Heegner cycles and congruences between anticyclotomic
p-adic L-functions over CM-extensions
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ABSTRACT. Let E be a CM-field, and suppose that f,g are two primitive
Hilbert cusp forms over E1 of weight 2 satisfying a congruence modulo A\".
Under appropriate hypotheses, we show that the complex L-values of f and g
twisted by a ring class character over E, and divided by the motivic periods,
also satisfy a congruence relation mod A" (after removing some Euler factors).
We treat both the even and odd cases for the sign in the functional equation
— this generalizes classical work of Vatsal [23] on congruences between elliptic
modular forms twisted by Dirichlet characters. In the odd case, we also show
that the p-adic logarithms of Heegner points attached to f and g satisfy a
congruence relation modulo A", thus extending recent work of Kriz and Li [17]
concerning elliptic modular forms.
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1. Introduction and results for elliptic curves

Fix an odd prime p, and suppose A; and Ay are two elliptic curves defined over Q.
Provided that Re(s) > 3/2, their Hasse-Weil L-functions can be expressed in the
form of Dirichlet series

L(Ay,s) = Z am (A1) -m™° and L(Aj,s) = Z am(Az) - m™%.
m=1 m=1

Furthermore, both A; and Ay are known to be modular by the deep work in [4]
hence these L-functions have an analytic continuation to the whole complex plane.

DEFINITION 1.1. We say the elliptic curves Ay and As are congruent mod p"
if one has a system of p-adic congruences

am (A1) = am(Az) (mod p”) for each m € N with ged(m, Ny No) = 1,
where N7 denotes the conductor of A;/Q, and Ny denotes the conductor of Ay /Q.
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In the p-ordinary case, Vatsal proved that the Mazur-Tate-Teitelbaum [19] p-
adic L-functions LY (A;) and LYTT(A,) are congruent modulo p” - Z, [[T¢]],
where 'V = Gal(Q®°/Q) denotes the Galois group of the cyclotomic Z,-extension.
Since these p-adic L-functions Lf)/ITT(.Ai) interpolate Dirichlet twists of the Hasse-
Weil L-function L(A;, 1, s) at s = 1, one can view Vatsal’s result [23] as a statement
about congruences between critical L-values divided by the real Néron periods Qj
It is therefore natural to ask if this result extends to number fields other than Q7

To be more specific, let E be a CM-field that is also a solvable extension of
Q, and consider the base-change of A; and Ay to E. Throughout this article, we
assume that the Leopoldt defect for E is zero. For a character x : EX\Aj — C* of
finite order, it is reasonable to expect a congruence between the twisted L-values

L(Al/EaX71) L(AQ/E7X71)

(1.1)  &(A/E,x) - ORI (2,0, Q2

and &,(A2/E,X) -
modulo p”, for a suitable choice of factor £,(A;/E, x) and Néron periods Qii e Cx

For example, if F is an imaginary quadratic field over which the prime p splits
then Choi and Kim [6] have established a congruence for the two-variable p-adic
L-function over E at cusp forms of different weight. Alternatively if E = Q(gpn)
and r = 1, then various types of congruence have been proved in [3, 9, 10, 22].
With the exception of [6], all these aforementioned congruences above are purely
cyclotomic in their nature, so in this paper we shall deal exclusively with
the anticyclotomic case.

Throughout we assume that A; and Ay have good ordinary reduction at p,
which means p { ap(A1) - ap(A2) - N1 - Na (although we expect that a version of
our results should exist if one allows p to divide Ny - No, whilst still ensuring that
p 1 ap(A;) - ap(Az)). We shall further suppose that the prime p splits inside E.
Let T'g = Gal(Es/FE) be the Galois group of the compositum, E, say, of all the
Zy-extensions of E, which can then be decomposed into 'y = TR x 't where
'Y (vesp. T'@™) is the Galois group of the cyclotomic (resp. full anti-cyclotomic)
extension in F..

Building on earlier results in [15, 20], for each base Hecke character xo the
work of Disegni [11, Thm 4.3.4] allows the construction of a p-adic L-function
L, (A, x0) € Zy[[Tg]][1/p] interpolating the special values given in Equation (1.1)
at specialisations y = xo - x', as the character x ranges over Hom (I‘ E7@: ) tors*

For a fixed topological generator vy of 'S = 1 + pZ,, one can therefore expand
each multi-variable p-adic L-function into a Taylor series of the form

(o — 1)

L, (A, xo) = L (Ai, x0) + L (A x0) - (0 — 1) + L (A4, x0) - 5

for either choice of ¢ € {1,2}. It is therefore natural to ask whether:

_Question. For every non-negative integer j, are the individual coefficients
L,(f) (.A1, XO) and Lz(,J) (Ag, XO) congruent to each other modulo p” - Z, [[F%ﬂtiﬂ ?

To make a precise statement, one divides the problem into three disjoint cases.
For the rest of the Introduction, we assume that the base Hecke character xq is
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trivial on F*\AJ, where F' = E* denotes the maximal totally real subfield of E.
We also assume that the primes of F' above p are unramified in the extension E/F.
Let ng/r be the quadratic character of £//F, and write S; for the set of F-places

S; = {v : v|oo or ngp, (cond(A;/F)) = —1}.
DEFINITION 1.2. (a) If the global root numbers satisfy €(1/2, 4;/E, xo) = +1

for each i € {1,2} and if #57 = #S2 = 0 (mod 2), then we call this the even case.

(b) If the global root numbers satisfy €(1/2, 4;/E, xo) = —1 for each i € {1,2}
and if #S51 = #52 = 1 (mod 2), then we naturally refer to this as the odd case.

(c) If the global root numbers satisfy €(1/2, A1 /E, x0) = —€(1/2, A2/E, xo) or
if #51 = #52 + 1 (mod 2), then we shall call this the mixed parity case.

In the first two cases (a) and (b), we extend Vatsal’s main result [23] as follows.

THEOREM 1.3. In the even case, if the conductor of the Hecke character xg
is coprime to the Og-ideal Hf ,cond(A;/E), then

L;OZ' (‘Ala XO) = L;OZ, (Az, XO) mod pT-Hto Ly [[F%nti]]
where (o € Z is the largest value for which each LI(,O) (Aisx0) € pt - Oc, [[Ta]].

Note that in the above result, the subscript ‘s’ indicates that these L-functions
have been stripped of their Euler factors at the finite primes contained in the set

2
¥ = {1/ € Spec(Op) such that v divides disc(E/F) - Hcond(Ai/F)}.
i=1
THEOREM 1.4. In the odd case, if the conductor of the Hecke character xq is
coprime to Hz 1 cond(.A /E) and all the primes of F above p split in E, then

(Z) Lp > (Alv XO) p,Z' (-/427 XO) = Oa and

Sowr (A1) L@ _ &y (A2) Lo
’ A s X = = ’
W, s (A1) Ly (A1 x0) Erw(As) bos

where py € 7 is the largest value for which each Lp (AZ, Xo) € p"t - Og, [[T3]],
and & 50 (A;) interpolates the Euler factors [[,cs Lu(Ai/E, x, k) at each k € Z.

(A2, x0) mod p" - Z, [T5]

Recall that a quaternion algebra B is called coherent if its ramification set 3p
has even cardinality, and B is called incoherent if the set ¥ has odd cardinality.
In the case (c) of mixed parity, we can say nothing about mod p” congruences as
the curves Aj, A2 cannot be parameterised by the same quaternion algebra B, p,
otherwise B would have to be simultaneously coherent and incoherent!

