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Abstract

Detailed computational modelling of fluid motion in the surf zone (such as under breaking waves)
is difficult, because model domains must be long and narrow, and very high resolutions are
required to obtain sufficiently detailed simulations. Existing modelling methods have deficiencies:
one class of methods are restricted to simulating waves only to the point where the lip of the
wave hits the water, while a second class experience significant numerical errors. A third class of
methods are the Lagrangian particle-based methods, and while some of these have been applied
to simulating breaking waves, their general usefulness for such work is not yet established.

Here a model is created (named MARIAN) using smoothed particle hydrodynamics (SPH),
an example of a Lagrangian particle-based method. This model is tested, and then used to
simulate a number of processes relevant to coastal modelling, namely the propagation of waves
in a numerical wave tank, the breaking of solitary waves on plane slopes, and the breaking of
cnoidal waves over a real bathymetry. From comparisons of the results, merits and demerits in
the model and method can be identified, and general conclusions as to how useful the model is
for the task can be established. It is found that while some simulations are very good (a bursting
dam, for example), and others are average (a seiching basin), some simulations important for
work in the coastal zone are not good (the propagation of waves in a numerical wave tank) and
others are very poor (breaking waves). Clearly, there are limits as to what MARIAN can be used
to simulate, and what these limits are is not apparent.

From the model developed in this study it should be concluded that Lagrangian particle-
based models designed for simulating breaking waves have shortcomings, and based on this
work, other methods would currently be preferred. However other researchers have recently had
more success by using variations on the methods employed here. In particular by using better
viscosity formulations they resolved breaking waves reasonably well. In the work performed
here it was ascertained that some methods used in the literature cause SPH models to fail in
enforcing the fundamental principles of physics. While the current state of the model created here
is unsatisfactory, there are promising improvements that could be made, and further research is‘i
likely to resolve some of the problems discussed here. Topics that would benefit from further
research include finding ways to reduce runtimes and increase resolutions (by parallelizing source
code, improving algorithms and identifying the free surface), and ways to increase accuracy!
(improving the quality of kernels employed, including the "missing boundary integrals", an
ensuring consistency) while still enforcing the fundamental principles.
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Introduction

A New Way of Simulating Breaking Waves

Particle-based Lagrangian methods have significant advantages, and also disadvantages in com-
parison to other modelling techniques. They are not subject to numerical diffusion, and when
simulating fluid flow, no special treatment is required to account for complex free surface flows,
such as those generated by breaking waves. Before 2000 relatively little had been published on the
application of these methods to free-surface fluid-flows (Monaghan, 1994; Koshizuka et al., 1995;
Monaghan and Kos, 1999), but this is changing rapidly. While significant advances have been
made recently (Lombardi et al., 1999; Morris, 2000; Bonet and Kulasegaram, 2001; Rabczuk and
Xiao, 2004), there may be important features of such techniques that remain to be discovered.

In comparison, Eulerian methods require special techniques to account for the free surface
(the Volume of Fluid technique, for example, Guignard et al., 2001), do experience numerical
diffusion (Fries and Matthies, 2003), and also require long run-times, but have been used for
creating high resolution simulations of breaking waves (Chen et al., 1999; Guignard et al., 2001).
Yet another class, those models based on potential flow theory, are limited to irrotational flows
in simply connected domains, and when simulating breaking waves they must stop when the lip
has hit the water in front of the wave (Svensden and Grilli, 1990). However they can resolve
the free surface as a sharp interface and have typically short run-times (Grilli et al., 1989). The
question as to whether particle-based Lagrangian methods are suitable for simulating processes
within the coastal zone remains open.

The Rationale

The capability to simulate breaking waves is of some importance in the area of coastal oceanog-
raphy where the issues of wave-induced erosion and its control (Komar, 1998), and the design
of wave impact resistant coastal structures are significant (Dean and Dalrymple, 1991). With
predictions of global climate change, and consequently higher sea levels, more coastal regions will
become vulnerable to these processes in the future (Komar, 1998). Of increasing interest and
importance in this area are artificial surf reefs which can be used to control coastal erosion and
create breaks for surf board riding (Black and Andrews, 2001). In designing artificial surf reefs
the accurate prediction of wave shape is paramount. The best modelling method for approaching
such tasks will only become apparent through comparisons of the performance and accuracy of
the various techniques.

The Aim

The primary aim of this project is to investigate the suitability of a particle-based Lagrangian
model for applications in studies of the surf-zone, in particular to simulating breaking waves.
This needs to be established by comparison to existing models that use other methods, with an
emphasis on the accuracy they can achieve and how quickly simulations can be completed.
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Research Objectives

A review concentrating on the physical processes of the surf-zone and on existing computational
models of breaking waves is undertaken as a background to understanding the issue before devel-
oping a particle-based Lagrangian model. Numerical methods in fluids are briefly discussed as
will the mechanics of particle-based Lagrangian methods. This is done to establish the standard
for numerical simulations in the area, and gain an understanding of the merits and demerits of
the various methods. These reviews constitute Chapters 2 and 3.

Chapter 4 presents a particle-based Lagrangian model that can be used to simulate breaking
waves, the creation of which is a major objective of the work performed here. A fundamental
concern is that the model should operate without significant programming errors. This is assessed
by comparison to examples available in the literature. The tests conducted here are also described
in Chapter 4.

Before waves can break on a beach they have to get there. An important test of the per-
formance of this model is its ability to simulate the propagation of waves. In Chapter 5 the
propagation of solitary and cnoidal waves in a numerical wave tank is investigated. Chapter 5
concludes with an examination of solitary waves breaking on plane beaches which have a vari-
ety of slopes. The results are critiqued and reasons for various aspects of the performance are
suggested.

But coastal oceanography is concerned predominantly with real beaches, rather than ide-
alised laboratory constructions. It may be that there are aspects of simulating waves breaking
on real beaches that do not apply when simulating ideal laboratory scenarios. These issues need
to be established if an assessment is to be made as to how useful a particle-based Lagrangian
model can be. To this end a case study is made of waves breaking on a real-world beach,namely
Whangamata bar. Parameters describing the "barrels" of waves breaking on the bar are deter-
mined from photographs and the methods used to do this are presented in Chapter 6. The data
collected from Whangamata bar will be compared to a number of SPH simulations of a breaking
wave, constructed using the bathymetry of Whangamata bar, also presented in Chapter 6.

In the final chapter, conclusions are drawn as to the suitability of the model created here
for simulating processes in the coastal zone. Also, new publications are frequently becoming
available describing improvements to methods and techniques that could be employed here, and
some of these have the potential to greatly enhance the quality of the model created here. These
are discussed, suggesting future research stemming from the work conducted here.

A Brief Note on Terminology

In this thesis the term runtime refers to the time taken in the real-world for a simulation to run to
completion, while simulation duration refers to the time internal to the simulation. For example
a wave might take 60 seconds to complete the breaking process so a simulation of this wave would
have a simulation duration of 60 seconds but might take two weeks to run to completion so the
runtime is two weeks. The notation O(N) means that some property, a runtime, for example,
scales with N, so doubling N doubles the runtime.



Chapter 2

Waves

The first step in achieving the aim of this thesis, the development of a particle-based Lagrangian
model of a breaking wave, is establishing the current understanding of how and why waves break.
In addition a rationale is required as to the appropriateness of the method for the task.

In this chapter the existing understanding of breaking waves is reviewed. The goal of this
chapter is to review the relevant scientific understanding of how waves break and to appraise the
achievements of modellers who have simulated breaking waves.

Significant areas examined include the types and sources of waves, the methods of classifying
breakers, the physics of breaking waves, the effect of bathymetry on wave breaking and the effect
of wave breaking on the sea floor. Existing wave models are introduced and critiqued, with
special attention being paid to their limitations and to the phenomena that they can account
for.

2.1 How Waves Break

The way that waves break is strongly dependent on the nature of the waves and on the beach
over which the waves are breaking (Komar, 1998). An understanding of how and why waves
break is important for assessing the adequacy of the model developed in this thesis. It provides
a framework for knowing what input waves are appropriate and how the wave should develop,
as well as providing a first-order check for the correctness of any model.

Empirical descriptions of the ways in which waves break are described and the dimensionless
numbers that have been used to parameterise this behaviour introduced. Then the effects of
bathymetry and beach slopes are described.

2.1.1 Wind Waves and Swell

The waves that break on beaches are, for the most part, gravity waves generated by wind and
are periodic with periods from 1s to 20s (Mei, 1989). Of no interest here are waves driven by
the Coriolis effect or surface tension. Here a brief description of processes during the generation
of waves and swell is given, as is a discussion of processes significant to waves and swell.

