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ABSTRACT

This study grew out of informal observations of the poor achieve-
ment of 13 year old New Zealand students with decimal numbers. These
observations were confirmed by the results of large-scale quantitative
tests with 11 to 14 year olds both in New Zealand and overseas.

The research design combined quantitative and qualitative approaches.
Initially a decimal numbers survey was administered to a sample of 11
to 14 year olds (n = 102). Next a series of stimulus cards was con-
structed based on the survey results and the researcher's observations.
These cards formed the basis of interview protocols for a longitudinal
study of 11 to 14 year olds (n = 28) over two years. Additionally,
the individual interviews investigated the students' views of learning
mathematics and mathematics teaching, including their affective
responses to decimal numbers and mathematics.

The research was influenced by the constructivist view of learning
in which the emphasis is on the individual actively constructing his/her
own interpretations from incoming stimuli. In particular, use was made
of the generative learning model to account for students' constructions
of meaning. Students employed these constructions of meaning, or
mini-theories, to describe and explain their ideas when solving problems
with decimal numbers.

The findings gave further support to a constructivist view of
learning mathematics, and pointed to the strong influence of affective
variables in mathematics learning. It was considered that the
generative learning model, with its strong cognitive eniphasis, may be
criticized for its lnattention to attitudinal factors. As well, (and
contrary to generative learning model postulates) the research suggested
that learning was often of a fragmented and situation-specific nature
and that students held incorrect mini-theories without testing them
against a number of existing ideas.

The implications of the findings for teaching and learning, the
curriculum, assessment procedures, and in-service and pre-service

teacher education are discussed in the final chapter.
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CHAPTER ONE

THE RESEARCH PROBLEM AND RELATED BACKGROUND

The present study arose from informal observations of the poor
achievement of New Zealand children with decimal numbers. These
observations were reinforced by results of the 1981 International
Educational Achievement Survey (Department of Education, 1982). The
survey rgvealed that a large Third Form sample (n = 5177) of 13 year
olds had an average facility level of only 39 per cent for test items
involving computation with decimal numbers (see Appendix A).

This finding seemed to contradict the optimism of mathematics
curriculum developers that the introduction in 1974 of metric measure-
ment into New Zealand would make learning about decimal numbers an
easier task (N.Z. Department of Education, 1974314)- Moreover,
the survey results could be seen as supporting the argument of the Back
to Basics movement that, on average, New Zealand school children
lacked facility with the fundamentals of mathematics; further, that the
introduction of 'new maths' curricula since the late 1960s had failed
to serve the learning needs of many members of the school populace.

The fact that surveys had uncovered similar low achievement patterns in
other western countries (e.g. the United States - see Carpenter et al,
1984:488), reinforced the present investigator's concern.

One way of investigating this situation would be to conduct further
cross—-sectional surveys of achievement, to establish correlational
patterns between mathematics achievement levels and a range of teacher,
student, and teaching method variables, and then set up an experimental
study aimed at improving knowledge, understanding and skill with decimal
numbers. Rather than employing these quantitative research methods,
however, the present study focussed on the observation of individual
children and explored their ideas and beliefs through the use of the
interview procedure.

This orientation was influenced by two relatively recent develop-
ments in educational research. The first is the constructivist view
of children's learning in which the emphasis is on the individual
actively constructing his/her own interpretations of information from
incoming stimuli. The second is the move away from quantitative

research methodologies to observational research using in-depth studies



of relatively small sample.

Constructivist psychology has its roots in the work of Jean
Piaget, but in recent years it has been restated and refined in theories
such as the generative learning model. The essence of the generative
learning model is that the learner does not passively accumulate
information; rather, s/he selects and attends to the information received
and actively constructs her/his own meanings from this in-coming data.
Generative learning theory emphasizes the importance of generating links
to relevant aspects of information held in memory (Osborme, 1985;

Osborne and Wittrock, 1983, 1985; Wittrock, 1974a, 1980). The links
that are generated by the learner are critical for the meanings that are
constructed.

Research in science education has shown that learners frequently
generate meanings that are different from those hoped for by the teacher,
and by the writers of curricula and textbooks (Bell, 1981; Driver, 1984;
Gunstone and White, 1981; Osborne, 1985; Osborne and Wittrock, 1983,

1985; Tasker, 1980, 1981). Another finding has been that where
children's ideas are changed by science teaching, these changes are often
quite different from those intended (Osborne, 1981; Osborne and Cosgrove,
1983). It is significant that the above studies have adopted natural-
istic research methods, participant observation, interviews with
individual learners, and action research in classrooms.

In mathematics, the generation by learners of incorrect strategies
has been well documented (Ashlock, 1976; Brown and Van Lehn, 1982;
Brownell, 1949; Reisman, 1972), and has led to comments on the diverse
nature of children's errors (Davis, 1979, 1982a) as well as to empirical
studies of the 'bugs' themselves (Van Lehn, 1982, 1983). Again,
naturalistic methodologies have often been employed as researchers have
focussed on individual and group conceptions of aspects of mathematics.
Paralleling the research in science education, research in mathematics
education has moved in recent years to greater use of the clinical
interview technique, participant observation, and qualitative accounts

of learners' behaviour.

Purposes of the Study

The 1981 I.E.A. survey showed that a substantial proportion of New

Zealand 13 year olds lacked facility with decimal numbers. The re-



searcher's interest, however, was in what might lie behind the
children's difficulties and errors. While a survey could confirm that
computational problems and conceptual difficulties existed, it was con-

sidered that the crucial question concerned how children constructed

these inappropriate responses.

A small number of overseas studies using both quantitative and
qualitative research methodologies have focussed on student misconcept-
ions and error patterns in the area of decimal numbers (e.g. Bell et al,
1981; Brown, 198la; Hiebert and Wearne, 1983, 1984; Wearne and Hiebert,
1984). In general, these studies have supported the finding from
various surveys that many students demonstrate inadequate knowledge and
understandings when working with decimals.

The present study was designed to tap into the mathematical think-
ing of individual students about decimal numbers. The study used
diagnostic instruments, as well as a series of detailed individual
interviews, in an attempt to uncover (a) how a sample of 11 to l4 year
olds constructed their mathematical ideas about decimal numbers, and
(b) what the basis might be for any mathematical errors that this sample
exhibited.

A cross-sectional survey of achievement offers a '"one-shot' assess-
ment of different age groups at the same time. It was hoped that the
longitudinal monitoring of a child's performance in decimal numbers in
the present study would provide data on any changes in knowledge, under-
standing and skill over time. Such data might not only help education-
alists understand how children learn to think mathemétically, but it
might assist them to make a more meaningful and comprehensive analysis of
the results of surveys such as the I.E.A.

In addition, it was hoped that the present study would prove
suggestive in the pedagogical sense. In other words, because the study
looked at the learners' ideas constructed over a period of schooling,
then these ideas should have relevance for teaching about decimal
numbers.

The overall purpose of the present study, then, was to explore how
learners actively constructed their concepts of decimal numbers, how they
constructed computational procedures using decimal numbers, and how they
viewed lessons about decimal numbers. This focus on the learner rested
on the belief that children build upon their previous views of the world

in acquiring new information, skills and attitudes rather than learning

de novo.



Limitations of the Study

The research reported in this study concerns itself with only one
topic within the broader mathematics curriculum. The naturalistic
research design precluded a study of a wider range of subject matter,
which would have demanded the attention of a research team.

The naturalistic orientation of the research methodology also
limited the numbers of subjects in the research sample. Twenty-eight
11 and 12 year olds were studied for two years. During this time the
research sample transversed the primary/secondary school interface and
experienced systematic schooling in the curriculum area of decimal
numbers. For logistical reasons a larger sample size and a wider age
range would have proved unmanageable for investigation by a single

researcher.

Organization of the Report

Chapter Two discusses the theoretical background to the research,
with particular reference to constructivist and generative learning
theory. The implications of these theories for research design are
then discussed with reference to qualitative research, in particular
longitudinal study and use of the interview as an evaluative tool.

Chapter Three reviews the findings from quantitative and qualita-
tive studies in mathematics education. A critical analysis is made of
concerns in mathematics education, of research studies focussing on
children's errors or 'bugs', and of studies on children's knowledge and
beliefs about decimal numbers.

Chapter Four describes the research method. The chapter presents
the research questions, discusses the quantitative and qualitative
approaches that were used (including the rationale for the longitudinal
research design) , details piloting procedures for the interview format,
describes the research sample, and describes the interview protocol.

Chapter Five presents the results of the quantitative survey of
students' knowledge of decimal numbers. The results are analysed, and
areas for the naturalistic follow-up research are identified.

Chapters Six, Seven and Eight present and discuss the findings of

the longitudinal studies with the main research sample, including an



analysis of the individual and group constructions of meaning that the
qualitative research methodology helped reveal. Attitudes of the
students towards mathematics are also presented.

Chapter Nine summarizes the research findings, draws significant
conclusions, and outlines some major educational implications of the

study.



CHAPTER TWO

THEORETICAL BACKGROUND
AND
RESEARCH IMPLICATIONS

As indicated in Chapter One, the present study attempted an analysis
of how and why students arrive at inappropriate responses to decimals-
related problems. The researcher adopted the constructivist viewpoint
in cognitive psychology that, in learning, students build upon their
previous views of the world rather than attempting to construct ideas
de novo. The present chapter examines constructivist theory to justify
its application in this research. Because the constructivist position
is best supported by a qualitative research methodology, the chapter
examines also the general nature of qualitative approaches to education-
al research, including discussion of longitudinal-type designs and use

of the interview as an evaluative instrument.

The Constructivist View of Learning

Many people have held a 'commonsense' view of learning as simply
absorbing knowledge. As Driver (1984:3) noted, this might be reflected
in everyday phrases such as "I could not take it in'. This view of
the learner as a passive recipient can be contrasted with current per-
spectives on learning which suggest that learning is an active process.

Jean Piaget (1929) first brought attention to the idea that learn-
ing is an internal, active process. He considered that all knowledge
was constructed by the individual as s/he interacted with the world
and tried to make sense of it. In contrast to the absorption model,
Piaget believed that knowledge was acquired, not by the internmalization
of some outside given meaning, but by construction from within of
appropriate representations and interpretations of incoming stimuli.

Over the last two decades there has been an increasing tendency for
teachers to cite Piagetian psychology - in particular, the developmental
stages for the emergency of various epistemological constructions in

mathematics - as the rationale for their curriculum and teaching



approach. Yet Piaget was essentially a philosopher interested in the
nature of knowledge, and not so concerned with the psychology of learn-
ing and classroom applications of his theory (Flavell, 1977; McNally,
1972). However, two other constructivist theorists have attempted to
relate constructivist ideas to a learning model: (1) George Kelly in the
field of personality development, and (2) Merle Wittrock in the area of

learning theory.

Kelly's Constructive Alternativism

Kelly (1955, 1963) used the term constructive alternativism to
summarize his view that people understood themselves and their
surroundings, and anticipated future eventualities, by constructing
tentative models of the world. This relates to Kelly's metaphor of
'man-the-scientist'. Such models could be tested for their predictive
efficiency, and were subject to both revision and replacement. A
concomitant of this theory of personal constructions of reality was
rejection of an absolutist view of truth.

From Kelly's perspective, then, personal constructs are erected by
people to account for phenomena, to predict events, and to evaluate
previous forecasts once the events have occurred. These constructs are
hierarchically arranged and possess what Kelly called a 'focus of con-
venience', by which he meant that a construct refers to those things to
which individuals would find its application most useful.

Change to personal constructs is seen by Kelly as an evolutionary
process in which groups of constructs are differentiated into independ-
ently organized substructures or mini-theories which, in turn, may be
integrated into cross-referencing systems, or into higher levels of
abstraction. This enables a person to draw upon more, as well as more
sophisticated, relevant information.

A most important theme throughout Kelly's theory is that people
are unique in their constructions of reality (Kelly's 'Individuality
Corollary'). According to Kelly, two people cannot be presumed to have
the same ideas even when they have ostensibly experienced the same set
of events. Because constructs differ in their focus, range, permeabil-
ity, position within a hierarchical framework, and linkage with one
another, this would affect the content of a person's construct system.

Kelly also describes the relevance of phenomenology to his personal



construct theory. Phenomenology emphasizes the fact that the outlook
of the individual person is itself a real phenomenon. In psychology
this has led to the study of individual differences, and the psycholo-
gist, claims Kelly, should not assume that a different viewpoint lacks
substance of its own: "...the psychologist should not necessarily infer
that what one person thinks has to be like what another would think in
the same circumstances, nor can he accurately infer what one person
thinks from what is publicly believed to be true'" (Kelly, 1963:41).
Kelly also describes the orientations of some psychologists (e.g.
Allport) in distinguishing between nomothetic and idiographic classi-
fications, and how, if individual descriptions are to have meaning,
they must relate to principles of human behaviour.

The educational implications of Kelly's personal construct theory
centre upon the importance of teacher recognition of, and sensitivity
to, the personalized alternative frameworks that students possess and
apply during learning. As Pope and Keen (1985:33) suggest: '"When
applied to an educational context, this constructivist view of know-
ledge lends support to teachers who are concerned with the investigation
of students' views, who seek to incorporate these viewpoints within the
teaching-learning dialogue, and who see the importance of encouraging
students to reflect on, and make known, their construction of some
aspect of reality."

Kelly believed that other people, too, are important for the
validation or invalidation of a person's constructs. Thus, a person
might possess a construct about the importance of authority. If this
construct were paramount, then conceivably a student having this view
would see the teacher's knowledge as being the most powerful and thus
to be the most valued (c.f. Young, 1971). This might discourage a
learner from experimenting with his/her personal constructs, thus limit-
ing knowledge to the teacher's dicta.

Although Kelly recognized that there was an infinite number of
possible ways for a person to construct meaning about some aspect of
reality, some constructions would inevitably be inappropriate. Thus
learners would need to be guided to construct 'better theories'.
Crucial, here, was the need for the learner to see any new information
("theory') as intelligible, plausible, and useful (Hewson, 1981).

From a teaching-learning perspective this suggests that teachers
should discover students' frameworks, recognise any emotional signifi-

cance of these to the learner, appreciate that some mini-theories might



be deeply entrenched and highly resistant to change, and devise learning
activities that would help learnmers to evaluate the efficacy of their
mini-theories.

Kelly's theory was to precede a shift in educational psychology
towards cognitivism and renewed interest in the information-processing
strategies of learners (White, 1983). This paradigmatic shift was per-
haps a reflection of the growing concern with the details of learning,
with how learners perceive and interpret their worlds.

To summarize, Kelly presented a potentially useful theory for
educators, but his formulation of this theory was so complex and burdened
by specialized terminology that most classroom practitioners would find
it difficult to understand and apply (c f. Osborne and Wittrock, 1985:63).
Kelly's theory of personal constructs is essentially a theory about )
personality, Kelly's main concern being with therapeutic practices
related to satisfactory personality functioning (see, for example,
Kelly's 1953 handbook for psychotherapists dealing with disturbed
clients). However, Kelly's work represents a new thrust in cognitive
psychology, namely, interest in the information-processing strategies of
learners, and the idiosyncratic nature of this for each learner. A
complementary contribution comes from the work of Merle Wittrock who
looks at the way in which meaning is actively constructed from the inter-

action of existing knowledge and incoming stimuli.

Wittrock's Generative Learning Model

Wittrock (1974a, 1980), in explaining the generative learning model,
presents the fundamental premise that people tend to generate perceptions
and meanings consistent with their prior learning. In particular,
learning with understanding is a process of generating semantic and
idiosyncratic associations between stimuli before the learner, and in-
formation from memory store. Wittrock, then, indicates his reliance on
a constructivist model of learning, and parallels the general orientation
of Kelly's work. However, the generative model of learning, according
to Wittrock (1974a), is unlike earlier cognitive models of learning
because of its emphasis on concrete, prior experience and abstract verbal
abilities "transferring to and being used to construct specific associa-
tions to stimuli" (Wittrock, 1974a:89).

Wittrock (1974a) describes three small studies that he undertook

based on the learning model. The first of these, with 364 Fifth and
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Sixth Grade students, provided support for the idea that when students
are asked to generate a sentence that summarizes a passage of reading
material and are given word organizers associated with this passage,

they perform significantly higher than the control groups on retention
and comprehension scores. The two other studies which required

learners to generate hierarchies for recalling words, and trained school
children to solve simple concept identification problems, provide support
for Wittrock's generative learning model in that it is shown that the
relation between the learner's background and the stimuli are crucially
important.

Wittrock considers that learning with understanding involves gener-
ating and transferring meaning from a number of sources - one's back-
ground, attitudes, abilities and experiences. This indicates Wittrock's
acknowledgement of the importance of the individual person's construction
of reality and how these constructions vary from one person to another.

In summarizing research on the brain and learning, Wittrock (1980)
indicates that although the brain often responds reflexively to incoming
stimulation, it is much more than a 'tabula rasa' that passively stores
incoming information. The 104 studies cited by Wittrock indicate that
"the brain often selects the information to which it will attend, and
constructs models of reality from the incoming stimulation' (Wittrock,
1980:397).

Wittrock claims that the encoding of information in memory is an
active, constructive process (c f. Kelly, Piaget) that involves inter-
action between information processing strategies and stored memory, as
well as sensory data from the environment. The construction of meaning
is not viewed as a simple process but involves ''expectations, intentions,
voluntary attention, previous learning, and strategies for processing
information" (Wittrock, 1980:397).

According to Wittrock, research on learning and development will
only be fruitful if we understand the effects of prior learning. Thus,
in teaching and learning we should first find out the developmental
differences between students, and then plan instructional sequences
accordingly.

Wittrock gives primacy to the learner. He states that those who
study learning and individual differences should attempt to discover and
understand learners' information-processing systems. Wittrock (1980)

claims that traditional correlational studies are of little use; rather,
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educators should study how learners transform teaching and learning
sequences into useful information. This suggestion implies that
classroom instruction will have different meanings for different learners
depending upon their information processing strategies and their fund of
past experiences.

Whereas Kelly's theory of personal constructs is comprehensive and
detailed, Wittrock's generative learning model is almost too broad.

Apart from the model's fundamental premise that people construct percept-—
ion and meanings for themselves, Wittrock fails to describe any other
major postulates of the theory. Although three minor studies have been
described (Wittrock, 1974a), as well as related research studies on
cognition and the brain (Wittrock, 1980), elaboration of the generative
learning model per se is absent from Wittrock's writings.

In the field of science education, Osborne and Wittrock (1983, 1985)
have attempted to redress these imbalances, and expand upon and articulate
the generative learning model. In an attempt to make Kelly's ideas more
communicable to readers, Claxton (In press a, in press b) modifies and
extends Kelly's work. Both sets of writers attempt to apply the theories
to the classroom setting by making suggestions for classroom interaction,
using illustrative material from research. These newer developments are

discussed in the next section.

Constructivism Applied

Wittrock (1974a, 1980) had outlined the generative learning model in
terms of its basic principles. It was not until he collaborated with
Osborne, however, that the model was more fully explained (Osborne, 1985;
Osborne and Wittrock, 1983, 1985).

Although the generative learning model incorporates ideas from
information-processing theory (Larkin and Rainard, 1984; Newell and Simon,
1972), as noted earlier it received its major input from constructivists
such as Piaget (1929), Kelly (1955) and Wittrock (1974a). From these
sources, Osbornme and Wittrock accepted wholly the principle that learning
with understanding requires effort to actively generate links between

incoming stimuli and store information. Diagrammatically this has been

represented as follows (FIGURE 1):
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FIGURE 1 : Representation of the Generative Learning
Model (from Osborne and Wittrock, 1985)

Osborne and Wittrock hold that a person's existing ideas influence
which stimuli are selected and attended to, and what meaning is given
to those stimuli: '"What people learn begins with existing ideas rather
than with the stimuli.” (Osborne, 1985:10)

Osborne and Wittrock (1985) have listed the major postulates of

the generative learning theory as follows:

1. The learner's existing ideas influence what use is made of the

senses, and in this way the brain can be said to actively select

sensory input.

2. The learner's existing ideas will influence what sensory input
g

is attended to and what is ignored.

3. The input selected or attended to by the learner, of itself, has

no inherent meaning.

4. The learner generates links between the input selected and attended

to and parts of memory store.

5. The learner uses the links generated and the sensory input to

actively construct meaning.

6. The learner may test the constructed meaning against other aspects

of memory store and against meanings constructed as a result of

other sensory input.

7. The learner may subsume constructions into memory store.
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8. The need to generate links and to actively construct, test out
and subsume meanings requires individuals to accept a major

responsibility for their own learning.

Osborne and Wittrock (1985) accept that any model of human learning
is an oversimplification of reality, and that further elaboration of the
generative learning model will be necessary. Some empirical studies
have used the generative model as their theoretical underpinning. Bell,
(1984), for example, researched the fields of reading comprehension and
conceptual change in science education, and focussed on the role of exist-
ing knowledge in both processes. Bell's main finding was that existing
knowledge was used not only to construct a meaning, but also to evaluate
it. To illustrate: (i) existing knowledge (e.g. the everyday concept
of animal) was used both to construct and evaluate a meaning for the
text that students encountered; (ii) the extent to which the perceived
text information was used in evaluation varied according to the student's
view of the acceptability, authority or 'correctness' of the constructed
text meaning. Learning in science, Bell claimed, involved not only the
construction of the intended meaning, but accepting it as well.

Other research by Baird (1984), and Baird and White (1984), has
argued that improvements in learning, ''depend on a fundamental shift from
teacher to student in responsibility for, and control over, learning"
(Baird and White, 1984:2). In other words there is concern with meta-
cognition (the knowledge, monitoring and control over one's own thinking
and learning), a concept that has a direct link with Osborne and Wittrock's
Postulate 8. above, namely, that learners should assume responsibility
for their own learning.

Baird and White's study used high school students' biology lessons
as a basis for a project that ran through four phases: Exploratory,
awareness, participation, and responsibility-control. Data werc gathered
from 15 sources. The students (n = 64) were given a question-asking
check-list (e.g. 'What is the topic?'; 'What do I know about the topic?'
etc.), evaluation notebook and card, and a techniques notebook to assist
them to increase control over their learning. Baird and White conclud-
ed that students did gain greater control over their own learning (based
on researcher observations and students' questionnaire responses), but
that the teacher remained in control of activities and direction within
the lessons. As well, the official syllabus and long-established teach-

ing procedures militated against change (see White, 1984, for alternative
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proposals for schooling). The important finding, though, was that

materials that encouraged students to think about and evaluate their
own learning were successful. Given a chance, students could become
more responsible for their own learning.

The generative learning model has described also the frequency with
which children's ideas have not been influenced, or have been influenced
in unanticipated ways, by classroom experiences (Biddulph, 1985; Carr,
1984; Tasker, 1980, 1981).

Osborne and Wittrock (1985) have suggested that the problem for
teachers might be that learners frequently generate links to existing
ideas which might be considered irrelevant by the teacher. Learners
construct their own perceptions and ideas about the purposes of lessons,
linkages to former lessons, the appropriateness of activities, and so
on (as Baird and White (1984) described). These perceptions might be
very different from those intended by the teacher.

Osborne and Wittrock (1985) have described the implications for the
teaching and learning of science of the constructivist tradition and the

generative learning model. They identified these as:

1. Selection: Initially, students need the opportunity to explore

new situations for themselves.

2. Attention: The teacher should influence the learner's voluntary
control over attention if he/she is to ensure that students attend

to specific aspects of the learning experience.

3. Sensory Input: Teachers should reflect constantly on the fact that

the sensory input selected and attended to by students has, in and

of itself, no inherent meaning.

4. Generating Links: Teachers might revise earlier lessons, exemplify

how the topic could be related to students' prior experiences,
explain fully and repetitively, and provide a large number of

exemplars.

5. Constructing Meaning: This involves much more than a single-path

or single-loop process.

6. Evaluation of Constructions: Teachers need to ensure this occurs by

making a range of models, experiences, demonstrations, worked

examples and analogies available to the students.
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7. Subsumption: Instruction should encourage learners to generate
firm links between constructed meanings and a variety of appropriate

aspects of the knowledge structures in memory.

8. Teachers could help students make better sense of their world by
providing opportunities for them to consider and contemplate, to
reflect back, to encourage the idea that learning is dependent on

their own actions, and to ensure that effort is rewarded.

In addition to these teaching principles, Osborne and Wittrock have
considered the implications of generative learning theory for curriculum
writers, assessment practices, and future research in science education.
However, whereas these two researchers have concentrated generally on
the processes by which learners construct their views of the world, the
nature of such constructions has been explored to a greater extent by

writers such as Claxton (In press aj in press b).

Claxton's Concept of the Mini-Theory in Science Learning

Focussing on science education, Claxton (In press a}; in press b)
has attempted to refine, yet make more communicable, Kelly's theory of
personal constructs. At the same time, Claxton seems to have incorporat—
ed in his work similar thinking to the generative learning model of
Osborne and Wittrock.

Claxton's analysis of science learning rests upon a set of basic

assumptions as follows:

1. Children know a lot of science.

2. Children are scientists. Not only do they know how the world works,

but they possess theories that underline and produce these ideas.

3. Children are inconsistent scientists. Children possess not one
grand theory, but a number of mini-theories. Some of these are

inconsistent with each other.

4. Mini-theories have a focus and a range of convenience. Theories
became expanded to situations other than the original domain, and

this developed domain is called the 'range of convenience' of a

mini-theory.

5. All knowledge and skill possesses a range of convenience. All

cognitive mechanisms and representations are context-specific.
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6. When existing theories are inadequate we learn. In other words,
the most powerful stimulus for the development of a theory is

that theory's failure.

7. We vary in our personal commitment to our mini-theories. Some
points of view are easily given up; others might be very resistant

to change.

In explaining his theory, Claxton used a a number of metaphors.

For example, he described a developing set of mini-theories as being
like a large number of amoebae which are attempting to find their 'right
place' on a flat board that represents one's experience. Using this
analogy, he points out that some domains of experience might be covered
by no mini-theory ('gaps'), while others might be covered by more than
one mini-theory ('overlap').

Claxton considers Kelly's constructs to be less general than mini-
theories. However, he admits that much of what Kelly said could be
applied to mini-theories. Claxton's acronym SPADE covers the essential
points of the mini-theory viewpoint: There is a Situation (S) to which
mini-theories are applied, this application consisting of Prediction (P)
and Action (A): "A theory tells us what is likely to happen next,
given what is happening now'" (Claxton, In press a); 'SPA' often operate
in an unconscious, unarticulated, spontaneous, and intuitive fashion.
Once the child has developed language, however, Descriptions (D) and
Explanations (E) usually feature.

Claxton also used the metaphor of a street light to describe the
boundaries of mini-theories. Just as street lights illuminate a patch
of ground and fade into shadow at the edges, or merge with the next
light ('overlap'), so too one set of expectations might sharpen up while
the other fades away.

How stable are mini-theories? Claxton has argued that it depends:
if situations shift quickly, then so, too, will mini-theories. Overall,
Claxton feels that a particular mini-theory lasts as long as it is
successful.

Claxton has proposed that learning involves some change to SPADE:
""Next time we may be inclined to expect something different (P), behave
differently .(A), or describe and account for what is going on in a
different way (D and E)" (Claxton, In press a). Learning might occur

when a mini-theory produces a successful prediction, action, and so on.
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The failure of a mini-theory might be attributable to over-extension,
under-extension, or conflict. Where failure occurs through over-
extension of a theory, then we might advance another mini-theory into
that area. On the other hand, the mini-theory might be modified. The
most interesting case though, according to Claxton, is where conflicting
mini-theories exist, as this is a problem often encountered by science
teachers. For example, students may have different ideas about dynamics
simultaneously, based on information from the school and out-of-school
setting (Claxton, In press b).

Claxton isolated three types of science - 'gut', 'lay', and 'school'.
'Gut and 'lay' science can overlap, and as a result of this might be
laminated or integrated. Laminated mini-theories are those that over-
lap but are not connected; integrated mini-theories are those where
disparities and inconsistencies have been ironed out, and the two mini-
theories are fully in accord.

Claxton has discussed the problems of overlap, conflict and resist-
ance with regard to learning science. In doing this he drew not only
on cognitive, but also social, aspects of the learner's world. For
example, in cases of no learning, people may opt not to give up a

'gut' or 'lay' mini-theory if that might place the person in

cherished
conflict with his/her society, family and friends.

Claxton has suggested that linking school science and out-of-school
science might be more difficult than teachers imagine. For the inte-
gration of the two to occur, eight conditions must be fulfilled. These
are the need for: the two theories to be laminated; the theories to be
simultaneously active; conflict to exist; the conflict to be perceived
or acknowledged by the learner; the learner to feel the need or the
benefit of resolving the conflict; appropriate learning strategies to
be engaged; defensive strategies to be avoided; and a satisfactory
resolution of the conflict to be found.

In the broader context, Claxton has categorized two aims for teachers:
the teaching of symbolic science (traditional scientific knowledge and
techniques), and amplifying competence (enhancing students' everyday
competence). Claxton notes the disparities between these styles of
teaching, and the complexities and difficulties associated with each:
"Acquiring knowledge is a different activity from developing ome's

competence, and learners pursuing one or the other require very different

kinds of assistance'" (Claxton, In press a). Claxton concluded that
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teachers needed to offer students of science an approach that embodied

considerable tact, understanding and respect.

Comment

Although Claxton's theory aims to provide a general model of learn-
ing, he has concentrated to date very much on the science education
field. Moreover, while he has referred to anecdotal evidence and to
various researchers in his theory-building, he has not provided empirical
data to support his contentions. It seemed appropriate in the present
study, therefore, to investigate the applicability of Claxton's concept-
ualization of mini-theories to the learning of mathematics - in this
case, decimal numbers.

The generative learning model of Osborne and Wittrock presented a
second theoretical position for empirical investigation in the present
study. Not only might Osborne and Wittrock's postulates of learning
bear study (see Pages 12, 13), but a study of mathematics learning might
reveal interesting findings in the affective domain, an area neglected
by Osborne and Wittrock, and to a lesser extent Claxton. Thus the
present research explored attitudes towards mathematics in an attempt to
investigate their importance in the learning of mathematics. In turn,
it was hoped that this would provide evaluative data on the validity of
the generative learning model.

This model also tends to present a sequential picture of learning.
But learning might well be more of a piecemeal nature, that is, it
might consist of a series of 'packages' that are situation specific
(c f. Claxton, In press b). And these 'packages' might be more tenta-
tive and experimental than the generative model suggests. It was hoped
that the present study of mathematics learning might illuminate this

theoretical issue.
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Implications of Constructivist Theory

-for Research Method

Educational research that is underpinned by constructivist theoret-
ical thinking necessarily leans towards a methodology that will help the
researcher get beneath surface behaviour to the phenomenological persp-
ective of learners. As Katterns (1982) has put it, the aim is "to get
between the ears and behind the behaviour'. This section examines this
qualitative approach to educational research, discusses its two features
of longitudinal study and the use of interviews, and considers the
advantages of combining the qualitative approach with a quantitative
one in which learner performance is subjected to some kind of statistical
analysis. Because the focus of the present study was on mathematics
learning, points of principle are illustrated as often as possible by

reference to research in that curriculum area.

Quantitative and Qualitative Research

Surveys of a quantitative nature in broad areas of the mathematics
curriculum provide what is called a nomothetic assessment. The advant-
ages are held to be: the sampling of large numbers of student behaviours
to assess current status; providing data that can be used to compare the
performance of various groups; the identification of major trends; and
identifying for teachers problem areas that might be addressed in the
future. Although some claim that large scale testing does not enjoy
the prestige it once had, pressure has persisted to continue with this
form of testing and measurement . Ebel, and Carpenter et al have

summarized these sentiments in the United States:

""...external tests of pupil achievement have strong

support in the public that ultimately determines
educational policy in this country. That support has
already been expressed by the legislatures of two thirds
of the states who have mandated some form of external
testing of achievement...the fundamental logic of
including assessments of achievement as an essential
component in any purposeful instruction program is sure
to prevail ultimately over the kind of specious arguments
we have been hearing against the use of tests of achieve-

ment."
(Ebel, 1980:16)
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"Recently the achievement of students in American
schools has become a matter of national concern,
particularly achievement in the sciences and mathe-
matics. One of the best measures of achievement is

the results of the National Assessment of Educational
Progress (NAEP) (1983)...0ver 45,000 students
participated in the most recent mathematics assessment...
the results provide an accurate sampling of the perform-
ance of elementary and secondary students over a broad
range of objectives."

(Carpenter et al, 1984:485)

Some researchers, however, advocate the use of qualitative
approaches in educational research. Some of the earliest examples of
this came from Piaget (1929, 1941). Since that time, qualitative
studies of children's learning in mathematics have revealed much more
information on how individual students go about constructing meaning
from the data that they confront. In general, these studies have been
loosely structured around a few key concepts or questions that the
investigator has wanted to explore with the individual. Indeed many
of the recent studies with young children could be linked directly to

Piaget's earlier ideas:

"What now began to be carried out in increasing numbers
were studies which extended his (Piaget's) work, either
by finding quite new ways of looking at the topics he
had studied, or by using variants of the tasks which he
used."

(Donaldson et al, 1983:7 )

In otﬁer discipiines such as sociology, a balance has been attempted
between macro and micro studies - earlier positivistic studies such as
those of Durkheim (1951) and Coleman (1961) have been replaced by smaller
scale studies that examine the views that people as individuals attach
to objects and actions as they continuously interact in group situations
(Berger and Luckman, 1967). As well, participant observation techniques
have necessarily involved small samples in a variety of settings

(e.g. Becker, 1953).

