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Abstract

The contention made by Berthier et al. - that competing fractional-element equivalent-

circuit models of battery cells are indistinguishable in the presence of noise - is revisited in

this work. A set of six equivalent circuit models (ECMs) were chosen as a subset of West-

erhoff’s generalised ECM from 2016. These six ECMs had increasing complexity, and

gave a simulated output similar to that of an idealised Lithium battery impedance spec-

trum. By extending the frequency range of Berthier, using methods suggested by both

Mauracher & Karden, and Hasan & Scott, sets of simulated electrochemical impedance

spectra (EIS) are generated. A Nelder-Mead based optimisation method, which em-

ploys multiple restarts, is used to fit each ECM to the sets simulated data. The data

was produced with 0%, 1%, 3% and 5% noise. The optimisations showed that all six

ECMs were distinguishable at 0% noise, but as the noise increased - distinguishability

is lost. Typically a 4-element ECM is shown to model the simulated data with preci-

sion which is comparable to the error in the data. When optimising the ECMs against

measured data (measured with an Egilent 66332A, E5270 and a Keithley 2460A) from

INR and NCA batteries, it is seen that the 3-element ECMs are an adequate model.

However there is some variation between the two battery chemistries. Battery ageing

and the measurement system used also contribute to variation in which ECM models

the data best. Further work on this project should include repeating this fitting method

on different battery chemistries, and collating and fitting ECMs to a battery which is

measured at different points as it ages.
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Chapter 1

Introduction

1.1 Motivation

The inner workings of a battery are widely speculated, the mystery inviting electro-

chemists and engineers alike. Electrochemists seek to characterise the internal processes

of a battery by using ECMs to dedicate a component to a battery segment. Electrical

engineers wish to model and predict state of charge (SoC) and state of health (SoH) of

a battery, which could be achieved by knowing the exact contents of a battery model.

This is the motivation for this project.

Although rechargeable batteries have been used for more than 100 years, it is still un-

reliable to predict when a battery will fail in-situ [1]. Implantable medical devices must

have their batteries removed from a person at set intervals, despite its electric vehi-

cle counterpart indicating a similar battery could still have years of use left [2]. This

disparity occurs because the remaining life of a battery cannot be reliably predicted.

Battery ageing is a well researched field, however external indicators of battery ageing

are challenging to detect.

The literature reveals the most common way to model a battery is by using an Equiv-

alent Circuit Model (ECM). It is widely disputed which ECM best represents battery

behaviour, some containing simple R-C networks, while others use fractional derivative

capacitors (constant phase elements). The breadth of models is discussed in full length

in Chapter 2.

The top graph of Figure 1.1 shows the impedance of a Lithium-Titanate cell over a

range of frequencies. The figure highlights data that was previously unseen from Elec-

trochemical Impedance Spectroscopy data (EIS) due to measurement limitations. It is

hypothesised that this low frequency data could be the key to relating Equivalent Circuit

1
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Model (ECM) components to segments of the data, an example of what this might look

like is seen in the bottom graph of Figure 1.1.

Figure 1.1: The top graph shows EIS measurement of a Lithium-Titanate cell, and
the bottom graph shows how an ECM could be represented by the EIS data. The
highlighted (red) region on both graphs data that, previously, could not be obtained
reliably. The bottom graph overlays an equivalent circuit model to demonstrate the
relationship between the data and each circuit component. The green line represents
the series resistance, the orange line represents a constant phase element and the yellow

line represent a Warburg element in this particular case.

1.2 Project goals

The aims of the project are three-fold:
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(1) Determine a set of Equivalent Circuit Models

(2) Produce a program to optimise each Equivalent Circuit Model against measured

battery data, in order to determine each components parameters.

(3) Determine if the Equivalent Circuit Models are distinguishable from one another

when optimised

1.3 Published Work

The core work of this thesis was written into a journal article at the end of 2021. The

paper was co-authored with Professor Jonathan Scott and Chris Dunn. It was accepted

by Elsevier in March 2022, and published in the Journal for Electroanalytic Chemistry

[3]. The bulk of this thesis, particularly Chapters 3 & 4, are based off of this published

work. The paper has been added at the bottom of this thesis for convenience (Appendix

A). This was a tremendous achievement, and contributed to the pool of papers published

by the battery management team at the University of Waikato.

1.4 Thesis structure

Chapter 1 introduces how impedance data from a battery can be simulated using Equiv-

alent Circuit Models (ECMs), discusses why this is important to do and how others have

done it in the past.

Chapter 2 is a literature review critiquing the approaches of electro-chemists and elec-

trical engineers alike. Both parties share a common goal of finding accurate battery

circuits to provide information for practical applications. This literature review ponders

the strengths and weaknesses of each party, and proposes an extension to the methods

presented.

Chapter 3 describes how the ECMs were chosen, the optimisation method and the full

fitting process used to fit theoretical circuits to physical battery data.

Chapter 4 shows examples of the methodology, discusses what determines if ECMs are

distinguishable from one another, and draws a conclusion on whether ECMs can be

distinguishable from one another with noise added to the simulated data.

Chapter 5 is a discussion on the validity of the methods produced in this thesis. This

chapter analyses the results from the methodology and testing, and draws conclusions

on fitting ECMs to data.
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1.5 Background

Battery research can be likened to the ocean, both vast and used frequently, yet they

both contain secrets still to be discovered. This thesis will draw back the curtains a little

more, in hopes to reveal insights into equivalent-circuit models (ECMs) for modelling

rechargeable batteries.

1.5.1 Electrochemical Impedance Spectroscopy

The first rechargeable battery was the lead-acid battery, invented by Gaston Planté,

which was used to power early electric vehicles and telegraph systems [4]. Throughout

the twentieth century the nickel-cadmium battery, alkaline battery, and lithium-ion bat-

tery were developed bringing battery technology up to its current point in 2022 [5, 6].

Researchers are still working on developing more efficient battery technologies - the need

for expansion is vital in the future of transportation, computing and renewable energy

solutions. s A key characteristic of rechargeable batteries is their impedance. Impedance

is a complex quantity which measures a components resistance to AC current, or voltage,

and is usually expressed as:

Z = R+ jX (1.1)

Where Z is impedance (ohms), j represents the imaginary unit, R is the resistance of

the component and X is the reactance of the component.

Impedance is typically measured by applying a sinusoidal AC current to a cell [7], then

measuring the phase shift from the cells response. There are many impedance measure-

ment tool manufacturers which measure complex impedance [8, 9]. In a linear system

the potential difference of the cell can be represented by:

Vt = Vssin(ωt) (1.2)

where Vt is the potential at time, t, Vs is the amplitude and ω is the angular frequency.

Angular frequency can be calculated by:

ω = 2πf (1.3)

where ω is angular frequency, and f is frequency (Hz).
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Thus the battery’s response current, It, can be shown by:

It = Issin(ωt+ φ) (1.4)

where Is is the amplitude of the input signal, ω is the angular frequency, t is time, and

φ is the phase shift between the signal and the battery response. Using Ohms law it is

clear to see that Impedance is shown by:

Z =
Et
It

= Z0
sin(ωt)

sin(ωt+ φ)
(1.5)

then applying Euler’s relationship [10] we reach the final expression for Impedance, Z(ω):

Z(ω) = Z0(cosφ+ jsinφ) (1.6)

1.5.2 Measuring impedance & Simulating Constant Phase Elements

While the tools exist to measure impedance, there is a limit on the lower frequency limit

with most of these devices. Hasan and Scott, who are a part of the battery management

team at the University of Waikato, solved this problem by devising a new method of

measuring EIS data from rechargeable batteries. Initially they used a Solartron 1260A on

a pair of NiMH batteries, finding a discrepancy between the results [11]. This discrepancy

was not repeatable which led them to believe that the measurements at a lower bound at

1mHz were not reliable. This led to the development of their low frequency measurement

system. The procedure for measuring impedance is listed in their paper [11], and is

summarised below:

• A test current is supplied to the battery

• The State of Charge of the battery is preset for each test frequency

• The amplitude of the test current is fixed according to the following equations:

Qin =
I0
πf

(1.7)

and,

Qout = − I0
πf

(1.8)
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• A sinusoidal current waveform is created at each test frequency

• Measure the response over multiple cycles and store the results in a file

• A Hann window is applied to account for any drift, then the magnitude and phase

data is extracted using a Discrete Fourier Transform.

• The complex impedance is calculated using Ohm’s law, dividing the voltage by

the stimulus current at each test frequency

This algorithm eliminates offset drift (making measurements repeatable) and distortions

in impedance measurements. This is the method used by the battery management

group, and so this thesis. Figure 1.2 shows the setup of the measurement system. The

equipment used are the Agilent 66332A, E5270, and the Keithley 2460A).

Figure 1.2: The connections of the Impedance Measurement System used by the
Battery Management Group and the University of Waikato. The current and voltage
of the DUT (Device Under Test) are measured by the two DMM’s (Digital Multimeters),

attached to the Impedance Analyser.

