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§1 — Introduction and Main Results

The following notes discuss how the local conditions H} and H, gl of Bloch-Kato vary
in an analytic family, culminating in the proof of a control theorem (Theorem 1.1).
However this document is not intended for publication for the following reasons:

(i) The principal results are not surprisingly out of date after a full decade;

(ii) The use of continuous cohomology over affinoid rings is not explained here;
(iii) Some of the arguments duplicate those already given in Appendix C of [De];
(iv) Many of the proofs can be shortened, and are in truth shoddily written up;
(v) The effort required to make these notes publishable exceeds their utility.

Fix a prime number p # 2, and consider a family of p-adic Galois representations
{V%‘}m cx interpolated over a rigid-analytic space X, say. To study the arithmetic
of such a family, one often tries to attach a Selmer group to it (which amounts to
imposing local conditions at the places of the number field you are considering).
At places not lying above p, it is perfectly natural to choose unramified cocycles.
However, if the deformation is non-ordinary, there is a significant dilemma in how
to make a ‘good choice’ of local condition above p.

Much recent progress was made by Bellaiche, Chenevier, Pottharst and others,
who focussed on defining Selmer families by using the theory of (¢, I')-modules,
combined with the powerful methods associated to Nekovai’s Selmer complexes.
The purpose of these notes is to outline an alternative approach to interpolating
such families, again in terms of subgroups “H gl” introduced by Bloch and Kato.
The big Selmer groups we study are cut out by a single local condition H, éﬁr(_’ V)
at primes above p, and do not utilise the theory of Selmer complexes in any way.
Certainly our proofs are rather more low-brow in nature (and less sophisticated)
than the other approaches, but are arguably more accessible for the non-expert.

Unfortunately the Q,-dimension of each H gl(—,Vm) jumps around alarmingly
with the variation in x € X (as has already been remarked upon in [Be,Po,Ki]).
To overcome this instability we will impose conditions only at pseudo-geometric
points z, contained in some prescribed region %IR C X NN where the dimension
of H)(—,V,) is stable. Here one identifies an integer k with an element of weight
space, by sending it to the character which maps each a € Z, to the value ak.

The Galois representations we shall consider include the p-ordinary families of
Greenberg [Gr|. However they might well differ, in general, from the trianguline
examples which were initially studied by Pottharst, and subsequently Bellaiche;
the local conditions at primes above p used to define our Selmer groups have a
different formulation from those occurring in the construction of chl)ot’g in [Po,Be].
Needless to say if the family is p-ordinary, all these definitions collapse down to
give Greenberg’s original version, though the proof of this statement is non-trivial.
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Let F' be an algebraic number field, and L a free Z,((s))-module of finite rank
equipped with an action of Gr = Gal(F/F). We assume that L is pseudo-geometric
in a suitable sense — see page 15 for the precise definition; in particular, the lattice
L should be unramified outside a finite set of places ¥, and de Rham (as a local
Galois representation, at every place 1/‘ p) for infinitely many positive weights k.

We will now write A, for the multiplication by (s — k + 1) map operating on L.
If xcy is the p-cyclotomic character, one may define the y.,-twisted discrete dual
by Ar := Homegpt (L, ,upoo) where f1, denotes the group of p-power roots of unity.
Moreover for a p-adic weight k, one can make a similar definition if LL is replaced
instead by the free Z,-module L / Ak

Recall that Bloch and Kato [BK] attach a discrete Selmer group H 8172 (F ,Ary >\k)
for de Rham specialisations k, defined using the local conditions H} (F,,, —) at 1/‘ p.
The following is a simplification of the main result of this paper (Theorem 3.3.2).

Theorem 1.1. There exists a big Selmer group Selpyx (AL) C Hln (F/F, AL)
cofinitely-generated over Z,((s)), with the following properties:

(1) For almost all de Rham weights k € N, the transition maps
H! s (F, Av/y,) — Selps (AL) [M]

have finite kernel bounded independently of A\, and finite cokernel;

(ii) The cokernel of these maps in (i) will also be bounded independently of i
provided one assumes L satisfies an additional Hypothesis(Bnd), given on p17.

This extra condition (Bnd) is equivalent to controlling the p-valuation for each of
the Tamagawa factors, associated to the specialisations I./\j at the primes over p.
For instance if LL is a lattice obtained from a slope zero family and the prime p > 5,
we shall prove in §§3.3 that (Bnd) always holds for such L.

Corollary 1.2. For almost all de Rham weights k € N,

co-rkz,, (Hel,z (F, AL/, )) = co-rkz_ () (Selp,g (.A]L)> )

One can easily see that, in general, the corollary does not work at weights k& which
are either non-positive or non de Rham (in the latter scenario, the Bloch-Kato
Selmer group is not the correct object to interpolate anyway).

As an illustration of this theorem, we’ll give an application to families on GLg /q.
Let f be a modular eigenform on I'; (V) NT'g(p) of weight ky > 2, and assume that
E is a finite extension of QQ, containing values of the Fourier coefficients a,(f).
Providing val, (a,(f)) < ko — 1 and a,(f)? # p™~!, Hida [Hi] and Coleman [Co
have shown existence of an affinoid subdomain U(f) in weight-space containing ko,
and a power series F(s) = > " An(s)g™ € Ey((s)[[q]] satisfying:

e For all k € U(f), each F(k) is an overconvergent modular form of weight k;
o If k € U(f) N Z>k,, then F(k) is a classical eigenform on I'y (V) of weight k;
e Lastly F (ko) yields the original Hecke eigenform f we started off with.

Here Ey ((s)) denotes the affinoid E-algebra associated to U(f). By taking a smaller
p-adic neighborhood if necessary, one may assume that U = Uy, is a closed disk
centred on kg (we shall now drop the U from the notation entirely).
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We also suppose pr : Gg — GL2(E((s))) denotes a big Galois representation with
the property that for all k& € Uy, N Z>y,, each specialisation p}—‘s:k—l coincides
with the contragredient p}/r(k) : Gg — Aut(V(F(k))*) of Deligne’s representation
attached to F(k). Additionally if the weight & € Uy, is non-classical, then the
restriction of p }—‘s:k—l to Gal(Q,/Q,) will be overconvergent but not de Rham.

Proposition 1.3. For all but finitely many even classical weights k € U, N2-Z,
the co-rank of the Selmer group H},z (F, PF (k) ®wk71<xcy>ks/2> is a fived constant.

A version of this statement was proved by Bellaiche-Chenevier via another method.
Moreover if F' = Q, then Kato has already shown

CO_rkOE <H]1”,E (Qa p}"(k) ® wk_l <ch>k/2)> S Orders:k/Q (ng/-[z;rdTi‘c (‘F(k)a S))

and one expects an equality, certainly if there is no trivial zero condition at p.
The above proposition suggests the order of the Mazur-Tate-Teitelbaum L-function
L%;/_[;Fdl;c (.F (k), s) along the central critical line s = k/2 should then also be constant,
at all but finitely many exceptional weights.

Sketch Proof of 1.3: To obtain this result from Corollary 1.2 is straightforward.
Let V(pr) denote the representation space associated to px over the algebra E((s)),
and fix an O ((s))-lattice Ly C V(px) which is Galois stable (and clearly rank two).
If &5 denotes the doubling transformation on weight-space, then the specialisations

(&),JL;’ ., will be equivalent to ¥y, : Gg — GLa(E) at each 2k’ € Uy, NN.

Remark: The universal character ¥ : Gg — Z,((s)) * is determined by the expansion

o - logk(XCy(U))
(o) := kz_o T % sk

Therefore for the twisted lattice (£2).Lr®W ™!, its specialisations at integer classical
weights k' > ko /2 yield the p-adic representations

/

One must then check:

(I) The lattice (&).Lr ® ¥~! is pseudo-geometric over its affinoid E-algebra;
(IT) The Selmer groups H_.s; and H} 5, coincide on each pr(ap ® Wk =L e )F
The second assertion is well known for the classical modular forms F(2k') @ w™

with 0 < m < p — 2, at their central critical values s +1 = k’.

To establish (I), we firstly show that Lz is pseudo-geometric (Proposition 2.3.1).
Crucially this property is well behaved under the affine transformation £ on Uy,
and is also invariant under twisting by integer powers of the universal character W.
This means we can directly apply our Corollary 1.2 to the lattice (&), Lr @ U1
and thereby conclude

co-rko,, <H}E (F, PF(2k) @ wzk/_l(xcy)k/)> = co-tko, ((s) (SelF,g (A(gZ)*]Lf@\p—l))

at almost all classical weights k = 2k’ > kg, which gives the required constant.
OJ
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Notation and Conventions. -
(a) Though we won’t need to mention it again, we always fix an embedding Q — Q,,.

The Tate field C, := @p is known to be algebraically closed, and as usual one

—val

normalises the p-adic valuation |.r|p = p~va»(*) on it to ensure that |p‘p =1/p.

(b) Let K be a finite extension of Q,. We write Ko = J,;»c Kn to indicate the
cyclotomic Z,-extension of K, so that [Kn : K} =p" and 'y = Gal(Koo/K) = Zyp.
The universal character ¥ : Gg — Gal(Q(up=)/Q) < Zy((s)* above will then
interpolate the cyclotomic character via the rule \Il‘s:k—l = X’gy_ Lowl=k for k € Z.

(c) We assume the reader is familiar with the p-adic period rings Bumax, Beris, BdRr-
In this paper we consider their affinoid analogues B,.x, Beris, Bar consisting of
power series convergent on Uy,, whose coefficients lie in the corresponding B-ring.
For example, if Uy, = Z, then the deformed ring

o

Bar = { Z b,s"™ where b,, € Bgr and b,, — 0 in the BdR—topology}
n=0

has a natural G, -action via the coefficients, and inherits its filtration from Bgg.

