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Abstract

In the standard concordance cosmology the spatial curvature is assumed to be
constant and zero (or at least very small). In particular, in numerical computa-
tions of the structure of the Universe using N-body simulations, exact periodic
boundary conditions are assumed which constrains the spatial curvature. In
order to confirm this qualitatively, we numerically evolve a special class of
spatially inhomogeneous G, models with both periodic initial data and non
periodic initial data using zooming techniques. We consequently demonstrate
that in these models periodic initial conditions do indeed suppress the growth
of the spatial curvature as the models evolve away from their initial isotropic
and spatially homogeneous state, thereby verifying that the spatial curvature is
necessarily very small in standard cosmology.

Keywords: G, cosmology, inhomogeneous model
1. Introduction
Cosmology is concerned with the large scale behavior of the Universe within General

Relativity (GR) [1]. The cosmological principle then implies that on the largest scales the
Universe can be accurately modeled by an exact solution to Einstein’s field equations (EFEs)
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which is both spatially homogeneous and isotropic leading to a (background) Friedmann—
Lemaitre—Robertson—Walker (FLRW) model (with constant spatial curvature) with the cosmo-
logical constant, A, representing dark energy (or the so-called ACDM standard concordance
cosmology, where CDM denotes cold dark matter). Inflation in the early Universe is often
regarded as a part of the standard model, in which the background spatial curvature, charac-
terized by the normalized curvature parameter, is predicted to be negligible [2]. Regardless of
whether inflation is included as part of the standard model or not, spatial curvature is implicitly
assumed to be zero.

An important goal in cosmology is to understand the origin of the structure of the Universe.
Assuming that cosmic structure grew out of small initial fluctuations, we can investigate their
evolution on sufficiently large scales using linear perturbation theory (LPT), where the spa-
tially inhomogeneous perturbations /ive on the flat FLRW background spacetime. Inflation
then provides a causal mechanism for generating primordial cosmological perturbations via
quantum fluctuations in the inflaton field, which subsequently act as seeds for the anisotrop-
ies in the cosmic microwave background (CMB) [3] and give rise to the large scale structure
of our Universe. At late times and scales much smaller than the Hubble scale fluctuations of
the cosmic density are not necessarily small, and LPT is not sufficient and clustering needs
to be treated non-linearly. Usually this is studied with (non-relativistic) N-body simulations.
Recently non-linear perturbations have been investigated at second-order and non perturbative
relativistic effects have been studied computationally [1].

Although standard cosmology has been very successful in describing current observa-
tions, there are a number of possible anomalies [4], including the tension between the recent
determination of the local value of the Hubble constant based on direct measurements of
supernovae [5] and the value derived from the most recent CMB data [3], as well as vari-
ous self-inconsistencies [6]. In addition, the values of cosmological parameters inferred from
the CMB perhaps suggest a number of directional dependences (e.g. possible greater than
anticipated bulk flows on large scales and dark flow [7]).

In principle, since the Universe is not isotropic or spatially homogeneous on small local
scales, the effective smoothed out macroscopic gravitational FE on large scales should be
obtained by averaging the EFE of GR. The averaging of the EFE for local inhomogeneities
can lead to important backreaction effects on the average evolution of the Universe [8], and
can significantly affect precision cosmology at the level of 1% [1].

1.1. Spatial curvature

As noted above, in standard cosmology the spatial curvature is assumed to be constant and zero
(or at least perturbatively small)?. However, there is no completely independent constraint that
guarantees a value for the magnitude of the effective normalized spatial curvature €2 of less
than about 1% . Moreover, any possible such small non-zero measurement of {2, can perhaps
be taken to indicate that the assumptions in the standard model are not valid. We also note that
spatial curvature is, in general, evolving in relativistic cosmological models [8].