There is also a third situation in which one can derive p-adic congruences.
Recall that if F is an imaginary quadratic field, the work of Bertolini, Darmon and
Prasanna [1] produces a p-adic L-function £(A;) € Z,[[I3]][1/p] interpolating
critical values of L(.Ai /E, Xw, s) at character twists x,, of arithmetic weight w € N.
Liu, Zhang and Zhang have extended this to general CM-fields E, constructing a
p-adic L-function on '3 interpolating the complex Rankin-Selberg L-function of
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each A;, twisted by characters x,, of positive weight (see [18, Theorem 3.2.10]).
The corresponding p-adic L-functions £(A;) and £(.As) exist as elements of

(Lie A} @pu Lie A7) ®@pa D(A;, MEF}')

in the specific notation of op. cit, where D(A;, MF)') is a certain (unbounded)
distribution algebra, and FM = End(A;) ®g F = End(A2) ®qg F.

Aside from the case where F is an imaginary quadratic field, it is not known
precisely when £(A;) arise from p-bounded measures on I'2"". However if A; has
good ordinary reduction at p, one might reasonably expect £(A;) to be an Iwasawa
function for each i € {1,2}.

In [17], Kriz and Li studied special values of the Bertolini-Darmon-Prasanna
p-adic L-function via the p-adic logarithms of Heegner points attached to each A;.
In particular, they showed that up to appropriate Euler factors, these logarithms
satisfy a congruence relation via Coleman integration. We generalize their method
to show that the p-adic logarithms of Heegner points (over ring class fields for a
general CM-field F) attached to .A4; and Ay satisfy a similar congruence relation.
This allows us to compare special values of £(.A4;), and deduce the following result.

THEOREM 1.5. Suppose we are in the odd case, that the primes of F' above p
split in E, and assuming that both £(A;), £(Az) are Twasawa functions, then

L(A1) = Lo(A2) mod p" - LYy, 4, [T8])
where EELM,AQ is the Oc,-submodule generated by the values x (£(A1)) and x (£(As2))

for x = xo - x', as the character x' ranges over the elements of Hom (I‘%“ti,@;),

For the remainder of the article, we will work in a more general setting than
elliptic curves and solvable CM-fields E. We consider modular abelian varieties A,
of GLa-type defined over a totally real field F', parameterised by a common definite
quaternion algebra B, .

Written below is a brief but non-exhaustive summary of our terminology.

NOTATIONS. e [ is a totally real field, E will be a CM-extension of F',
and Dg,p (resp. D) is the relative (resp. absolute) discriminant of £;

e 7p/F is the quadratic character over F' associated to the extension E/F

e the symbol p will indicate a distinguished prime ideal of Op lying over p,
and we write 3 for any prime Og-ideal above it (p needs not split in E);

e we fix embeddings Q «— C and Q — @p, and an isomorphism C — C,
under which the Opg-ideal *B is sent into the maximal ideal of Oc,;

e x always denotes a unitary Hecke character over E (usually a finite order
character), which we identify with a Galois character Gal(E*"/E) X c

e for an integral domain R, we shall write R, for the ring extension of R
which is obtained by adjoining all the values of the character x above;

e if M is a module equipped with a Gal(E/E)-action, M,y = M &y denotes
the same underlying module M but with its Galois action twisted by x;
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e E%¢ indicates the cyclotomic Z,-extension of E, so that the cyclotomic
character k¢, maps 'Y := Gal(ECyC/E) onto an open subgroup of 1+pZy;
e f and g denote primitive Hilbert cusp forms over F' of parallel weight two,
Nebentypus character w, and levels N¢ << O and Ng <t OF respectively;
e associated to both f and g are their modular abelian varieties of GLo-type,
Af and Ag, which are defined over the same totally real number field F;

e K=Q,(C(n,f),C(n,g) | n<1Op) is the finite extension of Q, generated
by the Fourier coefficients of f, g, and A denotes a local parameter in Ox;

e for an abelian group M, its (finite) adelisation is given by M=M®,7Z
where Z := lim Z/mZ =]] 7, is the profinite completion of Z.

primes

For example, if E is a solvable extension of Q and Ay, Ay are two elliptic curves that
are congruent modulo A" = p”, one can take f = BCg(fl) and g = BCg(fg) as
their base-changes with each f; € S2(I'o(NV;)), so that Ap = Ay /p and Ag = Ay/p.

We shall now describe a generalisation of Definition 1.1 to modular abelian
varieties over F. Let N denote the Op-ideal lcm(Nf, Npg, QQ) where Q = HV‘Nng V.
For a prime q € Spec(Or), T(q) denotes the g-th Hecke operator if q is coprime
to the level of the HMF, whilst (q) is the g-th Hecke operator if q divides the
level of the HMF (see for example [20, Chapter 4, §1.3]). We will also require
the diamond operators <m>, as well as the degeneracy maps V(m) which act on
the Fourier expansions by sending C'(n,h) +— C(nm~! h) for either choice of form
h e {f.g}.

DEFINITION 1.6. The J\N/'—depletion of f is the Hilbert cusp form given by

fo=f [I (-T@eoV@+Negla)a)ov)) [ (1 -ua)ovia).

q|Ng, afN¢ q[ Ne

Similarly, the N -depletion of g is defined by the formula

II (=T@ev(@+Neg@(ayov@)) [ (1 —u@) V).

q|Ng, qfNg q| Ng

g =8

In particular, f, g € Sg(]v, w) with L(f,s) = Lnen,(f,s)and L(g, s) = Ln;n, (g, 5)
HypPOTHESIS. (f =g (A\")) There is an identity of depleted Hilbert cusp forms
? = E + /\T-ZCj~hj
J
with each scalar term ¢; € Ok, and where the h;’s denote normalised eigenforms

of parallel weight two, level dividing into N , and with Nebentypus character w.

To reassure the reader, if A; and A, are two elliptic curves as before that
are congruent modulo p”, then their base-changes f = BC(S( fi) and g = BCg (f2)
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automatically satisfy Hypothesis (f = g (A\")) upon choosing the uniformizer A = p.
Indeed to verify this claim, we first observe that

fi= Z am (A1) -¢™ and fo = Z am(Az) - ™
ged(m,N1Na)=1 ged(m,NiNa)=1
satisfy fi — fo = p" - f% for some f% € 82<F0(1cm(NlaN2;Hl|N1N2 lg))) NZ[q].
However this latter module has an integral basis consisting of elements of the type
hj ‘V(d) where h; is a newform of level C;, and d > 1 ranges over integers such that
dC; divides the common level lcm(Nl, No, H” NN, 12); one can therefore express

fi=fo 4 p"- Zcéd) . hj|V(d) where the scalars cg»d) €.
j3,d
After base-changing each of the cusp forms fi, fo and the h;ilV(d)’s from Q to F,
we respectively obtain the HMF's f, g and the h;’s in Hypothesis (f = g (\")).

The proof of our main results (Theorems 1.3, 1.4 and 1.5) makes heavy use
of three recent spectacular but rather technical formulae, due to various authors.
To treat the even case we use a version of the Waldspurger formula from [5, 26],
while to treat the odd case we apply the p-adic Gross-Zagier formula in [11, 12].
Lastly to prove congruences for the Liu-Zhang-Zhang p-adic L-functions, we use the
connection between its special values and the logarithms of Heegner cycles [1, 18].
The demonstrations themselves are written up in Sections 2, 3, and 4 respectively.

2. The even case: Waldspurger’s formula

Let B be a totally definite quaternion algebra defined over the totally real field F.
We suppose that m¢ and 7 are two cuspidal automorphic representations of IBEQF,
associated to the Hilbert modular forms f and g respectively under the Jacquet-
Langlands correspondence on GLy/F, with a common central character w on A§7ﬁn.

Let us also consider a fixed finite order Hecke character y defined on E*\AZ,
corresponding to a weight one theta-series automorphic representation , of BXF.

