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Crucial to a knowledge of the perturbations of Robertson Walker cosmological models is a
knowledge of complete sets of functions with which to expand such perturbations. For the
open Robertson Walker cosmology, this question will be completely answered. In addition,
some observations will be made concerning explicit solution by separation of variables of wave
equations for spin s in a Riemannan space having an infinitesmal line element of which the

Robertson Walker models are a special case.

. VECTOR AND TENSOR HARMONICS ON THREE-
DIMENSIONAL SPACES OF CONSTANT RIEMANNIAN
CURVATURE

The original investigations of Lifshitz' and Lifshitz and
Khalatnikov? into the gravitational stability of the Robert-
son Walker (RW) isotropic cosmological models® demon-
strated the utility of scalar, vector, and tensor harmonics in
giving a complete description of small perturbations. In par-
ticular these authors'? showed that in the synchronous
gauge all perturbations involving pressure, density, velocity,
and metric fluctuations can be obtained once a complete set
of such functions is found for S, (three-dimensional sphere),
E, (Euclidean three space), or H; (three-dimensional hy-
perbolic space). The choice of three-dimensional manifold is
determined by whether the closed, flat or open RW model is
used. In the book by Landau and Lifshitz® a complete set of
basis functions is derived for the conformally flat RW model
in which a general tensor field 4., on E, can be expanded in
terms of three families of functions related to three-dimen-
sional plane waves.

(1) Using the scalar function Q = ™ the tensor func-
tions

1 1 n°n?
e s Pa == (— a, _—
Qe 3 gaBQ g 3 8ap ()

)Q, P, =0
(1.1)

are formed. These plane waves in the conformally flat model
correspond to perturbations in which the gravitational field,
velocity, and density vary.

(2) With the transverse vector wave S = se™", ssn =0
the tensor S,z = n,S; + ngS, satisfies S, =0. These
waves correspond to perturbations in which the gravitation-
al field and velocity vary but not the density.

(3) The transverse tensor waves G,z = U,ze™ where
the symmetric tensor U, satisfies U,”n; =0,U,* =0.
These waves correspond to gravitational waves.

The expansion of a symmetric tensor A,z can then be
given in terms of the three families of functions. In fact the
various families can be invariantly characterized on E; ac-
cording to
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AW, = (VV )W = — W, (1.2)

where

Waﬁ = Qa/j” Pa[;” Sa/;’! Ga/,n

VG, =0 S, =G, =P, =0.
Accordingly, this set of functions is but one choice of many
possible complete sets of functions which could be obtained
from the above equations, e.g., we could have chosen spheri-
cal coordinates and expanded the components of the tensor
h.z in a suitable set of spherical waves. As the underlying
space in this case is E; there is a six-dimensional isometry
group E, consisting of translations and rotations. If we
choose a basis of eigenvectors of the translation operators we

recover the basis of plane waves discussed above. We note
also that

f WePW %, dr =0, (1.3)

when W, WaB are not from the same type and that each
contributing tensor harmonic satisfies

Pa Wﬁr =aa W/}y =ina VVBV, (1.4)

the P, being the translation generators of the six-dimension-
al isometry group of E; (the others being rotations). The
analogous problem for the closed RW universe has been
solved by Gerlach and Sengupta.* A general tensor field on
S; is expanded in terms of three families of functions in di-
rect analogy with the flat space case.

(1) From scalar eigenfunctions of the Laplace operator
Q on S;, viz,,

AQ=(V'V,)Q= — (i’ —1)Q (1.5)
and for n an integer, the tensor fields
1
Qaﬂ = gaﬁ Q’
3
Pa/j‘:_——l_—vﬂan"' Qaﬁ7 Paa _:O (16)
(n” —1)
are constructed.
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(2) From vector eigenfunctions of the Laplace operator
S, which are divergenceless, a tensor S,; = V_S; 4+ V,S,
can be constructed where

AS, = — (#*=2)S,, V<5, =0. (L7

(3) From tensor eigenfunctions of the Laplace operator
G, one can construct solutions that are symmetric, diver-

genceless, traceless,
AG, = — (n* — 3NG.ps

VG, =0, G =0.

