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ABSTRACT

The problem of the linear stability of cylindrically symmetric force-free magnetic equilibria is addressed. The
aim is to quantify the severity of ideal MHD disturbances on a variety of line-tied coronal equilibria. Accord-
ingly methods are developed which determine, at high spatial resolution, the dominant eigenmodes of the
problem.

We first introduce a family of equilibrium force-free fields parameterized by the local dimensionless twist
T = r’ which includes the well-known Gold-Hoyle field in the case v = 0. The stability problem is then formu-
lated, and the numerical techniques required for its solution are derived. As a preliminary test of our methods
we present convergence results for the critical length of the Gold-Hoyle field, obtaining the result I, = 2.467%
(dimensionless units).

Next, the severity of the instability is quantified. The kink instability (m = 1) is found to be weak even for
long lengths (I = 4l,), generating dimensionless force eigenvalues less than O(10~2). The Gold-Hoyle field is
shown to be the most unstable member of the family for large I, yet is the most susceptible to line-tying and
so possesses the longest critical length. Preliminary investigations for higher m have not yielded instabilities
for the moderate tube lengths of interest.

The significance of these results to flare theories cannot be known definitively without results from finite-
amplitude studies. Our results show, however, that the power release over the linear phase is at least three
orders of magnitude below dimensional expectation. This implies that unstable coronal flux tubes cannot be
expected to collapse violently on the MHD time scale.

Subject headings: hydromagnetics — instabilities — Sun: corona — Sun: flares

I. INTRODUCTION

Solar flares are generally believed to be caused by the rapid (of order 100 s) collapse of magnetic fields in the solar corona (e.g.,
Svestka 1976). Much effort has gone into theoretical flare studies, and it appears that a promising candidate for triggering the rapid
release of magnetic energy is the ideal MHD instability, in particular the corkscrew kink associated with twisted magnetic flux
tubes. All infinitely long cylindrical flux tubes are kink-unstable (Anzer 1968), but when the effects of “line-tying” at the ends of a
finite loop are taken into account, the loop may be stabilized if sufficiently short, as first demonstrated by Raadu (1972) and refined
by later workers (Hood and Priest 1981; Einaudi and Van Hoven 1983). This implies that a flux tube, which is slowly being twisted
up by photospheric motions of the footpoints, might suddenly become kink-unstable, and so dramatically release magnetic energy
over the explosive flare time scale of typically 100 s.

This theoretical picture, however, is clouded by the remarkable longevity of observed coronal plasma-field configurations: long,
thin coronal loops often seem conspicuously quiescent in apparent violation of the rather stringent theoretical “line-tied ” stability
condition (see § IVb). In addition, Craig, McClymont, and Sneyd (1988) have demonstrated—at least for Gold-Hoyle equilibria—
that the corkscrew kink is remarkably feeble, generating Lorentz forces two or more orders of magnitude below dimensional
expectation. This agrees with the infinite tube results of Sneyd and Craig (1989), while Goedbloed and Hagebeuk (1972) have
demonstrated weak instabilities for the infinite Lundquist field. These results impact not only on linear growth times, although these
are increased by at least an order of magnitude, but more critically on the power released during the linear phase of the instability
which suffers a devastating reduction of 1000-fold or greater. The full implications of these results are not yet clear, but there is an
obvious need to analyze more general magnetic field equilibria and to extend the linear analysis into the nonlinear regime.

In this paper we tackle the first of these objectives by quantifying the linear stability of line-tied, cylindrical flux tubes under the
assumption of an ignorable azimuthal coordinate for the equilibrium field. This simplification means that the eigenmodes of the
problem possess an e™ dependence and leads to an effective reduction in the space dimensionality of the problem. Our study
therefore complements Craig, McClymont, and Sneyd (1988), who develop general methods for determining the eigenmodes of
arbitrary magnetic fields in the absence of spatial symmetries, and Sneyd and Craig (1989), who calculate eigenmodes for infinitely
long flux tubes. Our analysis also refines and generalizes the results of Hood and Priest (1981) and Einaudi and Van Hoven (1983),
who estimate the critical length of the line-tied Gold-Hoyle field but who do not quantify the magnitude of the instability. In turn,
our analysis is complemented by finite-amplitude studies (Craig and Sneyd 1986) of the corkscrew kink disturbance.

In § IT we give the background of the linear stability problem and introduce a one-parameter family of force-free flux tubes which
are nonuniformly twisted but incorporate the well-known Gold-Hoyle field as a special case. Section III develops the analytic and
computational machinery required for determining the eigensystem of the force operator: our basic techniques are the power and
inverse power methods discussed by Craig, McClymont, and Sneyd (1988) but fine-tuned for the problem in hand. In § IV we
quantify the instability by determining the dominant force eigenvalues and the critical (i.e., marginally stable) length of the
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equilibrium field. The implications of these results to quiescent and active solar plasmas are discussed in § V, while § VI lists our
conclusions.

II. LOOP EQUILIBRIUM AND ITS LINEAR STABILITY

a) Basic Assumptions

Observation shows coronal loops to be structures with low toroidal nature, so it seems reasonable to neglect toroidal effects
entirely and to model a coronal loop by a straight flux tube with ends at z = 0, I where it meets the photosphere. Observation further
indicates high axial uniformity in loops, so with the added assumption of cylindrical symmetry, the flux tube has the structure
(cylindrical polars):

B = [0, By(r), B.(r)] . 1)
In general this describes a twisted flux tube, where any given field line wraps around a cylindrical surface with a twist
By(r)
T =~ B.0)’ (2.2)

meaning that the total twist of a field line in passing from one end of the tube to the other is simply IT(r).