In between these two stances, writers have advocated, on occasions,
the use of both quantitative and qualitative approaches when studying
children's learning. This has been suggested as a means of overcoming
the problem of sampling a student population large enough so that the
findings can have generality, and yet small enough so that the views of
individual students can be recorded and analyzed. Brueckner (1935)

mentioned this problem many years ago when discussing diagnostic
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procedures in arithmetic:

"Survey and analytical tests help the teacher to locate
the source of difficulty. Test results do not give
adequate data concerning the pupils' methods of work,

nor do they reveal the nature of errors made. There are
four general methods that can be used to analyze errors
and faulty methods of work: (1) observation of the

pupil at work, (2) analysis of written work, (3) analysis
of oral responses, and (4) interviews."

(Brueckner, 1935:291)

The survey reported by Hart (1981) used both quantitative and
qualitative methods, as have other studies (e.g. Krutetski, 1976). The
Hart research, the Concepts in Secondary Mathematics and Science (CSMS)
programme, tested approximately 10,000 children in all, but used inter-
views with about 30 children from appropriate age ranges to provide

validating information for the written tests and data on the students'

errors:

"In order to present a picture of children's mathematical
understanding which was representative of the English
child population, it was necessary to use written tests.

...Iltems were written which were free from technical words
and these were tried on interview with children and then
replaced or revised. The interviews were used for a
second purpose, that of finding the methods used and errors
made by children when confronted with a mathematical

problem."
(Hart, 1981: 1)

Likewise, Brown's (198la) study, which was part of the CSMS pro-
gramme, used both written surveys and interviews with individual
students. The interviews, although based on the written tests, did

have some flexibility built into them:

"In the first set of interviews most children were asked

to tackle all the questions to give as much information

as possible. However because there was a large number

of items and a great variety of difficulty, the interviewer
was allowed especially in later interviews to exercise some
selectivity where it seemed appropriate and omit questions
which on the basis of the child's answers to prior questions
would be expected to be too easy or too difficult."

(Brown, 1981a:220)

Taking its lead from research like that described above, the present

study used both quantitative and qualitative approaches. In order to
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sample a broad domain of objectives in the curriculum topic Decimal
Numbers, a written test was administered to a representative group of
11-14 year olds to assess their knowledge and understanding of decimal
numbers. From the results of this test certain aspects of the students'
knowledge and understanding of decimal numbers seemed to warrant closer
study. It was decided that the best way this could be done was through
the use of individual interviews with a sample size of manageable
numbers. In order to probe more deeply than was possible with a 'one-
shot' interview, the subjects were interviewed four times over two years.
In other words, the present study used a survey to ascertain some trends
from quantitative data, then employed interviews over a period of time
that yielded qualitative data. Aspects of both nomothetic and idio-

graphic assessment were thus employed.

Longitudinal Studies

Fox (1969) claimed that short-term longitudinal surveys were the
single, most frequently employed research approach (by 'short-term'
longitudinal studies Fox meant projects that ran for up to one school
year). 'Genuine' long-term longitudinal studies, however, have been
relatively uncommon. Terman and Oden's (1947) twenty year study of
genius, and Bayley's (1955) twelve-year research into the relationship
between intelligence and aging, are considered to be classical studies of
the genuinely longitudinal type.

The problems of longitudinal studies have been well documented

(Johnson, 1977; Wiersma, 1975) and include:

1. Attempting to answer research questions involving long-term

objectives by means of study periods that are too short.

2. Vulnerability to Hawthorne Effect, particularly if comparisons

are being made within a control/experimental group paradigm.

3. Subject attrition and/or difficulty in maintaining subject contact:
in the case of attrition, remaining subjects might well be those
who are more co-operative, more persistent, less assertive, and

more stable, thus constituting a bias in the research sample.

4. The possibility of subject 'test-wiseness' as the result of too

frequent exposure to data collection instruments.
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5. Unintentional research sensitisation affecting performance
e.g. parental reactions to their preschoolers' language usage

affected by knowledge of a researcher's purposes.

6. Variable selection problems: for example, initial research

questions and measures may or may not be pertinent at subsequent

trials.

7. Difficulty in ensuring a representative research sample: for
example, subjects willing to commit themselves to a longitudinal
research programme might well be those who are more concerned,
better educated, more curious and more open-minded, thus biasing

the research sample.

8. Practical problems of economics, loss of research personnel,
keeping track of subjects and maintaining systematic data collect-

ion methods.

Daspite these difficulties, many claim that longitudinal studies
make a special contribution to research. Vasta (1979:64), for example,
states that such research "offers the psychologist a potentially valuable
way to focus on changes in behaviour and to identify the determinants of
such change. In addition, it permits the study of the long-term
cumulative effects of these variables and their interaction with one an-
other."  Again, Fox (1969:439-440) points out that "...there is no
substitute for truly long-term longitudinal studies...it avoids the
assumption of comparability of different groups by using the same respond-
ents at every data-collection interval."

One variation of the longitudinal approach has been the combined
longitudinal/cross sectional design. In this research design several
groups of subjects at different ages are studied over a period of time.
For example, a research project of this nature might begin with subjects
aged 10, 12, 14 and 16 years of age. If this sample were studied for
two years, then there would be two years of data on each individual
subject, as well as comparative data for the four age levels at the
commencement of the study - and after two years, data for ages 10 years
to 17 years.

The combined longitudinal/cross-sectional design, therefore,
attempts to retain the best features of each design. Data can be built

up about individuals over a period of time, yet some of the difficulties
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of long-term longitudinal studies are obviated.

In the present study the longitudinal research format was used.
In addition, one feature of cross-sectional research methodology was
incorporated in that two class levels comprised the sample under study.
(This is discussed in Chapter Four.) The major feature of the
research design, however, was its longitudinal dimension. Thomas (1980)

has summarized much of the argument for the longitudinal design:

"Where a research problem in cognitive development
requires detailed qualitative monitoring of individual
differences then the likelihood is that a longitudinal
design would be appropriate. If the research problem
was interested in the differences between earlier and
later status for a particular variable then again a
longitudinal design would be not only suitable but
necessary."

(Thomas, 1980:3)

The Interview as an Evaluative Tool

Just as longitudinal study lends itself to research that seeks to
identify changes in how learners construct meaning, so too the individual
interview appears to be a valuable tool for understanding how such
meaning construction occurs and changes. This section reviews the
individual interview as a diagnostic and evaluative tool in educational
research with particular reference to mathematics learning.

As reviewed by Ginsburg et al (1983) and Hunting (1983), interview-
ing to probe student learning is a much-used but difficult tool to
master. Cohen and Manion (1980) contrasted three conceptualizations of
the interview in research. One view is that the interview has the
potential for pure information transfer. Thus, if the interviewer does
his/her job well, and if the respondent is sincere and well-motivated,
then accurate information might well be obtained.

A second conception of the interview is that of a transaction model.
In this view, bias is taken into account, and this can be recognized and
controlled: '"The interview is best understood in terms of a theory of
motivation which recognises a range of non-rational factors governing
human behaviour, like emotions, unconscious needs and interpersonal
influences" (Cohen and Manion, 1980:250). However, these potential

obstacles, it is believed, can be controlled or removed in some way.
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A third conception of the interview describes it as an encounter,
necessarily sharing many of the features of everyday life. Thus five
unavoidable features of the interview situation arise: (i) interviews
differ one from the other because of mutual trust, social distance and
the interviewer's control; (ii) respondents may become defensive if
questioning is too deep; (iii) both interviewer and interviewee are
bound to hold back something of what they could state; (iv) meanings
clear to one person may be relatively opaque to another; (v) inter-
views cannot ever be rationally controlled. Proponents of this third
conceptualization of the interview consider that no matter how conscient-
iously an interviewer tries to be objective and systematic, ''the con-
straints of everyday life will be part of whatever interpersonal
transactions he initiates" (Cohen and Manion, 1980:251).

In order to obviate problems like these above, several writers
have suggested strategies for interviewing. Bell and Osborne (1981),
for example, have listed 15 '"Do's and '"Don'ts'" for interviewers (see
APPENDIX B), Schoen (1979) and Lankford (1974) have compiled suggest-
ions for conducting interviews in the context of mathematics. In New

Zealand the mathematics textbook School Mathematics 2 (Department of

Education, 1984), has a number of interview formats that teachers might
employ for evaluating specific objectives, such as children's ability to
perform subtraction with decomposition.

All of these suggestions and proposals have been aimed at improving
the validity and reliability of the interview. However, a dilemma has
remained, in that measures taken to increase reliability (e.g. greater
control, structure) have tended to decrease validity. Thus, the more
interviewers have become rational, calculating and detached, the less
interviewees have perceived the situation as a friendly transaction.
Thus, more calculated and controlled responses might be elicited.

Some researchers have combined interviewing with a quantitative
orientation in their research. Hart (1981), for example, has outlined
the Concepts in Secondary Mathematics and Science (CSMS) research pro-
gramme in which written tests administered to 10,000 children were
supplemented with interviewing of 30 children to improve the written test
items themselves, and to investigate the methods used and errors made by
the students. Brown (198la), as part of the CSMS study, used a similar
research methodology. Other research described in Chapter Three
(Bell et al, 1981; Hiebert and Wearne, 1983, 1984) employed similar

methodologies.
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Interview sequences have often been quoted by researchers to
illustrate certain response patterns. Davis (1971), in discussing
some of the issues in the content of 'New Maths', quoted the following
sequence to show the original methods students can generate to solve
problems. The extract also illustrates the type of information an

interview can elicit:

"Teacher (says) (writes)
Now, we can't take 8 from 4, so we'll 64
have to regroup. -28

Kye a 3rd grade boy (interrupting)

...oh, yes, you can! Four minus eight 64
is negative four -28

-4

...and 20 from 60 is 40 64
-28

- 4
40

...and 40 and negative four are 64
thirty-six... -28

- 4
40

36

...80 the answer is 36"
(Davis, 1971:36,37)

As Davis pointed out, 'Kye' was a bright seven year old who had a
helpful background to assist him in developing advanced mathematical
concepts.

Peck and Jencks (1973) also noted the usefulness of interviews for
probing the understanding of students who got high scores on traditional
written tests in mathematics, and provided illustrative examples of Sixth
Graders' explanations for reducing fractions. They concluded that
interviewing '"allows the teacher to infer a depth of understanding not
discernible by paper and pencil tests'" and that 'many testing programs
could profitably be supplemented by asking children to verify their
responses in the world of reality'" (Peck and Jencks, 1973:56).

The use of interviews to elicit mathematical understandings from
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students has covered many aspects of the mathematics curriculum. Brown,
(1981), Brown and Kuchemann (1976, 1977), Jencks et al (1980), Katterns
and Carr (1986), Kent (1979), Krutetskii (1976), and Lankford (1972, 1974)
have focussed on the computational processes and understandings that
children employ to solve problems involving some of the basic operatioms.
Carr and Katterns (1984) looked at children's use of an often-used
teaching aid in mathematics - the number line - and used individual
interviews to go beyond data obtained from written tests.

In the area of problem-solving (using traditional textbook-type
problems), Moser and Carpenter (1982) employed individual interviews
with 100 Grade 1-3 youngsters in order to find out how they attacked
problems. Their work revealed, to the surprise of some, that school
beginners coped successfully with solving word problems in mathematics.
Students' ability to generalize beyond the context of written test items
to a much broader variety of contexts was probed by Alderman et al,
(1979). In an exhaustive examination of 'Henry's' mathematical
behaviour, Davis (1975) described and analysed the responses of one
student and made suggestions aimed at producing conceptual thinking in
all students. Lawler (1982) used observation and unstructured interview
procedures to investigate 'Robby's' experiences with LOGO (Papert, 1980)
and how these influenced 'Robby's' later problem solving. Krutetski's
(1976) work involved an intensive study of the problem-solving processes
used by primary and high school pupils of different ability levels in
Russia.

Davis (1982b) looked at the heuristics used by an 18 year old student
in solving problems in calculus at the university level - this study was
based on three individual interviews with the particular student. At
the tertiary level also, Knight's (1982) research was based on individual
interviews with mathematically incompetent students. Finally, Ginsburg
(1982) outlined a cross-cultural study that attempted to compare how
African and American children solved problems, individual interviews
being used as an integral part of the study.

Generally, then, the interview has been more frequently used in
evaluating learning in mathematics in the last 15 years. On the dis-
advantages side, conducting interviews is time-consuming, requires
sensitivity on the part of the interviewer, and may lack reliability and
validity if certain procedures are not built in. However, research
using the interview technique has provided much detail and insight into

students' thinking and information-processing strategies in mathematics.
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The work of Krutetskii(1976) is a good example of the detailed
information that can be revealed by qualitative methods. For
this reason, it was decided to incorporate interviewing procedures
in the present study, but in a context of longitudinal as well as some
cross—sectional survey research.

Finally, it must be remembered that whatever protocol method is
used in interviewing, self-reports from learners can never reveal all
the causal or processing factors of interest. However, '"mo source of
data is ever complete, or can provide answers to all our questions'
(Ginsburg et al, 1983:30): interviews may provide detail that pencil-

and-paper tests may not.

Summary and Comment

This chapter has described the constructivists' theoretical
position. The development of the tradition was noted, and difficulties
in articulating and communicating the theoretical postulates outlined.

Later constructivist theories (Claxton, In press a, in press bj
Osborne and Wittrock, 1983, 1985) have been described, and a critique of
these theorists offered: (i) the generative learning model suggests a
sequential and general theory of learning that might not pay sufficient
attention to the situation - specific nature of learning; (ii) the
generative learning model ignores the influence of affective factors on
learning; (iii) Claxton's (In press a, in press b) notion of mini-
theories has not been applied to learning in mathematics; and (iv) the
theory of mini-theories describes and accounts for learning, but at
present empirical research is required to assess its predictive power
such as might be revealed through a longitudinal-type study.

A rationale has been provided for using a qualitative approach in
the present study. In this regard a critical review was provided
concerning the longitudinal research design and use of the interview as
an evaluative research tool.

The next chapter reviews research related to the subject of the
present study, namely, learningin mathematics, with special reference

to students' constructed ideas about decimal numbers.
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CHAPTER THREE

REVIEW OF RELATED RESEARCH
IN MATHEMATICS LEARNING

As in many domains of research into human cognition, the number of
research studies in mathematics education has burgeoned in the last
decade. This chapter surveys major reasons for the increasing interest
in and concern about mathematics education, and reviews the research
literature on aspects of children's mathematical thinking and perform-
ance that were of special interest in the present study.

The chapter is organized in four sections as follows:

1. Concerns in Mathematics Education.

2. Mathematical Errors: Diagnosis
- Errors or 'Bugs'

- '"Maths Anxiety'

3. Mathematical Achievement in Decimal Numbers
— Comprehensive Survey Studies

— Studies with a Qualitative Component

4, Summary and Conclusions

Concerns in Mathematics Education

Towards the end of the 1950s dissatisfaction with the teaching of
mathematics became apparent in some overseas countries. As changes in
approaches to the teaching of mathematics were being considered, an event
of significant importance occurred - the U.S.S.R. launched the first
satellite. The effect this phenomenon had on the rethinking of school
curricula in mathematics and science, particularly in the United States of
America, has been well decumented (Hayden and Rudolph, 1984; Howson et al,
1981). By the 1960s, new programmes in mathematics were appearing in
schools and became known collectively as 'New Maths'.

Generally 'New Maths' attempted to emphasise the structure of the

subject through themes that spiralled throughout the curriculum
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(e.g. sets, number theory, logic), and through the properties of the
number system (e.g. commutativity, associativity). The hope was that
such an approach would contribute to a deeper comprehension of the
nature of operations and problem solving. As well, children were
introduced to certain topics in mathematics (e.g. set theory) that often
required a considerable level of formalism at an earlier age. The
'New Maths' programmes were supported by textbooks which made full use
of logical lay-outs and illustrations that were designed to motivate
students.

'New Maths' reached New Zealand around the late 1960s. Reform
was instigated initially in mathematics for junior classes through the
trialling and introduction of a two-year programme developed by Eric
Lenz of the University of Canterbury and later modified by J.J. Lee
(1965). This New Zealand scheme drew heavily on the research of
Jean Piaget. For the middle and upper section of primary schools in
New Zealand 'New Maths' was introduced by textbooks imported from the
United States which were issued to all primary schools from 1967
(Duncan et al, 1967).

It did not take long for the 'New Maths' to become the subject of
considerable debate. Textbooks generally emphasised set theory (e.g.
Duncan et al, 1967; Graham, 1970; Schminke et al, 1973), and this aspect
alone generated controversy (Kline, 1973). In particular, concern was
expressed that children were being asked to learn mathematics they could
not understand, and attempts were made to clarify the directions of

modern mathematics (Davis, 1974a, 1974b). As Tafton put it:

"Questions were eventually raised regarding the
appropriateness of certain topics and approaches

for young children. Thought was given to how ideas
might be treated in a manner more congruent with the
thinking of children. ...findings from developmental

psychology did not appear to support the level of
formalism sometimes found in the reform programs."

(Tafton, 1975, p.26)

As reaction hardened in many quarters, the public at large joined
in the debate over standards in mathematics learning (Suydam and Reys,
1978). Along with the issue of public accountability - and perhaps
because of it - came the 'Back-to-Basics' movement (Brown, 1979;
Lindquist, 1980). The public wanted skills-orientated mathematics

programmes, and national reports and surveys alluded to these sentiments
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(Carpenter et al, 1980; Cockcroft, 1982). In New Zealand this concern
was reflected in the objectives stated in both the mathematics syllabus-
es for Infants to Standard Four, and Forms One to Four (N.Z. Department
of Education, 1976, 1985) which stressed the importance of computational
skills.

Paralleling the public's belief that children could no longer
compute as well as their parents could in their day, doubts were express-
ed by researchers about the level of students' mathematical learning
(Doe, 1979; Farnsworth, 1976; Geddes, 1980; Kline, 1973; Pike, 1976;
Tafton, 1975). In addition surveys of students' attainment revealed the
specific kinds of weaknesses that students possessed (Booth, 1982; Brown,
1981a; Carpenter et al, 1980; Carr and Katterns, 1984; Clements, 1982;
Hart, 1981; Otterburn and Nicholson, 1976). Other studies that made a
more detailed exploration of a smaller number of students' mathematical
concepts also unearthed the large number of errors that children con-
structed (Alderman et al, 1979; Booth, 1982; Brown, 198la, 1981b, 198lc;
Brown and Kuchmann, 1976, 1977; Brown and Van Lehn, 1982; Carr, 1983;
Clement, 1979; Davis, 1975; Davis et al, 1978; Davis et al, 1979; Davis
and McKnight, 1979; Erlwanger, 1973, 1975; Katterns and Carr, 1986;
Knight, 1982; Peck and Jencks, 1979, Van Lehn, 1982.

One disturbing finding of some national assessments of mathematical
achievement in the United States had been that the longer students

remained at school, the greater their decline in performance when com-

pared with earlier years:

"Mathematics scores of students seeking college
(university) admission peaked in the early 1960s and
has declined steadily since. Elementary and secondary
school data from standardized tests and national
assessment indicate steady or slightly increasing
performance among the youngest students, but continued
to decline at junior high and senior high school levels.

However the pattern of decline has changed over the
years. Through the 1960s, the greatest decline
occurred in the area of computational skills; during

the 1970s, comprehension and problem solving have
declined."

(Fey and Sonnabend, 1982:158)

The trend Fey and Sonnabend reported is incongruous with the
emphasis of modern mathematics programmes on developing in students a
deeper understanding of the subject, and the heuristics for problem-

solving. But the trend has persisted (Hayden and Rudolph, 1984).
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Mathematical Errors: Diagnosis

Some researchers have investigated the problem of why students in
mathematics have had difficulties. Early studies investigated this
problem through considering the contents of units of instruction,
analysing teaching methods and teaching materials, and developing
written diagnostic tests. These early attempts to analyse children's
mathematical difficulties focussed on appropriate remedial teaching
strategies, rather than an in-depth investigation of the children's
errors (Brueckner, 1935:299). In more recent times, the focus has
shifted to the specific difficulties of the learner.

This section describes approaches to studying students' errors,
and reviews the special impact on mathematical performance of anxiety

factors.

Errors or 'Bugs'

Some studies have focussed on the diagnosis of the specific errors
made by mathematics students, and have attempted to trace the etiology
of such errors.

One approach has been the integration of diagnostic and remedial
teaching stragegies. Ashlock (1976), identified 38 computational
errors often made by children, analysed each error type, and provided
guidelines for teachers on how to correct error patterns. Reisman
(1972) offered a 'diagnostic teaching model' which involved identifying
the child's present cognitive level, and analyzing the task to be
learned into components (e.g. in order for a child to do 'long' division,
she/he must first be able to multiply and subtract). Reisman also
outlined the applications of norm-referenced and criterion-referenced
tests, and provided an example of a diagnostic screening instrument:
the Reisman Sequential Assessment Mathematics Inventory. As well,
she suggested how attitudes might be tapped, described common errors,
and listed instructional suggestions for remediating errors.

A different approach for analyzing errors has come from Brown and
Van Lehn (1982), and Van Lehn (1982, 1983). Using a computer programme
known as DEBUGGY, student errors were analyzed in terms of 'bugs' and
'slips'. 'Bugs' refer to mistaken beliefs that are consistent and

1 .
stable. Slips' are taken to be 'performance phenomena' and, as such
’
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are unstable over time. Brown and Van Lehn (1982) proposed a generative

theory of 'bugs'. The authors explained their theory thus:

"The theory is motivated by the belief that when a
student has unsuccessfully applied a procedure to

a given problem, he or she will attempt a repair.
Suppose he or she is missing a fragment (subprocedure)
of some correct procedural skill, either because he or
she never learned the subprocedure or maybe forgot it.
Because the missing fragment must have had a purpose
attempting to follow the improverished procedure
vigorously will often lead to an impasse."

(Brown and Van Lehn, 1982:122)

These writers described an 'impasse' as a step that could not be
carried out by the student. Some students confronted with 'O - N = "
face an 'impasse': "...he or she will often be inventive, invoking
problem-solving skills in an attempt to repair the impasse and continu-
ing to execute the procedure, albeit in a potentially erroneous way.

We believe that many bugs can best be explained as patches derived from
repairing a procedure that has encountered an impasse while solving a
particular problem.'" (Brown and Van Lehn, 1982:123).

These repairs must first pass the 'critics' possessed by the
student (examples of 'critics' are: '"Don't leave a blank in the middle
of an answer'"; '"Subtraction is not commutative, so don't reverse the
column'). Brown and Van Lehn (1982) claimed that repairs which pass
the screening of the 'critics', became part of the student's stable
behaviour. As a corollary of this, knowledge of a student's impasses
could lead to prediction of likely 'bugs'.

As the theory developed, Van Lehn (1982) has suggested that 'bugs'
might not be as stable as was initially suggested. In reporting several
empirical studies, Van Lehn concentrated on 925 students who were learn-

ing subtraction:

"...many students' bugs appear to be manufactured as
the test begins and held consistently for the duration
of the test, only to be dismissed and evaporate from
the memory as soon as the test is over and they have
served their purpose, namely to get the student through
the test...there is no reason for the student to retain
the strategy after the test is over; it or another like
it can be generated again next time."

(Van Lehn, 1982:46,47)
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In an extension of earlier work on errors (e.g. Ashlock, 1976;
Brownell, 1949), Brown and Van Lehn (1982) and Van Lehn (1982, 1983)
focussed on precise, formal notation of students' systematic errors.
Van Lehn (1982) provides a 'Bug Glossary' of 144 'bugs' in subtraction
and suggests how these might help student teachers understand children's
error types.

Brown and Van Lehn examined many thousands of scripts in order to
develop their repair theory and the associated generative theory of
'bugs'. Other studies have used a wider range of tests across several
topics within mathematics. The National Assessment of Education
Progress (NAEP) in America, the CSMS and Assessment of Performance Unit
(APU) in Britain, the International Association for the Evaluation of
Educational Achievement (IEA) in several countries, have all employed
survey techniques based on written tests with thousands of students.
Results from these empirical surveys that are relevant to the present
study will be referred to later in this chapter.

Theory-based models have been used by some writers to explore the
relevance of abstract conceptual schemas to the learning of mathematics
(e.g. Skemp, 1971). As well, 'director systems' or the way people
direct their actions (Skemp, 1982) have led to different categories of
theories (Skemp, 1982). Attempts to provide empirical support for
such theories have used interviews and teaching experiments, and have
sometimes focussed on mathematically incompetent students (Buxton, 1981;
Knight, 1982). Knight's (1982) study, for example, used Skemp's (1979)
model of intellectual behaviour, and argued that the absence of frame-
works, or schema, explained both the affective reaction of students
having problems in mathematics and the development of specific areas
of knowledge. Indeed, according to Knight (1982), the affective area
was not sufficiently considered by teachers and curriculum writers.

He concluded that teachers should "be sensitive to signals in the affect-
ive domain which indicate developing problems in the cognitive area.'

(Knight, 1982:152).

Maths Anxiety

In recent years affective aspects in the learning of mathematics
have been studied in greater detail (Buxton, 1981; Tobias, 1978).
'"Maths anxiety' has been defined as 'involving feelings of tension and

anxiety that interfere with the manipulation of numbers and the solving
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of mathematical problems in a wide variety of ordinary life and/or
learning situations." (Reyes, 1980:169). Thus 'maths anxiety' has

been offered as one explanation of low achievement in mathematics.

Brush (1980), through a longitudinal study, investigated the
attitudes and behaviours towards mathematics of 1500 Sixth, Ninth, and’

Twelfth Grade students in the United States. The three-year study was

questionnaire based, but used interviews witha sample of 45 students over
the last two years of the study in order to gain more detailed informa-
tion about the reasons for subject choice and attitudes towards mathe-
matics. Brush found that her subjects felt mathematics became more
difficult with time, that they preferred teachers of mathematics who
allowed them to ask questions freely, and that they enjoyed challenging
(but not too difficult) material. Female students were more prone than
males to 'maths anxiety'.

Brush also reported that the topic 'Fractions, Decimals, Percents'
was especially liked by 21 per cent of her sample, and disliked by 24
per cent. This topic was also the most frequently mentioned for both
the 'Especially Liked' and 'Disliked' categories - a phenomenon Brush
did not consider significant, judging from her failure to mention it
in her discussion.

Other researchers have pointed to the relationship between confid-
ence levels in mathematics and achievement in the subject. For example,
Fennema and Sherman (1978) found that gender-related achievement levels
in favour of male students were accompanied by higher confidence levels
in male students. In addition, these researchers found that gender-
related differences in confidence were present even when no differences
in mathematics achievement were found. In summarizing much of the

research into what might be termed '"mathematics self concept", Reyes,
(1984) wrote:

"Considerable research about confidence in learning
mathematics indicates the importance of this variable
in relation to student achievement, gender-related
differences, election of optional mathematical courses,
and classroom processes.'

(Reyes, 1984:563)

Some researchers have seen 'maths anxiety' as a special problem of

female students (e.g. Tobias, 1978), though Fennema and Carpenter (1981)
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have noted that data from NAEP in America has not substantiated sex-
related differences in mathematics abilities for the nine and 13 year
old groups, and has shown superiority for males over females only at the
17 year old level. Other researchers (e.g. Walden and Walkerine, (1982)
have commented that standard explanations of sex-related achievement
differences in mathematics are unsatisfactory, and a more complex model
than the linear cause and effect model is needed. For instance, it
might be possible that the expectations of society need to be taken into
account as well, especially with regard to sex-role stereotyping.

However, basic research questions in this whole field remain
unanswered. For example, what are the long-term effects of efforts to
reduce 'maths anxiety' through programmes such as those offered by
Tobias (1978).

An additional concern has been that studies in this area have
presented correlational data only, and have not established causal links
between mathematics anxiety and low achievement. This might suggest
that a more qualitatively-oriented research methodology may be required.

Interest in attitudes towards mathematics has led to the develop-
ment of scales such as the Mathematics Attitude Scale (Aiken and Dreger,
1961) and the Mathematics Anxiety Rating Scale (Suinn et al, 1972).

As well, the semantic differential technique (Osgood, Suci and Tannegbaum,
1957) has been adapted by researchers to tap into student attitudes to-
wards mathematics. In New Zealand, Clark (1977) used the semantic
differential method to probe the attitudes of 12 to 14 year old students
(n = 263) towards mathematics. In general, her subjects held very
favourable attitudes. In the numbering scale of one to seven, with
seven representing the most positive attitudes, categories such as
'"Useful later in life', 'Good for you', 'Useful now', 'Good', and
'Interesting', all received mean scores greater than five. As Clark
noted, however, the results of her pencil-and-paper survey might have
been influenced by factors such as desirability, acquiescence, and the
halo effect. Another New Zealand study (Knight, 1982) also described
the importance of affective factors in the learning of mathematics, this
time with 26 mathematically incompetent tertiary students. At the

conclusion of his study, Knight claimed:
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"The tragedy is that many students, not understanding
their failure, lose self-esteem and a vicious inter-
action of affective and cognitive reactions create a

state in which any constructive approach to mathematics
learning seems impossible."

(Knight, 1982:151)

To summarise, the research literature strongly suggests a link
between affective variables and the learning of mathematics. Confidence
levels, in particular, have been shown to be positively correlated with
achievement in mathematics, and negatively correlated with levels of
'maths anxiety'. Gender-related differences in mathematics achievement
have not been established unequivocally, but some writers have linked
the alleged low achievement of female students in mathematics to aspects
of socialization (Tobias, 1978). Survey data in the field of 'maths
anxiety' has sometimes been supplemented with information from interviews
with individual students as researchers have tried to probe underlying

beliefs and conceptions.

[

Mathematical Achievement in

Decimal Numbers

As a result of a shift from imperial to metric measurement, the
learning of decimals has become a significant part of the New Zealand
mathematics curriculum for primary and high school students. Indeed,
curriculum developers believed that the introduction of metric measure-
ments, expressed through decimal numbers, would make for easier learning

by mathematics students.

This section reviews two kinds of research that have focussed on
the mathematical achievement of students in decimal numbers. The first
group of studies are of the comprehensive survey type, while the second
group derived qualitative kinds of data from the use of in-depth inter-
viewing of mathematics learners. There has been a paucity of research
of this latter kind on the mathematical topic of decimal numbers. The
present reviewer located only four researchers working along qualitative
lines. For this reason, it was decided to review these four studies in

greater depth than those examined in the survey research group.
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Comprehensive Survey Studies

The topic of decimal numbers has received more, as well as earlier,
emphasis in most school mathematics programmes today. Perhaps because
of this the subject matter has been assessed by various large-scale

surveys. Four such studies are now described.

1. The National Assessment of Educational Progress (NAEP) (1978

and 1982). In America NAEP has traditionally investigated several
aspects of student learning with very large student samples. Relevant
results for the present study of the 1978 and 1982 assessments were:
i) Most nine year olds interpreted decimal numbers as whole numbers
(thus the decimal number 37 thousandths was seen as 37000 - and 40
per cent of 13 year olds also chose this answer); (ii) placing decimal
numbers on a number line was difficult, as too was naming a given point
on a number line - only one third of 13 year olds being able to perform
this task; (iii) selecting decimal number equivalents for common
fractions was poorly performed, the most common error for 'one fifth'
being .5; (iv) computation with decimal numbers was difficult, most
problems occurring with thousandths, when the operation was division,
or when decimals were expressed in different units such as 1.5 and
0.23; (v) estimation and approximation skills were poor, only 21 and
37 per cent of 13 and 17 year olds respectively being able to estimate
the answer nearest to 3.04 x 5.3.

Grossman (1983) commented that the use of zero as a place holder
seemed to cause problems with decimal fractions, and that the topic
should be introduced earlier in American schools. She also expressed

surprise at the levels of difficulty demonstrated by students.

2. International Association for the Evaluation of Educational

Achievement (IEA) - Mathematics Study (1981-83). This study was con-

ducted in 23 countries from 1981 to 1983. The New Zealand sample
consisted of 5177 Third Formers (13 year olds) and a similar number of
Seventh Formers (17 year olds). There were 15 items from the core and
sub-tests on decimal numbers. Relevant results for the present study
for the 13 year old group were: (i) Selecting decimal number equivalents
from verbal descriptions, and from mixed numbers (e.g. only 24 per cent
chose the correct decimal number for 7 f% ); (ii) computation with

decimal numbers was difficult in all operations; (iii) and estimation
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and approximation skills were poor (e.g. only 46 per cent of the sample

could round off to the nearest centimetre).

3. Assessment of Performance Unit (APU) . The APU monitors

several aspects of students' learning in Britain. Foxman (1985)
reports on nationwide tests over five years involving 150,000 students
aged 11 and 15 years.

Relevant results for the present study from APU findings were:

(i) Generally most students had serious misconceptions about numbers
that included decimals; (ii) the most common error was a belief that
'longer' decimal numbers were smaller (thus 0.3753 was seen as smaller
than 0.625, 0.25, 0.125, or 0.5); and (iii) the second most common

error was to ignore the decimal point (thus 0.5 was seen as the smallest
fraction from those in (ii) above).

In commenting on the 'largest is smallest' error, Foxman (1985)
noted students were perhaps confused with common fractions where the
larger the denominator the smaller the fraction, or with whole numbers
where more digits indicated a larger number. In conclusion, Foxman
(1985) recorded that a U.K. Board of Education publication in 1912 -
reported the 'longer is smallest' confusion. Obviously students have

been constructing this error for some time.

4. Concepts in Secondary Mathematics and Science (CSMS) (1981).

Relevant results from this study are reported under Brown (198la) later

in this chapter.

5. Joyce's (1984) Study in New Zealand. A very recent but

smaller survey of mathematics achievement was made by Joyce (1984). 1In
a personal communication with the writer, Joyce reported a survey of New
Zealand 13 year olds' achievement in 'basic skill' areas, including
decimal numbers. Over 200 students were tested. Difficulties with
decimal numbers were: (i) Confusion over place value; (ii) ordering
according to size; (iii) computational errors particularly with sub-

traction and division; and (iv) assigning decimal numbers to designated

points on a number line.

