. 

56. 

and 

Suppose for some fixed k satisfying 2 > k > 1, and A > o, we have 

for x ~ 1. 

Then RH(l/k) is true. 

Proof: 

For convenience we let 

(a > 1/k). 

For a> 1/k, f k (s) can be expressed as a Dirichlet series and we have 

00 a (k) (n) 
f k (S > I where = s ' n=l n 

(1) a (k) (n) = I . A (k) (g) 

gjn 

and from the product expansion for fk(s) we also have a(k) (n) ~ 0 for 

n ~ 1. 

Since the Dirichlet series for fk(s) converges for a> 1/k it follows 

by a well kno~m theore.m that 

(2) · A < k > (x) = l a < k) (n) 

n~x 

as x + oo, for every E > 0. 
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Applying the Mobius inversion formula to (1), 

and hence 

(3) 

Since a (k) (n) 

(4) 

But 

S (k) :x) = I . " (k) (n) 

n~x 

= I ) µ (n)a (k) Cg) 
L, 

n~x gin 
g 

= I a(k) (n)Mt). 

n~x n 

::: 0 for n ~ 1, and IM(x) I ~ X we thus have 

a (k) (n) 

I n = 
l A (k) (n) - A (k) (n-l) 

n 
n~x 

A (k) (n) 

= l n(n+l) 
n~x 

A (k) (X) 
+ -~'----

[X+l] 

= [ (1/k)+El + o[x(l~k)+E] 
o l ~(n+l) .,, 

n~x , 

= 0 (1) 

as x -+ 00 , and so from (4) , choosing £ so that O < e < 1 - 1 /k, 

(5) s<k) (X) = O(X) as X-+ 00 • 

Using (5), we can now see that 

(6) h (k) (X) = I 
n~x 
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= I n 

= O(logX) 

as x -+ co. 

Hence, using (6), 

(7) 

as x -+ co. 

H(k) (x) = l h (k) (n) 

n~x 

Ck) 
= l A n (n) ( [x] - n +l) 

n~x 

= x h (k) (x) - S (k) (x) + 0 (logx) 

From proposition 1, section 1, for a> 0, 

(8) z; (s+l) 

and for a> 1, 

(9) 

"" 
A (k) (n) 

I n 
= 

n=l 
ns 

= sf lco 
h <k> (x) 

s+l 
X 

A (k) (n) 
= I s 

n=l n 

dx 

- f co s<k> <x> 
- s 1 xs+l dx. 

I 
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Writing 8-1 for 8 i·n (8) a d • (9) th tl t f , n using , we us see 1a or a> 1, 

(10) 

From (7) and (10) we thus see that for a> 1, 

(11) fl
°"_ H (k) (x) 

s+l J_x = 
X 

where C(s) is analytic for a> O. 

We note that (11) is essentially a special case of lemma 3 section i, 

which could have been applied here, once (6) was obtained. 

Now suppose for x ~ 1. Then the Dirichlet 

series 

I h(k) (n) + An-1+1/k 

n=l ns 
has a singularity 

at the real point on its line of convergence. 

However, from propos5tion 1, section 1, and (11) for a> 1, 

(12) 
; h (k) (n) + An -1+1/k fco H (k) (X) 
l ns = s l _ci+l d:x: + As (s+l-1/k) 

n=l .,_,-

1 f k (8 > 
= -(8-_-1-) s (B) + Az; (8+1-l/k) 

+ C (s) , 

where C(s) is regular for cr > 0. Since fk(s) has no real zeros for 

a> 1/k, and ·z;;cs+l-1/k) is analytic for cr > 1/k we see from the 

RBS of (12) that the series on the LHS of (12) converges and is analytic 

for cr > 1/k. Then from the RHS of (12) it follows that z;(s) 'f 0 

for a > 1/k. 
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Recalling the definition 

e = inf{oo RH(Oo) is true} 

we next prove -

Proposition 2. 

Let k be real, k ~ l. Then 

as x + co. 

Proof: 

\J £ > o, l "(k) (n) = 0 (x£+Ma~{ e, 1/k}) 

n~x 

We have already noted in section 1 that Littlewood's argument reproduced 

in Titchmarch [1] p. 282-283 can be modified to prove 

for each a> e. Also, since 

co 

r 
n=l 

a (k) (n) 

ns is absolutely convergent for 

a > 1/k, we have f k(s) = 0 (1) as t + co for each a > l/k. 

Now for a> l, we have 

co 

(13) r 
n=l 

"(k) (n) 

ns 

Since f k (S) / l;, (S) is analytic for a > Max{ 1/k, 8}, and 

\J £ > 0 
€ 

f k (s ) / z; (s ) == 0 (t ) as t + ca, 

for each a > Max{l/k,8}, it follows from (13) and Titchmarch [2], p.302 
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that 

00 A Ck) (n) 
}: 

nS is convergent for a > Max{l/k,a}. 
n=l 

The proposition now follows: 

Proposition 3. 

Let k be real, k > l. Then 

'tJ z > o, 

Proof: 

l. A(k)(n) = ncx-E+Max{ljk,8\ 
n~x 

Firstly,suppose 1 
k > e and there exists satisfying k(8-E*) > l 

such that 

8-E* 
0 (X ) 

as x ➔ 00 • Then the equation 

; }, Ck) (n) 
l • l; (S) ns n=l 

is valid in the form written for a> a - E*, which then shows that the 

zeros of ,cs) in Res E (8-E*, 8] are zeros of 

TI[1-
p 

this contradiction. 

have 

The proposition for k > l a 

We now suppose !. > k a... > 1. If for some 

follows from 

E* > 0 we 

l A (k) (n) = o (x (1/7<.) -E *) 

n~x 
as x ➔ 00 , then for 

a> l/k - E* we have 
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0:, 

l -" (k) (n) 
r; (s) = 

n=l 

This contradicts the fact that fk(s) has a simple pole at s = 1/k, 

and the proposition now follows. 

In conclusion we note from propositions 2 and 3 that if RH(½) is true 

the distinctive behaviour change in the is at k = 2, and the 

corresponding function is Liouville's function. 
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Section 8. 

A representation for Dirichlet series. 

Let t<s> = }: 
n=l 

a(n) be any Dirichlet series satisfying 
nB 

la(n) I ~ C for n ~ 1, where C is a constant independent of n. We 

note that the series defining f is absolutely convergent for a> 1. 

For each integer 1' ~ -1 let coefficients A be defined by 
1' 

00 

1 l A 
1' for 0 < lzl < 21T. = z , 

z 1' 
e - 1 1'=-1 

Then A 
1' where the B­

r are the Bernoulli numbers.~ 

Proposition 1. 

For a> 1, and any fixed o satisfying O < o ~ 1, 

Proof: 

Let F (X) = 
1' 

1' a(n)n. Then from proposition 1, section 1, 

f {S-1') =8 1' d:,: J
oo F (X) 

s+l 
1 X 

for a> 1' + 1, with r ~ - 1, and hence 

(1) foo F (x) 

f Cs) = {s+r} s:r+l d:,: 
1 X 

for a> 1, with 1' ~ - 1. 
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Now for 0 > 1, 0 < 0 ~ 1, we easily see that 

(2) ( [nLo a (n) ] -s-1 
dx 

(en/x _1) 
X 

I: 
ex, 

= I a (n) I A (~) r -s-1 
dx X 

n~o r=-1 
rx 

ex, 

ArI: = I I a(n)nr x -s-r-1 
dx 

r=-1 nfxO 

0 
ex, f 00 F (X ) 

= I A r dx . 
r=-1 r 1 xr+s+l 

It follows from (1) that 

(3) 
F (x0 ) 

r 1 
r+s+l dx = -(-s-+r_)_ 

X 

and hence from (2) and (3) we obtain the required result. 

Corollary: 

For o > 1, 

oo A 
f (s) L 8 ;. 

r=-1 

Proof: 

This follows choosing o = 1. 

Note 1. The restriction O < o ~ 1 in proposition 1 is 

necessa~y since the Laurent series for 
1 

z e -l 
is convergent 

only for O < lzl < 21r, and consequently the interchange of 

operations following (2) is only valid for G < l;I < 2n. 
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co A 
Note 2. The function defined by 2 sfr is analytic in the 

I'=-1 

entire plane except for simple poles at s = 1,0,-1,-3,-5, ... 

For a> 1, we easily see that 

co 

q (S) = 2 
r=-l s+r 

I: 
s-1 

-= x __ dx 
X e -1 

I: 
-s-1 

X dx. = 1/X e -1 

We note from Titchmarch [1], p.18, that 

f"° S-1 
r (s)z; (s) = T dx, 

O e -1 

for a> 1, and hence 

f°" S-1 
q(s) = r (s)z:;(s) - x_x--dx 

1 (e -1) 

= r(s)z:;(s) +p(s), 

where p(s) is analytic in the whole plane. 

We next examine some aspects of the case a(n) = Jt(n) for n ~ 1, where 

A is Liouville's function. 

Proposition 2. 

V £ > o, 

Proof: 

1 
Let w(x) = 

X 

1 
X 

e ·-l 

Jt (n) 

n/x 
n'!;X e -1 

as X ➔ °"• 
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Then W 1 (X) = and since x/2 
e for x ::: 0 

it follows that W' (x) ~ 0 for x ~ 0. We thus see that W(X) decreases 

from to 0 as X increases from 0 to 

Now 

x h(x) I A (n) I A(n){: - n/~ } - = 
n/x 

n~x e -1 n~ e -1 

I n 
= A(n)W(-) 

n~ 
X 

I (S(n) 
n 

= - S(n-1) )W (-) 
n~ X 

I n W (n+l)) = S(n) (uJ (-) + 
n~x X X 

From proposition 3, section 1, and our opening remarks it thus follows 

that RH(oo) implies for e: > O, 

as x + 00 • 

A (n) I n;x n~x e -1 

= Ce 

= o[ 

I {nao+e: -(n-l)oo+e}wc;) 
n~x 

I nao-l+e) 
n~x 
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But from proposition 3, section 1, RH(ao) implies 'r/ £ > o, 
aa+e: 

X h(x) = O(x ) as x ➔ 00 , and the proposition now follows. 

We can also prove a weak converse of proposition 2. 

Proposition 3. 

Let 1 > ao ~ ½, and £or every E: > o, let 

I >.. (n) 
= O(xao+e:> x ➔ 00 

n/x 1 
as 

n~x e -

Then every zero of z:; (S} in a> a 0 is a zero of q (S} • 

Proof: 

From the corollary to proposition 1, with a> l; we have 

The integral on the LHS defines a function which is analytic for 

cr > ao, and the proposition follows. 

In contrast to this last result we have 

Proposition 4. 