The Generation of Waves

Initially, wind waves appear as very short capillary waves, driven by surface tension, and provided
the wind does not die, they soon evolve to become wavelets. These are very short, small waves
driven by gravity. With the wind removed, capillary waves die away very quickly, much faster
than wavelets do. If they continue to be driven by wind, wavelets increase in height till they are
too high, and they break. The broken waves split into waves with a variety of wavelengths which
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are also pumped by the wind. The longer waves can grown to greater heights, which they do,
and then by the same process, are split into longer waves yet. Eventually limiting waves heights
are met, and the waves can grow no more.

As they are being generated, wind waves are referred to as sea, notable for being highly com-
plex (Komar, 1998), a state that can be understood as the simultaneous presence of many waves
with quite different periods. After leaving the area of the ocean in which they were generated, a
sea will transform to become a swell, typified by more organised waves with reasonably uniform
heights and periods.

Dispersion

Waves on the surface of the ocean are dispersive meaning that the phase speed is dependent
on wavelength (Kinsman, 1984), that is, longer waves travel faster. This is in contrast to non-
dispersive light waves, for example, for which the speed is constant, irrespective of wavelength.

This means that once it has transformed from being a sea, a swell will continue to change as
it propagates away from the area in which it was generated. The shorter the period of a wave,
the lower its phase velocity so short waves lag behind those with longer periods (Komar, 1998).
When waves generated by a storm arrive at a point on a coastline it is the long period waves
that arrive first, and the time when the short period waves arrive is determined by how far away
they were generated.

Viscosity

Also of significance is the reduction in wave height due to viscosity, an effect which damps the
amplitudes of short period waves at a greater rate than it does long period waves (Komar, 1998).
Viscosity is not important when waves are traveling only short distances, but over large distances
it means longer period waves are more likely to survive the trip from the area they were generated
than short period waves.

Wave Groups

So the larger the distance from the area of generation, the better a swell can be approximated by
a single train of waves with constant period. Variations in the heights of different waves within a
real wave train may be significant due to the presence of wave groups (Mei, 1989) or if the winds
that generated the waves were unsteady. Wave groups are also termed sets by surfers, and are
the cause of surf beat (Mei, 1989).

A wave group travels at the group velocity which is slower than the phase velocity Komar
(1998). In the open ocean the group velocity is approximately half the phase velocity, while in
shallow water it is approximately equal to the phase velocity. Individual wave peaks within a wave
group in the open ocean can be observed forming at the trailing edge of a group, moving to the
front, and then disappearing. Different wave groups consist of waves with different wavelengths
and have different group velocities. Dispersion still applies and the groups consisting of longer
waves travel faster.

2.1.2 Wave Theories

There are several different wave theories in common usage, these being the Airy, Stokes, cnoidal
and stream function wave theories (Isobe, 1988; Dean and Dalrymple, 1991). These wave theories
are useful under different conditions dependent on the depth of the water, the wave height and
wave length. Figure 2.1 shows diagrammatically the areas of application for the various theories
but it must be noted that these divisions were constructed giving most preference to the simplest
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Figure 2.1: Areas of application for the different wave theories as determined by the ratio H/h
and H/X (from Komar, 1998). Here H is the wave height, h is water depth and A the wavelength.

theory (Airy) and least to the most complex (cnoidal). Stream function wave theory (Dean and
Dalrymple, 1991) is notably absent from this chart, excluded because it is not an analytic wave
theory (Komar, 1998). There are other such diagrams (Isobe, 1988, for example) which take into
account stream function wave theory and also higher order Stokes and cnoidal waves.

The functional forms of the free surface elevation derived from the different waves theories
are given in Table 2.1.2. Examples are plotted in Figure 2.2.

The different wave theories describe waves with different profiles and are limited to waves
in which certain assumptions apply. Airy waves (linear waves) are limited to waves for which
the wave height is small in comparison to both the depth and wavelength (Komar, 1998), an
assumption that does not apply within the surf zone where wave heights and water depths may
be of the same order. By not making the small wave height assumption Stokes-wave theory can
be derived (Komar, 1998), and incidentally, Airy-waves can equivalently be thought of as first
order Stokes-waves. Stokes-waves have flatter troughs, higher peaks and steeper wave faces than
Airy-waves. In very shallow water when wave heights are close to water depth the Stokes theory
fails (Komar, 1998) and cnoidal wave theory must be used. Solitary waves are a special case,
being a cnoidal wave for which the wavelength is infinite.

Stream function wave theory (Dean and Dalrymple, 1991) is a fully nonlinear numerical
method for finding permanent wave forms given various problem parameters (namely the wave
period and height, and the water depth). It requires the use of either tables or a computer,
but does not experience limitations like those that constrain the analytic theories. It involves
finding solutions to the governing equations that minimise the error in the free surface boundary
condition (Dean and Dalrymple, 1991).

Permanent Waves

The different wave theories of the previous section describe waves that are periodic in space
(Dean and Dalrymple, 1991). These waves are also referred to as being permanent, that is,
they do not change shape during propagation (Isobe, 1988). The derivations of these wave forms
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Theory Surface Elevation 0

Airy n(z,t) = Lsin(9) 2z~ ot)
2nd order Stokes | n(z,t) = 2 cos (0) + % cos (26) (2 - ct)
1st order Cnoidal | 7n(z,t) = y; — h + Hcen? (6, m) 2K§m) (z — ct)
Solitary n(x,t) = Hsech? (9) (;13%) (z —ct)

Table 2.1:
1978; Isobe, 1988). K(m

Expressions for the free surface elevations for the different waves theories (Goring,
) is the complete elliptic integral of the first kind and cn(6, m) is one

of the Jacobi elliptic functions, both in terms of the elliptic parameter m. z is the horizontal
coordinate in space, 1 the deviation in surface elevation from the still water level, c is the phase
velocity, y; is the distance from the sea floor to the trough of the wave and other variables are as
before. Units are not important here provided all variables and constants are consistent.

Figure 2.2: Ezamples of wave profiles generated from the different wave theories (from Komar,
1998). SWL means still water level.
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Figure 2.3: Terminology for parts of breaking waves. Here H is the height of the wave. (Photo:
Waves, EMAP Australia Pty Ltd.)

require that viscosity and friction (at the seabed) be neglected and that certain other assumptions
can be justified, with different sets of assumptions being required to derive different permanent
waves. Waves that are not permanent can be constructed as the sum of a number of permanent
waves, where each permanent wave can have unique periods and heights (Dean and Dalrymple,
1991). The constituent waves travel with different phase velocities and so the constructed wave
will experience dispersion (Dean and Dalrymple, 1991). Generally, waves in deep water are well
approximated by Airy waves while in shallow water cnoidal waves fit better (Komar, 1998).

2.1.3 Types of Breakers

As a wave approaches a coastline the depth of the water decreases and the wave experiences
a substantial change in shape. Exactly how the waves shape changes is dependent on several
factors: the initial shape of the wave; the depth of the water and the slope of the sea floor;
the strength and direction of local winds and currents (Douglass, 1990); and other bathymetric
features (Mead, 2000). The effects of winds and currents are not examined here.

In this section empirical observations of how waves break are recounted and the reasons why
waves break are outlined. The existing methods of classifying breaking waves are examined and
the effect of bathymetric features investigated.

Classifying How Waves Break

The exact manner by which waves break can vary considerably between different waves and
from beach to beach. However waves on like beaches break in the same manner (Svensden and
Putrevu, 1995). The most common method of classifying breaking waves is by the use of the
qualitative descriptors spilling, plunging, collapsing and surging (Aagard and Masselink, 1999),
representing bands in a continuous spectrum. Consequently the use of these descriptors can be a
little subjective since divisions between the bands require arbitrary definition, a issue that means
classifying particular waves is difficult (Komar, 1998).

As a wave approaches a beach its face (see Figure 2.3 for definitions) will steepen, creating a
lip that will eventually be propelled beach-ward from the face of the wave, so creating a spilling
or plunging wave. The lip of the wave will proceed to impact either on the face of the wave or
the trough preceding the wave.

As the lip is projected from the crest a barrel is formed. For plunging waves the falling
lip may be streaked with foam, air entrained in the flow, and once the lip has hit the water a
considerable amount of air is entrained within the turbulent flow that has been generated. For
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spilling waves the process is the same but the lip is more likely to impact high on the wave face
(so the barrel is much smaller) and a turbulent flow of foam down the face occurs (Mei, 1989).

