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In this work we examine the basis functions for classical and quantum mechanical
systems on the two-dimensional hyperboloid that admit separation of variables in at
least two coordinate systems. We present all of these cases from a unified point of
view. In particular, all of the special functions that arise via variable separation
have their essential features expressed in terms of their zeros. The principal new
results are the details of the polynomial bases for each of the nonsubgroup bases,
not just the subgroup spherical coordinate cases, and the details of the structure of
the quadratic symmetry algebras. 97 American Institute of Physics.
[S0022-24887)03610-4

I. INTRODUCTION

In a previous articwe have studied the so-called superintegrable Hamiltonian systems in
two-dimensional Euclidean space and the two-dimensional sphere. In that article we showed how
to compute the basis functions for all the bound state wave functions for all the possible coordinate
systems for which separation was possible. We recall that the notion of a superintegrable system
relates to a potential for which the solution via separation of variables is possible in more than one
coordinate systerfi.* In two dimensions there remains the case of the two-dimensional hyperbo-
loid. Here we investigate this case, making suitable use of what we already know from Refs. 5, 6
and earlier papers such as Refs. 7—16. The main emphasis will be on those features that are new,
together with the role that the quadratic algebra has in these computations. There are four poten-
tials listed in Ref. 6 that permit multiple variable separation on the hyperboloid, but we limit our
attention to the first three, since the remaining potential does not give rise to bound @tates.
distinction to the case for Euclidean space and the sphere, a complete listing of distinct superin-
tegrable systems on the two-dimensional hyperboloid has not yet been achieved. For some addi-
tional superintegrable systems, see RefVBe study each of the three cases systematically. We
will consider two examples of expansions relating bases associated to different coordinate sys-
tems. In the first example we use the structure of the quadratic algebra relations to compute an
expansion; in the second we compute directly.

For each of the superintegrable systems we observe that, for the discrete spectrum of the
guantum mechanical Hamiltonian, one can consider this operator as acting on a space of polyno-
mials in appropriate variablé$.Each eigenvalue is multiply degenerate. However, every sepa-
rable coordinate system gives rise to an orthonormal basis of polynomial eigenfunctions in this
space and breaks the degeneracy. These bases are characterized as simultaneous eigenfunctions of
second-order symmetry operators for the HamiltorffaWe show that under commutation the
symmetry operators close to form a quadratic algéband we determine the structure of that
algebra. The superintegral systems are of two types: the “normal type” in which the original
Hamiltonian is diagonalized, and the “conformal type” in which the Hamiltonian is modified by
multiplying the eigenvalue equation by a function and considering the energy as fixed. The
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TABLE |. Separable coordinates for three superintegrable systems.

PotentialV(w) Coordinate system
Spherical
Equidistant
1 1
@Bt 1[6-i K-
()= 2 a)i 2 wg a)g
Elliptic
Hyperbolic
Spherical
Elliptic—parabolic
Vie awy 1 ki—% N kg—% pHE=P
2 \/wnga)g I 4\/w§+(u§ \/w§+(u§+w2 \/wnga)g*wz
Elliptic 11

Semihyperbolic

Horicyclic

Semicircular—parabolic

modified equation is then interpreted as the eigenvalue equation for a Hamiltonian on a conformal
Euclidean space with a “charge” as the eigenvalue.

Il. SOLUTIONS OF THE SCHRODINGER EQUATION
The two-dimensional hyperboloid is characterized via the Cartesian coordingies ,ws,
wherew?— w3— w3=1, w;>1. The notionw;>1 means that we consider only one sheet of the
double-sheet hyperboloid. Throughout this paper we will consider the iciger equation on the
hyperboloid in the form{=m=1)
HY=(—3A g+V)V=EV, 1)
whereV is the potential function and the Laplace—Beltrami operatgy can be written as
Ag=K3+K2-M? 2
HereK3,K,,M; generate the Lie algebsn(2,1) 8

K3:W1(7W2+W2(9W1, K2:Wl(9W3+W3(9W1, M1=w2r9w3—w319w2. (3)

We now consider the potentials for which (1) is superintegrable, see Table I.
J. Math. Phys., Vol. 38, No. 10, October 1997
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A. First potential
The first potential considered in the pair the singular oscillator potential,

2_1 2_1
61 K-t

—at—
wz (US

_a w%-ﬁ-w% 1

172 w7 2

: (4)

wherea andk, 3 are constants witle>0, andk, 3>0. The corresponding Schiimger equation
admits separable solutions in four coordinate systems: spherical, equidistant, elliptic, and hyper-
bolic. Unlike the corresponding oscillator system on the two-dimensional sphere and Euclidean
space, the potenti@lt) on the hyperboloid has a discrete and a continuous spectrum. The bound
state solutions can be found as follows.