For any fixed o > 1, 

as x ➔ 00 • 



Proof: 

ex, 

Let w (x) = l 
17=1 

Then 

ex, 

w(x) = I 
n=l 

ex, 

= I 
n=l 
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for real x > O. 

[ l A (g) l e -mrx 

gin 

A (n) 
n1rx 

e -1 

From Davenport [1], page _64 we .. have 

Hence 

(1) 

But w(x) = 

as X + oo, 

1 k 
W (-) -- ½ X 2 

X 

k 
½ + X 2 W (X). 

A (n) 1 1 

I mr/x 1 
= ½ x~ - ½ + x'5. w(x) 

n~x0 e -

- I A (n) 

n>xO (emr/x _1 ) 

O(e-1TX) as X + oo, and 

I A (n) 
~ I 1 

n1r/x 1 n1r/x 1 n>x 0 e - n>x 0 e -

( 
0-1) -1rx 

= O xe 

and the proposition now follows using 

+ 

these estimates in (1) . 
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Section 9. 

A s2ries representation for Riemann's 2 function. 

In standard notation 

and 

where , is Riemann's zeta-function. 

A well-known integral representation for 2(t) is 

where 

for lrm ul < ~ , and 

CX> 

ljJ (X) = l 
n=l 

for Rex> O. In this section we obtain a series representation for ~(t). 

Let 

Proposition 1. 

!:'or t > 0, 
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Proof. 

Spira [1], re.~arks that 

cf> (U} -- cf> (-U} , 

as a consequence of th3 functional equation 

1 
l/J (X} -1- 2 -

We may therefore write 

2(t) = f(X) <j>(u)cos(ut)du. 
-<XI 

Writing nt for t, where n is any integer, 

2 (nt) = f"'' cf> (u) cos (unt)du. 
-c:o 

Hence, for t > O, 

(1) 

It is easily seen that 

l/J' (X) 
-1TX = o (e ) , and ijJ" (X) 

-1TX = o (e ) , 

as x + ex,, and it follows readily from this that 

9U/2 -1Te 
2U 

(2) cf> (U) = o (e e ) 

as u + CX) Also, since cf> (-u) = cf> (U} I we have 

9u/2 -rre 
2U 

(3) cf> (-u) = o (e e ) 

as u + CX). 
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With estimates (2) and (3) we can justify transforming (1) as follows: 

3 (nt) 
co J2(k+l)1T 

tl t u d = l ~(-r)cos(nU) u 
k=-oo 2k1T ~ 

I 21T 
U+2k1T 

0 
~( t )cos(nu)du 

Hence 

(4) 1 I 21T 8(nt) = t ¢(u,t)cos(nu)du, 
-o 

where 

¢ (U It) is a regular even function of u, for 
1T 

< - I 
4 

and it is 

periodic in u with period 21T. By (4) we therefore have the Fourier 

expansion 

00 

¢(u,t) = 2\ 8(0) +; L 8(nt)cos(nu). 
n=l 

Setting u = 0, and noting that 

{) (t) = ¢ (0,t) 

we get 

00 

(5) I 2 cnt) 
n=l 

= ]!_ t9 (t) _ 8 (0) 
t 2 

We se8 in Titchmarch [1], pages 214-215, that 

8 (t) 

as t + oo. Hence it is easily seen that 
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00 00 

l l µ (n ) 8 ( l<n t) 
n=l k=l 

converges absolutely, and consequently that 

00 00 

(6) I I 
n=l k=l 

Thus from (5) and (6) 

00 

µ(n)S(knt) = l {L 
m=l nlm 

= 8 (t) 

µ (n)} S (mt) 

Note: This result appears in Braun [4] . 
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Section 10. 

A problem connected with the zeros of 

Riemann's zeta function 

Let 

where ~ is Riemann's zeta function. Suppose that A is a fixed 

real number such that ½<A < 1, and let 

R(t) = Re f(A+it), I(t) = Im /{A+it). 

Finally let NR(A,T) and NI(A,T) be the number of zeros of R(t) and 

I{t), respectively, in the interval O < t < T, multiple zeros being 

counted according to their multiplicity. 

Berlowitz [1] proved that NR(A,T) and NI(A,T) are unbounded 

as T + ro Berndt [2] improved on this result by showing that there 

exists a positive constant A such that, for all sufficiently large T, 

The following proposition is a further improvement. 

Proposition 1. 

For every A such that ½~A< 1, there exists a positive constant 

A such that, for all sufficiently large T, 

NR(A,T) ~ _!__ TlogT - AT, 
21T 
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Proof: 

We shall prov~ the theorem for NR(A,T); the proof for NI(\,T) is the 

same, except for obvious changes of notation. Let ½<A < 1, T > O. 

Without loss of generality we may assume that T is not the imaginary part 

of a zero of s(s). 

Let L be the straight line segment joining the points A and A+ iT 

modified, if need be, by small semicircular indentations so that any zeros 

of s(s) with real part A lie to the left of L. It is obvious that 

the number of distinct zeros of Re f (S) on L is not less than 

[l ~ arg f(s)]. If s(s), and hence f(s), has a zero of order n at 
1T L 

\ + ito then R(t) has a zero of the same or higher order at to; on the 

other hand, if y be the semicircular detour by which L avoids A+ ito, 

then Re f(s) has at most n + 1 distinct zeros on Y, the radius of Y 

being assumed to have been chosen sufficiently small. Hence it follows 

easily that 

(1) 

where No(\,T) is the number of zeros of s(S) on the straight line 

segment from A to \ + iT. It is well known that No(A,T) = O(T), and it 

is easily shown (c.f. the Lemma below) that 

(2) ~L arg f(s) = ½ TlogT + O(T) • 

By (1) and (2) the theorem is thus established. 

Lemma 

If L is defined as .Ln the proof of the theorem above, then ( 2) holds. 
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Proof: 

Let L' be the contour which is symmetric to L about the line of real 

part ½; and let C be the simple closed contour which goes along L 

from ;\ to ;\ + iT then straight from ;\ + iT to 1 - ;\ + iT, then 

along L' from 1 - ;\ + iT to 1 - \, and finally straight from 1 -

back to ;\. 

It is well known that the number of zeros of f(S) (or, equivalently, 

of z;; (S) ) inside 

(3) 

C is 1 T1ogT + o (T). 
27T 

Hence 

;\ 

But f (S) is real on the real axis, and f(l-S) = f(s), and f(s) = Tfsf 

for all s. Hence 

(4) 

where K is the straight line segment from ;\ + i'l.' to ½ + iT. 

But 

-S/2 
t.K arg (7T ) 

as may be seen by Stirling's formula, and 

f;\+iT z;;' (s) 
6 arg z;; ( s) = - • Im { ( ) } ds = 

K ½+iT z;; s 
0(logT), 

as may be shown by the method given in Davenport (1), pages 103-104. 

Hence 

(5) t,K arg f(s) - 0(logT). 
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The desired result {2) now follows from {3), {4) and (5). 

Note 1. 

Note 2. 

Note 3. 

By using improved estimates for No(\,T) and for the 

number of zeros of ~(s) inside C (see Titchmarch [1], 

theorems 9. 4 <tnd 9 .19), it can easily be seen that the term 

AT in proposition 1 may be replaced by 

1 
2TI (1 + log(2TI))T + o(T). 

Proposition 1 appeared in Braun and Zulauf [3]. 

It was also obtained, independently, by Levinson [1]. 

It has subsequently been noted by !-iontgomery [1], 

that proposition 1 can, by a simple additional argument, be 

sharpened to 

1 
= 2TI TlogT + 0 (T) , 

1 
= 2TI TlogT + O(T). 
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Section 11 

An elementary connection between the orders of 

g(x) and ~(x} - x. 

The extent to which arguments in number theory can be made 

elementary is of ongoing interest, and in this section we examine a 

problem in which elementary methods appear to be far less efficient 

than non-elementary techniques. 

Let ~ be Tchebychef's function defined by 

~ (X} -- l A (n) 
n~x 

l I µ Cd} n 
= log d 

n~ din 

The following statements can be proved equivalent using non-elementary 

methods, 

With 0 < >.. < ½ , 

T1 - for every £ > 01 g (X) = 0 (X -A+£} as X + CIO 
I 

1->..+£ 
Tz _ for every £ > o, ~ (x} - x = 0 (x • } as x + CIO, 

a path of proof being 

We are unaware of any previous record of an elementary proof that 
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Here we offer an elementary proof of a result which, at least for small 

values of A, comes close to the desired goal. 

Proposition 1. 

Let If as x-+ co, then 

as x -+ co. 

Proof: 

For each natural number n let p(n) be defined by 

~ .!. = logn + y + p (n) . l r 
l~r~n 

It is well known that p(n) as n -+ co. 

Firstly we note 

and since 

I 
n:::,x 

we have 

(1) 2 
n:::,x 

I 
din 

= tji(x} + Y + l l µ(d)p(J), 
n~x -din 

I n I X 
µ Cd)p Ca> = p (n)M (n), 

din n~x 

I 1 I I µCd} - = tJi (x) + Y + r 
din l~r~n/d n~x 

Now if 
-A h ( ) 0 (X ) as X + co, we ave g X = 

1/ (l+A) 
tjJ (X) - X = 0 (X ) 

X 
p (n)M(n) 
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M(x) = l (g(n) - g(n-l)n 
n~ 

= - l g(n) + ([x]+l)g(x) 
n~x 

as x ➔ 00 • 

Then examining the last term in (1), 

= a[ l ~ c~t>-.J 
n~x 

1-A = 0 (X • ) as x + <», 

and hence from (1), 

(3) 

On the other-hand, 

Since 

l l µ(d) l ; = l ; l µ(d) 
nQ; din l:r,r:sn/d l~r~x din 

l Mc;) = J_' and 

Y'~X 

d~n/r 

= l ! l Jl (d) ( [Jl - r+l) 
l~r~x d:r:x/r 

= l ; l µ (d) Ca-] + 
l~r~ d:r:x/r 



I 
r~x 

it follows that 

(4) 

80. 

};M (~) = a[ I .!. ?,:> 1-A l r r r~x r 

= 0 {xl'""AJ as 

µ (d) l ;; = 

l~r~n/d 

x-+oo, , 

1-:\ 
+ 0 (x • ) as x -+ 00 • 

From (3) and (4) we thus have 

(5) 

in (5), and noting that 

we obtain 

{6) ~(x) = x - l ; l µ(d){~} + 
l~r~x d~x/r 

as x ->- 00 • 

We next obtain a satisfactory estimate for the double sum in (6). 

Let T be any fixed natural number satisfying 2 ~ T ~ [v'x] - 1. 
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Then 

(7) 

= 

as x ➔ 00 , where the 0-term is uniform with respect to T. 