In what follows it is assumed that coronal fluid experiences a Lorentz force only. Thus, the influence of plasma pressure both on
the perturbed and unperturbed system is assumed to be negligible. Forces due to fluid viscosity and gravity are also neglected.
Together with the assumption of constant-density corona, we arrive at a simple model of a coronal loop, but nevertheless one which
is amenable to analysis and still contains all the essential physics.

b) Equilibrium Field
Under the previous assumptions, the equilibrium flux tube must be force-free; i.e., it must satisfy

d (1 B?
2?(5 Bz>+70=0’ (23)

an expression of balance between magnetic tension and gradients in magnetic pressure. Note that equation (2.3) lacks completeness
in the sense that the one equation contains two unknowns, so information must be supplied to permit its unique solution. If we
specify the twist T(r), we find (Sneyd and Craig 1989)

B, 1 " ATT
=——ex —— dr
BO) 1+ " P\), 14772 ")
B,=rTB, . (24)

In this paper we study a simple family of solutions with the power-law twist

v 2(1+v) -1 +v/2)/(1 +v)
aT=(1) ., B_|i4( , (2.5)
a B, a

where a, the “ tube radius,” is a radial length scale. We assume v > 0 to avoid a current singularity at the origin. In the special case
v = 0, we recover the much-studied uniform-twist field of Gold and Hoyle, which corresponds to a rigid-body rotation of the
photospheric “endplates.” As v increases, the currents become increasingly concentrated about the shell r = a, approaching as
v — oo the “idealized field ” studied by previous workers (Kruskal and Tuck 1958; Hood and Priest 1981), namely:

B 1(0,0,1) forrfa<1,
B, |0, a/r,0) forrfa>1,
with the current density profile j = (B,/4nr)d(r — a)(@ + 2). Graphs of the magnetic field components for various v are presented in
Figure 1.

(2.6)

¢) Stability Equations

The ideal MHD stability of the force-free flux tube is now examined by considering the effect of a small fluid displacement &(x, ¢).
The resulting magnetic field perturbation is found by time integration (to first order) of the induction equation to be

B=V x (¢ x B), 2.7
and so the Lorentz force is, to first order in perturbed quantities,

1
F(é):a[(VxéB)xB+(VxB)x6B’]. (2.8)
Displacements then evolve according to the equation of motion
0%
PR = F©) . (2.9)
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Fi1G. 1.—Components (a) B,(r) and (b) B,(r) for a flux tube with twist aT = (r/a)" (see eq. [2.5]),for v = 0, 1, 5, and co.

Introducing the nondimensional variables,
r=rla, & =¢&la, B = B/B, , t'=tv,/a, (2.10

where a, B, are characteristic values of length and magnetic field strength, respectively, and v, = B,/(4np)'/* is a characteristic
Alfvén speed, this equation becomes (dropping dashes)

Z—?:F{f):(vxéB)xB+(VxB)xéB. (2.11)
The symmetry of the equilibrium field implies that eigendisplacements possess the normal mode form
&r, 0, z, t) = E(r, 2)e™+eY (2.12)
wherem =0, 1,2,...,and w is a complex frequency. Such an eigendisplacement obeys
i€ =K, (2.13)
where 1 = —w?. Thus € is an eigenfunction of the force operator F. Bernstein et al. (1958) have shown F to be self-adjoint; i.e., for all
&, n satisfying the appropriate boundary conditions:
CHE), ny = <&, Fn)y (2.14)
where the inner product is defined by
& =Ldr4=-ip. (2.15)

Accordingly, we have a real eigenvalue spectrum 4; > 4, > 45....
Since pressure effects are neglected, and, to first order, the Lorentz force is perpendicular to the equilibrium field B, then so is any
eigendisplacement (see eq. [2.13]). It follows that an entirely general form for & is (Sneyd and Craig 1990)

Pro) p Qr2) gy 00 z)] ,

z

&r, 2) = I: (2.16)

where P(r, z), Q(r, z) are complex functions. By choosing & in this manner we have simplified the form of
¢Ex B=(Q, —P,rTP); (2.17)

furthermore since according to the force-free condition we may write

_rT'+2T

B = «(r)B =
V x or)B , o T4 272

(2.18)
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it follows that the eigenvalue equation contains B, as a multiplicative factor only. The respective 8- and r-components are found to
be

2_ (2, im o o (. 0P\ 0Q m
lBZ‘“(@ﬁ””T)PJr 2o <’T az>+ o2 7 2

1, P 0o . 2 , 0|10 o 0
EAE‘(E*'”"T)P+“’TP+E[75(’P)]+TE[’E(’TP)]

0 0 0 0
+ima(%>— TE.(I‘ a-g)—tx<a+ imT)Q , (2.19)

the z-component yielding an expression identical to the §-component. Our aim is to solve these equations for given m, subject to the
boundary conditions developed below. Because of their complexity, the equations must in general be solved numerically. Methods
for performing this are described in § II1.

d) Boundary Conditions

As first discussed by Raadu (1972), a realistic loop model must take account of the rooting of field lines in the dense photosphere
at each end of the loop. A simplifying idealization of this phenomenon is that of line-tying, whereby fluid displacement vanishes at
the ends:

P(r,z), Q(r,z)=0 at z=0,1. (2.20)
Ideally, we would assume the fluid displacement to vanish atr = co:

P B,Q
B, B?

z

-0 as r—-o. (2.21)

Computationally, however, we imagine that displacements vanish at a finite radius b,
P(b,z) =Q(b,2) =0. (2.22)

Provided the outer boundary is placed far beyond the region of intense magnetic field, we expect this to have little practical
consequence. Strictly, the conditions (2.22) are inconsistent with the placement of a perfectly conducting cylinder at r = b since in
this case we cannot necessarily impose Q(b, z) = 0. However, once again provided b > 1, imposing this extra condition has little
effect on unstable modes—the ones of prime physical interest.