HyproTHESIS. (Even) The product w - ><|AX is trivial, the three finite sets
F

SNy = {l/ : v|oo or ng/py(Ne) = —1}
SN, = {V : v|oo or nE/F,V(Ng) = —1}
Sy = {1/ : v]oo or nE/F7l,(]\~/') = 71}
each have even cardinality, and for all places v of F
€(1/2, 70,7 0) = €(1/2, g0, Tx) = Xo(—=1) nE/pu (1) - £(B,)
where the sign E(By) = —1if B, is a division algebra, and 5(15%1,) = +1 otherwise.
Here we have written €(1/2, 7, my,) for the local root number associated to

the complex tensor product L-series L(sm* X 7TX), for each choice of x € {f,g}.
The above hypothesis then implies that both the global root numbers
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6(1/2,7Tf,7TX) and 6(1/2,7Tg,7TX) in the Rankin L-functions are equal to +1,
and there is an F-embedding of F into B that identifies £* with a sub-torus in B*.

PROPOSITION 2.1. If the Hypotheses (f = g (\")) and (Even) both hold, and if
fy := cond(x) is coprime to NyNg-Og, there is a congruence of p-integral elements

|Dg| - |c ”2_L2(1/277Tf><ﬂ'x) = /Dl Ic ”2.L2(1/2777g X )
2 X aut,(0) - E X aut,(0)
Q (f) Q (g)

oo, K oo, K

mod A" Ok

where ¢, is the largest Op-ideal so that x is trivial on HUM OE,V X Hl/|c (1+COE7V) ,
lex| denotes the norm Ng q(cy), the finite set ¥ consists of the places of F' dividing
N¢-Ng-Dg/p-cy-00, and Qiz,téo) (%) is the automorphic period (see Equation (2.1))
associated to each x € {f,g}.

PRrROOF. The key ingredient is the generalised Waldspurger formula in [5, 26].
In particular, we shall take as our common level structure N := lcm(Nf, Ng, Qz)
where Q = Hu|Nng v < Op. Firstly, one defines a finite subset of Spec(OF) by

¥ = { V|N where 7, p(v) = —1 and ord, (¢y) < ordy(]v)}

and next constructs a pair of Op-ideals via

c1 = H v () and Ny = H pordu (V)

viey, v|N,
v g3y v

Now let R be an admissible Op-order for the pairs (¢, x) and (7g, x) in the sense
of [5, Sect 1], so that in addition R has discriminant Nand RNE = Op + ¢10%.
We shall also fix a compact open subgroup U =[], U, C BgF such that U, =R}
at all finite places v of F, and moreover if the place v|N; then B, must be split.
The (zero-dimensional) Shimura variety X = Xy (B) is then defined by

Xy (B) = BX\B*/U

and let g1,...,9n € B* be a complete set of representatives for X, so that [g;] € X.

If Z[X] denotes the free Z-module consisting of formal sums ), a;[g;], then
there is a height pairing [—, =]y : Z[X] x Z[X] = C[X] from [14], sending each pair
(ZZ ailgil, > ; bi[gi]) to the element ). a;b;yw; with w; = #(IB%X N giﬁxggl)/og.
There exists a canonical direct sum decomposition

Z[X] = @ Z[Xc]

ceCy

where X, is the preimage of ¢ € Cy = F \ﬁ x / (5;5 under the natural surjection

Xy(B) = IB%X\I@X/(/]\ — F \ﬁx/(5§ One may also consider the submodules

Z[XC]O C Z[X.] containing degree zero classes, and set Z[X]? := P Z[XC]O.
For each choice of x € {f, g}, let V(m,, x) indicate the space of ‘test vectors’ in

the sense of [5, Defn 3.6]. Because we are working at level N rather than level N,,

ceCy
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it is no longer true in general that V (m,, x) is one-dimensional over C; in fact

dim¢ (V(ﬂ*, X)) = H (1 + ord, (]V) — ord,, (N*))
v|N

(of course, if N = Ny = Ng then both V(7¢, x) and V (mg, x) correspond to C-lines).
There are injections V(mr,, x) < Z[X]° ® C obtained from ® — Y, ®([g;])w; '[gs],
which respect the natural action of the Hecke algebra on both C-vector spaces.

REMARKS. (a) Considering the N-depletions F, ge Sz(ﬁ,w) in Definition 1.6,
the images of C f and C-g inside Z[X]" ® C define unique dimension one subspaces.

(b) The action of the Hecke operators T'(n) on C -f (resp. C-g) coincide with

their action on C - f (resp. C-g) if n is coprime to N, whilst the U(q)-operators
annihilate both of the depleted lines C - f and C - g whenever gcd(q, N) # Op.

(¢) In the notation of [5, Thm 1.9], we can take as test vectors any f1, f5 € C f
(resp. fi,f5 € C-g) viewed inside Z[X]’ ® C, and then apply the variation of
Waldspurger’s formula to f] € V(m.,x), f4 € V(7),x 1) for x = f (resp. x = g).

We now relate the Rankin L-function to twisted CM-cycles living in Ok, [X]°.
Recall the fixed embedding £/ < B induces a group homomorphism Pic(O,, ) — X
sending ¢ — x; where O, denotes the order Op+¢,Op, with ¢, JOF indicating the
largest Op-ideal such that x becomes trivial on [],,. Of , x II,, (1+¢,O0p,).
One defines a pair of (N-depleted) CM-cycles by

P(f) = Y x7'0) f@) and Plg) = Y x () &)

tePic(O., ) te€Pic(O., )
which & priori lie inside Ok ,[X]. However, if x is a non-trivial character then
Ytepic(o. ) X () = 0, 50 clearly Py (f), Py(g) € O,y [X]° both have degree zero'.
X

We initially focus on the HMF f, and its depleted CM-cycle ISX(f) € Ok, [X]°.
Viewing f as a holomorphic function ¢¢ : HIF*@ — C, let us denote by (P, ds)Pot
the Petersson self-product of ¢¢, computed using the invariant measure induced on

PGLy(F)\H*® x PGLy(Apsn)/Us(N)

from the standard hyperbolic volume dzdy/y? on the extended upper half-plane.
Applying Waldspurger’s formula in the format of [5, Thm 1.9] and [26, Thm 7.1],

(8x%) Q- IVol(X 7)) - (08, De)pet ~ ~
u22 |DE(|](H]\2( 2 [Pu(B), PX(f)]X

where ¥/ consists of those primes dividing gcd(Nf-Ng, cX-DE/F) -00 such that if u||K7
then v ¢t Dg/p, whilst Xp denotes the set of primes of F' dividing gcd(N, DE/F).

Ly (1/2,me xmy) = 27 #%0.

1f y is trivial then one takes instead [ﬁx (f) —deg(Py) -£], [ﬁx (g) —deg(Py) €] € Pic(X)®C,
where £ denotes the absolute Hodge class [26, Eqn (6.8)] which has degree one on each component.
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Furthermore, we claim that u := #Ker(Pic(Op) — Pic(O.)) x [OF : Of] is
always a p-adic unit. To see why this is so, observe that Ker (Pic(@F) — Pic((’)cx))
is either 1 or 2 by [24, Theorem 10.3]. Writing Wx for the roots of unity of E,
then [WgOp : OF] is coprime to p as the primes of F above p are unramified in E.
Moreover [0 : WgOf] is either 1 or 2 by [24, Theorem 4.12], consequently both
[Of : OF] and hence [0 : Of] are coprime to p.