Now since, 

l µ ( d) {~} = x g (X) - 1 

d$:C 1-A 
= O(X ) 

as x ➔ 00 , we have 

(8) 

1-A + 0 (X logT) 

uniformly, as x ➔ 00 • 

Thus frorn (7) and (8), 

(9) 



82. 

For convenience we let 

for positive integer k ~ x. 

Then (9) can be written in the form 

(10) 

X 1-A 
+ O(T) + O(x logT) 

as x ➔ 00 • 

For d E Jk' we have 

From (10) we thus have 

(11) 

- x 1-A 
+ O(T) + O(x logT), as x -+ 00 • 

But 

as x ➔ 00 , and 



1 

r r X X r k (M <7Z> - M(ffi)) 
2~r~T l.~k~r-1 +l 

r 1 
[ l M (~) "M(:»] = 

2~r~T 
r k~r 

a[ r ; r 1-Al 
[ 

1-Al X . 
+ o I <~> • = (7Z) 

r!:T k~r r~T r 

= 0 (xl->,.T>,.), as X -+ 00 0 

Hence, from (11) we obtain 

(12) as 

Then from (6) and (12), 

~ d th 't' f 11 1 • T -- [,.,...>--/ (A+l)] . as x __,. 00 , an e proposi ion now o ows c 1oosing .., 

Note 1. A somewhat more economical proof of proposition 1 

appeared in Braun and Zulauf, [5]. 

Note 2. In Gelfond and Linnik,_ [1], p.54-55, there is an 

elementary argument that M(x) = d(X) as x ->- 00 , implies 

1/J (X) - X = o(X) as X -+ 00 • 

If M(x) = O(xl-A) we obtain, again by elementary methods, 

the following improvement. 

Proposition 2. 

Let 0 < >-. If M(x) 

as x -+ oo. 

as x -+ 00 , then tµ(X) .. X 
1/(1+ >-.)) 

= O(x 
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Proof: 

We see from Braun and Zulauf [5] that 1-A -A 
M(x) = O(x ) => g(x) = O(x ) 

as x + 00 , can be argued by elementary methods. We thus have an 

elementary proof of proposition 2. 
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Section 12. 

Consecutive integers covered by a given set 

of primes. 

We say that an integer n is covered by a given set, P, of 

primes if and only if pin for at least one p E P. 

Let P = {p1, P2, ... , p } be the set of the first r primes, r r 

and let 

i.e. let 

equation 

be the semigroup generated by 

1 = I 
n~N 

N 
µ (n) [-] n 

P. r We may regard the 

as a special case of 

Let 

4> (N) = 
1' I 

nEQ 
1' 

= The number of positive integers~ N 

not covered by P. r 

J (X) = Max{ [N] 3 X~l : cj> ( ) (N+K) = <j> ( ) (K} } • 
1T X '!TX 

Then J(x} is the maximura nl.liflber of consecutive numbers each of which 

is covered by P . In the following we show how certain order 
1T (x) 

estimates for J(x) relate to the pLoblems of 

(i) the least prime in an arithmetic progression, and 
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(ii) the distance, (in the asymptotic sense) between consecutive primes. 

The problem of the actual order of J(x) though remains unsolved. 

Throughout this section let (D,Z) = 1 with O < Z < D, D ~ 2. 

Proposition 1. 

Let M and B be integers with B > 0. Let P be any given set of 

primes. Suppose Dm + Z is covered by P for all m E [M+l, M+B] . 

Then there exists a positive integer K such that n is covered by P 

for all n E [K+l, K+B]. 

Proof: 

For each m E [M+l, M+B] choose p E P such that Dm + Z = 0 ,,"), m 

The may not necessarily be distinct, but since (D, Z) = 1 

that if Dm + Z = O (mod pm) and Dm' + Z = O (mod p ) m then 

(mod p ) . m 

we note 

m = m' (mod p ). Thus by the Chinese remainder theorem we can choose 
m 

a positive integer K such that 

K - -m (mod pm) for m = 1, 2, ... , B. 

Then 

K + m - O (mod pm) for m = l, 2, .•. , B, and 

proposition 1 follows 0 

Proposition 2. 

Let 0 < a ~ 1. Suppose that 
2-a 

J (x) ~ Ax for all Then the 

~ d (A+1)2/a D2/a. least prbne of the form Dm + ~ does not excee 
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Proof: 

[ (A+l) 2/a D2/a _ z. J 
Suppose that for 1 ~ m ~ D each Dm + Z. is 

composite. Since if a number n is composite it has a prime divisor 

~ In it follows that the set of primes ~ (A+l)l/a. Dl/a cover the 

numbers Dm + Z. for 

[ (A+l) 2/aDD2/a - Z.]. 
1 ~ m ~ 

Then from proposition 1 it follows that 

Hence from our initial assumption, 
2-a J(x) :::,:: Ax , we have 

[ 
2/a z. 7 

A (AD+D) (2/a.)-1 ~ (AD+D) D - j > 

Whence 

2 > (AD+D) (2/a.)-1 { ADD+D - A} 

= (AD+D) (2/a.)-l > D(2/a.)-1 ~ D 
> 

since 0 < a. ~ 1 and, obviously, A > o. But D ~ 

Hence there must be a prime Dm + z. with 

1 ~ m ~ 
[ (A+l) 2/a. DD2/a - z.] 

Proposition 3. 

A 2/3/ (/3+1) 
Let f3 ~ 1, A> 0. Suppose that J(x) ~ x 

2 

(AD+D) 2/a - 2D 

D 

by assumption. 

for all x ~ 2 . 

Then for every positive integer N ~ 1 there is at least one prime of 

the form Dm + Z. with N ~ m ~ [ (A+l) f3 DP N] . 



88. 

Proof: 

For convenience we let 

As in the previous proposition if Dm + 7, is composite for m = N, 

N + l, ... , B - l, then each such number is covered by a prime less 

k 
than or equal to (D(B-1) + Z) ~ 

Since (D(B-1) + Z)½ < (DB)½< N½(/l.D+D) (S+l)/2 

However, from our initial assumption 

< AN (AD+D) S 

< N(A+l)S+l DS - ND 

~ N (A+l) S+l DS - 2N, 

and hence 
' 

(2) 

From (1) and (2) it thus follows that at least one of Dm + l with 

m = N, N + l, ... , B - l is pr~~e. 
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Corollary: 

If J(x) = O(xy) as x + 00 , for some y < 2, then there are infinitely 

many primes of the form Dm + Z. 

Proof: 

In this case we may write y = 2S/(S+l) for some S ~ 1, and then apply 

the proposition for N = N ., 
1., 

for an integer sequence 

N. > (A+l) S DS N. 
i,+l i, 

for i ~ l. 

Proposition 4. 

Let ½ > y ~ o, A> O. Suppose that 
1+2y 

J(x) ~ Ax 

{N.} 
1., 

satisfying 

Then_ 

(a) For all N ~ Nr: there is a prime in [ (N - AN½+y] ,N] , 

(b) as n + oo 
I where is the nth 

prime. 

Proof: 

{a) We assume that N - A/2.+Y ~ l for N ~ No. 

If every number in [(N - Alf2+~, N] is composite then every number 

in this interval is covered by the set of primes ~ ./ii 

Consequently, from the definition of J(x), 

and hence 

thus establishing (a). 
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(b) With N = in (a) we see 

1:+y 
P P <Ap 2 +l n+l - n n+l 

as n -+ 00 • 

Note 1. These results are somewhat related to a more specialised 

result proved in Formenko [1]. 

Note 2. Jutila [1] proves that.Linnik's constant L satisfies 

L ~ 80. The same result would follow from proposition 2 if it 

could be shown that 1 
40 • 

Note 3. Huxley [1] proves that 

for sufficiently large n, whenever 0 > 7 
12· A similar 

result would follow from proposition 4 if it could be shown 

that < 1 
y' 12 • 

Thus Jutila's result is implied by V x ~ 1, J(x) ~ Ax 79140 , 
716 

and Huxley's result is implied by V x ~ 1, J(x) ~ Ax 
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Section 13. 

Weighted sums involving A and µ. 

We recall that one standard definition for the Mobius function 

µ lN -+ {-1,0,1} is 

l µ(g) = {l 
if n = 1, 

if n > 1, gjn O 

and that the corresponding definition for the Liouville function 

A : lN -+ {-1,l} is . 
l A(g) 

gjn 

if 

if 

As in earlier sections we let 

M(x) = I µ (n)' 
n~x 

g(x) = I µ (n) 

n I 

n~x 

G(x) = I g (n) I 

n!:X 

n = □, 

n 'F □. 

S(x) = I A (n) 
n'!:x 

h(x) = I A (n) 
n n!:x 

H(x) = I h(n) 
n!:x 

In this section we examine certain sums of the form 

(1) l µ(n) P(N,n) = F(N) 
n!:N 

, 

, 

. 

where P(N,n) ~ P(N, n+l) ~ 1 for 1 !: n !: N-l, and investigate some 

circumstances in which a knowledge of the order of P(N,1) and F(N) 

could lead to new information about the order of M(N). 

The form (1) occurs naturally in weighted summations. 
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For example: 

and hence, from the definition of µ, 

The corresponding equation for the Liouville function is 

Generally, we have 

and hence 

(2) 

Also, trivially, 

(3) 

l µ (n)P (N ,n) = l (M (n) - M (n-1)) P (N ,n) 
n~N n~N 

= l M(n) (P(N,n) - P(N,n+ll) + 
n~N-1 

+ M(N)P(N,N), 

L M(n) (P(N,n) - P(N,n+l)) + M(N)P(N,N) = F(N). 
n~N-1 

P(N,l) = l (P(N,n) - P(N,n+l)) +P(N,N) 
l~n~N-1 

With the conditions 

(i) P(N,n) ~ P(N,n+l) ~ 1, 1 ~ n ~ N-1, 

(ii) P (N ,n) integer valued for 1 ~ n :SN, we see from (2) 

and (3) that if the orders of P(N,1) and F(N) can be kept low, (i.e. 

less than one), the possibility of obtaining non-trivial estimates for 

M(N) then arises. 
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We consider some examples of the form (1), which do however involve 

functions whose orders are not known. 

Example 1 

Let P(N,n) = [~] for n We see that conditions (i) and 

(ii) are satisfied with this choice. Actually, (1) becomes the 

familiar equation 

Thus if F (N) = S (N) = O (fl1') as N -+ 00 , we know from proposition 2, 

section 1, that the order of M(N) is the same as the order of S(N). 

This can be argued directly though, by a simple elementary method. 

