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Abstract 

A comprehensive discussion of the stochastic 

master equation approach to chemical reactions is 

presented. After a review of the various system size 

expansion methods that have been developed for an 

asymptotic solution of stochastic master equations, a 

new technique, the Poisson representation method is 

introduced. The technique is based on an expansion of 

the probability distribution in Poisson distributions 

and enables chemical master equations to be transformed 

into exact Fokker-Planck equations. 

The Fokker-Planck equations obtained using the 

Poisson representation are used to investigate some 

general features of chemical reaction systems whose 

steady state is thermodynamic equilibrium. The solutions 

for such systems are discussed from grand canonical and 

canonical ensemble points of view. 

Basic formulae for the two time correlation functions 

are derived using the Poisson representation method. 

The formulae for the chemical systems in thermodynamic 

equilibrium are shown to relate directly to the 

fluctuation-dissipation theorems which may be derived 

from equilibrium statistical mechanical considerations. 

For non-equilibrium systems, the formulae are shown to 

be generalisations of these fluctuation-dissipation 

theorems, but containing an extra term which arises 
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entirely from the non equilibrium nature of the system. 

In a chemical reaction mechanism, if only bimolecular 

reactions occur, the Fokker-Planck equations derived using 

the Poisson representation method involve no higher than 

second order derivatives. The mathematical equivalence 

between Fokker-Planck equations and stochastic differ­

ential equations is used to derive stochastic differential 

equations for chemical reaction systems. When tri­

molecular or higher reactions are present, the Fokker­

Planck equations involve third or higher order derivatives. 

It is shown how the concept of a stochastic differential 

equation may be generalised in such cases. 

The stochastic differential equations lend themselves 

to a straightforward perturbative_ expansion in the 

inverse powers of the system size. These perturbative 

methods are applied to some interesting examples of 

non equilibrium reaction systems. Some novel features 

of the Poisson representation quasi probability which 

arise in these cases are discussed. 

A chemical reaction model which exhibits a second 

order phase transition behaviour is investigated in 

detail (including the process of spatial diffusion) and 

the first two terms in a perturbative expansion for the 

spatial and two time correlation functions are 

calculated. 

A stochastic model of a chemical reaction which 

exhibits spatial and temporal oscillations is analysed 
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below the instability thresholds. The same model is 

used to show how the Poisson representation method may 

be applied to calculate the spatial and two time 

correlation functions in finite systems with boundary 

conditions. 
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CHAPTER 1 

RATIONALE FOR THE MASTER EQUATION APPROACH 

1.1 Introduction 

The phenomena of transition of·a macroscopic 

system from a disordered, chaotic state to an ordered 

state in far from thermodynamic equilibrium situations 

are currently the subject of much theoretical and 

experimental interest.[l- 3 ] The formation of Benard 

cells in a fluid layer heated from below, the laser 

transition, spatial and temporal oscillations in 

Belousov-Zhabotinsky reaction, are some of the examples 

where beyond a certain critical distance from the 

thermodynamic equilibrium, the initially chaotic state 

becomes unstable and gives rise to spatially and 

temporally organised structures - the dissipative structures. 

Numerous examples of such symmetry breaking instabilities 

may be found in a wide variety of disciplines such as hydro-

• h • b. h • t 1 t [ 4 - 7 ] dynamics, p ysics, ioc emis ry, eco ogy, e c. 

Instabilities which are not symmetry breaking also play an 

important role in diverse biological phenomena such as 

membrane transport, nerve excitation, enzymatic reactions 

. . l [3-8] 
where multiple steady states are possib e • 

The importance of fluctuations in bringing about the 

transitions of the type discussed above is now well 

established[l- 7 ] and consequently any mathematical description 

of systems which exhibit these transitions must include 

fluctuations. The master equation approach provides such a 

description. In this thesis our main concern is with the 
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(9-22] 
master equation approach to chemical kinetics, specifically 

with developing mathematical techniques for solving these 

equations. We first discuss the rationale behind a master 

equation to macroscopic systems in general. The arguments 

presented are not original and rely heavily on those put 
[23-28] 

forth by Green, Zwanzig, van Kampen, Penrose and Balescu. 

We then consider the validity of such an approach to 

chemical kinetics. 

1.2 Mas"ter Equation Approach: General Considerations 

The first step in a physical description of a 

macroscopic system consists in selecting a few quantities 

which describe the system as a whole such as volume, charge, 

magnetisation, temperature, etc. The choice of these 

quantities is based on past experience or physical intuition. 

In trying to understand the gross behaviour of the system 

either on intuitive or empirical grounds it may be necessary 

to introduce a few more quantities. For mathematical 

convenience we may have to introduce local concepts such as 

charge density, concentration etc. This process continues 

until, of all the macroscopic quantities introduced, we may 

select a minimal set Ci which provides the simplest and 

the most complete description of the system. By a complete 

description we mean that given the initial values of Qi 

we should be able to predict their values at a later time 

and hence the future macroscopic state of the system. 



Thus the macroscopic description is complete when we 

specify the phenomenological equations 

dcii = FiC~) 
dt 

Familiar examples of such equations are Navier-Stokes 

3 

(1.1) 

equation in hydrodynamics, rate equations in chemical 

kinetics, Fourier equation in heat conduction etc. These 

equations may usually be derived from some general 

principles such as conservation laws together with some 

specific phenomenological assumptions. For most purposes 

these equations may be sufficient, i.e. given the initial 

values of a~ one may calculate their values at a later 

time which agree with the observed values within th~ 

experimental precision a a i. with which these quantities 

may be measured. However, situations may arise in which 

we find large scale deviations from the expected behaviour. 

This may happen for example, if the system under consideration 

is an open system a-nd the parameter's involved in the 

phenomenological equations may be externally controlled. 

In such a case we may find that for certain values of the 

parameters, the solution of the phenomenological equations 

becomesunstable. If this happens then a slight fluctuation 

8 Qi from Ci would begin to grow with time. This 

fluctuation may either be externally induced or may arise 

spontaneously. In a macroscopic system with many degrees of 

freedom occurrence of a spontaneous fluctuation is certainly 
J 

possible. In order to gain a better understanding of 
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spontaneous fluctuations and to find an alternative to 

the phenomenological equations in a regime in which they 

are untenable it is necessary to examine the system from 

a microscopic view point. 

At the microscopic level, a complete description 

of the system is provided by -f coordinates 9..-. • •· 9. f and -f 

conjugate momenta p1 .... pt where 1 is the number of 

molecules in the system. The dynamics of the system is 

determined by the classical equations 

d Pie-_ 
dt - (1.2) 

Geometrically the state of the system may be represented by 

a point ?C.:: (i.~) in the 2:f dimensional phase space also 

referred to in the literature as the r-space. Given the 

initial value of X, the solutions of the classical equations 

trace out a smooth trajectory in the r- space. In principle 

all information is contained in (1.2), but needless to say 
23 

that for a macroscopic system with 10 molecules, the 

specification of the initial conditions and an exact solution 

of the microscopic equations is beyond human means. Ideally 

even if it were possible to accomplish this it would hardly 

help in answering the questions asked in the description of 

a macroscopic phenomena. To bridge the gap between the two 

levels of description, introduction of statistical concepts, 

in particular, the concept of a Gibbs ensemble is 

unavoidable. We may learn a great deal about the status of 

phenomenological equations and how spontaneous fluctuations 
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may arise by examining what an experiment on a macroscopic 

system means from the phase space point of view. 

In correspondence with the macroscopic quantities 

Qi, we now introduce phase space functions Ui ( X.) . The 

state of the system is specified in complete microscopic 

detail by the phase space point ?( in the r - space. Once 

the location of 'X is known each Gi ('X.) may in principle 

be calculated. Each observation on the macroscopic 

system corresponds to determining the value of the phase 

space functions Oi ( X) with a certain precision A Qi • We 

shall denote the set of all values accessible to Oit~)by Qi. 

For each i and a given value of at the interval 

(1.3) 

defines a slice in the r-:-space and the totality of such 

intervals divides the r- space into phase-space cell which 

we shall label by the index J . Each macroscopic observation 

corresponds to determining in which phase space cell the 

phase space point ,x, is located. It is therefore clear that 

a macroscopic observation by no means fixes uniquely the 

position of the phase space point Z; in fact there may be 

an infinity of phase space points which are all compatible 

with the macroscopic observation. Given the initial 

macroscopic state of the system all we know is that the 

phase space point 'Xo is located somewhere in the appropriate 

phase space cell. As the system evolves the phase space 

point maps out a trajectory according to the classical 

equations and the phase space functions change from <;;,(Xo) 
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to Q.(Xt)· If the experiment is repeated several times 

with the same macroscopic initial conditions, the over­

whelming chances are that each time we would start with 

a different phase space point in the appropriate cell. One 

is thus led to an ensemble description in which the 

macroscopic observations are interpreted as an ensemble 

average over all possible points in the phase space which 

are compatible with the macroscopic initial conditions. 