The battery management group have also been working on simulating fractional capac-

itors, or constant phase elements (CPEs). SPICE is a commonly used circuit simulator

available for use, however there is no support for simulating CPEs. Thus a circuit was

created to mimic the behaviour of a CPE in SPICE. Before this work, a common work-

around was to use a network of resistors and capacitors. However, a less popular method

is shown in (Figure 1.3) which aligns with the work of Morrison [12].

Morrison [12] showed that conceptually, in both the high and low end frequencies, the

network is infinite which is impractical for simulation hence the termination branches.

The SPICE model that was settled upon takes 6 inputs: the order of the CPE, upper

and lower frequency bounds, the branch density, a base frequency and the magnitude

of the impedance at the base frequency. The base frequency is used to calculated the
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Figure 1.3: A network of parallel R & C elements, as described by Morrison [12],
with a terminating R on the low characteristic frequency end, and a terminating C on
the high characteristic frequency end [13]. The “home” branch has a resistance and
capacitance of R0 and C0respectively, and k is the scaling factor on the R branches.

’home branch,’ then the branch density is taken into account to determine the number of

branches for the network. The branches are repeated until they reach termination at each

end (maximum and minimum frequency). The paper describing this method is currently

in pre-print to be published by IEEE [14]. The SPICE model acts as verification for

simulated data in other programs (Matlab, python etc) such as the optimiser written

for this thesis.

1.6 Introduction

There is an abundance of literature which presents varying battery models, the focus of

this thesis will be the works of Berthier et al [15].

Berthier et al [15] was an electrochemist who sought to discover whether you could

distinguish ECMs which contained constant phase elements (CPEs). They determined

a method to distinguish circuits numerically, using statistical methods. Berthier et

al [15] chose 4 arbitrary ECMs then synthesised a dataset modelled after measured

electro-chemical impedance spectroscopy (EIS) data. The data was reproduced with

mathematically produced ’noise’ added in the increments: 0%, 1%, 2.5% and 5% noise.

They then used the fitting method for nonlinear least squares outlined by Fletcher et

al [16], and an adapted form of the Nelder & Mead method [17], to fit each ECM to

the synthesised data. It was found that the noise-free, synthesized EIS data resulted

in mathematically distinguishable ECMs. However, when they attempted to optimise

ECMs against sythensized EIS data with greater than 1% noise, the distinguishability

was lost.

This thesis examines the work of Berthier et al, offering an extension of their work to

date as well as updating the methods and circuitry used in their paper.

Firstly, data will be presented in bode plot format rather than Argand diagrams (or

Nyquist plots). This is to capture important frequency information [18].



Chapter 1 Introduction 8

Secondly, an outline of the exact fitting method, and process, will be discussed. This

includes reasoning for the choice of ECMs which was not explicitly given by Berthier

and colleagues.

Lastly, an extended frequency range will be examined in this thesis. Berthier and col-

leagues had a limited frequency range in their experiment, ranging from 100 rad/s (16

Hz) to 1 Mrad/s (160 kHz). While this range may seem adequate, it would be advan-

tageous to choose a frequency range that best represents real-life battery applications.

Batteries in appliances are cycled (charged and discharged) infrequently. Car and cell-

phone batteries can be cycled no less than once a week in some instances. These ex-

tended cycling periods equate to frequencies from approximately 1 µHz to 1 mHz (with

the equivalent C-rates being 0.006 to 4). This infers that using, and measuring, extra

low frequency (ELF) data is vital to accurately represent rechargeable battery usage

[11, 19, 20].



Chapter 2

Background of ECMS (Literature

Review)

In 1947, a seminal paper on battery modelling using fractional elements was published.

Randle [21] conducted an experiment to model Faradaic conduction in a cell. He de-

scribes an electrical equivalent-circuit model of a battery using a fractional capacitor

of order 0.5 (Warburg element) which can be extracted from EIS data - specifically

impedance data. This paper acted as a basis for fractional capacitors, or constant phase

elements (CPE’s), being included in equivalent-circuit models of batteries. Randle’s

ideas and findings bled into Brug’s [22] paper which came about nearly 40 years later,

as an extension of using CPEs in a equivalent-circuit model.

Brug et al [22] used heavy math to demonstrate the impedance response of EIS data.

They mention that CPEs are relevant to modelling impedance data and should not

be discounted when considering equivalent circuit models. However, Brug et al [22]

expressed in their paper how they did not agree with some of Randle’s [21] findings.

The key information that Brug et al and Randle disagreed on related to which part

of the battery a CPE could represent. While Randle believed a CPE could describe

behaviours of the outer layer of a battery, Brug et al proposed the idea that the outer

layer was represented by something else entirely. Instead Brug et al described how a

CPE has a high influence on frequency dispersion even at small phase angles, making it

a significant part of battery equivalent-circuit models. This formative paper built upon

Randle’s [21] initial findings to offer an alternative use for CPE’s. Brug et al’s [22]

By 1994, Westerlund et al has published 2 papers on the matter of CPE’s [23, 24]. In the

first paper [23], Westerlund et al focuses on the mathematics behind capacitors, offering

a new mathematical relationship for the calculation of capacitors. This is important as

CPEs are a form of capacitor. A few years later Westerlund et al published a second

9
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paper [24]. Westerlund et al describe the mathematics behind fractional capacitors,

offering a theory that all capacitors are fractional, with modern plastic dielectric ca-

pacitors having an order from 0.9978 to 0.99995 rather than 1 as most people believed.

Westerlund et al [24] also proved using Laplace transforms that each CPE has an alpha

value, which can differentiate two fractional-order elements (in series for example). This

paper distills years of experience from Randle and Brug et al in a few pages, providing

a deep and insightful understanding of the mathematics of CPEs, and how they may be

used in equivalent-circuit models. Westerlund et al also published a paper in 2016 [25],

at a similar time to Westerhoff et al [25], on equivalent-circuit models which use CPEs.

In 2016, Westerhoff et al [25] proposed a chemically derived ECM. Westerhoff and col-

leagues model contained CPEs which demonstrated how electrochemists have recognised

fractional-derivative functions as key components in battery equivalent circuit models,

since Randles paper in 1947 [21]. Each of the 16 components, or group of components,

represented a segment of a battery (i.e. the anode, cathode etc). Westerhoff and col-

leagues suggested ways to simplify the ECM noting that some components in their model

could be discarded depending on the application. The models Westerhoff and colleagues

used were based on experimental impedance spectra data [26, 27], with the most reduced

model presented containing as few as 8 components. This is significant because it es-

tablished that not all of the components were relevant for real-life battery applications,

hinting that a simpler model could be as representative of a Lithium battery as their

initial 16 component model. This conclusion is similar to the discourse of Berthier [15],

whose paper was published 15 years prior.

Berthier [15] asserted that although there are simpler ECMs that are still representative

of impedance output, there is still speculation on which model is the most representa-

tive of a rechargeable battery. From this speculation, Berthier [15] conducted a theo-

retical study from an electrochemists point of view, to determine if 4 simplified ECMs

could be distinguished from one another mathematically. This was done by synthesiz-

ing impedance data as a control set, then judging how well each circuit model fit this

data. Berthier [15] concluded that the circuits chosen in his paper were not mathemati-

cally distinguishable from one another i.e. the chosen fractional ECMs all fit Berthier’s

synthesized impedance data almost equally as well.

2.1 Non-Fractional Equivalent Circuit Models

There is a tsunami of literature which examine non-fractional equivalent circuit models,

typically based on Thévenin RC equivalent circuits [28, 29, 30, 31, 32]. First order [33,

34, 35] and second order [36, 37, 38] RC circuits, with one/two capacitors respectively,
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are typically used to model Lithium-Ion Batteries to determine SoC, SoH and simulate

impedance data. The trade-off between complexity and computational speed is a key

consideration when running any form of simulations. RC ECMs are still popular for this

as they are simpler, less intensive (both mathematically and computationally) despite it

being shown that they are not appropriate [39]. This informs the decision to disregard

non-fractional ECMs, giving the concession that the computations for this project could

be more intensive. RC ECMs are generally simulated using high-level programming

languages such as MATLAB & Simulink [29, 35]. The use of these programs, with built

in functions, will be crucial for speeding up computationally intensive simulations.

2.2 Extra Low Frequency Measurements

This path leads us to Hasan & Scott [11], who, in 2019, showed that the Electrochemical

Impedance Spectroscopy (EIS) data at Extra-Low Frequencies (ELF) points towards

an ECM that contains CPE’s. They elude to this fact by showing the EIS response

below a milihertz which is significantly lower than many papers which measure EIS data

(manually, or with ’off-the-shelf’ equipment) [40, 41, 42, 43, 44]. The idea of measuring

at ELF is supported by Mauracher & Karden [20] who suggested it was essential to

measure at frequencies in the microhertz range to see more EIS data, which may reveal

insights into the correct ECM. These two papers emphasise the idea of measuring at

ELF in order to see a larger amount of EIS data which may be the key to updating the

work of Berthier et al.

2.3 Bringing it all together

Berthier’s [15] paper is a culmination of decades of research starting with Randle planting

the seed of using CPEs to represent segments of a battery. Randle paved the way for

Brug and Westerlund to extend this knowledge through mathematics, leading to the

understanding the CPEs can be easily modelled and calculated as elements in equivalent-

circuit models. People like Berthier and Westerhoff furthered this train of thought by

testing various configurations of CPE based equivalent-circuits to try and best estimate

a battery model.

