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This paper is one of a series that lays the groundwork for a structure and classifi-
cation theory of second order superintegrable systems, both classical and quantum,
in conformally flat spaces. Here we study the Stéckel transfemtoupling con-

stant metamorphosisas an invertible mapping between classical superintegrable
systems on different spaces. Through the use of this tool we derive and classify for
the first time all two-dimensional2D) superintegrable systems. The underlying
spaces are exactly those derived by Koenigs in his remarkable paper giving all 2D
manifolds (with zero potentigl that admit at least three second order symmetries.
Our derivation is very simple and quite distinct. We also show that every superin-
tegrable system is the Stackel transform of a superintegrable system on a constant
curvature space. @005 American Institute of PhysickDOI: 10.1063/1.1894985

I. INTRODUCTION

This is a sequel to our first pap]eour purpose is to lay the groundwork for a structure and
classification theory of second order superintegrable systems, both classical and quantum, in
complex conformally flat spaces. Real spaces are considered as restrictions of these to the various
real forms. In Ref. 1 we have given examples, described the background as well as the interest and
importance of these systems in mathematical physics and given many relevant references. Ob-
served features of the systems are multiseparability, closure of the quadratic algebra of second
order symmetries at order 6, use of representation theory of the quadratic algebra to derive spectral
properties of the quantum Schrédinger operator, and a close relationship with exactly solvable and
quasiexactly solvable problerﬁ? Our approach is, rather than focus on particular spaces and
systems, to use a general theoretical method based on integrability conditions to derive structure
common to all systems.

In this paper we study the Stackel transform, or coupling constant metamorphbsist
two-dimensiongRD) classical superintegrable systems. Recall that for a classical 2D system on a
Riemannian manifold we can always choose local coordinatgs not unique, such that the
Hamiltonian takes the form
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This system issecond order superintegrableith nondegeneratpotentialV=V(x,y,a, B, y) if it
admits three functionally independent quadratic constants of the motion

= E ai(jk)pi pj + WX, Y, @, B, 7).
ij

(We also refer to these constants of the motion as symmetries because; each leads to a conserved
quantity for the associated physical system; their Poisson brackets with the Hamiltonian vanish, so
that they are generalized symmetries in the Lie sense; and their quantizations lead to second order
partial differential operators that commute with the Schrédinger operator, so are again generalized
symmetries in the Lie sengeThe potentialV is nondegenerate in the sense that at any regular
point Xy, Yo Where the potential is defined and analytic andS$pare functionally independent, we

can prescribe the values &f(xg,Yo), Vo(Xg,Y0), V11(Xg,Yo) arbitrarily by choosing appropriate
values for the parametets, 8, y. Here,V;=dV/dx, V,=dV/dy, etc.[Another way to look at this

is to say that/;(Xg,Yo) , Va(Xo, Vo) » V11(Xo, Vo) are the parametelfsThis is in addition to the trivial
constant that we can always add to a potential. This requirement implies that the potential satisfies
a system of coupled PDEs of the form

Voo = Vig + AZ(X,Y)V1 + BEX,Y)V,, Vo= AY(X,Y)V, + B(X,y)Vs.

The Stackel transform is a conformal transformation of a superintegrable system on one space
to a superintegrable system on another space. We prove that all nondegenerate 2D superintegrable
systems are Stackel transforms of constant curvature systems and give a complete and simple
classification of all 2D superintegrable systems. The following papers will extend these results to
three-dimensional3D) systems and the quantum analogs of 2D and 3D classical systems.