Mathematically this may be expressed by introducing a phase 

space distribution function € ('X.) which gives a certain 

weight to all possible microscopic configurations which 

are compatible with the initial conditons. Thus at t:o 

we represent the macroscopic initial value Oi C.o) as 

Oi(O) =- (dx. Q.('X0 )€CX) 
j O a. O 

and at a later time t the outcome as 

01;(.t) -:: s d:X 0 0i.(X1;) ecxj 

= • J d?Co [ eLt a.,,txo>] (?(XO) 

where L is the Liouvillian operator. 

(1.4) 

(1.5) 

In practice, given the in_itial macroscopic state, 

the outcome of an experiment is fairly close to the 

ensemble average, i.e. macroscopic experiments are 

reproducible within the experimental precision. However, 

from the above considerations it also follows that we cannot 

exclude the possibility of fluctuations away from this 

average. Given the system Hamiltonian and the phase space 

distribution in principle, we ought to be able to calculate 
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the magnitude of these fluctuations and find an alternative 

to the phenomenological equations when the fluctuations are 

large. In practice, however, this may be an arduous task 

and may involve all kinds of assumptions and approximations 

which may not be any better than the ones on the basis of 

which the phenomenological equations are derived. Also 

specification of the Hamiltonian and the precise form of 

the phase space distribution may not be always possible. 

The form of the phase space distribution, in equilibrium 

situations is now fairly well understood but in non 

equilibrium situations this still remains an open question. 

It is therefore clear that what we need is an intermediate 

level of description which goes beyond the macroscopic 

description through phenomenological equations in that 

it includes flutuations but avoids the problem of having 

to specify the Hamiltonian and the form of the phase space 

disbribution function. This level of description, to use 

van Kampen's terminology, will be referred to as the 

mesoscopic description. This is achieved by introducing 

the concept of an a- space in the following way. 

Thea-space consists of all possible realisable values 

of the phase space functions Oi(X). Each point in u- space 

corresponds to a cell in r- space and thus we have a many 

to one mapping. Given a point in Q- space at time t =O 

the phase space point 'X lies somewhere in, say, the cell ::r. 

Each time we repeat the experiment we are most likely to 

start from a different point in cell j. In each repetition, 
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after a time t much larger than the typical microscopic 

time scale, the phase space points 'X.t may be located wide 

apart from each other owing to their different initial 

positions and we may get significantly different values 

for Ui ( ?Ct) . It is clear therefore that the sample paths 

in Q- space corresponding to several repetitions of a 

macroscopic experiment, resemble those of a random process. 

To characterise this random process in Q- space we introduce 

the concept of an a- space probability P(g,t). Specifically 

the probability that the values of the phase space functions 

Oi ( X) lie between Oi and o,: + .60i. at time t 

Oi < Q,:C.X) < Oi+ 60i 

is given by 

P(Q,t)6Q :: P(<l1.··· ··Q71,t) 6Q, • • • •• LlQYI 

(1.6) 

(1.7) 

However the mere knowledge of P(g,t)is not sufficient to 

characterise a random process. If we know that the phase 

. <i) . t . space functions have a value CL at time 1 then this 

knowledge will influence the probability of finding a value 

d2 > at time t2. In other words the joint probability 
(.!l) (.l) . (.1) 

p (Q , t 2 ~ Q , t 1) cannot be inferred from the knowledge of ? (g , t1) 

Hence for a complete characterisation of the random process 
(1) (.2) (.1) 

we must satisfy all the joint probabilities P(_g. ,t1). P(9 ,tz,· Q. ,ti) 

c.3> <.:2> • p ( a_u), t . ) and so on. p ( Q. ' t~; <2: , t:l ' J. 

These joint probabilities are not all independent, they must 

be compatible with all the lower order ones. 

( ... +i) c.=> t'nl . c.1.> ) 0 ~> ·a<.ut)Cl 8) j d ~ ts; • • • • • d ~ • I p ( 9: I t 'Tl ; ...••• ) 9- ' t j -:. p Cg , t",t ; •• ) - ' i • 
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for all R< 'Y'\ whatever the values of the times t~H • - •· t'YI • 

We may now try to classify these random processes according 

to the number of joint probabilities required for its 

complete characterisation with· a view to finding which one 

of these offers the best description of the random process 

in a- space. 

The simplest case is the one in which the knowledge 
(.1) 

of P ( g , ti) is sufficient. This process, referred to as the 

purely random process,satisfies the following 

P ( ~tl>, t2; gu~ t1) -= P ( c;{~>t'l-) P <.gu! ts.) 

i.e. correlations in time are completely nonexistent. 

This process, however would be very unrealistic for 

(1.9) 

describing a physical process because we know that at a 

microscopic level we have a completely causal description 

which must reflect itself in macroscopic dynamics. 

The next simplest case and the most important one 

from statistical physics point of view is the Markov process. 

The whole information is contained in the joint probabilities 
(1) P ( 9: , tJ) and To understand the 

physical circumstances a Markov-process describes it is 

convenient to introduce the concept of a conditional 

probability 

(1.10) 

which expresses the probability that given the values Qti) 

Cl> 
at ti we have values O at t2 , and is related to the joint 

probabilities through the relation 

a c2., t (i> ) p (a_cJ._> t2 I a_<.1.> tj) P ( .9-u: t1) p ( - . 2 ; g 1 t1 ::. • (1.11) 
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Higher order conditional probabilities p ( g <-; 1t 3 I gl:\2. IQ; (U, t1) 

etc. may analogously be defined. 

A Markov process is defined by the following 

condition 

(1.12) 

for 71 ~ 2 . This equation implies that, in a Markov process 

. c:n-1) 
the probability of transition at time t~~ from a value a 

('Y'l) 
to a value Q. at time tn depends only on the value of a 

at time t-n-i of the transition and not at all on the 

previous history of the system. This assumption is enough 

to show that a Markov process is completely specified once 

we know p ( a(2,> t 2 J qu..: t 1 ) and P ( a.0 ·! t.1) ; all higher 

order joint probabilities may be expressed in terms of 

these. 

Let us see if it is reasonable to assume that the 

random process in Q-space may be regarded as a Markov process. 

Physically, the Markovian assumption (1.12) means that if we 

produce an arbitrary past history of a system by artificial 

means, i.e. by acting on the system from outside, the 

behaviour of the system after the outside influence has been 

stopped depends only on the state of the system at the time 

of stopping. Thus if a metal bar is heated at a varying rate 

and then isolated, its temperature distripution can only 

depend on the time of isolation. There must of course be 

a short time after the isolation during which the past history 

has some influence because of the continuity of physical 

phenomena at a microscopic level and hence as long as the 
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difference between any two times between macroscopic 

observations is much 16nger relative to the microscopic 

time scale, Markovian assumption is reasonable. 
[27] . 

Penrose in his work on the foundations of 

statistical mechanics has examined the Markovian postulate 

in great detail together with other approaches to 

statistical mechanics such as the ergodic approach and the 

hypothesis of equal apriori probability. He concludes 

that certain interpretational difficulties which arise in 

the hypothesis of equal apriori probabilities, and certain 

problems encountered when the ergodic approach is extended 

to non equilibrium systems can only be resolved when 

supplemented with a Markovian Postulate. In fact he goes 

on to show that the concept of a GiSbs ensemble along with 

the Markovian assumption is sufficient to build a 

satisfactory theory of statistical physics rich enough to 

include both equilibrium and non equilibrium systems. 

It must be made clear that the Markovian assumption 

can be valid only if certain conditions are satisfied. 

The first condition is that the time scale .at which 

macroscopic observations are made must be much longer 

relative to that of the microscopic phenomena. The second 

and the most important requirement is that the set of 

macroscopic variables chosen to describe the system, and 

hence the set of phase space functions must be just right. 

Thus for example the phenomena of Brownian motion cannot be 

described by a Markov process if only the position of the 
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Brownian particle is taken as a macroscopic variable. 

It however becomes a Markov process if the velocity is 

also introduced as an observable. In general, the 

question of what variables to select so that the system 

may be described by a Markov process is a very difficult 

one and it still remains an open problem in statistical 
[ 23] . 

mechanics. Green in his work has made some progress in 

this direction but the answer to this problem is yet far 

from being conclusive. All one can say is that the set 

of macroscopic quantities should not be too large otherwise 

the phase space cells would be too small with the result 

that the sample paths in Q-space would no longer be those 

of a random process. On the other hand it should not be 

too small because then they would not fully_ describe the 

macroscopic aspects of the system. 

