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Abstract

A comprehensive discussion of the stochastic
master equation approach to chemical reactions is
presented. After a review of the various system size
expansion methods that have been developed for an
asymptotic solution of stochastic master equations, a
new technique, the Poisson representation method is
introduced. The technique is based on an expansion of
the probability distribution in Poisson distributions
and enables chemical master equations to be transformed
into exact Fokker-Planck equations.

The Fokker-Planck equations obtained using the
Poisson representation are used to investigate some
general features of chemical reaétion systems whose
steady state is thermodynamic equilibrium. The solutions
for such systems are discussed from grand canonical and
canonical ensemble points of view.

Basic formulae for the two time correlation functions
are derived using the Poisson representation method.
The formulae for the chemical systems in thermodynamic
equilibrium are shown to relate directly to the
fluctuation-dissipation theorems which may be derived
from equilibrium statistical mechanical considerations.
For non-equilibrium systems, the formulae are shown to
be generalisations of these fluctuation-dissipation

theorems, but containing an extra term which arises
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entirely from the non equilibrium nature of the system.

In a chemical reaction mechanism, if only bimolecular
reactions occur, the Fokker-Planck equations derived using
the Poisson representation method involve no higher than
second order derivatives. The mathematical equivalence
between Fokker-Planck equations and stochastic differ-
ential equations is used to derive stochastic differential
equations for chemical reaction systems. When tri-
molecular or higher reactions are present, the Fokker-
Planck equations involve third or higher order derivatives.
It is shown how the concept of a stochastic differential
equation may be generalised in such cases.

The stochastic differential equationsilend themselves
to a straightforward perturbative expansion in the
inverse powers of the system size. These perturbative
methods are applied to some interesting examples of
non equilibrium reaction systems. Some novel features
of the Poisson representation quasi probability which
arise in these cases are discussed.

A chemical reaction model which exhibits a second
order phase transition behaviour is investigated in
detail (including the process of spatial diffusion) and
the first two terms in a perturbative expansion for the
spatial and two time correlation functions are
calculated.

A stochastic model of a chemical reaction which

exhibits spatial and temporal oscillations is analysed
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below the instability thresholds. The same model is

used to show how the Poisson representation method may

be applied to calculate the spatial and two time

correlation functions in finite systems with boundary
conditions.
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CHAPTER 1
RATIONALE FOR THE MASTER EQUATION APPROACH

1.1 Introduction

The phenomena of transition of ‘a macroscopic
system from a disordered, chaotic state to an ordered
state in far from thermodynamic equilibrium situations
are currently the subject of much theoretical and
experimental interest.[l“3] The formation of Benard
cells in a fluid layer heated from below, the laser
transition, spatial and temporal oscillations in
Belousov-Zhabotinsky reaction, are some of the examples
where beyond a certain critical distance from the
thermodynamic equilibrium, the initially chaotic state
becomes unstable and gives rise to spatially and
temporally organised structures - the dissipative structures.
Numerous examples of such symmetry breaking instabilities
may be found in a wide variety of disciplines such as hydro-
dynamics, physics, biochemistry, ecology, etc.[u'7]
Instabilities which are not symmetry breaking also play an
important role in diverse biological phenomena such as
membrane transport, nerve excitation, enzymatic reactions
where multiple steady states are possiblets-e].

The importance of fluctuations in bringing about the
transitions of the type discussed above 1is now well
established[l-7] and consequently any mathematical description
of systems which exhibit these transitions must include

fluctuations. The master equation apprcach provides such a

description. In this thesis our main concern is with the



[9-22]
master equation approach to chemical kinetics, specifically

with developing mathematical techniques for solving these
equations. We first discuss the rationale behind a master
equation to macroscopic systems in general. The arguments
presented are not original and rely heavily on those put

forth by Green, Zwanzig, van Kampen, Penrose and Balescugzs-zaj

We then consider the validity of such an approach to

chemical kinetics.

1.2 Master Equation Approach: General Considerations

The first step in a physical description of a
macroscopic system consists in selecting a few quantities
which describe the system as a whole such as volume, charge,
magnetisation, temperature, etc. The choice of these
quantities is based on past experience or physical intuition.
In trying to understand the gross behaviour of the system
either on intuitive or empirical grounds it may be necessary
to introduce a few more quantities. For mathematical
convenience we may have to introduce local concepts such as
charge density, concentration etc. This process continues
until, of all the macroscopic quantities introduced, we may
select a minimal set E} which provides the simplest and
the most complete description of the system. By a complete
description we mean that given the initial values of ai
we should be able to predict their values at a later time

and hence the future macroscopic state of the system.



Thus the macroscopic description is complete when we

specify the phenomenological equations

ddi - Fi(a) (1.1)

dt
Familiar examples of such equations are Navier-Stokes
equation in hydrodynamics, rate equations in chemical
kinetics, Fourier equation in heat conduction etc. These
equations may usually be derived from some general
principles such as conservation laws together with some
specific phenomenological assumptions. For most purposes
these equations may be sufficient, i.e. given the initial
values of Zia one may calculate their values at a later
time which agree with the observed values within the
experimental precision A Qi with which these quantities
may be measured. However, situations may arise in which
we find large scale deviations from the expected behaviour.
This may happen for example, if the system under consideration
is an open éystem and the parameters involved in the
phenomenological equations may be externally controlled.
In such a case we may find that for certain values of the
parameters, the solution of the bhenomenological equations
becomes unstable. If this happens then a slight fluctuation

tai from Q; would begin to grow with time. This

fluctuation may either be externally induced or may arise
spontaneously. In a macroscopic system with many degrees of

freedom occurrence of a spontaneous fluctuation is certainly
)

possible. In order to gain a better understanding of



spontaneous fluctuations and to find an alternative to
the phenomenological equations in a regime in which they
are untenable it is necessary to examine the system from
a microscopic view point.

At the microscopic level, a complete description
of the system is provided by { coordinates q,---9¢ and §
conjugate momenta p'....Efwhere 4+ 1is the number of
molecules in the system. The dynamics of the system is
determined by the classical equations

dQe_ ?H(P2) ; dPe_ ~QH(P.Q)

——

3t = 'aPR at - 29k (1.2)
Geometrically the state of the system may be represented by
a point 7(§=(g,E)in,the 2§ dimensional phase space also
referred to in the literature as the [-space. Given the
initial value of « , the_solutions of the classical equations
trace out a smooth trajectory in the (- space. In principle
all information is contained in (1.2), but needless to say
that for a macroscopic system with 1023 molecules, the
specification of the initial conditions and an exact solution
of the microscopic equations is beyond human means. Ideally
even if it were possible to accomplish this it would hardly
help in answering the questions asked in the description of
a macroscopic phenomena. To bridge the gap between the two
levels of description, introduction of statistical concepts,
in particular, the concept of a Gibbs ensemble is
unavoidable. We may learn a great deal about the status of

phenomenological equations and how spontaneous fluctuations



may arise by examining what an experiment on a macroscopic
system means from the phase space point of view.
In correspondence with the macroscopic quantities
Qi we now introduce phase space functions Qi(X) . The
state of the system is specified in complete microscopic
detail by the phase space point X in the [- space. Once
the location of A is known each Q¢(x) may in principle
be calculated. Each observation on the macroscopic
system corresponds to determining the value of the phase
space functions Q;(x) with a certain precision AQi . We
shall denote the set of all values accessible to Q{(X)by Qi .
For each 1 and a given value of a@f the interval

aip < ap(x) < Ai+aai (1.3)

defines a slice in the [-space and fhe totality of such
intervals divides the - space into phase-space cell which

we shall label by the index J . Each macroscopic observation
corresponds to determining in which phase space cell the
phase space point % is located. It is therefore clear that
a macroscopic observation by no means fixes uniquely the
position of the phase space point % ; in fact there may be
an infinity of phase space points which are all compatible
with the macroscopic observation. Given the initial
macroscopic state of the system all we know is that the
phase space point X, is located somewhere in the appropriate
phase space cell. As the system evolves the phase space
point maps out a trajectory according to the classical

equations and the phase space functions change from CG(Xo)



to @ (Xt). If the experiment is repeated several times
with the same macroscopic initial conditions, the over-
whelming charnices are that each time we would start with

a different phase space point in the appropriate cell. One
is thus led to an ensemble description in which the
macroscopic observations are interpreted as an ensemble
average over all possible points in the phase space which
are compatible with the macroscopic initial conditions .
Mathematically this may be expressed by introducing a phase
space distribution function Q (%) which gives a certain
weight to all possible microscopic configurations which

are compatible with the initial conditons. Thus at t=o

we represent the macroscopic initial value Qi (0) as

aico) = {dx, ALXo) R (X) : (1.4)
and at a later time t the outcome as
Fite) = [dx,aXe) €x)
- Lt : (1.5)
= [ax,[e atxe) ] @Lxy)

where |, 1is the Liouvillian operator.

In practice, given the initial macroscopic state,
the outcome of an experiment is fairly close to the
ensemble average, i.e. macroscopic experiments are
reproducible within the experimental precision. However,
from the above considerations it also follows that we cannot
exclude the possibility of fluctuations away from this
average. Given the system Hamiltonian and the phase space

distribution in principle, we ought to be able to calculate



the magnitude of these fluctuations and find an alternative
to the phenomenological equations when the fluctuations are
large. 1In practice, however, this may be an arduous task
and may involve all kinds of assumptions and approximations
which may not be any better than the ones on the basis of
which the phenomenological equations are derived. Also
specification of the Hamiltonian and the precise form of
the phase space distribution may not be always possible.
The form of the phase space distribution, in equilibrium
situations is now fairly well understood but in non
equilibrium situations this still remains an open question.
It is therefore clear that what we need is an intermediate
level of description which goes beyond the macroscopic
description through phenqmenologiéal equations in that
it includes flutuations 5ut avoids the problem of having
to specify the Hamiltonian and the form of the phase space
disbribution function. This level of description, to use
van Kampen's terminology, will be referred to as the
mesoscopic description. This is achieved by introducing
the concept of an Q — space in the following way.
The 0 -space consists of all possible realisable values
of the phase space functions Gi(X). Each point in a. - space
corresponds to a cell in [- space and thus we have a many
to one mapping. Given a point in a- space at time t =o
the phase space point X lies somewhere in, say, the cell J.
Each time we repeat the experiment we are most likely to

start from a different point in cell J . In each repetition,



after a time t much larger than the typical microscopic
time scale, the phase space points Xt may be located wide
apart from each other owing to their different initial
positions and we may get significantly different values

for Q{(At) . It is clear therefore that the sample paths

in Q- space corresponding to several repetitions of a
macroscopic experiment, resemble those of a random process.
To characterise this random process in Q- space we introduce
the concept of an a- space probability P(a,t). Specifically
the probability that the values of the phase space functions

Qi (%) 1lie between Qi and Qg+ ada. at time t

Qi < Gx) < Qi+ L&A (1.6)
is given by

P(at)Ad = p(ag-----Qn.t)AQ;---- 4Qn (1.7)

However the mere knowledge of P(@1)is not sufficient to

characterise a random process. If we know that the phase

. (1) . .
space functions have a value a!’ at time ti then this

knowledge will influence the probability of finding a value

ég) at time t2. In other words the joint probability

P(a(” t,,a tl) cannot be inferred from the knowledge of PCG“) k1)

Hence for a complete characterisation of the random process

we must satisfy all the joint probabilities P(S“.)ti) P(Gu.)tz, Owti)
p(a®ty; aVe,; P@*ies) oo and so on.

These joint probabilities are not all independent, they must

be compatible with all the lower order ones.

) (&3]
Jdg(k-&%)- - (‘n)P(a ...... uti) - p(q L’R» A, ty)(1.8)



for all R<7M whatever the values of the times tgst---tn.
We may now try to classify these random processes according
to the number of joint probabilities required for its
complete characterisation with a view to finding which one
of these offers the best description of the random process
in Q- space.

The simplest case is the one in which the knowledge
of FD(Quzti)is sufficient. This process,referred to as the
purely random process, satisfies the following

PCa®, €55 ¥ ey = PaVt) Pl ) (1.9)
i.e. correlations in time are completely nonexistent.

This process, however would be very unrealistic for
describing a physical process because we know that at a
microscopic level we have a completely causal description
which must reflect itself in macroscopic dynamics.

The next simplest case and the most important one
from statistical physics point of view is the Markov process.
The whole information is contained in the joint probabilities

P (Qu), ti) and P Q_La: €25 9‘"1), t+1) . To understand the
physical circumstances a Markov -process describes it is
convenient to introduce the concept of a conditional
probability

b
PCa®ta| a ty) (1.10)
which expresses the probability that given the values g“J
2> . < s
at tj; we have values S? at T2, and is related to the joint

probabilities through the relation

) (&%)
P(a®t,; ae) = P@Pe1ae) PaT6) (1.11)
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Higher order conditional probabilities P(g(?‘qlgu,)tg_lgu), ts)
etc. may analogously be defined.

A Markov process is defined by the following

condition
1) (W . (n-4
PCa™ tnl @™ bl 1@ 6) = PA@TEn1 QT Ene)  (112)
for m>»2. This equation implies that, in a Markov process

1)

the probability of transition at time tTw.4 from a value an-
to a value g(mat time TUn depends only on the value of Q
at time +t 4.4 of the transition and not at all on the
previous history of the system. This assumption is enough
to show that a Markov process is completely specified once
we know p(gca,’tzl qu’,t‘) and P(t_l_uz €1) 3 all higher
order joint probabilities may be expressed in terms of
these. . .

Let us see if it is reasonable to assume that the
random process in @ -space may be regarded as a Markov process.
Physically, the Markovian assumption (1.12) means that if we
produce an arbitrary past history of a system by artificial
means, i.e. by acting on the system from outside, the
behaviour of the system after the outside influence has been
stopped depends only on the state of the system at the time
of stopping. Thus if a metal bar is heated at a varying rate
and then isolated, its temperature distribution can only
depend on the time of isolation. There must of course be
a short time after the isolation during which the past history

has some influence because of the continuity of physical

phenomena at a microscopic level and hence as long as the
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difference between any two times between macroscopic
observations is much longer relative to the microscopic
time scale, Markovian assumption is reasonable.

Penrosgzzg his work on the foundations of
statistical mechanics has examined the Markovian postulate
in great detail together with other approaches to
statistical mechanics such as the ergodic approach and the
hypothesis of equal apriori probability. He concludes
that certain interpretational difficulties which arise in
the hypothesis of equal apriori probabilities, and certain
problems encountered when the ergodic approach is extended
to non equilibrium systems can only be resolved when
supplemented with a Markovian Postulate. In fact he goes
on to show that the concept of a Gibbs ensemble along with
the Markovian assumption is sufficient to build a
satisfactory theory of statistical physics rich enough to
include both equilibrium and non equilibrium systems.

It must be made clear that the Markovian assumption
can be valid only if certain conditions are satisfied.

The first condition is that the time scale .at which
macroscopic observations are made must be much longer
relative to that of the microscopic phenomena. The second
and the most important requirement is that the set of
macroscopic variables chosen to describe the system, and
hence the set of phase space functions must be just right.
Thus for example the phenomena of Brownian motion cannot be

described by a Markov process if only the position of the
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Brownian particle is taken as a macroscopic variable.
It however becomes a Markov process if the velécity is
also introduced as an observable. In general, the
question of what variables to select so that the system
may be described by a Markov process is a very difficult
one and it still remains an open problem in statistical
mechanics. Greegzig his work has made some progress in
this direction but the answer to this problem is yet far
from being conclusive. All one can say is that the set
of macroscopic quantities should not be too large otherwise
the phase space cells would be too small with the result
that the sample paths in @ - space would no longer be those
of a random process. On the other hand it should not be
too small because then they would not fully describe the
macroscopic aspects of tﬂe system.

If we assume the validity of the Markovian assumption,
then it may be shown that the conditionai probability
satisfies the Chapman-Kolmogorov equation

) )
Pa®ey1a ™ ts) = [daPpcd Ve 1a T PeaT1a N 0

b

(1.13)
A physical interpretation of this equation from phase space

[26]

point of view may be found in van Kampen's work.
Multiplying (1.13) by p¢a‘'*’ t,) and integrating over
&N
a we have

2) (3) (2 2
p(a®t= [dadPpa®1adla) Pla )y,

Eqn. (1.1%) may also be written in a differential form as
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2P(at - [da'[wiata)Pale) - w @ia) peaty]

t (1.15)

where LJCglgﬁrepresent the transition probabilities per
unit time from gf-u: Q@ . This equation known as the
master equation provides the desired.mesoscopic description.
An alternative mesoscopic description is based on
the analogy between the sample paths in @-space and that
of a Brownian particle. Following the success of Langevin
equation in describing Brownian motion, one writes an
analogous equation for the sample paths in Q space by

adding a noise term to the macroscopic equation.

dai = Fil@) + 20 Biyca) &, ) (1.16)

adt ) ’

The added noise terms are assumed to account for

the fluctuations about the macroscopic motion. However, it
must be borne in mind that this approach is valid under
much stronger conditions than the master equation approach.
An equation such as (1.16) or its equivalent Fokker Planck

equation may be derived from the Chapman Kolmogorov equation

(20
under the assumption that P(Q ,t;|a ,t;) depends only on &,-ty

and that the third and higher transition moments satisfy the

following
()] () )
J(arca%w) (Qg- Qg ) (Q-a; ) P(a,£1Q8%te)da"” (1.17)
' = O[(t-to)]
1.3 Master Equation Description of Chemical Kinetics

To be able to describe a macroscopic system by a

master equation we need to know the transition probabilities
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wala), 1In principle we ought to be able to calculate
these in terms of the phase space distribution function and

[29] [27]

the system Hamiltonian. Zwanzig and Penrose have
shown how this may be accomplished. While Zwanzig starts
with the Liouville equation and under certain assumptions
derives the master equation, thus obtaining an expression
for W(alG)in terms of the system Hamiltonian, Penrose
chooses the Markovian assumption at the mesoscopic level
and Gibbs ensemble description at a more fundamental level
as the starting points and shows how one may establish
contact between the two. However, the success of the
master equation approach lies in the fact that in a large
number of physical, chemical and biological systems, guided
by the knowledge of the macroscopic equations, one can
write down the transitioﬂ-probabilities by means of plaus-
ibility arguments.
Consider for example the chemical reactioﬁ

2X —EL; A (1.18)
The traditional method of analysis of the reaction kinetics

which may be found in any text book on chemical kinetics

proceeds via the rate equations

aX = - kX (1.19)

where R, is the rate constant and X is the number of
molecules of type X .
The master equation for this reaction may be written as

APOGE) = WX X+2) POH2,E) — W (x=21X) P(X) (1.20)
at
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Here W{X1X+2) has the following interpretation:

For a small time interval AL, W(X1X+2) A€ is the
probability that out of X+2 molecules we start with

two of them will react in the interval At so that the
final number is X . This must, clearly, be equal to the
probability that two molecules chosen at random will react
in the interval At multiplied by the number of ways in

which this reactable pair may be chosen. Thus
WEXIX+2) at = Riat (X+2) (x+1) (1.21)

Therefore

W ECXIX+2) = RiCx+2)(X+1) (1.22)

Substituting this in (1.20) we have the desired master
equation

dPCX ) = Ri[(X+2)(X+1) PAX+2,t) - X(X-1) P cx,t:)]
dt (1.23)

The equation for < X?» calculated from (1.23) when the
fluctuations are neglected, i.e. if we put average of a
product equal to product of the average, is the same as the
macroscopic equation (1.19). However, the master equation
also enables us to calculate the fluctuations about this
average.

It should be noted that the macroscopic equation may

also be obtained from the master equation if, instead of

WEXIX+2) = (X+2)(X+4) (1.24)

had put
we P WXIX+2) = X2
(1.25)

This is quite justified because the number of molecules
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is assumed to be large, and hence (x+1)(x+2)is
approximately equal to X? . However, the correct choice

of the combinatorial factors has one great advantage
namely in the case of a reaction whose steady state is
thermodynamic equilibrium, this choice gives Poisson
distributions as an exact solutions of the master equation
in the steady state. We shall discuss this in detail in
Chapter 7.

The descritpion ©f a chemical system by the master
equation (1.23) can be valid only if the system is spatially
homogeneous. This is because in calculating y(x|x+2) as
in (1.21) we ascribed equal probability of reaction to a
pair of molecules irrespective of their spatial locations.
Physically this homogeneity may be achieved by an external
stirring mechanism, this description would be valid provided
that the conditions are such that the natural motions of the
molecules keep the system well mixed. This circumstance
would be realised if the non reactive (elastic) collisions
between the molecules which have the effect of randomizing
the positions of the molecules occur much more frequently
than the reactive encounters. A detailed discussion of
this point may be found in ref. 30

From spatially homogeneous systems we may go a step
further, and try to describe spatially inhomogeneous systems
in which spatial diffusion is present. This may be
accomplished by dividing the system into cells labelled by

index 1 , with number of molecules X(i) in cell 1 as the
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macroscopic variables. The master equation for the
diffusion system may be written in analogy with the chemical
master equation by regarding the process of diffusion as

a chemical reaction '

X0 Cil.L-) X () (1.26)
and using the combinatorial arguments as before. This is
explained in Chapter 4. This will be an adequate
description for an inhomogeneous chemical system in which
the velocity distribution in each cell is of the Maxwell
Boltzmann form and is not greatly perturbed by the chemical
reactions.

A further step in simulating a realistic chemical
system by a master equation is to incorporate the effects
of changes brought about by molecular collisions. As has
been shown by Brenig, Maiek Mansour and Horsthemke,[31].
the hydrodynamic¢ effect may be taken into account by
considering‘X(i,r)gs the macroscopic variébles where vy 1is
the velocity index, and regarding molecular collisions as
a chemical process

X (Hy) ¥ XLs) (’----——---—->(Y’S Al X (LE)+ X LW (1.27)
taking place in each cell 1 . Here 0 (1S;t.Wdenotes the
collision cross section. The macroscopic equation which
this master equation purports to describe is one in which
the coupling between the chemical reactions and the

hydrodynamic effects are taken into account via a Boltzmann

equation.
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. . [32-3u]
l.4 Langevin Equation Approach

As we have seen earlier the Langevin equations or the
equivalent Fokker-Planck equations follow from the
Markovian postulate along with certain assumptions on the
third and higher transition moments. For the latter
assumptions one does not have any a priori justification.
Even if their validity is taken for granted, one is faced
with the problem of specifying the noise coefficients. Unlike
the Langevin equation approach to Brownian motion, where the
noise term represents a random force arising from the
random collisions, the noise term in a chemical system
or any other macroscopic system does not have any such
interpretation and hence physical intuition cannot guide
us in guessing what the noise coefficients should be.

In the context of chemical reactions, Langevin
equations were espoused by Nitzan Ortoleva, Deutch and
Rosgsggd most clearly enunciated by Keizeg?SJTheir work
relies on the assumption that the probabiiity distribution
in the large volume limit is asymptotically Gaussian. This
assumption has been rigorously proved by Kurtéxﬁg an
asymptotic solution of the master equation. In these
Langevin formulations of chemical kinetics, the macroscopic
equation

gﬁ-]i = Fa) (1.28)
4dt

are supplemented by a linear Langevin equation for the

fluctuations 34

d8ai = JAij 84 +Za.13ia'@-’§g<f> (1.29)
7 :

—

dat
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34,

is the relaxation matrix.

where Aty = F:

In the case of chemical systems whose steady state

is the thermodynamic equilibrium, the noise coefficient
Qg (@) can be calculated by making use of the fluctuation

dissipation theorem which is known to be valid in the
thermodynamic equilibrium as has been shown by Gardinertés]
and GrossmantS?J. The knowledge of the macroscopic
equations is then enough to fix the noise coefficients. In
non equilibrium situations, however, this is not possible
and one cannot specify the noise ccefficients without
recourse to the master equation. In Keizer's work[33]
the noise coefficients are determined by using an asymptotic
form of the master equation in the Gaussian approximation
which can be derived by using van Kampen's system size
expansion.

Thus it is clear that the Langévin equation approach
\simply amounts to a transcription of the master equation
in the Gzussian approximation, and this procedure, although
convenient for calculational purposes, is not really a new
approach for a mesoscopic description of chemical systems.

In recent years, in a specific context, some doubts
were raised about the validity of master equation approach

f19]
to chemical kinetics. These criticisms have now been

[38]

adequately answered by Gortz and Walls

[39]0

and Oppenheim

et al
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1.5 Outline of Following Chapters

A critical survey of the various system size
expansion methods that have been developed for an asymptotic
solution of the master equation is presented in Chapter 2.
The Poisson representation method is introduced in Chapter 3
and it is shown how chemical master equations may be
transformed into exact Fokker-Planck equations. In Chapter
4 this method is applied to chemical reactions whose steady
state 1s the thermodynamic equilibrium, and the resulting
solutions are examined from a statistical mechanics point of
view. It is shown that the fluctuations in a small sub-
volume in the limit of a large volume are always Poissonian.
In Chapter 5 formulae for the two time correlation functions
are derived and their relation to fluctuation-dissipation
theorems is discussed. Sfbchastic differential equation
methods are introduced in Chapter 6 where perturbative
methods of solution.in the context of chemical systems are
also discussed. The lowest order approximation is shown to
correspond to approximating Poisson-representation quasi-
probability distribution by a Gaussian. The relation between
this Gaussian approximation and the ones introduced in the
other system size expansion methods is investigated. 1In
Chapter 6 and 7 stochastic differential equation methods
are applied to some representative examples of equilibrium
and non-equilibrium reactions and it is shown how the
variance and the two time correlation functions can be
calculated in the Gaussian approximation together with the

next higher corrections. In the cases where the system
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exhibits an instability, the corrections are shown to be
divergent near the critical points. A model which exhibits

a second order phase transition behaviour is studied in
Chapter 9 taking into account spatial diffusion. The first
two terms in a systematic expansion of the correlation
functions are calculated. The relation between the divergence
of the spatial correlation function near the critical point
and the dimensionality of the system is examined. Chapter 10
contains a detailed discussion of a model which exhibits
spatial and temporal oscillations beyond the instability
point and the same model is used in Chapter 11 to demonstrate
how the Poisson-representation methods may be used to calculate
correlation functions in the case of finite systems with
boundary conditions.

The basic idea on the usefulness of a Poisson expansion
in the context of chemical master equations evolved out of
discussions with Dr. C.W. Gardiner and Dr. D.F. Walls. A
letter based on this work has since been published[qu].
Subsequent work on extending this technique to multivariate
master equation and into the realm of two time correlation
functions was done in close collaboration with Dr. C.W. Gardiner.
The calculations presented in Chapters 3,4, and 7-11, are the
work of the authorgus’HBJContents of Chapter 10 and 11 developed
out of work initiated by I.s. Matheson and Dr. D.F. Walls.

This work is to be published in the Journal of Statistical

. [u71
Physics.



22

CHAPTER 2

A REVIEW OF THE METHODS FOR SOLVING MARKOVIAN MASTER
EQUATIONS.

2.1 Introduction

In the previous chapter we discussed the rationale
behind a Markovian master equation approach for a stochastic
description of physical systems, in particular, we
discussed the validity of such an approach for chemical
reaction systems. We now turn our attention to the
various techniques that have been developed to solve such
equations.