This literature review shows a clear disconnect between electrochemists and electrical

engineers - the former having fractional ECM with limited optimisation tools, while

the latter focuses on simpler models with rigorous optimisation tools and methods. The

culmination of these two approaches, as well as using an extended frequency range, could

be the key to updating, and providing solutions for, Berthier et al’s previous work.



Chapter 3

Methodology

This section is heavily based on the paper which was published to Elsevier in the Journal

of Electroanalytical Chemistry - April 2022 - which has been included in Appendix A.

3.1 Choosing Equivalent Circuit Models

Equivalent-circuit models (ECMs) are a widely discussed topic in literature, with many

methods for deciding which ECMs are most representative of physical batteries. West-

erhoff et al [25] described three methods of battery ECM characterisation in their paper.

The first was ’white-box’ modelling, which is a theoretical method which employs fun-

damental physics and chemistry to deduce a potential battery ECM [45]. The second is

’black-box’ modelling, a practical method which uses blind fitting on sets of measured

battery data to deduce a potential battery ECM [27]. The third, and final method,

is the ’gray-box’ modelling which is a happy medium between the ’white’ and ’black’

methods, using both theoretical driven circuits and measured data sets to derive ECMs.

For this thesis, the chosen ECMs will be based on the modelling and characterisation

of batteries using ’gray-box’ modelling from Westerhoff et al [25]. ’White-box’ mod-

elling is purely theoretical thus cannot always be applied to physical batteries. The

range of devices, and conditions, in which batteries operate suggests purely theoretical

modelling could produce ECM models that are less representative in a physical space.

Alternatively, ’black-box’ modelling is resource intensive as it is an empirical method.

Gathering large, accurate data sets from batteries requires large amounts of time and

computationally heavy software for ’black-box’ modelling to be effective [27]. Further-

more, this modelling type is ideal for linear relationships which is not appropriate for

this thesis.

12
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As discussed in Chapter 2, Westerhoff et al presented a CPE based general battery model

(Figure 3.1) in their paper [25] which will be used as a spring board to determine which

ECMs will be used for optimisation. They elude to this general circuit (Figure 3.1)

having excess components for practicality. This means there’s a correlation between

the number of components in the ECM and its accuracy. They also concluded that the

number of components could be determined by the level of accuracy required for the

application. Thus it is possible to simplify the circuit, by eliminating components in

Figure 3.1, without effecting the overall impedance output of the circuit.

Figure 3.1: Potential complete equivalent circuit of a battery according to Wester-
hoff [25]. Constant phase elements (CPEs) are used to characterize electrochemical
behavior at the anode, solid electrolyte interface (SEI), separator (sep), and cathodic
thin film (film,c). Note also resistances (R) associated with the copper and aluminium
foils (Cu and Al), anode, SEI, electrolyte (elec), separator, thin film and cathode, and
capacitances (C) at the separator and cathode. Warburg elements are denoted by Wa

and Wc at the anode and cathode, respectively.

To broaden the scope of Berthier’s [15] method, six ECMs will be considered - an addi-

tional two - which can be seen in Figure 3.3. The first consideration when choosing the

simplest form ECM was the impedance output of a measured battery. Figure 3.2 shows

the impedance magnitude and phase responses from rechargeable batteries, including

various chemistries and capacities. Therefore, the simplest circuit will be the ECM with

the least number of components which yields the same basic shapes as Figure 3.2.

Figure 3.2: Impedance magnitude (left) and phase (right) of a selection of recharge-
able batteries. LTO is a lithium titanate cell of 40 Ah capacity, NCA is a 4.8 Ah lithium
nickel cobalt aluminium cell, LiPo is a 250 mAh lithium polymer cell, and NiMH is a

2.5 Ah nickel-metal hydride cell.
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The simplest ECM (Figure 3.3, upper left circuit) consists of two components: a resistor

in series with a constant phase element (CPE). While this is akin to the Thévenin

equivalent (R-C) circuit, the double-layer capacitance of a solid electrode (found in most

batteries) is not purely capacitive. The CPE, in place of the capacitor, accounts for this

fact to give a more accurate representation. The impedance of a CPE is calculated using

Equation 3.1

ZCPE =
1

CF sα
(3.1)

where CF is the CPE value (its pseudo- or fractional capacitance, a constant with the

dimensions Fsα−1), α is the CPE fractional order exponent, s = j2πf (where 2πf = ω,

the angular frequency), and f is the frequency in hertz [24]. The total impedance of the

R-CPE model can therefore be found by

ZR−CPE = Rs + ZCPE

= Rs +
1

CF sα

(3.2)

where Rs is the series resistance and ZCPE is the impedance of the CPE (Equation 3.1)

in ohms.

By adding a Warburg element (W) to R-CPE we obtain our second ECM. A Warburg

element is a CPE with an alpha of 0.5, which appeared first in Randles electrode reaction

experiment [21]. By fixing the alpha value to 0.5 [46], a Warburg describes Faradaic

impedance in the presence of redox processes in semi-infinite linear diffusion systems

[18]. The impedance of a Warburg element is given by

ZWarburg =
1

CW s
1
2

(3.3)

and so the impedance of the R-CPE-W model is given by

ZR−CPE−W = Rs + ZCPE + ZWarburg

= Rs +
1

CF sα
+

1

CW s
1
2

(3.4)

where Rs is the series resistance, ZCPE is the impedance of the CPE (Equation 3.1) and

ZWarburg is the impedance of the Warburg element (Equation 3.3).

In practical applications, the conditions of a Warburg element are often not completely

met, and so it can be replaced by a CPE to give an extra degree of freedom. (Figure 3.3,

middle left circuit, and so forth.) The total impedance of the R-CPE-CPE model is



Chapter 3 Methodology 15

given by

ZR−CPE−CPE = Rs + ZCPE1 + ZCPE2

= Rs +
1

CF sα
+

1

CW sα2

(3.5)

where Rs is the series resistance, and ZCPE1 and ZCPE2 are the impedances of the two

CPEs, and we keep the W subscript to show the origin of the element.

Small phase deviations at high and low frequency extents suggest a parallel element

could be present in the ECM. To accommodate these deviations, additional components

can be added in parallel to the ECM. The R-CPE-CPE-Rp circuit will have impedance

ZR−CPE−CPE−Rp = Rs + [ZCPE1 + ZCPE2] ‖ Rp (3.6)

where Rp is the parallel resistance. This equation can be expanded by noting that the

impedance of parallel elements can be written

X ‖ Y =
1

1
X + 1

Y

=
XY

X + Y
(3.7)

leading to

ZR−CPE−CPE−Rp =
[Rs + ZCPE1 + ZCPE2]Rp
Rs + ZCPE1 + ZCPE2 +Rp

(3.8)

and then

ZR−CPE−CPE−Rp =

[
Rs + 1

CF sα
+ 1

CW sα2

]
Rp

Rs + 1
CF sα

+ 1
CW sα2+Rp

. (3.9)

The form of (3.6) is typically preferred over (3.9) because it is more intuitive and easier

to comprehend. As the expansions rapidly become arduous, parallel notation will be

used from here onwards.

The final two ECMs to be investigated have impedances Z5 and Z6

Z5 = ZR−CPE−CPE−CPEp

= Rs + [ZCPE1 + ZCPE2] ‖ ZCPEp

= Rs +

[
1

CF sα
+

1

CW sα2

]
‖ 1

CP sαp

(3.10)

where the ‖ operator is taken to have precedence over addition, αp is the order of the

parallel CPE, and CP the proportionality constant of the parallel CPE; and

Z6 = ZR−CPE−CPE−Rp−CPEp

= [[Rs + ZCPE1] ‖ ZCPEp + ZCPE2] ‖ Rp

=

[[
Rs +

1

CF sα

]
‖ 1

CP sαp
+

1

CW sα2

]
‖ Rp

(3.11)
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Figure 3.3: The equivalent-circuit models (ECMs) considered in this thesis. For
convenience and clarity, they are identified by their sequence of elements. The top left
circuit can be identified as “R-CPE”, the top right as “R-CPE-W”, the middle left
as “R-CPE-CPE”, middle right as “R-CPE-CPE-Rp”, then “R-CPE-CPE-CPEp” and

finally “R-CPE-CPE-Rp-CPEp”.

3.2 Optimisation of ECMs

3.2.1 Nelder-Mead Simplex Approximation

Due to the complex nature of the equations for optimisation, an appropriate fitting

algorithm must be used. The Nelder-Mead Simplex (NMS) approximation [17] was

chosen as it is a numerical method - i.e. it doesn’t use derivatives for its computations.

The NMS approximation minimises a non-linear multidimensional function [47] using an

iterative direct search method. This method uses simplexes with N +1 vertices, where

N is the number of variables to be found in your function. The general steps are to:

1. Generate an initial simplex from the given vertices (arbitrary sets of points)

2. Check if the termination conditions have been met



Chapter 3 Methodology 17

3. If the termination conditions have not been met, transform the simplex

4. Repeat steps 2 and 3 until the termination conditions have been met, then move

to step 5

5. Return the best vertex (set of points) of the simplex and the value of the function

Following on from that, an example of the full NMS method is outlined. Both are based

on the following references: [17, 47, 48, 49] with a visual representation in Figure 3.4.