1. Spherical coordinates

Here,
wi=coshr, w,=sinh7tcose¢, wz=sinh7sine (5)

(7>0,0€[0,27)) and the potential4) reads as

2 1 2_ 1 2 1
R e = B =) E
wherek;= \/aT% Choosing the wave functioW in the form
Wy(1,0)=(sinh 1) Y2S(1)®(¢), (7
we go to the system of coupled differential equations in thecRe-Teller form
d?s |~ ki-% A*-%
F+ E+m—m S=0, (8)
2 2_1 2 1
%Jr{)\?—(:;T;Jrﬁz—; =0, 9)

whereE=2E + a—3 and\ is a spherical separation constant. The solution of the equéion
normalized in the regiop € [0,7/2] has the forrh

(I)( ):q)(ik3,ik2)( ):\/2(2m+1ik2ik3)m!F(1+mik2+k3)
# ¢ T(1+m=ky) (11 m=ky)

(10
X(Sin QD)llzrks(COS qD)l/ZtkzpiTItkSvtkz)(cos 2‘0),

with me N, wherePff"B) is the Jacobi polynomidf The separation constant is quantized as

The positive sign ak; 3 has to be taken ik, 3>1/2 and both positive and negative signs must be
taken if 0<k,3<1/2, so the functionb has a finite form.

The secondmodified Poschl-Teller equatiori8) was investigated by Frank and Waland
Barutet al?! The bound state wave function is given by
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S( T)Esg\’kl)( )= N:"kl)(sinh Y2 N coshn )2 kit V2 F (—nk;—n;1+\;tank? 7)

NIT(1+\)

— (MK i 124\ 12—k p(\—kq)
T(I+nsn) Nn (sinh 7)7*"*(cosh) P (cosh 2),

12

with n=0,1,..[ 3(k;—A—1)] and a bound state solution is possible onlyKgr\>1. The wave
function Sﬁ}"kl)(a-) satisfies the orthogonality relation

Pk (\kq)
fo SMY(nS Y (n)dr= Gy

and the normalization factor has the form

N 1 \/Z(kl—)\—Zn—1)F(1+>\+n)1“(k1—n). 13
n T'(1+\) I'(k;—N—n)n!
Here, and in the remainder of this paper, the bound state wave functions are normalized so that
they form an orthonormal set with respect to the invariant measure on the hyperfvathdith in
spherical coordinates is sintd7 dy).

The normalized total wave functiobt(7,¢) =V (7, ¢; K1, =Kz, = k3) is given by(7), (10),
(12), and(13). The quantized energy is

+ % (14)

1 ) 1

whereN=m-+n is the principal quantum number and the bound states occur for
Each solution¥ ;(,¢) satisfies the eigenvalue equation

Ki—% Ki—3 1+ky+ kg2
iif+—i—ﬁlwa=—4(m+——¥i—3)wa, 16
w

LWy= 2

2 2
Mi—(w5+ w3

andL; commutes withH.

2. Equidistant coordinates
Here,

wicosha coshb, wj,=cosha sinhb, ws=sinha

[ 7126 (—,*)] and the potential/; has the form

viap o &L L (KR KmE) ke
(ab)= 5= 7 | osfa |cosk b sn?b) sinffal’
After putting
W,(a,b)=(cosha) *?S(a)S(b), (17

we go to the two modified Rehl-Teller equations,

J. Math. Phys., Vol. 38, No. 10, October 1997
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d?s |~ wpP-i K%
a2 |5 cosfa snfal> Y (18
d?s Ki-% K%
2 _ _
a2 | T M\ cosR b s/ |59 (19

where u is the equidistant separation constant. The normalized,foe [ 0,.0) bound state wave
functions have the form

+ 2(k;F¥ky,—1—2n9)I'(k;—nq)ny!
— al*ka ky) :\/ 1 2 1 1 ALK
S(b) S“l (0) I'(kyFk,—n)T'(1xk,+n;)