If we assume the validity of the Markovian assumption, 

then it may.be sho~n that the conditional probability 

satisfies the Chapman-Kolmogorov equation 

) (1) j C.:l) (?,) (.2> l2) ti) ) 
P( Qt~ t""IO. ,tJ)= da PC9.,t~\9:,t2)P((!,t2\<! ,t1 

- , ,;, - - ( 1.13) 

A physical interpretation of this equation from phase space 

k [26] 
point of view may be found in van Kampen's wor. 

Multiplying (1.13) by P<~:{1', ti) and integrating over 
(.1) 

a we have 

p ( gt3; t 3 ) -= J d<_:{ 2 ' p ( g/~), t:; l ~2~ t2.) P ( g._ c.~> t,) (1.14) 

Eqn. (1.14) may also be written in a differential form as 



'() p ( a. .t) -
at - -

13 

where W(~lg;)represent the transition probabilities per 

• • I unit time from Q to a . This equation known as the 

master equation provides the desired mesoscopic description. 

An alternative mesoscopic description is based on 

the analogy between the sample paths in ~-space and that 

of a Brownian particle. Following the success of Langevin 

equation in describing Brownian motion, one writes an 

analogous equation for the sample paths in Q space by 

adding a noise term to the macroscopic equation. 

dOi -
cit -

Fi Cg)+~ Bia c~n ; 3 tt) 
d 

(1.16) 

The added noise terms are assumed to account for 

the fluctuations about the macroscopic motion. However, it 

must be borne in mind that this approach is valid under 

much stronger conditions than the master equation approach. 

An equation such as (1.16) or its equivalent Fokker Planck 

equation may be derived from the Chapman Kolmogorov equation 
(2.) (1) 

under the assumption that P(~, t~ 19: ,t1) depends only on t 2-t1 

and that the third and higher tran~ition moments satisfy the 

following 

(ai-Oi ) (a1<-a~ )(a.1.-0i ) P (<;!,tlq_. o)da J tO) (b) (.0) (O) t (.0) 
(1.17) 

- 0 [ (t-~?] 

1.3 Master Equation Description of Chemical Kinetics 

To be able to describe a macroscopic system by a 

master equation we need to know the transition probabilities 



14 

W ( C. la') . In principle we ought to be able to calculate 

these in terms of the phase space distribution function and 
. [29] [27] 

the system Hamiltonian. Zwanzig and Penrose have 

shown how this may be accomplished. While Zwanzig starts 

with the Liouville equation and under certain assumptions 

derives the master equation, thus obtaining an expression 

for 
, 

W(a\Q)in terms of the system Hamiltonian, Penrose 

chooses the Markovian assumption at the mesoscopic level 

and Gibbs ensemble description at a more fundamental level 

as the starting points and shows how one may establish 

contact between the two. However, the success of the 

master equation approach lies in the fact that in a large 

number of physical, chemical and biological systems, guided 

by the knowledge of the macroscopic•equations, one can 

write down the transition probabilities by means of plaus­

ibility arguments. 

Consider for example the chemical reaction ~. 
2X ~ A (1.18) 

The traditional method of analysis of the reaction kinetics 

which may be found in any text book on chemical kinetics 

proceeds via the rate equations 

dX 
at (1.19) 

where Ra is the rate constant and X is the number of 

molecules of type X . 

The master equation for this reaction may be written as 

dP(X,t)::: NCXIX+2) P<.Xt2,t) -WC.X-:2\X)P(X) 

dt 
(1.20) 



Here W (XI X+2.) has the following interpretation: 

For a small time interval 6.t, W (XI X+2) 6 t is the 

probability that out of X + 2 molecules we start with 

two of them will react in the interval L).. t so that the 

15 

final number is X . This must, clearly, be equal to the 

probability that two molecules chosen at random will react 

in the interval 6 t multiplied by the number of ways in 

which this reactable pair may be chosen. Thus 

W C X I X t 2) 6. t -= l< 1 6. t (X ;- 2) (.x + 1) (1.21) 

Therefore 

W (.X \ Xtl) -= ~, (",<+2)(x-t1) (1.22) 

Substituting this in (1.20) we have the desired master 

equation 

dPC><,t) -:::: R, L0<+2)(Xtl) P<Xt2,t)- X(X-1.) _\?(X,t)] 
dt 

The equation for <x) calculated from (1.23) when the 

(1.23) 

fluctuations are neglected, i.e. if we put average of a 

product equal to p~oduct of the average, is the same a5- the 

macroscopic equation (1.19). However, the master equation 

also enables us to calculate the fluctuations about this 

average. 

It should be noted that the macroscopic equation may 

also be obtained from the master equation if, instead of 

W (XI X+'2) = (X+2) (_X+.i) (1.24) 

we had put 
V\/(X\Xt2) - X 2 

(1.25) 

This is quite justified because the number of molecules 
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is assumed to be large, and hence (X+i)(X+2)is 

approximately equal to y.. 2 • However, the correct choice 

of the combinatorial factors has one great advantage 

namely in the case of a reaction whose steady state is 

thermodynamic equilibrium, this choice gives Poisson 

distributions as an exact solutions of the master equation 

in the steady state. We shall discuss this in detail in 

Chapter 7. 

The descritpion of a chemical system by the master 

equation (1.23) can be valid only if the system is spatially 

homogeneous. This is because in calculating w (X \ x + 2) as 

in (1.21) we ascribed equal probability of reaction to a 

pair of molecules irrespective of their spatial locations. 

Physically this homogeneity may be achieved by an external 

stirring mechanism, this description would be valid provided 

that the conditions are such that the natural motions of the 

molecules keep the system well mixed. This circumstance 

would be realised if the non reactive (elastic) collisions 

between the molecules which have the effect of randomizing 

the positions of the molecules occur much more frequently 

than the reactive encounters. A detailed discussion of 

this point may be found in ref. 30 

From spatially homogeneous systems we may go a step 

further, and try to describe spatially inhomogeneous systems 

in which spatial diffusion is present. This may be 

accomplished by dividing the system into cells labelled by 

index t , with number of molecules ')((.i) in cell i. as the 
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macroscopic variables. The master equation for the 

diffusion system may be written in analogy with the chemical 

master equation by regarding the process of diffusion as 

a chemical reaction 
(1.26) 

and using the combinatorial arguments as before. This is 

explained in Chapter 4. This will be an adequate 

description for an inhomogeneous chemical system in which 

the velocity distribution in each cell is of the Maxwell 

Boltzmann form and is not greatly perturbed by the chemical 

reactions. 

A further step in simulating a realistic chemical 

system by a master equation is to incorporate the effects 

of changes brought about by molecular collisions: As has 

been shown by Brenig, Malek Mansour and Horsthemke,[3ll 

the hydrodynamic effect may be taken into account by 

considering· X ( i, r) as the macroscopic variables where r is 

the velocity index, and regarding molecular collisions as 

a chemical process 
. Q"""(r.s:t,U) ·t)+Xt...tU) Xti,v-)-+ xu .. ,s) • x ct., , (1.27) 

. 
taking place in each cell~ Here a-c.r.s;t.u)denotes the 

collision cross section. The macroscopic equation which 

this master equation purports to describe is one in which 

the coupling between the chemical reactions and the 

hydrodynamic effects are taken into account via a Boltzmann 

equation. 
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1.4 
[32-34] 

Langevin Equation Approach 

As we have seen earlier the Langevin equations or the 

equivalent Fokker-Planck equations follow from the 

Markovian postulate along with certain assumptions on the 

third and higher transition moments. For the latter 

assumptions one does not have any a priori justification. 

Even if their validity is taken for granted, one is faced 

with the problem of specifying the noise coefficients. Unlike 

the Langevin equation approach to Brownian motion, where the 

noise term represents a random force arising from the 

random collisions, the noise term in a chemical system 

or any other macroscopic sys~em does not have any such 

interpretation and hence physical intuition cannot guide 

us in guessing what the noise coefficients should be. 