Indeed, 

F(N) = l µ (n) [A] 
n~N 

= 'i µ(n) l l 
n~N 

k<AN ... n 

= I I µ (n) 

k2 -£:N 
n,;:,N;k2 

= l M<f:i> I 

k2-t:N • 

and hence 

M(N) = I µ er> I M(_!!_) 

r~/ii k2~N/r2 
r2k_2 

= a[ l (~) al 
r ~Iii r 

- ouf> as N -+ oo, 

provided a>½, and E'(N) = ouf> as N ->- oo. 
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Exam2le 2. 
N 1 'f: n 'f: T [T+l] , 

Let P(N,n) = 

[ N ] T + 1 :;;: n :;; N n I 

where T = [NB] I for fixed B satisfying 0 < B < 1. 

Again we see that conditions (i) and (ii) are met, and that the equation 

corresponding to (1) is 

N S(T) l N 
= F(N). [T+l] + µ (n) [-] 

n>T n 

We now show that if B :S: _l_ where a. satisfies ½<a < 1, and 
2-a. 

F(N) = O(NTa.-l) as N -+ co, then for every e > O, M(T) :;;:: 0 (Ta+e) 

T -+ co. 

To see this, we firstly note that 

i.e. 

(4) 

Hence 

l 
n:;;N 

S(T) :;;:: l (h(n) - h(n-l))n 
n:;;T 

= - l h(n) + (T+l)H(T). 
n'f;T 

S(T) :;;:: -H(T) + (T+l)H(T) 

N l A(k) + l N 
µ(n)P(N,n) :;;:: [T+l] A Ck) [kl 

k~T k>T 

:;;:: _!!__ S(T) + [v'N] - I " Ck) [f 1 T+l kf:T 
+ 0 (T) 

:;;:: _!!__ S (T) - N h (T) + [ /rY] + O (T) . 
T+l 

as 
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= - T: 1 H (T) + [ IN] + o (T) , 

as T -+ oo 

Thus if 

' using (4). 

a-1 
F(N) = O(NT ) 

as T-+ 00 • 

as N -+ oo, it follows that H(T) = O(Ta) 

Consequently, from proposition 2, section 1, for every e > O, 

M(T) = O(Ta+e), as T ➔ 00 • We are unaware of a direct elementary 

argument which can be used to obtain this estimate for M(T) from the 

given conditions. 

The literature does not appear to contain an example of the form 

l µ(n)P(N,n) = F(N), 
n<t:N 

satisfying simultaneously the three conditions: 

(i) P(N,n) ~ P(N,n+l) ~ 1, for 1 ~ n ~ N-l, 

(ii) P(N,l) = O(Na), as N-+ 00 with O <a< 1, 

(iii) F(N) = O(Na), as N-+ 00 , with O <a< 1. 

In examples 1 and 2, conditions (i) and (ii) are met but the order of 

the corresponding F(N) is not known. By contrast, if we relax 

condition (i) to 'asymptotically monotonic' we can provide an example 

meeting conditions (ii) and (iii) with a=½. 

~_xarnple 3. 

Let 

Then 

1 - I 1 
k(k+l) ~ N 
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as N ➔ oo. 

Here, we do not necessarily have 

N 
r (-) 3 n 

but we next prove that 

as x ➔ 00 , and this gives 

for 1 ~ n ~ N-1, 

N r (-) 3 n for 

A cursory comparison of examples (1) and (3) suggests the possibility 

~ 
S(N) ~ O(N 2), and in section 14 we note a similar type of comparison 

which can be made in formulae which involve H(N). 

Let Z be defined on JN so that 

(i) Z(l) 

(ii) r 
n~x 

(iii) r 
n~x 

Let 

Proposition 1. 

as x ➔ oo. 

= o, Z(n) =3 0 if n 3 2, 

~ 
7, (n) = x2 + 0(1) as X ➔ co, 

;_ l(n) 
1 + o(l) --= n 

= [X] - l 
n~x 

as X ➔ co. 

X 
Z(n) [-] . 

n 
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Proof: 

Firstly, we prove that 

(5) 
Z(n) 
--= n 

as x + 00 

Indeed, from (iii) we have 

(6) l Z~) + lim l Z(n) 
--= 1. n n~x y--'>-00 x<n~y 

Letting P (X) = l Z(n), we then note that 

L Zen> 
--= 

x<n~y n 

= 

Hence, from condition (ii), 

Z(n) 
--= n 

as y + 00 
I with X < y. 

Consequently, 

r p (n) 

x<n~y 

L Pen> 
ncn+1) 

[X] ~n~ [!/] 

¾ L n2 
n (n+l) 

[X] ~n~y 

(X) 

- p (n-1) 
n 

-~+ 
[X] 

l - -+ ¾ x2 

¾ 
n2 

E ~it> 
[y+l] 

1 
lim L l,(n) L o c.!.> --= - -+ n(n+l) ¾ n X 
y+oo x<n$ n=[X] x2 

1 
0 (~), = -+ ¾ 

x2 

and (5) now follows from (6). 
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I Z(m) l l 
n~x/m 

= I I z cm> 
n~ rr.~x;n 

Also, for any fixed integer k satisfying 1 ~ k ~ x we have 

(8) 

= 

= 

I I ·i<n> 
k~~ n~x/m 

I 
rJ.~x/k 

X Z(n) ( [-] 
n 

- k + 1) 

I X 
(k-1) p ~> Z(n) [-] -n k" 

n~x/k 

Hence, from (7) and (8) 

' 
(9) I X 

z, (n) [-] = 
n I P <~> + I icn> [~1 + 

n:.::k-l n~x/k 

X 
- (k-l)p <7<.). 

We now obtain estimates for the terms on the RHS of (9). 

Firstly, 

I p(~> = 
n:;:k-l 

I 
n:;:k-l 

1 
X ~ 
(-) 
n 

+ o Ck) 



i.e. 

(10) 

Also, 

(11) 

using (5). 

Finally, 

(12) 

\ X 
l Z(n) [-] n 

n~x/k 
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= X L. 
n~x/k 

Z(n) 
n 

X k x k 
(k-l)p <,z> = (xk) 2 + o ( <,z> 2 ) + o (k) . 

Using (10) , (11) and (12) in (9) we thus have 

2 X k & k Z (n) [-] = X + I; (!2)X 2 + O( k) 2 ) + 0 (k) 1 
n~x n 

and the choice k = [x 1/3] leads to the result. 

Note 1. The method of proof he~e has been applied to general 

theorems on special divisor problems (Zulauf and Braun [1]). 

if n = m (m+ 1) , 

Note 2. Putting 
otherwise 

we get rz (x) = r(x) and conditions (i), (ii), (iii) are easily 

seen to be satisfied. 
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In the next section we have occasion to use definite upper and lower 

1 
bounds for r (x) /x ~. 

Proposition 2. 

For x ~ 1, 

Proof: 

With Z(n) as defined in note 2, we have 

Setting 

we have 

(13) 

Also, 

(14) 

r (x) = [x] - l 
n~x 

p = p (x) = l Z(n) 
n~x 

p (p+l) ~ [X] < (p+l) {p+2) • 

l Z<n> , 1 1 
--= l (m - m+l) n 

m (m+l) ~x 

1 
= 1 - p+l 

Hence, from (14), 

r(x) ~ [x] - l 
n!,x 

X 
Z(n)­n 
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(15) 
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X >, [X] - X + -­p+l, 

X 
> -- - 1. 

p+l 

is an integer, we thus have 

r(x) >, [....E:_J. 
p+l 

Also, using (14) , 

r (X) ~ X - l 
n~x 

X 
Z(n) (- - 1) n 

X -x-x+--1 +p 
p+ 

X 
= p+l + p 

and consequently, since r(x) and p are integers we have 

(16) r(x) ~ [p:i] + p. 

If p(p+l) ~ x < (p+l) 2 then 

[Ix] = p - [...£] - p+l , 

and from (15) and (16) it follows that [Ix] !; r (X) :S 2 [v'x] . 

If (p+l) 2 ~ x < (p+l) (p+2) then 

[/x] = p+l - [...£] - p+l 

and from (15) and (16) we obtain 
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Section 14. 

Some aspects of H(x) and G(x). 

For any integers N and T with 1 ~ T 'l: N let X. (N ,T) 
~ 

(i = 1,2, • • • I T) be the unique solution of the system of equations 

I n N N (k 1,2, .. ,T). X [-] = [ 7Zl [T+11 = n k I k~nfT 

Proposition 1. 

(1) 

and 

(2) 

H(T) = T+l 
N 

+ 
p2 

0(-) N 

as T -+ 00 , ( and consequently N -+ 00 ) , where the constants implicit in 

the O - terms a.re independent of N and 

Proof: 

For convenience we write 

Then 

l X [In] n nfT 

x = x (N ,T) . n n 

= L X I ;\ Ck) [f<"l 
n~1.' n k'l:n 

= I ;\ (k) l xn [T<"] 
kfT kfn!:T 

I ;\ (k) 
N N 

= ( [ kl - [T+l]) 
kfT 

= N h (T) 
N S(T) + - 1.'+l 



103. 

N = T+l H(T) + O(T), as T + 00 , using (4), section 13. 

Hence the result for H(T), with a similar method leading to (2). 

We now examine the equation which corresponds to (1) with [vn] replaced 

by rz(n) as defined in section (13) 1 recalling that 

Proposition 2. 

For all integer N,T 

T+l 
N 

1/3 
+ p(n ). 

satisfying N ~ T ~ 1 , 

) + 0 (1) 

as 1' + 00 , (and consequently N + 00 ), where the constants implicit in 

the O - notation are independent of N and T but may depend on the 

choice of the function Z. 

Proof: 

For convenience we write X - x (N,T). n n 
Using the definition of 

= N -

X (n -n 

X n 
n 

X [-] n 7( 

X n and 
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T + 00 1 

using (5), section 13, and properties (i) and (ii) of Z, as defined in 

section 13. 

Corollary: 

The proposition now follows. 

½ 
-2 1/z T 

ll(T) = --T + 0(1) + 0(-N) + 
?; (½) 

as T + 00 , where 

R > ]_ ( ) [ r-.] -- 0 (Xl /3 ) l (X = l;; (½) rz X + YX 

as x + 00 • 

Proof: 

By propositions 1 and 2, 
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Note 1. Selberg [l] notes that if K, k are the upper and 

lower limits of ll(x)/x½,, respectively, (with these constants 

possibly infinite) then 

2 
K ~ - - 1- ~ k, but z; (~) 

Ingham [1] states that a method of Schmidt and Landau can be 

used to obtain the stronger inequalities , 

where a is a positive constant (finite or infinite) dependent 

on the complex zeros of Z';(s). 

Before comparing proposition 1 and 2 further we obtain formal 

expressions for the x., and look at some systems of equations 
'2, 

which have a superficial resemblance to the original system. 

Proposition 3. 