A general single variable Markovian master equation
may be written in the following form

dPx,t) = jdx'[w()qx')P(x',t’)-W(X'lX) Pcx.t)]
at : (2.1)

This equation is assumed to provide a stochastic description
of a system of size V , and characterised by an extensive
variable or a macrovariable X . In (2.1) P(X,t) denotes
the probability of finding the macrovariable X at the
value X at time t and W(XI|X) represents the transition
probability per unit time from x’ to X and may depend
on t , although its time dependence will not be
explicitly noted. Writing WX IX) :~N(X',X—x/);w(x',r)so that
r is the size of the jump, (2 .1) may be cast in the

following form

o

PCX) = [dr [wWxir) POXE) = WX~ PCX,E)]  (2.2)
t

A
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The master equation (2.1), includes, as a special case,
the birth-death master equations which may be written

in the following form,

r +r)
ZL%P( Z[W (x-r) P Cx-r £y~ W (X) PCx,t) ] (2.3)
+ Z [N w(XW) PCxtvnt) — ("()x) ch,t>]

in which variable X now takes only integer values.

2.2 Notation

We shall now state the notation used for various
quantities which we shall come across in this chapter
quite frequently.

The notation used is as follows: .

(i) The nth moment of P(X:t)will be denoted by < X">

and the associated moment generating function by

Q(g) = <e1§X> (2.4)
n Na
X > {a(lg)ﬂ o (2.5)

(ii) The nth factorial moment of PCX,t) will be
represented by ‘<x">4 The factorial moments are

related to the moments by the following equation

(XMyp = KKOX-1) - o s (X=Nt1)) (2.6)
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The factorial moment generating function will be

denoted by
G(s) = <8 (2.7)
LMy = "G ‘X (2.8)
2SN lg:zt

The cumulants of P{(Xyt) will be represented by 4y,.
The cumulant generating function will be denoted

by 9(¥) and is defined to be the logarithm

of the moment generating function
qg) = In Qg (2.9)

and the cumulants ¢, are defined to be the

. s e\ . .
coefficients of (1§)" in a power series expansion

7!
of Qq(g) in &
N Y
acg) = 2. (%'%) An () (2.10)
qnegy = [0S
nes ['d(ig)" §=0 (2.11)

The relation between the cumulants and the moments
may be obtained by differentiating both sides (2.9)
with respect to 1% and setting g =0

For N=1 and 2 we have

<X (2.12)

¥s)
(1

=
2
g, = X —<X (2.13)

The second cumulant is thus equal to the variance for

which we shall often use the notation G
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(iv) The factorial cumulants of P¢x,t) will be denoted
by [xXx"] . The factorial cumulant generating
function will be denoted by G(S) and is defined
to be the logarithm of the factorial moment

generating function G(8)

g4(sr)= LInG() (2.14)

The factorial cumulants are defined to be the
coefficients of (§;:;)n in a power series

nl
expansion of 9¢s) in S-1.

gy = 5 (=D [

2 (2.15)
T
[x"] = [%‘ggn]s:i (2.16)

The relation between the factorial cumulants and
the factorial moments may be obtained by differentiating

both sides of (2.14) with respect to § and setting
sc= 4.

For M=41 and 2 we have
[x] = <x> (2.17)
[x2] = <X%0g - <Xy (2.18)
(v) The moments of the transition probabilities W (X,r)
will be denoted by

Cn(x) = fdr P WG (2.19)
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In the case of birth-death master equations Cn(X)

are given by

: - +(r)
Cn(x) = Y 7*"[(—1)"»\1 o+ W 00T (2.20)
Y\

2.3 Assumptions regarding the transition probabilities

We shall assume that VJ(Xl%)depends on V¥V in the

following way

! !
(x1xXH = WX, = [w Xor)+l @ (X, r)+
W (X, VW (5o +g (Xt 1, 0,
i.e. the probability that a transition takes place from X'
to X in an infinitesimal time interval is at least
proportional to the size of the system. In a number of
macroscopic systems this assumption is quite plausible.

To see this let us consider a specific example of a

chemical reaction

A
2X— (2.22)

The macrovariable here is the number of molecules X of
the type ¥ , and the system makes a transition from a
state where one has X+2 molecules to a state where one
has X molecules after the reaction-has occurred. Let us
now calculate the transition probability W (XIX+2)
Following an argument given by Kurt£?5]assume that the
system is divided up into M boxes. Then the probability
that a particular pair of molecules will collide and
react in an infinitesimal time interval ic proportional

to the probability that two molecules placed at random
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in m boxes end up in the same box. This of course is
proportional to %i and hence to V! . To obtain W (X\X+2)
we have to multiply this by the number of ways in which
two molecules may be selected at random from (X+2)
molecules, i.e. by (x+2)(X+1) - Thus WX x+2) is
proportional to V—lx‘sz‘V . A number of other examples
of macroscopic systems chosen from a wide variety of
fields such as semiconductor physics, population dynamics,

. [22,41]
spin systems etc., may be found in the work of van Kampen ’

(u2] )
and Kubo et al, where the volume dependence of W (X\X)
as given by (2.21) may be justified on the basis of

physical arguments.

2.4 Methods for solving Markovian master eguations

In this section we shall first consider the techniques

[uo,%1] [42]
developed by van Kampen and Kubo et al, which are aimed

at an asymptotic solution of the general Markovian master
equation (2.2). Then we shall go to more specialised
techniques which are applicable only to birth-death master

equations of the form (2.3). These include the method
[38,u43]
developed by Gortz and Walls,’the asymptotic techniques
[15]
developed by Nicolis et al, using the generating function

(18]
method, and a factorization ansatz introduced by Gardiner etal.

(uo,u41]
2.5 van Kampen's system size expansion ’

Substituting (2.21) in (2.2) and assuming that Wi

etc are zero (although their presence does not materially
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alter the argument) one gets

dPOOE) =y [ar 13 ( X-r,r) PCX-V5t) - L&(z{,—r)P(x,t)]
¢ Jar [ xgom) =V (2.23)
The next setp in van Kampen's expansion consists in
postulating the way in whichPX,t) depends on Vv

It is assumed that P(X,t) has a sharp peak located at

. . . 1
some point V X, with a width of order V 2

Hence
one transforms the variable X to a new variable i
as follows

1
X = v+ vilay (2.24)

This transforms P{(X,t) into TT(X\,t) as follows

' _ glil2 1/2
TT(As,t) = V P(VXotV “%x1,t) (2.25)
Substituting (2.24%) and (2.25) in (2.23), (2.23) may be

written as

1
AT — v dze 2T - Sdr[—v %2 vire ----]
D€ dt 2%y X1 2 P

X Wy (Kot V xy,r) TTOG(2-26)

"l " . °
Expanding 1,( AotV 24,w) in a Taylor series and equating

12 L . .
terms of order V one obtains the macroscoplc equation

C_l}o = Ci(%Xo)
dt (2.27)

and rest gives
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"

’bﬂ = -—B [Cl 'Xi + 1 V-1'2' ” 2

3
— Cy X3 ‘—V Lol xFa- - TT(Xy4,€)
ot DXy i 3| L 1 ]
+ L2227 [c2+ Vel o+ 3 Vtes xi SRS IS
2 3%}
-1 -1j2 e
' 30 ba { Vo C +V Csxl’f ] TT(Aat) (2.28)
+ 1 2 [V‘icq+- - - ] TVt
4) 9X

where the primes on Cn (X denote differentiation with
respect to Ao . In (2.28) all terms of order \fl have
been written. The structure of (2.28) is clear; each

-1]2

order of vV adds one powers of X3 to the coefficients

and at the same time an additional derivative appears.

2.5.1 The Gaussian or the linear noise approximation

Retaining only the terms of order V° in (2.28)
one obtains a linear Fokker-Planck equation with time

dependent coefficients.

= = D_CiCxe) Xy + 1 02 Ca(Xe) | TT(Xa,ED (2.29
i DXy 2 3%t ] )

The solution of (2.29) is a Gaussian distribution with
the mean and variance given by
/
dd x> = Ci(Xo) X1 (2.30)
at
<x1> = 20 (X)X + Co (X (2.31)

Slo
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Equations for higher moments may easily be deduced from
(2.29)

It is possible to improve the equation for (X5 by one
order without going beyond the linear noise approximation.

This may be achieved by approximatihg (2.28) by the

following equation

Ol = =0 [cicxo xs + £ v Flrexs
2%t 'axi[ 1(Xe) X4 EV Cx(?(o)xl] 1,
(2.32)
+ 1 2 [Crxe)] TT (A ,t)
2 o1%%

which gives

d<xsd = Cfead <xad+ £ vz <>

dt = (2.33)

Thus to solve for {%;) and <'X§). one has to now solve

the coupled equations (2.31) and (2.33). The solution
2

gives (< x) to order V° and (¢>-<x) to order V .

2.5.2 Higher order corrections

Beyond the Gaussian approximation the solution of
(2.28) is impossible although the moments can be calculated
to any given order quite straightforwardly. For example,
to calculate next higher order corrections to the Gaussian
approximation results for the mean and the variance one has
to retain all the terms to order Vrlin (2.33). For the

mean and variance this gives

A<xd = ¢f <oxiy vt <xiy + .ig‘v"q <T (2.34)
2 . {



31

o

2 / - -
<A1y = 200Kty + VHECY cafy + %v‘c’;’<x§>

&

Y, 1 (2.35)
+ Cy + V Ca{KyY *+ VTH Ly
From (2.34) and (2.35) it is clear that to calculate next

higher correction to (XY and (’;Lj) we need <7(3)to order \J”i.2

—

3 / -
<X = 30 <ady + 3 VI <l 4 3, <

+ 3\,‘“2 (ALY + \l"“ac3 (2.36)

which in turn requires (Xi')to order §

d<xy = 4ci<ad> + 6C <t (2.37)
at

It is clear from (2.36) that <7(i}is of the order of vilz
and hence we may drop the term %‘\i-ftc_,{/<7(?) in (2.34) and

1 V.-i('._{” < 'Xf) in (l.2lb)'as they are of order v"al2
Bguations (2.34) to (2.37) then determine {%s)and <x1)

to the next order.

2.5.3 Two-time correlation functions

In the Gaussian approximation, the calculation of
two time correlation function is trivial. TFirst we solve

(2.30) as a function of its initial value which gives

Ci(Xp)
(g )y ze 7

= A100)
X40) (2.38)

and then multiply (2.38) by Xi(0)and replace the initial

average (xf(o)>by the steady average. Thus
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/

X (D Wy )y = € X
{Xi( >x1(o) 100 ) <X (2.39)

To calculate next higher correction to (2.39) one has

to solve (2.34 ) to (2.36) subject to the initial
conditions (X (0 = A, (0) , <X = A1), {X3coN = Ko
and thus calculate (’)(1((:))112:0? the desired order.

The two time correlation function is then obtained by

multiplying the result by %;(0) and replacing all the

initial averages by the steady state averages.

2.5.4 Critical Fluctuations

The expansion outlined above is valid provided the
macroscopic equation (2.27) has a stable solution, i.e.

-

provided that

C_{('Xo) <O (2.40)

If <;I(Xo)7 O then it can be seen from (2.31) that the
fluctuations begin to grow exponentially and the expansion
given above, which relies on the smallness of the
fluctuations, breaks down. To obtain a reasonable

picture of the behaviour of the fluctuations in such
unstable situations, one replaces (2.24) by a more general

decomposition
X = V % + \/"zi o0<p<t (2.41)

where p depends on the nature of the instability.
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If the instability is such that the first (g-1)
derivatives of Cy(X,) vanish near the instability point

. Q) .
while Cy (X¢)#+0 , ‘then van Kampen has shown that a

consistent expansion of the master equation is possible

with

q+1

and the most dominant terms in the expansion yield a

non-linear Fokker Planck equations for TT(%4,t)

—-@-1ia+1
v &l ”[_Lc‘f)_a_'fo,lc,gi Py @

D/ =
Sy al 3% 2 ox{

ot

which gives

d_S_'_X.'1> - V—@l—l)l(‘l'fi) Ci‘”(xf‘)

dt

A
) (2.44)
Note that the fluctuations vary on a slower time scale

than the macroscopic quantity X, which is still given

by (2.27). Also when q is even it follows that positive
fluctuations grow and the negative ones decay or vice versa

depending on the sign of Cfg) and according to (2.44) they

even become infinite after a time of order t~ V (a-Dfa+)

but of course the expansion breaks down as soon as they are

of order x4 ~ Vi-P= "¢3%1) pecause then the distinction
(2.41) between a macroscopic and a fluctuating part becomes

undefined.
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[u2]

2.6 The system size expansion of Kubo et al

In their work, Kubo Matsuo and Kitahara show

that pP(X,t) obeying ( 2.2) has the following asymptotic

form

P(Xt) = € P(,t) = exp[_é_{cpocx,tne <bi(‘x,t)+~-}1 (2.45)

where o = X € = A

—— ) ——

\V2 V
They show that this form, although not unique, has the
property that it propagates in time in the sense that if
a solution of (2.23) has the form (2.45) then this form
will be preserved at later times. This property is referred
to by them as the extensive property of the probability
distribution of a macrovariable.

We shall first outline their derivation of the
evolution equations for the moments of P(X.,t) which are
subsequently used to prove the extensive property of P(X.t)
Following Kubo et al,we then show how the extensive propefty

of P(Xt) nay be utilised for its asymptotic construction.

2.6.1 Moment Equations

Equation (2.2 ) may formally be written as

€)= -er3d V-1 ] wex,r) Plxt) .
eé%%xt jdr[exp(e ax) ] (X.7) P (2.46)

For the moment generating function Q(g,t) defined by

L E X
Qlgt) = jdx elg Px.t) (2.47)
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one obtains from (2.46) after some simple algebraic

manipulations, the following equation,

r . legs ~
® A = 1 [drfdnfds iz e B ag-mowmn 2.
2t 2T )

where W (7),r) is the Fourier transform of W(X.,r).
Introducing the cumulant generating function q(g,t)

thus

Qsgt) = exp 150 (2.49)

and assuming that 9Q(g,t) is analytic in § one obtains

on expanding q(g,t) in a power series in ¥

00 ..M
Q(E,’c) = Z G.:._g_) Gy ) (2.50)
n=1 ﬂ!

the following equation for the cumulants Qn(t)

T

eqm’t) “v(';m,r)j ds mn_}e,s"ﬂi) (2.51)
o

T
%_ igtlnw = ﬁjd'njdr‘

where ™M, are given by

. Qo gl
exp[igse +;1%) hn Cﬂ,t}]zgfggnmn(e,s.n.t) (2.52)

with ‘
x m
() = LGN Ay ) (2.53)
m=4 .
Assuming that g, (t) have the following expansion in powers
of € oQ
— n+m-4
Quty= ) € pm (t) (2.54)

m=0
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it follows from the definition of hp and Mmn that

they have the following expansions

oo
n+m
hn(t) = 5 € hnm (2.55)
m=o0

" (2.56)

)

o0
n+m
and m,n(;t) = Z € 'Yﬂ.m
m=o

Substituting these expansions in (2.51) one finds that
both sides of (2. 51) start from E?F thus showing the
consistency of the ansatz (2.54). On equating terms of
like powers of € on both sides one obtains evolution

equations for 9nm the first few members of which are

C_lgio = C (9.1,0)

(2.57
adt , )
dd,0 = C2(Quo) + 2C1CQye) 92,0
& : (2.58)

/
ddis = /(o) Quu L ciCQh0) Qa0 (2.59)

Making appropriate identifications these equations are
identical to (2.30), (2.31) and (2.33) derived from van
Kampen's expansion method. Equations for higher order

corrections to 4, i.e. the variance and higher moments

may likewise be derived from (2.51).

2.6.2 Proof of the extensive property of P(X.t)

The ansatz (2.54) gives the following form for

QEL) = exp[é{¢°(i€§,t)+€“1’1 (teg,t)+ _ﬂ (2.60)
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with
®© 7
u,t) = w £) (2.61)
Ve ¢ :éi Y In.k

This shows that if @(5,t) has the form (2.60) at time to
then with ‘gmk(e)determined by (2.51) this form is
preserved at later time. An asymptotic evaluation of
the Fourier inverse of @(g,t) then shows that P(X.t)
also has this property.

It should be noted that the proof outlined above
assumes analyticity of 4(g,t), an assumption which breaks
down near instability points and consequently the form

(2.45) for P(Xt) is not valid in critical regions.

2.6.3 Asymptotic construction of P(%:t)

Having proved that P(X,t) has the form (2.45)
at least in normal situations, one may solve for d&,,d4
etc., in the following manner.

Substituting (2.45) in (2.46) one gets

g_ft?o = [arlwwm [exp (—r'%%)—:t]] (2.62)
2 52 A - s
,%T—' = [drwan (§r ?O_)‘f;—?‘%') r%_tg]exp(v’g%)(g,sg)
Putting
xX= Ao+ (2.64)

<&>ocx)t) = Fo (Y1)
(2.82) becomes
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—

030 - dXo 290 =
ot dt 27

n 7
L eD (?J_%_o) Cn (oY)
! [e]
4 " (2.65)
L (1) (030 [ Coy(Xo) +Ch (2 Y +- -
5 4T (e g
Choosing Ao(t) such that

(2.66)
dt
we get
n
2

MESECYE: eyt ] ’_g_?;) (2.67)

oo n / n v

A (- 2, .. '3%0

2 Do ane G- 1 (3Y)

To solve (2.67) one expands 3eY,t) in a power series

in'g. ’

- B w
JoW¥st) = 5 anyy”
Nn= 2

(2.68)

which when substituted in (2.67) yields,on equating like

powers of % , evolution equations for Qan(t) the first

few of which are

v
da, = C2(Xo) — 2C1 () 4,
d€ (2.69)
dds = 6Ca(xe) Q2 03-4 Ca(x a3 -3G(Xd) Q3 +9ch(xe) a2
adt - C;(Xo) Al

Equations (2.66) and (2.69) may, in principle, be solved

successively thus enabling one to determine {, and hence

cbo .  Having solved for 4)0 one may proceed to calculate

<b1 etc. and thus construct P(X,t).

/
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If only the quadratic term in N in (2.68) is retained

the resulting P(%,t) is a Gaussian with the variance G (+)

related to qz(t) by

Qa(t) = - _1
20 W)
and obeys
gyec) = 2C1(Xo) T + CalXo) (2.70)
.t

which again is identical to the one obtained from van

Kampen's procedure to the same degree of approximation.

2.6.4 Path integral representation of the master equation

Equation (2.46) may be written as

€ PLLL) = —H(x,€2,¢) Pax:t)
T EE

(2.71)

where

-Tr
Hoopt)= 21— 7) g (2.72)
Yb

Written in this form, the master equation has a formal
resemblance to the Schrodinger equation in quantum mechanics
although the "Hamiltonian" is completely different from those
encountered in quantum mechanics. Exploiting this formal
analogy with the Schrodinger equation, Kubo et al derive

the following path integral representation for the Green's

function for the master equation (2.71)

t
Pt [ %o, to) = j&)[‘l(s,q")] exp [.éL (dsd (xesm), x(S,O‘D] (2.73)
to



where the summation is made over all paths x(S,0)
)
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to{S €t which are parameterized by g and satisfy

the initial and final conditions X (te)=%o , X(t)=X-

The "Lagrangian" £ 1is given by
L(X, %) = — H(K P+ %P

%2 = YHPLE)
JE

= GX) - CaxXOp +_:‘.L.c3(x)p°__. -

The power series (2.75) may be inverted to give

P= Rt Ce B +(S - Caypis o

2Ca Q¢ 6¢Ca

where
PO = CGXH)—-%
Ca(X)

Substituting (2.76) in (2.74) one obtains

z,x,t) = —=C 1 p24 Caopdo.. .
& ) :(x)[&po—{- T ACK ]

Retaining only the first term in (2.78) one obtains

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

t :
PCxt|1Xo,te) = j@{x(s,cr)] exp [jtdso(G(xcs.o-),xcs.O"))](2.79)
[

with

" L 2
do (2, 2,t) = - [ X-GW
Ca (%)

(2.80)

Equation (2.79) is the Green's function for the master

equation in the Gaussian approximation.
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2.6.5 Two time averages

Using the path integral representation (2.79)

for pP(%tl%eo,to) in the Gaussian approximation Kitahara[21]
has investigated two time averages for non-linear non-
stationary systems. Of particular interest is the

two time correlation function

CACE), XY = LK) = L)) <x0)Y (2.80)

which in the steady state is shown to be given by

/
LA, KO = [’Q_Zﬂg(t‘xmto)] [<xD-<xS Ty (2.82)
%G A Y= o (SS)

where X, (t) obeys the macroscopic equation.
d Xo = Cg(%o) . (2.83)
dt

and xo(tlxé,to) denotes the solution of (2.83) subject to

the initial conditions

'xo‘(to‘xo,to) = 9(; 3 (2.84)

2.6.6 Langevin Equations

[21] :
Kitahara has shown that the most probable path,

i.e. the path that maximises the measure of the path

integral (2.79) satisfies the following equations

Tm © 98X = ) (2.85)
dt

which of course is the macroscopic equation. Paths other

than (Jy, can be described by adding a noise to the

=
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macroscopic equation.

X(E,T) = QX ED) + $(t,0) (2.86)

such that {(t.,y) = 0 . Substituting (2.86) in (2.79)
and expanding the Lagrangian about the most probable path
one finds that $(t.0") 4is a Gaussian stochastic process with

{E )Y = oce)

58,0 $(8hTIY = €Ca(X(5.Tm)) ds-s)  (2.87)
+ 0™

Equation (2.86) together with (2.87) is the Langevin
equation equivalent to the master equation in the Gaussian

approximation.

2.6.7 Hamilton Jacobi technique

Using the extensive property of P(x,t) i.e.
PxtY= exp[ L d,o0ty] (2.88)

and the representation (2.71) for the master equation
one finds that ¢, obeys

DVPo(Xit) 4 H(?c.’b_i%) = 0 (2.89)
$4 _ 5 |

which is similar to the Hamilton Jacobi equation encountered
in classical mechanics. Making use of this analogy Kubo etal
investigate the asymptotic stability of the solution of the
master equation by studying the flow patterns in the phase
space. Details may be found in the work of Kubo, Matsuo,

42] . [21]
Kitahara, and Kitahara.
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.. 38,43
2.7 The method of Gortz and Wallg 143 ]

This method is applicable o6nly to the birth-death
master equations of the form (2.3). The method is based
on transforming the master equation (2.3) into an equation

for a function g (X,t)defined as

qQx,t) = PX+1t) (2.90)
P(x,t)

which is a slowly varying function of X as compared to
P X, t)

If qQ(X,t) is known, P(X,t) may be found by the following

relation

X-1
P(X,t) = P(o.’c)‘ [ Q) (2.51)
r=0

2.7.1 The relation between 4 (X:t) and the position and

width of the peak of P(X:t)

Putting x=2X in (2.90) we get

Y
X+1
1lxt) = P_gllt_): 141 d npPxt) - (2.92)
P(Zt) v ax + 0 (v2)
Thus
V & (%,t) .

P(x,t) = P(o,t) € (2.93)

with x '
t)= dx’ T9cx,t)-1]] (2.94)
$x,t) So L

The peak of P(X,t)lies at



_Jé =0
dax

l1.€.
q (Aot =1

Expanding ¢ (Xt)around A, by substituting

X = N®)+ vy,

we get
41 2900 «X_Q_{
P(xtyx C €2 2% %%
a Gaussian with the variance
-1
T)= — [ Q9(xk)
X xX=Xo

2.7.2  Equation obeyed by d(%t)

yy

{2.95)

(2.96)

(2.97)

From the definition of qQ(x,t) and (2.3) it follows

that
q (X .t) +ar L S A w“”cx—mﬁ -
%t - Z[W (X-Y‘*‘i)T_‘ 4 (X-d) 4=1
Cl()( )t) r a_ Y-_i
: Y - (r) ;
v w’”)(x+r+1)g':fi<l(x+3) -W CX+Y);EVOC-‘~<X*33
)
_ (WHr)(xﬂ) Wt O00) (2.98)
- ~ -(r)
(WO () - W oo ]
Putting A = X,
\Y4
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one obtains on expanding W ( >('*3'|'1)and q (75\_/“'_’”) etc,

\%
thus
+r) = [
w(&v_).. WOO +L 21500 +o(4L,)
= (2.99)
q (é\;ﬁ) = 4@ 4T D qoo ¥ 0 (<)

and neglecting terms of O (%ﬁ) the following equation

for

NE RS +(r) - - e

1 - 5" 2 [w Oxy 9 xt)+ 63 (0 L Cx,t) (2.100)
q x,t) r RS w-&-(r)(x) ~ (X)]

2.7.3 Steady State solution

The steady state solution of (2.100) invovles solving

an algebraic equation for 9(%)

- - Y ) =)
> [ce"'“?x) g+ 19 0ax) -t My - 18 (2)]
=0

(2.101)

Only one solution of (2.101) leads to a normalizable P(%)
Having found the 9(X) which does lead to a

normalizable P(X) the position of the peak and the
variance may easily be calculated with thé help of (2.95)
and (2.97) and P(x) itself, may be determined using
(2.90). 1In particular if vr=1 this method gives a result
identical to the exact result obtained by detailed balance
which holds for single step birth-death master equations.
Otherwise the solution for P(X ). obtained by this method

is only approximate.
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2.7.4 Moment equations

Implicit differentiation of (2.95) gives

— ’Q_g(xoft)
dXo = 2t (2.102)
t 2 4 (Xot)
? Xo

Using (2.100) it is easy to see that

dXo_ C(Xo) ; Q= T v T3 “ixa]

dt

. . L. . (2.103)
which is the familiar macroscopic equation.

From (2.100) one obtains the following equation: for

357

0\ - ; 0t
% (3300) = (b Tamo-scolagen]

N L TRty
224
e

where terms proportlonal to have been neglected.

~ 3
0

Using (2.97) one obtains the familiar equation for @

dd = Calxe) + 20 (X T ) (2.105)
dt

2.8 Generating function method

A method useful for a further restricted class of
master equations viz.birth-death master equations with
-(er) polynomials in X 1is the generating function

method introduced by Macquarrlgg 101

By introducing

Gest)z S s¥ Pt (2.106)
X
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the master equation may be transformed into a linear
partial differential equation for @G(st) . Successive
differentiation of the generating function equation (6FE)
with respect to § and evaluation of both sides at S=1
enables one to obtain equations for (Xb%,in a straight-
forward manner.

Apart from a few simple cases the moment equations
form a hierarchy and some approximation procedure is
necessary for their solution.