In addition both B,,.x and B.,is are endowed with a Frobenius operator ¢ induced

from their p-adic versions Bpax and Bes, respectively (for details see [De, §§5.2]).

(d) For a module M equipped with an action of a topological group G, throughout
we'll write H (G, M) = H?_.(G, M) to denote its continuous cohomology groups.
If G satisfies the p-finiteness condition and M is finite and free as a Q,((s))-module,
then it’s well known H7(G, M) is of finite-type over Q,((s)) (e.g. see [Be, Prop 3]).
However if one considers instead the G i-cohomology of finitely-generated modules

over the rings By ax, Beris, Bar then this ceases to be true, so one must be careful.

(e) If M is a module over an integral domain R and M’ C M is an R-submodule,
then the R-saturation of M’ inside M is defined to be the intersection (| M" of
all R-saturated modules M" satisfying M’ C M"” C M. For instance the quotient
module M / My, .. is automatically R-torsion free, whilst Mp, ., / M’ is R-torsion.

(f) For an R-module M, we use the notation Torsg(M) for its maximal R-torsion
submodule. For example, if R = Z, then Torsz (M) coincides with the p-primary
torsion submodule M [p>°] of M. On the other hand, if R = E((s)) for some finite
normal extension F/Q, one has Torsg,y (M) = Torsg, .y (M), as any element

killed by g € E((s)) is also killed by Normp/q, (9) := [[,cqai(m/q,) 97 (5) € Qp{(s)-

(g) Finally, if R is a finite and flat extension of the weight algebra A%* = Z,[1+pZ,]
then we write RP™ to denote the normal closure of R inside Frac (AWt) Rpwt R.
A point P € Spec (ﬁnorm) is called ‘arithmetic of type (k,€)’ if its restriction P } At
is the power series representing the map [7] > €(7) - wko=F(7) . 7F.
Acknowledgements: Both authors express their gratitude to Adrian Iovita for his
ideas on the local theory, and for including a couple of his proofs. They are likewise
indebted to Paul Smith, who proved an earlier version of the control theorem in
his PhD thesis, with a different type of local condition. They are also grateful
to Antonio Lei, and to the joint Melbourne-Monash number theory study group,
for patiently listening to talks on this work. Finally, the first author thanks the
Australian Research Council for its support through an ARC-DP1092496 grant.



62 — The Local Theory

Let K be a finite extension of Q,. Henceforth W denotes a free Q,((s))-module
equipped with a continuous action of the absolute Galois group Gx = Gal(K/K).

Hypothesis(dR). (i) There exists an integer n(W) > 0 such that

W @q, () Cpl(s)) ~ (D Cy ® (Wiyd, )5 )
1,jEL

as Gal(F/Kn(W))—modules, where almost all of the integers e; ;(W) are zero;

(1i) The specialisations Wy, := W/ (s —k+ 1) -W are de Rham representations at
all but finitely many distinct weights k € Uy, N Z>o.

We denote this set of de Rham specialisations by X1z = X1 (W), and endow it
with a topology induced from the rule Y C %d is open whenever #( ar—U ) < 00.

§62.1 — Determining the Image of the Big Exponential

Let’s begin by deforming the local Bloch-Kato homomorphisms [BK, §3] over Uy,
(unless otherwise indicated, the default tensor products will be taken over Q,((s))).

Definition 2.1.1. The ezponential part H: (K, W*(1)) is the Q,((s))-saturation of

HE o (K, W (1)) = Ker<H1(K,w*(1)) L (K, W) @ B )>

Cris

The reason we call it the ‘exponential subgroup’ is because it is intimately related
to the boundary map in the G i-cohomology of the following sequence.

Proposition 2.1.2. There exists a short exact sequence of Gal(@p/Qp) -modules,

0 — Qs) — B ™ B /FiOByr — 0.
Proof: With many thanks to Adrian Iovita, we have included (verbatim) his
demonstration of how the Fontaine-Messing sequence [FM] can be stretched to
fit a closed domain Uy, C Z,. This sequence was quoted in [DS, p208] but the
proof was omitted due to its length.

Note first that B! = B#=!, so we can replace BYZ." with B£Z! throughout.
One may assume that Uy, = Z, (if not, do a translation, then a scaling). It is
clear the first map is injective, and also that this sequence forms a complex. To
show that we have exactness in the middle, let ZZO 0ans" € B I N Fil°Byg.

max

Then HanH — 0 as the index n — oo, and each a,, € B£=INFil’Bgr = Q,.
However the morm on Biax yields the usual p-adic absolute value on Q,,, hence

oo o ans™ € Qpu((s) which gives us exactness in the middle.

Remark: Tt remains to prove surjectivity for the natural map B¢Z! — Bgg /Fil°.
In fact, we shall establish the surjectivity of

(¢ J B:;ax)(p:l — t77 Bz /Biz  at every integer j > 0.

As usual t = log[e]g for a compatible system & = ((pn), of p"*B-roots of unity
where R := LiLn(_)p Oc, /p(?cp, and [—]g is the Teichmiiller lift to A;,r = Witt(R).



Let 0 : Ajpr — Og, be the map sending a vector Y7 p™[calr — Doy el

in other words, the pair (Ainf, 0) denotes the “universal p-adic thickening” of Oc, .

For any generator 7 of the ideal Ker(#), the ring A,,.x denotes the subring of B;R
consisting of expansions

{x = Z Cn (ﬂ/p)n with ¢, € Ajy¢ satisfying nli—>ngo Crn = 0} i

n=0

(One then defines B,

maXx
To establish that the map (t_j -]B%j;lax)@:l — t77.B};/Bly is a surjection,
we shall proceed by induction on j; > 0.

:= Amax[1/p], and Bpayx := B;,[1/t] where t is as above.)

max

If j = 0 there is nothing to prove. Let’s therefore take 7 = 1, and consider
y et -Bly/Bly = t7'C,((s)). In particular, one may expand ty = Y oo a,s"
where each coefficient a,, € C,,, with the a,,’s tending to zero p-adically as n — +o0.

Remark: Contained in the proof of Proposition II1.3.1 of [Cz], there is a recipe for
constructing sequences of elements b, € B£? mapping down to a,, modulo ¢- Bi;.
The delicate part is to show that one can choose the b,’s precisely, so that they

tend to zero under the By,,x-topology (i.e. under its associated norm | — |max)-

Fix some a € C, such that m, := val,(o« — 1) > 2, and let @ = (a;); € R be
a sequence whose initial terms satisfy a; = exp (p_j log(a)) for 0 < j <my—1.
Clearly log [62] » belongs to Ayax, but we also claim the

< p~ "= where n, = Lma — 1J.

Upper Bound Estimate: H log [&} R”

max
To derive this estimate, consider z = exp (p~ " log(a)) € O¢, and T = a? "* € R.
Then, working out the p-adic valuation
val,(z — 1) = —ngo + val,(log(a)) = ma —nq > 1, hence z € 1+ pQOc,.

Given z € O, satisfies z —1 = pz, one sees immediately 0([Z]p—1) = z—1 = pz.
As a corollary, [Z]gr — 1 — pu € Ker (9 s A — OCP> where u € Ajyr with 0(u) = 2.
If © generates Ker(6) principally, then

[Z]Jg—1 = pXu+7mXJ = pXu+px <E> X 0 € pApnax for some d € Ajys.
p

Consequently log[T]r € Anax and logla]g = p"= log[Z]r € "> Apax, SO we're done.
Now we finish off the j = 1 induction step. Recall that ty =Y ~° ja,s™ € Cp((s)):
for every positive integer n, there exist elements o™ € C, with val, (a(") — 1) >0
such that log (a(”)) = a,. Indeed, providing that n > 0 one must have
val,(a,) = Valp(log(a(”))) = val, (a(”) -1) > 2

in which case our ‘upper bound estimate’ ensures that b, := log [a(")} r € BraL.

Moreover lim,, o Ht‘lanmaX: 0, and it follows that 3 := t~! ZZOZO b,s" € B¥=l

max

maps down to y =t~} >0 5 ans™ modulo ]B%(J{R.

The induction for 7 > 1 is standard, using the ‘upper bound estimate’ repeatedly.
OJ
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From now on we suppose that W is a G i -representation satisfying Hypothesis(dR).
Tensoring the sequence in Proposition 2.1.2 by W*(1) and taking G'x-cohomology,
one obtains the long exact sequence

* Gk * w=p Gk
0 — W (1) — (W ®Bcris)

Gk EXPW*(l)
—5

— (W* ® Bar/Fil'Bar) Hg o(K,W*(1)) — 0.

It is natural to ask, how much does the image of EXPyy- (1) differ from the full H 27
Below is a partial answer that works over the finite extension L = K.

Lemma 2.1.3. There exists an f(s) € s-Qp[s] such that after localisation at f,
the composition

Gy EXPys 1)

)G (O med B e g D) O TN D (1w (1))

E—ﬁ : (W*(1> ® Byar

becomes surjective.

This lemma is a straightforward consequence of the Key Claim made below, whose
proof will occupy the remainder of this section. Consider the tautological exact
sequence 0 — Fil'Bgg — Bar N Bar /Fil'Bqr — 0 over the closed disk Uy, .

Key Claim: For any integer m > 0, the cokernel of the induced map
(0) . GL N 1) CL
O (W (m) @Bar) " — (W (m) @ Bar/Fil')

is a Q,((s))-torsion module; moreover there exists a polynomial g,,(s) € s - Qp[s]
which Kkills off the cokernel of ﬁio) after localisation.

