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Abstract

The rapid growth of streaming data presents significant challenges for tradi-

tional machine learning, including popular tasks like regression and classifi-

cation. This thesis proposes adaptive and dynamic methods to address key

issues, including concept drift, uncertainty quantification, and ensemble opti-

mization, in evolving data streams.

The Self-Optimising K Nearest Leaves (SOKNL) regression algorithm in-

tegrates k-Nearest Neighbors (kNN) and Adaptive Random Forest Regression

(ARF-Reg), dynamically optimizing neighbor selection to improve regression

accuracy without relying on fixed window sizes. Extensive experimental results

suggest that SOKNL outperforms the state-of-the-art streaming regression al-

gorithms, including its origin, ARF-Reg.

For classification tasks, the Dynamic Ensemble Member Selection (DEMS)

method dynamically adjusts ensemble size and selects members based on accu-

racy and diversity, improving predictive performance while handling concept

drift. DEMS extends the idea of dynamic selection of ensemble members from

SOKNL to classification tasks, with more flexible selection criteria.

The Adaptive Prediction Interval (AdaPI) framework provides robust un-

certainty quantification by adaptively adjusting prediction intervals based on

historical coverage, ensuring reliability in streaming regression. To evaluate

prediction intervals holistically, the thesis introduces Coverage Interval Width

in Non-dominated Groups (CING), a multi-objective evaluation method bal-

ancing interval width and coverage.

Aiming at analyzing the proposed methods for regression, this thesis also

contributes the New Zealand Energy Pricing (NZEP) datasets, a comprehen-

sive repository for real-time energy analytics. NZEP aims at providing a real,

growing, customizable regression data source that can enrich the current re-

gression benchmark data for stream learning, and potentially time-series.

By providing scalable, adaptive solutions for regression and classification,

this research advances real-time decision-making in streaming data environ-

ments.
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Chapter 1

Introduction and Background

This chapter introduces the essence of learning with evolving data streams,

expresses the motivation behind our research, and poses the challenging issues

in this domain. Following that, we present our contribution in tackling those

challenges and provides an outline of this thesis.

1.1 Introduction

According to the published information from Statista, the volume of data/in-

formation created, captured, copied, and consumed worldwide has increased

from around 2 zettabytes in 2010 to around 125 zettabytes in 2024, and will

keep growing exponentially based on the forecast of the statistical model. This

means that the world is producing data in not only a very high volume but

also at an extremely rapid velocity.

On the other hand, the computational resources that have been poured into

processing the generated or captured data have also proliferated in the last

decade, as illustrated in Figure 1.1. There is absolutely no doubt that Deep

Learning (DL) and Large Language Model (LLM) have revolutionized the

Machine Learning (ML) and Artificial Intelligence (AI) world. Nonetheless,

as plenty of researchers and practitioners have agreed ([123, 127, 54, 137, 108],

and many others), the exponential increase of the computing resources can

raise serious and universal concerns, such as efficiency, scalability, adaptabil-
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ity, economic and environmental impacts, and so forth. Furthermore, the

establishment of Foundation Models (FM) and Artificial General Intelligence

(AGI) is increasing resource consumption even further [69, 82, 103].

Figure 1.1: Training compute (FLOPS) of milestone ML learning systems over

time. Source [109, 57]

1.1.1 Motivation

The computational resource demands and the proliferation of data, while shap-

ing the Big Data Era, have triggered several challenges to the traditional ML

techniques. Stream Learning offers promising solutions to the issues from batch

learning in the following aspects (and more) [13, 52]:

● Continuous Stream of Data.

Traditional batch learning assumes that data is finite and fully available

at the start of the training process, making it impractical for scenarios

where data is continuously generated, such as social media streams, IoT

sensors, or financial transactions. SL, on the other hand, is designed

to process data incrementally as it arrives, without needing to store

or access the entire dataset. This capability allows stream learning to

handle infinite or unbounded data sources efficiently, enabling real-time
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analysis and decision-making. By continuously updating the model with

incoming data, SL ensures that systems remain current and effective,

even as the volume of data grows indefinitely.

● Memory Efficiency

Stream Learning is efficient in both memory and computational cost,

processing data incrementally – one instance or small batch at a time

– and discarding it after updating the model. Unlike traditional batch

learning, which stores and retrains on the entire dataset, SL minimizes

memory usage and avoids the overhead of repeated retraining. This

makes it ideal for large-scale, continuous data and resource-constrained

environments, ensuring scalability and sustained performance even with

high-velocity data streams.

● Real-time Processing and Decision Making

Stream Learning enables real-time processing and decision-making by

updating models incrementally as data arrives, eliminating the delays

inherent in batch learning. Traditional batch methods require complete

datasets and significant computational time to train models, making

them unsuitable for time-sensitive applications. SL, however, processes

data continuously, allowing systems to generate predictions and adapt

instantly. This capability is crucial for dynamic environments like fraud

detection, stock market analysis, and IoT applications, where timely

insights and actions can significantly impact outcomes.

● Concept Drift

Stream Learning is uniquely equipped to handle concept drift, where the

underlying data distribution changes over time, rendering static mod-

els ineffective. Traditional batch learning assumes a fixed distribution,

requiring frequent retraining to adapt, which is time-consuming and com-

putationally expensive. In contrast, SL continuously updates the model

as new data arrives, enabling it to adapt to shifts in patterns dynami-
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cally. This makes SL ideal for environments with evolving data, such as

user preferences in recommendation systems, fraud detection, or weather

forecasting, ensuring consistent performance in the face of change. This

phenomenon will be discussed in more detail later in Section 2.1.1.

Furthermore, we noticed that regression tasks for data streams are rela-

tively understudied compared to its classification counterpart [21, 116, 89],

which motivates us to further advance this area in this thesis. We identify two

main reasons for the relative neglect of regression tasks in the stream learning

scenario. First, regression tasks often involve complex numerical target distri-

butions that are more sensitive to non-stationarity or Concept Drift compared

to categorical labels in classification [122]. Second, there is a relative lack of

benchmark datasets for stream regression compared to classification, limiting

comparative studies and algorithm development [112].

1.1.2 Stream Learning with Evolving Concepts

Stream Learning (SL) is a specialized area of machine learning designed to

process continuous, potentially infinite streams of data. SL techniques are

tailored for coping with the real-time decision making and the all-time evolving

data distribution issues. [39, 13, 92, 5] provide the development of the research

targets over the last two decades, from basic Data Streams concepts to more

advanced drift detection and adaptation techniques.

Similar to batch learning, SL can be categorized into the following sec-

tors [13, 8]:

1. Supervised Learning: where the labels or targets for the testing instance

are available after the prediction phase. Due to this characteristic, for

research purposes, an evaluation process is commonly designed as: An

unlabeled instance is predicted by the model at the observation moment.

Then, the label will be attached to the instance immediately after the

testing and the model will learn from the labeled instance. This is usu-

ally referred to as “TestThenTrain” or “Prequential” procedure [13, 47].
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Figure 1.2 illustrates the process for one example in a virtual manner.

This process repeats while the data stream keeps arriving.

Figure 1.2: Single Step of Prequential Process on Data Streams (Simplified)

2. Unsupervised Learning: where the labels will not be revealed, including

clustering [138] and anomaly detection [93]1 tasks; and

3. Semi-supervised learning: where the ground truths are not always im-

mediately available. It also divides into the following categories [48]:

(a) Delayed and fully labeled;

(b) Immediate and partially labeled; and

(c) Delayed and partially labeled.

Supervised learning is usually segmented into two parts, classification and

regression. For the reasons stated in Section 1.1.1, regression remains relatively

under-explored. The main goal of this thesis is to tackle the regression tasks in

SL. However, we extended our attempt to classification problems, enhancing

current classifiers’ performances.

1Anomaly Detection can be supervised. However, the unsupervised area is more perva-

sive, thus more explored. Therefore, here we count it as a part of unsupervised learning.
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1.1.3 Challenges

Stream Learning presents unique challenges due to the dynamic and evolving

nature of data streams. Key issues include Concept Drift [87, 13, 22] (see in

Section 2.1.1), where the statistical properties of the target variable change

over time, necessitating models that adapt to new patterns without forgetting

old ones prematurely. The real-time constraints of streaming data require algo-

rithms to process data incrementally and efficiently, often within tight memory

and computational limits [13, 52]. Scalability is another critical challenge, as

algorithms must handle high-throughput streams and vast data volumes while

maintaining accuracy and responsiveness [112, 71].

Stream regression faces challenges in overlooked aspects like evaluation

metrics and Prediction Interval. Traditional metrics such as MAE or MSE

fail to reflect performance under evolving data streams because they assume

a static data distribution and do not account for concept drift, making them

ineffective at capturing real-time model adaptability and accuracy changes

over time [86]. Prediction Interval, crucial for uncertainty quantification, re-

main under-explored, requiring real-time updates to stay reliable amid shifting

data distributions [62, 63, 119]. Addressing these gaps is essential for robust,

adaptive stream regression.

1.1.4 Contributions

The contributions of this thesis can be summarized in five key points:

● This thesis presents a novel method for Stream Learning regression. Due

to the scarcity of the regression algorithms for SL, the dedicated and

effective regressive models in this field are from quite a while ago, such as

Adaptive Model Rules (AMRules) [3, 32] in 2016 and Adaptive Random

Forest for Regression (ARF-Reg) [46] in 2017. Meanwhile, the idea of K

Nearest Neighbours (kNN) is still widely spread in the ML world, proving

its effectiveness. However, in SL tasks, a kNN is always accompanied by a
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sliding window, and the performance is largely dependent on the window

size, which requires domain expertise and empirical testing to specify.

Building on these ideas, we propose Self-Optimising K Nearest Leaves

(SOKNL), a novel way of integrating kNN and ARF-Reg for better

regression performance. SOKNL managed to produce improvements

over ARF-Reg on almost all tasks. Furthermore, SOKNL ranked the

best among 12 tested streaming regression algorithms, while remaining

efficient enough.

● To improve the confidence in the predictive results of the regression mod-

els, we developed Adaptive Prediction Interval (AdaPI), a novel method

designed to address the challenge of quantifying uncertainty in regres-

sion tasks for dynamic and evolving data streams. Traditional Predic-

tion Interval (PI) methods are unsuitable for streaming contexts due to

their static nature. AdaPI introduces a postprocessing mechanism that

adaptively adjusts interval widths based on historical data to achieve a

user-defined coverage level. The approach is versatile and can enhance

any streaming PI technique. To validate AdaPI, I implemented an in-

cremental variant of the Mean and Variance Estimation (MVE) method

and conducted empirical evaluations on standard streaming regression

tasks. Results demonstrated that AdaPI consistently produces compact

and accurate prediction intervals with desired coverage, significantly out-

performing existing methods. This work advances the field of streaming

regression by providing a robust and adaptive uncertainty quantification

framework.

● On top of AdaPI, we also proposed an evaluation framework – Coverage

Interval width in Non-dominated Group (CING) – to conquer the difficul-

ties in assessing the performance of PI algorithms taking into account two

metrics, coverage and interval width (length). Unlike traditional opti-

mization methods like NSGA II, CING focuses on balancing coverage and
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interval width by normalizing metrics, identifying non-dominated groups,

and scoring them with a weighted-sum strategy. This approach priori-

tizes achieving coverage close to the desired confidence level while min-

imizing interval width, offering a flexible and robust evaluation method

for PI models in diverse scenarios.

● A notable contribution of my thesis is the introduction of a comprehen-

sive dataset for real-time energy price analysis in New Zealand – New

Zealand Energy Pricing (NZEP) – sourced from the Electricity Market

Information website. This dataset addresses the scarcity of resources for

streaming regression research, enabling tasks like CD detection, anomaly

detection, and prediction interval generation. Through extensive exper-

iments using advanced streaming algorithms, the dataset has demon-

strated its utility in forecasting energy prices and analyzing dynamic

patterns in streaming data, providing a foundation for further research

in energy market analytics and data stream learning.

● We also extended the idea from SOKNL to classification tasks. However,

specific adaptations were required. Based on this, we presented Dynamic

Ensemble Member Selection (DEMS), a novel framework for enhancing

the predictive performance of ensemble methods in data stream classi-

fication. DEMS dynamically selects a subset of classifiers for each pre-

diction based on estimated accuracy and predictive margin, adjusting

the subset size self-adaptively to optimize performance. The approach

demonstrates significant improvements across diverse streaming ensem-

ble algorithms, effectively handling CD and maintaining computational

efficiency, thereby advancing the field of dynamic ensemble learning for

streaming data.

1.1.5 Publications

The work listed above has been published as:

https://www.emi.ea.govt.nz
https://www.emi.ea.govt.nz
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● Sun, Y., Pfahringer, B., Gomes, H. M., Bifet, A. (2022). SOKNL: A

novel way of integrating K-nearest neighbours with adaptive random for-

est regression for data streams. Data Mining and Knowledge Discovery,

36(5), 2006-2032.

● Sun, Y., Pfahringer, B., Murilo Gomes, H., Bifet, A. (2024, April). Adap-

tive Prediction Interval for Data Stream Regression. In Pacific-Asia

Conference on Knowledge Discovery and Data Mining (pp. 130-141).

Singapore: Springer Nature Singapore.

● Sun, Y., Gomes, H.M., Pfahringer, B., Bifet, A. (2024). Real-Time En-

ergy Pricing in New Zealand: An Evolving Stream Analysis. In: PRICAI

2024: Trends in Artificial Intelligence. Lecture Notes in Computer Sci-

ence, vol 15285. Springer, Singapore.

● (under review) Sun, Y., Pfahringer, B., Murilo Gomes, H., Bifet, A.

(2025). Adaptive Approaches towards Fully Incremental Prediction In-

terval for Data Stream Regression. Data Mining and Knowledge Discov-

ery .

● (Accepted) Sun, Y., Pfahringer, B., Gomes, H.M., Bifet, A. (2025).

Dynamic Ensemble Member Selection for Data Stream Classification. In

Proceedings of the 34th ACM International Conference on Information

and Knowledge Management (CIKM ’25).

1.1.6 Outline

This thesis consists of seven chapters. Chapter 1 provides an overview of the

basics of Stream Learning. Chapter 2 introduces preliminaries and related

work. Chapter 3 details the proposed regression algorithm Self-Optimising

K Nearest Leaves. Chapter 4 depicts Adaptive Prediction Interval model,

followed by the introduction of the comprehensive dataset of New Zealand

Energy Pricing in Chapter 5. Chapter 6 describes the details of the proposed
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streaming classification framework – Dynamic Ensemble Member Selection.

Finally, the thesis is concluded in Chapter 7.



Chapter 2

Preliminaries and Related Work

This chapter introduces the preparation and related work for this thesis. In

particular, it provides basic concepts of SL and explains in depth the Concept

Drift (CD) phenomenon, following by specific information regarding supervised

learning tasks and PI. Finally, the datasets involved in this thesis are listed

and described.

2.1 Stream Learning

Stream Learning is a method designed to handle data that arrives continu-

ously over time. Unlike traditional learning approaches that work with fixed

datasets, SL processes each new piece of data as it arrives, updating the model

without revisiting previously seen data [13, 39]. This approach ensures that

the learning process remains efficient and capable of handling data in real-

time [40].

By incorporating new information on the fly, SL models can stay up-to-date

with the latest trends in the data. Older data may naturally fade in influence,

enabling the model to focus on more recent patterns while maintaining compu-

tational efficiency. This continuous update mechanism makes SL particularly

well-suited for dynamic environments where data evolves rapidly [52, 87].
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2.1.1 Concept Drift (CD)

Concept Drift (CD) is a significant and challenging issue in Stream Learning.

It describes the phenomenon where the internal distributional properties of

the stream change over time [13]. The changes can occur in the feature space

and/or the target space [52, 131, 22]. CD is one of the essential components

of Stream Learning, and as a result, a streaming technique or algorithm needs

to be able to cope with CD.

2.1.1.1 Types of Drift

Concept Drift can be categorized according to different characteristics. The

literature has preferred taking into account the following aspects:

● The impact of the drift on the current decision boundary [52].

More particularly, this is to consider if the changes in data will affect the

current model’s decision. Literature usually divides it into two types:

Real and Virtual, where the model’s performance will deteriorate for

real drifts but not for virtual ones.

Figure 2.1 is an illustration of virtual and real drift scenarios.
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Figure 2.1: Illustration of Virtual and Real Drift.
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The top half describes the virtual drift, where after the drift, the decision

boundary (green line) can still separate the two classes accurately. The

bottom half, on the other hand, demonstrates the real drift. As observed,

the separation line is no longer the optimal segmentation of the space in

terms of the distribution of the data points.

● The rate of change [42].

Another noticeable factor is the speed of the drift. Literature usually

categorizes drifts into three different rates:

– Abrupt or Sudden, where the data switch from one distribution to

another immediately.

– Gradual, meaning that there is a period before the drift is complete,

during which data from both distributions can be observed.

– Incremental, that is, the statistical properties of the data are slowly

shifting, resulting in a prolonged changing period and non-detectable

changes between two neighbouring instances.

Figure 2.2 provides a conceptual overview to different changing rates

of CD. In the plot, the red circled dots represent data points from one

distribution (concept) while the blue squared dots come from another

one.

(a) Abrupt/Sudden Drift (b) Gradual Drift (c) Incremental Drift

Figure 2.2: Illustration of Different Concept Drift Rates

● The reach of the change [115].
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A drift can reach to different levels of the data. Specifically, a drift can

have impact on (1) only the labels, (2) part of the features, (3) all the

features, and (4) features and labels.

● The recurrence of a previous concept [115, 56].

Recurring drifts refer to the reappearance of a particular distribution

that has been encountered previously by the model in the streaming

scenario. Figure 2.3 exhibits the simplified concept of a recurring drift.

Figure 2.3: Illustration of Recurring Drift

In Figure 2.3, the data shifts from the first concept (red circles) to an-

other one (blue squares) via a gradual drift, and thereafter switches back

to the first distribution through an incremental drift. The dashed bound-

ary boxes highlight the drifting periods, which can be substituted by any

other types of drift, making recurring drifts much more complex and thus,

more challenging to address.

● The outliers or anomalous data [13, 93]1.

Outliers are data points that deviate significantly from the general trend

or distribution from the data streams, as illustrated in Figure 2.4. They

are generally rather rare and do not interfere with the overall properties

of the data. Ergo, outliers and anomalies usually are not categorized as

concept drifts.

1This is more of the outlier or anomaly detection problem, but an outlier might be

mistaken as the start of a drift event.
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Figure 2.4: Illustration of Outliers

2.1.1.2 Drift Detection and Adaptation

Literature has proposed a substantial number of methods for detecting and

adapting to drift in streaming scenarios. [92, 42, 80, 84] provide extensive

overviews of drift detection and adaptation algorithms. In this thesis, only a

brief introduction to a small number of drift handlers will be provided. We

choose to categorize them under the taxonomy of [112, 57].

● A group of methods considers the differences in distributional proper-

ties between distinguished parts of the data streams, which is commonly

achieved by windows. Frequently, we draw a null hypothesis that the

data in the two windows are from the same distribution. When a se-

lected statistical test rejects the null hypothesis, it means the detection

window (holding the newer data) possesses information from a distribu-

tion different from the reference window (covering the older data). The

detection windows usually are updated with the incoming data streams,

while the reference window can be fixed or sliding along with the detec-

tion windows. The size of the windows can also be static or dynamic.

ADaptive sliding WINdow (ADWIN) [11] and Hoeffding’s Drift Detec-

tion Method (HDDM) [37] are instances of this category.

● Another set of detectors are based on sequential analysis, also known

as the Sequential Probability Ratio Test (SPRT) [128]. They usually

monitor the errors (or other statistics) in a sequential manner and detect

drift with statistical tests. Commonly used ones in this category are the

Cumulative Sum Control Chart (CUSUM) and the Page-Hinckley Test
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(PHTest) [102].

● A drift can also be detected by statistical process control, where per-

formance metrics are used as indicators for a statistical process, and

then the change points are located heuristically. Drift Detection Method

(DDM) [41] and Early Drift Detection Method (EDDM) [6] are, among

plenty of other methods, prominent examples of this category.

2.2 Supervised Learning

Supervised learning is a highly pervasive branch of ML as well as SL.

2.2.1 Regression

Regression tasks in SL are relatively overlooked as discussed in Section 1.1.1.

Some of the methods proposed over the last two decades are:

● Lazy methods have always been proven effective and elementary, and

more importantly, directly applicable to regression tasks. Consequently,

K Nearest Neighbours (kNN) [104], along with several variants ( [90, 7],

and more), is adapted to SL using various windowing strategies.

● Tree based algorithms are also popular approach for their efficiency, effec-

tiveness, and interpretability. However, regression trees are less explored

than classification trees.

Hoeffding Tree Regression (HTR) [30], one of the earliest streaming re-

gression trees, adapts the Hoeffding Tree Classification to predict nu-

meric values.

Fast Incremental Model Tree with Drift Detection (FIMT-DD) and Fast

Incremental Regression Tree with Drift Detection (FIRT-DD) [77] are

the most commonly used tree-based regressors in SL. The main differ-

ence between FIMT-DD and FIRT-DD is that FIMT-DD maintains

a linear model (a Perceptron [105] more precisely) in each leaf node for
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the outputs while FIRT-DD predicts with the mean values observed by

each leaf. They strictly adhere to the single-pass rule of SL and apply

a Page-Hinckley test at each node to detect drift. The subbranch from

a certain node will be discarded and re-grown if a drift is confirmed in

that node.

There are more attempts on streaming regression trees, such as Ex-

tremely Fast Decision Tree for Regression (E-Tree) [95] that guarantees

a faster convergence of the tree to a batch learning tree structure.

● Rule-based algorithms are another popular approach in stream learn-

ing due to their flexibility, interpretability, and ability to handle evolv-

ing data. However, similar to regression trees, rule-based regression al-

gorithms are relatively underexplored compared to their classification

counterparts.

Rule-based regression algorithms aim to predict numeric outputs by

forming a set of human-readable rules that map specific feature con-

ditions to target values. These rules are dynamically updated to adapt

to data streams and concept drifts, ensuring efficiency and relevance over

time.

Adaptive Model Rules (AMRules) [3] represents a significant advance-

ment in rule-based regression for streaming data. Unlike static rule

models, AMRules adapts incrementally to evolving data distributions

by adding or updating rules as new examples arrive. It employs adap-

tive drift detection mechanisms to identify changes in data patterns and

replace outdated rules accordingly. Moreover, AMRules incorporates

linear regression models similar to FIMT-DD to improve the accuracy

of numeric predictions.

● In the literature of SL, ensembles [45] have demonstrated their strength

in improving the performance upon single learners.

Adaptive Random Forest for Regression (ARF-Reg) [46] is an adap-
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tation of the well-known Adaptive Random Forest to handle numeric

predictions in streaming data. It builds an ensemble of regression trees,

where each tree is trained on a random subset of the features. The algo-

rithm incorporates mechanisms to detect and adapt to concept drift using

drift detectors such as the Page-Hinckley test. When drift is detected in

a tree, the affected sub-tree is dropped and then rebuilt, ensuring contin-

uous learning while maintaining model accuracy. ARF-Reg leverages

bootstrap sampling to create diversity among the ensemble members,

which improves robustness and reduces variance in predictions.

Random Adaptive Model Rules (RAMRules) [32] is a rule-based re-

gression algorithm that combines the strengths of rule-based models

with randomization techniques inspired by ensemble methods like the

Random Forest. Unlike standard AMRules, RAMRules introduces

randomness by learning rules over randomly selected feature subsets,

increasing diversity in the rule set. Each rule uses adaptive linear a re-

gression model in its consequent to predict numeric outputs, ensuring

improved accuracy for complex data streams. Additionally, the algo-

rithm includes drift detection to identify outdated rules and to replace

them dynamically, maintaining adaptability in evolving environments.

With ensemble learners, there is commonly a trade-off between the ef-

ficiency and the performance [51, 44, 45], which both ARF-Reg and

RAMRules aim to balance for streaming regression tasks. While ARF-

Reg benefits from ensemble learning and diversity through randomiza-

tion at the tree level, RAMRules achieves similar benefits at the rule

level, offering a more interpretable alternative for numeric prediction in

streaming environments.

2.2.1.1 Evaluation

In a stream learning scenario, regression tasks involve predicting a continu-

ous value in a data stream, where data arrives sequentially and evolves over
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time. Unlike traditional batch learning, stream learning requires models to

adapt continuously while maintaining efficiency in terms of time and mem-

ory. Therefore, evaluating the performance of regression models on streaming

data must be done incrementally, often using metrics that measure errors be-

tween predicted and actual values in real-time. Below, we introduce common

evaluation metrics used for regression tasks in the stream learning context.

Let yi be the actual value, ŷi the predicted value, and n the total number

of observations. The following metrics are commonly used:

Mean Absolute Error (MAE) The MAE calculates the average of the

absolute differences between the actual and predicted values:

MAE =
1

n

n

∑
i=1
∣yi − ŷi∣

Mean Squared Error (MSE) The MSE computes the mean of the squared

differences, giving more weight to larger errors:

MSE =
1

n

n

∑
i=1
(yi − ŷi)

2

Root Mean Squared Error (RMSE) The RMSE is the square root of

the MSE, providing an error metric in the same unit as the target variable:

RMSE =

¿
Á
ÁÀ 1

n

n

∑
i=1
(yi − ŷi)2

Root Relative Squared Error (RRSE) The RRSE normalizes the RMSE

by dividing it by the RMSE of a baseline model (e.g., mean predictor). This

provides a relative measure of performance:

RRSE =

¿
Á
ÁÀ∑

n
i=1(yi − ŷi)2

∑
n
i=1(yi − ȳ)2

where ȳ is the mean of the actual values.

Relative Mean Absolute Percentage Error (RMAPE) The RMAPE

measures the percentage error between predictions and actual values, adjusted



20

for the scale of the data:

RMAPE =
100

n

n

∑
i=1

∣yi − ŷi∣

∣yi∣

Coefficient of Determination (R2) The R2 score evaluates the proportion

of variance in the target variable explained by the regression model:

R2 = 1 −
∑

n
i=1(yi − ŷi)2

∑
n
i=1(yi − ȳ)2

where ȳ is the mean of the actual values. A higher R2 value indicates a better

fit of the model to the data, with R2 = 1 representing a perfect fit.

These metrics collectively provide insights into the performance of regres-

sion models in stream learning scenarios. Each metric has its strengths, de-

pending on whether absolute or relative errors are more critical for a given

application. Regular evaluation helps to monitor a model’s performance and

to adapt it as the data distribution evolves over time. RMSE and R2 are the

main measurements used in this thesis.

2.2.2 Prediction Interval

A Prediction Interval (PI) is an interval within which a future observation is

expected to fall with a certain probability. Unlike Confidence Interval (CI)

in frequentist statistics or Credible Intervals (also CI) in Bayesian statistics,

which focus on the properties of the entire population (e.g., mean, variance),

PIs are concerned specifically with individual unobserved data points [20, 106].

Occasionally, PI may address multiple future observations, but here we focus

on the single-observation case.

The rigorous definition of a PI is as follows [64]:

Suppose {W1,W2, . . . ,Wn} is an observed sample of size n from a popula-

tion with unknown properties, and {X1,X2, . . . ,Xm} is a future, unobserved

sample from the same population. Let g(X1,X2, . . . ,Xm) be a statistic func-

tion (e.g., the mean), and Pl(W1,W2, . . . ,Wn) and Pu(W1,W2, . . . ,Wn) repre-

sent the lower and upper bounds of the predicted interval for {X1,X2, . . . ,Xm},

respectively.
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1. A two-sided 100γ% PI is defined as:

Pr[Pl(W1, Y2, . . . ,Wn) ≤ g(X1,X2, . . . ,Xm) ≤ Pu(W1, Y2, . . . ,Wn)] = γ.

(2.1)

2. A one-sided 100γ% PI (e.g., upper-bounded) is given by:

Pr[−∞ ≤ g(X1,X2, . . . ,Xm) ≤ Pu(W1,W2, . . . ,Wn)] = γ. (2.2)

This general definition allows for flexibility in constructing the bounds gL

and gU , which will be explored later in this section. Notably, when predicting

a single future observation (X1), the PI simplifies to the single-observation

case.

PI is particularly well-suited for regression problems in ML, as they focus

on predicting future individual values. This characteristic makes PI especially

useful for streaming data, where only historical statistics (e.g., a few numbers)

are stored in memory, and simple calculations suffice to compute the interval

boundaries. This efficiency aligns perfectly with the needs of large-scale data

streams.

2.2.2.1 Evaluation for Prediction Interval

Objectively measuring the quality of PI is challenging as we need to consider

both the width of the interval and its coverage. To achieve a fair and com-

prehensive evaluation, we consider two metrics used in previous studies [60],

the Coverage and Normalized Mean Prediction Interval Width (NMPIW)2.

Coverage represents the ratio of the ground truth falling within the predicted

PI, i.e.:

Coverage =
1

N

N

∑
i=1

Ii (2.3)

2Although the term “Normalized” is used, “Relative” would be more appropriate since it

is defined based on the range of the targets rather than the range of the generated intervals

(see Equation 2.4). However, to maintain consistency with prior publications, we retain the

term NMPIW in this work.
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where Ii = 1 if y ∈ [Pl,Pu] and Ii = 0 otherwise; N is the total observation

number. NMPIW is expressed in Equation 2.4:

NMPIW =
1
N ∑

N
i=1(Pui

− Pli)

R
(2.4)

where Pui
and Pli denote the upper and lower bounds for the ith observation,

respectively, while R represents the range of observed target values. As the

equation suggests, NMPIW calculates the ratio of the average prediction inter-

val width to the range of actual values, thus measuring the PI’s effectiveness.

For simplicity, coverage and the confidence level will be denoted as C and L

throughout this thesis.

Although wider intervals typically ensure higher coverage, they tend to

be less informative. Consequently, the objective of an effective PI method is

to create intervals that capture approximately the desired confidence level of

targets and are as narrow as possible, as demonstrated by low NMPIW values.

2.2.3 Classification

In this section, we introduce key algorithms for classification in SL.

● Decision trees are among the most popular approaches due to their effi-

ciency, interpretability, and ability to handle evolving data. In streaming

scenarios, Hoeffding Tree (HT) [30] is a canonical algorithm. It builds

trees incrementally using the Hoeffding bound to ensure that the struc-

ture converges to the batch-learning equivalent while processing the data

in a single pass.

The Extremely Fast Decision Tree (EFDT) [95] improves upon HT by

enabling faster updates and more efficient splitting decisions, which ac-

celerate convergence to an accurate tree structure.