However some waves neither spill nor plunge, instead they may collapse or surge, the latter
representing a fully reflective beach. Surging waves initially form like plunging waves but the
base of the wave will accelerate up the beach slope creating a foamy flow (Komar, 1998).

Mead and Black (2001) note that while the majority of waves that are of interest to surfers
are plunging waves, there is a range of waves that fall into this category. The differences between
any two plunging waves can include the shape of the wave face and the orientation and shape of
the barrel. The size and shape of the lips of different plunging waves may also vary.

The Cubic Curve of Longuet-Higgins

Using potential theory Longuet-Higgins (1982) developed analytic expressions describing the
barrel shape and orientation of plunging waves. This approach provides a method to parameterise
the way that a wave breaks but it cannot be applied to waves with distorted faces, such as
that shown in Figure 2.4. Longuet-Higgins (1982) and also Mead and Black (2001) have fitted
these curves to digitised points around barrels in photographs of breaking waves (from both the
laboratory and real-world). These photographs were selected for being as close as possible to
profile shots of the breaking waves (see Figure 2.5).

Longuet-Higgins’ cubic curve (Longuet-Higgins, 1982) is given in terms of the free parameter
1 and the Cartesian coordinates z and y

T 1
o= 3,2_=
a K 3
% = —p+2u (2.1)

and is plotted in Figure 2.6. The parameters a and b allow independent scaling of the cubic
curve in two dimensions so the cubic can be matched to the physical vortex dimensions (w and
! in Figure 2.5) of any barrel. The angle of the vortex can be found by a relatively simple
transformation of coordinates.

The weakness in the approach used by (Mead and Black, 2001) to examine real-world breaking
waves is the uncertainty in where the digitised points should be placed, a fairly subjective process.
Also problematic is the uncertainty over whether the wave crest (at the position the curve is being
placed) is parallel with the camera axis (Ranasinghe et al., 2001). Indeed the approach may not
work for all waves since in some cases the shoulder of the wave will obscure the view down the
barrel, a consequence of refraction.

Worth noting are the /3 aspect-ratio ellipses (New, 1983, for example) which can be fitted
to profiles of breaking waves in a similar manner to Longuet-Higgins’ cubic. Examples of v/3
aspect-ratio ellipses fitted to simulated waves are shown in Figure 2.13. However these ellipses
do not provide as close a description of the breaking waves as Longuet-Higgins’ cubics (New,
1983).

The Iribarren Number

The Iribarren number (also called the surf similarity parameter) evaluated at the break point
(&) is given by (Mei, 1989)
s

V Hb/’\oo

where s is the beach slope, Hj is the height of the wave at the break point and A\, is the open-
ocean (deep water) wavelength. The Iribarren number ({,) in terms of the deep water wave

& = (2.2)
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Figure 2.4: A pair of images from a sequence (the top image came first) showing an eztreme,
barreling wave with a distorted face. A photo of this wave a short time later is shown in Figure
2.5. (Photo: Litmus, The Val Dusty Ezperiment Pty Ltd., Australia)
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Figure 2.5: A Longuet-Higgins’ cubic (Longuet-Higgins, 1982) fitted to the barrel of a wave.
Here w and | are the physical vortez width and length respectively, and 6 is the vortex angle. The
yellow curve is an ezample of Longuet-Higgins’ cubic curve and the dashed red line is a horizontal
reference line. (Photo: Litmus, The Val Dusty Ezperiment Pty Ltd., Australia)
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Figure 2.6: Longuet-Higgins’ cubic from Equation 2.1 (Longuet-Higgins, 1982).
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Figure 2.7: The definition for angular momentum used by Koshizuka et al. (1998). The first
point (at the centre of the area A,) is placed at the top of the wave and the second point (at the
centre of the area Ay) is on the free surface and is a distance Ao /20 toward the beach from the
first point. The angular momentum can then be found from Equation 2.4.

height (H) is given by
s
oo = ———. (2.3)
Y VHx/ Ao
Galvin (1968) and also Battjes (1974) correlated the Iribarren number against the descriptors
(plunging, spilling, surging and collapsing) and established the limiting Iribarren numbers for
each descriptor. So by determining the Iribarren number for a wave and a beach, whether or not
a wave will break can be determined, the descriptor that best describes how it will break can be
found and the degree to which a wave plunges, spills et cetera can be estimated. It is, however,
an empirical result based on the subjective opinions of researchers as to which waves broke in
which manner.

The Angular Momentum of Koshizuka et. al.

In order to classify breaking waves objectively, Koshizuka et al. (1998) evaluate the angular
momentum when simulating breaking waves with their particle-based Lagrangian model in which
they employ the moving particle semi-implicit method (MPS). Their angular momentum (w) is
defined by

1
W= Z T X u;. (2.4)

i€{A1,A2}

and is depicted geometrically in Figure 2.7. Here A; and A; are areas defined by their radii
and the positions of their centres which are separated by r; and u; are the velocities of all NV
particles within A; and A.

A; is chosen to be at the top of the wave while A, is chosen (somewhat arbitrarily it seems,
and without much discussion) to be A\, /20 beach-wards of A; and apparently at the free surface
(Koshizuka et al., 1998). The angular momentum is defined as being about a particular point,
in this case that point is half way between the centres of A; and A;. This definition makes sense
for some cases, but where the depth at the trough is small, errors may occur, in particular with
collapsing and surging waves. In practice it will probably be quite dependent on the choice of
the positions and sizes of A; and As.
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Figure 2.8: Velocities within a shoaling wave, from Chang and Liu (1997), a result of experiments
using laser particle image velocimetry.

This parameter is distinct from the Iribarren number in that it describes how a wave is
breaking, rather than predicting how it will break. This approach is good for particle-based
Lagrangian methods and could be extended for gridded Eulerian methods, but is unlikely to be
easily implemented for experiments or field work.

The Physics of Breaking Waves

Waves break in the surf zone because the water becomes too shallow for the stable wave form
to exist (Aagard and Masselink, 1999). Alternatively Sawaragi (1995) summarises the three
mechanisms for breaking in progressive waves proposed by Sir G. G. Stokes:

1) particle velocities at the wave crest exceed the phase velocity;
ii) the wave peaks and has a cusped crest with angle of 120° and
iii) the wave profile loses symmetry and its face becomes vertical.

Velocities measured within a shoaling wave using the Particle Image Velocimetry technique
(Chang and Liu, 1997) are shown in Figure 2.8. Note that the flow in the trough is nearly
horizontal and toward the wave crest, while on the face of the wave it is directed up and beach-
ward. Velocities within the lip are large, predominantly horizontal and beach-ward. Velocities
near the sea-floor are small by comparison. Characteristic of breaking waves is that particle
velocities within the lip are close to, or exceed, the phase velocity (Sawaragi, 1995; Komar,
1998).

A common misunderstanding is that waves break when friction at the sea floor slows the
base of a wave and the unsupported crest topples forward, rather waves break when they become
overly steep (Komar, 1998). Experimental evidence reported in the literature (Komar, 1998)
shows friction has a negligible effect on wave breaking. The effect of bed roughness and viscosity
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on a flow is the generation of a boundary layer at the surface (Schlichting, 1955), which is
present whether the flow is unidirectional or oscillatory. Whether the boundary layer is laminar
or turbulent depends on the fluid properties and on the flow velocity. Both Isobe (1988) and
Mei (1989) say that this effect is only significant near the bottom in shoaling waves. However,
Isobe (1988) showed that bed roughness does affect run-up in broken waves. So, provided the
boundary layer is small in comparison to the water depth, bed roughness is considered negligible
when the wave is shoaling,but may be significant when the broken wave reaches shallower water.

By using linear wave theory and the condition that energy flux be conserved during the
breaking process certain behaviour is predicted (Komar, 1998). These predictions have also been
observed in the field and can be considered as providing an approximation to the behaviour
when nonlinearity is important. A wave that enters shallow water experiences a process termed
shoaling, in which the wave progressively steepens and increases in height, until the wave is too
steep and it breaks (Komar, 1998). As the wave height increases the particle velocities in the
crest increase also and when equal to the phase velocity the wave breaks (Aagard and Masselink,
1999). Shoaling waves also experience decreases in wave length and phase velocity while their
periods remain constant (Komar, 1998). Since the steepness of a wave is found from the ratio of
its height to its wavelength the shortening of the wavelength and the increase in height cause a
direct increase in wave steepness.