X (sinh b)¥2*k2(coshb) M2 1P| =2 ™9 (cosh ), (20

. 2(uFky—1—2n,)I'(w—ny)n,!
_ kg \/ 3 2 2)N7
S@)=s,, (@) T (T ke )T (1% kst ny)

X (sinha)¥2*ks(cosha) > #P{~**"*)(cosh 22) (21)

and the separation constant is
= (ki+ka—2ny),

with n;=0,1,..[ 3(k;¥k,—1)] and n,=0,1,..[5(uFkz—1)]. The bound state energly is
given by (14), where now the principal quantum numbérns N=n;+n, and satisfies the equa-
tion (15). The total wave functiont';(a,b)=¥, n (a,b;k;, T ky,*ks) satisfies

1—k;*k,\?
#) v, (22)

qu,ZE l];’2:_4 n1+ 2

2 1 L2 1

ki—37 k5—3%

2 2 2 1 4 2 4
—K3—(0]— )| == —7—
w; w3

where[L5, H]=0.

We can introduce also the second equidistant_system of coordinates by the interchange
wy+> w3. Then the total bound state wave functi@g(ﬁ,b)z\[’-ﬁl;ﬁz(&b; K1, *K,,*k3) may be
obtained from(20) and(21) by the interchangé,« k; and satisfies

LoWs=

k-1 K3-1% _ 1-ky*ks\?
—K%—(wi—wg)(—z———z— ‘1’3=—(n1+ T) Vs, (23
w3 w3

where[L,, H]=0.

We can call these three bases that are the eigenfunctions of the Hamiltonian for the potential
V; and of each of the operatork {,L,,L3) the fundamental basef®r the potential of a singular
oscillator on the two-dimensional hyperboloid. Note also that

Li+Lo+Lg=2H— (2K +k3+k5—1). (24)
J. Math. Phys., Vol. 38, No. 10, October 1997
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3. Elliptic coordinates of type one

For the remaining elliptic-type coordinates it is convenient to introduce the quantities

, (p—e)v—e)
1 (ej—e)e—e)’ i,j,k=123, and #, 5

For elliptic coordinates of type one, the coordinates on the hyperboloid are given by

2_2 2_ 2 2_ 2
W1=S;, W;=—S; W3= S

wheree; <e,<v<ez<u. Rather than express the wave functions in the separable coordinates

v, we will use a Niven equations approachn which the separated solutions are expressed in
Cartesian coordinates and the critical information is the location of the zeros of these solutions.
The bound state wave functions are

2 2 2
_ (113 ki+12 g @1 wz w3
\I,4 (H|=1(1)| )HJ=1 0j—el 0]'_92 GJ'_eg ’ (26)
where theg; satisfy
ki+1 k,+1 kz+1 2
! e > =0.
Gj—el 01-—62 0j—e3 j£m Gm— 0]
These solutions satisfy the eigenvalue equations
q
(e3|_3+e2|_2+e1|_1)\1,4: E _2ki(ej+e|)+eikjk|_4eiej(k|+1)E
A m=1 Om—€
3
4. Elliptic coordinates of type two
The coordinates on the hyperboloid are given by
wi=s§, w§=—si, w§=—S§,
wherev<e;<e,<ez<u. The bound state wave functions are
2 2 2
w w w
Vo= (7o A — - - . (28)

- +
Gj—el aj_ez 01'_83
wheree; =k,, €,=K;, e3=K3. The 6; satisfy

€1+1 €2+1 63+1 2
+ =
01_91 0,-—92 t9j—e3 IE) Om— 01

The eigenvalue equation is

J. Math. Phys., Vol. 38, No. 10, October 1997
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q
(e3|_3+e2|_1+e1|_2)\1,5: E _2€i(ej+e|)+ei6j6|_4eiej(6|+1)E
iJ1# m=1 Om—€