To summarize, the surveys discussed above revealed certain common

difficulties. These were: (i) Computational problems with decimal
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numbers in all of the basic operations; (ii) difficulties with
estimating and approximating when 'rounding off', or as the result
of an operation; (iii) errors in selecting decimal fraction equival-
ents for common fractions, and vice versa; and (iv) confusions with
whole number conventions (e.g. the 'longer is smaller' error ).
Overall, these survey studies (NAEP, IEA, CSMS, APU) have shown
the same patterns for difficulties with decimals among students from
different countries. However, only a few surveys (e.g. CSMS, APU)
have employed individual interviews to probe error patterns more
deeply. Indeed, Foxman (1985) reports that interviews were used to
trace the genesis of the 'longer is smaller' error (above) only after
mathematics educators could not explain the anomoly by examining the

quantitative results.

Studies with a Qualitative Component

Research reported earlier in this chapter explores students'
difficulties in mathematics and decimal numbers, and information on
some of the causes of these difficulties can be inferred from the re-
sponses. However, this survey research method needs to be supplemented
with detailed interviews if students' conceptual understanding and
problem-solving strategies are to be explored fully. This latter
research orientation is termed qualitative because it is concerned
with the nature of responses from learners. The four research studies

reviewed below all have a significant qualitative component.

1. Brown's (198la) Research on

Place 'Value and Decimal Numbers

Brown's sample consisted of 950 Year One to Four students (aged
12 to 15 years) in British comprehensive, mixed comprehensive, grammar

and independent schools. Subsequently she conducted 39 individual

interviews from 1976 to 1979. The interview sample comprised seven

Year One, 15 Year Two, 11 Year Three, and 6 Year Four students. Inter-

views were based on the written survey test paper.

Brown's (198la) main findings may be summarized as follows:
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c)
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£)

are presented below.
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Approximately 60 per cent of Year Omes (n = 170) understood the
basic ideas connected with the use of numbers expressed to the
first decimal place (e.g. reading a scale marked in tenths;

estimating a length to within an error of one tenth of a unit).

Numbers after the decimal point were treated as whole numbers.
Only 25 per cent of Year Ones and 35 per cent of Year Fours could

apply decimal place value principles consistently.

Addition was easier to perform than subtraction (with decimal
numbers) . '"Carrying' was an easier process than 'borrowing' for

students.

Students used some 'rule' or principle when multiplying or dividing
by powers of ten. Lower achievers often used the 'add-a-nought'

rule without realizing this was inappropriate.

Problems with estimating and approximating were attributable to
two misconceptions. First, very few students knew that it was
not auniversal rule that 'multiplication makes it higher and
division makes it smaller'. Second, half the Year One students
thought it impossible to divide a number by another larger than
itself.

Problem-solving involving decimal numbers was very difficult.
Some students believed decimals had limited applications and were
"merely a game played in mathematics lessons'" (Brown, 198la:342).
Selecting an operation to solve a word problem was more difficult

with decimals than whole numbers.

Some of Brown's test items that are relevant to the present research

The facility levels come from approximately 200

students tested from each year.
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Estimation and Approximation

Facility level (%)

Year Year Year Year

18(a) Ring the number nearest in size to: 1 2 3 4
(i) 182 100/82/180/150/ 87 90 93 87
200/190
(ii) 2.9 3/30/2/20/0/1 50 69 74 79
(iii) 0.18 0.1/10/0.2/20/0/
1/2 44 48 61 59

18(b) Ring the number nearest in size to:

(i) 2.9 x7 .002/.02/.2/ 44 44 57 62
20/200/2000 '

(ii) 0.29 x 7.1 .002/.02/.2/ 15 20 25 31
2/20/200/2000

With Item 18(a)(ii), wrong responses ranged across all of the

alternatives given. When asked to reconsider their answers carefully,
incorrect respondents (in the sample interviewed) either stayed with
their original answer, or changed but could not say why, or changed for
an incorrect reason (e.g. Fi moved from 2 to O '"because it's lower").
Thus, "...even some of the children who were fairly average in their
understanding in terms of their final level were not able to appreciate
an approximate order of magnitude of an apparently simple one-place
decimal" (Brown, 1981a:286).

With Item Number 18(a) (iii), the proportion giving 20 as the answer

was 30/25/18/17 per cent for Year One to Four students respectively.
Brown considered that this might have been caused by the similar repre-
sentations of '18' and '20' - there was no decimal point in either.
Interviews showed that "...children seemed to reach answers very quickly
and those who were asked to justify them tended to give tautological
responses' (Brown, 1981a:286, 287).

In the items requiring approximation, very few pupils 'rounded ‘up'.

With Item 18(b) (i), unexpected strategies were adopted:
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"Julie, Billy, Danny and Richard all arrived at

the correct answer of 20, but going via 'two sevens
are fourteen'. However, both Fung Mei and David
rounded up the seven explaining respectively, 'cos
say that 7 was 10, then that would be 29, but it's
less than that, so 20', and 'it'd be about 20 - 'cos
it's timesing by 7 and 7 is near 10 so...'."

(Brown, 1981a:287)

With Item 18(b)(ii), Brown noted that many pupils had just guessed,

this being admitted during the interviews.
"Wendy ringed 20 and when asked why simply said '200
is too big - I don't know why, it just looks it'."
(Brown, 1981a:287)

The study revealed, too, that the working forms of algorithms
suggested answering strategies:
""Some of the children were so obsessed by algorithms
that they were unable to understand the idea of

approximation at all. Frances insisted on working
out 18(b) (i), but lost the decimal point in doing so..."

(Brown, 1981a:288)

Division with powers of ten. Where students were asked to divide

by a power of ten (in this case by 100, and by 20) Brown found that if
the answer required was a decimal number the facility level diminished.
The results for two such items were:

Facility level (%)

Year Year Year Year

1 2 3 4
14(c) Divide by one hundred
(i) 1600 52 57 69 60
14(d) Divide by twenty
(i) 24 9 13 28 34
(ii) 16 7 11 25 36

Children who had earlier been able to multiply by powers of ten by
using an internalised rule such as moving the decimal point (or moving
the digits around the decimal point), were able to use similar heuristics

with the division process. But, as the facility levels indicate for

Ttem 14(c) (ii), these 12 to 15 year olds had difficulty with division
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examples where the divisor was larger than the dividend, and with the
example involving decimal numbers, Brown recorded some inconsist-

encies with her interviewed subjects:

"Danny, Francis and Juli refused to divide 26 by 200

on the grounds that it was impossible, although they

had all earlier managed to successfully divide decimals
by a hundred. Jane B. and Lisa reverted to a 'remainder'
strategy, although when asked to reconsider her answer of
0.16 to 14(d) (ii) (divide 16 by 20) Lisa did write 0.7
explaining '20 into 16 doesn't go, then add another O...
20 into 160 goes 7...no, 20, 40, 60, 80, 100, 120, 140,
160... no, it's 8' and corrected her answer to 0.8."

(Brown, 1981a:298)

Brown speculated that only a group of around 10 per cent of Year
One students (12 year olds) rising to 35 per cent of Year Four students
(15 year olds) accepted that division of a smaller number by a larger
number was possible, and that the result could be expressed as a decimal.
On the whole, though, Brown found that the students did behave consist-
ently. Ideas learned in multiplication did transfer to division
although, as pointed out earlier, facility levels for items like 3.7
divided by 100, and 16 divided by 20, were low.

When multiplying with decimal numbers, compared with dividing by

decimal numbers, Brown found that almost all children considered that

multiplication would give a bigger answer. As Tracey put it, "'..when

1

you're timesing you get a bigger answer than when you share.''" (Brown,

1981a:299)

Most children confidently believed that multiplication enlarged and
division decreased, irrespective of the numbers involved. Only between
13 and 18 per cent of Year One students recognized the effect of the

multiplier or divisor being less than one.

Problem-solving and decimal numbers. In problems with decimal
numbers, facility levels were again low. Some examples follow:
Facility
"19. Ring the calculation you would need to do to find levels (%)
the answer:
(a) A table is 92.3 centimetres long. 2.54 + 92.3 92.3 + 2.54
About how many inches is this? 2.54 + 92.3 92.3 - 2.54 27/35/44/45
(1 inch is about 2.54 centimetres) 2.54 - 92.3 92.3 x 2.54
(d) The cost of the 6.44 gallons of 6.44 + 4.86 4.86 + 6.44
petrol was 4.86. What would the "6.44 + 4.86 4.86 - 6.44 19/23/30/28
price of one gallon be? 6.44 - 4.86 4.86 x 6.44 "

(Brown, 1981a:307)
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All word problems were difficult for students. In many cases the
children could not start to solve the problem or guessed the answer.
19(d) involving the 'sharing' model of division was found to be a little
easier than 19(a) which uses 'grouping'. Brown suggests that sharing
seemed to be the best established model in terms of stories that the
children constructed.

Items involving decimals were significantly more difficult than
those involving natural numbers; a significant proportion of children
could only relate number operations to real situations when using whole
numbers. Brown suggested this difficulty stemmed from children's
difficulties in extending the physical actions with whole number
problems to situations where fractional numbers were used. Brown found
little evidence of children using approximation to help them solve
problems and choose the correct operation - only two of her interviewees
used this strategy.

Another interesting finding was inversions to division items
involving decimal numbers. Thus 34, 39, 43 and 40 per cent of Year One,
Two, Three and Four students respectively chose 6.44 + 4.86 as the

answer to Item 19(d), when the reverse was the correct response.

Comment :
Some limitations in Brown's research appear to be:

a) Interviews were used to validate the written test, and were

not the major focus of her research.

b) The interviewer and subject worked through the written test

paper which necessarily constrained interview content.

¢) Individual students had significantly different interviews
about the students' prior responses. This suggested under-

standardization.

d) Full interview protocols comprised 70 questions (though
individual interviews were shorter) which might be too long

and result in a cursory exploration of many questions.

e) Details of the interview sample (age, score, level of under-

standing in the written test) were minimal.

f) Brown's aim was to investigate the formation of six levels

of understanding in decimals (the orientation of the whole
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CSMS study (Hart, 1981)) from wide-scale written tests.
Checking was provided through 30 interviews. Thus, Brown's
major concern was in identifying the six levels of understand-

ing rather than in probing students' underlying ideas and mini-

theories (Claxton, In press a).

The study was not longitudinal so the stability of errors

described with time could not be explored.

2. Erlwanger's Studies of Children's

Conceptions of Mathematics (1973, 1975)

Erlwanger's sample consisted of nine students from Grades Four,

and Six levels (aged 10 to 12 years). Students were observed in

their classrooms, discussions with pupils and staff were held, and each

of the nine students was interviewed from four to eight times with an

interval of one to two weeks between interviews. Interviews averaged

30 minutes duration.

with

a)

b)

c)

Erlwanger's (1973, 1975) main findings may be summarized as follows

illustrated material coming from the case study of Benny:

A number of interesting errors showed confusions with 'rules'
that students developed from their individualized mathematics
programmes. For example, Benny thought there were different

rules for different problems, i.e. rules were situation specific.

Above average students, such as Benny, were particularly adept

at inventing procedures. For example, Benny thought the common
fraction equivalent for 0.5 had to be %-or %3 "as long as it comes
out with the answer five'" (Erlwanger, 1973:9).

Benny used whole number strategies when computing with decimal
numbers. For example, he computed: 4 + 1.6 = 2.0;
7.48 — 7 =7.41; 8x .4=3.2; .2x .3x.l= .006.

Erlwanger's research has relevance for the present study in terms

of the students' responses, and heuristically. Some of this detail is

now discussed.

Erlwanger (1975) adopted the view that in the course of learning

mathematics the student developed his/her own conceptual system of
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interrelated ideas, beliefs, emotions and views concerning both mathe-
matics and the learning of the subject. Such ideas directed and
controlled mathematical behaviour in terms of what was learned, and
what was understood.

Since learning and thinking were psychological rather than mathe-
matical processes, Erlwanget¥ argued, that the child's understanding
and thinking are conceptual in nature. , He explained: "...while
mathematical principles and relationships may lead to inferences about
specific aspects of a child's external behaviour, such inferences need
not be the same as the ideas, beliefs and views underlying his work"
(Erlwanger, 1975:167).

Erlwanger stated that research into children's conceptions of
mathematics should be conducted through flexible explorations of
children in the classroom setting, as well as by interviews and discuss-
ion which probe aspects of children's work. Erlwanger cited sequences
from Brownell and Watson (1936) and Lankford (1972) and noted the lack
of depth in these extracts. By contrast Peck and Jencks' (1973)
interview sequences demonstrated the value of flexible, exploratory
interviews, revealing ''that apparently successful children may have
developed a different understanding of aspects of mathematics; and it
also suggests the direction for further discussions with the child"
(Erlwanger, 1975:171).

Erlwanger's (1973, 1975) results come from his case studies.
Benny, in particular, is often quoted, and some of his errors were
noted a little earlier. The following sequences show: (i) Benny's
use of whole number strategies with decimals, and (ii) his conception of

rules in mathematics (E = Erlwanger: B = Benny).

i) "E: Like, what would you get if you add .3 + .47

That would be...oh seven (07).... .07.

How did you decide where to put the point?

Because there's two points; at the front of the 4

and the front of the 3.  So you have to have two

numbers after the decimal, because...you know. . . two
decimals. Now like if I had .44, .44 (i.e. .44 + .44)

T have to have four numbers after the decimal (i.e. .0088.

IR

n

(Erlwanger, 1975:205)

ii) "E: Let's take your first example, where you said 2 + .3 =..5.
9 is a whole number. What happens to it when you add it
to a decimal?

B: It becomes a decimal.
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E:  You mean it happens just like that?

B:  No! Mm...I would really like to know what happens.
You know what I'll do today? I'll go down to the
library...I am going to look up fractions, and I am
going to find out who did the rules, and how they
are kept."

(Erlwanger, 1973:19)

An important aspect of Erlwanger's work that has attracted comment
by Davis (1979), and Davis and McKnight (1979) concerns the types of
errors made by Benny and his classmates. Many misconceptions were at
the level of 'super' (or 'executive') procedures, rather than 'mini-
procedures’'. The students could add, multiply and subtract correctly
(all 'mini-procedures'), but could not grasp which over-riding
principles, decisions, and understandings were needed ('executive-
procedures'). Davis (1979) has suggested that this was caused by the
instructional programme. In terms of modern mathematics instructional
programmes (which have stressed learning with understanding for the past
three decades), this interpretation of Erlwanger's results is disquieting
since the errors reflect a lack of the very understanding that modern

mathematics programmes claim to stress.

Comment :

Erlwanger's (1973, 1975) studies followed the clinical interviewing
procedures used by Piaget (1929, 1941). Thus Erlwanger engaged in
relatively free conversations with the students with direction being
provided by key questions. Notwithstanding the advantages of this
approach for understanding students' mathematical ideas, Erlwanger's

research has a number of limitations:

a) There was a tendency during interview sequences to positively
reinforce correct responses from students. Bell and Osborne
(1981) and Codd (1981) advise against this practice because it

might encourage interviewees to follow particular 'paths'.

b) Some interview sequences suggested that further probing was

. 1 "
needed - incongruous, considering Erlwanger's stated aim and

his criticism of Brownell and Watson (1936) and Lankford (1972)

to discover students' underlying ideas.
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c) Erlwanger's sample was exposed to one teaching programme -
programmed learning texts - so that his findings might not
generalize to students encountering alternative and more commonly-

employed teaching methods.

c) Erlwanger's research is primarily descriptive and lacks a theoret-

ical base.

e) Erlwanger's research is not genuinely longitudinal, since field-

work lasted only a few months.

f) The research focussed on student ideas about operations on, and
recording conventions with)decimal numbers. But it did not

explore problem-solving aspects.

3. Bell et al's Study of Problem-

Solving with Decimal Numbers

The sample consisted of 20 pairs of students (aged 12-16 years).
Written tests and audio-taped or video-taped interviews were used. The
students were given decimal-related problems to solve and asked to
explain their methods, using prompts such as 'rephrase the problem in

your own words'.

Bell et al's main findings may be summarized as follows:

a) Understanding of decimal place value was poor, e.g. 1.071b was

"
read as '"one pound seven ounces' .

b) Students thought that multiplication inevitably made 'things'
larger. For example, 1.17 x 8.6 was easily solved, but
1.20 x 0.22 was difficult, with students believing that division

was needed to reduce 1.20 (¢ f. Brown, 198la).

¢c) Problems with division. Students assumed that the smaller number
must always be divided into the larger. A second confusion was

that a + b, was a)b (c f. Brown, 198la).

d) Some students were unhappy about multiplying two numbers with

differing units, e.g. 1.07 x 0.86 was not performed because the

first number represented weight, the second money.
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e) Links through terms such as 'go into' proved helpful. The
authors believed that a more deliberate supplying of these cues

would assist students.

f) Where easier numbers were used in problems, students were more

successful in constructing answers (c f. Brown 1981a). How—-

ever, they found it difficult to choose easier numbers themselves,

and their solutions were often intuitive and unclear.

g) Estimation was seen as a powerful way to discover an error, but
gave the students no help in finding the error's origin, nor in

correcting it.

h) Diagrams constructed by students to help solve problems were un-
successful. Many students used diagrams for decoration, others
simply to compare size, and only a few to indicate a possible
algorithm. Diagrams presented by the interviewers, on the other
hand, were found useful because they (i) removed words to give
students an independent uncluttered view of the problem; (ii)
enabled pupils to estimate solutions; and (iii) frequently led to

a possible strategy for solving a problem.

The final phase of the research (Bell et al, 1981) involved one of
the research team teaching the class 11 lessons, each of 70 minutes.
Eight activities within these lessons were directed at improving the
understanding of decimal-place value, and the effect of multiplication
and division on the size of a number. (Teaching strategies involved
teacher-explanations, pupil worksheets, calculator-based games, and
making a peer's homework activity.)

Students' understanding of decimal place value improved signifi-
cantly, there were more modest improvements in other problem areas, and

the error that "multiplication always makes larger' persisted (Brown,

1981a).

Comment

A number of limitations in Bell et al's study can be noted:

a) The study was essentially a teaching experiment using a diagnostic

model (c.f. Ashlock, 1976; Reisman, 1972). Individual students'

underlying constructions of meaning were not explored during the

interviews.
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b) Interviews were used as validation procedures for the written

diagnostic test (c f. Brown, 198la), not as primary instruments.
c) The genesis of particular errors was not discussed.

d) Interview formats were prescribed by given problems and associ-
ated number operations. Consequently, interviewees did not

generate their own algorithms.

e) The teaching model was traditional: test, teach, re-test. This
model did not allow students to construct their own questions
as starting points for a lesson (¢ f. Biddulph and Osborne, 1984),
take greater responsibility for their own learning (c f. Baird and

White, 1984), nor did it break new ground heuristically.

f) Facility levels with parallel CSMS items (Brown, 198la) provided

confirmatory evidence, but new knowledge was absent.

In summary, Bell et al's research lacked the flexibility of
Erlwanger's study, and the breadth of information gained from Brown's
investigation. A wider perspective for students' conceptions of
decimal numbers was provided by the Hiebert and Wearne (1983, 1984) and

Wearne and Hiebert (1984) studies which are reviewed in the next section.

4. Students' Conceptions of Decimal

Numbers: Hiebert and Wearne (1983, 1984);

Wearne and Hiebert (1984%)

Hiebert and Wearne administered a written test to 115 Fifth Graders,

256 Seventh Graders, and 212 Ninth Graders. Subsequently structured

interviews were held with 25 students from Grades One, Five, Seven and

Interviews were held in the months of December, March and April.

Nine.
Hiebert and Wearne's (1983, 1984) main findings may be summarized

as follows:

a) Students had difficulties writing decimal numbers when based on
a pictorial display using place value blocks as the stimuli.

b) Deficiencies in whole number knowledge were apparent with Fifth

Graders. For example, the item "In changing the 5 in 351 to

7, how much bigger does the number get?' was answered correctly
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by only a third of the Fifth Graders (n = 53). Other
conventional pencil-and-paper items revealed adequate but not
strong performance. For example, an item asking students to
identify the place value of 3 in 645.37, was correctly answered

by 48 and 74 per cent of Seventh and Ninth Graders respectively.

c) Confusions with whole number strategies were evident (c f. Brown,
1981la; Erlwanger, 1973, 1975). For example, the most common
error for 'write a number ten times as big as 437.56' was to add
a zero to the end (c f. Grossman, 1983). Many Fifth Graders

ignored the decimal point (¢ f. Foxman, 1985).

d) Decimals as rational numbers were better understood in some cases
by the younger students. For example, a greater proportion of
iden
Fifth Graders than Seventh or Ninth Graders couldA0.4 of a region.
e) Writing decimal number equivalents for common fractions was

difficult for Fifth Graders (c f. NAEP, IEA results).

f) Writing decimal numbers between two given numbers was easy for

'1.56 and 1.72', but troublesome for '0.2 and 0.3'.

Many of Hiebert and Wearne's (1983, 1984) and Wearne and Hiebert's
(1984) findings were similar to those given in the survey and interview
studies reported earlier in this chapter. Some general points made by
Hiebert and Wearne are now discussed.

In some cases the added knowledge possessed by older students seemed
to produce confusions. Thus, knowledge about hundredths was weaker in
Seventh and Ninth Graders than with Fifth Graders. The writers comment-

ed: "...it remains a disconcerting fact that instruction introduces some

errors that would not otherwise appear" (Hiebert and Wearne, 1983:21).
Hiebert and Wearne hypothesized that most students did not come to
decimal numbers through common fractions, and that they didn't give
meaning to decimal number symbols based on their knowledge and under-
standing of common fractions. Rather, the authors felt that the linking
between symbols and understanding came much later, after students had

developed some high level skills in manipulating both common fraction

and decimal number symbols.
Hiebert and Wearne distinguished between 'decimal form' and

'decimal understanding'. The former referred to rule components that

could be thought of as the 'syntax' of the system. The researchers
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believed that students in their study had created few links between
decimal form and decimal understanding.

In discussing schooling, Hiebert and Wearne felt that instruction
was more successful in teaching the symbolic form of decimal numbers
than understanding. Very few of the errors in their study violated
the conventions of standard decimal notation. Thus student perceptions
of decimal numbers seemed to be influenced more by their knowledge of
form, than by their understanding. Students viewed a decimal number
as a new way of writing a number. And accompanying this new form came
a set of rules that guided the use of the relevant symbols (c f.
Erlwanger, 1975). The authors also remarked that responses elicited
during standardized interview tasks revealed some fundamental under-
standings of the decimal system of notation, but that this tended to be
over-ridden by the students' own knowledge of form.

According to Hiebert and Wearme, the implications for schooling
were:

i) that instructions must be designed to assist the linking

of form and understanding;

ii) that learning would be increased by helping students to
make connections between form and understanding from the

outset; and

iii) that one possible strategy might be to take advantage of
students' inventive powers, and have them (the students)
"create an informal, transitional symbol system that has
meaning for them".

(Hiebert and Wearne, 1983:27)

In subsequent writings Wearne and Hiebert (1984) have noted the
meaningless manner in which students work with decimal numbers, the over-
generalization of concepts atout whole numbers to decimal numbers, and
the failure of students to realise that inappropriate answers are
inappropriate.

Three levels (or 'sites') of errors were identified. First, many
students do not know what the symbols mean; second, many students do
not know why a computational procedure works in a particular instance;
third, many students fail to realize that their answers are unreasonable.
The writers provided illustrative errors at each 'site', and Hiebert
(1984) has suggested teaching strategies that might promote the linking
of symbols with meaning. Additionally they state "...we believe that,
in many cases, the critical instructional problem is not one of teaching
additional information, but rather one of helping students connect
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pieces of information that they possess'" (Hiebert and Wearne, 1984:6).

The relevance of the generative learning model is brought to mind.

Comment:

The research of Hiebert and Wearne (1983, 1984) and Wearne and
Hiebert (1984) yielded data similar to Brown (198la), Erlwanger (1973,
1975) and Bell et al (1981). Hiebert and Wearne concentrated on the
linkage that students make, or fail to make, between form (symbols) and
understanding. As these researchers point out, the distinction is not
new, and has been discussed previously by Skemp (1971).

In considering their work, the following critical points can be

made:

a) The research was essentially cross-sectional in design. Results
were presented in grade levels, and a genuine longitudinal

study might have provided more valuable data.

b) Progress and conceptualizations for individual students were
not provided in the reports. Data reporting generally followed

a nomothetic pattern, and thus lacked qualitative detail.

¢) The discussion of links between 'form' and 'understanding'
parallels Skemp's (1971) 'habit learning' and 'intelligent learn-
ing'. Bloom's (1956) 'knowledge' and 'comprehension' levels of
thinking were also similar. Perhaps Hiebert and Wearne (1983)

have invented terminology unnecessarily.

d) The three 'levels' or 'sites' of errors identified cannot be
thought of as representing the full set of potential 'sites'.
For example: At which 'site' would a failure to transfer knowledge
to the real world be found? Where would affective variables be

situated?

e) Hiebert and Wearne's (1983) pedagogical suggestions might increase
student confusions. The writers suggested that students should
invent idiosyncratic informal, transitional symbol systems to
link 'form' and understanding. Research in science and mathemat-
ics learning has shown the difficulty in shifting students from
incorrect conceptualizations (Bell, 1984; Freyberg and Osborme,

1981; Osborne et al, 1982; Van Lehn, 1982, 1983).
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Summary and Conclusions

This chapter has reviewed concerns in mathematics education in
general, and research into students' knowledge and understanding of
decimal numbers in particular. The trends in the results of survey
research have been noted, and four studies with qualitative research
components have been described and evaluated. These four studies
(Brown, Erlwanger, Bell et al, Hiebert and Wearne) used quantitative
and/or qualitative methods to identify student difficulties and con-
fusions with decimal numbers. The four studies revealed a lack of
articulation with learning theory. Thus, although Brown's (198la) work
was related to the CSMS research programme which had Piagetian overtones,
Brown herself failed to explain student thinking on the basis of any
clear theoretical standpoint. Likewise, Erlwanger, Bell et al, and
Hiebert and Wearne reported their findings largely at the descriptive
level without discussion in terms of a model of human learning.

These four studies had varying purposes. Brown and Hiebert and
Wearne were concerned with diagnosis and levels of understanding. Bell
et al explored teaching strategies, while Erlwanger focussed on the ideas
that individual learners constructed. This variability meant the
studies had differing degrees of relevance and suggestiveness for the
present researcher's study.

Together, however, the studies provided comprehensive background
on student conceptions of decimal numbers, and added to the data
stemming from purely quantitative studies (e.g. NAEP; IEA; CSMS; APU).

In the present study it was decided to adopt theoretical positions
from constructivist psychology and the generative learning model, giving
primacy to the learner's existing ideas and the individual's construction
of meaning. The methodological orientation of the present study is
described in the next chapter and integrates quantitative and qualitative
research designs as exemplified by Brown (198la). However, unlike
Brown's research, interviews with individual students over a considerable
time period were undertaken. Methodologically this called for the
present study to investigate and identify students' ideas on a large
scale (the quantitative component), to explore these ideas in general
detail by means of interviewing (the qualitative component), and most
importantly, to conduct these interviews so that opportunity was provided
for students to reveal the nature of their thinking on mathematical ideas

- in short, the manner in whnich they constructed their mini-theories.
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CHAPTER FOUR

THE RESEARCH DESIGN

Concerns expressed in the Introduction, together with clear indi-
cations in the research literature of the difficulties experienced by
students in dealing with decimal numbers, determined the focus of the
present study. The main purposes of the research were to explore what
might lie behind student difficulties with decimal numbers and to monitor
student conceptualizations over a period of time.

Recent research on students' mathematical understandings have shown
the potency of qualitative assessment devices (Brown and Kucheman, 1976,
1977; Bryant and Kopytynska, 1983; Davis et al, 1978; Ginsburg, 1975;
Knight, 1982; Krutetskil, 1976) and the usefulness of longitudinal studies
of a quantitative nature (Hart, 1981) and the qualitative orientation
(Erlwanger, 1973, 1975). In the present study, it was decided to combine
the quantitative and qualitative approaches.

As an initial strategy, it was hoped that error patterns in student
difficulties would be revealed by a written survey instrument used with
a representative sample of students. Then, data from this survey (the
quantitative study) might well suggest areas to be probed in a subsequent
series of individual interviews over time with a further but smaller

sample (the qualitative study).

Research Questions

The literature review indicated both general and specific areas of
concern about students' knowledge and understanding of decimal numbers.
Some studies were suggestive in terms of decimal-related content that
should be addressed (Brown, 198la; Carpenter et al, 1984; Hart, 1981;
Hiebert and Wearne, 1983). Other studies were suggestive heuristically
(Erlwanger, 1973, 1975; Knight, 1982), while others, by their interpreta-
tions of results,indicated a need for further research (Hiebert and
Wearne, 1984; Wearne and Hiebert, 1984).

The present study investigated students' conceptions of decimal
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numbers, it being clear from the research literature that basic mis-
understandings lay at the bottom of most incorrect answers to decimal-
based computations and problems. These misunderstandings were to be
interpreted by reference to the theoretical notions of mini-theories
(Claxton, In press a, in press b) and the generative learning model
(Osborne and Wittrock, 1983, 1985).

It was decided to focus on learners from age 11 to age 14, this
period being one when schools give much emphasis to decimalisation. The
transition from primary (elementary) to secondary (high school) schooling
usually occurs during this time, and this primary/secondary interface has
been an arca of concern in the past (Cockcroft, 1982; Cornelius, 1982;
Walton, 1979). Cornelius, for example, has stated that many secondary
teachers are unfamiliar with the approach to mathematics which their
pupils experienced at the primary stage. Likewise, Cockcroft has claimed
that many primary teachers do not know the kind of mathematics which
students undertake during their first term at secondary school.

A survey and a longitudinal study that spanned the primary/secondary
schooling interface might thus provide data on the specific success and
difficulties with decimalisation that students experience, and provide
useful information for both primary and secondary mathematics teachers.

The present study investigated the following themes and related

research questions:

Theme A : Problems in Dealing with Decimals

i) What difficulties do 11-14 year old learners encounter when
using decimal numbers in the contexts of estimation and
approximation, handling basic mathematical operations and
problem solving?

ii) What types of errors are made when decimal numbers are written

from a verbal stimulus?

Theme B : Meanings for Decimal Numbers

i) What meanings do students construct from the information
presented by teachers, textbooks, peers and other sources?
ii) How persistent are students' constructed meanings over a
period of time?
iii) Can these meanings be explained by the generative learning

model, including the generation of mini-theories (Claxton,

In press a, in press b).
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Theme C : Affectivity and Decimals

i) How prevalent and significant are affective variables in
learning about decimal numbers?

ii) What problems, if any, do students see in making the shift
from primary to high school imsofar as mathematics learning
is concerned? What do students view as good mathematics
teaching? What perceptions do students have of each other's

views on mathematics teaching and learning?

Theme D : Implications for Schooling

i) What are the implications for teachers of the errors that
students generate when dealing with decimal numbers?
ii) How do students relate their school knowledge of decimals

to the outside world?

Research Design

The research design comprised three phases: (i) An initial survey
to map student strengths and difficulties in handling decimal numbers and
decimal fractions; (ii) the production of stimulus cards for interview
purposes; and (iii) the main study with a small sample of students.
The main study would attempt to identify, over a two-year period,
students' successes and failures with decimal operations, the reasons
behind these, and the students' attitudes towards mathematics in general.
The research design could thus be described as a cross-sectional and

longitudinal one.

The Research Schedule

The sequencing of the different phases of the research schedule are

outlined below:



Date : 1980 Term III

(September)

1981 Term I

(February)
Term II

Term III

1982 Term I

(February)
Term II

Term III

1983 Term I

(February)
Term II

Term III

Phase 1: The Initial Survey

The subjects
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The Initial Survey
11-14 year olds (n = 102)

Piloting of Stimulus Cards
Series One (n = 39)

Longitudinal Sample chosen

Interview I: 11 & 12 year olds
(n = 30)

Interview II: 12 & 13 year olds
(n = 28)

Interviews III & IV:
13 & 14 year olds (n = 28)

here were 102 students aged 11-14 years randomly select-

ed from one intermediate and one high school to be representative of.

the normal population in terms of academic achievement, sex and ethnicity.

FIGURE 2 shows the nature of the survey sample. .
/
Students
SCHOOL Form I Form II Form IIIL Form IV TOTAL
Male Female| Male Female| Male Female| Male Female
Intermediate 16 16 13 10 - - - - 55
(urban)
High School - - - - 10 14 11 12 7
(urban) 102
FIGURE 2 Research Sample: Initial Survey
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The main source for the initial survey was a written test instrument
designed by Brown (198la) for 12-15 year olds in the United Kingdom.

This test was modified so that it was content-valid for New Zealand
students, and then checked against the New Zealand Department of Educa-
tion's Mathematics Syllabus, Form I-IV (1972), and by consultation with
the Heads of Mathematics in the research schools.

Students taking the written test were supervised by their usual
mathematics teacher. Time limits were not imposed and, where necessary,
help was given by the teacher with the reading of particular items. Most
students completed the test in approximately 30 minutes, with a few taking
as long as 50 minutes.

A copy of the written test used in the initial survey may be found
in APPENDIX C. The instrument covered the following areas within the

topic of Decimal Numbers.

Question 1: Naming the place value for digits in whole numbers

(three items).

Question 2: Naming the place value for digits in decimal tumbers

(four items).

Question 3: Adding ten, one tenth, one hundredth, and subtracting

one hundred (12 items).

Question 4: Identifying and naming points on a number line that

uses decimal numbers (five items).

Question 5: Adding one more to the whole number "6399" (one item).

Question 6: Naming a number two less than seventeen thousand (one
item)

Question 7: The significance of zero at the end of a number using

decimal numbers (one item).

