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This paper is the conclusion of a series that lays the groundwork for a structure and
classification theory of second-order superintegrable systems, both classical and
quantum, in conformally flat spaces. For two-dimensional and for conformally flat
three-dimensional spaces with nondegenerate potentials we have worked out the
structure of the classical systems and shown that the quadratic algebra always
closes at order 6. Here we describe the quantum analogs of these results. We show
that, for nondegenerate potentials, each classical system has a unique quantum
extension. We also correct an error in an earlier paper in the series (that does not
alter the structure results) and we elucidate the distinction between superintegrable
systems with bases of functionally linearly independent and functionally linearly
dependent symmetries. © 2006 American Institute of Physics.

[DOLI: 10.1063/1.2337849]

I. INTRODUCTION

This is the conclusion of a series' ™ whose purpose is to lay the groundwork for a structure
and classification theory of second-order superintegrable systems, both classical and quantum, in
complex conformally flat spaces. Real spaces are considered as restrictions of these to the various
real forms. In Refs. 1 and 3 we have given examples in two and three dimensions (2D and 3D),
described the background as well as the interest and importance of these systems in mathematical
physics, and given dozens of relevant references. Observed features of the systems are multisepa-
rability, closure of the quadratic algebra of second-order symmetries at order 6, use of represen-
tation theory of the quadratic algebra to derive spectral properties of the quantum Schrédinger
operator, and a close relationship with exactly solvable and quasi-exactly solvable problems.5 Our
approach is, rather than focus on particular spaces and systems, to use a general theoretical method
based on integrability conditions to derive structure common to all systems.

We recall some basic facts and results about conformally flat superintegrable systems. An
n-dimensional complex Riemannian space is conformally flat if and only if it admits a set of local
coordinates x;,...,x, such that the contravariant metric tensor takes the form g¥=&//\(x). A
classical superintegrable system H=Eijgifp[p ;+V(x) on the phase space of this manifold is one
that admits 2n—1 functionally independent generalized symmetries (or constants of the motion)
S, k=1,...,2n—1 with S;="H where the S, are polynomials in the momenta pj.6_“ It is easy to
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see that 2n—1 is the maximum possible number of functionally independent symmetries and,
locally, such (in general nonpolynomial) symmetries always exist. The system is second-order
superintegrable if the 2n—1 functionally independent symmetries can be chosen to be quadratic in
the momenta. Second-order superintegrable systems, though complicated, are tractable because
standard orthogonal separation of variables techniques are associated with second-order symme-
tries, e.g., Refs. 12—17, and these techniques can be brought to bear. Thus we concentrate on
second-order superintegrable systems in which the symmetries take the form S=Eaif(x)p,»pj
+ W(x), quadratic in the momenta.

There is an analogous definition for second-order quantum superintegrable systems with
Schrodinger operator

1 .
H=A+V(x), A=—30,(gg"o,,
Vg ij !

the Laplace-Beltrami operator plus a potential function.'? Here there are 2n—1 second-order
symmetry operators

1 [~ ij
$i= =2 0 (Vgal) g + WO, k=1, 201
ks

with S;=H and [H,S;]=HS,-SH=0. Again multiseparable systems yield many examples of
superintegrability.

The structure theory for classical second-order superintegrable systems with nondegenerate
potential for 2D spaces and for 3D conformally flat spaces has been worked out recently.l_“’18
(This paper depends heavily on the results and methods of those papers and we shall refer to them
repeatedly.) Each such system has quadratic algebra structure. Let {S j} be a basis for the second-
order constants of the motion for the Hamiltonian . By the superintegrability assumption, the
Poisson brackets {S;,S;} must be functionally dependent on the basis symmetries S, as are
{S,.S8;}.S,} and {{S;,S;}.{S),.S,}}. For these systems it is always true that the squares {S,-,S,}2
and products {S;,S;H{S;. S} as well as {{S;,S;}.S,} and {{S;,S;}.{S),,S,}} are always uniquely
expressible as polynomials in the {S;}. This remarkable closure of the algebra generated by the
second-order symmetries leads to the very special properties enjoyed by the classical superinte-
grable systems.

Observed common features of the quantum analogs of these systems are that they are usually
multiseparable and that the eigenfunctions of one separable system can be expanded in terms of
the eigenfunctions of another. This is the source of nontrivial special function expansion theorems
in the quantum case.' The quantum symmetry operators are in formal self-adjoint form and
suitable for spectral analysis. Also, the quadratic algebra identities allow us to relate eigenbases
and eigenvalues of one symmetry operator to those of another. The representation theory of the
abstract quadratic algebra can be used to derive spectral properties of the second-order generators
in a manner analogous to the use of Lie algebra representation theory to derive spectral properties
of quantum systems that admit Lie symmetry axlgebras.lg_22

The structure theory of classical superintegrable systems is simpler than for the quantum case,
and we studied it first. However, we now show that each of the classical superintegrable systems
with nondegenerate potential has a unique extension to a quantum superintegrable system.

We review, briefly, some basic definitions and notation in the classical 3D case; the corre-
sponding 2D definitions can be obtained by obvious restriction. For a classical 3D system on a
conformally flat space (note that all 2D spaces are conformally flat) we can always choose local
coordinates x,y,z, not unique, such that the Hamiltonian takes the form H:(p%+ p%
+p§)/ Nx,y,z)+V(x,y,z). This system is second-order superintegrable with nondegenerate po-
tential V=V(x,y,z,a,B,y,d) if it admits five functionally independent quadratic constants of the
motion (i.e., generalized symmetries)
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Sk = 2 aE]k)ptp/ + W(k)(x’y’ a, B’ 7) . (l)
ij

As described in Ref. 3, the potential V is nondegenerate if it satisfies a system of coupled PDEs
of the form

Var = Vi + AP (x,y.2) Vi + BP(x,y,2) Vo + CP(x,,2) V3,
Vi = Vi + AP, y,2) V) + B3P (x,y,2) Vo + CP(x,y,2) Vs,
Vip=A(x,y,2)V + B(x,y,2) Vo + C*(x,y,2) V3,
Vis=AR(x,y.2) Vi + BP(x,y,2) Vo + CP(x,y,2) V3,

Va3 = AP (x,y,2) V) + B2 (x,y,2) Vo + CB(x,,2) V3, (2)

whose integrability conditions are satisfied identically. Here, V=dV/dx, V,=dV/dy, etc. The
analytic functions AY, B, CY are determined uniquely from the Bertrand-Darboux equations for
the five constants of the motion (under the assumption that the quadratic constants of the motion
are functionally linearly independent) and are analytic except for a finite number of poles. At any
regular point Xy=(x,Y¢,20), i.e., a point where the AY, B CY are defined and analytic and the
constants of the motion are functionally independent, we can prescribe the values of V(x), V;(xo),
Vo(xg), V3(xg), Vi1(xg) arbitrarily and obtain a unique solution of (2). The significance of the four
parameters for a nondegenerate potential (in addition to the usual additive constant) is that it is the
maximum dimension of the space of solutions to the Bertrand-Darboux equations that can appear
in a superintegrable system with functionally linearly independent symmetries. If the number of
parameters is fewer than four, we say that the superintegrable potential is degenerate.

We clarify our definition of nondegenerate potential and our parameter count by considering
the generalized Calogero potential

n_ a b c
= e oo ®)

and its further generalization

2= a + b < 4)

= + s
(mix—may)*  (myy —myz)*  (msz—myx)*

where m; # 0, see Refs. 11 and 23-25. These potentials are superintegrable on Euclidean space and
the second contains six parameters, which exceeds the count of four for nondegenerate superin-
tegrable systems. How can this be?