(e1+eyt+e3)Vs. (29

N| W

5. Quadratic algebra relations

Here, we define the operat®r by the equality
R=[Ly, Lo]=[L3, L1]=[L>, Ls], (30
and can verify thaR satisfies
[Lj RI=—4{L; L= Li}+8[(3— ki) Lm— (3— k)L 1+ 8(ki —kp),
wherej,m,l is an even permutation of 1,2,3. In addition,
R?=§{L1, Lo, Lo} —16(1—k])Li—16(1—k))L5—16(1—k§)L5+ F({L1, Lot +{L,, L3}
+{Ly1,L3g})+ 3((60—176K3)L, + (60— 176k3)L o+ (60— 176k3) L 5) + 64k k kg
+ 48(k Ky + Kokg+ ki ks) + F(ky+ Ko+ Ks), (3D
where{A,B}=AB+BA and
{A,B,C}=ABC+ACB+BCA+BAC+CAB+CBA
B. Second potential
The singular Coloumb—Kepler potential is
awq 1 ki—% kg—%

- + +
\/wg-i-wg 4\/w%+w§ \/wg-i-wg-i-wz \/a)%-i-wg—wz

V2 = y (32)

wherea>0 andk; ,>0. The Schrdinger equation for this potential can be solved for the bound
state wave functions in four coordinate systems: spherical, elliptic—parabolic, elliptic 1l, semihy-
perbolic.

1. Spherical coordinates

In coordinateg5) we have

1 Ki-3 K-
Va(me)=—a coth 7t g | o2(e2) T si(e2)) - 33
Choosing the wave functions in form,
W, =(sinh 7)"Y2S(71) @72V gf2), (34)

where the wave functiorb "2 **(¢/2) normalized fore <[0, 7] is given by (10) and m
e N. After separation of variables we come to the equation

J. Math. Phys., Vol. 38, No. 10, October 1997
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2_1

d’s |~
E+2a cothr— ———|S=0 (35)
sinkf 7 ’

d7'2+

whereE=2E— 1. This equation was first introduced by Manning and Ré%emstudy the vibra-
tions of diatomic molecules.
For the bound state wave function normalized in regien 0,,), we have

S(7)=Sm(7)
2mtixki2kol2 (52 —N?) [(n+2m+2+K,+ky) [(oy+m+1+Ky/2+k,/2) |2
~T'(2m+2+k;+ky) N n! I'(oy—mMF K257 K,/2)

X (Sinh T)m+ 1+k,/2+ kZIZef T(ony—N)

ki ka

X2F1 1+coth )’

whereoy=a/N andN=n+m+1xk,/2*=k,/2. The quantisation condition for the energy is

NZ_%1 sz
En=—— N2 (36)
and the bound states occur for
ki k
O<n+m< \/21?11?2—1 (37
The solutionsV =V ,.(7,¢; k;*k,) are eigenfunctions of the symmetry operator
1 ki3 k3=
LZME—— \/wg-l-a)g + ) (39)
2 \/w§+ §+w2 \/wg—kwg—wz

with eigenvalue—[m+ 1/2(1+k; = k) ]2.

2. Semihyperbolic coordinates

Here

1+xy y—X 2\/x—y

y w f ,
J—ne-1 vy noe-n O iy noe-1)

wherex,y [0,1). [Note that these coordinates are connected with corresponding coordinates in
Ref. 6 by the transformatiop;=2x/(x?—1) and u,=2y/(y?—1)]. The potentiaV, now has
the form

xy+1 1uL4NW—D(ﬁ—% @—ﬂ
+= + .

Va(xy)=—a x+ty 8 X+y y X

The computation of the bound state wave functions proceeds as follows. ThelBgercequation
has the form

J. Math. Phys., Vol. 38, No. 10, October 1997
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d v d av X y
2_ 2_ 2_ 2_
VKOE=1) 20 WX 1) 2 WYy 1) 5o Wy (y 1) o ZE(_Z_X —1ty _1)
x*+1 y?+1

+
ta x2—1 y*-1

CxymifkoE kd
4 y X

¥ =0. (39

Choosing the wave function in the ford,(x,y) = X(x) Y(y), after the separation of variables we
have two equations:

dX
x(x>—1) o

o T2\ x T xm1 T kL

d?x 1(1 1 1

1 PURY 2a
E( a+ )+)(2T

* 14\ g 2 Temg)f 7Y
(40)
24 d2Y+1(1 1, 1)dy
YO Dlgye taly T y=1 T yra) ay

2y Ty-1

Y=0,

where\ is a semihyperbolic separation constant. The first of these equations can be solved as
follows. Looking for solutions of the form