For a 2D function (N = 2) the NMS method requires 3 (N +1) arbitrary points to form

the starting simplex. The method then tries to minimise the function using the actions

listed blow:

1. The function is evaluated at each point and ordered from lowest function value

to highest. For a 2D function, f, let us call the 3 vertices L, N and H so we can

calculate f(L), f(N) and f(H). Let us assume that f(L)<f(N)<f(H), correlating to

points ’L,’ ’N’ and ’H’ respectively in Figure 3.4.

2. The centroid (mean) is calculated between the 2 best points.The centroid would

be calculated between L and N in this example, noted as Ce.

3. The algorithm then tries one or more of these methods to minimise the function

(Note: it is not necessary for all of these methods to be used in every iteration).

• The worst point is reflected through the centroid calculated previously to see

if the function has been minimised, then checked for convergence. For this

example, point H would be reflected through the centroid of L and N to

create a new point R.

• If f(R)<f(L), then R is extended further in that direction to give a new point

E. If f(E)<f(R), replace the worst point (H) with the reflected/extended

point (E). Otherwise, replace the worst point (H) with the reflected point

(R). Check for convergence.

• If extension does not minimise the function, the reflected point, R is con-

tracted both inwards and outwards. Ci occurs at the midpoint of the worst

point(H) and the centroid (Ce). Co occurs at the midpoint between re-

flected point (R) and the centroid (Ce). If (f(Ci) OR f(Co))<f(N), replace

H with the contracted point which gives the smallest value of f, and check

for convergence.

• If contraction does not minimise the function further, then move the two

worst points (N and H) closer to the best point (L), usually to the centroid

(Ce).
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4. The convergence of the function is checked at the end of each iteration. The two

main conditions for convergence are the number of iterations and the standard

deviation of the simplex which are determined by the user. Whichever condition is

met first will cause the program to terminate. For this thesis, the chosen number

of iterations was set to 10,000, with a standard deviation tolerance

Figure 3.4: A visual representation of the Nelder-Mead Simplex method for a 2D
function. This shows how each step of the NMS method influences the size of the
simplex (the triangle for this example), until it reaches the smallest area possible and

thus the minimum values of the function.

3.3 Fitting Algorithm & Sequence

This is the method used to update the work of Berthier and colleagues [15]. Following

their general method, data is simulated from one of the ECMs. Then, each ECM is

optimised (or fit) to this data to see which provides the ’best’ fit. The ’best’ fit is

the circuit which produces the smallest Root-Mean-Square Error (RMSE) between the

simulated and the optimised data. The detailed steps of the fitting sequence are listed

below:

1. Choose an ECM, then calculate its magnitude and phase data using the appro-

priate Equation from 3.1 to 3.11. These are referred to as the simulated ECM

and simulated data respectively. Generally the most complex model (R-CPE-

CPE-Rp-CPEp) is chosen as the simulation model as it has the most degrees of

freedom, since it has the most components.

2. Select an ECM to fit to the simulated data, this is called the fitting ECM.

Then, input an initial ’guess’ at the parameters for the fitting ECM. The initial

guesses are generally informed - alpha values are bound between 0 and 1 and series
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resistance values are typically less than 1 Ω based on measured battery data. The

amount of noise (as a percentage) can also be input.

3. Use the initial guess parameters to generate an fmp file (Appendix B) for the

fitting ECM— using the appropriate Equation from 3.1 to 3.11. This is called

the fitting data.

4. Input the initial guesses, simulated data and the fitting data into the Nelder-

Mead Algorithm for optimisation. The Matlab code for Nelder-Mead algorithm

uses the methodology from reference [50] which was altered to allow for complex

function inputs and a custom RMSE calculation (Appendix E, Appendix D).

5. The optimisation is carried out, calculating the RMSE between the simulated

data and fitting data (Appendix E). Convergence is reached when the number

of iterations is exceeded, or the tolerance for the RMSE is met. During the fitting

process, the initial parameter guesses are replaced with randomly generated values

to simulate the multi-restart of the optimisation. If the multi-restart values result

in a lower RMSE, these parameters are favoured.

6. Use the optimised parameters to generate an fmp file, and graph the simulated

data and fitting data for comparison.

This sequence is carried out for each ECM that is to be fitted to data. The sequence is

carried out in what we call a ’progressive’ fit, meaning R-CPE (the simplest model) is

fitted to the data first. The RMSE is noted, then the output of the R-CPE fit are used

as the inputs for the next circuit (R-CPE-W), and so on and so forth up until the most

complex R-CPE-CPE-Rp-CPEp model.
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Distinguishability of ECMs

This chapter is also based on the paper which was published to Elsevier in the Journal

of Electroanalytical Chemistry - April 2022 - which has been included in Appendix A.

4.1 Generate Ideal Simulated Data

In this section, Berthier et al’s [15] work is revised showing the fitting algorithm used

to determine if ECMs are distinguishable with noise added to the data.

To begin, an ECM is chosen to generate the simulated data with zero noise added

(ideal case). The most complex model has the highest number of parameters, and

so the highest degrees of freedom (8) making it the perfect candidate. The R-CPE-

CPE-Rp-CPEp model was given a set of model parameter values that will be used for

calculation. These parameters were estimated, but inferred from real measured data.

Table 4.1 contains the values used in Equation 3.11 to generate the magnitude and phase

of the simulated data. This data was generated over a frequency range of 0.1 µHz to

100 Hz in a 1-2-5 step pattern per decade. The output is shown in Figure 4.1.

Table 4.1: Synthetic Model Parameter Values

Parameter Rs α CF CW α2

Value 0.05 0.75 10,000 500 0.40

Parameter Rp αp Cp
Value 500 0.15 0.8

The asymptotes correlating to each of the five elements are also plotted. This enables the

reader to relate different plot points to specific parts. For instance, the series resistance,

Rs, has the highest influence on the horizontal section of the magnitude plot between

20
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Figure 4.1: Plot of magnitude (red triangles) and phase (cyan dots) generated from
the eight-parameter model. The additional straight lines represent the impedance of

the five elements of the model, three CPEs plus series and parallel pure resistance.

1mHz and 1Hz, whereas the first CPE has the highest influence the straight-line region

between 1Hz and 20Hz. A trained eye can detect additional cues in the impedance data

which points towards the most appropriate ECM. The curling of the phase at <1 µHz

suggests a parallel element could be present (Rp or CPEp), and the rounded corner at

500 µHz implies a fractional series element is present (CPE).

4.2 Ideal Simulated Data

Each ECM (Figure 3.3) was fitted to the noise free simulated data and the RMSE

from each fit is shown in Figure 4.2. The outcome is as expected; only the correct

model produces the anticipated RMSE of effectively zero (Table 4.2 shows it is actually

0.000001, which is the input tolerance for the fitting algorithm causing it to converge).

However, it is also true that the parallel elements have a far smaller effect on the fit than

the three series elements. Also, observe that the fit is substantially improved when the
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Figure 4.2: RMSE obtained fitting each equivalent-circuit models to ideal (noise free)
simulated data.

Warburg is allowed to become a CPE, which may not be expected given the location of

the Warburg’s asymptote in Figure 3.3.

4.3 Simulated Data with Noise

Noise was then added to the simulated data using Matlab’s in-built random number

generator. The noise is added as a percentage, with the increments being 1%, 3% and

5%. The noise was added, or subtracted, to each phase and magnitude value of the

noise free simulated data. The noise was added using 30 different seeds, producing 30

fmp files (for each 1%, 3% and 5% of noise). Each set of 30 was optimised giving 30

RMSE values, which was then averaged to give the mean RMSE. This is to ensure a

range of possible noise is taken into account. The standard deviation of the mean RMSE

is calculated to give error bars for each RMSE. The outcomes of this method of adding

noise at 1%, 3% and 5% are shown in Figure 4.3. For comparison, the noisy results

are presented next to the noise-free data from Figure 4.2. As anticipated, adding noise

raises the RMSE in each case.
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Figure 4.3: Graph of the RMSE obtained fitting each equivalent-circuit models to
0%, 1%, 3% and 5% noise simulated data. The height of the bar represents the average

RMSE and error bars on each bar represent one standard deviation of each fit.

Observe that the RMSE does vary for a given noise contribution, however the same

general shape is seen. The RMSE is at its highest for the R-CPE model, then reduces

until it plateaus from the R-CPE-CPE-Rp model onwards. For this thesis it is assumed,

as it was for Berthier et al [15], that two ECMs are indistinguishable if their RMSE error

bars overlap. For example, from the 3% noise data in Figure 4.3 it can be seen that the

R-CPE-CPE-Rp, R-CPE-CPE-CPEp and R-CPE-CPE-Rp-CPEp all have overlapping

error bars. Thus they are statistically indistinguishable from one another. The graph

displays how the increased complexity of the model (due to the increased number of

components) is not justified by the quality of the data.