Breaking Criteria

As a wave enters shallower water it experiences depth induced breaking. In the following dis-
cussion the position at which a wave breaks is defined as being the point at which its height is
greatest (Shuto, 1988). For solitary waves with height H on beaches with gentle slopes (and local
depth h; at the point of breaking) a theoretical breaking criteria, v, can be derived (Komar,

1998)
H H,
_(2 L) 2.
i (h>maz hs (25)

where the subscript maz means the maximum value that the ratio takes is desired. The maximum
value for the ratio occurs at the break point and is indicated by the subscript b. Experiments
show that ~, is strongly dependent on beach slope and its value can vary between 0.73 and 2.8
(Komar, 1998). In general we take

~p = 0.78, (2.6)

a result that is often applied to waves of all types, rather than just solitary waves (Komar, 1998).
Aagard and Masselink (1999) present an empirical relation between <, and the Iribarren

number
= 1.16/° (2.7)

while Komar (1998) quotes
T = 1.2 (2.8)

A number of theoretical (relying on combinations of solitary and Airy wave theories) and
semi-empirical expressions have been developed relating the height of a wave at breaking, H,
and the deep water wave parameters (Komar, 1998), all of the form

H, C

T~ (Hoaf o) (29)

in which C is a constant varying from 0.303 to 0.563 and n (also a constant) varies from % to %
The difference in the choice of constants determines how well the expression agrees with different
sets of data.
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Figure 2.9: Barrel length to width ratio ( # ) versus orthogonal seabed gradient (Mead and Black,
2001). The dashed line is Equation 2.10. The gradient is given as the denominator from the

ratio, so a gradient of 10.0 is a 1:10 slope.

So given H,, and A\, for a wave in the open ocean the height it will have at the break point
can be estimated (using equation 2.9), and then after finding 7, (using equation 2.7 or 2.8 with
the definition for the Iribarren number), the depth at which the wave will break can be estimated
(using equation 2.5). Galvin (1968) or Battjes (1974) can then be referred to in order to estimate
whether the wave will plunge, spill etc.

2.1.4 Breaking Waves and Bathymetry

Most of the literature on the effect of bathymetry on breaking waves is concentrated on plane
beaches and the effect of slope on which descriptor (plunging, spilling etc.) is best suited to
waves breaking on the beach.

By fitting equation 2.1 to digitised positions around barrels in photographs of breaking waves
Mead and Black (2001) were able to describe vortex (barrel) dimensions as in terms of the vortex
length to width ratio and the vortex angle, l/w (see Figure 2.9). Mead and Black (2001) then
correlated the vortex length to width ratio against the orthogonal seabed gradient, and found a
line of best fit

é = 0.065 x orthogonal seabed gradient + 0.821. (2.10)

Clearly a seabed has a different gradient in different directions, and the orthogonal seabed gra-
dient is the gradient in the direction along the wave orthogonal. A wave orthogonal is a curve to
which the local crest of the wave is always perpendicular. Vortex angles can vary considerably
for a single surf break and appear unrelated to seabed gradients (orthogonal or otherwise) and
vortex length to width ratios.
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Notably, Mead and Black (2001) could only estimate the positions of breakers in their pho-
tographs with respect to the bathymetries they had collected. So there are significant uncertain-
ties associated with the orthogonal seabed gradients they used. There is scope for improvement
of Equation 2.10 by experiments in which the breaker positions are identified more accurately.

2.1.5 Generating Waves Using Pistons

In laboratory wave flumes, waves are created by the use of wave makers, which include (among
others) the piston and flap types (Dean and Dalrymple, 1991). The piston type comprises a
plane, vertical surface that is moved in the direction normal to the plane. A flap type is also
a plane surface, but is hinged at the bottom edge. Dean and Dalrymple (1991) note that the
piston type is better for generating waves in shallow water, while in deep water the flap type is
preferable, in each case because the piston or flap (respectively) motions match well the water
particle trajectories.

Waves can be created in numerical wave tanks by the same method as in the laboratory.
The emphasis in this work is on waves in the coastal zone so piston type wave makers are the
more important. Other wave making methods were not considered here. Having decided upon
a piston-type wave maker its motion must be controlled if it is to create waves with the desired
forms. Poor choice of piston trajectories can mean non-permanent waves are generated.

Goring (1978) developed a method by which permanent wave forms (such as Airy, Stokes,
solitary and cnoidal waves, but with an emphasis on the second two) can be generated from
piston-type wave makers. Goring (1978) developed the technique to create laboratory waves
with a piston-type wavemaker that was controlled using a function generator that could be
programmed using paper tape. The function generator had a very limited (by today’s standards)
memory and so only first order wave theories were used. Notably, Dalrymple and Knio (2001)
used Goring’s method to generate waves in their SPH model.

In Goring’s method the piston is moved in order that its motion matches the depth averaged
wave velocities (Goring, 1978). However it should be noted velocities are not being matched at
the same point (irrespective of time), but rather at the same water particle, irrespective of time.
The method requires expressions for the functional form of, and the dispersion relation for, the
wave.

A significant alternative approach was provided recently by Katell and Eric (2002) who, rather
than using the Boussinesq solution for the solitary wave, used the Rayleigh solution. In fact the
two solutions are the same but for the values of two constants. Katell and Eric (2002) noted that
solitary waves generated by Goring’s method dispersed more quickly and concluded that the rate
of dispersion could not be explained by friction and viscosity alone, rather it indicated the waves
were not permanent and were experiencing dispersion. Experimental evidence corroborated the
conclusions of Katel and Eric. They did not, however, extend the method to investigate other
types of permanent waves.

2.2 Numerical Models of Breaking Waves

The computational modelling of breaking waves is difficult because of the range of spatial scales
at which the solution must exist. The wave will typically be less than 10m high and yet have a
wavelength of the order of 100 m. Water depth near breaking might be between 1 m and 5m while
the horizontal distance over which the wave breaking occurs could be up to 1km. The smallest
features we might like to resolve could be the thickness of the plunging lip, perhaps 0.1 m in size.
The range in scales required in such a simulation could cover 4 orders of magnitude and present a
formidable problem since achieving a solution will mean high resolutions and consequently high
run-times (Ferziger and Peri¢ (1996, p. 255) note this point in a discussion on the modelling of
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turbulence). Researchers have chosen a variety of spatial domains for use in their models, using
different water depths and bathymetries.

There are many existing computational models of breaking waves and only those that can
simulate the time-dependent breaking of waves in the vertical plane are examined here. These
contain three significant families: volume of fluid models, potential theory models and Lagrangian
particle models. In this section the three major families are introduced. The performances of the
models are discussed in terms of their merits and demerits, and the constraints upon simulations
that they can perform. A few non-conformists are also discussed briefly, namely a Lagrangian
finite element model and a pair of marker and cell (MAC) models.

2.2.1 The Volume of Fluid Method

The Volume of fluid (VOF) method is technique that can be used to locate and track free surfaces
in Eulerian (gridded) models, determine how the free surface will evolve in time and enable the
application of boundary conditions (Hirt and Nichols, 1981). Without VOF Eulerian methods
can encounter problems at free surfaces, including unrealistic diffusion (Harlow and Meixner,
1961; Hirt et al., 1970).

VOF is primarily controlled by the introduction of a volume fraction (or colour function), a
field of values defined at each grid cell (Chen et al., 1999). The system being simulated might
contain empty cells (along with full and partly full cells), or it might contain 2 different fluids so
every cell contains either one or the other fluid, or a mixture of both (Chen et al., 1999). Once
the volume fractions have been computed the free surface within each cell can be expressed as
a line segment. There are a number of ways to generate the line segments, some of which are
discussed in Ashgriz and Poo (1991).

But the VOF method is really just a way to account for the free surface, and any model
employing the method requires the selection of a set of governing equations, equations derived
from the fundamental principles of physics. There are two significant options that are discussed
here, the Reynolds equations and the Navier-Stokes equations.

VOF and the Reynolds Equations

The model created by Lin and Liu (1998a,b) and the commercial model used by Bradford (2000)
use the Reynolds equations. In these equation variables are expressed as, taking the general
property 1 as an example, ¥ = ¥+, in which ¥ is the slowly varying (mean flow) contribution,
and v is the rapidly varying (turbulent) contribution. This approach introduces new variables
for all of the v’s, and more equations are required if solutions are to be found.

One possibility (there are many) is that the new equations are provided by the k-¢ model, an
approach utilised by Lin and Liu (1998a,b) in their breaking-wave model. The standard form of
the k-e model is the creation of equations for the turbulent kinetic energy, k, and the turbulent
kinetic energy dissipation rate, €. The merit in this approach is that flows are turbulence averaged
and results can be easily compared to experimental data since most experiments are performed
in Eulerian (fixed in space) coordinates.