More recently, the PLASTIC algorithm [68] was proposed as an im-

provement to EFDT by leveraging decision tree plasticity to restructure

subtrees instead of pruning them during split revision.
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● Ensemble methods have demonstrated superior performance in classifi-

cation tasks for streaming data [45]. They combine multiple classifiers

to enhance robustness and accuracy, particularly in non-stationary envi-

ronments.

Adaptive Random Forest (ARF) [44] extends the Random Forest frame-

work to data streams. It uses an ensemble of Hoeffding Trees, where each

tree only considers a random subset of features when splitting and adapts

to concept drifts through drift detection mechanisms such as ADWIN.

Leverage Bagging (LVB) [12] builds upon the standard bagging technique

and incorporates ensemble diversity using randomization and under/over-

sampling of incoming data streams. It efficiently adapts to evolving data

distributions and concept drifts.

Online Accuracy Updated Ensemble (OAUE) [16] focuses on updating

ensemble weights dynamically based on individual classifiers’ accuracy

on recent data, ensuring adaptability to streaming data.

Online Smooth Boosting (OSBoost) [19] applies boosting techniques to

streaming data. It smoothens ensemble updates to reduce overfitting

while maintaining adaptability in evolving data streams.

Streaming Random Patches (SRP) [51] is an ensemble method designed

for data streams, combining the strengths of bagging and random sub-

space techniques. Each base learner is trained on a randomly selected

subset of features and examples, ensuring diversity and reducing over-

fitting. SRP efficiently adapts to evolving data streams by dynamically

handling concept drifts and maintaining lightweight models, making it

suitable for high-dimensional and large-scale streaming regression tasks.

2.2.3.1 Evaluation

In a stream learning scenario, classification tasks involve assigning class labels

to instances in the data stream. Given the sequential nature of streaming
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data, evaluation metrics must adapt to real-time, incremental learning scenar-

ios, which is usually achieved by updating statistics instead of recalculating

them from scratch. Below are the common evaluation metrics for streaming

classification models.

Accuracy Accuracy measures the proportion of correctly classified instances:

Accuracy =
Number of correct predictions

Total number of predictions

Kappa Statistic (κ) The Kappa statistic evaluates the classifier’s accuracy

while accounting for the possibility of random chance:

κ =
Po − Pe

1 − Pe

where Po is the observed accuracy and Pe is the expected accuracy by random

chance.

There are several variants of the Kappa Statistic, such as Kappa Temporal

(κT ) and Kappa Majority κM [10]. The key difference is the estimation of

Pe. κT considers a no-change classifier for Pe, and κM utilizes a majority class

classifier as the base-line.

Recall (True Positive Rate) Recall measures the ability of the classifier

to correctly identify positive instances:

Recall =
True Positives

True Positives + False Negatives

Precision Precision quantifies the proportion of predicted positive instances

that are correctly classified:

Precision =
True Positives

True Positives + False Positives

F1-Score The F1-Score is the harmonic mean of precision and recall, bal-

ancing their trade-off:

F1-Score = 2 ⋅
Precision ⋅Recall

Precision +Recall
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These metrics provide a comprehensive evaluation of classification models in

streaming scenarios. Accuracy and κ are widely used for general performance,

while κT and κM are preferred for temporal and multi-class evaluations. Preci-

sion, recall, and F1-score are particularly relevant for imbalanced data streams,

ensuring the model’s reliability across all class distributions. In this thesis, Ac-

curacy and κ are the primary metrics used for evaluation.

2.3 Datasets

The datasets used in this thesis will be listed and elaborated in this section.

2.3.1 Regression Datasets

Twenty datasets with real-valued targets are handpicked to serve the main

focus of this research thesis – Regression. Table 2.1 exhibits an overview of

these regression datasets.

Details of the datasets are listed as follows:

● Abalone [99]: aims at predicting the age of abalones based on their

physical measurements;

● CPU Activity∗3: predicts portion of time that cpus run in user mode;

● Naval Propulsion Plant [23]: predicts the GT Turbine decay state coef-

ficient of naval propulsion plants based on other features;

● Ailerons [124]: artificial data addressing a control problem for flying a

F16 aircraft;

● Miami Housing∗: predicts sale price of single family houses in Miami;

● Elevators [124]: also predicts a control problem for flying a F16 aircraft;

● Bike [36]: predicts the usage of sharing bikes, both casual and registered;

3Datasets with ∗ can be found at OpenML.

https://www.openml.org
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Table 2.1: Regression Datasets Overview

Drift Types – A: Abrupt; G: Gradual; N: No Drift; ?: Unknown

Dataset Abbr. #Feature #Instance Source Drift

Abalone ABL 8 4,177 Real ?

CPU Activity CPU 22 8,192 Real ?

Naval Propulsion Plant NPP 15 11,934 Real ?

Ailerons AIL 40 13,750 Synth. N

Miami Housing MIA 16 13,932 Real ?

Elevators ELV 18 16,599 Synth. N

Bike – 12 17,379 Real ?

California Housing CAH 10 20,640 Real ?

Superconductivity SCD 82 21,263 Real ?

Health Insurance HI 12 22,272 Real ?

House8L HOU 8 22,784 Real ?

NZ Energy Price NZEP 11 26,121 Real ?

MetroTraffic MT 7 48,204 Real ?

Diamonds DIA 10 53,940 Real ?

Video Transcoding VT 18 68,784 Real ?

Wave Energy WE 49 71,993 Real ?

FriedmanGra FR1 10 100,000 Synth. A

FriedmanGsg FR2 10 100,000 Synth. G

FriedmanLea FR3 10 100,000 Synth. A

Hypera HPR 10 500,000 Synth. A

● California Housing [101]: predicts the median house price in California,

US, in 1990s;

● Superconductivity [66]: predicts the critical temperature of supercon-

ductors based on other features;
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● Health Insurance∗: predicts the working hours of house wives based on

their insurance information;

● House8L∗: predicts the house price in 1990s, US;

● NZ Energy Price[116]: provided by Electricity Market Information web-

site (EMI) based on difference locations (Point of Connections), aims at

predicting the electricity price 24 hours in advance at real time. The

Hamilton region is presented in this work, available at a Github reposi-

tory. Details can be found in Chatper 5;

● MetroTraffic∗: predicting the impacts of weather information on traffic

volume;

● Diamonds [130]: predicts the price of diamonds based on the physical

attributes;

● Video Transcoding4 [28]: predicts the video transcoding time according

to input information and output format;

● Wave Energy∗: consists of positions and absorbed power outputs of wave

energy converters, used to predict the total energy converted;

● FriedmanGra/Gsg/Lea: Friedman synthetic datasets family proposed

in [77], publicly accessible generator at river machine learning platform.

Gra – Global Recurring Abrupt drift; Gsg – Global and Slow Gradual

drift; and Lea – Local Expanding Abrupt drift;

● Hypera [75]: Simulated datasets with 3 abrupt drifts, predicting the

distance from a random point to a hyperplane in the space; the generator

is available at CapyMOA [49] Online ML Repository;

4The feature “ID” was in String format, therefore removed from our experiments.

https://www.emi.ea.govt.nz
https://www.emi.ea.govt.nz
https://github.com/Anonymous-1-2-3-4/NewZealandEnergyPrices/
https://riverml.xyz/0.21.1/api/datasets/synth/FriedmanDrift/
https://capymoa.org
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2.3.2 Classification Datasets

Classification tasks are also an important part of this thesis, and the datasets

that are utilized are also carefully selected. Table 2.2 gives a general view of

their respective properties, followed by thorough introduction.

Table 2.2: Classification Datasets Overview

Drift Types – A: Abrupt; G: Gradual; Im: Moderate Incremental and; If : Fast

Incremental; ?: Unknown

Datasets #Instances #Features Types Drifts #Labels

AGRa 1,000,000 9 Synth. A 2

AGRg 1,000,000 9 Synth. G 2

LEDa 1,000,000 24 Synth. A 10

LEDg 1,000,000 24 Synth. G 10

RBFf 1,000,000 10 Synth. If 5

RBFm 1,000,000 10 Synth. Im 5

RTGa 100,000 10 Synth. A 2

SEAa 100,000 3 Synth. A 2

SEAg 100,000 3 Synth. G 2

Airlines 539,383 7 Real ? 2

CovTS 581,012 54 Real - 7

CovT 581,012 54 Real ? 7

ElecX 45,312 8 Real ? 2

Elec 45,312 6 Real ? 2

KDD 4,898,431 41 Real ? 23

Nomao 34,465 118 Real ? 2

Sensor 2,219,803 5 Real ? 58

WISDM 5,418 45 Real ? 6

● AGRAWAL

The AGRAWAL generator, introduced in [2], employs ten functions to
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partition random data points, considering six categorical and three con-

tinuous attributes, into two classes. A 10% perturbation ratio introduces

noise from a uniform random distribution to the features. The dataset

includes two variants: AGRa and AGRg, featuring three abrupt and

gradual drifts, respectively.

● LED

In [15], Breiman et al. proposed the LED synthetic dataset generation,

which creates datasets with 7 relevant and 17 irrelevant boolean features.

The goal is to predict the number on an digital LED display based on the

seven relevant features, 10% of which are inverted as noise. LEDa and

LEDg simulate three abrupt and gradual concept drifts, respectively.

● RBF

Radial Basis Function (RBF) generator creates moving (for simulating

incremental drifts) centres with assigned weights and a random standard

deviation. New instances are created based on the centre and the SD.

We generate data with 50 centres, which move with a speed of 0.0001

for RBFm, and 0.001 for RBFf .

● RTG

Random Tree Generator (RTG) [31] creates decision trees where the split

attributes and the class values are randomly selected. New instances are

also randomly generated from a uniform distribution and are assigned

a class value by the corresponding leaf. The RTGa dataset used in this

work includes two abrupt drifts.

● SEA

The SEA generator [114] yields three features, the last one of which is

irrelevant to the label. The instances are generated in this way: the two

dimensional space is separated into four blocks. Each block is associ-

ated with a different parameter θ. Random instance are generated and

then assigned with a binary class label according to the blocks and the
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associated θ. SEAa and SEAg simulate three abrupt and gradual drifts,

respectively.

● Airlines

The Airlines dataset was originally a regression dataset to predict the

time delay of flights [78] and then transferred to a classification version

that predicts whether the flights will be delayed or not. Four nominal

and three numeric attributes are included in the Airlines dataset.

● Covertype

Seven types of 30 × 30 meters of forest coverage, which are imbalanced,

are included in the Covertype (CovT) dataset. Two variants of CovT

datasets are included in this research. CovT is the normalised version

of the original covertype dataset. CovTS is a randomly shuffled version

of CovT to eliminate any possible chronological relationships among the

instances.

● Electricity

Electricity (Elec) and extended Electricity (ElecX) were first proposed

by Harries in [67]. They aim at predicting the electricity price tendency

(UP or DOWN). The data was collected in a state in Australia in over

2 years, where the electricity prices depend on supply and demand in

that area. In comparison to the Elec dataset, ElecX includes two more

attributes: date and day of the week.

● KDD

KDD’99 dataset was first used in the third Knowledge Discovery and

Data Mining Tool Competition held in 1999 [113]. This dataset aims at

predicting 22 types of cyber attacks along with a normal status. This

dataset can be treated as a data stream since the instances are presented

sequentially [1].

● Nomao
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Nomao is a real-world application: a location search engine. [17] launched

a machine learning challenge and provided the associated dataset to the

UCI machine learning dataset repository [4]. The Nomao dataset con-

tains 34,465 data points. The goal is to predict either one of the two

places every data point belongs to, based on information like names,

phones, and so on.

● Sensor

Sensor dataset contains sensor data and the recording time during an

MIT experiment.

https://www.nomao.com
https://www.cse.fau.edu/~xqzhu/stream.html


Chapter 3

Self-Optimising K Nearest

Leaves (SOKNL)

Regression for data stream learning is relatively overlooked compared to its

classification counterpart. This chapter introduces the proposed streaming

ensemble-based regression algorithm – Self-Optimising K Nearest Leaves (SOKNL).

3.1 Introduction

Adaptive Random Forest for Regression (ARF-Reg), as one of the most used

ensemble regressors for data stream mining, adapts the traditional Random

Forest (RF) to evolving data streams technique and yields accurate continu-

ous predictions. Using Fast Incremental Regression Tree with Drift Detection

(FIRT-DD)1 as the base learner, ARF-Reg induces diversity to the ensemble

members with bootstrapping and random feature space techniques.

Distance information usually plays an important role in the machine learn-

ing research, due to its intuitiveness and simplicity. As a measurement for

quantifying the similarity (or dissimilarity) between two data points, distance

1Although the Fast Incremental Model Tree with Drift Detection is more accurate in

most cases, ARF-Reg uses the a modified version – FIRT-DD – as the base learner, which

utilizes the average value of the observed targets as the prediction, since the linear model

in the leaves causes overflow problem due to its SGD-based nature.
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metrics include Manhattan Distance, Cosine Similarity, and the most com-

monly used member – Euclidean Distance. Many algorithms rely on a dis-

tance metric for their learning and prediction procedure, such as K Means

Clustering (k-means), Support Vector Machine (SVM), and K Nearest Neigh-

bours (kNN), which is highly relevant for the content of this chapter. In the

streaming scenario, kNN is usually implemented with a sliding window.

The predictive performance of kNN and ARF-Reg is remarkable (as shown

by previous studies [46, 50]), but they still have some shortcomings. kNN

requires many distance calculations during prediction, which can be slow and

prohibitive. On the other hand, due to the random nature of ARF-Reg, not

every tree in it may produce accurate predictions, which is adding unnecessary

noise to the final prediction when all those individual trees are aggregated.

This motivates our work to integrate both techniques into a single algorithm

for improved accuracy.

The following contributions are outlined:

● a novel approach to regression analysis for data streams by combining

ARF-Reg and KNN into the Self-Optimising K Nearest Leaves (SOKNL)

algorithm;

● through the combination of both algorithms, we improve the predictive

performance of ARF-Reg without adding too much extra pressure on

computational resources.

● a dynamic parameter-choosing methodology enabling the algorithm to

self-adapt the value of k;

● an extensive empirical evaluation and a statistical test show how the new

method compares with other previous state-of-the-art online regression

algorithms.
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3.2 Self-Optimising K Nearest Leaves

As mentioned in Chapter 2, both kNN and ARF-Reg have their own specific

inherent shortcomings.

Streaming versions of KNN rely only on a sliding window where older

instances are forgotten to limit memory usage. This strategy can be beneficial

in situations where older instances no longer represent the current concept (i.e.

a drift has happened); however, the older instances are relevant to building

a more robust model in many situations. Under the circumstances where the

concept of the data streams has not drifted, which means all observed data

points are valuable for establishing learning model, we may want to somehow

store those information from older instances. One of the core questions for

streaming kNN is how to retain some of that older but still relevant information.

ARF-Reg randomly trains and grows ensemble trees on different subspaces

of the datasets and features. Thus this approach relinquishes at random some

bits of informative data for each ensemble member to introduce diversity into

the ensemble. For instance, the artificial dataset “fried”, which is used in our

experiments, contains ten features, only five out of which are related to the

target value. If some trees in ARF-Reg are trained mainly on the irrelevant

features, they can potentially yield inaccurate single predictions, negatively

impacting the aggregated ensemble prediction.

Consequently, the idea of k Nearest Leaves (KNL) – which is the integration

of kNN and ARF-Reg (see in Section 3.2.1) – emerged. The intuition is to

overcome the transient behaviour of kNN by using the trees in the ARF-Reg

ensemble to keep information for much longer, by maintaining a centroid for

each leaf in each tree; and to improve the ensemble prediction aggregation

procedure using kNN over the centroids selected by each tree at prediction time.

Using centroids to summarize information is common, one of the most famous

applications is the Clustering Feature Tree (CF-Tree) from BIRCH (Balanced

Iterative Reducing and Clustering using Hierarchies) [135]. In our approach,

each leaf is mapped to a “data point” for later use of the kNN procedure.
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In general, there are two perspectives to comprehend the KNL algorithm.

From the standpoint of kNN, ARF-Reg is providing the leaves – which can

also be regarded as micro-clusters, condensed into one compact and robust

representation: a centroid. From the ARF-Reg perspective, the prediction is

more robust by excluding leaves that may be too dissimilar to the current

prediction instance.

Figure 3.1 is a diagram visualising the idea of KNL.

Figure 3.1: Diagram of K Nearest Leaves

Our approach has a virtue as Fittingly for a streaming algorithm, all the

calculations, learning, updates, and comparisons can be accomplished by only

using the statistics store in the system. Therefore, instances are not stored

in the trees or the forests. For instances, the centroid in the leaf could be

calculated by a counter and an array of the sums of values of individual features

of all instances that have been seen at a leaf. Memory constraint is complied
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with via thus approach.

There is a potential downside to this combination, as KNL now adds one

more hyperparameter to the set of hyperparameters of ARF-Reg: the k value

needed for selecting the closest leaves. To simplify the application of KNL, we

also introduce a technique for automatically and dynamically selecting a good

value for this “k” hyperparameter. More details are given below in Section

3.2.2. This modified version of KNL is called Self-Optimising k Nearest Leaves,

abbreviated as SOKNL.

In the rest of this section, SOKNL will be explained more specifically. In

general, our contributions can be separated into two parts: a) Integrating kNN

with ARF-Reg, and b) the Self-Optimising Strategy. See the pseudo-code of

SOKNL in Algorithm 1 for an intuitive understanding.

3.2.1 Integrating K-Nearest Procedure with ARF-Reg

As aforementioned in Chapter 2, ARF-Reg is an ensemble of multiple tree

learners. Every tree will sort an incoming instance into exactly one of its re-

spective leaves. Thus an ensemble of n trees will return n leaves for prediction.

3.2.1.1 Distance Measurements

Our approach requires a technique to measure the distance from an instance

to a leaf (a cluster of instances). In principle, there are at least two options

available:

● Calculate all the distances from the incoming instance to the instances in

the leaf, and use the average as the measurement of the distance between

an instance and a leaf.

● Maintain a centroid in each leaf, which is an average of all features of all

the leaf’s instances. Thereupon, the distance from an instance to a leaf

can be defined as the distance to the leaf’s centroid.
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Algorithm 1: Self-Optimising K Nearest Leaves

E : Ensemble; NE : Ensemble size; Ei: ith ensemble member; E: Eval-

uators; Ei: ith evaluator; Ci: ith centroid; Kbest: the best K observed;

R: list of the recorded performance for each Ki value.

Data: Data Streams : D

Result: Prediction : P

/* Initialization */

1 Kbest ← NE ;

2 for i < NE do

3 build Ei and Ei;

/* Execution */

4 while D has more examples do

/* test example e */

5 Initialize D ; /* list of distances with all 0s */

6 for i < NE do

7 Ci ← Ei.getCentroid(e);

8 Di ←calculateDistance(Ci, e);

9 sort E by D;

/* predict by the closest Kbest leaves */

10 for i < Kbest do

11 Pi ← Ei.predict(e);

12 return P ←
∑Kbest

i=0 Pi

Kbest
;

/* train with example e */

13 for i < NE do

14 evaluate Ei ; /* update Ei & Ai */

15 evaluate K = i ; /* update R */

16 Li.train(e); /* do regular train */

17 Kbest ← argmin
index

R + 1 ; /* update Kbest */
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Both options are feasible and have their own pros and cons. The former one

keeps more information which gives it more flexibility. It also needs much more

memory and runtime. Due to the data stream algorithms’ requirements for

timeliness and memory space utilisation, the latter option is more promising,

and consequently suitable for SOKNL.

3.2.1.2 Selection of K Nearest Leaves

Instead of aggregating the leaf predictions of all trees in the ensemble, SOKNL

only averages the target values of the k nearest leaves. Since ARF-Reg trees

are growing semi-randomly, some leaves will be more informative than others,

for a given instance. SOKNL is able to select the most relevant leaves, thanks

to the centroids stored within each leaf.

The construction of centroids in our method is simple. For all the instances

in a leaf, we take the mean values of each feature. For example, we average the

values of Feature 1 of all the instances in the leaf and put it at the Feature 1

position of the centroid. With this method, all the information of the instances

in a certain leaf is compressed into a robust, space- and memory-efficient, and

incrementally calculable representative instance – the centroid.

Another notable point is, although SOKNL also requires distance calcu-

lation, it only performs one distance calculation per tree or 100 if it is for an

ensemble of 100 trees (it is already a quite large choice for ensemble number).

In the Sliding Window kNN case, the number of distance calculations equals to

the window length, which is typically several thousands or even more. Hence,

in terms of time for calculating distances, SOKNL manages to surpass the

kNN algorithms easily.

3.2.2 Self-Optimising Strategy

Choosing good k values for kNN requires specialised knowledge and sometimes

“luck”. Even for experts, there is no convenient way for finding the best k.

Moreover, there may even not be a “global best” k due to concept drifts or



39

other causes. Therefore, a self-optimising regime is introduced into SOKNL

to automatically determine the currently best-performing value for k.

Self-optimising, or self-tuning, is a popular way to reduce the labour of

hyperparameter tuning [73] [126] [94]. Here, the self-optimising mechanism

measures performance using the Sum Squared Error (SSE). For every possible

value of k, for k in 1..kmax, an evaluator keeps track of the SSE for this k

value. Updating all k evaluators can be done very efficiently: first, all leaves

are sorted by distance, and then the predictions for larger and larger values

of k are incrementally computed in one linear sweep over the sorted leaves,

resulting in O(kmax ∗ log(kmax) runtime. Even though the possibility of two k

values maintaining exact same SSE is extremely small, there is no guarantee

for that not to happen, especially at the beginning of the learning progress.

We simply choose the smaller k value in such cases.

3.2.3 Change Adaptation

How our approach adapts to drift is straightforward. It relies on the built-

in adaption methodology in ARF-Reg as well as implicit adaptation of the

centroids.

In ARF-Reg, the concept drift detection and adaptation exist in both trees

and ensembles. In every node of the tree learners, there is a Page-Hinckley

(PH) test [97], which is an extension of the CUSUM test [102]. PH maintains

two variables in the system, a cumulative value mt and the minimum of mt until

the current moment Mt. mt is defined as the sum of the difference between

the current target value and the average value (x̄) of the whole time and an

indicative parameter α, which is responsible for controlling how much of the

change ought to be identified as a drift. Equations 3.1 and 3.2 denote mt and

Mt respectively.

mt =
N

∑
t=1
(xt − x̄ − α) (3.1)

Mt =min(mt, t = 1,2, ...,N) (3.2)
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Consequently, the PH test at the moment of t is defined by Equation 3.3:

PHt =mt −Mt (3.3)

If the PHt is larger than a threshold parameter λ that is specified by the user to

command the sensitivity of the test, a drift is confirmed. Then the associated

node will be removed and a new subtree will be built.

ARF-Reg has an ADaptive WINdow (ADWIN) [11] algorithm as an exter-

nal change detector at the ensemble level. The operation of ADWIN requires

storing two windows that have window lengths of Wold and Wnew. The mean

values of each window, µold and µnew , are used to compare to the corresponding

Hoeffding Bound ϵ by inequality 3.4.

∣ µold − µnew ∣≥ ϵ =

√
1

2m
⋅ ln

4 ∣ W ∣

δ
(3.4)

where δ denotes a use-defined confidence level in the range of [0,1], and m is

the harmonic mean of the sub-windows’ length as in Equation 3.5.

m =
2

1
∣Wold∣ +

1
∣Wnew ∣

(3.5)

If inequality 3.4 holds, a drift is detected and the old window is dropped.

In addition, SOKNL has another way to adapt to drift. The centroids in

SOKNL are moving according to incoming instances. If instances on aver-

age shift, the centroids will shift as well, thus implicitly providing a certain

capability for drift adaptation, on top of the explicit change detectors. Fur-

thermore, when a leaf is split into two new leaves, the old centroid is deleted,

and two new centroids will be computed from the newly arriving instances,

yet again supporting adaptation to potential drifts implicitly.

3.3 Experimental Settings

This section introduces the experimental settings, including the data pre-

processing, the involved algorithms, and the evaluation manners.
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3.3.1 Data Pre-processing

Data pre-processing techniques are commonly used in the regression tasks. In

this work, we exploited two simple yet powerful ones – Min-Max Normalization

and Z-score Standardization.

● Min-Max Normalization

scales the values of a dataset to fit within a specific range, typically

between 0 and 1. This method is particularly useful when the features

of a dataset have different units or ranges, as it brings all features to a

common scale without distorting the relationships between them.

The Min-Max normalization formula is:

x′ =
x −min(x)

max(x) −min(x)
(3.6)

Where:

– x is the original data point,

– min(x) and max(x) are the minimum and maximum values of the

feature, respectively,

– x′ is the normalized value.

By applying Min-Max normalization, the minimum value of the feature

becomes 0, and the maximum value becomes 1, while other values are

linearly transformed to fit within this range. This technique is particu-

larly suitable for algorithms that rely on the magnitude of values, such

as gradient-based optimization methods (e.g., perceptron), where nor-

malized data helps improve the convergence rate and performance.

● Z-score Standardization

also known as standardization or zero-mean normalization, is a technique

used to transform data so that it has a mean of 0 and a standard deviation

of 1. This process is particularly useful in machine learning and statistical
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analysis when different features in the data have varying units or scales,

allowing them to be compared on the same scale.

The Z-score standardization formula is:

z =
x − µ

σ

Where:

– x is the original data point,

– µ is the mean of the data,

– σ is the standard deviation of the data,

– z is the standardized value (also called the Z-score).

After applying Z-score standardization, the transformed data will have

a mean of 0 and a standard deviation of 1. This technique is particu-

larly helpful for algorithms that rely on the assumption that the data is

normally distributed.

It is worth mentioning that these two techniques are modified for the

streaming scenario. This is achieved by calculating the necessary values using

only the updated statistics up to the current moment.

3.3.2 Algorithms

For comparison, experiments on the above datasets with some other algorithms

are conducted, including Traditional kNN; Self-Optimising kNN2; FIMT-DD;

ORTO; AMRules; ARF-Reg; and k Nearest Leaves(KNL)3.

Most of these algorithms have been introduced in Section 2, yet there are

several things to be specified here. In order to make our experiments repro-

ducible, the hyperparameters for the algorithms are included here. Moreover,

2A variant of kNN with the proposed self-optimising method.
3The intermediate version of SOKNL without self-optimising.
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the hyperparameters for ARF-Reg are introduced particularly since our ap-

proach is based on the ARF-Reg and the basic hyperparameters are the same.

Notably, the ensemble numbers of ARF-Reg and SOKNL in our experiments

are arbitrarily fixed to 100. That is because the number could be too small,

otherwise, the centroid selecting procedure would be too limited to be effective.

Also, large numbers could cause a dramatic increase in the computational re-

source requirements. We made some attempts with some “appropriate” ensem-

ble numbers and chose 100 as it is the best in terms of balancing effectiveness

and efficiency.

● Traditional KNN: The classic KNN with fixed k ∈ {1,5, and10} and a

window length of 1000.

● Self-Optimising k Nearest Neighbours(SOKNN): A variant of

KNN with the same auto-selecting k value method as used in SOKNL.

● FIMT-DD: The hyper-parameter values are taken from [77].

● ORTO: Option trees using the default parameter setting from [79].

● AMRules: Adaptive Model Rules (AMRules) is the first rule algo-

rithm in regression for data streams [3]. We use the same algorithm

setup as in that paper, except for the split confidence parameter δ, where

1E − 7 is used instead of 0.01 to ensure a faster split.

● ARF-Reg: See details in Chapter 2 and the algorithm hyper-parameters

are set as follows: a) Ensemble learner: FIMT-DD; b) Ensemble

Size: 100; c) Feature Subspace Size: 60%; d) λ for Poisson Dis-

tribution: 6 (for simulating the bootstrapping procedure) .

● K Nearest Leaves: For comparison to SOKNL, a plain KNL with a

fixed k value is also in included. Values used for a k are 1, 5, and 10. We

choose these k values as they illustrate the improvements by increasing

the number of neighbours. The differences are more significant when k

values are small. After 10, the improvements start getting inconspicuous.
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3.4 Experimental Results

In this section, we illustrate the experimental results and relevant discussion.

Tables demonstrated in this section adhere to the following rules:

● cell values are in the format of “Meanstdev”.

● small standard deviations (< 0.001) are omitted.

● bold font highlights the best results in the same row (dataset).

● underlines indicate the cases where SOKNL outperformed ARF-Reg.

● “ – ”s fill the blanks where the values were “nan”s or overflows (see 3.1).

● the last row shows the average ranking of each algorithm4.

3.4.1 Regular Results

Tables 3.1 and 3.2 present the Coefficient of Determination (R2) and Root

Mean Squared Error (RMSE), respectively. Similar conclusions can be drawn

from these two tables, therefore, our analysis in this section focuses on Ta-

ble 3.1.

Overall, SOKNL performed the best on 9 out of 20 datasets. Its average

ranking of 2.7 among 12 algorithms further affirms its outstanding perfor-

mance.

The second key takeaway is that SOKNL improves upon ARF-Reg in 19

datasets. The only exception is the NZEP dataset, where the difference is less

than 1%. This aligns with the purpose of the SOKNL algorithm, which is to

enhance the performance of ARF-Reg.

Notably, there are several cases where results show overflow. Most of

these occur with tree- and rule-based learners, due to the “Perceptron” model

used by these learners. This SGD-based linear model is commonly applied

for stream regression tasks. If not properly controlled, some predicted values

4overflowed ones are considered lowest ranking
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Table 3.1: Full Coefficient of Determination Results on Regular Datasets
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Figure 3.2: Visualization of Target Values from NPP Dataset

can deviate significantly from the targets, distorting error-based measurements

such as R2 and RMSE. ARF-Reg and SOKNL avoid this by using the aver-

age value in the leaf node as the output, instead of relying on the prediction

from a linear model.

However, this approach has its limitations. While it helps prevent over-

flows, the performance of the average model is generally inferior to that of

a linear model. In certain datasets, such as DIA and WE, perceptron-based

algorithms deliver much better results. For instance, RAMRules achieves

an R2 score of 0.998 on the WE dataset, indicating an almost perfect match

between the predicted values and the ground truths.

Moreover, for more challenging datasets like Health Insurance (HI), AM-

Rules and RAMRules hold significant advantages over other algorithms.

The most extreme case is seen with RAMRules on the NPP dataset,

where it produces an R2 score of 1.0, which is almost unheard of in regression

research. This result is likely more attributable to the nature of the NPP

dataset rather than the perceptron model itself.