Gerlach and Sengupta* developed a complete set of solu-
tions for tensors of these types in terms of an angular mo-
mentum basis. The results are correct but can be derived
more neatly using a knowledge of the group representation
theory of SO(4) acting on S;. In the open RW model the
problem of a complete set of basis functions has, as far as we
know, yet to be fully elucidated. In this article we explicitly

rvnmpnfp a basis with which to P):panl second-order tensors

WIT Q& UGSHS vy ivad 1 SO UEGla 225U 5

h.z on H,. We do this by using group theory and the inher-
ent completeness results obtained by Naimark® and Gelfand
et al.® The manifold H; is realized on the upper sheet of the
two sheeted hyperboloid:

Ve =2 — 2 =1y> 1 (1.8)

We choose spherical coordinates on the hyperboloid, viz.,
V= (Vg,V1:V2,V5)
= (cosh a,sinh ¢ sin & cos ¢,

sinh & sin @ sin ¢,sinh a cos 6)

O<e<w, 0<B<m 0O<L¢<2m, (1.9)
with line element
ds® = da® + sinh® a(d@? + sin® 6 d¢?). (1.10)

In order to obtain a complete set of functions with which to
expand second-order tensors we proceed as outlined above.
(1) Scalar functions Q that satisfy

AQ= — (1+pY)Q

are readily obtained. A complete set of such functions in the
coordinate basis given above is

(1.11)

D, (a)D %, (0,0,6), O<p<oo; J=12,...; |M|<J,
(1.12)
where D 1, (¢,0,¢) is a matrix element of the rotation group

in the Euler parametrization and ®4);(a) the matrix ele-
ments of the group element N, (@) in an angular momentum
basis for the unitary irreducible representation labeled by
[ m,ip]. These functions and their properties are discussed in
the Appendix.

(2) Vector harmonics S,. The functions we require in
this case must be eigenfunctions of A and divergenceless.
Taking the choice of coordinates given in (1.9) we may write

v= (Vg,¥1:V2,V3)
=R, (¢)R1 (O)N;(a)R;{a)R, (ﬁ)R3 (y)v

=R;($R, (O)N;(a)v, (1.13)
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where V= (1,0). Given a relativistic vector field
Sp.0=0,1,2,3 the action on S, induced by the Lorentz
group is
7,8,(x)
where
x = rv,geS0(3,1),r>0.

This is just the normal transformation law for relativistic
fields. We define new vector fields by

=D ()15, (g 'x), (1.14)

Si(g) =D, (g)S. (g~ ') (1.15)
These new fields transform according to
T,5:,(8) =D'"",(gg"5.(¢ " 'g~'¥)
=5(gg"), (1.16)

i.e., the individual components of the new vector fields S,

transform indenendently. For the Fuler narametrization of a
transiorm mdependently. rorine muier paramelrizationof a

Lorentz group element given in (1.13) we can write S, (g)
as

S1(g) =D (RS, (a,0,6)
R=R;(~ V)R (=PR;(—a).

The functions S/ (g) transform under the Lorentz group
according to the regular representation and are of the specif-
ic form given in (1.13). From the decomposition of the regu- -
lar representation of the Lorentz group into its unitary irre-
ducible components, a complete set of basis functions can be
taken as

(1.17)

Dl (a8 )P (a)D 3, (0,6,4)

O<p<oo; m=0,+1,42,..;

Jl=|mllm| +1, ..,

NV, IMIJ, |4 l<min(J). (1.18)
For functions of the form (1.17) the expansion functions for
S, (a,6,4) are

G (@)D 7 (0,6,4)

O<p<oo; im=0,+1; J=lml,|m|+ 1, ...;

(A {<min(LJ),|M <. (1.19)
If we choose a frame in space-time at each point we can,
without loss of generality, choose the frame such that
a = B =y =0 and identify S, (2,0,¢) as our set of vector
fields. The above expansion functions then form a complete
set for a general vector field. Proca’s equation (and hence
Maxwell’s equations) can be solved in these coordinates.
Agamaliev, Atakashiev, and Verdiev’ have indicated how
this can be done in Minkowski space-time. Returning to the
protlem on the manifold H, we seek transverse fields corre-
sponding to spin 1 as a result of the condition V%S, =0.
These functions can be obtained from considerations in Min-
kowski space-time as follows. Consider a general point in
Minkowski space-time as x = rv and choose the frame of
one-forms:
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ey dx'=dr, e,dx' =rda,

e, dx' = 717— rsinh a(d6 + i sin 6 dé),

ey, dx'= % rsinh a(d6 — isin 6 dg).

