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As a continuation of Paper 6 we study the separable basis eigenfunctions and their relationships for the
harmonic oscillator Hamiltonian in two space variables with special emphasis on products of Ince
polynomials, the eigenfunctions obtained when one separates variables in elliptic coordinates. The
overlaps connecting this basis to the polar and Cartesian coordinate bases are obtained by computing
in a simpler Bargmann Hilbert space model of the problem. We also show that Ince polynomials are
intimately connected with the representation theory of S U(2), the group responsible for the

eigenvalue degeneracy of the oscillator Hamiltonian.

INTRODUCTION

In Ref, 1 (hereafter referred to as 6) the authors
gave a detailed investigation of the nine-parameter
symmetry group G (the Schrédinger group) of the
equation

iU, + A,U=0. ()

It was found that (*) separates in 26 coordinate systems
and that with each coordinate system is associated an
orbit under the action of the Galilean subgroup G(2) C G
consisting of a pair of commuting operators (K,S),
where K € G the Lie algebra of G and S is a second-
order element in the universal enveloping algebra of (/.
It was further shown that in all except five cases (which
are subgroup coordinates) the first-order symmetry
operator K corresponds to an orbit which can be asso-
ciated with one of four types of potentials: the free
particle, the attractive and repulsive harmonic oscil-
lator, and the linear potential.

The Schrddinger equation for the attractive harmonic
oscillator in two space variables separates in exactly
three orthogonal coordinate systems: Cartesian, polar,
and elliptic. The corresponding eigenfunctions in the
three systems are a product of two Hermite polynomials,
a Laguerre polynomial times an exponential function,
and a product of two Ince polynomials, respectively.

In this paper we examine these bases and compute the
overlap functions relating different bases, with special
emphasis on the Ince polynomial case, Due to the
equivalence of the free particle Schrodinger equation (*)
and the (time dependent) harmonic oscillator equation
we have chosen to present our eigenfunctions as solu-
tions of (*). However, all our results translate imme-
diately to the harmonic oscillator problem,

It can be seen from Table II of 6 that to each type of
potential and corresponding symmetry S excep! the al-
tractive harmonic oscillatoy there correspond two co-
ordinate systems equivalent under G though not under
G(2). In one of these equivalent coordinate systems
labeled by superscript (1), the eigenfunctions and cor-
responding calculations are quite simple, while the
other system affords the close connection with one of
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the physical potentials mentioned above. It was the
existence of the “simple” systems which made the com-
putations in 6 so easy. Now it is a remarkable fact

that for the aftractive harmonic oscillator, the analog
of the coordinate systems of type (1) is the realization
of the harmonic oscillator given several years ago by
Bargmann. ? Note that although the Bargmann transform
is not a member of G, it is a member of the complexi-
fication G° of G.? It is the purpose of this work to ex-
plore fully this analogy, especially in the case of el-
liptic coordinates where almost all of the developments
presented are new,

It is well known that the eigenvalues of the harmonic
oscillator Hamiltonian are degenerate and that the group
responsible for the degeneracy is SU(2). In Sec. 3 we
discuss the relationship between this group and the el-
liptic basis, developing the connection between Ince
polynomials and the representation theory of SU(2) in
analogy to the connection between Lamé polynomials and
SU(2) as discussed in Ref. 4.

1. PRELIMINARIES

First we give explicitly the Lie algebra g of the
symmetry group G, as well as the spectral resolutions
of the pairs corresponding to the oscillator coordinates
mentioned above. For further details the reader is
referred to 6. The real Lie algebra § is spanned by the
differential operators
K== 12, = (e, +x58,,) =t + LT+ x3), K,=0,

P,=2,,B,==13,; +ix;/2, i=1,2, M=x;, -x3,,

(1.1)

x2
D=xd, +x,0,,+26,+1, E=i.

The coordinate systems related to the attractive
harmonic oscillator are written as Oc, Or, and Oe [cor-
responding to cartesian, radial (polar), and elliptic co-
ordinates respectively], and are presented in Table I

of 6. The associated pairs of operators are (K, -~ K,,
P*+B?), K,~K,, M?), and (K_,-K,, M*-P%~B})
respectively, as listed in Table II of 6.