VOF and the Navier-Stokes Equations

An alternative to the Reynolds equations for use with VOF are the Navier-Stokes equations, as
used by Chen et al. (1999) in their model of a breaking wave in deep water, and by Guignard
et al. (2001) in their model for waves breaking on beaches. If this approach is used and eddies are
simulated down to the Kolmogorov scale, where turbulent kinetic energy are dissipated into heat
(Oran and Boris, 1987), then it is an example of direct numerical simulation (Ferziger and Peri¢,
1996). Neither Chen et al. (1999) nor Guignard et al. (2001) go to quite that detail, in their
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models the smallest eddy simulated is determined by the cell size, and any turbulence occurring
at a smaller scale than that is termed sub-scale. The dissipation to heat at the sub-scale level
is left to the artificial viscosity terms, meaning that their models provide large-eddy simulations
(Oran and Boris, 1987). If this approach is used the assumption has been made that (Oran and
Boris, 1987) sub-scale turbulence does not feed back to large scale eddies.

Chen et al. (1999) state that the inclusion of surface tension in VOF models is important
because it ensures some numerical instabilities are avoided.

The Origins of VOF

One notable early numerical method is the marker and cell method (see Section 2.2.4) (Harlow
and Welch, 1965) which preceded and evolved into, VOF. The marker and cell method is a com-
posite Euler-Lagrange method that uses massless Lagrangian markers within a gridded Eulerian
model to track the free surface, the motion of the markers being determined from the variables
defined on the grid. The free surface can be found simply by identifying cells with markers that
lie next to cells without markers. It was found that large numbers of markers were required
to track the free surface which resulted in long run-times (Hirt and Nichols, 1981) and greater
storage (not the problem today that it was in 1981). VOF requires lower run-times and storage
than marker and cell and has become somewhat of a standard for the Eulerian modelling of free
surface flows. Examples of the application of the marker and cell method to breaking waves are
discussed in Section 2.2.4.

Some Important Features of VOF Simulations

For a two dimensional domain with N x N points a VOF model needs to perform computations
at all of the N? points, and consequently much longer run-times are required than for potential
theory models, which use only the 4NV points around the boundary to achieve the same resolution.

VOF easily handles fragmentation and coalescence of the fluid without requiring special
treatment. This is demonstrated clearly in Figure 2.10, which is taken from Chen et al. (1999),
and shows splash-up occurring after the breaking of an initially unsteady deep water wave. VOF
does not require a simply connected domain or the condition of irrotationality, as potential theory
methods do (Guignard et al., 2001), and so simulations are not limited to the time at which the
falling lip hits the water.

Notable of VOF models is that they experience numerical diffusion, suggested by Guignard
et al. (2001) as the reason for the loss of energy observed in some simulations.

The VOF models of Lin and Liu (1998a,b) and Bradford (2000)

Lin and Liu (1998a) and Bradford (2000) used VOF models based on the Reynolds equations
to simulate waves breaking on beaches using 900x77 and 800x80 cells respectively. However
neither Lin and Liu (1998a) nor Bradford (2000) present details of the free surface profile of their
breaking waves, instead concentrating on the nature of turbulence within the surf-zone.

Lin and Liu (1998b) use the same model as Lin and Liu (1998a) in their paper on turbulence
within the surf-zone (they used a 600x60 grid for most of the work) but included detail of the
plunging lip of a breaking wave from a simulation with 900x 77 cells, a simulation that is notable
for peculiar shape of the lip (Figure 2.11), a feature that they do not explain.

The VOF model of Chen et al. (1999)

The resolutions achieved by Chen et al. (1999) in their model of breaking waves in deep water
(up to 512x512 cells, about half of which contain air) are quite impressive but the authors do
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Figure 2.10: A deep water breaking wave demonstrating splash-up with fluid fragmentation and
coalescence from the VOF model of Chen et al. (1999). The two plots are from the same sim-

ulation performed at different resolutions, (a) at 256x 256, and (b) at 512x512. The slight
differences in the two are due to errors in simulating very small features.
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Figure 2.11: Detail of the lip (from Lin and Liu, 1998b) from a simulation run using a VOF
model. The contour lines in the bottom right plot are turbulence intensities.

not state the run-times required nor the computer upon which simulations were performed. The
spatial domain is square with a constant depth and the vertical boundaries are periodic. This
means the wave used by Chen et al. (1999) is large compared to the horizontal size of the domain.
Results from Chen et al. (1999) are shown in Figure 2.12.

Chen et al. (1999) start their simulations with an initially unstable wave and allow the
simulation to progress. As a consequence their wave breaks soon after initiation and at 8s the
wave energy has almost completely dispersed. They use a time-step of 10~%s so require 80000
time-steps. If they were to simulate a wave approaching a beach and shoaling, the propagation
of the turbulent bore and run-up over the swash zone, then more time-steps would be required,
and hence increasing time to run the simulation.

Most breaking wave models are constrained with regard to the bathymetries that can be used,
often being limited to constant slopes or flat bottoms. The focus of this thesis is the breaking
of shallow water waves on beaches with real bathymetries. The use of real bathymetries means
that periodic boundaries cannot be used. On typical beaches the horizontal distance over which
waves shoal and break and the distance the turbulent bore covers are large in comparison to
depth and typical wave sizes. While the numbers of cells used by Chen et al. (1999) could be
used for a breaker on a beach, the number of cells which a wave comprises will be smaller, and
so the resolution of the wave would be lower.

Figure 2.13 shows results from Chen et al. (1999) with detail of the wave lip forming a clear
lobe, explained as the effect of surface tension which was included in the governing equations. In
the same Figure Chen et al. (1999) make a comparison with BEM results generated both with
and without surface tension. Without surface tension the lip of the wave remains sharp, while
with surface tension it is rounded. Figure 2.14 shows the acceleration within the lip for the VOF
simulation and the upward acceleration at the tip due to the presence of air within the barrel
(Chen et al., 1999).

Flow Science Inc. (2003) claim some VOF models employ what they term pseudo- VOF, an
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Figure 2.12: Snapshots of a VOF simulation (Chen et al., 1999) of a breaking deep water wave.
This simulation used a resolution of 512x 512, periodic vertical boundaries and is one wavelength
wide in the horizontal.
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Figure 2.13: A comparison of a VOF simulation (a), with BEM results that include the effect of
surface tension (b), and that do not (c), (Chen et al., 1999). The lobe generated by the presence
of surface tension is clear.
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Figure 2.14: Detail of the plunging lip in a simulation from Chen et al. (1999), in which the
vectors are velocities in (a), while in (b) they are accelerations. Notice the effect of air on the
accelerations at and under the lip in (b).

approach involving incorrect treatment of boundary conditions at the free surface. The conse-
quences of the use of pseudo- VOF are demonstrated in Figure 2.15 by the unphysical generation
of a growth at the tip of the jet, a growth that is independent of the choice for the density of
air. This effect does not explain the lobe in the lip of the falling wave from Figure 2.13 since the
lobe also appears in the BEM simulation that employs surface tension.

The VOF model of Guignard et al.

The model used by Guignard et al. (1999, 2001) is similar to that used by Chen et al. (1999) but
it is designed to simulate waves breaking on beaches. Figure 2.16 shows output from Guignard
et al. (1999), and although they used a model domain with 80x2500 cells (only slightly smaller
than the maximum 512x512 used by Chen et al. (1999)) the resolution on the face of the wave
is markedly lower. This is a consequence of the size of the wave in comparison to the size of the
domain.

Guignard et al. (2001) note the long times required to run their VOF model, and suggest
the coupled BEM/VOF model described in Guignard et al. (1999) as a solution. They state
that such an approach would "...allow us to both reduce cell size and the numerical diffusion
..." (Guignard et al., 2001, p. 73), meaning that either higher resolutions or shorter run-times
could be achieved by this approach. They proceeded to develop such a coupled model and this
is further discussed in Section 2.2.2.

A comparison of results with experimental data (Guignard et al., 2001) is shown in Figure
2.17. This figure shows similarities but the simulation has a smaller barrel with a different shape
later in the simulation. The lip of the computational wave precedes that of the experimental
wave by a significant amount, a feature that the authors do not explain.
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Figure 2.15: A jet of water entering an air-filled cavity using (a) VOF and (b) pseudo VOF,

from Flow Science Inc. (2003), who assert that the lobe is a numerical effect due to the use of
pseudo VOF.
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Figure 2.16: Output from the VOF model described in Guignard et al. (1999). The water is dark

blue, air is light blue and cells with a mizture of air and water are yellow-red. Note the eddy
generated in the air behind the breaking wave.
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Figure 2.17: A comparison of output from a VOF model (Guignard et al., 2001) and ezperimental
data. The lines with asterisks are for the experimental data and the heavy, full line for the VOF
simulation. The similarities are clear but while early profiles match well, later ones do not. The
VOF barrel is smaller and the wave breaking evolves more quickly.