Figure 3.2 includes both a sequential plot and a histogram of the NPP

target values, clearly showing a distinct pattern. The values gradually increase

from 0.95 to 1, with each value persisting for a similar duration. This makes

it easier for rule-based learners to capture, which explains the near-perfect

performance of AMRules and RAMRules. However, it is unusual for a
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dataset to exhibit such an obvious pattern. Further discussion on this issue

will be considered in future work.

Table 3.2 shows the RMSE results from the same set of experiments in

Table 3.1. Because of rounding up, more ties can be found in RMSE results,

especially when the error values are considerably small. As a consequence,

the outcomes are slightly different from Table 3.1. In Table 3.2, SOKNL also

performed best on 9 datasets, but got an average ranking at 2.85. SOKNL

outperformed ARF-Reg in 18 cases and tied once.

3.4.2 Normalized Results

This section exhibits the results on normalized datasets. However, most of

the tendencies are similar to regular datasets. Therefore, we only highlight

important points here.

With the datasets normalized, SOKNL managed to outperform ARF-

Reg on all datasets. It also ranked 2.8 among 12 algorithms.

It is worth mentioning that, normalization sometime is considered as an

approach to avoid overflow. This can be observed in Table 3.3 and 3.4. Ta-

ble 3.2 reduced the number of overflowed cases from 21 in Table 3.1 to 19.

There is no overflows in RAMRules after normalization. In terms of RMSE,

the overflowed cases decreased from 12 (Table 3.2) to 6 (Table 3.4).

3.4.3 Standardized Results

The observation in standardized datasets are quite similar to normalized ones.

Therefore, we will not elaborate further here.

3.4.4 CD Diagram of RMSE with Normalized Data

In this section, we present a Critical Difference Diagram (CDD) in generated

with the RMSE results from the normalized data (Section 3.4.2). Note that

the missing values (“–”s in the table) are replaced with + inf to ensure they
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Table 3.2: Full RMSE Results on Regular Datasets
D

atasets
A

M
R

u
les

F
IM

T
-D

D
O

R
T

O
K

N
N

-1
K

N
N

-5
K

N
N

-10
R

A
M

R
u

les
A

R
F

-R
eg

K
N

L
-1

K
N

L
-5

K
N

L
-10

S
O

K
N

L

A
L

B
2.248

0
.0
5
3

2.652
8.345

2.731
2.378

2.358
2.169

0
.0
0
3

2.393
0
.0
0
6

3.293
0
.0
3
6

2.624
0
.0
1
9

2.462
0
.0
1
5

2
.1
6
2
0
.0
0
7

A
IL

0.568
1.036

1.944
0.072

0
.0
5
9

0
.0
5
9

0.625
0
.0
1
6

0.076
0.104

0.095
0.093

0.075

B
ike

138
1
0

572
2883

122
131

131
114

1
92

1
113

1
93

1
88

1
8
2
1

C
A

H
61697

5
7
3

75972
147522

67306
59010

60277
58310

1
9
0

60824
8
0

114319
7
2
5

83560
3
9
3

72007
3
6
0

5
4
7
3
2
9
0

C
P

U
12.494

0
.4
4
9

14.948
80.679

5.637
5.414

5.945
9.754

0
.1
5
2

8.875
0
.0
4
9

8.39
0
.1
9
1

6.986
0
.1
8
3

6.372
0
.1
9
9

4
.8
8
7
0
.0
6
7

D
IA

1049
1
1

6
3
3

3423
1089

1156
1187

907
1
6

1171
5

2675
2
3

1694
1
6

1545
1
4

1068
7

E
L
V

0.005
0.338

0.071
0.005

0
.0
0
4

0
.0
0
4

0
.0
0
4

0.005
0.006

0.006
0.006

0.005

F
R

1
2.517

2.548
7.621

3.722
2.749

2.696
2.399

0
.0
0
4

2.933
0
.0
0
7

2.981
0
.0
0
8

2.404
0
.0
0
7

2.312
0
.0
0
7

2
.1
7
4
0
.0
0
7

F
R

2
2.503

2.538
8.896

3.751
2.773

2.721
2.347

0
.0
0
6

2.97
0
.0
1

3.038
0
.0
1

2.458
0
.0
1
2

2.365
0
.0
1
2

2
.2
2
4
0
.0
1
3

F
R

3
2.768

2.613
7.855

4.236
3.203

3.155
2.558

0
.0
0
6

3.109
0
.0
1

3.193
0
.0
1
5

2.619
0
.0
1
1

2.526
0
.0
1

2
.3
6
2
0
.0
1
2

N
Z

E
P

108.987
1
1

172.54
96.0

84.631
79.59

79.172
79.771

0
.6
8
4

6
9
.9
8
3

97.936
83.414

80.215
70.09

H
I

15.425
0
.0
0
1

18.36
25.987

20.907
16.421

15.838
1
5
.1
2
0
.0
1
4

17.706
0
.0
1
4

19.366
0
.1
8

18.08
0
.0
3
4

17.768
0
.0
2
7

17.396
0
.0
0
8

H
O

U
40296

4
2

40945
84042

46387
39983

39936
38026

1
0
4

35863
8
7

40927
2
2
6

36842
1
8
4

36135
1
6
4

3
4
3
4
4
1
1
7

H
P

R
2.018

0
.0
0
3

1
.8
8

15.869
4.374

3.134
3.041

1.934
0
.0
0
3

4.697
0
.0
0
4

3.902
0
.0
0
8

3.047
0
.0
0
5

2.921
0
.0
0
5

2.815
0
.0
0
6

M
T

3925
5
1
0

–
–

2396
2004

1950
2267

8
2

1705
1

2087
6

1851
1

1818
1

1
6
5
2
1

M
IA

–
218931

414405
149613

1
3
1
4
3
4

138294
–

164074
4
7
6

275671
2
7
6
7

224622
8
8
2

203484
1
1
5
1

153552
7
9
9

N
P

P
0.001

–
–

0.009
0.009

0.009
0
.0

0.028
0.009

0
.0
0
1

0.009
0.009

0.009

S
C

D
38.668

–
–

1
3
.1
1
9

14.279
15.416

25.202
0
.4
0
6

19.038
0
.0
4
1

26.741
0
.1
7
9

21.43
0
.1
1

20.225
0
.0
7
4

18.843
0
.0
3
3

V
T

–
–

–
3
.5
1
7

4.971
6.471

–
10.849

0
.0
3
4

12.473
0
.1
4
7

8.08
0
.0
6
6

8.601
0
.0
6

8.036
0
.0
6
7

W
E

10041
5
7
8
4

39849
506150

79952
64562

64054
5
0
4
7
4
3

253959
6
8
2

149942
7
1
7
7

85491
6
0
0

79211
2
3
6

69072
6
3

A
v
g.

R
an

k
6.5

8.5
11.55

7.05
4.8

4.7
4.6

6.3
9.1

6.6
5.4

2
.8
5
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Table 3.3: Full Coefficient of Determination Results on Normalized Datasets
D

atasets
A

M
R

u
les

F
IM

T
-D

D
O

R
T

O
K

N
N

-1
K

N
N

-5
K

N
N

-10
R

A
M

R
u

les
A

R
F

-R
eg

K
N

L
-1

K
N

L
-5

K
N

L
-10

S
O

K
N

L

A
B

L
0.573

0
.0
0
6

0.374
–

0.309
0.505

0.513
0
.5
8
7

0.477
0
.0
0
2

-0.001
0
.0
1
3

0.344
0
.0
0
7

0.424
0
.0
0
5

0.568
0
.0
0
3

A
IL

-1.394
0
.1
0
6

–
–

0.605
0
.7
2
1

0.713
-1.21

0
.0
4
5

0.551
0
.0
0
4

0.253
0
.0
1
2

0.347
0
.0
0
9

0.381
0
.0
0
6

0.569
0
.0
0
1

B
ike

0.062
0
.2
6
6

–
–

0.551
0.509

0.498
0.614

0
.0
0
4

0.745
0
.0
0
4

0.536
0
.0
1
5

0.692
0
.0
0
9

0.729
0
.0
0
6

0
.7
9
4
0
.0
0
3

C
A

H
0.705

0
.0
0
3

0.644
-0.524

0.655
0.736

0.723
0.747

0
.0
0
1

0.722
0.007

0
.0
2
2

0.488
0
.0
0
4

0.624
0
.0
0
3

0
.7
7
7

C
P

U
0.82

0
.0
1
2

0.441
–

0.897
0.907

0.886
0.878

0
.0
0
5

0.79
0
.0
0
2

0.657
0
.0
3
6

0.805
0
.0
1
4

0.859
0
.0
1
1

0
.9
3
4
0
.0
0
3

D
IA

0.921
0
.0
0
4

0.966
0.53

0.923
0.916

0.912
0
.9
7
5
0
.0
0
2

0.913
0
.0
0
1

0.522
0
.0
0
9

0.797
0
.0
0
4

0.832
0
.0
0
3

0.927
0
.0
0
1

E
L
V

–
–

–
0.475

0.6
0.583

0
.6
4
5
0
.1
3
3

0.394
0
.0
0
3

0.208
0
.0
1
6

0.232
0
.0
1
1

0.25
0
.0
0
9

0.454
0
.0
0
6

F
R

1
0.734

0.735
-1.206

0.442
0.695

0.707
0.767

0
.0
0
1

0.655
0
.0
0
1

0.639
0
.0
0
3

0.765
0
.0
0
1

0.783
0
.0
0
1

0
.8
0
9
0
.0
0
2

F
R

2
0.727

0.735
-1.23

0.432
0.69

0.701
0.777

0.646
0
.0
0
2

0.625
0
.0
0
2

0.755
0
.0
0
1

0.774
0
.0
0
1

0
.8

0
.0
0
1

F
R

3
0.743

0.752
-1.03

0.386
0.649

0.659
0.776

0
.0
0
1

0.672
0
.0
0
2

0.647
0
.0
0
2

0.763
0
.0
0
2

0.78
0
.0
0
2

0
.8
0
8
0
.0
0
2

N
Z

E
P

-0.165
0
.2
4

–
–

0.399
0.484

0.463
0.416

0
.0
1
4

0.584
0
.0
0
3

0.161
0
.0
1

0.392
0
.0
0
9

0.436
0
.0
0
6

0
.5
9
3
0
.0
0
5

H
I

0.323
0.001

-0.788
-0.247

0.231
0.284

0
.3
4
7
0
.0
0
1

0.106
0
.0
0
2

0.079
0
.0
3
3

0.154
0
.0
0
6

0.167
0
.0
0
2

0.173
0
.0
0
1

H
O

U
0.448

0.451
-1.076

0.22
0.419

0.422
0.496

0
.0
0
3

0.518
0
.0
0
3

0.414
0
.0
1

0.506
0
.0
0
5

0.525
0
.0
0
6

0
.5
6
0
.0
0
2

H
P

R
0.928

0
.9
3
7

–
0.658

0.825
0.835

0.933
0.606

0.729
0
.0
0
1

0.835
0.848

0.859

M
T

-0.208
0
.1
3

–
–

-0.435
-0.012

0.037
0.058

0
.0
0
7

0.263
-0.107

0
.0
0
5

0.138
0
.0
0
1

0.172
0
.0
0
1

0
.3
0
7

M
IA

0.695
0
.3
3
5

0.541
-0.796

0.785
0.825

0.805
0
.8
6
7
0
.0
0
5

0.731
0
.0
0
1

0.181
0
.0
1
8

0.44
0
.0
0
9

0.539
0
.0
0
7

0.761
0
.0
0
2

N
P

P
0.997

–
–

0.737
0.727

0.728
0
.9
9
9

-1.548
0
.0
6
2

0.695
0
.0
8
2

0.73
0
.0
0
3

0.734
0.74

S
C

D
0.547

0
.0
0
4

0.362
-1.161

0
.8
4
7

0.819
0.789

0.581
0
.0
0
4

0.688
0
.0
0
2

0.347
0
.0
0
8

0.552
0
.0
0
3

0.6
0
.0
0
1

0.695
0
.0
0
1

V
T

0.566
0
.0
0
9

–
–

0
.9
5
3

0.904
0.839

0.753
0
.0
3
4

0.547
0
.0
0
3

0.081
0
.0
0
6

0.306
0
.0
0
4

0.342
0
.0
0
4

0.649
0
.0
0
3

W
E

0.996
0.88

–
0.499

0.673
0.678

0
.9
9
7

-4.052
0
.0
2

-0.663
0
.1
3
4

0.43
0
.0
1
1

0.507
0
.0
0
4

0.627

A
v
g.

R
an

k
6.25

8.25
11.9

6.85
5.1

5.2
3.25

6.5
9.7

6.95
5.5

2
.8
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Table 3.4: Full RMSE Results on Normalized Datasets
D

atasets
A

M
R

u
les

F
IM

T
-D

D
O

R
T

O
K

N
N

-1
K

N
N

-5
K

N
N

-10
R

A
M

R
u

les
A

R
F

-R
eg

K
N

L
-1

K
N

L
-5

K
N

L
-10

S
O

K
N

L

A
B

L
2.176

0
.0
1
5

2.638
9.368

2.773
2.346

2.329
2
.1
4
0
.0
0
3

2.412
0
.0
0
5

3.338
0
.0
2
2

2.702
0
.0
1
4

2.532
0
.0
1
2

2.192
0
.0
0
7

A
IL

0.175
0
.0
0
4

5.884
8.859

0.071
0
.0
6

0.061
0.168

0
.0
0
2

0.076
0.098

0.092
0.089

0.074

B
ike

173
2
7

569
443

122
127

128
113

1
92

1
124

2
101

1
94

1
8
2
1

C
A

H
62717

3
3
2

68845
142544

67817
59371

60738
58038

1
3
8

60888
6
5

115018
1
2
8
4

82644
3
1
1

70841
2
6
7

5
4
5
5
6
5
3

C
P

U
7.828

0
.2
5
9

13.789
78.334

5.919
5.62

6.218
6.441

0
.1
2
3

8.447
0
.0
3
2

10.776
0
.5
5
8

8.13
0
.2
9
3

6.925
0
.2
7

4
.7
4
1
0
.1
2
4

D
IA

1118
3
1

737
2736

1109
1158

1183
6
3
4
2
1

1176
7

2757
2
7

1795
1
8

1636
1
5

1078
9

E
L
V

0.014
0
.0
1
1

0.168
0.061

0.005
0
.0
0
4

0
.0
0
4

0
.0
0
4

0.005
0.006

0.006
0.006

0.005

F
R

1
2.57

2.562
7.398

3.722
2.749

2.696
2.402

0
.0
0
5

2.927
0
.0
0
5

2.991
0
.0
1
2

2.414
0
.0
0
6

2.32
0
.0
0
7

2
.1
7
9
0
.0
0
9

F
R

2
2.6

2.562
7.436

3.751
2.773

2.721
2.352

0
.0
0
5

2.964
0
.0
0
7

3.05
0
.0
1

2.464
0
.0
0
5

2.369
0
.0
0
6

2
.2
2
6
0
.0
0
6

F
R

3
2.742

2.692
7.702

4.237
3.203

3.155
2.558

0
.0
0
8

3.097
0
.0
0
7

3.211
0
.0
1

2.631
0
.0
1

2.536
0
.0
1
1

2
.3
6
8
0
.0
1
1

N
Z

E
P

117
1
3

240
243

84
78

80
83

1
70

0
99

1
85

1
82

6
9

H
I

15.398
0
.0
0
4

18.704
25.026

20.903
16.409

15.841
1
5
.1
1
9
0
.0
1
7

17.693
0
.0
1
5

17.955
0
.3
2
2

17.212
0
.0
6
6

17.082
0
.0
2
3

17.024
0
.0
1
2

H
O

U
39272

2
5

39184
76158

46686
40301

40204
37533

9
7

36680
1
0
2

40452
3
3
6

37140
2
0
5

36443
2
2
1

3
5
0
7
8
9
8

H
P

R
2.005

1
.8
8
2

15.752
4.374

3.134
3.041

1.933
0
.0
0
2

4.697
0
.0
0
4

3.898
0
.0
0
8

3.039
0
.0
0
6

2.915
0
.0
0
6

2.807
0
.0
0
6

M
T

2181
1
1
5

–
–

2380
1999

1950
1929

7
1706

1
2091

4
1845

1
1809

1
1
6
5
4
1

M
IA

160709
7
3
5
6
5

214937
425392

147118
132954

140175
1
1
5
5
4
5
2
2
5
6

164753
3
2
0

287298
3
1
1
7

237433
1
8
2
3

215519
1
7
1
0

155094
8
0
0

N
P

P
0.001

–
–

0.009
0.009

0.009
0
.0

0.027
0.009

0
.0
0
1

0.009
0.009

0.009

S
C

D
23.049

0
.1
0
4

27.371
50.367

1
3
.4
2
1

14.573
15.749

22.184
0
.0
9
8

19.125
0
.0
4
9

27.676
0
.1
6
7

22.937
0
.0
6
4

21.669
0
.0
3
8

18.909
0
.0
3
2

V
T

10.606
0
.1
0
8

–
–

3
.4
9
4

4.98
6.472

7.987
0
.5
2
1

10.847
0
.0
3
6

15.44
0
.0
4
9

13.416
0
.0
4
3

13.066
0
.0
3
9

9.541
0
.0
3
7

W
E

7071
2
0
0

39100
496897

79979
64592

64060
5
9
4
0
3
5

253919
5
0
8

145589
5
7
9
6

85289
8
3
1

79303
3
0
5

69039
7
0

A
v
g.

R
an

k
5.9

7.55
11.1

6.7
4.7

4.9
3.25

6.05
9.1

6.55
5.2

2
.6
5
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Table 3.5: Full Coefficient of Determination Results on Standardized Datasets
D

atasets
A

M
R

u
les

F
IM

T
-D

D
O

R
T

O
K

N
N

-1
K

N
N

-5
K

N
N

-10
R

A
M

R
u

les
A

R
F

-R
eg

K
N

L
-1

K
N

L
-5

K
N

L
-10

S
O

K
N

L

A
B

L
0.062

0.2
-5.423

0.321
0.501

0.507
0.07

0.462
0
.0
0
3

-0.029
0
.0
3
8

0.343
0
.0
1
3

0.426
0
.0
1

0
.5
5
5
0
.0
0
3

A
IL

0.202
–

-2.979
0.605

0
.7
2
1

0.713
0.206

0
.0
0
8

0.566
0
.0
0
3

0.243
0
.0
1
3

0.329
0
.0
1

0.361
0
.0
0
8

0.571
0
.0
0
2

B
ike

0.314
–

–
0.535

0.436
0.431

0.321
0
.0
0
5

0.665
0
.0
0
7

0.405
0
.0
1
1

0.559
0
.0
0
8

0.59
0
.0
0
6

0
.6
8
7
0
.0
0
4

C
A

H
0.344

0.56
0.106

0.641
0.721

0.71
0.432

0
.0
0
8

0.722
0.011

0
.0
1
7

0.473
0
.0
0
3

0.612
0
.0
0
2

0
.7
7
6

C
P

U
0.375

0.745
–

0.908
0.911

0.893
0.442

0
.0
1
3

0.794
0
.0
0
2

0.703
0
.0
3
2

0.845
0
.0
1
1

0.877
0
.0
0
5

0
.9
2
2
0
.0
0
3

D
IA

0.215
0
.9
7
6

0.637
0.924

0.914
0.909

0.623
0
.0
1
9

0.903
0.582

0
.0
0
6

0.839
0
.0
0
1

0.862
0
.0
0
1

0.919
0
.0
0
1

E
L
V

0.084
–

-1.729
0.559

0
.6
1
2

0.581
0.115

0
.0
0
2

0.413
0
.0
0
5

0.259
0
.0
1
3

0.274
0
.0
1
2

0.276
0
.0
0
9

0.476
0
.0
0
3

F
R

1
0.412

0.649
-2.167

0.441
0.695

0.707
0.524

0
.0
0
3

0.654
0
.0
0
1

0.637
0
.0
0
3

0.764
0
.0
0
2

0.782
0
.0
0
2

0
.8
0
8
0
.0
0
2

F
R

2
0.452

0.623
-2.266

0.432
0.689

0.701
0.53

0
.0
0
2

0.644
0
.0
0
1

0.621
0
.0
0
4

0.753
0
.0
0
2

0.772
0
.0
0
2

0
.7
9
9
0
.0
0
2

F
R

3
0.475

0.692
-2.216

0.385
0.648

0.659
0.573

0
.0
0
3

0.671
0
.0
0
2

0.645
0
.0
0
4

0.761
0
.0
0
3

0.778
0
.0
0
3

0
.8
0
7
0
.0
0
3

N
Z

E
P

0.113
0.388

0.191
0.395

0.483
0.473

0.232
0
.0
1

0
.5
6
9
0
.0
0
3

0.088
0
.0
1

0.357
0
.0
0
5

0.411
0
.0
0
4

0.56
0
.0
0
4

H
I

0.283
0.124

-1.85
-0.246

0.23
0.284

0
.2
9
3
0
.0
0
2

0.11
0.063

0
.0
2
9

0.153
0
.0
0
3

0.161
0
.0
0
1

0.164
0
.0
0
1

H
O

U
0.141

0.462
-0.126

0.229
0.429

0.431
0.212

0
.0
0
5

0.533
0
.0
0
3

0.464
0
.0
0
6

0.552
0
.0
0
3

0.564
0
.0
0
2

0
.5
7
4
0
.0
0
2

H
P

R
0.368

0.681
-1.477

0.658
0.824

0.835
0.546

0
.0
0
1

0.604
0.726

0
.0
0
1

0.833
0.847

0
.8
5
8

M
T

0.03
–

–
-0.09

0.037
0.042

0.037
0.275

-0.286
0
.0
0
7

0.117
0
.0
0
2

0.152
0
.0
0
1

0
.3
0
7

M
IA

0.178
0.566

0.199
0.777

0
.8
2
2

0.805
0.223

0
.0
0
5

0.735
0
.0
0
1

0.193
0
.0
1
6

0.453
0
.0
0
6

0.553
0
.0
0
4

0.761
0
.0
0
1

N
P

P
0.433

–
–

0
.7
3
7

0.723
0.726

0.331
0
.0
0
5

-1.751
0
.0
6
5

0.383
0
.1
2
5

0.434
0
.0
8
2

0.508
0
.0
4
7

0.678
0
.0
1
1

S
C

D
0.359

0.608
0.365

0
.8
4
7

0.825
0.798

0.472
0
.0
0
4

0.683
0.33

0
.0
1
1

0.546
0
.0
0
3

0.592
0
.0
0
2

0.686
0
.0
0
1

V
T

0.244
–

–
0
.9
3
7

0.892
0.826

0.311
0
.0
0
3

–
–

–
–

–

W
E

0.236
0.507

–
0.5

0.676
0
.6
8
1

0.307
0
.0
0
3

-3.951
0
.0
2

-0.764
0
.1
0
7

0.411
0
.0
0
8

0.491
0
.0
0
3

0.616
0
.0
0
1

A
v
g.

R
an

k
9.6

7.5
11.1

5.7
3.65

3.6
8.4

5.5
9.05

5.8
4.65

2
.4
5



52

Table 3.6: Full RMSE Results on Standardized Datasets
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Figure 3.3: The Critical Difference Diagram across Twelve Methods with

RMSE Results on Normalized Data

are ranked the lowest in the comparison.

Figure 6.1 compares the average ranks of the twelve evaluated algorithms,

with lower ranks indicating better performance. SOKNL achieves the best

overall performance, ranking first and showing no statistically significant dif-

ference from RAMRules, which is the second-best. These two algorithms form

the top-performing group. KNN-5, KNN-10, KNL-10, AMRules, and ARF-

Reg occupy the intermediate range, with overlapping significance bars indicat-

ing no statistically significant differences within this group. ORTO, KNL-1,

and FIMT-DD obtain the highest (worst) ranks and are significantly outper-

formed by the top group. Overall, the diagram highlights SOKNL as the lead-

ing algorithm, with a clear separation between the best- and worst-performing

methods.

3.4.5 K Value Analysis for SOKNL

In this section, we provide illustrations and a discussion of the K values over

time. Figure 3.4 presents an overview of the selected K values over time for

all datasets. Note that the K values shown are averaged across ten runs on

normalized datasets, each using different random seeds.

The K values for different datasets fluctuate within varying ranges. Most of
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Figure 3.4: Selected K Values for 20 Datasets Over Time

the K values converge to high values, typically between 70 and 90. However,

smaller converged values, such as 22 for the Health Insurance (HI) dataset,

are also observed. The variation in K values indicates that the K selection

mechanism adapts to different concepts based on specific contexts.

3.4.6 Runtime Results

This section provides an analysis of the runtime overhead introduced by SOKNL

compared to ARF-Reg. Although a variety of algorithms were included in our

experiments, comparing the runtime of single learners with ensemble learners

is both unnecessary and uninformative. Therefore, we focus solely on the com-

parison between ARF-Reg and SOKNL. Additionally, different preprocessing
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techniques introduce only minor variations in runtime, which do not signifi-

cantly impact the overall results. For clarity, we present the runtime results

on the regular datasets in Figure 3.5:
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Figure 3.5: Runtime Comparison between ARF-Reg and SOKNL

The added overhead varies between 6.8% (for the Superconductivity dataset)

and 128% (for the MetroTraffic dataset), with an average of 67%. This increase

in computational resources is considered acceptable, given the significant per-

formance improvements that SOKNL offers over ARF-Reg.



Chapter 4

Adaptive Prediction Interval

(AdaPI)

In the previous chapter, we address the regression SL tasks by proposing

SOKNL. Nonetheless, there is a pain-point left. Unlike the classification pre-

dictions that can be marked as correct or incorrect, regressive single-valued

predictions are almost impossible to match the ground truths. Consequently,

the analysis on regression tasks is typically based on “error based” metrics,

which compromises the capability of the regressive models for uncertainty mea-

surement1. Prediction Interval (PI) is a powerful technique for quantifying the

uncertainty of regression tasks. However, research on PI for data streams has

received limited attention. Traditional PI-generating approaches are not di-

rectly applicable due to the dynamic and evolving nature of data streams. This

chapter presents Adaptive Prediction Interval (AdaPI), a novel framework that

can automatically adjust the interval width by an appropriate amount accord-

ing to historical information to achieve a user-defined coverage percentage.

AdaPI can be applied as a postprocessing step to any streaming PI technique.

This chapter proposes an incremental variant of the pervasive Mean and Vari-

ance Estimation (MVE) method for use with AdaPI.

1For instance, in classification the accuracy measurements can be an indicator for uncer-

tainty.
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4.1 Introduction

The machine learning literature has thoroughly investigated learning algo-

rithms for regression tasks [50]. However, a single-valued prediction is in-

sufficient for many applications [65]. A PI [62] provides more informativeness

and uncertainty measurements [110] to a regression model since it generates

intervals that encompass the expected range of true values with a desired con-

fidence level.

Several techniques for establishing prediction intervals were introduced

based on different mathematical theories since the seminal technique in [62].

Zhao et al. summarized the most commonly used ones, such as bootstrapping

techniques and the delta method [136].

There are few PI methods available for data streams (or time series), which

often rely on windowed versions of existing techniques [61]. Such approaches do

not agree with current state of the art methods for data stream regression [117],

which are fully incremental (as discussed in Section 2). The lack of a fully

incremental PI method motivated this work.

The first stage of this work implemented Mean and Variance Estimation

(MVE) prediction interval method in a streaming fashion and proposed the ini-

tial version of Adaptive Prediction Interval (AdaPI) methodology [119]. AdaPI

is meant to be a post-calibration tool that can be applied to any streaming

PI method. AdaPI incrementally adjusts the generated interval widths accord-

ing to the current coverage, ensuring that the coverage converges towards the

desired confidence level. AdaPI also adapts automatically to concept drifts.

The second stage of this research contributes to this area in two ways:

● extending the AdaPI algorithm into a family that can be customized by

demands; and

● presenting a novel evaluation method for prediction interval to handle

the dual-criteria evaluation problem (see in Section 4.3.2.2).
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4.2 Problem Setting

Consider a linear regression problem:

y =
K

∑
k=1

βkxk + ϵ (4.1)

where K is the number of independent variables, xk the input independent

variables, y is the predicted dependent variable, βk the coefficients to be de-

termined, ϵ the noise term. If we collect N samples, the problem can be stated

in a compact matrix form such as:

Y = Xβ + E (4.2)

with Y, E , β ∈ RN , and X ∈ RN×K .

This research considers the PI problem as an extension of the regression

problem. Specifically, instead of using Y as the prediction, an interval [Pl,Pu]

is required to expectingly contain the true value with an α probability (confi-

dence level, denoted as L for the rest of this article), where Pl and Pu are the

lower and upper prediction interval bounds, i.e.: Pr(Pl ≤ Y ≤ Pu) = α.

Note that there is no guarantee for coverage to achieve the expected con-

fidence level α due to the strong statistical assumption underlying most PI

methods, which are often violated in practice [120]. This issue is more chal-

lenging in streaming scenario due to the evolving nature and the concept drift

phenomena [13].

Our goal is to propose a prediction interval method that is capable of

providing as narrow as possible intervals while the coverage stays at the desired

confidence level.

4.3 Background

In this section, we introduce relevant information to this research.



59

4.3.1 Mean and Variance Estimation (MVE)

Mean and Variance Estimation (MVE) [100] is one of the most straightforward

and widely applied approaches for PI. MVE assumes the predictive errors follow

a Gaussian distribution (Normal Assumption) which results in a generalized

linear model, and therefore leads to a prediction interval illustrated as in Equa-

tion 4.3:

PI ∈ (Y −G−1(0, γ) × σϵ,Y +G
−1(0, γ) × σϵ) (4.3)

where G−1(0, γ) is the inverse Gaussian distribution function with 0 mean

and γ probability, and Y is the prediction output. According to the normal

assumption, E ∼ N(0, σϵ). Hence, when γ = 95%, G−1(0,0.95) ≈ 1.96.

4.3.2 Multi-objective Evaluation

As detailed in 2.2.2.1, two metrics are involved in evaluating PI tasks. Thus, a

multi-target evaluation technique is required. The literature has proposed sev-

eral optimization and evaluation methodologies for multi-objective (see in [55]),

especially in Evolutionary Computing (EC) [33].

This section introduces a popular algorithm in Multi-Objective Optimiza-

tion (MOO) – Non-dominated Sorting Genetic Algorithm II (NSGA II) – and

proposes a modified version of NSGA II as an evaluation technique for predic-

tion interval tasks.

4.3.2.1 Non-dominated Sorting Genetic Algorithm II

First introduced by Deb et al. in [26], NSGA II is widely used in MOO tasks

to obtain Pareto-optimal solutions [35].