Il. THE STACKEL TRANSFORM FOR TWO-DIMENSIONAL SYSTEMS

The Stackel transfortl or coupling constant metamorphd&isplays a fundamental role in
relating superintegrable systems on different manifolds. The basic idea behind this transform has
long been observed in various important classical and quantum mechanical systems. One of the
most familiar is the Hamilton—Jacobi equation for the classical Coulomb probiesrpf+p§
+p§+Z/r:E wherer is the radial coordinate ardis the charge. Division of the equation by the
potential termr~ converts it into the pseudo-Coulomb problei=r(p2+p3+p3)-Er=-2,
much easier to solve from a group theoretic point of view, where the space has changed and the
energy and charge have switched roles. In Ref. 11 it was pointed out tHat2V(x)=E is an
integrable Hamiltonian system for some additive potentiahd all values of the parametetsk,
then the systeniH/V-E/V=Z is also integrable, where the parametBrand Z have changed
roles. This general transformation was called coupling constant metamorphosis. Independently in
Ref. 10 it was observed that if the Hamilton-Jacobi equatiBigdp,p;+V(q)=E, Sg'p.p;
+U(q)=E each admit a complete integral via separation of variables in the orthogonal coordinates
g, whereU is nonzero, then the systeldTlﬁg”plpj +U"V(q)=E’ also admits a complete integral
via separation in the same coordinates, but on a different manifold. The second order constants of
the motion that describe the separation and the corresponding Stackel matrices are mapped into
one another by the transformation. We called this the Stackel transform since it preserved the
Stackel form of the separable system. All of these observations have straightforward extensions to
n dimensions and to the corresponding quantum mechanical operators.

Suppose we have a superintegrable system

Pi+p3
A(XY)
in local orthogonal coordinates, with nondegenerate poteXyitialy),

+V(Xy) (1)
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Voo =Vyy + AP + B,
(2
V12 = A12V1 + Blz\/z

and supposéJ(x,y) is a particular solution of equatio(®), nonzero in an open set. Then the
transformed system

2 2
F=PP2 gy 3

AX,y)
with nondegenerate potentiﬁ[x,y),
’\722 = ’\V/ll + Z22’\71 + EZZ'\V/Z'

o (4)
Vip= A%V, + BV,

is also superintegrable, where

A=\U, V=

ci<

ﬁ A22 = p224 zﬂ Bl2=pgl2_ ﬂ B22=pg22- 2%

u’ u’ u’ u’

Let S=3allp;p;+W=S,+W be a second order symmetry fand S,=%a"lp;p; +Wy,=S+W, be
the special case of this that is in involution wit+p3/\+U. Then

Al2- pl2_

S=g- Moy, Ly
- u U

is the corresponding symmetry 6f. Since one can always add a constant to a nondegenerate

potential, it follows that 1 defines an inverse Stackel transformrbfo H. See Refs. 10 and 12
for many examples of this transform. We say that two superintegrable systems are Stackel equiva-
lent if one can be obtained from the other by a Stackel transform.

A. A Stackel transform approach to the classification of nondegenerate
superintegrable systems

Through the use the Stéckel transform we can develop a method for classifying 2D nonde-
generate superintegrable systems that is differential equations aseurticular it is distinct
from the Koenigs analytic function approach to finding spaces that admit at least three second
order Killing tensors. Let

ds? = M(x,y)(dx? + dy?)

be a metric for a nondegenerate superintegrable system. We recall from Sec. 2 of Ref. 1 that
necessary and sufficient conditions & to be a second order Killing tensor farare that

Aa¥?=0, A@“-a)=0, A=d+4,
where

(a2-a'Y),=2al2 (a®2-a'), =-2a2,

and theall satisfy the integrability condition
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()\22_ )\11)a12 - )\12(322 - 11) = 3)\1a12 - 3)\2a + (all azg))\. (5)

Since\ is nondegenerate superintegrable we have three independent symmetries of tide form
=Xalpjp;+W and a nondegenerate potentabatisfying the Bertrand—Darboux equations

(ra'), - (xaﬂ)z}vl N [ (ra™); - (Na'),

N N }Vz (6)

(Voo= Vipat?+ Vy(att - a?) = [
for all symmetries with quadratic ternas .

For a superintegrable system we can always use the independent symmetries to solve equa-
tions (6) for V,,—V;1,V45 in the form (2). If these two equations are the only conditions on the
potential functionV then it will depend on four parameters, the maximum number possible. Thus
we can prescribe the derivatives,V, V4 and the value o¥ at a fixed point. This is the case of
a nondegenerate potential. If, however, the equati6nput additional conditions on the potential
then there will be a restriction on the first derivatives and the potential will depend on fewer
parameters than four. In this case the potential is degenerate. In Ref. 1 we showed that superin-
tegrable systems with three and two parameter potentials were, essentially, just restrictions of the
four parameter nondegenerate potentials. One parameter poténéiglsonstant potentiglsare
different. They in general are not restrictions of nondegenerate potentials and, indeed, the qua-
dratic algebra structure may not hold. See Ref. 13 for a counterexample.