In the context of chemical reactions, Langevin 

equations were espoused by Nitzan Ortoleva, Deutch and 
(32] [33] 

Ross and most clearly enunciated by Keizer. Their work 
\ 

relies on the assumption that the probability distribution 

in the large volume limit is asymptotically Gaussian. This 
[35] 

assumption has been rigorously proved by Kurtz by an 

asymptotic solution of the master equation. In these 

Langevin formulations of chemical kinetics, the macroscopic 

equation 

are supplemented by a linear Langevin equation for the 

fluctuations 8 a 

(1.28) 

(1.29) 



'o F\ where Aia = _ 
-c oa . 

is the relaxation matrix. 
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In the case of chemical systems whose steady state 

is the thermodynamic equilibrium, the noise coefficient 

<a i" (g) can be calculated by making use of the fluctuation 

dissipation theorem which is known to be valid in the 

thermodynamic equilibrium as has been shown by Gardiner[ 3SJ 

and Grossman[ 37 J. The knowledge of the macroscopic 

equations is then enough to fix the noise coefficients. In 

non equilibrium situations, however, this is not possible 

and one cannot specify the noise coefficients without 

recourse to the master equation. In Keizer's work[ 33 J 

the noise coefficients are determined by using a.n asymptotic 

form of the master equation in the Gaussian approximation 

which can be derived by using van Kampen's system size 

expansion. 
✓ 

Thus it is clear that the Langevin equation approach 

simply amounts to a transcription of the master equation 

in the Gaussian approximation, and this procedure, although 

convenient for calculational purposes, is not really a new 

approach for a mesoscopic description of chemical systems. 

In recent y~ars, in a specific context, some doubts 

were raised about the validity of master equation approach 
(19] 

to chemical kinetics. These criticisms have now been 
.. [38] . 

adequately answered by Gartz and Walls and Oppenheim 

t l [ 39] 
e a . 
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1.5 Outline of Following Chapters 

A critical survey of the various system size 

expansion methods that have been developed for an asymptotic 

solution of the master equation is presented in Chapter 2. 

The Poisson representation method is introduced in Chapter 3 

and it is shown how chemical master equations may be 

transformed into exact Fokker-Planck equations. In Chapter 

4 this method is applied to chemical reactions whose steady 

state is the thermodynamic equilibrium, and the resulting 

solutions are examined from a statistical mechanics point of 

view. It is shown that the fluctuations in a small sub­

volume in the limit of a large volume are always Poissonian. 

In Chapter 5 formulae for the two time correlation functions 

are derived and their relation to fluctuation-dissipation 

theorems is discussed. Stochastic differential equation 

methods are introduced in Chapter 6 where perturbative 

methods of solution in the context of chemical systems are 

also discussed. The lowest order approximation is shown to 

correspond to approximating Poisson-representation quasi­

probability distribution by a Gaussian. The relation between 

this Gaussian approximation and the ones introduced in the 

other system size expansion methods is investigated. In 

Chapter 6 and 7 stochastic differential equa~ion methods 

are applied to some representative examples of equilibrium 

and non-equilibrium reactions and it is shown how the 

variance and the two time correlation functions can be 

calculated in the Gaussian approximation together with the 

next higher corrections. In the cases where the system 
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exhibits an instability, the corrections are shown to be 

divergent near the critical points. A model which exhibits 

a second order phase transition behaviour is studied in 

Chapter 9 taking into account spatial diffusion. The first 

two terms in a systematic expansion of the correlation 

functions are calculated. The relation between the divergence 

of the spatial correlation function near the critical point 

and the dimensionality of the system is examined. Chapter 10 

contains a detailed discussion of a ·model which exhibits 

spatial and temporal oscillations beyond the instability 

point and the same model is used in Chapter 11 to demonstrate 

how the Poisson-representation methods may be used to calculate 

correlation functions in the case of finite systems with 

boundary conditions. 

The basic idea on the· usefulness of a Poisson expansion 

in the context of chemical master equations evolved out of 

discussions with Dr. C.W. Gardiner and Dr. D.F. Walls. A 

letter based on this work has since been published[ 44 J_ 

Subsequent work on extending this technique to multivariate 

master equation and into the realm of two time correlation 

functions was done in close collaboration with Dr. C.W. Gardiner. 

The calculations presented in Chapters 3,4, and 7-11, are the 

work of the author~ 45 , 4s]Contents of Chapter 10 and 11 developed 

out of work initiated by I.S. Matheson and Dr. D.F. Walls. 

This work is to be published in the Journal of Statistical 
[47] 

Physics. 



CHAPTER 2 

A REVIEW OF THE METHODS FOR SOLVING t-fARKOVIAN t-f.ASTER 

EQUATIONS. 

2.1 Introduction 
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In the previous chapter we discussed the rationale 

behind a Markovian master equation approach for a stochastic 

description of physical systems, in particular, we 

discussed the validity of such an approach for chemical 

reaction systems. We now turn our attention to the 

various techniques that have been developed to solve such 

equations. 

A general single variable Markovian master equation 

may be written in the following form 

dP(X1t):: Jctx'[W(XIX1)P(X 1,t')-W(X1IX) P(X,t)1 
dt" . (2.1) 

This equation is assumed to provide a stochastic description 

of a system of size V, and characterised by an extensive 

variable or a macrovariable X . In (2 .1) P (.X,t) denotes 

the probability of finding the macrovariable X. at the 

value X at time t I 
and W(XI X) represents the transition 

probability per unit time from 
I 

X to X and may depend 

on t , although its time dependence will not be 

explicitly noted. 
I • I I I 

Writing W(XIX) = W(X,X-X)::W(X,r)so that 

r is the size of the jump, (2 .1) may be cast in the 

following form 

dP(X,t) == Jdr [wcx',r) P(X1,t)-W(X,-Y') PC.X,t)] 
dt 

( 2 . 2 ) 
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The master equation (2.1), includes, as a special case, 

the birth-death master equations which may be written 

in the following form, 

dP(X,t) 
cit 

in which variable X now takes only integer values. 

2. 2 Notation 

We shall now state the notation used for various 

quantities which we shall come across in this chapter 

quite frequentl~ 

The notation used is as follows: 

(i) The nth moment of PCX,t)will be denoted by (XYl> 

and the associated moment generating function by 

Q(-S) = < eisx > 

(ii) The nth factorial moment of P(X,t) will be 

represented by < xYl)-;f The factorial moments are 

related to the moments by the following equation 

( 2. 3) 

(2.4) 

(2.5) 

(2. 6) 
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The factorial moment generating function will be 

denoted by 

G(S) ( 2. 7) 

(2.8) 

(iii) The cumulants of PO< ,t) will be represented by n :i Y'I • 

The cumulant generating function will be denoted 

by g_ ( ~) and is defined to be the logarithm 

of the moment generating function 

and the cumulants g are defined to be the -n 

( 2. 9) 

coefficients of (.!:])11 in a power series expansion 
'Y) ! 

of 9_(~) in ~ 

(2.10) 

(2.11) 

The relation between the cumulants and the moments 

may be obtained by differentiating both sides (2.9) 

with respect to i ~ and setting ~ = o 

For 1')-:: 1 and 2 we have 

(2.12) 

(2.13) 

The second curnulant is thus equal to the variance for 

which we shall often use the notation <r 
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(iv) The factorial cumulants of P(X,t) will be denoted 

by [ xn] . The factorial cumulant generating 

function will be denoted by ~ (S) and is defined 

to be the logarithm of the factorial moment 

generating function (r(S) 

'a (5) = .t.n G(S) 

The factorial cumulants are defined to be the 
n 

coefficients of (S-1) in a power series 
'Yl I 

expansion of ~ (5) in S-i. 
00 

I: 
')')-::. I 

The relation between the factorial cumulants and 

(2.14) 

(2.15) 

(2.16) 

the factorial moments may be obtained by differentiating 

both sides of (2.14) with respect to S and setting 

s = .i. 

For 'Yl-=- 1 and 2 we have 

[x] = <x> (2.17) 

(2.18) 

(v) The moments of the transition probabilities W(X,r) 

will be denoted by 

(2.19) 
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In the case of birth-death master equations Cfl(X) 

a.re given by 

YI -n -Cr) -+<r> 
Cn(X)-= L. r [(-1) V\J (X)+ W (.X)] 

Y' 

(2.20) 

2.3 Assumptions regarding the transition probabilities 
I 

We shall assume that W ( X. IX) depends on V in the 

following way 

i.e. the probability that a transition takes place from x' 
to X in an infinitesimal time interval is at least 

proportional to the size of the system. In a number of 

macroscopic systems this assumption is quite plausible. 