As discussed in Appendix A, the conditions on the axis are found by demanding finiteness of the physical quantities V¢, j the
current density, and F(&) the Lorentz force to be

P0,2)=0,0,2)=0 ifm=1,
(2.23)
PO,2)= Q0,2)=0 ifm#1.

The same conditions are derived by Hood and Priest (1981), but in less generality since they restrict the equilibrium B, to a power
series in r2. In fact, we need only assume T finite and smooth as r — 0, so that j is correspondingly nonsingular (see eq. [2.18]). We
note the first of the fields studied numerically by Anzer (1968) does not satisfy this physical requirement!

e) Physical Significance of the Force Eigenvalues

The force eigenvalues contain the totality of information on the growth or decay time of an instability in its linear phase and on
the magnitude of energy release. Specifically, an eigendisplacement & with corresponding eigenvalue A evolves as exp [#(4)!/%], so its
growth time is A~ !/2 (units t, = a/v,). Thus, the eigendisplacement becomes more unstable as 4 increases, the transition from
stability to instability occurring at A = 0. Also the energy density of a fluid element is given by

M(x,t) = 3F&) - & = 3A1¢1%, (224)
so the power density is
P, 0= 2= g 29

Thus, it is seen that the power of an instability has a dramatic cubic dependence on the growth rate.

Of course, the growth rate of the field is that of the most unstable eigenmode (over all m). All axisymmetric m = 0 modes are stable
for an infinite tube (Anzer 1968) and clearly remain so under the stabilizing influence of line-tying. Thus, in what follows, we
consider only m = 1 modes or higher. For an infinite tube, the m = 1 helical kink mode is suspected to give the strongest
instabilities, a suspicion confirmed for the Gold-Hoyle field in particular (Sneyd and Craig 1989). However, since all previous work
has considered only m = 1, it is uncertain whether this obtains for the line-tied tube.
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III. DETERMINATION OF THE EIGENSYSTEM OF THE FORCE OPERATOR

a) Introduction
Our approach to the problem is based on the idea of integrating the dimensionless “ fictitious ” force equation

¢=FQ 3.1)

forward in time. Given an arbitrary initial displacement, the system is allowed to evolve until the least stable mode predominates: in
this way the dominant mode is isolated, irrespective of whether it grows or decays in time. If we assume a priori the existence of the
normal mode decomposition, then the method fails only in the pathological case where the initial disturbance contains no
component of the dominant physical mode. If no normal modes exist, then the time-integration procedure will fail to isolate a
solution that varies in amplitude but retains its spatial form.

The idealized dimensionless formulation we adopt, in which gas pressure effects are neglected, leads to three major simplifications.
First, the eigenvalues of the force operator F are pure numbers which are uncompromised by extraneous parameters describing the
background plasma distribution and depend only on the azimuthal mode number m and the length (in units a) of the line-tied field.
Thus, once the equilibrium field is specified, there are no free parameters in the analysis. Of course, to interpret force eigenvalues a
posteriori in terms of actual growth rates we need to assume a value for the (constant) density of the background coronal plasma.
Second, plasma perturbations are determined entirely by the field and may be arbitrarily compressible—although we would expect
the least stable mode to be close to incompressible near marginal stability (see, for example, Van Hoven 1981). Third, the eigenvalue
problem is reduced to determining just two independent components of the displacement, as mentioned in § Ilc.

In what follows we choose the representation (denoted by light-faced characters)

P
&= <Q> . (3.2)

Thus, according to equation (2.19), & evolves as ¢ = A& = F(¢). Here F is the operator in our chosen representation. Of course, the
physical eigendisplacements & are determined via equation (2.16).

b) Spatial Discretization

To obtain explicit eigensolutions the evolution equation must be implemented in computational form. Our basic numerical
techniques are the cyclic power and inverse power methods, as discussed by Craig, McClymont, and Sneyd (1988).

First, the problem is discretized: we represent the rz-plane by the meshr =r;, z=z,forj=0,1,...,n,and k=0, 1,...,n,. We

wish the mesh to be nonuniform in the r-direction to allow b large while still maintaining resolution within the “ tube radius.” Thus,
we choose to formulate the problem in an y{-plane, related to the rz-plane by the transformation r = r(y), z = z,{, with a uniform
n{-mesh:
1
n=jA, L =kA, A=; forj=0,1,....,n,, k=0,1,....,n,. (3.3)
Points are distributed over 0 < < 1,0 < { < n_/n,, so that by varying I and n, in proportion the mesh resolution is left roughly
unchanged. A transformation commonly used in this paper is

r = br] Tz“; N (34)

which becomes increasingly nonlinear as ¢? increases from zero. Typically, ¢? is chosen so that the half-radiusr,,, = r(n = %), inside
which half the points lie, is of order the “ tube radius” r = 1.

Under spatial discretization, exact eigenfunctions become replaced by numerical representations defined at the mesh nodes only.
Oscillation on a scale less than the mesh spacing A can no longer be represented. This results in the truncation of the eigenvalue
spectrum: A, A,, ..., 4, where the mesh mode (1, £,,) represents a strongly stable eigenfunction oscillating on the mesh
wavelength.