The spectral resolutions of these pairs as given in 6
with L,=K_, ~ K, are
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Oc: ({L,,P%+ B}) with eigenvalues (x, 1) and basis
functions

Oc,_ . (x,1)

nyttg
= (2" r2gn, In,!) /2 exp(in(n, +n, + 1)]/2
expl- 33+ )1 ) E2E) (1.2)
X (= i), G, /1200 + 2))E, (e [2/ (1 +£)]2),

3, and H_(x) are Hermite

where A=n,+n,+1, u=-n, -
polynomials.

Or: (iL,,M?) with eigenvalues (\,p) and basis functions

. m! 1/2(___1)m+n ([.;.i)nm/z
Orn.m(x,t)-”—'K(ﬂgzm(n_'_m)!) 22m (t_i)ndm72+1
2(it = 1) m( 2 ) (1.3)
xexP( 4(1+F§)L" aq+ 7Y/ Cosmé
Or, .(x,/)=tanm6Or, (x,¢) m=1,2, -,

where L™(y) are Laguerre polynomials, K=vV2 for m

=0 and 1 otherwise, x=»cos#, y=»sind, \=2n+m+1,

and p=-m?2,

Oe: (iL,, M*~ P}~
functions

Bj) with eigenvalues (A, 1) and basis

Oe*(x,t) :5%— exp|(i/4)t(sinh%, + cos®,)]

X (t = }/3t+1)*/2heP(iv,, 1) hel (v,, 3), (1.4)
where x, = (1+ *)'/2coshy, cosv,, x,=(1+x2)1/?

X sinhy, sinv,, A=p+1, p*=3x+aP(3), and the func-
tions he}'(v, £) are periodic solutions of the Whittaker—
Hill® equation and are related to the even-parity Ince
polynomials through

hey (v, £)=exp[- £ cos (2v)/4]C (v, £).

The numbers a’"(&) denote the characteristic values for
the even Ince polynomzals The functions Oe (X, #) are
obtained by replacing the even Ince polynomials by odd-
parity Ince polynomials with corresponding character-
istic values denoted by b7 (¢ ). These functions are thus
denoted

hsT'(v, £)=exp[~ £ cos (20)/4]CT @, £). (1.6)

We mention here that for our purposes it is not con-
venient to normalize the Ince polynomials as done by
Arscott.® A full discussion of our normalization is given
in Sec. 3, where it is also seen that much information
about Ince polynomials follows from the representation
theory of SU(2). Once our normalization is fixed the
constants A7* can be determined.

(1.5)

To conclude this section, we give the unitary mapping
which describes the time evolution of the solutions of

(*), viz.,

exp(tK ) f(®) = 1.i. m. )

—7 f fdyldyz

x exp|- (x - y)*/4it] f(y),
i1 T Oye,)» We note that exp(at/(_g) ap-
plied to any of the basis functions (1.2), (1.8), or (1.4)
will give the same functions evaluated at t~0 In the
next section we compose (1.7) with Bargmann’s trans-

1.m

where K_,=i(3
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form to relate the basis states in Bargmann Hilbert
space to the solutions (1.2), (1.3), and (1.4) of the free
particle Schrédinger equation (x).

2. BARGMANN'S REALIZATION

Bargmann’s transformation? (we consider only the
case of two spatial dimensions) is a unitary mapping of
L,(R,) onto the Hilbert space 7(z) of functions f of two
complex variables z = {z4, z;) completed with the norm
|l £l} induced by the inner product

(g,f)=£4du(z)§(z)f(z) 2.1)
with du(z)=n"exp(~ Z- z)d?Rezd’Imz, and IifI = (f,f)'/2,
The mapping is given by

@)= (Ap)(z)=1.i.m. fRz d*xA(Z, X)) (x), 2.2)
where p(x)e L,(R,) and

Az, X)=1"1/2 exp|— 1(z% + x®) + V3% - x. (2.3)
The inverse mapping A™ is given by

b(®) =(AY)(X)=1.i.m. f du(2)A(z,x) g(z) (2.4)

for any a e 7,.