X = x (VD125 k) (¢ 1)~ (UA(@2p+ 1ky ko) +a(2p+ 2k = kp) 1

-+ -+ — + =+ -1
X(X+ 1)7(1/4)(2p+l,k1,k2) a(2p+2xky*ky) HJP:]_(X_gl)’ (41)

we see that the zergs satisfy

ko §é—1 2a -
2 Jr(likl)fi_zg;i E—& prlxk/2xky/2

0, i=1,..p. (42
A similar solution for the equation ig can be obtained via the substitution

V= y(1/2)(1/2tk1)(y_ 1)~ (WA@p+1xkytky) +a(@p+ 2k = kp) L

X (y+ 1)—(1/4)(2p+1:kltkz)—a(2p+2¢kl+k2)*1HJp=1(y_ ). (43)

The zeros satisfy

Ky £igi—1 2a _
;o tAEkG22 T e i

0, i=i,...p. (44)

The separation constaithas the value

J. Math. Phys., Vol. 38, No. 10, October 1997
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p+ky/27 ky/2

A=2(1% kl)(§1+-~-+§p)—4a m

pi k1/2: k2/2

=—2(1tk2)(§1+---+§p)+4a m

(49)

The equality of these two expressions can be seen by noting that the equations for the zeros can be
obtained from each other via the substitutidas—k,, &« 1/{;. The symmetry operator with
eigenvalue is

2_1 2_1
wlwg ki—2 ky— 2

1
2 2 2 2 2 2 2 2|’
2\/w2+w3 (\/w2+w3+w2) (Vos+w;— w))

whereA, is a component of the two-dimensional Runge—Lenz vettor,

(46)

l{ | awj
A== {K M }+ ——, =23
b2 I \/wg-l-wg

3. Elliptic parabolic coordinates
Here we have

cosif a+co 6 sint? a—sir? 6

1= A . W=~ .
17 2 cosha cos 6 2" 2 cosha cos 6

wz=tanha tan 4,

wherea>0, fe (— w/2,7/2). The potential in these coordinates has the form

Vz(a, 9)2 —a

cosft a+cof # 1 cost a cod 6 ( K- ki—%
+ - + .
costf a—cof 6 2 cosif a—co< 6 \sintfa sir

Putting for the wave functionV;(a,d)=S(a)®(6), after separation of variables we get two
equations in Pschl-Teller form:

dZS-i— 24 V2_4i ki_% S=0 (47
da® KT coska sinffal>
¢ +| w? Bz_% + kg_% b=0 (48
dez | cof § sir @ I

whereu is a elliptic parabolic separation constant and
B=Vi-2(E+a), v=Vi-2(E—a).
The separation constant is quantized as
n=02n+Bxk,+1)=(v¥k,—1-2n,),
and introducing the quantum numb¥e=n;+n,+1+k,/2+k,/2 we go to the energy quantiza-

tion (36) and condition(37) for ny+n,.
The total bound state wave functidng(a, 0)E\Ifnln2(a, 0) satisfies the orthogonality relation

J. Math. Phys., Vol. 38, No. 10, October 1997
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cosif a—cog 6
j J \I,nlnz a, 19)\Ifn,n/(a 0) m—e da do= 5n1n n, nz,

and has the form

Vo (a,60)= \/ o N s @al e ), (49)
Myt ™ (2(TN+2n1 2n2i k2+ kl)N

where the wave functioﬁ)sz'ﬁ)(a) is given by(10) and
1

<+k1 Ma )_\/Z(V:kl—l—znz)r(y—nz)nzl

1/2+k 1/2—v (*kl —v)
F(rTk,—ny)T(1xk,+ny) (Snha)"=(cosha)™= Py

X (cosh &). (50

The elliptic parabolic wave functiof9) also satisfies the operator equation,

ko _kq

ki+k5—3 2
AWy = 2L=M=2H- ———— W o = ontm—n =50 | Wopn. (5D)

2

4. Modified elliptic coordinate systems

- = Coshf (Pl_as)(Pz_aa) hf\/ —ay)(py—ay)

! (as_az)(as_al) (az a;)(a;—ag)’
wa=sinh f \/(pl_as)(pz_as)*COShf B (p1—az)(py—ay)
2 (az—a,)(az—ay) (a—ay)(a,~a3)’

_(pi—a)(p2—ay)
(ay—ay)(a;—ag)’

where

. a;—ap jay—as
sinhf= , coshf= ,
a—as a—as

andaz<a,<p,<a;<p;. The solution for the bound state wave functions is facilitated by mak-
ing the change of variables,

1
a2=a1+Z(A++A_)2, ag=a;+ —A_)?