¢) Solution via Power and Inverse Power Iterations
i) Introduction
The power iteration is ideally suited to the solution of the system (2.13). Explicit storage of the operator F (in our discrete

representation) is bypassed, and convergence can be made automatic to the dominant mode, the one of prime physical interest. In
the standard power method, iteration proceeds according to

EmHD = (F + ADE™ (3.5)

which can be viewed as an explicit time-integration scheme with the shift parameter A playing the role of an inverse time step, as
discussed by Craig, McClymont, and Sneyd (1988). As shown in Wilkinson (1965), the choice of A = A ,, = —3(4, + 1) gives the
best convergence rate of

Sl

R Sl N 36
¢ Ti + Aoy (36)

opt
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Now in practice the dominant eigenvalues are weak and | 4,,| > | 4, |, meaning that convergence can be very slow, worsening as the
spatial resolution increases. This problem can be overcome by the introduction of cyclic shifts, as detailed in § IIIc(ii).
An alternative stratagem is to invoke the inverse power iteration, defined by

(F + ATE"D = g 3.7)

This scheme potentially provides a highly effective technique for computing the eigensystem, but has the disadvantage of requiring
the storage and decomposition of the discrete operator matrix. In particular, the complex linear system defined by equation (3.7) is
resolved using a compact elimination technique (with partial pivoting) to obtain the successive iterates. The iteration converges to
the mode whose eigenvalue is closest to A’, a fixed parameter specified by the user. The iteration is analogous to an unconditionally
stable time-integration routine and allows very rapid convergence (often just a few iterations), since it bypasses altogether the
restrictions imposed on explicit methods by the large mesh mode. In practice, we find the inverse power method to be the fastest for
low-resolution runs, but at higher resolution the power method with cyclic shifts, as discussed below, is superior.

ii) Acceleration of the Power Method by Cyclic Shifts

The following discussion refines the development of Craig and Sneyd (1989). Under cyclic variations of the shift parameter A,
iteration proceeds according to

gl = [ﬁ F+A 1)]6"" , (38)
=1

so that the amplification factor of a mode is now a general polynomial in A. Writing x = (A + A,,)/h, h = $(4, — 4,) so that all
subdominant modes are contained in the interval [—1, + 1], we set the amplification factor proportional to Ty(x), the Chebyshev
polynomial of order N. This has the desirable property of maximizing the relative amplification of the dominant mode. The effective
convergence rate per iteration (of which there are N per cycle) is now

max {| Ty(x)|:l # 1}]”” B 1
| Tn(x1) | B [Ty(x)1'Y°

as | Ty(x;)| < 1 for all suppressed modes, with equality for I = 2, N in particular. The best possible convergence rate occurs in the
limit of an infinite cycle:

cy(xy) = I: 39

1
lim cy(x,) = exp (—cosh™! x;) = ———F——, (3.10)
N-ow X4 + xf -1

where we have used the fact that Ty(x) = 4 exp (N cosh™! x) as N — oo. The convergence rate (eq. [3.9]) can be a significant
improvement upon the noncyclic one, particularly in the case x; — 1 < 1, the regime of interest, where the power method is least
effective. To appreciate the improvement fully, we introduce the gain factor gy(x,), defined as the number of optimal unshifted
iterations compared to the number of iterations using a cycle of length N to attain a specified accuracy. Since, according to equation
(3.9), the number of iterations my(x,, €) required to reduce the error to a level € (assumed much less than the initial error) is
my(x;, €) ~ — N In €/In Ty(x,), the gain factor is simply

my(xy, €) _ In Ty(x,)
my(x,€) Ninx,

gn(xy) = (3.11)

The gain improves as N increases, having the limiting value

2
gu(x) = lim gy(xy) = 2t VX = 1) 6.12)

N-o Inx,

For large x,, the use of cyclic shifts results in little gain. In the other extreme of § = x; — 1 < 1, we have g(x,) ~ (2/6)'/?, leading to

significant gains. In practice, however, error in the computation of the Chebyshev zeros upsets convergence beyond N = 40. This
means that for a typical value of § = 10~ > we can achieve a gain of at most 40 or so, less than 1/10 of g, but still very significant.

In practice 4,,, 4, will not be known exactly and must be estimated, meaning that the interval over which modes are suppressed
differs from [4,,, 4,]. Since convergence to the mesh mode can be made rapid, 4,, is readily estimated, and typically we underesti-
mate (ensuring convergence to the dominant mode) by less than 1%. However, 4, is difficult to estimate, and so, for want of a better
stratagem, it is often set to zero when calculating instabilities. Of course, gains are reduced when such inaccuracies are present (refer
to Craig and Sneyd 1989 for details).

We may further accelerate the power method by exploiting the self-adjoint property of the force operator F. We estimate the
dominant eigenvalue after the nth cycle by the Rayleigh quotient

(gD, gy

where the volume integral as in equation (2.15) is mimicked using numerical quadrature. Neglecting discretization, the error in this
process is quadratic when the operator is self-adjoint (see Isaacson and Keller 1966 for details).

ay(AP* V) = (3.13)

© American Astronomical Society ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1990ApJ...350..437F

No. 1, 1990 LINE-TIED CORONAL MAGNETIC FIELDS 443

d) Matrix Representation of Operator

We require an explicit matrix representation of the operator F when implementing the inverse power method. This representation
is also required in an alternative method, detailed in § Ille, used for calculations close to marginal stability when the power method
becomes relatively slower.

We commence by writing the numerical approximations of P(y;, {,), Q(n;, {,) by P%, f, respectively, and define the column
matrices

P} o}
p? 2
p=l 5|, o= % | j=ot..n. (3.14)
Pyt
The radial boundary conditions (2.22), (2.23) are expressed by
Pny = 0 > Qn, = 0 >
(3.15)

P0=P15m15 Q0=Q15m1'

Note that the condition at the origin for m = 1 is a first-order approximation of the true condition, but is expected to provide
sufficient accuracy due to the use of a nonlinear mesh.