Summary of VOF models

Like models using the particle-based Lagrangian and the MAC methods, VOF models can sim-
ulate the highly turbulent flow and the shoaling transformation that occur in the wave breaking
process. The ability to account for the presence of air and surface tension at relatively high
resolutions are noteworthy merits of the VOF method. The effects of numerical diffusion have
been observed in some simulations.

2.2.2 Potential Theory Methods

A number of researchers have created models of breaking waves based on potential theory. This
family of methods are typically fast and accurate, but cannot be used in certain situations. In
this section the basic theory of potential flow models is introduced and the capabilities of current
models are described and critiqued.

The Origins of Potential Theory

Perhaps the earliest use of potential theory in simulating breaking waves is described by Longuet-
Higgins and Cokelet (1976) who developed a method to simulate the breaking of periodic deep
water waves. A velocity potential ¢ can be defined in terms of the velocity vector (v) as

v=Vo. (2.11)
Representing v in terms of ¢ requires that the flow be irrotational, that is
Vxv=0 (2.12)

(where 0 is the zero-vector) and also that the domain be simply connected (Guignard et al., 2001).
Using this result, the principle of conservation of mass can be written as Laplace’s equation for
the potential

V2¢p = V.(Vg) = 0. (2.13)

From this point, solutions to 2.13 subject to boundary conditions can be found by the use of
Green’s functions (just one of a number of possible approaches) to generate an integral (called the
boundary integral equation) over the boundary of the model domain (Grilli et al., 2001). This
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Figure 2.18: Results from an early potential theory model (Vinje and Brevig, 1981) showing detail
of the plunging lip of a deep water wave at a number of times. The breaker was generated by
specifying an initially unstable sinusoidal free surface.

approach is called the Boundary Element Method (BEM). Alternatively, rather than writing the
velocity potential in the form given in Equation 2.11, a complex potential can be defined (limiting
the method to two dimensions) and Cauchy’s theory can be used to find the solution (Vinje and
Brevig, 1981). Results from Vinje and Brevig (1981) are shown in Figure 2.18.

The Merits and Demerits of Potential Theory Models

The feature that makes potential theory models so useful is that computations are required only
at the boundaries of spatial domains. For a two dimensional domain with N x N points a
potential flow model needs only to perform computations at O(/N) points, and consequently are
much faster than the alternatives (VOF and particle-based Lagrangian methods which require
computations at N x N points). The most significant demerit is the requirement that model
domains be simply connected (Guignard et al., 2001). Also, only irrotational flows can be
considered, meaning turbulence and friction cannot be accounted for, but this is not a serious
constraint.

Comparisons of numerical simulations and experimental results provide estimates of the ac-
curacy of models. For BEM models many comparisons have been discussed in the literature, and
some of these are outlined here.

Grilli et al. (1997a) compared simulations (from a BEM model) of solitary waves shoaling on
plane-sloped beaches with experimental data. In particular they compare the free surfaces from
the two sources, a comparison from which they concluded that their BEM model was extremely
accurate. A plot of this comparison is shown in Figure 2.19.

Svensden and Grilli (1990) compared BEM simulations of the run-up and reflection of soli-
tary waves on steep slopes against experimental and analytic results. Again the comparison was
favourable and the authors concluded that there was agreement to within experimental uncer-
tainty, except where slopes were lower and friction was suggested as having a significant role in
the experimental results. Grilli and Horrillo (1997) simulate the generation and propagation of
fully nonlinear periodic waves and compare their results to experiments, finding that the two
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agree very well.

Thus BEM models are capable of accurately simulating shoaling solitary waves, and also of
simulating the generation and propagation of nonlinear periodic waves. This, with their relatively
high computation speed mean that when we wish to simulate breaking waves, potential theory
models are easily the preferred option, but only if our interest lies in the wave before the lip
has hit the face, and it is only if we are interested in the period after this event that VOF or
particle-based Lagrangian methods are the better choice.

The Capabilities of Potential Theory Models

Longuet-Higgins and Cokelet (1976) examined waves in infinitely deep water and used periodic
vertical boundaries. Vinje and Brevig (1981) did not constrain themselves to deep water (however
they do require constant depths) and also used periodic vertical boundaries. Longuet-Higgins
and Cokelet (1976) examined breakers generated by the application of a pressure distribution at
the free surface, while Vinje and Brevig (1981) started with initially unstable sinusoidal waves.

Grilli et al. (2001) note that more recently the method was extended to account for arbitrary
waves in finite depths over irregular bathymetries. Grilli et al. (2001) discuss the use of adaptive
gridding and time-stepping, used to ensure that the model provides the required resolution at
all points within the model domain and that their model remains computationally stable, that
errors are controlled.

Grilli et al. (1997b) note that in their potential theory model "arbitrary waves" can be
generated. Grilli and Horrillo (1997) discuss the details of making waves with a flap wavemaker
in their numerical wave tank, while Grilli and Svendsen (1990) use a piston wave maker. Since
waves can also be specified in the initial state of a system (Vinje and Brevig, 1981), a number
of methods are available for creating any of a variety of wave forms in potential theory models.

Grilli et al. (1997b) note that their potential theory model can be used with complex bathyme-
tries. Grilli and Svendsen (1990) used (probably the same model) to simulate the transformation
of waves over a beach with a submerged breakwater. Grilli et al. (2001) contains details of a
potential theory model in 3 dimensions, a model that was used to simulate waves breaking over
a submerged ridge, an example of which is shown in Figure 2.20. While the literature does not
contain descriptions of simulations over a wide range of complex bathymetries, it is clear that
potential theory models have this ability.

A Coupled BEM/VOF Model

To avoid the limitations of requiring a simply connected domain Guignard et al. (2001) created
a coupled potential theory - VOF model. They employed a BEM model to simulate waves up to
a certain point where the results were used as input to a VOF model. After the point of coupling
wave energy in the BEM model was dissipated by the use of an absorbing beach. The means
by which the models are coupled is shown in Figure 2.21. When the wave reaches the position
shown by profile a in the BEM model (plot (c) Figure 2.21), boundary conditions for the VOF
model are generated and computation begins. The merit in coupling models is the ability to
simulate waves after breaking while taking advantage of the lower cost and higher accuracy of
the BEM method in the deeper part of the domain.

Summary of Potential Theory Models

Models based on potential theory are fast and accurate and for modelling breaking waves they
are the pre-eminent tool. Waves of arbitrary form can be input either by wavemakers or by the
specification of the initial condition, and complex bathymetries can be used. These methods are
limited to simulations in which the flow is irrotational and the computational domain remains
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Figure 2.19: A comparison of a BEM simulation with ezperiment (Grilli et al., 1997a). Plot
(a) shows the solitary wave they generated (using a method similar to Goring’s method), and (b)
shows various stages of shoaling.
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Figure 2.20: Results from the three dimensional BEM model of Grilli et al. (2001), showing a
solitary wave breaking over an submerged ridge. The coordinates are dimensionless, scaled by a
constant depth.

simply connected, so they can’t be used after the lip of a breaking wave has hit the wave face.
The coupling of potential theory models with VOF models is a significant step forward.

2.2.3 Particle-Based Lagrangian Methods

The first particle-based Lagrangian method was Smoothed Particle Hydrodynamics (SPH) (Gin-
gold and Monaghan, 1977; Lucy, 1977) and was developed for simulating astrophysical fluids.
The first application (Monaghan, 1994) of SPH to simulating free-surface fluid-flows included
simulations of breaking waves, a bore and a bursting dam. The basis for the method is the
idea of Lagrangian control masses, for which field variables are determined by the use of kernel
estimates, which, along with other details of how SPH works, are presented in Chapter 3.

SPH is considered to be one of the earliest members of the family of meshless methods,
named because no mesh is required, either Lagrangian or Eulerian. Another early member was
the generalised finite difference method (GFDM) of Liszka and Orkisz (1977), a method that was
not applied to fluids (but could have been if it were used with the idea of convecting Lagrangian
particles). Since then a number of other meshless methods have been developed, among which are
the element free Galerkin, diffuse element, h-p clouds and the partition of unity methods which
are reviewed by Duarte and Oden (1995), Belytschko et al. (1996) and Liszka et al. (1996).
Another notable example is the moving particle semi-implicit method (MPS) (Koshizuka et al.,
1995), a variation on SPH.