Returning to our nondegeneracy assumption, the system of equégjdmes a four parameter
family of solutionsV, counting the addition of a scalar Was a parameter. Also, every Stackel

transform of this system to a system with metiianust be of the formv= ul\ whereV= Vis
some particular solution of the equatioi®. Thus it is of interest to determine the equations that
characterizeu.

To simplify the computations to follow, we recall that we can choose our orthogonal coordi-
natesx,y such that one of our symmetries takes the faif=0, a?>~al!=1. In this system the
symmetry and5) imply \,,=0, and, as we will seqs;,=0. A second symmetry is defined by the
Hamiltonian itselfal'=a?2=1/\, a'?=0, which clearly always satisfies equatigbsand(6). Due
to nondegeneracy, for the third symmetry we must ha¥fe: 0 and it is on this third symmetry
that we will focus our attention in the following. Now the fundamental integrability conditions can
be rewritten as

M2=0, Agp=N13=3NgA; = 3NA, + (Agy + AT - Ay — ADA, (7)

where A=In a'? and the subscripts denote differentiation. Similarly, using this result(@nde
find that the equations characterizipgare

21270, o= p11= BusAr = 3o + (A + AL = Agy = A . (8)

Note that these two equations appear identical. However they have different interpretations. The
fixed metric\ satisfies(7) and is a special solution dB). Here . designates a four-parameter
family of solutions, of which\ is a particular special case. It follows thatsatisfies the integra-
bility conditions for this system.

Let us applyd;, to both sides of8). The result, usinge;,=0 andAa'?=0, is

0= 3Ao( 11— pop) + (BA10+ 2[Apq + Aﬂz)ﬂl + (= 3Apo+ 2[A + Aﬂl)ﬂz +2u(Agg + A%)lZ-
9
There are two possibilities here.

(1) Case I: A,=0. Then every term in the preceding equation vanishes identically. We
conclude thai!? factors asa'?=X(x)Y(y), whereAa?=0. Thus there is a constant
such that
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X"=a?X, Y'=-aY.

We have solutions

X(X) = B16™+ BT, Y(y) = 1€V + y,&7.

Variables separate in the equations fointo two ODEs. Thus for every choice af?
we can find all solutionsu explicitly.
(2) Case Il: A,#0. Now the coefficients oft,4, 2, in (9) are nonvanishing. The equation can
be rewritten as

+2u(A + Ai)lZ-

_ | 3Auat 2(An + AD), = 3A1ppt 2(A; + A
M22~ M11= M * 12

3As 3A.,
Sinceu is a four-parameter solution, the coefficientsigf, u,, andu can be equated. Thus
we have three new identities, which together with*?=0 give

(i) 9AIAL = 3A110+ 2(Agy + Ay, (i) 9AGAL = 3Ag00+ 2(Agy + AY)4,
(10
(iii ) 3(Apy+ ADAL= (A + A2)p,, (V) Ay + AT+ Ay +AS=0.

The first two identities implyA,,=Ce" for some nonzero consta@t This is the Liouville
equation with general solution
2o X YY)
C(X(x) +Y(y))?
whereX(x) andY(y) are functions such that’(x)Y’(y) # 0. At this point it is convenient to
useX,Y as new coordinates. Thus there are functiBfx),G(Y) such that
(X)?=F(X), X"=3F'(X), (Y)*=G(Y), Y'=3G'(Y).