Representing partial derivatives in the n{-plane with the standard second-order forms, the eigenvalue equations (2.19) take the
form

AP;=UMP,_  + VI'P;+ WI'P;,, + UI?Q,_, + V?Q; + Wj*Q.y,  AQ;=U}'P;_  + V}'P;+ W}'P,., + V}?Q;,

(3.16)
j=1,2,...,n, — 1. Each coefficient matrix has the tridiagonal form
By
« By
{a, B, 7} = RN , (3.17)
«a B v
« B
the uniform bands reflecting the fact that the eigenvalue equations possess no explicit dependence on z. If we introduce the notation
PI Ql
P P
p=[ 2|, 0= Q.2 , é=<>, (3.18)
: : 0
Pn, -1 Qn,— 1
the above system may be written in the symbolic form
F&E =&, (3.19)
where
Fll F12
F= < F21 Fzz) >
VK UK,y WS
U.;K V.éK W';K
FIK = . . , J,K=12. (3.20)

JK JK JK
UK, v W

np—2 np—2
Ul Vit
Note that although equation (3.19) is an eigenvalue equation, it is not to be thought of as the discrete analog of equation (2.13), since
it assumes a different representation.

e) The Critical Length

The power method is inherently unsuited to the calculation of near-zero eigenvalues for the following reasons. First, close to
marginal stability the dominant unstable eigenmodes tend to blend with marginally stable modes associated with disturbances of
the distant field (see Fig. 8). Such modes are always present independent of the length of the flux tube. This difficulty is further
compounded by the fact that near-zero eigenvalues require more accurate eigenfunctions to maintain comparable relative precision.

An obvious way to determine the eigenvalues of F is to solve det (F — AI) = 0, but this is expensive in terms of computer memory
and time. Rather, we proceed as follows. We write the eigenvalue equations in the form

(F'' —ADP + F2Q =0, F?'P+(F22—-iQ=0. (3.21)
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It is possible to eliminate a variable from these equations. As shown in Appendix B, the matrix F22 — I is nonsingular for all A
values of interest, so from the second of these equations

Q = —(F?2 — A" 'F?'p. (3.22)

The tridiagonality of F?? means that, from a numerical viewpoint, F22 — I is simple to invert. Substituting into the first of the
above equations, we find

FiaP=0,  Fyy( )= (F* — ) — F(F?2 — A1)~ 'F?! (3.23)

and the condition for nontrivial eigenfunctions is det F,,(4, ]) = 0. Thus, 4 as a function of I may be determined by specifying one of
the parameters 4,  and varying the other until equation (3.23) is satisfied. Because of the nature of A,(J) (see Fig. 5), it is best to specify
I and then find the largest root of equation (3.23) when 4, is large, and to specify 4, and then find the smallest root of equation (3.23)
when 4, is weakly positive.

We thus have a general method for the calculation of eigenvalues, and in particular near-critical eigenvalues for which the power
method is unsuited since large accuracy in the eigenfunctions is required. A disadvantage of the method is that one must use
root-finding methods to solve equation (3.23). However, it is placed at no disadvantage when calculating critical lengths, since the
power method, and indeed all methods, must do likewise in this case.

IV. NUMERICAL RESULTS

a) Introduction

Our aim is to obtain converged eigenmodes of the helical kink for the class of fields with power-law twist, introduced in § IL.
There are two aspects to the problem of convergence: convergence of the iterative scheme for a given spatial mesh, and the
requirement of obtaining results independent of the numerical representation. In § IVb the aspect of spatial resolution is investigated
with reference to the well-studied problem of the critical length of the Gold-Hoyle field. In § IVc we calculate the dominant
eigenvalues of the power-law family of equilibrium fields, and in § IVd the form of the dominant eigenfunctions is discussed. Finally,
the nature of higher-m instabilities is discussed in § IVe.

b) Critical Length of the Gold-Hoyle Field

In all calculations to follow, it is important to know how distant the outer boundary must be placed so that any further increase
has little physical effect. Also, for the sake of efficiency when performing calculations it is important to know the mesh nonlinearity
which allows optimal representation of dominant unstable modes. In order to be able to determine such information and as a
preliminary test of the methods, we check the critical length of the Gold-Hoyle field, first estimated by Hood and Priest (1981).

In Figure 2 the critical length I.(b) is graphed versus b. Figure 3 shows a “convergence graph ” for a typical point on this curve. As
can be seen, the true critical length for a given b is “sandwiched ” between curves of I (b, N, r,,,) versus N = n, = n, for various

1 1 I 1 L 1 1 1 —1 4 L 1
10 12 14 16 18 20 15 20 25 30 is 40

FiG. 2 FiG. 3

FiG. 2.—Critical length I, vs. b for the Gold-Hoyle field. Lower dashed line represents the sufficient bound for stability of Hood and Priest (1980); upper dashed
line is the Hood and Priest (1981) estimate of the critical length.

FiG. 3—“Convergence graph” for determining [, for the Gold-Hoyle flux tube with b = 20,1/, is graphed vs. N = n, = n, for various values ofr,,. “Converged”
value is taken as 7.74.

© American Astronomical Society ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1990ApJ...350..437F

No. 1, 1990 LINE-TIED CORONAL MAGNETIC FIELDS 445

half-radii. Note that for each b there exists an optimal value of r,,, for which I(b, N, r,,,) converges most rapidly with respect to N.
The optimal half-radii are found to be of order unity, which is to be expected, since instabilities are driven in the “core region”
rsl.

The critical length decreases with b, as one would expect, since the inhibitive presence of an outer boundary tends to stabilize
eigendisplacements. However, beyond b & 15, the critical length becomes insensitive to further increases in b. For an outer
boundary of 20, it is found I, = 2.467, in good agreement with the estimate 2.5z calculated numerically by Hood and Priest (1981)
and later checked by Finaudi and Van Hoven (1983), who approximated eigenmodes with a truncated Fourier series. That we
obtain a lower value than Hood and Priest is of little surprise. In obtaining I, their spatial resolution is not maintained as b is varied
since n, is held constant on a uniform mesh, meaning that convergence with respect to b is bound to be false. Furthermore, there is
no convincing display of convergence with respect to spatial resolution. In both cases, the effect will be to stabilize, leading to a
critical length greater than the actual value.