Deferring its demonstration for the moment, let’s see how to obtain 2.1.3 from it.
Inverting by the polynomial go(s), the localised sequence

* G ~ * G mo i ! * . G
(W )&Bar) ™) = (W eBa) ™) "2 (W @B /Fil') )

(g90) (g0) (g90)

is surjective on the right. Now H} (L, W*(1))/H¢ (L, W*(1)) is a finitely-generated
Qp ((s))-torsion module, hence there exists a(s) € Q,[s] which kills off this quotient
and thus also Coker <EXP(90)>; choosing f(s) = go(s) x a(s), clearly 2.1.3 follows.

N.B. Establishing that 5&0) is locally surjective involves quite a tricky calculation.
It’s enough to prove that the kernel of the homomorphism

ol H' (L, W*(m) © Fil'Bag) — H'(L, W*(m) ® Bag)

is killed off after localising at some g,,(s) € s - Qp[s].

(Were such a polynomial g,,(s) to exist, then under the boundary mapping
(W= (m)@IBdR/Fill)GL Ny (L, W*(m)®Fil'Bar ) one knows Im(9) = Ker (ozil)),
therefore the image of 0 would also be killed by g,,. After localisation at g,,, the
kernel of & would then consist of the whole of (W*(m)®Bqr / Fill)GL® QpsHlgm'];
since Im 9(50)) = Ker(9), it follows that Coker( ,EO)) is killed by g,, as required.)
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A proof that Ker(agl)) ® Qu((s) [9;'] vanishes at some g,,(s):
Let x € Ker(ag)) — our goal is to show x trivialises after localisation at a g,,(s).
For each integer n > 1, there exists an open set U,, C %:{R such that

il M o i
H' (L,W*(m) ® o BdR) i
s=k—

B
H (L,W*(m) ® i)
s=k—1

Fil"Bgr 1 Fil"Bgyr
(1, Wi(m) g, BB e 0 () g, DR
R\ S0, g Pk ® Fil"Byg

is a commutative diagram with injective column arrows, at every weight k € U,,.
Remarks: (a) By Hypothesis(dR) each Wj(m) is de Rham for all k € X, hence
af') - H' (L, Wi(m) ®q, Fil' Bar) — H' (L, W} (m) ®q, Bar)

is injective by [BK, Lemma 3.8.1], and so too the bottom map in our diagram.

(b) This means x mod Fil"Bgg is divisible by infinitely many Pj, € Spec(Q,((s)))
i.e. it must be Q,((s))-torsion; consequently x lies in the submodule generated by
both H'(L,W*(m) ® Fil"Bqr) and Torsg, (s) (H*(L,W*(m) @ Fil'B4gr)), in fact

x € H'(L,W*(m) ® Fil"Bqg) + Torsg, sy (Im(9))

because x € Ker(ag)) = Im(0).

Lemma A.2. (ii) For all integers m > 0, there exists hy,(s) € s - Qyp[s] such that

G
Wim)® PR ) g [ 0™
Fil'Bar / ;,, m

as an isomorphism of finitely-generated Q,((s))[h,,']-torsion free modules.

The proof is given in the Appendix, together with various other local calculations.

Applying the above lemma, one sees immediately the image of the boundary
mapping O after localising at h,,(s) must also be finitely-generated; in particular,

the submodule Torsg oy ,-1) (Im((‘?) ® Qp{(s) [h;f]) will be of finite type over the
ambient algebra, so is killed off by a polynomial g,,(s) € Qp[s].

As a corollary, Torsg, (s (Im(a)) is killed off after localisation at the polynomial
gim(8) := hum(8) X g (s), therefore the image of x in H' (L, W*(m) ® Fill]B%dR)(gm)

belongs to H* (L, W*(m) @ Fil"Bqr) ® Q,((s)) [9;n']. Crucially gy, is independent
of the index n > 1; allowing n — +o0, one discovers

the image of x € Q,((s)[9;'] ® ( ﬂ H'(L,W*(m) ® Fil“IB%dR)> = {0}

n>1

via convergence of continuous cohomology, which completes the argument.



§62.2 — A Duality Theorem over de Rham Points in Uy,
The invariant map of local class field theory furnishes us with a pairing

CHY (KW x HY (K, W (1)) = B2 (K, Q{(s) (1)) ™5 @p(s).

[_’ _} KW "
As the image of the exponential map provides a canonical subgroup H} (K , W™ (1)),
we’ll require a precise description for its orthogonal complement.
Definition 2.2.1. The geometric part Hé,]‘ (K, W) is the Q,((s)-saturation of

Hy 3o (K,W) = ling Ker (H' (K, W) — @D H' (K, Wy @q, Ban) ).
Ucxi, keu

The direct limit above is taken with respect to inclusion, over the open subsets U
in the cofinite topology on X7;. In fact H} ; coincides with the Q,((s))-saturation

of the kernel of H! (K W) — @k€x+ H! (K Wi ®q, BdR) but we won’t bother
to prove this assertion here.

Theorem 2.2.2. Under [—, —]KW the subgroups HéT(K, W) and H} (K, W*(l))
are exact annihilators of each other.

Proof: The argument is a refinement of [DS, Prop 1]; however the latter proof was
incomplete as it only showed the vanishing of [H é, H é] scyye S0 we expand on this.

Recall H (K, W) and H' (K, W*(1)) were of finite-type over Q,((s)), hence their
Qp ((s))-torsion submodules can be annihilated by localising at a polynomial #(s).
Setting q(s) := t(s) x f( ) where f(s) € s-Qp((s)) was the element in Lemma 2.1.3

which made the map EXP surjective, the localised version
H' (K, W) x H' (KW (1)), — B (K,Qy(s)(1) )~ Qplfsh[a"]
becomes a non-degenerate pairing of torsion free Q,((s))(4)-modules.

Remarks: (a) The demonstration now reduces to establishing that Hé,T (K , W)
and H} (K, W*(1))

(a9)

() Are exact orthogonal complements under invg o U.

(b) It’s enough to prove the equivalent statement over L = K, (), then use the
Galois equivariance of the pairing [—, —] 1y to deduce it over the ground field K.

Tensoring the fundamental exact sequence
0 — QushH(1) — B2 P@Fil'Bgg — Bar — 0

by W®gq, (s) W* and then taking G'z-invariants, yields a boundary homomorphism
e: H'(L,WQ W* @ Bqr) — H'(L,W @ W*(1)). The commutative diagram

) i} G. (EXP) . .
HY(L,W) ) x (W (1)®IB%dR>(q) 5 HY(LW) ) x HY (L W(D)

(—®1, xt) ‘ U

B (LW © Ban) ) x HO(LW* 9 Bar) ) ““° B2(L.Q, () [0 (1),

therefore gives us an alternative way of computing the local pairing [—,

(9)
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GrL

In other words, for localised elements x € H* (L, W) @

one has the formula [x E)\(f(y)]

(@ 2d Y € (W*(1) ® Bar)

Lw = invy, odet(e(x®1Ut-y)).

Lemma A.3. Under the local pairing
_ % _ de o _
HY(L,W @ Bar[s~Y]) x H°(L,W* @ Bag[s~1]) “ZX" H2(L,Q,(s)[s~1] (1))

an element x € H'(L,W®@Bar[s~!]) is orthogonal to all of H*(L, W* @ Bar[s™]),
if and only if

x € kerfy = Ly Ker(H'(L,W @ Banls™']) — @ H' (L, Wy ©q, Bar) ).
ucxly keu

The demonstration is fairly tedious, and is supplied at the end of the Appendix.

The remainder of the proof for 2.2.2 is a consequence of the computation below.

For every x € H' (L,W) () One calculates that

[X, Hé(K,W*O)) byil‘?’[

x, Tm(EXPy- (1)), | .

— [x, BXP(O (LW (1) 9 Ban)

(Q)} LW

LW

= invyo det(e(x ®1Ut-H(L,W*(1) ® BdR)(q>>)

is zero, if and only if x ®1 lies in (kerj{R> ®q, (sH[s-1] Qp{{(s) [q_l} via Lemma A.3;
the latter condition is equivalent to x € H é,T(L’ W) (q), which of course means that
H§ (L,W) = H (L,V\\/*(l))L as asserted.

Conversely, since Hé’T(L,W) and H}(L,W*(1)) are both Q,((s))-saturated in

their respective cohomologies, Hg (L, W) = (H{ (L, VV*(l))L)L = H}(L,W*(1))
which completes the proof of the theorem.
U

As Joel Bellaiche pointed out to us, the original definition in [DS] of the geometric
subgroup ‘H, é (K, W) was, in general, too strong to obtain a correct orthogonality.
By using instead local conditions imposed at a dense set of de Rham weights > 2,
the argument is easily repaired and yields a nice duality result.

In particular, the following computes the rank of these modules via specialisation.

Corollary 2.2.3. There exists an open set U C %IR such that

(i) ranke, (o) (Hg 4 (L W) ) = dimg, (Hj (K, Wy)) at every k € U;

(id) vankg, (o (HE(L,W*(1)) ) = dimg, (H! (K, Wi(1)) ) at every k € U.