In order to develop models to be utilized for cosmological predictions and comparison with
observational data, it is necessary to make assumptions. However, it is crucial to check how
the assumptions affect the results. More importantly, we can only validate the consistency

3 By global constant spatial curvature we essentially mean the value of k in the background FLRW spacetime (and
hence the initial conditions). By the local value of the spatial curvature we primarily mean the local value obtained
later in the paper by the numerical integration across the region of simulation for different specific values of x;0om. In
the later numerical simulations we also discuss an averaged spatial curvature at a given time.
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of assumptions and we cannot rule out alternative explanations. The assumption of a FLRW
background on cosmological scales presents a number of problems [1]. For example, the
assumption that there exists a 1+3 spacetime split and a global time and a background inertial
(Gaussian normal) coordinate system over a complete Hubble scale background patch in the
standard model leads to the constraint that the spatial curvature (and the vorticity) must be
sufficiently small. In addition, any assumptions of exact periodic boundary conditions (PBCs)
(appropriate on scales comparable to the homogeneity scale) necessarily imply that the global
spatial curvature is exactly zero [1] (since in the actual standard model the Universe is taken to
be simply connected), and thus any suitable approximation will amount to {2, being less than
the perturbation (e.g. LPT) scale. We shall return to this point below.

There are also assumptions related to the weak field approach, the actual applicability of
perturbation theory and Gaussian initial conditions, that imply spatial curvature is neglected.
It is also asserted that cosmological backreaction can be neglected, but in LPT the initial fluc-
tuations are usually taken to be Gaussian, which implies that at the linear level all averages are
zero by construction. In addition, we should be aware that any intuition based on Newtonian
theory may be misplaced; e.g. the average spatial curvature of voids and clustered matter (with
negative and positive curvature, respectively) is not necessarily zero within GR. Thus, within
standard cosmology the spatial curvature is assumed to be zero, or at least very small and at
most first order in terms of the perturbation approximation, in order for any subsequent ana-
lysis to be valid. Any prediction larger than this indicates an inconsistency in the approach. In
this sense the standard model cannot be used to predict a small spatial curvature.

It has recently been re-emphasized that, in an era of precision cosmology, any physical
approximations (including, for example, the use of LPT), in standard cosmological models
should be analyzed to check if they are sufficiently accurate for comparison with observations
used to draw conclusions about the actual properties of our Universe [9].

1.2. Periodic boundary conditions

In the general inhomogeneous cosmological case, the formulation of the evolution equations
consists of utilizing global Cartesian coordinates and metric variables, where initial conditions
on the metric are specified. In the actual N-body simulations a cell of length L (a fraction of
the Hubble scale) is taken and the system is integrated where the PBC at L is applied at all
times (and is used at every step to compute spatial derivatives near the edges of the cell). Hence
spatial curvature is held zero on the boundary, and in this sense the growth of spatial curvature
is suppressed, relatively speaking. It is of importance to verify numerically that initial PBC
constrain the spatial curvature to be zero at the boundary for all time, which is maintained at
zero even below numerical errors that begin to grow.

In addition, if in N-body simulations the cell is restricted to a finite size L, then periodicity
implies that longer wavelength inhomogeneities than L are effectively neglected. This will have
an effect on the numerical simulations, which is a general concern, especially when the large-
scale cutoff is indeed below the Hubble scale as will be necessary if small (~Mpc) scales are
to be resolved. (There will be a cutoff in practice in the power spectrum of the inhomogeneities
immediately from the initial conditions.)

Finally, it is not absolutely clear whether periodic initial conditions guarantee periodic evol-
ution for all times. There is no general mathematical theorem on the preservation of discrete
symmetries (that periodicity implies; however, see [10]). But note that if it were true that
periodic initial conditions are propagated, then it follows that the spatial curvature is indeed
constrained at L for all times.

In the few current relativistic cosmological simulations, the spatial curvature can have large

local fluctuations but remains small when averaged over large scales. It becomes extremely
3



Class. Quantum Grav. 41 (2024) 015009 A A Coley and W C Lim

small, Qg ~ 1078, when averaged over the whole periodic box of the simulation [11]. Work
is in progress for a more in-depth investigation of average spatial curvature from numerical
relativity, along with the constraints due to the PBC, in a more frame-independent formalism
[12]. However, the preliminary evidence is that these numerical solutions have an exceptionally
and unnaturally small spatial curvature in a neighborhood of the periodic boundary, which
affects the average spatial curvature in the whole cell, and can perhaps be ascribed to the use
of PBC.