Substituting these expressions into the identitigs(iv) we obtain a system of functional
differential equations foF,G with the general solution

o "1 Y2
F(X) = =X*+ X3+ Z5X2 + yX + vy,
X)=2X*% > Xt vXt Y

a Y1 Y2
GY)= = —=Y*+ Y3 = £5Y2 4 yY —
(Y) 24 6 2 Y3 Ya

wherea, y; are constants. Note that the equationsxXgy in terms ofX,Y take the form of
elliptic integrals,

X‘f dX
\/§X4+ X+ TX2 4 ypX + Ve

y'f dy
VEYA+ BV 2V 4 gy -y,

Again, variables separate into two ODEs in the equationgfdfhus for every choice d*?
we can find all solutiongu explicitly.

Theorem 1: If ds?>=\(dx?+dy?) is the metric of a nondegenerate superintegrable system
(expressed in coordinatesy such that\;,=0) then\ =y is a solution of the system
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al2- a2
B ~ 11~ 8
p12=0, o= pg1= 3ug(In @ty - 3uy(In a?), + ( 212 )M'

(11
where either

() a?=X(x)Y(y), X'=a?X, Y'=-a?,

or
2X"(x)Y’
() gtz 2RV
C(X(x) +Y(y))
"2 " 1 ’ 12 " 1 !
(X)P=FX), X'=_F'(X), (Y)?=G(Y), Y'=2G'(Y),
where
a 71 Y2
F(X)= —X4+ 233+ £2X2 4+ 7 X +
(X) 24 6 5 Y3kt Va,
GY) = - —yie Bya_ Lyzy iy

24 6 2

Conversely, every solution of one of these systems defines a nondegenerate superintegrable
system. If\ is a solution then the remaining solutiopsare exactly the nondegenerate superin-
tegrable systems that are Stackel equivaleri.to

This result provides the basis for a simple classification of all nondegenerate superintegrable
systems. In fact the spaces that arise correspond one-to-one with Koenigs’ tables of 2D spaces that
admit at least three second order symmetries. Indeed, from the fa&(®aand G(Y) are fourth
order polynomials we can determine which solutions of the functiimg andY(y) yield the lists
drawn up by Koenigs in his two table@\e give the details of these tables in Sec. Ii B.

To understand more clearly the significance of cdbeand(ll) in the preceding theorem, we
make use of the symmetry of equatig8s, first exploited by Koenigs. We write the system in the
form

12, 12_ _ 12 12, (12 o120 _
ati+a3=0, w1p=0, a¥uy1— ppp) +3usai’ — Bupay + (a75 - a3 =0, 12

Lemma 1: Supposeu=X\(x,y), a?=a(x,y) satisfy (12). Then u=a(x,y), alz:X(x,y) also
satisfy (12) where

Axy) =ax+y,ix—iy), Ay)=\Xx-iy,y-ix).
This transformation is invertible.

Proof: It is straightforward to check thad;»=0, \{;+\»,=0. The symmetry of the third
equation under this invertible transform is obvious. Q.E.D.

Theorem 2: System(12) characterizes a nondegenerate superintegrable system if and only if
the metrica?(x,y) is of constant curvature. Equivalently, the syst€if) characterizes a nonde-

generate superintegrable system if and only if the symmetys the imageal?=\ where the
metric A (with A;,=0 is of constant curvatuye

Proof: System(12) characterizes a nondegenerate superintegrable system if and only if the
symmetrya'? satisfies the Liouville equatiofin a'?),,=Ca'? for some constan€. [If C=0 we
have casdl), and if C# 0 we have casél).] It is straightforward to check that this means that
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A+ 5%3 @2)%+ (@)?
(’512)2 (’512)3
so the scalar curvature of met@(dx?+dy?) is constant. Similarly, i\ is of constant curvature

then satisfies Liouville’s equation. Q.E.D.
Theorem 3: Every nondegenerate superintegrable 2D system is Stackel equivalent to a non-
degenerate superintegrable system on a constant curvature space.
Proof: Every nondegenerate superintegrable 2D system with metic®+dy?) corresponds
to a functiona,%2 and a system of equatiori$2) (with alz:aéz) whereu =N\ is a solution and the
integrabilty conditions are satisfied identically, so that the space of solutioissfour dimen-
sional. From Theorem 1 we see th%f must satisfy the Liouville equation, so by Theorem 2 the
metric é=ag 2 is of constant curvature. Recall that the space of second order symmetries of a
constant curvature space is six dimensional. Consider the possible symrattsesh that stan-
dard equations