Proof: See for instance [De, p104].
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§62.3 — Examples Arising from Modular Forms

Let E be a finite extension of Q,. Henceforth we shall consider two-dimensional
Gal(Q,/K)-representations V defined over E((s)) (which, one recalls, denoted the
affinoid E-algebra of the disk Uy, C Z, centred on a fixed base weight ky > 2).
Assume that \°V = E(s) (exFo™ (xey)*t17F0) for some finite order character e,
and moreover

Vi®sCp = Cp&Cplk—1)

which means V has Hodge-Tate weights lying on the lines s = 0 and s = k — 1.
Because we are mainly interested in studying those V’s interpolating families of
modular forms, one further insists at almost all k € Uy, N Z>o:

Vi 2 Hom (V (f,), E) for some classical eigenform fj, . of type (k,ew®~%).

Let’s first determine the structure of the deformed tangent space associated to V.
Proposition 2.3.1. (i) The representation Resgq, (V) satisfies Hypothesis(dR);
(ii) For alli > 1, H° (K,V(z’) R E(s) BdR/FiIOBdR> is locally free of rank [K : Q,].

Proof: These calculations make frequent use of Sen’s local representation theory,
which is extensively applied (over multi-variable Tate algebras) throughout [BC,Kij].
The crux of the argument hinges on establishing a

G
Key Fact: There exists Fy(s) € Qp[s] such that (V(;V) ®p(sy Cp ((s)>> “ becomes
a free module of rank [K : Q] over the localised algebra Q,((s))[1/Fv].

Deferring its proof for the moment, we quickly explain how 2.3.1(ii) follows directly
from this claim. Fixing an integer ¢ > 1,

) ) Gk
H? (K  Virn (1) @pysy Fil™'Bar/ Fﬂl_zBdR) = (V(m Dp(sy Cp <<S>>)

which is a free Q,((s))[1/Fv]|-module of rank [K : Q,], courtesy of the ‘Key Fact’.
Assume by induction on j > ¢ that H° (K, V(r) (1) @ sy Fil_jIBdR/Fill_iIB%dR) is
Qp((s) [1/Fy]-free of rank equal to [K : Q). Tensoring the exact sequence

0 — Fil /Bqg /Fil' "Bar — Fil 7" 'Bgg /Fil' Bar — C,((s) (Xc_yj_l) — 0

over E((s)) by V(z,)(i) and taking its Gal(K /K )-invariants, yields a corresponding
long exact sequence in GG g-cohomology.

Remark: The term H°(K,V z,)(i) @ sy Cp{(s)(—j — 1)) vanishes as i — j — 1 # 0,
hence one obtains an isomorphism of free Q,((s))[1/Fv]-modules
HO (K, V(}—V) (1) QE(s) Fﬂ_deR/Fﬂl_inR)
= HY(K,V(7,)(i) ®pqsy Fil /' Bar /Fil' 'Bar) for j >i—1,

with both sharing a common rank [K : Q,]. Passing to the direct limit as j — oo,
clearly we can replace Fil=/B4r above with the full period ring Byg.
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(Lastly, an identical simple induction on the index m = 1 — i in Bgr/Fil'~"Bgg,
this time exploiting the short exact sequence

0 —> Fil"Bgr/Fil"'Bgr — Bqg/Fil™! ™25 Bp /Film — 0

allows us to descend from - - -/Fill_inR back down to - - -/FilOBdR in (i—1)-steps.)

Establishing the ‘Key Fact’.

This is just a special case of [Ki, Prop 2.4] so we shall briefly sketch the argument.
For simplicity, assume the coefficients £ C K (if not, work with Resg,q, V instead).
Without loss of generality, we also suppose that Uy, = Z, which can always be
achieved by an affine translation, followed by a scaling transformation.

Set M =V ®@g sy Cp((s)) and write K, for the cyclotomic Z,-extension of K,
with corresponding Galois groups I'x = Gal(Kw/K) and Hgx = Gal(K/Kx).
From [Se, Prop 6] there is an extension K,,/K inside K, of degree [K,, : K] = p",
such that W, := MHx is free of K. {(s))-rank two, and

Weo @5 sy Cp{(s) = M as an isomorphism of Gal(K /K, )-modules.

Enlarging the extension K, if necessary, one can then find a K, ((s))-basis for W,
such that the free K, ((s))-submodule ‘W’ which it generates is I', -stable.

’

Remarks: (a) The operator ® := % € Endg, sy (W) where <y> =T,
g Xey (7P

is easily seen to be independent of n’ > n. The characteristic polynomial of q)‘ is

w
Psen,w (P, X) = X(X — s) since each V, has Hodge-Tate weights 0 and k& — 1.

(b) As a corollary, the localisation W% = W ®, (s) Kn{(s))[1/s] decomposes into
two separate ®-eigenspaces, i.e. one has a splitting

as a direct sum of free Ky, ((s))[1/s]-modules.

The action of v*" € 'k, on W is via the formula 7" )W = exp <<I> log Xcy (,ypn)>;
therefore v7" acts trivially on the first summand of W%, and through ¥(y)?" on

the second summand of W,

(c) Extending scalars on W all the way to C,((s))[1/s], then as Gk, -modules

V@pgsy Collsh [1/s] = Cplsh[1/s] & Cpsh[1/s] @ ¥

i.e. Resp/q, (V) satisfies Hypothesis(dR)(i). To check it also obeys the second
requirement needed in Hypothesis(dR), we simply point out that Vi = V(fx )*
when k € Uy, N Z>2, and V (fi,e) is well known to be de Rham.

Now taking Galois invariants and observing that HY(K,,C,((s))(¥)) vanishes,

we may then conclude (V@ g,y Cp((s) [1/3])GK" is free of K, ((s))[1/s]-rank one.
The semi-linear action of Gal (K n/ K ) is given by some one-cocycle x,,, thus we can
choose G(s) € K,((s)) so that the image of z,, € H'(Gal(K,/K), K,{(s))*) under
the map H'(Gal(K, /K), K, {(s)*) — H'(Gal(K,/K), K,{(s)[1/G]*) is zero.
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By the Weierstrass preparation theorem, one may assume G is a polynomial in s
(of course its coefficients lie in K,). Defining Fy(s) := s x Normg, /g, (G(s)) then
Fv automatically has Q,-coefficients, with the requisite property

Gk,
H0<Gal(Kn/K),<V®E«S» Cp((s)) [1/(3-NKn/ng)D ) =~ K{(s)[1/Fv].

The right-hand side above is certainly Q,((s)) [1/Fv]-free of rank equal to [K : Q,],
from which our ‘Key Fact’ follows readily.

O
In the specific context of ordinary representations over (CNL) deformation rings,
Greenberg [Gr] gives a simpler definition for a p-local condition in his Selmer group;
more precisely, he takes the saturation of those one-cocycles which trivialise after
passing to the maximal unramified quotient.

Given that these deformation rings behave (locally!) like affinoid algebras, both
Definitions 2.1.1 and 2.2.1 will generalise in an obvious fashion to such a situation.
It is worthwhile asking whether the condition H éﬂr(_’ —) at primes above p agrees
with the local condition used by Greenberg? In the special case of two-dimensional
representations we shall shortly discover the answer is ‘Yes’, although we conjecture
that it holds in dimension greater than two as well.

The Universal p-Ordinary Galois Representation.

Assume now that our prime p > 5, and write A" = Z, [[I"™"]] for the weight algebra
where I'V* 2 1 + pZ,,. Let T denote the universal ordinary Galois representation
of tame level N > 1, so that T is cut out of lim -, Hg, L(X1(Np™) ®g Q, Zy(1))

using Hida’s p-ordinary and N-primitive projectors eorq, €prim (€.g. see [Hi, §3]).

The abstract Hecke algebra acts on T,, through a local factor R, which is a
finite and flat extension of AW*. As a local G, -representation, there is a filtration

0 — FiltTo — Too — Too /FilTToe — 0

of R-modules; the right-hand quotient term is unramified, and isomorphic to the
dualising module wr = Hom (R, AWt) if one ignores the Galois action.

Theorem 2.3.2. Fori > 1, the module HéJL (K, Too(1—1)) is the R-saturation of
T (H' (K, Fil* Too(1 = 1)) — H' (K, Toe(1 - 4)) ),

and is of rank [K : Qp| over the deformation ring R.

This result fails if the integer 7 < 1 since H éyT (K , Too(1 —z)) is an R-torsion module,
whilst the image of H' (K, Fil"Too(1 — 7)) always has rank [K : Q,].

Under the restriction that ¢ = 1, it was shown in [DS, Thm 3] that the module
Héﬁ(K ,To) can be further identified with the R-saturation of

Cprim ((eord 1im By, (JOO(K)@BZP)> o Frac(A)) N H' (K, Too)

where Oy, : jac(X1(Np"))(K)/p™ — H(K,jac(X1(Np"))[p™]) denotes the
Kummer map on the Jacobian at level Np”, and J, := L_Tleac(Xl(Npr))/Q.
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Proof of Theorem 2.3.2:
Let Qp__ (1) denote the image of H' (K, Fil* Too (1—1)) inside of H' (K, Too (1—1)).
Then the result will follow, provided one can establish three assertions:

(A) Qr_a-y C H_c1,7T(K7Too(1_i));
(B) rankg (QToo(l—i)) = [K:@p];
(C) rankg (HE (K, Too(1 = 1)) < [K: Q)

To prove (A) we first recall that for a fixed base weight ko € Z>2 and character e,
there exists a (unique) Mellin transform g, : R < R™™ — Q, <<s>) extending
the mapping which sends 7 € ZX v to the Iwasawa function k — ewho (1) < 7F >,

The image pi, (R) consists of r1g1d analytic functions convergent on some disk Uy,
(since R is of finite-type over A""), with coefficients in a field E = E(ko, €) say.

Suppose that the big Galois representation po, : Gg — Autr (T) is residually
absolutely irreducible, so that R is Gorenstein and T, / FilT Ty is free of rank one.