Our definition of the number of parameters in a superintegrable system is that it is the
dimension of the space of solutions of the set of Bertrand-Darboux equations for this system
(ignoring the trivial added constant). Let us consider the system of symmetries defining the system
with potential V(). A basis for the space of symmetries is (using P,=p, s Py=py, P.=p3,J1=yp3
=2p2.Jr=2p1=xp3.J3=xp2=yp1),

Si=H=Pi+P;+P2+V,, S=(P,+P +P), S;=Ji+L+5+W,,

Sy=P(J,=J3) + P(J3=J) + P.(Jy = Jo) + Wy,  Ss=J3J,+J I3+ ] + Ws,

where the potential terms W; contain the parameters.
We can write the Bertrand-Darboux equations for each symmetry S=EaJ"pjpk+W of 'H
=(p%+p§+pg)/)\(x)+v in the matrix form
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V=V
0 a2 gl g e _g? Vo= Vi ()\a12)1 _ ()\all)z
0= a13 0 _a23 a21 all_a33 V12 _ ()\6131)1_()\6111)3 Vl
a2~ —gB 2B a2 Vi ()\a31)2— ()\a21)3
Vi
(Na*), - (\a*"), (\a™); = (\a),
-7 (7\032)1 - (7\012)3 Vo—— ()\033)1 - ()\013)3 Vs. (5)
()\6132)2 - ()\022)3 (7\033)2 - (7\023)3

In the Euclidean case, A=1. Evaluating these equations for potential V(! we find that they are

V1+V2+V3=0, (X—y)V12+(Z—y)V23—V1+2V2—V3=0,

(x=2)Vi3+(y=2)Vo3 =V =V, +2V5=0, (6)

and their differential consequences. The complete system of equations is in involution and a
particular solution is determined unquely by choosing V,, V3, V,3 at a regular point. Thus we have
a three parameter potential. The apparent six parameter potential V® is actually three parameter
by our count, because the m; are parametrizing a family of defining symmetries S(m,,m,,ms), i.e.,
the Bertrand-Darboux equations themselves are functions of the m;. For example, the symmetry
S, is replaced by S,(m,m,,m3)=(P,/m+P,/my+P./m3)>. Another way to see this is to note that
the potentials V® do not form a vector spacé. For each fixed value of the m;, i.e., for each fixed
choice of the space of defining quadratic symmetries, we have a three parameter potential.

What is important to notice here is the occurrence of the first-order condition V;+V,+V;=0
for the potential as a consequence of the Bertrand-Darboux equations. Thus the potential is a
function of only two variables, impossible for nondegenerate potentials. To understand this, ob-
serve the relation

(x+y+z)2$'1 —(x2+y2+x2)$'2+2$'3—2(x+y+z)$'4—2$'5=0

obeyed by the purely quadratic terms in the symmetries, i.e., where we have set Si=$i+ W;. This
means that the five functionally independent symmetries S; are functionally linearly dependent.
This dependence reduces the rank of second derivative terms in the system of 12 Bertrand-
Darboux equations so that we do not obtain the canonical form (2) which is required for nonde-
generacy. As shown in Ref. 3, if we have a 3D superintegrable system with a basis of functionally
linear independent symmetries, then we always obtain the canonical system (2) and its differential
consequences.

Functional linear dependence of a functionally independent maximal set of symmetries is hard
to achieve. In 2D it is well known that essentially, there is only one example, corresponding to Lie
form. In 3D Theorem 1 of Ref. 3 stated, incorrectly, that all functionally independent superinte-
grable systems were functionally linearly independent. The Calogero potential is a counterexam-
ple. Thus the results of papers Refs. 3 and 4 hold under the explicit assumption that the function-
ally independent basis of symmetries is also functionally linearly independent. This is exactly the
same situation as in the 2D case."

For the following result the system need not be superintegrable.

Theorem 1: Let the functionally independent set {H=38,,S,,...,S,}, (t>2) be a functionally
linearly dependent basis of second-order symmetries for the system H=(p1+p3+p3)/N(x)+V with

nontrivial potential V, i.e., there is a relation Ehc(h)(x)ShEO in an open set, where not all c®
X (x) are constants, and no such relation holds for the ™ all constant, except if the constants are

all zero. (Here S,-=3 + W, where the W; are the potential terms.) Then the potential must satisfy a
first-order relation AV+BV,+CV;=0 where not all of the functions A,B,C are zero.
Proof: By relabeling, we can express one of the quadratic parts of the constants of the motion
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30 as a linear combination of a functionally independent subset {31,...,3,,1<r$4}: 30

=3!_,¢9(x)8,. Taking the Poisson bracket of both sides of this equation with (p>+p2+ p3)/\ and
using the fact that each of the S, is a constant of the motion, we obtain the identity

r 3
22 (&xkc(f))aéjé)p,»pjpk= 0, (7)
(=1 ij=I

where (x,y,z) = (x;,X;,x3). It is straightforward to check that this identity can be satisfied if and
only if the functions

r

c}j = E (&xkc(e))az;), 1<ijk<3
=1

satisfy

cfi =0, c§i+ 2c§j= 0, (i#)), céz + c? + c%l =0. (8)

Note that cj?:d,;". Corresponding to each of the basis symmetries S, there is a linear set C;,=0 of
Bertrand-Darboux equations (5). A straightforward substitution into the identity C0—22=1C(€)
X (x)Cy=0 yields the relation

3
c?=cy! -2t 2=
31_ 11 32_ 12 33_ 13
ci —c3 [Vi+| e =3 |[Vot+| " —c3” |V3=0.
3
=3 =¥ =y

These first-order differential equations for the potential cannot all vanish identically. Indeed if they
did all vanish then we would have the conditions

12 11 31 11 31 21 22 21 32 12
Cl =Cz, Cl =C3, C2 =C3, Cl =02, Cl =C3,

32 22 32 31 33 13 33 23
Cz =C3, C] =C2, Cl =C3, 02 :C3.

These conditions, together with conditions (8), show that c{k=0 for all i,j,k. Thus we have
E;zl(ﬁxkc(f))aéé):o, 1<i,j,k<3. Since the set {3‘1 V... ,S’,}, is functionally linearly independent,
we have &xkc“)EO for 1<k<3,1<{<r. Hence the O are constants, which means that 30

—E;zlc(()é’ezo. Thus the set {S, ...,S,} is functionally dependent. This is a contradiction.
Q.E.D.
This shows that the potential function for any system, superintegrable or not, with a basis of
symmetries that is functionally linearly dependent must satisfy at least one nontrivial first-order
partial differential equation AV;+BV,+CV;=0 where the functions A,B,C are parameter free.
The method of proof of the Theorem shows how to find such equations. This means that all such
potentials depend on either one or two coordinates. The 3D nondegenerate potentials that are the
primary subject of this series depend essentially on all three coordinates.

Il. NONDEGENERATE 2D QUANTUM SYSTEMS

Here we discuss how the analysis of classical 2D superintegrable systems with nondegenerate
potentials carries over to the quantum case. The quantization is much simpler in the 2D case than
for dimensions greater than two. For a manifold with metric ds?=\(x,y)(dx*>+dy?) the Hamil-
tonian system H=(p+p3)/\(x,y)+V(x,y) is replaced by the Hamiltonian (Schrodinger) operator
with potential
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1
H= m(an +dy) + V(x,y) 9)

in local orthogonal coordinates. A second-order symmetry of the Hamiltonian system S
=Ei jzlak-’(x, Vppj+Wix,y), with a¥=a’*, corresponds to the operator

2

S=—— &k(aki(x,y))\(x,y)ﬂj) +W(x,y), a“=d*
Ax,y) kj=1

These operators are formally self-adjoint with respect to the bilinear product

(f.g)= f S, y)g(x,y)\(x,y)dxdy
on the manifold, i.e.,

(f.Hg)=(Hf.g), (f.Sg)=(Sf.8)

for all local C* functions f,g with compact support on the manifold, where we set all boundary
terms equal to 0.