To see this let us consider a specific example of a 

chemical reaction 

2X~ A 
(2.22) 

The macrovariable here is the number of molecules X of 

the type )( , and the system makes a transition from a 

state where one has X+ 2 molecules to a state where one 

has X molecules after the reaction has occurred. Let us 

now calculate the transition probability W (XI X+2.) 
[35] 

Following an argument given by Kurtz, assume that the 

system is divided up into 'l'1 boxes. Then the probability 

that a particular pair of molecules will collide and 

react in an infinitesimal time interval is proportional 

to the probability that two molecules placed at random 
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in 'Yl boxes end up in the same box. This of course is 

proportional to_!_ and hence to v-1 . To obtain W(X\X+2) 
Y\ 

we have to multiply this by the number of ways in which 

two molecules may be selected at random from (X+2) 

molecules, i.e. by (.X-+2) (X+1) Thus W (.X \ X+2) is 

. -1 'l.. proportional to V X V = V . A number of other examples 

of macroscopic systems chosen from a wide variety of 

fields such as semiconductor physics, population dynamics, 
(22,41] 

spin systems etc., may be found in the work of van Kampen 
(42] 

and Kubo et al, where the volume dependence of W (X \ x') 

as given by (2.21) may be justified on the basis of 

physical arguments. 

2.4 Methods for solving Markovian master equ~tion~ 

In this section we shall first consider the techniques 
(40,41] [42] 

developed by van Kampen and Kubo et al, which are aimed 

at an asymptotic solution of the general Markovian master 

equation: ( 2. 2). Then we shall go to more specialised 

techniques which are applicable only to birth-death master 

equations of the form (2.3). These include the method 
[38,43] 

developed by Gertz and Walls, the asymptotic techniques 
[15] 

developed by Nicolis et al, using the generating function 
[18] 

method, and a factorization ansatz introduced by Gardiner etal. 

2.5 
[40,41] 

van Kampen's system size expansion 

Substituting (2.21) in (2.2) and assuming that L\o/L 

etc are zero (although their presence does not materially 
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alter the argument) one gets 

dP(X,t) _ V Jdr[W-(X-Y-,r) P(X-V',t)- ~(X' ,-'r")P<.X,t)j 
dt - 0 V V (2.23) 

The next setp in van Kampen's expansion consists in 

postulating the way in which P(X,t) depends on V 

It is assumed that P<.X,t) has a sharp peak located at 

some point V ?( 0 with a width of order v 112 . Hence 

one transforms the variable X to a new variable ~1 

as follows 

X = 

This transforms P (X >t') into TT ( 'X.,,t) as follows 

(2.24) 

(2.25) 

Substituting (2.24) and (2.25) in (2.23), (2.23) may be 

written as 

-112 
Expanding 1'? 0 ('X.()+V ?<. 1 ,Y') in a Taylor series and equating 

112 
terms of order V one obtains the macroscopic equation 

dXo 
dt 

and rest gives 

(2.27) 
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'"' i f2 / -1 II 2 1 + ...!... O .. f C 2 + V - C :i 'X. 1 -+ i V C. 2. X i + • • • J 1T C 'X. i ,t) 
2 0 -xf L 2 

~ 1 Q "3 f -1/2 -1 I 
"3! o-x.j L " c3 +v C3 X1-+ 

. .. .. .. .. 1 TT ( X.1,t) ( 2. 2 8) 

+ 1 o ~ [ v-1cLj + - • -
~ 1 o-xf 

where the primes on Cr, ( 'Xo) denote differentiation with 

respect to 'X.o In (2.28) all terms of order v-1 have 

been written. The structure of (2.28) is clear; each 

order of v-112 adds one powers of 'X1 to the coefficients 

and at the same time an additional derivative appears. 

2.5.1 The Gaussian or the linear noise~proximation 

Retaining only the terms of order V O in ( 2. 2 8) 

one obtains a linear Fokker-Planck equation with time 

dependent coefficients. 

The solution of (2.29) is a Gaussian distribution with 

the mean and variance given by 

d <?C1) 
I 

= C1.CX0) ('X1) 

cit 

d <x~) - I ( 2 
2C1(Xo) 'X1) + C2 (Xo) 

dt 

(2.29) 

(2.30) 

(2.31) 
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Equations for higher moments may easily be deduced from 

(2.29) 

It is possible to improve the equation for < X) by one 

order without going beyond the linear noise approximation. 

This may be achieved by approximating (2.28) by the 

following equation 

'oTT 
at 

+ 1 'o 2 [C 2 C.'Xo)] TT(-;(t,t) 
2 o 'X.f 

which gives 

Thus to solve for < x 1 ) and < 'X~). one has to now solve 

the coupled equations (2.31) and (2.33). The solution 
0 :,i 2. 

gives <x)toorder V and<x.;>-(x)toorder V. 

2.5.2 ~igher order corrections 

Beyond the Gaussian approximation the solution of 

(2.32) 

(2.33) 

(2.28) is impossible although the moments can be calculated 

to any given order quite straightforwardly. For example, 

to calculate next higher order corrections to the Gaussian 

approximation results for the mean and the variance one has 
-1 

to retain all the terms to order V in (2.33). For the 

mean and variance this gives 

I - 1/ 2 // / 'l. ) __._ i V- i ,,,Jl.11 < rv 3 ) 
C1 < ?C,1) + ! V C1 , ?C,1 .,. '- .-..,r 

!2 • 3! 
(2.34) 



-1 Ill 3 
+ _! \/ C1 < -X.1 ) 

3 

y-i ( X1) 
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(2.35) 

From (2.34) and (2.35) it is clear that to calculate next 

'2 :5 -112 higher correction to (Xi) and ( 'X-,1) we need <x1)to order V . 

d ('X{) -
dt 

£i 
which in turn requires ( ?(1 ) to order 1 . 

d('X.{) -::. LIC~(Xi> + 6C2<X~) 
dt 

(2.36) 

(2.37) 

3 -112 It is clear from ( 2. 3 6) that ( 'X.1) is of the order c,f V 
-1 II/ 3 

and hence we may drop the term ~V-c1 <X1}in (2.34) and 
3! 

1 v-1 ct' < xl> i~ (1.21b) as they are of order v-Z>ll 
3 

Equations ( 2. 34) to ( 2. 3 7) then determine < X1> and < ~~) 
to the next order. 

2.5.3 Two-time correlation functions 

In the Gaussian approximation, the calculation of 

two time correlation function is trivial. First we solve 

(2.30) as a function of its initial value which gives 
I 

- e C1 (Xo) X1C.O) 
(2.38) 

and then multiply (2.38) by 'X1(O)and replace the initial 

average < xJco)) by the steady average. Thus 
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To calculate next higher correction to (2.39) one has 

to solve (2.34 ) to (2.36) subject to the initial 

(2.39) 

'2 '2 3 :3 
conditions ('X.1(0)) = x1 to), <-x1 to>) = X1<.o), <.-X1Co)) =-X1lO) 

and thus calculate ( 'X1(t)) to the desired order. 
~1(0) 

The two time correlation function is then obtained by 

multiplying the result by X 1<.o) and replacing all the 

initial averages by the steady state averages. 

2.5.4 Critical Fluctuations 

The expansion outlined above is valid provided the 

macroscopic equation (2.27) has a stable solution, i.e. 

provided that 

I 
C.t Clo) < O (2.40) 

I 
If C1 (Xo)) 0 then it can be seen from (2. 31) that the 

fluctuations begin to grow exponentially and the expansion 

given above, which relies on the smallness of the 

fluctuations, breaks down. To obtain a reasonable 

picture of the behaviour of the fluctuations in such 

unstable situations, one replaces (2.2L~) by a more general 

decomposition 

o<p<i (2.41) 

where p depends on the nature of the instability. 
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If the instability is such that the first (4-1) 

derivatives of C,1Cl'.o) vanish near the instability point 
('1) 

while C1 ( Xo) -:f=. o , then van Kampen has shown that a 

consistent expansion of the master equation is possible 

with 

p = q 
4+1 

and the most dominant terms in the expansion yield a 

non-linear Fokker Planck equations for TI('Xj,t.) 

which gives 

d(X.1) 

at 

V -(4-1)/(q t 1) 1 cfq) < 'X . .[) 
- g! 

Note that the fluctuations vary on a slower time scale 

than the macroscopic quantity 'Xo which is still given 

(2.42) 

(2.43) 

(2.44) 

by (2.27). Also when q is even it follows that positive 

fluctuations grow and the negative ones decay or vice versa 

depending on the sign of cf9 ) and according to (2.44) they 
( 4-J) /lq-ti) 

even become infinite after a time of order t rv V 

but of course the expansion breaks down as soon as they are 

of order 'Xi IV v 1-P= v-(q-ti) because then the distinction 

(2.41) between a macroscopic and a fluctuating part becomes 

undefined. 