7 (A

1
R+ =

1 ., > 1
pj:a1+z(A++A7)+ZA+A, -
]

. j=1,2.

In terms of these coordinates, the coordinates on the hyperboloid are given by
J. Math. Phys., Vol. 38, No. 10, October 1997
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_ RRp+1 (A2 +A2)(RiR,+1)+2A,A_(R;+Ry)

W=———, W= ,
Y oRR, ° 2(AZ —A2)\RiR,

CiIALRTA (A R+ A (AR TAL)(A_Ry+A,)
V3 (A2 —A2)JRR, '

The corresponding bound state solutions are

u?2 s U3 +U_§
Neo+A_ " 6+AL  6;)

W= (17, U YAme (52)

where

(Ri+A ) (Ry+A ) (Ri+A ) (Ry+AL)
ui= AZ_1 ., Ui= AZ_1 ., U3=RyR,,
+

andA =A,/A_, A_=A_/A,. The zerosy; satisfy

ki+1 ko+1 Vit2(E—a)+1 s 2

+
Ot A Ot A, O e

=0. (53

The symmetry operator characterizing this coordinate system is
L'=(A +A_)(2L-H)—2(A;—A_)M, (54

with eigenvalues

w=2[A_(Ky+ Vi+2(E—a))+ A, (K;+ Vi+2(E—a))+[A ki +A_k;]

><J%+2(E—a)]+g(A++A_)+ \/%+2(E—a) 4A (K +1)

FAA (Kt D) S AVi+2E-) 3

m=1 0m+A7 m=1 0m+A+ a m=1

X ! 55
= (55

5. Quadratic algebra relations

The commutation relations for the quadratic algebra with basidM, andH are, forR
=[L,M],

[R,M]=—242+3M?+16HL + (10— 4(k2+k3))L + (k3 — k3)M

—(A+2(K2+K)H+ L (Ke+K3)— 1-8a?, (56)
[RL]=—2{L,M}+(Ki=k)HL+M+ 3 (3 +a)(ki-K3),

R?=—16H?L+16L3+16L2H— % {M,M,L}+8H{L,M}+8(kZ+ k3—6)L2— & M2— %' H?
— Y HL+ L ML+ (2(k3+k3) — 1){L M} + (52— L (k2 +Kk3) + 4a’— 4k3k3) L

+(5-8(ki+ ko) + (KI—KD)(Ki—k3) +4a®))H+(— ¥+ 5 (ki+k)
J. Math. Phys., Vol. 38, No. 10, October 1997

Downloaded 23 Oct 2008 to 130.217.76.77. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



5428 Kalnins, Miller, Jr., and Pogosyan: Superintegrability on the hyperboloid

+ 5 a(kG—kD)M+ a?(2(k{+K3) — 3+ 3 (K- k) (2(K{+K5) ~1)a
— a5t 12 (KT KY) — 3 (Ki+kg) — ¥ kikg,
C. Third potential
Here

v 1 o L 02 1+4w§ \ w3
32 ((Ol_wz)2 (wl_w2)4 (wl_wz)sl

The corresponding Schdimger equation admits separable solutions in two coordinate systems.

1. Horicyclic coordinates

x2+y2+1 x2+y?—1 X

wherey>0, x e (—o,®).

2. Semicircular parabolic coordinates

(61— &)+ 3 (61— &) 3 &+ &
W=, Wym=F————, W3=—— ———,
P NErr) PN, Va6

where&,>0,£,<0.
In the case of horicyclic coordinates for the potentigl, we get

Va(x,y) = i ay?+Q%y?(y?+4x?) — \y*x],

and the Schidinger equation assumes the form

W +[2E— ay?— Q?(y?+4x?)y?+ A xy?]¥=0. (57)

2 2
2

+
y(r?_xz ay?