A first-order symmetry of the Hamiltonian system L:Ezzlak(x, y)p corresponds to the op-
erator

2
L=, d"(x,y)4,.
k=1
It is easy to show that L, is formally skew-adjoint, i.e.,

(f.Lg)=—(Lf.g)-

The following results that relate the operator commutator [A,B]=AB—BA and the Poisson
bracket are straightforward to verify.
Lemma 1:

{H,S}=0<[H,S]=0.

This result is not generally true for higher dimensional manifolds.
Lemma 2:

{H,L}=0<[H,L]=0.

The definition of a nondegenerate potential V(x,y) is identical with that for the classical case,
i.e., it obeys

V22 = Vll +A22V1 + BZZVZ,

Vi,=A2V, + BV, (10)

Again, V,V,,V;; can be prescribed arbitrarily at a fixed regular point. Note that if V is a nonde-
generate potential then there will be no first-order symmetries.

It follows from Lemma 1 that the classical results for the space of second-order symmetries
corresponding to a nondegenerate potential can be taken over without change. The space is three
dimensional and at any regular point X, there exists exactly one symmetry, up to an additive
constant, such that a/*(x,)=a’* for any constant symmetric matrix a.

Now we investigate the space of third-order symmetries, i.e., third-order differential operators
K that commute with the Hamiltonian: [H,K]=0. In general, determination of the possible opera-
tors K is very difficult, but in this case, simplifications make the problem tractable:
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1. We are interested, principally, in the space of third-order symmetries that is spanned by the
commutators of second-order symmetries S. Since the second-order symmetries are formally self-
adjoint, the commutators will be skew-adjoint. Thus we can limit ourselves to K that are skew
adjoint.

2. A second reason for considering only skew adjoint K follows from the well-known unique
decomposition of a symmetry into a formally skew-adjoint part and a formally self-adjoint part,
each of which must itself be a symmetry. Clearly the self-adjoint part of a third-order symmetry
must be at most a second-order symmetry, i.e., the third-order terms vanish. For a nondegenerate
superintegrable system we already know the three-dimensional space of these second-order sym-
metries.

3. Since H encodes a three-parameter family of potentials, the symmetry K must also be a
function of the parameters. The highest order terms akfiakj,- in K (symmetric in k,j,i) will be
independent of the parameters but lower order terms may have linear parameter dependence.

4. The skew-adjoint requirement uniquely determines the coefficients of the second-order
terms in K. They are

3
ﬁ(ﬁlkﬂ)\)i&k‘j.

5. Further, the skew-adjoint requirement means that there exist functions a*/,b' such that K
has the unique representation

2 2
. 3 , 1 , ~. 1 ~
K= kjla i + kﬂ)\ i07 I e kjl)\ &Z) + (b’&i + bl)\ i) N 1 1
k’j’EiZI (Cl kj I\ (a ) kj 2N (d )k] z 2)\( ) ( )

where the functions l;i(x,y,z) contain the parameter dependence.
6. Equating coefficients of the fourth-order terms in the operator condition [H,K]=0 where K
is given by (11) we obtain the relations

da't dln\ ... JdlnN ..
2 =3 a+ ——a |, i#],
axi ax,- Xj

34— = a'l

ox; ox; d.. z?xj

odlt gaii 3( dln\ .. dln\
J i

aw), i#j,

122 112
2(0761 +o"a ):_&ln)\am_‘91117\“111_‘91“)‘&222_‘ﬂn)‘allz (12)
&xl &xz axl (9Xl axz (9)(2

which are just the requirements that the @¥' be the components of a third-order Killing tensor.
7. Equating coefficients of the third-order terms in the condition [H,K]=0 we obtain relations
that are consequences of the Killing tensor relations (12).

8. The remaining conditions on K intertwine A, akit l;i, and V, and are complicated. Rather
than solve them directly, we note that we can make the unique decomposition

l;i(xl,xQ, Vxl,VXZ) = c(xy,x0) + b (x1,x,, Ve Vx2),

where
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2
. %
b’=2#"’(x1,x2)—(x1,xz), (13)
j=1 ox;

i.e., we can split off the parameter-dependent terms of b' from the rest. Then, equating the linear
parameter-dependent coefficients of the second-order terms in the symmetry operator condition,
we obtain the requirements

2
b 3e iV _ L 2l

r?xj - Oxg 2.0 dxg

b, j=1,2, (14)

identical to the corresponding classical equations in Ref. 1. Equating the quadratic parameter-
dependent coefficients of the zeroth-order terms in the symmetry operator condition, we obtain the
requirement

Ebs;= : (15)
s=1 s

again identical to the corresponding classical equation in Ref. 1.

9. Conditions (14) and (15), and third-order Killing tensor conditions are clearly necessary for
K to be a skew-adjoint symmetry. To see that they are sufficient will take several steps.

10. Uniqueness: Suppose K,K' are two third-order skew-adjoint symmetries with the same
functions @¥',b’ (but possibly different ¢’). Note that K—K' is a skew-adjoint, parameter-
independent symmetry that is first order (since the third- and second-order terms in K and K’ are
the same). However, there can be no nonzero parameter-independent symmetry for a nondegen-
erate superintegrable system. Therefore K=K'. Though we have not given an explicit expression
for the ¢’ we see that they are uniquely determined by the functions a*/,b'.

11. Existence: This also involves several steps. We first employ the results of our construction
of third-order symmetries for the classical case. There we used (13) to show

Taft=0, 1<¢tj<2,
f J
and (14) to show that

bi=f1 Vot 12V by=fy7Vy+ 12V,

2 21 21 2 2l 21
bi=frVi+f> Vi, by=fVi+f" Vi,

and

a'' = 512242 = (InN)y), Na®2=1f'3(= 2B+ (InN),)),
Na''?= 5122472 + 2B + (In \),),
al?? = f12( 242+ 2B —(In\),),
=317 2B~ (N, 3= 524 = B+ (Inh),).

Thus the a“* can be expressed in terms of f1? and the A*‘,B** functions, and we have an
involutive system for f2. Thus any third symmetry is uniquely determined by the constant
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f12(x0,yo) at some regular point (x,,y). This means that the space of third-order skew-adjoint
symmetries is at most one dimensional.

12. Consider the case where all a/*=0. Then 2A4'>=B?>=(In \),, 2B'>=-A*?=(In \),. The
integrability conditions require (In \);;+(In \),,=0, which is the condition for flat space, Thus by
an appropriate orthogonal change of coordinates we can assume that A=1. In these new coordi-
nates we see that AY=BY=0 for all i,j. The general solution is

12
fo=cp

where ¢y, is a constant. This is the homogeneous isotropic oscillator:

V(x,y) = ax + By + y(x* + y?).

One can easily check that for this very special case a nonzero commutator of two second-order
symmetries is first order, parameter-dependent.

13. The second case is that not all @/ vanish. We show that the space of symmetries is exactly
one dimensional. Let

1 . )
S = X > al ahNa) + Wy, Sy = > I(aBNd) + Wy

be second-order symmetries and let A(,»)(xl,x2)={af{)(x1,x2)}, i=1,2 be 2 X2 matrix functions.
Then the commutator [S,S,] of these symmetries is a third-order symmetry K with a*" and f*¢
such that

=202 (afhali) - afyaly)-
J
Thus K=[S,;,S,] is uniquely determined by the skew-symmetric matrix

[A@) Al = A A - AnA).

hence by the constant matrix [A)(xg,¥0),A(1)(X0,Y0)] evaluated at a regular point.
Theorem 2: Let K be a third-order skew-adjoint symmetry (11) for a superintegrable system

with nondegenerate potential V and bi=c'(x,y)+b'(x,y,V,,V,) where

2

b'= Ef’j(x,y)j—v(x,y).
Jj=1 Xj

Then
fAHpi=0, 1s¢j=<2

and K is uniquely determined by the number

113 (x0,y0)

at some regular point (xq,y,) of V.