2.6 
(42] 

The system size expansion of Kubo et al 

In their work, Kubo Matsuo and Kitahara show 
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that P(X,t)obeying ( 2.2) has the following asymptotic 

form 

where X = ~ > E -:: I 
V V 

They show that this form, although not unique, has the 

property that it propagates in time in the sense that if 

a solution of (2.23) has the form (2.45) then this form 

will be preserved at later times. This property is referred 

to by them as the extensive property of the probability 

distribution of a macrovariable. 

We shall first outline their derivation of the 

evolution equations for the moments of P(X,t) which are 

subsequently used to prove the extensive property of P(X,t) 

Following Kubo et al,we then show how the extensive property 

of P (X,t) may be utilised for its asymptotic construction. 

2.6.1 Moment Equations 

Equation (2.2 ) may formally be written as 

(2.46) 

For the moment generating function Q ( ~ ,t) defined by 

i~x J dx e P(x,t) (2.47) 



one obtains from (2.46) after some simple algebraic 

manipulations, the following equation, 

where l,J-('1'),r) is the Fourier transform of ~tX,r). 

Introducing the cumulant generating function 9. (.~1t) 

thus 

Q( ~.tJ = ex.p q_ ( ~.t) 
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(2.48) 

(2.49) 

and assuming that q (.~ ,t) is analytic in ~ one obtains 

on expanding q ( ~, t) in a power series in ~ 

9. (~.t) - (2.50) 

the following equation for the cumulants ':h'l(t) 

t 
...!... d9r1(t) -::: ~ ( d'Y) { dr e q<.-1},t) W-('Y),r) J ds rn <..E,s, 'Y'),t) < 2. 51) 
'n d t · ~TT J J <> ri-1 

where 'YYln are given by 

oO 00 

exp [ i ~ s E: + .[ (li) ri ~ -n ( '>1, t ) J = I, (L ~) o/1 m" t E I s, YJ, t ) < 2 • 5 2 > 
'Y'l::i ')")\ • Y'l=-0 Tl! 

with 

(2.53) 

Assuming that gn(r) have the following expansion in powers 

of E 00 'Yl+m -1 
9.. n Lt) = L E. g Y),m Ct) (2.54) 

m::o 



36 

it follows from the definition of hn and mri that 

they have the following expansions 

hn Ct) 
00 n+m L E kn,m 
'l'Yl:: 0 

and 'Y11-n(t) 
00 'Yl+rr1 - I: f: rn m,n 
m::.o 

Substituting these expansions in ( 2.51) one finds that 
"Y)-j 

both sides of (2. 51) start from E thus showing the 

consistency of the ansatz (2.54). On equating terms of 

like powers of E on both sides one obtains evolution 

equations for 9ri rn the first few members of which are 

d<110 Ci (g.sc) 
dt 

, 

d420 C2.(9.J,o) 
I 

+ 2 C.1- ( 9.1,0) 9.2,0 
dt 

d41.1 
I ,, 

Ci (gu)) 9.1.1 -t- ±.. C.i ( <1!.o) 9.2,0 
dt 2 

Making appropriate identifications these equations are 

(2.55) 

(2.56) 

(2.57) 

(2.58) 

(2.59) 

identical to (2.30), (2.31) and (2.33) derived from van 

Kampen's expansion method. Equations for higher order 

corrections to 9.2 i.e. the variance and higher moments 

may likewise be derived from (2.51). 

2.6.2 Proof of the extensive pro.l?._er_!y_~f __ ~SX_,t_) __ 

The ansatz (2.54) gives the following form for 
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with 

00 

+~ (11,t) -=:: I: (2.61) 

')')':: 1 

This shows that if &(~,t) has the form ( 2. 6 O) at time to 

then with 9.n,K (-(:) determined by ( 2. 51) this form is 

preserved at later time. An asymptotic evaluation of 

the Fourier inverse of Q.(~ ,t) then shows that P (.X,t) 

also has this property. 

It should be noted that the proof outlined above 

assumes analyticity of q(~ 1t), an assumption which breaks 

down near instability points and consequently the form 

(2.45) for P ('X,-t) is not valid in critical regions. 

2.6.3 Asymptotic construction of· P ( X,t) 

Having proved that P(X,t) has the form (2.45) 

at least in normal situations, one may solve for 4 0 , 4-1 

etc., in the following manner. 

Substituting (2.45) in (2.46) one gets 

Putting 

(2.82) becomes 

'X= 'X.c+";/ 

¢,(X,t)-= 9o('Y,t) 
0 

(2.62) 

(2.64) 



we get 

To solve 

in "a . 

c\ 'Xo 
di-
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C.1 C:X.o) (2.66) 

(2.67) 

in a power series 

(2.68) 

which when substituted in (2.67) yields,on equating like 

powers of ";J , evolution equations for On Ct) the first 

few of which are . 
I 

C2 (X.o) - 2 C1 CXo) Cl2-
(2.69) 

da3 -= 6C20(o) 0203-j C)(Xo) Q~ -3C,(.'Xo) ~3 + 2C~CX:d) al 
d t - CJ. O:o) a 2 

Equations (2.66) and (2.69) may, in principle, be solved 

successively thus enabling one to determine 8o and hence 

<'.Po . Having solved for <?0 one may proceed to calculate 

c:p1 etc. and thus construct P CX, t) . 
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If only the quadratic term in "J in ( 2. 68) is retained 

the resulting PCx,t) is a Gaussian with the variance Cf(t) 

related to Q2 (t) by 

and obeys 

d o-(-t) 

dt 

02(t) - .1 
~crc.t) 

which again is identical to the one obtained from van 

Kampen's procedure to the same degree of approximation. 

(2.70) 

2.6.4 Path integral representation of the master equation 

Equation (2.46) may be written as 

- H ( 'X., \ox., t) PCX,t) (2.71) 

where 

(2.72) 

Written in this form, the master equation has a formal 

resemblance to the Schrodinger equation in quantum mechanics 

although the "Hamiltonian" is completely different from those 

encountered in quantum mechanics. Exploiting this formal 

analogy with the Schrodinger equation, Kubo et al derive 

the following path integral representation for the Green's 

function for the master equation (2.71) 

t 

P ( X, t I Xo , to) J £J[-xcs,cr)] exp[~ )dscl(xcs.cr),ics.O'"'J)J c2.1 3 ) 

to 
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where the summation is made over all paths x. C.5 ,er) > 

which are parameterized by er and satisfy 

the initial and final conditions 'X.tto)-= 'Xo, 'Xlt) = X• 

The "Lagrangian" cf., is given by 

J. ( 'X > i ,t) - HC'X,p.t)+'Xp 

and • 'X. = 'o H ( P, Jl,t) 
0 t: 

- C, <X) - C~(X) p + ~ C3 (X) 'p'l. - • 

The power series (2.75) may be inverted to give 

p= ho + c~ ho2. +( c: - C i r. r. .;J ~ ) Po + • • • • • 
2C:2 'J.Ci 6C2 

where 

Substituting (2.76) in (2.74) one obtains 

Retaining only the first term in (2.78) one obtains 

with 

Equation (2.79) is the Green's function for the master 

equation in the Gaussian approximation. 

(2.74) 

(2.75) 

(2.76) 

(2.77)· 

(2.78) 

(2.80) 
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2. 6. 5 Two time averages 

Using the path integral representation (2.79) 

for PCX>tlXoito) in the Gaussian approximation Kitahara[ 2l] 

has investigated two time averages for non-linear non­

stationary systems. Of particular interest is the 

two time correlation function 

which in the steady state is shown to be given by 

I < ?C.. (:t), X(O)) = [ 'o X.f t \ Xo,to)J [ < x2) - <x5'] ss 
'() -Xo X~:: 'XoC.SS) 

where '?(0 (t) obeys the macroscopic equation. 

dXo 
dt 

(2.81) 

(2.82) 

(2.83) 

I 
and X 0 (.t1Xoito) denotes the solution of (2.83) subject to 

the initial conditions 

2.6.6 Langevin Equations 
[21] 

Kitahara has shown that the most probable path, 

i.e. the path that maximises the measure of the path 

integral (2.79) satisfies the following equations 

(2.84) 

(2.85) 

which of course is the macroscopic equation. Paths other 

than can be described by adding a noise to the 
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macroscopic equation . 

• 
'X.(t,a-) = C1(X.(t.cr)) + f(t,<r) (2.86) 

such that f(t>crni) = o . Substituting (2.86) in (2.79) 

and expanding the Lagrangian about the most probable path 

one finds that f(t,cr) is a Gaussian stochastic process with 

<1Ct,o-)) = 0(€) 

< f (s,a-) -f cs',o-)) = € C2 (?C.C.5,<rm)) b(S-s1) 

+ 0 (E.';Z.) 

Equation (2.86) together with (2.87) is the Langevin 

(2.87) 

equation equivalent to the master equation in the Gaussian 

approxima·tion. 