NSGA II consists of two parts – 1. non-dominated sorting; and 2. crowd-

ing distance. For the non-dominated sorting part, we first define the Pareto

Dominance. In the objective space, where f denotes the objective dimensions,

k is the number of the dimensions, and O denotes the observation. Then, we
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say an observation Od dominates another observation Ot, when:

∀i ∈ {1, ..., k} ∶ Od
fi
≤ Ot

fi
(4.4)

and

∃j ∈ {1, ..., k} ∶ Od
fj
< Ot

fj
(4.5)

Note that this is in the case of minimization where smaller value are preferable.

For maximization, the criteria are reversed.

All observations are separated into two groups2 – dominated and non-

dominated. By definition, the observations within the dominated group are

“clearly” inferior to those in the non-dominated group. If there is more than

one member in the non-dominated group, a crowding distance ranking is exe-

cuted in NSGA II.

The definition of crowding distance is as follow: an observation O’s con-

tribution c with respect to the ith objective, i.e. cfi , can be expressed as in

Equation 4.6:

c(Ofi) = O
R
fi
−OL

fi
(4.6)

where OR and OL are the observations right or left next to the observation O.

The crowding distance3 for an observation O is explained by Equation 4.7:

C(O) =
k

∑
i=1

c(Ofi) (4.7)

To express it in words, the crowding distance of a observation is the sum

of contributions of this observation in regards to all objectives. In a two

dimensional scenario, it also corresponds to the Manhattan distance between

the two neighbours of the observation.

2In MOO problems, there can be multiple layers of observations, that is, the dominated

group can also be divided into different levels of dominance. However, for our double-

objective evaluation task, we consider only the simple scenario as described in this context.
3The term “Distance” intuitively involves two objects. However, in the original work [26],

the “crowding distance” was defined as a volume around the target observation. We keep

the original term in this work.
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4.3.2.2 Coverage Interval width in Non-dominated Group Evalua-

tion

NSGA II provides remarkable insights on multi-objective evaluation. Nonethe-

less, the second stage of NSGA II algorithm identifies sparser regions in the

objective space as “optimal” to ensure a diverse and well-distributed set of

Pareto-optimal solutions – an intrinsic characteristic of MOO problems. How-

ever, the diversity maintenance is not essential for evaluating PI tasks.

Therefore, in this section, we propose an evaluation approach for prediction

interval problem – Coverage Interval width in Non-dominated Group (CING).

CING works as follows:

1. Apply a linear Max-Min normalization (Equation 3.6) step to the Cov-

erage Error and NMPIW across all observations;

2. Determine the non-dominated group with the same technique as in NSGA

II; and

3. Calculate scores using a weighted-sum strategy within the non-dominated

group.

The Coverage Error (CE) is the absolute value of the difference from the

coverage and the confidence level, as expressed in Equation 4.8:

CE = Abs(C − L) (4.8)

where C denotes the coverage, and L represents the confidence level.

A weighted-sum strategy is employed here because of its flexibility and

universality. Euclidean distance from the observations and the optimal point4

has been considered. However, using classic Euclidean distance implies a equal

significance of both metrics (coverage and interval width). As explained in the

Section 2.2.2.1, our goal is to make the coverage converge to the confidence

4In our minimization case, the optimal point is (0,0), reaching which means that the

coverage has converged to the desired confidence level, and the prediction interval is narrowed

down to a point prediction.
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level while narrowing the interval width down as possible. This implicitly

indicates that the coverage related metric (CE, in our case) should possess

a higher importance. A weighted-sum strategy allows us to manipulate the

importance of different metrics. Moreover, utilizing a equal weight (0.5-0.5) is

essentially identical to using the Euclidean distance.

As the coverage is supposed to converge to the confidence level, one should

minimise the CE when designing a prediction interval model. Intuitively, the

NMPIW also needs to be shrunk. As a consequence, in our evaluation pro-

cedure, the left bottom corner is the optimal point. After the third step of

CING, each PI approach obtains a score, then the top one (in an ascending

order) is the best approach under the current weights. Different weights can

be assigned in different scenario, based on the purposes and emphases of the

use cases.

4.4 Adaptive Prediction Interval (AdaPI)

MVE assumes that errors are normally distributed (Normal Assumption), which

is frequently violated in the real applications. Intuitively, adjusting the inter-

val width when the normal assumption is compromised over time for streaming

data is a practical and efficient method. A coefficient applied to the generated

intervals, which is tightly linked to the current coverage, could be advanta-

geous.

As mentioned in Section 4.3.1, in practical scenarios, it is rarely accurate

to assume that predictive errors conform to a Gaussian distribution. Con-

sequently, prediction intervals relying on statistical Gaussian measures might

fail to adequately encompass actual observations. This mismatch leads to the

coverage deviating from the confidence level established in the MVE approach.

When regression models demonstrate exceptional (or poor) accuracy in fore-

casting specific data streams, MVE tends to produce overly narrow (or wide)

intervals, jeopardizing the informativeness and the uncertainty measurement
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of the PI methods. Thus, we introduce a factor F5 to the MVE approach, as

formulated in Equation 4.9:

PI = (Y − F ×G−1(0, γ) × σϵ,Y +F ×G
−1(0, γ) × σϵ) (4.9)

where the F is determined according to the real-time coverage of the model.

For the adaptive approaches to work properly, the factor F must exhibits

several key characteristics:

1. To ensure that the adaptive mechanism does not disrupt the interval

generation when the model performs as desired, F should equal one

when the coverage equals to the confidence level, i.e. F = 1 if C = L;

2. To facilitate the coverage converging to the confidence level, the inter-

val should be expanded when coverage is insufficient, thus allowing the

modified interval to include more ground truth values. Conversely, when

the coverage is excessively high, the interval should be contracted to

maintain an acceptable uncertainty level. Ergo, F > 1 if C < L, and

F < 1 if L < C < 100%;

3. A too narrow prediction interval is also not informative as it might fre-

quently miss the ground truth. Therefore, a reasonably conservative

lower limit for F can be beneficial, i.e., F = limit if C = 100%. The limit

will be denoted as M in the rest of t his work.

Based on these characteristics, we outline the following generating curves for

the adaptive approaches. Note that coverage inherently ranges of [0, 100] as

it is a percentage.

4.4.1 Logarithm Approach

The first approach defines FLog as in Equation 4.10:

5In our published work [119], it was referred to as a factors F , but is now termed “factor”

for broader applicability.
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FLog =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

100 − C if C < 2L − 100

logL
100−C
100−L + 1 if C ≥ L

(L − 100) logL
100+C−2L
100−L + 1 otherwise

(4.10)

where C is the current coverage, and L represents the confidence level. This

curve varies with different confidence levels L. Figure 4.1 illustrates the curve

graph of the factor with a fixed confidence level at 95%, i.e. L = 95.

Figure 4.1: Logarithm Factor with a 95% Confidence Level (C ∈ [80,100]) and a

0.01 lower limit. Dotted lines denote significant values in the figure. The horizontal

line is 1.0, the right vertical line is the desired confidence level (95%). The refined

expansion and the refined shrinkage areas have the same width.

Three segments are illustrated in Figure 4.1. The red segment, termed

“Fast Expansion,” represents a phase where factors are determined linearly

based on the current coverage. This phase aims to rapidly enhance coverage

towards the confidence level. The orange segment, referred to as “Refined

Expansion,” also expands the PI by generating factors greater than one. How-

ever, these factors are produced more subtly via a logarithmic function. As

the coverage approaches the confidence level, the rate of change in the factors

diminishes. Conversely, the green segment, labeled “Refined Shrinkage,” seeks

to reduce the PI when the coverage surpasses the confidence level. Similar to

the orange segment, the factors in this phase are updated moderately as the
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coverage nears the confidence level, preventing excessive adjustments.

The logarithmic approach offers several advantages: 1. Radical adjustments

occur for substantial coverage-confidence disparities; 2. Modifications are mod-

erate when coverage approaches the confidence level, preventing overreactions;

and 3. Auto cessation at the desired confidence level is achieved without adding

extra hyperparameters.

4.4.2 Huber Loss Inspired (HLI) Approach

As shown in Figure 4.1, there is an inflection point in the logarithmic approach.

To mitigate it, we leverage the Huber Loss [74] function for factor generation.

Originally, the Huber Loss was employed as a loss function that is more ro-

bust to outliers than a regular quadratic loss function, and it is defined as in

Equation 4.11:

Lδ =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

1
2e

2 if ∣e∣ < δ

δ(e − 1
2δ) otherwise

(4.11)

where e is the predictive error of the model, and the δ is a pre-defined parameter

that determines the width of the quadratic portion. The Huber Loss facilitates

a smooth transition between the linear and quadratic sections.

In our adaptation, the curve needs to fulfill the characteristics mentioned

previously in Section 4.3. Therefore, we modify the Huber Loss function to

satisfy our requirements. Specifically, the symmetric line of Huber Loss func-

tion is aligned with the confidence level. The right linear section is discarded.

The δ value is set such that the right end of the quadratic portion corresponds

to 100% coverage. Then, the right half of the quadratic portion is inverted

and scaled to fit the lower limit. After this transformation, our Huber Loss

Inspired curve is defined as in Equation 4.12. From this point onwards, this
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adaptation will be referred to as the Huber Loss Inspired (HLI) approach:

FHLI =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(M−1)(C−L)2
(100−L)2 + 1 if C ≥ L

2(C−2L+100L−100 + 1) if C < 2L − 100

( C−L100−L)
2 + 1 otherwise

(4.12)

where FH is factor from HLI, M is the lower limit, and the other notations

are the same as in Equation 4.10.

Figure 4.2: HLI Factor with a 95% Confidence Level (C ∈ [80,100]) and a 0.01

lower limit. Dotted lines denote significant values in the figure. The horizontal

line is 1.0, the right vertical line is the desired confidence level (95%). The refined

expansion and the refined shrinkage areas have the same width.

Similar to Figure 4.1, Figure 4.2 is also divided into three sections: fast

expansion, refined expansion, and refined shrinkage. Unlike the logarithmic

function, the HLI factor provides a smoother transition among the different

sections.

4.4.3 Linear Lever

Lastly, we present the simplest yet powerful method for generating the factor

– a linear model. However, to maintain an adaptive approach to the changing

properties of the PI tasks, the linear models must still adhere to the require-

ments outlined in 4.4. Two specific points can be positioned under these
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constraints: the factor is one when coverage converges to confidence level,

f(L) = 1, and factor equals to the lower limit when coverage reaches 100%, i.e.

f(100) = limit. Thus, the linear model can be generally represented as shown

in Equation 4.13:

FL =
1 −M

L− 100
C +
ML− 100

L − 100
(4.13)

where FL is the Linear Lever Factor, and the other notations are the same

with Equation 4.10 and 4.12.

Figure 4.3: Linear Lever Factor with a 95% Confidence Level (C ∈ [80,100]) and a

0.01 lower limit. Dotted line denotes significant values in the figure. The horizontal

line is 1.0, the vertical line is the desired confidence level (95%).

As shown in Figure 4.3, for the Linear approach, there are only two sections.

Using the confidence level as the dividing line, the values generated on the left

will be used to expand the prediction interval, while the values on the right

will be associated with shrinkage.

4.5 Experiments

We provide the information concerning our experiments in this section.
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4.5.1 Regression Models

The MVE and the adaptive approaches proposed in this work require regression

models as the base learner to generate single-value predictions and the residuals

for calculating the intervals. We include three regression algorithms in the ex-

periments: K Nearest Neighbours (kNN), Adaptive Random Forest for Regres-

sion (ARF-Reg) [46], and Self-Optimising K Nearest Leaves (SOKNL) [117].

For a more detailed description of these regression models, please see Chap-

ter 2.

4.5.2 Experimental Setting

Hyperparameter settings are usually significant for experiments. In this sec-

tion, we introduce the detailed settings used in this work. At the base learner

level, the parameters are set as defaults in MOA.

Furthermore, at the prediction interval level, we execute several sets of

experiments with the following parametrisation:

● C ∈ {80%, 90%, 95%, 99%}; and

● M ∈ {0.05, 0.1, 0.5}.6

All of our experiments include a warm-up phase of 100 examples to allow

for a reasonably robust MVE estimation before applying any adaptation to the

interval width by AdaPI.

4.6 Results and Discussion

Experimental results and relevant discussion are presented in this section.

4.6.1 Raw Results

Table 4.1 and 4.2 present parts of our experimental results. To avoid exces-

sively lengthy outcome displays and to mitigate redundancy in space utiliza-

6LimitM (see Section 4.4) is not applicable to MVE.
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Table 4.1: Coverage (%) and NMPIW (%) Results: Confidence Level L = 95%

and Limit M = 0.1 (Part I)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 94.88 35.12 95.3 30.92 95.26 34.36
HuberLoss 94.72 36.11 95.36 32.34 94.98 35.21
Linear 94.82 35.17 95.1 30.69 95.2 34.3
MVE 94.68 34.98 95.62 31.9 94.96 33.81

Abalone

Logarithm 97.81 33.85 97.6 23.75 98.0 24.49
HuberLoss 97.25 33.15 97.23 23.17 97.51 22.78
Linear 96.14 31.17 96.36 20.48 96.67 19.19
MVE 99.71 40.54 98.44 27.0 98.68 30.34

CPU Activity

Logarithm 96.53 11.42 99.99 1.2 99.92 1.31
HuberLoss 96.37 10.91 99.99 0.68 99.85 0.75
Linear 95.44 10.46 99.99 0.68 99.72 0.74
MVE 97.1 13.24 99.99 6.78 99.99 6.82

Naval Propulsion Plant

Logarithm 95.2 30.34 95.4 28.97 94.92 23.4
HuberLoss 95.05 30.43 95.37 29.18 94.71 23.3
Linear 95.03 30.0 95.11 28.31 94.88 23.34
MVE 94.8 29.62 95.16 28.71 94.41 22.8

Ailerons

Logarithm 97.28 29.58 97.37 27.42 97.39 24.52
HuberLoss 96.95 28.51 97.02 26.83 97.06 24.06
Linear 97.08 26.96 97.19 24.93 97.1 22.53
MVE 97.03 29.52 96.91 27.59 97.17 24.99

Miami Housing

Logarithm 96.86 4.54 97.27 3.88 96.8 4.01
HuberLoss 96.89 4.53 97.22 3.83 96.85 4.03
Linear 96.57 4.19 96.72 3.46 96.49 3.73
MVE 96.95 4.72 97.45 4.2 96.99 4.2

NZ Energy Price

Logarithm 97.7 5.64 97.85 5.61 97.4 6.57
HuberLoss 97.42 5.42 97.51 5.37 97.14 6.38
Linear 96.62 4.83 96.64 4.76 96.31 5.79
MVE 98.88 8.3 98.17 6.34 97.66 7.17

Elevators

Logarithm 93.85 39.56 93.97 33.39 93.76 53.74
HuberLoss 92.58 35.61 92.69 30.48 92.32 49.37
Linear 93.3 37.46 93.47 32.01 93.05 51.45
MVE 89.53 28.88 89.56 25.86 88.16 39.1

Bike

Logarithm 94.55 51.59 94.62 44.56 94.53 49.55
HuberLoss 93.71 49.29 93.89 42.42 93.65 47.28
Linear 94.33 51.38 94.48 44.15 94.34 49.34
MVE 92.65 45.52 93.2 39.92 92.75 44.23

California Housing

Logarithm 96.31 46.29 96.34 44.5 96.55 41.09
HuberLoss 96.34 45.37 96.35 44.5 96.32 39.84
Linear 95.91 42.83 95.9 41.85 96.16 37.82
MVE 96.55 46.72 96.54 45.82 96.12 39.69

Superconductivity
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Table 4.2: Coverage (%) and NMPIW (%) Results: Confidence Level L = 95%

and Limit M = 0.1 (Part II)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 97.15 68.97 96.5 70.56 95.43 67.76
HLI 96.86 68.38 96.39 70.57 95.54 68.6
Linear 95.86 65.89 95.53 68.87 95.16 67.33
MVE 98.85 77.9 98.63 76.5 95.75 69.03

Health Insurance

Logarithm 95.95 28.56 96.19 27.13 95.37 31.46
HLI 95.98 28.87 96.17 27.27 95.43 31.94
Linear 95.45 26.71 95.56 25.08 95.15 30.91
MVE 96.32 29.99 96.61 28.83 95.46 32.01

House8L

Logarithm 95.65 90.11 95.71 86.26 95.79 102.34
HLI 95.77 90.79 95.83 86.99 95.91 102.82
Linear 95.24 88.54 95.26 84.71 95.24 100.55
MVE 96.22 92.77 96.32 88.96 96.88 106.66

MetroTraffic

Logarithm 96.23 29.23 96.08 27.48 96.12 26.9
HLI 95.35 27.21 95.16 25.11 95.55 23.57
Linear 95.66 28.21 95.39 26.22 95.78 24.93
MVE 93.06 22.49 93.43 19.75 94.89 20.92

Diamonds

Logarithm 95.15 19.3 95.33 11.54 95.17 11.59
HLI 95.1 19.18 95.37 11.6 95.09 11.42
Linear 95.08 19.18 95.13 11.3 95.12 11.54
MVE 94.96 19.04 95.36 11.62 94.98 11.26

Video Transcoding

Logarithm 96.38 20.66 94.74 6.17 94.6 5.93
HLI 96.34 20.58 94.28 5.96 93.94 5.68
Linear 95.54 19.96 94.63 5.98 94.44 5.75
MVE 98.28 22.84 94.75 6.47 94.27 6.14

Wave Energy

Logarithm 95.26 36.76 95.32 26.99 95.01 33.38
HLI 95.38 36.99 95.4 27.13 95.01 33.41
Linear 95.08 36.38 95.11 26.7 95.0 33.36
MVE 95.73 37.64 95.92 27.96 95.09 33.5

FriedmanGra

Logarithm 95.17 36.78 95.15 27.12 95.02 33.48
HLI 95.27 36.98 95.17 27.17 94.93 33.37
Linear 95.05 36.48 95.05 26.93 95.0 33.46
MVE 95.59 37.57 95.62 27.92 95.0 33.44

FriedmanGsg

Logarithm 94.86 30.0 94.78 22.0 94.2 29.72
HLI 94.6 29.76 94.56 21.79 93.35 28.45
Linear 94.77 29.85 94.63 21.81 93.99 29.38
MVE 94.86 30.17 95.04 22.48 92.93 27.86

FriedmanLea

Logarithm 94.9 28.19 94.68 17.11 94.64 18.27
HLI 94.86 28.14 94.18 16.63 94.04 17.7
Linear 94.84 28.09 94.62 17.02 94.57 18.19
MVE 95.03 28.41 94.17 16.68 93.7 17.39

Hypera
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tion, we provide only the results for a lower limit of 0.1 with a confidence

level of 95%. We choose 0.1 out of 3 choices in our setting for the lower limit

because it is the median of the 3 values, preventing it to be too moderate or

too radical. A 95% of confidence level is selected due to its universality in

research and real-world problems. Results for other parameter settings can be

found in the Appendix A.1.

Each patch in the tables represents a full set of results for a single dataset,

with the dataset’s name indicated below the patch. Bold text highlights the

best values in the associated patches. If the bold is in the “coverage” columns,

it indicates that the value is the closest to the confidence level. If the bold

text is in the “NMPIW” columns, it signifies the smallest value in terms of

interval width.

The tables indicate that the proposed adaptive approaches generally pro-

vide better performance compared to the baseline MVE method. Among the

adaptive methods, the linear approach often yields the best balance between

coverage and NMPIW. The performance varies depending on the dataset and

the regression model, but overall, the adaptive methods demonstrate their

capability to improve prediction interval estimates effectively.

More specifically, it is readily apparent that the performance of all the pre-

diction interval methods in our experiments varies based on the base learners.

For instance, the NMPIW results from the linear method in the “MetroTraf-

fic” (Table 4.2) patch vary significantly between kNN and ARF-Reg (88.54%

and 100.55%, respectively), despite achieving same coverage (95.24%).

SOKNL tends to correlate with narrower interval width, primarily due

to its remarkable regressive performance (lower RMSE). According to Equa-

tion 4.9, interval width by MVE-based methods is strongly dependent on the

RMSE or the regression model.

An obvious outlier are the results for the Naval Propulsion Plant dataset

in Table 4.1. It exhibits the case where the predictive residuals do not follow

the assumed distribution. The approaches that use SOKNL and kNN as the
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base learners achieve very high coverage, with some also presenting very short

NMPIW. This seems to be the ultimate goal of the prediction interval task.

However, in our experiments, this is more likely caused by the dataset itself.

The target values in the dataset have a very narrow range ([0.95, 1]). Fur-

thermore, the ground truths are sorted in ascending order. Thus, regressive

models that utilize feature space information (kNN and SOKNL) perform ex-

tremely well, leading to “perfect” prediction interval results. Nonetheless, this

success cannot be replicated with other data streams. Please find more details

concerning this dataset on OpenML. More investigation is required regarding

this issue.

Undoubtedly, the performance of each method can vary depending on the

dataset and the specific regression algorithm used. Unfortunately, these tab-

ular results are too excessive to analyse and extract meaningful information

from. The CING evaluation is intended to provide a clearer picture.

4.6.2 Results from CING evaluation

As introduced in 4.3.2.2, a score can be assigned to a single execution of a PI

task, based on the CE and the NMPIW.

One of the advantages of CE is that it can mitigate the difficulty in com-

paring coverage results for diverse confidence levels. Due to this characteristic,

we are able to summarize all the experiments with different hyperparameter

settings for a particular dataset into a single figure.

Figure 4.4 illustrate parts of the results from our experiments using the

CING evaluation approach. Each plot represents for specific dataset, and each

dot within the plots marks an execution. Note that only six representative

datasets are included in Figure 4.4; results for other datasets can be found in

Figure A.1 and Figure A.2, located in Appendix A.2.

In the CING evaluation, the outcomes are first separated into dominated

and non-dominated groups. We denote the dominated group with translu-

cent blue dots, as they are significantly worse than the members in the non-

https://www.openml.org/search?type=task&id=361247&collections.id=353
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(a) Abalone

(b) Bike

(c) Diamonds

Figure 4.4: CING Evaluation Results for Different Datasets (Part I)
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dominated group. The colourful dots, on the other hand, represent the non-

dominated group. Furthermore, we framed the “best” approach in red, where

the best score is calculated as the weighted sum of the normalized CE and

NMPIW. In this work, given our higher emphasis on the coverage metric, we

assign CE a weight of 0.8 and the NMPIW receives a weight of 0.2. Never-

theless, the weighting coefficients should be adjusted based on experimental

requirements and real-world conditions as necessary. The “best” instance will

also switch with different weight settings. In Figure 4.4, we have blurred out

the parameter-related information to enable a focus on comparing and analyz-

ing different approaches.

Figure 4.4a demonstrates the CING result on Abalone dataset. It repre-

sents for a typical situation where multiple adaptive approaches are categorized

in the non-dominated group. This indicates that each adaptive approach has

certain advantages for this dataset. The framed instance is from the linear

approach with 0.05 limit setting. Although the red instance to the lower right

has a better NMPIW, it is worse in terms of coverage. Due to our weighting

strategy, the framed one achieves a better score.

Figure 4.4b represents a relatively rare case where there is only one in-

stance in the non-dominated group. This means all the other approaches are

worse than or at most equal to the framed instance regarding coverage and

NMPIW. Therefore, the weighted-sum strategy does not impact the outcomes.

Undoubtedly, this approach is the best for the Bike dataset.

In Figure 4.4c, unusually, an MVE solution is identified as the best one.

This can occur when the adaptive approaches significantly modify the NMPIW

without greatly affecting the coverage. Hence, when a 0.8-0.2 weight is applied

to the results, MVE can take advantage and outperform other instances.

4.6.3 Dealing with Concept Drifts

In this section, we discuss how our adaptive prediction interval approaches

perform under drifting conditions.
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Here, we present the experimental results on the HyperA datasets, as it is

frequently cited in the literature (e.g. [46, 117, 75]) and contains three abrupt

simulated drifts.

Figure 4.5 illustrates the variations over time in the windowed coverage

and the corresponding adjustment factors generated by the proposed adaptive

prediction interval methods.

Figure 4.5: Factors from different adaptive approaches and the correlated cover-

age for SOKNL on HyperA dataset over time. The black vertical lines highlight

positions of concept drifts; the red horizontal line marks the value 1.0; and the

blue horizontal line emphasizes 95% confidence level.

Due to the nature of our adaptive approaches, the generation of the factors

is determined according to the current coverage, allowing them to passively

react to concept drifts. Particularly, when a concept drift occurs, the re-

gressive model (e.g. SOKNL) will have a reaction period, during which the

performance of the model (e.g. RMSE) will diminish. This means that the

predictions produced by the model may deviate significantly from the truth

values, resulting in generated intervals that do not cover enough target values,

hence, causing the coverage to drop. Since the factor is generated by a func-

tion related to the current coverage, a decrease in coverage will lead to larger
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factors, thereby widening the prediction interval and ensuring that more true

values are covered.

This trend can be clearly observed in Figure 4.5. The HyperA dataset

contains three abrupt drifts, locating at instances #125000, #250000, and

#375000. The decreases in coverage coincide with the positions of the drifts.

The produced factors also react accordingly to the coverage decreases. The

enlarged factors ensure a rapid recovery from the drift in terms of coverage,

which can be confirmed by the coverage returning to around 95% shortly after

drifts. Therefore, the effectiveness of our adaptive approaches in adapting to

drifts is evident.

HLI always produces more “gentle” factors than the other two approaches,

while the linear approach seems more radical. This suggests a potential as-

sumption about this family of online prediction interval functions: more radical

factor could be more beneficial to the final results.

4.6.4 Behavioural Visualisation

In this section, we present three images depicting the effectiveness of AdaPI

for online prediction interval tasks. Although the three curves we use for

the adaptive methods are different, their behaviours resemble each other on

a broader perspective; that is, shrinking the MVE when the coverage is higher

than desired and expanding the MVE otherwise. Therefore, we use only the

logarithmic approach as an example here. The confidence level L and the

limit M are set to 95% and 0.1, respectively.

In Figure 4.6 we present three images for different situations. Figure 4.6a

shows results from logarithmic approach and MVE on part of the Abalone

dataset. In this case, the coverage is slightly higher than the confidence level,

Therefore, the adaptive approach generates smaller than 1 factor, resulting in

constant shrinkage.

Figure 4.6b depicts the opposite condition on part of the Bike dataset. It

can be seen that the adaptive method expands the MVE to capture more ground
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(a) Abalone Data: Adaptive PI constantly smaller than MVE
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(b) Bike Data: Adaptive PI constantly larger than MVE
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(c) NZ Energy Price Data: Adaptive PI fluctuates between different modes

Figure 4.6: MVE Area (coral) and Adaptive PI approach (green), ground

truths covered by both areas (green “★”), ground truths covered by neither

areas (red “×”), and ground truths covered by wider area but not narrower

area (orange “+”)
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truths, indicating the coverage for MVE approach is always below the confidence

level.

Figure 4.6c demonstrates a more complicated situation on NZ Energy Price

dataset. At the beginning of the figure, the adaptive model is shrinking MVE

as the coverage is higher than desired. However, in the middle of the model,

the ground truths suddenly change pattern (possibly due to a drift). The

coverage naturally decreases for MVE, and the adaptive model starts to expand

the interval to capture more ground truths. Consequently, on the right side of

Figure 4.6c, it switches to expansion mode so that the green area (adaptive)

covers the coral area (MVE). Notably, after switching to expansion mode, the

adaptive prediction interval covers more data points that are missed by the

basic MVE, as indicated by the orange “+” marks on the right side of the figure.

4.6.5 Coverage Results Comparison

One of the primary objectives of PI is to quantify uncertainty in regression

problems, with coverage serving as the key metric for evaluation. That is also

the reason for us to assign higher priority to coverage in the CING evaluation

(see Section 4.3.2.2). Although an evaluation methodology that considers both

coverage and interval width is proposed as CING, it is also important to show

that the adaptive prediction interval approaches outperform MVE solely in terms

of coverage metric.

We present visualizations images comparing coverage in this section. Fig-

ure 4.7 is a scattergram demonstrating the coverage results between MVE and

all adaptive approaches (with different limits) for 95% confidence level.

The black lines denote the desired confidence level. The edges of the green

area in Figure 4.7 indicate the values where the Coverage Error (CE) of MVE

equals to CE of adaptive approaches, i.e. CEMVE = CEAdaPI . Therefore,

the green area represent the area where CEMVE < CEAdaPI . Points will only

be covered in the green area when the adaptive approaches achieve a closer-

to-confidence-level coverage than the plain MVE under the same setting and
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Figure 4.7: Scattergram for L = 95%.

The x-axis is the coverage value for MVE, and the y-axis shows the coverage

value for adaptive approaches, black lines denote the 95% confidence level for

both axes, green area highlights the space in which the adaptive approaches

outperform MVE in terms of coverage, different colours represent different base

learners, and different shapes distinguish different adaptive approaches.
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dataset. Figure 4.7 conveys an overall impression of how the adaptive predic-

tion interval approaches perform, attempting to include all relevant informa-

tion for L = 95%.

It can be observed that most of the result points land in the green area,

indicating that the proposed adaptive approaches generally push the MVE’s

coverage towards the confidence level. Exceptions can be also seen in the graph,

and most of them are located around the cross point (black lines and green

edges). This means that most the exceptions happen when MVE’s coverage

gets close to the confidence level. In these cases, the MVE’s coverage pivots

around the confidence level, resulting in frequent switches between expanding

and shrinking modes in the adaptive approaches. This unstable behaviour

causes slightly worse coverage results in some cases.

It is worth mentioning that most of the markers are reasonably far from

the edges of the green area, indicating significant improvements of AdaPI with

respect to coverage. Note that only the figure for 95% confidence level is

shown here. Images regarding other confidence level values can be found in

Appendix A.3.



Chapter 5

New Zealand Energy Pricing

As we state in the challenge section (Section 1), regression for SL faces the lack

of benchmarking datasets. This chapter introduces and explores novel datasets

capturing New Zealand’s real-time energy pricing data. These datasets were

curated to address a critical gap in resources for streaming regression research.

By leveraging data stream analysis techniques, this study investigates the

evolving nature of energy prices, identifies anomalies, and evaluates predictive

algorithms under varying conditions of concept drift and time-dependence.