It is also easy to check that there is an inclusion of sets of finite places ¥/ — X.
If we now attach a (complex) automorphic period to f over K by setting

ut, (0 .
(2.1) Q50 () = (87U Vol(Xyy, 7)) - (e, Br)per
then rearranging Waldspurger’s formula yields the equality
LE/(1/277Tf X ’/TX)

[Py(f), Py(f)] 5 = u?- 275240 5\ JIDg| - oy |2 - 00 (g
so.i (F)

An entirely similar argument, applied to g and ]Sx (g) € Ok [X]°, establishes that
Lg/(1/2,ﬂ'g X 7TX)
aut,(0 :
ek’ ()
Crucially for each eigenform h lying in the (f, g)-isotypic component, the depleted

cycles P, (h) belongs to the dual lattice (O;C,X[X]O)V under the pairing [—, —]x.
Using the Ok ,-bilinearity of this pairing, it therefore suffices to show that

ﬁx(f) = ﬁx(g) +A"-Q for some Q € O, [X]°
because if this is indeed the case, then as a direct corollary
[P), P)]x = [Pul®): Pr(@)] 5 + A x (2+ [Pel@) Qx + A+ [@, Q)

so that [ﬁx(f)JgX(f)}x = [ng(g),f’x(g)}x mod A".

We now exploit the relation between f and g given in Hypothesis f=g(\),
observing that this relation is preserved when we apply the Jacquet-Langlands
correspondence and shift to the quaternion algebra B. One thereby deduces that

[Pe(g), Py(g)]x = w”-2752% 0y /1Dl - oy |-

Pit) = 3 0 Fw) = Y U0 B+ XY g byl

tePic(O., ) tePic(O., )
= Pg) + N> ¢ > X)) hy(a),
J t€Pic(O., )
and setting Q@ = >_, ¢, X () -hy(zt) € Ok [X]°, the result follows at once. [

Let Eo denote the maximal Z,-power extension of E unramified outside p, so
I'p:=Gal(Ex/FE) = Z,l,Jr[F:Q]J”s where ¢ > 0 is the defect in Leopoldt’s conjecture.
If we choose a base character x( such that w - X0| AX is trivial, it follows that the
family of characters {XO -~ ‘ X Tt upoo} also satisfies Hypothesis (Even).
Henceforth we define po := Ind%(xo) : Gr — GLa(O,) which is a two-dimensional
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Artin representation, as are p := Indg(x) for every character x = xo- x| as above.
For the rest of this section, we shall assume that all the primes of F
lying above p split in the CM-extension F.

REMARKS. (a) Building on earlier work of Hida and Panchishkin [15, 20] for
the cyclotomic deformation, Disegni [12] has attached p-adic L-functions to GLa X
GL; interpolating the Rankin product L-functions L(s, m¢ x 7y ) and L(s, mg X my)
at the critical point s = 1/2: since we are taking the unitarizations, let us identify
these L-values (respectively) with L(f®1nd§(x), s) and L(g@lndg(x), s)ats=1.

(b) Let T'a"® denote the Galois group of the anticyclotomic extension of F
inside Fo,, which by definition is the (—1)-eigenspace of the complex conjugation
c € Gal(E/F) inside I'g. For a topological generator vy of I'Y“ and the particular
choice » = f say, one expands the (1 + [F: Q])—Variable Disegni-Hida-Panchishkin
p-adic L-function Ly, 5, (f, po) € Ok [[FE]] [1/)\] into a Taylor series of the form

L, xs(f,00) = ,(, (£, p0) +L (fapo) (o —1)+ : LZ(,Q,)E (£,p0) - (0 — 1)

where Lp z(f po) € Ok [[T3*]][1/A] under the decomposition I'y = T2 x I'get,
Here the subscript ‘s’ above indicates that the p-adic L-function Ly » (f , po) has
been completely stripped? of its Euler factors at those finite places v € ¥, v { p.

(c) Note also the condition (Even) implies either LZ(B)E (£,p0) # 0, or instead
that Lz(;?)z (f,po) = L;E:%J (f, po) = 0, because the global root number 6(1/2,7rf,7rx)

is equal to +1 under our assumptions.

If x = xo-x where x' is anticyclotomic, then xT (Lp,z (f, po)) = (L;?)Z(f, po))
as X' (70 — 1) = 0. The exact interpolation rule from [11, Thm 4.3.4] states that

x(dF)) - G(x) - \/NF/Q(DE/F “Ne/r(fy)  X(Desr)
Hp‘ o (f)ordp(NE/F(fx))
F/—
CTITI(- Lo\ (@ Indg(x), 1)
Qaut,(O) (f) :
plp Blp oo, K
An analogous formula holds for the value of Ly, x (g, po) at each twist x = xo - x'.

(22) (L)) =

THEOREM 2.2. Assuming Hypothesis (f = g (A")), and that Hypothesis (Even)
for the base character xo holds true with the conductor of xo coprime to N¢eNg-OF,
there is a congruence of p-adic L-functions

Lz(z?)z (f PO) = Ll(;);; (g,po) mod A" - O [[FaEnti]]'

If either \" { W or \" { %&Eg)po) with €(pg, s) the e-factor for po,
oo, K

then both sides of this anticyclotomic congruence must be non-trivial modulo \".

2We have deliberately removed the Euler factors from L, s (f7 p()) at the finite places in X,
so that we can obtain a congruence modulo \"; it follows that the p-adic L-functions we are
considering correspond to Y-imprimitive versions of the Disegni-Hida-Panchishkin construction.
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PRrROOF. To establish this p-adic congruence, clearly it is sufficient to prove that
X7 (LS)Z (f, po)) and ' (LS)Z (g, po)) are congruent modulo X", at points x = xo-x'
where T ranges over finite order characters on the anticyclotomic component [anti,

Because |G(X)|;1 = |J\/E/Q(fx)|;1/2: [fex] |;1/2, the ratio of algebraic numbers

X(d%)) 'G(Y) ) \/NF/Q (DE/F 'NE/F(fx)) “X(Dg/r)
1Dl fex]?
is a p-adic unit, independent of choosing x € {f, g} but dependent on y obviously.

From the interpolation in Equation (2.2), and after replacing the Hecke character y
by its dual %, one can reinterpret the congruence in Proposition 2.1 as the statement:

rdy, (N
Hp|p Ckp(f)o p( E/F(fx)) 8 r—l . XT (L(O) (f po))
11 11 (1 _ Y(‘B)) X PR
plp PBlp ap (f)
Hp\p ap(g)ordp(NE/F(fx))

= -1, T (O) .
= I | Hq}l (1 - Y(?))) XX (Lp,z (g, po)) mod A" - Ok .
pip p ap(g

However for » € {f, g}, we can identify a, (%) with the eigenvalue of Frob, acting
on the maximal unramified quotient of Ta,(A,) as a G'r,-module, in which case
ap(f) = ap(g) mod A" - Ok since Ta,(Ag) /X" = Ta,(Ag) /A" as Gp,-modules.
Consequently, the reciprocals of these extra terms satisfy

'y =

Hp\p p (f)ordp(NE/F(fx)) -1 Hp‘p a (g)ordp(NE/F(fx))
= mod \" - Ok
X(B) X(B) X
ot T (1 - a.,(f>) o s (1 - ap(g>)

which completes the proof of the main congruence.

Finally, identifying G(X,) - \/Np/@ (De/r - Ng/r(fy,)) with the factor e(po, 0),
the non-triviality of either of xT (L;()(,))E (£, po)) mod A" or xf <L1(,O)E (g, po)) mod A"
at xT = 1, directly implies L;?)E (f,p0) = L;?)E (8,p0) #0 mod A" - O [[I]]. O

3. The odd case: p-adic Gross-Zagier formula

We now treat the opposite situation, where the global root numbers e(l /2, e, 7rX)
and 6(1/2, Tg, 7TX) are both —1. In particular Lé?)z (*, po) is identically zero, whence

Lp,E (*7 PO)
Yo —1
-1 dri7'L *,
so that x' (L](Dl)Z (*, pg)) = (logp Fey(70)) X (%ﬂpo)) for x € {f,g}.

