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Abstract—Time-of-flight range imaging cameras perform full-field distance measurement, but require multiple frames to
be captured sequentially in order to construct a single range image. When motion occurs during data acquisition, artifacts
appear which limit the accuracy of range estimates. Analysis of these artifacts finds that they take the form of spatial
waves whose frequency encodes motion information. We therefore propose a new technique for measuring motion in
time-of-flight range imaging based on the continuous wavelet transform. Synchrosqueezing is explored as a means of
improving the accuracy of velocity estimates.

Index Terms—Time-of-flight range imaging, transverse motion, optical flow, wavelet transform.

I. INTRODUCTION

Time-of-flight (ToF) range imaging is a technique which allows for1

computationally efficient estimation of depth, measuring distance as2

a function of the time it takes light to travel from a source to a scene3

and back to a camera [1]. In indirect ToF, amplitude-modulated light4

is used so that travel time may be measured in terms of a phase shift5

observed in the returned modulation envelope. The modulation and6

demodulation process which is used requires multiple raw frames,7

which must be captured sequentially, in order to construct a single8

range image, so accurate recovery of range requires the scene to9

remain static for the entire period of acquisition. Motion during10

acquisition causes artifacts to appear.11

Optical flow refers to the pattern of motion observed from a12

particular point of view [2] and is usually estimated using data13

collected from 2D cameras. Early methods for estimating optical flow14

utilize spatiotemporal derivatives in order to compute velocity [3].15

Assuming that scene illumination is constant, it can be asserted that16

any local change in image intensity must be due to motion. Common17

techniques for estimating optical flow use this brightness constancy18

constraint in combination with other constraints such as an image19

smoothness constraint in order to enable velocity to be estimated using20

iterative optimization [4]. The discrete wavelet transform can be used21

to efficiently form an accurate approximation of any real function,22

so wavelet analysis can be used to reformulate the estimation of23

optical flow as the solution to a linear system of equations [5].24

Another family of techniques uses the response of spatiotemporal25

filters in order to estimate optical flow [3, 6]. The dual-tree complex26

wavelet transform, like all wavelet transforms, essentially comprises27

a bank of filters. Recognizing that, similar to a Fourier transform,28

the phase of dual-tree complex wavelet transform coefficients varies29

approximately linearly with displacement in the spatial domain, an30
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algorithm can be developed which uses these coefficients to estimate31

optical flow [7]. It has been noted that local phase analysis through the32

Gabor wavelet transform is robust to local brightness changes [8], but33

the analysis has so far been limited to classical imaging conditions.34

The modulation and demodulation process used in ToF imaging35

means that the brightness consistency constraint mentioned above is36

not valid, so adaptations have to be made. For example, dual-tap ToF37

sensors enable two raw frames with phase shifts 𝜋 radians apart to38

be captured simultaneously. In normal ToF camera operation one of39

these taps is subtracted from the other, greatly mitigating signal from40

background light. Adding these taps instead provides something akin41

to greyscale imaging which does meet the requirement for brightness42

constancy and therefore enables the application of standard optical43

flow techniques [1, 9].44

In this work we find that applying a Fourier transform in time to45

motion-contaminated time-of-flight range imaging data reveals small46

waves whose spatial frequency vector encodes velocity information.47

We therefore propose characterization of these waves using the48

continuous wavelet transform (CWT) as a means of measuring motion49

in time-of-flight range imaging.50

II. THEORY

A. Amplitude-Modulated Continuous Wave Time-of-51

Flight Range Imaging52

Time-of-flight range imaging systems consist of a light source and53

a camera, typically placed close together. Modulating the amplitude54

of the light source by a periodic signal, the time it takes light to55

travel from the source to the scene and back to the camera induces56

a phase shift which is given by57

𝜙 =
4𝜋 𝑓 𝑑
𝑐

, (1)

where 𝑑 is the distance between the scene and the camera, 𝑓 is the58

frequency of the modulating signal, which is usually in the tens to low59
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Fig. 1. (left) Second harmonic (second Fourier bin) resulting from the Fourier transform of simulated ToF data in which there is a single edge
located at pixel 212 which has a velocity of 45 pixels per range frame. The second harmonic is zero in the absence of motion. (centre) CWT used
to find the location and velocity of a moving edge in simulated ToF data. The position of the peak value, denoted by a red "×," indicates that the
measured position of the edge is pixel 205 and the measured velocity is 43 pixels per range frame. (right) Synchrosqueezing the CWT. The position
of the peak value indicates that the measured position of the moving edge is pixel 210 and the velocity is 44 pixels per range frame.