For 1 ::: k ::: T , 

Proof: 

Recalling that 

for 1::: h ~ T we have 
) 



I 
T 

r~ [kl 

On the other - hand , 

I 
T 

r~ [kl 

Consequently, 

µ (Y') 

µ (r) 

X 
n 
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I n 
X [-k] 

nfT n r 

I n 
xn [rk1 

n~T 

from which the proposition follows. 

= 

= 

= 

I N µ (1") [rk1 + 
T 

r~Hkl 

T N 
- M(-) [-] 

k T+l 

I I n 
X µ(r) [rk1 

n~T n T 
rf [kl 

r X 

kfn'£:T 
n • 

We now contrast the original system of equation with other related 

systems. 

Example 1: 

Let Y~· - y. (N,T) (1 ~ i '£: T) be the solutions of 
" 

1, ) > 

I n 1 1 N N 
y (- - - + -) = k -

l<.~n'£:T n k 2 2k T+l 

for 1 < k < T. Then 
2N 

1 ~ n '£: T. ._ ._ y = 
(T+1) 2 

, n 

This result follows by some simple algebraic manipulation. We note that 

the average difference between 

1-k 
2k 

n 
and k for n = 1, 2, ... , k is 
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Example 2. 

Let y . = y . (N ,T) , i = 1, 2, T, be the solution of 'l, 'l, ... ' 

I n N N 
YrJkl = k - -- (1 ~ k ~ T). 

k~n~T T+l 

Then 

I N 
yn = -T G(T). 

Hn~T +l 

Indeed, 

I yn = I Yn I µ (k) [fl 
Hn~T n~T k~n 

I µ (k) I n 
= Yn [kl 

k~T k~n~T 

I N N 
= µ (k) (- - -) 

k~T k '.l'+l 

N = T+l G(T). 

The last step following after an argument similar to that in example 2, 

section 13. 

Now we note that yT > 0 1 and from Lehmer and Selberg [1] that G(T) 

changes sign infinitely often. Consequently, we might expect considerable 

sign difference in the 

sign distribution in the 

when G(T) < O. We now examine how the 

x. = x. (N,T) 
'l, 'l, 

n 
X [-] 

n k 

defined by 

(1 ~ k ~ T), 

is related to the order of H(T). For each positive integer T let 

E(T) be defined as follows. 
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Let A be the set of all positive integers N such that the solution 

of the system of equations 

satisfies x ~ 0 for 1 ~ n ~ T. 
n 

Max{N N E A}' IA I < (X) ' 

Let E(T) 

(1 :::- k ~ T), 

Min{N N E A AN :;: T2 }, IA I = 00 

We note that T E A, (since for N = T the solution is 

= XT-l = O, xT = 1), so that A~~, and E(T) is well 

defined. 

Proposition 4. 

H(T) as T-+ oo. 

Proof: 

From proposition 1 and 2 with, for example, the choice 

and 

(4) 

T+l 
N 

From proposition 2, section 13, we have 

(5) 

for n ~ J.. If we no•v choose N = E (T) 

I X (N ,T) [v'n] I 
n n~T 

then the x (N,T) are all 
n 

non-negative 1 and we get from (3), (4) and (5), 
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% T2 
== 2T + 0(1) + O(E(T)) 

as T-+ oo, which is the desired result. 

Note 1. Since TE A, as noted earlier, we have E(T) ~ T. 

It can be shown that E(T) ~ 5T2 if T ~ 60. 

Note 2. From proposition 3, section 1, RH(ao) is true if and 

only if for all 

RH(Oo) is true if for every 

as T -+ 00 

£ > O, there is a A 
£ 

Consequently 

such that 

E(T) > A T2-ao-£, T .. for all ~ 1. _. We next see how the cond1t.1.on 
£ 

restricting the size of E(T) can be considerably relaxed yet 

can still lead to a result similar to 

H(T) as T -+ oo. 

Again, with reference to the system 

~ T), 

let 
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l X 
x >on 

n 

X 1' (n) 1 n 

z: 
X <Q 
n 

x 1~ (n), 
n 

with the understanding that 

P- = Q- = 0 if there does not exist x < O. 
n 

Let 0 be any fixed ~eal number such that 0 < o 1. We put 

and let 

Finally, let 

= { Max {N 

Min {N 

NEB} if IBI < 00 , 

NE BAN~ E(T)A N ~ T2} if 

Referring to the definition of A and E(T) preceding proposition 4 

we note that Ac B and E(T) ~ E1 (T). 

Prooosition 5. 

H(T) 

as T ➔ 00 • 

0 
1-0 
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Proof: 

We note that 2 + oo 
2-0 

= - > 2. 
1-0 

Let N = E1 (T). Then either 

or 

In both cases , 

(1-o )P+ (2-o )P -::: and thus, by (5) , 

Q+ - Q- + 2P -::: p -

::: o(P+ - P-) 

-::: o(l+o 0 )P 

>, Q I 

- + 
(1-o)P :;: (2-o)P and thus, by (5), 

Q- - Q+:;: P- - 2P+ 

:;: _, o (P- - P +) 

+ 
::: cS (l+o 0)P 

~ 0 

Hence, from, (3) and (4), 

T+l + - T2 
~ o N I Q - Q I + O ( l) + O (El (T) ) ' 

p2 
+ 0 (1, + 0 (E1 ('.Z')) 
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as T ➔ 00 which is the desired result. 

We next detail a consequence of RH(o 0 ) being false. 

Proposition 6. 

If l > o o ?: ½ and RH (o o) is false, then there exists an e: > 0 , and 

an infinite increasing natural number sequence 

for all N > T . 2 - 0 o-e: and all 
~ 1., ' 

i ?; 1. 

Proof: 

{T.}, such that 
1., 

Suppose oo?: ½ and RH(o 0) is false. Then, by proposition 3, section 

1, 

is false for some e: > 0, and consequently by proposition 5, there is an 

infinite increasing sequence of natural numbers {T.} 
1., 

satisfying 

(6) E1 (T.) < T. 2-oo-2 e: and 
1., 1., 

IH(T.) I > 9T.00+2e: 
1., 1., 

for some fixed e: > O satisfying o0 + e: < 1. For this sequence 

{T.} 
1., 

we let P.+ - P(N,T.) 
1., 1., 

etc., and let B. 
1., 

be the set used in the 

definition of 

We note that 

E 1 (T.) ~ T 2 
'l, i 

E1 (T.} . 
1., 

B. must be finite since otherwise we would have 
1., 
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Hence if N > E (T.) th ~, fl B d 1, ,en a r i' an consequently 

P.+ < c2 + o 0)P. 
1, 1, 

and P. 
1, 

+ < (2+cS 0)P .. 
1, 

It then follows that + p. > o, p. > O, and 

Hence 

i.e. 

and so 

(7) 

_1_< 
2+00 

1 

-<1+0 0) 

2+0 0 

P.+ 

1, 1, 

P.+ 
~ < 2 s., + uo. 
p-. 

1, 

P.+ 
1 < _1,_ -1 < 

p-. 
1, 

< - 1 < 1 + cS 0 , 

...1:_ - 1 < 1 + cS 0 
p-. 

1, 

< 2. 

But from proposition 1 and 2 we have 

(8) 
T.+l 

'l2 

1, (Q.+ - l;,., 
+a(L-1 N 

Q. ) = 2T. ,_ + 0(1) 
1, 1, 1, N J 

(9) 
T.+l T .2 

H(T .) 
1, (P .+ P. - 0 (...1:_) = ) + + 0(1) 

1, N 1, 1, N 

Then from (8) with N ::: T. 
2-a 0-e: 

> E1 (Ti) have 
1, 

we 

T.+l ~ O(T.ao-½+e:> 1, (Q .+ -
(10) - Q. = 2T. 2+ 

N 1, 1, 1, 1, • 

as 

as i 

Since ao + e: < 1 we have ½ > ao -- ½ + e:, and then from (10) 

i + c;,, and 

' 

+ oo. 

, 

From (9) and (10) with i > i 01 and 
2-a 0-E: 

N ;;: T. > E (21 .) it follows that 
1, 1, ) 
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as i + co. 

H (T .) = 
"l, 
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Since IH(T.) I > 9T. 00+2 £ it follows from (11) that with i > i. 
"l, "l, I ,._ 

and N ~ T. 2-ao-£ we have 
"l, 

P.+ - P. 
'l, 1, 

Q.+ - Q.-
1, 1, 

Finally, using (7), 

Q .+ - l I + -1 ½-cro-2r:: 0 < - Q. < -4 P. - P. T. , 
1, 1, "l, 1, 1, 

and hence 

Q.+ 

0 < 
1, 
-- --Q. 

1, 

if 
2-0 0- r:: 

N ~ T. and 
'l, 

1 < 1:. 
4 

P. 
1, 

Q. 
"l, 

P. 
'l, 

The proposition then follows by relabelling the sequence {T.} 
'l, .. 

'l,>"Z,1 

(say) 
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Section 15. 

On a possible characterization of the multiplicative 

structure of the natural numbers by the Mobius function. 

In this section we examine an interpretation of the equations 

N ~ 1, N E JN, 

which leads to a conjecture about µ_ Throughout, (G) will be any 

commutative semigroup, 

for which we have a transitive relation, <, and the following 

properties: 

(i) 

(ii) A1 is an identity, 

(iii)" A < A => p q 

for A , A , An E G. p. q 
Relations are defined in the obvious way. 

We define [] by 

if 

if 

n > N, 

n ~ N and 

.. "' 
We then define the Mobius function of G, µ G -+ ?Z , by the equations 

N E :N , 

but note that an alternative, equivalent definition is 

n = 1, 

n > l 
I 

for all n E JN • 
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Further, if we assume 'miqueness of factorisation in G, then we also 

have an equivalent definition: 

1 if n - 1, 

(-1) !' if A is the product of !' n ,., 
µ (A ) = distinct generators, n 

0 otherwise (i.e. if A is divisible 
n 

by a square generator) 

The principal direction of inquiry in this context was addressed to the 

problem of classifying semigroups for which 

,., 
'rJ n EN µ(An) = µ(n), 

and we begin with some simple observations; 

Proposition 1. 

>.. 
[NJ V >.N, An E G: [_!] = 

An n 

if and only if 

V AuJ r An E G: >..n Am = t'nm· 

Proof: 

Suppose that 

't/ 

and let m and n be positive integers, m ~ 2. 

Then 
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and so 

;.\ ;.\ ~ ;.\ 
n m nm 

On the other hand, obviously, 

and hence 

Consequently 

;.\ 

[ nm-1] = m - 1, 
;.\ 
n 

;.\ ;.\ > ;\ 
n m run-I • 

;\ ;\ = ;.\ n m nm 

for all n:;: 1 and all m:;: 2, and the same result holds trivially 

for all n:;: 1 if m = 1. 