The composition of the two unitary maps exp(tK .,) and
A" will then map entire functions f< 7, onto L,(R,)
functions which are solutions of (). This mapping is
given by

[exp(iK-z)A"g](X,t)=fR du (@)K, (2, %) g(2),

where

(2.5)

- 11~ 2i)8% - ix2+ V27 x)

1
K, (2, %)= A+2ivT exp( 17257

(2.6)

Notice that when ¢ — 0, we recover Bargmann’s mapping
(2. 4) as we must. The inverse map A exp(- tK_,) with
the kernel K ,(z,x) is then obtained by complex conjuga-
tion of (2.6), viz.,

[Aexp(= K ul@)= [ &x K, (z,000(x, ). @.m

Thus we have established the one-to-one correspondence
between Bargmann’s Hilbert space of entire functions 7,
with the L,(R,) solution® of the free particle Schrédinger
equation (*). One can also use (2.7) to construct the Lie
algebra g in the Bargmann realization; however, it is
easier to evaluate the generators (1,1} at /=0 and make
the replacement 3, — —K_2 as done in 6 and then pass to
Bargma_nn s realization by replacing the annilihation
operator ix, —3,. by its analytic representation z,, In
this way the generators of § take the form

[,3:—1(28 +22852+1),
LZ_Z(a
D= Z(az V21 zzz2—21 ZZ), Bi:%i(zi_*—azi)!
Pi=-3(z 2;=9,.), /M:(zlazz-zzazl)$ E=i,

where the script letters correspond to the block Ietters
in (1.1) and we have used, instead of K_, and K,
combinations £ ,=K_,~K, and /,=K_, +/<2, Wh1ch take
a simpler form in the (zl, Z) formalism. Indeed the
harmonic oscillator Hamiltonian i/ , now appears as a

2 2
+ 28+ 23),

212y zzzz

(2.8)
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dilatation operator making its spectral resolution in 7,
very simple, As well we can give the integrated group
action of (2.8) as done in 6, However, as we use only
(2.5) and (2.7), we omit this,

Now the second order operator 2+ /32 for the oc
system takes the form

Pi+Bi== (23, +1)

and, hence, the normalized eigenfunctions of the pair
(il 5, 72+ B%) with eigenvalues (n, 1) yield Bargmann’s
well-known result

gcy,u @)=2122/n In,1, @.9)

where g =~n,—%, A=#n, +n,+1, These functions form
an ON basis in 7, and map onto the Oc functions (1.2)
via the unitary map (2.5).

In order to treat the systems or and oe it is expedient
to introduce the complex polar coordinates’

z,=pcosf, ODsRep<o, —oo<Imp<

2.10)

z,=psing, —-7<Ref<n, —=o<Imf<=,

In these coordinates the operators i/, and /! take the
simple form

iLy=pdp+1, /}1:855

and hence the spectral resolution of the pair (iL,/?)
with eigenvalues (A, @) yields the eigen functions

gr; (@) =K[22"" ) Tln +m + 1)]*/ %™ "™ cosmt,
(2.11a)

gr; .(2)=tanmigr,  (2), (2.11b)
where K, n, m are as in (1. 3). These basis functions
form an ON basis in 7, which map onto the Or functions
(1.3) by (2.5).

For the elliptic system oe we consider the spectral
resolution of the pair (i/,, M? - %~ A2%) with eigenvalues
(\, u). It is easy to see that the second of these opera-
tors gives the differential equation for Ince functions in
the complex variable ¢, which we discuss in more de-
tail in the next section. Suffice it now to write down the
eigenfunctions (S;’ is an odd-parity Ince polynomial)

(2.12a)
(2.12b)

ge; (2)=27/2"Cn(¢),
ge;  (z)=2"/2pPST(¢t),

where the notation follows from (1.4) and (1.5). The
functions (2.12) form an ON basis in 7, which map onto
the functions (1.4) through the unitary map (2.5).

3. INCE POLYNOMIALS AND SU(2)

As is well known” the degeneracy group for the
harmonic oscillator in two spatial dimensions is SU(2).
Although SU(2) is not a subgroup of G, a representation
of its Lie algebra appears as a subalgebra of the 20-
dimensional vector space of second-order elements in
the enveloping algebra of §. Rather than give immedi-
ately the representations of the Lie algebra SU(2) in
terms of these operators, we prefer to develop the
abstract formalism along the lines presented by Patera
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and Winternitz* for Lamé polynomials, establishing the
connection with the preceding section at the end.