Corollary 1: Let V be a superintegrable nondegenerate potential, Then the space of third-
order skew-adjoint symmetries is one dimensional and is spanned by commutators of the second-
order self-adjoint symmetries.

Corollary 2: Let V be a superintegrable nondegenerate potential and S,,S, be second-order
formally self-adjoint symmetries with matrices Ay, A), respectively. Then

[51,5] =0 [Ax),An] =0 [Aq)(x). Ap)(x0)]=0

at a regular point X.
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lll. A STANDARD FORM FOR 2D QUANTUM SYSTEMS

In analogy with the classical case, there is a standard structure for 2D quantum nondegenerate
superintegrable systems allowing the identification of the space of second-order symmetry opera-
tors with the space of 2 X2 symmetric matrices, and identification of the space of third-order
symmetry operators with the space of 2 X2 skew-symmetric matrices. Indeed, if x, is a regular
point then there is a 1-1 linear correspondence between second-order operators S and their asso-
ciated symmetric matrices A(xg). Let [S|,L,] =[S,,S;] be the reversed operator commutator.
Then the map

[S1,5,] < [A(l)(xo)w‘t(z)(xo)]

is an algebraic isomorphism. Here, S;,S, are in involution if and only if matrices Ay(xo),A ()
X(xy) commute. If [S;,5,]#0 then it is a truly third-order symmetry operator (except in the
isotropic oscillator case) and can be uniquely associated with the skew-symmetric matrix [Aj)
X (Xp), A@2)(Xp)]. Since commutators of second-order symmetries span the space of third-order
symmetries, we can identify these 1-1 with 2 X2 skew-symmetric matrices. Let £/ be the 2 X2
matrix with a 1 in row i, column j and O for every other matrix element. Then the symmetric
matrices

AU = L(gi g gity= AU G j=12 (16)
form a basis for the three-dimensional space of symmetric matrices. Moreover,
[A(i_,')’A(k()] - %(5jk8(i€) + 5j€B(ik) + 5ikB(i€) + 51,63(/‘10)’ (17)
where
B =37~ =-BY, ij=1,2.

Here B/ =0 and B"? forms a basis for the space of skew-symmetric matrices. Thus (17) gives the
commutation relations for the second-order symmetry operators. If V is the isotropic oscillator
then there is no truly third-order symmetry. For any other nondegenerate potential, the space of
symmetries is exactly one dimensional.

We reformulate the problem of determining the second-order symmetry operators of (9) by
setting

W(x) =flV1 +f2V2 +f“V11

2

and substituting this expression into W,-=)\Ej=1a’7Vj. Additionally we must impose the Killing

tensor conditions. We obtain the equations for the a¥:
)\all :f} +f2A12+f11A13
)\aIZ =fé +f1A12 +f2A22,
Na* = f5+ f'B" + * B, (18)
and the condition on the first derivatives of the f*
fé_f%z_flAIZ_'_fZ(AZZ_BlZ)_fllBl3- (19)
Note the expressions for f]' and f3' in terms of f',f2,f'":

f}l_'_fl +f“(Blz—A22)=O, fé1+f2+fllA12=0~

It follows that we can express each of the second derivatives of f',f% in terms of lower order
derivatives of f!,f2,f!1. Thus the system is in involution at the second derivative level, but not at
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the first derivative level because we have only one condition for the four derivatives f{ , fé, f%,f%.
We can uniquely determine a symmetry operator at a regular point by choosing the six parameters
.2 M ,f{ ,fé,f%). The values of f!,f2,f'! at the regular point are analogous to the three param-
eters that we can add to the potentials in the three parameter family. For our standard basis, we fix
(! ,fz,f“)xo=(0,0,0). Then from (18) and (19), we have

RAINGER
PP 22
1 /2
Thus we can define a standard set of basis symmetry operators SU9=\"1(x)(Zd,(a’(x)\(x)J;)
+ W) (x) corresponding to a regular point X, by

1 gl 12
(f] fz) =7\(Xo)(a a22) =)\(X0)A0k), W(fk)(xo)=0.

2 2 21
fl f2 X a a X(

The condition on WU¥ is actually three conditions since WYX depends on three parameters. Note
that the derivative terms afj in the expression for the basis symmetries can be computed explicitly
from the conditions for classical second order symmetries in Ref. 1.

In exact analogy with the classical case, we can use the standard form to prove multisepara-
bilty for quantum systems.

Theorem 3. Let V be a quantum superintegrable nondegenerate potential and S be a second-
order symmetry operator with matrix function A(X). If at some regular point X, the matrix A(X)
has two distinct eigenvalues, then H,S characterize an orthogonal separable coordinate system.

Since a generic 2 X 2 symmetric matrix has distinct roots, it follows that any such superinte-
grable nondegenerate potential is multiseparable.

IV. THE QUANTUM QUADRATIC ALGEBRA

We investigate the space of fourth-order differential operators F that commute with the Hamil-
tonian: [H,F]=0. Determination of all possible operators F is very difficult but, again, there are
simplifications that make the problem tractable:

1. We are interested, principally, in the space of fourth-order symmetries that is spanned by the
double commutators [[S1V,5@],53)] of second-order formally self-adjoint symmetries SY) of the
superintegrable system. The double commutators will be formally self-adjoint, so we can limit
ourselves to F that are self-adjoint.

2. Since H encodes a three-parameter family of potentials, the symmetry F must also be a
function of the parameters. The highest order terms aekﬁ&kﬁ in F (symmetric in €,k,j,i) will be
independent of the parameters but lower order terms may have linear or quadratic parameter
dependence.

3. The self-adjoint requirement uniquely determines the third-order terms in F. They are

2 y
S 2t aq,
€k.ji

4. Further, the self-adjoint requirement means that there exist functions a€k7i,l;ij s W such that
F has the unique representation

2 2
1 N | -
F= 2 =3;@™\g)+ > —a(b'\a) + W, (20)
izt N L=t N
where the functions b/ (x1,2x2), W(xl ,X,) contain the parameter dependence.

5. Equating coefficients of the fifth-order terms in the operator condition [H, F]=0 where F is
given by (20) we obtain the relations
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aa"" 2 ad I
ox; = ax,
aajiii aauu dln \
4—+——-62 K 52
ﬁx, ] X
ﬁajjii 5a”ij > dIn N ’ .dIn
3o P g TR T ke i, 20

i J s=1

which are the conditions for a®¥/* to be a fourth-order Killing tensor.