Question 8: Comparing decimal numbers and naming the larger
(five items).

Question 9: Writing decimal numbers (four items).

Question 10: Writing numbers between two given numbers (five items).

Question 1l: Adding decimal numbers (two items).

Question 12: Multiplying and dividing with decimal numbers (eight

items).
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Question 13: Estimation, including identifying the number nearest
to an answer estimated from algorithms involving

decimal numbers (six items).

Question 14: Problem solving using traditional 'textbook' problems
with decimal numbers and identifying the process

required to achieve an answer (five items).

Chapter Five provides a detailed report on the responses to this
initial survey. Since the findings were the basis for the content of
the interviews in the longitudinal study that followed (see Phases 2 and
3 below) we note here that particular difficulties for students were as

follows:

i) Writing decimal numbers.

ii) Division yielding a decimal number less than one as the quotient.
iii) Estimation and approximation.

iv) Problem solving involving decimal numbers.

v) Locating decimal numbers on a number line.

Phase 2: Development of Stimulus Cards (Series One) for Interviews
I to III

Stimulus cards were designed that reflected the student difficulties
identified above. Additional cards involved the comparison of numbers
containing identical digits but with differently sited decimal points
(e.g. 123 and 12.3). These additional cards resulted from exploratory
work with 11-14 year olds prior to the present research which revealed
student confusion about how many times one number was larger or smaller
than another (which also explores the ideas of estimation and approxi-
mation).

Three draft versions of the Series One Stimulus Cards were developed
and trialled during late 1980 and the first three months of 1981. Inter-
views for this pilot work were conducted by the researcher in an urban
high school and two urban intermediate schools. A total of 39 students
was used, none of these students becoming members of the main research
sample.

The trials resulted in very little modification to the mathematical
content of the original stimulus cards, although card lay-out and inter-

view patterns were changed to ensure that students clearly understood the
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content of each card and could construct their own responses. The latter
was especially important because the individual conceptualisations of
students were to be the focus of the main research study.

To illustrate: (i) For Cards K to N (see FIGURE 3), the partial
working solutions were hidden from students, only the verbal problem
being visible. Once a student had suggested (or had failed to suggest)
strategies for solving a problem, the algorithms were revealed by the
researcher and used to elicit further responses. (ii) The semantic
content of cards was checked to ensure that it was correctly interpreted
by students. Thus in Cards A to F (see FIGURE 3) the words '"is nearest
in size to?" replaced the original phrasing ''mearest to'" in Cards A to F
because students read the latter wording to mean ''mearest in physical
proximity to", rather than the intended number relationship. (iii) The
content of some cards was extended in order to explore student conceptions
of more difficult quantitative expressions. Thus Stimulus Card J (see
FIGURE 3) originally contained three decimal numbers but was extended
to include the two verbal stimuli "seven hundredths'" and '"twenty
hundredths" to cover the concept of hundredths, and the idea of a
hundredths fractional number being reducible to tenths (twenty hundredths) .

The final version of the Stimulus Cards (Series One) had the follow-

ing content focusses:

i) Estimation and approximation.
ii) Estimation and approximation involving computation.
iii) Division, including examples where the divisor was larger
than the dividend.
iv) Writing decimal numbers.
v) Problem solving involving decimal numbers.

vi) Comparisons with numbers including decimal numbers.

Phase 3: The Main Study

The Subjects

Once the final version of the stimulus cards had been decided, 30
students were chosen to form the basis for the main research project. The

sample comprised 15 students from a Form One class and 15 students from a

Form Two class in a Hamilton intermediate school. The rationale for this

cross—-grade selection was that a wider age spread could be studied over
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Area Card No. Format of Card Source

Estimation A 186 is nearest in size to? Brown (198l1a)
100/80/180/200/150/190

B 1.2 1s nearest in size to? Brown (1981a)
1/10/0.2/12/0/2/0.12

c 0.8 is nearest in size to? Brown (198la)
1.8/0.08/8/1/0
Estimation D 1.9 x 5 1s nearest in size to? Brown (1981la)
after 0.01/0.10/1.0/10/20/100

computation E 0.19 x 5 1s nearest in size to? Brown (1981a)
.01/0.10/1.0/10/20/100

F 0.19 x 0.5 is nearest in size to? Carr
0.01/0.10/1.0/10/20/100

Division by G Divide by 10: Carr
1000
100
multiples 1500
15

10 and {its

n Divide by 100: Carr
1000
100
1500
15

I Divide by 20: Carr
200
100
10
25
15

Writing J Write as decimals: Brown (1981a)
three tenths Carr
seventeen hundredths
fractions fifteen hundredths

seventeen tenths

twenty hundredths

decimal

Problems K The price of potatoes is $1.50 for Brown (1981a)
each kilogram. What is the cost of

{nvolving 0.5kg of potatoes?
decimal fold
fractions 1.50 + 0.5 0.5 + 1.50
1.50 + 0.5 0.5 - 1.50
1.50 - 0.5 0.5 x 1.50
L The price of mince is $2.67 for each Brown (1981la)
kilogram. What is the cost of a
packet containing 0.58kg of mince?
--------------- foldmmmmmmmmmmm
2.67 + 0.58 0.58 + 2.67
2.67 + 0.58 0.58 - 2.67
2.67 - 0.58 0.58 x 2.67
M The cost of 2.5 litres of soft drink is Carr
$0.75c. What would the price of one
litre be?
fold
2.5 + 0.75 0.75 + 2.5
2.5 + 0.75 0.75 - 2.5
2.5 - 0.75 0.75 x 2.5
N The cost of 6.44 litres of petrol was Brown (1981a)
$3.58. What would the price of one
litre be?
fold
6.44 + 3.58 3.58 + 6.44
6.44 + 3.58 3.58 - 6.44
6.44 - 3.58 3.58 x 6.44
' Carr
Comparisons 0 0.4 éo
with numbers —@— 0.B0
containing P 123 12.3 Carr
decimal
fractions R 249 2.49 Carr

FIGURE 3 : Stimulus Cards (Series One) Used in the Individual
Tnterviews I-LL1 on Decimal Numbers
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the two year research study, than would have been possible if a sample
from one class (grade) level were investigated for two years.

To select the sample, one Form One and one Form Two teacher were
chosen at random from the staff of the intermediate school participating
in the study. Each teacher's class was unstreamed - that is, it com-
prised a heterogeneous group ranging in general ability from 'very able'
to 'slower learning' students. Both classes were administered two
standardized group tests: the PAT Mathematics (NZCER, 1972) and TOSCA,

a Test of Scholastic Ability (NZCER, 1981). The Primary Form A of TOSCA
was used with subjects under 12.5 years and the Secondary Form A was used
with subjects over 12.5 years. Data derived from these two norm-
referenced instruments enabled the researcher to randomly choose 15
subjects from each of the Form One and Form Two classes such that a spread
of general and mathematical ability was evident in each research group
(see FIGURE 4).

Potential subjects were asked if they were willing to take part in a
project that would last for two years, and would involve four 'conversa-
tions' over two years on a one-to-one basis with the researcher. The
purpose of the study was described to the subjects as being to find out
how ordinary New Zealanders of their age thought about some aspects of

mathematics. At this stage none of the 30 students declined to take

part.

The Interviews

Chapter Two and Chapter Three referred to the importance of clinical
interviewing in research on mathematics learning. Clinical interviewing
was a major focus of the present research. Indeed, because of the longi-
tudinal nature of the present study and its focus on individuals'
constructions of meaning, more than one interview was scheduled. Further-
more, the qualitative data from the interview series would be compared with
the results from the pencil-and-paper survey of Phase 1 of the research.
Subjects were interviewed on an individual basis four times over a two-year

period. FIGURE 5 shows the time scale of these interviews.
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Name (Gender Age TOSCA PAT Mathematics PAT Mathematics
retained) (March Percent- Percentile (age) Percentile (class)
(pseudonyms) 1981) Sex Race ile Rank Rank Rank
Form I (1981)
John 11.5 M European 83 97 99
Andrea 11 F " 98 95 96
Trish 11 F " 90 83 81
Don 11 M " 42 66 63
Mary 10.5 F " 95 63 49
Aunne 1.5 F Maori 53 62 69
James 11 M European 59 55 52
Peter 12 M " 53 54 81
Delwyn 1.5 F " 49 52 60
Perey 12 M " 51 43 60
Neville 1 M " 9 24 17
Janette 1.5 F " 24 17 17
Ronald 1 M " 31 13 10
Dorothy 12 F Maori 1 2 10
Rita 12 F " 43 1 10
Form II (1981)
Garth 12 M European 79 95 96
Petra 12 F " 53 87 85
Suella 12 F " 75 76 76
Charles 11.5 M " 79 75 64
Dwight 11.5 M " 64 70 58
Trudy 12 F " 53 58 54
Danny 12.5 M " 75 54 61
Rex 11.5 M " 46 54 40
Stu 12 M " 72 49 43
Jacklie i2.5 F " 44 33 37
Andy 12.5 M " 24 19 20
Doug 12.5 M Maori 6 16 16
Stella 12 F European 8 11 4
Wally 13 M " 23 9 24
Jude 13 F " 31 9 20

FIGURE 4 : The Research Sample

Interview I : Term I1I, 1981
Interview 11 : Term II11,1982; Term I, 1983
Interview III Term II1I, 1983

Interview 1V Term III, 1983

FIGURE 5 : Schedule of Interviews
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The purpose of the first three interviews was to explore students'

responses to the Series One Stimulus Cards. Each interview was con-

ducted according to the following procedure:

i) An introduction reminded the subject of the purpose of the
study, emphasizing that the session was not a test, and that
what was required were 'ideas' about some aspects of maths.

The confidentiality of responses was stressed.

ii) The eighteen stimulus cards of Series One were presented to

the subject in an unhurried fashion.

iii) Perceptions of decimal numbers in relation to other topics
in mathematics were gauged by the use of topic cards which
students were asked to rate on a like - neutral - dislike
basis (see the section on 'Procedures for Measuring
Attitudes Towards Mathematics and Decimal Numbers' for

details).

iv) The subjects were asked to name the columns on either side
of a decimal point, to label these, and to explain their

responses.

v) The interviewer then explored student ideas that seemed to

warrant further probing.

vi) The interview concluded with the interviewer thanking the

subject for his/her help.

The fourth interview focussed on students' constructions of meanings
about decimal numbers. Students' attitudes about mathematics in
general, and decimals in particular were also explored. Although
Interviews 11 and IV were both scheduled in Term 3, 1983, a one week
gap was allowed between the two sessions (except in the case of students
who were interviewed out of Hamilton). The format for the fourth

interview was as follows:

i) Ten alternative Stimulus Cards (Series Two) based on those
used in the first three interviews, were used to probe a

subject's understanding in more depth if data from Interview

I1I were insufficient.

ii) A version of the semantic differential test (Osgood, Suci
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and Tannenbaum, 1957) was administered, and the responses
that the subject had given were discussed. It is important
to note that the small size of the student sample (n = 28)
precluded systematic processing of responses by factor
analysis. In the circumstances, it was decided to merely
describe the response patterns that occurred to the 12 sets

of polar adjectives.

iii) An exploratory discussion on the primary/secondary schooling
interface was held, focussing on the subjects' ideas about

how mathematics differed at the two institutions.

iv) The subjects were asked to give advice to teachers of mathe-
matics, using the following questions: "I want you to give
me some advice for teachers to help them teach maths better
to people your age. What sorts of things would you tell
them?  What should teachers do to make maths easier to
learn for people your age?" The responses of the subject

were explored in an unstructured fashion.

v) The opinion that the subjects' peers held towards mathematics

was sought through flexible questioning based on a scenario

given by the interviewer. "I want you to imagine you're.
with a group of your friends at lunchtime.  The bell rings
to signal the start of afternoon classes. One of your

friends says what have we got now?  Someone else says, maths.
What do people say when they hear this?  What comments might

be said, if any?"

vi) Opinions were sought from students on the role, if any, of
social disruption in the classroom with regard to the learn-
ing of maths. These views were elicited through informal
questioning based on a scenario given by the interviewer:
"Some students your age talk about other students who play
around in class. Is this a problem for you in the sense

that it interferes with learning maths?"

)
vii) Where necessary a check was made on the 'mame the columns

activity from the previous interview. The student was asked

to explain his/her responses.
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The Conduct of the Interviews

By arrangement with the Principal and Head of Mathematics in each
of the schools used in the study, it was possible to schedule 30-40
minute interviews with each of the subjects.

A special interview room was made available. This was set up with
an audio tape-recorder, table and chairs for the researcher and subject,
and pen and paper for the recording of student responses.

To help establish an emotionally supportive and non-threatening
atmosphere which would encourage students to respond frankly and easily

the following special measures were taken:

1. Audio taping: The subject was asked at the outset if the interview

could be audio-taped. The recorder was placed on the table next
to the interviewer and subject - no attempts were made to hide the

recorder from the subject.

2. Establishing rapport: Time was taken before each interview started

to outline the purpose of the study, and to emphasize to each student
that this was not a 'test'. Students were told that anonymity

would be preserved. It was explained that any comments used in the
subsequent results would not be assigned to them by name.

The purpose of the study was explained as being a project aimed
at finding out how students of their age thought about 'some things
in mathematics'.

Because of the longitudinal nature of the research exercise, care
was taken to explain to subjects that they had been chosen randomly
and represented 'ordinary' students of their age. It was thought
important to stress this factor in order to counter any feelings
that the subjects might construct once the study was underway and

they were revisited by the researcher.

3. Presentation of the cards: As the Stimulus Cards (Series One and

Two) were presented during the interviews the researcher adopted a
non-judgemental attitude towards subjects' responses. Use was
not made of positive comments that might often be used by teachers
such as "Good", "Yes'", "Right", etc. Rather, attempts were made
to elicit the subjects' views and ideas by the use of neutral, non-
judgemental verbal cues such as "Uh-huh". When probing students'

responses, the wording was in the form of; "Why?", "Why do you think
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that?'", and when necessary, "I don't understand that - could

you explain it another way for me?" For illustrative purposes,

APPENDIX D provides a transcript of a compléte interview.

4. Fatigue factor: Care was taken not to rush the subjects in their

responding. Each interview was of 30-40 minutes duration.

Fatigue did not appear to be a factor in any of the interviews.

All Stimulus Cards (Series One and Two) were read to the subject.

The cards were presented one at a time. They were printed on ten by

fifteen centimetre white lined card. Additional information to that

printed on the cards was given in an informal oral manner with fifteen

of the eighteen cards. This additional information is described

below (see inside back cover for copies of the Stimulus Cards concerned):

i)

ii)

iii)

iv)

v)

Cards D, E, F: Subjects were told they did not have to work

out the caiculation. Rather, an estimation of a reasonable
answer was required, and this should be matched to an altern-

ative from those listed at the bottom of the card.

Cards G, H, I: Subjects were reminded where necessary of the

appropriate working form. For example, 'divide by 100: 15'

would be '100)15 ', not '15)100 '.

Card J: Subjects were reminded of the form of decimal numbers

by referring to earlier cards in the series.

Cards K, L, M, N: The algorithms were hidden from view by being

folded back out of sight of the subject. These were only
unfolded if the subjects were unable to generate a calculation

from the mixed numerals in the problem.

Cards O, P, Q, R: The subjects were asked to read the numerals

presented. Then they were asked if one number was larger than
the other number, or if they were of the same size. Depending
upon the responses, subjects were asked how many times one was

larger (or smaller) than the other, and the ratiomnale for this.

Place Value Nomenclature

As indicated above, at the conclusion of Interviews I and III,

subjects were asked

to name the columns in terms of place value about
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a decimal point. This activity was designed to reveal growth in student

understanding (if any) about the place values in decimal numbers.

Student ideas about place value nomenclature were probed as follows.

First, the researcher drew columns in front of the subject...

|

|

...and next wrote in digits in each place

1|2 6,

slals

This numeral was read to the subject, as '"one hundred and twenty-

three, point four, five, six." Subjects were then asked to write the

names of the place value columns, commencing with the whole number one

hundred and twenty-three.

Once this was completed the subject-generated nomenclature was

discussed and reasons for the responses were elicited.

Procedures for Measuring Attitude Towards Mathematics and Decimal

Numbers

i)

ii)

As mentioned above, Interview IV included an administration

of a version of the semantic differential test (Osgood, Suci and
Tannenbaum, 1957). The test included 12 contrastive adjective
pairs (see APPENDIX E) and sought responses to the two concepts
'mathematics' and 'decimals'. Subjects were given unlimited
time to complete the exercise and their responses were probed

by the interviewer.

Mathematical attitudes were also examined by means of a '"card
sort" by which students expressed their like or dislike for
mathematical topics. These topics, worded in the kind of
mathematical language that students would typicallyuse, were as
follows: take-away sums, adding sums, multiplication sums, times
tables, fractions, decimals, sets, geometry, division sums.

Subjects were asked to place the topic cards at positions on
the continuum that represented their opinions (cards could be
placed on top of each other if necessary). It was explained
that a point mid-way between "Things I don't like in maths'

and "Things I like in maths' would represent a neutral stance.
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No time limit was imposed but reasons for the positions taken

were sought from the subjects.

iii) Advice to teachers. As discussed earlier this was elicited

during Interview IV. The aim of this activity was to have
students suggest strategies that teachers should adopt that

would '"help students your age'" learn mathematics.

iv) Peer opinions of mathematics. These also were elicited during

Interview IV. The aim of this discussion was to sample the
opinions that 11 to 14 year olds held towards the subject of
mathematics when recalling the comments that their peers might

make.

v) The primary/high school interface and mathematics. Opinions here

were also gathered during Interview IV. The aim was to collect
student perceptions of the way mathematics was taught in primary

(intermediate) schools compared with high schools.

Stimulus Cards (Series Two) for Interview IV

This alternative set of ten stimulus cards was constructed for use
during Interview IV. The cards were based on the Series One set,
but differed with regard to the calculations required and included a
new problem requiring the use of decimal numbers in the context of
money .

Series Two cards were used to further probe ideas (particularly
errors) elicited during Interview III. These alternative cards were
required for Interview IV so that memory from Interview IIT did not
contaminate responses. As well, it was hoped that the Series Two cards
would prevent the occurrence of any response set from students.

Copies of the cards themselves are in FIGURE 6 (over page). Not all
Series Two cards were used with every student. Rather, Series Two
cards were used to explore misconceptions, especially, shown during

Interview III.

As with Series One set of stimulus cards, each card was read to the
subject. Additional information to that printed on the card was given

as follows:



ii)

iii)

iv)

v)
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Stimulus Cards (Series Two) A, B:  Subjects were told they did

not have to work out the calculation - rather an estimation of
a reasonable answer was required, and then this should be matched

to an alternative from those listed at the bottom of the card.

Stimulus Card (Series Two) C: Subjects were reminded, where

necessary, of the appropriate working form. For example,

'divide 10:50' would be '50) 10 ', not '10) 50 '.

Stimulus Card (Series Two) D: Subjects were reminded of the

form of decimal fractions by referring to earlier cards.

Stimulus Cards (Series Two) E, F, G, H: Instructions for these

cards were as for Cards 0, P, Q, R of Series One (the original

set).

Stimulus Cards (Series Two) I, J: Subjects were encouraged to

write working forms for each problem if they thought this were

needed.
Stimulus
Card No.
(Series
Area Two) Format of Card Source
Estimation A 0.3.4 x 3 is nearest in size to? Brown (198la)
after 0.01/0.10/1.0/10/30/100
computation B 0.34 x 0.3 18 nearest in size to? Brown (198la)
0.01/0.10/1.0/30/100 Carr
Division by C Divide by 50 Carr
200
a multiple 100
of ten 50
10
60
5
Writing D Write as decimals Brown (198la)
two tenths Carr
decimal nine hundredths
numbers twenty-five hundredths
eleven tenths
Comparisons E 0.6 6 Carr
vith involv=| g 432.0 43.2 Carz
ing decimal
oumbers G 0.10 10 Carr
H 548 54.8 Carr
Problems 1 A person sees that ice-cream is 'on Carr
1vi special" this week - a two litre pack
involving for $1.00. At this price/rate how
decimal much would one litre cost?
numbers
J Next week, ice-cream is "on épecial" Carr
again - this time a 2.50 litre pack
for $1.25. At this price/rate how
much would one litre cost? i
FIGURE 6 : Stimulus Cards (Series Two) Used in Individual

Interview IV on Decimal Numbers
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CHAPTER FIVE

RESULTS: THE QUANTITATIVE SURVEY

The approach adopted for integrating both quantitative and quali-
tative aspects of research methodology was discussed in the previous
chapter. The first step in this study was to generate a pencil-and-
paper test on decimal numbers, and to administer this to a representative
sample of 11 to 14 year olds.

The survey was based upon Brown's (198la) test, but modified to
ensure that the survey was content valid for New Zealand students. The
test was administered to a sample 11 to 14 year olds (n = 102) in Forms

One to Four as described in Chapter Four.

Results and Discussion

The facility level for each item in the survey instrument is
presented in TABLE 1 and a summary of the results is shown in TABLE 2 .
The chapter then records in more detail the error types for each item.
and, where appropriate, comparisons are made with Brown's (198la)
results.

With two exceptions, the researcher focussed on items in the survey
that a majority of students failed to answer correctly, i.e. questions
that had a facility level of around 50 per cent or lower. These
questions might indicate areas for more detailed investigation of
children's knowledge and understanding of decimal numbers in the sub-
sequent longitudinal investigations.

The mean for the survey was 34.69 out of 64 with a standard
deviation of 12.85. Older students generally scored better than younger
students, means for Forms -One, Two, Three and Four being 28.84, 32.91,
35.08 and .44.22 respectively.

The variability of the scores as shown by the high standard
deviation, is apparent from TABLE 3. The range for each grade/class
level was 30 to 40 raw score points, indicating clearly that this was
not a mastery exercise for any class level within the overall sample.

The individual items that caused student difficulty are now con-

sidered in detail.
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TABLE 1 Results of the Survey: Decimal Numbers
Item Form I Form II Form III Form 1V Facility
Number (n = 32) (n.= 23) (n = 24) (n = 23) Level 7
la 28 19 22 17 86
b 16 15 15 12 58
2a 18 19 14 19 70
b 11 15 17 18 61
c 9 14 14 13 50
3a 24 12 24 19 79
b 6 5 6 11 28
c 25 12 21 20 78
d 22 10 19 17 68
e 9 11 15 13 48
f 5 5 12 17 39
g 28 16 23 20 87
h 17 11 16 17 61
i 11 11 18 19 59
j 15 12 15 17 59
k 21 13 19 22 75
1 21 10 15 20 66
4a 29 21 23 21 94
b 22 14 23 19 78
c 14 6 14 17 51
d 8 5 12 16 41
e 7 7 10 10 34
f 20 16 17 17 70
5 25 20 19 23 87
6 18 16 17 22 73
7a 13 14 20 21 68
b 12 9 19 20 60
8a 15 12 14 14 55
10 7 11 11 39
28 17 22 22 89
17 14 19 19 69
20 11 21 20 72
9a 12 16 15 16 59
b 4 9 4 10 27
c 4 8 6 8 26
d 6 7 4 7 24
10a 25 21 22 21 89
b 22 21 21 20 84
c 9 9 12 17 47
d 8 6 10 17 41
6 5 3 7 21
lla 31 19 21 23 93
b 22 17 11 17 67
c 23 15 15 15 68
d 11 12 7 13 41
12a 25 22 20 21 88
b 14 12 6 16 48
c 17 12 12 16 57
d 7 8 5 14 34
e 19 19 14 18 70
f 1 7 2 11 21
e 11 7 2 12 32 I
h 0 1 1 9 11 ;
13a 27 22 23 22 94
b 12 16 12 20 60
. 11 14 14 16 55
4 8 11 7 19 45
e 1 2 2 7 12
f 2 6 3 7 18
l4a 24 19 15 22 80
b 16 9 9 19 53
. 7 4 2 7 23
d 7 3 2 6 18
. 15 12 3 15 47




TABLE 2 : Summary from the Survey:

Decimal

Numbers

75
Topic Item Facility Major Errors
Number Level 7
Name tens of thousands 1(b) 58 'hundreds of thousands',
column 'hundreds’
Name thousandths column 2(c) 50 'thousands', 'ones', 'tenths'
Add 'ten' to '0.15' 3(b) 28 '0.25', '1.5', '1.50", 0.150"
Add one tenth to '4.254' 3(e) 48 '5.265', no answer attempted,
'42.54"
Add one tenth to '2.9' 3(f) 39 '2.10', no answer attempted, '3.9'
Identify '14.65' on a 4(d) 41 '14.6%', '14.6', '14.7'
number line
Identify '3.2' on a 4(c) 34 '3.1', no answer attempted, '0.1'
number line
0.75 or 0.8 larger? 8(a) 39
Why larger? 8(b) 39 no answer attempted, '75 larger
than 8', '0.75 is a larger
fraction than 0.8'
Write eleven thousandths 9(b) 27 '.0011', '000.11', no answer
as a decimal attempted
Write eleven tenths as a 9(c) 26 '0.11', no answer attempted, '0.011"'
decimal
Convert four tenths to 9(d) 24 'four', no answer attempted, '0.4'
hundredths
Name a number between 10(c) 47 no answer attempted, '0.4%', '0.4'
0.4 and 0.5
Name a number between 10(d) 41 no answer attempted, '0.41%', '0.41'
0.41 and 0.42
Numbers between '0.41' 10(e) 21 '10', no answer attempted, '9', 'l’,
and '0.42' 'none’
23.12 + 54.7 = 11(d) 41 '77.19', '28.59', '17.65', no answer
attempted
5.13 x 10 = 12(b) 48 no answer attempted, '5.130', '50.13'
2.3 x 100 = 12(d) 34 'no' (students indicated no answer
possible), '23.00', no answer
attempted
3.7 + 100 = 12(f) 21 'no' (students indicated no answer
possible), no answer attempted,
'0.37'
24 + 20 = 12(g) 32 no answer attempted, 'l.4', 'no',
(students indicated no answer possible)
16 + 20 = 12(h) 11 'no' (students indicated no answer
possible), no answer attempted, '0.16'
Number nearest to 2.9 x 7 13(d) 45 '200', no answer attempted, '0.002'
Number nearest to 13(c) 12 '0.002', '200', '20', no answer
0.29 x 7.1 attempted
Number nearest to 13(F) 18 '3', no answer attempted, '0.03',
59 + 190 '0.003'
Problem solving: algorithm  14(c) 23 '2.67 + 0.58', no answer attempted,
needed - 2.57 x 0.55 '2.67 - 0.58'
Problem solving: algorithm 14 (d) 18 '6.44 + 3.58', no answer attempted,
3.58 + 6.44 '6.44 - 3,58'
Problem solving: algorithm l4(e) 47 * '11.8 + 8.37', no answer attempted,
needed - 11.8 x 8.37 '8.37 + 11.8'
TABLE 3 Results from the Survey (Grouped Data)
40 40
35 35
30 30
L2 25
20 20
15 15
10 10
5 | 5
0-9 10-19 20-29 30-39 . 40-49 50-59 60-64
Score
x = 34.69
S = 12.85
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1. Naming the Place Value of Digits: Items 1(b) and 2(c)

Item 1(b)
521400 The 2 stands for

2t

Facility Level: 58% Number of errors generated: 11

Error Frequency
hundreds of thousands (nine)*
thousands (nine)*
hundreds (eight)*
tens (three)
tens of hundredths (three)
tenths (two)
tenths of thousands (two)
The following errors occurred only once: 'millions', 'units', ten

thousandths', and 'tens of thousandths'.

The three most common errors for Item 1l(b)* account for two-thirds
of the total errors and indicate a lack of knowledge about basic place
value in the group of thousands, or imprecise knowledge of a particular
column's label ('thousands', rather than 'tens of thousands'). Moreover,
the range of errors shows that students will construct a diverse range

of incorrect responses when confronted with a question that probes an

area about which they are uncertain. Form I students generated the

largest number of errors.

Item 2(c)
O.&l% The 2 stands for

Facility Level: 507 Number of errors generated: 9

Error Frequency
thousands (sixteen)
ones (eleven)
tenths (eight)
tens (four)
hundredths (four)
oneths (three)
hundreds (two)

The following errors occurred only once: 'hundredths of hundredths'



77

and 'ten hundredths'.

The other error types reveal confusion with whole number nomen-
clature ('thousands', 'hundreds', 'tens', 'ones'). An interesting
error made by three students was in naming the 'thousandths' column
as 'oneths', indicating again how whole number terminology seems to
influence student ideas about decimal numbers.

The largest proportion of errors came from the Form I (ll year old)

group, but all grade levels exhibited a similar range of error types.

2. Addition with Decimal Numbers: Items 3(b), 3(e), 3(f)

Item 3(b)
Add ten
0.15 tivennennnnnnns .
Facility Level: 287% Numbers of errors generated: 16
Error Frequency
'0.25" (forty four)
'1.5' (six)
'1.50' (four)
'0.150"' (four
'25" (three)
'0.015" (two)
The following errors occurred only once: 'l0.5', 'l05', 'l1.25',

'01.5', '15', '0.510', '2.5', '30', '020', and '0.1510".

The responses show that students had a clear preference for the
error '0.25'. Here, the error seems to have been generated by adopt-
ing a whole-number framework and disregarding the decimal point: fifteen

plus ten does cqual twenty-five.
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Item 3(e)
Add one tenth
4.254 ... .

Facility Level: 48%  Number of errors generated: 14

Error Frequency
4.264 (nineteen)
no answer attempted (eleven)
42 .54 (eight)
4,255 (three)
4.254 (two)
4.0254 (two)

The following errors occurred only once: '4.274', '4.259', '42.64',
'4.6794", '4.2540"', '4.154', '5.,254', and '4.260'. The non-response
category accounts for a signif;cant'proportion of the.errors. The
most common error '4.264' can be obtained if the decimal point is
ignored, and ten is added to '4254'. The error '42.54' (eight
instances) would be the. correct response if students had been asked to
multiply by ten = perhaps students were applying the inappropriate
strategy of shifting the decimal point.

Item 3(f)
Add one tenth

Facility Level: 39% Number of errors generated: 17

Error Frequency
'2.10"' (thirteen)
no answer attempted (thirteen)
'3.9' (ten)

129! (six)
'2.19' (three)
'2.09' (three)
'2.19' (two)
'2.9! (two)
'2.91" (two)
'0.39' (two)

The following errors occurred only once: '2.29', '2.01',

'2.14', '3.19', '2.11', and '2.8'. Several features of these errors
are worthy of note. First, the number of errors generated by the 11 to
14 year old students is considerable. Second, the nil response was

\equal to the most commonly occurring error, suggesting that the item was
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either not understood by the students, or that it probed an unfamiliar

area of mathematics. Third, the two most common errors ('2.10' and

'3.9") continue the theme evident in earlier items - the power of

beliefs about whole numbers influencing any ideas that the students

possessed about decimal numbers.

3. Assigning Decimal Numbers to Designated Points on a Number Line:

Items 4(a), 4(e)

Item 4(d)

This number is about

|

Facility Level: 41%  Number of errors generated: 25

Error Frequency
'14.6%' (twenty)
'14.6" (seven)
'14.7" (six)
'6L! (three)
'14.5" (three)
no answer attempted (three)
'6.5"' (two)
The following errors occurred only once: 'l.3', '8%', '14.8",

L, 43,

'0.5", '14.165', '20.5', '0.4', '14.15', '14.7%', '2.1', 'l4.1E0, ',

'14.13"', '14.96', '18.15', '14.55', '14.06', and '6.14". The question

itself is perhaps poorly phrased as the word 'about'" can be variously

interpreted.

If "about" meant that 'l14.6' and 'l14.7' were included, then the

facility level rises to 58%. This might be a fairer indication of

Item 4(d)'s difficulty.
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Item 4(e)

3 4
‘ A ' A 'Y '
2

This number is

Facility Level: 34%Z  Number of errors generated: 12

Errors Frequency
'3.1' (forty nine)
'no response' (six)

'0.1" (three)

The following errors occurred only once: '4.4', '%J, '4.0', '3.0',

'6.0', '0.4", '.,12', '2.0", and '3.25"'. These errors show a lack of
understanding when assigning a decimal number to a particular point on

a number line. The responses are similar to those observed by Carr and
Katterns (1984), i.e. a symbolic mode of responding seems to dominate
the students' thinking. Carr and Katterns (1984) found a significant
proportion of their 9 and 13 year olds could not perform simple addition
and subtraction when using a number line model. In Item 4(e) the most
common error is '3.1', which suggests that students understood the
initial space to be '0O.l' without first counting the number of spaces in
order to determine the appropriate size of each space. Thus they are
responding to the symbols they meet, rather than to the underlying

principles of a number line (Rathmell, 1980).

4. Understanding 'Size' of Decimal Numbers: Items 8(a), 8(b)

Items 8(a) and 8(b)
(a) Ring the bigger of the two numbers:
0.75 or 0.8

(b) Why is it bigger?

® e e 0 02000 000 e c 0000 e L0000

Facility Level: 39% Number of errors generated: 13

The errors were categorized as follows:
a) nil response, or wrote 'don't know' (twenty five instances)

b) responses claiming 0.75 was larger than 0.8 because 75 is

greater than eight, e.g.
"You can tell by its numbers - they are greater than eight."