(1.20)

Then the components of the vector field S, referred to this
frame, viz., S, can be expanded in terms of the functions

=ﬂ (r)(b&())_[ (a)DéM (016’¢):

Sy =£ (NP (a)D 5, (0,0,4), m=0, +1,
SZ =.f2 (r)q)’l”{}(a)D{M(O,ﬁ,gé), m =O’ i 1)
=f;(r)¢)pm u(a)DJ wm (0,6,8), m=0,4+1,
(1.21)

the » dependence being chosen so as to obtain a complete set
of functions on H,. This is done by taking /; = 0 and choos-
ing solutions of A’S, = (V°V,)S, =0to have f, () =r".
The vectors S, are then solutions of

AS, = (VOV,)8, = — (p*+2)Ss, B=123, (1.22)

and V”Sﬁ = 0, i.e., a suitable basis for transverse vector func-
tions relative to the frame e ,,, ,@ = 1,2,3 consists of the func-
tions

S, = ¥ ' (@)D 5, (0,6,8),
S, = 0 (@)D, (0,6:6),
‘S'3 = (D/:i :J(G)DJ_ lM(O’0’¢)’

for

(1.23)

M |<J.

Even and odd parity states can be constructed by realizing
that the parity operation corresponds to the replacement
a— — a and the matrix element functions ®47; (a) satisfy

drn(a) = (— D)/~ " —a). (1.24)

(3) Tensor harmonics G ;. The functions we require in
this case must be eigenfunctions of A, traceless and divergen-
celess. As with the case of vector harmonics we consider the
relativistic tensor fields that transform under the Lorentz
group according to

O<p<owo; J=1,2, ...

TyGhe (x) = D%, %(2)Gpe (g™ ). (1.25)

Defining new vector fields

G (8) =D, “(g)G, (g~ 'V), (1.26)
then these fields transform according to

G (g) =DM, *(gg')G,. (g " 'g™'W)
=G (g8). (1.27)

Then writing

G;.(g) =D, “(R)G,,(a,6,8), (1.28)

where R =R, ( — ¥)R,( — B)R,;( — a), we argue just as
we did in the vector case that the suitable basis of expansion
functions for functions G, (a,0,¢) are as in (1.18), but with
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O<pc<oo; Im=0,+1,+2;, J=
|4 |<min(LJ),|M |<J.

i mi 4 1,

If we fix a frame as before by takinga = 3=y = 0, we can
identify G, (a,6,¢) as our set of tensor fields. In order to
identify which components of G, (a,0,¢) enable the canoni-
cal action of the rotation group to be realized we use the
tetrad defined by (1.20). A suitable choice of tensor har-
monics is

= f3 (DL (@)D 44, (0,6,4),
Gy = [T (NP5 (@) + I, (NP, (a) ] DY, (0,6,6),
Goy = [ Q)5 (NP5 (a) — (1I/VD) £, (1) D45 (a) ]
D3, (0,6,8),
Gy, = (i/VD)f, (D" (@)D, (0,6,4),
Goy = (I/VD)f, (N DA, (@) D4 (0,6,4),
G\, = (i/VD)f, (NP5 (a) D1, (0,6,8),
Gy; = (iI/V2)fi (NP5, (@)D 1,,(0,6,8),
Gy =fi (N5 5,(a)D 74, (0,6,8),
Gy, = /i (N®555(a)D 3, (0,6,4),
G,; = (i/3)Gy — (1/6)G,,. (1.29)

Here, m =0, + 1, + 2 where appropriate. The functions
Jii =1,2,3 are chosen in such a way as to make the ortho-
gonality relations for the functions G,, coincide with those
conditions given in the Appendix. If we now seek diver-
gence-free solutions that satisfy V°G,. = 0 we take G, =0
for all a. Then we obtain the two independent solutions by
taking f; = r ~' %, which are solutions of

AGg, = (VV,)Gy, = — (3 +p")Gy, (1.30)
and V°G,; = 0. A suitable basis of functions is
Gy = V27304 (a) D34 (0,6,4),
Gy, = (i/V2)D57; (a)D1,,(0,6,4),
Gy = (iI/V)PL 1, (@)D 14, (0,6,4),
(1.31)

Gy, =P -ZJ(a)DJ—— a0 (0,6,0),
G22 - (DZZJ (a)DgM (079’¢)’

Gy, = (—1/2)G,,, m= +2.