6. The remaining conditions on F intertwine N, a®”/, b/, W, and V, and are complicated.

Rather than solve them directly, we make the unique decomposition

l;ﬁ(xl,xz,V V V ) C] (.xl Xz) + b‘] (.Xl )C2,V V V )

X4 RICd|

where

3

2 f]l aW(a) fji,a =fij,a’

a=1

and W@ is defined by

w\ [ Vv
wo || v,
w® v

XIX

Then, equating the linear parameter-dependent terms of third order in the derivatives we obtain the
conditions

3
Jd . J . J . . . .
_f/k,a+ _fh],a_'_ _fkh,a_ 2)\aah.1k= _ E (f/k’yA(;l(3,+ 1‘]’YA(72+](M’?A%/%)
axy, oxy, ox; =1
2
= 2 (PG S+ ,k)— I\, (22)

s=1
where 1<j,k,h<2 and we set a*"k=(. These conditions are identical to the corresponding

classical conditions in Ref. 1. Similarly, we set

W= U(O)(x],xz) + U(l)(x],xz, W(a)) + W(xl,xz,W(”‘)),

where U'") depends linearly and W depends quadratically on the W@ and equate the quadratic
parameter-dependent terms of first order in the derivatives. We obtain the conditions

3
AV W
xE b“ (23)

Xs U')xi

Equating the quadratic parameter-dependent coefficients of the zeroth-order terms in the sym-
metry operator condition, we obtain the requirement
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2
>, (24)

s=1 (9XS

identical to (13). From the integrabilty conditions (d/dx;)(dW/dx;)=(d/ dx;)(dW/ dx;) ,i # j for Eq.
(23) we obtain the conditions

3

2
axjfﬁk’a +0, %P anfBj,a - anfaj,,B = E (A,(B]fs)fj’a + A(ufs)fj’ﬂ _Ag.gfskﬂ - Aglfﬂk’ﬁ) + 2 (fﬁj’yA(ﬁz
s=1 y=1

. . . J
+fIAG = FPIAG = FETAGY) = (PP fRE) =
J

. . J
+ (fe 4 fUP) —In \, (25)
(9xk

where j#k,1<a,B<3, and we set f>/*=0.

7. There are eight independent equations (22) with a# 3 and we use five of these to define the
five components a/* as linear combinations of (J/dx,)f/** and f** We can then eliminate the
a™* from the remaining three equations to obtain three conditions relating (d/dx,)f** and f/*,
There are six terms of the form (d/dx,)f*3. Equation (25) with a=8=3 is satisfied identically.
There are two equations (25) with =3, 1 <a =<2 and four equations (22) with a=3. Thus all six
terms of the form (d/dx;,)f’** can be expressed as linear combinations of /7. There are a total of
twelve distinct terms of the form (d/dx;,) fjk'”‘, 1=<h,j,k,m=<2. We have seen that there are three
conditions on these terms remaining from (22); there are an additional three such conditions from
(25) with a, 8+ 3. Thus there is a shortfall of six conditions on the first derivatives (d/dx,)f/*".

8. There are a total of eighteen distinct terms of the form (J#/dx,dx,)f/*" with 1
<h,j,k,£,m=<2. Differentiating with respect to x;,x, the three first-order conditions of (22),
from which the a™* have been eliminated, we obtain six independent conditions on these second
derivatives. Differentiating each of our expressions for the a”/* and substituting into Eq. (21) we
find six additional conditions on the second derivatives. Also, we can differentiate the three
equations from (23) with @, 8+ 3 to obtain six additional conditions on the second derivatives.
This allows us to express each second-order derivative as a linear combination of lower order
derivatives. Thus the system is in involution.

9. Conditions (22) and (23), and the fourth-order Killing tensor conditions are clearly neces-
sary for F to be a skew-adjoint symmetry. To see that they are sufficient will take several steps.

10. Suppose F,F’ are two fourth-order self-adjoint symmetries with the same functions
a™t pi W (but possibly different ¢/, U'Y). Then F—F' is a self-adjoint, symmetry that is second
order and at most linear in the parameters in the zeroth-order term. Thus the only ambiguity is a
second-order symmetry operator and we already know these.

11. We conclude that any (truly) fourth-order symmetry operator is uniquely determined, up to
an additive second-order symmetry operator, by the values f/**(x,) and a subset of six of the
values (d/4, ) f75M(x,) at a regular point x,. Note that by adding an appropriate linear combination
of purely second-order symmetry operators to the fourth-order symmetry we can achieve
f%2(x0)=0 for all j,k,a, so the maximum possible dimension of the space of purely fourth-order
symmetries is six.

Now any symmetric second-order polynomial in the second-order symmetry operators is a
fourth-order symmetry operator, and the subspace of polynomial symmetries is at least five and at
most six. We show that it is exactly six. If A,B are linear operators, we define their symmetrized
product by

{A,B} = 3(AB + BA).

Theorem 4: The six distinct monomials
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{S(l D,S(l l)}’ {S(ZZ)’S(ZZ)}, {S(IZ),S(IZ)}’ {S(l 1),5(22)}, {S(l 1),S(12)}, {S(IZ),S(ZZ)}’

form a basis for the space of fourth-order symmetry operators.

Proof: Since the second-order parts of the three symmetry operators S!, 5?2 §(2) are func-
tionally independent, the six monomials listed above are linearly independent. Hence they form a
basis. Q.E.D.

We can use this result to expand explicitly a general fourth-order self-adjoint symmetry

2 2
1 . | -
F= E _(?ij(a(k']l)\&kg) + E —&l(b”h?j) + W
O kji=1 A ij=1 A

in terms of the standard basis. Without loss of generality we can assume that (0,0)=0 is a regular
point. Then F is uniquely determined (up to an additive second-order self-adjoint symmetry) by
the data a®(0),3,,a®™(0),5™4(0), W(0). We can uniquely match the data a®“(0) by taking a
linear combination of the basis symmetries

{5(11),_9(11)}, {5(22>75(22>}’ {5(12),5(12)}’ {5(11),5(12)}, {5(12)’5(22)}’ {S(“),S(“)}.

This leaves the symmetry {S!'", §@2} {502 §U2} whose leading order terms vanish at the
regular point. The expansion coefficient for this term is obtained uniquely from the derivative data
3,a%7(0). Now we have matched all of the fourth-order terms in F with an expansion of the
self-adjoint form F ’=E§,~_M{S(’:"),S(”)}. The difference F—F' is a second-order self-adjoint sym-
metry. The second derivative terms are uniquely determined by the data 5™9(0), W(0), which has
not changed since W/)(0)=0 for all terms in the standard basis, by the data d,,a®*/(0), ,,,a®/(0),
and by the coefficients &, which have changed. Thus we can expand the original symmetry in
terms of second-order polynomials in the standard basis, and finally add any constant parameter-
dependent terms. In contrast to the classical case, however, this expansion is more complicated
because the expansion coefficients at the fourth-order level effect the expansion coefficients at the
second-order level

Using an approach very similar to the above we can easily show that the space of truly
sixth-order formally self-adjoint operator symmetries of H cannot exceed the classical maximal
dimension of ten. The difference between any two such sixth-order symmetries with the same
classical data will be a formally self-adjoint fourth-order symmetry. It remains to show that the
maximum possible dimension is actually achieved. If A, B, C are linear operators, we define their
symmetrized product by

{A,B,C} = L(ABC + BAC + CAB + ACB + BCA + CBA).

Theorem 5: The ten distinct monomials

{S(ii),S(ii), S(ii)}, {S(ii),s(ij)’s(ij)}, {S(ii),S(ii),S(lj)},

{S(ij),S(ij),S(ii)}, {S(l 1)’3(12)’3(22)}’

for i,j=1,2, i+ j form a basis for the space of sixth-order symmetries.

Proof: Since the three symmetries S!'V, §?2), §U2) have functionally independent second-order
terms, the ten monomials listed above are linearly independent. Hence they form a basis. Q.E.D.

These theorems establish the closure of the quadratic algebra for 2D quantum superintegrable
potentials: All fourth-order and sixth-order symmetry operators can be expressed as symmetric
polynomials in the second-order symmetry operators.