In different formulations of the EFE (e.g. the G, case below), it is difficult to compare with
the standard numerical results of the full 3D code and the usual N-body simulations. Indeed,
since the EFE are hyperbolic, and depending on the particular formulation of the evolution
equations, once the initial conditions are fully specified it is not clear whether the application
of spatial PBC are even required (beyond the specification of the initial data that is).

2. Spatially inhomogeneous models

The FLRW cosmology (or Friedmann-Lemaitre (FL) model as we will refer to as here when
regarding the solution as a dynamical equilibrium state) is an expanding exactly spatially
homogeneous and spatially isotropic Universe, which is believed to describe the Universe on
a sufficiently large spatial scale, at least since the time of last scattering. However, the observ-
able part of the Universe is not exactly spatially homogeneous and isotropic on any spatial
scale. From a practical point of view, we are interested in studying models that are close to FL
in some appropriate dynamical sense, perhaps using deviations from an FL. model by applying
LPT. But it is not known how reliable the linear theory is and, moreover, in using it we are a
priori excluding the possibility of uncovering important non-linear effects.

Therefore, it is of interest to consider (more) general spatially inhomogeneous models (than
FL) in order to investigate the constraints that observations impose [13]. Indeed, it could be
argued that we should not study exotic ideas until conventional GR (with inhomogeneities) has
been fully explored. In the first instance, it is perhaps advisable to investigate a special inhomo-
geneous model where some analytical and qualitative insights are possible. In this paper we
wish to study the effect of spatial curvature and PBC numerically in the special case of G,
models.

2.1. Go> models

The simplest spatially inhomogeneous cosmological models have two commuting Killing vec-
tor fields (i.e. models admitting a 2-parameter Abelian isometry group acting transitively on
spacelike 2-surfaces), which consequently have a single degree of spatial inhomogeneity. This
class of models, which are referred to briefly as G, cosmologies, are governed by the EFE
which constitute partial differential equations (PDE) in two independent variables [14]. A lot
of the research to date has focused on the so-called Gowdy vacuum spacetimes [15], because
such models are much more tractable than non-vacuum ones and the existence of compact
space sections facilitates numerical simulations since the problem of boundary conditions at
spatial infinity is avoided. Recently, a plane-parallel model (or wall Universe) [16], in which
light rays pass through a series of plane-symmetric perturbations around a FLRW background,
was used to study the back-reaction from the small-scale inhomogeneities [17, 18].
Belinskii, Khalatnikov and Lifshitz (BKL) [19] have conjectured that within GR the
approach to the generic spacelike singularity to the past is vacuum dominated (assuming
p < p), local, and oscillatory (labeled ‘Mixmaster’). Locality implies that the contribution of

4
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terms in the evolution equations with spatial derivatives can be neglected. Numerical studies
of the asymptotics of the simplest inhomogeneous vacuum Gowdy models demonstrate that
on approach to the singularity, spiky structures form [20]. These spikes become narrower as
the singularity is approached. Studies of G, and more general models have produced numer-
ical evidence that the BKL conjecture generally holds except possibly at isolated points where
spiky structures form [21, 22].