The final RMSE value indicates how well each model fits the data. For ideal data (noise

free), the RMSE should tend towards zero if the ECM is a good fit. For data with noise,

the RMSE should tend towards the noise level i.e. if the data had 5% noise the RMSE

would tend towards 0.05 if the ECM is a good fit. It is clear to see that the first three

ECMs are inadequate compared to the last three. The last three ECMs typically have

an RMSE that is similar to the noise added, however all of their error bars overlap, so

what does this mean for which ECM is the ’best’ fit?
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For <5% noise, the most restrictive of the final three models (R-CPE-CPE-Rp) should

be chosen as the best representative ECM. This conclusion is drawn for both 1% and 3%

additional noise. In other words, it is hard to tell the difference between the final three

once noise is as low as 1%. Given the RMSE with incorrect models but operating with

noise-free data, it can be anticipated that the last three models will become indistinct

when noise reaches about half a percentage point.

For the data with 5% noise, it can be seen that only the first two ECMs are distin-

guishable from one another. The last four fail this test, and so it can be said that

distinguishability between ECMs is favoured in data with low noise.

Table 4.2: Table of RMSE and Standard Deviation (STD) values for each ECM with
the corresponding added noise

ECM Noise Added RMSE STD

R-CPE

0% 0.0553 0
1% 0.0570 0.000819
3% 0.0588 0.003
5% 0.0623 0.0038

R-CPE-W

0% 0.0464 0
1% 0.0478 0.000727
3% 0.0502 0.0016
5% 0.0542 0.0031

R-CPE-CPE

0% 0.0343 0
1% 0.0353 0.000837
3% 0.0382 0.0021
5% 0.0475 0.0046

R-CPE-CPE-Rp

0% 0.0078 0
1% 0.111 0.0012
3% 0.0186 0.0023
5% 0.0454 0.0025

R-CPE-CPE-CPEp

0% 0.0073 0
1% 0.0091 0.000745
3% 0.173 0.0016
5% 0.0434 0.0025

R-CPE-CPE-Rp-CPEp

0% 0.000001 0
1% 0.101 0.0019
3% 0.0816 0.0029
5% 0.0386 0.0062

4.4 Measured Data

The impedance magnitude and phase data, obtained from actual battery measurements,

were subjected to the modelling procedure outlined above. A modified version of the

approach originally explained by Scott and Hasan [11] was used to take measurements.
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A two-quadrant power supply (model 66332A dynamic measurement source) was used to

deliver a multiple-sinewave current with multiple frequencies ranging from 0.5 Hz to 2Hz.

The software for the Raspberry Pi 4 was created in-house, written in C, and connected

via a Prologix-compatible open-source GPIB interface. The software can be set up to

distribute current or charge displacement in a variety of ways across all frequencies.

Impedance, Z, of an electrochemical system around some steady or quasi-steady state

can be determined by:

1. applying a small-signal multitonal sinusoidal current, where I(t) = |I|ej(ωt+φI);

2. measuring the voltage response V (t) = |V |ej(ωt+φV );

3. calculating Z(ω) = |V |
|I| e

j(φV −φI)) [51].

Z(ω) is made up of real and imaginary parts:

Z(ω) = Z0 cos(φ) + jZ0 sin(φ)

where Z ′real = Z0 cos(φ), the resistance of the system, and Z ′′imag = Z0 sin(φ), capacitance

and/or inductance, representing energy storage [52]. In this thesis, data is displayed in

Bode plots which present magnitude |Z(ω)| = |V |/|I| and phase arg(Z(ω)) = φV − φI .

Current and voltage were logged by the 66332A approximately every 0.1 s. Magnitudes

and phases of both parameters at the frequencies of interest, required to permit the

above calculations, were determined using a discrete Fourier transform (DFT) after the

method first described by Scott and Parker [53].

4.4.1 NMC 18650 Cell vs NCR/NCA 21700 Cell

Measured data were obtained for a near-new Lithium Nickel Cobalt Aluminium oxide

(NCA) 21700 cell and a used Lithium Nickel Manganese Cobalt Oxide (NMC) 18650 cell

(Figure 4.5). The results of attempting to fit all six ECMs to these batteries appear in

Figure 4.4. The associated model parameters appear in Tables 4.4 and 4.3. Observing

Figure 4.4, the R-CPE-CPE model is clearly the best option for the NMC cell while the

R-CPE-CPE-Rp model is the best option for the NCA cell. This measured data shows

the same trend of the last three (NCA), or four (NMC), ECMs being indistinguishable

from one another - affirming that the RMSE for the more sophisticated ECMs is very

slightly lower, but not by a sufficient amount to justify the complexity.
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Figure 4.4: RMS error obtained fitting each ECM to the two data sets presented in
Figure 4.5. The left-hand blue bars correspond to the NMC cell.

Table 4.3: ECM Parameters for NCA 2170 cell

Parameter Rs α CF CW α2 Rp

Value 0.0503 0.99 22,230 230 0.272 44

Table 4.4: ECM Parameters for NMC 18650 cell

Parameter Rs α CF CW α2

Value 0.0330 0.99 14,180 187 0.27

4.4.2 INR Lithium Battery

Measured data were obtained for an 160mAh INR Lithium Battery and can be seen

in Figure 4.6. The RMSE from the fit can be seen in Figure 4.7. Even with a large

amount of noise present in the measured data, the ECMs are distinguishable up to the

R-CPE-CPE-Rp model. Following the trend seen above, the last two models give an

improvement on the RMSE but not by enough to justify their complexity.
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Figure 4.5: Plot of measured impedance magnitude (solid blue up triangles) and
phase (open blue up triangles) of a lithium nickel cobalt aluminium oxide (NCR/NCA)
2170 cell and magnitude (solid red down triangles) and phase (open red down triangles)

measured on a lithium nickel manganese cobalt oxide (INR/NMC) 18650 cell.
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Figure 4.6: Plot of measured impedance magnitude (top graph) and phase (bottom
graph) of an 160mAh INR Lithium Battery
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Figure 4.7: Plot of the RMSE from fitting each ECM to a 160mAh INR Lithium
Battery



Chapter 5

Discussion

5.1 Time Domain Measurements & Comparison

Vance Farrow, a PhD student in the battery management team at the University of

Waikato, is working on battery SoH. Farrow is in the process of publishing a paper

showing a passive, fractional ECM in the time and frequency domains and their impli-

cations for battery SoH [54]. Farrow uses the Riemann-Liouville integral [55] to produce

time domain battery voltage predictions from parameters found from EIS optimisation

methods used in this thesis.

Farrow [54] measured the voltage, and EIS data, of a 2.5 Ah 18650 Lithium-Cobalt

Oxide (INR) cell. The stimulus current used for measurement can be seen in Figure 5.1.

The current was chosen to simulate a simplified 12 day cycle of an electric car battery.

The measured voltage was recorded, and the EIS data was filed for analysis. Using

Farrows time domain prediction software is a key to demonstrating the validity of the

work in this thesis. The workflow for the validity is outlined below:

• Measure the battery data to gain the voltage response and EIS data

• Optimise parameters for the R-CPE-CPE model against the measured EIS data

• Use the optimised parameters in Farrows [54] time domain prediction code to give

the predicted voltage response for the optimised circuit

• Compare the measured voltage response to the optimised set to see if the optimised

parameters produce a voltage response that is the same shape, and is similar to,

the measured data.
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Figure 5.1: The stimulus current is shown here, simulating a simplified version of
vehicle current over a 12 day cycle. The top two graphs are zoomed in sections of the

bottom for clarity.

This process was carried out and the results are shown in Figure 5.2, with the error

between the measured and optimised data plotted in Figure 5.3. From these two figures,

it can be seen that the optimised prediction fits exceedingly well to the measured data in

the time domain. There are discrepancies at each steady state peak, shown by the gap

between the orange and blue traces in Figure 5.2. However, upon further inspection in

Figure 5.3 it can be seen that the error only fluctuates between 20 to 40 mV. That equates

to approximately a 1% error between the measured and optimised data in the worst case

scenario. This error value is lower than typical measurement error in this area meaning

it does not seem to be a significant error. This shows how the optimisation carried out

in this thesis aligns in the frequency and time domains for battery measurement data -

this gives credibility to the work done in this thesis.

5.2 Further work

• Trying this method on different battery chemistries to get a better idea of the

expectation of the ECM that best represents each type of battery. This could

provide insights to general trends that different battery chemistries exhibit i.e. Is

one batter chemistry more likely to have higher alpha values than others?

• Repeating the model fit as a battery ages to see if, and how, the ECM parameters

change. This was not included in this thesis since it would take years of measure-

ments to compile this data. Tesla guarantees their batteries for 8 years [56], and

other batteries can be guaranteed for longer. The battery management group is
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Figure 5.2: The blue waveform is the measured data from the 18650 INR, and the
orange waveform is the time domain prediction from Farrow’s software using the R-

CPE-CPE optimised parameters

Figure 5.3: This shows the error as an absolute voltage value between the measured
and optimised data
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currently starting the ’Solar Cycler’ project which cycles the batteries in solar gar-

den flood lights (which contain 18650 Lithium batteries) daily. These solar lights

will be cycled until battery failure. As the solar light battery cycles, the EIS data

will be recorded to see how the EIS data changes as the batter degrades. Once the

battery is at the end of its life, this work can be done.