=4iC,

as+ay=0, al%(&- &) +36a1° - 36+ (ars - a35)¢=0

are satisfied. One constant curvature space symmetryakith0 determines the separable coor-
dinates{x,y} and one symmetry is the Hamiltoniap§+p§)/)\. A basis for the remaining sym-
metries consists of four linearly independent symmetries afiftharmonic and nonzero. It is clear
that the Koenig duality mapping for u a solution of systenf12) maps the four-dimensional
space of solutiong (exceptu=0) one-to-one onto the constant curvature space symmetries with
a'? harmonic and nonzero. For constant curvature spaces we know that there are synattetries
that define nondegenerate superintegrable systémmsystems on flat space and the 2-sphésd.
a?=b'? be one such symmetry. By Theoremb}? satisfies the Liouville equation. Since the
Koenigs duality map is onto, there must exist a soluficar of system(12) such thatv=b'2. By
Theorem 2v is the metric of a constant curvature space. This means that the system with metric
\ is Stackel equivalent to the constant curvature system with metric Q.E.D.

B. Examples and relationship with the Koenigs tables

In a tour de force, Koenidé has classified all 2D manifolds that admit exactly three second
order Killing tensors and listed them in two tables, Table VI and Table VII.

In each case Koenigs gave the terms that give rise to the leading coefficients of the additional
quadratic constant of the motion not implicitly defined by the Liouville form of the metric. We
have given these metrics in a symmetric orthogonal form.

We can now reproduce the tables via the duality between separable coordinate systems on
spaces of constant curvature and the form of the Killing tensors admitted in these particular
coordinate systems.

For example, takingr=1 in case(l), a solution fora'? is

X(x) =sinx, Y(y) =sinhy 0 a'?=sinxsinhy.
Now w1,=00 u=f(x)+g(y) and so Eq(11) for u becomes
g’ - f"=3f" cotx-3g’ cothx—2(f +g)
which separates into a pair of ordinary differential equations,
g’ +3cothyg +2g=K, f"+cotxf’'-2f=K
for some separation constafdt These equations have solutions

Cq COSX+C, 1K _Cgcoshy +cy N 1

f00= Sir? x N 9y)= sinfty 2

and so
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_ €1 COSX+Cp N czcoshy +c,
H Siré x sify

In the preceding, we have used coordinates in which the metric was a multiph& -otlyf,
while Koenigs used coordinates in which the metric was a multiplexafyd To bridge this gap,
we make the change of coordinates-a, y—ib to obtain (with a trivial redefinition of the
parameters;) the first metric in Table VI.

The remaining metrics in Table VI are obtained by similar calculations using the following
particular solutions to the cage equations in Theorem 1:

(13

(1) X=sinx, Y=sinhy,
2 X=sinhx, Y=¢vY,
(3 X=¢, Y=dv,

(4) X=x, Y=y,

(5 X=x, Y=1,

(6) X=Y=1,

The metrics in Table VII are obtained from particular solutions to the ¢hgequations in
Theorem 1 in the same way as described for Table VI.

(1) BothF(X)anda(Y)are general fourth order polynomials,

4F(X) =1 - X2 X=-2cos X,
2

4G(Y)=Y?*-1 Y =cosh %,
"= 1

3 F(X) = X3(X - 1)? T 1+eX
© G(Y)=-YY +1)? 1

S -1+eV
1

X=""15

A FX) =X3(X-1) 1-3%2
“@ G(Y)=-Y3(Y+1) 1

_—1+%1y21
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: Foo=1]_ [x=x
©) cw=1]" |v=y,

There are clearly other choices possible XoandY but they revert to various versions of the
cases given in Koenigs’ tables. Since a single space may have more than one nondegenerate
potential, our classification may include a space more than once.