(Tanya, aged 13
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"0.75" is bigger because it is 75, mot 8." (Craig, aged 14)

"75 is bigger than 8. 8 is not more than 75." (Royce, aged 11)

"It (0.75) also has more units than the other."” (Glen, aged 14)
(nine instances)

c) Responses claiming 0.75 was larger than 0.8 because 0.75
contained more digits, e.g.
"Because it has got more numbers.” (Kim, aged 11)
"Because it has got one digit more after the decimal point."
(Mark, aged 11)
"It (0.75) is bigger because it has two digits and the other
n
(0.8) has only one. (Trudy, aged 12) (six instances)
d) Responses claiming that 0.75 was a larger decimal numbér than
0.8, (self evident) e.g.
"In decimals, .75 is one 7th of something, .8 is one 8th"
(Ian, aged 13)
"Because 5 (in 0.75) is 6 hundredths (sic) which makes things
bigger than 8 tenths." (Donna, aged 12)
"Because 0.75 shows the & is a hundredth and the 7 a tenth.
In 0.8 there is no hundredth, which is larger than tenths.'
(Trudy, aged 12)
"Because it has 7 tenthe and 6 hundredths and the other one only

has 8 tenths." (Michael, aged 12)
"It (0.75) is also in the hundreds column (sic)." (Michele,
aged 13)

"Because .75 is bigger than .8." (Daryl, aged 14)
(eight instances)

e) Responses giving reasons for 0.8 being larger than 0.75 (or
vice versa) that were unrelated to the problem, e.g. (0.8 larger

than 0.75)
"Because the number after the decimal doesn't necessarily have

to have a zero on the end of it."”  (Karen, aged 13)
(three instances)

Other incorrect explanations included a claim that the two decimal
numbers were the same size: "It's the same really, because the number
behind the decimal is nothing." (Teresa, aged 13), and that the more
digits there were in a fractional number the smaller it was; "Because the
more numbers in a fraction, the smaller the fraction gets.'” (Andrew,
aged 11).

In this case, Andrew's 'rule' has helped him choose the correct
response (0.8 being larger than 0.75), but it is not difficult to imagine
examples where this would not be the case. For example, Andrew's 'rule'
would have him choose '0.95' as a smaller number than '0.l1', because
'0.95' has more digits.

Another instance of a student choosing the correct alternative, yet
revealing an underlying misconception was Mark (aged 13). Mark wrote
that '0.8' was larger than '0.75' "because this one (0.8) is a whole
number. " Mark's reasons for believing that '0.8' is a whole number can-
not be detected from his statement. A follow-up interview would be

needed to explore his beliefs about decimal numbers and their relation-
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ship to whole numbers. The responses of both Andrew and Mark are
representative of the phenomenon where students may give correct answers
in a pencil and paper test (when asked to choose an alternative), in
spite of possessing incorrect underlying misconceptions concerning the
knowledge being assessed.

The question must be raised about the meaning of the word '"bigger"
in Item 8(a). For some students this could have meant bigger related
to the number of digits: 0.75 has more digits than 0.8. Hence, size
here could be ambiguous in a way not yet encountered in this survey.

The errors under (c) above show that, for some children at least, this

was the case.

5. Writing Decimal Numbers for Given Verbal Stimuli: Items 9(b), 9(c)

The next two items explored writing decimal numbers given verbal

stimuli. Earlier, Item 9(a) asked students to write the decimal
number 'three hundredths' (facility level: 59%)1. The next item's

(Item 9(b)) results were:

Item 9(b)
Yow would you write as decimals:
eleven thousandths......cceeeeee
Facility Level: 27% Number of errors generated: 13
Errors Frequency
.0011 (thirty)
000.11 (fourteen)
no answer attempted (eight)
0.11 (five)
11.000 (four)
.00011 (three)
11000 (three)
0.11000 (two)
11 (three)
1000

Errors that occurred only once were: '000.3', '11.1000',

'1199', and '1.100'. However a diversity of errors is evident. The

1This was perhaps lower than might be expected since students were
given place value nomenclature as part of the practice questions
at the commencement of the survey (see APPENDIX c).
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two most common errors ('.0011' and '000.11') represent 56 percent of
the total errors. The most common error, '.001l', would seem to come
from the idea that in order to write 'eleven thousandths', it is
necessary to move the 'eleven' one place to the right, rather than to
utilize the adjacent column to the left . Students who responded in
this fashion were using strategies for writing decimal "numbers that
presented a type of 'mirror imaging' to the nomenclature of whole

numbers (see Carr, 1983; Freyberg and Osborne, 1981).

Item 9(c)

How would you write as decimals:

eleven tenths....cceevennen oo
Facility Level: 26% Number of errors generated: 12
Errors Frequency
'0.11" (fifty three)
no answer attempted (seven)
'0.011" (five)
11! (four)
'11.0' (two)
'11.10° (two)
AL (ew0)
. 1 1 \} 1 1 1 \}
The following errors occurred only once: ooi1', '1.0°, LTa s
'0.8', and 'eleven tenths'. The résults show a clear

preference for the error '0.11', which demonstrates that these students
do not understand that 'eleven tenths' is greater than one whole and,

as in Item 9(b), are adopting strategies inappropriate for writing

decimal numbers.
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6. Generating Decimal Numbers from a Given Stimuli: Items 9(d),
10(c), 10(d), 10(e)

The next four items asked students to generate equivalent fractions

from a given decimal, and to write decimal numbérs between two given

fractions.
T i
Item 9(d)
Four tenths is the same as
ceeeeessesssss hundredths
Facility Level: 247 Number of errors generated: 17

Error Frequency
'four' (twenty one)
no answer attempted (twenty)
'0.4" (ten)
'two' (six)
'zero' (four)
'eight' (three)
'0.04" (three)
'one' (two)

The errors that occurred only once were: 'eleven', 'five',
"thousand', 'four hundred', '4.8', '4', '40 thousandths', '0.2', and
'0.11". In a pencil-and-paper survey such as this, the underlying
reasons for writing the response 'four' can only be guessed at.
Although this particular error may be symptomatic of a misconception,
it could also result from a student not understanding the question.
Significant, as well, is the number of students who failed to write any

'no

answer for this particular item. It cannot be said whether the
answer attempted' error was caused by a failure to understand the
question per se, or the mathematical concepts involved (c.f. Donaldson,
1978). The large number of errors that were generated points to the
creative nature of children's thinking in mathematics (c.f. Carr, 1984).
The third most common error, '0.4', is the correct decimal number in
numeral form for 'four tenths', but is incorrect in the context of this
question. Error types were distributed evenly through the 11, 12 and
13 year old samples, while the 14 year olds made fewer errors in terms

of 'four' and 'no answer'. Twelve different errors were generated by

the 11 year olds, six by the 1l2s, six by the 13s, and ten by the 14 year
olds.
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Item 10(c)
Write down any number between

0.4 and 0.5........ Ceeeeeeeen

Facility Level: 477 Number of errors generated: 20

Error Frequency
no answer attempted (sixteen)
'0.4%" (eleven)
'0.4" (five)
'no answer possible’ (three)
'0.04" (two)
'04.1" (two)
'0.40" (two)
'0.3' (two)
Errors that occurred only once were: 'l tenth', '.05', }0.423,

'0.05', '1.4', '4.5', '1', '10', '4.7', '0.6', '0.00', and '04.2'.

Apart from the 'no answer' category, the most common error, '0.4%' reveals
a confusion in the conventions for writing decimal numbers - in this case,
an inappropriate combination of the conventions for writing common and
decimal fractions. Most errors were generated by the 11 year old group
within the sample (24 errors), with a gradual decline in the frequency

of errors through to the 14 year old group (6 errors). The diversity of

errors is worthy of note again - 20 different errors in all from a sample

of 102 students.

Item 10(d)

Write down any number between
0.41 and 0.42.....cciveeunnn cee

Facility Level: 417% Number of errors generated: 19

Error Frequency
no answer attempted (nineteen)
'0.41%" (twelve)
'0.41" (five)
'0.42" (three)
'ho answer possible' (three)
'41.2" (two)
'0.4123 (two)
'0.041" (two)

Errors that occurred only once were: 'l hundredth', 'l.141', '.45',
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'41.5', '41.6', '41.1', 0.041%', '0.00', '0.47', '41.0', and '0.425'.

Again the 'no answer attempted' category was common. This could
not be explained by students accidentally over-looking the question,
since in most 'no answer attempted' cases, the questions above and below
item 10(d) were attempted. The second most prevalent error, '0.41%',
reveals confusion of decimal and common fraction nomenclature (c.f. Item
10(c)). Here, students were constructing answers that revealed under-
standing of the question, but their existing ideas about decimal numbers
were not sufficiently developed to allow them to construct a mathemat-
ically correct response.

These two error types, 'no answer' and '0.41%', account for half the
errors manifested. The next most common error, '0.41', was the first
decimal number given in the item, and was made just five times. The
22 different errors were distributed among the sample of 11 to 14 year

age groups, as 26, 16, 14 and 6 errors respectively

Item 10(e)
How many different numbers could
you write down which lie between

0.41 and 0.42?

Facility Level: 217% Number of errors generated: 13
Error Frequency
'10' (eighteen)
no answer attempted (sixteen)
'g! (fifteen)
'1! (ten)
'none' (nine)
'finite' (eight)
'8!’ (three)
'2' (three)
'3 (two)

) 1 ) | \J A
The following errors occurred only once: not many', '5', '41l%',

and '4'. Without supporting qualitative data, the underlying student

rationales cannot be gleaned. This item produced 8l errors distributed

among the 11, 12, 13 and 14 year olds
Obviously this question was difficult for all age groups.

as 25, 19, 21 and 16 errors re-

spectively.

The concept of infinity explored in this item, is introduced to

8 year olds in the New 7ealand school system through the examples of
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finite and infinite sets. Item 19(c) combines the concepts of

infinity with decimal numbers, a task beyond most students in the

present sample.

7. Operations with Decimal Numbers, or with Numbers that Give a
Decimal Number as the Answer: Items 11(d), 12(b), 12(f), 12(g),

12(h)
Item 11(d)
23.12 + 54.7 = .. ... e
Facility Level: 41% Number of errors generated: 26
Errors Frequency
'77.19" (twelve)
'28.59"' (eight)
'17.65" (seven)
no answer attempted (seven)
'176.5" (four)
There were 21 errors that occurred only once. These varied from

'77.29' and '79.21' (which are reasonable approximations of the correct
answer) to '1765.0' and '0.1765' (which show little evidence of approxi-
mation and estimation). Forty-seven students used the working space
provided on the test script. The most common error, '77.19', is the
result of students adding the decimal fractions in23.12 and 54.7 as '12'
plus '7' - as in whole number strategies. The second most common error,
'28.59', warrants comment. This error is possible if the decimal
numbers 23.12 and 54.7 are incorrectly aligned in place value:

23.12
5 4
28.59 (Grant, aged 11 years)

Similarly: 23.12
5 4.7
78 59 (Teresa, aged 13 years)

Other errors such as '17.65' and '176.5' appear to have been
generated through using the operation of subtraction rather than
addition, and again applying inappropriate whole number strategies.
For example, 2312 - 547 gives 1765, which then requires the insertion
of a decimal point to give 'l7.65' or '176.5".

The previous example in the survey was a subtraction example, and
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this might have caused a 'mental set' that predisposed some students
to attempt subtraction in spite of the algorithm reading '23.12 + 54.7 =
ceeeeat. There was a large number of individual errors and it is
impossible to discover all of the strategies that students used to obtain
these answers, although in the case of the student who obtained '2235',
it would seem that 2312 was taken from 547 - at least as far as it would
go (the researcher's working):

547

~2312

2235 (sic)

The error in the thousands column is similar to that categorized
by Van Lehn (1982) as 'O - N = N/EXCEPT/AFTER/BORROW', although Van Lehn
did not allow students to generate their own working forms. His
analysis wasrestricted to the responses to a prescribed subtraction
survey.

Item 11(d) demonstrates several other points: (i) the creative
nature of children's thinking in mathematics in terms of the range and
number of errors they can construct (c.f. Carr, 1984); (ii) the diffi-
culties students have when given working forms that have the potential
for place value confusions; and (iii) the high incidence of students
who mis-read questions in a pencil-and-paper survey - at least l4
students appear to have performed subtraction rather than the required
addition operation.

An example of this latter error was:

2'3.'12
'5'4., 70
-4 6. 42 (Karen, aged 14 years)

Karen's use of a negative number results from persisting with sub-

traction, an error Van Lehn (1982) does not, in fact, list. It is

interesting that the algorithm in this case is generated by the respond-

ent.
Kay was correct, but not in the context of the question.
54.70

-23.12
31.58 (Kay, aged 13 years)
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Item 12(b)
Multiply by ten
5.13 et ettt cece sttt
Facility Level: 48% Number of errors generated: 11
Errors Frequency
no answer attempted (twenty one)
'5.130' (fifteen)
'50.13" (eight)
'.5130"' (three)
'5.23" (three)
The following errors occurred only once: '10', '5130',
'10.43", '513', '5103', and 'yes'. Although only 12 different errors

were made (c f. Items 4(d) and 11(d) where over 20 errors were made) the
task is much easier, involving application of a simple rule viz., to
multiply by ten, shift the decimal point one place. Errors were
allocated to the 11, 12, 13 and 14 year old age groups as 18, 12, 18

and 8 errors respectively.

Item 12(d)
Multiply by one hundred
2 T e
Facility Level: 347 Number of errors generated: 18
Exrrors Frequency
'no' (subjects indicated (thirteen)
no answer possible)
'23.00' (eleven)
no answer attempted (ten)
'2.30" (nine)
'2.300' (seven)
1200.3" (Five)
'.2300' (three)
'20.3" (three)
'0.023" (two)
The following errors occurred only once: '30', 'yes', '2.00',

'9.3 hundred', '2.03', '320.0', '3,3', '02.3', and '2.31'.
Errors were made by 11, 12, 13 and 14 year olds at the rate of 24,

18. 20 and 10 errors respectively. The errors '2.30' and '2.300' were
’
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not combined. The writer felt it wiser to record these as separate
errors since the error '2.300' suggests that learners were inappropri-
ately adding two zeros to the number in order to 'multiply by one
hundred'. The position of the decimal point in the various error
types is worth noting for it ranges from before the digits ('0.023',

'0.2300'), to central locations ('2.30') to locations near the end of
the number ('30', '320.0", '200.3").

Item 12(f)
Divide by one hundred
0 2 ‘e
Facility Level: 21% Number of errors generated: 10
Errors Frequency
'no' (subjects indicated (forty seven)
that no answer was
possible)
no answer attempted (seventeen)
'0.37" (six)
'0.0037" (two)
'3.7" (two)

Idiosyncratic errors recorded were '37', 'Yes', '30', '297r1l1',
and '106,007,960'. Fewer error types were generated by the respondents,
a clear majority opting for the 'no answer possible' category. Because
students were not required to justify their responses, discussion can
only be speculative. However, the belief that when a divisor is larger
than the dividend then no answer is possible, is also noted by Brown
(1981a) when she comments:

"....only a group of around perhaps 10 percent of

first year children rising to 35 percent of fourth
years accept that division of a smaller number by
a larger number is possible, and that the result
can be expressed as a decimal."

(Brown, 1981la:311)

The second most common response was 'no answer attempted' (space
for answer left blank). These two most common errors ('mo answer
possible' and 'no answer attempted') account for 80 per cent of all
errors, suggesting that students had difficulty constructing any

response at all to the item.
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Item 12(g)
Divide by twenty
24 Ceeeceeenteasetencronasann
Facility Level: 32% Number of errors generated: .19

Errors Frequency
no answer attempted (sixteen)
'1.4" (thirteen)
'no' (subjects indicated (eight)

that there was no
answer possible)

4! (seven)
'2r4! (four)
'yes' (four)
'1' (four)
'2.4" (three)
'480"' (two)
'0.24" (two)

The following errors occurred only once: '2400', '24', '4.8', '2',
'204', '12', '1.5', 'l4r', and '201.47'.  Errors were spread through
the 11, 12, 13 and 14 year old age groups as 21, 18, 22 and 12 errors
respectively.

The 'nmo answer attempted' category accounted for a considerable
proportion of the total errors (22 per cent). The second most commonly
occurring error, 'l.4', results from the misconception that remainders
to quotients are necessarily decimal fractions - in this case they are
'twentieths'. The diversity of errors again warrants comment. Many
seem to be the result of attempted operations with whole numbers, e.g.
the error '4' (seven instances) is the missing addend in 24 - 20 = .
Division with whole numbers is related to the subtraction operation, so
students who made this error attempted a process that would result in
a decrement.

From her research, Brown (198la) comments on the error 'mo' (no
answer possible), and conjectures that this may express the student's
inability to cope with the remainder, which, if it were turmned into a
decimal, would again require division by a larger number. The more
usual response of Brown's (198la) sample, and the present survey sample
as well, was to give 'l remainder 4' or 'l.4' as the answer. This

obviated the need for further division on the part of the students.
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Item 12(h)
Divide by twenty
16 e ettt .
Facility Level: 11% Number of errors generated: 15
Errors Frequency
'no' (subjects indicated (fifty)
that no answer was
possible)
no answer attempted (nineteen)
'0.16" (six)
'16' (two)
'0.4" (two)
'yes' (two)
'negative 4' (two)
The following errors occurred only once: 'l8r', '1600', '320',
'3.2', 'l 4+ 6r', '"11', '0.45', and '%%'. This item was the most

difficult for students in the survey, demonstrating a clear belief in
many students' minds that no answer was possible, as was also the case
with Item 12(f). Brown (198la) reports that in her sample (which had
facility levels of 7, 11, 25 and 36 per cent for Year 1 to 4 students)
children seemed to behave consistently with this item, if they had grasp-
ed the idea in the conftext of multiplication. This they were able to
transfer to division. Brown's (198la) research also revealed that a
large number of children believed it was not possible to divide by a
larger number - 50, 47, 43 and 23 per cent respectively of 11, 12, 13
and 14 year olds. Follow-up interviews showed that: "In most cases
(children) gave an answer such as 'it doesn't go'....or 'you can't'....
or '16 is lower'....". (Brown, 1981a:308,309)

The other common response, 'no answer given', accounted for 23 per
cont of the errors in the present survey. The number of error types
(15) is about average for this survey, and the two most common error
types account for 75 per cent of all errors - errors were most common
in the 11 year old age group (33 per cent) and least common with the 14
year olds (16 per cent). Some of the more uncommon errors show attempts
to multiply ('320', '3.2"), to shift the decimal point ('0.16'), and to

subtract ('-4'). This latter type of error will be commented on in

Chapters Seven and Eight (see pp. 131, 137, 170).
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8. Estimation and Approximation: Items 13(d), 13(e), 13(f)

2.9 x 7

Ring the number you think is
NEAREST IN SIZE to the answer

(do not work out the sum)

Item 13(d)

.002/102/.2/2/20/200/
2000

Facility Level: 45%

Because this item was in the multiple choice format, errors were

confined to the given alternatives.

Errors Frequency
'200' (twenty two)
'.002' (five)

'.02' (seven)

'.2! (four)

27 (four)
'2000' (four)

no answer attempted (eleven)

Errors were most common with the youngest group of students, there

being 23, 12, 15 and 6 errors amongst the 11, 12, 13 and 14 year olds

respectively. '200' was by far the most common error; '29 x 7' (i.e.

disregarding the decimal point) is nearest to '200'.

A question arises about the appropriateness of the wording of this

question, in that 'in size' may be ambiguous. This point is discussed

in Chapter Four and relates to the next two items as well.

0.39 x 7.1

Ring the number you think is
NEAREST IN SIZE to the answer

(do not work out the sum)

Item 13(e)

.002/.02/.2/20/200/
2000

Facility Level: 127%

Because the item was in the multiple choice format, errors were

confined to the given alternatives.



94

Errors Frequency
'.002' (eighteen)
'200' (eighteen)
'20°' (fourteen)
no answer attempted (fourteen)
'.02' (ten)

r.2' (nine)
'2000' (eight)

Errors were most frequent with the 11 year olds (31), dropping
progressively to 17 errors for the 14 year olds. The two most
frequently chosen alternatives, '.002' and '200' are almost at opposite
ends of the given continuum (.002 - 2000). The reasons behind
student choices were not explored in this survey, but use of a 'rule'
such as "When multiplying with decimals, add up the number of places in
the factors and transfer this to the product" may influence the
frequency with which '.002' was chosen - the decimal places in the

factors '0.29' and '7.1' total three.

Item 13(f)
Ring the -number you think is
NEAREST IN SIZE to the answer

(do not work out the sum)

59 + 190 .003/.03/.3/3/30/300/
3000

Facility Level: 18%

Because the item was in the multiple choice format, errors were

confined to the given alternatives.

Errors Frequency

'3 (twenty three)
no answer attempted (fifteen)
'.03"' (thirteen)
'.003"' (thirteen)
'30"' (nine)

'300" (seven)

'3000' (five)

Response patterns were not as even as in the previous item, the
two most common errors accounting for almost half the total errors.
The distractor '3' (chosen in 23 instances) is the answer obtained if

the working form is reversed from that given, i.e. '190 # 59' instead of
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'59 + 190'.
The results for the three items on estimation and approximation

can be compared with Brown's (198la) data from 12 to 15 year olds:

Brown (1981a) The Present Study
Facility Levels Facility Levels
Item 13(d) 447 - 627 457
Item 13(e) 15% - 31% 127
Item 13(f) 10% - 227 187

Brown (198la) notes that many of the children interviewed on these
items from her sample (17 subjects) admitted they had 'just guessed'

with Items 13(d) and 13(e), although their guesses in many cases had

some basis. For example:

"With (Item 13(e)) she was more precise;
having first ringed 0.2 as an approximation
for .29 x 7.1 she changed to 2; 'it was too
small - it's more than a whole one - it has
to have wholes - it just looks it'."

(Brown, 1981a:287)

9. Problem Solving: Items 1l4(c), 14(d), l4(e)

The next three items explore problem solving in mathematics.

Item 14(c)
Ring the calculation you would need to do to find the
answer:
The price of mince is.$2.67 2.67 + 0.58 0.58 + 2.67
for each kilogram. What is 2.67 + 0.58 0.58 - 2.67

the cost of a packet containing 2.67 - 0.58 0.58 x 2.67
0.58kg of mince?

Facility Level: 23%
Because the item was in the multiple choice format, errors were

confined to the given alternatives.

Errors Frequency
'2.67 + 0.58" (forty five)
no answer attempted (eleven)
'2.67 -0.58' (eight)
'2.67 + 0.58' (seven)
'0.58 + 2.67' (five)

'0.58 - 2.67' (three)

The number of errors made by the 11, 12, 13 and 14 year old groups
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was 24, 18, 23 and 14 respectively. All groups showed a clear
preference for the alternative '2.67 + 0.58'. The two most common
errors account for more than half the total errors. Respondents chose
the alternative where a smaller number was divided into a larger. This
is perhaps consistent with the results from earlier items where students
believed a larger number could not be divided into a smaller one, (Items

12(£), 12(h), 13(f)).

Item 14(d)
Ring the calculation you would need to do to find the
answer:
The cost of 6.44 litres of 6.44 + 3.58 3.58 + 6.44
petrol was $3.58. What 6.44 + 3.58 3.58 - 6.44
would the price of one litre 6.44 - 3.58 3.58 x 6.44
be?

Facility Level: 18%

Because the item was in the multiple choice format, errors are

confined to the given alternatives.

Errors Frequency
'6.44 + 3.58' (forty eight)
no answer attempted (eleven)
'6.44 - 3.58'" (nine)

'3.58 - 6.44" (seven)

'3.58 x 6.44' (five)

'6.44 + 3.58' (four)

The numbers of errors from the 11, 12, 13 and 14 year old age groups
was 26. 24, 22 and 16 respectively for this item.

Again, the two most common errors account for over half of the total
errors, and the most common incorrect choice is a division operation.
In this instance, division is required to obtain the correct answer, but
the needed order of the divisor and dividends is the opposite to that
most often chosen above.

Many students chose the correct operation, but the unwillingness to

operate with a divisor larger than a dividend is once again manifested

(c.f. Items 12(f), 12(h), and 13(f)).
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metres can I expect to

travel on 8.37 litres?

Item 14 (e)
Ring the calculation you would need to do to find the
answer :
My car can go 11.8 kilo- 11.8 + 8.37 8.37 + 11.8

metres on each litre of

petrol. How many kilo-

11.8 + 8.37 8.37 - 11.8
11.8 - 8.37 8.37 x 11.8

Facility Level: 477

Because this item was of the multiple choice format, errors are

confined to the given alternatives.

Errors Frequency
'11.8 + 8.37" (seventeen)
no answer attempted (thirteen)
'8.37 + 11.8" (nine)
'11.8 - 8.37' (eight)
'11.8 + 8.37' (five)
'8.37 - 11.8" (five)

The 11, 12, 13 and 14 year
errors respectively. The high
sample (third formers) included

still noteworthy. The 13 year

old groups generated 16, 9, 21 and 8
number of errors in the 13 year old
seven instances of 'no answer', but is

olds chose the full range of incorrect

answers, following the overall pattern of responding most frequently

(and incorrectly) to the division alternatives.

The 13 year olds' performance on Item l4(e) could be a chance or

sampling phenomenon, and/or an artifact of non-systematic error.

Identical items are not available from Brown's (198la) survey for

the problem solving items discussed above, since her items contained

the British decimal currency forms ('pounds', 'pence') and used

'gallons' and 'miles' in measurement (Item l4(e)).

Brown (198la) also notes the increased difficulty of problem-

solving with decimal numbers compared with whole numbers.
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Summary and Comment

The findings from the quantitative survey of the ability of a

sample of 11 to 14 year olds (n = 102) in working with decimal numbers

may be summarized as follows:

1. Range of errors. The mean for the survey was 34.69 (possible =

64) with a standard deviation of 12.85. The range of scores
for each grade/class level was 30-40 raw score points. There
was a tendency for the number of errors generated to be less
for older than younger students. Facility levels ranged from
11 to 94 per cent. Twenty four items out of 64 yielded

facility levels below 50 per cent.

2. Areas of most difficulty. The items that caused greatest
difficulty were: (i) name the place value of digits; (ii) addition
with decimal numbers; (iii) assigning decimal numbers to designat-
ed points on a number line; (iv) understanding the size of decimal
numbers; (v) writing decimal numbers; (vi) generating decimal
numbers from verbal stimulus; (vii) multiplication with decimal
numbers; (viii) estimation and approximation with decimal numbers;
(ix) problem-solving with decimals; (x) division with divisors

larger than dividends.

3. Number of Error types revealed. As well as students constructing

a number of errors at all levels, the number of error types
generated overall for some items was large. For example, Item
12(d) - multiply 2.3 by 100 - yielded 18 different errors; Item
12(g) - 24 + 20 - produced 20 different errors; Item 11(d) -
23.12 + 54.7 - produced 26 different errors.

The patterns indicated above may be interpreted by reference to
the thinking of constructivist theorists (see Chapter Two) . For
example, the fact that students appeared to generate 'creative' answers
when questions were difficult might be surprising to a teacher, but
would support the views of constructivists that individuals construct
knowledge for themselves from the available stimuli (Kelly, 1955; Piaget,
1929; Wittrock, 1974a, 1980). The large range of errors children

constructed in the present survey is accounted for by the generative
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learning model, in that the students' ideas in this case were construct-
ed by generating links between the stimuli and their stored information.
Generative learning theory recognizes the crucial influence of existing
ideas on what is attended to and selected (Osbornme, 1985; Osborne and
Wittrock, 1983, 1985; Wittrock, 1974a). All students in this survey
had existing ideas on decimal numbers through school and out-of-school
experiences. According to the generative learning model these exist-
ing ideas might influence the construction and development of new ideas,
new ideas that were subsumed into memory store even though they were
incorrect mathematical beliefs. The diversity of errors generated by
this sample of 11 to 14 year olds (n = 102) is evidence of the individual
constructions of meaning that students possess and supports Claxton's
(In press a, in press b) notion of mini-theories. Students move from
one theory to another as they attempt to construct meaning. Stimuli
are linked to existing relevant knowledge in memory. These links are
formed in diverse ways. Eventually a meaning is constructed, even
though it may yield an incorrect response.

"The (generative learning) model rests on the

assumption that while individuals vary in terms

of what they learn in a given situation, these

variations are primarily determined by differences
in existing ideas, in learners' memories....'

(Osborne, 1985:11)

An individual's existing ideas influence all learning; the genera-
tive model emphasizes the importance of students' present ideas in the
construction of meaning, and we shall see evidence of this in the next
three chapters.

The present quantitative survey lacked the power to investigate the
students' strategies that led to the generation of a particular error.
The data obtalned were thus limited in analytical, diagnostic and predict-
ive power. In this sense the quantitative data presented in this
chapter contrasts with the data obtained from the longitudinal qualitat-

ively-oriented facet of this research. We now turn to the longitudinal

study.
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CHAPTER SIX

RESULTS AND DISCUSSION: INDIVIDUAL INTERVIEWS

THE HIGH COMPETENCY GROUP

As described in Chapter Four, the findings of the initial survey
in the present study were followed by a series of four individual
interviews with a sample of 14 Form One and 14 Form Two students over
a period of two years. The purpose of these interviews was to monitor
and explore students' cognitive constructions about decimal numbers,
taking particular note of any error patterns, and probing to ensure that
an accurate picture was being gained of the student perspective. During
the two-year period of this research two subjects withdrew from the
original group of 15 Form One and 15 Form Two students; the attrition
level was therefore 6.6 per cent over the two-year period.

Findings from the interview series are reported and discussed in
this and the next two chapters. The present chapter focusses on the
conceptions and attitudes of those students in the interview sample whose
response patterns indicated high competency with decimals. Their
general behavioural features are compared with those revealed by the
initial survey. A detailed case study of one student is also provided
in order to illuminate further the thinking and attitudes typical of the
more competent student group as a whole.

In Chapter Seven the same pattern of presentation is used with
reference to students in the interview sample who could be classified as
having average competency. Chapter Eight focusses on students with a
low competency level in working with decimal numbers.

To assist the reader, a separate copy of all stimulus cards used in

the interviews is available inside the back cover.
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The High Competency Group

The High Competency Group comprised five students (pseudonyms are

used throughout).

TABLE 4 : The High Competency Group

Name Sex Class  TOSCA TOSCA  PAT PAT Interview Dates
level Percent- Stan- (Maths) (Maths)
(1981) ile ine Percent- Percent-
(Rank) ile Rank ile Rank Interview Interview Interview Interview
(Class) (Age) I II III v
Trish F F I 90 8 81 83 18. 8.81 26.10.82 4.11.83 4.11.83

(Primary Form A)

John M F I 83 7 99 97 18. 8.81 13.12.82 22. 9.83 5.10.83
(Primary Form A)

Charles M F II 79 7 64 75 4.11.81 7. 4.83  11.11.83 14.11.83
(Secondary Form A)

Andrea F F I 98 9 96 95 14.12.81 15.11.82 11.11.83 11.11.83
(Primary Form A)

Garth M F II 79 7 96 95 15.12.81 25. 1.83 26.10.83 31.10.83

(Secondary Form A)
M = Male
F = Female

Interview Response Patterns

Most of the students in this group had little difficulty with the
questions posed by the stimulus cards, the majority of errors in the
early interviews being corrected by the conclusion of the research pro-
ject. Three of the group, Charles, Garth, and Andrea, were competent
from the outset in most areas explored by the interviews. The others
in the group, John and Trish, developed correct strategies to eliminate

most of their errors as the two years progressed.

1. Estimation and Approximation: Unlike the students in the survey

sample (Chapter Five), the High Competency Group's strength in estimation
and approximation was noticeable from Interview I. The exception to
this was Trish who developed competence in this area over the two years.
The strategy most often used was to perform mental computations and then

choose an alternative nearest to the answer they had obtained. John's

response is typical:
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John: Interview I: Stimulus Card D (Series One)

(Reads Card D to S)

Ten.

Why do you say that?

I think one point nine times five is nine point five.
That's point five away from ten. And no (other) number
i8 closer.

Lo

2. Positioning the Decimal Point: Another characteristic of these

learners was that they knew where the decimal point 'belonged' - where
it best made sense. Some students used a rule based on the position of
a decimal point in a product after multiplication has been performed.
For example, when asked why she put the decimal point between nine and
five Andrea (Interview I) replied, "Because I took it out to multiply,
and then I just put it back in the same place again." With reference
to the executive/mini-procedures distinction (Davis, 1979), Andrea was
mathematically correct at both levels. She selected the correct
alternative from those provided as a result of her computation (mini-
procedure), and evaluated where the decimal point should be placed
(executive-procedure) in a precise manner. On the whole these learners
readily generated links between the input selected from the stimulus card,

and their existing ideas and operational ability with decimal numbers.

Charles and Trish were exceptions to the above facility with
estimation and approximation. These students were tentative in their
reasoning with Stimulus Cards D, E and F (Series One). Charles claimed
that 1.95 x 5 was nearest to 10 in Card D after a mental computation,
"Well, five ones is five. And nine times five... so it's point forty-
five, but I'm not sure. Then it's closest to ten." Next, he
experienced difficulty in rounding off to the nearest whole number, but
eventually remembered a rule that he correctly applied to tens:"...Zf
you've got say, 55, and you have to work out which 18 the nearest in size
to 50 and 60, you go up to 60 and not down to 50." When asked why this
was the case Charles replied, "I don't know why. It's what we've been
taught. " His response to the next card in this topic, Card E, showed
that he computed .19 x 5 correctly, and knew that this was nearest in
size to 1.0. This suggests his earlier incorrect computation of
1.9 x 5 for Card D (Series One) was a 'slip' rather than a stable error
or 'bug' (Van Lehn, 1982).

Charles' incorrect answer to 1.9 x 5 of 5.45 (Card D, Series One)
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still led him to the correct alternative. The reasons behind this
fortuitously correct response could only be gleaned from the individual
interview. With a pencil-and-paper survey (c f. Chapter Five) the
teacher would be unaware of Charles' underlying faulty computation that
managed to lead him to the correct alternative from those given. Further

examples of this phenomenon are discussed in Chapters Seven and Eight.