A. The algebraic approach

Denote by {/ the universal enveloping algebra of the
Lie algebra L [here [ =SU(2)], ( the center of {/, U/,
the symmetric second-order elements of {/, and define
U®=[+U,. Let J,,i=1,2,3, be the standard basis for
SU{(2). Then a general element of {(® can be written as
a,;JJ;+JJ)+ad,, a,;,a;€R. Note that for SU(2),

CJ C{,. Tt suffices to consider only elements of the
factor algebra {/® /(. Now an arbitrary element of (/®/
( can be brought to the form J2+»J2 +q,J, through an
inner automorphism of SU(2). The symmetric second
order elements (/,/(” have been studied by Patera and
Winternitz,* and they have shown the one-to-one cor-
respondence between the two SU(2) orbits and separa-
tion of variables on the sphere S%, In any case a general
element of {/® /(" describes an eigenvalue problem with
four free parameters giving rise to special functions
which have as limiting cases both Lamé polynomials and
polynomials arising from the element 42+ aJ,, which

we will show to be Ince polynomials.

The Lie algebra SU(2) with the basis of Hermitian
generators J, takes the form

EATAESI (3.1)

ijR” k"
The canonical basis for the representation space is
defined by

J,=GFr)G v+ D12,
I, =rY;,

(3.2)

with J,=J, +iJ,, where we employ Vilenkin’s® phase
convention

exp (ind, )b, = exp(Emj M, -y

We are interested in the eigenvalue problem defined by
the operator

E=J2+ad,, (3.3)

with eigenvalue taken for later convenience to be in,
viz.,

EZD]") :%nd‘]jn-
First we consider some symmetries of E in the group of
automorphisms of SU(2). Now any such symmetry must
map J, ~J, and J, ~ = J,, It is not difficult to see that
any transformation R of this type necessarily takes one
of two possible forms:

(3.4)

(i) R'=al, acC, I=identity in SU(2),
(i) R = Bexp(-inJ,), BeC.

From the existence of R~ and Schur’s lemma it is clear
that the functions ¥,, do not completely specify a basis
for an irreducible representation of SU(2). We can de-
fine a complete basis by further specifying the eigen-
values of R~. Furthermore, since (R*)* is a multiple of
the identity, we can take these eigenvalues to be £1
which then determines g8 to be exp(inj). We hereafter
drop the minus supercript on R and write

Ry, =1}, (3.5)
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where R =exp(inj) exp(~ ind,). The hermiticity of £ and
R then guarantees the orthogonality conditions

ij;’ ? 11157,)= Gnn'bee' »

where we have properly normalized ¢5,.

(3.6)

The determination of 47, is then tantamount to the de-
termination of the overlap functions (zpj,, zb§,,)° From
(3.5) we find

(5 ¥30) =2 exp(= imr N, o, ¥5,) (3.7

and from (3.2), (3.3), and (3.4) we obtain the three-
term recursion formula

= @/200 G =G +7+ D2, 9%,) (3.8)
+@/20(G+ )G =7+ DIV2@,0,85)= 07 = in)(,,, 83,
It is now convenient to introduce new coefficients A4* as

e = &3Rlin(j = 7)/2)@;r, #n)
§ VG =G+t

._ exp(irj/2)
A==5G0

while from (3.7) A% can be defined for negative » as

At =4t

’ 0<m$j,
(3.9)
(wjﬂ’ ;n)’

We see immediately that A;=0. Upon substituting
into (3. 8) our recursion formula takes precisely the
form given by Arscott® for Ince polynomials with ;
integer, viz.,

EGj+r+ 2)Ax,

+ (4" + 4 - n)Az

r+l

+5(i—7)A¢=0, >0,

(3.10a)
E(+2)A5+ (4 - AL+ 2£jAE=0, (3.10b)
§j+1)A} —nAs=0, (3.10¢)
(4% =mA: + A% =0, (3.10d)

where £=-2q and we have identified A} and A; with
Arscott’s trigonometric coefficients A, and B,, re-
spectively, up to normalization. Notice also that our »
takes on both integer and half-integer values, Now for
j half-integer we merely delete Egs. (3.10b, c).
Moreover, Arscott’s parameter p is identified with our
% (p=2j). Thus even p corresponds to integer IR’s
(irreducible representations) of SU(2) and odd p to half-
integer IR’s.