In the following sections we shall be mainly
concerned with the application of this technique to

+(4q) .
chemical master equations where VJ"(q (X) have the following

form
Dy = Y ot - X!
W SO N 94 (x- 0)) (2.107)

+ 3
where Qg4 which represent reaction rates, have the

following volume dependence

T TS RN
Qe =V Qq.c (2.108)
Thus (@) X\ (@ I
W (7)~ v [w T o(%)]
W T Dy = 39.1 x (2.109)
with vqt(%?)given by (2.107) the GFE turns out to be
oG > (L-s?) st (aq¢-5"aq.) g—s—d (2.110)
ot .8 (18]

which has been derived previously by Gardiner et al.
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2.8.1  Boundary conditions for the Generating Function
Equation
If moxlt)={in (2.110) the GFE may be solved by
standard techniques for solving first order pértial
differential equations.
If max[L)=mM?>1 then the standard procedure to solve

(2.110) is to put

-t
G(s.t) = e Ga(s) (2.111)

which yields an ordinary differential equation of order
M for G,(8) and in general has M linearly independent
solutions. Only one of these M solutions gives a
generating function that corresponds to an admissible
probability distribution and hence in order to eliminate
the extraneous solutions it is essential to impose boundary
conditions on the equation for G)(8) . In a specific

[68] [19]
context, Mazo, Malek-Mansour and Nicolis have suggested
the boundary conditions .on the generating function equatioh.
In the following, we shall formulate these boundary
conditions from fairly general considerations. This, to
our knowledge, has not been done before.

It follows from the definition of G(S.t) that if
P(X,t) and all its moments exist then G(St) is an analytic
function of § on and inside the unit circle in the complex
¢ plane. In particular G,(S) and all its derivatives
must exist at 8= -1 . In practice this criterion is

sufficient to determine the solution of the GFE which

corresponds to an admissible probability distribution.
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Finiteness of Gx(s) and its derivatives at
is guaranteed provided that P(Xt) and all its moments
do exist, something which is not guaranteed by the
master equation itself. As a matter of fact it is
possible to conceive a master equation where all moments
beyond a certain order are divergent. In such cases all
that one can require from general considerations is the

analyticity of G,;(S) inside the unit circle.

2.8.2 Moment Equations

Apart from a few cases the solution of the GFE even
in steady state is difficult. In any case,one is generally
interested only in an asymptotic evaluation or better still

an asymptotic expansion of the first few moments in powers

of vd . A systematié procedure suggested by Nicolis
[42]
et aflﬁ] along the same lines as that due to Kubo et al
is to put
vV gso
G = e (2.112)

in the GFE which yields the following equation for §(s.t).

- NN
_E =Z q)S"g(a&,e-Sqasf.z)[(%%)+ L (g (asa>+ o(% ]

qt €2.113)

8(&t)is the factorial cumulant generating function, i.e.

20)
sty = 3 '0_29] (s-1)" (2.114)

2sPiS=tm
n=4 .

{'518] = L [xM] (2.115)
osnls: v
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If terms of C)@%} and higher are neglected, the
resulting equation yields evolution equations for
factorial cumulants which are such that each factorial
cumulant is related to itself and to the lower order ones
only and hence can be solved succeséively. The equations

for the first two factorial cumulant turn out to be

- ¢
dexy= ¥ Q (g - da) <X T GKxD) (2.116)
dt q4

+ - - - £
d [x?] = > [aca-1) (age -Qq,) + 29%dq,e - 292 (Ag —Qg Y]X

dt q.L - -L
+ 2[q (d'q ~Qog) e &I (2.115)

QL

From which it follows that the variance obeys

dg 2, + — ] + = N !

__=§ dg ¢ +Q X2 +2) q(Qq,-Cq, Y LX D> T

dt. g'tﬂﬁ a.L+dge) < cgz 7 (2.118)
= CUCxXO) +2CL () T

Thus to Q(V) the mean and variance are given by equations

identical to the ones obtained by methods outlined earlier.

2.8.3 Higher order approximations

To calculate <X) to order v° and to the variance
to the leading order, %he procedure is to retain the
contribution from the term of order %; in (2.113) and to

neglect its contribution to the variance equation. This

leads to the following equation for

d<x>y = CKxX>) + \_;:_i C;’ (KX>) g (2.119)
dt

which now becomes coupled to the variance equation. Likewise
evaluation of variance to the next order involves retaining

terms of O(V?) in (2.113) and requires solution of three
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coupled equations and so on. Eguations thus obtained
are of course identical to those derived from van
Kampen's or Kubo et al's method.

(18]
2.9 The Method of Gardiner et al

To close the hierarchy of moment equations derivable
from the master equation a method suggested by Gardiner etal
consists in approximating G(s8.t) by a Gaussian, i.e. by

retaining only the first two terms in (2.114).

gstd = L [<x> (s-1) + X% (s-11]
v

(2.120)
This then implies that the third and higher moments
factorize in terms of the first two. Thus for example
2 : 3
<X3>:‘_ = 3<X_>-} LX) —2&XY (2.121)

and the desired closure of the hierarchy of moment equations
is thus achieved. In Chapter 6 we shall discuss the relation
between this method and the Poisson representation method to

be introduced later.

2.10 Some Critical Remarks

We have seen that, to the lowest order in a system
size expansion, all the methods outlined above lead to
the same results. The system size expansion of van Kampen
that of Kubo et al and the generating function methods are

systematic expansion methods in the sense that in principle
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-
it is possible to calculate next higher corrections.
Of these three methods, in our opinion van Kampen's
method is the most straightforward to use in practice
if higher corrections to the moments and to the two
time correlation functions are desired. An advantage
of the method of Kubo et al over van Kampen's method
is that, in principle, it enables one to asymptotically
construct the probability distri hution function.

The method of GOrtz and Walls and that of
Gardiner et al are not capable of being extended
beyond the lowest order calculations and therefore do
not constitute a systematic expansion procedure. An
advantage of the method of Gortz and Walls is that in
the case of birth-death master eqﬁations with polynomial
transition probabilities, it enables one t6 asymptotically
calculate the probability distribution function in the
steady state.

In multivariate situations, the lowest order
calculations may be done, using any of these methods with
the exception of the method of .Gdrtz and Walls which is
incapable of handling multivariate master equations. The
calculations using any of these methods may become rather
cumbersome in multivariate situations and in particular

when spatial diffusion is present.



CHAPTER 3

THE POISSON-REPRESENTATION METHOD

3.1 Introduction

In this chapter we shall introduce the Poisson
representation method, a technique particularly suited
for chemical master equations We shall show how this
method enables one to transform chemical master equations
into generalised Fokker-Planck equations. To illustrate
the technique we shall consider, in detail, its application
to a specific example.

From a mathematical point of view, this method is
inspired by the Glauber-Sudarshan R—representatigieéig]
the coherent state representation, a well known technique

in quantum optics. We shall discuss the relation between

the two methods.

3.2 The Poisson Representation Technique

The Poisson representation method is based on

expanding the probability distrihtion P(X,t1) thus

-
PCx.t) = Njc de € %_:‘ £(at) (3.1)

where N is the normalisation factor and f(x,t) is the
"Poisson-transform" of P(X,t) and henceforth would be
referred to as the quasi-probability distribution. The
A& - integration in (3.1) is to be carried out along the

contour C which depends on the specific problem under
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consideration and will be left unspecified at this stage.
We saw in the last chapter that the moment equations
derived from chemical master equations are most
conveniently written in terms of factorial moments. A
major advantage of the Poisson-representation is the
following relation between the factorial moments of P(X,t)

and the ordinary moments of §(«.t)

<x">§ = deoca"-_f(q,t) = <« (3.2)

3.2.1 An Application

To illustrate the technique we shall consider the
following example.

R
A+X —> 2X

8+X:%’; c (3.3)
described by the master ecuation
dP(Xt) = RiB (X+1) P(X+4,t) +RsC P(x-11)
dt + RyA(X-1) P(x-1,T) (3.1

- [ kB X+ Rgc + R2AX] PXE)

On substituting (3.1) in (3.4) and integrating by parts

we get the following Fokker-Planck equation

Df () = -_’a_[(K3v+(KZ-K,)o()Jccot,t)-D_K;afcu,t)] (3.5)
ot K o

where we have defined

K3V: Rgc s RiB= K, RaA=z= Kz (3.6)
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In deriving (3.5) it was assumed that the terms
evaluated at the end points of the contour, which arise
from integration by parts, vanish. This is so provided
that $(x,t) and its first derivative vanish at the
end points of the contour. Thus the choice of the contour

C 1in (3.1) thus far unspecified, is made by solving (3.5)
for {(v,t) and finding a contour such that f(x,t) and its
first derivative vanish at its end points. Evidently the

choice of C depends on the reaction mechanism in question.

Let us first consider the steady state solution

of (3.5)

- d - - d (RX) Fa ‘= 0
__[(K3V+(K2 kK)ot ) F(x) (=3 2 ):?. ) ] ‘
(3.7)

e, 4d K f) - (K3Vv +(Ky-k)o) Fx) = K
au

where K is the constant of integration. This constant
must be set equal to zero as is clear from the following
argument. Let @ and b be the end points of the
contour C such that f(«) and ifs first derivative vanish
at these points. Then integrating (3.9) from Q@ to

we get

[(K3v+(;<2-|<‘)0():{-(o() -4 K‘zcng(o()]

(074
- [ (kgv + (Ky-K) o) F(X) - _o%( Kacx;&(u)]o( =0

a (3.8)



The first term in (3.8) vanishes from the boundary

condition and the steady state solution is given by

C_?_ [ ko §(x) = (KgV + (Kemk) KIF@) =0
x

The above argument of course applies to any single

variable Fokker-Planck equation.

The solution of (3. 7) is

(Kav_y)
f(x) = €exp [— (K‘n-K:z)O(] ol Ka
K2
Sor K> K,

and obviouslyAthe contour C goes from O to O .

To obtain the time dependent solution of (3.5) we put

- nt
fo,t) = € F©@) Qo ()

in (3.5). This gives

Ky X cl\_l'_g_) + (KaV = (Ki-Kkp) o) dgn + Agx= 0
doi2 X

o

which may be solved to give

(x)= M , KaVv = KimKz
37\ ( K| Ky K b) %
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(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

where M(d,b,2) is the confluent hypergeometric function.

Thus

_t (W, K‘z)o( K;i-v“j)
ft) = e € x K M<»¢, o Kg:' K‘.-K'zo() (3.14)
From the behaviour of M(~ = , K3V, K' Kl o() A—00 it follows

I‘Cz 3

that §(o,t) and its first derivatlve vanish as & — ©©

provided that
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A= MR- k) (3.1%)
where yn is any positive integer. 1In that case the
confluent hypergeometric function reduces to Laguerre
polynomials and the desired solution of ( 3.5, is

K-K.
_(_n?;z)o( (‘%V_i) _mk-kt \%/_1
Fut) =€ o« K2 7D ame LB (k) -
m m K2 /
(3.16)
where the (Qq, are determined by the initial conditions.

To obtain P(X,t) corresponding to (3.16), the & - integration
is to be done along the contour (o,a;%for fx,t) and its
first derivative vanish at its end points.

The right hand side of (3.16) may be simplified if

we choose Om=1 is which case we get

K3y — (K~Ky) X
flot) = (2‘_)) Kk 1 e R X@® (3.17)
x

Xt

—(K-Kky)t
with X(t)= 1-¢€

It follows from (3.17) that the choice Ay ={ corresponds

to

$(,0) = B (3.18)

which in turn corresponds to

P(X,0) = &8x,0 (3.19)
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From (3.1) and (3.17) p(x,t) and all its moments may be

calculated exactly. Thus

@ (KVip ) - (R«
(XDe = Cx)]" fo o K ) € 2 Tax
K3V - — Ky
j’oo « () e ('S?T)o( do
o

r (3.20)
= [xw] T2

r (%)

corresponding to the initial condition (3.19).

Thus, in this case, the Poisson representation
technique yields an exact solution of the master equation
(3.4). In particular, it illustrates how the contour of
integration in (3.1) is to be chosen. Later in Chapter 7
we shall see, in the case of two bi-molecular reaction
mechanisms, that, in general, there may be several contours
of integration which saéisfy the requirement necessary for
the Fokker-Planck equation for F£(X,t) to be equivalent
to the master equation, namely $(Xt) and its first
derivative must vanish at the end points of the contour
of integration. However as we shall see that only one of
these gives an admissible probability distribution and we
shall also discuss the criteria which may be used to drrive

at the correct choice.

3.2.2 The Fokker Planck Equation for a General Reaction

T avoid having to derive the Fokker-Planck equation

in each individual situation we shall write down the Fokker-
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Planck equation corresponding to a general reaction
mechanism. From the structure of the general Fokker-
Planck equation it will become clear how the Fokker-
Planck equations for a specific case may be written down.
Consider a general M component reaction mechanism

involving § reaction
7 Rp = 0 4
> N:\X s ZMer y p=4.---95 (3.21)
r=1 R r=1

where rq:(b4t) represents the number of molecules:of type

X that appear on the left hand side (right hand side)
of the pt reaction and P;,’?E are the corresponding
forward and backward. reaction rates.

The master equation for (3.21) is

dPCXA) = [(n (Xr+ NE- Mr>‘)P(>_<+ﬁb-ylp,t)
Jt 1 (Xr“'MP)'

t
- ( TT <’><Tﬁ?3>1) P(Xt)]

S
vy [(ﬂ"‘{i,“"‘ix” PO
p=1

Xel ) pca,t)]
))
Generalising the Poisson representation to m variables

:js -
'..

(Xp-MP

n - Xp
Pcxt) = [ do (TT € e ) tet) (3.23)
R r=4 Xr‘.

where R denotes the region of integration in & space, we
obtain on substituting (3.23) in (3.22) the Fokker-Planck

equation corresponding to (3.21)
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b b
My 7 Ny
VF L) - ) " 2 _— . -
2t Pz_;‘i[ T;Fl(bur+1) Ei(?,o(:fi) ] p(@)F@it) (3.24
where . b b
F N
Fpe) = (T Reotr WRP % ") (3.25)

T=1
Note that only a finite number of derivatives occur in
(3.26). Again, as a generalisation of the single variable
case, the region of integration R in (3.23) is such that
£(,t) and its appropriate derivatives vanish at its
boundary.

If a particular component in (3.21) is held at a
fixed concentration then the corresponding & variable in
(3.24) should be set equal to a constant and the
corresponding derivativéﬂdropped. This merely amounts
to setting the appropriate P4f (FhP) equal to zero along
with a redéfinition of Pp (Rp) .

It is evident from (3.24) that if ZiM and:.}":Nr
are not greater than two, i.e. if (3.21) involves onlymt
bimolecular reactions (which is almost always the case in
realistic situations), then the Fokker-Planck equation
(3.24) involves derivatives of no more than second order.

When this is the case, (3.24) may be written as

b - _Za (Z A,»J‘P(OI))-f(ol )

ot bdr
+ oL i a’__ Brs [ T(x)] FC.t) (3.26)
2 ) DA 0Ks

where A: - Mf— N,‘_’ (3.27)



61

and

S
Brs[J(x)) = Brs 2 [Mf(Mf—l)—Nﬁ(Nf-i)] Tp ()
- P=1

3 (3.28)
+(1-8ps) Do [ MK ME - NP NS T Tp)
P =1

If trimolecular or higher order reactions are involved
in (3.21) then (3.24) will contain third and higher
order derivatives. However, as we shall see later, if
only the dominant contributions to the moments in an
asymptotic expansion in the inverse powers of the system
size are required, then it will be sufficient to work

with (3.26).

3.3 Poisson representation and the Glauber-Sudarshan

P_representation

In quantum statistical problems, the analogue of a
classical probability distribution function is the density

operator which obeys the Liouville equation

€ = 1 [u,e] (3.29)

—

ot R
where | 1is the Hamiltonian operator for the system. 1In
the context of quantum optical problems where one is dealing
with interaction of photons and atoms, the Hamiltonian H
consists of three terms, the Hamiltonian for the photons,
that for the field and a term which describes the interaction
between the atoms and the photons. If one is only interested
in the statistics of the photon field, then it is appropriate

to trace over the atomic variables. This may be achieved by
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X ) . ) [50]
using projection techniques developed by Zwanzig. Under

[51,52]
Born and Markov approximation, this yields a master e€quation
for the photon denisty operator. These equations as such
are, in general, inaccessible to analytic solutions. The

solution of such problems is greatly facilitated by the

use of Glauber-Sudarshan P- representation.

ca,att) = j<_11_fr_B 1B><Bl @ @ (p.p54) (3.30)

where Q, af represents photon destruction and creation
operators respectively, |PR> is a coherent state, and
g“(”ﬁ"?,*,t) is a C —number function of ﬁ,B* obtained by
writing e(o,q*,t) in an antinormal form and replacing Q@
and 011- by B and R* respectively.

Let us now consider the case when the density

operator is diagonal in the number representation

eca,at) = 3 P.t) In><n] (3.31)
7

where |N) is a number state, then from (3.38) we have

the following representation for

- BR* n _
P(nt) = jf_@ e PP UfiE;f) e“(ppTt) (3.32)
T n) )

> X . .
Also when (3.31) holds €‘*(BB.t)is a function of pp*

only. Hence on introducing the variables
p= Jae'? (3.33)

in (3.32) and carrying out the trivial | integral we obtain
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—¢ -
Penit) = [da e "l 8aut) (3.38)

Now P(n.t) has all the attributes of a classical probability

distribution, i.e.

Pt) 20 , 2Pt =4
n (3.35)

and therefore (3.34) corresponds exactly to the expansion
of a probability distribution in terms of Poisson distribution.
Thus it is clear that the Poisson representation is

a special case of the more general Glauber-Sudarshan

P- representation. It must be emphasized that the
similarity between the two methods is only at a mathematical
level, and from a physical point of view the systems under
consideration in the two cases and the rolé the two
representations play are quite different. In the quantum
optical context, one is considering a quantum statistical
ensemble of photon; and the Poissonian nature of the photon
number distribution arises when one has a single mode of the
electromagnetic field, i.e. when one has a quantum
mechanical coherent state. On the other hand the Poisson
distribution in mean number of molecules in the context of
chemical systems arises from the averaging of the grand
canonical ensemble distribution in thermodgnamic equilibrium
over the many modes in which a chemically reacting molecule
may exist. We shall see this in the next chapter. A further

major difference between the two representations is the
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role which the quasi-probabilities @2 (B,B) in the
Glauber-Sudarshan P- representation and 5(d;t)in.the
Poisson - representation play in the description of

the corresponding physical systems.qé(?k,gwis a measure

of the deviation of the quantum optical system from the
more interesting coherent behaviour, which occurs in a

non equilibrium situation, whereas f(xX) is a measure of the
deviation of the chemical systems from the uninteresting

Poissonian behaviour which arises in the thermodynamic

equilibrium.
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CHAPTER 4

FOKKER PLANCK EQUATIONS FOR EQUILIBRIUM REACTIONS

4,1 Introduction

. This chapter is devoted entirely to the application
of the Poisson representation method to chemical master
equations corresponding to systems whose steady state is
thermodynamic equilibrium. The steady state solution of
these master equations are arbitrary up to multiplication
by any function of the conserved quantities. To illustrate

this point, let us consider a two component linear reaction

R

X — Y (4.1)
Rz

described by the master equations
AP YE) = Ry [(X41) POXHL Y-1.8) = X POGY. )]
dt + Rp[(Y4D) PCX-LY41,E) =Y POV, 8] (4.2)

It is a trivial matter to check that the steady state

solution of (4.2) is

A X A Y
P(XY) = N ) $Hx+vY) (4.3)
X1 !
with
R X = RyY (4.4)

and $(X+Y) is any arbitrary function of (X+VY) which in
this case is the only conserved quantity.

From a physical point of view this arbitrariness in
the solutions of the master equations for equilibrium systems
arises from the arbitrariness in the choice of the ensemble

chosen for a statistical description of the system.
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If &(X+Y) is chosen to be a constant, P(X,Y) is a

Poisson distribution

~ I\

-x
P(X,Y) = e (X) (Y) (4.5)
Xl Y\

and if b (X+Y) is set equal to 8x+yN , P(x,Y) is a

binomial distribution

P(X,Y) = (x) (y) S x4y, N (4.6)
X1 v

We shall show from purely statistical thermodynamic
considerations, that under ideal gas or solution theory,

a grand canonical ensemble description always gives Poisson
distributions, whereas, the solutions of the type (4.6)
which explicitly incorporate the conservation laws arise
from a canonical ensemble description. We then show how
these solutions are obtained from the corresponding

[18]

Fokker-Planck equations. Next following Gardiner et al

and Kitahar%ilae introduce a model for transport of reacting
molecules from one spatial region to another and discuss

the solutions of the associated Fokker-Planck equations.
Finally we discuss the appropriateness of a grand canonical
ensemble description and show that in the limit of a large
system, the flucutations in a small subsystem are always
Poissonian. In the past there has been a considerable
discussion on the nature of fluctuations in a chemical

[19,55] _
system in thermodynamic equilbirium and we hope that our

analysis clarifies this question once and for all.
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4.2 Statistical Mechanical Systems described by

Chemical Master Equations: Grand Canonical and

Canonical Ensembles in Thermodynamic Equilibrium

"If we consider a reacting system
n n
—
Z NrXr < 2_, MY‘XY‘
r=1 r-i
consisting of chemical components X;--Xy-+ the thermodynamic
equilibrium distribution function in the grand canonical

ensemble 1is
-\ -
Pa = Z explgg Z M X —EM] .7
r

where the index T denotes the microscopic state of the
system (here by'"microscopic state" of the system we mean
a particular configuration in the phase space). Xy(I) is
the number of molecules of Xy, 1is the state I, E(I)
is the energy of the sté&e, My 1is the ehemical potential

corresponding to the component Xy and
Z = T explis Z Mrxra -E@] .8
I

is the grand canonical partition function.

The fact that the components can react requires
certain relations between the chemical potentials to be
satisfied, since a state I can be transformed in a state J
only if

> ))r.A)(,.(I) = g_ V?Xr(j) 5 A= 4--n-1) (y gy

where \%f arercertain integers. The relations (4.9) are
the stoiciometric constraints. One has (n-1) such constraints

N being the number of chemically reacting components in
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the system.

The canonical ensemble for a reacting system is
defined by requiring

A

S vl xem) = T (4.10)
whereas the g;;nd canonical ensemble is defined by
requiring

2:;, P(I)% VA Xp(1) = % vh Xy = T (4.11)

Maximisation of entropy subject to the constraint (4.11)
(and the usual constraints of fixed total probability and
mean energy) gives the grand canonical form (4.7) in which

the chemical potentials also satisfy the relation
Hp= ¥ KaV) (4.12)
A

When one takes the ideal solution or gas limit, in which
the interaction energie§ (but not the kinetic energies) are
neglected, there is no difference between the distribution
function for an ideal reacting system and an ideal non-
reacting system, apart from the requirement that the
chemical potentials are expressible in the form (4.12)

The distribution in the total numbers X, of molecules
of the reacting components in the grand canonical ensemble

of an ideal reacting system is easily evaluated, namely

P(x) = Z (exp i 2 M Xr])%‘_ O <1y, Xr GXPI’%—?](H.N)

The sum over states is the same as for the canonical

ensemble of an ideal non reacting mixture so that
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E‘“”) (4.14)

-1 .
P(x) = Z (exp [T‘Q—T};mxr]) ET”;C\
where E,(r) are the energy eigenstate (¢ of a single
molecuie of type Xp. The result is a multivariate Poisson
distribution with mean numbers given by
= Mr L - Eup

log < Xr> = Lo+ crg(%: e ' (4.15)
which when combined with (4.11) and (4.12) gives the law
of mass action as may be seen from the following considerations.

Since from (4.11) Zv,f‘(x,.} is conserved v,f‘

must be orthogonal to the changes in {Xy) produced by

the reaction. Hence we have

> Ve (Ne-Mp) = O (4.16)
Y'\

This when combined with (4.12) gives

2 Mp (Ne-Mp) = © (4.17)
r
On substituting for M, from (4.15) we have
" N n ™
Re TT <xe> = Rg TT <Xy " (4.18)
r=1{ r=1

where RF and kg may be identified as the forward and
backward reaction rates.

The number distribution in the canonical ensemble
is not so simple because now the entropy is to be
maximised subject to the stronger constraint (4.10).
However, as (4.10) implies the weaker constraint (4.11) all
the manipulations leading to (4.14) are the same except

that the constraint (4.10) must appear explicitly as a
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factor of the form

The distribution function in total numbers for the

canonical ensemble is therefore

P(X) 1T 2 -E_L‘l‘))x“] 17 d A A (4.20)
X [ L (};e T A CZV X, T .

which is qualitatively different for every kind of

reacting system (including a non reacting system as a

special case).

4.3 Fokker Planck Equations for Equilibrium Reactions

4,3.1 A Linear Reaction

Let us again consider the two component linear
reaction (4.1) described by the master equation (4.2).

On substituting

Pex.y.t) = [dotx doty (4.21)
R

in (4.2) we get

ot V0x DXy

The diffusion coefficient in the above Fokker Planck equation
is zero. This is a characteristic feature of the Fokker
Planck equations for linear reactions.

In the steady state a fairly general class of

solutions of (4.22) may be written as

f(xx, Ky, 1) = S(RiKx- RaXy) b (Xx,ARy) (4.23)
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where C{LJ(O(X,O(Y) is any arbitrary function of Kx and Xy
If & is chosen to be

$d(adx,ay) = d(Xx-X) (4.24)

then we have

FlKx,0y) = S(R&x - R20ty) BColx -X) (4.25)
and the corresponding steady state distribution is
—Ox-o! X VY -
P(X,Y) = de‘X doly € Yo(x oy (R Gx =R Xy) S(O(X-X)('-l 26)
B3I '
R . N

where the region of integration R should be such that
:f(dx,dy) vanishes on its boundary. In this case, clearly
R 1is any region in(Xx,Xy)plane which contains the point
where the arguments of the two delta functions in (4.25)
vanish. -

From (4.26) we get

P(X,Y) = e.-x—-\/ @X@Dy (4.27)

X1 Y!

a Poisson distribution in X and Y, X and Y being

related by the deterministic equation
k\;(—kz§= o]

If instead of (4.24) we choose ¢ (0x.Xy)to be

ox+ Xy
&b (x,0y) = LN ey e (4.28)

where o (dy) is the Nth derivative of d(oly) with respect

to Ky , we obtain

X

A Y
P(X,Y) = N(_;i‘) ¢

)‘ S x+y,N (4.29)

‘<>

<L
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with

R|§ = R;? = leth
R1R, (4.30)

a binomial distribution corresponding to the canonical

ensemble.

4,3.2 A Non-linear Reaction

Let us consider a reaction of the form

R
LW +rmX ;:fE PY+497%Z (4.31)

2

Specialising (3.22) to the reaction (4.31), the Fokker Planck

equation turns out to be

] m b q
2ie ) = (2 +0) (52, (B ) (2"

2t (4.32)
P ¢ m
[ (Rooty ot — ity oy ). 5 E) ]
the steady state solution of which is of the form
/] m b
B (Riye Ox — Ra Yy Oz ) & (Ow, &x, oy, Az (4.33)

(we again require that the region of integration in & plane
be such that f(&,t) and its appropriate derivatives vanish
on the boundary of the region of integration R )

Different forms of < (Olw,Nx,Ky,ol;) give different
distributions for P(W,X,V.Z).

By choosing

¢ (O, x, Xy, Oz) = S(O(W"C‘U 8 (ax-X) Blaty-Y) 8 (dz) (4.34)

where © (®z) is the step function, we obtain the multi-
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Poisson solution for p(W,X,Y,2)
The alternative

¢ m
BRI AW KX —Ry Y 0 ) b (A, X, oy, oz )
oW+ x + Xyt g
- e X Y 2 6K<_-O(N) BM(‘O(X')S [“Z_(RLO(“W—_O(X )9' ]
de$

(4.35)

gives the solution

Z
Piw,x,y.z)= KIMINL B, o S m, x+2m gN’y_pz(ﬁ)&(u.ss)
Wi X1 Y1Z) q q q " F

which is not normalised.