Again, we can use these results to expand explicitly a general sixth-order formally self-adjoint
symmetry operator
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2 2 2

1 ) | I 1 y ~
G= 2 (@™ NG ) + > =36 NG) + > —0,(C'NI)) + W
nm,lk,ji=1 A Ckjoi=1 A ij=1 A

in terms of the standard symmetrized basis. Here b%/ @/ W are at most linear, quadratic, and
cubic in the parameters of the potential, respectively. Without loss of generality we can assume
that (0,0)=0 is a regular point. We can uniquely match the data a/*"(0) by taking a linear
combination of the seven symmetries

{S(ii),S(ii),S(ii)}, {S(ij),s(ij)’s(ij)}, {S(ii),S(ii),SW)}, {S(ii),S(ii),S(ij)},
for i,j=1,2, i#j. This leaves the three symmetries

{S(l l),S(l 1),S(22)} _ {S(l 1)’5(12)’5(12)}’ {S(lz),S(] 1)’5(22)} _ {5(12)’5(12)’5(12)}’

{5(22)’5(22)’5(1 l)} _ {5(22)75(12),5(12)}’

whose leading order terms vanish at the regular point. The expansion coefficients for these three
terms are obtained uniquely from the derivative data &qaifk[m”. Now we have matched all of the
sixth-order terms in G with a self-adjoint expansion of the form G’ =2¢; jklmn{S(U) , KD §tmmy The
difference G—G' is a fourth-order self-adjoint symmetry. It is uniquely determined by the data for
the even order terms of G and by the new data for the even order terms of G'. Now we can use
the above-presented argument to expand this fourth-order symmetry in terms of polynomials in the
standard basis. The expansion coefficients &y, Will be the same as for the classical case, but the
lower order expansion coefficients will differ.

V. THE STACKEL TRANSFORM FOR 2D QUANTUM SYSTEMS

The quantum analog of the Stickel transform®® or coupling constant metamorphosis27 for
classical systems is straightforward in the 2D case. Suppose we have a superintegrable system

1
H= (011 + ) + V(x,y)=Hy+ V (26)
A(x,y)

in local orthogonal coordinates, with nondegenerate potential V(x,y):

V22 = Vll +A22V1 + B22V2,

V12=A12V1+BIZV2 (27)

and suppose U(x,y) is a particular solution of Eq. (27), nonzero in an open set. Then the trans-
formed system

A= — (0, + 02) + V) (28)
Ax,y)

with nondegenerate potential Vix,y):

‘722 = ‘711 +A~22‘71 + 522‘72,

‘712=A~’l2‘71 +§12‘72 (29)
is also superintegrable, where
~ -~V
AN=ANU, V=—,
U
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glzzAlz_ﬂ gzzzAzz_’_zﬂ §12=Blz_ﬂ §22=Bzz_2ﬂ
U’ U’ U’ U’
Indeed, let S=21/ )\(?,-(aif)\&j)+W=S0+W be a second-order formally self-adjoint symmetry op-
erator of H and S;;=21 /)\&i(aij)\(?j)+WU:S0+ Wy be the special case of this that is in involution
with (1 /)\)((91 1 +&22)+ U. Then

is the corresponding formally self-adjoint symmetry operator of H, with respect to the metric
ds?=\U(dx*+dy?).
Theorem 6:

1.
[H,5]=0<[H,5]=0.
2.
_ 1 =W W,V Vv
S:E—&,-((a’f+5/ U)AU)&j+<W— Y +—).
7 \U \U Uu u
Proof:

1. This is a straightforward verification, using the identities

[Hp,So]=0, [Hy+V.So+W]=0, [Hy+U,So+Wy,]=0

and

1 1 1
A,BC|=B|A,C|+|A,B]C, |A,—|=-—[AU]=
[][][]{U}U[]U
for linear operators A, B, C and nonzero fuqction U.
2. This follows from the fact that ;W,=\X;a"U;.

Q.E.D.
Corollary 3: If S1,8? are second-order symmetry operators for H, then

[§1,5@]=0 & [sV,5@]=0.

Since one can always add a constant to a nondegenerate potential, it follows that 1/U defines

an inverse Stickel transform of H to H. We say that two quantum superintegrable systems are
Stickel equivalent if one can be obtained from the other by a Stéckel transform. We can now use
Theorem 6 to carry over immediately the basic result for 2D Stickel transforms of classical
superintegrable systems to 2D quantum superintegrable systems.2

Theorem 7: Every nondegenerate second-order quantum superintegrable system in two vari-
ables is Stickel equivalent to a superintegrable system on a constant curvature space.

Vi. NONDEGENERATE 3D QUANTUM SYSTEMS

Here we extend our analysis of classical 3D superintegrable systems with nondegenerate
potentials to the quantum case. (This is less straightforward than in the 2D case.) As mentioned
earlier, these systems arise only for functionally linearly independent bases of symmetries. For a
manifold with metric ds?=\(x,y,z)(dx*>+dy*+dz?) we replace the Hamiltonian H:(p%+ p%
+p3)/N(x,y,2)+V(x,y,z) by a formally self-adjoint operator
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3

X 1 /
H= > Bk( M(x,y,z)ﬁj) +V(x,y,2) (30)
w2 gz AMEY,2)

in local orthogonal coordinates. Here &%/ is the Kronecker delta and the weight function u is to be
determined. Similarly, we replace a second-order symmetry of the Hamiltonian system S
=3} 2100, 2)pp+ W(x, y,2), with a¥=a%*, by the formally self-adjoint operator

3
1 . ~ ) )
=—> r?k(akfuﬁj) +W+W, d¥=d*, (31)
u

s

where the function W(x, v,z) is to be determined. These operators are formally self-adjoint with
respect to the bilinear product

(f.&)= f flx,y,2)g(x,y,2)ulx,y,z)dx dy dz (32)

on the manifold, i.e.,

(f.Hg)=(Hf.g), (/.5¢)=(Sf.0)

for all local C* functions f,g with compact support on the manifold, where we set all boundary
terms equal to 0.

Now we assume that {H,S}=0 and require [I:I ,3‘]:0. Since H,S are formally self-adjoint,

[ﬁ ,3‘] must be formally skew-adjoint. From our assumption {H,S}=0 it is clear that the coeffi-
cients of the third-derivative terms djj in the commutator must vanish, hence also the coefficients
of the second-order terms vanish. Thus there are functions b; such that

[A, S]——E Ji(b'u) = E (bl (b:))

Using {H,S}=0, we see that

3 3
b=2 ( "+ — ( ) )( E (a* ,U«)k) > (ai€3i€+ l(aiel/«)iae)(l(E) ) + %WJ
i=1 N T\ e it=1 I MAN/;) N

This formula simplifies greatly if we choose u=A\. Indeed, we find

L2
b]Z—X jika +XW]

Here i,j, and k are pairwise distinct. We can choose Vi/]:% j,-kaik, so that /=0 provided the
integrability conditions

ik _ ik
Fygjra” = aijjka]

hold for i,j,k pairwise distinct. These conditions are satisfied, as we can verify from the explicit
expressions for second-order conformal Killing tensors contained in Ref. 3
Theorem 8:

{H,S} =0 [H,S]=0,

where H,S are given by (30) and (31) with pu=N\ and Wj=]§ j,»kaik (for i,j,k pairwise distinct).
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We can follow a similar approach to find the quantum analogies of first-order symmetries
E:E;zlaj (x,y,2)pj, by the formally skew-adjoint first-order operator (with respect to the bilinear
product (32))

3
L==2>, o"j(akj)\). (33)
j=1

It is straightforward to prove the following result.
Theorem 9:

{H,L}=0=[H,L]=0,

where H,L are given by (30) and (33) with u=X\.

Vil. THE SPACE OF THIRD-ORDER SYMMETRIES

Now we investigate the third-order differential operators K that commute with the Hamil-
tonian: [H, K]=0. The treatment for the conformally flat 3D case proceeds in almost exact analogy
to the 2D case, so we just sketch the results.

1. Since the second-order symmetries are formally self-adjoint, the commutators will be
skew-adjoint. Thus we can limit ourselves to K that are skew adjoint.

2. Since H encodes a four-parameter family of potentials, the symmetry K must also be a
function of the parameters. The highest order terms a"jiﬁkj,- in K (symmetric in k,j,i) will be
independent of the parameters but lower order terms may have linear parameter dependence.