By using the forms of the transverse vector fields S, and the
scalar field Q, the traceless fields given previously and the
recurrence formulas of the Appendix, all the traceless com-
ponents in the expansion of the field 4, are then given by
allowing m =0, + 1, 4+ 2 in (1.31). The remaining compo-
nent having trace is simply G,; = g,; P8, (@)D §,,(0,6,8).
This then gives the complete set of functions with which to
expand a tensor on H,.
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Il. SEPARATION OF VARIABLES FOR
GENERALIZATIONS OF ROBERTSON WALKER TYPE
SPACE-TIMES

In addition to the problem of determining complete sets
of functions for the expansion of vector and tensor fields on
H there has been considerable interest in the intrinsic char-
acterization of solutions of the nonscalar equations of math-
ematical physics. Considerable attention has been paid to
this topic and we mention, in particular, studies of the Dirac
equation’” and Maxwell’s equations.'® In this section we
discuss some extensions of the results of Kamran and Fels.!!
These authors studied the metric given in local coordinates
by the line element

ds’ =dt* — a?()(dx* + b2 (x)dy’ + 2 (p)d?). (2.1)
In the null frame specified by the one-forms

ey dx' = (1/v2)(dt — a dx),
ey dx' = (1/2)(dt + a dx),
ey dx' = (1/vV2)ab(dy + ic dz),

e, dx' = (1/v2)ab(dy — ic dz). (2.2)

Kamran and Fels'> demonstrated that the Dirac equation
could be solved by a separation of variables procedure that is
described by second-order symmetries. We demonstrate
that Maxwell’s equations in their spinor and vector potential
forms also admit separable solutions in direct analogy with
what happens for the RW metrics, but that for spin s>2 the
solution mechanism breaks down. The null frame can be
intrinsically characterized by using the observation that the
Riemannian space with line element (2.1) admits a valence
two Killing-Yano tensor having nonzero component
K7 = 1/(abc). If we look for simultaneous eigenvectors of
K" and its dual K ¥ = £,.,, K % the corresponding eigen-
vectors are

l’(()) - (1:a;0;0);
li,, = (0,0,1,isin 8),

l’(l) = (1’ - 0)090)’

; o (2.3)
I3, = (0,0,1,i sin 6),

with eigenvalues given according to Table I.

The null frame specified by the forms (2.2) is the natu-
ral one for the spinorial form of Maxwell's equations. How-
ever, for the vector potential form the quasidiagonal tetrad is
more suitable. This can be characterized intrinsically by re-
alizing that there is also a Killing—Yano tensor of valence 3
for the Riemannian space with line element (2.1) with com-
ponents K, ., = £,.,.K ¢ where the only nonzero element of

TABLE 1. Eigenvalues for the corresponding eigenvectors given in Eq.
(2.3).

Eigenvalues of Eigenvalues of

Klu K}i
Loy 0 1/bc
AN 0 — 1/be¢
Ly i 0
Ly, ~ 0
1418 J. Math. Phys., Vol. 32, No. 5, May 1991

K, is K, = a. If we now look for simultaneous eigenvectors
of K,. = K, K, — (V!K,)g,. and K,, we recover eigenvec-
tors in the quasidiagonal tetrad. In the case of the form of
Mazxwell’s equations written in terms of the vector potential
we solve the more general problem of the massive spin {
equation, viz.,

A4, —R3A. =m’d,, V4,=0. (2.4)

If instead of the frame e!,, we choose the quasidiagonal
frame specified by

P i R i Y
Etoy =€ + ey B, =€, — e, .E g, = eixi=23

then Maxwell’s equations have the form

2b

*) 4
b)'

an at 2 at
Agg +I——=3—] [4g+2—(3, +
a a a

|G -S4 o
b b { a x“20

ijx i (4
o [(ay“zaz +*§‘)“’2

—(3y+iaz +C—”)A3] = m*d,,
(o4 (44

2c a a,\? e, \?
Ayg — —2—id, + —= + (—‘«) (~L)
[ KO @b a a + abe

1 bx)z bxx]] fZa,( i )
=) - A, -ty + 13 )4

T [(b b TR e
v2b, i

+a2—b2(ﬁy+;82)A, =m2A2, (2.5)

2¢ a a,\? c, \?
Ay +—— z’a,+—"—+(—‘) +(-—’)
[ K¢ b a a abc

1 bx)z bxx ]] \/20‘ ( I
=) - A — g ¢
+ & [( b b =TS % c 82)/10

v2b, i
QZbZ (ay _';az)Al = m2A3,
3 2b
(0, +22) 4 =L (3, +2) 4,
a a b
1

— [s¢
+ [(a +—‘a,+—y)A
Zab L\ c el
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+(a,. +1g, +C—’)A3 -_—o] ,
¢ ¢
where
Axe = g%79,9,.
There are two families of solutions for these equations.