¢) Force Eigenvalues of the Helical Kink

We first demonstrate the influence of the outer boundary on the kink eigenvalue, for the case of the Gold-Hoyle field. The
dominant eigenvalue A, versus outer boundary for an unstable length of 10 is graphed in Figure 4. This illustrates, once again, the
stabilizing nature of the outer boundary on an internal kink mode. Changes in b beyond b = 15 go roughly unnoticed by the fluid,
but below this the instability weakens rapidly, becoming entirely suppressed for b < 4.

In the case of stable lengths, the eigenvalues are found to approach marginal stability from below as b — oo. This is because the
dominant stable modes consist primarily of motion in the weak-field outer regions, generating feeble Lorentz forces which
progressively weaken as b — 0.

The dependence of A; upon tube length is shown in Figure 5 for v=0, 3, 1. We fix b =20, r;,, = 1, n, = 30 and maintain
z-resolution by fixing n,/l = 3, that is a twist of roughly 19° between z points. This spatial mesh was shown to be adequate in the
computation of the critical length and therefore should easily be sufficient for the calculation of eigenvalues outside the region of
marginal stability. Since we have also employed extremely conservative criteria for terminating the power iterations we believe our
eigenvalue estimates are generally accurate to within two or three significant figures: i.e., to within a typical relative error of a few
percent. However, close to marginal stability (A < 1073-%, say) precision becomes harder to maintain, and we would claim only
qualitative accuracy of our results.

We note that each curve passes through zero at the critical length and increases with [, since the stabilizing influence of line-tying
becomes less noticeable, “saturating” beyond [ & 20 at a level of O(10~2). The v = 0 curve approaches asymptotically the value
Amax = 1,769 x 10~ 2, the maximum eigenvalue over all wavelengths for the infinite tube, as calculated by Sneyd and Craig (1989).
The cigenvalues for long lengths are weaker than one would expect on dimensional grounds by two orders of magnitude. This
means that nonlinear effects—whether stabilizing or destabilizing—will be more relatively significant. Dominant eigenvalues versus
length for the Gold-Hoyle field were first calculated by Craig, McClymont, and Sneyd (1988), numerically, using a fully three-
dimensional Cartesian framework. However, their results are underresolved with dominant eigenvalues almost an order of magni-

A x 10°

log A,

FiG. 4 FiG. 5

F1G. 4—Dominant eigenvalue 4, vs. b for an | = 10 Gold-Hoyle flux tube. The half-radius is 1, and n, = 40, n, = 40.
FiG. 5—4, vs. tube length for v = 0, 3, and 1. Outer boundary is at 20, r,,, = 1, n, = 30, and z-resolution is maintained by fixing n,/l = 3. Dashed curve represents
eq. (4.1), the “ heuristic curve ” of Sneyd and Craig (1989).
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tude smaller than those in Figure 5. Nonetheless, the same qualitative behavior is still observed, namely the tendency for longer flux
tubes to be more unstable, with “saturation ” beyond about four critical lengths.

Included in Figure 5 is the heuristic expression of Sneyd and Craig (1989), obtained upon assuming line-tying to raise the
magnetic energy by M but to have an entirely local effect on modes:

l 2M
A= /1‘{‘“(1 - 7‘) , I, = ot 4.1)
This approximate relation gives good qualitative agreement with the numerical curves. Interestingly enough, it also predicts
“saturation” for a tube length ~4 times the critical length. Perhaps the most worthy feature of equation (4.1), however, is its
universality. All loop configurations of the form (2.1) should have curves exhibiting this gross behavior. Furthermore, the relation
should also be valid for all higher-m modes.

A salient feature of Figure 5 is that, for long lengths, the dominant eigenvalue can vary strongly with v. In particular, the
long-length eigenvalues decrease by a factor of 2 in passing from v = 0 to v = 1. Preliminary results, to be published elsewhere,
indicate that for v = 5, the largest infinite-length eigenvalue is less than O(10~3), at least one order of magnitude down on that of the
Gold-Hoyle field. These results clearly demonstrate that the property of weak growth rates is a universal feature, and not just a
peculiarity of the Gold-Hoyle field, a fact independently reinforced by the weak (order 107 2) finite-length eigenvalues of the
Lundquist field (Goedbloed and Hagebeuk 1972).

A further aspect of Figure 5 is the crossover of the v = £ and v = 0 curves, implying the v = } curve has a lower critical length.
This suggests that a given v curve crosses all other curves of lower v, and so the critical length decreases monotonically with v.
Admittedly, the v = 1 and v = 1 curves appear to contradict this statement, but this is almost certainly because the crossover occurs
in a regime beyond our computational precision (A < 1073%). Our interpretation is reinforced by the fact that as v — oo, I,
approaches the limiting value 1.147 calculated semianalytically by Hood and Priest (1981). We emphasize that whereas maximal
eigenvalues vary by more than two orders of magnitude in passing from v = 0 to v = oo, the critical length varies by little more than
a factor of 2. Thus, critical length calculations can be poor indicators of field stability characteristics. It is tempting to assume that a
smaller critical length implies a more unstable field, but we have found a family of fields for which the opposite occurs.