Following Arscott, we denote the characteristic
values 71 by a7'(¢) and b™(¢) for ¥}, respectively. Now
the dimension of an IR is (2j + 1), and from (3. 10)
we conclude that for integer j there are j+ 1 even parity
characteristic values a™(£) and j odd parity character-
istic values b;."(s), whereas for half-integer j there are
(j + ) of each type.

From the structure of the operator E in (3. 3), there
is a further interesting symmetry property noticed by
Arscott. Putting ¢ =~ 2¢ and writing the ¢ dependence
explicity, i.e., E(¢)=J%-2¢J,, we notice that

explin AdJ,)E(f) = E(-£) (8.11)

and a similar relation is obtained by replacing J 1 by Js.
1t follows from (3.11) that if a™() or bE) are charac-
teristic values for E(£), then a7 (-¢) and b7 (- &) are
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also characteristic values for E(f). Furthermore, a
short computation demonstrates that

exp(im AdJ,)R =R for integer j,
exp(ir AdJ,)R=-~R for half-integer j.

Hence, it follows that for half-integer j the set {b;"(& %
is given by the set {a7(- £)}, whereas for j integer
ar(-£)e (e} and b7 (- £) < b7 (E)}.

The expansion of the ¢;, basis in terms of the
canonical basis is readily obtained:

4 =2VG=ATG+ )1 expl—in(j - 7)/2]

X Axn)W,,+ exp(=irr)y; ),

(3.12)

(3,13)

where the sum over » runs »=0,.,.,j for j integer and
¥=32, 3,...,j for j half-integer. From the orthonormal-
ization condition (3.6), we find

43 DAY (7 )AS M)+ 22=1(j - 7)1 + 7))L AT (7 )AL ()

 =0p.d.. (j=integer) (3.14a)
J
22 (=) +7)AT (1 )As)
r=1/2
=0,,0.. (i=sinteger). (3.14b)

Notice that our normalization for A(n) is different from
that of Arscott. The inverse expansion is easily ob-
tained from (3.13):

by =explin(j =)/ 2WG =PI G+ N LAM)v5,, 7+0,

zl’jo=2(j!)e@(ini/Z)Zn)mzp;ne (3.15)
From the orthonormality of the u,,’s we find
;‘eAi(n)
=(j=r)M(j+7r)N5, (r and » not both 0), (3.16a)
LA A =31 (3.16b)

B. One variable model

A well-known® model of SU(2) on the space of poly-
nomials of degree 2j in one complex variable is given by
the realization

d d
r Y (A F P 2 7 — 7} e D
J"_dz’ J.=2jz -2z 7 Jh=j Zo=. (3.17)
The canonical basis states are then realized as
W @) =2V =G+ . (3.18)

In this realization the operator E [Eq, (3.3)] takes the
form

E=zafzi2 +(%(z2+ 1)~ (25 -l)z) é +i(j+iaz). (3.19)
However, for our purposes it is more convenient to
consider another one variable model of SU(2) obtained
from (3.17) by a similarity transformation. Set z
=exp(in/2) exp(2i¢) and consider the operators J, =z
XJjz7, In the new variable ¢ the generators J,, J, take
the form

id . 1 d .
J3_2 pTE Jt_—exp(Zzg)(é—i—-(EiD (3.20)
and the canonical basis states are
Bover, Kalnins, and Miller 515
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¥, (&) =exp(in(j - 7)/2) exp(~ 2ire) V(G = )1 G+ 7)1, (3.21)

It is easy to.check that the operators (3.20) satisfy
the relations (3.2) on the states (3.21). Furthermore,
the operator E takes the form

1 & a d . '
E—4 Fra) sm2§(—1—£ + ja cos2t (3.22)
and the eigenvalue equation (3.4) becomes
P+ Esin2t ¢ + (n = 2j& cos2L)y=0, (3.23)

which is precisely what Arscott* calls Ince’s equation
with 2j identified with Arscott’s p.

- We construct a realization for the scalar product
{3.6) which covers the complex ¢ plane once and for
which (3.21) forms an orthonormal basis for each in~
teger or half-integer j, viz.