By defining
(4.37)

Wwe can rewrite (4.36) as

I\NAX.'\Y

iy 4
P(W,X:%,2) = N W 5—| Yo Z Bkom+zt B, xazm Sy, y-bz  (4.38)
Wt XYzt ] Q T q

This corresponds to a canonical distribution. The conserved

quantities for (4.31) are
A= MW-LX , Bz qy-pz, C= PI (MW LX)+ ML(LY +pZ) (4, 39)

and the product of Kronecker deltas in (4.38) can be

written as

Sn,mK-4 M 85,9_;\1 gc.mxaN-rP&QM-% Pamk (4.40)

Thus we find that the probability distributions which arise
from the choice for Cb given by (4.35) is & multivariate
Poisson multiplied by Kronecker deltas which fix the

values of the conserved quantities.
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[55]

van Kampen has shown that a general chemical
Master equation admits solutions of the form (4.20)
of which (4.38) is a special case.

It is clear that not all possible distributions
of the canonical form are obtained by the choice (4.35) in
which &z is integrated first, but by selecting o(w,dx

and Oy in turn we can get every possibility.

4.3.3 General Solutions

The functions ¢ in thelast two reactions are arbitrary
and the most general solution corresponds to an arbitrary
distribution over all values of the conserved quantities.
However, these give from the statistical mechanics point
of view, distributions which one does not normally consider.
In order to keep close contact with statistical mechanics
we have considered only the canonical and grand canonical

distributions.

b,y Reactions including Spatial Diffusion

Any realistic description of a chemical reaction
must incorporate diffusion of reacting molecules from one
spatial region to another. A number of authors have
written chemical master equations which include diffusion-
as a stochastic process. In order to fix our notation we
shall follow ref 18 and consider an arbitrary chemical
reaction including diffusion of two species X and Y

Let us assume that the reaction-diffusion system
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is divided into 4 identical cells of a small but
unspecified size, and is characterized by a multivariate

probability distribution

P (X~ XCLy; - XM, Yy - - Y(d) - YOm) = Pex,y)  (H41)

where the indices i,é lavel the positions of cells in
space, and the quantities X{(1) , Y(1) are the numbers
of molecules of the component X,Y in the cell v,
A master equation which contains the possibility of
reaction between X and Y as well as diffusion, the
latter being viewed as a jump of a given molecule of X (V)
L4 N (3 - 3 x
from one cell L into cell } with probability diJ (d'};)
is
X . . A A x . P t)]
dP(x.Y) = Z[di}'(xu)i-i) P(X()+1, Xt4-1, X ,¥Y,t) -dyy X(LIPXYt
dt 1)
Y, . : : 82 Y oa
£ 57 [l (Y +1) POYDAL, Y=L, 8,1 - dig YO POV
¥

oP (4.42)
ZL. ({{; 1, chem

A
We use the notation X +to indicate all variables not

explicitly written have their usual values.
The chemical part (@—P) for each cell is determined
‘ Ot/ i.chem

from the appropriate reaction.
A simple choice for dt‘a is to assume that

d adjacent

ar - (4.u43)
13 o} otherwise
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Using the Poisson representation, the master equation
(4.42) transforms into the following Fokker Planck equation

VI(Xx, Ay t) = ~ Al (ox (1) - Olx (1) § (Xx.0y.t)
2t Zaaxcu{Z KA 1

) Z oKy m&zdfa (oty () = Ky (D) (&Xx &y ) ]
5 .

( O:F(O(X %Y, t>) L, Chem (4. 44)

An important feature of the above Fokker Planck equation
is that the noise arises only from the chemical terms and
is entirely independent of the spatial diffusion which is
a linear process. This considerably simplifies the
treatment of reaction-diffusion systems.

Let us now consider the steady state solution of

(4.44) for the reaction

R, .
LX *‘—:A,;; myY (4.45)

Again, as before we have a certain arbitrariness in the
steady stafe solution.
The choice
$(ox oy, t) :ﬁi&(o(xii.)-dx(u-i))ﬂS(R o (i~ Racly ) Sﬁd"‘(’: q:))
1= .

gives a multipoisson solution for P(X.Y) .

The alternative ecanonical form arises from

L . . n
§(otx, Ry, t) = TFS(O(X (i)- o<x(1+1))TTSQR.Q(XQ?_RM?M)S o)
X (- 1) e Z“xm + ZO(y(l) (4.47)

1
which gives

(4.u48)

Mmoo A Yi
PCx.Yy= TT X 2 8£( Xi+LYi)s N
1= ! i 1=4
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4.5 Appropriateness of the Grand Canonical Ensemble

and Poisson Distributions
it
It is usual to state that,is quite unimportant for

physical purposes which ensemble is used and this is

of course true. However what is unfortunately also true

is that many stochastic master equations describe quite
unphysical quantities, and in these cases, there may be
very large differences between the two ensembles. This is
no fault of the master equations - rather it is a fault of
the investigator in choosing to study unmeasurable
quantities. Consider for example the reaction (4.1) taking
place in a macroscopic vessel e.g. a test tube. Then the

grand canonical ensemble gives for variance and correlations

Oxx = {X?2 , U}Y:7<y) , Oxy = © (4.49)
while the canonical ensemble gives

Ty = Tyy = Tyxy = X247 (4.50)
XX vy YT GO0

From the point of view of flucutations, there is a world of
difference between the two ensembles. In practice, as is
well known, it is quite impossible to measure these
quantities for a macroscopic system and the choice of which
ensemble to use is purely a matter of taste, as both results
are equally irrelevant to physics.

What are of interest, though, are locally fluctuating

quantities. In such a case one divides the system into
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cells labelled U1 as suggested in section 3.3 and
introduces local numbers Xp(i) . Since transport can
occur between cells, all stoichiometric relations will

include summation over all cells, i.e. (4.10) becomes

> ”rAZ. Xp(i) = TP (4,51)
r 1

and one obtains for the grand canonical distribution

~ Egr) Xr(D)

P(x)= Z (exP[RTZ Mp Xr ] ) TT (Ze ®T ) (4.52)

r.i x,-m\

and for the canonical distribution

Ea () Xr (1)
A e ==
Pax) & T;T 82.\’5 Xp(1) ,TP H i (£© =T ) sy
r,u ’

In the next sub-section we show that as far as
the fluctuations in a small sybsystem in the limit of a
large system are concernéd, the two descriptions are
equivalent and at this level the behaviour of the
fluctuations is always Poissonian regardless of the choice
of canonical or grand canonical ensemble description.
Since the grand canonical ensemble description is so much
easier to work with we shall take that to be the basis
of our study of the chemically reacting systems in

thermodynamic equilibrium.

4,5.1 Local Fluctuations in the Grand Canonical and

Canonical Ensembles: Poisson Distributions

Let us consider the canonical distribution (4.48)

for the reaction (4.45). Then on introducing the following
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representation for the Kronecker delta

-N- 1+meu)+ZtYu)
3 Zmxay +Lyw N = e $ 433 (4.54%)
where the contour encircles the orngn, we have
-N-1 m Y
P(x.¥) = §dy T (k3™ - (32 (4.55)
2TTL =1 XN !

We now wish to project this probability distribution
corresponding to a volume V consisting of " cells into
a small volume AV consisting of say r cells. This is
most conveniently accomplished by defining the generating

function

n X(l) \J(w
Gnes.td> = 2 (T 8 ) Pex.y) (4.56)
XY T

- N A _m Sal, .

= N £ dy 2 Vex £a7"s i+ ¥ 3 ti]
2T I g 9 P[;Z‘:. E (4.57)
The desired projection is then achieved by setting Si=ti=1\
for all L not contained in AV . The projected generating

function then is

A A ~ m A ¢
r = \ ‘ + Q-kz { -1)3 + Y (D} )
Gp(St) = N d% N n{x m Y4 )t X(Si-1)
A s _.._i§> ) exp 3 ) o (4. 58)

A A
Note that since X and Y are not equal (although proportional)

to {X(1)yand {Y(\)) one does not necessarily have

n{mx+ey] =N (4.59)

However, because of the delta function on the RHS of

(4.57) we may always scale )? and I‘) by the transformation
X = 7qu, 9 - %w\9 altering only the normalisation in
such a way that (4.59) is satisfied. Assuming that X and 9

have been chosen thus, on substituting
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A
X = N
" i i (4.60)
ny = _'E’_(l-—ﬁ) )
in (4.58) we get
Gp(st)= N

m ¢
- $ 9% exp| N(b g3 (1-p)-logy)
30 R AR m 1 R
+ 5 Xy esi-n+y 3t (tc-i)]]
1€ av ,
the integral may be evaluated
asymptotically by the saddle point method.

(4.61)

In the limit N- o0

The saddle
points are given by
d T M 3¢ gy — L = (4.62)
= 0 p+ % a-p> ) 0
dg[ m P I3 °3 ]
which gives
37 p +3fa-py-1 =0 (4.63)

which has a root at é -1.
L

For small values of the integers

and M it may be checked that %=1 is the root that
gives the most dominant contribution to the integral and we

conjecture that it is always the dominant root.

Hence
o%o) Cc. $ ¢y
Gpr(S,t) li':)__) eXP[Z X(Sr.l.)"‘y('tt'i)] (4.64)
g-ﬂmte 1€ AV

which is the generating function-corresponding to a
multivariate Poisson distribution. Similar considerations

apply to more general reactions.

From a physical point of view this result is obvious.
All it says is that the correlations which méy arise from
global conservation laws have little effect on local
fluctuations; the correlations which the global

conservation laws give rise to are continuously broken up .
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by the process of diffusion.

These considerations provide a physical rationale
for choosing Poisson distributions as a basis in which
to expand a probability distribution. In non equilibrium
system such an expansion has the effect of factoring out
equilibrium fluctuations leaving only the effects that

arise from the non equilibrium nature of the system.
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CHAPTER 5
THE TWO TIME CORRELATION FUNCTIONS

5.1 Introduction

In the second chapter we saw that the single time
averages of P(X,t)bear a simple relationship to those of
§(X,£) the single time factorial moments of P(X,t)being
equal to the ordinary moments of §(%.,%t). 1In this chapter
we shall investigate how the two time averages of P(X.t)
translate into Poisson notation. The formulae, although
not as simple as those for single time averages, have,
from a physical point of view a very appealing stucture.
For equilibrium systems, they relate the two time correlation
function in X - space to certain response functions in
K — space and are analogous to the results obtained by
Bernard and Callenﬁss&%L]results of Bernard and Callen
constitute a new kind of fluctuation-dissipation theorem
and we shall show how these may be obtained from purely
statistical mechanical considerations. In the case of non
equilibrium systems one has in addition to the response
functions, an extra term which arises entirely from the
non-equilibrium nature of the system. Finally we shall
show how our formulae may be mathematically deduced from
those derived in quantum optical context, using Glauber-

Sudarshan P- representation.

5.2 Basic Formulae for Two Time Correlation Functions

The two time correlation function is directly

related to the mean product function
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{Xp(t) Xg )Y = > XeXg Pextlght) PeXith  (5.1)
X, X
where PCX\t) is the unconditional probability that the
system is in a state ﬁ' at time t and P(x.t1x,t") is
the conditional probability that the system is in state
X at time t given that it was in state X at time

/

t+’. Both P¢(X,t) ana PX.t1X,£) will obey a master equation
over respectively the variables X, t' and X.t . 1In
transforming to the Poisson representation, we must
transform both of these, and this is not straightforward.
We will wish to express our results in terms of appropriate

Poisson-quasiprobability.

We note that

, -O(:g /Xll: ,
P(x't) = jdg[rr e %k ] fit) T (s5.2)
- < ! -
which defines f(g_(',t')
We now definef(gqtlgﬁé) by
, . : —p Xy L,
Pex.tlxXt) = fda[ITe oL | featixie) (5.3)
3 Xt

So that }(q;tlﬁﬂt') is the quasiprobability in - space
arising from an initially sharp X - space state. Noting
that

Pex £l Xt) = &x.x
(x.thx. - == (5.4)

we see that

o Xs o Xy g
sefixey = TTle fen? ® CH) (5.5)
B d
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We now define the - space conditional probability

flx tl 9_(',{-_’) to be conditional -space probability of
the system being in the state & at time t , given that
it was in state g' at time t' , so that it will be the
solution to the o space Fokker-Planck equation with

the initial condition

f (ot = d(x-a’) (5.6)

Since the Fokker-Planck equation is a linear equation

we find that
/ “” X’ X, /]
feat1x.e) = [do’ TTe’? 1! 89w seatigle) 5.7
d
We now substitute (5.7), (5.3) and (5.2) into (5.1) and

get

{Xr(8) Xs (£)Y = 2. Xy Xg X do dy'd o’

_u- x. “” K’, XI ”
T[e it |TTe in?87e)
X. X'

Xyl © 0

=

(5.8)

In (5.8) sum over X is trivial. It merely replaces Xp

by & . Sum over 5' involves two types of terms.
ot Xh o Xe, ) X3
ST e ST 3T (Ks) Xs (5.9)
X3 Xs\
and , , ,Xé
D(”—O(’ Xs Xs " 0(
5 oxg e e TID T 8T T8 (5.10)
S.
X5

Noting that

)(/ Xsl ” 4 xsl ” /
S (-1 > 8§77 () &s) = (g~ aKs) (5.11)
X5 Xg\,
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/

the LHS of (5.11) being the Taylor expansion of 8(0g:-d5),

we have

/7

o' (g XS « Xs Xe
b "
2, € TS 8 (g %3 S - Seod-ad)  (5.12)

% X3!
and Q/” 0(’ ></ )(/ ”
- S . XS ” / Ag -0/
2L Xs @ TR (DT 5T o TS @75 T 5yt o)
X5 Xs! Dy
Using (5.12) and (5.13), (5.8) becomes
S - )
XX (8)) = fdada’/da” € T o oty
fa Scull d,) ( 't‘ 't' (5.1‘4)
— = = 0(' dv . («’. !
5 _]-}_ XL E) FlxXieh
and integrating by parts
CXr(6) Xs () = [dy d’ opod St 10 oot t)
(5.15)
+ [da’ [os D [ ofr f (bl f (o)

g
we can now identify two types of terms.

The first term is the two time mean product function
in the Poisson representation, <ﬁxrtt)d§(&9>. The second
term is the average over the initial distribution f$(x’,t')
of the response function to a variation of the initial

condition. Thus,writing
o' th = {oLe (OI[XETD
fda o fex b1l th = rlOILS (5.16)
i.e. the mean of &p given the initial condition g’,
the second term may be written as

[ do’ o5 D LAp(O[X/t)) $ (ki) = <d;l<“r(t"[€("t'3>>(s.17)
- DX rolo¥

Thus the second term is the average over the initial quasi-

probability of a response function. Remembering that the
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o - space mean {&p(t))is equal to{Xy(t)) for all t we

derive

CXr(); X)) = <Ar(€), s &) + g §_<0(r(t>‘[<l"'t7]>> (5.18)

o
This is the basic formula that expresses the two time

correlation function in X-space in terms of Poisson

notation.

5.3 Application to Equilibrium systems

We showed in chapter 4 that in equilibrium situations
(in a grand canonical ensemble) the & - space distribution
is Poissonian so that the corresponding quasi-probability

is a delta function.

-

Feq(%) = d(A-d(eD)), X(e) = {Xgq (5.19)
There are two results of this

(i) The variables & (t+) and X(t)are non fluctuating
quantities with values & (eq.) Thus
4
{Ap(£), Ks(tD2gy = O
(ii) The equilibrium mean in the second term is trivial.

Thus

’ 1!
{Xp(t), Xs(th) = [o<5©_<°(r(t>\fq»’c]7] , (5.20)
0 ols” o'z deyd

This may also be derived by substituting (5.19) in (5.15).
It must be emphasised that a simple relation such as (5.20)
for the two time correlation function holds only in a

grand canonical description for the equilibrium system.
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In a canonical ensembie description the form of feq(a)
is not a simple as that given by (5.19) and consequently
(5.20) is not valid. 1In fact, we have seen in the
previous chapter, that for each reaction mechanism
feq(qf) has a different form with the result that
the expression for two time correlation function
obtained by substituting the canonical form for <erﬂJXsU5>
in (5.15) is not only complicated but is also different
for each reaction mechanism. From this discussion it is
clear that the Poisson representation method is not
suitable for a canonical description of chemically

reacting systems in thermodynamic equilibrium.

5.4,1 Two Time Correlation Functions for Equilibrium

Systems from Statistical Considerations: Fluctuation-

Dissipation Theorems.

The result (5.20) obtained by using the Poisson
representation is in fact exactly that of Bernard and
Callen which relate the two time correlation function to
a derivative of a mean quantity with respect to a
thermodynamically conjugate variable. The proof of this
result is quite simple, and we shall explain it in a form
suitable for our work. |

Using the notation of section (4.2) the thermodynamic
equilibrium distribution for a reacting system in the

grand canonical ensemble is given by

P(I) = Z (M) exp [T My Xe(1) -ECD)) (5.21)
r
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In equilibrium, the chemical potentials satisfy the
stoichiometric constraints (4.12).

Now we define the quantities

CXp,t ITT,E' 1Y , t>t’ (5.22)

to be the mean values of the quantities Xy under the
condition that the system was in a state I at time t
Then a quantity of interest is the mean value of (5.22)

over the distribution (5.21) of initial conditions, namely

Xt [ 1Y = ST <KXptI[T Y z"l(g)exp [+ (g Mg Xg (I)-E(D))]
I

(5.23)
when the chemical potentials satisfy the equilibrium

constraints (4.12), this quantity will be time independent
and equal to the mean of Xy, in equilibrium, but otherwise
it will have a time dependence. Then, with a little
manipulation one finds that
[RT 2 < xmtIDMEDY] = <Xr0)Xsth) (5.28)
a9 Ms

e
M= M(eg) E
The left hand side is a response function, of the mean value

to the change in the chemical potentials, around equilibrium,
and is thus a measure of dissipation, whilg the right hand
side, the two time correaltion function in equilibrium is a
measure of fluctuations.

This is a different form of fluctuation-dissipation
theorem from that most often considered. In the derivation
of such fluctuation dissipation theorems one usually adopts
a canonical ensemble description and, by introducing an

external field in the Hamiltonian one obtains a relation
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between the generalised susceptibility and the imaginary
part of the Fourier-transform of the two time correlation
functior. An excellent discussion on this, both in
classical and quantum mechanical context may be found in
ref [ 28]. 1In a grand canonical ensemble description,
however, the introduction of an external field is not
necessary; the term ) MpX,now plays the role of an
external Hamiltonian ;ith My as the external fields.
This may be understood from the following. Suppose that
at time t<o the system is in equilibrium so that the
chemical potentials My satisfy the stoichiometric
constraints (#.12). Now if at t=o,My are changed by
a small amount, the system would no longer be in its
equilibrium state and thus changing M, achieves the

same end as an external field in so far as both have

the effect of driving the system away from the equilibrium
state. From this discussion it is also clear that the
result ( 5.24) may also be derived following the usual
treatment of fluctuation-dissipation theorems assuming

a step function time dependence -for the external field.
To make connection with the Poisson representation result

(5.20) we make use of the relation (4.15)5
Mg = RT LCT? {(Xs> + const. (5.25)

derived in section 4.2 (Note that {XrY are the equilibrium
mean values only if My satisfy the equilibrium constraints.

Using (5.25), (5.24) becomes
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{ Xp (1), XsEH) = [<X5> D_<Xpt1[<x V.t 3>] (5.26)
9<Ksy XY= LXDeq

Since ideal solution theory gives rise to a distribution

in Xy which is Poissonian, it follows that in that limit

<X B I[Kx > E'T) = avtl[a &1 (5.27)

/
where &g = { Xs) and (5.26) becomes

Cxele), X4 = [ od _’E_J_'<0_(,r.tl[°_(’.t']>] . (s.28)

’30(5 A = d D)
which is identical to (5.20). - ca

5.5. Non Equilibrium Steady States

The general formula (5.18) is considerably different
from the equilibrium result and the two terms are directly
interpretable. The second term is the equilibrium
contribution, a responseﬁfunction, but since the system is
not in a well defined equilibrium state, we take the
average of the equilibrium result over the various
contributing &-space state. The first term is the
contribution from the (-space fluctuations themselves and
is not directly related to a response function.

By integrating the second term in (5.15) by parts
we may also derive a slightly different formula
CXp (1), Xs(EDY = Lor(t), Ks(thDd — CAredD

~ (o (£) Xs (£ D _Log FLXIEDD

DA LED
which is useful when £(&,t) is explicitly known.

(5.29)
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5.6 Two Time Correlation Functions from Glauber-

Sudarshan P-representation

We have seen in section 2.3 how the Poisson
representation arises as a special case of the Glauber-
Sudarshan P - representation. We shall now investigate
the relationship between the expressions for the two
time averages.

) . [58,59]

For a quantum Markoffian system, 1t may be shown

that two time operator averages may be expressed in the

P- representation as

{M(a,att) Nca, a‘ft’)‘} 3 )
= &g BY I B, BAE) MVBRY)
7T ) - (5.30)
x [ N (BRR, 8) BB ENED

where
(Mea,atpyn.att! J> T [ Mea.aht) Nea,alit) @ a.ahith]
and ¢ BB *¢|p.p%t) is the conditional probability in
the P- representation.
For the photon number correlation function (5.30)
gives

<atrace) atoryacody = jd ﬁd’ﬁ p*p € (B, BT+ 1 BER)

(5.31)
x(s )P '8P p%Y)

we now assume that at time t=t’ the density operator is
diagonal in the number representation and further that the
dynamics of the system is such that it stays dlagonal at a
later time. This implies that e‘“’g ;3, t)and e(fb B tlB,B“‘,tt)

are functions of P'B'* and BR* only. Under these
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assumptions on introducing the variables
) .
L v
p= Jae’, p=Jwe'?
(5.31) becomes
/ / —(G) ) ] —'(0) ! )
dnE) MY = Jdadd o’ e (ot it e (&t
—(a) - (5.32)
+[da’ D [ [dao e catlalth] e et
o/ L~
which is identical to the result (5.15) for a single

variable case.
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CHAPTER 6

STOCHASTIC DIFFERENTIAL EQUATION METHODS

6.1 Introduction

In the previous chapters we have seen how chemical
master equations may be transformed into generalised
Fokker-Planck equations. The Fokker-Planck equations thus
obtained are not solved directly, except in the steady
state, and even in this case no easy method of solution
exists in multivariate situations, in particular, when
spatial diffusion is taken into account.

A Fokker-Planck equation which involves no higher
than second order derivatives, under certain conditions
may be shown to be equivalent to a stochastic differential
equation or Langevin equationFGO%his may be accomplished
by the use of two formalisms, that of ItS and that of
Stratonovich. The two formalisms yield different
stochastic differentials equations corresponding to the
same Fokker-Planck equation and have different integration

rules, so that the solutions of the different stochastic

differential equation forms are the same+, A discussion

TIn a number of physical problems, one way to introduce
fluctuations in a deterministic equation is to add a stochastic
noise source. If the coefficient of the noise source, on some
physical grounds, turns out not to be a constant, then one has
to decide how the stochastic differential equation is to be
interpreted, i.e. which of the two formalisms correspond to
physical reality. This has been discussed in ref [60] and [62].
This difficulty does not arise here, since we start with a
Fokker-Planck equation and may make our own choice of
correspondence with complete physical and mathematical
equivalence. ' ~
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of the mathematical differences between the two formalisms
is given in the appendix A . Our aim here is to briefly
discuss the Itd formalism so as to obtain certain rules
which would be used later for iterative calculations. We
shall exclusively work with the Ito formalism, because of
its greater simplicity and elegance, as well as the fact
that in iterative solutions it guarantees vanishing of

a large number of terms.

As we have seen in chapter 3, if a chemical reaction
mechanism involves a trimolecular or higher reactions, then
the corresponding Fokker-Planck equations involve third and
higher order derivatives. It is therefore essential to
develop stochastic differential equations for such
Fokker-Planck equations. We show how this may be done
for a Fokker- Planck equa%ion involving third order
derivatives with obvious generalisations to higher orders.

In the later chapters we shall almost exclusively
work with stochastic differential equations and hence we
shall write them down for the general reaction (3.21) with
and without spatial diffusion. This helps to fix our

notation used later on.

6.2 Stochastic Differential Equations Equivalent to

Fokker-Planck Equations

The rule for associating a stochastic differential
equation with a Fokker-Planck equation is as follows -

for a multivariate Fokker-Planck equation
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dPUYt} =-F @ QiCY) PCY.D+Ls 8% byY)POY) (6.1)
dt 1 Yy 2 i.a‘a\/ibya.

the equivalent stochastic differential equation is

dYite) = QueYd) + 20 Gyj (Y()) dWyiced (6.2)
d

where

ai; = By (6.3)

The dtaéujare the increments of the Wiener process which
is a Gaussian stochastic process and satisfy the following

(1) dwyt) = wo'u:+dt)~— Wi (6.4)

(ii) The distribution of dlﬁé(t) is Gaussian with

mean ZzZero

£dwjw)? =0 (6.5)
and variance dt

(dlﬁi,(t)dwd(é)): Stj dt (6.6)

(iii) dlﬂa(t) are statistically independent of W (t)-Wilt,)

so that in particular
< dw, [ W) - Wetad] ) =0 ,t2te (6.7)

where +

W () - W9 ) = § dwiteh 5.8)
to

The last property of statistical independence is stronger

that (5.7) and means that the joint probability distribution

of the W,;(t) for a set of increasing times ti satisfies
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PWtt)swW ) 5 - - - W tn) )
- (6.9)
= POW®)) PWED-WO(ED) - - - P (WU~ (tn-1))
It is this aspect of independent increments - the increment
/
at time t’ being independent of Wt ) for t 2t' which
characterises the ItG method, and yields simple formulae.

The connection with the physicists' way of writing a

stochastic differential equation is obtained by setting

E; rdt = dwtt) (6.10)

so that (6.2) becomes

d¥i = ai(¥ee) * 20 iy Y § (6.11)
at J

From (6.5), (6.6) and (6.9) it follows that

{Z,(0)) =0 (6.12)
{Hi) §Ehy = B dce-t) (6.13)
Now using (6.10) and (6.13) we find that
' t
<A () [T -1t ] Y = fat’ 8lte-te)  (5.14)
to

It follows from (6.7) that the RHS of (6.14) must be zero.
Thus the ItO prescription requires us to give zero weight
to a delta function singularity which occurs at the upper

limit of a time integral, i.e.
t
jt dt d(t-t) = o (6.15)
o

(6.16)
o
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As ve shall see in Appendix A, Stratronovich's definition

in which case both the integrals (6.15) and (6.16) become

i
equal to = .,
d 2

We make this point here because in the calculation of
quantities of interest from the stochastic differential
equations using an iterative procedure,integrals with
delta function singularities at the upper limit frequently
occur. It will be apparent that the Itd choice,which

makes them all vanish,yields a much simpler procedure.