S=
Therefore our goal is to establish a congruence modulo A" - log, Key(70) between

drgy 'Ly 5 (f,p0) dri; 'Ly 5 (g,p0)
XT(Hy (11082 PO)’ aHdXT(Ky gszgp(J)

1
= LQ% (*.p0) + 5 Lg)z (%, p0) - (0 — 1) + O((v0 — 1)?)

under Hypothesis (f = g (\")).
s=1

s=1
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Again B denotes a totally definite quaternion algebra over F', with the property
that the automorphic representations m¢ and mg are both parameterised by B§F.
Likewise x : E*\Aj — C* will be a fixed Hecke character of finite order, as before.

HypoTHESIS. (Odd) The product w - X‘AX is trivial, the three finite sets
F

Sne = {v : vloo or ng/p,(Ng) = —1}
Sn, = {v : v|oo or ngp(Ng) = —1}
Sy = {v : vjcoor ng/p,(N) =—1}
each have odd cardinality, and for all places v of F
6(1/2’”7”77&’”) _ 6(1/27%7”777)(7”) = Xy(—1)~77E/F,u(*1)'f(BV)'

The above hypothesis implies that both the global root numbers
e(l/2,7rf,7rx) and e(l/?,wg,wx) in the Rankin L-functions are equal to —1,
and that the quaternion algebra B is incoherent. Henceforth, we shall
further assume that all primes of F' above p split inside the extension F.

As explained in [12, Sect 1.1], one can interpret the modular parameterizations
of the abelian varieties A¢ and Ag in terms of Shimura curves. For a compact open
subgroup U of IB%XF, the complex points of the algebraic curve Xy are given by

Xy (C) = B\H* x B*/U.
In fact, there exists an infinite tower of Shimura curves {XU} v indexed by the
compact open subgroups U C IBSKF, and we shall set X (B) := @U Xy.
The canonical Hodge class £y € Pic (XU) ® Q which has degree one on each

L
component induces an embedding X7 & JacXy. Because the HMFs f and g are
parameterised by IB%XF, the End®(A,)-vector spaces

lig HomgU (JacXU, Af) and hﬂ HomgU (JacXU7 Ag)
U U
are both non-empty; let 74, € li_I)nU Hom" (J acXy, A*) be the smooth irreducible

representation of BgF corresponding to m,, for each choice of cusp form x € {f, g}.
Taking Ur = Uy(N¢), Ug = Up(Ng) and U =10, (]\N/'), there exists a factorisation

~ e . = JacXy, — A
(3.1) X(B) = %HXU — %IIJ&CXU - JacXy JacXy, — Ag

and the top sequence of maps yields 74, o t¢, whilst the bottom maps yield ma, oc¢.
Before we state our main result below, for each choice of HMF * € {f, g} let
us introduce the ratio of Euler factors
Lq(* @ IndL(x), s — 1)
Eﬁ (*7 X) = H 1 > F
oI ¥ Ly(>x®Indg(x),s)

s=1

Whilst the denominator can never vanish, the numerator can sometimes vanish
(for example, if ¢|N, and C(q,%) = x(Q) for some place Q of E lying above q).
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Furthermore, these algebraic values can be interpolated by the ratio of two elements
of Ok [[T'%*]], denoted by & 5(*) and &, 5 (%), so that

XT(SO,N(*)) - H Lq(*®1nd§(>(>70)

XT(gl,ﬁ(*)) - QN Lq(*®1nd§(X)71)

for all characters y = xo - x| in the standard formulation above.

THEOREM 3.1. Assume Hypothesis (f = g (A\")), and that Hypothesis (Odd)
for the base character xo holds true with the conductor of xo coprime to NgNg-Og.
Then one has the twin relations

(i) Ly%(F,p0) = Lyk(g.po) =0, and

&y () (1) &y .n(8) (1)
) ———1L f = > L d )\r—rg—i-ord)\(éE) 1 . )
(ZZ) I3 N'(f) p,E( ) 0) gl,ﬁ(g) p,E(gapO) mo ng’% y('YO)
Hererg:=2-5 p1p OTdA (#/L (OE/&B)) with « € {f,g}3, while 65 € Q% depends

on the CM-extension E/F but does not depend on either f,g, nor on the prime p.

Before supplying the proof, we first need to establish some preliminary results.
For a CM-point x € X X, we begin by considering the Heegner points

PEx) = Y, x(t)-ma(te(t-x)) and Plg,x):= Y x(t)-mwa,(e(t-x))
tePic(O., ) tePic(O., )

Gal(E**/E) Gal(E**/E)

which lie inside (A¢(E*") ®x) and (Ag(E™)® ) respectively.
In general, we do not expect their pre-images in JacX to be congruent modulo A"
so instead work with their N-depletions, for which we do expect congruences.

Fix a choice of cusp form * € {f,g}. At each Op-ideal a such that N Ca-N,,
we write V(a) : JacXy, — JacX for the degeneration map induced on jacobians.
Clearly V(a) induces a p-integral map on the ordinary components

V(a)’ : Ta, (JacXy, )™ — Ta, (JacXﬁ)Ord
where as usual Ta,(J) := Jm Jp™] and Ta,(J)°*d:= Ta,(J)|lim, . U(pOr)™.

For every finite place q € Spec(OF), there are associated Hecke correspondences
T (q) and (q) (resp. U(q)) if g+ N, = Op (resp. if g+ N, # Op) [25, Section 1.4].
Using these correspondences, one constructs a depletion map on Jacobian varieties

depg* sJacXy, — JacXy

sending a point Py, € JacXy, to its N -depleted version (cf. Definition 1.6)

Po,| JI (1=T()oV(@)+Nrga) (ayoV(a®) - [ (1—u(a)o V().

alN, atN, ql N«

3Note that Ef Ogr AT = A Ogr A\"] since we are assuming (f = g (\")) holds here.
g
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In particular, under the composition 7jacx,, ote : X(B) — JacXy, one may define

Plx,X) = dep&( Z X(t) - Tracxy, (Lg(t-x))) € (JacXg(E™) ®X)Gal(Eab/E).

tEPic(O, )
Our strategy in proving Theorem 3.1 is to initially establish that:
(I) the pair of Heegner points 75(f, x) and 73(g, X) are congruent modulo \";
(IT) their projections to (A* ® X )) equal P(*,x), up to some Euler factors;

s—1
i [ drey Ly n(8,00)
and ( I .
s=1 s=1

(E
(I1I) their p-adic heights equal x ' (dn = fpo )
Let us begin with the middle task (II), and then deal with (I) and (III) afterwards.

LEMMA 3.2. For each x € {f,g}, if we factorise w4, into prg* 0 Tjacx, where
pr%* s JacXy — A, then inside A, @ xX(E) we have the identities:

o, (PE0) = [T (1= Cla HX(Q) + x*(Q)w(a) - Nrya(a) - PE ), and

qalN

pefl, (Plev) = T (- Cla.e)x(@) + ¥ Q@) - Nrjo@) - Ple.x)-

alNy
N.B. Here for each q\]v, we have fized a choice of prime Og-ideal Q lying above q.

Proor. To simplify the exposition, we will focus exclusively on the HMF x = f.
Throughout we write ¢ for ¢,, and fix a lift of the level structure NAO g such that
OE/‘ft = OF/K/'; without loss of generality, we may represent ¢ € Pic(O.) with
ideals coprime to .

Following Katz [16, Section 1], for a ring R C C one can view the R-points
of Xz as a triple (A4, C,w) where A is a €-polarized Hilbert-Blumenthal abelian

variety over R, the finite group C' denotes a cyclic R-subscheme of A[{)v“(], w is
a nowhere vanishing differential form on A, and € runs through a set of coset
representatives for the narrow class group of F. We denote the natural action of
t € Pic(O,) on the R-points of Xz by (A,C,w) =t x (A, C,w).