Conversely, suppose that 

Let N and n be positive integers, N:;: n. Then, putting N = rn + s, 

r:;: 1, o ~ s < n, 

;.\ 
r A n 

=11. ~;\ <;.\ rn · N (.r+l)n 

and hence 

Proposition 2. 

If 

't/ ;.\ , 11. E G: n m 
;\ ;.\ = ;.\ 
n m nm 
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then 

,.. 
n E JN : ii ( ;\ ) = µ (n) n - • 

Proof: 

In this case we have 

"iv N [-] = (-] ;\ n 
n 

Hence 

,., N 
µ (;\ ) [-] = 1 n n ' n 3 1, 

But the equations 

N 
µ(n) [-] = 1, n n >, 1, 

uniquely define the Mobiu~ function. 

Hence 

Pronosition 3. --

V n E JN 
,., 
µ(;\ ) = 11(n). n 

N >, 1. 

N ~ 1, 

If (G) c (ill.!> is a s€migroup of numbers with the usual ordering, and 

multiplication, and V ;\ n' "m E G, ;\ A = ;\ then there exists 
n m nm 

et E JR* 
+ 

Proof: 

such that 't/ n E JN, " n 
Ct 

= n . 

Let p be any prime. We define vk (p) -- vk by 

(1) " v Ck) 
p 
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Consequently 

v(k) log A2 v(k)-1 -k- >, > 
k log A p 

and so 

v(k) log ;\2 
(2) lirn 

k-'><'> 
I<= log ;\ 

p 

But from (1), and our initial assumption~ we also have 

;\ v(k)-1 
p , 

and hence 

v(k) k v(k)-1 p >, 2 > p . 

Consequently 

(3) lim 
v(k) log 2 
-k-= log 

.. 
k-+= p 

log ;\2 
Hence, putting a = ; we see from (2) and (3) that log;\ = alogp, log 2 p 
i.e. ;\ a 

p = p , for all primes p. The proposition now follows. 

Consequent investigation into the condition µ (;\ ) = µ (n) 
n led to the 

CON,TECTURE l. 
.... 

If µ(;\) = µ(n) for all n >, l then . n 

;\ = ;\ ;\ , for all n >, 1, m >, 1. 
nm n m 

In support of this conjecture we firstly swnmarise the results of a 

numerical investigation, Braun [2), where uniqueness of factorization 

in G was not assumed, and in the next section, give a detailed pruof 

of the conjecture for run ::_: 26, where we do assume uniqueness of 

factorization in G. 
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Consequences of the assumption 

. A.N 
µ (n) [~] = 1, 

n 

were investigated in a step-wise manner starting from N = 1. 

For any fixed N > l write 

for l ~ n ~ N. 

We then have o(n) E {0,l} 1 ~ n, N, and 
I 

(4) µ(n)o(n) = o. 

One consistency condition which could be checked with respect to the 

accumulatinCJ data was: 

A. A. 
if ·[~] = [ N-11 + l A. A. p p 

= k, 

then 

(5) 

Starting with p = N, and decreasing, we could use this condition to 

show that certain o(n) were zero. Also o(l) = o(N) = 1. 

The remaining undecided cases led to a modified form of (4) 

(6) r µ(n)o(n) = o. 
nEAN 

Further use of (5) and (6) then determined the fea.;,ible factodzations 

for A.N' and where more than one choice was available, the factorizations 



121. 

were conditional on sc.':le definite preceding structure of factorization. 

The only pos.3ible case up to N = 7 is 

A 1 , A 2 prime , A 3 prime , A Lf = A 2 2 , 

A5 prfrl'le, '-6 = >-2>.3 ,. A7 prime. 

At N = 8, two cases arise which cannot be excluded using 

data. Namely either Aa = A 2 3 or >-a = A 3 2 and at N = I 

correspor.ding choices were either '-9 = A 3 2 or A9 = A 2 
3 . 

the preceding 

9, the 

Although 

uniqueness of factorization was not assumed the first case of different 

factorizatio11s occured at N = 22, where the possibility >. 22 = A3 3 = >.5 2 

arose, subject to A3 2 = >.a, but then contradictior. arose at N = 24 

with no consistent factorization for >.24. 

With increasing N, more logical possibilities for factorizations occur, 

and the development of all cases was carried along in a lattice structure. 

For example, 

A2A7 = >.14 or A15 

A3A5 = >.15 or "14 

A3A7 = >-21 or "22 

A2A11 = >.22 or >.21 • 

All the cases involving >,. 32 = >. 8 , A23 = Aa lead to contradiction, in the 

sense above, that eventually an N value was arrived at for which "N 

had no consistent factorization. 

At N = 28, the pcssibility 

;x. 32 = Aa, A. 23 = ;x. 9 was excluded, as was the case 

A2A7 = >.15, >.3 A5 = >.14• 
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The case A22 = A3A7, A21 = '2'11 was exclud d t 1~' 46 d f I\ I\ •. e a iv = , an · or 

nm < 23 we had necessarily A A = A n m r.m' and we refer to Braun [2], 

for this verification. 

The assumption of uniqueness of factorization requires only the 

consideration of factorizations of \v consistent with the third 

" definition we listed for µ(AN), and this provides a basis for a much 

quicker method of investigation and verification. 

Proposition 4. 

" Assuming unique factorization in (G) : If µ (n) = p (n) for 1 ~ n ~ 2.io 

then 

A A = A for 1~ nm~ 74. m n mn 

Proof: 

A proof is contained in Zulauf [2]. A proof for the ranges 1 ~ n ~ 68, 

1 ~nm~ 26 is given in the next section. 

It is clear that the step-by-step procedures described here and in the 

next section cannot be carried on indefinitely. They have also failed 

to reveal any general pattern suitable for mathematical induction, or to 

give any clue as to how a general proof of conjecture 1 might be 

constructed. It seems that more sophisticated tools will have to be 

used, and with this in mind we explored the possiblity of introducing 

a 'logarithm' function L on G with real non-negative values, 

satisfying 

(i) 

{ii) 

L{A A ) = L(A ) + L{A ) m n m · n 

A < A <==:- L (A ) < L (A ) for all A , ;\ E G. 
m n m n m n 
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A 'logarithm' of sorts does indeed exist if uniqueness of factorization is 

assumed in (G), provided that condition (ii) is weakened to 

(iia) ,\ 
m for all ,\ , .\ E G. 

m n 

We call L a logarithm of G if it satisfies (i) and (iia), and a 

strong logarithm on G if L satisfies (ii) as well. 

Proposition 5. 

Assuming unique factorization in (G) there exists a logarithm L 

(satisfying conditions (i) and (iia)) on G. This logarithm is unique 

except for a positive factor of proportionality, and can be made unique by 

assigning a prescribec positive value to L(.\ 2). 

Proof: 

See Zulauf and Braun [6]. 

Putting I,\ I= exp L(,\ ), n n and calling this the norm of ,\ , 
n it can now 

be seen that the elements of G are generalized integers in the sense 

of Beuring [1] . Generalized iptegers have been st1.1.died extensively 

(c.f. Le Veque [1]), but we have not found any evidence that conjecture 

1 has been studied, let alone solved, before. We note that the following 

conjecture implies conjecture 1. 

COrJJECWRE 2 • 

Distinct orderings {satisfying the multiplicative r.::ondition) in semi­

groups (G) with (countably) infinitely many generators give rise to 

distinct M~bius functions. 
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However, if we alloH only finitely many generators for G then the 

equivalent of conjecture 2 is false. 

Indeed, with G1 

could have 

and G2, 

< < 

both generated by 

2 

A, I A. I 

Pl • P2 

3 2 

we 

"-1 ;\ >.. < 
"P1 

< ;\ 
"P2 

< ;\ < ;\ < 
P1 ,: P2 P1 P1 P2 

.... 

and for Gz, 

< < 2 
"-1 "P1 >..P2 < "P1 < "P1 2 "P2 < :\P2 2 < ;\ 3 < 

P1 
.... , 

yet both Ci and G2 would have the same Mobius function. 

We now look at natural extensions of conjectures 1 and 2 which we derive 

from the arithmetic nature of µ. 

numbers, we let 

v (n) = 

p . ctr, where the 
i.r 

ct .• 
'2, 

Then a form of definition for µ is 

P· are distinct prime 
1, • 

J 

1 if n = 1, 

0 if 3 t > 1 : t2 In, 
µ (n) = (-1) 1 ;z1 t > t2 In, and v (n} if 1: -

(-1) 2 if ;z1 t > 1: t 2 jn, and v (n} -

and the fact that µ is weakly-multiplicative is easily verified. 

A family of functions ·which µ belongs to can be defined as follows: 

Let l; be an 
th m priml ti ve root of unity, and let µl; be given by 

1 (mod2}, 

2(mod2}, 



125. 

'. 
I 

1 if n = 1, 

0 if 3 t > 1 
µ~ (n) = 

~r if ~ t > 1 

We see that is weakly multiplicative, and 

tmln, 

t mr n, f v (n) = r(modm) , 

µ = µ . 
-1 

If is an 

th 
m primitive root of unity we call µ~ an m-primitive Mobius function 

There would not seem to be a clear reason why the status of µ, in 

conJ'ecture 1, should be different from µ ~, where µ~ is any 

m-primitive Mobius function, assuming uniqueness of factorization in G, 

for all An E G analogously _to the way :.µ~ .:..is 

de fined we have 

CONJECTURE 1(~). 

.. 
If for all n ~ 1, where is an m-prirnitive Mobius 

function, then 

A A = A n m nm for all n ~ 1, m ~ 1. 
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Section 16. 

A small step towards proof of a conjecture concerning the 

Mobius function. 

Let (G) be a semigroup with an orctering re:i.ation satisfying the 

multiplicative conditions in section 15. We now assume uniqueness of 

factorization in (G) or, what comes to the same, t!1at (G) is a free 

semi-group. 

1T • 
'l, 

be the 

As in section 15, let be the 
th 

n element, and let 

.th 
-z, generator, according to the ordering of G. Let the 

... 
Mobius function 

.th 

µ be defined on G as in section 15. Let p. 
'l, 

be the 

'l- prime number. If ITp a; is the canonical factorization of the i v 

positive integer n then conjecture t of section 14 may be stated thus: 

If 

(1) 

(2) 

,. 
µ(A)= µ(n) for all n ~ l, then 

n 
a. • 

n = ITpi -z., => An 
a.. = II n . 1., for all 

'l, 
n ~ 1. 

As mentioned in section 15 we now prove (2) for l. ~ n ~ 26 assuming 

(1) for 1 ~ n ~ 68. Although this represents only small progress 

towards conjecture 1, the proof is actually quite lengthy, and we divide 

it into several stages. 