We are particularly interested in late time evolution here. We shall concentrate on G, cos-
mologies with a perfect fluid matter content, and especially dust [23]. At any instant of time,
the state of a G, cosmology is described by a finite-dimensional dynamical state vector of
functions of the spatial coordinate. That is, the dynamical state space of G, cosmologies is
a function space and is thus infinite-dimensional. The evolution of a G, cosmology is con-
sequently described by an orbit in this infinite-dimensional dynamical state space. In a G,
cosmology, at each point there exists a preferred timelike 2-space that is orthogonal to the G,-
orbits. Therefore, there is an infinite family of geometrically preferred timelike congruences
and gauge freedom in the choice of the orthonormal frame (and associated with the choice of
the local coordinates). Following [14, 24], we shall utilize the orthonormal frame formalism
adapted to the G, orbits. Such a dynamical formulation has proved effective in studying G,
cosmologies. Here we define scale-invariant dependent variables by normalization with the
area expansion rate of the G,-orbits, in order to obtain the evolution equations as a system of
PDE in first-order symmetric hyperbolic (FOSH) format. This FOSH format also provides a
natural framework for numerical studies.

2.2. Gy evolution equations in timelike area gauge

The geometry of the general G, class of spacetimes is given in [22], where all of the metric
functions depend only on the time coordinate 7 and the spatial coordinate x. We will display the
G, evolution system in terms of the timelike area gauge in the Gowdy subcase ¥, = 0 (with
unit lapse, thereby defining ¢ time). We utilize S-normalized variables [14, 23] in the orthonor-
mal frame formalism [24], where the # and x subscripts denote partial differentiation. We also
assume dust (y = 1) and a single non-zero tilt component, v. We are particularly interested in
future dynamics close to ‘FL’. We also assume that the cosmological constant is zero, so that
we have an unconstrained evolution system in FOSH format [14]:

OE\' = (q+3%,)E! (1
OX_+E'ONy = (g+351 —2) B_ +2V33% —2V3N* 2)
ONy +E'0.X_ = (qg+3%4) Ny 3)
05y —E ' ON_ = (q+32+ 7272\@2_) Sy —2V3NL N_ @)
ON_ —E'0%, = (q+32++2\f32_) N_ +2v33, Ny (5)

(O +VE"0;) Q+ QE ' 0,v =20 [(q+1);(132+) (1+1?) —1 6)

5
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(O +VvE'"9,) v=(1-V*) | 3(NxE_ —N_E,) + %Qv— (1-3%,)v (7

where

(q—|—32+)52—%(1—v2)9 ®)
and

E+z%(1722_7N§<—22X7N2_fQ). )

Note that in the present case we have from equations (8) and (9) that

q:%+%(EE+Ni+Zi+NE)+%v2§2>%, (10
which, together with

OB =—-(g+1)5, )

guarantees that [ is single signed and is monotone (for small e—see below). The (negative)
spatial curvature (—€2) is defined via

Q= N2 + N2 (12)

The relation of the variables above with metric components is given by (see (6.39) and (6.40)
of [23], or appendix A.3 of [14]):

s> = B2 [—dtz n (Ell)*Z dxz] Lo [eP(t,x) (dy + O (t,x) dz)> + e~ P19 42 (13)

_ 1 _r.1
(E,,Nx)—z\/g (0, —E1'0x) P (14)
1
(Ex, N-) = ﬁe" (0,E1'0,) Q. (15)

2.2.1. Initial data.  Since we have an unconstrained FOSH system no constraints need be
satisfied and we freely specify {E;', ¥_, Ny, Xy, N_, Q,v}att=0o0n {-L<x<L}.

We shall consider initial data close to a (flat) FL model of the form (for small € ~ 10~%):
{E\'=1+¢E), ) )
{E¥_=€X_ Ny =eNyx, Xy =Xy, N_=eN_},
{Q=1-€Q,v=e4}.
Note that it follows that

{6] = % + 6257E+ = 62i+,ﬂk = EZQk}.

The initial data is given by (for example) eX_ atr=0 (etc). Since shell crossings can occur

in dust models, we either cease integration once any singular behavior develops or we can
include a small fiducial pressure in the models.

2.2.2. Linear regime. For small €, we integrate equation (1) to obtain:
E=e2+o0(&), (16)

where we have normalized E to be unity at #=0. In the linear regime we have that e? is
small (which for € ~ 10~ corresponds to ¢ < 10). Equations (6) and (7) also constitute o(¢?)
corrections to zeroth order evolution equations. In the linear regime, ( ~ o(¢?).