The above results make good physical sense: as v increases, the field lines in the core region become less twisted, increasing the
magnetic tension and so stabilizing kink displacements. However, if we increase v, then the length scale for variation in the magnetic
field decreases, meaning that the effects of line-tying will only be noticed for smaller lengths.

d) The Form of the Eigenfunctions
We present eigenfunctions of the Gold-Hoyle field only, since for the moderate values of v considered, the eigenfunctions have
little qualitative difference.
In Figure 6 we present graphs in n{-space of the real and imaginary parts of P = Py + iP; and Q = Qg + iQ,, for a Gold-Hoyle
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FIG. 6.—Graphs in n{-space of (a) Pg, (b) P, (c) Qg, and (d) @, for a Gold-Hoyle flux tube with [ = 12. We have set b = 20,r,,, = 1, n, = 30, and n, = 36. Vertical
scale on the graphs remains arbitrary, and the arbitrary phase may be chosen so that the functions possess symmetry about z = I/2.
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FiG. 7—The projection of the displacement field onto the n6-planes situated at z = 1, 2, 3, 4 along a Gold-Hoyle flux tube with | = 8. Note the flow for [/2 — zisa
mirror image, along the 6 = 0 and = line, of that for z. We have set b = 20,r,,, = 1, n, = 30, and n, = 24. Only selected r-points have been graphed, for purposes of
clarity.

flux tube with an unstable length of 12. The eigenfunction is unique to within a real factor, which remains arbitrary, and a phase,
which can be chosen so that P and Q have symmetry about z = 31
Physical displacements are calculated from P and Q through the formula

&r, 6, z) = Re {&(r, 2)e™} , 4.2)

where &(r, z) is given by equation (2.16). In Figure 7 we show the projection of &(r, 6, z) onto various nf-planes along the z-axis, for a
marginally unstable [ = 8 Gold-Hoyle tube. The helical-kink nature of the instability, corkscrewing in the same sense as the field
lines, is readily seen. The onset of a kink instability is demonstrated in Figure 8, where we show &(r, 6, z) projected onto the n6-plane

1= (=8 t=2

FiG. 8.—Projection of the displacement field onto the 70-plane midway along a Gold-Hoyle tube, showing the increased core penetration as [ increases. We have
taken b = 20,r,,, = 1,n, = 30,and n,/l = 3. Only selected r-points have been graphed, for the purposes of clarity.
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midway along the tube for b = 20 and | = 6, 8, 24. For the stable | = 6 tube, the dominant displacement is concentrated about the
outer boundary, not penetrating into the inner region of higher magnetic tension. As b — oo, the oscillation frequency of such modes
presumably tends to zero, since the field strength in the vicinity of the outer boundary becomes progressively weaker. For a
marginally unstable length of 8 the displacement has penetrated into the core but remains relatively small, and as the length
increases beyond this the instability becomes more confined to the core region.

The dependence of the axial oscillation upon tube length is illustrated in Figure 9, where we graph Pg(0, z) and P (0, z) for the
Gold-Hoyle tube and representative lengths of 8, 16, 24. Note it is superfluous to present Q(0, z), since it can be determined from
P(0, z) using equation (A5): Q(0, z) = iP(0, z). For a near-critical length of 8, the disturbance is seen to be a “ fundamental,” and as the
length increases, so the number of rotations of the helical kink progressively increases. Eventually, as / — oo, the dominant
eigendisplacement &(r, z) — &(r)e™ for k ~ —0.75 (Sneyd and Craig 1989).

e) Higher-m Instabilities

Certain key results exist concerning the stability of higher-m modes in cylindrical flux tubes. The comparison theorems of
Newcomb (1960) state that if the m = 0 and 1 modes of an infinite tube are stable, then so are all modes of higher m. The arguments

r

FIG. 9.—P(0, z) (solid) and P,(0, z) (dashed) for Gold-Hoyle tubes of length | = 8, 16, and 24, demonstrating the increased number of kink rotations as / increases.
We have taken b = 20,r,,, = 1,n, = 30,and n,/l = 3.
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of Einaudi and Van Hoven (1981) suggest that these comparison theorems also hold for the line-tied tubes considered here. It is of
interest nonetheless to study higher-m modes, both to provide a computational check of this result and to quantify the magnitude of
the instability. To date, most authors have considered only m = 1 modes (e.g., Raadu 1972), with the exception of Craig, McCly-
mont, and Sneyd (1988), who analyze the linear stability of arbitrary force-free equilibria in Cartesian geometry, and so effectively
modes of all m are present (see also Cargill, Hood, and Migliuolo 1986). In fact, Sneyd and Craig (1989) have shown that the m = 1
mode is dominant for infinite tubes with power-law twists, but the possibility remains that for moderate lengths some higher modes
may dominate because their shorter wavelength could imply less sensitivity to line-tying.

As a first attack, we search for the critical length of the Gold-Hoyle m = 2 mode. This does exist, since for an infinite tube Sneyd
and Craig (1989) find an m = 2 instability, only marginally weaker than m = 1. We adopt the values n, = 60, a z-resolution of
marginally greater than six points per unit length and b = 20, [ = 8, r,, = 1, effectively doubling the resolution in anticipation of
more oscillatory behavior. An instability was not found, however, which at least demonstrates that the m = 2 critical length exceeds
that of m = 1;i.e., the decreased sensitivity to line-tying cannot overcome the effect of weakened instability in this case.

In summary, we have found no evidence thus far to upset the dominance of the m = 1 kink mode.

V. SIGNIFICANCE TO QUIESCENT AND FLARING CORONAL PLASMAS

A crucial requirement of any solar flare theory is its ability to convert stored energy into other forms in a time of 10® s or less. In
fact, the failure to meet this requirement is the stumbling point of many flare mechanisms. Now it is often believed that the kink
instability is the triggering mechanism for simple loop flares, and it is often stated that the instability has a time scale of order the
Alfvén radial transit time (1-10 s), adequately small to explain rapid flaring. However, we have shown in § IVb that power-law twist
profiles have growth times greater than this by an order of magnitude or more. Physically, we expect this to pertain to all monotonic
increasing twist profiles. The existence of large growth times may not be surprising, since a kink mode with wavenumber k requires
communication over length scales 2ra/k = O(10a), for the most unstable k ~ m = 1 modes, implying growth rates of order 0.1/¢,.
Furthermore, the scale times may still be sufficiently small to allow rapid flaring. More critically however, the power released by the
kink mode has a dramatic cubic dependence on the growth rate. This means that the linear phase of the instability is at least three
orders of magnitude less powerful than previously anticipated. Of course, since the linear forces are weak, nonlinear effects will be
relatively more noticeable. These could serve either to accelerate or to suppress the instability.