Next, we examine each of his spaces and show in detail what was proved in the last section:
that every superintegrable system on the space can be obtained as the Stackel transform of a
constant curvature space with respect to Koenigs Table VI,

_—clcosa+c2 c3cosb+c, 2 42
@ dsz—_ sifa | sirfb ](da o)
[ cicosha+c, ce+c, .
2 dsz—_ s T o ](da db?)
3) go=| 98t C“} (da® - db?)
T e & '@
(4) ds2= | ¢ (a2 - b?) + % ¥ % ¥ c4] (da? - db?)
(5) ds2= | ¢ (a2~ b?) + 2—3 +eb+ 04} (da? - do?)
(6) ds? =[c,(a? - b?) + c,a+ c3b + ¢4](da? — db?)
and Koenigs Table VII,
0 d§—{<1—1)+<1—1>+<1
"1\ sk srbk) T ek ek P diak)
- Wi)k)) +cy(sri(a,k) - snz(b,k))} (da® - db?)
1 1 1 1
(2) dsz—{q(m—m) +02<E—m> + C3(COS 22— cos D)

+¢4(cos - cos 4))] (da? - db?)

(3) ds? = [c,(sin 4a - sin 4b) + ¢,(cos 4a — cos %) + cy(sin 2a - sin 2o)
+ ¢4(cos 22— cos d)](da? - db?)

(4) ds?= {cl<$ - é) +cy(a® - b?) + c(a* — b?) + ¢,(a® - b%) |(da® - db?)
(5) ds? =[cy(a—b) + c,(a? — b?) + cy(a® - b®) + ¢,(a* - b*](da? — db?)

to a nondegenerate superintegrable potential. In Refs. 3-16 the authors have computed all the
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nondegeneratéand degenerafesuperintegrable potentials for complex 2D flat space, potentials
[E1]HE20], and nonzero constant curvature space, potentBl${S9], and we identify the
relevant potentials on the list that is given in Ref. 16.

1. Table VI

(1) In this case the infinitesimal distance has the form

c,cosa+cC, Czcosb+c
sifa sirtb

If we rewrite the Hamilton—Jacobi equation on the sphere,

)(da2 - db?).

[ [ Cq _

NN A

using a variant of spherical coordinates

_ 2, 2. 2 =
H=pi+ps+p3+Cy+

_sinb _ cosb _ .cosa
sina’ 2 sina’ sina

S
we obtain the form

» o, E+C Cycosa Cicosb G 0
P Pa” 22 " siPa | sib  sib
Thus the potential from which this metric has been derived via Stackel transfdi®T]is
(2) In this case the metric is

¢, cosha+c,
sint? a

|

+cge P+ c4e‘2b) (da? - db?)

Choosing Euclidean space coordinates of the form

x = exp(- su)cosi(3v), y=iexp(- 2u)sinh(3v)
and substituting into the Hamilton—Jacobi equation
R ¢, C .
H:p§+p§+cl<x2+y2>+X—§+y—3+c4:E
we obtain the form

coshv . 1
sinffv  sintfv

1. 1.
p2-p2+ che‘zu +C, + Z(c4 -E)eY,

whereC,=3(€,+&;) andC3=2(&;—&,). From this it follows that the potential from which this
metric is derived via Stackel transform[i§1].
(3) In this case the infinitesimal distance has the form

ds? = (7@ + e 22 + cee P + c e ) (da? — db?).
In the variables
x=€2coshb, y=-ie?sinhb

this metric assumes the form

c c c
d52:< L e+ 3 +—= )dxz—dz.
V2 +y? 2 Ve +y2(x+iy)  (x+iy)? ( y)
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We recognize this as arising via Stackel transform ff&h7]. Indeed note that if we write
out the equatiotH=E in suitable coordinates we obtain

6, G &
VE+y? (X+iy)2 2+ y(x+iy)

2, .2
pi+ps+

from which we can clearly see the identification.
(4) In this case the infinitesimal distance is

ds? = (cl(az —1?) + % + % + c4>(da2 —db?),

and by settinga=x, b=iy this metric can be clearly related to a Stackel transform from the
potential[E1].
(5) Here

ds? = (cl(az —1?) + % tegb+ 04) (da? - db?).