Stage 1: The possible factorization of A for 1 ~ n ~ 15. 
n 

Proceeding stepwise n = l,2,3, ... we determine all factorizations 

of A that are consistent with (1) and with the data obtained in 
n 

previous steps. We denote by h(n,i) the smallest multiple of 

which is not less than A . n 
By checking whether 

1T • 
1., 

we 

see whether h(n,i) is a possible candidate for 

For convenience we write n 

A I n 
and we do this 

for all n. < A . 
1.- n 

for ;\ when there is 
n 

no danger of confusion. It will be clear from the context whether n 



127. 

denotes an el~~ent of G or an integer. 

n•m stands for A A. 

We adopt the convention that 

n m 

Table 1. 

Possible Factorization 

"' A µ (A ) Stage 1 Stage 2 n n Stage 3 

1 1 unit 

2 -1 2 = 1T1 

3 -1 3 = 1T2 

4 0 22 

5 -1 5 = 1T3 

6 1 2•3 

7 -1 7 = 1T t+ 

8 0 23 V 32 23 

9 0 32 V 23 32 

10 1 2•5 

11 -1 11 = 1T 5 

12 0 22 •3 

13 -1 13 = 1T5 

14 1 2•7 V 3•5 2•7 

15 1 3•5 V 2•7 3•5 

It is clear that 1 must be the unit and that 2 is the smallest generator, 

i.e. Now we consider A for 3 ~ n ~ 15. n 
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(n = 3) A 
,., 
µ {A) 

h(3,1} = 1T 1 • 2 TT 1 
2 0 

,., 
Since µ (3) = -1, we must have 3 = TTz • 

(n = 4) A "(A} 

h(4,l) = 1T1 • 2 = 1T1 
2 0 

h(4,2) = 1Tz•2 = 'If 1 TT 2 l 

,.. 
2 22. Since µ (4) = 0 we have 4 = '11"1 = 

" (n = 5) A µ p .. ) 

h(5,1) = 1T1. 3 = TTl 1T2 1 

h(5,2) = 1Tz•2 = 1T11T2 l 

Since µ (5) = -1 we have 5 = 1T3. 

(n = 6) A µ(A) 

h(6,l) = 1r1•3 = 1T11Tz 1 

h(6,2) = 1T2•2 = TTl 1T2 1 

h(6,3> = 1T3. 2 = 1T11T3 l 

" 2•3. Since µ (6) = 1, and 'lfl 'lf2 < 1T 1 1T3 we have 6 = 1T1 1T2 = 

(n = 7) A µ(A) 

h (7, 1) = TT1•4 = n13 0 

h (7, 2) = 1T2•3 = TT22 0 

h(7,3) = 1T3•2 = n1'Tl"3 1 

" have 7 = Since µ (7) = -1 we 1T4. 
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(n = 8) A " µ(A) 

h (8, 1) = 1T1 • 4 = 1T 1 3 0 

h cs, 2) = TT2•3 = 1T 2 2 0 

h (8, 3) = 1T3•2 = 1T11T3 1 

h (8, 4) = 1T4•2 = 1T11T4 1 

" Since J1 (8) = 0 we have 8 = 1T 1 3 = 23 V 8 = 1T2 2 = 32_ 

Two cases now arise for 9. 

(n = 9) If 8 = 1T1 3 = 23, 

,. 
;\ µ (A) 

h(9,1) = 1T1 • 5 = 1T 11T3 l 

h(9,2) = 1T2•3 = 1T2 2 0 

h (9, 3) = 1T3. 2 = 1T11T3 l 

h{9,4) = 1T4•2 = 1T11T4 l 

,. 
2 and, since µ(9) = o, we have 9 = 1T2 

If 8 = 1T2 2 = 32 I 

,. 
A µ (A) 

h (9, 1) = 1T1•4 = 1T 1 3 0 

h(9,2) = 1T2•4 = TT1 2TT2 0 

h(9,3) = 1T3. 2 = 1T11T3 l 

h(9,4) = 1T4•2 = 1T11T4 l 

,. 
1Tl 3 and, since µ (9) = 0 and < 1Tl 2 TT2, we have 9 = 1T1 3 = 23. 

(n = 10) A µ (A) 

h(lO,l) = 1T1 • 5 = 1T11T3 1 

h(l0,2) = 1T2•4 = 1r1 21r2 0 

h(l0,3) = 1T3 ~ 2 = 1T11T3 1 

h(l0,4) = 1T4•2 = 1Tl 1T4 1 

,. 
we have 10 1TI •1T3 2·s. Since µ (10) == 1 and 1T 1 1T3 < 1T i 'IT 4 = = 
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(n = 11) A " µ(A) 

h(ll,l) = 1Tl •6 = 2 1T1 1T2 0 

h(ll,2) = 1T2•4 = 2 1T1 1T2 1 

h(ll,3) = 1T3•3 = 1T21T3 1 

h(ll,4) = 1T4•2 = 1T11T4 1 

Since µ (11) = -1 we have 11 = 7T 5. 

(n 12) A " = µ (;\) 

h(12,1) = 1T1 • 6 = 7T 1 27T 2 0 

h(l2,2) -- 1T2•4 = 7T 1 27T 2 0 

h(l2,3) = 7T 3. 3 = 1T21T3 1 

h(12,4) = 1T4•2 = 7T 11T4 1 

h(12,5) = 1T5•2 = 1T1 7T 5 1 

" • 
1T12 22 •3. Since µ (12) = 0 we have µ (12) = 'IT2 = 

" (n = 13) A µ (;\) 

h(13,1) = 7T 1 • 7 = 1T11T4 1 

h(13,2) = 1T2•5 = 1rz1r3 1 

h(l3,3) = 1r3•3 = 1T21T3 1 

h(l3,4) = 1T4•2 = 7T 11T4 1 

h(13,5) = 1r5•2 = 1T11T5 1 

" Since µ (13) = -1 we have 13 = 7T 6. 
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(n 14) " = ;\ µ (;\) 

h(l4,1) = 1T 1 • 7 = 1T11T4 1 

h(l4,2) = 1T2•5 = 1T21T3 1 

h(14,3) = 1T3. 3 = 1T21T3 1 

h ( 14, 4) = 1T4•2 = 1T11T4 1 

h(14,5) = 1T 5. 2 = 1T11T5 l 

h(14,6) = 1T 6. 2 ::: 1T11T6 1 

" Since µ (14) = 1, and 1T 1 1T4 < 7T 1 1T5 < 1T1 1T 6 we have 

14 = 1T1 1T4 = 2•7 V 14 = 1T 2 1T 3 = 3•5. Two cases now arise for 15 _ 

If l-4 = 3•5 1T21T3 
,., 

(n = 15) A µ (11.) 

h (15,1) = 1T1 • 7 = 1TfTT4 1 

h(lS,2) = 1r2•6 1T11T2 2 0 

h(l5,3) = 1T3•5 = 1T1 21T3 0 

h(15,4) = 1r4•2 = 1T11T4 1 

h(15,S) = 7T 5. 2 = 1T11T5 1 

h(15,6) = 1T5. 2 = 1T11T6 1 

,., 
we have and, since µ (15) = 1 and 1T1 'TT4 < 1T1 1T5 < 1T1 1T5 

15 = 1T 1 1T4 = 2•7. 

If 14 = 2•7 = 1T1 1T 4 

,., 
;\ µ (11.) 

h (15, 1) = 1T1. 8 = rr1 4 v1r11r2 2 0 

h(15,2) = 1T2•5 = 1T21T3 1 

h(15,3) = 1T3. 3 = 1T21T3 1 

h(l5,4) -- 1T4•3 == 1T21T4 1 

h(l5,5) = 1T5•2 = 1r11r5 1 

h(l5,6) 1T5•2 = ·rr11T5 1 

" and, since µ (15) = 11 and 1T2 1T3 < 1T3 7T 4 ) 

and 1T 2 1T3 < 1Tl 2 1T 3 < 1T 1 1T 5 < 1Tl 1T 6 we have 15 = 1T2 1T3 = 3•5. 
I 
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The preceding approach could perhaps be a basis for a computer-aided 

investigation into this problem, but we now detail a method suggested by 

A. Zulauf which leads to quicker 'human' resolution of some of the 

doubtful cases. 

Let 

and 

z(\) = I 1 
\n~A 
µ(\n)=O 

0 if 

= t-i 

z(p,\) = { O 
i 

if 

if 

if 

rr.rr. 1 >\, 
'l, i,+ 

,r.,r. 1 ('. 1) 
'l, J+ , J ~-z..+ , 

p2 > \, 

\.p2 ~ \ < \. 1 p2, 
'l, 1,+ 

i ~ 1. 

It is easily seen that 

and 

Stage 2. 

z (\) = - I µ (p) z (p, A) • 

l<p 2~A 

A verification that \1 '• = '11'1 '11'4 and \15 = '11'2 '11'3 • 



133. 

Table 2 

Possible Factorizations 

A µ(A) Z(A ) P(A ) Stage 3 Stage 4 tage 5 Stage 7 n n n n 

16 0 5 5 24 

17 -1 5 5 17=rr7 

18 0 6 5 2· 32 

19 -1 6 5 19=rr8 

20 0 7 5 22 •5 

21 1 7 6 2•llv3•7 3•7 

22 1 7 7 3.7· 2•11 2•11 
V 

23 -1 7 7 23=1T9 

24 0 8 7 23•3 52 
V 

23 •3 

25 O· 9 7 52 23 •3 
'ii 

52 

26 1 9 8 2•13 

27 0 10 8 3 3 22 • 7 
V 

28 0 11 8 22 •7 33 
V 

29 -1 11 8 1Tl 0 V 2•3•5 

30 -1 11 8 2•3•5 ir10 ir11 
V V 

31 -1 11 8 1T 11 V 2•3•5 

32 0 12 8 

33 1 12 9 

34 1 12 10 

35 1 12 11 

36 0 13 11 22.32 

37 -1 13 11 



Firstly 

Pl (2•3•5) = 

= 

P2(2•3•5) = 

p3 (2•3•5) = 

From table l we see 

and 

Hence 

Consequently 
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Max{n-1 

.Max{n-1 

Max{n-2 

o, since 

2TT 
n ~ 2•3•5 < 2TT }, 

n+l 

TT ~ 3•5 < TT } 
n n+l 

TT ~2•5<TT ,}, 
n n+ .. 

Then from Table 2, noting that µ(2•3•5) = -1, we must have 

(3) 

and hence 

(4) 

Now from Table 1 

z (2, 2•3•5) = Max{n 22 •n < 2•3•5} .. 
= Max{n 2•n ~ 3•5} 

{: 
if 3•5 = 14, 

= 
if 3•5 = 15, 
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z (3, 2 •3 •5) = Max {n: 32 •n ~ 2•3•5} 

= Max {n: 3 •n ~ 10} 

= 3 , 

z(5, 2 .3 •5) = Max {n: 52 •n ~ 2•3•5} 

= Max {n: 5•n ~ 6} 

= 1. 