6.3 Stochastic Differential Equation Methods for Higher

Order Fokker Planck Equations

The relationship between Fokker Planck equations
and the stochastic differential equations discussed in
the previous section is valid only for the case when the
Fokker Planck equation is no more than second order.
Our techniques can yield Fokker Planck equations which
are of higher but always finite order, and it is appropriate
to devise stochastic differential equation methods for

Fokker Planck equations of higher order. This subject
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does not seem to have been discussed until very recentlyf

We now show how this can be done for a third order Fokker
Planck equations from which it will be clear how the
procedure may be generalised to include Fokker-Planck
equations with derivatives of arbitrary order.

Introduce the &tochastic variable W(t) whose

probability distribution P(U,t) obeys the third order partial

differential equation ¢

DP(LUE) = — L JA3PLYU,E) (6.18)
ot 6 dus

We then know the solution of (6.18), subject to the boundary

condition

P(U,te) = BLU-Ue) (6.19)

is given, by Fourier transform methods, as the conditional

probability,

0 1[q(ub+ L Bt (g )
P(O,tlVUy.te) = L jdae
M 2o

+In a recent preprint Hochberg[63] has shown how the Wiener
process may be generalised to highgr oyder Fokker Planck
equations involving even order derivatives only,

aplﬁt = (___1)7\'0'1 'Oﬁnplo'xﬂﬂ

The reason why odd order derivatives.a?e‘not considered .
is perhaps that in that case the positivity of the probability
distributions is not guaranteed. Since we deal with Fokker
Planck equations obeyed by a quasi—probabili?y distribution
(which may be negative or indeed complex) this problem does
not arise and hence we are able to extend stochastlc‘ )
differential equation methods to Fokker Planck equations with
derivatives of arbitrary order. Admittedly our derivations
cannot be considered as mathematically rigorous, but, in
practice, the results do not seem to cause any problems.
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The moments of P(Yt)can be calculated, after a partial
integration are found to be < [\7Qt)-1}°]“ > =0
M not a multiple of 3.

(Lo -ve1 "D =(¢ " 3ml (e-te) (6.21)

6 mi
Further, since the process (6.18) is a generalised

Markov process, the joint probability distribution that
has the value Uy at time t, and 1%, at the later time t,

is given by

P(Uzt2; iE1) = PUat 1t POOLED  (6.22)

and from (6.3) we see the first factor is a function of
only 4,-%; and t,-t, so that the variable V(t;)-V (&)
is statistically independent of 19(t,) so that this process

is a process with independent increments: thus dir(t)

will be independent of V(t) .

The rigorous definition of stochastic integration
with respect to V(t) is a task which we shall not attempt
at this stage. We can show, however, that a stochastic

differential equation of the form

dY@) = aly®) dt+ b(YE)) dw) +ceyrdve) (6.23)

(with W((t) and 7VU(t) independent processes) is equivalent
to a third order Fokker Planck equation. It is clear that
because W(t) and V(t) are Markov Processes, that Y(t) 1is

a Markov process. We then calculate

n
wm  LIYE =Y D _ tom LAY (6.28)
t+ - to ('t“"to) dAte0 dt,




100

where vy (to) is a numerical initial value, not a stochastic

variable. From (6.23), it is clear that Y (t) depends on

VI () and U(t) for only t'{ t and since dW(t) and dV()
are independent of Y (t) . Thus

AVt = €Q Y)Y dte+ < b(Y(te)) ) (AW (te)?
+ {C (Y tn)) Y <d¥te)d
= {awylo> dte (6.25)
= QAcCY(lt))

since Y (%te) is a numerical initial value. Similarly,
2 , 2
<dYite)) = [alyito))] (dto)” + Db (Yito]) AW ite)™)
2
= [a vt ] @te)® x loCviean] dte (g, 26)

CdY3 o)) = [ alY(te)) 13 ta)® 4 ey’ o)y

3
= [G(tho))]z(d o) 4[Ccevitn) dto

(6.27)
Thus we find o (yv(£) -V Y = alYito)
+ - to +-Co a
o IV - YT 7 - Byits)
t—-to +-FtCo 3 (6.28)
wm  <IYE =YD = c3ycted)
tote T Eog
and all higher powers give a zero result. This is
[u, 6, 60]

sufficient to show that Y(t) is a generalised

diffusion process, whose generalised Fokker Planck equation
is
+ L By PLvt)] (6.29)
PVt = -2 [aw) PCY, D]+ L 2.,
ot Y
+ 1 93 [c3y) POLD)]
3 5y
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We define a noise source ?(t) by

duct)y = &) 4t (6.30)

where
(gIY= Ty = o (6.31)
(S W) TEDD = dt-thH St (6.32)

and higher moments can be readily calculated from the
moments of dU(t) . The independence of increments means
that, as in the previous case, integrals which have a
delta function singularity at their upper limit are to

be taken as zero.

6.4 Stochastic Differential Equations Equivalent to

Chemical Master EQuations

If the general reaction (3.21) involves only
bimolecular reactions, we have shown that (3.26) is exactly
equivalent to the corresponding master equation. TFollowing
the rules given in the previous section, the stochastic
differential equation equivalent to (3.26) may be written

as

dor = S AR Tp(d) + X cps [T ] §,0)  (6.33)
dt P s

where g (i) are Gaussian stochastic noise sources with

CEAYTO, (W Fh D = drs 8LE-ED (6.34)
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The matrix is the square root of the matrix B,

Crs [T0] = [ JB(T 60T ) ps (6.35)

the matrix B being given by (3.28). The matrix C

being the square root of a matrix is not unique. However,
when various averages are calculated from (6.33) only the
square of the matrix C appears. This arises from the
fact that averages of an odd number of % vanish. The

various averages obtained from (6.33) are therefore uniquely

defined.
Equation (6.33) is then the stochastic differential
equation exactly equivaient to the chemical master equations

for a general bi-molecular reaction mechanism.

To introduce an expansion parameter we define

=MV (6.36)

b
-2 N +‘ -3 MY+l
and )f = RE QW ¥ L kp=Re (V)T (6.37)

and thereby explicitly exhibit the volume dependence of

various quantities involved. Equation (6.33) then becomes

b

dNy = 5 Ap TpUN®) + €7 CrsTIT(MNO) T (6.38)
dt P )
where
g= L (6.39)
VvV
n P " 3 M\?
and Jp(M) = TT KP'ﬂr ‘1T Kp™ "y (6.40)
i -

Perturbative calcwa.tlons from (6.38) may then be done by
expanding

Ny = Mot + € MO + Pt (6.41)
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The equations for ﬂott)correspond exactly to the
macroscopic equations while those for Mi(t),121
describe the fluctuations. Note that van Kampen's

system size expansion of the master equation is based

on the assumption that the fluctuations are down by a
factor of %; relative to the macroscopic motion, an
assumption which is inspired by the central limit theorem,
valid for systems in thermodynamic equilibrium and has
been proved only recently by Kurtgaggr chemical master
equations. In our work, at least in the chemical
reaction context, no such ansatz be made; the fluctuations
naturally appear with the correct scale relative to the
macroscopic motion. When spatial diffusion is included,
as in Chapter 4, the stochastic differential eqiation then
becomes '

any (L= Jzofa (46 + 7, AT Tp (D (D)

dt

LY Crs T T(MUD] F 00 (6.42)

Jav ‘s
where AV is the cell volume, 1,4 are the cell labels,

S r - *
’D‘::J = d:."a — (2 dir) Dy (6.43)
R
Ne(3.) = KplHE) (6.44)
AV

and  {§p(L,D)) =0, <'§,.(i,t)§5(1,t)7:8r58f38({:-t') (6.45)

Here ﬂr(gi)corresponds to the chemical component ¥ in
cell j .

. F
TP(_7_)(1',t)) has the same form as in (6.40) but Kp and K,?
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are now given by

p P
F F -ZN)‘ +1 B —ZM)-+1
Kp = Rp (av) ¥ L Kp= Rpaw T (6.46)
A note worthy aspect of (6.42) is that unlike
[22,36,64,65]
conventional Langevin equations 3 despite

the addition of spatial diffusion,noise coefficient remains
spatially local.

When trimolecular or higher reactions are present
equation (6.33) or (6.42) are only approximate ; they
are equivalent to the Fokker Planck equations in which
third and higher derivatives are omitted.

The expansion paramefer in (6.42) is 1/[Jav-
For the perturbation expansion to make sense AV should not
be too small. This question will be discussed at length
in Chapter 9. |

The higher order derivative terms in the Fokker Planck
equations may be taken into account by adding additional
noise sources to (6.33) or (6.42) along the lines explained
in the previous section. In most applications, where only
the dominant contributions in the system size expansion are
required it is sufficient to work with (6.33) or (6.42).
In Chapter 7 we will give an example where we include the
noise terms arising from the third order derivative terms

in the Fokker Planck equations and show how the perturbative
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calculations may be performed.

6.5 The Gaussian Approximation

Retaining only the first two terms in the expansion
(6.41) and substituting it in (6.33) one obtains, on

neglecting terms of order 82 or higher, a deterministic

equation for

dfNro = 5. A,E Tp (Mo tH))
p

s (6.47)
and a linear stochastic differential equation for
dfrt = =3 Fpg Ms,1 (£) + 2 Kps F 0 (6.48)
ct S
Where the matrices F and K are given by
Frs = _Z Apr a_i'ﬂ(no(t” (6.49)
P~ ?Ms.o
and
Krs = Crs[ T(N0)] : (6.50)

This linear approximation of the stochastic differential
equation (6.38) will be referred to as the Gaussian
approximation, for, it corresponds exactly to approximating

f(%) by a Gaussian
$(x) = exp [-—%‘. Y, ('Y},;.—Y)p,o)(G-‘)rs (Yls“ns.o)] (6.51)

This is so because the solution of the Fokker Planck equation
equivalent to (6.48) may be shown to be a Gaussian. The
matrix G in (6.51, is given by

(6.52)
5 = <'r|r.1 n5,1>

Gy
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6.5.1 Relation to van Kampen's Gaussian Approximation

In contrast to our Gaussian approximation, where
we approximate (&) by a Gaussian, van Kampen's Gaussian
approximation corresponds to approximating P(X) by a
Gaussian. We shall now show that these two Gaussian
approximations are asymptotically equivalent.

Substituting (6.51) in

PCx) = jdozrr( 3

o
" ) £ ()
Xr\ (6.53)

and using the Stirling's approximation forQﬂg‘X[ we have

-V &N, X)

Py = Jdne (6.54)
T d(nw) = L xmcrgmwrngr Xr)
Z (n)‘ nr)O)(G )Y‘S (-'Y]s 'Y)So) (6.55)
and, as before we have put = 2(\7 , M= g_ .

Using the method of steepest descent to asymptotically
evaluate the LHS of (6.53) we have

P(X) = e“vw(p (6.56)

where AP (X)) = Z['?)",.,—- Ky Lm(:{?),.—\-‘XquB Ky-Xr )
L7 (M M) (@ Dps MsMs0)  (6.57)

»S
and 7, are given by
= -1
£ Xk + T (Mp="Mpo) (G s (6.58)
Mk S _
which may be used to express "r in terms of X .

Now if P(X) is approximated by a Gaussian by expanding

A (x) in a Taylor series about its maximum, then after a
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little algebra which is given in appendix B , one gets

-1
- Ay - ( Ag-Ns.
P(xy o VAT (GrMipg (XeXsod, (g g

Mps = Xs.0 Ors

Noting the frelation between the factorial moments in
X - variables and the moments in X- variables it is easily
seen that the matrix@}+M%§s in fact the variance matrix

Gpg in X - variables and van Kampen's Gaussian approximation

is thus recovered.

6.4.2 Relation to the Gaussian Approximation of

Gardiner et al

With (%) given by (6.51) the factorial moment

generating function

X
Ges) = Z (TTsp ") POXE)
X

VIEGEr) M=t T M Nre) @ s (7o)

G = fdne r rs (6.60)

is

An asymptotic evaluation of the LHS of (6.60) gives

VIZ S0 M+ d T o) & rs Pl Ns.0)
r

G()y ~ € (6.61)

with ’7}-” given by

- —
G (M.- = (Sr-4)
%; ( )rs ﬂs Ms.0) r (6.62)

Substituting for 7], from (6.62) in (6.60) we recover the
Gaussian approximation of Gardiner et al.

~\
- Se-
v[ Z (5r-b) Miro +y s 1) (& Jrs (Ss71)

G(sH= e (6.63)
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CHAPTER 7
APPLICATIONS TO EQUILIBRIUM SYSTEMS

7.1 Introduction

In this chapter we shall investigate chemical
systems in thermodynamic equilibrium using stochastic
differential equation method. We shall study a few simple
reactions with a view to bringing out some special features
of the corresponding stochastic differential equations.
This, to some extent, would be a restatement of the Poissonian
nature of equilibrium fluctuations mentioned earlier, but
now formulated in terms of stochastic differential equations.
We then discuss the conditions under which a Poissonian
steady state is achieved. Next we investigate the two time
correlation functions for chemical systems in thermodyhamic
equilibrium and obtain iﬁ the lowest order in the system
size expansion, the well known fluctuation-dissipation

[33]

result which has also been obtained previously by Kaizer,
[u1] A [42]
van Kampen and Kubo et al. Our formulation of the two
time correlation functions as a response function in the
«-space coupled with the stochastic differential equation
in of variables enable us to calculate next higher order
corrections in a straightforward manner. We do this for
two representative cases and thereby explain the rules that
have to be taken into account because of our choice of Ito

form of stochastic differential equations while carrying

out a perturbation expansion.
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7.2 Application of Stochastic Differential Equations

to Simple Equilibrium Reactions

Consider a two variable linear reaction

Ri (7.1)
X =

R2
for which the stochastic differential equations are

q_o.(x = —k|d)(+k2dy (7.2)
<t (7.3)
dody = Rixx — RaXy

at

Here we find that there are no noise terms and the equations

for oy and Ky are in fact non stochastic differential

equations. Thus if the initial conditions are fixed

numerical values, the solutions to (7.2) and (7.3)are deterministic
numerical values which are tﬁe mean value parameters of a
bivariate Poisson distribution. Thus a linear system possesses
time dependentgPoisson,distributionasolutions.

Consider a two variable non linear reaction

X 2& 2Y (7.4)
Rz :

for which the stochastic differential equations are

dolx = - Ridx + Ryoky (7.5)
dt

dody = 2 (R &Xx - Raotd ) + J2(kjotx - kR0y) W)
dt

In contrast to (7.2) and (7.3), (7.5) does have a noise term and
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the solutions are in general stochastic variables, indicating
that the probability distribution is non Poissonian.

However at the steady state, when

Riotx = R,o% (7.86)
the noise terms vanish and the probability distribution
becomes Poissonian.

The existence of the noise term shows that, for this
system a time dependent Poisson is not a solution, even if
the initial values of ®Xxand Xy are fixed initially (i.e.
a Poissonian initial condition), the time evolution will
cause a spreading of the probability distribution, which
eventually, in the steady state becomes Poissonian. Notice
also that the coefficient of §(t)is not real if \?2°(‘zv>k(0(x
and the noise is thus pdrely imaginary. This may at first
seem an alarming effect, for one never encounters an
imaginary noise coefficient in conventional Langevin
equations, as that would correspond to a negative variance.
However, it should be remembered that in the stochastic
differential equations derived using Poisson representation,
the coefficient of the noise source is a measure of
fluctuations relative to Poisson fluctuations, and an
imaginary noise coefficient simply has the effect of reducing
the variance in X-space to less than the Poissonian value.
In actual calculations the variance in X-space always turns

out to be positive as it must.
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A point worth noting here is that, in the steady state

for this system, we have two values of Ay namely

+
Ry = *£ |Riox (7.7

—_— ] ——

Ra
Now since (\,’)ei: Xy, the root obtained by choosing the

negative sign seems to be unphysical. However this root
does have a meaning and is related to the fact that since
in (7.4) the Y molecules are always created or destroyed
in pairs, the probability of having an odd number of Y
molecules, is entirely independent from that of even Y
molecules. The general probability distribution in the
steady state, is there-fore a superposition‘of the Poisson
distribution corresponding to the two values of Xy in (7.7).

Thus

+
P(X.¥) = € ?.‘_35[7\@ (xy) ¢ -ne (xy) ] .
7.8

X N Y1

which is positive provided that

- -4
—9ot -1 —2
[1462%Y T <A & [1n @Y ]

(7.9)

The lower and upper extreme values give probability

distributions allowing respectively an odd ‘and even values

of Yy -

7.3 Conditions under which a Poissonian Steady State is

Achieved
In a simple reversible reaction such as (7.1) or

(7.4) we always find that the noise term and the drift term
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vanish simultaneously - thus a Poissonian steady state
results. Further in any linear system there is no noise
term so the Poissonian steady state again results. If we

have a set of reactions such as

b R b

P o
> Ny Xp -— 2. Mr Xy (7.10)
r=i ?P

then in thermodynamic equilibrium, each reaction in this
chemical reaction system occurs as often as its reverse
i.e. one has a detailed balance. In the master equation,

the detailed balance condition implies the following

AT B T (XptMP-NE! b_ P
rp 1T 2r— POXY=kp [T B2 px +mP-nF)
r=-g CXr"Nr)! r=1 (X\"M\")‘. (7.11)
for each P . This recursion formula is in fact enough to

show that Poisson distribution is a steady state solution
of the master equation.
The detailed balance condition (7.11) when translated

into Poisson notation becomes

Jp(M) =0 for each p (7.12)

and it is immediately obvious from the Fokker-Planck equation
or the equivalent stochastic differential equation (6.38) that
when (7.12) holds, the noise terms also vanish and thus one
has a Poissonian steady state.

It should be noted that the combinatorial form for
the transition probabilities is crucial for the above
statement to be exact. Our conclusion is that any reaction

system, that obeys combinatorial kinetics and is such that
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its steady state is reached by detailed balancing of

each reaction, has a Poissonian steady state. However,
there are situations which do not have a detailed balance
in the steady state, and yet the steady state is Poissonian.

For example, the steady state distribution of

h) R.B B
ATMX = (7.13)
Rg kél

is always Poissonian, though a net flow form A to B
may exist. In this case, one has a Poissonian steady state

away from the thermodynamic equilibrium.

7.4 Two Time Correlation Functions in Thermodvnamic

Equilibrium: Results to the Lowest Order in the

System Size Expansion

Consider the stochastic differential equation (6.38)

dNr = 5., A';:r,,(nct)) +8§.Crs[5(’j(tﬂ] T (7.1m)

dt P
Substituting
7 ) = 7 (€3) + € 7. (1) (7.15)
in (7.14) and using the fact that
Jp (M) =0 (7.16)

we obtain to the lowest order in € the following linear

equation for 7wt
dMrs = =S Fes N (7.17)
—? - S S, *
de zs: '

where

(7.18)

a2

Fis = = 27 [2Zren)

dMg ];_q; 7 (e9)
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Eqn. (7.14) has no noise term, because when (7.16) is
satisfied the noise coefficient to the lowest order
vanishes as well.

Now

0 At 1[I t1Y = 2 <My B[ M.t
4 o (7.19)

00 7, ,
- (ex_p[—-F(t-‘t)])Y‘S
where we have used (7.17).
Substituting (7.19) in (5.20) we have, to the lowest order,
in €
Ry (1), Xs ()Y =V(exp[-Flt-th]) pg <MNgle2))
= V (exp[-Ft-t)])ps {XsVeq
which is the well known result valid in thermodynamic

(7.20)

equilibrium. Thus at this level the time dependence of the
two time correlation function is entirely determined by the
macroscopic equations of motion which define F .

When the reaction mechanism admits certain conserved
quantities some of the eigenvalues of F vanish and we have
non decaying terms present in the two time correlation

functions as we shall see in section 7.5.2.

7.5 Next Higher Order Corrections

In this section we shall calculate next higher order
corrections to the lowest order result (7.20). Higher order
corrections, in a specific case, have also been calculated
by van Kampen using his system size expansioﬁ?lJWe shall
consider two examples. Our first example is a simple non

linear reaction with a Poissonian steady state and serves to

jillustrate the technique. The second one is a two variable
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equilibrium reaction with a conservation law.

7.5.1 A Non Linear Reaction with a Poissonian Steady State

Consider the reaction
R

A — 2X (7.21)
R2
the stochastic differential equation for which is
dn = (K,-K2"M?) + £ {2(ki-kx?) T

a¢ (7.22)

Because we hold the total quantity of A fixed (7.21) is not
a genuine equilibrium reaction. However it has a Poissonian

steady state as a consequence of which we have

K, - Kz 'Y]QCS.S) = O
exactly.

To solve (7.22) perturbatively we expand 7)(tdthus
Mt) = M) FEM ) + €2mM, () (7.23)

Substituting (7.23) in (7.22) and equating like powers of

£ we get -

d__n K\ K~2 fr,: (7.2'4&)
dt

dm= —2KM,M, + {2 ki- Kz")o) § (7.2ub)
dt ‘

%q_) = —2kN M- — 22 N g (7.24¢)

Jd2¢K-RaM3)
Note that if we put’ﬂo(t)=7KSS)¢he above equations become

singular. This arises because of the square root nature
of the noise coefficient and the fact that the expansion

is being done about a point at which the flucuations

vanish.
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Defining
t
Gt,th = expl-ak, [dt" M, ] (7.25)
.tl

and solving (7.24a) to (7.2u4c) subject to the initial

condition

’Y)L(O) =0 ,121 (7.26)

(henceforth we shall choose the initial time to be zZero)

we obtain

t.
M) = J at' Geet) (20K M) T ) (7.27a)
£
N,&) = - sz dt'Goth N? &)
[¢]
i QKQJtdt'Crct,t'> M (EY M, () T k) (7.27b)
0

‘ 2 (K -nEiy)
where 7),(t) is the solution of (7.24a) as a function of

its initial condition.
It follows from (7:27) that

t /
Cnpe)d = [ b @t [20km ka3 )] (7.28)

Taking averages on both sides of (7.27) we have
t ! ! 2,1
M)y = —k [ dt' et g

! !
-2k, [Fd G leE) Melt) <t 5D
° J2 (k- koMW

(7.29)

Now let us calculate (*L(t)g(t)>

t 1
Mg = [at’c ) J2ck-komiw)) Se-t) (7.30)
‘0

The integral on the LHS of (7.30) has a delta function
singularity at the upper limit of the time integral and
hence in accordance with It6 rules must be set equal to

zero.
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Thus £
M) = =k [ dt’ Gee,ty <m2eeh) (7.31)
o
Now we wish to calculate the desired response function

which has the following expansion.

b('n((?))] = 0Melt) + Ez 'b<ﬂzkt)>\ (7.32)
RIISD) NY="ess) Moo No)=Nessy  © Mot 'V],,Lo):q(s.'s)
where we have used the abbreviated notation
LN = LN I[M),0)Y (7.33)

9 Mo) D 1M (o)

for the response function, we have simply to carry out the
appropriate differentiation in (7.32) and evaluate these
at the steady state. It is clear that

3 Nolt) = G(t,0) = explakenest] o
2 70¢0) 1 1(0) =N (55> Me(0) =M(sS)
The next term involves the derivative of (7.29) with respect
to 7,(0) but since the final factor is zero when MNeC6) = M(SS)
only the term in which it is differentiated is non zero at
this point. Thus proceeding it is straightforward to derive

the second term. Substituting all these in the formula for

the two time correlation function we have

—2K; NessHt X
CX(4), X(O)> = VNss) e

[rdfie(-por)r € 219y

7.5.2 An Equilibrium Reaction with a Conserved Quantity )
We now consider a genuine equilibrium reaction with
a conservation law
R (7.36)

- 2Y
R2
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The stochastic differential equations for which are

i‘_j_’t;h = =K -kyam2 ] (7.37a)
dz’{iz = 2[kiM-n2 T € [20am—kan?) €00 (7.37b)

To display the conserved quantity we define

XKit) = 7, (7.38a)
Kz (t) = 27,(6) + M, (k) (7.38Db)
which gives
2 2
%%. = Lri-k, X3 +ak,XaX) — 4K, %) ) (7,398}

dXs = € {20 K- XZ+ar X% —415X] 1§l
gt (7.39b)

It follows from (7.39b) that

d <(X3z) = o (7.40)
dt
i.e. X3 (€9) = {X3(0)) = {2X+YD (7.41)

The equilibrium value of 7};(€3)z X3(€9) is given in terms of
X3 (eq) by

2
Ki- 6y X3 (€2) +4%5(E9) 18T =4 Kk, XTI =0 (7.42)

exactly. 7,(€q) may be deduced by using the conservation
law. In terms of Xjand X3 the two time correlations may

be written as

2XW)+ Y)Y, X))y = %Xiew) (7.43a)

2 XW) + Y@, YO = X3(€3) -2%X(eq) (7.43Db)
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CXEY, X(0)) = oc.ceg)[’a<%»ct>>+2'o<x\<t>>] (7.43c)
xX

X0 3 Xa(o) 1 x= Xeead
{XEY, Y)Y = [X3e9)-2%((eq)] [’o<'x\o<>>] (7.43d)
0 Kzlod J X = X(E€9)

Thus to evaluate the various two time correlations, one

only needs to calculate the response functions QLK ED

0 Koy leg
and 3L X ()Y Following the procedure outlined above
0 X3 (0)'eq

the results are found to be
-at
XY, XC0)) :VX«(GS)[i— K (\—ea )+L (2-151) HLt)] (7.44)
Q Y o

X)), Y)Y = v[xsaeqyxlceg)](%;) [1-6 Qﬁ_\._/ HLt)] (7.45)
2

h
where Q= K;"\"AK‘:X}(ES_}-—-%K}, X(Leg>
= K |1+ 8KaXale) (7.46)
K
and

Hi = 2k [1- €% aran]
Q

— 4k (a-ky) [1-€Gt(1+ at + 93.‘71)]

az (7.47)
at at
+/—H<z(0-l¢«> [1 re° (1-2at- 0‘»") e (2+Gt)]
Qs

The other two correlation functions, namely Y&, Yoy
and { Y(¢), X(0)) may be calculated using (7.44), (7.45)
and (7.43a), (7.43b).

7.5.3 Comparison with the Two Time Correlation Functions

in the Canonical Ensemble

The non decaying terms in the two time correlation

functions (7.44) and (7.45) arise as a consequence of
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using the grand canonical ensemble, in which the conserved
quantities do not have a sharply defined value. Thus the
decay constant of the two time correlation function of such
conserved quantities is infinite. 1In contrast, in a
canonical ensemble the conserved quantitieés do have a
sharply defined value and may be used as constraints, to
eliminate an equal number of variables. When this is done
the non decaying terms do not appear in the two time
correlation functions. Thus, for example, we consider the
reaction (7.36) using the canonical ensemble déscription,
then after eliminating the variable ¥ in the master

equation using the constraint 2X+Y = N we obtain
dPXt)= R [IX+D) PX+1,£) — X PCX>E) ]

dt
Ry [(N-2X+2) (N-2X+1) P(X-£,£) =(N-2X ) (N-2X-1) PCx,t)]
(7.u48)
which is equivalent to the following Fokker-Planck equation

25t) - _’o [—R,Ol-\rR;N(N-J.) —4 Ry N(N-D) X+ ARy ] F (k)
2t (7.49)

+ a’ [- 4 kN-1) + 8 Kot 2] fcott>—?>3 L4K2*) §eoth )
D>
In the Gaussian approximation (7.49) gives the following

stochastic differential equations

. (7.50a)
~ K1, + Kot - aKknm, + 4RzM?:

dMe
e
dM = -TK+4KM -8l<2'qo']n,+J\6Kﬂ]o’—E&sz]o%(t)(?.SOb)
d¢t

where M= = . (7.50a) and (7.50b) in the thermodynamic

equilibrium give

—at
LX), XY = K1led) € (7.51)
a
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In contrast to the grand canonical ensemble result in the

Gaussian approximation obtained in section 7.5.a, namely

~at
ey, x> = mMoen [N gy ] (7.52)

a
the result (7.51) does not have any non decaying terms.