At a prime Op-ideal g such that Q|‘fl lies over it and for a class t € Pic(O,), the
map V(q") sends a point ¢ x (A, C, @) to the point (Q ﬂt) x (A,CN AMQ7], w@).
Consequently, for either choice of exponent r € {1,2}:

V)| DY x®)-(txACwm) | = D xt)-@ 1) (ACMAT], @)

tePic(O.) tePic(O,)

= Z x(1Q") - (t+ (A, "], w)) = x(Q)"- Z x(t) - (t*(A,C,w))

tePic(O.) tePic(O.)
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since {ﬁrt}tePi
It follows that

(3.2) Pu(f, X)‘V(qr) = x(Q)"-Py(f,x) ateachre {1,2}.

(00 also yields a complete set of representative classes for Pic(O,).

On the other hand, the projection prgi : JacXy, — Ay is obtained via quotienting
by the elements 7 (q) — C(q, ) and (q) —w(q) if g+ N¢ = Op, and by U(q) — C(q,f)
if g+ N¢ # Op. As an immediate corollary, one obtains the corresponding relations

(33)  PEX)|T(@ orU(a) = C(a.£)-P(E.x) and P(E,x)|(a) = w(a)-P(E,x).
Combining the various identities in (3.2) and (3.3) together, one thereby deduces

przf (ﬁ(f,x)) = prgf o depi( Z x(t) “TJacXy, (Lé(t . x))>

tePic(O,)

IT (1 —u@) o Vv(a)

q| N

= pri( Z X(t) - Tyacxy, (te(t - %))

tePic(O.)

[T (=7 oV(a)+Nrsgla) - (a) o V(a?)) )

q|1\7 qt N,
= Z 7a (e(t-x)) x J] (1= Cla, H)x(Q) + x*(Qw(a) - Nrjg(a)) -
ic(Oc) q|N

Not surprisingly, the argument for the other HMF % = g is almost identical. [

We shall now establish statements (I) and (IIT) mentioned in our strategy above.
For a compact open subgroup U of IB%XF, there are group homomorphisms

(JacXy @ x)(E) = (JacXy @ X)(B)BZ, N H} (E ® Qp, Ta, (JacXy) ® x)

where H}c (E®Qp, T) := Ker (Hl (E ® Qp, T) =%l gt (E ®Qp, T ®z, Bms)), and
the right-hand arrow 0 is the Kummer map — see [2, Section 3] for further details.
We shall label the composition of this whole sequence as ‘Ou’.

Now set U := U = Up(N ) the depleted points P(f x) and P(g, x) each belong

to (JacXﬁ ® X) (E), so we can apply the mapping J; to them. In fact d5 (75(f, X))

and O (ﬁ(g, X)) lie inside H} (E ®Qp, Tay, (JacXﬁ)ord ® X), since f and g are both
p-ordinary Hilbert cusp forms.

REMARK. Disegni’s normalisation of the p-adic L-function in [12, Theorem A]
is slightly different to that of L) x (*, po), for each * € {f, g} and set of places X.
Note that his interpolation formula is almost the same as that in Equation (2.2),
except that the automorphic period Qallt (0)(
2-L(1,mp/r) - L(1,ad(x))

m2FQ | Dp[1/2

%) is instead replaced by

QR () =
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. aut,(0)
We will write L]z,lsz (*,p0) for the period-modified version Wn(:) x Ly 5 (%, o),
) QR0 (4 ’
1. T Dis _ 9
Whlle Lp:% (*, po) = m

in Theorem A of op. cit., which has not yet had its Euler factors at g € ¥ removed.

X Ly g (*, po) denotes the primitive p-adic L-function

LEMMA 3.3. Recall under Hypothesis (Odd) that L]Zf;(o) (*, po) is always zero.
(a) Assuming that Hypothesis (f = g (A\")) holds true as well, there exists a
crystalline 1-cocycle Q(f,g,x) € H} (E ® Qp, Ta, (JacXﬁ)Ord® X) such that

(b) For either choice of HMF € {f, g} and at the Hecke character x = xo- X',

(A s )\ | X(@E)GR) Y Niya (DN w (1)) X(Diyi)
X ds o Hp‘p ap(*)ordp(NE/F(fx))

s=1

< &0 TT T (1 - Ef.f?i))) <= (95 (Ptxv) aﬁ(ﬁ(*,x—l)))ﬁﬂ

Cgp
plp Blp

where the scalar cg := Cr(2)

= /DT Ds L Tas ) =% 0 is independent of x and x, and

ord ord

(=)o p: H} (E©Q, Tay(JacXp) () ) x H} (B ©Qy, Tay (JacXp) ity ) = @
denotes the p-adic height pairing of Perrin-Riou et al (e.g. see [21, Section 1.2]).
Before giving the demonstration of this result, it is important to point out that
for a p-ordinary Gpg-lattice T, the p-adic height pairing is between H ]lc (E ® Qp, T)
and H}c (E ® Qp, T*(l)). In particular, if T = Ta, (JacXﬁ) ® x then its Kummer

dual is isomorphic to Ta, (J acX (7) ® x ! because Jacobian varieties are auto-dual;
therefore, cutting out the ordinary parts, the height pairing reduces to the above.

PROOF. We begin with the first assertion. Let us write h%rd = pord (UO(Z\~7); Ok)
for the Hecke algebra acting on the ordinary part of the jacobian of X Uo(N)? taking
coefficients in Ok. In particular for x € {f, g}, the composition of the projection

map from JacXy to A, with the homomorphism depg* from A, back up to JacXy
is obtained by tensoring (over h%rd) by the integral domain b‘[ljrd / I, where the ideal

L i= [T(a) = C(a,%), (@) —w(a) if g + N = Op, and U(q) if g + N # Op).
In other words, the cocycle J5 (75(*, X)) € H} (E ® Qp, Ta, (JacXﬁ)ord® X) will
coincide exactly with the image of 3, cpi.0.) X(t) - Tyacxy (te(t-x)) ® 1 under 95
. NEE . ord :)r
in the specialisation H} (E ® Qp, Tay, (JacXﬁ) ® X) ®h%,.d f)ﬁd/]l*.

To establish the congruence between 9 (7’5(f7 x)) and 95 (ﬁ(g, x)) modulo A",
we introduce the ideals ‘I, -’ generated over h%rd by I, and the element A" € Ox.
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For the HMF x = f, this alternative description for the image of J5 (ﬁ(f ,X)) above
means that 95 (P(f,x)) mod A" is equal to

Z X(t)-aﬁomacx (Lg(t x))®1 € Hf (E ® Qp, Tay, (JacX )Ord) ®h%m hgd/ﬂf’Ar.
tePic(O,)
Likewise for the HMF x = g, the 1-cocycle 0~ (75(g, X)) mod \" will equal

3 X(8)-050msacx, (1e(t-x))®1 € H} (E ® @y, Tap (JacX ) ))®hmdh 4 /Ig ar.
tePic(O.)
But Hypothesis (f = g (A")) automatically implies C(q,f) = C(q,g) mod A" at
all primes q < OF satisfying g4+ N = Op, in which case I¢ »» and Iz x~ are the same.
Thus 95 (’ﬁ( x)) and 95 (P P(g

To show that assertion (b) is true, a simple direct calculation reveals that
(05 (P ), 05 (Pl x ™)) = (05, © 25 (P(x X)) ik, 095 (Plxx ™)),
= (v, oy, (P(x, %)) » 9,0, (P X)),

X)) must be congruent mod A", which proves (a).

and then applying Lemma 3.2:
A0 G, (P(xx)) = [1(1 = Cla)x(Q) + x*(Q)w(a)  Niyo(@) - O, (P(x,X)) .