2.6.7 Hamilton Jacobi techniqu~ 

Using the extensive property of P('X,t) i.e. 

and the representation (2.71) for the master equation 

one finds that cp 0 obeys 

+ H (-X, '<' d>o) -= o a-x. . 

(2.88) 

(2.89) 

which is similar to the Hamilton Jacobi equation encountered 

in classical mechanics. Making use of this analogy Kubo etal 

investigate the asymptotic stability of the solution of the 

master equation by studying the flow patterns in the phase 

space. Details may be found in the work of Kubo, Matsuo, 
[42] [21] 

Kitahara, and Kitahara. 



2. 7 [38,43] 
The method of G~rtz and Walls 
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This method is applicable only to the birth-death 

master equations of the form (2.3). The method is based 

on transforming the master equation (2.3) into an equation 

for a function q_ (X 1t) defined as 

9.(Xit) = P(X+1,t) 
P(X>t) 

(2.90) 

which is a slowly varying function of x as compared to 

PU<,t) • 

If 9.(X>t) is known, PO<,tJ may be found by the following 

relation 

2.7.1 

Thus 

with 

x-i 
P(X,t) - P(O,t)TT 9.lY',t) 

r=o 
(2.Sl) 

Tne relation between 9..(x.,-t.) and the_..E?3_ition and 

width of the peak of P(X,t) 

Putting X.-= X in ( 2. 90) we get 
V 

q ('X,t) = P(~,t) = i +1:. d ln P(X,t} (2.92) 

p(~_ ,t) V dX + O (~2) 

V 4 ('X, t) 
p('x,tJ = Pco,t> e 

X 

J d x' t q o<', t > -1 1 
0 

(2.93) 

(2.94) 

The peak of P(X,t)lies at 



:Q 

i.e. 
9. (?Colt))-= i 

Expanding ¢(?C,t)around 'Xo by substituting 

?( -= -X.o(t)+ v-1/2'X.i 

we get 

a Gaussian with the variance 

2.7.2 Equation obeyed by 9. ( X,t) 
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(2.95) 

(2.96) 

(2.97) 

From the definition of 9.(X,t) and (2.3) it follows 

that 

Putting X - , 
V 



one obtains on expanding W ( X-+) +i) and q ( x:r) etc, 

thus 

w ( x:Y') 

9. (X+Y'J -
V 
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and neglecting terms of o ( 1 ) v" 
for 

the following equation 

2.7.3 Steady State solution 

(2.99) 

(2.100) 

The steady state solution of (2.100) invovles solving 

an algebraic equation for 9.(X) 

Only one solution of (2.101) leads to a normalizable PCX.) 

Having found the q_(X) which does lead to a 

normalizable P ( 'X) the position of the peak and the 

variance may easily be calculated with the hielp of (2.95) 

and (2.97) and P(X) itself, may be determined using 

(2.90). In particular if Y'-=.1 this method gives a result 

identical to the exact result obtained by detailed balance 

which holds for single step birth-death master equations. 

Otherwise the solution for P(-X ) , obtained by this method 

is only approximate. 
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2.7.4 Moment e9.uations 

Implicit differentiation of (2.95) gives 

dXo 
c) 9. ( 'Xo ,t) 

- at (2.102) 
dt o g_ CXo,t) 

""l) Xo 
Using (2.100) it is easy to see that 

d 'Xo _ - - C, ( Xo) 
+cr> -(r) ] 

'1 C1 ('Xo) := L. Y' r~ (Xo)-W (?Co) 

dt r 

which is the familiar macroscopic equation. 

From (2.100) one obtains the following equationi·for 

[ o 9. c ?:,t )] 
a'X X.=Xb 

d ( o 9. ( 't.o :t) ) = 
dt Cl -X.o 

where terms 

Using (2.97) one obtains the familiar equation for er 

dcr-= 
dt 

Generating f~nction method 

(2.103) 

(2.105) 

A method useful for a further restricted class of 

master equations viz.birth-death master equations with 

W±cr(X) polynomials in X is the generating function 
[9,10] 

method introduced by Macquarrie. 

By introducing 

<:rcs,t)::- L sx PO<,t) 
X 

(2.106) 
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the master equation may be transformed into a linear 

partial differential equation for G-CS,t) Successive 

differentiation of the generating function equation (GFE) 

with respect to S and evaluation of both sides at S = .1 

enables one to obtain equations for <:l'\ in a straight­

forward manner. 

Apart from a few simple cases the moment equations 

form a hierarchy and some approximation procedure is 

necessary for their solution. 

In the following sections we shall be mainly 

concerned with the application of this technique to 
. . t(<!) . 

chemical master equations where W (X) have the following 

form 

where 
+ 

Oi,i J which represent reaction rates, have the 

following volume dependence 

Thus w:tc<J)(~) = 

iv- ±(q) ('X.) 

V [ lN ± (ql-i) + 0 ( ~) j 

" ~ Og,t X 

with W ± (fx) given by ( 2 .10 7) the GFE turns out to be 

oG 

(2.107) 

(2.108) 

(2.109) 

(2.110) = L. (i-S 4)sM ca-g,e-s4 a"ti.d ~~~ 
9.~ [18) 

which has been derived previously by Gardiner et al. 
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2.8.1 Boundary conditions for th_'::_ _ _§_enerating ___ Function 

Equation 

If 'YYIQ){ [tl=J in ( 2 .110) , the GFE may be solved by 

standard techniques for solving first order partial 

differential equations. 

If ma.x[LJ = m) 1 then the standard procedure to solve 

(2.110) is to put 

(2.111) 

which yields an ordinary differential equation of order 

'Y\'1 for G>.CS) and in general has 'YYl linearly independent 

solutions. Only one of these m solutions gives a 

generating function that corresponds to an admissible 

probability distribution and hence in order to eliminate 

the extraneous solutions it is essential to impose boundary 

conditions on the equation for G]I CS) •. In a specific 
[68] [19] 

context, Mazo, Malek-Mansour and Nicolis have suggested 

the boundary conditions .on the generating function equation. 

In the following, we shall formulate these boundary 

conditions from fairly general considerations. This, to 

our knowledge, has not been done before. 

It follows from the definition of G-(5,t) that if 

P(X,t) and all its moments exist then G-(S,t) is an analytic 

function of S on and inside the unit circle in the complex 

S plane . In particular G-7- CS) and all its derivatives 

must exist at S = -1 In practice this criterion is 

sufficient to determine the solution of the GFE which 

corresponds to an admissible probability distribution. 



Finiteness of G"Cs) and its derivatives at 

is guaranteed provided that P(K~) and all its moments 

do exist, something which is not guaranteed by the 
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master equation itself. As a matter of fact it is 

possible to conceive a master equation where all moments 

beyond a certain order are divergent. In such cases all 

that one can require from general considerations is the 

analyticity of G~CS) inside the unit circle. 

2.8.2 Moment Equations 

Apart from a few cases the solution of the GFE even 

in steady state is difficult. In any case>one is generally 

interested only in an asymptotic evaluation or better still 

an asymptotic expansion of the first few moment~ in powers 

of v-i . A systematic procedure suggested by Nicolis 

et allS] along the same lines as that due to Kubo et ai 42 ] 

is to put 

G <s,t) 
V 8 (S.t) 

e (2.112) 

in the GFE which yields the following equation for 8(S,t). 

~ (S,t) is the factorial cumulant generating function, i.e. 

(2.114) 

- [ x>1] (2.115) 
V 
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If terms of O ( ~) and higher are neglected, the 

resulting equation yields evolution equations fon 

factorial curnulants which are such that each factorial 

cumulant is related to itself and to the lower order ones 

only and hence can be solved successively. The equations 

for the first two factorial cumulant turn out to be 

(2.116) 

Thus to O ( V) the mean and varian·ce are given by equations 

identical to the ones obtained by methods outlined earlier. 

2.8.3 Higher order approximatio~~ 
. 0 

To calculate (X) to order V and to the variance 

to the leading order, the procedure is to retain the 

contribution from the term of order 1 in (2.113) and to 
V 

neglect its contribution to the variance equation. This 

leads to the following equation for 

(2.119) 

which now becomes coupled to the variance equation. Likewise 

evaluation of variance to the next order involves retaining 

terms of O(\J-1) in (2.113) and requires solution of three 
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coupled equations and so on. Equations thus obtained 

are of course identical to those derived from van 

Kampen's or Kubo et al's method. 

[18] 
2.9 The Method of Gardiner et al 

To close the hierarchy of moment equations derivable 

from the master equation a method suggested by Gardiner etal 

consists in approximating ~(S,t) by a Gaussian, i.e. by 

retaining only the first two terms in (2.114). 