At primes ID_;: € Spec (ﬁ“orm) with k£ € Uy, NZ>2, there are commutative diagrams
0 — H'(K,Fil'Too(1 —4)) — H'(K,Too(1 —1i)) — H' (K, Too/FilT (1 — i)
l ®Rﬁnorm/ﬁk\7: J/ ®Rr;€norm/ﬁk\’z J/®R7f€nor1n/ﬁk\,:

HY(K,FiI"Vy (1 —4)) — H' (K, Vi (1 —4)) — H'(K, Vg /FilT (1 —i))

are each of F-dimension 2
s=k—1

(note that H%(K, T /Fil* (1 — i)) vanishes under our assumption).

where the G, -representations Vy ¢ := pig, c(Too)

It follows that the specialisation (Mko,e)*(QToo(l—i)) ®ssk—1 F has zero image
inside H' (K, Vj, /Fil* (1 — i)), whence

(Hko,ﬁ) *(QTOO (1_7;))

C T (H (K, Fil "Wy (1= 0)) — B (K, Vi, (1= 1))
s=k—1

by the exactness of the bottom row in our diagram. If the weight k € Z>;1 N Uy,
one can further surmise

Im<H1 (K,FilTV (1 =) — H (K, Vi (1 - i))) = H, (K, Vi (1—1))

as Vi (1 —1i) = V(f,ie) (k — 1) is semistable, and satisfies a ‘Panchiskin condition’.
As a direct consequence, (Mko,e)*(QTm(ki)) ® 1 has trivial image in

P (K, ko e (Too) (1 — )

kel

i ®q, BdR> once the weights U C Z>;+1.
s=k—1 =

Since T« is completely covered by these affinoid representations V = py, . (']Too),
then taking the direct limit over subsets U C X, assertion (A) is established.

Remark: If po : Gg — Autgr(T) is residually reducible, H (K, To /FilT (1 — 7))
might not vanish at i = 1. However this H® will certainly be an R-torsion module,
therefore it plays no important role in the calculations.
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In order to prove (B), we'll apply the local Euler-Poincaré characteristic formula.
Indeed the R-torsion of the H? implies that

rankr (Qr. (i) = rankg (H' (K, Fil*To(1 - 1)) )

= rankz, ., (H' (K, (FiIF Too) 20 (1) ))

= rankz, . 5 (Hl (K P (Fil*To )(1—@')))

at all but finitely many bad primes Pe Spec (ﬁnorm). Now using Euler-Poincaré

the right-hand side is [K : Q] x dim ) (ﬁ (Fil™Ts) ), and claim (B) follows.
Finally to dispose of assertion (C), one again adopts a specialisation approach.
Fixing a base weight kg € Z>9 and character €, the representation V = py, . (Too)

is defined over E((s)) say. Choosing an open set U’ C X1 satisfying U’ C Z>;1
and arguing as we did before, one deduces

rankz,.,.. (Hé’T(K,iI‘;(l — z))) < dimg <Hg1 (K, V. (1- z))) for some k € U’

= 2x [K : Q] — dimp; (Fil"Dag (Vi (1 - 1))
— [K : Qp} since Vi (1 — i) = V(flz,e)(k’ —1).

This completes the demonstration of part (C), and of the theorem too.

Remarks: (a) For every integer ¢ > 1, one can similarly identify H} (K ’JI' (z))
with the R-saturation of the module Ker <H1 (K, T% (1)) — H (K, (FiltT )) :
which is of rank [K : Q,] by Euler-Poincaré.

(b) It’s also easy to prove Im(H'(K,Fil*To,) — H'(K, T )) injects into the tower
€ord - Um -, H; (K, Tap(Jl(Np’"))>; this can be checked just by specialising at
primes 13; € Spec (”fénorm) of weight two, with € ranging over Hom (F""t, @: ) [tors].

(c) Lastly Theorem 2.3.2 confirms that for the universal Gg-representation T,
Greenberg’s Selmer groups coincide with the Selmer groups studied in [De, §7-§10].

§3 — The Global Theory

Let F be a number field. We now assume W denotes a Gal(F/F)-representation
free of finite rank over Q,((s)), and unramified outside a finite set ¥ containing the
primes above p and the archimedean places.

We impose the following pseudo-geometric conditions on W and X::

Hypothesis(PsGe). (i) At all places v { p, both WEF» and (W*(l))GF” are zero;
(11) At all places I/‘p, each restriction W|GF satisfies condition (dR) with K = F,,.

For example, a two-dimensional Gg-representation interpolating an eigenfamily F
over the p-adic disk Uy,, exhibits the properties required in (PsGe) for any F/Q.
Moreover taking duals, direct sums and tensor products of representations satisfying
(PsGe) yields further specimens (although (i) isn’t closed under tensor products).
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In general, given an order O = Z+7°Opg in a local field F, one can always choose a
G r-stable lattice L. C W®gq, F defined over O((s)), such that as E((s))[G r]-modules

L ®@osy £{s) = Wr].

Since these notes only deals with Q) ((s))-coefficients, we take O = Z,, throughout.
Notations: (a) Let Fy denote the maximal algebraic extension of F' unramified
outside X, and set Gpy := Gal(Fy/F) so that L C W are naturally G x-modules.

(b) If G = Gpx or G = Gp, for some v € 3, then G satisfies the p-finiteness
condition; in particular, the modules H?(G, L) over the noetherian base ring Z, ((s))

9

have only finitely many associated primes — let’s call this finite set ‘%f)ad(G) , say.
(c) At all k € Uy, —%]_4(G), each term #(H7(G,L)[\]) will be finite and bounded.
Definition 3.1. The subset Xpaq C Uy, is given by the union of bad weights

bad GF

”C“

3
Xbad = U ! a(Grx)

If we now examine the G-cohomology of 0 = L[\;] — L LU SN L/ A\ — 0,
one obtains a truncated exact sequence

HI(G,L)

XA . .

As a consequence, for every Ay € Uy, — Xpaq there are injective homomorphisms

HI(G,L)

_ HI L ith 7 =0,1,2
o H(G.L) — (G, /)\k) with 7 =0, 1,

having finite cokernel, bounded independently of the specialisation .

§63.1 — Local Conditions
The main strategy is to prove analogous statements to the one above, but replacing

the full cohomology groups instead with subgroups H}(F,,LL) of local conditions.

Conditions at primes away from p.

Suppose that v { p. If the Gal (F,, / Fl,)—invariants WEr, = 0, the Frobenius element

Frob, € Gal(F" /F,) acting on W/F» cannot have 1 occurring as an eigenvalue;
I

it follows directly that the cohomology group H* (F;” /F,,,LIFv) = W

must be torsion over Z,((s)). Defining H_ (F,,L) to be the Z,((s))-saturation of

tm (H* (B2 /F,, L1) 2% | (F, /F, L))
clearly H (F,,L) = Torsy, (s (H"(F,,L)). Moreover if (W*(l))GF” is also zero,

a simple Euler characteristic argument implies the rankz_ .y (H YF,, L)) =0.
(N.B. We'll take H], to be our local condition at primes in ¥ not lying above p.)
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Conditions at the primes above p.

Suppose that V| p. Again let’s abbreviate L /A by Ly, which is clearly a Z,-module.
Writing Hy(F,,L) for the kernel of H'(F,,L) — @k,exIR HY(F,,Ly ®z, Bar),
the commutative diagram

0 — Hy(F,L) — H'(F,L) — ) H'(F, Ly ®z, Bar)
kexty

lmod Ak lmod Ak lprojk

0 — HYE,Ly) — HY(F,L,) =%  HYF, L& Ba)

has exact rows (note that H ; is automatically p-saturated since Bgg is a field).

Remarks: (i) If HéJ(FV’ L) is the pre-image of HéJ(F,,, W) under —®z_ sy Qp((s))
then using the previous diagram, one easily checks injectivity of the homomorphism

H! . (F,,L) (k)
g;" UV o, 1 + + .
N HL L (F, L) = Hy(F,,Ly) forall ke Xjz — X5 .(Gr,);

1
here ¢ j{g ;" denotes the weights appearing in the Z,({s))-torsion module %.
1
(ii) As Hé,T(F”’ L) is Z,((s))-saturated the quotient %

so we obtain an exact sequence

is Z,((s))-torsion free,

0

Hl(F L)
— s H! F, L), — | —22X "2 N
' k

at every p-adic weight k£ € Uy, .

HY(F,,L)
g (FL.L)

has the property that #Torsg, (Yy/)\k) 1$ finite and bounded independently of Ai.

Hypothesis(Bnd). For all V!p and weights k € Uy, , each module Y, =

We shall show that (Bnd) always holds for a two-dimensional p-ordinary family in
the final section, but we conjecture it holds in greater generality at dimension two.

Proposition 3.1.1. (a) For all weights k € %:R — Xpad —%gﬁ (GFV), the mapping
o) HE (F,, L)y — Hy(F,,Ly)

is injective, with finite cokernel.

(b) For all weights k € X1z — Xpaa — f{aT (GF,), the induced quotient map

B(k) Hl(FIJ7L) ~ Hl(Fl/a]L’)k mOdH; H1<FIJ7L1€)
v\ Hg(RL) ) HE (F,, L)y HL(F,,Ly)

g

has finite cokernel bounded independently of i, and finite kernel.