Chapter 6

Conclusion

By using fractional equivalent circuit models that were motivated by recent, extra-low

frequency EIS measurements, we have reviewed Berthier’s work. It has been shown that

using extra-low frequency data, given measurements with the amount of noise & error

now available from the Dunn-Scott method [57], does allow equivalent circuit models to

be distinguished from one another. Six equivalent circuit models were evaluated, each

more complex than the one before it.

When optimising parameters to simulated data, the Nelder-Mead approach proved to be

effective, but only in the presence of a multi-restart function. This reduced the likelihood

of the RMSE getting stuck in a saddle point, and added to the robustness of the overall

fit.

When fitting to simulated data with no noise, all six circuits were distinguishable from

one another. At 3% noise the three most complex ECMs were indistinguishable and at

5% noise the four most complex ECMs were indistinguishable. This demonstrates that

distinguishability favours low, or ideally zero, noise.

The battery type can be a key determinant on which ECM can be justified. For instance,

the 18650 INR justified the R-CPE-CPE model compared to the 2170 NCA battery

which justified the R-CPE-CPE-Rp model. Even noisy data, i.e. the 160mAh INR

Battery, can still justify up to the R-CPE-CPE-Rp model. This highlights how differing

battery capacities and chemistries can justify different ECMs, keeping in mind this can

change over time (with battery ageing).

A good measurement system (Agilent 66332A, E5270, Keithley 2460A are used here)

also contributes to the efficacy of the optimisation. The optimisation can only be as

good as the data, it is unreasonable to expect to optimise an ECM to a smaller degree

34
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than the error in the data. This must also be taken into account when determining

which ECMs are justified.

A gap between the work of electrochemists and electrical engineers is revealed by the

extensive literature on gray-box, equivalent-circuit models; the former have a keen un-

derstanding of the circuit elements, while the latter have the tools to fit and use them.

Obtaining insights into which ECMs fit EIS data best will help electrochemists to as-

sociate internal battery components with branches in the ECM. This will also enable

electrical engineers to advance research to detect degradation and ageing in a battery

and predict failure well in advance of the event.
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A B S T R A C T

This manuscript revisits the assertion of Berthier et al. that competing fractional-element equivalent-circuit
models of battery cells are indistinguishable in the presence of noise. Starting with Westerhoff’s general equiv-
alent-circuit model (ECM) of 2016 and an idealized impedance spectrum of a lithium battery, a contemporary
set of possible ECMs are chosen. Their distinguishability is investigated. Using the extended frequency range
recommended by Mauracher & Karden in 1997 or Hasan & Scott in 2019, an approach is presented that permits
selection of the appropriate model, even in the presence of noise. For the given frequency range, models with
up to five elements or eight real parameters are studied. Fitting to measured data with straightforward numer-
ical methods and choosing the most primitive appropriate sub-circuit is shown to reproduce the data. Typically
a three-element, five-parameter ECM is shown to model real, measured data with precision comparable to indi-
vidual sample error.

1. Introduction

Electrochemists seek the equivalent-circuit model (ECM) of a bat-
tery to characterize its internal processes, while electrical engineers
seek the same model in order to predict state-of-charge (SoC) and
state-of-health (SoH). There is today a vast amount of literature in
which models are presented and applied.

Berthier et al. [1] presented a paper in 2001 that set out to deter-
mine from an electrochemical perspective whether ECMs containing
constant phase elements (CPEs) were numerically distinguishable from
one another. These authors used CPEs in models based on electro-
chemical impedance spectroscopy (EIS) data, and explored their
hypothesis by numerically fitting four arbitrary ECMs to synthesized
EIS data using the optimization method of Fletcher et al. [2]. They con-
cluded that the ECMs are distinguishable provided that the synthesized
EIS data are noise-free. Each circuit was further optimized against
noisy synthesized EIS data using 0%, 1%, 2.5% and 5% noise. The
authors concluded that circuits became indistinguishable from one
another once the noise level exceeded 1%.

Berthier’s group used angular frequencies from 100radians/s
(16Hz) to 1Mrad/s (160kHz), and displayed results in the form of
Argand diagrams (sometimes called Nyquist plots). These frequency
bounds and mode of presentation impose significant limitations. More-
over, optimization was applied without delving into details of the pro-
cess, and equally for each ECM irrespective of its complexity.

Batteries in appliances such as cellphones, computers, and vehicles
are commonly cycled as infrequently as once a week or longer, and
certainly no more often than every few minutes. These periods equate
roughly to frequencies ranging from 1 μHz to 1mHz, or equivalently C-
rates from 0.006 to 4. In the case of rechargeable batteries, this implies
the need to measure at extra low frequencies (ELFs) to encompass typ-
ical usage patterns [3–5].

This manuscript aims to update the work of Berthier and col-
leagues, with use of an expanded frequency range and presentation
of data in Bode plot form. This offers advantages where frequency
information is important [6]. In addition, a guided fitting process will
be used, and a progressive set of ECMs will be drawn from recent lit-
erature [7,8].

2. Battery Equivalent-Circuit Models

Westerhoff and colleagues [7] suggested that there are three ways
to characterize a battery, referred to as ‘black,’ ‘gray’ and ‘white’ box
models. White box is a theoretical modelling method which returns
to fundamental physics and a detailed understanding of the physical
chemistry to determine behavior potentially leading to an ECM [9].
For example, [10] starts with white-box methods, than transitions to
grey-box models through the fitting of an ECM. Black box modelling,
on the other hand, employs a blind empirical modelling method using
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sets of measured data to extract a battery model [11]. This method
works best for linear relationships and is not often used on its own
[9] since model extraction requires large, accurate, data sets and com-
putationally intensive software [11]. Gray box modelling is the combi-
nation of the White and Black methods, using both theoretical
understanding of the system and measured data for a more reliable
model [10,11].

Westerhoff and colleagues [7] described ‘gray’ box modeling, in
which quantitative ECMs were generated on the basis of experimental
data. Westerhoff et al. presented a general battery model (Fig. 1). Like
Berthier 15 years before him, Westerhoff includes CPEs, sometimes
identified as “fractional capacitors”, in his model. Since Randles in
1947 [12], electrochemists have acknowledged the presence of these
fractional-derivative functions in their models. Conversely, the engi-
neering literature contains many ECM models that are based at best
on second-(integral)-order models [13], despite it having been shown
that they are not appropriate[14]. The separate electrical and electro-
chemical components in a battery are represented by individual cir-
cuits, each connected in series with the others. The manuscript
suggested that this general model can be simplified leaving fewer
sub-circuits while continuing to represent the characteristics of a bat-
tery, depending upon the significance of each component to the whole
impedance. The authors then compared the output impedance spectra
of these sub-circuits to data obtained experimentally. They concluded
that the chief determinant of the number of components required for
each sub-circuit was the accuracy required for the application in ques-
tion. Hence, it is possible to reduce the number of components in Fig. 1
without losing the ability to represent the impedance output of a
rechargeable battery accurately.

In this manuscript six ECMs will be considered. They will be used in
a progressive model fitting approach. The distinguishability and per-
formance of each of the ECM sub-circuits is explored by numerically
fitting each one to simulated battery data. The six ECMs appear in
Fig. 2.

The first ECM reduces the Westerhoff circuit to its simplest form.
This ECM contains two elements: a single CPE and a series resistor.
(Fig. 2, upper left circuit.) The impedance of an ideally polarizable liq-
uid electrode (e.g. mercury, amalgam, or indium-gallium) can be mod-
eled by an R-C circuit, but the double-layer capacitance of a solid
electrode is not purely capacitative, displays frequency dispersion,
and cannot be modeled adequately by an ECM based on capacitors
[15]. Instead, CPEs are used to emulate this non-ideally polarizable
behavior. The equation for the impedance of a CPE is

ZCPE ¼ 1
CFsα

ð1Þ

where CF is the CPE value (its pseudo- or fractional capacitance, a con-
stant with the dimensions Fsα�1), α is the CPE fractional order exponent,
s ¼ j2πf (where 2πf ¼ ω, the angular frequency), and f is the frequency
in hertz [16]. The total impedance of the R-CPE model can therefore be
found by

ZR�CPE ¼ Rs þ ZCPE

¼ Rs þ 1
CF sα

ð2Þ

where Rsis the series resistance and ZCPEis the impedance of the CPE
(Eq. 1) in ohms.

It is worth mentioning at this point how the particular six sub-cir-
cuits have been selected. Why these six, given the large choice
afforded by starting with the circuit of Fig. 1?

The choice is guided by measured impedance data. Fig. 3 shows the
magnitude and phase of impedance measured on a small selection of
batteries covering different chemistries and capacities. The traces all
share a basic shape associated with the base R-CPE circuit. As will
become clear below, the other circuits that we have chosen to use in
this study correspond to characteristics observed in at least a few mea-
sured examples.