In this chapter, we present a newly introduced real-time streaming dataset,

depicting the energy prices in New Zealand, maintained by the Electricity

Market Information (EMI) website and provided by the New Zealand govern-

ment. Extensive analysis and experiments are also conducted on the obtained

datasets, affirming their usefulness.

5.1 Background and Related Work

On 1 November 2022, New Zealand introduced a real-time electricity pricing

system, replacing the ex-post final prices system that had been operating since

1 October 1996. This system results in a new price series – Dispatch Energy

Prices, which are usually derived from the SPD (Scheduling, Pricing, and

Dispatch) model. The prices are summarized and then announced by the

pricing manager.

https://www.emi.ea.govt.nz
https://www.emi.ea.govt.nz
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Dispatch Energy Prices are produced throughout trading periods, each of

which lasts for 30 minutes. During each trading period, multiple prices are

announced and last for one to several minutes. At the end of the trading

period, an interim price is calculated as a weighted sum of the produced prices

in that period, where the weights are the duration of each price. If no price

errors are claimed, the interim price is declared as the final price at 2 PM on

the next business day. For more details, please refer to the EMI website.

Due to the significance of energy and electricity prices to the energy market,

research concerning forecasting the energy price has drawn significant atten-

tion and produced many solutions. As summarized in [129, 91], numerous

techniques and methodologies have been applied to energy price forecasting

tasks over the past decades, many of which are machine learning-based.

The ML models utilized in this work are introduced as follows. Sliding Win-

dow KNN, Random AMRules [3], Adaptive Random Forest Regressor (ARF-

Reg)[46], and Self-Optimising K-Nearest Leaves (SOKNL)[118], are advanced

algorithms designed for data stream processing and adaptive learning. Sliding

Window KNN uses a moving window to handle changing data distributions

efficiently. Random AMRules improves rule-based learning by adapting to

evolving data patterns. ARF-Reg leverages ensemble learning with random

subspace sampling to provide robust regression predictions in dynamic envi-

ronments. SOKNL integrates KNN and ARF techniques, using leaf centroids

for maintaining relevant historical data and adapting to concept drift. The

Adaptive Prediction Interval for Data Stream Regression by Sun [119] dy-

namically adjusts prediction intervals for accuracy in evolving data streams,

using adaptive learning and ensemble techniques to ensure robust predictions.

The Half-Space Trees (HST)[121] is a method for anomaly detection in data

streams, leveraging a forest of trees built through random half-space partitions

to identify low-density regions indicative of anomalies.

https://www.emi.ea.govt.nz
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5.2 Data and Preprocessing

Although EMI provides plenty of different types of data, this work focuses on

the Dispatch Energy Prices themselves, leaving other data for future work.

5.2.1 Brief Data introduction

The daily dispatch energy prices are available on the website as CSV files. The

files contain the following features:

● Trading Date

the date that the trading takes place in the format of yyyy-mm-dd.

● Trading Period

the trading period indices, usually 1 to 48.

● Publish Date Time

ISO 8601 formatted date and time in NZ of the prices published by the

pricing manager.

● PointOfConnection (PoC)

the point of connection on the grid, possesses more than 200 unique

values, more details on the Network supply points (NSP) table website.

● Island

binary values indicating the North Island or South Island of NZ.

● IsProxyPriceFlag

boolean values indicating whether the price is a proxy price, which hap-

pens when the PoC is disconnected from the grid due to transmission

outage.

● DollarsPerMegawattHour

the published dispatch energy price in dollars per megawatt-hour.

All the files are downloadable from the Dispatch Energy Prices site.

https://www.emi.ea.govt.nz/Wholesale/Datasets/MappingsAndGeospatial/NetworkSupplyPointsTable
https://www.emi.ea.govt.nz/Wholesale/Datasets/DispatchAndPricing/DispatchEnergyPrices/
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5.2.2 Data Preprocessing

Figure 5.1: PoCs Overview

As detailed in Section 5.2.1, most

of the attributes included in the data

are either time or location related,

which are not directly correlated with

the energy prices. In this work, we

propose an example of preprocess-

ing the provided data source for data

stream research. We abstract from

1 Nov. 2022 to 30 Apr. 2024 (18

months) in this work.

The EMI updates the data files

on a daily basis, and it is straight-

forward to acquire desired informa-

tion for specified periods utilizing our

scripts. All the associated code is lo-

cated at our Github repository.

5.2.2.1 Regionalization

Our first focus is the PoC attribute. There are over 200 Point of Connec-

tions throughout New Zealand. The energy demands and prices are based on

the different locations themselves meaning that being close in a geographical

sense does not necessarily correlate with similar energy prices. Therefore, our

preprocessing treats each location (PoC) as a separate case.

Figure 5.1 shows an overview of the PoCs. It is apparent that the PoCs

are more dense in the North Island, aligning with the population distribu-

tion. This work chooses six PoCs, highlighted as purple markers in Figure 5.1:

Albany, Auckland (ALB0331); Central Hamilton (HAM0331); Wilton, Welling-

ton (WIL0331), Islington, Christchurch (ISL0661), South Dunedin (SDN0331),

Stoke, Nelson (STK0331). These PoCs are in the main cities in both the North

https://github.com/YibinSun/NewZealandEnergyPrices
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and South Islands of New Zealand, thus representing more of the population.

Datasets for other locations are also easily obtainable via the provided code.

5.2.2.2 Trading Date and Period

Trading date and period represent the periodic information in a year and a day,

respectively. We convert the date and period index information into numeric

values using trigonometric functions. Specifically, the trading date and period

are normalized into [0, 2π] using Equation 5.1:

xi = 2π ⋅
Xi −Xmin

Xmax −Xmin

(5.1)

where xi is the ith normalized value, Xi is the ith raw value, and Xmax and

Xmin are the maximum and minimum values in the series, respectively. Then,

the trigonometric functions, Sine and Cosine, are applied to the normalized

series. Four new columns are appended to the datasets in this manner: two

for the trading period and two for the trading date.

Note that this approach might remove the seasonal information in the

original data; therefore, the original information is also retained. Users can

select whether they are needed according to the usage context. Figure 5.2a

and 5.2b illustrate the trading period and date after encoding.

(a) Trading period, showing daily pat-

tern

(b) Trading date, showing yearly pattern

Figure 5.2: Showcase of the encoded periodical information, PoC: HAM0331.
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5.2.2.3 Define Targets and Relevant Features

Under the current NZ energy system, multiple price announcements are made

during a single trading period, and the quantity varies for different periods.

As a consequence, in our preprocessing phase, we take either the mean or the

median value to represent a certain trading period as the target.

(a) Mean prices from SDN0331 PoC. (b) Median prices from ALB0331 PoC.

Figure 5.3: Demonstration of target values as mean and median prices.

Considering the availability of the previously published prices and the high

frequency of updates to the database, it is reasonable to include the previous

ground truths in the datasets. In our approach, we include both the mean and

median values from the past in the feature space. Our scripts allow users to

specify how many trading periods need to be predicted in advance, which is

defined as Delay in this article as it is a simulation of the delay of the target

values’ arrival. We include four groups of datasets, predicting the energy

prices 0.5, 4, 6, and 24 hours ahead. By adding these features, we include

the time dependence information into the data [14]. In this chapter, we focus

on data stream abstraction, leaving other scenarios, such as time-series and

auto-regression, for further study.

As observed in Figure 5.3, the target values, both in mean and median

aspects, occasionally reach extremely high levels. These can be defined as

outliers or anomalies. Consequently, we also propose datasets for anomaly

detection tasks based on the data, where the anomalies are the highest cer-
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tain percent of values in the datasets. The ratio of the anomalous targets is

determined by the users.

5.3 Experiments

This section introduces experimental settings conducted on the extracted datasets.

Regression. As the main purpose and most general use case of this project,

regression tasks regarding energy prices are the first assessment in this work.

Four state-of-the-art streaming regression algorithms are tested: Sliding Win-

dow kNN, Random AMRules (RAMRules)[3], Adaptive Random Forest for Re-

gression (ARF-Reg)[46], and Self-Optimising K Nearest Leaves (SOKNL)[118].

Please refer to Chapter 2 for details. The parameter settings for these algo-

rithms follow the defaults in the MOA [13].

Prediction Interval. The prediction interval technique is particularly suit-

able for energy price forecasting. A predicted range of future prices pro-

vides adequate information for decision-making regarding the energy mar-

ket [111, 134]. In this work, we conduct PI tasks with the first proposed, fully

incremental, online prediction interval method – Adaptive Prediction Inter-

val (AdaPI) [119]. AdaPI uses the default settings defined in CapyMOA [49].

Only SOKNL is used as the base learner in this work. See more details in

Chapter 2.

Drifts. Another challenging yet important issue in stream learning is concept

drift. In this work, we use Page-Hinckley [? ] and ADWIN [11] detectors

on the Mean Absolute Error (MAE) and Root Mean Squared Error (RMSE)

metrics to demonstrate the drifts in the proposed datasets. Both detectors are

available on MOA, CapyMOA, and River [96].

Anomaly Detection. As supervised anomaly detection is excessively stud-

ied [18], in this paper, we only consider unsupervised streaming anomaly de-

tection tasks. The Half-Space Trees [121] algorithm is presented here as a

demonstration of the datasets’ usefulness. We use the implementation on the

https://capymoa.org
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Figure 5.4: SDN0331 PoC: Prequential R2 Score with 1000 Window Size

River platform. All experiments are also repeated 10 times with different ran-

dom seeds.

5.4 Results

5.4.1 Regression

Table 5.1 illustrates the overall Coefficient of Determination (R2) results from

the extensive regression experiments. Ten runs with different random seeds

were executed on all datasets and algorithms, and the average R2 values are

exhibited in the table. However, all the standard deviation values were smaller

than 0.01, so they are omitted in the table.

Key takeaways of Table 5.1: (a) ISL0661, SDN0331, STK0331, and WIL0331

demonstrate relatively stable R2 values across different algorithms, while ALB0331

and HAM0331 show more fluctuation. (b) SOKNL consistently produces better

R2 results for all PoCs. RAMRules performs less competitively in most cases.

(c) As expected, the delay length has a negative impact on the performance

of all algorithms. Still, the performance drops are at an acceptable level.

Figure 5.4 illustrates an example exhibition of prequential R2 results. Due

to the space limit, only SDN0331 PoC with mean values as the targets is dis-

played here. The performance for four algorithms fluctuates with a similar

tendency, seemingly affirming several concept drifts in the data.
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Table 5.1: Coefficient of Determination Values by Algorithms, PoCs, and De-

lays

Alg. ARF-Reg KNN RAMRules SOKNL

PoC Mean Median Mean Median Mean Median Mean Median

Delay = 30 Minutes

ALB0331 0.56 0.54 0.6 0.57 0.2 0.22 0.61 0.58
HAM0331 0.57 0.54 0.6 0.58 0.25 0.31 0.61 0.59
ISL0661 0.63 0.62 0.65 0.64 0.59 0.59 0.67 0.65
SDN0331 0.64 0.64 0.67 0.66 0.6 0.61 0.69 0.67
STK0331 0.62 0.61 0.65 0.64 0.55 0.57 0.67 0.65
WIL0331 0.61 0.59 0.64 0.62 0.44 0.37 0.66 0.63

Delay = 4 Hours

ALB0331 0.5 0.48 0.5 0.47 0.4 0.38 0.57 0.54
HAM0331 0.51 0.49 0.51 0.47 0.42 0.41 0.58 0.55
ISL0661 0.56 0.55 0.57 0.54 0.49 0.48 0.63 0.62
SDN0331 0.58 0.57 0.58 0.56 0.52 0.5 0.65 0.63
STK0331 0.56 0.54 0.56 0.54 0.48 0.46 0.63 0.61
WIL0331 0.55 0.53 0.55 0.51 0.43 0.43 0.62 0.59

Delay = 6 Hours

ALB0331 0.51 0.48 0.49 0.45 0.34 0.24 0.57 0.54
HAM0331 0.51 0.48 0.5 0.46 0.39 0.25 0.58 0.55
ISL0661 0.56 0.55 0.56 0.54 0.5 0.49 0.63 0.61
SDN0331 0.58 0.57 0.58 0.56 0.52 0.51 0.65 0.63
STK0331 0.56 0.54 0.55 0.53 0.49 0.48 0.63 0.6
WIL0331 0.55 0.53 0.54 0.5 0.38 0.32 0.62 0.59

Delay = 24 Hours

ALB0331 0.53 0.49 0.46 0.43 0.43 0.4 0.58 0.56
HAM0331 0.53 0.5 0.47 0.44 0.47 0.41 0.59 0.57
ISL0661 0.57 0.56 0.53 0.51 0.57 0.55 0.63 0.63
SDN0331 0.59 0.58 0.55 0.52 0.55 0.56 0.65 0.65
STK0331 0.57 0.56 0.53 0.5 0.57 0.56 0.63 0.62
WIL0331 0.57 0.54 0.51 0.48 0.51 0.5 0.63 0.61

5.4.2 Prediction Interval

Table 5.2 presents the PI results with 80% and 95% confidence level.

Overall, the coverage values are all higher than the desired confidence level,

and the NMPIW values are at a low level. This means that for these datasets,

AdaPI can generate relatively compact intervals that cover more-than-required

ground truths. This can greatly benefit decision-making in the energy market.
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Table 5.2: Coverage and NMPIW values for different PoCs and Delays

Delay 30 Minutes 4 Hours 6 Hours 24 Hours

PoC Coverage NMPIW Coverage NMPIW Coverage NMPIW Coverage NMPIW

Confidence Level = 95%

ALB0331 98.03 4.91 97.90 5.18 97.90 5.18 97.87 5.10
HAM0331 98.02 4.88 97.86 5.16 97.82 5.20 97.82 5.12
ISL0661 97.26 4.97 97.12 5.28 97.14 5.26 97.18 5.21
SDN0331 97.20 5.04 97.03 5.36 96.99 5.34 97.12 5.30
STK0331 97.33 4.91 97.16 5.22 97.14 5.19 97.24 5.18
WIL0331 97.32 4.88 97.12 5.21 97.18 5.22 97.14 5.12

Confidence Level = 80%

ALB0331 93.60 2.98 92.68 3.18 92.58 3.18 92.56 3.12
HAM0331 93.48 2.97 92.52 3.17 92.36 3.20 92.44 3.14
ISL0661 90.66 3.01 89.72 3.21 89.70 3.22 89.80 3.19
SDN0331 90.52 3.04 89.57 3.26 89.36 3.25 89.53 3.24
STK0331 90.91 2.98 89.81 3.16 89.78 3.18 89.98 3.16
WIL0331 91.65 2.96 90.34 3.18 90.46 3.19 90.44 3.13

For each PoC, both Coverage and NMPIW values remain relatively stable

across different delays, indicating that the model’s prediction accuracy and

interval width do not significantly fluctuate with the delay. There is also a

clear trade-off between coverage and NMPIW, i.e., higher coverage usually

requires wider NMPIW. Among the PoCs, ALB0331 and HAM0331 generally

show higher coverage and relatively lower NMPIW compared to other PoCs.

Figure 5.5: Visualized Example of Prediction Intervals Over Time

Figure 5.5 is a visualization of the real-time generated prediction intervals.

Only a small portion of the whole dataset is presented here. It can be seen

that the data starts fluctuating around 250 instances, and AdaPI adapts to it

by enlarging the PI area to protect the coverage from decreasing dramatically.
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5.4.3 Drifts

(a) RMSE from KNN Regression by Page-Hinckley with 30 Minutes Delay

(b) MAE from SOKNL by ADWIN with 24 Hours Delay

Figure 5.6: Drift Analysis Showcases on Data from STK0331

Figure 5.6 illustrates examples of drift analysis on data from the STK0331

PoC. Among them, Figure 5.6a includes the drifts detected by the Page-

Hinckley test based on the RMSE values from the KNN regressor. Figure 5.6b,

on the other hand, highlights the drifts detected by an ADWIN detector us-

ing MAE from the SOKNL algorithm. Both median and average targets are

involved in the figures. The orange line and violet vertical lines represent the

performance and the detected drifts on the average dataset, respectively. Sim-

ilarly, the red line and blue vertical lines represent the errors and drifts on the

median dataset.

One can see that drifts may happen quite frequent;y in these energy prices.

This justifies studying and analyzing these datasets using data stream tech-

niques instead of traditional batch learning ones.

There are more drifts reported in Figure 5.6b than in Figure 5.6a because

ADWIN is more sensitive than the Page-Hinckley test. There are two apparent
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error increases between 2023-05 and 2023-07, which align with the winter sea-

son in New Zealand. Intuitively, they are related; however, more investigation

is needed for confirmation.

5.4.4 Anomaly Detection

Table 5.3: Half-Space Trees AUC Scores by Anomaly Ratios, PoCs, and Delays

RatioA 0.1% 0.5% 1% 2%

PoC Mean Median Mean Median Mean Median Mean Median

Delay = 30 Minutes

ALB0331 0.597 0.668 0.472 0.446 0.429 0.421 0.454 0.452
HAM0331 0.598 0.669 0.47 0.45 0.425 0.419 0.442 0.445
ISL0661 0.573 0.629 0.468 0.486 0.504 0.519 0.5 0.503
SDN0331 0.541 0.627 0.484 0.497 0.501 0.507 0.518 0.525
STK0331 0.572 0.628 0.471 0.461 0.527 0.541 0.496 0.5
WIL0331 0.611 0.65 0.469 0.462 0.433 0.451 0.456 0.454

Delay = 4 Hours

ALB0331 0.388 0.446 0.382 0.375 0.38 0.381 0.428 0.435
HAM0331 0.388 0.446 0.383 0.378 0.378 0.379 0.418 0.428
ISL0661 0.342 0.386 0.378 0.423 0.461 0.486 0.474 0.484
SDN0331 0.313 0.386 0.404 0.436 0.461 0.474 0.492 0.506
STK0331 0.343 0.386 0.386 0.402 0.485 0.505 0.471 0.482
WIL0331 0.389 0.428 0.377 0.391 0.386 0.413 0.429 0.437

Delay = 6 Hours

ALB0331 0.387 0.444 0.384 0.377 0.377 0.383 0.424 0.433
HAM0331 0.388 0.444 0.384 0.379 0.375 0.38 0.413 0.426
ISL0661 0.340 0.380 0.378 0.428 0.465 0.491 0.472 0.483
SDN0331 0.312 0.379 0.402 0.438 0.461 0.475 0.49 0.504
STK0331 0.34 0.38 0.383 0.406 0.482 0.504 0.468 0.48
WIL0331 0.39 0.426 0.378 0.393 0.383 0.413 0.427 0.435

Delay = 24 Hours

ALB0331 0.565 0.571 0.416 0.405 0.414 0.414 0.439 0.443
HAM0331 0.565 0.571 0.416 0.403 0.414 0.414 0.433 0.44
ISL0661 0.524 0.513 0.463 0.491 0.526 0.543 0.498 0.511
SDN0331 0.494 0.512 0.488 0.503 0.542 0.554 0.524 0.54
STK0331 0.523 0.513 0.468 0.47 0.522 0.534 0.496 0.501
WIL0331 0.562 0.546 0.404 0.404 0.426 0.461 0.458 0.464

Table 5.3 exhibits the Receiver Operating Characteristic - Area Under the

Curve (ROC AUC) scores from Half-Space Trees algorithm executed on the



93

processed datasets with different anomaly ratios.

Overall, these datasets appear quite challenging for Half-Space Trees as

most of the AUC scores are under 0.5. Due to the temporal characteristics of

the datasets, we did not apply a shuffle procedure to the data. Additionally, in

most of the datasets, the anomalies (high values of price) are not distributed

in a consistent pattern. As illustrated in Figure 5.3, the outliers are concen-

trated in a specific time period (possibly May – July 2023, taking into account

Figure 5.6). This may cause difficulty for the streaming anomaly detection

algorithms.

More specifically, the performance of Half-Space Trees is influenced by both

the delay and the anomaly ratio. It performs best with shorter delays and lower

anomaly ratios. However, with longer delays, it adapts and performs better

with higher anomaly ratios. The regression tasks can benefit from the anomaly

detection to determine if an “abnormal” target value should be treated as an

anomaly or the start of a drift.



Chapter 6

Dynamic Ensemble Member

Selection (DEMS)

In Chapter 3, we address the regression tasks by sorting the ensemble members

and utilizing the top-K members for the final prediction, where the “top-K” is

determined using a dynamic selection manner based on historical performance

information. As this approach is proven effective by SOKNL, we attempt to

adapt it to classification algorithms. This chapter, as the result of the adap-

tation, presents a methodology for streaming classifier – Dynamic Ensemble

Member Selection (DEMS).

6.1 Introduction

Research has proposed various methods to enhance the performance of en-

semble learners, including techniques like Feature Selection [83] and different

voting techniques [85]. Classifier Selection (CS) [107] offers an alternative

way to aggregate ensemble predictions. Dynamic Classifier Selection (DCS) or

Dynamic Ensemble Selection (DES) [43, 24] are particularly powerful among

other selection approaches. However, there has been less attention given to

DCS or DES in the context of streaming data, which partially motivates the

focus of this work. Furthermore, Ensemble Pruning [125] is also an approach to

filter “not useful” base learners out from the ensemble. Nonetheless, Ensemble
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pruning is commonly employed to reduce computational resource consumption.

Current research also seldom addresses streaming ensemble pruning [34].

6.2 Dynamic Ensemble Member Selection

In this chapter, we introduce the Dynamic Ensemble Member Selection (DEMS)

framework, a fully online technique that, in theory, can be applied to all

ensemble-based streaming classifiers. However, experimental results indicate

that it is less effective for Boosting algorithms, as discussed in Section 6.4.

6.2.1 Background

Ensemble techniques often leverage randomization to induce diversity among

learners. Due to randomization, for any particular instance, some of the en-

semble members will perform better than others. Another characteristic in

ensembles is that members typically generate probabilities for each class in-

stead of a single class prediction. In some cases, when the highest probability

is almost the same value as the second highest, then this prediction clearly

lacks confidence.

These considerations suggest two factors for evaluating the relevance of en-

semble members: classifier accuracy (to assess the proficiency of a base learner,

denoted as A) and “predictive margin” (to gauge the confidence of a base

learner in a particular prediction, denoted asM). While classifier accuracy is

straightforward, the definition of “predictive margin” differs from the common

margin concept that can be found in [9, 58]. Our defined “predictive margin”

is the difference between the first-ranking probability and the second-ranking

one in the vote, and can be expressed as Equation 6.1:

M=
vf − vs

∑
N
c=1 vc

(6.1)

where vf and vs are the first and second-ranking vote respectively, c and vc

is the index of each class in the target value and the associated vote, and N
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denotes the total class number. The intuition behind this is explained later in

Section 6.2.4. Note that in the common cases where the outputs are in soft-

label format, the denominator in Equation 6.1 should equal to one. However,

some learners generate predictions in different ranges. Therefore, we express

it in a more general way, as in Equation 6.1.

This definition is akin to the “margin” concept introduced in [9]. However,

in stream learning problems, specifically in the test-then-train fashion, the

“correct” labels are not available during the prediction stage. Therefore, unlike

in [9], DEMS can only employ this alternative approach. A consequence of this

difference is that the margin in [9] is a number in the range [−1,1], but the

predictive margin M in this work is always a non-negative value.

In DEMS, both A and M are utilized as the selection criterion. Specifi-

cally, since A and M are all probability-like and can only range from zero to

one, the geometric mean of these two metrics is used to rank the ensemble

members. Henceforth, the combination of these two metrics is referred to as

the “Confidence of the base learner”, denoted by C, i.e. C =
√
A×M.

6.2.2 Dynamic Ensemble Member Selection

In this section, we present an overview of how DEMS operates. During the pre-

diction stage, DEMS queries all ensemble members for their accuracy (A) and

vote, from which the predictive margin (M) can be computed. Subsequently,

all ensemble members are ranked according to the combined confidence (C).

Only a leading portion of the base learners will participate in the final predic-

tion, i.e., only K out of all the ensemble learners are selected. The optimal K

is determined through historical information and updated during the training

session. The final prediction comprises the aggregation of the vote from the

top-ranking K members.

In the training stage, alongside the standard learning process, DEMS in-

corporates a simulated prediction phase, during which DEMS acquires pre-

dictions for all possible K values. These predictions are assessed against the
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ground truth, and the performance of each K value is recorded and updated

accordingly. Subsequently, DEMS uses the recorded performance to decide the

optimal K for the next prediction. This K selection mechanism is similar to

the one in the SOKNL [117], known there as the “self-optimising” mechanism.

The K selection can be performed in either a global manner or a sliding

windowed manner. In the global approach, the performance of all possible

K values is assessed and recorded from the start of the data stream to the

prediction moment. Conversely, in the windowed manner, K values are selected

based on the most recent window of the data stream.

6.2.3 Pseudo-Code

The pseudo-code of DEMS is detailed in Algorithm 2. It is important to note

that this is a fully supervised algorithm employing a test-then-train approach.

In this manner, examples from the data stream acquire the ground truths

immediately after the testing procedure and are then used for model training.

6.2.4 Theoretical Insights

In this section, we discuss the potential reasons why DEMS has the capability

to improve upon existing ensemble methods.

As an example of Dynamic Ensemble Selection (DES) techniques, following

the taxonomy in [24], a DES consists of three parts: Ensemble Generation,

Ensemble Selection, and Ensemble Aggregation. Some algorithms primarily

focus on the generation step, such as Streaming Random Patches [51], where

effectiveness largely depends on ensemble generation and diversity induction.

Ensemble aggregation is how the results from different learners are combined.

For example, Adaptive Random Forest [44] uses weighted majority votes, with

the weights being the individual accuracy of the base learners.

DEMS, as a framework capable of working with all streaming ensemble

methods, relies on the ensemble itself to construct the first stage. For ensem-

ble selection, DEMS chooses the best-performing K learners in the ensemble
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Algorithm 2: Dynamic Ensemble Member Selection

Notations: E : ensemble; NE : ensemble number; K: K values; Kbest: the

best K value ; L: base learners; E: evaluator ; e: example; A: base learner

accuracy; C: confidence value (Sec 6.2.1); R: list of the number of correctly

classified examples for each Ki.

1

Data: Data Streams : D

Result: Predictions : P

/* Initialization */

2 Kbest ← NE ;

3 for i < NE do

4 build Li;

5 build Ei;

/* Execution */

6 while D has more examples do

/* test example e */

7 for i < NE do

8 Mi ← Li.getMargin(e);

9 Ai ← Ei.getAccuracy();

10 Ci ←Mi ×Ai;

11 C ← C ∪ Ci

12 sort E by C;

/* predict by top Kbest learners */

13 for i < Kbest do

14 Pi ← Li.predict(e);

15 return P ← ∑
K
i=0Pi;

/* train with example e */

16 for i < NE do

17 evaluate Li ; /* update Ei & Ai */

18 evaluate K = i ; /* update R */

19 Li.train(e); /* do regular train */

20 Kbest ← argmin
index

(R) + 1; /* update Kbest */
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based on base learner accuracy A and the predictive margin M defined in

Equation 6.1. One can easily observe that selecting K members is similar

to the pruning technique for batch learning. The regular margin is frequently

employed for pruning traditional ML ensemble algorithms [59, 72, 133], demon-

strating the effectiveness of the regular margin as a pruning criterion. However,

the regular margin is defined as in Equation 6.2:

Margin =
vt − vw1

∑
N
c=1 vc

(6.2)

where vt is the vote for the true class, and the vw1 is the first ranking wrong

vote.

Nonetheless, unlike the batch learning protocol, supervised streaming learn-

ing cannot access the class label during the prediction step. Therefore, Equa-

tion 6.2 is not applicable in the streaming scenario. This is the reason why we

replace the regular margin with our predictive margin M.

Although the label information is not available in the prediction phase,

each individual learner Li in the ensemble can be assigned an incremental

evaluator Ei. Using the evaluator, the accuracy Ai can be assessed, which can

also be regarded as the possibility of the highest vote in the predictive result

being correct. This can be expressed as in Equation 6.3:

A = P(vf = vt) (6.3)

where vf and vt are defined in Equation 6.1 and 6.2, respectively.

Thus, we have found a way to simulate the margin without knowing the

correct class label. The effectiveness of this simulation depends largely on

the individual accuracy A. Only when A is adequately high can the pre-

dictive margin more closely approximate the regular margin criterion. As a

consequence, both accuracy A and predictive marginM are considered as the

sorting criteria in DEMS. It is noteworthy that when all single component

classifiers are rather inaccurate, DEMS may not be capable of significantly

improving performance, as observed in the results in Section 6.4.
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The choice of the geometric mean for combiningM and A instead of using

their sum (or weighted sum) is based on two main reasons. Firstly, the sum-

mation strategy is typically used for independent values. However, M and A

are not independent in our context. Summation is appropriate when either

variable being high is sufficient, whereas the geometric mean is more suitable

when both variables need to be large. As discussed in Section 6.2.2, ensemble

members are included in the final prediction process only when they are both

accurate and confident, as measured by A andM, respectively. Secondly, the

weighted sum approach requires a weight vector, adding extra parameters to

the algorithm. This complexity hinders further modifications to DEMS, such

as incorporating additional sorting and evaluation criteria like tree depths,

node weights, etc. Consequently, we chose the geometric mean to represent

the effectiveness of the base learners, considering these factors.

DEMS possesses two other important properties. Firstly, DEMS can be

universally implemented for existing streaming ensembles as long as the indi-

vidual learners’ A can be assessed in real-time. Secondly, a base learner with

a built-in drift detection and adaptation mechanism will have better accuracy

(A), that in turn might help DEMS to also yield larger improvements.

6.2.5 Diversity Evaluation

As widely discussed in the literature ([29, 132, 98, 44, 53], etc.), diversity is an

essential aspect of ensemble learning. DEMS’s member selection strategy may

cause concerns regarding a possible reduction of diversity. As a consequence,

we provide a diversity analysis in this work One of the most commonly used

approaches – entropy-based measurement [25, 88] – is utilized as the diversity

criterion.

The proof for entropy increasing with ensemble diversity can be demon-

strated through analysis of extreme cases and intermediate scenarios. Con-

sider an ensemble with m classifiers predicting probabilities over n classes. In

the case of perfect agreement, all classifiers predict identical probabilities:
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pi = 1 for some class i and pj = 0 for all j ≠ i

This results in entropy:

H(p) = −(1 log2(1) + 0 log2(0)) = 0 (6.4)

Conversely, in the case of maximum disagreement, classifiers predict a uni-

form distribution:

pi =
1

n
for all classes i

yielding entropy:

H(p) = −
n

∑
i=1

1

n
log2(

1

n
) = log2(n) (6.5)

For any intermediate case, we can apply Jensen’s inequality due to the con-

cavity of entropy:

H(
m

∑
i=1

wipi) ≥
m

∑
i=1

wiH(pi)

where wi are weights summing to 1. This inequality proves that entropy

increases with prediction diversity.