3. The skew-adjoint requirement uniquely determines the coefficients of the second-order
terms in K. They are

3
X(akﬂ)\)iakj'

4. The skew-adjoint requirement means that there exist functions @' b’ such that K has the
unique representation

3

3
. 3 . 1 . ~, 1~
K= Mg+ ——(a"\);0y; + —(a¥'\ -a-) + <b'a<+— b\ ) 34
k,j’zlgl (Cl kji 2)\(61 )l kj 2)\(3 )k/ i z i 2)\( )z ( )

where the functions l?(x,y,z) contain the parameter dependence.

5. Equating coefficients of the fourth-order terms in the operator condition [H,K]=0 where K
is given by (34) we obtain the classical requirements that the "/’ be the components of a third-
order Killing tensor.

6. Equating coefficients of the third-order terms in the condition [H,K]=0 we obtain relations
that are consequences of the Killing tensor requirements.

7. The remaining conditions on K intertwine N,a*, ', and V, and are complicated. Rather
than solve them directly, we make the unique decomposition

bi(xl,xz,x3, VXN sz, Vx3) = Ci(x1’xz,x3) + bi(xl,x2,x3, Vxl, sza Vx3),

where
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3
. . A%
b'= E f{"](xl,xz,xﬁ (21,%0,X3),
j=1 ox;

i.e., we can split off the parameter-dependent terms of b' from the rest. Then, equating the linear
parameter-dependent coefficients of the second-order terms in the symmetry operator condition,
we obtain the conditions

b+ b=\ @MV, j#Ek k=123,

. iy 1
b= AZ @V~ X pnN),. j=1.23, (35)

3
2 s
identical to the classical requirement.

8. Equating the quadratic parameter-dependent coefficients of the zeroth-order terms in the

symmetry operator condition, we obtain the requirement
2 b'V,=0, (36)
s

identical to the classical equation. There can be at most one skew adjoint K with given a*, b,
Theorem 10: Let K be a third-order skew-adjoint symmetry (11) for a superintegrable system

with nondegenerate potential V and Eizci(x,y ,2)+bi(x,y,2,V,,V,,V3) where

3
. . Pi%
b= fi(x,y) —(x,y,2).
j=1 x;
Then

=0, 1=€j<3

and K is uniquely determined by the four numbers

200,200, [P (xov0z0)s P (0v0szo)s £ (X0s V00 20)

at any regular point (xy,y0,2) of V.

Corollary 4: Let V be a superintegrable nondegenerate potential. Then the space of third-
order skew-adjoint symmetries is four-dimensional and is spanned by commutators of the second-
order self-adjoint symmetries.

In exact analogy with the classical case, we can use the standard form to prove multisepara-
bilty for conformally flat 3D quantum systems.4

Theorem 11: Let V be a quantum superintegrable nondegenerate potential. Then the associ-
ated system is multiseparable.

VIIl. THE QUANTUM 3D QUADRATIC ALGEBRA

We investigate the space of fourth-order differential operators F that commute with the Hamil-
tonian: [H, F]=0. The treatment for the conformally flat 3D case proceeds in almost exact analogy
to the 2D case, so we sketch the results.

1. We are interested in the space of fourth-order symmetries that is spanned by the double
commutators [[S1V,$?)], 53] of second-order formally self-adjoint symmetries SY) of the super-
integrable system. The double commutators will be formally self-adjoint, so we can limit our-
selves to F that are self-adjoint.
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2. Since H encodes a three-parameter family of potentials, the symmetry F must also be a
function of the parameters. The highest order terms afkji&kji in F (symmetric in €,k,j,i) will be
independent of the parameters but lower order terms may have linear or quadratic parameter
dependence.

3. The self-adjoint requirement uniquely determines the third-order terms in F. They are

2 .
> (@) g,
i

4. The self-adjoint requirement means that there exist functions a‘*%, b, W such that F has the
unique representation

3 3
1 ) 1~ _
F= 2 —3,;(a™\g)+ X —a(b\g) + W, (37)
Chjizt N ij=1 A

where the functions b (o ,xz,x3),W(x1 ,X5,X3) contain the parameter dependence.
5. Equating coefficients of the fifth-order terms in the operator condition [H,F]=0 we obtain
the conditions for a®*/' to be a fourth-order Killing tensor.

6. The remaining conditions on F intertwine \,a™ b/, W, and V, and are complicated.
However, we can make the unique decomposition

bll(-xl’x29x3’ Vx] ’ sz’ Vx3) = cﬂ(-xl ,x2,.X3) + bﬂ(xl’xbx?w Vxli Vx25 Vx3)
where

4
b= 2 fji,aVV(a), fji,a =fij,a’
a=1
and WW=V_, W(4)=Vxlx|.

Then, eqluating the linear parameter-dependent terms of third order in the derivatives, and the
quadratic parameter-dependent terms of first order in the derivatives, we obtain exactly the clas-
sical conditions on the f/*®,

Since at most one self-adjoint F can have data a®*,b%, we find’

Theorem 12: The subspace of truly fourth-order self-adjoint symmetry operators is of dimen-
sion at most twenty-one.

If A,B are linear operators, we define their symmetrized product by

{A,B} = 1(AB + BA).

Theorem 13: The twenty-one distinct monomials {8, S8} form a basis for the space of
fourth-order self-adjoint symmetry operators.

Using an approach very similar to the above we can easily show that the space of truly
sixth-order formally self-adjoint operator symmetries of H cannot exceed the classical maximal
dimension of fifty-six. If A,B,C are linear operators, we define their symmetrized product by

{A,B,C} = :(ABC + BAC + CAB + ACB + BCA + CBA).

Theorem 14: The fifty-six distinct standard monomials {S"? S0 S form a basis for the
space of sixth-order self-adjoint symmetry operators.

These theorems establish the closure of the quadratic algebra for 3D quantum superintegrable
potentials: All fourth-order and sixth-order symmetry operators can be expressed as symmetric
polynomials in the second-order symmetry operators.
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IX. COVARIANT FORMULATION FOR THE 3D QUANTUM CASE

Theorem 8 yields an operator realization of the classical commutator brackets for second-

order symmetries but the differential operator part of H, though formally self-adjoint with respect
to the weight function A, is not the Laplace-Beltrami operator on the manifold. We can obtain the
Laplace-Beltrami operator, at the expense of altering the potential V, by means of an appropriate
gauge transformation. We now turn to this construction.

Set

H= e‘RHeR, S= e‘RSeR,

where R(x,y,z) is a function to be determined. Then [H,S]=0 if and only if [H,5]=0. We will
choose R such that the differential operator part of H is the Laplace-Beltrami operator on the
manifold with metric ds*=\(dx*+dy?+dz?).
It is straightforward to show that
13
H= e_RI:IeR = XE ((9”' + 273[(9[ + Ri[ + R[Z) +V
i=1

so, if we set R=1/4 In\, we have

Rii+Rz'2)
— |+ V
A

3
H=, ()\ma(xma)

i=1

Similarly

S= 2( =5 0(@\"9) + d"(R;; +5RR)+a”R)+W+W
i,j=1

The eigenvalue equation for H on the space with weight function u=N\ is HV=EV. Setting
V=eRD=\"*® we see that the eigenvalue equation for ® is HO=FE® and the eigenfunctions ®
lie in the space with weight function A¥. Note that

3

1
2 (Rii+ Rlz)/)\=— gR,

i=1

where R is the Riemannian scalar curvature. The quantum potential is

T=— R4V, (38)

If we supplement the classical symmetries with quantum adjustments the corresponding op-
erators are

1 iy 1
H= —r(?,(g’j\’/;&j) + _R,
\r’g 8

1 o 1 5
S=-=d{a"\Ngd +—ad'R - —d"R VVa
goaNgd) + JgaR = e
Here V; is the usual covariant derivative on the Riemannian space. This formula always works,
though a”/ must be a Killing tensor for a conformally flat space, Indeed for a Hamiltonian H
=\(x,y, Z)(px+ pV+ P %) with symmetry S=a’p;p; ; the following conditions must be satisfied. If a;;
is a Killing tensor for a conformally flat space with infinitesimal distance
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ds?= e (dx? + dy? + dz?)

then it must satisfy the equations

I, = 8(,a); (39)
where

_ 2J(x,y, _ ,2J(xy.z
ay=e ¢ 'Z)(alljx—alzjy—awjz), a=e ( ”)(—alzjx"'azzjy—anjz)’

_ ,2J(xy.2
ay= eI (= apl - ayl, +al,).