al N
dvopry, (P(x)) = [[(1 = Ca,9)x(Q%) + x*(Q°)w(a) - Nr/o(a)) - O, (P(xX))-
alN
The product of these two sets of Euler factors above yields the (degree four) factor
L(j\?) (*7 X 0) = Hq‘ﬁ LCI (* ®Ind§(X)1NF/Q(q)7S) 5:07

(95 (P, %)), 95 (P, x ™)) = L (5:x:0) X (P, x): POox ™)) 4. -
Writing out in full the p-adic Gross-Zagier formula from [12, Theorem B],
dK’g}TlL];IDJ,IS (*, po)

ds

which therefore implies

(P2, P x™) 4, = %E'Z,f(xf1 x XT<

*

s=1

X(dgf))G(Y) \/NF/@ (DE/FNE/F(fx)) X(DEe/F) 1 0 (1 X )
I, ap (*)Ordp(NE/F(FX)) plp LLIBlp ap(x) )*
As an immediate consequence, one deduces that

1 cg L 5 (*x, 0 dmﬁ;lL[;is(’
(05 (P 0) 25 Ple )y = ()

If we switch between ¥ and the empty set (), the interpolation rule in Equation

(2.2) yields the identity
o drgy "L (%, po) _ Ay "LV (%, po)
ds _ ds

where Z7(x) =

s=1

-1
L(ﬁ) (*a X5 1)
s=1
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where L(N) (*,x, 1) = HqWL (* ®Ind§( ), NF/Q(CI)_S)

(x;x,0)
(N) _
L ')(*7)(71) €y (

s:1.

Lastly, observing that X), the proof of (b) is complete. O

We are now ready to give the demonstration of the main result in this section.
We will also indicate how Theorems 2.2 and 3.1 imply (as special cases) the results
stated in the Introduction, for the congruent elliptic curves A; and Ay over Q.

PROOF OF THEOREM 3.1. Statement (i) follows immediately from the simple
observation that if the base character xo satisfies Hypothesis (Odd), then so does
X = Xo - X' for any choice of anticyclotomic (and finite order) character x™ on I'g.

To show statement (ii), recall from [21, p167] that the p-adic height takes values
in log,(70) - [y #A,(Op/PB)~?-Z, C Qp, and is naturally a Z,-bilinear pairing.
Applying Lemma 3.3(a) to 7,5(*7 x) and ’ﬁ(*, X~ 1), one immediately deduces

(95 (P(£.:20). 05 (PEXT))g5 = (95 (P(e.x). 0 (Pe.x™))
+ 2 (95 (Pg0). QE: 8 x ) g + (QE:8X): 95 (Plex ™))
X (Qf8 ). Q(E g ) )

which means that (95 (P(*,x)), 05 (77(* X)) g p modulo log,(yo) - A"~ must
be independent of the choice of HMF « € {f, g}.
Now by applying Lemma 3.3(b), one obtains the following congruence for the

period-modified p-adic L-functions:

dKJS lLle (f PO)
Ex(f,x) - XJr <

ds ds

gy 12 (&, o)
= 5ﬁ(g7x)-><*<

s=1 s=1

2
mod — -log,(70) - A" - Ok x
CE

since for each choice of HMF * € {f, g}, the p-adic multiplier term

. X(dgf))G(Y)\/NF/Q(DE/FNE/F(fX X(De/r)
Zp(xx) = T1,, cvp ()7 Ve ) IT11 ( (x) )

plp Blp

is an algebraic number satisfying the congruence Z7 (f,x) = Z, (g, x) modulo A".

Di 2 ()
18 H — L, 0,
x LS, (*, po), so defining dp = RO

aut (1) (*)

However L, s, (*7 po) = W{))()
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which does not depend on the choice* of cusp form *, one thereby concludes

drs; L, s (f, po) dri 1L, w(g, po)
—(f A ey TR P = £~ ot cy Hp, )
Ex(f.x) - x < o ~ Exlgx) X 5 _
mod dg - log,(v0) - A" - Ok x
thus completing the proof of Theorem 3.1(ii). O

REMARKS. (a) We should point out that the special values of the derivatives of
the p-adic L-functions L, »(f, po) and L, s:(g, po) lie inside 6 -log,(70)- A", so we
should get a non-trivial congruence. If we want to swap the automorphic periods
with motivic periods, we consequently obtain a congruence modulo A" - L¢ g where
the lattice L¢ g C C, is generated by the values of the motivic p-adic L-functions.

(b) Suppose we are in the situation of the Introduction, so that A; and Ay are
congruent elliptic curves modulo p”. In the odd case, applying Theorem 3.1 to the

base-change f of A; and base-change g of As, yields a congruence mod p” ,Cfiz Ay
where ESEV A, contains the special values of each Lél)(.Ai /E,x) (see Theorem 1.4).

(c) Likewise in the even case, applying Theorem 2.2 to the base-change cusp
forms f and g as in (b), this time we obtain a congruence modulo p” ~£521)) A, Where

CEL(\)B,AQ contains the values of LI(DO) (A;/E, x) for each i € {1,2} (see Theorem 1.3).

4. Logarithm maps and Coleman integration

In this section, we continue to assume Hypotheses (f = g (\")) and (Odd) hold.
We also assume that p splits in E. Generalizing the work of Bertolini-Darmon-
Prasanna [1], Liu, Zhang and Zhang have constructed a p-adic L-function on T3t
interpolating the complex Rankin-Selberg L-function of x twisted by characters on
ranti of positive weight, for each x € {f, g} (see in particular [18, Theorem 3.2.10]).
At every finite order character x, the value of this p-adic L-function is related to
the logarithm of the corresponding x-twisted Heegner point P(x,x) attached to
either HMF x € {f, g}, as given by Theorem 3.3.2 in op. cit.

Following the strategy of [17], we shall show that these special values satisfy
a congruence relation under (f = g (A")) via Coleman integration. However, at
present, we do not know whether the p-adic L-function of Liu-Zhang-Zhang is an
Iwasawa function, so it is unclear to us whether an analogue of Theorem 2.2 holds.

We first recall the notion of Coleman primitives from [7]. Let K be a local
field contained in C,,, X a quasiprojective scheme over K and U C X "g an affinoid
domain with good reduction. We assume w is a closed rigid analytic 1-form on U.
Suppose that there exists a Frobenius endomorphism ¢ on U (that is, it becomes
a power of the Frobenius map on the reduction of U), a locally analytic function

4For the record, the explicit form of the factor p € Q* can be calculated via the formula

o 4Dg|? - (r(2) 7 L(L,ng/p)? - L(1,ad(x)) - (5, %) 5 «
E [Dp|/2 - (1673) PO Vol (X, 7)) - (bsr Su)per
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F, on U, and a polynomial P(X) € C,[X] whose zeroes are not roots of unity,
satisfying the twin conditions:

e dF, = w;

e P(¢*)F, is rigid analytic.
Then F,, is called a Coleman primitive of w. Furthermore, it is independent of the
polynomial P(X), and is uniquely determined up to an additive constant.

We will require the following technical result of Liu-Zhang-Zhang.

PROPOSITION 4.1 ([18], Proposition A.0.1). Let K, U and X be given as above.
Assume A is an abelian variety over K which either has totally degenerate reduction
or potentially good reduction. Then for a morphism f : X — A and a differential
form w € QY (A/K), the restriction to U of the pullback f*w admits f*log, ‘U as
a Coleman primitive, where log,, : A(C,) — C, denotes the p-adic logarithmic
attached to w.

We next briefly review the definition of p-adic HMFs. Let R be a ring which
is complete and separated in its p-adic topology, and € is a fractional ideal of Op.
Then a p-adic €-HMF over R is a rule h, which assigns to every isomorphism class
of triples (A, C,w) a value in R, and satisfies some standard automorphy conditions
(we refer the reader to [16, §1.9] and [13, Chapter 5, §6] for the precise details).
Here A is a €-polarized HBAV over R equipped with real multiplications by F', C
denotes a level structure on A, and w is a nowhere vanishing differential on A.