Hence, when spatial dependence is omitted the
canonical and grand canonical ensembles give very different
results. When spatial diffusion is included, the conservation
law in the canonical ensemble then becomes 2 [2x(i)+YWW)] =N
where the sum is over the M cells in whichlthe system
is assumed to be divided. This constraint then permits us
to eliminate one variable out of the 2N variables that
appear in the master equation. The resulting master equation
is not at all easy to handle, and it is entirely unnecessary
to do so. As we have seen in Chapter 3, both thé canonical
and grand canonical ensemble descriptions are equivalentat
a local level and consequently, at that level there can be
little différence between the two time correlation functions
obtained by using the two descriptions. The differences
between the two description manifest themselves when we
talk in terms of total numbers 6f molecules in the system,
but then it is meaningless to discuss such two time

correlation functions as they do not correspond to what one

measures experimentally.
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CHAPTER 8
APPLICATIONS TO NON EQUILIBRIUM SYSTEMS

8.1 Introduction

The subject matter of this chapter is the application
of the techniques developed previously to some interesting
examples of non-equilibrium reaction systems. Our first
example is a single variable reaction system involving at
most bimolecular steps which exhibits a second order phase
transition behaviour. The second example is a reaction
which gives an imaginary noise coefficient in the & space
and thus to a negative variance in the « space. The aim
here is to show that such situations may arise in the
Poisson representation. In the third example we consider a
single variable reaction system involving a trimolecular
reaction which exhibits a first order phase transition
behaviour. Our purpose here is to show how the "third
order" noise terms which arise owing to the presence of a
trimolecular reaction may be handled in a perturbative
expansion.

The far from equilibrium phase transition aspects of
our first and the third example have been investigated
quite thoroughly by various authors whose works are
appropriately noted. In most of these works the calculations
of the mean and variance have been done to the lowest order
in the system size expansion. We shall calculate the next
order corrections as well and show that these diverge near

the critical points.
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Finally in section 8.2 we derive expressions for
the two time correlation functions in the lowest order in
the system size expansion. The calculation of the next

higher corrections will be deferred until the next chapter.

8.2 Applications to Non-equilibrium Systems

8.2.1 The Second Order Phase Transition Model

Consider the reaction system
A+ X s%i 2X
PR (8.1)
S ¢ [67]
This model was suggested by Schldgl who used a

deterministic analysis to show that this system in a
far from equilibrium situation exhibits a transition very
similar to an equilibrium second order phase transition
behaviour with the mean number as an order parameter and
RiB = R;A being the transition point. In the limit V.=00.R30
the slope of the mean number versus é?%s changes
discontinuously and the system exhibit; a critical slowing
down. A number of authors have analysed the phase-transition
aspects of this model and whose works have furthered the
analogy with an equilibrium second order phase transition
behaviour. The details may be found in refs [16, 18], oOur
purpose here is simply to illustrate how the Poisson
representation methods applies to this well understood system.
The stochastic differential equation for (8.1) is

N = [Kz+(R-KDT-ReN' ]+ € 200M-Ra?) T LD (8.2)

d
dt
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where

KgV = RaC, Ka= RaA, K= KB, KW= &y, (8.3)

The steady state solution of the macroscopic equation

dn = - -
cT? = Ky +(R-R) M = ky7? (8.14)

for Rz3=z0 and K,;H> K, is

N(ss) = (Ka-Ky) (8.5)

where we have put K,=1 .
Expanding 7)(t) thus

NE) = MG+ EN )+, () + €3N ) + - - (
8.6)

and equating like powers of € on both sides of (8.2) we get

dh = - NEHMNO + {TKNES FW) . (8.7a)
dnz = -MESHME -NE + QR-K) M; (4) 5 (+) (8.70)
a4 ZeNGs ’
€id_ﬂs = T MES) M) - 2N "M, E) + (2K,-K2) M, (£) 5 ()
t ——
_ KZMAE) T J2KkiMss) (8.7¢)

2 L2k 6]
which may readily be solved.for 7|, etc.
Now the mean and variance in X to O({)are related to averages

in 7 variables by the following equations.

XYy = V7E8) + L1, . (8.8a)

< X2>-<X>2 = v [MGH+ <1)12>] t [2<771'Y]3> *'(77:) _<7)>)2+ <1)2>]

(8.8b)
where we have used the fact that <7,)> = <7y 7M;> =<"z>=0
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&s they involve odd factors of'§(t). The various averages
appearing on the LHS of (8.8a) and (8.8b) may be calculated
straightforwardly using (8.7a) to (8.7¢). 1In the steady

state the results are given by

{XDss = VI(Ry-K) — Ko
ss 3R TS (8.9a)
2 2 INR'S
<X = VK + L2
<X Z,S <X g TRCRY (8.9b)

As a check on the above results we have also calculated the
mean and the variance directly from the steady state solutions

of the corresponding Fokker Planck equation.

Dfant) = -2 [ xav+ (R2-KO K~ KuyVa? ] § o t)
>E BN (8.10)
+ 1 2 L2ga-kaViaz) ] flont)
2 2o
The steady state solution of (8.10) is .
= Ka - 3V _
F ) = eo‘(\ﬁv—oe)\/(‘c =)t o(( o t) (5.11)

To obtain corresponding P (X) or its moments, the o —
integration contour should be taken to be from ©O to Ks.
Here we wish to point out that there are other possible
choices of the integration contour which satisfy the necessary
requirements but these do not lead to an admissible
probability distribution. This together with related matters
will be discussed in appendix C

Using (8.11) and remembering that the factorial moments

of P(X)are related to the moments of $(t) we have

Kz K- K M+ K -
" = V'"jdn eV["')'*( l '—Qi) teg (% 7))-\-_'3,:;!_03 'Y]]LK'Z'.’)) lﬂ”
{X 2} 0] -

- - -

o

(8.12)
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By noting that the integrals in (8.12) are the integral
representations of the confluent hyper-geometric functions,
we can derive the exact result of McNeil and WallsFlBJ

From (8.12) one may obtain a complete asymptotic
expansion for the moments in the inverse powers of V using
methods outlined in ref 87 . In the limit K3— O the first
two terms in the expansions for the meaﬁ and variance are
found to be identical to those given by (8.9a) and (8.9b).

As noted in Chapter 6,the lowest order terms in the
system size expansion may simply be obtained by approximating

f(x) by a Gaussian.

, [11,68]
8.2.2 A Reaction which gives {(x) with a Negative Variance

Another interesting example of a non equilibrium

reaction system is

R
B — X
(8.13)
2X — A
R2
the stochastic differential equation for which is
dn = K-2kN*+ 1€ 2K, 7 T (s
dt J1W)

Using the perturbative techniques of the previous section

we have, in the steady state

{X%e = V a +_i'5. + 0 (J) (8.15a)
& > .. = | ‘ .15b
where (8.16)
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Note that in (8.14) the coefficient of the noise source
is purely imaginary and hence gives a negative value
for <7f>_<n§which results in
CXB> =KX < x> (8.17)

and thus giving rise to a P(X) which is sharper than a
Poisson distribution.

For this reaction system in the steady state we may
again solve the corresponding Fokker-Planck equation.

OF ) = =B [ kv-21,V &) $@t) -2 [V §it) (g 15y
ot W do2

The steady state solution of (8.18) is

F> = o % exp [ qu+ av* ] (8.19)
and the associated « contour is a closed contour encireling
the origin? Here again there is another possiblevchoice of
X - contour but it does not lead to an admissible probability

distribution as we shall show in appendix C .

From (8.19) we get

v[an+ 4] r-2
r 7
v §)e - " (8.20)
é ev[Q‘r)-»-_o_;’] ,Yl—'z

il

.
X >;$

+In this case the argument presented in ChapFer § to justify
the neglect of the firstwnstant of integpatlon in the steady
state solution of (8.18) does not apply since the contour of
integration here is closed. However the most general solution

y (% '+ay?
_ (QOH-O‘_VI) -9 901‘*9_\/) -(ac +aV?)
gr(o():c.o(2 ] + Crx e( & Joe o' “da!
is not a single valued function of & =~ (8.19) is the only

solution which leads to a unique steady state solution for the
corresponding .
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Unlike the previous example, the coefficient of V in
the exponent of the integrand in (8.20) namely (2ﬂ-+%p
does not have a maximum at the deterministic steady state
"= JE; However in the complex 7 plane this point is a
saddle point and provides the dominant contributions to
the integral.

Thus the negative diffusion coefficient in (8.18) (or
equivalently the imaginary noise coefficient in (8.14)
reflects itself by giving rise to a saddle point in

7)- plane at the deterministic steady state,which results
in the variance of P(X) being less than themean. From

(8.20) all the moments can be calculated exactly.

r Jza V)
x"> = (vja) Trl2
{X 72y ( J_;) T . (2078 V) (8.21)

Using the large argument expansion for Iv(2J2aV)we have

verified (8.15a) and (8.15b) which also agree with the

results of ref 11 , and 68 .

8.2.3 The First Order Phase Transition Model

Consider the chemical process

R) R3
2X — 3X ,<A."‘"> X
At R2 Y Ra (8.22)

That this model exhibits a first order phase transition
(671
behaviour has been shown by Schldgl using a deterministic
(201

approach and by Matheson et al using a stochastic approach.
In the steady state the deterministic equation is a cubic

equation and depending on the values of the parameters
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B=RIA , R= Ru and p= Eg one has either one or three

R2 R2 Ry
steady states, 1in the latter case one of the steady states
is metastable. Various aspects of this model namely hysterisis,
life time of the metastable state nucleation etc. have been
investigated by a number of authors and the details may be
found in refs 20, 63-71.. In considering this model our aim is
to show how a system size expansion of the corresponding
stochastic differential equation is to be performed when the
"third order noise" terms are to be taken into account
owing to the presence of a trimolecular reaction.

The Fokker Planck equation and the stochastic

differential equations for (8.22) are

0y = -2 KV o2 -,V 08 4 kg v = Kaot T § ent)
2t X
3 1D [ARVor-k,V2a3) ] § @)
2 oo? (8.23)
_ 1 2% [6(RN =KV 8] $Ct)
3l w3

: i
dnee) = KiN*-kan®+r3=KaM + M3 [aln-kmM>) ] 2

1
+ M Teaim=rm®)]? ) (8.24)
where K\V—‘: R\A, K'2\/—2:. Ra, KzV=RiA, Ky= Ry (8.25)
-1
Mm= &fv >, M= V § . The "third order

noise!" source 'f(f)has been defined in Chapter 6.

In the steady state (8.23) reduces to a linear second
order differential equation which may be solved in terms of
hypergeometric functions and an asymptotic expansion for the

various moments may be obtained using methods outlined
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previously. This procedure, although possible in principle

is not very practicable. It is in such cases that the
method of stochastic differential equations proves to be

very useful in its ease of application.

Equation (8.284) may be solved iteratively by expanding
thus

. 3 4y ¢ .
NE> = M)+ MNP ) + WM + MM ) + 1B o

which when substituted in (8.24) yields the determinstic
equation in the lowest order and linear stochastic differential
equations in the higher orders which may be solved as before.
In the steady state the results are
{XDgg= VN, (85) + {M¢Ygs + 0(3)

(8.27a)
2a 1
V 1,(88) + _C_zb + 0(%)

i

g™ X 0%g = V<M 55 + [2€MMyY + 2<NgM) + Mg > -<NS+<NY) FOly)

_ ab 305’ ) 3
=v(28)+[2 e K 36CK§Q *3%] (8.27b)
+-O(v)

<(x_<x>§>ss: VKNI -BCME> <M £8¢m2Y 4 MoCSSY | gt O(L)
= v[8e-128b . nuss] (8.27¢)

A= K29 -k N3(5S) , b= 2K -3K;7),(S8) , C= Kam2Ki7(S5)+BK2 M (SS)
and'0539is the solution of the steady state deterministic

wWhere

equation.

K.q’)oc K‘,'f)oCSS)-’rK‘g, KyMe(Ss) = o (8.28)

Here a few remarks are in order. The "third order noise
: i
t to 2 )to the mean, to 0(i) to the
source" § (+) contributes O(v) s )
variance but contributes to O(V) to the skewness coefficient.

To Q(V)the results for the mean and variance are identical
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to those given by the cumulant method and in fact if

one is only interested in calculating the mean and the
variance to Q(V)the third order noise may be dropped
from (8.29) and the expansion carried out in the powers
of € . Also note that as C—0the variance and the higher
order corrections become divergent. This, of course, is
due to the fact that in this limit, the reaction system
exhibits a first order phase transition type behaviour

as has been discussed in references (20, 67),.

A further point to note is that our simple iterative
method expands about a Poisson whose mean is the deterministic
mean. In the case, as arises here, that multiple steady
states are possible, it gives an asymptotic expansion for
the moments of one or other of the possible stable solutions,
but tells nothing about relative stability. The unstable
solution, however, gives an iterative solution, which as

expected, diverges.

8.3 Two Time Correlations for Non-Equilibrium Systems:

The Lowest Order Results

As we have seen in Section 6.5 if (6.38) is linearised

by putting
N = M . 8s) + €7,

——

(8.29)
where‘n§55)are the macroscopic steady state values given

by
>, Ay Tp (Me58)) =0 (8.30)
p
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then in the lowest order in g this gives a linear

stochastic differential equation for

ANys - _
gt T 2 FrsMsy + Z;Kwsfrs(.t) (8.31)

where F._and K are given by (6.49) and (6.50) and are

evaluated at 7 (t)= " (SS). From (8.31) it follows that

_ , L F (¢!
{Ap(b),Xs(£)) = V;, (exP[—F(t‘t)] >rr‘ eyt s )(%.32)

and © <o, tllit'1) = :Q-, {Mps.t ‘Ynl,i,t']>
> X - 9Msa

R (8.33)

= (exp [-F &-tY] ) rs
So that substituting in (4.18)

] / ] '
CXp(6), Xs (D) = V2 (exp [-FG-tH]) [KM (D Mg, ) + B s NG5 9)]
r/ ~
= > (expl-FL-t)) ) ppr &XpLED, X LED ) (8.31)
r

This is the expression for the two time correlation functions
for non equilibrium system to the lowest order in the system
size expansion. For equilibirum systems, because of the
Poissonian nature of the variance matrix (8.34) reduces to
(7.20).

To the lowest order, the two time correlation functions

for the three models discussed above are

() <X, XY = VKzexp [-(k-kot] (8.35a)
(b) XY, XY = %Vﬁz_ exp t—qwzfz—;—t] (8.35b)
(e) X, Xy = 24V exp[-ct] (8.35¢)

C
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CHAPTER 9

THE SECOND ORDER PHASE TRANSITION MODEL

9.1 Introduction

This chapter is devoted to the study of a non-
equilibrium chemical reactions including the process
of spatial diffusion. We shall consider the second
order phase transition mode£l§5£73hich we shall
perturbatively calculate the first two terms for the
spatial and the two time correlation functions. The
leading term for the spatial correlation function is
found to be in agreement with the results of Gardiner
et a£}83ho, in order to close the hierarchy of moment
equations used a factorization ansatz (which as we
have explained in Chapter 6 is equivalent to a Gaussian
approximation). We find, with Gardiner et al, that
near the phase transition point, this model exhibits a
long range correlafed‘behaviour and to the approximation
considered is characterised by a classical critical
exponent.

[6u4] .

Mori and McNeil, using their scaling theory for
non equilibrium non uniform systems, have investigated
the validity of the Gaussian approximation, near
critical points, as a function of the dimensionality of
the system. They find that, for this model, if the
dimensionality of the system is greater than four then
the corrections to the Gaussian approximation results

are negligible as the critical point is approached.

Otherwise they are divergent. Our calculations of the
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next higher corrections to the Gaussian approximation
results for the spatial correlation functions explicitly
corroborate their results.

The results for the two time correlation function
to the lowest order are found to be in agreement with
Gardiner et af}jﬂ%he next higher corrections for the
two time correlation function as we shall see, also
have an interesting analytic structure and suggest the
possibility of non classical dynamical exponents for
this model.

With the spatial diffusion model as introduced
in Chapter 3 and the adoption of a continuum notation:
to make the stochastic differential mathematically tractable
certain problems arise in the higher order corrections. We
shall discuss these probiems and suggest possible ways for

rectifying them.

9.2 The Second Order Phase Transition Model with Diffusion

Following the discussion given in Chapter 6, section
6.4, the stochastic differential equation for a multicell

system with spatial diffusion and the chemical reaction

R
A+ X p— 2X
R, (9.1)
B+X — C
R4

may be written as



135

dnat) = 3 Dij Nt) +Ks + (KmK) M) (L) = Ky 12(2,8)
dt d (9.2)

+ 1 [ 20RM L) ~ Ry 7 2(T,t)) B L)
Tav .
where Ky AV = Rac, K= Ra2A, K= R B,KyaV: IZ“-Hencefox‘th

we shall put Ky=1

The mean, the spatial correlation function, and the
two time correlation function in X variables are related

to those in &K variables through the following equations.

XL = AV <Nty (9.3a)

CXLE), XY = @V [<Ma),Ma0> + &g <My ] (9. 31)
aN

CXCHE), X0 = (V) [ <Mit), o>
+ L <ma..o> 2<MuIN©1.01) >
av

°nae (9.3c)
In the continuum limit, i.e. AV—0(9.2) and (9.3a) to
(9.3c) become
dN(rt) = (BN (L) + K+ (KK Mnt) = M2t
at +  L20keneo-"iaD) g (9.4)
and .
M(rt) = <M (9. 5a)

= e

Sy €) = <MWL), NWEI+BU-r) LAY (g gy

Terr' 1) = <Maet), nahodr? +.

+ < nrio) 0<Nr €
3 M0

where we have introduced the following notation

(9.5¢c)
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(L Mirt) = <Ot ; e(rt) = X(Lt)  (9.6)
AV

C(r.t) therefore corresponds to the chemical

concentration at point b

(ii) The noise source & (r,t) is given by

E(rt) = g\fi_—(j) (3.7)
AV

and satisfies the following
Lty =0
LEre) Serth> = 8r-rh Blet) (9.8)

(The factor _‘_ in (7.7) arises because of
JAV

EE) §(.EH Y = Dy dle-th
and the fact that

wm Ot = &(r-r)
AV-0 AV
in the continuum notation)
(iii) S(r.rt) and T(r,r't)are the spatial and the two

time correlation functions respectively

S(r,rit) = <eWnt),e(rit)ry (9.9)

- ey = 4, ecrst
Trvit) = <ewnt),erithy (9.10)

(iv) §j§ﬂ£££9> is the function derivative of < M(TY.t))
S Mr, o)
with respect to the initial values.
W) (OM)Yrt) is the continuum limit of the spatial
diffusion term Z:qDQ'U(Q-t). With a general form
3

for the transition probabilities, <dg, for the

diffusion of one molecule from cell { to cell j
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which define Dy, through (6.43) we may write &

as a convolution operator

(®Mrt) = - ([ Par-r'nNre) Ay (9.11)
If we chose the <ﬂij to be

) d , v, adjacent
clta = : ‘ (9.12)
0

, otherwise

then we have

_ 2
(@M (rt) = DYV 7N(rD (9.19)

where D=d(?, f being the cell length.

In most of our work we shall use the form (9.13)
for the spatial diffusion terms, although our techniqde
applies equally well to any other choice.

In the following we shall be mainly concerned with
calculating §(r,r't) and T(Yr.r't) in the steady state.
With Kz =0 and K,-K;7 O the homogeneous steady state
solution of the non fluctuating part (or the deterministic

part) of (9.4) is

MN(ss) = Kz-K (9.14)
Substituting

MN(rt) = MG+ N (9.18)

in (9.4), (9.5a) to (9.5¢) we have
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A - A
dNE) = [D9=Mes8)]) M (rt) = N2t

T+ d20M69) H2Rk P A O N2 gy 18

MCrE) = MsS) + <M ) (9.17a)

S(rye) = <MNED,NEDY + [Mss)+ <A e Scr-r)
(9.17b)

T = <A, A o
+ M)+ N (o] < R (rtsrh 01D (9.17¢)

where we have introduced the following abbreviation

R(rts rho) = oM
3 M(r’o)

It must be emphasized that the adoption of a continuum

(9.18)

form is a mathematical device which enables us to solve
(9.4) using standard Fourier transform techniques and it
will therefore he necessary to put an upper cut-off on the
Fourier transform variables. It is also clear from (9.2)
that before the continuum limit is taken, the only natural
expansion parameter that appears is@ﬁVfi and hence for
the perturbation technique to work AV, the cell volume
must be sufficiently large. In the continuum notation,
this factor of UﬁVf% gets absorbed in the noise source
and we are left without any obvious expansion parameter.
So we formally introduce a parameter A in (9.5) thus

ARt = [DY-M68)] M (rt) - N e)
dt + A d2(kiMG9) +(2R,-k) N () -H¥r.0)§ (1 (9.19)

and set A equal to one at the end of the calculation.
However, if it is understood that all Fourier integrals

-1 . -1
have a cutoff (Av) 3 this will still be in fact a (&V)



expansion. It also follows from (9.19) that 'rlcr.t»‘r'.o)
obeys the following stochastic differential equation.

A A A A
dRLE; YL 0) = [ DO M(58)] RNt rlo) —27 (rt) RCrt5r!0)

dt R A
+ A [(QK‘,-KQ)—-Q_'Y]U_\t)] R(r)t;r',o)g(r't)(Q.ZO-)

» NZRINGHF@K-KD A (LE)-72rD)
We now expand 7) (r.t) and R(rt;r,o)thus

N = AN+ AN, 4 - - -
,’i = Re + NR +NRy+- - (9.21)

Substituting (9.21) in (9.19) and (9.20) and equating like

powers of A on both sides we obtain
dM(rt) = [DVEINGS]IN(rt) +2RNGs Tlr,e)  (9.22a)

dM, (rt) = [DY-76s>T M1 =7Mfrb)

dE + (QR-K) ML () §Crk) |
JQK‘\"']—(ETS)

(9.22b)

ANa(N) = [DY=NEDT N t) = 2 7N(re) M (r,t)  (9.22¢)
at

o+ QR M gene - KNI S
J2R;7css) 22K 7M(ss] 32

g__io(r.t;r’,o) = [DV*-7css)) Rolrit;Yrio) (9.23a2)
AR (rErio) = [ Dot s ) Rihesrio —290re Rolr,t; vio)

at
T (2K-K2) Ro(rt;rio) §Lrtd  (9.23b)

2K17(5S)

The expansions for the various terms on the L.H.S. of
(9.17b) and (9.17c) are
(A, N> = AN Mo ) S
+ A LML), M, (b (3.24a)
+ {NNE) N>+ <N (o Man )]
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MG + <NAA)D = MSS) + A <MD (9.24b)

and
NN DD = AN (r), My (o)

+ A<M, M (ro)) (9.25a)

T NnEI N0 + <N Ny (rl o ]
+ - & = e .

<IMGss) + (o] <RULE Yoy DY = MN(SS) <Ro Nt r o))
¥ A [<N,ri 0 <Rotrts 1 ))(9. 25D)

+ NI RI Pt 0)DY ]
The terms with odd powers of A vanish identically
because they involve averages of odd numbers of factors
of “E’(r,t) . Also note that the terms in the expansion:
(9.24a), (9.25a) differ from the corresponding terms in
(9.2ub), (9.25b) by a factor of X? , they are actually
of the same order in termé of the real expansion parameter.
Keeping this in mind while grouping the terms order by
order on the left hand sides of (9.17b) and (9.17c) we
find that the lowest order contributions to M(r,t)

3(y,r,t) and T(r.Y,t) are given by

Mo (X, ) = M(S.s) (9.26)

Solr,rit) = <MNun) MLV + NS (LX) (9. 97y

To (r. Y 4) = <M1t Na(xio)Y (9.28)

+ Mss) Rt 5100

and the next higher corrections are
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MiCrt)y =  <7,(rt) (9.

SyCrrit) = [4Mr ), MY + <Malrie)? 8Cr-rH

+ <M rkdN3(rL )Y + <Nt Naeried ] €O,

Ty Crrit) = [ <Ml Mari o) + <M(rtdNalr}od)

29)

30)

+ <M (r,e) N1 oY + <Ma(r,0) (Re (T E; Y1 0dD)

+ <Mylrho) <RI Y0 DY

We shall now show how the left hand sides of (9.26)-

(9.31) may be calculated from (9.23a) - (9.24b).

9.2.1 Steady State Spatial Correlation Function to the

Lowest Order

Taking the Fourier transform of (9.22a) and (8.27)

with respect to the spatial index we have

—

IS

dN,(g_.t) = -[Dg*+Mss)] ﬁ,(g_,t)*\'\!QR"")(SS) %(g.t) (9

ct

and
gotg,g',t) = <7 (2A)N(L0)) + NEss) Sa+ra’) (9
From (9.32) we have . C
- - = (DQ*+M(Ss) (£-t)
N, (3,t) = Jax,nes) Sd’c e (2.t .
- o .
which gives in the steady state
(AL M@ = Kimess) §carah 3
[D9* M¢ss)) .

“Thus to the lowest order, the steady state spatial

correlation function is given by

(9.

31)

.32)

.33)

33)

34)
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S0(2,9) = s>+ )+ KNGS g gq.qy (9.36)
oMo — 7

Fourier inversions of (9.36) gives

— ir-vl
Sollr') = MNess) dr-eH) ¥ KiNss) e Ae (9.37)
4TI DAY=+
where [{. is the correlation length
4
le = D 2
1 Ro= Kal (9.38)

which becomes infinite at the phase transition point ,
a behaviour closely analogous to the behaviour of the
correlation length in a second order phase transition.
To the approximation considered the critical exponent has
the classical value 41 . These results are identical to

Z [18]
those of Gardiner et al.

9.2.2 The next Higher Corrections to the Mean

From (9.22b) we have
-t (D> (t-th ~
~ , - [Dg%neGs)) ~ s o
<M ey=jadfat e MG HNTL0)(9.39)
- ' o
Using (9.34) we find that the next higher corrections to
the mean concentration are given by o1
~ o~ : *
(a,£) = <M (Lt)g = -—K.j da,
My ¢2.€) 2rEUss [ Dg2+7¢ss)) (9.40)
All the 9 - integrations in (9.40) have a cut-off equal
-1 e ey s
to the inverse cell length L~ . If L—0 limit is taken
the integral becomes divergent. Thus, with the model for

spatial diffusion that we have chosen to work with, the

corrections to the mean concentration depend on the cell
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size in an essential way. We shall discuss this point

later in this chapter.