3. Division and Decimal Numbers: The next series of cards probed

students' ability to divide with whole numbers, particularly where this

gave a quotient that was a decimal. The survey results had shown that

the item, 16 + 20, was the most difficult in the whole test (see Chapter
Five). In Interview I most students in the High Competency Group con-

structed correct answers, but these were not always based upon computa-

tional strategies. Rather, this group tended to use broad understand-

ings, the result of strong links with existing ideas about fractional

numbers in general. The following sequence with Andrea is illustrative

of this characteristic.

Andrea: Interview I: Stimulus Card I (Series One)

I: What about 10 divided by 207

S: Point five.

I: How did you get that?

S ...it's point five, 'cause you can't do it one point.
Because ten is less than twenty...

I: Say you had to do it on a pilece of paper.  Just write
it out...how would you go about that?

S:  (writes _00

20) 10 )

I'd go twenty into one, is zero. Twenty into ten is

zero...(pause 15 seconds)...Then, if I hadn't realized
it at once, I'd realize that ten was half of twenty.

This ability to generate links with existing knowledge("I'd realize
that ten is half of twenty") characterized this group's responses. John
put it more succinctly than Andrea when he responded to the operation
10 + 20 by saying, "Half. Point five."

This ability to generate links with existing knowledge in order to
construct meaning resulted in some of the High Competency Group drawing
on other aspects of memory store to help them in providing an answer.
Garth revealed a novel (but mathematically correct) method for computing
15 + 20 involving the generation of links with ideas about common

fractions, division, times tables, and decimal equivalents for common

fractions.
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Garth: Interview I: Stimulus Card I (Series One)

I: 16 divided by 207
S:  Point seven five.
I: How did you get that?
S:  It's three quarters of twenty and fifteen...
Five is a quarter of 20, 'cause it goes in four times.
I: How did you work out in your head the answer to that?
S:  Well, five is a quarter of twenty, and so it's three
fives.
I: What is three fives?
S:  Fifteen. So that's three quarters. Three quarters

is point seven five.

Not all of the High Competency Group understood as clearly as Garth,
but even where tentative links were made with existing ideas, the answers
provided were usually correct, and were rarely bizarre. Charles, for
instance, solved the problem 10 + 20 by using a conventional algorithm
by adding a zero to 10, and then performing the division operation.

His explanation for this was, "You can't really stick 20 into 10, so

you put 20 into 100." He then placed a decimal point before the five
with the explanation, "You point the point there or something...yeah,

I think it works out something like that." His casual response was
nevertheless based upon intelligible mathematical thinking - intelligible

both to himself and the researcher.

4. Writing Decimal Numbers: The writing of decimal numbers

proved troublesome. Although this group responded more correctly than
did the overall survey sample, only two of the five (John, Garth) gave

completely correct responses in Interview I. TABLE 5 shows the error

patterns for the group.

TABLE 5 : Write decimal numbers: Interview I
(Stimulus Card J, Series One)

The High Competency Group

three seven fifteen seventeen twenty

tenths hundredths hundredths tenths hundredths
Trish .3 .70 .15 .17 .20
John .3 .07 .15 1.7 .2
Charles .3 .07 .015 .17 .020
Andrea .3 .07 .015 .17 .02
Garth .3 .07 .15 1.7 .20 or 2
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The most frequent errors were with writing seventeen tenths,
fifteen hundredths, and twenty hundredths, a pattern matching the survey
with 11-14 year olds (see Chapter Five).

Andrea wrote seventeen tenths as .17 and explained her response as
follows, "Well, if it was just ones it would be one point seven. But
seetng it's tenths it's point seventeen. And that's the number of
decimals. " As happened with students in the Average Competency and
Low Competency Groups (see Chapters Seven and Eight), learners in the
present group failed to realize that seventeen tenths was greater than
one. From the data given to them, and from the form in which it was
presented to them on the stimulus card, they were unable to construct
an appropriate meaning.

John and Garth could correctly write seventeen tenths from the out-
set. Garth's explanation for his answer 1.7 was simply, "Seventeen
tenths is more than one." John faced a small dilemma when writing the
decimal number twenty hundredths in that he was unsure about the need
for the last zero. He finally wrote 0.20 or 0.2 and explained, "...%t
doesn't actually have the last zero on the end, I don't think.'"  Asked
why this was the case he responded, "Because twenty hundredths is the
same as two tenths. Twenty divided by ten is two, and a hundred
divided by ten is ten. So it's two tenths.” This is a novel method,

demonstrating John's facility with manipulating numbers.

5. Problem Solving: Problem solving with decimal numbers was

difficult, on average, for the survey sample (Chapter Four) and apart
from Garth, was difficult also for the High Competency Group. With
Stimulus Card K (Series One), for example, most of the group chose
division as the operation required to obtain an answer. When asked why
he chose 1.50 + 0.5, John replled, "Because...it's got one fifty and
five. That's half of it, so it's dividing it in half. And that's half
of it so that gets the answer." The idea that multiplication
with a decimal number is equivalent to division with a whole number was
difficult for this group, but some were able to generate a correct
response to the problem without using an operation with the given decimal
numbers. Thus, for Card K (Series One) Charles explained, "Point five
is half, so half a kilo...No...(mumbles)...oh, seventy-five cents,

'eause i1t's half."” Rather than using the conventions of a mathematical
operation, Charles relied on his existing ideas about common fraction

equivalents for decimals ("Point five is half").
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He constructed meaning from the crux of the word problem, and generated
an answer from the relevant information. He was not distracted by
generating tentative links to knowledge about how to write the operation,
where to put the decimal point, or which operation to perform. Andrea

adopted this approach as well.
Andrea: Interview I: Stimulus Card K (Series One)

I: (reads card to S)

S:  Seeing point five is half of whatever the whole is,
I'd make it two into a dollar fifty...and that would
make it seventy-five cents.

(writes: 75¢
2)150 )
I:  0.K. (unfolds algorithms) Now down the bottom here are
some working forms. Which one of those would give you

the answer do you think?

S: (reads) 0.5 + 1.50.
I: Why have you chosen that one?
S:  Because it's the same as I did except I just made it
into two, 'cause two wholes make a half...(later)...
(writes:  0.5)1.50 )
...l wouldn't do it like that probably, I'd just make
it (0.5) into a two.
Andrea's explanation raises several points. First, like Charles,

she generated a correct answer without having to work through a formal
algorithm. Second, when forced to choose an algorithm she responded
incorrectly, relying on an existing idea that division inevitably gave
a quotient smaller than the divisor. Third, the requirement by the
interviewer for Andrea to use a formal algorithm interfered with her
attempts to solve the problem and made her uncomfortable. In the
classroom context a similar situation might easily apply. In this
context, the mathematically correct algorithm was not helpful. Rather,
her informal and intuitive attempts to construct meaning were more
productive. The low facility levels apparent with these items in the
initial survey, may also be attributed to this factor.

Stimulus Cards K to N (Series One) also pointed to the different
constructions of reality of the researcher and the student. The
researcher believed these cards were exploring students' ability to
solve problems with decimal numbers but, in the case of Andrea, the
algorithms supplied interfered with the construction of a correct
response to the problem. There was a mismatch between the existing

ideas of the researcher and the student.
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6. Understanding the Size of Numbers: The final set of cards

probed understandings about the size of numbers with and without decimal
points (e.g. 0.4 and 4), exercises that had not been part of the initial
survey. The High Competency Group found this task relatively easy,
although there was some tentativeness. Thus John's response to Card

Q (Series One) was correct, but when asked to explain he replied, "I'm
not sure.  But I think so...because we haven't done these before, you
know, and I'm not sure how to do 1t." However, he confirmed his
earlier response, and could not be shifted by the interviewer to an
alternative (and incorrect) answer. Garth's response was more typical

of the group.
Garth: Interview I: Stimulus Card O (Series One)

(reads card)

Which is the larger number there or are they the
same size?

Four. (is larger)

How many times larger is it, than point four?
Ten.

Exactly ten?

Mn. (assent)

Are you sure?

:  Yes...'cause if you multiply point four by ten you
move the decimal point one to the right.

o

A5

Charles explained that 123 was ten times larger than 12.3 (Card
P, Series One) by working it out, "Ten twelves is a hundred and twenty.
Ten (times) point three equals three. So you add them together and get
a hundred and twenty-three."

7. Developmental Trends: Over the two years of the research pro-

ject members of the High Competency Group repeated their pattern of
largely correct responses. They also progressed in the areas that they
had earlier found difficult. Thus Andrea, who wrote seventeen tenths
as .17 in Interview I correctly wrote 1.7 in Interview II and a year
later in Interview III. Her rationale for this during Interview II
was, '"Ten tenths is one whole.  Seventeen tenths 18 over one whole."
With estimation and approximation, the group held its pattern of
correct responding over all four interviews. Garth, during Interview I,
for example, quickly realized that 1.9 x 5 was nearest in size to 10
because, "One point nine times five is8, uh, nine point five." Thirteen

months later in Interview II he responded to the same question with,
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"One point nine is almost two. Two times five is ten." Another nine
months later in Interview III, Garth responded that 1.9 x 5 was nearest
in size to 10 because, "One point nine is about two. And five times
two 1s ten."

Likewise, with division that would yield a decimal fraction, the
group as a whole consistently displayed correct responding. The
students' existing mini-theories (Claxton, In press a, in press b)
were adequate, and thus there was no need to generate alternative ideas.
Compared to the general picture in the survey sample these above average
learners seldom responded that no answer was possible.

Problem-solving (Stimulus Cards K-N, Series One) was initially
difficult for most of the High Competency Group (as with the survey
group described in Chapter Four). However, progress was evident in
that four, seven, and fourteen correct responses were given in Interviews
I, IT and III respectively (out of a possible 20). But variations
within the group were evident e.g. Garth mastered the problem solving
tasks by Interview II, whereas other students made gradual progress over
the two years.

With Stimulus Card K (Series One) most errors continued to show
confusion about the meaning of division with a decimal number. During
Interview II, John, for example, said that he would divide 1.50 by 0.5
because, "You'd split it im half...'cause that's dividing it in half.
You're only taking half the potatoes.' A year later in Interview III,
he suggested the same method of obtaining an answer (1.50 + 0.5) with
the rationale, "The price is $1.50 so you're only buying half of it...
so you'd divide it in half." John's own construction of a suitable
method is correct in that one would have to halve $1.50 to obtain an
answer. Earlier in Interview III on this same topic he noted that,

"In this case, seeing it's 0.5...I might just, wn, divide it by two."
But when asked to identify an algorithm that would yield the answer he
could successfully generate intuitively, he chose incorrectly. Some
errors, therefore, seemed to be an artifact of the question format rather
than the students' conceptualizations. John, above, realized that half
of $1.50was required - "divide it by two" - but failed to comprehend

that dividing by 0.5 wouldnot "divide it in half".  This construction

of meaning was very similar to Andrea's interview sequence earlier in

this chapter.
A more eloquent explanation for a solution to Stimulus Card K

(Series One) came from Garth.
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Garth: Interview III: Stimulus Card K (Series One)

I: (reads card to S)

S:  Divide...$1.50 divided by 0.5 'cause it's half a kg
of potatoes, so you have to divide the price by 2...
Oh! I meant to multiply.

I:  Why?

S 'Cause it's the same as dividing by two.

I: How can multiplying be the same as dividing?

S:  Point five is a reciprocal of two.

I: How do you know that?

S:  I've been taught it.

With Stimulus Card L (Series One) Garth correctly suggested that
multiplication with a decimal number would obtain the answer, ""Because
when you multiply by point five eight you get point five eight of the
answer. " When asked why he should divide by 0.58 Garth answered,
"'Cause that would make it bigger - it's (0.58) less than one."  Assign-
ing place value nomenclature to decimal number columns was a simple
task for this group. All students responded correctly at Interview I

and held these responses to Interview III.

8. Attitude towards Mathematics: In the affective domain, the

High Competency Group displayed very positive attitudes towards mathe-
matics. The pencil-and-paper semantic differential test (Osgood, Suci
and Tannenbaum, 1957) in APPENDIX E showed that these students saw
mathematics as very good, and very valuable. In discussing his respons-—
es John said, "Maths is a valuable course - whatever you do you'll need
it." Garth noted that, "You need it (mathematics) for money and things
and have it for jobs." Andrea commented that mathematics was valuable,
"1Cause you need it all through life. It's sort of good in the way it's
valuable."”  Charles suggested, "You use it (mathematics) later in Llife
...nearly everything is related to maths."

Decimals were also viewed positively, but not as positively as the
broader 'mathematics'. Garth and John saw decimals as extremely good
and valuable, although John did comment that decimals was a rather
boring topic. He explained further by saying, "Well, not boring, just
less exciting than, say, going on an orienteering course or something
like that." Andrea expressed her opinion of decimals (which was less
positive than that of Garth and John) by noting their value and the ease

with which she could master them, but also their over-riding dullness as

a topic. "They 're just boring,' she commented. Trish expressed
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neutral feelings towards decimals but saw them as slightly valuable:
"Mainly just...things like money and things like that." Charles,
though, expressed a negative attitude towards decimals, and saw them as
extremely unfair: "It's unfair to me because I'm not too good at them,"
he explained. Charles' comment was rather surprising considering his
competence at decimals. He also remarked on their lack of use for the
outside world, a contrast with his earlier view about mathematics.

Most of the High Competency Group saw mathematics as more compli-
cated at high school than at primary school. Most also felt that they
covered more topics at the high school level.

At the conclusion of Interview III the students were asked to sort
nine cards with mathematical topics written on them into a 'like'/
'dislike' continuum (see Chapter Four, Page 70). TABLE 6 shows the
results for four of the group. (Trish's responses are presented later

in this chapter.)

TABLE 6 : Responses to Sorting Task, Interview
ITII: The High Competency Group

1

Andrea Garth Charles Jason
Like Most: s g g g
: @ + @
xt fr - X
+ x +

Neutral: - /]\ @ -

fr s +
Dislike (:) x fr
Most:
Key: + (division sums) xt (times tables)
x (multiplication sums) g (geometry) .
- (take-away sums) fr (fractions)
+ (adding sums) d (decimals)
s (sets) } (equal ranking)

The topic of decimals received a low ranking only from Andrea, who

was unable to explain her response. Garth commented, "I just like most

of them,' and placed the cards towards the 'like most' position.  Jason
explained his placement for decimals with, "Well, decimals are reasonably

easy to work." This was the rationale adopted by these students.

Topics they found easy were placed towards the 'like most' end of the
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scale and the converse held as well.

In the 'Advice to teachers' segment of Interview IV, the High
Competency Group varied in their responses. Andrea felt there was
nothing teachers could do to change things, while Charles and Trish
recommended that teachers explain more clearly, take more time, and make
sure '"'we've got it". Garth and John were reluctant to give any advice.
Garth, for example, wouldn't generate any advice to teachers because,

"It depends on the (individual) people...just depends."

The scenario that explored peer opinions of mathematics (see
Chapter Four) revealed that most of the High Competency Group thought
their peers held negative opinions towards mathematics. Andrea claimed,
with regard to her friends, "They growl, complain...How boring it is."
John remarked on the lack of success that his peers experienced when they
said to him, "Oh, I couldn't do my maths test. Couldn't do my homework
..," and the depressing effect this had on their view of mathematics.

Social disruption in the class was seen as a hindrance to learning
mathematics by only one of the High Competency Group, Garth, who con-
sidered the noisy nature of the classroom was a problem for him. Others
did not comment on social problems in the classroom. Andrea mentioned
ability streaming in her school, in the sense that she was a member of

an elitist group, the top stream class.

Andrea: Interview IV: Social Disruption in the classroom
and peer opinions of mathematics

I: (scenario for peer opinions, see Chapter Four)

S:  They growl, complain.

I: What sorts of things do they say?

S:  How boring it is.

I: (later) (exploring opinions of all third formers)

S: I don't really know (their opinions) 'cause I'm in the
brightest maths class, and some of those kids probably
don't like it. I don't know about the 'dumber' classes.

I: How many 'dumber' classes are there here?

S: Oh, they're not dumb, dumb, and that. dJust dumber than

the top stream. There's six third form classes. Sort
of four in the middle and a top one and a bottom one.
I: Is i1t a good idea to do that?
S:  In some ways...You don't have the kids holding...you
don't sort-of have to hold other kids back.

Stimulus Cards I and J (Series Two) presented problems with and
without decimal numbers. Card I (Series Two) was answered correctly
by all members of the group, but Card J (Series Two) was correctly

answered by only John and Charles.
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Garth's problems were illustrative of the difficulties that he,
Andrea and Trish encountered when he complained, "...the numbers confuse.
That other one (Stimulus Card I, Series Two) was easy...This one's not
got straight figures like one dollar." Charles generated a correct
answer by taking the "half a litre off two litres, and the 25 cents off
the dollar. One litre is 50 cents." In this case he fortuitously
obtained the correct response. For Card J (Series Two), therefore,
the introduction of decimal numbers to a problem-solving context made
the construction of a correct answer significantly more difficult, even
for this High Competency Group. The links with the previous card
(Stimulus Card I, Series Two) were not generally made. Only John per-
formed the mathematical computation that was required.

The importance of real-life contexts for problems in mathematics
was suggested in a sequence during Interview IV, During Interview III
John had struggled to construct an appropriate meaning for the algorithm
15 + 20, eventually saying it would be "less than one'” and subsequently
'0.7 something...0.7". When this same card (Stimulus Card I, Series
One) was re-explored in Interview IV, John was having difficulty still
in constructing meaning. Eventually the researcher suggested that the
numbers be put in some practical context. Initially John did not under-
stand, but once he was able to generate links with existing knowledge he
replied, "15 apples shared out to 20 people...And they get less than one
apple each." When asked how much each person would receive he answered,
"Three quarters." John readily constructed an appropriate response
when the question was reformulated, a similar phenomenon to Andrea's
response (Interview I, Stimulus Card K, Series One). John's sequence
is interesting, as well, for demonstrating how individuals who accept a
major responsibility for their learning necessarily need to generate
links and actively construct, and test out meanings. John constructed
the simple problem-solving response himself, tested the meaning to assess
its plausibility (c f. Hewson, 1981), and eventually produced an answer
that was satisfactory to his way of thinking about the problem. To use
Brown and Van Lehn's (1982) explanation, John's Repair strategy had

passed the Critic, and had now become a stable part of his behaviour.

Summary and Comment

The responses of the five members of the High Competency Group may,

in summary, be characterized as listed below.
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These learners were generally competent in coming to a reasonable
answer. Their strength with estimation and approximation was
apparent from the start, and was held and consolidated as the two
years progressed. Thus, in the 'executive/mini-procedures'
distinction (Davis, 1979), these students were competent at both

levels.

A facility with generating links to appropriate knowledge in their
memory store was noticeable. To assist them when working with
decimal numbers, they actively generated links with their knowledge
about common fractions and whole numbers (c f. Osborne and Wittrock,

1985).

Progress was made in earlier areas of student difficulty. In
writing decimal numbers and problem solving, for example, this group
of learners showed evidence of constructing more correct meanings
over the two years. Progress in these two areas was in marked
contrast to the picture, on average, in the large sample used in the

initial survey in the study.

Where there remained errors at the conclusion of study, these errors
may have been more an artifact of the questions per se, than the
students' thinking. For example, although almost a third of the
problem-solving cards (Stimulus Cards K-N, Series One) were responded
to incorrectly at the conclusion of the study, interview sequences
suggested that these students could generate correct answers if they
were allowed to work independently of the associated (and given)
formal working forms. Interview extracts with John and Andrea
illustrated this clearly. Given a chance to construct meaning inde-

pendently, these competent students did so.

Positive attitudes were generally shown towards mathematics, and
the group found the topic of decimals relatively easy (except for
Charles). On the other hand, this group considered that their
peers did not find mathematics so easy to learn; nor did they enjoy

the subject at school.

The group showed flexibility and ease in manipulating numbers, and

a desire to dispense with existing theories if they were inadequate
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(c.f. Claxton, In press a, in press b). Andrea's change from
writing seventeen tenths as .17 in Interview I, to 1.7 in Interview
IT exemplifies this. (Further examples are given in the case study

on Trish in the next section.)

These students normally possessed and chose the appropriate mathe-
matics strategy (mini-theory) for tasks related to decimal numbers.
As Claxton (In press a) says, ''Probably the majority of a young
person's learning is to do with choosing the right tool for the right
job - when to use a conceptual screwdriver and when to use a hammer."
The High Competency Group was able to estimate by rounding-off
decimal numbers correctly, to choose appropriate and relevant common
fraction equivalents, and to choose the appropriate reason for one
number being larger than another. In short, they generally chose

the right tool.

Many of the interview sequences revealed an apparent confidence in
the High Competency Group. Responses were often taciturn, precise

and assured. The following sequence showed this:

Garth: Interview IV: Attitude towards Decimal Numbers

I: (discussing Gavrth's response to Semantic-Differential).
Decimals are pretty clear to you?

Yep. I understand them.

You're quite good at Maths?

Yes.

Do you think you're good at Maths?

Yep.

How do you know you're good at Maths?

I'm in the top stream in maths classes.

Are you! Top stream...What about School Certificate
next year, Garth? Do you think you'll pass that all
right?

S: Yep.

Mo LR ER

Finally, where problems were encountered, the tramslation of the
situation into an every-day context assisted the learners to generate
a correct response. John's impasse with 15 + 20, and his subsequent
resolution of the problem, was an example of this phenomenon: "If <t
was 20 (divided by 20) it would be one each...so anything less than

20 will be less than one...zero point seven something..."
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Trish

A Case Study from the
High Competency Group

Trish was interviewed four times over a period of 26 months (see
TABLE 7). Her standardized test results in mathematics (PAT)

suggested that she was in the top 20 per cent of students in her age

and class levels.

TABLE 7 : Personal Data for Trish

Interview I Age at Interview: 1l years 5 months
18 August, 1981

Interview 11 Standardized Test Results (1981)
26 October, 1982 *TOSCA D.R. 90
Interview III *TOSCA Stanine 8
4 November, 1983 PAT (Maths) P.R. (class) 81

Interview IV PAT (Maths) P.R. (age) 83

4 November, 1983 *(Primary Form A)

Interview I

The initial set of stimulus cards probed students' ability to

estimate and approximate. Trish quickly encountered problems.

Trish: Interview I: Stimulus Card B (Series One)

: (reads card to S)

Point one two.

Why?

Um...'cause that's really ten and a two (.12)...and...
sort of that's (1.2) a kind of a ten and that's a two.
One point two?

Mn (assent)

0N DN

0~

She indicated uncertainty with the next four cards. Comments such
as, "I don't really know', "haven't done these'’, and "we've never done
these things before...with the times' were scattered through her
responses. Generally she attempted to generate links with existing
ideas about the multiplication operation, "I times one point nine by five
and I got ninety-five." Her computation (or 'mini-procedure') was

correct; her understanding or evaluative move to position the decimal
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point ('executive procedure') was incorrect.

Dividing by ten caused no problems for Trish (Stimulus Card G,
Series One) as exemplified by her response to 100 + 10. She responded,
"Well, if you divide it, ten goes into ten once, and you just put the
zgeros. " And with 15 + 10 she replied, "Well, divide ten into fifteen
goes once, and there's five remainder and fives half of ten, so it's
one and a half." Stimulus Card H (Series One) involved division with
100, and again Trish coped successfully. When solving 1500 + 100 she
answered, "I did a hundred into a hundred and fifty goes once with fifty

remainder. Fifty with zero makes five hundred.  And a hundred into
five hundred goes five." The solution to 15 + 100 did cause her
difficulties (¢ f£f. Ttem 12(f) in Chapter Four), however, but she realized
an answer was possible, "...might be able to divide it right down into...
little numbers." Here she thought the answer would be expressed by

"little numbers", but her existing mini-theory (Claxton, In press-.a, in
press b) was inadequate in its range of convenience to provide an answer
to the particular problem 15 + 100. Stimulus Card I (Series One) was
answered correctly, but she relied on her existing ideas about common
fractions to answer 15 + 20 and 10 + 20 by responding, "three quarters"
and "half'" respectively. Even so, this was an improvement on the survey
sample (Chapter Four), most of whom thought no answer was possible.

The writing of decimal numbers proved more difficult for Trish.

When asked why she wrote .17 for seventeen tenths, she responded, "Well,
there's ten tens in one...ten tens in ten...and there's more than that
so I put the seven next to it im the hundreds column.' Although her
exact reasoning was unclear, it would appear that she was usihg a
strategy linked to whole number counting such as changing columns when
they became overloaded. The construction of meaning in this area,
though, proved to be troublesome for Trish over the two year period.
Her error reflected the pattern of many 11-14 year olds discussed in
Chapter Five.

The next set of cards (Stimulus Cards K-N, Series One) contained:

problems involving decimal numbers. As with Charles' response discussed

earlier in this chapter, Trish generated a strategy that would yield a

correct answer to Stimulus Card K (Series Ome), "...point five equals
half. If you divide one point fifty by half you'll get the right

answer. " However, this led her to choose the incorrect working form

0.5 + 1.50. Left to her own reasoning she was capable of generating

a correct meaning. Her mini-theory here was over-extended (Claxton,
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In press a, in press b) in the sense that she applied her theory to
a new situation (the working forms) and it let her down.

The next card (Stimulus Card L, Series One) was answered correct-
ly after some thought, but eventually she decided, "...two point six
seven. .. for each kilogram. You want point five eight kilograms of
mince. You'll have to times it." Card M (Series One) provided an
example of a learner testing various strategies, and rejecting them
one-by-one. With this card Trish started with times, then moved to
plus, and finally settled with take-away. To use Claxton's (In press a)
explanation, Trish was tentatively advancing different mini-theories
into the same area, "to see if it works any better'.

The final problem-solving card, Card N (Series One), revealed that
Trish could construct meaning from the word problem in terms of realizing
that division was the needed operation. However the algorithm chosen
was again incorrect (c f. Stimulus Card K, Series One, above), and from

her rationale it can be seen that an inappropriate link had been made

with existing ideas.

Trish: Interview I: Stimulus Card N (Series One)

I: (reads card)

S:  Six point four four divided by three point five eight.

I: How did you work that out?

S I just realized it was one litre...you divide it
because that's six point four four litres and you only
want one. If you divide it you'll get your answer.

I: And so how would you divide it? Which one into which
one?

S:  Six point four four...oh...what do you mean?

I: Which one into which one? (unfolds card) You see, there
are two dividing ones there (reads them to S). Which one
will give you the answer Trish?

S:  Six point four four divided by three point five eight.

I: Why did you choose that one?

S: 'Cause you can't divide six point four four into three

point five eight.

Trish was correct, of course, if one considered concrete discrete
objects that could not be partitioned, e.g. sheep, houses, cars etc.
It was also the answer most often chosen in the quantitative survey.
This immature conceptualization of division was evident with the Low

Competency group as well, discussed in Chapter Eight.

Finally, Interview I probed Trish's understanding of the relation-

ship between numbers with and without decimal points (e.g. 0.4 and 4).

Trish responded incorrectly to all cards (Stimulus Cards O-R, Series



118

One) . Her existing idea about the place value nomenclature of columns
in decimal places (tens and hundreds) led her to describe the decimal
number as the larger number in all cases. For example, she saw 0.4

as ten times larger than 4, because, "The first column is tens...the
first column after the decimal on the right." Thus 0.4 represented
40 in her construction of meaning. This failure at the 'executive-

procedure' level was consistently held for all numbers during this facet

of Interview I.

Interview II:

The noticeable feature of Trish's responding during this interview
was the progress she had made.
Illustrative of this positive trend were her responses to Stimulus

Cards A-F (Series One) on estimation and approximation where four correct

answers were given (previously one). In choosing which alternative was
nearest in size to 1.9 x 5, Trish answered, "Well, one point nine times
five is nine point five. And if you get a five you round it up to the
nearest one...ten." In the two instances of incorrect responses in
this interview, she was partially correct. With Card E (Series One)
she correctly computed 0.19 x 5 as .95, but then chose a wrong alterna-
tive from those listed. This could well have been a 'slip' rather than

a 'bug' (Van Lehn, 1982).

A second area of significant improvement was in problem-solving

with decimal numbers, with three of the four cards correctly answered
(Stimulus Cards K-N, Series One). Her response to Card M (with which

she had explored several strategies in Interview I) was simple and clear.
Trish: Interview II: Stimulus Card M

I: (reads card to S) )
S: I would divide. (Why?) Because 75 cents is for 2% litres

of soft drink and I only want one litre. So I'd divide
it to see how much one litre would cost...I'd divide point

seven five by 2.5.

(writes  2.5).75 )

I: And why have you done that?

S:  Because, um, it's 75 cents for 2% litres. And I want one
1itre. So I have to divide to see how much one litre would

cost.

A third series of cards she mastered (in contrast with Interview I)

were Stimulus Cards O-R (Series One) to do with comparing numbers.
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During Interview II her explanation moved towards correct mathematical
ideas. When discussing the size of 0.4 and 4 she noted, "4 is greater.
Point four is only four tenths, and four is a whole four." With 123
and 12.3 (Stimulus Card P, Series One) she explained, "Twelve point three
is only 12. 123 is a whole 123." Card R (Series One) posed some
problems for her, but she eventually generated the working from

2.49 x 100, worked this through, and came to the conclusion that 249 was .
100 times larger than 2.49.

The writing of decimal numbers continued to cause her problems.

Seventeen tenths was still written as .17, and twenty hundredths as .020
(c f. Items 9(b) and 9(c) in the survey, Chapter Four). However, she
knew the correct place value nomenclature for decimal numbers (an improve-—
ment over Interview I's responses). When asked how she learned place
value terminology, Trish replied, "I don't know. That was just the way
we were shown." Later she remembered learning this from "the teacher
and my dad...my dad is a maths teacher."

Trish's background of existing ideas from memory store (Osborne and
Wittrock, 1985; Wittrock, 1980) was apparent when the researcher discuss-
ed in an informal manner the notions that she had built up over several
years. The discussion focussed on whole number place values, and the
researcher asked why our number system used the names it did. Trish
replied, "'Cause, like those little things we used to play with - had
all those spikes on them - the board like that (indicates flat surface)
and we used to slip those little wee things on...(Researcher: Abacus?)
Mm. Well, when we came up to nine it became one ten, so we put one on
there, and so that became tens...' )

Trish expressed confidence in dealing with decimals, but she found
the topic lacked interest. At one stage in Interview II she commented,
"T mean, I know how to do them (decimals), but I find them boring."
She then explained how nobody had ever outlined to her the meaning and
use of decimal numbers.

In pursuing this comment, Interview II ended with a discussion on

the use of decimal numbers outside school.
Trish: Interview II: Social Usefulness of Decimals

I: Do you think we use decimals outside school? In the
outside world? Say, shopping, buying things?

S:  DNot really. Only in things in building and that I think.
Builders might use it...I'd say when they're working out
the thickness of something.
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I:  What about when mum is in the supermarket? Would she
ever use decimals there?
S:  No, I don't think so. 'Cause things are usually in whole

numbers, Llike seven dollars and four cents or something...
'cause you can't make a tenth of a cent!

So decimals wouldn't come into money?

... (shakes head)...Only with things like width and that.

I:

S:

Clearly there existed a 'gap' (Claxton, In press a, in press b) in
Trish's mini-theories concerning decimal numbers. She articulated one
application of decimals for linear measurement, but apart from this no

alternative uses were recalled. For Trish, decimals was very much

something you studied at school.

Interview III:

The general characteristic of Interview III was that Trish consolid-
ated upon the progress she recorded during Interview II. Correct
mathematical ideas were retained, and a developing understanding of
decimal numbers was evident. When challenged by the researcher, she

articulated her reasons for the choice she had made:

Trish: Interview III: Stimulus Card C (Series One)

I: (reads card to S)

S: One.

I: Why?

S:  Zero point eight is over five...it's sort of like over
one half...the closest is one.

I: Why isn't it closest to one point eight?

S:  Because zero point eight isn't one whole thing.

And one point eight is almost two.

With the Stimulus Cards A-F (Series One) Trish progressed in her

ability to estimate and approximate. In discussing Card E (Series One)

she knew that .19 x 5 would "be about one', and she could not be shifted
from that view.

Two other areas that were mastered during Interview II - her ability
to solve problems with decimal numbers, and to successfully compare

numbers with and without decimal points - were again mastered in Interview

III. However, with some cards there was hesitation in coming to the
mathematically-correct response, and evidence of testing various mini-
theories to eventually generate a link with an appropriate existing idea.
Stimulus Card M (Series One) had been difficult for Trish in Interview I.

By Interview II she quickly generated a correct response. But in
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Interview III she initially chose take-away as the operation needed to
get the answer, only switching to the correct division algorithm after
fully exploring whether or not take-away was appropriate in this
context, "Divide it (75 cents) by two point five, 'cause that would give
you an answer of one litre," she finally decided.

Writing of decimal numbers continued to be a problem area for Trish.

Her Interview III responses were exactly the same as in Interview II,
errors being made with fifteen hundredths (0.015), eleven tenths (0.1l1),
and twenty hundredths (0.020). When asked to generate the names for
the place-value columns in decimal numbers she did this successfully.
When asked if she used the columns to help her write decimal numbers,
Trish replied, "Not really." Her explanation for writing fifteen
hundredths as .015 was, "Well, I first put it (15) straight after the
decimal point.  Then I thought that was like 15 tens so it was 16
hundreds I needed. So I needed to move one more space to the right, so
I put a zero in." Likewise, Trish explained the writing of seventeen
tenths as .17, "Well it was tenths so I just put it straight after the
decimal point." At this point the researcher returned to fifteen

hundredths and explored Trish's rationale in greater depth. -

Trish: Interview III: Stimulus Card J (Series One)

S (writes fifteen hundredths as .015)

I: PFifteen hundredths, again. Why is the zero there?

S: 'Cause if I'd put it straight after the decimal point

it would have been like fifteen tenths.

So, im other words, what does the zero do?