(1) We write

— iAz

Ay = agg, (e ’

Ay, = (1/V2D)a,8o e~ %, A, = (1/V2)a,g, (y)e~ 7,
(2.6)

A, =a,g (e *,

where the functions g,,/ = 0,1,2 satisfy the first-order system
(9, — (A /¢) + (¢, /)80 (¥) = Augy (1),
3, — (A7) ») = 4;8, (),
3, + (A/0))g, (») = A,8,(»),
@, + (A/c) + (¢,/e)g, () = 1,8, (3, (2.7)

which is consistent if 4,4, = 4,4,. Then for the x depen-
dence of solutions of first type choose

a, = ahy, a, =\ah,, a;=lah,, a, =0, (2.8)
where
A, ( 2bx)
4 44, — h, =0,
p o\ b )"
As ( bx)
—h +lu+d3, ——=)h, =0,
e + 5 )"
b A,
-4 ——x)h — h, =0,
(” =~ o+ p
ZbX) A
u—24, — h +—h, =0. 2.9
( x b l+ b 2 ( )
Then the function a satisfies the differential equation
3 2
[ag+ia,+_"_".+<i) +-l-‘;]&=m2?z. (2.10)
a a a a

(2) For the second type of solution choose the compo-
nents of the vector field as
ay = Gobyg e,

a, = (1/v2)a, bygoe ~ 2,

a, =a,bg e %,
a, = (1/v2)a, b,g,e =7,
(2.11)

and require that the functions b;,/ = 0,1,2 satisfy the consis-
tent system of equations:
d,by = — &b,
(3, + (2b,/b))b, = 3eby + (u/b)b,,
eb, + (Aby/2b) =0,
A= — 1%2 = - %3:

Then the &, functions satisfy

Ay =2, =u (2.12)
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9, + (3a,/a))a, — (3e/a)a, =0,

[, 3a ., 3% 3a, _(aN],

|oi+ o+ —=+—=-3(7) %
a a a a

6a,e 2a
+——a, =m‘a,

3a, 2 3a, a,\?
[6?+ 9, +3 4 2 +( H&l
a \Nad/ 1

a

L a a
2a,c a

———8, = m*a,. (2.13)
a

In particular, if the metric is chosen in local coordinates to
correspond to the open RW cosmological model, then

a = sinh*(y/2), t=i(sinh ¢ — 9),

b=sinhx, c¢=siny. (2.14)

Ay = ao P55, (x)D 3y, (0,3,2),
A, = a, P53 (x)D 5 (0,p,2),
Ay = a; P75 (x)D 15 (0,p,2),
Ay =a, ¥, (x)D7 1, (0p,2), m=0, 11, (2.15)

we find that the solutions of Maxwell’s equations
(mass = 0) are given by

a, =0,a; = (cosh ¢/2) ~*?P £\77 . (cosh §y/2)
(2.16)

and
a, = (cosh ¢p/2) =*2P 373, (cosh ¢/2),

a; = (1+p* ~'%(3, + 3 cosh ¢/2)a,,

where P, (z) is a solution of Legendre’s equation. The sec-
ond solution does not represent electromagnetic waves and
can be removed by a gauge-fixing transformation. This solu-
tion represents the solutions of Maxwell’s equations in
which the vector 4 = (4,,4,,4,,4,) is simultaneously in
the synchronous and de Donder gauges.

The systems of first-order differential equations (2.7),
(2.9), (2.12) mimic the recurrence relations for the matrix
elements ®47% (a), m = 0,1 and D%,,(0,6,¢).