The R-CPE model can be extended by the addition of a Warburg
element (W) to become the second ECM, R-CPE-W. (Fig. 2, upper right
circuit.) Warburg elements are CPEs with an alpha bound to a value of
one-half. They famously appeared in the electrode reaction experi-
ments of Randles reported in 1947 [12], and describe Faradaic impe-
dance in the presence of redox processes in semi-infinite linear
diffusion systems [6]. Their generalization to arbitrary fractional order
yields the CPE described above [17]. The impedance of a Warburg ele-
ment is given by

ZWarburg ¼ 1
CWs12

ð3Þ

and so the impedance of the R-CPE-W model is given by

ZR�CPE�W ¼ Rs þ ZCPE þ ZWarburg

¼ Rs þ 1
CF sα

þ 1

CW s
1
2

ð4Þ

where Rsis the series resistance, ZCPEis the impedance of the CPE (Eq. 1)
and and ZWarburg is the impedance of the Warburg element (Eq. 3).

In practice, assumptions made in the theory that anticipates a
Warburg element are often not completely met. The Warburg can
be replaced by a CPE to give an extra degree of freedom. (Fig. 2,
middle left circuit, and so forth.) The total impedance of this model
is given by

ZR�CPE�CPE ¼ Rs þ ZCPE1 þ ZCPE2

¼ Rs þ 1
CF sα

þ 1
CW sα2

ð5Þ

where Rsis the series resistance, and ZCPE1and ZCPE2are the impedances
of the two CPEs, and we keep the W subscript to show the origin of the
element.

Readers familiar with circuit theory will appreciate that small
phase deviations at high and low frequency extents suggest a parallel
element in the mix. Additional components can be added in parallel
with other elements in an ECM to accommodate deviations in battery
phase response. The R-CPE-CPE-Rp subcircuit will have impedance

ZR�CPE�CPE�Rp ¼ Rs þ ZCPE1 þ ZCPE2½ �kRp ð6Þ
where Rp is the parallel resistance. This equation can be expanded by
noting that the impedance of parallel elements can be written

XkY ¼ 1
1
X þ 1

Y

¼ XY
X þ Y

ð7Þ

Fig. 1. Potential complete equivalent circuit of a battery according to Westerhoff [7]. Constant phase elements (CPEs) are used to characterize electrochemical
behavior at the anode, solid electrolyte interface (SEI), separator (sep), and cathodic thin film (film,c). Note also resistances (R) associated with the copper and
aluminium foils (Cu and Al), anode, SEI, electrolyte (elec), separator, thin film and cathode, and capacitances (C) at the separator and cathode. Warburg elements
are denoted by Wa and Wc at the anode and cathode, respectively.
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leading to

ZR�CPE�CPE�Rp ¼ Rs þ ZCPE1 þ ZCPE2½ �Rp

Rs þ ZCPE1 þ ZCPE2 þ Rp
ð8Þ

and then

ZR�CPE�CPE�Rp ¼
Rs þ 1

CF sα
þ 1

CW sα2

h i
Rp

Rs þ 1
CF sα

þ 1
CW sα2þRp

: ð9Þ

The form of (6) is usually preferred by engineers over (9) because it
is more intuitive and easier to assimilate. As the expansions rapidly
become more onerous we will restrict ourselves to the parallel notation
from here onwards.

The final two ECMs to be investigated have impedances Z5 and Z6

Z5 ¼ ZR�CPE�CPE�CPEp

¼ Rs þ ZCPE1 þ ZCPE2½ �kZCPEp

¼ Rs þ 1
CF sα

þ 1
CW sα2

h i
k 1

CPsαp

ð10Þ

Fig. 2. The equivalent-circuit models (ECMs) considered in this manuscript. For ease of communication we identify them by the sequence of elements. The top left
circuit can be identified as “R-CPE”, the top right as “R-CPE-W”, the middle left as “R-CPE-CPE”, middle right as “R-CPE-CPE-Rp”, then “R-CPE-CPE-CPEp” and
finally “R-CPE-CPE-Rp-CPEp”.

Fig. 3. Impedance magnitude of a selection of rechargeable batteries. LTO is a lithium titanate cell of 40Ah capacity, NCA is a 4.8Ah lithium nickel cobalt
aluminium cell, LiPo is a 250mAh lithium polymer cell, and NiMH is a 2.5Ah nickel-metal hydride cell.
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where the k operator is taken to have precedence over addition, αp is
the order of the parallel CPE, and CP the proportionality constant of
the parallel CPE; and

Z6 ¼ ZR�CPE�CPE�Rp�CPEp

¼ Rs þ ZCPE1½ �kZCPEp þ ZCPE2
� �kRp

¼ Rs þ 1
CF sα

h i
k 1

CPsαp
þ 1

CW sα2

h i
kRp

ð11Þ

3. Fitting Algorithm

Following the lead of Berthier and colleagues [1], data will be gen-
erated from one of the ECMs with varying amounts of numerical noise,
and each model will be fitted to that data.

3.1. Numerical Optimization Method

The numerical optimizer was created in Matlab, using both the
inbuilt toolboxes and previously published examples of real-parameter
black box optimization algorithms [18–20]. The optimization method
utilizes the downhill simplex algorithm of Nelder & Mead [21,22], a
direct-search method which aims to minimize non-linear, multidimen-
sional functions. For a function with ndimensions, the optimizer takes
a set of nþ 1vertices to create a simplex. The vertices then move iter-
atively in order to reduce the size of the simplex until a termination
value is reached. The main limitation of the Nelder-Mead approxima-
tion is potential for convergence of the simplex to local minimum,
called a ‘saddle’, rather than the global minimum.

The method is analogous to multiple skiers on a mountain. As the
nþ 1 skiers traverse downward on various paths, they all end up at
the lowest point in their environment. However, each skier may end
up at different locations and elevations when they reach the ‘bottom’.
One way to address this problem is to have multiple random starting
points and then evaluate which starting point minimized the function
the furthest. In some cases we applied this approach using a second
program written in C. The C program could apply thousands of random
multiple starts with variable range of starting points in a period of
about a minute.

The root-mean-square error (RMSE) used as the optimization goal
is calculated from the impedances defined in Eqs. (2)–(11) above.
Impedance values are complex, and the RMSE is defined as the square
root of the average of the squared distance in the complex impedance
(Argand) plane. Various alternatives, weighting magnitude and phase
differently, etc., were tried, but proved to offer no advantages.

3.2. Fitting Sequence

Choosing the appropriate model to fit given data commences with
the simplest ECM, the R-CPE model. The model has only three param-
eters, converges quickly, and generally finds the global minimumwith-
out restarts. The final root-mean-square error (RMSE) reflects how
well the model fits the data. If the model perfectly fits ideal data,
the RMSE will approach zero. If the model perfectly fits data with a
certain amount of random white noise, the RMSE will settle at a value
close to that noise level, so that 1% added noise will result in a final

RMSE of about 0.01. If the model does not fit the data, the extent of
the mismatch also appears in the RMSE.

The second step of the model selection process moves to the next-
simplest model, in this case the R-CPE-W model, with four parameters.
The fit starts at the model parameter values returned in the R-CPE
case. If the previous fit has settled at a point where the RMSE was lar-
gely defined by noise in the data, then this attempt will not improve
upon the fit, and it may be concluded that the quality of the data does
not justify this more complicated model, even if that model might be
more correct. However, if the added element results in a lower RMSE,
it must be concluded that the extended model does represent the data
better.

This process is repeated for the ECMs with increasing degrees of
freedom, the R-CPE-CPE model, with five parameters, in the third step,
and so on. During the progressive fitting, it is possible for parameter
values to be returned that are impossible. For example, α cannot
exceed 1.0, and Cp cannot be negative. Such an event signals that
the model and fit cannot be appropriate for the data.

4. Simulated Data

A set of model parameter values were chosen for the ECM with
eight degrees of freedom, the R-CPE-CPE-Rp-CPEp model. Values
appear in Table 1. The magnitude and phase computed using Eq. 11
are plotted in Fig. 4. Also plotted in the figure are the asymptotes cor-
responding to each of the five elements. This permits the reader to
associate regions in the plot with different elements; for example,
the horizontal section of the magnitude plot between 1mHz and 1Hz
is dominated by the series resistance, Rs, and the straight-line region

Table 1
Synthetic Model Parameter Values

Parameter Rs α CF CW α2

Value 0.05 0.75 10,000 500 0.40

Parameter Rp αp Cp

Value 500 0.15 0.8

Fig. 4. Plot of magnitude (red triangles) and phase (cyan dots) generated from
the eight-parameter model. The additional straight lines represent the
impedance of the five elements of the model, three CPEs plus series and
parallel pure resistance.
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between 1 μHz and 20 μHz is dominated by the first CPE. A practised
eye can pick up other hints about what ECM might be appropriate. For
example, the curling up of the phase below 1 μHz hints at a parallel
element, and the rounded, gradual nature of the corner at 500 μHz
hints at a second fractional series element.

5. Model Discrimination & Selection

Fig. 5 depicts the RMSE obtained fitting each of the ECMs to ideal
noiseless data computed according to Section 4. The result is not sur-
prising; only the correct model yields the expected RMSE of zero. Nev-
ertheless, it is also possible to say that the parallel elements are having
much less impact on the fit than the three series elements. Also note
that the extra degree of freedom acquired when the Warburg is
allowed to become a CPE significantly improves the fit, something that
might not be expected from the position of its asymptote in Fig. 4.