In summary, entropy across the probability distribution of the predictions

provided by the ensemble can be regarded as a measure of diversity. Evaluating

the entropy within the votes from the full ensemble as well as the selected

subset offers insights into the changes in diversity. According the Equation 6.4

and 6.5, higher entropy indicates greater diversity within the ensemble.

6.3 Experiments Settings

Our experimental comparison comprises 18 common benchmark datasets from

the data streams literature. Half of them are real-world datasets, half of them

are synthetic. Detailed introduction of the datasets can be found in 2.3.2.
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6.3.1 Algorithm Parametrization

In this section, the parametrization for our experiments is presented for clarity

and reproducibility.

We apply DEMS to five ensemble algorithms and compare them to their

original models. These five ensembles have already been mentioned in Sec-

tion 2: Online Accuracy Updated Ensemble (OAUE) [16], Online Smooth

Boosting (OSBoost) [19], Leveraging Baging (LVB) [12], Adaptive Random

Forest (ARF) [44], and Streaming Random Patches (SRP) [51].

Hoeffding Naive Bayes Trees (HNBT) [70], a variant of the original Ho-

effding Tree [76], serve as the base learner for all ensemble learners. Although

other base learners like NaiveBayes, Perceptron, and Rule-based algorithms

were considered, HNBT exhibited significant improvements over those alter-

natives. As a result, only tree-based ensemble learners are employed in this

work. The number of base learners is capped at 100 for all ensemble algo-

rithms. OAUE builds new base learners every 500 instances (window length).

In OSBoost, the γ parameter for updating the weights to the base learners is

set to 0.1. The subspace size of ARF and SRP is 60% of the entire feature

space. All experiments are conducted 10 times with different random seeds.

Noticeably, as mentioned in Section 6.2.2, the K selection can be global

or windowed. Experiments with a global approach, and with window sizes of

5000 and 1000 have been conducted, showing only slight differences. Due to

limited space we only present results for a window size of 5000 here.

For comparison purposes, we included the BLAST algorithm in our exper-

iments. The parameter settings for BLAST followed the default settings pre-

sented on the MOA platform.

We also attempted to include the Dynamic Ensemble Selection for Im-

balanced Data Streams with Concept Drift (DES-ICD) algorithm [81]. The

corresponding code can be found on GitHub. However, due to the design of the

DES-ICD algorithm, categorical feature values are not processable. Addition-

ally, DES-ICD can only provide binary predictions. Therefore, we conducted

https://github.com/Jesen-BT/DES-ICD/blob/main/README.md
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experiments for DES-ICD only on one-hot-encoded datasets with two class la-

bels. However, only nine of the 18 datasets were suitable, leading us to exclude

DES-ICD from our main experimental results. The completed tests for DES-

ICD performed worse than the other approaches, indicating that algorithms

specifically tailored for imbalanced data are likely to perform worse than the

more general models.

6.4 Experimental Results and Discussion

This section illustrates experiments results in multiple perspectives and rele-

vant discussion.

6.4.1 Overall Accuracy

Table 6.1 presents the overall accuracy of all the algorithms. The results are

presented in the format of “Average Accuracy(SD)”, where the SD (standard

deviation) is obtained from ten executions with different random seeds. Since

OAUE, OSBoost, and BLAST are not randomizable, the standard deviation is

omitted for them and their variants. The table includes 18 datasets and 11

algorithms. The best values in each row (dataset) are in bold, and underlines

highlight cases where the DEMS variants improve upon the original methods.

BLAST achieves the best results in two datasets and outperforms OAUE

and OSBoost in terms of average accuracy. However, its performance on other

datasets is less competitive.

One can see that in Table 6.1, there are 74 out of 90 cases where DEMS

has a positive impact on the original algorithms. Furthermore, in cases where

the original algorithms produce higher accuracy than DEMS, the differences

are rarely larger than 0.05%. On the contrary, the improvements from DEMS

range from 0.012% to 16.963%, with an average increased accuracy of 2.162%.

It is worth noting that these improvements are built on top of state-of-the-art

ensemble algorithms, whose performance is already extremely competitive.
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Table 6.1: Test-Then-Train Accuracy (%)
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One can also observe that the best results are located in the DEMS modified

algorithms in 13 out of 18 datasets, affirming the DEMS’s ability to push the

ensembles’ performance upwards. In particular, DEMSSRP achieves the best

accuracy and the best ranking for synthetic data, real-world data, and overall

across all datasets.

As explained in Section 2, Adaptive Random Forest (ARF), Streaming

Random Patches (SRP), and Leveraging Bagging (LVB) construct their entire

base learner group from the beginning of the streams, and the base learners

are independent of each other. It is evident that ARF, SRP, and LVB exhibit

significant improvements in accuracy. Online Smooth Boosting initializes all

learners at once but updates them sequentially in an ordered manner. As

DEMS includes a base learner sorting stage, its enhancement atop OSBoost is

relatively constrained. On the other hand, Online Accuracy Updated Ensemble

(OAUE) builds its ensemble members sequentially. The evaluation array of

the performance of each possible K value in DEMS, i.e., the R in Algorithm 2,

expands as the ensemble size grows for OAUE and similar algorithms. The

accuracy of OAUE also experiences a significant enhancement. Therefore, this

affirms that the capability of DEMS to improve on different types of ensemble

strategies highlights the usability of the proposed methodology.

6.4.2 Critical Difference Diagram

We apply the Friedman test [38] to determine if there are any significant dif-

ferences between the mean values of the populations with significance level

of α = 0.1. Differences between populations are significant, if the difference

of the mean rank is greater than the critical distance CD=3.292 of the Ne-

menyi test [27]. Therefore, we assume that there is a statistically significant

difference between the median values of the populations. It is apparent that

all the DEMS-modified methods outperform their original counterparts. SRP,

ARF, and their variants group together and exhibit a significant difference

from other algorithms, with DEMSSRP yielding the best results and achieving
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Figure 6.1: The Critical Difference Diagram across Five Methods, Associated

DEMS Variants, and BLAST

a considerable advantage over the rest of the competitors.

6.4.3 Kappa Statistics

Table 6.2 presents the kappa statistic (See Section 2.2.3.1) results in a format

similar to Table 6.1. In the table, the best results for each dataset are high-

lighted in bold, while improvements made by DEMS over the original models

are underlined.

The kappa statistic results mirror those of accuracy. In 70 out of 90 cases,

DEMS outperforms the original classifiers. Moreover, DEMS achieves the

highest kappa values in 13 out of 18 datasets.

An intriguing observation from the kappa statistics is that none of the clas-

sifiers significantly outperform a random classifier on the Airlines dataset. This

suggests that the inherent challenges of the Airlines dataset may be causing

difficulties for all algorithms tested.

6.4.4 K Value Analysis

In this section, we illustrate the real-time results of the selected K values

alongside the prequential accuracy. The results for all five original algorithms

and their DEMS versions are included. Due to space limitations, only the
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Table 6.2: Kappa Statistics (%)
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AGRg dataset is exhibited in this article.

In Figure 6.2 – 6.6, the green lines present the K values over time, while the

orange and blue lines depict the original ensembles and their DEMS variants’

prequential accuracy, respectively.

Figure 6.2: AGRg dataset: prequential accuracy for ARF and DEMSARF, and

best K values over time

In each of these five figures, three accuracy drops are evident, always align-

ing with the simulated concept drifts. Interestingly, the K values also tend

to respond to these concept drifts. This leads to a quicker and more effective

recovery for DEMS in terms of accuracy.

For instance, in Figure 6.4, before the first drift (around 250K instances),

the K values are close to the ensemble size, leading to similar performance of

the LVB and DEMSLVB. When the first drift occurs, the accuracy for both

approaches drops, and the K values also decrease suddenly. This phenomenon

indicates that the selection mechanism detects the drift based on A and/or

M, and thus starts predicting with only a small subset of the ensemble mem-

bers that are robust to this drift. The blue line (DEMSLVB accuracy) stops

dropping after a short period, while the orange line (LVB accuracy) continues
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Figure 6.3: AGRg dataset: prequential accuracy for SRP and DEMSSRP, and

best K values over time

Figure 6.4: AGRg dataset: prequential accuracy for LVB and DEMSLVB, and

best K values over time

to diminish for a much longer time. A similar trend can also be observed in

Figure 6.3. After the third drift (around 750K instances), the SRP accuracy
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Figure 6.5: AGRg dataset: prequential accuracy for OAUE and DEMSOAUE,

and best K values over time

Figure 6.6: AGRg dataset: prequential accuracy for OSBoost and

DEMSOSBoost, and best K values over time

(orange line) remains at a similar level until the end of the stream, whereas the

DEMSSRP performance (blue line) recovers from the drift and starts improving
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by obtaining predictions from a tiny subset (fewer than 10) of the ensemble

members.

Consequently, it can be concluded that DEMS is capable of enhancing the

performance of ensemble learners, especially in the presence of concept drifts.

6.4.5 Diversity Analysis

This section provides an in-depth analysis of ensemble diversity.

6.4.5.1 Fixed Ensemble Size

In order to gain a more profound understanding of the impact of diversity on

ensemble learning, we conducted an extra set of experiments to observe and

analyze the effect of diversity on model performance. We computed the average

K values selected by DEMS per algorithm per dataset, and used these averages

as the fixed ensemble size for running the experiments. This configuration will

henceforth be referred to as the “Fixed” set.

Due to the space limitations, we only present a comparison between the

fixed set, the full-size set, and the DEMS set for ARF, SRP, and OSBoost al-

gorithms in Table 6.3. We chose these three algorithms, as ARF and SRP were

the best-performing ones according to Table 6.1, whereas OSBoost showed a

lot more variation in behaviour. The NE columns contain the ensemble size

of the fixed experiment sets. Following that, accuracy from the fixed-size,

full-size, and DEMS version are presented sequentially. The highest accura-

cies on each dataset within the same algorithm (ARF, SRP, or OSBoost) are

highlighted in bold.

In the ARF and SRP sections, almost all selected NE values range from 1

to 40, indicating that DEMS tends to favor a small subset of the ensemble. On

the contrary, for OSBoost, DEMS often chooses larger subset sizes. Another

observation is that, in most cases, DEMS outperforms the fixed-size and full-

size setting. Similarly, the full-size results are generally better than the fixed-

size ones. Even though there are exceptions, such as for the KDD or the SEA-
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Table 6.3: Comparison among Fixed-size, Full-size, and DEMS variants of

ARF, SRP, and OSBoost
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based datasets, these differences in performance are marginal. In summary,

DEMS generally outperforms the original full-size algorithms, which again

outperform the respective fixed-size versions.

6.4.5.2 Entropy

We now proceed to present example plots of the entropy analysis. Due to space

constraints, only a select number of plots are displayed, as the remaining plots

exhibit similar patterns to those presented. The rest of the figures can be seen

in Appendix B. For consistence, we include entropy results for ARF, SRP,

and OSBoost on the AGRg dataset, which was chosen for the analysis of K

values in Section 6.4.4. Similar results on the CovT dataset are also presented

here as an example for the real-world datasets. The results are illustrated in

Figures 6.7 to 6.12.

An entropy value is calculated for each prediction from the different algo-

rithms (origin, DEMS, and fixed), and an average entropy within a fixed-size

window is computed. As mentioned earlier in Section 6.2.5, a higher entropy

value indicates a greater diversity of votes.

In this set of figures, the x-axis represents the window indices, while the

y-axis shows the average entropy calculated from the predictive votes. The

original algorithms, fixed ensemble size algorithms, and DEMS algorithms are

shown in red, blue, and green, respectively.

An apparent observation is that the entropy results for the fixed-size and

full-size ensembles are quite similar, indicating that reducing the ensemble

size has only a limited impact on the diversity of the ensemble. Whereas, the

performance of the full-size is evidently better than fixed ones. This suggests

that diversity is not a determining factor for better performance.

However, since the DEMS strategy filters the ensemble based on the predic-

tive margin (see Section 6.2.2), the entropy for the DEMS version is predictably

lower than that of the original algorithms.

The impact of DEMS on diversity can be summarized as follows: it main-
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Figure 6.7: Windowed Entropy of Predictions for ARF related algorithms on

AGRg Dataset
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Figure 6.8: Windowed Entropy of Predictions for SRP related algorithms on

AGRg Dataset

tains diversity at the ensemble growth stage, as it does not alter the process

of building ensemble members. However, it reduces diversity at the predic-

tion stage by selecting more “concentrated” members with higher accuracy,
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Figure 6.9: Windowed Entropy of Predictions for OSBoost related algorithms

on AGRg Dataset
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Figure 6.10: Windowed Entropy of Predictions for ARF related algorithms on

CovT Dataset

resulting in more “reliable” predictions.

For example, focusing on the ARF algorithm applied to the AGRg dataset,

we observe that the full-size ARF achieves an accuracy of 88.62%, while the
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Figure 6.11: Windowed Entropy of Predictions for SRP related algorithms on

CovT Dataset
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Figure 6.12: Windowed Entropy of Predictions for OSBoost related algorithms

on CovT Dataset

fixed setting with an ensemble size of 21 reaches 87.92%. In comparison,

DEMSARF achieves a higher accuracy of 90.33%. The full and fixed settings

show minimal performance differences in entropy. However, DEMS outper-
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forms both by reducing entropy at the prediction level, contributing to im-

proved accuracy.

We can also observe behavior while dealing with concept drifts. At each

drift point, entropy rises rapidly due to the uncertain predictions made by the

models when facing a new concept. Once the models adapt to the new concept,

entropy decreases as expected, indicating that the ensemble members have

learned the new concept and are now more “confident” in their predictions.

In Figure 6.7, it is evident that the entropy for DEMSARF (green line)

decreases more dramatically. Using the first drift as an example and coordi-

nating with Figure 6.2, we see that during the first accuracy drop, DEMS starts

selecting a much smaller subset of ensemble members, significantly reducing

entropy. Our assumption is that most ensemble members lose accuracy during

the drift, while only a small subset has structures better suited to learning

the new concept. Thus, using smaller K values helps recover accuracy more

quickly, as confirmed by Figure 6.2.

The results for OSBoost do not necessarily show the same trends. Fig-

ure 6.9 shows that the entropy values from the full, DEMS, and fixed versions

of the OSBoost algorithm are rather similar. Figure 6.12 shows yet another

pattern, where the fixed-size setting yields the lowest entropy values.

In Figure 6.9, the fixed-size setting utilizes a relatively high ensemble size

(64), whereas Figure 6.12 employs a much smaller size (17). Notably, the

entropy of the fixed-size setting in Figure 6.9 closely aligns with that of the full-

size version, while in Figure 6.12, the entropy of the fixed-size is significantly

lower than the full-size. This suggests that a larger ensemble size in OSBoost

contributes to greater diversity.

Furthermore, the dynamic selection of DEMS introduces a degree of ran-

domness when applied to algorithms like OSBoost, where the ensemble mem-

bers are not independent. Consequently, no significant differences in entropy

between DEMS and the full-size approaches are observed on the CovT and

AGRg datasets. Additional entropy results for OSBoost, which are not in-
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cluded in this paper, similarly showed no consistent patterns or uniform be-

haviour.

6.4.6 Runtime

Table 6.4 presents the runtime for all experiments. Similar to Table 6.1, the

values in the cells represent the mean and SD from 10 executions, following the

format “Mean(SD).” The bottom row indicates the “average overhead” (Avg.

Overhead) for runtime comparison between the original algorithms and their

DEMS variants.

This overhead is calculated as the extra runtime of the DEMS (TDEMS)

compared to the original algorithms runtime (Torigin), i.e.,

Overhead =
TDEMS − Torigin

Torigin

The average overhead is the mean value calculated across 18 datasets for each

algorithm.

The results indicate that the average extra runtime that DEMS adds to

original methods ranges from 4.7% (OSBoost) to 23.6% (SRP). For streaming

learning, this increase in runtime remains within an acceptable range. More-

over, the current DEMS implementation still leaves some room for further

efficiency improvements.
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Table 6.4: Test-Then-Train Runtime (seconds)
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Chapter 7

Conclusions

This thesis has contributed novel methodologies for addressing some of the

challenges in streaming learning. The Self-Optimising K Nearest Leaves (SOKNL)

algorithm successfully improved regression accuracy by dynamically combin-

ing the strengths of kNN and ARF-Reg and efficiently abstracting information

from the processed data points from the data streams.

The Adaptive Prediction Interval (AdaPI) framework introduced a versatile

solution for quantifying uncertainty, ensuring robust and accurate PI bound-

aries under evolving data streams. In addition, a novel evaluation frame-

work for Prediction Interval tasks, namely Coverage Interval width in Non-

dominated Group (CING), is proposed to tackle the difficulty in balancing the

two necessary metrics in PI evaluation using Multi-Objective Optimization

techniques.

The introduction of the NZEP datasets has provided valuable resources for

real-world energy analytics research. Our research includes a comprehensive

analysis of these datasets, leading to two key conclusions: (1) the datasets

are highly suitable for streaming learning (SL) scenarios, making them strong

candidates for benchmarking datasets for streaming research; and (2) current

SL algorithms are capable of generating accurate predictions on this real-

world, constantly evolving data, further confirming the effectiveness of SL.

Furthermore, the Dynamic Ensemble Member Selection (DEMS) approach
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offered significant advancements in stream classification by adaptively selecting

ensemble members, showcasing resilience to concept drift while maintaining

computational efficiency.

Through extensive empirical validation, this work demonstrated the prac-

tical utility and robustness of the proposed methods across multiple domains,

paving the way for further research into adaptive, real-time data analytics.

7.1 Future Work

In this section, we outline several potential directions for future research.

7.1.1 Self-Optimising K Nearest Leaves

Exploring similar KNN integration with other streaming learners presents an

interesting avenue for research. Furthermore, SOKNL currently disregards

nominal features during node splitting, inherited from ARF-Reg. Implement-

ing a nominal feature split function could enhance regression performance.

7.1.2 Adaptive Prediction Interval

Firstly, the same adaptation principles could be applied to other static predic-

tion interval algorithms, although the practical impact of these modifications

would require thorough evaluation. Secondly, the factor curve presented in

this paper appears relatively moderate and conservative; a more aggressive

and radical scaling strategy might yield even better results.

7.1.3 New Zealand Energy Pricing

For NZEP, we will focus on improving preprocessing techniques, exploring ad-

ditional machine learning models, and enhancing the dataset’s applicability to

other regions and energy markets. Introducing other information source, like

meteorological, into the current datasets would be another intriguing attempt.
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Research in time-series abstraction of the NZEP data is also a promising di-

rection.

7.1.4 Dynamic Ensemble Member Selection

Future work for DEMS include: 1. adding different ensemble learners to

the experiments, actually pruning less frequently used ensemble members to

achieve better results and runtime; 2. exploiting active drift detection and

adaptation; and, 3. devising order-preserving DEMS variants for boosting-

based ensembles.



Appendix A

Chapter 4 Additional Results

A.1 Full Coverage and NMPIW Results

We present the full coverage and NMPIW results in this appendix.
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Table A.1: Coverage (%) and NMPIW (%) Results: Confidence Level L =

80% and Limit M = 0.05 (Part I)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 85.83 20.99 85.79 19.17 85.15 20.95
HLI 85.63 20.84 85.63 18.98 85.19 21.05
Linear 83.2 19.01 83.0 17.45 83.28 19.57
MVE 87.98 22.87 88.13 20.86 86.3 22.11

Abalone

Logarithm 84.2 24.0 91.69 14.11 93.38 13.9
HLI 84.14 23.78 89.94 12.67 91.2 12.06
Linear 81.53 22.76 86.74 11.12 88.31 10.24
MVE 89.5 26.51 94.95 17.65 96.92 19.84

CPU Activity

Logarithm 87.84 7.17 99.66 0.68 99.45 0.91
HLI 87.24 6.65 99.51 0.29 98.16 0.52
Linear 83.28 6.27 99.12 0.28 96.82 0.5
MVE 89.24 8.66 99.99 4.43 99.99 4.46

Naval Propulsion Plant

Logarithm 86.04 18.09 84.72 17.82 83.31 14.44
HLI 85.85 17.98 84.65 17.82 83.46 14.56
Linear 83.24 16.38 82.18 16.38 81.75 13.79
MVE 87.7 19.37 86.44 18.77 84.24 14.91

Ailerons

Logarithm 92.77 16.26 92.71 15.41 92.85 13.78
HLI 92.24 15.29 92.31 14.59 92.21 12.97
Linear 90.36 13.23 90.57 12.7 90.37 11.19
MVE 94.33 19.3 94.09 18.04 94.39 16.34

Miami Housing

Logarithm 91.5 2.68 92.93 2.27 90.86 2.42
HLI 91.07 2.55 92.12 2.07 90.44 2.32
Linear 89.13 2.18 90.2 1.74 88.3 2.02
MVE 93.11 3.08 94.75 2.75 92.36 2.75

NZ Energy Price

Logarithm 92.11 3.42 92.39 3.4 91.05 3.98
HLI 90.61 3.14 90.96 3.11 89.78 3.71
Linear 87.52 2.68 88.08 2.66 86.85 3.19
MVE 94.62 18.12 94.82 4.14 93.38 4.69

Elevators

Logarithm 80.7 18.73 79.67 17.48 79.79 28.97
HLI 80.62 18.75 78.73 16.87 76.6 26.38
Linear 80.25 18.51 79.04 17.13 78.22 27.74
MVE 80.83 18.88 78.92 16.91 75.49 25.56

Bike

Logarithm 83.64 28.22 83.44 24.74 82.65 27.5
HLI 83.75 28.4 83.68 24.84 82.79 27.65
Linear 82.16 26.47 82.03 23.33 81.26 26.11
MVE 84.82 29.76 84.87 26.1 83.88 28.92

California Housing

Logarithm 87.68 29.48 87.61 29.08 89.32 24.35
HLI 87.42 29.3 87.34 28.79 89.22 23.97
Linear 86.15 26.9 86.08 26.5 87.59 21.49
MVE 88.19 30.55 87.9 29.96 90.28 25.95

Superconductivity
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Table A.2: Coverage (%) and NMPIW (%) Results: Confidence Level L =

80% and Limit M = 0.05 (Part II)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 80.92 50.38 79.87 51.42 79.79 46.52
HLI 81.4 50.67 78.65 50.34 78.37 45.36
Linear 80.34 50.01 79.56 51.09 79.29 46.16
MVE 81.79 50.94 78.34 50.02 78.08 45.13

Health Insurance

Logarithm 90.86 16.17 90.59 15.68 89.54 17.95
HLI 89.91 14.9 89.55 14.61 88.83 16.96
Linear 87.55 12.47 86.95 12.43 86.37 14.48
MVE 92.94 19.61 92.93 18.85 91.5 20.93

House8L

Logarithm 81.02 59.92 80.76 58.0 80.06 70.95
HLI 81.35 60.33 80.87 58.07 79.34 69.9
Linear 80.49 59.3 80.35 57.55 79.89 70.72
MVE 81.66 60.66 80.95 58.17 79.21 69.74

MetroTraffic

Logarithm 88.52 15.17 90.33 11.92 92.58 11.71
HLI 86.26 14.64 90.3 11.69 92.13 10.87
Linear 86.81 14.03 89.25 10.07 90.48 9.04
MVE 86.13 14.71 90.82 12.92 93.29 13.68

Diamonds

Logarithm 89.04 11.03 89.79 6.52 89.8 6.39
HLI 88.56 10.6 89.09 6.14 89.23 6.04
Linear 86.46 8.96 86.86 5.16 87.18 5.04
MVE 90.49 12.45 91.46 7.6 91.24 7.36

Video Transcoding

Logarithm 79.84 14.99 79.97 3.86 80.04 3.67
HLI 78.19 14.68 79.96 3.8 80.04 3.61
Linear 78.94 14.76 79.13 3.72 78.98 3.5
MVE 79.12 14.93 82.57 4.23 82.41 4.02

Wave Energy

Logarithm 80.9 24.1 81.59 17.71 80.22 21.76
HLI 81.25 24.31 81.93 17.86 80.37 21.84
Linear 80.28 23.78 80.63 17.32 80.07 21.68
MVE 81.77 24.61 82.89 18.28 80.51 21.9

FriedmanGra

Logarithm 80.73 24.09 81.49 17.7 80.2 21.76
HLI 81.04 24.28 81.84 17.84 80.29 21.81
Linear 80.2 23.81 80.6 17.32 80.09 21.71
MVE 81.5 24.57 82.73 18.25 80.41 21.87

FriedmanGsg

Logarithm 79.94 19.36 81.93 14.1 79.54 18.67
HLI 80.21 19.48 82.23 14.21 78.63 18.19
Linear 79.52 19.17 80.52 13.62 78.92 18.33
MVE 80.73 19.72 83.54 14.7 78.72 18.22

FriedmanLea

Logarithm 81.72 18.32 82.19 10.5 80.58 11.23
HLI 81.92 18.43 82.47 10.59 80.85 11.3
Linear 80.97 17.96 81.04 10.17 80.16 11.11
MVE 82.25 18.58 83.5 10.91 81.08 11.37

Hypera
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Table A.3: Coverage (%) and NMPIW (%) Results: Confidence Level L =

90% and Limit M = 0.05 (Part I)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 91.92 27.66 92.2 25.04 91.5 27.8
HLI 91.96 27.97 92.16 25.3 91.42 27.98
Linear 90.84 26.29 91.02 23.69 91.0 27.12
MVE 92.75 29.36 93.33 26.77 92.0 28.37

Abalone

Logarithm 94.14 29.23 95.58 19.01 96.55 18.68
HLI 93.51 28.48 94.79 17.7 95.41 16.35
Linear 91.5 27.18 93.15 15.34 93.79 14.0
MVE 98.21 34.02 97.28 22.66 98.21 25.46

CPU Activity

Logarithm 94.0 9.26 99.86 0.83 99.78 1.1
HLI 93.39 8.67 99.81 0.34 99.34 0.56
Linear 91.34 8.25 99.69 0.33 98.74 0.54
MVE 94.93 11.11 99.99 5.69 99.99 5.73

Naval Propulsion Plant

Logarithm 92.08 23.97 91.9 23.34 90.95 18.91
HLI 92.08 24.13 91.91 23.51 90.99 19.04
Linear 91.02 22.64 90.78 22.02 90.36 18.53
MVE 92.62 24.86 92.44 24.1 91.17 19.14

Ailerons

Logarithm 95.64 22.09 95.58 20.87 95.68 18.74
HLI 95.43 21.45 95.49 20.19 95.51 18.15
Linear 94.8 19.03 94.96 18.01 94.77 16.21
MVE 96.21 24.77 96.05 23.16 96.22 20.97

Miami Housing

Logarithm 95.13 3.58 95.79 3.06 94.7 3.23
HLI 95.03 3.48 95.53 2.87 94.59 3.18
Linear 94.09 3.05 94.5 2.46 93.61 2.84
MVE 95.65 3.96 96.56 3.53 95.38 3.53

NZ Energy Price

Logarithm 95.96 4.48 96.04 4.48 95.3 5.28
HLI 95.17 4.19 95.24 4.16 94.59 5.02
Linear 93.5 3.65 93.62 3.62 92.9 4.43
MVE 97.09 5.3 97.27 5.32 96.35 6.02

Elevators

Logarithm 89.29 28.58 89.19 25.34 89.04 41.54
HLI 87.39 25.63 87.04 23.06 86.47 36.67
Linear 88.52 27.26 88.27 24.34 87.82 39.03
MVE 86.33 24.24 85.64 21.7 83.91 32.81

Bike

Logarithm 90.13 39.03 90.33 33.43 90.01 37.73
HLI 89.61 37.94 90.08 33.08 89.44 36.8
Linear 89.96 38.49 90.16 32.96 89.79 37.23
MVE 89.78 38.2 90.28 33.5 89.61 37.12

California Housing

Logarithm 93.52 37.81 93.43 37.42 93.96 32.53
HLI 93.43 37.63 93.31 37.14 93.75 32.06
Linear 92.62 34.78 92.59 34.25 93.1 29.63
MVE 93.87 39.21 93.62 38.46 94.04 33.31

Superconductivity
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Table A.4: Coverage (%) and NMPIW (%) Results: Confidence Level L =

90% and Limit M = 0.05 (Part II)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 92.72 60.69 91.14 62.52 90.05 57.69
HLI 92.67 60.71 91.44 62.99 90.18 57.88
Linear 91.02 58.85 90.39 61.86 89.97 57.56
MVE 95.71 65.38 92.45 64.2 90.28 57.93

Health Insurance

Logarithm 94.05 22.16 94.19 21.26 93.23 24.6
HLI 93.75 21.43 93.84 20.38 93.08 24.32
Linear 92.5 18.82 92.43 18.12 91.86 21.81
MVE 95.02 25.17 95.37 24.2 94.0 26.87

House8L

Logarithm 91.26 75.4 90.93 72.86 90.57 88.22
HLI 91.51 75.98 91.19 73.44 90.84 88.81
Linear 90.51 73.72 90.36 71.59 90.19 87.42
MVE 92.2 77.85 91.79 74.66 91.2 89.51

MetroTraffic

Logarithm 93.7 21.35 93.67 18.8 93.97 17.43
HLI 92.11 20.01 92.71 17.05 93.96 16.92
Linear 92.84 19.98 93.08 17.02 93.65 15.79
MVE 90.86 18.87 92.41 16.58 94.07 17.56

Diamonds

Logarithm 92.8 15.11 93.13 9.03 93.06 8.88
HLI 92.81 15.14 93.03 8.94 93.02 8.86
Linear 91.8 13.87 91.92 7.95 92.0 7.95
MVE 93.3 15.98 93.88 9.75 93.59 9.45

Video Transcoding

Logarithm 91.12 17.98 89.81 5.03 89.65 4.85
HLI 91.31 18.01 89.44 4.89 88.91 4.68
Linear 90.4 17.63 89.48 4.85 89.16 4.67
MVE 93.65 19.17 90.84 5.43 90.13 5.16

Wave Energy

Logarithm 90.45 30.85 90.85 22.62 90.03 27.91
HLI 90.65 31.06 91.04 22.77 90.14 28.0
Linear 90.11 30.55 90.31 22.22 89.98 27.88
MVE 91.15 31.59 91.86 23.46 90.26 28.11