Some of the meshless methods have been applied to simulating incompressible free-surface
flows, but as far as the author is aware, only MPS and SPH have been applied to breaking waves.
These two methods are discussed here, noting the merits and demerits but without examining
the methods in detail.

Numerical Errors in MPS and SPH

Numerical models always experience three kinds of errors: modelling errors, discretisation errors
and convergence errors (Ferziger and Perié¢, 1996). Modelling errors are the difference between
the actual flow and the exact solution which is more often than not an unachievable ideal.
Convergence errors are the difference between the exact solution to the discretised governing
equations, and the solution found by iterative methods. Discretisation errors are generated
when the terms of the exact conservation equations are discretised.
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Figure 2.21: Output from the coupled BEM/VOF model of Guignard et al. (2001) showing how
the models were coupled. (a) shows the entire model domain; (b) shows how the solitary wave
would shoal in a BEM model; (c) shows the domain modified with an absorbing beach used in
the BEM part of the model; (d) shows the domain used by the VOF part of the model and the
breaking wave.
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Numerical diffusion is an example of a discretisation error that occurs when convection terms
(those with the form v.(V%), where ¢ would be velocity (v) in the conservation of momentum
equation or density (p) in the conservation of mass equation) in the governing equations are
discretised (Gingold and Monaghan, 1982; Oran and Boris, 1987). In reality numerical diffusion
is just one of a number of discretisation errors and may or may not be the most significant. In
MPS and SPH the governing equations are written in terms of Lagrangian derivatives and so do
not contain convective terms, hence these methods are free of numerical diffusion.

Governing Equations

Both MPS and SPH are based on finding solutions to equations derived from the principles of
conservation of mass and momentum. Similar to the VOF models (Chen et al., 1999; Guignard
et al., 1999, 2001), MPS and SPH are examples of direct numerical simulation, in which the
smallest eddy that can be resolved is determined by the size of the particles used.

MPS, SPH and Pressure

SPH and MPS are similar in how the governing equations are discretised, but with a notable dif-
ference in how pressure is calculated. In SPH the fluid is compressible and pressure is determined
by the use of an equation of state (Monaghan, 1994). In MPS a Poisson equation for pressure
is used (Koshizuka and Oka, 1996). The use of a Poisson equation for pressure in MPS means
the governing equations are implicit, so solutions must be found by iterative means (Koshizuka
et al., 1995). Consequently MPS models require more computations per time-step than those
using SPH.

This is a significant difference since it means SPH simulates the propagation of sound through
the fluid (Monaghan, 1994) and stability of the method (from the Courant condition) requires
much shorter time-steps (than required by MPS). Monaghan (1994) steps around this requirement
by artificially reducing the speed of sound, greatly increasing the allowable step-size, but even so
steps are required to be shorter than those in MPS. The use of a lower speed of sound represents
a modelling error that has the effect of generating larger variations in density. But there are
relatively few situations in coastal oceanography where sound is an important feature.

So the trade off is clear: more short, quick and less accurate steps (SPH) or fewer long, slow
and more accurate steps (MPS). A danger in the SPH choice is that any errors dependent on
the number of time-steps will accumulate at a greater rate.

Variations from the MPS approach can be found in the literature including the work of
Cummins and Rudman (1999). Their method is termed PSPH, from a Projection method for
SPH, and also solves the Poisson equation for pressure, but using a different method. They
concentrate on comparing PSPH against traditional SPH, or as they call it, Weakly Compressible
SPH, WCSPH. They conclude PSPH is more accurate for simulating incompressible flow because
it avoids the short step-size of WCSPH, but claim that more research is required in order that
the method be able to account for a free surface.

MPS, SPH and Unbounded Phenomena

The most notable merit of the family of meshless methods is their suitability for simulating
unbounded systems, or nearly unbounded systems. In such simulations the process of generating
Eulerian grids (many cells in which will be empty) becomes extremely expensive (Gingold and
Monaghan, 1977). Also important is ability of meshless methods to simulate systems for which
much of the domain is empty (Hernquist and Katz, 1989), while maintaining high resolutions in
the areas of interest. The evolution of a galaxy is an example of a simulation that might require
an unbounded, predominantly empty domain.



2.2 Numerical Models of Breaking Waves 31

Breaking waves have the characteristic that the domain is large in comparison to the desired
resolution (not quite galactic scales though) but don’t have a lot of empty space. Unbounded
phenomena are rare in coastal oceanography, so these properties are of little benefit here.

Boundaries in SPH

There are several methods used to create boundaries in SPH models, all of which involve placing
stationary particles with in the domain. These boundary points apply a repulsive force to
free fluid particles and so contain the fluid. A ghost point boundary employs the Lennard-
Jones potential (but any potential could be used) to repel free fluid particles (Monaghan, 1994).
However when this method is employed undesirable corrugated boundaries are produced that
disrupt flows. Monaghan and Kos (1999) modified the method to ensure that the force is always
normal to the boundary, and here these are called normal/tangential boundaries.

Koshizuka and Oka (1996) and Dalrymple and Knio (2001) use a different approach, placing
several rows of fluid particles along the boundaries, particles that are not allowed to move. This
also has the merit of reducing the error in some SPH formulations (Koshizuka and Oka, 1996),
a point which is discussed further on Page 59.

Complex Simulations and Flows With Free Surfaces

Another merit of meshless methods is the ease with which they deal with complex flows (Welton,
1998). However Eulerian methods such as VOF can also handle complex flows and whether
meshless methods can do so more easily is questionable. This merit is important in any compar-
ison with meshed-Lagrangian methods (such as the model of Radovitsky and Ortiz (1998)) and
to potential theory methods.

SPH simulations containing several fluids, each with different densities, have been discussed
in the literature (Monaghan and Kos, 1999). While SPH simulations of breaking waves in systems
with both air and water have not been seen by the author, the capability clearly exists.

Also notable regarding SPH is that problems with a free surface require no special treatment
in order that boundary conditions be applied, whereas VOF is all about special treatment,
something that adds considerably to run-times in such methods. MPS is a little different to SPH
on this score and requires that surface particles be found in order that the pressure at the free
surface can be applied (Koshizuka et al., 1995), a boundary condition not required in SPH.

However with both MPS and SPH the free surface is not defined by a sharp interface as is
the case for potential theory and VOF models. Rather, in any simulation, there are areas with
particles and areas without, and all that can be said is that the free surface lies in between the
two, somewhere close to the particles.

In spite of the complexity of flows that can be simulated with SPH, the models remain
relatively simple and it is easy (comparatively) to write source code (Benz, 1990; Monaghan and
Kos, 1999). Notably, neither of these two references state what other source codes they compared
SPH source against in order to justify this claim.

Run-times in MPS and SPH Simulations

Two factors affect the number of computations required per time-step in SPH and MPS simula-
tions: the number of points and the cost per point. Like VOF, the number of points at which
the solution is sought in an N x N domain is N?, in comparison to the 4N of potential theory
models. This means many more computations are required every time-step. In addition, both
MPS and SPH need to spend time finding neighbours and determining the distances to them, for
each particle, the process of determining which particles are involved in calculating the kernel
estimates of various properties.
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The Accuracy and Other Properties of Kernels

Monaghan (1982) notes that kernel estimation is equivalent to the process of interpolation, and
different kernels have different properties with regard interpolation. The choice of kernel is a
significant contributor to discretisation errors in SPH models. A kernel spherically symmetric in
space (an even function), is capable of at least linear interpolation Monaghan (1982). By careful
design kernels can be created that reduce the interpolation error, but other properties of kernels
are also significant.

Monaghan and Lattanzio’s 1985 ubiquitous cubic spline is an example of a kernel that is
fast but less accurate. Alternatively Monaghan (1982) suggest the use of Gaussian and super-
Gaussian kernels but while they are more accurate they come at greater computational cost.

Monaghan’s cubic spline is an example of a kernel with compact support, that is, it has a
value of zero outside a certain distance (called the smoothing length) so particles outside the
support are not required, accounting for the speed of this kernel. All particles for which the
kernel is not equal to zero are called neighbours. Gaussian and super-Gaussian kernels have
infinite supports so every particle in the system is a neighbour, hence the high cost of such
kernels. However given the limited precision of floating point numbers, these kernels have what
is effectively a finite support, and requiring lower accuracy from kernel estimations will further
reduce this support.