In fact if one examines the spinor equivalent of Max-
well’s equations, which are a special case of massive equa-
tions due to Wiinsch,'? viz.,

VAA'¢AB = m‘ﬁBA”
Veaa' ¥ 5 = —md g, (2.17)

then relative to the null frame e{,, solutions can be chosen
such that

$oo =a,hogoe ™, Poy =ahigie”

¢ =a, hyge ",

Yoo, =Aige™™, Y, = — A hogoe ™",

Yo, =A hyge ", o, = —Ah,g e ™™, (2.18)

where the functions a,,4, satisfy the coupled equations

E. G. Kalnins and W. Miller, Jr. 1419
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(2.19)

This separation of variables procedure does not work if an
attempt is made to use the tetrad and to mimic the recur-
rence formulas relating the various components of 4,,. In
fact this procedure will only work if the underlying infinites-
mal distance dx* + b 2(x){dy* + c*(y)dZ?) corresponds to a
three-dimensional Riemannian space of constant Rieman-
nian curvature, i.e., the case which includes the RW metrics.
Rather than write out the equations in detail, we mention
that the solution to the equation for gravitational waves in

v+ h A da TMAnd e
the simultaneous SYNCAronous anG G¢ L/onGer gauges nas

the form (1.29) with f; =f; =0, m = + 2 and f, given by

Ji = (cosh ¢p/2) =*72P £372 . (cosh¥/2), (2.20)

where P}, (z) is a Legendre function.
This is a solution of the equations

Gab + 2RacbdGCd - 2Rc(uGb) ‘= 0’
VG, =0, G =0.

Any theory that explains exactly when a separation of vari-
ables procedure works would need to show exactly why it is
that spin 1 equations in the case of infinitesmal distance
(2.1) admit separable solutions whereas higher spin equa-
tions do not. This problem does not occur in the case of RW
cosmological models, as group theory guarantees the results.
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APPENDIX: THE LORENTZ GROUP SO(3,1) AND
COMPLETE SETS OF MATRIX ELEMENTS

We give here in summarized form, the relevant proper-
ties of the Lorentz group. We refer the reader to Gelfand,
Minlos, and Shapiro.®

If R, (1) is the rotation about the /th spatial axis and
N, (¢) the hyperbolic rotation in the Oi plane / = 1,2,3 then
the generators of these one parameter subgroups denoted by
M, N, i= 1,23 satisfy the commutation relations

[M.,M,] =, My, [M,M]=¢e,Ng,

[N.N] = —epMy. (A1)

Each irreducible representation (IR) of SO(3,1) is labeled
by a pair of numbers [m,c] where ¢ is complex and |m] a
positive integer. There are two invariant operators

K, =M?’-N? K,=MN (A2)
such that in a given IR
K, =1—-c—m? K,=icm. (A3)

The IRs of SO(3,1) are of two types.
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1. Infinite~-dimensional class

In this class ¢?5 ({m]| + n)? for any positive integer .
The action of the generators of the Lie algebra on a canonical
SO(3) basis f; is

M., fa=aSu
M_fu=afu_1
iMyfi = Afu,

N, fu =afl/1+lclf}~l./1+l

_Lrv[
LIS W

'
— & a1 A
+1 £
/{—1"I+IJI+111+1’

_ ol !
N_fu=0ay avefiora-1—a 44 14t

{41
~ it Creifienaos

iNsf =afi,-—/lclj;—- 14— AAS4 —a’jztl.xct+|ﬁ+ LA?
M, =M, +iM,, N, =N, LIiN,, (A4)

where

4 ime i [(12——”12)(12—02)]
=, =- ’
I+ 1) I 472 — 1

oy, =JU=DU=u).

The [,A spectrum for the IR [m,c] is

A<t I=imlm| +1,.
The representations are unitary if
(1) e=ip, OKP<ow, m=0, *§ +1, =£i.

(this is the principal series);
(2) Ime=0, O<c<l,
(this is the complementary series).

m=0

2. Finite-dimensionali class

In this class ¢ == (|m] + n)?*for some positive integer #.
The action of the generators on a canonical SO(3) basis is as
in (A4). The [,A spectrum for the IR [m,c] is

Algl, I=im}, Iml+1,.., |m+n—1

The unitary IR [m,ip] can realized on the space of functions
on the two-dimensional sphere via the orthonormal angular
momentum basis functions:

21 1 /2
/}z{ = ( 4-;_ ) Dfim (¢a670);

I=|ml,|m| +1,.. (AS5)

The action of the Lorentz group can be induced from the
action

14 1<,

TP (@) D(2) = (Bz + )™+ P~ (Brz*  y*) "

<@ (az + 5) ,
Bz+y
(A6)
via the identification
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|z|~'=tan i, argz=4,
and with

f(6,¢) = e~ (sin® 6/2)%~ '$(2), (A7)

the matrix element of N, (a) in the angular momentum basis
has the integral representation

5 (a) =%J(21+ D+ 1D

1

X dx (cosh a + x sinha)®* !,
—1

xd!, (x)d?, (x) (A8)

where
x'= (x + tanh a)/(1 4 x tanh a).