hundreds of megahertz, and 𝑐 is the speed of light [1]. Demodulating60

the returned light in homodyne at every pixel on the sensor yields61

the so-called correlation waveform:62

𝐼𝑛 = 𝛼 cos(𝜙 + 𝜃𝑛) + 𝛽, (2)

where 𝛼 is dependent on the amplitude of the returned light, 𝛽63

is a DC offset which is dependent on ambient light, and 𝜃𝑛 is a64

programmable phase shift between the modulating and demodulating65

signals [1]. Because (2) contains three unknowns, at least three 𝐼𝑛66

must be taken with different values of 𝜃𝑛 in order to independently67

recover 𝛼, 𝛽 and 𝜙 and subsequently calculate the distance to each68

point in the scene using (1). Typically, 𝜃𝑛 are spaced evenly by Δ𝜃69

between 0 and 2𝜋. Taking the discrete Fourier transform of the 𝐼𝑛70

values over 𝑛 then enables the recovery of 𝜙 by examination of the71

first Fourier bin [10]. Assuming 𝛼, 𝛽 and 𝜙 each remain the same72

for all 𝐼𝑛, energy in the discrete Fourier transform is confined to the73

zeroth bin (caused by the DC term 𝛽) and the first Fourier bin and74

its conjugate (caused by the sinusoidal term).75

B. A Model of Transverse Motion in Time-of-Flight76

Range Imaging77

The values of 𝐼𝑛 are typically captured sequentially. Motion during78

acquisition may cause 𝛼, 𝛽 and 𝜙 to change, meaning energy in the79

Fourier transform spreads to harmonics that would otherwise be80

zero (up to noise) [11]. Assuming motion is linear, we can model81

motion by introducing a motion vector, (𝑢, 𝑣), via82

𝐼 (𝑥, 𝑦)𝑛 = 𝐼 (𝑥 − 𝑛𝑢, 𝑦 − 𝑛𝑣)𝑛,𝑢=0,𝑣=0, (3)

where (𝑥, 𝑦) denotes position and 𝐼 (𝑥, 𝑦)𝑛,𝑢=0,𝑣=0 are the raw values83

which would have been captured in the absence of transverse motion.84

Taking the discrete Fourier transform from 𝑛 to 𝜔 and applying the85

Fourier shift theorem then yields86

𝐼 (𝑥, 𝑦)𝜔 = 𝐼 (𝑥, 𝑦)𝜔,𝑢=0,𝑣=0𝑒
− 𝑗𝑥 𝜔−Δ𝜃

𝑢 𝑒− 𝑗𝑦 𝜔−Δ𝜃
𝑣 , (4)

where 𝑗 =
√
−1 is the imaginary unit [12]. A shift through space87

over time is encoded as a shift in phase over frequency. Critically,88

this phase shift causes small waves to appear which are oriented in89

the direction of motion and whose spatial frequency is inversely90

proportional to velocity. Moreover, these waves appear in Fourier91

bins which have zero energy in the absence of motion. We therefore92

propose measurement of these waves as a means of recovering optical93

flow in time-of-flight range imaging.94

III. METHODS

A. Optical Flow Estimation in Time-of-Flight Range95

Imaging Using the Continuous Wavelet Transform96

Since motion gives rise to spatial waves, we aim to measure the97

spatial frequency of these waves using the CWT [13] over each row98

and column separately of the Fourier transformed images. In the 𝑥99

direction the CWT is:100

(𝑊𝜓 𝐼 (𝑥, 𝑦)𝜔) (𝑎, 𝑏) =
∫ ∞

−∞
𝐼 (𝑥, 𝑦)𝜔

1
√
𝑎
𝜓∗

(
𝑥 − 𝑏

𝑎

)
𝑑𝑥, (5)