Here (39) are the necessary and sufficient conditions that a;; is a conformal Killing tensor in flat
space. We know all solutions for this set of equations. The only constraint is that there exist a
function J(x,y,z) such that the a; have the form indicated. Indeed, if we found the g; from the
considerations of flat space it is clear that

1
ap = 52 (ﬁja/k + z?ka]]) .
J
These results carry over in a very satisfactory manner for superintegrable systems with non-

degenerate potential. In this case the parameters occurring in the potential appear only in the V and
W terms, exactly as before. The quantum corrections are independent of these parameters.

Theorem 15: Let H, H, and H be defined as above where 'H defines a classical superinte-
grable system with nondegenerate potential V. Let SV, S? be second-order symmetries of H,

with corresponding symmetry operators S0, 8D, Then

{81,891 =0 = [§1,8P]=0 & [s1,5?]=0.

Corollary 5: Every conformally flat 3D classical superintegrable system with nondegenerate
potential extends to a unique covariant quantum superintergrable system. The symmetries of the
quantum system admit a quadratic algebra structure.

X. THE STACKEL TRANSFORM FOR 3D QUANTUM SYSTEMS

We work out the quantum analog of the Stéickel transform®®?’ for classical systems. Suppose
we have a superintegrable system with Schrodinger operator

3

1
- 2 - V
H= )\3/2(x’y’z)§ ai()\l (x7y7z)ai) - SR)\(X,)’,Z) + (X,y,Z) (40)

in local orthogonal coordinates, with scalar curvature Ry and nondegenerate potential V(x,y,z):

Vi =V + APV, + B3V, + ¢V,
Vo=V + A2V, + B2V, + C*2V;,,
Vi3 = APV, + BBV, + CPV;,
Vi3=ABV, + BBV, + CBvy;,
Vi,=A2V, + B2V, + C1?v; (41)

and suppose U(x,y,z) is a particular solution of Eq. (41), nonzero in an open set. Then the
transformed system
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3

- 1 -
= — > N (x,y,2)0) — <R(x,y,2) + V(x,y,2) (42)
N2(x,y,2) i=1 8

H=H
with nondegenerate potential Vix, v,2):

‘733 = ‘71] +A~33‘7] + 533‘72 + 533‘73,

‘722 = ‘711 +g22‘71 + 522‘72 + 622‘73,

‘723 :A~23‘71 + E23‘72 + 523‘73,

‘713 =A113‘71 +E]3‘72+ 513‘73,

‘7]2 2A~12‘7] +§12‘72+612‘73, (43)
is also superintegrable, where
~ -V
A=NU, V=—,
U
733 _ 433 I m3B_pn o33 ,Us
AP=A"+2—, B”=B7, C”=C"-2—,
U
AR_p2,901  pn_pn_ o722 2 o2
9 U b
T23_ 423 P23 _ p23 3 F_e U
A¥ =A%, B¥=B“-—, (C“=C"-—,
U
T13_ 413 3 13_pl3 3_o13_ Ui
AP=A"-— B’=B C =C"-—,
U

512=A12_ﬂ 512=B12_ﬂ cl2= 2
U’ U’ '

Indeed, let S=X(1/N%)3,(a’N29,)+ Wg+W=S+Wg+W be a second-order formally self-
adjoint symmetry operator of H, where W is the potential term that depends on the curvature R
and W is the part that depends on V. Let S;=2(1/X*?)9,(a"\29;) + Wi+ Wy =S¢+ Wg+ Wy, be the
special case of this that is in involution with

3

1 1

Wz (91'()\1/2&1‘) - gR)\ + U
i=1

Then
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~ Wy 1
S=SO—7H+5H

is the corresponding formally self-adjoint symmetry operator of H, with respect to the metric
ds?>=\U(dx*+dy>+dz?).

Theorem 16:

1.

[H,5]=0<[H,S]=0.

~ 1 L 1=W, w 1 \R w,v v
S=E ((a’/+S’JTU>()\U)3/2>(9]-+(WR+(Fu—l—] )l+<W— - +—).

> OU)>> 8 U U

Proof:
1. We perform an inverse gauge transformation on H,S to return them to the forms H.,8, (30)
and (31), with w=X\ and Wj:% ™ (for i, j,k pairwise distinct). Similarly we perform an inverse

gauge transformation on H.,S to return them to the forms H, S, (30) and (31), with w=UN\. These
commuting operators are formally self-adjoint with respect to the weight function UN. Then it is

a straightforward computation to verify that [H#,5]=0<>[H,$]=0. Indeed, just as in the 2D case,
one needs only the identities

[I:I(),S()]=O, [ﬁ0+ V,§0+W]=0, [FAI()‘F U,;§0+WU:|=0

and

1 1 1
[A,BC]=B[A,C]+[A,B]C, [Al_]] =- E[A’ U]l_/

for linear operators A,B,C and nonzero function U. Then the first part of the theorem follows

from applying the original gauge transformations to take H.,Sto H,S and H,S to H,S.
2. This follows from the fact that ;W=\ jaij U;.
Q.E.D.
Corollary 6: If SV, 8@ are second-order symmetry operators for H, then

[§(1),§(2)] 0 [S(l),S(Z)] =0.

At this point it is clear that the basic classical result for 3D Stiickel transforms of conformally
flat classical superintegrable systems contained in Ref. 4 can be carried over to 3D quantum
superintegrable systems.

Theorem 17: Every nondegenerate second-order quantum superintegrable system on a 3D
conformally flat space is Stickel equivalent to a superintegrable system on a constant curvature
space.

XI. CONCLUSIONS AND OUTLOOK

We showed that 2D classical second-order superintegrable systems with nondegenerate po-
tential and the corresponding 3D conformally flat systems each have a unique quantum superin-
tegrable extension, and that the closure of the quadratic algebra and basic structure theory is
unchanged at the quantum level. A critical feature of the proofs is use of the formal self-adjoint
and skew-adjoint properties of the higher order symmetry operators. For the 2D case the extension
is completely straightforward and the quantum extension has the same nondegenerate potential as
the classical system. For the 3D systems a two-step procedure is required. First the classical
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system is extended to a quantum system with appropriate formal self and skew adjoint symmetries
and such that the potential remains unchanged. This quantum system, however, is not covariant,
i.e., the Schrodinger operator does not correspond to a Laplace-Beltrami operator on a curved
manifold. The second step in the procedure is to perform a gauge transformation to obtain cova-
riantly correct Schrédinger operators. This alters the potential by adding a term that depends on
the scalar curvature. We also showed that the Stickel transform has a unique quantum extension
and it remains true that all of our quantum superintegrable systems are Stickel transforms of
constant curvature superintegrable systems.

All 2D systems have been classified and we are making considerable progress on the 3D
classification theory for systems with functionally linearly independent bases of symmetries,4
though the problem is complicated. The next steps in our program are (1) to study 3D superinte-
grable systems with degenerate potentials and (2) to study nondegenerate superintegrable systems
in higher dimensions.
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