FriedmanGra

Logarithm 90.39 30.84 90.57 22.67 90.07 27.94
HLI 90.58 31.03 90.75 22.8 90.09 27.96
Linear 90.1 30.58 90.2 22.36 90.02 27.89
MVE 91.03 31.53 91.49 23.43 90.21 28.07

FriedmanGsg

Logarithm 89.88 25.03 90.42 18.06 89.32 24.45
HLI 89.72 24.91 90.57 18.15 88.14 23.45
Linear 89.63 24.84 89.87 17.71 88.83 24.01
MVE 90.18 25.32 91.56 18.86 88.09 23.38

FriedmanLea

Logarithm 90.43 23.46 90.13 13.67 89.79 14.76
HLI 90.57 23.58 90.22 13.71 89.44 14.56
Linear 90.12 23.18 89.98 13.57 89.66 14.69
MVE 90.89 23.84 90.68 14.0 89.49 14.59

Hypera



128

Table A.5: Coverage (%) and NMPIW (%) Results: Confidence Level L =

95% and Limit M = 0.05 (Part I)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 94.88 35.09 95.26 30.86 95.26 34.32
HLI 94.72 36.13 95.36 32.29 94.98 35.18
Linear 94.82 35.18 95.1 30.68 95.16 34.37
MVE 94.68 34.98 95.62 31.9 94.96 33.81

Abalone

Logarithm 97.74 33.71 97.56 23.63 97.96 24.32
HLI 97.19 33.32 97.19 23.33 97.46 22.9
Linear 96.07 31.23 96.33 20.61 96.59 19.12
MVE 99.71 40.54 98.44 27.0 98.68 30.34

CPU Activity

Logarithm 96.47 11.34 99.93 0.96 99.9 1.28
HLI 96.32 10.93 99.93 0.38 99.72 0.6
Linear 95.42 10.48 99.87 0.38 99.5 0.58
MVE 97.1 13.24 99.99 6.78 99.99 6.82

Naval Propulsion Plant

Logarithm 95.19 30.32 95.38 28.95 94.92 23.4
HLI 95.05 30.42 95.37 29.19 94.71 23.3
Linear 95.04 29.97 95.08 28.29 94.88 23.35
MVE 94.8 29.62 95.16 28.71 94.41 22.8

Ailerons

Logarithm 97.28 29.54 97.37 27.33 97.38 24.51
HLI 96.96 28.41 97.02 26.81 97.06 24.0
Linear 97.04 26.91 97.18 24.92 97.07 22.37
MVE 97.03 29.52 96.91 27.59 97.17 24.99

Miami Housing

Logarithm 96.86 4.53 97.27 3.87 96.79 4.0
HLI 96.88 4.53 97.2 3.82 96.84 4.02
Linear 96.56 4.15 96.7 3.44 96.49 3.71
MVE 96.95 4.72 97.45 4.2 96.99 4.2

NZ Energy Price

Logarithm 97.68 5.61 97.82 5.58 97.37 6.54
HLI 97.39 5.39 97.48 5.33 97.11 6.35
Linear 96.55 4.79 96.57 4.73 96.25 5.76
MVE 97.98 6.31 98.17 6.34 97.66 7.17

Elevators

Logarithm 93.85 39.56 93.97 33.39 93.76 53.74
HLI 92.58 35.61 92.69 30.48 92.33 49.38
Linear 93.35 37.65 93.53 32.15 93.12 51.75
MVE 89.53 28.88 89.56 25.86 88.16 39.1

Bike

Logarithm 94.55 51.58 94.61 44.54 94.53 49.53
HLI 93.71 49.28 93.9 42.42 93.65 47.29
Linear 94.37 51.46 94.5 44.27 94.37 49.32
MVE 92.65 45.52 93.2 39.92 92.75 44.23

California Housing

Logarithm 96.31 46.24 96.33 44.43 96.54 41.04
HLI 96.34 45.35 96.34 44.46 96.31 39.84
Linear 95.89 42.68 95.88 41.71 96.12 37.64
MVE 96.55 46.72 96.54 45.82 96.12 39.69

Superconductivity
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Table A.6: Coverage (%) and NMPIW (%) Results: Confidence Level L =

95% and Limit M = 0.05 (Part II)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 97.1 68.82 96.46 70.45 95.41 67.74
HLI 96.83 68.25 96.37 70.48 95.53 68.56
Linear 95.82 65.89 95.51 68.86 95.15 67.29
MVE 98.85 77.9 98.63 76.5 95.75 69.03

Health Insurance

Logarithm 95.94 28.52 96.18 27.06 95.37 31.43
HLI 95.97 28.83 96.16 27.21 95.43 31.93
Linear 95.43 26.69 95.54 25.02 95.15 30.89
MVE 96.32 29.99 96.61 28.83 95.46 32.01

House8L

Logarithm 95.62 90.01 95.7 86.17 95.77 102.25
HLI 95.75 90.74 95.82 86.89 95.88 102.78
Linear 95.22 88.51 95.24 84.67 95.23 100.54
MVE 96.22 92.77 96.32 88.96 96.88 106.66

MetroTraffic

Logarithm 96.23 29.22 96.08 27.47 96.12 26.89
HLI 95.35 27.21 95.16 25.11 95.55 23.57
Linear 95.7 28.28 95.43 26.35 95.8 25.04
MVE 93.06 22.49 93.43 19.75 94.89 20.92

Diamonds

Logarithm 95.14 19.3 95.33 11.53 95.17 11.59
HLI 95.1 19.18 95.37 11.59 95.09 11.42
Linear 95.09 19.18 95.12 11.3 95.12 11.54
MVE 94.96 19.04 95.36 11.62 94.98 11.26

Video Transcoding

Logarithm 96.33 20.62 94.73 6.16 94.6 5.92
HLI 96.31 20.55 94.28 5.98 93.94 5.7
Linear 95.53 19.96 94.65 6.01 94.47 5.78
MVE 98.28 22.84 94.75 6.47 94.27 6.14

Wave Energy

Logarithm 95.25 36.74 95.3 26.98 95.01 33.38
HLI 95.38 36.98 95.4 27.13 95.01 33.42
Linear 95.09 36.4 95.11 26.7 95.0 33.36
MVE 95.73 37.64 95.92 27.96 95.09 33.5

FriedmanGra

Logarithm 95.16 36.76 95.15 27.12 95.02 33.48
HLI 95.27 36.97 95.16 27.17 94.93 33.38
Linear 95.05 36.5 95.05 26.94 95.0 33.47
MVE 95.59 37.57 95.62 27.92 95.0 33.44

FriedmanGsg

Logarithm 94.85 29.99 94.78 22.01 94.2 29.72
HLI 94.59 29.76 94.55 21.79 93.35 28.46
Linear 94.79 29.88 94.64 21.84 94.02 29.43
MVE 94.86 30.17 95.04 22.48 92.93 27.86

FriedmanLea

Logarithm 94.9 28.18 94.68 17.11 94.64 18.27
HLI 94.86 28.13 94.18 16.63 94.04 17.7
Linear 94.84 28.09 94.63 17.03 94.58 18.21
MVE 95.03 28.41 94.17 16.68 93.7 17.39

Hypera
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Table A.7: Coverage (%) and NMPIW (%) Results: Confidence Level L =

99% and Limit M = 0.05 (Part I)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 98.49 52.77 98.55 45.64 98.55 51.39
HLI 98.49 68.58 98.55 61.34 98.51 67.03
Linear 98.65 63.65 98.71 55.68 98.69 59.91
MVE 97.57 45.97 98.03 41.93 97.61 44.43

Abalone

Logarithm 99.68 40.9 99.32 33.19 99.08 40.82
HLI 99.52 48.89 99.28 41.5 99.1 51.24
Linear 99.32 42.76 99.1 36.35 99.06 44.97
MVE 99.93 53.28 99.57 35.48 99.06 39.88

CPU Activity

Logarithm 98.74 17.14 99.97 1.45 99.97 2.12
HLI 98.72 18.61 99.98 0.48 99.95 0.74
Linear 98.84 18.45 99.98 0.46 99.92 0.69
MVE 98.8 17.41 99.99 8.91 99.99 8.97

Naval Propulsion Plant

Logarithm 98.46 49.83 98.51 47.17 98.61 34.36
HLI 98.46 52.22 98.51 49.35 98.6 36.46
Linear 98.63 53.24 98.68 50.48 98.81 36.53
MVE 97.0 38.93 97.38 37.73 97.58 29.97

Ailerons

Logarithm 99.17 49.33 99.2 43.64 99.17 40.22
HLI 99.17 50.1 99.2 45.46 99.18 42.33
Linear 99.2 49.69 99.24 44.79 99.23 41.7
MVE 98.04 38.79 98.13 36.26 98.16 32.85

Miami Housing

Logarithm 98.77 7.4 98.78 6.47 98.87 6.22
HLI 98.77 7.53 98.77 6.61 98.87 6.31
Linear 98.87 7.95 98.88 6.95 98.94 6.66
MVE 98.12 6.2 98.39 5.52 98.41 5.52

NZ Energy Price

Logarithm 99.12 8.81 99.17 8.69 99.11 8.95
HLI 99.11 8.86 99.17 8.69 99.08 10.4
Linear 99.11 8.95 99.14 8.77 99.09 10.6
MVE 98.88 8.3 98.96 8.33 98.65 9.42

Elevators

Logarithm 98.29 57.64 98.31 49.07 98.27 75.03
HLI 98.29 58.16 98.34 49.44 98.31 75.61
Linear 98.42 59.09 98.46 50.43 98.42 77.27
MVE 93.49 37.96 94.33 33.99 93.14 51.38

Bike

Logarithm 98.42 78.05 98.43 69.09 98.46 75.96
HLI 98.45 84.28 98.45 75.71 98.49 82.17
Linear 98.61 83.81 98.61 75.27 98.68 82.81
MVE 96.06 59.82 96.29 52.46 96.17 58.13

California Housing

Logarithm 98.82 62.04 98.82 59.83 98.94 56.19
HLI 98.81 62.15 98.83 60.76 98.96 56.99
Linear 98.87 61.36 98.86 60.18 98.99 55.58
MVE 98.79 61.4 98.86 60.22 98.36 52.17
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Table A.8: Coverage (%) and NMPIW (%) Results: Confidence Level L =

99% and Limit M = 0.05 (Part II)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 99.49 89.87 99.54 86.1 99.17 87.72
HLI 99.42 91.65 99.45 87.95 99.2 91.63
Linear 99.21 85.4 99.22 82.77 99.07 89.01
MVE 99.79 102.38 99.82 100.54 99.43 90.72

Health Insurance

Logarithm 98.46 49.63 98.5 46.28 98.42 54.77
HLI 98.47 51.54 98.52 48.36 98.44 56.91
Linear 98.62 53.96 98.67 50.35 98.6 58.67
MVE 97.72 39.41 97.91 37.89 97.31 42.07

House8L

Logarithm 99.31 113.16 99.3 109.23 99.35 126.08
HLI 99.27 114.77 99.27 111.11 99.31 127.96
Linear 99.09 111.63 99.07 108.25 99.12 124.21
MVE 99.76 121.92 99.75 116.91 99.88 140.17

MetroTraffic

Logarithm 98.98 43.63 98.84 43.52 98.51 56.32
HLI 98.86 45.68 98.79 44.77 98.62 56.0
Linear 98.82 48.64 98.69 47.69 98.48 57.06
MVE 95.51 29.56 94.96 25.96 95.96 27.49

Diamonds

Logarithm 98.37 35.24 98.29 20.9 98.33 21.05
HLI 98.41 35.47 98.33 21.06 98.36 21.28
Linear 98.56 37.06 98.49 22.09 98.5 22.18
MVE 96.91 25.03 97.07 15.27 96.84 14.8

Video Transcoding

Logarithm 99.47 25.5 98.65 8.87 98.62 8.24
HLI 99.39 25.58 98.65 9.0 98.63 8.34
Linear 99.19 24.72 98.83 9.19 98.81 8.46
MVE 99.93 30.02 98.05 8.51 98.15 8.07

Wave Energy

Logarithm 99.04 48.05 98.91 36.25 98.95 44.19
HLI 99.06 48.59 98.89 36.53 98.93 44.42
Linear 99.03 48.04 98.98 36.64 98.98 44.47
MVE 99.2 49.47 98.92 36.74 98.93 44.03

FriedmanGra

Logarithm 99.02 48.21 98.88 36.44 98.93 44.33
HLI 99.01 48.71 98.86 36.74 98.9 44.53
Linear 99.02 48.29 98.97 36.93 98.98 44.86
MVE 99.13 49.38 98.83 36.69 98.85 43.95

FriedmanGsg

Logarithm 98.8 40.11 98.56 32.07 98.41 40.86
HLI 98.78 40.35 98.58 32.56 98.43 41.25
Linear 98.94 41.18 98.74 33.89 98.63 42.37
MVE 98.61 39.64 97.92 29.54 97.31 36.62

FriedmanLea

Logarithm 98.84 38.07 98.61 24.64 98.63 25.56
HLI 98.8 38.0 98.61 24.73 98.63 25.65
Linear 98.93 38.48 98.81 25.47 98.82 26.39
MVE 98.65 37.34 98.05 8.51 97.67 22.85
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Table A.9: Coverage (%) and NMPIW (%) Results: Confidence Level L =

80% and Limit M = 0.1 (Part I)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 85.94 21.05 85.92 19.22 85.21 20.99
HLI 85.73 20.89 85.73 19.03 85.23 21.07
Linear 83.32 19.11 83.14 17.46 83.34 19.63
MVE 87.98 22.87 88.13 20.86 86.3 22.11

Abalone

Logarithm 84.34 24.05 91.85 14.22 93.59 14.13
HLI 84.22 23.82 90.16 12.8 91.42 12.18
Linear 81.58 22.77 87.01 11.18 88.61 10.38
MVE 89.5 26.51 94.95 17.65 96.92 19.84

CPU Activity

Logarithm 87.87 7.22 99.82 0.78 99.53 0.95
HLI 87.34 6.66 99.89 0.45 98.64 0.6
Linear 83.46 6.29 99.84 0.45 97.74 0.58
MVE 89.24 8.66 99.99 4.43 99.99 4.46

Naval Propulsion Plant

Logarithm 86.09 18.14 84.82 17.86 83.37 14.46
HLI 85.94 18.02 84.73 17.85 83.49 14.58
Linear 83.36 16.46 82.28 16.46 81.83 13.81
MVE 87.7 19.37 86.44 18.77 84.24 14.91

Ailerons

Logarithm 92.86 16.37 92.74 15.53 92.93 13.87
HLI 92.33 15.41 92.37 14.7 92.32 13.08
Linear 90.55 13.37 90.7 12.85 90.59 11.32
MVE 94.33 19.3 94.09 18.04 94.39 16.34

Miami Housing

Logarithm 91.55 2.7 93.05 2.29 90.95 2.43
HLI 91.13 2.57 92.23 2.09 90.51 2.33
Linear 89.25 2.21 90.38 1.77 88.44 2.04
MVE 93.11 3.08 94.75 2.75 92.36 2.75

NZ Energy Price

Logarithm 92.24 3.45 92.48 3.43 91.13 4.01
HLI 90.78 3.17 91.09 3.15 89.91 3.74
Linear 87.86 2.72 88.37 2.7 87.12 3.23
MVE 94.62 4.13 94.82 4.14 93.38 4.69

Elevators

Logarithm 80.71 18.75 79.66 17.47 79.79 28.97
HLI 80.63 18.76 78.74 16.87 76.6 26.38
Linear 80.26 18.5 79.03 17.12 78.17 27.67
MVE 80.83 18.88 78.92 16.91 75.49 25.56

Bike

Logarithm 83.68 28.27 83.5 24.79 82.69 27.55
HLI 83.78 28.44 83.72 24.88 82.81 27.71
Linear 82.22 26.53 82.06 23.39 81.3 26.16
MVE 84.82 29.76 84.87 26.1 83.88 28.92

California Housing

Logarithm 87.73 29.54 87.65 29.14 89.36 24.43
HLI 87.45 29.36 87.39 28.85 89.28 24.05
Linear 86.28 27.06 86.22 26.67 87.72 21.67
MVE 88.19 30.55 87.9 29.96 90.28 25.95
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Table A.10: Coverage (%) and NMPIW (%) Results: Confidence Level L =

80% and Limit M = 0.1 (Part II)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 80.94 50.4 79.87 51.42 79.79 46.52
HLI 81.42 50.68 78.65 50.34 78.37 45.36
Linear 80.36 50.03 79.53 51.07 79.27 46.14
MVE 81.79 50.94 78.34 50.02 78.08 45.13

Health Insurance

Logarithm 90.94 16.31 90.73 15.8 89.62 18.07
HLI 90.03 15.05 89.66 14.74 88.92 17.08
Linear 87.76 12.64 87.21 12.58 86.57 14.66
MVE 92.94 19.61 92.93 18.85 91.5 20.93

House8L

Logarithm 81.05 59.94 80.77 58.01 80.06 70.95
HLI 81.36 60.34 80.87 58.07 79.34 69.9
Linear 80.51 59.32 80.36 57.59 79.89 70.69
MVE 81.66 60.66 80.95 58.17 79.21 69.74

MetroTraffic

Logarithm 88.53 15.2 90.35 11.97 92.62 11.8
HLI 86.26 14.65 90.32 11.75 92.2 10.98
Linear 86.79 14.08 89.32 10.18 90.62 9.21
MVE 86.13 14.71 90.82 12.92 93.29 13.68

Diamonds

Logarithm 89.11 11.09 89.86 6.57 89.88 6.43
HLI 88.64 10.67 89.18 6.19 89.32 6.09
Linear 86.63 9.07 87.06 5.23 87.36 5.11
MVE 90.49 12.45 91.46 7.6 91.24 7.36

Video Transcoding

Logarithm 79.83 14.99 80.04 3.87 80.09 3.68
HLI 78.2 14.68 80.0 3.81 80.1 3.61
Linear 78.9 14.75 79.12 3.72 78.98 3.5
MVE 79.12 14.93 82.57 4.23 82.41 4.02

Wave Energy

Logarithm 80.93 24.12 81.63 17.73 80.23 21.76
HLI 81.27 24.32 81.96 17.87 80.37 21.84
Linear 80.3 23.79 80.67 17.32 80.08 21.69
MVE 81.77 24.61 82.89 18.28 80.51 21.9

FriedmanGra

Logarithm 80.76 24.1 81.53 17.72 80.2 21.77
HLI 81.06 24.29 81.86 17.85 80.29 21.81
Linear 80.21 23.82 80.62 17.33 80.09 21.71
MVE 81.5 24.57 82.73 18.25 80.41 21.87

FriedmanGsg

Logarithm 79.94 19.36 81.98 14.12 79.54 18.67
HLI 80.23 19.49 82.27 14.22 78.63 18.19
Linear 79.51 19.17 80.56 13.63 78.9 18.32
MVE 80.73 19.72 83.54 14.7 78.72 18.22

FriedmanLea

Logarithm 81.74 18.33 82.23 10.51 80.6 11.23
HLI 81.94 18.43 82.5 10.6 80.86 11.3
Linear 81.01 17.98 81.08 10.19 80.17 11.11
MVE 82.25 18.58 83.5 10.91 81.08 11.37
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Table A.11: Coverage (%) and NMPIW (%) Results: Confidence Level L =

90% and Limit M = 0.1 (Part I)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 91.94 27.74 92.24 25.1 91.54 27.84
HLI 91.94 27.97 92.22 25.37 91.42 28.02
Linear 90.88 26.39 91.08 23.76 91.02 27.12
MVE 92.75 29.36 93.33 26.77 92.0 28.37

Abalone

Logarithm 94.29 29.33 95.63 19.15 96.63 18.9
HLI 93.59 28.44 94.87 17.85 95.53 16.47
Linear 91.59 27.18 93.3 15.47 93.95 14.16
MVE 98.21 34.02 97.28 22.66 98.21 25.46

CPU Activity

Logarithm 94.08 9.33 99.99 1.0 99.82 1.14
HLI 93.47 8.66 99.99 0.57 99.59 0.67
Linear 91.39 8.26 99.99 0.57 99.21 0.66
MVE 94.93 11.11 99.99 5.69 99.99 5.73

Naval Propulsion Plant

Logarithm 92.1 24.02 91.93 23.39 90.97 18.93
HLI 92.07 24.15 91.91 23.52 90.99 19.05
Linear 91.05 22.69 90.81 22.09 90.33 18.53
MVE 92.62 24.86 92.44 24.1 91.17 19.14

Ailerons

Logarithm 95.65 22.2 95.59 20.98 95.69 18.83
HLI 95.47 21.57 95.51 20.3 95.54 18.26
Linear 94.83 19.24 95.01 18.19 94.84 16.34
MVE 96.21 24.77 96.05 23.16 96.22 20.97

Miami Housing

Logarithm 95.16 3.6 95.84 3.07 94.73 3.24
HLI 95.05 3.5 95.57 2.9 94.61 3.19
Linear 94.13 3.08 94.58 2.49 93.67 2.86
MVE 95.65 3.96 96.56 3.53 95.38 3.53

NZ Energy Price

Logarithm 96.01 4.52 96.1 4.51 95.36 5.31
HLI 95.25 4.22 95.32 4.19 94.68 5.05
Linear 93.65 3.7 93.78 3.67 93.02 4.47
MVE 97.09 5.3 97.27 5.32 96.35 6.02

Elevators

Logarithm 89.29 28.57 89.19 25.35 89.05 41.54
HLI 87.39 25.63 87.04 23.05 86.47 36.67
Linear 88.47 27.2 88.2 24.3 87.74 38.87
MVE 86.33 24.24 85.64 21.7 83.91 32.81

Bike

Logarithm 90.13 39.0 90.33 33.46 90.01 37.73
HLI 89.62 37.94 90.09 33.1 89.45 36.82
Linear 89.96 38.41 90.16 32.98 89.77 37.22
MVE 89.78 38.2 90.28 33.5 89.61 37.12

California Housing

Logarithm 93.54 37.88 93.44 37.49 93.97 32.58
HLI 93.46 37.69 93.34 37.19 93.76 32.11
Linear 92.7 34.95 92.66 34.44 93.16 29.84
MVE 93.87 39.21 93.62 38.46 94.04 33.31
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Table A.12: Coverage (%) and NMPIW (%) Results: Confidence Level L =

90% and Limit M = 0.1 (Part II)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 92.79 60.8 91.17 62.57 90.05 57.69
HLI 92.71 60.77 91.45 63.01 90.18 57.89
Linear 91.06 58.89 90.39 61.88 89.97 57.58
MVE 95.71 65.38 92.45 64.2 90.28 57.93

Health Insurance

Logarithm 94.13 22.26 94.26 21.36 93.25 24.7
HLI 93.79 21.55 93.89 20.49 93.12 24.41
Linear 92.57 18.97 92.53 18.25 91.92 21.9
MVE 95.02 25.17 95.37 24.2 94.0 26.87

House8L

Logarithm 91.29 75.48 90.95 72.91 90.59 88.24
HLI 91.52 76.04 91.21 73.47 90.85 88.84
Linear 90.53 73.8 90.38 71.6 90.19 87.44
MVE 92.2 77.85 91.79 74.66 91.2 89.51

MetroTraffic

Logarithm 93.7 21.37 93.67 18.82 93.97 17.46
HLI 92.1 20.01 92.71 17.06 93.97 16.95
Linear 92.8 20.02 93.07 17.04 93.67 15.87
MVE 90.86 18.87 92.41 16.58 94.07 17.56

Diamonds

Logarithm 92.84 15.15 93.17 9.06 93.09 8.91
HLI 92.83 15.17 93.07 8.97 93.05 8.88
Linear 91.84 13.94 91.98 8.0 92.06 7.99
MVE 93.3 15.98 93.88 9.75 93.59 9.45

Video Transcoding

Logarithm 91.18 18.0 89.81 5.04 89.65 4.86
HLI 91.35 18.03 89.46 4.89 88.93 4.68
Linear 90.42 17.63 89.47 4.84 89.13 4.66
MVE 93.65 19.17 90.84 5.43 90.13 5.16

Wave Energy

Logarithm 90.47 30.86 90.87 22.63 90.03 27.91
HLI 90.67 31.06 91.06 22.77 90.14 28.0
Linear 90.12 30.55 90.33 22.22 89.98 27.88
MVE 91.15 31.59 91.86 23.46 90.26 28.11

FriedmanGra

Logarithm 90.4 30.85 90.59 22.68 90.07 27.94
HLI 90.59 31.04 90.77 22.8 90.09 27.96
Linear 90.1 30.58 90.21 22.36 90.01 27.89
MVE 91.03 31.53 91.49 23.43 90.21 28.07

FriedmanGsg

Logarithm 89.88 25.03 90.45 18.07 89.32 24.45
HLI 89.73 24.92 90.59 18.16 88.14 23.45
Linear 89.62 24.83 89.87 17.71 88.81 23.98
MVE 90.18 25.32 91.56 18.86 88.09 23.38

FriedmanLea

Logarithm 90.44 23.47 90.14 13.67 89.79 14.76
HLI 90.58 23.59 90.23 13.72 89.45 14.56
Linear 90.13 23.19 89.98 13.57 89.66 14.69
MVE 90.89 23.84 90.68 14.0 89.49 14.59
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Table A.13: Coverage (%) and NMPIW (%) Results: Confidence Level L =

99% and Limit M = 0.1 (Part I)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 98.49 52.77 98.55 45.65 98.55 51.4
HLI 98.49 68.58 98.55 61.36 98.51 67.04
Linear 98.65 63.04 98.73 55.35 98.71 60.0
MVE 97.57 45.97 98.03 41.93 97.61 44.43

Abalone

Logarithm 99.69 41.56 99.33 33.32 99.08 40.88
HLI 99.54 45.38 99.28 35.74 99.08 45.51
Linear 99.34 41.11 99.08 33.34 99.05 41.89
MVE 99.93 53.28 99.57 35.48 99.06 39.88

CPU Activity

Logarithm 98.74 17.13 99.99 1.57 99.97 1.74
HLI 98.72 17.69 99.99 0.89 99.97 0.93
Linear 98.84 17.73 99.99 0.89 99.97 0.92
MVE 98.8 17.41 99.99 8.91 99.99 8.97

Naval Propulsion Plant

Logarithm 98.46 49.83 98.51 47.17 98.61 34.36
HLI 98.47 52.22 98.52 49.35 98.6 36.46
Linear 98.62 53.25 98.69 50.39 98.8 36.39
MVE 97.0 38.93 97.38 37.73 97.58 29.97

Ailerons

Logarithm 99.17 49.36 99.2 43.68 99.17 40.26
HLI 99.18 50.18 99.2 45.25 99.19 42.33
Linear 99.2 49.71 99.25 44.5 99.22 41.68
MVE 98.04 38.79 98.13 36.26 98.16 32.85

Miami Housing

Logarithm 98.77 7.4 98.78 6.47 98.87 6.22
HLI 98.77 7.53 98.77 6.61 98.87 6.31
Linear 98.87 7.92 98.87 6.92 98.94 6.61
MVE 98.12 6.2 98.39 5.52 98.41 5.52

NZ Energy Price

Logarithm 99.12 8.81 99.18 41.34 99.07 10.39
HLI 99.12 8.86 99.17 8.69 99.08 10.4
Linear 99.122 8.95 99.15 8.78 99.07 10.64
MVE 98.88 8.3 98.96 8.33 98.65 9.42

Elevators

Logarithm 98.29 57.64 98.31 49.07 98.27 75.03
HLI 98.29 58.16 98.34 49.44 98.31 75.61
Linear 98.38 58.81 98.43 50.19 98.39 76.86
MVE 93.49 37.96 94.33 33.99 93.14 51.38

Bike

Logarithm 98.42 78.05 98.43 69.1 98.46 75.96
HLI 98.45 84.28 98.45 75.71 98.5 82.17
Linear 98.59 83.39 98.6 74.91 98.66 82.22
MVE 96.06 59.82 96.29 52.46 96.17 58.13

California Housing

Logarithm 98.82 62.08 98.82 59.82 98.94 56.2
HLI 98.8 61.92 98.82 60.5 98.96 56.73
Linear 98.87 61.24 98.84 60.11 98.98 55.42
MVE 98.79 61.4 98.86 60.22 98.36 52.17
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Table A.14: Coverage (%) and NMPIW (%) Results: Confidence Level L =

99% and Limit M = 0.1 (Part II)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 99.51 90.11 99.55 86.42 99.17 87.66
HLI 99.43 91.62 99.45 87.93 99.2 91.68
Linear 99.21 85.32 99.23 82.79 99.07 89.04
MVE 99.79 102.38 99.82 100.54 99.43 90.72

Health Insurance

Logarithm 98.46 49.63 98.5 46.28 98.42 54.78
HLI 98.47 51.54 98.52 48.36 98.44 56.91
Linear 98.6 53.49 98.66 50.26 98.6 58.32
MVE 97.72 39.41 97.91 37.89 97.31 42.07

House8L

Logarithm 99.32 113.31 99.3 109.22 99.36 126.4
HLI 99.28 115.06 99.28 111.12 99.32 128.12
Linear 99.09 111.73 99.09 108.25 99.12 124.06
MVE 99.76 121.92 99.75 116.91 99.88 140.17

MetroTraffic

Logarithm 98.98 43.63 98.84 43.52 98.51 56.32
HLI 98.86 45.68 98.79 44.77 98.62 56.0
Linear 98.8 48.51 98.66 47.56 98.44 56.56
MVE 95.51 29.56 94.96 25.96 95.96 27.49

Diamonds

Logarithm 98.37 35.24 98.29 20.9 98.33 21.05
HLI 98.41 35.47 98.33 21.06 98.36 21.28
Linear 98.55 36.85 98.47 21.99 98.49 22.06
MVE 96.91 25.03 97.07 15.27 96.84 14.8

Video Transcoding

Logarithm 99.49 25.61 98.65 8.88 98.62 8.25
HLI 99.4 25.67 98.65 8.79 98.62 8.16
Linear 99.2 24.75 98.82 9.03 98.8 8.34
MVE 99.93 30.02 98.05 8.51 98.15 8.07

Wave Energy

Logarithm 99.05 48.07 98.91 36.24 98.95 44.19
HLI 99.06 48.56 98.89 36.47 98.93 44.38
Linear 99.03 47.96 98.97 36.61 98.98 44.42
MVE 99.2 49.47 98.92 36.74 98.93 44.03

FriedmanGra

Logarithm 99.02 48.25 98.88 36.42 98.93 44.33
HLI 99.01 48.66 98.86 36.69 98.9 44.49
Linear 99.02 48.23 98.96 36.89 98.98 44.81
MVE 99.13 49.38 98.83 36.69 98.85 43.95