Either way, our study of cylindrical flux tubes with power-law twist profiles is inconsistent with the notion of rapid collapse of
coronal magnetic fields on the MHD time scale. Neither is it consistent with the longevity of quiescent coronal loops unless (i) finite
pressure or toroidal effects are strongly stabilizing; (ii) nonlinear effects quash the instability; or (iii) individual loops are stabilized
by the influence of neighboring flux tubes in the active region assemblage. This latter effect is quite possible, given the inherently
feeble nature of the MHD instability.

VI. CONCLUSIONS

We have developed methods suited to determining the linear MHD stability of general cylindrically symmetric, line-tied force-free
equilibria. We calculate the dominant eigenvalue versus tube length for the family of fields with twist proportional to ¥, indicating
the universal behavior of a monotonic increase from zero, beyond the critical length, with “saturation ” for lengths 3 or 4 times the
critical length. The Gold-Hoyle field (v = 0) is the most unstable member of the family for long lengths, but is less resistant to the
effects of line-tying and so possesses the highest critical length of the family.

However, our most important conclusion concerns the universality of small force eigenvalues for the dominant unstable mode,
i.e., the corkscrew kink. We have found no evidence that higher-m modes dominate over m = 1, for the moderate lengths considered.
The existence of surprisingly small growth rates impacts considerably on the power released in the linear phase: this is reduced by a
factor of 1000 or more. Thus, our study effectively overrules the rapid MHD collapse of twisted flux tubes as a means of triggering
the initial phase of the solar flare. Our results are more consistent with a very slow quasi-steady movement away from equilibrium—
a movement that involves an almost negligible release of magnetic energy.

The authors acknowledge the interest shown, and helpful comments given, by staff of the Mathematics Department of the
University of Waikato during the course of research. Calculations were performed on Microvax II computers, purchased by a
university grants committee research grant.

APPENDIX A

To derive the boundary conditions on the axis, we first demand finiteness as r — 0 of the (dimensionless) current density
Jj =V x B. This, in turn, requires upon inspection of equation (2.18) that the twist T = By/rB, be finite as r — 0. The Lorentz force
F(&) must be finite at r = 0, so from the eigenvalue equations (2.19) we must have

&—rfz“"’(%r‘%)’ _T§+i<ﬂ+r—’z>, (A1)

r r r
finite as r — 0. It follows by application of 'Hopital’s rule that

P,0, 2) +imQ,0,2) =0,  3P,0, z) + imQ,0, 2) = 0 . (A2)
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Thus, the conditions on the derivatives of P and Q are

P0,2)=0, Q0,2=0, ifm#0;

P0,2)=0, fm=0. (A3)
We must also have V¢ finite at r = 0, from which it follows that
imP(0, z) — Q0,2) =0, imQ(0, z) + P(0,z) =0. (Ad)
Thus,
iP(0, z) = 0(0,2) =0, fm#1; (AS)

iP(0, z) = Q(0, 2) , fm=1.

The first of equations (AS) and the first of (A3) for the case m = 1 provide the boundary conditions stated in equation (2.23). These
conditions are not unique; for example, we could equally well choose the set P(0, z) = Q(0, z) = 0 for m = 0 and P,(0, z) = Q,(0, z) =
0 for m # 0, which incidentally indicates the kink nature of all m # 0 instabilities. However, from a numerical viewpoint, it is
obviously less desirable to adopt this latter set, since derivative conditions are usually more difficult to implement.

As already mentioned, Hood and Priest (1981) derive these same conditions by expanding all quantities in a power series for small
r, restricting B to the form:

Bz=1+b2r2+b4r4+"', B0=b1r+b3r3+b5r5+"'- (A6)

This is by no means the most general form of the field: for instance, suppose T? has the expansion
T2 = Y 1, (A7)
n=0
for a real. Substituting into equation (2.4), it is found that

© )
Bz =1+ r2 Z cf'Z)rmx + r4 Z c£'4)rna +,
n=0 n=0

a0 n e o] n
Bo=rT*+1r3Y Y ¢ty +1° 2, 1) Pty + -, (A8)
n=0 k=0 n=0 k=0

where

1 na ala + 3)
A B - M = 2 B =tot)|2———1,....
cn tn<2 na + 2 1) ’ Co tO ) cl 0 ll: (a + 2)(a + 4)]

In general, we need only demand T finite and smooth as r — 0, as mentioned above.

APPENDIX B
We wish to determine sufficient conditions for the nonsingularity of F2? — AI. Note first that
det (F22 — 1I) = "": det (V22 — AI) (B1)
j=
so F22 — Al is nonsingular if and only if the individual blocks V22 — Al for j = 1, 2, ..., n, — 1 are nonsingular. It is easily shown
that the tridiagonal matrices ¥'}? have the explicit form
V2 =A{a, By v} °‘j=7’j=z—zzr ﬂf=—';_1;_2‘2‘225’ (B2)

J
(see eq. [3.17]). A general tridiagonal matrix {a, f, y} with o, y # 0 is nonsingular if | | > || + | y| (Isaacson and Keller 1966). Thus,
F22 — ]I is invertible if

m2
A+—20, j=12..,n-1, (B3)

r
rJ

which is certainly satisfied for A positive or zero, the case of physical interest.
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