An explicit expression for these functions has been obtained
by Duc and Van Hieu."* These functions satisfy the ortho-
gonality relations

; f oo (@) D5 (a) sinh? e da = N§78,,,,.8(p — p')
(o]

j -3

S | em@e@)dp
mE—jJo
Sla—a’)

= NPm
(T i—
sinh? a

,J =min( j,J). (A9)

The normalization factor is
|

Nom — g L =DU2U+ DG+ [mI — [m])!
v = .
(L+NUL +m+ DAL —m)(L + [ —m)!

Clip+m]) |?

(0 + k%) | — ,
P TGp+L+1)

J
x 1
k=|m|+1
where

L =max(l,J).

These functions obey the symmetry relations
7 4 (a) = (— D700 (—a)
=(— 170" "(a)
(A10)

= 1:,{;(0)

We know from the group theory arguments that each
component of a Lorentz invariant equation must be expan-
dable in an appropriate choice of matrix elements. Recur-
rence formulas for the functions ®%}; (a) can be deduced by
realizing the matrix element D {J% (g) in the generalized
Euler parametrization in the form

Di5#N(8) =3 D}, (6,00)®55(a) D}y ().
: (A1)

For fixed J,A ' these matrix elements provide a realization of
the unitary IR [m,ip] by the left regular representation:

Tg’D [m'iplmm' (g)=D [m'iplujy (g')D [m’ip]juu' (g).
(A12)
Consequently invoking the canonical action of the infinitesi-

mal operators as in (A4) we deduce the recurrence relations
that follow. These results are due to Strom:'?

VI + 1)? = A%1(3, — I coth a) D5 (a) +(1/(28inha))[\/(1—/l)(l——/1 +D-ADU+A+ D)y (@)

+VUI+DUT+A+ DU+ AT A+ DY, ,(a) ]

1/2
= _ [((1 + 12— w4+ 1) + p?) (M)] 7T (a),

2/+3

VIZZF=2A210, + (1 +1) coth a)@775(a) +(— 1/(2sinh ) [VU+ DT+ A+ DU+ DT + 4 + DD, (a)

ANI-DT-AFDTFDAT =2+ DO, (@) ]

2 172
- [(12 —m) (4 p?) (25—}1«)] o (),
) . 1
(A4, + A coth a + imp) P} (a) = PR

[VI+DHT A+ DUF+HT =1+ DO, (a)

—NT=DTF A+ DT+ A+ DT =D, @],

¢ ¢ sinh? a

coth a

sinh a

HVTFATDI-DETF A+ DT =D, (@ ].
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+ (1 4+ coth®a)A? + 1+ p* — m2>q>f,;";(a)

[\/(1+/{)(1—/{)(J+/1)(J—/1+ Doy, (a)

(A13)
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These relations then enable the uncoupling of the variable of
a,, in relativistically invariant equations. The matrix ele-
ments arising from the Euler parametrization have given one
complete set of functions with which to expand relativistical-
ly invariant equations. There are however other systems of
basis functions possible, corresponding to a different choice
of group parametrization and coordinates on the hyperbo-
loid. These functions are the analogs on H; of vector and
tensor expansion functions corresponding to spherical, or
cylindrical waves in Euclidean three-space, We list below a
brief summary of other important sets of basis functions that
are possible, together with the corresponding group parame-
trizations and coordinates on H;. In each case the new basis
functions are eigenfunctions of a definite subgroup chain of
SO(3,1). In the case of spherical coordinates (1.9) the basis
consists of sets of eigenfunctions of the operators M ? (angu-
lar momentum) and M; (its third component).

Two other coordinate systems on the hyperboloid are
the following.

(1) Hyperbolic coordinates

v = (cosh a cosh b,cosh a sinh b cos ¢,

cosh a sinh b sin ¢,sinh ),

— << e0,0<b< 0,0<h <27, (A14)
The corresponding group parametrization is
=R, (AIN, (BYN; (a)R; ()R, (BYR;(y). (A15)

The appropriate basis functions are denoted by
H’[’/{;E(a)DTN (O;b7¢)16 = i 13

where Dy (@,b,¢) are the matrix elements of a general ele-
ment of the SO(2,1) group given in terms of the Euler para-
metrization

g=R;(@IN, (DR, (&)

and in the corresponding unitary irreducible representations
labeled by j,e = + where