In particular, such p-adic €-Hilbert modular forms have g-expansions indexed
by totally positive elements in ab where € = . Recall that we are in the odd case,
so again B,r denotes the incoherent quaternion algebra from Section 3, and for
each compact open subgroup U C IB%KF the algebraic curve Xy has as its complex

points Xy (C) = B\H* x I@X/U. The space of p-adic modular forms over Xy is
then given by the direct sum of p-adic €-HMFs, as € runs through a complete set
of coset representatives for the narrow class group of F.

Let h be a parallel weight-two p-adic HMF over Ox on X in the sense of [16].
Because it has weight 2, we may identify h with a differential wy, € H°(X o Q%{,;)

Let v: X5 — JacX be the Abel-Jacobi map: we shall write w# € Q}acxf, for the

differential satisfying Z*wf = Wh.

Let © be the Atkin-Serre differential operator of [18, Definition 2.4.7] — this
corresponds to the composition of #(c) as o runs through all embeddings F < Q,
where 6(0) is defined as in [16, Corollary 2.6.25]. The ©-operator shifts the weight
of a HMF by exactly 2, i.e. the weight of ©(h) equals (k, + 2)0'2F;>@ if the weight
of his (ks),.r.,g- On g-expansions it has the effect C'(q,0(h)) = Np/g(q)C(q,h)
for all gq (see [16, (2.6.27)]). If h is of parallel weight two, let F}, denote the
Coleman primitive of wp, € H(X, Qka) as given by Proposition 4.1. In particular,
dFy, = wp. On comparing g-expansions, we see that and ©F, = h. Note that
Iy, is a HMF of parallel weight zero since h is of parallel weight two. Applying
Proposition 4.1 above, we obtain the following important consequence.
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COROLLARY 4.2. If P € X5(C,), then
Fh ('P) = logwf (P) .

PROOF. We simply take f, X, A and w in Proposition 4.1 to be ¢, X5, JacX5
and wz& respectively, and the rest follows immediately. O

We shall regard f and g as p-adic HMF's on Xy, and Xy, respectively, as well
as on Xy of course. If one makes a choice of HMF x € {f, g}, then recall from
Definition 1.6 the notation * refers to the depleted form on Xy, obtained from .
For a p-adic HMF h and an Op-ideal Z, we denote the Z-depletion of h by h(®).

LEMMA 4.3. The Hypothesis (f =g (\")) implies that

Froy = Fgwy + A E cj - h(p)

PRrROOF. We follow [17, proof of Theorem 3.9]. Since the operator © is Oj-
linear, one immediately deduces that

(4.1) 0" f®) = o"g® + A3 ¢; - @"hY

J
for all integers n > 1. Note that ©™ : ¢" — m™¢™ within the g-expansion of h(®),
and recall from [13, Corollary 5.1] that the g-expansion map over C is 1nJectlve.
Because we have p-depleted our HMFs and the map n — m™ is continuous in the
p-adic topology whenever p { m, the HMF's ©"h(®) varies p-adically continuously
in n. If we define

O 'h® .= lim ©"h

n——1

where the limit is taken under the p-adic topology, then @ 'h®) = F, () on com-
paring g-expansions. Thus, our result follows on letting n — —1 in (4.1). O

THEOREM 4.4. Under the Hypothesis (f =g (\")), we have the congruence

- MQ) | @@

_ Q) (@)l :
= T1 (1~ Comg g+ oty ) otac (Plo ) mod -0

alpN

PRrOOF. The Hypothesis (f = g (\")) together with Lemma 4.3 tell us that

F(pN) and F(p N) must be congruent mod A", as weight-zero p-adic HMF's on X.
In particular,

(4.2) FPN(P) = FPM(P) mod A" - O,
for every P € X5(C,).
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Let x = (A,C,w) € Xz be any CM-point, and consider ¢ € Pic(Oy) as in §3.
If h is a weight-zero p-adic HMF on X7 with central character w, recall that
() = (1 —T(q)V(q) + W@I)) h  if g € Spec(Op) with q+ Nn = Op;
NEyo(a)
otherwise, it is given by (1—U(q)oV(q))h if g+ Ny # Op. Our calculations on the
images of x under these operators, which are described in the proof of Lemma 3.2,
directly imply that

(4.3) Y PVt x)
tePic(ch)
*(Q)w(a)
_ 1— C(q, h)x(Q) + 2= o (t)h(t*x)
q% ( X Nr/a(a) ) tepg(;rx)x

(see also [17, Lemma 3.6] for the same result for p-adic elliptic modular forms).
Recall once more that © : ¢™ — mq™ on g-expansions, so for either x € {f, g}

we have C(q, F}) = A([’;(/qﬁf?;) at each q|pN. Hence we may rewrite Equation (4.3) as

Z X(t)F*(pﬁ) (t *x)

tePic(O., )

_ _ . x(2) X2 (Q)w(q) B
. CIEV <1 C(q’ )NF/Q(CI) * NF/Q(CI) ) Xtepg(;ch)X(t)F* (t )

and upon combining this with (4.2), one therefore deduces

B X(Q) | x*(Q)w()
H (1 C(q’f)/\/p/Q(Q) - NF/Q(q) )tePic(OcX)

X&) Fr (txx) =
alpN

- X(Q) x*(Q)w(q) *+x) mod \" -
CEV (1 C(q’g)NF/Q(q> - Nro(q) >t€P§9cX)X(t)Fg (t*x) mod A" - Ok, y.

Finally, Corollary 4.2 informs us that

i XD @@ |
[T (- 35+ et ) one (PO

alpN
XQ) | X*(Qw(a) .
= 1-C(a,8) + -log,# (P(g,x)) mod A" Ok y.
H ( Nrg(@)  Nrjgla) & X
alpN
However logwf =log 4, by their definition, so the proof is now complete. O

REMARKS. (a) For those readers familiar with the notation of Liu-Zhang-Zhang
in [18, Theorem 3.3.2], their p-adic Waldspurger formula states that

log 4+ (P(*,x)) - log 4- (77(*, X*I)) = (Euler factor at p) - X(E(A*)) “oy (f*7+, f*ﬁ,)
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where £(A,) denotes the p-adic L-function attached to % in [18, Theorem 3.2.10],
and ay, ( Fots f*,_) is a distinguished generator for the K-line
Hoonon (H;" ® X,IC) Rk Hoonon (H: ® X_lJC) .

(b) Applying Theorem 4.4 directly to log,, (P(x,x*')), a simple calculation
reveals that

gl,pﬁ(f) x log 4, (P(f,x)) - log a, (P(f»X_l))
&5 (8) xlogs, (P(g x)) - loga, (P(g,x™")) mod A" - O.

(c) Under the strong assumption that £(Af) and £(Ag) correspond to bounded
Twasawa functions (which is so far only known over F' = Q), as a corollary (b) yields
a congruence modulo A" linking together the Y-imprimitive p-adic L-functions
£5(Af) and £5(Ag), for suitably chosen isomorphisms ¢, between the local field
K and the lines

Hom, o« (I} @ x,K) @x Hom o (I @ x4, K) @ (Lie(Aj) ® s Lie(A;)).

(d) If A; and As are congruent elliptic curves mod p” as in §1, one thereby
obtains a congruence between £x(A;) and £5(Az) modulo p” - Eih, 4, 03],
again assuming that £(A;) for i = 1,2 correspond to bounded Iwasawa functions,
and where ﬁi\l, A, is the Oc,submodule generated by the values X(E(Al)) and

x(£(A2)) as x' ranges over Hom(F%mi,@: ) — we refer the reader to Theorem 1.5
for the precise statement.
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