where the superscript ·∗ denotes complex conjugation. Throughout,101

we use the complex Gaussian wavelet [14],102

𝜓(𝑥) =
√

2𝜋𝑠2𝑒
−𝑠2𝑥2

2 + 𝑗𝜇𝑥 , (6)

and select 𝜇 = 2.35 and 𝑠 = 0.92 (by inspection). Both scale, 𝑎,103

in (5) and velocity, 𝑢, in (4) are inversely proportional to spatial104

frequency, so 𝑎 is proportional to velocity. Shift, 𝑏, in (5) enables105

us to localize motion artifacts in space. Finding the maximum of106

the magnitude of the CWT identifies the position and velocity of a107

single moving object in a row (or column). (Whereas by finding the108

maximum at over 𝑎 at each position, 𝑏, of the CWT we can obtain109

an estimate of velocity at each pixel.)110

We operate on the second harmonic of ToF data as it is the lowest111

harmonic that contains energy in the presence of motion but no112

energy for static scenes. The sign of 𝑎 provides information about113

direction, so the second harmonic must be complex in order for114

us to distinguish between positive and negative velocities. We must115

therefore use at least five raw frames per range frame; four raw116

frames per range frame are sufficient to return a second harmonic,117

however it is purely real, resulting in a CWT which is symmetric in 𝑎,118

preventing positive and negative velocities from being distinguished119

from each other.120

In Fig. 1 we show a one-dimensional simulation of the proposed121

optical flow method. Note that while ToF imaging ordinarily returns122

depth estimates across a two-dimensional field, our simulation is123

equivalent to one row or column on a ToF sensor. The “scene”124

contains a single moving edge, and the second harmonic of the125

Fourier transform in time exhibits a single period of a wave in space,126

as predicted by Eqn. 4. Performing a spatial CWT, the peak value’s127

location in the 𝑏 (shift) axis indicates the predicted position of the128
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Fig. 2. Experimental velocity measurement with nine raw frames per range frame at a distance of three metres using (left) the CWT only and
(right) synchrosqueezing. At each true velocity, the median estimated velocity is plotted as an “x” and the errorbars indicate the interquarile range
of the estimated velocities. The red line is the reference true velocity line.