J= —3+ig0<g<wj=ng+1,..,|ml -1
m=j+Lj+2, .= +,
m=j+1,j4+2,..;6= +,

m=—j—1,—j—2, .= —,
plm) = 0,413, ... ;jm| —
is an integer.
The functions H#£7(a) have the integral representa-

thn
1)( 1)
J+ L 2
(+2 J*3

xf (cosh a cosh b + sinh @)#~ M~ 4
Q

Hy (a) =

Xdi,, (coshb)yd!,; (cos &,) sinh b db,
(A16)

where
cos 6, = (cosh bsinh a + cosha)/(cosh b cosha + sinha)

and
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Hig (@)= (= D' HE7 " (~a). (ALT)

As expected, the recurrence formulas for these functions en-

able the complete decoupling of relativistically invariant

equations from the dependence on ¢,b,¢ in a frame corre-
sponding to the one-forms:
ey dx' = da,e,,, dx’

= (1/v2) sinh a(db + i sinh b d¢),

.3y dx'= (1/v2) sinh a(db — isinh bdg). (A1R)

Bearing in mind that if we consider spinor equations, the use
of null tetrads is appropriate, the basis functions are eigen-
functions of N§ + N% — M3 and M, with eigenvalues
—J(j+ 1) and M, respectively.

(2) Horospherical coordinates

v = (4r % + cosh a,re’ cos @,re sin ¢,ir %¢* — sinh a)
— 0 <8< w0,0<r< ,0<¢ <27 (A19)
The corresponding group parametrization is
g=R; ()T (NN, (O)R; ()R, (B)R;(7), (A20)

(N + My)r

where T, (r) = ¢
The appropriate basis functions are denoted by

ES(a), _u (Xrye™?,

where J, (2) is a Bessel function. The functions EZ" (@)
have the integral representation’®

ip—1
Eff(a)y = /H———f e cos ——6)

X A(e xtan—z—é‘)

xd!,; (cos @) sin 6 dé. (A21)

The corresponding frame of one-forms in which complete
decoupling of relativistically invariant equations occurs
from the variables a,r,¢ is

ey dx' =da, e, dx'= (1/v2)ye~“(dr + ird¢),
ey dx' = (1/v2)e ™ “(dr — ir dg), (A22)

with suitable modification to include the use of null tetrads if
spinor equations are included. The basis functions are eigen-
functions of (N, + M,)* + (N, — M,)? and M, with
eigenvalues — X? and M, respectively. In fact, all possible
subgroup chains for the Lorentz group are known and ap-
propriate basis functions on H; for symmetric tensors can be
computed in a suitable frame. For further details see Kal-
nins."’

Specifically for the case of perturbations of the RW-cos-
mological models, we give the explicit expressions for the
expansion functions in the coordinates. The functions

D7 (a) satisty the differential equation

[d%+2(/+1) cothad,
+{[I(1+ 1) — J(J + 1)) /sinh? a)

—2imp cotha + (I + 1) + p* — m* |97 (a) =0
(A23)

and have the solution

E. G. Kalnins and W. Miller, Jr. 1422
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D7 (a) =F (1 —e ) ~fexp[ — (I + 1 —m —ip)a]

X Fy (J+1—ipJ+1—m2J 2,1 —e™ 29,
(A24)

The other external matrix element can be obtained from
the symmetry condition

i, (a) = "(a). (A25)

The remaining functlons can be obtained from the recur-
rence formulas as follows:

m=0
D5, (a) = 4, (a)
= [2/JJ(J+ 1) =2] (sinh ad,
+ cosh @) 9, (a),

9, (a) = [2/37(T+ 1)] (sinh ad, + cosh a)
21J(a) +VvJJ+ 1) — ‘D‘z’g (a);

(A26)
m=1
', (@) = [QATT + 1)) —2]
X [sinh ad, + cosha + ip] P4, ,,(a),

P20, (a) = [2/3TT+ )]

X [ (sinh ad, + cosh a) + ip] P4, |, (a)

+ T+ 1) =295, ,,(a);

(A27)
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@2, (@) = [QWIT+ 1)) 2]
X [sinh ad, + cosh a & ip] D%

@5 (a) = [2/7(T+ D]
X [V3 (sinh ad, + cosh a)®5%, |, (a)
— V3T + 1) —2]95% 5, (a).

in(a))

(A28)

These expressions are deduced from the simplest recurrence
relations that enable all other matrix elements ®%] (a) to be
deduced from the expressions for the extremal components.
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