PuttingW1(x,y) = &1(X) ¥,(y), we have the separation equations in the form

d?y > 2

W+(—E+)\X—4Q X%) 1=0, (58)
d?ys, 2—%
d_y2+ (e—a)—Q%y*— v Y,=0, (59

wheree is the horicyclic separation constant anB=23— A2, Solving the first equation we have

Y1) = iy = 201 ascamrey 20 - —
1 ny T \/ZTnl' ny 892 ’

and the separation constant is
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)\2
GZZQ(an‘l' 1)— 1_2

For the second equation we get

2 n!T(A+1)
YY) =t (Y) = \/ QT A)zr( 15, A) (Qy2)A* V2= (2L (0y?),

and

)\2

A=30% 20°

2—2N,

where N=n;+n, is the principal quantum number. Hekg,(x) is a Hermite polynomial and
L~(2) a Laguerre polynomid®? The discrete spectrum occurs for

0=N 1 A2
NS — | ———a.
40 (1602 ¢

The total bound state wave functioh;(x,y)=Y, ,.(X,y) is normalized by the condition

1M2

o0 g dy
J—mdxjo y? W nyn (XYWt (X0Y) = Onyn Snyn

2

The symmetry operatdr, with eigenvaluee is

2
w3

+
(w1~ wz)z » @

w3
qu’nlnz(xiy)z[(Kz_M1)2_4QZ O—a)l}wnan(X'y)

2

1692—292(2n1+1)

= élfnlnz(xiy): ‘I,nlnz(xay)- (60)

Let us consider the semicircular parabolic coordinates. For the potdfitiak obtain

Va(£1,60) = — E1E[Ba+ 16N (é1+ &) + 12802(£2+ £2+ £,65)].

The Schrdinger equation in semicircular parabolic coordinates has the form

2¢,6, # 1 9 92 v
& 1(9—§i+§(9—§1)—(§z a_;f%+§a_§2 —&16[8a+ 16N (&1 )
+12802%( &+ 5+ £,6) W =EV. (61)

Choosing the wave function a&,= 1(&;) ¥,(£,) we obtain the two identical separation equa-
tions in the form

d’y 1dy

d& "2 de "

E
wt E—4a§— BN EX— 649253) $=0,

wherey= i, ,, £=¢£;,andu is the separation constant. The symmetry operator with eigenvalue
M is
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(92 2
528—5 5(9—&)—51(52 (9?24'5(9—62”‘1’2

+[da(é1+ &) +BN(E16o+ £+ E5) +640%(E1+ &) (E- )]V,

1
LoV,=—"F - & [fz

w3 Aw3+1 ) w3(2w5+1)
wW1— W 2(601_0’2)2 (wl_w2)3

E|:4{K3,K2_M1}_2a 2:/.11\1,2.

(62

The bound state solutions to these equations are of the form

‘Pz(flifz):ex% 40(&5+ &)~ 29 (&11&2) (§2§1)QH —1(&1= b)) (&—by), (63

whereQ= — /40 +\?/6403—N— 3. If we make this substitution, the zerbs satisfy

S P o @ MO ka0 64
% b—b Q7 160° Q e 69
and the eigenvalueg have the form
N 3
)\ a)\ )\

The energy is quantized according to the condition —Q(2Q—1).

3. Quadratic algebra relations
[Lip,L1]=—8\L;—160%L,+8a\,
[Lip,Lo]=96L2+ 128l ,+8L,— 2560%H — 9602+ 3247,

L2,=64L3+51202HL,+8\{Ly,L,} + 128L2+ 16022 (65
+16a\L,+ 704021 ; + 64a®L;— 32A2H— 1212+ 512202,

Whel’eL12=[L1,L2].
The quadratic algebra contains useful information in its relations. Indeed, if we consider the
orthonormal bound ;tate_ wave functions, and ¢, that satisfy L;on=Anem and Loy,
= ppip, then the matrix with eIemeannwherengom:En 1D mnen can readily be determined
as follows. The quadratic algebra relations imply that

(A= X p)?Dmp= — 16Q2D pyp+ 8N (@ — N ) S, (66)

z

> DepDmdNp+ A= 2Ng) =8D o+ (96N 2+ 128\ j,— 2560 2E + 9602+ 320:2) 1y,
s=1
(67)

where\,,=2Q(2n+1)— (A?/16Q72). The first of these conditions implies that the only nonzero
components oD, areD i1, Dmy1m, @andDpm=8\(a—\,). The second relation implies

Q[D2_;,— D], 1= 1205+ 16a) ,— 3202E+ 1207+ 402+ 8 a—8\\,.