8.2.3 The next higher corrections to the spatial correlation

function

By Fourier transforming (9.22a) to (9.22¢) with
respect to the spatial index, the quantities appearing
on the L.H.S. of (9.30) may straightforwardly be calculated.
The full expression for gicg,qb in the steady state thus
obtained is given in the appendix D . Here we shall only
discuss the behaviour of the variance because of its ]
relevance to the results obtained by Mori and McNeig§Zéing
their scaling theory for non equilibrium systems.

The expression for the variance including both the

lowest order and the nexé order contributions to the

steady state spatial correlation function turn out to be

[ X’[v])~<x[v])2]ss = {drdy’ [Setr,n')+ S (r,r') )

= KoV + V(RMH3KMCss)) ¢, (9-41)

2 2D*?
+ 2 VRKiI 7 (ss) I,
2D3
where
xtvl = [drew)
v
V being the volume of the system,
and
-1
t° 4
(9% 0c*) (3 4
-1
7 adq (9.142b)

Ig =
j (9% Q;2)2(q2+g )
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where for generality we have put the number of space
dimensions equal to d .

In @.42a) and (9.42b) (. is the correlation length
defined in (9.38) and Q-i, inverse of the cell length,
is the cutoff on each q integral. The first term in
(9.39) is the lowest order term and the next two terms
arise from higher order corrections.

We shall now examine the behaviour of T4 and T,
as a function of d as the phase transition point

K2-K;— O 1is approached.

Defining A= %c 121 we have

-1
d et 4t
Ig= 2m3 (o) xTdx
r(c_;.) o (X%2+1) (x’+_g )
et
I = 9-“45 (che‘d SC xdtyx - (38.43b)
() o (+0(X+E)
Thus as K-> K, i.e. (.— 0
d 4-d 24t dx
I = Ql'l'_i ) j‘
() (L s (an (x*+%)
o0
d -d -
= 2= (Qc)é { x4t dx (9.44Db)
r(gi) > (’1’-&1)’(704—%)

Both the X integrals are finite for d <4 . From (9.44a)
(9.44b) and (9.41) it follows that the corrections to the
variance diverge like (Qc)q—d for d <4 and logarithmically
for d =4 . For >4 the corrections are finite but

depend on the cell length & and go to zero as L— 00

(9.43a)

(9.44a)
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Thus we conclude that

(i) For d )4 the Gaussian approximation is valid, even
near the critical points, in the limit of a large
cell size.

(ii) For d<4 the Gaussian approximation breaks down in
the critical region and the perturbation theory
based on the decomposition of 7 into a "Macroscopic
part" and a "Fluctuating part" is no longer valid no
matter how large the cell.

This result is clearly related to that of Mori and

McNeifgﬁgo find that the critical dimension for this

model is d=4 .

9.2.4 Steady State Two Time Correlation Function to the

Lowest Order

To evaluate To(rr.t) given by (9.28) we have to solve
(9.22a) as a function of its initial condition and (9.23a)

subject to the initial condition

Ro(r,0; r'\ o) = 3cr-r')

This gives
~ ~ -[Da*% ms] €
N (e) = 7,(q,0) € | (9.45)
t - D s -t ~
+ J dt' e L M JIK\"’)(SS) §<_9_>t>
[o]

~ - D34l t ,
ReC(Q,t;q0) = € 8¢a+2)  (g.46)

and
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From (9.22a), (9.45) and (9.46) we have, for ?;cg,gﬂt)

—[D3*MessHyIt

Te (2.9 t) = € [<7,(2,0071,(2,09 + 7¢ss) Beargh]

(9.47)
The second term in (9.45) gives rise to a term in'?;(gﬂiiﬁ

which involves the average of a singlef§(gjn which is
therefore zero.

To obtain the steady state $i(3pﬂ;t) we have to
replace the initial average that appears on the L.H.S. of

(9.47) by the steady state average, i.e.

~ -[oq%messn e ~ ,
To(2.9't) =¢€ [<71,@@) n,cq’>>sjs-'r]css)8(g+g_>](9-48)
The bracketed term on the L.H.S. of (9.48) is, of course

the lowest order term for the steady state spatial correlation

function.

Hence
- -DP3xnssHlt ,
T.(@2t) = e Se 1
_ e [DL+MSH ]t ['T)CSSH' Ki7¢ss) (9.49)
- [ D>+ 7)(sS)]

If (9.489) is Fourier inverted, we find,on examining the
behaviour of T}(rﬂﬁt) for large t that,tb the approximation
discussed, the system is characterized by a correlation time.

-.1 2
te = k-l T = L (9.50)
D

and thus by a dynamical critical exponent equal to one.

The result (9.49) is in complete agreement with that given

[18]

by Gardiner et al.
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9.2.5 Two Time Correlation Function in the Steady

State: Next Higher Corrections

To calculate the next higher correction
one proceeds exactly as in 9.2.4% except that the
calculations are somewhat more tedious. We shall
briefly outline the procedure omitting the calculational
details. The first step consists in solving (9.23a) to
(9.23c) as a function of the initial values and (9.24a)

and (9.24b) subject to the initial conditions

. 1 — !
Ro(Yr,0; ¥,0) = &(r-vH (9.51)

Ri(r,o;r,od=0o 1121
This then enables one to express the L.H.S. of (9.31)

in terms of the initial averages. The next step is to
calculate the steady state averages and substitute them
for the initial averages that appear in the previous step.
These two steps may be carried out rather straightforwardly
by Fourier transforming (9.23a) - (9.23c) and (9.24a) -
(9.24b) with respect to the spatial variable. Here we
shall merely quote the results. The Fourier-Laplace
transform of the next higher correction is.found to have

the following analytic structure

T ) Q)
'gy = d(a+q’ a L__b
TeRe8 =T Ls +’Dq?+7)(SS)} [S+Dq_’+ 1](35)-]2
= b, (7 deasd 9.52
s [as GIF ] S (9.52)
DG?[2 +2NSSL , Da*27¢s$) .

{The full expression for T(2.95) is rather involved and

is presented in the appendix D.
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It follows from ( 9.49) and (9.51 ) that ?%(%Jgﬁg)
has a simple pole at §= -DQ%7(s$). When the next higher
correction is included, the two time correlation acquires
a double pole atS--DC_l 7(sS) and branch cuts at —2M(ss) - 'Dgz
and -Dg™* 7)(38s) As M(ss)— 0 i.e. as the critical point
is approached, and as q— 0 all the singularities of
%:(3.325) collapse to zero. This gives rise to a very

singular behaviour near the critical point for long

wavelengths, and is probably an indication of non-classical

‘dynamic critical exponents

9.3 A Critique of the Cell Model

The modelling of diffusion as a stochastic process
in which molecules jump from one cell to the next seems
at first to be very natu;al. However, the corrections to
the mean, given by (9.40) are divergent as {(— O , while
this does not happgn in the corrections to the variance,
which approach a well defined value as long as ¢ is less
than the correlation length f. .

This is a disturbing feature of this method of
attacking reaction diffusion equations whose solution is
not clear. It is clear that the divergence has its origin
in the 7n2(r) term, which is local, and implies that only
pairs of molecules within a cell react with each other. The
very size of the molecules indicates that the interaction

must be in some sense non local, and that some term of the
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form
Jdriar”qure,ple"y M’y ner’)

should be used, and the fourier transform of gy, r.re"
would provide a natural cutoff. In fact the cell model
before the continuum form is taken, is of this form.
The evaluation of the function is however a more tricky
task, and requires some more microscopic theory of the

reaction diffusion system.



150

CHAPTER 10
A MODEL WITH SPATIAL AND TEMPORAL OSCILLATIONS

10.1 Introduction

In this chapter we shall consider in detail a two
component reaction-diffusion mechanism, the Brusselator.
This model has been analysed from various points of view
by a number of authors. Glansdorff and Prigogine have
carried out the stability analysis of the deterministic
equation in ref 1 and found that with the combination of
diffusion and non linear chemical kinetics, as a certain
chemical parameter is varied, the steady state, which is
initially homogeneous may give rise to a dissipativa
structure which is spatially organized (the soft mode
instability) or to temporal oscillations (the hard mode
instability). A detailed analysis of the solutions of
the deterministic equations for a finite one dimensional
system subject to various boundary conditions was given by

£7w 1

Auchmuty and Nicolis using Hopf bifurcation theory.

Post instability solutions of the deterministic equations
for a one dimensional system with periodic boundary

conditions have also been investigated by Kuramoto and

.[75]

Tsuzuki using their reductive perturbation approach.

A stochastic treatment of this model without diffusion has

[76]

been given by Tomita et al using a Fokker-Planck equation

derived on the basis of van Kampen's System size expansion

(411

method . They also used numerical methods to investigate
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the behaviour of the variances beyond the hard mode
instability. Portnow and Ki‘t:ahar'a[77 ] calculated the
variances for this model without diffusion using a
Langevin equation derived from a path integral method.
Effects of diffusion on the fluctuations has been analysed
[15 ] [191

by Nicolis et al using a non linear master equation

LeMarchand and Nicolis[78] calculated the correlation
functions for a finite one dimensional system subject
to two boundary conditions using cumulant expansion
methods. Combining van Kampen's system size expansion
method with the reductive perturbation method Mashiyama

et al[euj [791

and Kuramoto and Tsuzuki have calculated
the correlation and the correlation functions in the
neighbourhood of the critical points. Similar results have

[80]

been obtained by Wunderlin and Haken in their work on
scaling theory for non-equilibrium systems. Some interesting
features of the fluctuation spectrum for this model have

[81]and Deutch et a1[82].

been investigated by Mazo
In none of the above has one a complete stochastic
analysis of the spatial correaltion function and the
flucut;tion spectra. Here we shall calculate both of
these quantities in the Gaussian approximation for a
three dimensional infinite system using our.perturbative
techniques leaving similar calculations for a finite

discreet or continuous system subject to different

boundary conditions until the next chapter.
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A brief outline of this chapter is as follows.
In section 10.2 we derive the stochastic differential
dequations for the Brusselator. Section 10.3 contains
a discussion of the stability of the homogeneous steady
state. In section 10;4 we consider the spatial correlation
functions below the instability threshold for a three
dimensional infinite system and discuss their behaviour
as the instability point is approached. In section 10.5
we calculate the two time correlation functions and the
fluctuation spectra in the Gaussian approximation and
discuss some of their salient features. Section 10.6

contains a summary of the results.

10.2 Formulation of Stochastic Differential Equation

for the BrusselatorA

The reaction mechanism for the Brusselator is

= X (10.1)
B+ x—2—> Y+D '

the Fokker Planck equation for which, including spatial

diffusion is

D § (Xx, Ky t)
ot

'3dx

i
Z ]'Z’quw(g) + Ky Oy (i) — K3 (@&v) o<xu)o<ym] £+
1 1
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i -2 ) (2ks@av) ok ey (1)
Z ( 30‘}&1) aoﬁx(i)bo(y(i.)) (255 x Y 5
3 -2 2 . )
-¥Z;( Q )(QKﬂAW Kx LKy (D) F
ao<3u> D A% Oy (1)

(10.2)

-2
where K,avz= R,, Kz= R, B, Kzl@V)'= Rg, Ra= Ry

Here we are only interested in calculating the

mean and the correlation functions in the Gaussian
approximation to which, as noted in chapter 8, section 8.2.3
the third order derivative terms do not contribute and
would therefore be dropped. The stochastic differential
equation equivalent to this approximate Fokker Planck
equation is

'Y]x(ﬁ,t)) (ZDla Nx (4.0)+ Ki-K2Mx (3 t)*'Ka"') @e)mM, (b -k7, (nt))

Ny Q.t) ZD*J Ny @E) + k2 Mg (L) = Ka MR N Lt)

- I
+ J—— \rq K5'f]xélt)ﬂy(l.t) (.1“2 1:)2 )1 2 ( Elbi )

AV gy [ANRW)
with - (10.3)

< g[« r,6) ga (3.‘t')> = 5[41) 813 d(e-thH
H’v = X)Y

At this stage we may go over to the continuum notation
and proceed as in the previous chapter. However, since

some of the equations and the notation introduced would
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be useful in the next chapter, to avoid repetition, we
shall continue to work with the disbrefe notation for

a while.

To derive the stochastic differential equation in

the Gaussian approximation we put

My (T = Mo ¢l ‘c>+d_."’\“(t 8 5 Mz x,Y 1(10.5)

in (10.3) and on neglecting terms of()(zgg)we have
d (’Y]x,o (i,t))
{t Ty.o ()
<ZD‘dn“ca ) 4K =g M0 CLEI Ty, L8 + M7 (L) Ty B8 = Mo t))

Z"Dta ’n‘jo(a t) + Ky Mx,0L.0) Ny, o LUt - 7)7(0(1 t)lqyo(.l- £
(10.6)
and

d ("']x,i UUt)) (z ‘Dxa"’)x,1 (a.t>> 27, o EE) Ny o Ut) KoY, ni‘,ocr,t))[ﬂ,,ff-”)
T Myy (1O Z ’Dza'ﬂyi(@ © - 2Mx.0 L) Ny,e L) K, - Mooty Mgk

- 4(2 ‘
+7-J7)2(Lt)fqyut) (i “2) (gx(l.t)>

et OO o
where for simplicity we have put Kz =Ky=1
The homogeneous steady state solution of the
deterministic equation (10.6) is
Tx,0 (V) = Ky
MNyo ity = B2 (10.8)

Ky
Substituting (10.8) in (10.7) we get

My, (T ‘c)) ZJ: 'Dla M x.a (8- t)) (K‘z-i K ) (nx.a(i-t) \)
At ('ﬂy,i(l t) ¥ DY Mya D ~ky ~KT AT WO (0. 9)

+ 2JER (_1 -“2)“2(%‘“'.“)

il2 © Fynt)
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In the Gaussian approximation, the spatial correlation

function is given by

<L tt) €, (YY) = - M) Bup By 4 £ (L£) 7). (D)
M Y K Sl a0, >(10.10)

For the sake of brevity we shall introduce the following

matrix notation

3 = X 6 ) ‘) '
8Lt Mty oLy + G (1.4.8) (10.11)
where
§LUgt) = Lewn), HERIY (10.12)
Mup (0t) = <Mttiey) Spv (10.13)
T
GUpt) = LMiit) M) (10.14)
In the continuum notation (10.9) and (.10.10) become
é[q'{- My (k) = —ANL(rEH + BF L) (10.1u4a)
and SAr.rie) = M) Blr-r') + GnY, ) (10.15)
where
("'Dx V2~ Ky +1 R;l )
A = (10.16)
K, —DYVQ"'K'"
L -1l2 \24l2
B = 2wk (.10.17)
-4l2 O

and Dx,Dy are the diffusion coefficients for X and Y
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10.3 Stability of the Hémogeneous Steady State

The Fourier transform of equation (10.lka) is

ac_‘ MNi(gt) = — K@) 7,(2,8) + BEQ.0 (10.18)

ri.

It is clear from (10.18) that the homogeneous state will
be stable proviced that the eigenvalues of A @S have
positive real parts. These eigenvalues are given by

Ni,he = L[ (Dy+Dy) @+ 1+ K=
' (10.19)

2
=+ {(('Dx-'r Dy) D+ K+ - K2) —a(Dx Q- Ko+ 4) (Dy@®e K2) + KK}

:51[(13,(+Dy)q2+ 14 K=Kz + [(B-kot k) ZaB ke } (10.20)

where d = l*(Dx-DY)ﬁ?: The homogeneous steady state becomes
unstable when the real parts of A1 and N2 become negative.
The marginal situation corresponds to"the case when the real
parts of Aji,Ay or both go to zero and occurs if
(a) Ni, A2 real and positive and 7\2'-—> o' (the soft
mode instability).
(b) Ny, N, complex and R‘e(?q,?\,)—-)é'(the hard mode
instability).
It follows from (10.20) that

(i Ay and Az are real if
(3-Ke+K2)*— a8k® >0 (10.21)

For <O, Ay and A, are always real.
For © >0, Ay and Az are real if

either K, > (J8+ ki*

2 (10.22)
or K2< (E”K\)

]
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}\iand Az are real and positive, if in addition to

(10.22) we have

(Dx+Dy) - Ky +1+K2 >0

i.e. Ky < L+ K*+ (Dx+Dy)a* (10.23)

and (Dx93:-Ko+1D(Dy QP+ R+ K2k, DO

i.e. Kz <L+ Dx3%+ K& 4 Dxk? (.10.24)
Dyqg? Dy

Ny— O+along the real axis with Ayreal and positive:
if (10.22) and (.10.23) are satisfied and

Ky —> Kps(9%) = [1+Dx@+ K 4 Dx ki ] (10.25)

Dya*> Dy
from below. With K;,Dyx, Dy, fixed, the minimum of K2g(Q?)

occurs at '

1912 = K (10.26)
IDxDy

and its minimum value is
’ S 2
Kzs = (4+K [Dx ) (10.27)
Dy

Equation (10.27) gives the threshold for the soft mode
instability. As K, is increased beyond K, the system
exhibits spatial oscillations characterized by a wave

vector given by (10.26).
. A2
(ii) A4 and A, are complex if L8—K‘2-y K= 4% Ki<o

i.e. (\I_S-K.)2<K‘2(55+K|)Q .

>

>0 (10.28)

and have positive real partsif
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(Dx +Dy) 9%+ 1L + K-k, >0
i.e. Kz < 1+K?+(Dx+Dy) Q* (10.29)

A1 and A, become purely imaginary as

2y = + k2 * =
Ky— Ko (39 = L+ K2+ (Dx+Dy)Q (10.30)

from below. The minimum of KzH(§30ccurs at

q4=-o (10.31)

and hence the threshold for the hard mode instability is

2.
Kopw = 44+ K (10.32)

As K, 1is increased beyond Koy the system exhibits
temporal oscillations.

Which of the two instabilities occurs first depends on the
relative magnitude of Dy and TDy.‘ Thus the soft mode

instability occurs first if

Kzs < Kan

l&‘ < J:H_‘; -4
Dy K2 | N

(10.33)

and vice versa.

10.4 Spatial Correlation Fucntions be}pyﬁﬁhé_}psﬁabilitx

Thresholds

10.4.1 8(r.,r') below the instability threshold

From a two dimensional Langevin equation of the type
(10.18), in the steady state, one can derive the following

~S / ~
expression for G(g,g) in terms of A and B
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(2,35 = §@@+rah T

s ~ [ ~ ~ T
G(2) = (Detd)B*+(A-(TrMIIB (A-(TWEI) (10.34)
2 (Det R) (Tr AD
This relation is derived in Appendix E.

Substituting for A(@)and B in (10.3%) and using (10.15)

we obtain the following expression for the Fourier transform

of the spatial correlation function
$02.2) = 8(3+aH B

() = M+&a)

= M+ Hg» (10.35)
[(@%87) (92 B7) (3% 82)]
where < Ky (o] ) (10.36)
M = K, |
° 7
(DxQ+ K )[(DxIDy) A=K H ] 4K — (Dyk?)(DxQ%1)
H9*) = 2K K2 )
DyDy (DxtDy) \ —(Dyq* k) (Dxq% 1) (DxQ2+1)

(10.37)
2 -K;+K2)/ (DxtDy)

i (ke v ki) [ (DxtDy (10.38)

2
g2 g* - L[ Dx Ki+ Dy (1-Ka) i.iJAK?K, - ['Dx K+ Dy (1-&)] ]
2,3 T 3 Dx Dy DxDy DxDy

Splitting the second term on the R.H.S. of (10.35) into
partial fractions and performing the Fourier inversion,
we get the following expression for the spatial correlation

function in three space dimensions.

-8B, (r-r'| ~Yilrp'i ,
SUr-r')y= Md(r=ph)+dre = ,q,e coo (Yilr-ri)
o T £ iry Lr-r'l Ir-ptl
—Y3 I2-v
+ aze sen (Y 10-p'1) (10.39)

lr-r'\
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where
1l2
= 1-Ky+ K2
Py L D’*‘;' ] (10.40)
B A
2,53 Q\F]_)‘x[{ 1+K1j5 _.K:S ""'L{Rz (1- "K|) S
(10.41)
= ‘11 +-id$
a; = H(E8H (10.42a)
(B -B>) |2
Im(BH RPI-p2
4 W (B2 (10.42¢)
az = — [ am (BLS ]
Im( 5:) B;"B\a)
The expression for the spatial correlation function is
characterized by two correlation lengths
1]2
f.c = i = Dx+Dy 10.4
4 By 1-Ky+ K\’-l ] ( 3)
~-1l2 :
Leo = ..j;_ - [(1+ K‘| ) Kz] (10.u4y)
Y1

and a wave .vector
1]2

| ko= (4- Kn@y)z] (10.45)

10.4.2 Behaviour of So(¥-Y') near the instability thresholds

(i) As Rz —> Kiss

(10.46)
Loe — ©
and «, approaches the critical wave vector
1l2
L= K
de [\,’—75'7-1)\/] (10.47)

and the spatial correlation function contains, apart from

an exponentially decreasing term, has a purely oscillatory term
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modulated by a 4 term.
\r—r'|
Actually in this 1limit, the coefficients of the oscillatory

terms become infinite which perhaps reflectsthe invalidizty

of the Gaussian approximation near the critical point.

Le,g — 00 (10.48)

and (10.39) gives

/
/ . — Yy \y-p'
S Ur-y') = @t 4 ya,e t- L

‘E"’.‘:,l ‘r__r_l\

/

co (Vo L r-r') (10.19)

s o= v
+ LA ‘

3 9-———— sm (o iy-r')
/ / Ir-p'i
where Qy , Yy etc. are the values of Q3,v; etc. as W, K,y
Thus So(r-rh is characterized by a long large

4
lr-p'l

term.

10.5 Two Time Correlation Functions and the Fluctuation

Spectra in the Gaussian Approximation

Using (8.34), the steady state two time correlation

functions in the Gaussian approximation is given by

T(a,at) = exp[- Awamtl] $.(a.9) (10.50)
Substituting the spatial correlation matrix %o(g,g')
derived previously we get the two time correlation function
in the steady state.
From an experimental point of view, a quantity of

interest is the fluctuation spectrum defined by

o -
F(q,0)= L1 Sd’cel

t~
To(g,t) (10.51)
- [T 2,
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A qualitative discussion of the fluctuation spectrun
for the Brusselator has been given previously by Deutch
et al[82] who also explore the possible use of light
scattering for its measurement. A general but comprehensive
discussion of the use of light scattering experiments for
a study of concentration fluctuation in chemically reacting
systems may also be found in ref 83 . 1In such experiments
one typically measures the intensity of the scattered light
which is directly related to a linear combination of the
matrix elements of F(G,W), 1In the following we give a
complete calculation of the fluctuation spectra.

Using (10.51) and the stochastic differential equation
(10.18) one can derive the following expression for the

~v
fluctuation spectrum in terms of the matrices A, B%? and M

F(g,0) = _1_T_T (iw+35’1[5+MAT+AP1](-L®+ Ryt (10.52)
- Q

This result is derived in appendix E
Substituting for A,B’and M in 00.52) we get

@
Fg.) P(e, ) (10.53)

[0 2-{(Dx@ R+ 1) (Dy T2 KT ) + KT k2§ ) % 0o {(way)q +1teiG Y]
where the matrix elements of P(W,d) are

Px)( (C’J 9.)
= Kt Y_('DxQ+K2+1)‘O 24 (Dy@?+ K (Dyd K] 2) (Dxt Ky +1) ~Ki K3} )

(10.54a)

ny((,:) q) = Pyx (W,9) . . . (10.5u4b)
- -RuKz [@'+3(Dx 24k, +2) Dy KD - KKz 4+ 210 (D2 G40

(10.54¢c)
PW (W, a)

= ’IT'K [('qu + K
\

2y (54 (Dy @+ K (Dx Q% Ky +1)%4 2Kk, (Dxa% )]
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The fluctuation spectrum has poles in the W plane at

W= il * W, (10.55)
where r= 42_ [(Dx+Dy) Q%+ 1+ r2- K:] (10.56)
0= 2[4 (Dxd~ k1) (DyQ* k) + K] m}~{(way)qﬁimﬁ—m}z]m
é [agkp-G-rrre)? (10.57)
(i) It follows from the discussion in section 10.3,

equation (10.21) that below the soft mode instability
threshold W, is imaginary in which case the fluctuation

spectrum is of the following form

Flo.g) = 2o Peeodd — (10.58)
TR [ 024 (Fawo))? ] [+ (M+ 1 wol)? ]

and therefore has a peak at W=o.

As the soft mode instability threshold is approached,

1Wel— and (10.58) becomes

F(w.q) = i P(w,;9)
- K 02 (WH4rd

(10.59)

which exhibits an infinitely sharp peak at w=0

(ii) Below the hard mode instability, it féllows from
(10.28) that W, 1is real and in this case the fluctuations
spectrum has the following form.

F(w,q) = Pl (10.60)
= [(@-We) % M) [(w0+630)2+ 2] '

Leaving aside the (o dependence of P(wW,gq) the fluctuation

spectrum in this case consists of two peaks situated at W=t W,
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with a half width equal to I'.

As the hard mode threshold is approached I’ decreases
monotonically, i.e. the peaks become sharper. If Ko is init-
ially less tharnS+Kf, uﬂoincreases and as ky becomes greater
than 8§+4K7?, W, begins to decrease and at the threshold it

becomes equal to K, . Thus at the threshold the peak

separation becomes

’ 2Woc= 2K (10.61)
and the width of the peaks becomes
e = % (Dx+Dy)9* (10.62)

and arises purely due to diffusive effects.
The () dependence of P(W,g)gives rise to a slight
skewness of the two peaks but the qualitative features of

the fluctuation spectrum remains basically the same.

10.6 Summary

We have calculated in the Gaussian approximation,
the spatial correlation functions and the fluctuation
spectra for the Brusselator for a three dimensional infinite
system below the instability thresholds. We have shown that

as the soft mode instability threshold as approached from.

below the spatial correlation functions exhibit an
1

ye-phl

critical point however the spatial correlations become

term. At the

oscillatory behaviour modulated by a

infinite. The fluctuation spectrum in this limit exhibits



165

an infinitely sharp peak at wW=0 . In the case of the
hard mode instability the spatial correlation functions

at the instability point exhibit a long range _4

Iy-rn
behaviour. The fluctuation spectrum in this case exhibits

two peaks below the instability thresholds and as the
instability threshold is approached the peaks move
towards each other at the same time becoming sharper
until at the critical point the separation becomes twice
the critical frequency and the widths of the peaks
determined solely by the diffusive effects.