It is clear that this metric is derived by Stackel transform from the potential

~ C. ~ ~
V=8(x%+y?) + X—§ + Cgy + Cy,

wherea=x, b=iy. As we do not distinguish the use of Cartesian coordinates in any way it is
always possible to rotate and translate them. If we do this then for the various choftes of
we have the following potentials from our complete list.

() €, #0: We can translate with respect yoand maket;=0 to obtain a special case of
[E1]. If further €¢,=0 then we obtaifE3].

(i) ¢,=0: We have a special case [d&2] if C,C;#0. If C;=0 we obtain[E6], and if ¢,
=0 we obtain[E5].

(6) Here

ds? = (cy(a® - b?) + c,a + c3b + ¢4)(da? — db?)

and this is easily recognized to be in the form corresponding to the potential

V=810 +y?) + Cox+ Cay + &y

This can easily be interpreted.df+ 0 then we can take, andc;=0 by suitable translations
and relate our system to a Stackel transforrf&g]. If ¢,=0 thenV can take one of the two
forms

(i)  V=a(x+iy)+p corresponding t¢E4] or
(i)  V=ax corresponding tdE6].

2. Table Vil
(1) Here the metric has the form
ds?=¢,(P(a) = P(b)) + c(P(a+ wy) = P(b+ wy)) + ca(P(a+ wy) = P(b+ w,))
+c4(P(a+ wg) = P(b + wy))(da? - db?),

whereP(a) is the Weierstrass functiol.If we make the choice;=1/k? e,=1, ande;=0 in
the standard formulas for these functions we can relate them directly to the Jacobi elliptic
functions’ via the formulas
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~ 1 _1 KZsrf(zk
Pk = o srzn TR )= 6~ o2z
,SIP(z,K)

Plkz+ w) =Sz, Plkz+ wg) = 1=K 520 n

With these formulas the relationship to a constant curvature superintegrable system becomes
clear. Indeed if we write the Hamilton—Jacobi equation

H= p1+p2+p3+—+§+%+c4_

using conical coordinates in Jacobi elliptic function fotfvjiz.

Si=ksaksipK, =it conlakenf),

k/
S3= ?dn(a,k)dn(,B,k), S+s+s5=1,

then it becomes

s o G 1 1 ek2( 1 1
P Pp E(snz(a,k) " Sr(B, k)) T (cnz(a,k) T oA, k))
Cak'2 ( 1 1

K \dré(a,k)  dré(B,k)

which has the form we expect. This system is therefore relat¢83pon the sphere, via a
Stackel transform.
(2) In this case

1 1 1 1
ds’= <C1< sifa sir b) " CZ( cofa cod b) +cs(cos A~ cos D)

) + (4 — E)(srf(a,k) — srf(B8,k)) =0

+C4(cos 4 — cos 40)) (da? - db?).
If we write out the Hamilton—Jacobi equation
. C, C .
H :P§+p§+01(xz+y2)+X_§+)7;+C4:E

using coordinateg=cosa cosb, y=i sinasinb we obtain

ot o-cot ol el G )
P~ Po* Cy(cos' C0§1b)+c2<cosza co2b) " C\sirra sirfo
+(&,-E)(cogb-cog a)=0.

The potential for this case arises frgfal] via the choice of elliptic coordinates. This is clear
from the usual multiplication formulas

cosXx=2co€x-1, cos4«=8codx-8cogx+1.
(3) Here
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ds? = (c,(sin 4a - sin 4b) + ¢,(cos 4a — cos 4) + cy(sin 2a - sin 2o)
+¢4(cos 2 cos D)) (da? — db?).

If we write the Hamilton—Jacobi equation

Co(x —iy) N Ca(x +iy)

T
V(x—iy)*+4 ((X—iY)2+4)(x—iy+\J’(x—iy)2+4)2+c4(x +y)=E,

H=pi+p3+C +
using the coordinates=2i cosu cosv, y=2 sinusinv we obtain

p2— p?+ 2(&, - 2E)(cos 1 - cos ) + &,(sin 2u - sin )
+ 71163(005 A1+isin4u-cos 4 —i sin 4v) + 2¢4(cos & —cos 41) =0

which gives rise to a metric of this type. This corresponds to sy$tem
(4) Here

ds? = (cl<§ - é) +cy(a® - b?) + cy(at— b?) + cu(af - bﬁ))(da2 - db?).