edge and its location in the 𝑎 (scale) axis indicates the predicted129

velocity of the edge.130

B. Synchrosqueezing131

The CWT produces a strong signal near the true position and veloc-132

ity of moving edges. However, the peaks are broad. Synchrosqueezing133

usefully sharpens the peaks, concentrating energy in the scale axis [15]134

(which is proportional to velocity). Synchrosqueezing dramatically135

sharpens the peaks in the velocity axis of the wavelet transform136

(see Fig. 1).137

C. Evaluation and Testing138

We test our methods using a selection of different numbers of raw139

frames per range frame (odd numbers from 5 to 13) with the camera140

at positioned separately at one, two and three metres from the scene.141

We capture data using a Chronoptics Kea ToF camera (Chronoptics142

Ltd., Hamilton, New Zealand.) The modulation frequency is 50 MHz,143

so the ambiguity distance is 3 m (e.g. the phase shift observed at144

1 m is the same as at 4 m), meaning that each distance tested145

corresponds to a unique phase shift. In each case, the scene consists146

of a single, large, diffusely reflective rectangular target against a147

dark background. The target is moved transverse to the camera to148

a number of equally spaced positions on a horizontally oriented149

translation stage. A complete set of raw frames is collected at each150

position and motion is synthesized by selecting raw frames such151

that the rectangle moves a known increment between raw frames.152

Velocities of up to 50 pixels per range frame are used. Each row153

of the frame is processed independently and only one velocity is154

detected per row. The location of the motion is taken as the position155

of the maximum of the magnitude of the CWT, as in Fig. 1. Note156

that while this approach does take account of motion between raw157

frames (inter-frame blur) it does not take account of motion which158

occurs during acquisition of each individual raw frame (intra-frame159

blur).160

IV. RESULTS AND DISCUSSION

We present the mean absolute error results from our tests in Table 1,161

and a graph of the estimated velocity at three metres distance and162

nine raw frames in Fig. 2. Overall, we find that error values are163

good, typically no more than five pixels per range frame (10% of164

the maximum true velocity tested). Additionally, except for the trials165

where the five raw frames are used and where the distance between166

the camera and the scene is two metres, synchrosqueezing reduces167

mean absolute error. This is particularly evident in the trials in which168

the distance between the camera and the scene is three metres, where169

mean absolute error achieved by using synchrosqueezing is as little170

as one third that of the continuous wavelet transform on the same171

data. As less light is returned at longer distances, we speculate172

that the improved performance of synchrosqueezing is because it173

concentrates of energy in the scale (velocity) axis, improving the174

effective signal-to-noise ratio of the CWT.175

While the work above includes spatial localization of the velocity176

of moving objects, we are only finding one moving object. As stated177

above, finding the peak in the 𝑎 axis for each position in the 𝑏 axis178

of the CWT, we are able to estimate velocity at every pixel in a row.179

Performing this process on every row and column in a ToF image180

then yields an estimate of horizontal and vertical velocity for each181

pixel, enabling us to demonstrate simple optical flow estimation in182

Fig. 3. A threshold on the magnitude of the second harmonic forms183

a per-pixel motion mask, used to set the velocity of pixels without184

motion to zero. ToF data are captured of a cow moving from right185

to left in the scene. The horizontal estimates are mostly correct, but186

small objects with high velocity cause erroneous measurements. As187

the true motion is mostly in the horizontal direction, the vertical188

estimates suffer from the so-called aperture problem. The thin regions189

of non-zero optical flow in Fig. 3 are reminiscent of the seminal190

single-scale optical flow attempts [4]. The scale adaptation naturally191

provided by the wavelet transform has unfortunately not translated192

into implicit multi-resolution analysis.193



TABLE 1. Mean absolute error for transverse velocity measure-
ments taken at three different distances and five different numbers
of raw frames per range frame using both the standard continuous
wavelet transform (CWT) method, and the method augmented with
syncrosqueezing (SS). Velocities and error values are measured in
pixels per range frame.

Distance: 1 m 2 m 3 m
Method: CWT SS CWT SS CWT SS
5 Raw Frames 2.2 2.8 4.5 3.5 24.0 10.8
7 Raw Frames 3.9 2.9 2.3 3.6 10.7 3.5
9 Raw Frames 4.3 3.3 3.3 4.6 4.4 2.5
11 Raw Frames 5.2 3.9 3.3 4.7 3.6 2.2
13 Raw Frames 6.4 5.0 2.2 3.4 3.7 2.1
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Fig. 3. Velocity measured by the synchrosqueezed wavelet transform
in two dimensions. The scene contains a cow walking from right to
left. The data are downscaled by a factor of two in the horizontal and
vertical directions prior to analysis, but velocities are reported at the
original scale.

V. CONCLUSIONS AND FUTURE WORK

Transverse motion occurring during data acquisition in time-of-194

flight range imaging causes spatial waves to appear in the Fourier195

transform. The spatial frequency vector of these waves usefully196

encodes the speed and direction of the motion that occurred. We197

have successfully shown that the CWT enables us to characterize198

these spatial waves and thereby estimate the velocity of the motion199

which caused them.200

Full wavelet analysis is not necessarily efficient, particularly in201

two or more dimensions, so in future work we will investigate faster202

methods for real-time applications. Additionally, although the process203

of recovering depth in time-of-flight naturally exposes the artifacts204

upon which our work relies, the underlying theory does not limit its205

application to time-of-flight range imaging. The potential of phase206

based large velocity optical flow in standard camera data will be207

explored in future work.208
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