FriedmanGsg

Logarithm 98.8 40.1 98.56 32.05 98.41 40.86
HLI 98.78 40.32 98.58 32.51 98.43 41.21
Linear 98.94 41.09 98.72 33.7 98.62 42.27
MVE 98.61 39.64 97.92 29.54 97.31 36.62

FriedmanLea

Logarithm 98.84 38.07 98.61 24.64 98.63 25.56
HLI 98.8 38.01 98.62 24.73 98.63 25.65
Linear 98.92 38.47 98.8 25.44 98.81 26.34
MVE 98.65 37.34 98.05 8.51 97.67 22.85
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Table A.15: Coverage (%) and NMPIW (%) Results: Confidence Level L =

80% and Limit M = 0.5 (Part I)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 86.82 21.66 86.64 19.77 85.73 21.4
HLI 86.48 21.49 86.38 19.59 85.75 21.38
Linear 84.61 19.97 84.45 18.19 84.29 20.25
MVE 87.98 22.87 88.13 20.86 86.3 22.11

Abalone

Logarithm 85.75 24.72 93.24 15.47 95.14 16.03
HLI 85.23 24.25 91.93 14.03 93.64 13.89
Linear 82.6 23.22 89.92 12.6892.03 12.71
MVE 89.5 26.51 94.95 17.65 96.92 19.84

CPU Activity

Logarithm 88.14 7.7 99.99 2.4 99.99 2.42
HLI 87.87 7.19 99.99 2.22 99.99 2.23
Linear 85.87 6.58 99.99 2.22 99.99 2.23
MVE 89.24 8.66 99.99 4.43 99.99 4.46

Naval Propulsion Plant

Logarithm 86.71 18.62 85.45 18.25 83.73 14.65
HLI 86.57 18.48 85.31 18.17 83.64 14.69
Linear 84.84 17.26 83.46 17.16 82.52 14.09
MVE 87.7 19.37 86.44 18.77 84.24 14.91

Ailerons

Logarithm 93.45 17.48 93.28 16.49 93.53 14.79
HLI 93.01 16.68 92.96 15.8 93.12 14.07
Linear 91.98 15.17 92.0 14.4 92.1 12.77
MVE 94.33 19.3 94.09 18.04 94.39 16.34

Miami Housing

Logarithm 92.18 2.85 93.83 2.46 91.49 2.55
HLI 91.82 2.74 93.18 2.31 91.21 2.47
Linear 90.47 2.49 91.93 2.08 89.7 2.26
MVE 93.11 3.08 94.75 2.75 92.36 2.75

NZ Energy Price

Logarithm 93.36 3.7 93.53 3.7 92.21 4.27
HLI 92.36 3.48 92.57 3.47 91.3 4.06
Linear 90.63 3.15 90.97 3.14 89.53 3.69
MVE 94.62 4.13 94.82 4.14 93.38 4.69

Elevators

Logarithm 80.78 18.82 79.67 17.47 79.79 28.97
HLI 80.68 18.8 78.81 16.88 76.6 26.39
Linear 80.39 18.57 78.88 17.04 77.52 27.15
MVE 80.83 18.88 78.92 16.91 75.49 25.56

Bike

Logarithm 84.1 28.81 84.05 25.23 83.06 28.03
HLI 84.12 28.77 84.09 25.16 83.11 28.02
Linear 82.84 27.3 82.78 23.93 81.91 26.69
MVE 84.82 29.76 84.87 26.1 83.88 28.92

California Housing

Logarithm 87.97 30.03 87.86 29.6 89.76 25.03
HLI 87.76 29.86 87.6 29.32 89.71 24.8
Linear 87.12 28.49 87.07 28.0 88.75 23.24
MVE 88.19 30.55 87.9 29.96 90.28 25.95

Superconductivity
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Table A.16: Coverage (%) and NMPIW (%) Results: Confidence Level L =

80% and Limit M = 0.5 (Part II)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 81.19 50.56 79.87 51.43 79.79 46.52
HLI 81.53 50.77 78.65 50.34 78.38 45.36
Linear 80.57 50.15 79.35 50.89 79.02 45.96
MVE 81.79 50.94 78.34 50.02 78.08 45.13

Health Insurance

Logarithm 91.81 17.57 91.65 16.94 90.42 19.13
HLI 91.05 16.49 90.9 15.97 89.83 18.33
Linear 89.78 14.75 89.3 14.38 88.41 16.49
MVE 92.94 19.61 92.93 18.85 91.5 20.93

House8L

Logarithm 81.23 60.17 80.88 58.12 80.06 70.95
HLI 81.46 60.43 80.89 58.1 79.34 69.89
Linear 80.73 59.56 80.5 57.72 79.77 70.51
MVE 81.66 60.66 80.95 58.17 79.21 69.74

MetroTraffic

Logarithm 88.55 15.41 90.55 12.37 92.98 12.58
HLI 86.32 14.74 90.53 12.23 92.73 12.0
Linear 86.48 14.47 89.95 11.21 91.9 10.69
MVE 86.13 14.71 90.82 12.92 93.29 13.68

Diamonds

Logarithm 89.68 11.65 90.54 6.97 90.44 6.81
HLI 89.33 11.32 90.02 6.67 90.05 6.55
Linear 88.06 10.18 88.76 5.97 88.87 5.85
MVE 90.49 12.45 91.46 7.6 91.24 7.36

Video Transcoding

Logarithm 79.84 15.01 80.74 3.96 80.79 3.76
HLI 78.4 14.73 80.56 3.89 80.61 3.7
Linear 78.47 14.69 79.3 3.77 79.3 3.56
MVE 79.12 14.93 82.57 4.23 82.41 4.02

Wave Energy

Logarithm 81.19 24.28 82.02 17.9 80.3 21.8
HLI 81.43 24.41 82.22 17.98 80.41 21.86
Linear 80.51 23.9 81.0 17.47 80.12 21.71
MVE 81.77 24.61 82.89 18.28 80.51 21.9

FriedmanGra

Logarithm 80.99 24.25 81.91 17.89 80.23 21.79
HLI 81.19 24.37 82.1 17.97 80.33 21.83
Linear 80.38 23.91 80.94 17.47 80.11 21.72
MVE 81.5 24.57 82.73 18.25 80.41 21.87

FriedmanGsg

Logarithm 80.15 19.47 82.5 14.31 79.54 18.67
HLI 80.38 19.56 82.64 14.36 78.67 18.2
Linear 79.61 19.2 81.12 13.82 78.74 18.24
MVE 80.73 19.72 83.54 14.7 78.72 18.22

FriedmanLea

Logarithm 81.87 18.4 82.65 10.64 80.75 11.27
HLI 82.05 18.48 82.78 10.68 80.93 11.32
Linear 81.33 18.14 81.55 10.32 80.35 11.16
MVE 82.25 18.58 83.5 10.91 81.08 11.37

Hypera
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Table A.17: Coverage (%) and NMPIW (%) Results: Confidence Level L =

90% and Limit M = 0.5 (Part I)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 92.26 28.26 92.67 25.6 91.7 28.06
HLI 92.22 28.05 92.57 25.32 91.54 27.78
Linear 91.38 26.54 91.54 24.11 91.18 27.1
MVE 92.75 29.36 93.33 26.77 92.0 28.37

Abalone

Logarithm 95.53 30.56 96.35 20.41 97.34 21.35
HLI 94.56 29.46 95.68 19.03 96.59 18.74
Linear 92.65 27.92 94.64 17.26 95.7 16.9
MVE 98.21 34.02 97.28 22.66 98.21 25.46

CPU Activity

Logarithm 94.25 9.87 99.99 3.09 99.99 3.11
HLI 94.08 9.19 99.99 2.84 99.99 2.86
Linear 92.37 8.62 99.99 2.84 99.99 2.86
MVE 94.93 11.11 99.99 5.69 99.99 5.73

Naval Propulsion Plant

Logarithm 92.35 24.35 92.18 23.73 91.13 19.07
HLI 92.28 24.36 92.14 23.68 91.02 19.04
Linear 91.53 23.24 91.29 22.69 90.55 18.68
MVE 92.62 24.86 92.44 24.1 91.17 19.14

Ailerons

Logarithm 95.89 23.15 95.73 21.84 95.89 19.65
HLI 95.74 22.65 95.71 21.31 95.79 19.17
Linear 95.36 20.87 95.36 19.86 95.43 17.78
MVE 96.21 24.77 96.05 23.16 96.22 20.97

Miami Housing

Logarithm 95.35 3.75 96.12 3.25 94.96 3.35
HLI 95.28 3.67 95.92 3.11 94.86 3.31
Linear 94.63 3.37 95.31 2.81 94.17 3.06
MVE 95.65 3.96 96.56 3.53 95.38 3.53

NZ Energy Price

Logarithm 96.56 4.82 96.71 4.82 95.94 17.52
HLI 96.06 4.56 96.14 4.55 94.86 3.31
Linear 95.1 4.17 95.16 4.16 94.36 4.93
MVE 97.09 5.3 97.27 5.32 97.66 7.17

Elevators

Logarithm 89.29 28.55 89.2 25.36 89.05 41.55
HLI 87.39 25.63 87.04 23.05 86.47 36.67
Linear 87.98 26.39 87.62 23.7 86.98 37.44
MVE 86.33 24.24 85.64 21.7 83.91 32.81

Bike

Logarithm 90.15 39.03 90.36 33.53 90.0 37.77
HLI 89.65 37.87 90.13 33.08 89.52 36.76
Linear 89.83 38.1 90.11 33.01 89.65 36.93
MVE 89.78 38.2 90.28 33.5 89.61 37.12

California Housing

Logarithm 93.64 38.46 93.59 38.01 94.08 33.1
HLI 93.65 38.3 93.46 37.72 93.91 32.62
Linear 93.16 36.57 93.15 36.02 93.61 31.3
MVE 93.87 39.21 93.62 38.46 94.04 33.31

Superconductivity
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Table A.18: Coverage (%) and NMPIW (%) Results: Confidence Level L =

90% and Limit M = 0.5 (Part II)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 93.64 61.87 91.56 62.98 90.12 57.74
HLI 93.34 61.54 91.71 63.27 90.2 57.91
Linear 91.7 59.53 90.65 62.12 90.0 57.57
MVE 95.71 65.38 92.45 64.2 90.28 57.93

Health Insurance

Logarithm 94.53 23.35 94.69 22.41 93.56 25.5
HLI 94.25 22.6 94.39 21.66 93.48 25.15
Linear 93.39 20.68 93.46 19.71 92.59 23.24
MVE 95.02 25.17 95.37 24.2 94.0 26.87

House8L

Logarithm 91.6 76.19 91.21 73.44 90.78 88.62
HLI 91.7 76.53 91.37 73.77 90.97 89.02
Linear 90.81 74.41 90.59 72.08 90.33 87.68
MVE 92.2 77.85 91.79 74.66 91.2 89.51

MetroTraffic

Logarithm 93.7 21.55 93.69 18.98 94.02 17.65
HLI 92.1 20.04 92.71 17.12 94.02 17.21
Linear 92.33 20.06 92.91 17.08 93.81 16.52
MVE 90.86 18.87 92.41 16.58 94.07 17.56

Diamonds

Logarithm 93.06 15.5 93.49 9.33 93.31 9.14
HLI 93.03 15.48 93.38 9.24 93.25 9.09
Linear 92.31 14.54 92.58 8.53 92.59 8.45
MVE 93.3 15.98 93.88 9.75 93.59 9.45

Video Transcoding

Logarithm 91.74 18.25 89.89 5.1 89.67 4.92
HLI 91.7 18.18 89.75 4.99 89.14 4.76
Linear 90.6 17.72 89.35 4.88 88.95 4.68
MVE 93.65 19.17 90.84 5.43 90.13 5.16

Wave Energy

Logarithm 90.66 31.07 91.15 22.87 90.07 27.96
HLI 90.78 31.2 91.25 22.94 90.16 28.03
Linear 90.22 30.64 90.49 22.34 89.98 27.88
MVE 91.15 31.59 91.86 23.46 90.26 28.11

FriedmanGra

Logarithm 90.58 31.04 90.84 22.88 90.08 27.96
HLI 90.7 31.17 90.93 22.95 90.11 27.99
Linear 90.18 30.66 90.31 22.44 90.0 27.89
MVE 91.03 31.53 91.49 23.43 90.21 28.07

FriedmanGsg

Logarithm 89.92 25.07 90.78 18.3 89.32 24.46
HLI 89.84 25.02 90.82 18.33 88.15 23.46
Linear 89.53 24.77 90.02 17.79 88.5 23.75
MVE 90.18 25.32 91.56 18.86 88.09 23.38

FriedmanLea

Logarithm 90.56 23.57 90.28 13.76 89.79 14.76
HLI 90.66 23.66 90.33 13.78 89.46 14.57
Linear 90.25 23.31 90.01 13.6 89.58 14.64
MVE 90.89 23.84 90.68 14.0 89.49 14.59

Hypera
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Table A.19: Coverage (%) and NMPIW (%) Results: Confidence Level L =

95% and Limit M = 0.5 (Part I)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 94.92 35.31 95.38 31.3 95.26 34.32
HLI 94.74 35.07 95.44 31.43 94.98 34.04
Linear 94.72 34.59 95.08 30.21 95.16 33.76
MVE 94.68 34.98 95.62 31.9 94.96 33.81

Abalone

Logarithm 98.58 35.14 97.88 24.9 98.3 26.77
HLI 97.88 34.03 97.63 23.84 98.0 24.28
Linear 96.89 32.42 97.0 22.05 97.49 22.08
MVE 99.71 40.54 98.44 27.0 98.68 30.34

CPU Activity

Logarithm 96.79 11.93 99.99 3.68 99.99 3.7
HLI 96.72 11.19 99.99 3.39 99.99 3.41
Linear 95.74 10.74 99.99 3.39 99.99 3.41
MVE 97.1 13.24 99.99 6.78 99.99 6.82

Naval Propulsion Plant

Logarithm 95.24 30.44 95.46 29.17 94.91 23.44
HLI 95.03 30.21 95.37 29.01 94.71 23.07
Linear 95.08 30.2 95.21 28.57 94.86 23.18
MVE 94.8 29.62 95.16 28.71 94.41 22.8

Ailerons

Logarithm 97.29 30.16 97.37 28.08 97.41 25.06
HLI 97.01 29.03 97.05 27.31 97.12 24.53
Linear 97.07 28.06 97.12 26.27 97.11 23.69
MVE 97.03 29.52 96.91 27.59 97.17 24.99

Miami Housing

Logarithm 96.95 4.62 97.4 4.01 96.95 4.09
HLI 96.95 4.61 97.34 3.95 96.94 4.08
Linear 96.7 4.37 96.99 3.68 96.63 3.88
MVE 96.95 4.72 97.45 4.2 96.99 4.2

NZ Energy Price

Logarithm 97.89 5.92 98.05 5.9 97.65 6.83
HLI 97.73 5.74 97.88 5.68 97.45 6.67
Linear 97.27 5.26 97.36 5.2 96.93 6.21
MVE 97.98 6.31 98.17 6.34 97.66 7.17

Elevators

Logarithm 93.85 39.56 93.97 33.39 93.76 53.72
HLI 92.58 35.61 92.69 30.47 92.32 49.37
Linear 92.57 35.58 92.82 30.67 92.23 48.88
MVE 89.53 28.88 89.56 25.86 88.16 39.1

Bike

Logarithm 94.55 51.71 94.62 44.58 94.53 49.58
HLI 93.71 48.69 93.89 41.83 93.65 46.72
Linear 94.0 49.62 94.14 42.94 94.03 47.68
MVE 92.65 45.52 93.2 39.92 92.75 44.23

California Housing

Logarithm 96.42 46.85 96.41 45.04 96.59 41.52
HLI 96.44 45.88 96.41 45.03 96.36 40.05
Linear 96.11 44.2 96.17 43.3 96.3 39.12
MVE 96.55 46.72 96.54 45.82 96.12 39.69

Superconductivity
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Table A.20: Coverage (%) and NMPIW (%) Results: Confidence Level L =

95% and Limit M = 0.5 (Part II)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 97.73 71.11 97.05 71.61 95.54 68.18
HLI 97.28 69.83 96.77 71.33 95.61 68.83
Linear 96.39 66.97 95.88 69.35 95.23 67.45
MVE 98.85 77.9 98.63 76.5 95.75 69.03

Health Insurance

Logarithm 96.09 29.1 96.35 27.82 95.41 31.68
HLI 96.09 29.15 96.34 27.75 95.45 31.86
Linear 95.66 27.56 95.84 25.98 95.23 31.08
MVE 96.32 29.99 96.61 28.83 95.46 32.01

House8L

Logarithm 95.82 90.83 95.9 87.1 96.09 103.43
HLI 95.9 91.11 95.97 87.33 96.09 103.49
Linear 95.38 89.1 95.41 85.17 95.41 101.06
MVE 96.22 92.77 96.32 88.96 96.88 106.66

MetroTraffic

Logarithm 96.23 29.31 96.08 27.54 96.12 26.97
HLI 95.35 27.21 95.16 25.11 95.55 23.58
Linear 95.18 27.15 94.93 24.72 95.59 23.74
MVE 93.06 22.49 93.43 19.75 94.89 20.92

Diamonds

Logarithm 95.16 19.32 95.37 11.61 95.18 11.6
HLI 95.1 19.18 95.38 11.62 95.09 11.43
Linear 95.09 19.22 95.21 11.39 95.12 11.52
MVE 94.96 19.04 95.36 11.62 94.98 11.26

Video Transcoding

Logarithm 96.86 21.09 94.75 6.23 94.61 5.98
HLI 96.64 20.83 94.36 6.03 94.0 5.75
Linear 95.81 20.19 94.46 6.0 94.21 5.73
MVE 98.28 22.84 94.75 6.47 94.27 6.14

Wave Energy

Logarithm 95.37 36.98 95.46 27.2 95.01 33.38
HLI 95.46 37.13 95.5 27.28 95.02 33.42
Linear 95.13 36.48 95.17 26.77 94.99 33.34
MVE 95.73 37.64 95.92 27.96 95.09 33.5

FriedmanGra

Logarithm 95.26 36.96 95.23 27.26 95.02 33.47
HLI 95.34 37.1 95.25 27.31 94.94 33.38
Linear 95.08 36.57 95.05 26.96 94.97 33.4
MVE 95.59 37.57 95.62 27.92 95.0 33.44

FriedmanGsg

Logarithm 94.87 30.08 94.83 22.09 94.2 29.71
HLI 94.65 29.84 94.65 21.91 93.35 28.45
Linear 94.65 29.72 94.52 21.71 93.69 28.88
MVE 94.86 30.17 95.04 22.48 92.93 27.86

FriedmanLea

Logarithm 94.91 28.22 94.69 17.14 94.64 18.27
HLI 94.9 28.19 94.2 16.65 94.04 17.69
Linear 94.83 28.09 94.46 16.87 94.39 18.02
MVE 95.03 28.41 94.17 16.68 93.7 17.39

Hypera



144

Table A.21: Coverage (%) and NMPIW (%) Results: Confidence Level L =

99% and Limit M = 0.5 (Part I)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 98.49 52.78 98.57 45.72 98.51 51.35
HLI 98.49 58.89 98.55 51.78 98.51 57.33
Linear 98.43 54.84 98.61 47.98 98.53 53.26
MVE 97.57 45.97 98.03 41.93 97.61 44.43

Abalone

Logarithm 99.83 44.56 99.4 34.26 99.11 41.28
HLI 99.68 44.75 99.35 36.56 99.1 45.95
Linear 99.55 40.89 99.19 33.5 99.06 42.81
MVE 99.93 53.28 99.57 35.48 99.06 39.88

CPU Activity

Logarithm 98.74 17.08 99.99 4.83 99.99 4.86
HLI 98.73 16.6 99.99 4.45 99.99 4.48
Linear 98.76 16.5 99.99 4.45 99.99 4.48
MVE 98.8 17.41 99.99 8.91 99.99 8.97

Naval Propulsion Plant

Logarithm 98.45 49.82 98.5 47.14 98.61 34.33
HLI 98.46 49.75 98.52 46.89 98.6 33.97
Linear 98.47 50.25 98.56 47.06 98.68 34.22
MVE 97.0 38.93 97.38 37.73 97.58 29.97

Ailerons

Logarithm 99.15 48.34 99.2 43.88 99.17 40.5
HLI 99.17 49.12 99.2 44.11 99.17 41.19
Linear 99.05 48.68 99.15 43.39 99.07 40.95
MVE 98.04 38.79 98.13 36.26 98.16 32.85

Miami Housing

Logarithm 98.77 7.4 98.78 6.47 98.88 6.2
HLI 98.77 7.47 98.77 6.56 98.87 6.26
Linear 98.8 7.44 98.81 6.51 98.89 6.4
MVE 98.12 6.2 98.39 5.52 98.41 5.52

NZ Energy Price

Logarithm 99.12 8.84 99.18 8.74 99.07 10.41
HLI 99.12 8.86 99.17 8.71 99.08 10.39
Linear 99.12 8.79 99.17 8.62 99.06 10.45
MVE 98.88 8.3 98.96 8.33 98.65 9.42

Elevators

Logarithm 98.29 57.64 98.31 49.07 98.27 75.03
HLI 98.29 58.04 98.33 49.25 98.31 75.49
Linear 97.96 56.76 98.1 48.34 98.04 74.09
MVE 93.49 37.96 94.33 33.99 93.14 51.38

Bike

Logarithm 98.42 78.02 98.43 69.15 98.46 75.98
HLI 98.45 78.72 98.45 69.5 98.49 76.04
Linear 98.37 78.46 98.37 68.52 98.44 75.45
MVE 96.06 59.82 96.29 52.46 96.17 58.13

California Housing

Logarithm 98.82 62.17 98.84 60.09 98.94 56.25
HLI 98.8 61.5 98.81 60.11 98.95 56.03
Linear 98.84 61.16 98.82 59.85 98.97 56.05
MVE 98.79 61.4 98.86 60.22 98.36 52.17

Superconductivity
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Table A.22: Coverage (%) and NMPIW (%) Results: Confidence Level L =

99% and Limit M = 0.5 (Part II)

ARF-Reg SOKNL KNN

coverage NMPIW coverage NMPIW coverage NMPIW

Logarithm 99.61 93.17 99.68 89.43 99.23 88.26
HLI 99.52 94.43 99.56 90.35 99.24 91.87
Linear 99.35 86.84 99.39 83.1 99.1 88.22
MVE 99.79 102.38 99.82 100.54 99.43 90.72

Health Insurance

Logarithm 98.45 49.54 98.5 46.28 98.42 54.76
HLI 98.47 50.2 98.52 47.02 98.44 55.57
Linear 98.46 49.66 98.54 46.65 98.42 54.48
MVE 97.72 39.41 97.91 37.89 97.31 42.07

House8L

Logarithm 99.45 114.99 99.42 110.85 99.49 128.57
HLI 99.37 114.33 99.35 110.15 99.4 127.61
Linear 99.16 111.6 99.15 108.03 99.2 124.09
MVE 99.76 121.92 99.75 116.91 99.88 140.17

MetroTraffic

Logarithm 98.98 43.63 98.84 43.52 98.51 56.32
HLI 98.86 45.67 98.79 44.77 98.62 56.0
Linear 98.47 46.51 98.27 44.83 98.07 50.83
MVE 95.51 29.56 94.96 25.96 95.96 27.49

Diamonds

Logarithm 98.37 35.24 98.29 20.9 98.33 21.05
HLI 98.41 35.47 98.33 21.06 98.36 21.28
Linear 98.32 34.6 98.27 20.61 98.29 20.67
MVE 96.91 25.03 97.07 15.27 96.84 14.8

Video Transcoding

Logarithm 99.61 26.28 98.65 8.92 98.63 8.25
HLI 99.51 25.82 98.65 8.8 98.63 8.14
Linear 99.31 24.92 98.7 8.84 98.68 8.16
MVE 99.93 30.02 98.05 8.51 98.15 8.07

Wave Energy

Logarithm 99.07 48.26 98.92 36.35 98.95 44.18
HLI 99.08 48.69 98.89 36.52 98.93 44.38
Linear 99.03 47.96 98.94 36.46 98.97 44.33
MVE 99.2 49.47 98.92 36.74 98.93 44.03

FriedmanGra

Logarithm 99.03 48.37 98.89 36.58 98.93 44.33
HLI 99.03 48.73 98.87 36.74 98.9 44.48
Linear 99.01 48.24 98.92 36.74 98.96 44.58
MVE 99.13 49.38 98.83 36.69 98.85 43.95

FriedmanGsg

Logarithm 98.8 40.13 98.57 32.04 98.41 40.86
HLI 98.78 40.33 98.58 32.43 98.43 41.19
Linear 98.86 40.56 98.57 32.34 98.42 41.07
MVE 98.61 39.64 97.92 29.54 97.31 36.62

FriedmanLea

Logarithm 98.84 38.09 98.61 24.65 98.63 25.56
HLI 98.8 37.95 98.62 24.65 98.63 25.58
Linear 98.88 38.29 98.67 24.91 98.7 25.86
MVE 98.65 37.34 98.05 8.51 97.67 22.85

Hypera
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A.2 Full CING Results

This appendix includes the supplementary figures for CING results.

(a) CPU Activity (b) Naval Propulsion Plant

(c) Ailerons (d) Miami Housing

(e) NZ Energy Price (f) Elevators

(g) California Housing (h) Superconductivity

Figure A.1: Supplementary CING Evaluation Results for Different Datasets

(Part I)
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(a) Health Insurance (b) House8L

(c) MetroTraffic (d) Video Transcoding

(e) Wave Energy (f) FriedmanGra

(g) FriedmanGsg (h) FriedmanLea (i) Hypera

Figure A.2: Supplementary CING Evaluation Results for Different Datasets

(Part II)
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A.3 Full Coverage Results Comparison

We present scattergram for coverage results comparison for L = 80,90, and 99

in this appendix.
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(a) Scattergram for L = 80%.
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(b) Scattergram for L = 90%.
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(c) Scattergram for L = 99%.

Figure A.3: Scattergrams showing the comparison of coverage values between

MVE and adaptive approaches for different confidence levels (L = 80%, 90%,

99%). The black lines denote the confidence level for both axes, and the

green area highlights where adaptive approaches outperform MVE in terms

of coverage. Different colors represent different base learners, and different

shapes distinguish the adaptive approaches.



Appendix B

Chapter 6 Additional Results

B.1 Full K Values Plots

This appendix section exhibits the plots of prequential accuracy and K values

for both original ensemble and the DEMS version algorithms not included in

Chapter 6.
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on AGRa

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on AGRa

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on AGRa

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on AGRa

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on AGRa

Figure B.1: AGRa dataset: prequential accuracy and K values over time
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on Airlines

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on Airlines

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on Airlines

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on Airlines

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on Airlines

Figure B.2: Airlines dataset: prequential accuracy and K values over time
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on CovTS

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on CovTS

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on CovTS

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on CovTS

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on CovTS

Figure B.3: CovTS dataset: prequential accuracy and K values over time
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on CovT

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on CovT

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on CovT

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on CovT

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on CovT

Figure B.4: CovT dataset: prequential accuracy and K values over time
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on ElecN

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on ElecN

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on ElecN

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on ElecN

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on ElecN

Figure B.5: ElecN dataset: prequential accuracy and K values over time
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on Elec

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on Elec

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on Elec

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on Elec

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on Elec

Figure B.6: Elec dataset: prequential accuracy and K values over time
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on KDD

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on KDD

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on KDD

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on KDD

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on KDD

Figure B.7: KDD dataset: prequential accuracy and K values over time
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on LEDa

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on LEDa

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on LEDa

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on LEDa

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on LEDa

Figure B.8: LEDa dataset: prequential accuracy and K values over time
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on LEDg

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on LEDg

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on LEDg

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on LEDg

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on LEDg

Figure B.9: LEDg dataset: prequential accuracy and K values over time
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on Nomao

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on Nomao

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on Nomao

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on Nomao

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on Nomao

Figure B.10: Nomao dataset: prequential accuracy and K values over time
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on RBFf

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on RBFf

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on RBFf

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on RBFf

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on RBFf

Figure B.11: RBFf dataset: prequential accuracy and K values over time
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on RBFm

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on RBFm

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on RBFm

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on RBFm

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on RBFm

Figure B.12: RBFm dataset: prequential accuracy and K values over time
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on RTGa

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on RTGa

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on RTGa

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on RTGa

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on RTGa

Figure B.13: RTGa dataset: prequential accuracy and K values over time
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on SEAa

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on SEAa

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on SEAa

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on SEAa

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on SEAa

Figure B.14: SEAa dataset: prequential accuracy and K values over time
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on SEAg

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on SEAg

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on SEAg

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on SEAg

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on SEAg

Figure B.15: SEAg dataset: prequential accuracy and K values over time
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on Sensor

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on Sensor

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on Sensor

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on Sensor

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on Sensor

Figure B.16: Sensor dataset: prequential accuracy and K values over time
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(a) Prequential accuracy for ARF and

DEMSARF , and best K values over time

on WISDM

(b) Prequential accuracy for SRP and

DEMSSRP , and best K values over time

on WISDM

(c) Prequential accuracy for LVB and

DEMSLV B, and best K values over time

on WISDM

(d) Prequential accuracy for OAUE and

DEMSOAUE , and best K values over

time on WISDM

(e) Prequential accuracy for OSBoost

and DEMSOSBoost, and best K values

over time on WISDM

Figure B.17: WISDM dataset: prequential accuracy and K values over time
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B.2 Full Entropy Diversity Results

This appendix section provides all the plots of the entropy diversity executed

for DEMS and relevant algorithms.
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Figure B.18: List of Entropy Plots (Part I)
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Figure B.19: List of Entropy Plots (Part II)
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Figure B.20: List of Entropy Plots (Part III)
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Figure B.21: List of Entropy Plots (Part IV)
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Figure B.22: List of Entropy Plots (Part V)
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Figure B.23: List of Entropy Plots (Part VI)
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Khaled Ghédira. Discussion and review on evolving data streams and

concept drift adapting. Evolving systems, 9:1–23, 2018.

[85] J Zico Kolter and Marcus A Maloof. Dynamic weighted majority: An

ensemble method for drifting concepts. The Journal of Machine Learning

Research, 8:2755–2790, 2007.

[86] Chrysoula Kosma, Giannis Nikolentzos, Nancy Xu, and Michalis Vazir-

giannis. Time series forecasting models copy the past: How to mitigate.

In International Conference on Artificial Neural Networks, pages 366–

378. Springer, 2022.
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