Moved it over one, on to the right.

:  But if you've got a one and five there, the five will

be in tenths of hundredths (to use her term for

thousandths).  Are you happy with that?

Well, I thought you read the first number first.

What do you mean?

:  Well, you go fifteen, and because the first number is
in the hundredths column, that would be fifteen
hundredths... It wouldn't be fifteen tenths of hundredths!

ol

BRI

This stable error, or 'bug' (Brown and Van Lehn, 1982; Van Lehn,
1982) had become part of Trish's repertoire of knowledge about decimal
numbers. Until a more intelligible, plausible and fruitful idea was
presented (Hewson, 1981), then Trish would conceivably continue with her
present mini-theory.. Her theory had links to existing ideas about
decimal numbers column nomenclature, and with conventions for reading

numerals. To use her words: "You read the first number first."
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The final set of Stimulus Cards (Cards O-R, Series One) posed no
problems for Trish. As with Interview II she was able to construct
mathematically correct meanings in all cases. For example when
comparing 249 with 2.49 Trish explained, "Two hundred and forty-nine is
larger. One hundred times larger (than 2.49)." When asked if it
were exactly one hundred times larger, Trish replied, "Yeah - 'cause
two point four nine times one hundred is twenty-four thousand nine
hundred and then if you put the decimal point in where it's meant to go
then you have two hundred and forty-nine." Although her initial
reasoning was not strictly correct (2.49 x 100 # 24900), Trish was able
to place the decimal point in the appropriate place and so show that
249 was one hundred times greater than 2.49.

Interview III incorporated a device for measuring attitude towards
decimals. This sorting activity (see Chaper Four, Page 70) was also

used in Interview II, and the results are presented in TABLE 8.

TABLE 8 : Trish: Responses to Sorting Task:
Topics in Mathematics

Interview II Responses Interview III Responses

26.10.1982 4.11.1983
Like Most: xt X
xt
X +
- +
+ fx % equal

Neutral: s <:)

Dislike fr
Most: (:)
Key: + (division sums) xt (times tables)
x (multiplication sums) g (geometry)
- (take-away sums) fr (fractions)
+ (adding sums) (:)(decimals)
s (sets) } (equal ranking)

The results revealed considerable differences between interviews for
some topics (e.g. geometry) and consistent placings for others (e.g. times

tables, multiplication sums). Trish said during Interview II that her
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high placement for times tables was, "'Cause when I was in Standard Two
I found I couldn't learn them, then the next day I knew them all and
I've never forgotten them." During Interview III she said she liked
multiplication sums best of all, "'Cause I learnt my times tables in
Standard One and I've never ever forgotten them... and it's really easy
for me. " Decimals improved its ranking (in Trish's perception).
Interview II comments from Trish were, "'Cause no-one's really told me
what they really are. I mean I know how to do them, but I find them
boring." This opinion contrasted with her largely neutral stance

towards the topic in Interview III.

Interview 1V:

Interview IV was carried out later in the same day of Interview III.
(Trish had shifted to a town 130 kilometres from Hamilton and it was
necessary that both interviews be conducted on the same day.) Because
the interviews used different Stimulus Cards, it was thought that memory
would not contaminate responses in the second interview, nor was fatigue
felt to be a limiting factor.

Stimulus Cards A-C (Series Two) were checking devices and confirmed
Trish's earlier competence with estimation and approximation. Stimulus
Card C (Series Two) showed her ability to perform division with a divisor
larger than a dividend, "Well, fifty can't go into tem, so I added a
zero'" - by generating the correct algorithm. She then computed a correct
response.

Stimulus Card D (Series Two) asked her to write decimal numbers.
Again Trish responded incorrectly, writing .ll1 for eleven tenths, and .025
for twenty-five hundredths. When asked to explain her response for
eleven tenths she replied, "Well...you are in the tenths colwmn so you
just start your figures in the tenths column.” For Trish, there was no
conflict in this rationale.

Stimulus Cards I and J (Series Two) presented word problems without
(Card I) and with (Card J) decimal numbers. As with the High Competency
Group in general, Trish found the latter problem more difficult because,
"You had a half that you had to get rid of...the two point five one you
couldn't find half out straight avay..."

The remainder of Interview IV explored Trish's opinions and’
attitudes towards mathematics and the topic of decimals. Initially she

was asked to consider the primary/high school interface. Primary school



124

maths was seen as: "We often did a lot of cards and sets, and things

like that...but here (high school) you do a lot of percentages and
decimals and fractions and everything like that." She also indicated
that she was taught better at high school} "Because he's (the mathematics
teacher) showing us more things, he's got more time." About primary
school maths, on the other hand, Trish said, "We were put in three groups,
then you'd be down there for about ten minutes and then she'd (the mathe-
matics teacher) tell you to get on with the card. And you'd just pick
the card up and do it."

In discussing her semantic differential test result (Osgood, Suci
and Tannenbaum, 1957), Trish thought maths was good because, "I can
understand 1t easy." It was seen as valuable because you "have to have
maths'" for most jobs. Maths to her was clear, 'Yeah, well, I can under-
stand things if I!m shown it once...I can sort of figure it out."

Decimals were not so positively perceived by Trish, "I don't like
doing them." Although seen as valuable, Trish's comment did not
support this opinion, "Well, for a job it's not as if you're going to be
doing a lot and a lot of decimals.” Other responses for decimals were
largely neutral, with a very slight preference for the labels 'sick',
'sad', and 'cruel'. Decimals were "just a little bit (cruel). I don't
mind it very much."

Trish was next asked to give advice to teachers on how they might
improve the teaching of mathematics. She gave five strong and clearly
articulated pieces of advice:

(i) She considered that teachers should not stay on the same topic
too long, 'or else it becomes boring"; (ii) she advised teachers to
explain and "make sure they understand it, 'cause half the time they
just say, 'oh, yeah, yeah, yeah' they know.  But half the time they
don't'"; (4ii) Trish hinted at the need for a diagnostic model of
teaching when she said, "give them some problems to answer, and just
see how long it takes them to do it...because if it takes them a really
long time it's obvious that they don't really know what they're doing...
they 're just guessing'; (iv) Trish wanted teachers to motivate learners
to a greater extent. She explained this by saying, "put a bit of
variety in it...'cause it's quite good to do something like decimals
and that and then...go on to geometry where you're drawing things with
compasses. ..that's sort of interesting"; (v) Trish advised against
teachers explaining work to only part of the class, "take them all at

once because then everybody knows what's going on'.
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After listening to the scenario for eliciting peer opinions of
mathematics (see Chapter Four, Page 67 Trish replied,"Oh...aw...
Gor..." in imagining her friends' reaction. Next, she commented that
"it's really just the teacher...he's better now, but he used to keep us
in. " Trish next explained that most students may say they don't like
mathematics, but they may judge the subject on the tests associated with
it. In her words, "'Oh, I don't like maths'. They sort of judge it
from one test."

Trish described the role of the teacher in mathematics by stating

how essential a teacher was. She felt that 'you can do maths anywhere.
You can do it outside and that, but you can only do it if you know how
to do it - you've got to have someone show you how to do it first.
Later she commented, "...maths, you just can't go to a book and copy it
out and sort of know what you're doing.  Like in social studies if you
read it, then you copy it out, you know what you're talking about. But
in maths, you can't do that."

During Interview II Trish had indicated that decimal numbers had

limited application to the world outside school. This topic was ex-
plored in Interview IV. She was asked if decimals were used mainly in,
or out, of school. Trish replied, "Mainly in school." When asked

why, she continued, "Well, it's not as if you're going into a shop and
say I want three tenths worth of apples please, or something like that..-
it's just in problems and things like that, to work out.” TFor Trish,

decimals had remained very much a school pursuit.

Summary and Comment

Trish's responses over the 26 months that she was studied may be

summarized as follows:

1. Trish progressed markedly over time in her ideas about decimal
numbers. Initially incorrect answers and uncertainty were
gradually replaced by correct constructions of meaning and a

greater confidence. By the final interview she was saying, T

can understand things if I'm shown it once."

2 Trish appeared to accept responsibility for her own learning, an
important characteristic for successful learning according to

Osborne (1985). She grappled with ideas and coped. At various
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stages she would comment, "I can sort of figure it out", "I know
that...", "I was thinking that...". When asked if social dis-
ruption in the classroom was a problem for her, Trish replied,
"Oh, not really. 'Cause if I'm concentrating I don't hear any-
thing else around me." During Interview IV she said, "I just
sort of remember what I did in Form One, and then sort of guess

what it would be...making it up as I go along.'

Learning was seen by Trish as a process of active construction.
Correct ideas were generally held on to once they were constructed.
That is, she subsumed appropriate constructions into memory store.
For example, her ability to estimate and approximate was assisted
by links that were generated to existing ideas about 'rounding-off'

numbers and common fraction equivalents for decimal fractions.

A stable 'bug' (Van Lehn, 1982) was evident in the topic of writing
decimal fractiomns. Seventeen tenths, for example, was written as
.17 right through the study. Trish's mini-theory for this
response was obviously intelligible and plausible to her, and she
did not recognize the potential conflict of this mini-theory with
her other mini-theories about place value nomenclature, and the

potency of the abacus (discussed in Interview III).

During the last minutes of the final interview with Trish

(Interview IV) the researcher revisited seventeen tenths. The

. . . 17 .
common fraction version was written 10° and the researcher explained

how this meant, therefore, that seventeen tenths was 1.7. Trish
watched and commented, "Yeah...Mn...See, I've never been shown that
before...because tens into seventeen you put one down and you've
got seven left over." It appeared that she was now ready to

construct a correct mathematical meaning.

Mathematics was generally viewed positively by Trish, but decimals

less so. Advice to teachers was a plea for more explanation, more

variety in lessons, and attempts to really find out if students

understood the material. Trish indicated the crucial importance

of the teacher in the subject of mathematics.
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A disquieting and consistently held view by Trish over the two

years was that decimals had little application to the world out-

side school. Decimals were, in her view, "Just in problems,

and things like that, to work out."
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CHAPTER SEVEN

RESULTS AND DISCUSSION: INDIVIDUAL INTERVIEWS

THE AVERAGE COMPETENCY GROUP

This chapter focusses on the conceptions and attitudes of those
students in the interview sample whose response patterns indicated

average competency with decimals.

The Average Competency Group

The Average Competency Group comprised 14 students (pseudonyms are

used throughout).

TABLE 9 : The Average Competency Group

Name Sex Class TOSCA TOSCA PAT PAT Interview Dates
level Percent- Stan- (Maths) (Maths)
(1981) 1ile ine Percent-  Percent-
(Rank) ile Rank ile Rank Interview Interview Interview Interview
(Class) (Age) I II 111 v
Stu M F II 72 6 43 49 19. 8.81 12. 4.83 11.11.83 14.11.83
Percy M F I 51 5 60 43 10.12.81 4,11.82 14.11,83 17.11.83
Suella F F II 75 6 76 76 15.12.81 4, 3.83 27. 9.83 6.10.83
Delwyn F F I 49 b} 60 52 18, 8.81 7.12.82 14.10.83 18.10.83
Trudy F F II 53 5 54 58 16. 9.81 23. 1.83 25.10.83 26.10.83
Rex M FII 46 5 46 40 15.12.81 21, 2.83 27, 9.83  4.10.83
Mary F F I 95 8 49 63 10.12.81 16.11.82 14,10.83 18.10.83
Don M F I Ly S 63 66 18. 8.81 15.11.82 5.10.83 6.10.83
Anne F F I 53 S 69 62 14.12.81 2,11.82 4.11.83 4,11.83
Peter M F 1 53 5 81 54 16. 9.81 13.12.82 13.10.83 17.10.83
Dannyv M FII 75 6 61 54 15.12.81 22. 2.83 28.10.83 31.10.83
Dwiggc M FII 64 6 58 70 14,12.81 26. 1.83 1.11.83 2.11.83
James M F I 59 5 52 55 10.12.81 13.12.82 14.10.83 18.10.83
Perra F FII 53 5 85 57 14.12.81 26. 1.83  1.11.83  2.11.83
M = Male
F = Female
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Interview Response Patterns

1. Estimation and Approximation: The initial pencil-and-paper

survey (Chapter Five) found low facility levels amongst the 11-14 year
olds (n = 102), (e.g. only 12 per cent of the survey group chose the
correct alternative nearest in size to 0.29 x 7.1, the most common

errors being .002 and 200).

The Average Competency Group found it difficult to estimate and
approximate with decimals. None of the group correctly responded to
all Stimulus Cards ( A to F) in Interview I, and only one student,

Peter, could do so by Interview III. Responses to Stimulus Card A
(Series One) were correct in Interview I but the introduction of decimal
numbers resulted in more errors. Stimulus Card B (Series One) requiring
respondents to identify the number nearest in size to 1.2 (correct answer
1) produced a variety of responses. Trudy (Interview I) considered that
0.12 was nearest in size to 1.2 because, "It’s the decimal, it's different
from an ordinary number. It wouldn't be just one." Mary (Interview I)
chose .2 as nearest in size to 1.2, but was unable to justify her choice.
Don also chose .2 as nearest to 1.2, "Well, that's the closest to point
two, but it hasn't got the one in front of it...(later)...I'm not very
good on those."” Percy, on the other hand chose 1 as closest in size

to 1.2, "Well, 'cause...it's only point two away from one, and that's

the closest one...to one."” Suella gave evidence of ''rounding off"
numbers when she suggested (correctly) that 1.2 was nearest to 1, "It's

a whole number, and part of it...one point six would be nearer to two."

For Cards E and F (Series One) only three of the 14 students in the
group generated a mathematically-correct response. Existing ideas about
multiplication with whole numbers were used extensively, but subsequent
placing of the decimal point was either ignored or incorrectly performed.
Don decided .19 x 5 (Stimulus Card E, Series One) was nearest in size to
"Five times nineteen is...around a hundred or in the

100 because,
.and it's nearest to it." Generally, there was a shifting of

mini-theory (Claxton, In press

nineties. .
responses as the students tried first ome

a, in press b) then the next. Trudy (Card E, Series One) estimated 100,

then .10, then .0l to be nearest in size to .19 x 5. Another common

response with members of this group was to give up, to recognise that

there was a 'gap' in their knowledge. Peter (Card E, Series One),

responded, "I don't know. I'd just times the fives and the nineteen. I

don't know how to do this.
And there'd be a point.I can't really remember how to do that."

But, ah, five nineteens, hang on...be ninety-

five.
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Peter had attempted to generate links with his existing knowledge, but
finally he recognized that he was unable to construct anything meaning-
ful from the particular problem. Anne's response represented many of

the problems faced by these learners.

Ann: Interview I: Stimulus Card D (Series One)

(reads card to S)
One hundred.
Why do you think that?
...point zero one.
Sorry?
That one (points to 0.01).
Why is it nearest to that?
'Cause that there (1.9 x 5) is nearest to a hundred.
Sorry, what do you mean?
If you times it, it will be near to a hundred, then
you'll be just a small point off...
(works 1.9

=S

9.5 )
So what's one point nine times five?
Ninety-five (then discusses placement of decimal point).
So one point nine times five will be nearest in size to
which one of those down the bottom, do you think?
Either that one (100) or that one (0.01).
Would you like to say which one out of those two? Can
you work it out?
A hundred.
Why ?
See, there's nine point five, which is five away from
a Thundred.

AN NY NG N

DUR hn b

Anne's behaviour in this sequence was very much an exploration of

mini-theories (Claxton, In press a, in press b), until she adopted one

that did not trouble her. To the teacher of mathematics Anne's theory

may be incongruous, but to her it was not. Anne's response was

correct at the 'mini-procedures' level, (Davis, 1979) but wrong at the

'executive' or 'macro-procedures' level - computationally she was

error—free, but her final evaluation and selection were incorrect.

2. Division and Decimal Numbers: Stimulus Cards, Cards

G-I (Series One) probed the students' ability to divide, particularly
In the quantitative

when the divisor was larger than the dividend.
assessment (Chapter Five) this task had proven one of the most difficult

of the entire survey. The results from Interview I confirmed this.

Most of the group responded correctly to Stimulus Card G (Series One)

which involved division by ten with no dividends less than fifteen.
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To the item 15 ¢+ 10, for example, James replied, "...you can only get
one ten out of fifteen, and there's five left. So you, um, have got
five remainder." Delwyn explained in a similar fashion, "Ten goes
into fifteen once, and it doesn't go again...because you haven't got
enough.”

Stimulus Cards H and I (Series One) were especially difficult to
this Average Competency Group, particularly the two items 15 + 100 and
15 + 20. These two questions elicited a range of error types. For
some students, the response was simply "You can't do it". Mary and
Delwyn reversed the order of the divisor and dividend and achieved an
answer. Delwyn explained her method as, "...two fifteens are thirty...
six fifteens are ninety...and there isn't enough left over to make a
hundred. " Six students suggested that negative integers could be
used to solve the problem of dividing a larger divisor into a smaller
dividend. Percy thought you could not solve 15 + 100, "unless you go
minus, minus etighty-five." When asked what was meant by '"'minus eighty-
five" he explained, "Well, iIf you get to zero then go minus one, minus
two, minus three..." Suella was another who thought negative numbers

could provide an answer to 15 + 100.

Suella: Interview I: Stimulus Card H (Series One)

I: What about fifteen divided by a hundred?

S:  Ah, it would be negative something.

I:  Negative something?

S: Well, there couldn't be an answer for it, 'cause it can't
be divided by a hundred unless you went into negatives.

I: I see. Have you learned about negative numbers this
year, have you?

S:  Oh, we just did, a couple of days ago. We just did a
little bit.

I: A couple of days ago...

S: Yeah. ..

I: So, what makes you think there would be a negative number
then?

S 'Cause it's impossible to divide fifteen by a hundred.

You'd have to go below zero.

Suella's mini-theory was based on a recent classroom experience
(according to her explanation) and might be described as an unintended
curriculum outcome. However, according to the generative model of
learning (Osborne, 1985; Osborne and Wittrock, 1983, 1985; Wittrock,
1974a), primacy is given to the learner's existing ideas. Thus Suella

generated links to her existing ideas about negative integers.
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3. Writing Decimal Numbers: The writing of decimal numbers proved

difficult in the survey described in Chapter Four, with a facility level
of 26 per cent only for the writing of eleven tenths. Only two students
from the Average Competency Group, Suella and Peter, gave totally correct

responses during Interview I.

TABLE 10 Write Decimal Numbers: Interview I
(Stimulus Card J, Series One)
The Average Competency Group

three seven fifteen seventeen twenty

tenths hundredths hundredths tenths hundredths
Stu .3 .07 .015 .17 .020
Percy 3.0 7.00 17.0 20.00
Suella .3 .07 .15 1.7 .20
Delwyn .3 .07 .015 .17 .020
Trudy 3.0 7.00 15.00 17.0 20.00
Rex 3.0 .07 .015 .17 .020
Mary 30 .700 .150 .17 .2000
Don 30. 700. 1500. 170 2000
Anne 3.01 no responses
Peter .3 .07 .15 1.7 .20
Danny .3 .07 .015 .17 .020
Dwight .3 .07 .015 .17 .020
James 3.0 7.00 15.00 17.0 20.00
Petra 3.0 .07 .015

As with the survey (Chapter Five), a wide range of errors was made
by this group. Probing during the interviews revealed that most

students possessed stable mini-theories to explain their answers.
Percy's explanation for seventeen tenths (he had written 17.0) was linked
to his idea that the zero stood for tenths and so he "put one seven point

zero." James explained his writing of twenty hundredths as 20.00 with,

"1Cquse you put the twenty, and then you put the point, and two zeros for

the hundredths." Petra's responses were the result of links she

generated with her place value nomenclature for decimal fractions: she
named the columns after the decimal point as onesth (sic), tensth (sic),

hundredths, and thousandsth (sic). When asked why she wrote .007 for

seven hundredths, Petra responded, "Because seven hundredths, it's in the
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hundredths column...the seven." The responses then, were based on
existing ideas about whole numbers, and existing ideas about column
nomenclature. There was a strong element of a literal translation
in many of the constructions e.g. James' response above and Don's ex-
planation for twenty hundredths (he had written 2000): "...well, it's
two hundred and you add a zero on the end and it's twenty hundred."

4. Problem Solving: Problem solving was difficult for the Average

Competency Group during Interview I. Twelve problems (out of 56) were
answered correctly, and no student solved more than two out of the four
problems posed by Stimulus Cards K to N (Series One). Most errors
resulted from students being unable to generate any responses; other
errors resulted from guessing. Some students generated their own
strategy to obtain a correct answer but, when asked to choose an
appropriate algorithm, chose incorrectly. Dwight's sequence illustrated

this phenomenon:
Dwight: Interview I: Stimulus Card K (Series One)

I: (reads card) How would you go about getting an answer?
S:  Zero point five is half a kilogram. So you probably
halve the dollar fifty.
I: What would you get?
S:  Writes .75¢ " seventy-five cents
2)1.560
I: (unfolds card) Which one of these (working forms) would
you choose to give you the answer?
That one - one point 'oh' five divided by 'oh' point five.
Why?
:  Well, that would halve the answer. You'd get the right
amount of potatoes you wanted.

i

This sequence was similar to some discussed in Chapter Six. It
appears that the presentation of working forms hindered rather than
helped this student to construct a correct answer. Like some members
of the High Competency Group, Dwight generated a correct response, but
mistakenly chose division with a fractional number as the mathematical
operation. Dwight's mini-theories were in conflict - one correctly
suggested he should divide by two to halve an amount; the other mistaken-
ly led him to divide with 0.5 in order to halve. He was able to hold

both mini-theories concurrently, seemed satisfied with these conflict-

ing explanations, and thus was not motivated to change his existing

ideas (Claxton, In press a).
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5. Size of Numbers: Stimulus Cards O to R (Series One) asked

students to compare numbers with and without decimal points. Only two
learners, Suella and Stu knew the 'rule' associated with moving the
decimal point and correctly responded to all cards in this series.
Suella appreciated that 249 was one hundred times larger than 2.49, "Be-
cause to get a higher number you have to move the decimal point."

Seven students failed to answer any of Cards O-R (Series One)
correctly during Interview I, making a range of errors. Peter
attempted to divide one number into another to obtain an answer (a
plausible strategy), but set his working forms out incorrectly - for
example when comparing 12.3 and 123 (Stimulus Card P, Series One) he
wrote 12)123 which gave him the quotient 10.3. Petra, like others who
could construct no appropriate meaning, commented, "I don't get it, be-
cause of the decimal point" when she pondered how many times 4 was
larger than 0.4. Some students could see the relationship between the
two numbers in terms of global size differentials, but were confused by

the decimal fractiomn. Trudy was such a student.
Trudy: Interview I: Stimulus Card R (Series One)

S:  (reads numbers)

0.K. Which is the larger there?

Two hundred and forty-nine...Two is only two point four
nine.

So how many times larger do you think that two hundred and
forty-nine is than two point four nine?

About two hundred...no about a hundred...it (2.49) goes
into two hundred about a hundred (times).

Is it exactly a hundred times?

No.

Why not?

'Cause point four nine is left over...remainder...just a
hundred with forty-nine left over.

How could you work it out exactly?

:  On a ptece of paper.

And what would you expect the number to come to?

: A hundred and four?

SN

9
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On the whole most of the Average Competency Group were clearly unsure
of the number of times one number was greater than (or smaller than)
another number with identical digits. Don's comments summed up most of
this group's feelings when he muttered, "I don't really know...I'm not
very good on points...I don't know...um...no...I don't know." These
cards (0-R, Series One) probed areas for which many students appeared not

to have generated mini-theories, suggesting that this topic had either
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not been covered by the students or that the students had not seen a need
to make sense of this situation. Their textbook had presented the idea

as follows:

"WHAT DO YOU THINK?

Instead of saying, "Move the digits to the right to
divide by a power of 10," some people say, "Move the

decimal point to the left."  Which rule do you prefer?
Can you state a similar rule for multiplying by powers
of 102"

(Duncan et al, 1978:129)

FIGURE 6 :  Extract from N.Z. Department of Education
textbook for Form 2 students

Trudy, for example, had been through the above textbook extract as
part of her school instruction in mathematics. It would appear that
she was unable to construct meaning from the passage, or had built up a

mini-theory that was not recalled in the context of Stimulus Cards

O-R.

6. Developmental Trends: Interview II: The second interviews took

place approximately one year after the first. Most of the 14 students
in the Average Competency Group made some progress in the content areas
explored in terms of correct responses and supporting explanations during
individual interviews. One student (Trudy) appeared to have regressed
at the time of the second interview, and three students made no progress
(Stu, Percy, and Don). Of the ten students who made some progress, five
made minfmal gatns. In short, less than a third of the Average Compet-
ency Group made what might be termed 'adequate' or 'reasonable' progress
between Interviews I and II.

Mary was one student whose responses suggested a greater understand-
ing of decimal numbers at the time of Interview IIT. When estimating
the number closest to 0.8 (Stimulus Card C, Series One) she explained
that point eight was closest to 1.0 because "point eight goes point nine,
then one point 'oh'" (when counting). Peter made the most progress of
any member of the group. In estimating 1.9 x 5 (Stimulus Card D, Series
One) he quickly realized that 1.9 was nearly two, and rationalized "fZive

twos are ten...it's (1.9 x 5) only point five from ten." Using his
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existing ideas about Stimulus Card D (Series One) Peter appreciated that
for Stimulus Card E (Series One) 0.19 x 5 would be nearest to "one,
'cause the one before was one point back." Danny, another who made
considerable progress to Interview II, was very strong in estimating and
approximating. For Card D (Series One) he explained that 1.9 x 5 was
closest to ten because, "one point nine times ten is nineteen, and I
halved “it. That's about eight or nine. And that, ten, is the closest."
Finding that this strategy was successful (in his view), he applied it to
Stimulus Card F (Series One) in approximating .19 x .5 - "I did the same
trick! Made that (.5) ten, then halved it. That's (10) got a decimal
point and it stays there."

Of the three students who made no discernible progress between
Interviews I and II, Don's replies were characterized by "I don't know...
no idea...don't really know." Anne, a student who made minimal
progress commented for Cards B and C (Series Omne), "I don't know...I
haven't done that before...I don't know...it's just a guess."” Trudy,
who appeared to know less about the content of Interview II than Inter-
view I used a variety of mini-theories to help her solve Cards A-F
(Series One). With Card C (Series One) she speculated that 0.8 was
nearest in size to 1.8 because "it's the same as that one (0.8) but only
different." Here Trudy seemed to operate with a mini-theory that
emphasized the physical similarity of numerals (c.f. Erlwanger, 1973,
and interview sequences with Benny). With Card E (Series One) Trudy
believed that 0.19 x 5 was nearest to "one hundred...it comes out about
ninety-five...it's five off a hundred." With this card her mini-theory
focussed on an operation with whole numbers (19 x 5) which would give
ninety-five. This mini-theory failed to acknowledge the positioning
of a decimal point.

The next series of cards explored students' ideas about division.
Again progress was variable, eight students making some progress, five
remaining as they were and one regressing. Delwyn made the greatest
progress in this area. Her responses were rather tentative, but she
constructed an appropriate meaning for each question by generating
links to her existing ideas about common fractions as she studied the
problems. For example, in solving 15 + 20 (Stimulus Card E, Series
One), Delwyn realized that if fifteen objects were shared amongst twenty
people then "they would get three quarters each." Anne, who also made

progress in this area, commented with the same card, "You'd have to go
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into fractions and stuff" (to get an answer).

The six students who explained 15 + 20 and 15 + 100 by using
negative integers repeated their ideas about negative numbers during
Interview II. With Stimulus Card H (Series One) Rex argued that to
solve 15 + 100, "you'd have to go into negatives, behind the positive

numbers. You can't take one hundred away from fifteen!" With the
same problem James pondered "it's below...unless it's minus so much...
that one would be minus eighty-five." Petra thought an answer to

15 + 100 and 15 + 20 would only be "possible if it were negative.”
All students gave some response to the items on Cards G-I (Series One).
They considered that an answer was possible, even if they could not give
one, in contrast to the survey (Chapter Five) where the most common
response to 16 + 20 was "No” (indicating that no answer was possible).
In the survey (Chapter Five) there were also instances of negative
integers being used with 16 + 20: 'megative four" was generated as an
answer by two respondents.

The use of negative integers to solve a division problem that should
yield a fractional number for the quotient was a stable 'bug' for the
six members of the Average Competency Group. To use Claxton's (In press
a, in press b) analysis the mini-theory brought into play when the
divisor was larger than dividend, was 'nested' within other mini-theories
to do with division. The fact that it persisted from Interview I to
Interview II suggested that nothing had been learned in that time to
change the students' views, and that the mini-theory lived on success-
fully in its own domain - '"Basically we might say that a theory lasts as
long as it is successful." (Claxton, In press a) Such a mini-theory
was obviously not correct mathematically, but in the learner's view it
was intelligible, plausible, and successful.

The writing of decimal numbers continued to be a problem.
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TABLE 11 : Write Decimal Numbers: Interview IT
(Stimulus Card J, Series One)

The Average Competency Group

three seven fifteen seventeen twenty

tenths hundredths hundredths tenths hundredths
Stu .3 .07 .015 .17 .02
Percy .3 .07 1.05 1.7 2.0
Suella .3 .07 .15 1.7 .20
Delwyn .3 .07 .015 .17 .020
Trudy .03 .007 .0015 .17 .020
Rex .3 .07 .015 .17 .020
Mary .3 .07 .15 1.7 .20
Don 71
Anne (no responses generated)
Peter .3 .07 .15 1.7 .20
Danny .3 .07 .15 1.7 .20
Dwight .3 .07 .15 .17 .020
James .03 .007 .0015 .017 .0020
Petra .3 .07 015 .17 .020

In comparison with the responses from Interview I, the following
points can be made: (i) fewer errors were generated (e.g. three tenths
and seven hundredths were correctly written by almost three quarters of
the group compared to half the group in Interview I); (ii) fewer bizarre
errors were evident, the students having a better 'feel' for a correct
or reasonable answer; (iii) the range of errors diminished; (iv) more
of the students could correctly answer the difficult items seventeen
tenths, fifteen hundredths, and twenty hundredths; and (v) the students
who made progress were those who had made minor errors during the
previous interview. By contrast, those students experiencing serious
difficulty during Interview I (Anne, Don, James and Trudy) performed
poorest during Interview II. Anne, for example, generated only one
response during both interviews.

An interesting 'bug' was generated by Don. For seventeen tenths he
He reasoned, "It works the other way (place value)...it goes

wrote .71.
tens, hundreds, thousands in decimals." See also, findings quoted by

Freyberg and Osborne (1981).
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Problem solving with decimal numbers (Stimulus Cards K-N, Series
One) had been a difficult topic during Interview I and in the survey
(Chapter Five). In Interview II only 8 problems (out of 56) were
answered correctly, which was less than in Interview I (12 answered
correctly). Peter and James were the only students to give more
correct responses. Peter could construct appropriate meaning for the
problems. For Stimulus Card K (Series One) he realized that you would
"halve it," adding that the method of obtaining the answer was "point
five times one point five 'oh'...'cause it would have to be half the
number. " James demonstrated that he understood the problems as well.
With Stimulus Card M (Series One) he considered that the answer needed
was, ''zero point seven five divided by two point five, 'cause that's
dividing two and a half into seventy-five.  That works out the price."

The remaining twelve students in the Average Competency Group
generated tentative links with existing knowledge about problem solving
strategies, and decimal and/or common fractions. Often they guessed -
Percy chose an operation because you "had to" or "it works...that you...
get your answer." Rex adopted the subtraction strategy for Card L
(Series One) because it ""looks best'. These students could neither
recall nor construct any mini-theories to explain their actions.

Other students tested ideas then abandoned them one-by-one. Don
suggested first subtraction, then division, then reverted to subtraction
with the explanation, "Take away one litre...I don't know..." Danny
reached an 'impasse' (Brown and Van Lehn, 1982) with Card N (Series One),
but then decided 6.44 + 3.58 would get the price of one litre of petrol.
However he remained unsure, - "Wouldn't you really need to include the
one? (one litre)...I can't see how that would give an answer..." All
four problems were equally difficult to the Average Competency Group.
Patterns of errors did not generally exist, but for Stimulus Card N
(Series One) six students chose the correct operation but reversed the
order of divisor and dividend - the most common error (48 instances) for
this same item in the survey (Chapter Five). The reasons given by the
six Average Competency Group members lacked explanatory detail, and
were akin to Mary's: "'Cause you'll come up with the answer and that'll
be the price of one litre."

The final series of cards in Interview II, investigated relation-
ships between numbers. Five students progressed, eight students remained
static, and one student regressed. Peter (who progressed) was now far

more assured than in Interview I. His responses (all correct) were



140

precise and cryptic. In his construction of meaning, 80 was one hundred
times larger than 0.80 because "point eight 'oh' had two places." He
was able to generate strong links with existing ideas about the position
of the decimal point, and the effect of shifting it in line with the
decimal system of numeration. Danny, another to improve, noted that
249 was a hundred times larger than 2.49 because ''the decimal point is
two times left...that means one hundred." The responses of the eight
students who made no progress in comparison with Interview I, fell into
two categories. First, there were comments suggesting the task per se
had little meaning for them - "I'm not sure; I don't know...'" (Petra),
"I don't know that one" (Don), and "I don't know times larger' (Anne).
In Claxton's (In press a, in press b) terms, these students did not
possess a mini-theory to fill the gap. Second, there were explanations
that suggest the decimal fractions in 2.49, 12.3, 0.80, and .4 were the
sources of confusion. Delwyn grappled with the numbers 123 and 12.3,
and reasoned "it (123) might be ten times larger...I think it is ten..."
She then worked out 12.3 x 10 to be 123.3, This then led her to say,
"Probably you'd have to times it (12.3) by nine point seven." Nine
point seven is point three less than ten, which Delwyn considered might
solve the perplexity of the .3 in 123.3 (her construction). James
considered 0.80 would need to be multiplied by 100% to make it 80 but
his reasoning was unclear. This confusion persisted in the following

sequence.
James: Interview II: Stimulus Card R (Series One)

Could you read those numbers to me?