Also Z(6, 2•3•5) = 0 since 

62 = (2°3) •6 > (2•3)•5. 

Hence 

Z(2•3•5) = z (2, 2•3•5) + Z{3, 2•3•5) + Z(5, 

{ 10 if 3·5 = 14, 
= 

11 if 3•5 = 15 . 

Comparing (4) and (5), and consulting Table 1, we thus have 

Stage 3: 

14 = 2•7 

15 = 3•5 

factorization of A for 1 ~ n ~ 20. n 

2•3•5) 

Since 2•3•5 ~ 29 by (3), all A< 29 with µ(A)= -1 must be 

generators. Hence 17 = n7, 19 = ne, 23 = n9 . Also, with 15 <A~ 20 

there are three solutions of µ(A) = O, and candidates which are multiples 

of 2, 3, 5, . . . . are 
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2•8, 2·9, 2•10, 2•12, • • • I 

3•6, 3•8, 3•9, ... , 
5•4, 5•5, • • • • I 

7•4, • • • I 

11•4, 

respectively. 

From table 2 since µ(3•7) = 1 we have 3•7 :;: 21, 

and so 3•8 

Noting that 

and 

> 21, anci. 4•7 > 21. 

.... 
the three A satisfying p(;\) = O, 15 < A~ 20, must be 2•8, 2•9 

and 2•10. 

Hence 16 = 2·8, 

18 = 2•9 

20 = 2•10 = 22•5. 

Next we note from tables 1 and 2 that 

(6) P1 c22.32) = Max {n-1: 

= Max {n-1: 

{ : if 
= 

if 

(7) Pz (22. 32) = Max {n-2: 

= Max {n-2: 

= 3 , 

2. 1T ~ 22.32} 
n 

2. 1T 
n ~ 2•3 2 } 

2~32 = 16, 

2•3 2 = 18 I 

3 •7T ~ 22.32} 
n 

1T ~ 22 •3} 
n 
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(8) p3(22.32) = Max {n-3: 5•1T ~ 22.32} 
n 

{ 
1, if 5•7 < 22.32 , 

= 
0, if 5•7 > ')2. 32 

- I 

(Note: 5•1r5 > 5•2•5 = 2•5 2 > 2•18 ~ 22.32), 

Since 

we have 

and hence from table 2 

22 •3 2 E {33, 34, 35, 36, 37} . 

" Checking µ-values we must have 

2 2 •3 2 = 36 I 

From (6), (7), and (8) we thus have 

(10) 

But 18 = 2•9, and hence from Table 1 

The factorization of A has thus been determined for 1 ~ n ~ 20. n 
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Possible factorization of \ for 20 < n ::= 31. 
n 

.... 
There are four solutions of µ(A) = 0 with 20 <A< 2•3•5 ~ 31, 

and we note 

52 ::= 2•3•5 ' 
33 ::: 2•3•5 I 

3 • 23 ::: 2•3•5 I 

22 •7 ::: 2•3•5 . 

Since 

and 

we have 

and hence 

(11) 

Since 

by (10), and 

we have 

and hence 

Also 

and 



Hence 

and 

Also, since 

since 12•7 
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{2 3 •3, 52} = {24, 25}_. 

{33, 22 •7} = {27, 28} . 

3°8, 2•14 < 31 we must have 

< 8•13 we have 3•7 < 

21 = 3•7 V 2•11, 

22 = 2•11 V 3•7, 

26 = 2•13 

2•13. 

3•7, 2•11, 2•13 < 

Then from table 2 

thus completing the stage 4 entries in table 2. 

31, and 
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Stage 5: 

A 
n 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

and factorization of A for 1 ~ n ~ 23. 
n 

Table 3 

Possible Factoriza.tion. 
,.. 
µ (A ) z (,;\ ) p (,;\ ) Stages 5 and 6 n n n 

-1 11 8 1T10 V 2•3•5 

-1 11 8 2•3•5 V 1TlQ V 1Tll 

-1 11 8 1r 2•3•5 
llv 

0 12 8 25 

1 12 9 3•11 V 2•17 V 5•7 

1 12 10 2•17 V 5•7 V 3•11 

1 12 11 5•7 V 3•11 V 2•17 

0 13 11 22.32 

-1 13 11 1T12 

l 13 12 2•19 V 3•13 

1 13 13 3•13 V 2•19 

0 14 13 25•5 

-1 14 13 2•3•7 V 1T13 

-1 14 13 1T13 V 1T11+ V 2•3•7 

-1 14 13 1T11+ V 2•3•7 

0 -15 13 

0 16 13 

l 16 14 
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Firstly we note from tables 1 and 2 that 

P1 (2°3•7) = Max {n-1 2. 7T ~ 2•3•7} n 

= 7 I 

P2(2•3•7) ·- Max {n-2 3. 7T ~ 2•3•7} n 

= 4 I 

and since 5•7 < 2•3•7, 

and 

' 

= 1. 

Also 

Hence 

" Noting that µ(2•3•7) = -1 it follows from table 3 that 

2•3•7 E {41, 42, 43}, 

and hence 

(12) 

However 

Z(2 1 2•3•7) = Max {n: 22n :s 2•3•7} 

= Max {n: 2n :;; 3•7} 

{ 
10, if 3•7 < 2• 11, 

= 
11, if 2•11 < 3 • 7, 

z{3, 2•3•7) = Max {n: 32n :;; 2•3•7} 

= 4 
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Z(5, 2•3•7) = Max {n: s2n :=: 2•3•7} 

= 1, 

z (6, 2·3•7) - Max {n: 6 2n !: 2·3•7} 

= 1 
I 

and 

Hence 

6 
(13) Z(2•3•7) = l µ (r) z (r, 2•3•7) 

r=l 

{ 14 if 3•7 < 2•11, 
= 

15 if 3•7 > 2• 11 . 

Comparing (12) and (13) we thus have 21 = 3•7 and 22 = 2•11, and (2) 

has been proven for 1 ~ n ~ 23. 

Stage 6: Possible factorizations of A for 31 < n ~ 43. n 

,. 
The next smallest non-generator. A after 2•3•7 with µ(A) = -1 

is either 2•3•11 or 2•5•7. Since, as noted before (10), 

2•3•7 E {41, 42, 43} 

( 2•3•11 
2•3•7 < 5•11 < t 2•5•7 

6 •10 < { 

2•3•11 
2•3•7 < 

2•5•7 

it follows that all A in the range 32 !:. A ~ 43, except 2•3•7, with 

,. 
µ(A)= -1 are generators. 

Thus 
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In only \ = 32, \ = 40 satisfy 
,.. 
µ(,\) = o. 

Noting that 

25 < 2 35 
} 

and 

25 < 22.32 < 2•3•7 
) 

and 

2 35 < 2•3•7 

we necessarily have 

32 = 25, 40 = 2 3 •5 . 
A 

All remaining A in the range under consideration have µ(,\) = 1, and 

from tables 1 and 2 possible multiples of 2, 3, 5, 7, .. to fit 

the positions are 

respectively. 

But 2•17 < 22.32 = 36 

3•11 < 22.32 = 36 , 

2•19 > 22.32 , 

3•13 > 22.32 , 

and 

Hence 

{33, 34, 35} = .{2•17, 3•11, 5•7}, 

and 

{38, 39} 
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Thus completing the stage 6 entries of table 3. 

Stage 7: Verification that 

factorization of A for 1, n, 26. n 

=: 7T 2 3 , and 



145. 

Table 4 

~ 

>.. µ (>.. ) z (>.. ) p (>.. ) n n n n 

41 -1 14 13 

42 -1 14 13 

43 -1 14 13 
44 0 15 13 

45 0 16 13 

46 J. 16 14 

47 -1 16 14 

48 0 17 14 

49 0 18 14 

50 0 19 14 

51 1 19 15 

52 0 20 15 

53 -1 20 15 

54 0 21 15 

55 1 21 16 

56 0 22 16 

57 1 22 17 

58 l 22 18 

59 -1 22 18 

60 0 23 18 

61 -1 23 18 

62 1 23 19 

63 0 24 19 

64 0 25 19 

65 1 25 20 

66 -1 25 20 

67 -1 25 20 

68 0 26 20 
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= 16, 

Since 

6, if 3 2 •7 > 26 

7, if 32 •7 ~ 26. 

Since 

and 
3•52 > 2•7•5 > 2•2 5 = 26, 

Z(5, 26) = Max {n: 5 2n ~ 2fi} 

= 2. 

Since 62 ~ 26 , 
and 

6 2 •2 > 26, 

z(6, 2G) = Max {n: 62n < 26} .... 

= l. 

Since 72 < (23)2 < 26 

' 
and 

2•7 2 > 2•62 > s 2 / 

Z(7, 26) = Max {n: 7 2n ~ 26} 

= 1. 

Since 102 > 10•8 > 8•8 = 26 
I 

z(l0, 26) = 0 

Consequently 

7 
l µ(r)z(r, 26 ) 

r=l 



= { 24 

25 
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if 

if 

Noting that µ(2 6 ) = 0 we see from table 3 that 

26 E {63, 64}, 

and hence 

(14) 

However, from table (3), 

= 10. 

Since 

and 

p2 (2 6) = Max {n-2 

= 6. 

Since 

5•11 < 5•22 •3 < 26, 

and 
22•24 = 26 5•17 > I 

p3 (26) == Max {n-3 : 51T n ~ 26} 

= { 
2 if 26 < 5•13 , 

3 if 5•13 < 26. 
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Since 

Hence 

P(2 6) = 1 + P1 (2 6 ) + P2 (26) + p3(26) 

= { 18, if 26 < 5•13 
(15) 

19, if 5•13 < 26 

From (14) and (15) we thus have 

Also, from table 3, 

Hence 

and so 

Thus, from table 2 
' 

25 = 52 , 

and thus proposition 4 of section 14 is established. 
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Errata 

1. "Titchmarch" should be spelled 11Titchmarsh" throughout. 

2. p.40, line 8: 

3. p.47, line 13: 

For "(iv), (v) and (iv) 11 read "(iv, (v) and 

(vi)• II 

Fer "c a: + :N " read "c 

4. p.55, line 4 from bottom: For "weaking".read "weakening". 

5. p.73, line 8 from bottom: For "Berndt [2]" read "Berndt [l]". 

6. p. 115, line 13: For >.. >.. < >.. >.. 
n p n p 

read >.. >.. < >.. >.. n p n q 

7. p.118, line 2 from bottom: For read v (k) . 

8. p.126, line 11 and p.148 last line: 

For "section 14" read "section 15 11 • 

9. p.149, Edwards [1]: For "functions" read "function". 

10. p.150, LeVeque [1]: For 335-367 read 355-367. 
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