p—1p
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There is no further information available about the matrix elemBrys. Indeed, the matrix
elements are essentially determined by these relations. We could also consider theCrmathix
elements defined by

N
Llwp: kzl Cpk'r/’k-

The quadratic algebra implies th@tsatisfies certain relations, such as

N
Crp(Pp—Pn)2=962, CpniCom+128aC,+ (p,— 25602E + 9602+ 3202) 5, .
m=1

One interesting condition we deduce from this is that

N
96 TH(C2)+128a Tr(C)+ >, pn+ N(322%2— 25602E +9602) =0,
n=1

where Tr is the trace function. We can also introduce the matrices that relate the various bases that
we are considering via;m=ESN:1AmS¢S and ¢m=22‘:13m5¢5. We note, in particular, that

N
pzl DmpAps: PsAms; (68)

i.e., the vectorv®=(A,,...,Ayd iS an eigenvector oD with eigenvaluesps. In fact, the
eigenvalues oD are solutions of the characteristic equation written in continued fraction form,

Bn
an YN-1=Bn-1— an—1YN-2l Bnu-2— an—2¥Yn-3] ] Ba— a2 y1/ By, (69

wherean=Dpn—1, Bn=Dnn—p, andy,=Dppiq.

lll. A DIRECT INTERBASIS EXPANSION

As an example of a direct interbasis expansion we consider the singular oscilatBor a
fixed value ofEy, we can write the equidistant wave functi@v) in terms of the spherical wave
function (7) as

ni+ny
o= 2 Wil (K, *kp, k) Wom, (70
m=0
wheren;+n,=n+m. The connection between the equidistaait) and sphericalr,¢) coordi-
nates is
] ] ) tanh 7 cos ¢
sinha=sinh 7, sinhb= (77

Ji—tanif 7 co ¢

Using spherical coordinates on the left side of expan&i@ then, considering the limit— oo in
the so-obtained equation and the formula

(72

_  T(BT(B-atn)
im Fa (=B = g ()
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we see that dependence snancels on both sides ¢f0). Now using the orthogonality condition
of the angular wave functiofl0), we find the following expression for the interbasis coefficients
an .

NNy *

Wom :(_1)m\/F(kl—n)f'(l-l—mikzikg)m!nl! .

nm
NNz I'(A+m=ky,)I'(1+m=ksz)n,!n! 1By, (73

2

where

AL, = V(K F ko~ 1—2n5) (2m= Ko £ ks + 1)1 (kg Fkp—1—np—2ny)

\/r(kl—nl)r(klx kyFkz3—1—n,—2n)T(k; Tk, Fkg—1—n—2m)
F(kli k3+ nz)r(kli kz_nl)r(kli k2+ nl)r(2+n+2mi kzi k3)

and

1 wl2 +Ko—1— + + +
82;2: E fo (Sin ¢)l+2n2ik3(cosgo)likzpﬁkllsz 1 2n1,7k2)(cos 2P)P$T17k3’7k2)(cos ZP)d(P
(74)

nm
ng.n

The integralB;™, can be evaluated by means?3f

Jl (1=x)(L+x) PP A (x) PP (x)dx
-1

_2PTT (@— r+m)T(B+1+n) T(1+m+p)T(1+7)
B min!T(1+p)[(a—17) r(2+n+B+7)

F -ml+m+B+pl+rltr—a
%P3l 14 p 240+ B+ rl-ntr—a

We thus obtain

o — (SO ki TkoFks—1-n—m) flky5k,—1-2n,)(2mkoky+ 1)
MM T(2+n+m=*ky*+kg)(1+ks) I'(kyFk,Fkz—1—n,—2n,)

X AT (1+n; = ky)T(ky— )T (1+ Ny * kg) T (K; 7 Ky T kg— 1—n—2m)

\/ T'(k;Fky—1—n,—2n)T(1+m=k,+=kg)[(1+m=*kg)T(k;—n)
I'kyFko—n)T'(2+n;+n,+mEk, = k) T'(1+m=*Kk,)n ! ny,tniml

_m,1+ mi kzt k3,l+ nzi k3,2+ n2+ ani kzi k3_k1

XaFs| g4 K3,24+ N+ N+ Ky +Kg, 2+ 0+ Ny ko ky— kg

1) , (75

a closed form expression for the interbasis expansion coefficients. Note that the hypergeometric
function ,F is of the Saalschutzian typgé=2®
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