(c¢) If one further assumes that L satisfies (Bnd), both the cokernel of ol and the
kernel of B,(jk) are likewise bounded independently of \j.
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Proof: The following diagram (with exact rows) summarises the relevant maps:

HY(F,,L
0o — HéyT(Fy,L)k — HYF,, L), — (¥> — 0
k

HL (F,,L)
Jaty Jago 3w

0 — HMXF, L,) — HYF, L) — H(Fy,Ly) — 0
g 178 k 78] k H;'(FV7LI<:)

We have already seen that
(i) ol is injective for every k € X — .’faT (Gr,);
(ii) l(,k) is injective for every k € Uk, — Xpad;
(iii) Coker( ,(,k)) is finite and bounded, for every k € Uy, — Xpad-

Applying the snake lemma to our diagram above, the cokernel of B,(/k) will then
automatically be finite and bounded at each weight k € %(J{R — Xbad — j{g,T (G Fy)-

It therefore suffices to show that the kernel of Bl(,k) is finite, and bounded
independently of )\; whenever L satisfies (Bnd).

Remark: Let Zj denote the pre-image under ) of H)(F,,Ly) NIm(H(F,, L)),
which coincides with the p-saturation of H, éﬁ(Fy, L) in H'(F,,L)g. One finds

(k)) ~ {y € Hl(FuaL)k ‘ ﬂgk) (Y) S Hgl(FuaLk)} I

HL - (F,, L),

Ker (3 -
eI’(/B s T(FV7L)]€ Hl

v

gt

1 1
upon exploiting the earlier isomorphism ( A (Fy.L) > ~ H (FyL)
k

HL (F,L) ), — HE (F, L)y

The problem reduces to showing that H éﬁ(Fl,, L)k has finite index in its saturation.

Recalling that Y, = H'(F,,L)

Ty (ol then from the diagram

0 — Hg.(F,L), — H'(F, L) — (Y,), — 0
Z — Z

clearly the quotient must be isomorphic to a submodule ®; C (Y,,)

__Ze )
HE (F, L) k?
in fact ®j, will be Z,-torsion, because Z; equals the p-saturation of Héﬁ(F,,,L)k.
Furthermore (Y,,) . / D =2 HY(F,, L) / Zy, and the latter is certainly Z,-torsion free,

hence so is (Y,,) A / Dk. We conclude that Dy = Torsz, (Y,,) ” which is finite.
It follows H, é’T(Fy, L)x indeed has finite index in its p-saturation, thus both the

kernel of Bl(,k) and the cokernel of o) are finite. Lastly Hypothesis(Bnd) guarantees

that the size of Torsz, (YV)k is bounded independently of A, therefore the same
will be true of Ker (B,(jk)) and Coker (a,(,k)). The proof is now complete.
O
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§63.2 — Dualities

Our next task is to pass to cohomologies taking coefficients in discrete modules.
Let M denote any Z,((s))-module. One defines its x.y-twisted Pontryagin dual by

Aur = Homeont (M, upoo), and also Ay, = Homeont (M/)\k,upoo) = A k]

provided the weight k € Uy, .

(For example when M = L, both Ay and Ayp,,, will inherit the structure of
Zy((s) [G]-modules, either for G = G5, or with G = G, at some place v € X.)

The arguments we now use are identical to those of Paul Smith in [De, Appx C]
so instead of us reproducing the full proofs again, let’s briefly sketch the details.
As usual the method has both a local and global component.

The local situation G = G, .
Suppose M and N are G-modules. Examining the first few terms in the spectral
sequence H" (G, Ext® (M, N)) = Ext(,"*(M, N), there is a long exact sequence

0 — H'(G,Hom(M,N)) — Ext(M,N)
— H°(G,Ext'(M,N)) — H?(G,Hom(M,N)) — ....

Firstly if M =L and N = ppe, one has an injection H'(F,, AL) < Extg (L, gy );
analogously if M = Ly and N = jipe, we obtain H'(F,, Ap )z, ) < Extg (L, fipee ).

Remark: Applying the left exact functor Homgg (—, upoo) to the multiplication by
Ax sequence on Ay, produces yet another long exact sequence

0= AS),, — AS X% AC s Extl (L, ppee ) — Extly (L, iy ) “2% Exctl (L, prpee)
from which one obtains a map w,(,k) : Extg (]Lk, /~Lp°°) — Extg, (]L, ,upoo)[)\k].
Proposition 3.2.1. For all weights k € Uy, — Xpaa, this mapping

) Extl (L, ppee ) — Extg (L, ppoe ) [Mi]
is surjective, with finite kernel bounded independently of \j.

Deferring its proof momentarily, it is shown in [De, p271] there exists a diagram

0 — HI(F,,,AL/A,Q) — Ext%;(]Lk,,upoo) — Extl(]Lk,,upoo)G

l lwi’” H

0 — HY(F,, AL)[M] — Extg (L, ppee ) [Ae] — Extl(L,upoo)G[)\k]

with exact rows.
Writing ’y,sk) for the left-most vertical arrow, then the snake lemma applied to
the diagram above yields the following

Corollary 3.2.2. For all weights k € Uy, — Xvaa, the homomorphism
v HY (B, Avya,) — HY (s Av) M)

18 surjective, with finite kernel bounded independently of Ai.
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Proof of Proposition 3.2.1:

The surjectivity of 1[1,(,k) is clear at all p-adic weights k. Before examining its kernel,
one should point out the stated result holds more generally, for modules M that
are of finite rank but not necessarily Z,((s))-torsion free. However we shall only
need the result for M = LL in this paper.

The Yoneda (cup-product) pairing on Ext-groups yields a perfect duality

Exts, (Lopp<) x H'(F,,L) -5 H*(Fyoppe) —% Q,/Z,

and on a p-adic level, Ext%;F (Lk, ,upoo) x H! (Fy,Lk) inwu Qp/Z,, for k € Uy,.
It is shown in [De, p270] that one has the diagram

AT 0

X)\k T

AT H?(F,,L)[\4]

__—

Extg, (L, pp=) X H' (F,,Le) — Qu/Z,

(k) T ‘T]’

Extg, (Lpp=) x H'(F,L) — Q,/Z,

whose columns are exact.
Let ¢ C H! (FV,IL,k) denote the precise orthogonal complement of Ker( Z(,k));

because both pairings are perfect, it follows that #Ker( ,(,k)) = #(Hl(Fy, ]Lk)/¢>.

A diagram chase reveals that € = Im(n), whence H'(F,,Ly)/€ = H*(F,,L)[\;] as

the right-hand column is exact. Finally the latter group is finite and bounded at

all p-adic weights outside of X?2_, (G F,,)y therefore the same is true of Ker( ,(,k))

The global situation G = Gpx.
Recall that Gp, C Gp,x at each place v € ¥. Given any Z,((s)) [GF,s]-module M,
one defines subgroups

I’ (Grys, M) = Ker (Hi(GF,g,M) ey @Hi(Fy,M)) with i = 0,1,2.
vex

For instance if M = L and ¢ = 2, there is an exact sequence

0 = Z(k) » U (Grs, L), = H2(GrzL), — @ res,(H2(GrzL)) — 0
vey

where ‘Z(k)’ is a quotient of @, .y, res, (H2 (F,,,L))[)\k] C B, H*(F,, L) [Ae].
From this particular description, we deduce that #Z(k) must certainly be finite
and bounded independently of k € Uy, — U, s Xpoa (G, )-
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Remarks: (a) For every v € X, there are isomorphisms H2(F,,LL), = H?(F,,Ly)
at all weights k € Uy, , since the group G, has cohomological dimension two.

(b) The natural injections H?(G gy, L)r — H?(G gy, L) have finite and bounded
cokernel for all k € Uy, — X3,,(Gpx), because H*(Gpx,L)[Ag] has this property.

For simplicity, assume now that our p-adic weight £ lies outside the finite set Xpaq.
Consider the commutative diagram

0 = Z(k) » UP(Grs, L), = H2(GrzL), — @ res,(H2(GrzL)) — 0
vex

Lo l !

0 — I_T_IQ(GRE,ILk) — H2(GF72,L]€) — @ res, (H2(GF,2,L)]€> — 0
veY
with exact rows. Combining together (a) and (b) with the boundedness of #Z(k),

the snake lemma implies the map Q(Ek) - IIT? (GF,Z,JL)k — III? (GRE, Lk) is finite
and bounded independently of k € Uy, — Xpaqa.

To pass to the discrete version, we exploit the fact that for a G y-module M
there is a perfect pairing <—, —>M - TIT? (GF7E,M) x IIT! (GF,E,AM) — Qp/Zy.
In particular, both M =L and M = Ly, are connected (see [De, p273]) via:

1% (Gpy, L), x I (Grx, AL)[M] e Qp/Zy

Lo | & H
b3} 92

(

1 (Gros, i) % I (Grs, ALp,) -8 Qp/Z,.

—

We conclude that the dual map Q(Ek) . II1! (GF,27AL/>\k) — 11t (GF,E,A]L) [Ak]
must also have finite and bounded kernel/cokernel outside of Xpaq.

Proposition 3.2.3. For all weights k € Uy, — Xpaa, the natural maps

’y(zk) cH! (GF,Z, A]L/)\k) — H' (GF,Ea -A]L) [Ak]
are surjective, with finite kernels bounded independently of \i.

Proof: This argument is straightforward. One simply applies the snake lemma to

0 — M (Grs, Aupy,) — H (Grs, Auy,) — @ H(Fys Avya)

VEYD
o e [ om0
0 — IIT! (GF,E, A]L) [/\k] — H! (GFyg, -A]L) [)\k] — @ ot (Fy, AL) [)\k]
VvEY

then uses the fact the left-hand vertical arrow is bounded by the previous discussion,
while the right-hand vertical arrow is bounded by Corollary 3.2.2.
OJ
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§63.3 — Controlling the Discrete Selmer Group

In order to define our Selmer group, we shall dualise the local conditions in §§3.1
under the perfect pairing

H'(F,,L) x H'(F,, AL) — Q,/Z,.