In the coordinates=2(£+77), y=iéz the Hamilton-Jacobi equation

n n C n
p§+p§+01(4x2+y2)+czx+y—§+c4=E

is equivalent to

X i 1, (11
Pe= Py + (Ca=B)E = 7)) + Cu(& = 1) + Sl €~ ) +Cs<§—2 - ?> =0,

from which we see that this system is obtained fride2].
(5) The infinitesimal distance has the form

ds? = (¢ (a* - b*) + c(a® - b1) + c5(a? - b?) + c4(a—b))(da? - db?).

Consider the Hamilton—Jacobi equation

A oA . [— 3. i '
H=p,ps+ ¢ +Cz+ 03<z— §|22> - 504(23 +8iz2) = E,

wherez=x+iy, z=x-iy. In coordinates=4i(u+w), z=2i(u—w)? this equation is equivalent
to

p2—pZ + 16(&, — E)(u—w) + 64ic,(u? — W?) + 128¢85(u® - w®) — 256&,(u* - w?) =0

from which we see that this system is Stackel equivalenfB&0] with some minor
corrections.

In the last section we gave a simple derivation of all 2D superintegrable systems with non-
degenerate potential. Such systems must admit at least three second order Killing tensors. Koenigs
solved a different and more general problem. He found all spaces that admit at least three second
order Killing tensors. It is a remarkable fact that the lists are the same. Thus from our point of
view the Koenigs derivation is a proof of the following result.

Theorem 4: Every 2D Riemannian space with at least three linearly independent second order
Killing tensors admits a superintegrable system with nondegenerate potential.

Corollary 1: Necessary and sufficient conditions for a superintegrable system with nonde-
generate potential on a 2D Riemannian manifold are that there are local orthogonal coordinates
X,y such that the system takes the foHWU(x,y) where
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2+ 2
H=2 vy

AXy)
is a superintegrable system on a constant curvature space with nondegenerate potential

V(xy) = aVI(x,y) + BV(x,y) + WE(x,y) + &

and

U(X,Y) = aOV(l)(le) + BOV(Z)(le) + VOV(s)(X,Y) + 50'

Corollary 2: Necessary and sufficient conditions for a 2D Riemannian manifold to admit a
three dimensional space of second order Killing tensors are that there are local orthogonal coor-
dinatesx,y such that the metric takes the forns?e\(x,y)U(x,y)(dx?+dy?) where \(x,y)(dx?
+dy?) is a metric on a constant curvature space with nondegenerate potential,

V(x,y) = aVV(x,y) + BVA(x,y) + WO (x,y) + &

and

U(x,y) = aoVP(x,y) + BoVP(x,y) + VI (x,y) + &.

IIl. CONCLUSIONS AND FURTHER WORK

In this paper we have shown that every 2D nondegenerate superintegrable system is Stackel
equivalent(or equivalent via coupling constant metamorphpgisa 2D nondegenerate superinte-
grable system on a constant curvature space. We found a simple derivation of all such spaces and
potentials. We found that the list of spaces with nondegenerate potentials coincided with the
Koenigs list of all 2D manifolds with three linearly independent second order Killing tensors.
Thus any 2D space with three second order Killing tensors necessarily admits a nondegenerate
potential.

In a forthcoming paper we will extend these results to 2D quantum systems, where the same
spaces and potentials will occur. We will uncover the structure of the quantum quadratic algebra
generated by the second order symmetry operators and show how to compute it in general.

Extension of our results to 3D systems is more challenging. Here the spaces we consider are
conformally flat, since the Stackel transform is conformal and the best known examples of super-
integrable systems are in constant curvature spaces. Now for a superintegrable system we must
have five functionally independent symmetries. Although several technical problems related to
dimension must be overcome, we will be able to show that the structure theory for the quadratic
algebras works in analogy to the 2D case. The extension to the quantum case is again more
challenging, but the basic structure results for the quadratic algebra carry over for suitably modi-
fied potentials.
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