Artificial Clustering

Flat-topped kernels (the gradient in the kernel is zero at its centre) are handy because if two
particles end up in the same spot kernel estimates remain well defined. The result of using flat-
topped kernels is that a maximum occurs in the repulsive pressure force experienced between
2 adjacent particles, a point that is further discussed in Section 3.2.2. The consequence of
this is that artificial clustering may occur. Clustering occurs when particles cannot repel one
another with great enough force to stay apart, instead they form a cluster of particles with an
unphysically high density. Koshizuka et al. (1998) uses a kernel inversely proportional to distance
(so it is infinite at the origin) that does not have this problem but the accuracy of this kernel is
not disclosed. Monaghan (1982) also notes that kernels can be chosen with this consideration in
mind.

MPS and SPH models of Breaking Waves

Particle-based Lagrangian methods that have been applied to breaking waves include the SPH
models of Monaghan (1994) and of Dalrymple and Knio (2001) and the MPS models of Koshizuka
et al. (1998) and of Gotoh and Sakai (1999). The predominant theme in all of these works is
establishing that the respective methods work, and that they have great potential. As yet neither
method is part of the main-stream CFD arsenal for simulating incompressible fluid flow with free
surfaces and research is still very much focused on development.

Relatively low numbers of particles are used in the simulations described in these papers,
being less than 7500 in all cases. This in comparison to the 75 million used by Springel et al.
(2001) in their simulations of interacting galaxies. This is in part a result of the relatively high
numbers of time-steps required of breaking wave models, but is possibly also an indication of the
lack of super-computers available to coastal oceanographers.

Wavemaking in MPS and SPH

There are two methods for making waves in MPS and SPH models: the imposition of a wave
form in the initial state or the use of wave makers (pistons etc.). Dalrymple and Knio (2001) used
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the initial state approach to generate a solitary breaker on a beach with a plane slope, a breaker
that is shown in Figure 2.23. The problem with this approach is that in SPH the initial state
can have spurious energy present due to the initial particle pressures being incorrect (Monaghan,
1994), a problem often dealt with by preceding a simulation with a settling period where excess
energy is removed. The imposition of a wave form precludes the use of settling periods and the
spurious energy may affect results, particularly for low energy simulations.

Dalrymple and Knio (2001) used a piston wave maker with Goring’s method (to control the
piston trajectory) to generate solitary waves (as well as the initial state approach). Goring’s
method is discussed in Section 2.1.5. Monaghan (1994) used a piston wavemaker but did not
state if special techniques (such as Goring’s method) were used to control the trajectory of the
piston. An example of a wave generated by Monaghan (1994) is shown in Figure 2.22.

Koshizuka et al. (1998) used a variation on the piston in which the amplitudes of boundary
particles on the wave maker decrease with depth, an example of which is shown in Figure 2.24.
Basically the velocities and positions of the wave particles match the values derived from theory.

Coarse Simulation Features in MPS and SPH

The way that a wave breaks using a model should be similar to a real-world breaker. MPS
and SPH simulations are broadly similar to expected behaviour. If a wave breaks in either a
plunging or a spilling manner water accelerates up the face of the wave and is projected forward,
generating the lip. Under the lip a barrel is formed, the size and shape of which is determined
in part by the Iribarren number for the wave. This behaviour should be seen in MPS and SPH
simulations and observing this provides a first-order check.

The SPH model of Monaghan (1994) and the MPS models of Koshizuka et al. (1998) all show
waves in which water accelerates up the face of the breaking wave and is projected outward at the
lip with the highest velocities seen in the wave. This feature is confirmed in plots of the velocity
vectors which are reproduced in Figures 2.22 and 2.24, and can also be seen in the results of
Gotoh and Sakai (1999). This also occurs in the model of Dalrymple and Knio (2001), judging
by the existence of the lip and barrel evident in Figure 2.23. So SPH and MPS have been shown
to be capable of simulating the coarse features of breaking waves.

Barrels in MPS and SPH Models

A question regarding SPH and MPS models is what range of wave conditions they work for.
The way that a wave breaks using a model should reflect real-world behaviour to some degree of
accuracy. It is not clear from the literature that SPH and MPS models simulate breaking waves
accurately.

Monaghan (1994) simulated periodic waves (of uncertain profile) on a plane beach with a
relatively steep slope of 1:10. Monaghan notes that this wave should spill, and his results are
consistent with that, containing only a small barrel, shown in Figure 2.25. The wave is well
under the maximum wave height of 0.78 xdepth. A comparison of the results of this model with
experimental data for breaking waves is not provided.

Results from a simulation by Dalrymple and Knio (2001) containing a wave generated by
using Goring’s method are not presented with enough detail to make any conclusions with regard
barrel shape. Included in the same reference are the results of an initially unstable solitary wave
generated using the initial state approach, shown in Figure 2.23. This wave breaks with a clear
(but not extreme) barrel, so it is either a plunging wave or a low Iribarren number spilling wave.

Gotoh and Sakai (1999) show a wave breaking on a plane slope, a wave that they claim
categorise as plunging, as is expected given the Iribarren number. A barrel is evident in their
plot but it is obscured by unphysical fragmentation of the water body. The wave attains a steep
face prior to breaking so it is not spilling. In one frame a barrel is definitely present, but it is
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Figure 2.22: A breaking wave generated in the SPH model of Monaghan (1994). The piston can
be seen on the left of the top frame. The arrows are velocity vectors.
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Figure 2.23: A breaking solitary wave generated by the initial state approach from Dalrymple and
Knio (2001). This wave was initially higher than the mazimum stable wave height for the depth
of the water. Curvature at the left of the image is due to photocopying and scanning.
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Figure 2.24: An ezample of a breaking wave generated by Koshizuka et al. (1998) using their MPS
model. A large section of the domain has been removed for these images but the wave making
section remains at the left. The arrows are velocity vectors.
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Figure 2.25: The barrel from Monaghan’s (1994) spilling wave.
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not in later frames and hence the simulation appears to depict a collapsing wave. Results from
Koshizuka et al. (1998) are, if anything, worse. The height of their plunging wave is small with
respect to the resolution and the presence of a barrel is a moot point.

Only two of the Lagrangian particle-based simulations discussed in the literature that I have
examined show a clear barrel, those being from the SPH models of Monaghan (1994) and of
Dalrymple and Knio (2001). One of these is for a spilling wave and the other for an extreme,
initially unstable wave. MPS simulations (Koshizuka et al., 1998; Gotoh and Sakai, 1999) do not
categorically demonstrate an ability to simulate plunging waves.

To summarise this section, the relevant literature does not definitively demonstrate the ability
of SPH and MPS models to accurately simulate a wide variety of breaking waves (but that is not
to say they cannot). This could be explained by the low resolutions used for these simulations,
the possible existence of numerical effects limiting the applicability of such techniques or simply
that not enough simulations have been performed to rigorously test this point.

Summary of Lagrangian Particle-Based Methods

Lagrangian particle-based methods such as SPH and MPS have already been applied to break-
ing waves, but the literature contains few examples and simulations described in these have low
resolution. This is partly a result of the relatively high cost of such simulations (and the sub-
sequent steps taken to avoid this cost), a significant weakness of the methods. The ability to
simulate sound in SPH models is not of great use in many cases and has the negative effect of
requiring shorter time-steps (than if the fluid were incompressible). Also a problem with La-
grangian particle-based methods is that free surfaces are not defined by sharp curves as is the
case for potential theory and VOF models. The strengths of SPH and MPS are the absence of
numerical diffusion, the ease of dealing with free surfaces and complex flows. They are also fun,
notes Monaghan (1992) " Although a meal can be enjoyed without understanding the processes of
digestion, numerical methods should be both understood and enjoyed.".

2.2.4 The Marker and Cell Method

Sakai et al. (1986) and Takikawa et al. (1997) created models (quite possibly these are actually
the same model) based on the Marker and Cell (MAC) method, models that they used to simulate
breaking waves on plane sloping beaches (both used beaches with a 1:20 slope). Input waves
were generated in a coupled FEM (finite element method) model and passed to the MAC models
(which solve the Reynolds equations). Takikawa et al. (1997) used 70x 122 cells and Sakai et al.
(1986) used 92x50 (for a total of 8540 and 4600 cells respectively) and a large number of markers
were used (the exact number was not given in either reference).

The large number of markers used means plots of marker positions appear to have high a
resolution, as can be seen in Figure 2.26. This high resolution is necessary in order that the free
surface be accurately resolved but gives a false impression that the simulation is accurate. The
underlying low resolution grid means any computations performed on the Lagrangian markers
have significant discretisation errors. This is because markers are convected by reference to the
velocity field computed on the Eulerian grid.

The relatively low resolution of the Eulerian grid (and hence the simulation) are an indication
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