If v doesn’t lie over p, we take H} (FU,A]L) to be the orthogonal complement of
the unramified cocycles in H*! (F,,JL); if u‘p, we set HéT (F,,, AL) = Hé,T (FI,,L)L.

Definition 3.3.1. The discrete Selmer group associated to Ay over F, is given by

res Hl FV,A Hl Fy,-A
sl () o= Ko | 1 (Gm, ) 2 @) itk o @ g e

vtp 1

v|p

Recall for a Z,-adic representation T, the Bloch-Kato Selmer group H 61,2 (F , AT)
consists of 1-cocycles unramified away from p, and orthogonal to H, gl(F,,, T) at the
primes v dividing p (i.e. those coycles lying in the exponential part H} (F,,, AT)).

The main achievement of this paper is the following result.

Theorem 3.3.2. (i) For all weights k € XJ5 — Xpaa — U, ex %aT (Gr,), the maps

Helyz (F, AL/>\k> — SelF,E (A]L) [)‘k]

have finite kernel bounded independently of \i, and finite cokernel.

(ii) If one further assumes that L satisfies (Bnd), then the cokernel of these maps
1s also bounded independently of \j.

Proof: Using Proposition 3.1.1(a), if V| p then the dual homomorphism

ol HY(F,, Ap»,) . Hll(F,,, Ar)
H(F,, Aux,) HE . (F,, AL)

[Ae]

has finite cokernel bounded independently of the specialisation Ax, and finite kernel.
If v {p then H! (F,,L) is the whole H!. Therefore in the commutative diagram

H'(F,, A)x,)
) 1 Y k
0 — Hos(F,Aup,) — H (Grs, Aupy,) — i‘% HI(F,, ALz,

l lvé’” l@agc)

H! (FV, .»4]1,)

0o — SGIEE(.A]L)[)\]{;] — H! (GF,EaA]L) [Ak] — @ m
* vy L

veEX

[Ak]

the right-hand vertical map has finite kernel, with finite and bounded cokernel.
Moreover by Corollary 3.2.2, the middle arrow is surjective with bounded kernel.

Lastly, combining Hypothesis(Bnd) with 3.1.1(c) implies that the kernel of Dot

is bounded independently of A\x. The result follows on applying the snake lemma.
OJ
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With appropriate modifications Theorem 3.3.2 works at non-de Rham weights too.
For each k € Uy,, one can define Selr 5, (AL/,\k) to equal

HI(FV,AL/)\k) @ Hl(FIJ)A]L//\k)

1 Pres,
Ker | H (GF,&A]L/M) — @Hﬁr(FuaAL//\k) olp Hel,T(Fl/’AL/Ak)

vip

where Hel’T (F,, Avy», ) denotes the orthogonal complement of (Hé,T(F,,, L)/)\k)p_sat

under the p-adic pairing H*(F,, Ay, ) x H'(F,, L) — Qp/Z,. Then exactly

the same argument (as in the proof of 3.3.2) establishes boundedness of the maps
Selp » (AL/,\k) — Selpx (.A]L)[)\k] for almost all k£ € Uy, .

Of course at almost all k € %:{R, both Selr s, (A]L/)\k) and Hel’E (F, AL/)\k) coincide!

Two-dimensional Galois representations revisited.

As in the Introduction, let F(s) = Y7 | A, (s)¢" € E((s))[[q]] denote the p-adic
eigenfamily deforming the classical eigenform f € Sy, (FO(N D), e) over Uy, C Zy.
We’ll assume ¥ contains the primes above p and those dividing the tame level N.

Conjecture 3.3.3. If the slope of F at p is < kg — 1, then Lx satisfies (Bnd).

Our principal evidence for this conjecture is that it is true for p-ordinary families.
The demonstration utilises the fact that the big Galois representation corresponding
to F can be cut out of the finite-rank A-module T.,, which means the behaviour
of each quotient Y, (]L ]:) can be determined via structure theory of these modules.

Lemma 3.3.4. If F(s) has slope zero, then Lx satisfies the Hypothesis(Bnd).

Proof: By Theorem 2.3.2, the rankg (Hé’T(F,,, Tw)) = [F, : Q) at each place v|p,
which is precisely half the rank of H'! (F,,, ']I‘OO). Since Hé,T (F,,, ']I‘OO) is R-saturated

1
inside the full H', the quotient module Yt , = —I{ (Fy,Teo)
v T HL (R Tw)

From the structure theory, it sits inside an exact sequence

will be R-torsion free.

0 — Yr, — RG] B, 5 0

where B, is pseudo-null as an R-module (and therefore finite).

Examining the effect of multiplication by Ay = s — k 4+ 1 on the various terms,
we obtain the long exact sequence

,uko,e(R@[F”:Qp]) [Ak] — tkg,e (Bo) [Ak] — pkg,e (Y1,0) /A — ,uko,e(R@[FV:@p])//\k

whose left-most term is trivial since pg,(R) is Z,((s))-torsion free, and whose
right-most term has trivial p-torsion as pg, . (R)/ Ak is a discrete valuation ring.

One key consequence is that #Torsz, (Mko,e (YTJ,) / )\k> is bounded above by #B5,,
which is certainly independent of Ag.

Finally, at slope zero the lattice L is cut out of T,, using idempotents in the
HY(F,,Lz)

3 NHOI'Hl
Y (o Lr) is a summand of R QrYT .

Hecke algebra, which implies that Y, =

In particular, one concludes #Torsz, (Y, /Ax) is bounded above by (#B,) [RP™:R]

hence Lz satisfies (Bnd) as required.
O
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§Appendix — Technicalities on the Local H"’s and H'’s

We can now supply the missing proofs to several lemmas quoted in the main text.
As many of the arguments are well known to the experts, we shall aim to be brief.

Lemma A.1. If K’ is any finite extension of Q,, then

o Lo [0 if (4,5) # (0,0)
H (K,Cp<<8>>® (v ch)> = {Kf<<s>> if (i,5) = (0,0).

Proof: Clearly (CSK' = K’ = K’ because the local field K is p-adically complete,
whence HO(K',Cp((s))) = K'((s)) as the Galois action is solely on the coefficients.
It thus remains to show vanishing for H?(K’, C,((s)) ® W'xJ ) when (i, ) # (0,0).

Case(1): The pair (i,7) € N x {0}.
Suppose there exists a non-zero x = > o c,s™ € HO(K',C,{(s))(¥")) with i > 0.
For any o € Gal (@p /K’ ), one has the expansion

> log" (Xey (0)) i = k k

|
k=0 k=0 \ji+-+j:=k J Ji

in which case

> 1
o(x) =Y | D ol | D T log" (Xey(0)) | x 8™

Let ng > 0 denote the smallest index such that ¢,, # 0; since x is G g/-invariant,

g = Y o) | X | g (@) = olen)

| )
Jjt+k=no Jit-+gi=k J1 Ji

(here the right-hand equality follows because the coefficients o(c;) = 0 for j < ny).
In particular ¢,, € K’\{0}, and furthermore

Cng+1 = Z o(cj) Z % logk<ch(0))

j+k=no+1 G1tetji=k Jljz

= o(Cug1) + i X 0(eny) X 10g (xey (0)).

We conclude that for all o € Gk,

Cnott _ (C”—“> fixlog (xes(0)s ie (o—1) (%“) — i x10g (xey (7).

Cn() Cn() Cn()

However the one-cocycle € : o+ —i x log (xcy(0)) generates H'(K’,C,) by [Ta],
and thus cannot be a coboundary. Consequently such an x # 0 could not have
existed in the first place!
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Case(1l): The pair (i,j) € =N x {0}.
Let’s now assume ¢ < 0. If U%(0) = >"°7 j a,s" say, then U*(c)-¥~*(0) = 1 implies

(a0+a13+a252+...) X (l—ilog(xcy(a))—f—...) =1,

hence ap = 1 and a; = ilog (Xey(c)). An entirely identical argument to Case(I)
then allows us to deduce the vanishing of H°(K’,C,((s))(¥")) for negative i.

Case(II1): The pair (i,7) € Z x Z\{0}.

Here we treat the situation where the power of the p-cyclotomic character j # 0.
One may write U(c) = > "7, b,(0)s™ with b, (o) € C, for each n, e.g. by(c) = 1.
As before, assume there exists a non-zeroz = % °  ¢,s" € HO(K',Cp((s) (¥'xdy));
then for all o € Gk,

o(z) = (Z a(cn)s") X ( bn(a)s”> x x1,(0)

n=0 n=
= ng(a) X Z < J(cn_k)bk(a)) X s".
n=0 k=0
Let n; > 0 be the smallest index for which ¢,, # 0. Because = is Gi/-invariant,
ny
Cny = Xy(0) X D o(en-t)bi(0) = xy(o)o(cn,)bo(0) = xiy(o)o(cn,)
k=0

therefore ¢, € H° (K Cp® ng)' However the latter group is trivial using [Ta]

again which means z cannot exist, i.e. H(K’,Cp((s))(¥'x7,)) must be zero.
U

Recall W is a G g-representation satisfying Hypothesis(dR), and that L = K, ().
Lemma A.2. (i) Provided m < 0, H° (L, W* ® FildeR) is independent of m;

(1i) For all m > 0, there exists a polynomial hy,(s) € s - Qyps] such that

IEBdR _17%®eo,0(W)
HO(L,W*m®, ) ~ L{s)[h 17"

as an isomorphism of finitely-generated Q,((s)) [h;,}]-torsion free modules.
Proof: Write C for the affinoid algebra C,((s))[s~!]; by Hypothesis(dR) one knows
wee = Pene,) e P ocwhg)
JET i,JEZ, i#0
viewed as a splitting of C[G1]-modules. In particular, exploiting Lemma A.1:

HO (LW @C(m) = @ HO(L,Com+7)* " = Lis)[s!] 50

which vanishes if either m > 0 or m < 0.
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Examining closely the exact sequence
Gr Gr Gr
0—s (W*@Fﬂm“IBadR[s—l]) s (W*@FildeR[s_l]) — (W*@ C(m))

we deduce that H° (L, W ®Film+1]B%dR) =~ [o (L, W ®FildeR) whenever m < 0,
and assertion (i) must hold true.