6
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2.2.3. Shear and curvature.  Equations (2)—(5) represent the first order evolution equations
for the normalized shear and curvature variables with second order corrections. We imme-
diately see the growing modes for the normalized curvature variables ~e? and the decaying
modes for the normalized shear variables ~e~ 7, corresponding to the familiar eigenvalues
{%, —%} for the flat FL ‘saddle point’ solution [so that the growth of the shear is suppressed
relative to that of the spatial curvature in the initial linear regime].

Solving equations (2)—(5) we obtain:

Y —e [o_ +ex_], a7
Ny =e? [V« + €eNx], (18)
ix :e_% [ax —|—€i><], (19)
N_=ei[v_+eN_], (20)

where {0_,0,v_,vyx} are slowly varying (and, for example, 0, % ~ (eei)L_", 0Dy ~
(eeé )X/, where a prime denotes 0,). In the regime in which the shear is sub-dominant, these
quantities are approximately constant.

2.2.4. Spatial curvature.  From equations (3) and (5), to o(€) equation (12) becomes:
O = W, (21)

so that € remains small (and of second order initially). More precisely, to o(€*):

2
O = (ee%> [(V% + sz) +e(vxNx +v_N_) +4v/3 (665) e o_v_ +oxvx)

+ (ee%)e*% (V_le-l—l/xi_/). (22)

Clearly to second order we duplicate equation (21); the leading order correction to this
equation comes from the term e(v_N + v« N_), which corresponds to equation (22) to next
order. The remaining terms are of order o(ee~*) and o(e?). For early times 9, > 0, and so
the magnitude of the spatial curvature grows. The sign of the next order terms is not necessarily
positive.

2.2.5. Boundary conditions. ~ We can consider PBC at X = L. Any periodic initial data for
any variable X on [—L,L], for L sufficiently large, can be Fourier decomposed. Note that at
t =0 the average values are (X) = ¢o, which is usually taken to be zero, and (X') = 0. We are
also interested in non periodic initial data, since in the formulation of G, models here PBC are
not necessary.

2.2.6. Numerical methods: zooming.  One numerical method for resolving small scale struc-
ture is adaptive mesh refinement (AMR). However, if we know beforehand the location of the
structure, we need not use AMR. Because we wish to numerically study non-PBC, we shall
consequently use zooming techniques, in which we use a coordinate system adapted to the
structure that is under investigation. In particular, we can choose a coordinate system that
shrinks exponentially with time, in which the new coordinates zoom in on the worldline, and
where the constant rate of focus A is controlled (A =1 is the natural choice, which ensures a

7
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Figure 1. In figures 1-3 we consider three numerical runs for the initial conditions
(a) ¥_ =0.0lsin7x (b) ¥_ =0.0lsinwx+0.01 (c) ¥_- =0.01sinwx+ 0.01x (each
zooming in at x,0om = 0,0.25,0.5, plotted in blue, green, red, respectively) in the diag-
onal G» models. The domain is x — xzeom € [—10, 10], with  running from 7 =0to t = 3.
The initial conditions can be interpreted as a perturbed open FL model (small 3 _) that
is also close to a flat FL. model (small v). For all initial conditions v grows from 0.1 to
0.4, taking the solution further away from the flat FL. model. The growth of the spatial
curvature is displayed in the final frame in each figure for each initial condition.

good excision boundary throughout the simulation) [22]. The numerical grid ends at a fixed
coordinate value X = L. Ordinarily, that would call for a boundary condition at L, but we can
use the method of excision, which can be applied to any hyperbolic equations where the outer
boundary is chosen so that all causal influences are outgoing. In that case the equations of
motion are simply implemented at the outer boundary; no boundary condition is needed (or
even allowed).