Two hundred and forty-nine and two point four nine.
Which is the larger number there?

Two hundred and forty-nine.

How many times larger is it than 2.49?

Two hundred...'cause that one is two point four nine and
the other is two hundred and forty-nine...that one (2.49)
18 two hundred and forty-seven less.

So when multiplying, I'd have to multiply two point four
nine by what?

One hundred and twenty.

Why?

'Cause, if it (120) was times by two point four nine it
should go up to two hundred and forty-nine.

How did you get a hundred and twenty? I'm sorry but I
didn't quite understand...

"Cause it's (120) around about half of two hundred and
forty-nine...and it's multiplied by two...

.
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James appeared to adopt a strategy that multiplied the 120 by the
2 of 2.49. The decimals .49 were largely ignored - for some of the
interview they had been confusing for him, after all. For most of
the Average Competency Group the simple rule of shifting the decimal
point either left or right to manipulate with powers of ten was not part

of their understandings about decimals.

7. Developmental Trends - Interviews III and IV: Interview III

focussed on the same topics as Interview I, except for some probing into
attitude by means of a sorting task. The first series of cards investi-
gated estimation and approximation skills. By Interview III most of the
Average Competency Group were coping satisfactorily with Cards A-F
(Series One). Half the group had made progress over the time between
Interviews II and III. Delwyn, when explaining why 0.19 x 5 was nearest
in size to 1 said, "Because I think when after you've multiplied it...
you'd get a whole number, but that you wouldn't get it up to ten, which
18 the next closest...so it would be one point 'oh'." Danny continued
with the strategy he used in Interview II when estimating 1.9 x 5 (Card
D, Series One), "I went one point nine times ten, and halved it,
roughly...and got ten.' Dwight exhibited confidence with the same
card - "One point nine is only point one away from two...two fives are
ten. " James studied 0.19 x 5 (Card E, Series One) and estimated it
nearest to 1.0 with the comment, '"Zero point one nine times five times
five is point nine five, and that's closer to one...it's ninety-five
hundredths. ..um, whereas the other ones, um, a hundred hundredths...so
it's a bit closer...it's only five hundreds away.' Various mini-
theories were brought into play, therefore, but for the students who
mastered the estimation and approximation phase, ‘their mini-theories were
based on correct and appropriate mathematical reasoning.

Petra, Trudy, and Mary continued to have difficulty in this topic.
Petra at Interview III was still basically unsure of decimals and had
developed only inadequate mini-theories to fill the 'gap'. Comments
like, "I don't know," and "I don't really know" characterized some
responding. At other times she could construct an answer - 0.19 x .5
was nearest to 100 she believed because, "I don't take any notice of the

decimal points...I can't do them". 1Ideas were based on multiplication

with whole numbers. Trudy possessed similar ideas. Mary had a better
grasp of the topic than Trudy or Petra, as indicated with Card C (Series

One) when explaining the difference between 0.80 and 80 - "Point eight
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is eight tenths or four fifths and that's almost one." With Stimulus
Card E (Series One) she again generated links to ideas about common
fraction equivalents but could not construct a correct meaning for the
"times five'" part - "point nineteen is...That would be nineteen over
one hundred." However she then thought multiplying this by five
would give an answer of about ten, "'cause you include the decimals in."
The next topic proved more troublesome in Interview III. Division
with divisors smaller than the dividend had been difficult for this
group in the previous interviews. Of the fourteen students in the
group, three students progressed, eight students made no appreciable
gains, and three students regressed when compared with Interview II.
(Overall, compared with Interview I, seven students progressed, six
students made no progress, and one student regressed.) James was the
most successful of the three students who progressed. By Interview IIIL
he had shifted to a more plausible mini-theory that relied on connections
with the division process and common fractiomns. James was one of six
students who used negative numbers to generate an answer to 15 + 20 from
the time of Interview I. In Interview III, James replied, "You divide
fifteen by twenty...fifteen is three quarters of twenty'" and responded
0.75. Likewise, his reasoning for 15 ¢+ 100 was full, accurate, and
intelligible. The students who made no discernible improvement between

interviews continued a pattern of variable responses.

Percy: Interview IIIL: Stimulus Card H (Series One)

I: (reads 15 + 100 to S)

S:  Ah...you can't do that.

I: Why not?

S: Well, 'cause fifteen's lower than one hundred.

I: Is there any way you can do it?

S: um...maybe i1f you added a couple of zeros on...I don't
really know. If you put another zero there (on 15)...
even 1f you added a couple of zeros it wouldn't work.

I: Why not?

S:  Well, if you add two zeros on to the fifteen you have to

add two zeros on to the hundred...'cause you've got to
keep it even both sides when you're adding, putting

zeros on...
I: Is there any other way you could do it?

S:  No, not really.

Of the others who made little or no progress with 15 + 20 and
15 + 100, Trudy and Anne considered it "ean't fit", or "doesn't go".

Don, Stu and Danny knew that the answer would be a 'fraction' or 'point
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something', but could not generate a response beyond this; and Petra and
Rex continued with the idea of negative integers, a 'bug' they had
carried from the beginning of the research project.

Responses in this part of Interview III from three students (Suella,
Delwyn and Mary) suggested (disturbingly), that they had regressed over
time. Delwyn and Suella, during Interview II had readily solved
15 + 20 by generating a common fraction equivalent (three quarters).
During Interview III Suella, with 15 + 100, confessed, "I don't know.

I just had to make it (the answer) up.” For 15 + 20 she replied,
"Zero point one five." When asked how she got this she answered, "I
dunno. ..just a guess...but I don't think it's right."s. Delwyn, who had
made good progress in this topic to Interview II, attempted to answer

15 + 20 by working through an algorithm - "Twenty doesn't go into fifteen
(adds a zero to fifteen)...and twenty goes into one hundred and fifty...
seven and a half times...so it would be seven point five...yeah.'"  Here,
Delwyn's mini-theory generated a correct answer to the élgorithm

150 + 20, but her 'executive-procedure' was at fault in selecting this as
the appropriate working form. Computationally, she was correct - at the
'mini-procedures' level (Davis, 1979).

The next facet of Interview III investigated the students' generation

of written decimal numbers.

TABLE 12 : Write Decimal Numbers:. Interview III
’ (Stimulus Card J, Series One)
The Average Competency Group
three  seven fifteen seventeen twenty
tenths hundredths hundredths tenths hundredths
Stu .3 .07 .015 .17 .02
Percy -3 .07 .15 1.7 .20
Suella .3 .07 .15 1.7 .20
Delwyn .3 .07 .015S .17 .020
Trudy .03 .007 .015 .17 .020
Rex .3 .07 .15 1.7 .20
Mary -3 .07 .15 1.7 .20
Don .3 .07 .051 .71 .002
Anne .3 .007 .0ls 1.7 .020
Peter .3 .07 .15 1.7 .02
Danny .3 .07 .15 L.7 .20
Dwight .3 .007 .015 .17 .02
James .3 .07 .15 1.7 .020
Petra .03 .007 .015 (no (no
response) response)
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In looking at changes over time, the following characteristics
emerged with the Average Competency Group: (i) gradual progress was
made by most students over the interviews, with 7 students (half the
group) correctly constructing all fractional numbers (the corresponding
numbers for Interviews I and II are 2 and 4 respectively; (ii) the
errors that were still generated were plausible rather than bizarre;
(iii) there were no instances of regression; (iv) half the group were
still unable to write all decimal numbers correctly (students in this
category generally constructed different errors in each interview -

e.g. Petra, James, Dwight, Mary, Percy and Trudy - with Delwyn being the
only student to repeat, exactly, the same errors for each of the inter-
views over the 26 months that she was interviewed); (v) those students
who had constructed correct answers by Interview II held these for
Interview III; and (vi) the most difficult mumber  to write at Inter-
view III was twenty thousandths - only six students correctly wrote

this. Concerning point (vi), Dwight's reason for writing .02 was linked
to his existing ideas about place value nomenclature. In explaining the
decimal places as ones, tens, and hundreds, Dwight elaborated, "It's just
the reverse I think...I just thought it was the reverse (of whole
numbers)...that's how I remember." Later he continued with regard to
the decimal point, "It's just the turning point." With a final attempt
at writing 'twenty hundredths', Dwight fathomed, "It, (.02) still doesn't
look right...could be the same as two hundredths...I can't get a way to
make it twenty hundredths.”

The next cards, on problem solving, continued to be very difficult

indeed for the Average Competency Group. Only four of the fourteen

students gave more correct answers. None of the group answered all four
cards (Stimulus Cards K-N, Series One) correctly. Seven students could
not respond to any of the four problems correctly. Characteristic

responses from these students were (not unexpectedly), "I'm not sure
why'" (Suella), "I don't know" (Percy), "I can't think of it" (Peter),

"T don't know why - you just would"” (Danny) and "I'm not really sure"
(Dwight). At other times attempts were made to comnstruct meaning, and
there was some evidence that appropriate links were being generated.

As with Interview II, Stimulus Card K (Series One) seemed to make sense
to many of the students who were eventually unable to construct or
identify the appropriate algorithm. Percy noted that "point five is a
half - there's half a kg of potatoes, that's what you want to find", and
then chose 1.50 + 0.5 to get an answer. Delwyn, Suella, Rex, Mary, Don,
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Danny and Petra all gave similar rationales, and chose the same in-
correct algorithm. In other words meaning was constructed from the
problem per se, but not from the associated working forms at the bottom
of the stimulus card. The categorization of student responses as in-
correct may be rather unfair, but the seven students (half the Average
Competency Group) who could not generate correct responses did not
generally construct meaning from the wor d problem.

Trudy and Anne made the greatest gains in problem solving. Both
these students deliberated on their responses for some time before decid-
ing on the appropriate strategy - Trudy, with Stimulus Card N (Series One)
for example, decided that 6.44 divided into $3.58 would give the price of
one litre. Then she reversed the divisor and dividend. Next she
reconsidered, "Oh, no! It would be that way I had it (first) - 'cause
you want to get the amount of one litre, instead of six point four four."
Anne, with Stimulus Card M (Series One), studied the problem and decided,
"Divide, 'cause you've got to find out how much one litre would cost...
two point five divided into zero point seven five." She then wrote the
algorithm 2.5) 0.75. With Stimulus Card N (Series One) the researcher
attempted to make her change her response from division (correct) to
multiplication (incorrect). She refused to shift her idea, "You'd get
the wrong answer! (if you multiplied). 'Cause you want to find out how
much one costs, not a whole lot!"

The final series of cards in Interview III probed the students' ideas
about the relative size of numbers with and without the decimal point
(Stimulus Card O-R, Series One). Between Interviews I and II progress
had been evident, and this was again the case at Interview III. The
students in the Average Competency Group (except Petra and Trudy) could
construct appropriate mathematical meanings. Students sometimes used
computational strategies to generate a response: Percy regarded 123 as
larger than 12.3 because, "Well, you times 12 by 10 and it will give you
120...and then 10 threes are 30. That will give you three in the ones.”
Most of the group, however, used a rule related to moving the decimal
point and the power of ten. Danny: "The decimal point moved one place
to the left just means that it's ten times smaller." Peter (Stimulus
Card O, Series One): "If that (0.4) was timesed by ten you'd move it one
decimal place...it would be four." Petra struggled to say how many
times 249 was larger than 2.49, eventually speculating it was 20 times
larger because, "You move the decimal point twice, to get rid of it, and

then it would be 249." It would seem that each movement of the decimal
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point was 'worth' 10 and that to move the decimal point twice was two
lots of 10 i.e. 20. This was the first appearance of this 'bug' for
Petra (Brown and Van Lehn, 1982).

The Stimulus Cards (Series Two) were used during Interview IV to
check on difficulties that had surfaced (or reappeared) during Interview

III. The first two cards (Series Two) explored estimation and approxi-

mation. Petra, again, was unable to construct meaning from the
stimuli. Repeated questioning from the research confirmed that Petra's
trouble came from a 'gap' in her knowledge - "I've just forgotten how to

do it...it's the decimal places..." she commented during Interview IV.
Trudy considered 0.34 x 0.3 would be nearest in size to 100 (in Interview
IIT she believed 0.19 x 0.5 to be nearest to 100). When the researcher

asked her to justify this she computed (with pencil and paper) the

algorithm (see right) which she deemed nearest in size .34

to 100. Asked if the decimal point in .102 made any T3
difference, Trudy replied, "I don't know, but I don't - 102

think so." This 'bug' had been a consistent feature of her responding

from Interview I.

Students from this Average Competency Group who had experienced
difficulties with writing decimal numbers during the previous three
interviews experienced similar problems in Interview IV. Delwyn had
named the columns for decimal fractions as 'ones, tens, hundreds', and
wrote the number twenty-five hundredths as .0025. Next she changed
the column nomenclature to "tenths, hundredths, thousandths' and rewrote
twenty-five hundredths as .025 with a rationalization based on the column
names. Trudy, another who had difficulties, exclaimed when Stimulus
Card D (Series Two) was introduced, "Is that the same as the other day's
(interview)?...0h, I can't do them! I can't remember..."

Stimulus Cards I, J (Series Two) investigated problem solving with
and without decimal numbers. Card I (Series Two) was answered correctly
by all fourteen students in the Average Competency Group. Card J (Series
Two) was answered correctly by less than half the group, as was the case
with the High Competency Group. Most learners indicated that Stimulus
Card J (Series Two) was more difficult because it contained decimal
numbers. Danny explained, "Card I was all nicely rounded off to ones
and. . .you know, one point zero zero, and two point zero zero, and things
like that...but this (Card J) is all around the thing with one point two
five, and two point five and that...makes it more difficult to work out."

When discussing Card J (Series Two) Percy considered, "It doesn't sort of
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go into one litre, with two point five litres.'"  For this group of
students, the addition of decimal numbers to a problem that had earlier
been easily solved with whole numbers (Stimulus Card I, Series Two) made
it significantly more difficult to construct meaning. Assigning place
value nomenclature to decimal fraction columns was correctly answered by
half the group at both Interviews I and III. Mary was the only student
to progress from incorrect ('ones, tens, hundreds') to correct labels by
Interview III. Other students kept their stable mini-theories for the
duration of the study. The most common error was to write 'ones, tens,
hundreds' (Anne, Dwight, Petra, James, Delwyn, Trudy at Interviews I and

II1).

8. Attitudes Towards Mathematics: The final phase of Interview III

explored the students' rankings of topics within mathematics, and their
reasons for their choices. Students were asked to sort nine cards with
topics written on them into a 'Like Most'/'Dislike Most' continuum (see
Chapter Four, Page 70). TABLE 13contains the results (Stu's responses

are listed later in this chapter).

TABLE 13 : The Average Competency Group: Responses
to Sorting Task, Interview IIT

Percy Suella Delwyn Trudy Mary Anne Peter Danny James Petra

Like Most: + g xt - g x s 8 g X
- xt x X xt - -+ X -+ xlz
J -+ ! x xt - A fr +j
X + g ~+ -+ + @ - - -+
Neutral: s -+ + fr - - g fr X s
xt - @ xt + g fr xt @ f
fr s fr s s fr xt @ X -
-+ @ - @ f -] -+ -+ -+ g
Dislike @ fr E} 3 @ @ X s -] @
Most:
Key: =+ (division sums) xt (times tables)
x (multiplication sums) g (geometry)
- (take-away sums) fr (fractiouns)
+ (adding sums) (decimals)
s (sets) (equal ranking)

Responses could not be collected from Dwight, Rex and Don. Obvious
features from TABLE 13 are the popularity of geometry with many of the
group, and the dislike of decimals, which was often relegated to the dis-

like most zone. The reasons for such a placement were quickly elicited.

Percy: "Decimals I hate the most...I can't do them really. I can do a

few of them.  They seem so complicated...all the points stuck every-
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where." Mary: "I find it difficult and I don't like doing it...ALl

the times (with decimals) and all those...'"  Anne: "Sometimes they (the
decimals) get hard...not all the time.'" Petra: "I used to like doing
them (decimals), but now I don't. I don't know how to do them...I can't
think of any method."

A large part of Interview IV probed the attitudes of this group to-
wards the subject mathematics and the topic decimals. A version of the
semantic differential technique (Osgood, Suci and Tannenbaum, 1957) was
administered. Ratings for mathematics were generally more positive than
those for decimals. Most students in the Average Competency Group
recorded neutral opinions on the descriptive scales for mathematics.

Only James and Danny expressed strong positive opinions - both saw the
subject as extremely valuable, and very pleasant, clean, and good.

Danny justified his extremely valuable rating for mathematics: "Well,

it's the main subject for most of the jobs around these days - you've

got to get School 'C' Maths and 'U.E.' Maths for that..." James thought
too, that mathematics was valuable for future employment. Ten students
indicated largely neutral feelings towards mathematics, although many of
these included 'extremely valuable' as a departure from their neutral
stance. Mary and Rex demonstrated negative opinions towards mathematics,
viewing it as extremely distasteful (Mary) and very awful, hazy,
unpleasant, and sad (Rex). Mary summed up the reasons for her responses:
when asked why she had indicated unpleasant, distasteful - "Oh, probably
'cause I don't like them and I'm not so good at them." Decimals were
perceived less favourably on the whole. Ten students indicated neutral
feelings on all the given descriptive scales, while four students,

Delwyn, Mary, Rex, and Percy, expressed negative opinions. Towards
decimals Percy felt that, "With decimals I never seem to remember where
those little points go, and how to add them up.'" Later he added, "They
(decimals) seem too complicated to remember.' Similar reasons were
advanced by Delwyn, Mary, and Rex.

The next part of Interview IV asked students to compare the mathe-
matics they had been taught at primary and high (secondary) school.

Eight students in the Average Competency Group felt the main character-
istic of high school mathematics was that it was harder than that at
primary school. Danny: 'Maths we do here (at high school) is a lot more
harder. It's got more detail to it, and that, you know - espectially
trigonometry, you know, sine, cosine, and that.....Here we get into the

technical stuff - and there's heaps of it you've got to learn."

Delwyn
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and Rex felt the teachers' style at high school was different in that less

support was given to students. Rex regarded this as a problem, "They

(the teachers) will go on to one subject, like percentages, and the
teacher would put up a couple...but then she'll just put up about twenty
and just say 'Do those..' ...put up ones different to the others I can't
remember. " Percy considered more responsibility was given to students
at high school, and James commented on the structured nature of the high
school day.

The next segment of Interview IV elicited "advice to teachers' -
advice students would give teachers to help learners with mathematics.
All students listed several pieces of advice they would offer to
teachers. Three related suggestions were most commonly given: for
teachers to explain in greater depth; spend more time on topics (don't
rush); and to work longer with individual students. These three
recommendations accounted for 70 per cent of the suggestions given. Other
recommendations were: set regular homework; desist from pushing or
threatening; use less confusing textbooks; group students in smaller
numbers; eliminate 'waffling' (by the teacher); and move more quickly
from one topic to the next. Suella explained, 'Well, some teachers tend
to like the topics that we find easy - 'cause they (the teacher) don't
have to do much work.  They spend a lot of time on them...it's boring."

Advice to teachers was elicited through flexible interviewing formats.

The following sequence illustrated this:
Danny: Interview IV: Advice to Teachers

S: My teacher Mrs was really good at making you learn it.
She tells you about it. If she's giving you something, she'll
show you how to do it, do heaps of examples on the board, and
tell you to write it down in your textbook for future reference.
...once you've got the hang of that she'll give you about 10,
15 homework examples to do that night, to just keep them in
your head.

S (later) She's good at explaining things. And I like the way
that she gives us ten questions at the beginning of the period.

I: Are these ten questions marked?

S:  Yeah...just to see how we're going. That's her way of checking
understanding. . .

I: What other things do teachers do that help you learn maths?

S:  ...just their style of teaching. They're ready to help you

if you've got a few questions and that...if you don't get how
to do something, just put your hand up and they'll come over.
I find it easier to understand if the teacher's right there
telling you...instead of telling the class.

I: Is there any advice for teachers about things they shouldn't

do?
S: ...once or twice this year Mrs I think may have moved on
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to another.subject a bit fast - without getting us all knowing
how to do it. Mr he wasn't really a good teacher at all...

he was a good fellow but not a good teacher. He'd waffle
away too much, and talk about other stuff and do too much
stuff like that.

Waffling on?

Yeah, yeah. He might go and tell us about his night at

the pub or something like that...showing off kind of thing...
Did you enjoy that kind of waffling on?

Yes. I find I do, actually.

Did it help you learn maths?

No.

e

RoRh nH

The need for teachers to explain clearly in language that students
understand emerged again and again. Percy's comment was similar to that
of many others: "lle doesn't explain it. lle knows how to do it, but nmost
of the time we don't really understand what he is talking about."

A wide range of opinion about social disruption in the classroom was
recorded. James found peers who didn't work a disturbance: "It does
(interrupt) a bit 'cause the teacher always is trying to tell them off
and that." Trudy admitted, "Me and my friends are always getting told
off for talking." Delwyn considered: "With maths, here, someone's
talking...the girl in front of me was talking to the girl next to me so
I told them to shut up and they just kept on talking.  And the teacher
tells everyone to be quiet but a lot keep on talking... There's usually
a few kids in the class that are stupid, you know." Other students in
the Average Competency Group did not see social disruption as affecting
them. James thought it could be a problem for other classes, "I'm
second from highest (in class level) or something like that. ALl the
bad ones are in the lower classes...they just get all crazy and that in
class. They annoy other people." Most students in this group knew of
other classes where social disruption inhibited learning, but for them-
selves they did not view it as a significant concern.

When peer opinions of mathematics were gathered through the scenario
outlined in Chapter Four, most of the Average Competency Group claimed
that their peers disliked the subject. Three students thought their
friends felt neither pleasure nor displeasure when confronted with a
mathematics lesson next period, and Percy and Peter thought some of their
peers enjoyed the subject. (Percy and Peter had made progress during
the research project.)

Percy indicated the potency of peer pressure when he said, "I think
quite a few people like maths, but if their friends don't like it, they
don't. They sort of want to fit in." Peter: "It really depends on
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what class you're in.  From the middle (stream) down I don't think they
like it.  The top group usually likes it. I haven't heard them worry

about maths that much." Overall, the peer group perceived maths as an

undesirable subject for next period, but most students agreed that it

depended on the individual. This was perhaps best expressed by Danny:

Danny: Interview IV: Peer Opinions of Mathematics Scenario

I: (scenario for eliciting peer opinions)
S:  John, he doesn't like maths.  And when there's maths
he goes along knowing it's maths - "what a bummer" type

of thing. I've another mate, he's in my same class, he
likes maths. He enjoys it, he understands it well. And
there's another fellow, Richard, I think he likes it a bit.

(later)
S: It depends if you're good at maths whether you like it or
not...if you understand it you like it.  But mostly, I've

heard people complaining because they think that some
subjects (topiecs) are too hard.

Summary and Comment

Characteristics of the responses of the 14 members of the Average

Competency Group may be summarised as follows:

1.

A major feature of this group was the range of progress. Some of
the group made good progress (e.g. Anne, Peter, Dwight and James);
most made modest progress (Stu, Percy, Delwyn, Trudy, Rex, Mary,

Don and Danny); and two students made minimal or no progress (Petra
and Suella). Suella, however, was reasonably competent at the
start of the research project and remained at this level. Generally,
progress in knowledge and understandings about decimal numbers was

a slow and gradual process over the two years of the research

project.

A difficult topic for this group was division with the divisor larger
than the dividend (this had been the case with the survey sample,
Chapter Five). Half of the students made no progress. Inappropri-
ate mini-theories, such as using negative integers to solve 15 + 20,
were held by some students over a year or two-year period. Two
students regressed in their understanding between Interviews II and
III. The generation of the negative integers 'bug' (Brown and Van
Lehn, 1982) was related to a teaching episode as explained by Suella

on Page 131. This particular mini-theory demonstrated how mini-
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theories may be quickly generated to fill a gap, and how these con-

Structs may become stable over time.

Where students had difficulties it was generally because they
generated links with inappropriate existing ideas about whole
numbers (e.g. hundredths has three places), or, because they had
never constructed any meaning from the stimuli presented. Many
gaps (Claxton, In press a, in press b) remained for the duration

of the research project. Students in this category were unwilling
to advance any generated theory into the 'gap' to provide an
answer, and characteristically responded, "I don't know", "I'm not
sure”, "I can't think of it", and "I don't know why - you just

would".

The problem-solving exercise was the most difficult for this group
but, as with the High Competency Group, the structured nature of
the questions (Stimulus Cards K-N, Series One) may have precluded
correct responding. The most common error for Stimulus Card K
(Series One) was to choose the algorithm 1.50 + 0.5, when half of
1.50 was needed. Claxton, (In press a, in press b) noted that
which theory a child will choose may depend on apparently small
details. A parallel was observed in the above, where constructed
meaning from the word problem was evident, but the detail of choos-
ing a correct algorithm ("I need half, so I must divide') was in-

correct.

Conflicting mini-theories (Claxton, In press a, in press b) were
held simultaneously by many of the students in the Average Competency
Group. For example, six of the fourteen students believed the place

value nomenclature for decimal fractions read (to the right of the

decimal point) - "Ones (or oneths), tens (or tenths), hundreds (or
hundredths)." This idea was held through the two-year research
study. In spite of holding these views, most of the six could

write correct decimal fractions by Interview III. It would appear
that the mini-theory concerning place-value column labels was con-
fined to that particular task (i.e. generating names for columns).

Thus the conflicting theories never confronted one another.

The topic of decimals was disliked by the group. Students indicated

this was because they found the topic difficult. A version of the
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Semantic Differential Technique showed that decimals was most often
viewed neutrally or negatively by the group. Mathematics was also
viewed neutrally or negatively, on the whole, but seen as valuable

or extremely valuable by most students. Peer pressures to conform

("If their friends don't like it (maths), they don't") were evident.

7. This group considered that teachers should take time to explain
ideas in mathematics thoroughly, should spend longer on topics in
the syllabus, and should provide (and be aware of the need for)
individual tuition. A range of opinions emerged concerning the
significance of social disruption in the classroom setting as a
hindrance to learning, and most students thought high school maths

was more difficult than mathematics at primary school.

8. These students knew their times tables, could add correctly, and
do division (except if the divisor was larger than the dividend) -
all 'mini-procedure' level skills, (Davis, 1979). Most errors
were manifested at the 'executive-procedures' level. The interview

sequence with Ann (Page 130) illustrated this phenomenon.

Stu

A Case Study from the

Average Competency Group

Stu was interviewed four times over a period of 27 months (see
TABLE 14). His standardized test results in mathematics indicated he

was 'average' for students in his age and class level.

TABLE 14 : Personal Data for Stu

Interview I Age at Interview: 12 years 11 months

19 September, 1981

Interview II Standardized Test Results (1981)
12 April, 1983 *TOSCA P.R. 72
Interview III *TOSCA Stanine 6

11 November, 1983 PAT (Maths) P.R. (Class) 43
PAT (Maths) P.R. (age) 49

*(Secondary Form A)

Interview IV

14 November, 1983
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Interview I:

The initial stimulus cards probed Stu's ideas about estimation and

approximation. Stu was unable to construct a correct mathematical

answer for the first Stimulus Card (Stimulus Card A, Series One), but
this may have been a 'slip' rather than an 'error', (Van Lehn, 1982).
This notion was supported by the fact that Stimulus Card B (Series One)
was correctly answered.

By Stimulus Card E (Series One) Stu was experiencing difficulties.
He correctly estimated 0.19 x 5 to be nearest in size to 1.0, but had
computed 0.19 x 5 to be "point fifty-five, which is pretty near one...
it's over half way." Stu's error here at the 'mini-procedures' level
was continued into Stimulus Card F (Series One), where he correctly
estimated 0.19 x 0.5 to be nearest in size to "point ten'. However,
his reason for choosing 0.10 (or "point ten" to use his terminology)
was based on his response to the previous card, and the realization
that an extra decimal place was required. Interestingly, his errors
in these instances were computational ('mini-procedures' level) while
at the higher or 'macro' level his strategies were (fortuitously perhaps)
correct.

These sequences showed how learners may provide the correct answer
in a test-type situation (where the student was required to choose a
response from a number of alternatives), but have used incorrect or
incomplete strategies in arriving at the correct answer. If the above
responses had been elicited from Stu in a busy classroom environment or
in a pencil-and-paper test situation, then the teacher could have
assumed that he had constructed an appropriate meaning (or possessed a
mathematically-correct mini-theory (Claxton, In press a, in press b)).

The next three stimulus cards in Interview I\ explored Stu's
processes when dividing, particularly where the required quotient was
a decimal fraction. Stimulus Cards G and H (Series One) were answered
correctly. For example, when solving 15 + 100 Stu noted, "a hundred
doesn't go into fifteen, so it's point one five...it's fifteen over a
hundred. " The generation of a link with existing knowledge about
common proper fractions provided him with the opportunity to construct

an appropriate response.

The third card in this series was more difficult for Stu.
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Stu: Interview I: Stimulus Card I (Series One)

(reads 10 + 20)

Two, I suppose...I think.

How did you get that?

I divided ten by twenty...I divided ten by twenty...
tens into twenty.

Well, dividing by twenty - what does that mean?

Ten into twenty? Or twenty into ten?

Twenty into ten.

And what was the answer?

Point two.

And how did you get that?

I divided twenty into ten. Two tens are twenty, so
point two. Put a decimal point in.

(later)

(reads 15 + 20)

Well, twenty into fifteen doesn't go.

S0 what do you do then?

Point one five.

How did you get that?

Put a decimal point in front if it (the 15)...I said if
the divider (sic) is larger than the thing that you're
dividing, put a decimal point in front of it.

S
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However, when he was questioned further Stu reverted to his earlier

idea of reversing the divisor and dividend.

(later)
: What say I was dividing by thirty, and I had ten?
Well, you still put a decimal point in front of it 'cause
it's still larger.
Will it be point one?
...I mean temns into thirty is two, I mean three,
three. ..point three.

anoni

Stu seemed to know that a decimal number. less than one was
needed, but he was unable to use the appropriate procedures for doing
sO. In the above extracts he moved from one mini-theory to a second
theory and then back to his initial mini-theory, (Claxton, In press a,
in press b). When dividing with a divisor larger than the dividend,
Stu wanted to place a decimal point in front of the dividend, or to
divide the dividend into the divisor (reversing the accepted mathe-
matical convention). Both errors reflected a lack of understanding,
and could be categorized at the 'executive-procedure' level, (Davis,
1979). Stu's responses were similar to those of the subsequent case
study Ronald (Chapter Eight).

The next Stimulus Card (Stimulus Card J, Series One) looked at Stu's

ability to write decimal numbers. TABLE 15 has results over the two
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years of study.

TABLE 15 : Stu: Write Decimal Numbers
Interview Interview Interview
I II III
three tenths .3 .3 .3
seven hundredths .07 .07 .07
fifteen hundredths .015 .015 .015
seventeen tenths .17 .17 .17
twenty hundredths .020 .02 .02

Stu made little progress in this area over the two years, correctly
answering just three tenths and seven hundredths at each interview.
During Interview I Stu was unsure of why he had written .015 for fifteen

hundredths. He explained, "I don't know, I don't know fifteen

hundredths - I just guessed." Later in the same interview he
elaborated, "I just put zero one five - I really put fifteen and put a
zero in front of it." When asked why he had put a zero in front of

the one five, Stu explained, "Well, it's a place holder and it makes it
hundreds instead of tens." Seventeen tenths remained a mystery to
him, "I don't know how to do seventeen tenths yet...hundredths and
tenths are only in one columm and these (fifteen hundredths; seventeen
tenths) are two column figures." From Interview I through to the
conclusion of the study, Stu correctly named the place value columns in
decimal fractions as tenths, hundredths, and thousandths. The over-
loading conventions of place value appeared beyond him. His explana-
tions during Interviews II and III were more assured, but equally
incorrect, as TABLE 15 revealed. This aspect of Stu's mathematical

behaviour was explored in Interview IV.

Stu: Interview IV: Stimulus Card D (Series Two)

I: (reads Stu Card D)
S: (writes: .2
.09
L0256
.11 )
I: How did you write twenty-five hundredths?
S: Well, I just wrote the twenty-five down, and so I missed

out the tenths.
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I: And what's your reasoning for putting the zero dowm?
S:  'Cause it's hundredths, not tenths...

I: Are you sure about that?

S:  Not really...I think it's right.

Stu, therefore, remained unsure of his written responses, and
unaware of the need to shift the digits one place to the left because
of the overloaded hundredths column. This 'bug' was stable for the
duration of the research project.

The next series of cards explored Stu's ideas about problem-solving

with decimal numbers in the contexts of money and measurement. Stu
answered all Stimulus Cards K-N (Series One) incorrectly. His
responses during Interview I revealed a mixture of strategies. For

Stimulus Card K (Series One) he chose division as the operation needed
to get an answer because, "It just looked right, actually - that's why
I chose it." When asked again he replied, "I don't know, it just
looked right." With Stimulus Card L (Series One) Stu did attempt to
construct some meaning. After the researcher read Card L (Series One)
to him, Stu paused for 32 seconds then answered, "Two dollars sixty-seven
plus point five eight."” When asked to éxplain this, Stu realized

that addition would be inappropriate, and changed to division with the
rationale, "I don't know - it's just the first one (algorithm) that came
to my eyes, actually, when I just looked." With Stimulus Card M

he attempted the subtraction operation with the offering, "I'll work it
out 1f you want me to." Stu next generated the subtraction algorithm:

" .75
2.5

In his explanation the .60 stood for sixty cents, an answer obtained
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