Remark: To prove part (ii) we note by [Ki, Prop 2.3], for r = 0 and » = 1 the
cohomologies H” (L, W* @ Cp((s))(x%,)) are killed by the polynomial det(® + n)

(recall from the proof of 2.3.1 that ® = Lpn, was an endomorphism of ‘W7,
log Xxcy (YP")

the free L((s))-submodule inside Wo, = (W @ C, <<s>>)HK which is I'z-stable).

N.B. Let J = Jw denote the largest integer for which eg _ ;(W) # 0. By choosing
Pm(s) := H‘Hm det(® 4+ m — w) and Qy,(s) == HZ}:—OI det(® 4+ m — w), we claim:

° (W*(m) ® %)GL[(S " 'Pm)_l] ~ L<<S>> [(S % ,Pm)_l}@eo’o(W)
FlllmedR

o (o g ) ok 0] 2 (W s ) e 0]

Assuming both claims are true, then Lemma A.2(ii) follows immediately
by setting the polynomial /,,(s) equal to s x HQ{):(? Nz/q, (det(@ +m— w)) .

To prove the first claim, we once more apply our decomposition over L = K, (yy).
One discovers (using Lemma A.1) there exist isomorphisms

<W*(m>® C(_n))G (@C m+]—n @60 J) @L _1 Beo.m— n(W)

JEZ JEZ

If n > J+m then eg ym—n(W) = 0, which implies that (W*(m) ® C(—n))GL =0.
Considering the exact sequence

Fill~"Byr ] Gr
—_——— | S
Fill=mBg4r
Fil 7 "Bgr
Fill=mByr

0 — (W*(m)®

Gr

Gr
) = (W e )

the right-most term vanishes if n > J + m, and is killed by det (<I> +m — n) if the
integer n satisfies J +m > n > m.

G
Therefore one concludes the localisation (W*( ) ® FPIHA) L[(s X Pm) !

mBar

e (W* (m) ®

is independent of n > m; moreover
o Gr . Gr
% Fll anR -17 ~ « Fll deR -1
(W (m) ® Fill—mIB%dR) [(sxPp) 1] = (W (m) ® Fill—m]B%dR) [(sXPm) "]

G
which coincides with (W*(m) ® C(—m)) L[Pn—ll] = L{s) [(s % pm>—1}@60,0(w)_
Allowing n — oo and observing that Bgg = h_n;n Fil="Bgr, the first claim follows.
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Remark: To prove the second claim, we instead use the long exact sequence

0 — (W*(m) ®C(—n))GL — (W*(m) ® B&[S_IDGL

Fill="Byr

Bar o\
N (W*(m)@m[s 1}) . H1<L,W*(m)® C(—n)).

The left-most and right-most terms are both killed by det (@—f—m—n), so inductively

\W*(m)®Iﬁgﬂ GL[(SXQ )71} = > (W*(m)® Bar GL[(SXQ )71}
Filt m - Fill-m m
which is the statement we were required to show. The argument is now complete.

O
It remains to establish the orthogonality result used in the proof of Theorem 2.2.2.

Lemma A.3. If L = K,,(w) as before, then under the local pairing

HY(L,W @ Bar[s™']) x H°(L,W* @ Bar[s™']) detteler H?(L,Qu{(s)[s~ (1))

an element x € H' (L, W®Bqar[s™!]) is orthogonal to all of H*(L, W* @ Bar[s!]),
if and only if

X € kerZ{R = lim Ker<H1 (L,W@EdR[s_l]) — @Hl (L,Wk R®q, BdR)>.
UCxi, keu

Proof: Since Bgr = lim Fil™™Bgg, it suffices to show the lemma with Bqr replaced
by Fil=™B4r for m sufficiently large (in fact, considering instead the Tate twist
W(m) in place of W, without loss of generality one may even assume that m = 0).
We must therefore verify the quotient pairing

H' (LW & Bipls)

x HO(L,W* @ Bl [s71]) “S5Y B2(L,Q,(s)[s Y1)

Ay (W)
is non-degenerate on the left, where the subgroup
ARW) = iy Ker(H'(L,W 2B [s™)) — @) H' (L, Wy 2, Bf)).
UCxi, keu

There are two steps: (1) assume the result holds modulo Fil' then deduce it in full,
and (2) establish the result indeed holds modulo Fil!.

Step 1: Let’s make the initial assumption

Hypothesis(Fil'). Consider a fized element x € H' (L, WB_ 3 [s7']) —AII;P (W);
if x is orthogonal to H (L, W* @B [s™]), then x lies in H' (L, WFil'Bar[s~]).

The goal is to deduce the full result from this. Write tw; to denote the isomorphism
H'(L,W®Fil'Bar[s™']) — H'(L,W(1) ® Bqr[s'])

sending the one cocycle o — w, ®t- b to the one cocycle o +— we - ((pn ), ® b, where
as usual the uniformiser ¢ = log [((pn )] R
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Suppose x & A;}O(W) and that x is orthogonal to all of H(L, W* @ B [s™']).
Certainly Hypothesis(Fil') implies x € H*(L, W @ Fil'Bqr[s™']), while we also
know that X|S:k_1 # 0 for infinitely many k € X} by the definition of A(}’{O(W).
Clearly tw (X)‘S:k_1 # 0 at these very same weights k, thus tw; (x) ¢ Aji'f{o (W(1)).
Now consider the analogous pairing with W(1) in place of W:

) det(a)oU

HY(L, W(1) @B [s™]) x (L, W* (~1) @B [s ™" H(L, Qys)ls'](1)).

Applying Hypothesis(Fil') instead to the twisted representation W(1) implies that
twy(x) € HY(L, W(1)@Fil'Bar[s™']), in other words x € H'(L, WRFil?Bag[s!]).
Repeating the argument indefinitely, one concludes

x € (| H(L,W®Fil"Bar[s"']) = {0}
n>0

which contradicts the fact x ¢ A:iréo (W).

Conversely suppose x € Aj{l’%o (W); then X|S:k71 = 0 for infinitely many k € X}
It follows that x must be Q,((s))[s~!]-torsion, and so too must det(e)(x Uy) for all
y € H(L,W* @ Bj[s™']). However H?(L,Q,{(s)[s7'](1)) = Qu{(s)[s™"] is free
thus det(e)(x Uy) must be zero, and one obtains x € H°(L, W* ® IB%IR[S_l])L.

Step 2: To prove the result modulo Fil!, we employ the commutative diagram

0 — Qffs)(1) — (BEF NBl) @F'Ban — Bl — 0

cris

” J{ mod Filt l mod Fill

0 — QusH(1) — B P NBi, — Cy(s)) — 0

cris

with exact rows. If C = Cy{(s)[s™'], let 0 : H'(L,C) — H?*(L,Qu((s)[s~1](1))
denote the boundary map in the cohomology of

0 — Qu(shH[s~1)(1) — (153*0 PN B, )[s—l] —.C > 0.

cris

Remark: 1t’s sufficient to show that under the pairing
= Bow: H(LWaC) x H(L,W* ®C) =3 %% 12 (L, Qu(s)[s1)(1))

an element x € H' (L, W®C) is orthogonal to all of H°(L, W*®C), if and only if x
belongs to Rw ¢, = limy, 5+ Ker(H1 (L, W ® C) — Drecu H? (L, Wi ®q, (Cp)>.
dR

First assume x is orthogonal to H° (L, WA ®C) For some open subset U" C f{z{R
we have isomorphisms H” (L,M ® C) e = HT (L, M ®qg, Cp) at every k € U”,
with M = W, W* and » = 0, 1. Furthermore, each p-adic pairing

Hl (L,Wk ®Qp (Cp) X HO (L’WZ ®Qp Cp) 81€_OL>J H2 (L’Qp(1>)

is perfect by [BK, 3.8.8], as the underlying p-adic representations Wy, are de Rham.
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will be orthogonal to
= O7

Therefore at all such k € U”, each specialisation x|S:k_1
HO (L, W ®C) —h 1= HO (L, W’]; ®Qp (Cp) under 3k oU; as a Corollary X‘s:k—

e, x € Ker(H' (LW & C) — @yerr H' (L, Wi €5, Cy) ) € fc,

1

Alternatively, if one fixes x € Rw c, then X‘S: 1 = 0 at infinitely many £ € %IR,
in which case x € Torsg, (s)[s-1] (H 1 (L, W&l )) In particular, it is killed by some
element z(s) € Qp((s)[s™]; one then calculates for each y € H(L,W* ® C),

() v Yy = L) % Y]y = HO.¥) 0 = O

ie. {{x,y}, y is torsion inside H?(L,Q,({(s)[s~'](1)). But the latter is a free
Qp{(s)[s~*]-module, whence {{x, y}}L w = 0 at every element y € H° (L,W*®C).
As both directions are now established, one concludes Hypothesis(Fil') holds.
0
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