_rEj+2)

(f:g)j T 92l d&y(cosh2g,)™ -2j

-co -

'dcl ) g©),

(3.24)

where {=¢, +i¢,, £,, L, R. Writing the expansion
formula (3, 13) explicitly with the state (3.21), we
obtain
lp;n(g)zzzrjA;(n)cosZrC-—- 2CT (£, 8)
Ujd8)= - 20 LA () sin2rt = - 285 (£, 8.
It is readily verified by substitution that the solutions

(3.24) satisfy the differential equation (3.23) with the
recursion formulas (3.10).

(3.25a)
(3.25b)

It is now a simple task to make the connection of our
model in this sectiuvn with the previous section. It can
be seen that the spectral resolution of the operator /2
- 2- 32 of Sec. 2 gives exactly the differential equation
(3.23) with the identification p=x =1=2j, s~ pu+3p=1,
and £=- 3.

Now the Lie algebra model (3.17) has been integrated
to the group SU(2) by Vilenkin,® and it is a simple task
to express his representation in terms of our functions
#(¢). In so doing we can express the cross-basis matrix
elements of exp(-i6J,) in terms of a finite sum of
Jacobi polynomials,

4. OVERLAP FUNCTIONS

In this section we calculate the overlap functions be-
tween the bases oc, or, and oe, respectively. However,
since these functions are invariant under the unitary
transformations of G as well as Bargmann’s transforma-
tion A, they also apply to the bases Oc, Or, and Oe in
Sec. 1. Thus we obtain expansion formulas for each one
of these functions in terms of the others, Those ex-
pansions involving the Oe basis are probably new,

The overlap function for oc—or systems has been
calculated for the case of three~dimensions,® In the
two-dimensional case here we find

oy (12! N 172
(gcnlv"z’ gr:m):Kénl*ﬂz,Zn*man('rff 22n+m ln! (n+ m“)
X (1_)ﬁm2F1("11» 1 =(n, +na+m)/2;(n, =0, —m)/2; = 1)
N Ty +n, —m)/2)0T(r, — ny +m)/2)
516 J. Math. Phys., Vol. 16, No. 3, March 1975

im2F1(—n1, 1 -611+nz —m)/z,(nz -n;+ m)/z, - 1&
=TT Ty + 1y~ m)/ 2T, =y + m)/2)

4.1)

These coefficients allow us to expand'® the Hermite
functions (1.2) in terms of the Laguerre functions (1.3)
and vice-versa.

The overlap functions for the system ort—oe* are
even easier to calculate, viz.,

(gr:'m, ’ ge;,m)':Kép.'znm'znﬂmhs-l) /z[r(" +m’ + 1)ﬂ!]1/2

XA%.,5m,), “4.2)
whereas the overlap between different parity states
vanishes. These coefficients allow us to expand the
functions (1.3) in terms of the functions (1.4) and vice-
versa, The composition of (4.1) and (4.2) gives us the
overlap functions as an infinite series

(gcn1n29 gei,m)

:; (gcnlnz’ gr:,p‘h)(gr:,P‘Zrﬂ ge:m)" (4" 3)
Furthermore, we can combine the above results with

those of 6 to obtain further overlap functions. However,

we present here only those which can be readily obtained

in close form and were not given in 6, viz., for the

free particle radial coordinates and harmonic oscillator

elliptic coordinates:

(fr*

¥, m'?

X eXp(— »},2/4)Lr(n;_m' ) /2(%‘)’2)0

oet )=21"/2K:nlm' | A%, @,y /2
4.4)

These functions allow us to expand the Bessel functions
given by Eq. (4.24) in 6 in terms of the Ince polynomials
(1.4) and conversely to write the functions (1.4) as an
integral and sum of Bessel functions.

Similarly, for the repulsive oscillator, radial co-
ordinates, and the harmonic oscillator, elliptic
coordinates,

2 )(m’-l)/2-i>\

(rr;m’ ’ oe;m)szAm‘/z(nm)(m

. {m’ +1-i0)/2)

Iy = (p—m' /2, +1=0r)/2,

V' !
xm' +15 2), (4.5a)
whereas for the negative parity solutions we have
(rry .., 0€,,)=—ilrr}, ., oe; ). (4.5b)

Accordingly these coefficients allow us to expand the
Whittaker functions, Eq. (4.38) of 6, in terms of the
Ince polynomials (1.4) and conversely to express the
Ince polynomials as an integral and sum over Whittaker
functions.
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