Adding noise at 1% and 3% leads to the results in Fig. 6. This plot
contain a great deal of information. The noiseless data from Fig. 5 is
reproduced adjacent to the noisy results for comparison. As expected,
adding noise increases the RMSE in all cases. Error bars have been
added to the noisy RMSE results. In each case 30 simulations were
run with different added noise, and the mean and standard deviation
(SD) of the RMSE calculated across these runs. The error bars show
the �1:0SD extents.

Observe that the RMSE results do vary somewhat for given noise
contribution, but not greatly. Where different models return RMSE val-
ues that lie within the error margins, the conclusion must be that the
models are indistinguishable. One way of interpreting this is to say
that the quality of the data does not justify the added complexity of
the model with a higher number of degrees of freedom. In the exam-
ple, the R-CPE-CPE-Rp model has six degrees of freedom, the R-CPE-
CPE-CPEp model seven, and the R-CPE-CEP-Rp-CPEp model eight. It
is clear that the first three models (with three, four, and five degrees
of freedom) all fall short of the final three. Amongst the final three,
the R-CPE-CPE-Rp model, as the most constrained, is to be preferred.
This conclusion is reached both in the case of 1% noise, and 3% added
noise. In other words, once noise reaches as little as 1% it becomes
impossible to distinguish between the final three models. Given the
RMSE with incorrect models but operating with noise-free data, it
can be anticipated that the last three models will become indistinct
when noise reaches about half a percentage point.

6. Measured Data

The modelling process described above was applied to impedance
magnitude and phase data measured on real batteries. Measured data
were obtained for a near-new lithium nickel cobalt aluminium oxide
(referred to variously as NCA or NCR) 21700 cell and a used but
healthy lithium nickel manganese cobalt oxide (referred to variously
as NMC or INR) 18650 cell. Measurements are made with a developed
form of the method initially described by Scott and Hasan [4]. For the
present experiment, a multiple-sinewave current consisting of multiple
frequencies ranging between 0.5 μHz and 2Hz was delivered using a
two-quadrant power supply (model 66332A dynamic measurement
source) controlled by software developed in-house, written in C, and
running on a Raspberry Pi 4 connected via a Prologix-compatible
open-source GPIB interface. The 66332A delivers up to 5A of current,
and has voltage and current resolutions of 5mV and 1.32mA, respec-
tively. The software can be configured to distribute either current or
charge displacement across all frequencies in various fashions.

Impedance, Z, of an electrochemical system around some steady or
quasi-steady state can be determined by:

1. applying a small-signal multitonal sinusoidal current, where
IðtÞ ¼ jIjejðωtþϕI Þ;

2. measuring the voltage response VðtÞ ¼ jV jejðωtþϕV Þ;
3. calculating ZðωÞ ¼ jVj

jIj e
jðϕV�ϕI ÞÞ[23].

ZðωÞ is made up of real and imaginary parts:
ZðωÞ ¼ Z0 cosðϕÞ þ jZ0 sinðϕÞwhere Z0real ¼ Z0 cosðϕÞ, the resistance

of the system, and Z00imag ¼ Z0 sinðϕÞ, capacitance and/or inductance,
representing energy storage [8]. In this manuscript, we display Bode
plots which present magnitude jZðωÞj ¼ jV j=jIj and phase
argðZðωÞÞ ¼ ϕV � ϕI .

Current and voltage were logged by the 66332A approximately
every 0.1s. Magnitudes and phases of both parameters at the frequen-
cies of interest, required to permit the above calculations, were deter-
mined using a discrete Fourier transform (DFT) after the method first
described by Scott and Parker [24]. The resulting magnitude and
phase plots for the batteries used here are shown in Fig. 7.

The results of attempting to fit the various ECMs to these batteries
appear in Fig. 8. The associated model parameters appear in Tables 2
and 3.

Fig. 5. RMS error obtained fitting the various equivalent-circuit models to
ideal (noiseless) synthesized data.

Fig. 6. RMS error obtained fitting the various equivalent-circuit models to
ideal (noiseless), 1 percent noise, and 3 percent noise synthesized data. Error
bars show 1 standard deviation in expected RMS error.
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Observing the RMSE for the various models in Fig. 8, it is clear for
the NMC cell, for which less data is available, that the R-CPE-CPE
model is the appropriate choice. More than five degrees of freedom
cannot be justified, and the error in the data is relatively small in mea-
surement terms. In the case of the NCA cell, the noise is much larger,
but the data span a greater frequency range. The RMSE settles to a
value almost triple that of the other cell. Nevertheless, the data clearly
justify a six-parameter model, whose parameters appear in Table 3.
The more complex models have very slightly less RMSE, but not by
a margin that we consider to warrant the complexity.

7. Conclusion

We have revisited the work of Berthier, employing fractional equiv-
alent-circuit models inspired by recent, extra-low frequency EIS mea-
surements. Our conclusion is that it is possible to distinguish
between a selection of ECMs. With real, noisy data there will be mod-
els between which it will not be possible to make a reliable selection.
We say of these that their extra degrees of freedom are not justified in
the face of the quantity and quality of data available. In other words,
adding degrees of freedom is not justified if the RMSE does not
decrease by an extent greater than the expected uncertainty. Up to that
point, the model with more degrees of freedom and lower RMSE is
preferred.

The rich literature on gray-box, equivalent-circuit models exposes a
disconnect between the work of electrochemists and electrical engi-
neers, the former have great insight into the circuit elements, and
the latter the tools to fit and employ them.

It has become clear that a guided fitting approach and multiple
restarts in the optimization can help in finding a global minimum,
especially in the case of models with more than a few degrees of free-
dom. When selecting between several ECMs, the most simple is fitted
first, and the results of the first fit used as the starting point for fitting
the next-most complicated model. Multiple restarts improve the likeli-
hood that the optimization will not be caught in a saddle.

A wide range of frequencies improves the sensitivity of the RMSE to
parameters in a given ECM. The frequency range should be chosen
appropriately in view of the intended application of the model.

The ability to obtain values for parameters of elements in the ECM
of a battery should allow electrochemists to associate internal compo-
nents of a battery with branches in the ECM. The same ability should
allow electrical engineers to observe degradation & ageing in a battery
and predict failure well ahead of the event.
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Appendix B

FMP Files

Figure B.1: An example of a .fmp, or fmp, file. This is a simple file containing 3
entries per row, using a space as a delimiter. The columns show the frequency (f),

magnitude (m) and phase (p) for a given circuit/battery.

A .fmp, or fmp, file contains the frequency (f), magnitude (m) and phase (p) for a given

circuit/battery. For this thesis, these are used exclusively as they are simple making

them computationally trivial. An example can be seen below in Figure B.1. Note: the

headers have been added for clarity, they are omitted from actual fmp files).
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Appendix C

Overall Fitting Code
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Figure C.1: Part 1 of the .main file for the fitting algorithm. This file gets input from
the user then uses this information to optimise an ECM against simulated data.
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Figure C.2: Part 2 of the .main file for the fitting algorithm. This file gets input from
the user then uses this information to optimise an ECM against simulated data.
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Figure C.3: Part 3 of the .main file for the fitting algorithm. This file gets input from
the user then uses this information to optimise an ECM against simulated data.



Appendix D

Nelder-Mead Function (Code)

This is the Nelder-Mead Code named ”Simplex,” which is a modified version of reference

[50]. Note: The Graphing function from this set of functions is not used as it does not

display adequate data.
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Appendix E

RMSE Function (Code)

This function calculates the RMSE between the simulated and fitting data, which de-

termines the convergence of the optimisation.

Figure E.1: The RMSE calculation function in Matlab Code.

60


	List of Figures
	1 Introduction
	1.1 Motivation
	1.2 Project goals
	1.3 Published Work
	1.4 Thesis structure
	1.5 Background
	1.5.1 Electrochemical Impedance Spectroscopy
	1.5.2 Measuring impedance & Simulating Constant Phase Elements

	1.6 Introduction

	2 Background of ECMS (Literature Review)
	2.1 Non-Fractional Equivalent Circuit Models
	2.2 Extra Low Frequency Measurements
	2.3 Bringing it all together

	3 Methodology
	3.1 Choosing Equivalent Circuit Models
	3.2 Optimisation of ECMs
	3.2.1 Nelder-Mead Simplex Approximation

	3.3 Fitting Algorithm & Sequence

	4 Distinguishability of ECMs
	4.1 Generate Ideal Simulated Data
	4.2 Ideal Simulated Data
	4.3 Simulated Data with Noise
	4.4 Measured Data
	4.4.1 NMC 18650 Cell vs NCR/NCA 21700 Cell
	4.4.2 INR Lithium Battery


	5 Discussion
	5.1 Time Domain Measurements & Comparison
	5.2 Further work

	6 Conclusion
	7 Bibliography
	A Distinguishability of Battery Equivalent-Circuit Models Containing CPEs: Updating the Work of Berthier, Diard, and Michel
	B FMP Files
	C Overall Fitting Code
	D Nelder-Mead Function (Code)
	E RMSE Function (Code)