If it be desired,the corrections to the Gaussian
approximation can be calculated systematically from our
Langevin equations although this would require incorporation
of the noise sources corresponding to the third order
derivatives in the Fokker-Planck equation, as explained
in Chapter 6. At the critical point this perturbation
method with the inverse of the cell size as the expansion
parameter breaks down. It should be noted that most of
the work done to date on calculation of the correlation
functions near the critical points uses the distance from
the critical point as an expansion parametér but relies
on a Fokker Planck equation which already assumes the Gaussian
approximation. Given the invalidity of the:Gaussian
approximation near the critical points the whole procedure
éeems a bit questionable. Our stochastic differential
equations however provide an exact starting point for
doing calculations near the critical points without

having to rely on the Gaussian approximation.
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CHAPTER 11

APPLICATIONS TO SYSTEMS WITH BOUNDARY CONDITIONS

11.1 Introduction

In this chapter we consider the application of
the stochastic differential equations derived from
Poisson representation method to finite discrete and
continuous one dimensional systems and show how to
calculate the spatial correlation functions and
fluctuation spectrum when various boundary conditions
are imposed on the system. For illustrative purposes
we will consider the model introduced in the previous
chapter. The only previous work on this problem is
that do to Lemarchand and Nicolgg7%ho use the cumulant
expansion method to calculate spatial correlation
functions in a finite one dimensional system subject to
two types of boundary conditions viz (a) fixed concentration
boundary conditioné and (b) zero flux boundary conditions.
We shall confine ourselves to these two types of boundary
conditions and rederive the results of Lemarchand and

[78 1]

Nicolis rather simply. From the following discussion
it will also become clear how one may carry out similar
calculations for other types of boundary conditions, for
example, periodic boundary conditions. The.generalisation

to three dimensional finite systems is also straightforward.
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11.2 Fixed mean concentration boundary conditions

Here we consider a finite one dimensional system
consisting of (M+2) cells labelled 0,41, - - -- N, (M)
We assume that the probability distributions in the boundary
cells 0 and M+1 is a Poisson distribution with the mean
equal to the mean steady state concentration. This
boundary condition in terms of‘”]M(i;t) variables implies
that 7),(0,t) and 7, (n+1,%) are nonfluctuating variables
and are equal to the steady state concentration. (It
should be noted that if the probability distrilution in
the boundary cells is assumed to factorize from that for
the system cells then as a consequence of the linear
coupling between the two through diffusion only the mean
number in the boundary cells appedrs as a parameter in
the reduced master equation for the system_cells and
consequently the results are insensitive to the precise
nature of the probability distribution in the boundary
cells. Thus in this case we get the same results as

[781

those of Lemarchand and Nicolis who consider fixed

concentration boundary conditions, i.e. a delta function
distribution in the boundary cells.)
The linearised stochastic differential equation

from the Brusselator as derived in the previous Chapter is

2 .
g (Mxa(i) | o [EDyMxat)) (K K (m.uw)
———-( . B Y. £) - K \Mva e
dt \ My, ?Dlaﬂv.iiﬁ'

L2 . (11.1)
L -1f2 ( IR
+ 2JWK2( ) ) 1=1--
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It follows that the appropriate boundary conditions,

in this case are

(qu,l (0,t) = 'Y]N'i (n+1.t)

(11.2)
In the continuum limit (11.1) and (11.2) become
d (ﬂx,icr,t)): (dxz‘v1+;<z—1 K2 u'm (r.t))
dt \mygne - K, AR\ My L) (11.3)
~1]2 L2
valen (70 ) (B4R
and (11.4)

Mt (0,8 = 71 (L)

where ¢ 1is the cell length and L is the length of the

system.

11.3 Zero Flux Boundary Conditions

Here we consider the situation in which there is
no diffusion between the system cells and the boundary
cells. This can be taken into account by modifying the

diffusion matrix Thq to

Diy — d 8ist (§1,0-83.4) = d Sun (Eymes ~3gm)

where the extra terms cancel the terms present in
which allow for diffusion between the celll(n) and O(N+1)

The corresponding stochastic differential equation then

becomes

d (ﬂx.i (6 )
dt MNy. 1 (v, &) <
_ /5 D’:-z My (1) -d"&-,i (Mx,100,£)="My (L)~ Sem (n,,imu,t)—m,,(”»f>> )

ﬁ Dyia Mys Bt) = A8 My, 0,t) = My (ULt)) —dY§un (My,a (M1,1) =Ny a (M)

: (141-1 K? )('le.i(l'.t)) + 2V%R, (1 —uz)“’(z;xu.o)

. -1]2 1 Tyt
w2 'ny’ﬂ_ (1lt) V
-K2 —K (11.5)
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which may equivalently be written as equation (11.1)

subject to the boundary conditions

Mt (08) =M (LB =0

(11.86)
Nt M) - Nyt N+41) =o M= XY

In the continuum limit the appropriate stochastic

differential equation is (11.3) subject to the boundary

conditions
[?ﬂm(mﬂ] = [ 'Q_’QHA(Y.E)] = 0 (11.7)
(28 r=o or Y=Ll

11.4 Spatial Correlation Functions and the Fluctuation

Spectra

In both the cases the equations for 'qud(i;t) are
identical but because of the boundary conditions.diffefent
Fourier expansions are required to diagonalize the diffusion

terms. The appropriate Fourier expansions are given below.

(a) Fixed‘Mean concentration boundary conditions.
Nn o )
o — . —an
My (B8) = g;i"?u.i(q’t) aon ( m) (11.8)
In the continuum limit
0 . ‘ :
M (M) = 2 My (1) 8am (27T (11.9)
q=1
(b) Zero Flux boundary conditions
n o .
Vs — q-1) Q-0 T
N,y (OE) = Ziﬂua (1.0) co[@HEEDH T (11.10)
q-=

In the continuum limit

w ~ .
Mug (B = éi Mg (2D €O @_l‘dl*") (11.11)
=0
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Substituting these and similarp expansions for gN'in the

corresponding stochastic differential equations we get

cgljf:' My €3.4) = - Aay M1(2,8) + B F (A t) (11.12)
with ~
<Fp)Y =0
- = a1 - ] ;
<E@) 5 4,0)) = h(a,q') 3t-t') (11.13)
where
~, dx q(D)+1 -ky - K?
A = (
K, dy gy +K (11.14)
and for
(a) Fixed mean concentration boundary conditions we have
= 2 1“&)_9'__.[1 N h(g.) " = 2 .
Y C 'n+4) 1) T 8q.q (11.15)
In the continuum limit
= e}qn? haa) = 2 8&q,9’
D e ? L 99 (11.16)
(b) For Zero flux boundary conditions, we have

C = 2 (41-Cos(Q-1)TT =2 1{1-8aq, .
3= 2 (L-Cos QT ), pcaa) 2 8qqf(1-891) (11.17)
In the continuum limit

! jng 2 . ! - ]
qay= rn” . W)= 2894/ (L §23°) (11.18)

L’Z

The Fourier transform of the steady state spatial correlation
functions and the fluctuation spectrum can be calculated
using (10.12), @0.34) and (0.52).

Although the above discussion applies to a one

dimensional system, its generalization to more than one
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dimension is straightforward.
. o [

Having thus calculated G (49,9) one may derive
expressions for G (7,}) be appropriate Fourier inversions
and for the one dimensional case one obtains results
. id . 78
identical to those given by Lemarchand and Nicolis[ ].
The Fourier inversions are possible analytically only
for a one dimensional continuous system and we find with

[ 78]

Lemarchand and Nicolis that near the soft mode

instability threshold, G(r,r")can be decomposed into a
short range part consisting of decaying exponentials
and a.long range linearly damped oscillatory part of the

following form.
G(rr) = by ¥, (L-r) Coay(l-r) SN, !
/ (11.19)
+ by Yar! SmYy(L-r) CoaYar’ + bz
where 7, has been defined previously.

In the limit of L—¢0 (11.19) is divergent. Direct
calculation of G(r,v) for an infinite one dimensional
system shows that as the soft mode instability threshold
is approached, G(ry) actually becomes infinite. However
it should be remembered that these results are derived in

the Gaussian approximation whose validity at the critical

point is questionable.
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CONCLUDING REMAPRKS

We have shown how chemical master equations may be
transformed into exact Fokker-Planck equations or to
equivalent stochastic differential equations by the use
of the Poisson representation method. This is to be
contrasted with the other systematic expansions of the
master equations which yield Fokker-Planck equations of
infinite order. The usefulness of the Poisson representation
technique is exemplified by our ability to calculate higher
order corrections to the correlation functions in a systematic
manner in multivariate situations. Similar calculations
using other systematic expansion methods turn out to be
prohibitively difficult. Apart from these calculational
advantages the Poisson notation yields aesthetically
satisfying expressions for the two time correlation functions
which are of central importance in the study of non equilibrium
statistical mechanics.

[85]

In a recent work Gardiner has shown that the master
equation approach to reaction-diffusion systems may be
regarded as a complete theory ihAitself, in that the near
equilibrium theory of Onsager and macroscopic stability
criteria far from equilibrium steady states may all be
derived from the master equation. In view of this work,
Poisson representation method is an important technical
development.

The perturbative expansion method used in this work

have been in the inverse powers of the system size or the

cell size. Owing to the divergence of higher order corrections
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near the critical point, this perturbative expansion brezks

down in that regime. Further work in developing alternative

perturbation techniques valid in the critical region is

therefore necessary. One possibility in this direction is

to consider coupled stochastic differential equations for
7M(r,t) and M’(X.t), linearise them about the solutions

of the deterministic parts, and then evaluate corrections

to the linearised result. If the corrections turn out not

to be small near the critical points then one should include

the stochastic differential equation for M3(r.t) etc. and

so on. The expansion will then be a sort of self consistent

expansion. Another possibility is to use the renormalization

group methods, similar to those used by De Dominicis, Brezin

[86]

and Zinn-Justin in connection with a Langevin equation
description of Ginzburg-Landau models. In their work the
Langevin equation description is replaced by an equivalent
path integral representation which is then used to investigate
the critical dynamics of the system. However, in contrast

to their Langevin equations in which the noise coefficient

is a constant, the Langevin equations derived using our
techniques do not have constant noise coefficients. The path
integral representation for such Langevin equations is
riddled with mathematical and computational difficulties.

A problem worthy of future investigation is therefore to apply
the renormalization group techniques to the Langevin equations

themselves so as to obtain a better understanding of the

critical dynamics of the chemical instabilities.
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APPENDIX A: It8 and Stratonovich Formalisms

In this appendix our aim is
(a) to bring out the mathematical differences between

Ito and Stratonovich formalisms,

(b) to show how one may go from an It6 stochastic
differential equation to that of Stratonovich and
vice versa,

(c) to derive rules for change of variables in an It
stochastic differential equation.

The derivation of the formula for change of variables
in the Itd Stochastic differential equation and the
derivation of Ito stochastic differential equation from that
of Stratonovich to be found in most mathematical texts on
this subject are extremely complex. Our aim is to derive
these formulae in a physicist's way. Rigorous proofs may

(601 [611]

be found in books by Arnold and Gihman and Skorohod

A stochastic differential equation

dx = ax)dt + gx)ydwet) (A.1)

should be understood as an abbreviation for the integral

equation
: ¢ 2)
X(t) = X(to) + jds a(xes)nds + th(xcs;)) 4ws) (A.
to 6
until a precise definition of the stochastic integral
t
q§ = jt G (X(5)) dw(S) (A.3)
]

is given. To specify the meaning of’S we divide the

_interval (to,t) into intervals of length At
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togti gty ----Ktn=t Ti-tit = At (au)

and consider the approximation of 9 by Riemann-Stieltjes

sums of the form

Sn = % G (X(T) [ Wty - Wttm ] (A.5)
wWhere i=d
tig € TS (A.6)
[ 60 ]

It may be shown that the convergence of the sum S4 in
the quadratic mean depends on the choice of the intermediate

points Ti{ . In particular, when

GX) = W (A.7)
one finds that[ 60 ] with T¢= (1-a)ti-4 +ati
t .
W) = gwm- Lom S
S oesranes) Atso OF
a% [ W92 t) -0t + (a-4) (t-to) (A.8)

Ito's choice of the intermediate points Tji corresponds to

a=0 i.e. Ti = ti-1 so that
. -
(1) [ o@dwes) = L [w'er-10'ee)] -2 (t-to) (A.9)
(o]

and the definition of the stochastic integral N is taken

to be
n
= @m-LiMm ST G (X(ti)) A W (Lia) (A.10)
I J = Z;‘G' i T i

where the parenthesized T on the left indicates that (A.6)
and (A.7) are defined in the sense of It6. O7 W Cti-t)

in (A.10) stands for

Ap 1T (ti-s) = Wt = W (L) (A.11)

and defines the increment of a wiener process at time ti-y

N
in the sense of Ito.
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Stratonovich's choice corresponds to a= 1 i.e.

2
T; = T+t 4 that
2 t 2
J o wedwe = 1 [wit - wito] (A.12)
to

and the definition of 3 is now taken to be

. 7
sy 9= qﬂ'_‘;"; 2.6 (¢ (HEE)) (g (to- W k0] (a9
i=1

In order to bring out the difference between Stratonovich's
definition of an increment and that of Itd we write the

summand in (A.13) in terms of the midpoints

Tie Sttt (A.14)
' 2
of the interval(ty,ti) so that (A.13) becomes
m
. - m - Lim : .
sy 3 = LT 2 GX(Ti)) Agw(Tis) (A.15)
where 1=t
o\ = T +Te- Ti-1 + CTy-2 :
As W (Tiy)= W (Tt )Tt Ty
Thus it is clear that while It0 increment at time t
Ar W) = Wttat) — W) (A.17)
"points into future'", that of Stratonovich
= W (t+Lh) - 1o (t—ﬂt)
Ag Wit) = = = (A.18)

"Points half into future and half into past".
An important property of the It5 increment which distinguishes
It8 formalism from that of Stratonovich is that Dy 1 (E)
is stochastically independent of W () for t'€¢t i.e.

LD WY WYY =o , t'st (A.19)
which may be proved using the properties of a Wiener process
namely

WYy o (A.20)
19 WYY = mim (L.t) (A.21)
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Stratonovich's increment Dg W(t) does not have the
property of being uncorrelated with wW(t') for /<%

Differences in the definitions of increments in the
two formalisms lead to different integration rules. Thus,
while the LHS in (A.12) is precisely what we get using
integration rules of ordinary calculus, the LHS of (A.9)
differs from it by an extra term -%(ﬁ-to). Thus, whereas
integration rules and hence the differentiation rules of
ordinary calculus are valid in the Stratonovich formalism,
they are both different in the ItS8 formalism. In the
following we shall férmulate the rules of differentiation
in the It6 calculus.

Equation (A.9) may be written in a differential form

as
If we construct the differential of Mf%t)formally,using

Taylor's theorem, i.e.
2
AWAE) = [wWtrot)] = Wi
2
9 W (t) AW ) + [AWE)] (A.23)

we obtain

2
Ao = 2w dw) + [dww] (A.24)

comparing (A.22) and (A.24) we have

[diww)]®= 4at (A.25)
In the multidimensional case (A.25) generalises to
4wty dwj > = d4y dt (A.26)

Remembering (A.26) let us consider changes of variables in a

multi-dimensional It8 differential equation
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dXi = ai(xydt »Z Gy (X)dWy , 1=1... M (a.27)
d

Let us introduce P new variables

Yr = . (X) yod.... b (A.28)
Then
AYye = e X+aX) = X))
=5 0br axi+1 Y Dby Axgaxye- -
T oxi iy 2Xiv¥) (A.29)

It is necessary to include the second order differentials in
(A.29) because AXyAXjinvolves AW AWy which is of first
order in At . Substituting from (A.27)

AXi = QicX) oty %; Gy (X)) DY) (A.30)

and using (A.26) we obtain

dYr = 3 0&r aitx)de+ ) B (GG )y dt
1 0Xi 1) OX10Xy

r L 2% awio &) (A.31)
1

1 -

The difference between the LHS of (A.31) and that obtained
by rules of ordinary calculus is the occurrence of the second
term which essentially arises because of (A.26).

Given a Stratonovich differential equation

dg Xi = Qi(x)dt +};_"Gi3c>5>d5che> (A.32)
let us see how we may write down the equivalent I1to
differential equation and vice versa. For finite time interval

At (A.32) may be written as
Ag Xilt) = Xi(t+4b) - xilt-&ob)
= QX)) At +Z€rga (X)W ('c+§__t) -1, (t-%_t))(A. 33)
Making the replacement t:—aqt41%F and remembering the

definition of an Itg increment (A.33) becomes
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AT XLE) = XLE+A1) - Xi(h)
= Qi (X) at +5Z Gy (X (E+2F)) Ap Wy D)

Taylor expansion of G,;a (x (‘\7 +%.t) )= Gt} (§CC)+ 92%() yields

) = d{(X)Yat + : +is$ 0Gu ]
A1 X ) (Xyat zﬁétaogct)) 22':( "Z)‘ili AIXk(t)]Alwa(t)(A 34)

Since ;Axn(t)‘ﬁbﬁa(t) involves a term proportional to

At Wy A "33“) which is equal to 631 At , in order to write
all the terms of order At we have to iterate (A.34) once.
This gives,

A Xit) = 01(5)“—*% 2. 0G vy Gey at
R DXk
+ 20: Gy (X8) Ar W)
In the differential notation (A.35) may be written as

(A.35)

drx;(t) = Qi) dt + L3 ’%%a‘ Grp A Y Gy drwy
gk CONK 3 (A.36)

This is the It0 stochastic differential equation equivalent
to the Stratonovich differential equation (A.32). Conversely,

the Ito stochastic differential equation

dr Xi(t) = QuX) dt + 2 Gyy (X drwyte) (A.37)
2

is equivalent to the Stratonovich differential equation

Equations (A.37) and (A.38), although quite different in

dg Xu(t) = Xyt -4 5 Gy Gy dt +ﬁZGL-)(>_<)dS»:53-(‘c)

appearance are equivalent and yield the same results for the

averages. Thus for £ %1 (t)) we have form (A.37)

d X)) = A% dt (A.39)
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the second term in (A.47) does not contribute because of
the stochastic independence of dg ¥)(t) i.e.
{ Gy (X)) drwyety) = o (A.40)

In the Stratonovich formalism, the Cistﬂa(t) are correlated

with W (t) at previous times and hence one does not have

(A.40) but instead one has
< Gry (X(0)) ds W)= %§<'%%i6k37 4t (a.u1)

which cancels the extra term in (A.38) yielding the same

equation (A.39) for <Xu(t).
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APPENDIX B: On the Gaussian approximation in X and &

variables.

In section 6.5.1, Chapter 6, we showed that if §(¥)
is assumed to be Gaussian distribution in & , then the

corresponding P(X) is asymptotically given by

-V WYX
P(X) = € vix) (B.1)
where
(XY= ST - % n 7+ Xi X - X4 +21% I,O)Gq(ﬂ,, (m.o)
T B.2)
and ;ﬁi may be expressed in terms of X using
4~ Xk 5 (Tn-m,o)(é‘)ai (B.3)
MNe 3

The aim here is to derive (6.5 9) from (B.l) by expanding

Ar (%) about its maximum. Now

2V¥ - o (B.4)
2%k
when
Z [_gf?(lk 1k Wﬂl at —v‘ ‘\'81-?1'”7"‘]‘\'2(”% “’h,oXG )La = 3 (B.5)
It follows from (B.3) that A= 'ﬂk.o implies "’]R*"’lk.o

and in that case the LHS of (B.5) vanishes. Thus the peak

of A (%) lies at
Kr,0= Mgo (B.6)

The variance around the peak is determined by

: o [ Bre -y fBu (i) ¢ B (T
(:Oa;!}:bx!)’x:‘ﬂ.o- q')):‘L Z{'ﬂtko 'D?(E+ }Yl:no(‘ax) }
i
PAEIAREES N CCAR B
where _
(28 = (L) g (5.5
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Implicit differentiation of (B.3) gives

~1, M; - dkd :
(NN (A = (M ) oMz W (B.9)
Zi,: Rl(’b'xl)o kL Mk.o
and hence - .
(’bja) = [(glemt) M Jie
DXE/ 0
Substituting this in (B.7) we have '
- - —1 3 wod
(?Hf )= It wi g ) v ]y
Xk 0%y X=M,

(B.10)

= [pt (@ () - @ g

- [ttt et

" (B.11)
= (GtM) o,
Hence P(X) is asymptotically given by
. -4 _ .
P(X)= €~V% (Xi=Xw0) (G M4y (K- Xg.0) (B.12)
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APPENDIX C: On the Choice of & contours

The possible choices of the contour of integration
for $(a) given by (8.11l) are
(i) contour C; extending from 0 to K,
(ii) contour (; extending from Kk, to -
(iii) vcontour (,; extending from 0 to -0
The contour C(C; gives a solution which is a linear
combination of those given by C4 and C, and hence there
are only two independent choices of the contour of integration.
In Chapter 2, section 2.8.1, we argued that if the
probability distribution and all its moments exist, then
the corresponding factorial moment generating function G(S8)
and all its derivatives must be finite at 9= -1 . This serves
as a convenient criterion for ehoosiﬁg the correct contour.
For the contour C, the generating function corresponding

to the probability distribution is

-gooe o (8-1) V(K- Ea)-t K Y

(0’4 e Y 4 i
G(S) = e (Kyv-a) w2 X\ (C.1)

K;
which is infinite at S= -1 and therefore does not lead to an

admissible probability distribution.

Also note that (8.11) leads to a non trivial P(X)
only if the limit K3—> 0 is taken after the limit V0
If Ky=0is set equal to zero in (8.11) in the beginning, then
the only permissible contour of integration. js a closed
contour encirecling the origin, in which case all the moments

of P(X) wvanish, and
P(X) = Oxo0 c.2)
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That this is the exact solution in the case that Kz=0
is obvious from the reaction mechanism (8.1). Once all the
molecules of X are lost, there is no mechanism for
producing molecules of X . However, the Kz— 0
limit of the larger volume limit is well defined, and does
not give the trivial solution (C.2).

For {(«) given by (8.19) the two choices of the contour
of integration are
(1) closed contour encircling the origin,
(ii) a contour extending from © to —-00
The generating function for the latter choice is

—00 2
- o+ QN
G(s) = 5 oS« o ? Y
- ol 2
0 (C.3)
which, although finite at 3= -1 has divergent second and
higher order derivatives and therefore does not correspohd

to an admissible probability distribution.
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APPENDI¥ D: Next higher corrections to the correlations

for the second order Phase transition model.

D.1 The complete expression for next higher correction to

the Fourier transform of the spatial correlation function
is as follows

§1¢a,9) = 8(3+a") §,)

$,(2)= 2K (s { g
3¢(3) ° [g@n+9(2-3)+3¢2)] g gg-

+ 41kM 69 [ KI76SS)-(QKI-Ka) ()] j dd

9%(2) 9@y [g@n+gr* gca-a))
— 2K (ss) (AKi-Ka) ng.
FRER [ 9@+ 9(a-30+3 (D] (D.1)
2 2 2 d4a,
216G N (88 -K*§@) -k g7 [ SX_
+ J32() j Fan

: (D.2)
gca) = DI*+M(5S)

D.2 The full expression for the next higher correction to
the Fourier Laplace transform o fthe two time correlation
function %i(g,giS)is as follows

Fo(a,a's) = 8(3+9)) Ta(LS

~ a .
Tya,8) = 2 __[Qlcmgé) [ 4g. B
i [5+9@IL T3@)  Tg@n+g@-an+g@19d0 3¢

- a4,
kness) [ Kness) -Q@xX k)G ()] g
FHRIS g92(D 8<90[g(q.)+8m+%ta-q.)]

C d49.
— 2KIM(8S) (2K-K3) 2 —
il 9°(Q) S [%’(ﬂ.)-\-%(ﬂ-%)*‘%(?.)]

+ [2X27)(88) - KEG(Q) -Ki13D)] | d?gn) }
92(2) 3
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+  aAKENGED H 4a, ]

[s+gep]? g )
— QK 7(55) (2K-K2) U dg, [29@)+9@n]
[8+3@I[S-DIFDL [gr+ gean + a-30)

- S da, [ 29@)+g3@n]
[s+ 9€a-a) + @

- AKIN(SS) [ SRR
[s+3D) LS+ 9+ 9a-a57 93 ]

+ 2K MES) S d9 [ 2KN6s)- @R K-K2) F(I) ) (D.3)
[s+3@1°g@ J Tsx gcan +9(a-90) 3¢a0

where (9) is given by (D.2)

It is clear from the above that in the complex
g plane %(‘3»5) has a pole and a double pole at g=-g(a)
The pole at S=g(q) which arises from the third term
in (D.3) is spurious, for its residue is zero. The last
three terms in (D.3) also give rise to cuts. All of these

three terms contain an integral of the form

I-= J dg, $¢80 (D.4)
[5+ 9(3-9)+9a) o
Doing the angular integrals T becomes
2
T= (119 dial g, { S+2mMess) + D124+ DL+ 1G9 )
D 19l 8 +27¢ss) + DITZ 4D (191-191) 2
(Dos)
which gives rise to the cuts at S§= — (DI9V¥+ ar(ssy)
2
and s=- (B +anss)

Having thus determined the analytic structure of
"'F, (g,_,g_"g) in the complex S plane, we may write a dispersion
relation for "T‘,(g.f_[_,,s)as in (9.52). The residues Q((Q),b(3)
and the discontinuities across the cuts C(g,s')and 4a,s) in

(9.52) may be calculated from (D.2) if desired.
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APPENDIX E: Derivaticn of the results used in Chapter 10

E.1 The solution of the linear stochastic differential

cauvation (10.18) is

~ E _ANE-t) o
ﬂl(g’—t) = J e B?(S.t') dt" (E.l)
o 3
which gives £ ~ ~Y
-At' , -At
Sea, = <A@nn @) = s@rahfdre e (E.2)
(e}
and hence t o~ KTt
~ - Rt' 2 - At L
= e B e dt
G( ) So (E.3)
In the steady state, taklng the limit t—=>® in (E.3) we get
~ “Rt! AT
G() = S dt' e B € (E.4)
It follows from (E 4) that -
AE+G AT = —S [e'Atra e"ATJ“']dt’ = B* (E.5)
dt’ -

Now since every matrix obeys its characteristic equation

which in the two dimensional case is

N _(—r,.';‘{)h'5+'betﬁ =0 (E.6)
it follows that é-nht is a polynomial in‘K of degree 1.
Thus taking into account the symmetry of Et, a must have
the follow1ng form

G= ag’+p(AB+R AT)*“‘ABAT (E.7)
Substituting (E.7) in (E.5) and using (E.s) we find that

(E.5) is satisfied provided that
o+ (TyR)p —(DetA)T =0

Q(Det“,g‘)?,-ki =0 (E.8)
g+ (7rA) Y =o0
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Solving (E.8) for %, B, Y and substituting in (E.7) we

get
T
~ (®etA)B‘+(A ~(TrAT) B*CA- Cﬁﬂfl} (E.9)
= 9 (TrA) (Det A)
E.2 From the definition of the eqn. (10.51) fluctuation

spectrum it follows that

) 0 .

1wt - voot

w)=z L tdat+ i \e T(Q,t) d¢k

F(g,0) 2| e Tt Qn-jw 2 (E.10)
o]

Changing t-3 -t 1in the second term on the RHS of (EJ10) and
using the following property of the steady state two time

correlation function

-
T(9,-t) = T g,t) (E.11)

we get

©
F(g,oo)* ’i?-xj T (4 t)+Se TT(E{.»’C)} (E.12)

Substituting for'T(th)from (10.50) we get

~ "1'\, ~ . ~ -1
F(4,w) :a“'ﬂ [(lewI+A) g(a)+ S(P(-10l+ AT) ](E.la)

which gives

(1caT+R) F(,0) (XOTI+AT) = é_n[A“é-kgfxT] (E.14)

Using the relation

= M¥G (E.15)

and (E.S5) we get

e !
- ~ ~s 2 . NT
F(q.w) = 4 (x‘coumi{_‘mnu AM4 R J(-LWT+AT) (E.16)
QM
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