3. Results
In figures 1-3 we present three numerical simulations for the G, dust evolution system in terms

of the timelike area gauge and using $-normalized variables with the initial conditions {E| =
LY =Y Ny =02« =0,N_=0,Q=1-%2 v=0.1} (which actually correspond to
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Figure 2. (See figure 1 caption).

diagonal G, models, with X, = N_ = 0 at all times) and with (a) Y_ =0.0lsin7x(b)S_ =
0.01sin7Tx+0.01 (¢) $_ =0.0lsinmx+0.01x (each zooming in at x,50m = 0,0.25,0.5, plot-
ted in blue, green, red, respectively). The domain is x — X,e0m in [—10, 10] with zooming, with
t running from ¢ = 0 to # = 3. The initial conditions can be interpreted as a perturbed open FL.
model (small >_) that is also close to a flat FL. model (small v). The numerical results demon-
strate that for all initial conditions v grows from 0.1 to 0.4, taking the solution further (drifting)
away from flat FL (regarded as a saddle point in the dynamical state space), regardless of the
periodicity or aperiodicity of the initial conditions.

From the final frame in the figures it is clearly demonstrated that €2 is suppressed in
figure 1(a) with periodic initial conditions, and the growth of ) is evident when periodicity
is broken in figure 1(c), which can be attributed to the non-periodic term 0.01x in the initial
conditions for X_. Note that this non-periodic term has a very large wavelength. However, the
simulations figure 1(b) show that the presence of a constant term 0.01 in X _ is found to have a
negligible effect on the spatial curvature N, and (), since the large background homogeneous
term in the shear in this model (i.e. X_ = 0.01sinwx 4 0.01, which is still periodic) does not
pass into N . Additional simulations with various initial conditions were not found to change
the qualitative behavior of these results.
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Figure 3. (See figure 1 caption).

4. Discussion

We have shown that in this particular G, model periodic initial conditions do indeed suppress
the spatial curvature, and hence we have verified that their use implies a small spatial curvature
a priori. More comprehensive numerical analysis is possible but, as we noted above, this may
not directly improve the qualitative conclusions regarding more general 3D simulations.

Indeed, in the G, FOSH formulation of the evolution equations, the variables are not metric
variables and consequently the initial conditions are not specified on the metric functions.
Hence the meaning of periodic initial data has a different meaning to that in the usual standard
sense. Indeed, in this formulation once the initial conditions are fully specified the application
of spatial boundary conditions are not even required. It is difficult to compare directly with
the results obtained in the usual full 3D numerical simulations. Hence it is important to repeat
this type of analysis in general cosmological simulations [12].

If the periodic initial conditions are maintained, the only arbitrarily large wavelength modes
allowed are the background homogeneous terms, and they are only allowed in the shear com-
ponents (which are time derivatives of the metric) but not in the spatial curvature compon-
ents (which are spatial derivatives of the metric). That is, the spatially homogeneous growing
mode is turned off, and long-wavelength modes which behave like Bianchi dynamics, leaving
only short-wavelength modes which grow slower (if they grow at all). Periodicity generally
disallows arbitrarily large wavelengths in the spatial curvature.

10
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In the analysis there is a potential gauge issue which concerns the choice of the timelike
area gauge (which affects the normalization of the independent variables such as €;). (The
usual gauge issues when using LPT are not relevant here in the numerical simulations). The
emphasis in this short paper is to qualitatively illustrate the relative growth of ) in the evolu-
tions without PBC compared to those with PBC. Other numerical investigations were under-
taken, but none challenge this conclusion and none, in our opinion, really led to any further
insights. So although the gauge affects the actual quantitative results, it does not affect the
qualitative results (at least according to our computations). In particular, the behavior of the
growth of {2 (in the figures) is typical as found across the region of simulation, and in other
timelike area gauge numerical simulations, indicating that the relative average spatial curvature
is increasing in the models without PBC. In addition, comparison of §2 and €2 in the figures
(where the influence of the normalization factor is then minimized) illustrates that the qualitat-
ive growth of €); in the evolutions without PBC compared to those with PBC does not depend
on the choice of the timelike area gauge.

Data availability statement
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