CJ cs.t) -= .!.. L <.x> c s-1) + [x2J (s-.1)2 1 
V 

This then implies that the third and higher moments 

factorize in terms of the first two. Thus for example 

(2.120) 

(2.121) 

and the desired closure of the hierarchy of moment equations 

is thus achieved. In Chapter 6 we shall discuss the relation 

between this method and the Poisson representation method to 

be introduced later. 

2.10 Some Critical Remarks 

We have seen that, to the lowest order in a system 

size expansion, all the methods outlined above lead to 

the same results. The system size expansion of van Kampen 

that of Kubo et al and the generating function methods are 

systematic expansion methods in the sense that in principle 
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it is possible to calculate next higher corrections. 

Of these three methods, in our opinion van Kampen's 

method is the most straightforward to use in practice 

if higher corrections to the moments and to the two 

time correlation functions are desired. An advantage 

of the method of Kubo et al over van Kampen's method 

is that, in principle, it enables one to asymptotically 

construct the probability distrihltion function. 

The method of Gortz and Walls and that of 

Gardiner et al are not capable of being extended 

beyond the lowest order calculations and therefore do 

not constitute a systematic expansion procedure. An 

advantage of the method of GBrtz and Walls is that in 

the case of birth-death master equations with polynomial 

transition probabilities, it enables one to asymptotic~lly 

calculate the probability distribution function in the 

steady state. 

In multivariate situations, the lowest order 

calculations may be done, using any of these methods with 

the exception of the method of .Gertz and Walls which is 

incapable of handling multivariate master equations. The 

calculations using any of these methods may become rather 

cumbersome in multivariate situations and in particular 

when spatial diffusion is present. 
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CHAPTER 3 

THE POISSON-REPRESENTATION METHOD 

3.1 Introduction 

In this chapter we shall introduce the Poisson 

representation method, a technique particularly suited 

for chemical master equations We shall show how this 

method enables one to transform chemical master equations 

into generalised Fokker-Planck equations. To illustrate 

the technique we shall consider, in detail, its application 

to a specific example. 

From a mathematical point of view, this method is 
[48,49] 

inspired by the Glauber-Sudarshan P-representation o~ 

the coherent state representation~ a well known technique 

in quantum optics. We shall discuss the relation between 

the two methods. 

3.2 The Poisson Representation Technique 

The Poisson representation method is based on 

expanding the probability distrih.It:ion P(X,t) thus 

P(x,t)-=- .NJ do< e0f.c1..x f(oC,t) 
C X~ 

(3.1) 

where N is the normalisation factor and :f (cx.,t) is the 

"Poisson-transform" of P(X,t) and henceforth would be 

referred to as the quasi-probability distribution. The 

cJ..-integration in (3.1) is to be carried out along the 

contour C which depends on the specific problem under 
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consideration and will be left unspecified at this stage. 

We saw in the last chapter that the moment equations 

derived from chemical master equations are most 

conveniently written in terms of factorial moments. A 

major advantage of the Poisson-representation is the 

following relation between the factorial moments of PCX1t) 

and the ordinary moments of 1Cd,t) 

(3.2) 

3.2.1 An Application 

To illustrate the technique we shall consider the 

following example. 
R 

A+X ~ 2X 
~, 

B+X ~ C 
.- ~3 

described by the master equation 

d P(X,t) :::. 
dt 

~,B (X+i) P(.X-tLt) + R.3C P<.x-1,t) 

+ R2 A(X-1) P(X-1,t) 

_ [ R, 13 X + ~3c + ~ 2 A X J P(X,t) 

(3.3) 

(3.4) 

On substituting (3.1) in (3.4) and integr~ting by parts 

we get the following Fokker-Planck equation 

( 3. 5) 

where we have defined 

(3.6) 
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In deriving (3.5) it was assumed that the terms 

evaluated at the end points of the contour, which arise 

from integration by parts, vanish. This is so provided 

that f(~.t) and its first derivative vanish at the 

end points of the contour. Thus the choice of the contour 

C in (3.1) thus far unspecified, is made by solving (3.5) 

for :f Ca ,t) and finding a contour such that :f (o( ,t) and its 

first derivative vanish at its end points. Evidently the 

choice of C depends on the reaction mechanism in question. 

Let us first consider the steady state solution 

of (3.5) 

- %ex [ ( K'3V+ (K"2-K',)cx) :f<cx) - Jo< lK2o<) :f-(~) ] ·= o 

i.e. d K:zo< f(O£) - (K'.3V+(K'2-K'1)d) f(cx)-= K 
(3.7) 

do< 

where K is the constant of integration. This constant 

must be set equal to zero as is clear from the following 

argument. Let a.. and b be the end points of the 

contour C such that fCcx) and its first derivative vanish 

at these points. Then integrating ( 3. 9) from Q to o( 

we get 

[ (K.3Vt CK'2-K1)0<):f-Ccx) 

[ (K'3V + lK'.2-K'1)o<) :f(o() 

_ -9.. K2 ex f (o() ] • 
d()( o ( 3. 8) 

- d. "2 0( 1 (cl- ) ] = 0 
dot o<. 



The first term in (3.8) vanishes from the boundary 

condition and the s·teady state solution is given by 

The above argument of course applies to any single 

variable Fokker-Planck equation. 

The solution of (3. 7) is 

:f (o<) -= 
(K'3V_l) 

0( K" 2 

f 0.,. K', > K' 2. 

and obviously the contour C goes from O to 00 

" 
To obtain the time dependent solution of (3.5) we put 

in (3.5). This gives 

which may be solved to give 
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(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

where M(a,b,Z) is the confluent hypergeometric function. 

Thus 

-'At -(K',-K'i.)cx (l<'3Y_J) 
-fCDc',t) :: e e "2. o< K":1- M(-?- , K'aV, K',-K'JoC) (3.14) 

K',-K, l<'J. K) 

From the behaviour of M (~, K'3V, K,-K"z. 0() , ol. ~ oO it follows 
K,-1<'2 K",- K';i 

that f (0( ,t) and its first derivative vanish as d. ~ DO 

provided that 



where m is any positive integer. In that case the 

confluent hypergeometric function reduces to Laguerre 

polynomials and the desired solution of ( 3.5 J is 
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(3.15) 

( K'3 V -1) - m ( K,- 1<':i) t ~y -1 

o( K'J. L Orn e L l<'i ( K,-Ki cX' 
m n, K-:2 / 

(3.16) 

where the am are determined by the initial conditions. 

To obtain P(X>t) corresponding to (3.16)1 the c<- integration 

is to be done along the contour (o,oo)/or fccx,t) and its 

first derivative vanish at its end points. 

The right hand side of (3.16) may be simplified if 

we choose Om-:.. i is which. case we get 

(K,-1<"~) ~ 

with 

I e 
o< 

- (K't-l<'.2) t 
1-e 

Ki X(t> 

It follows from ( 3 .17) that the choice Om-::.. 1 

to 

which in turn corresponds to 

P(X,o) :: 8x,o 

(3.17) 

corresponds 

(3.18) 

(3.19) 
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From (3.1) and (3.17) P(X>t) and all its moments may be 

calculated exactly. Thus 

Sob 0( ( K'3V +Y'-i) - ( ><:,~1<:2.)cx 
[ ?( ( t) 1 r o K'2 e 2 do( 

- [ -x ( t ) Jr- r ( '¼: + -r) 
(3.20) 

r ( 1<'3V) 
i'C'l-

corresponding to the initial condition (3.19). 

Thus, in this case, the Poisson representation 

technique yields an exact solution of the master equation 

(3.4). In particular, it illustrates how the contour of 

integration in (3.1) is to be chosen. Later in Chapter 7 

we shall see, in the case of two bi-molecular reaction 

mechanisms, that, in general, the·re may be several contours 

of integration which satisfy the requirement necessary for 

the Fokker-Planck equation for f(~>t) to be equivalent 

to the master equation, namely fC~1t) and its first 

derivative must vanish at the end points of the contour 

of integration. However as we shall see that only one of 

these gives an admissible probability distribution and we 

shall also discuss the criteria which may be used to arrive 

at the correct choice. 

3.2.2 The Fokker Planck Eq__uation for_ a __ General_ Reaction 

To avoid having to derive the Fokker-Planck equation 

in each individual situation we shall write down the Fokker-
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Planck equation corresponding to a general reaction 

mechanism. From the structure of the general Fokker­

Planck equation it will become clear how the Fokker­

Planck equations for a specific case may be wi'itten down. 

Consider a general 11 component reaction mechanism 

involving 5 reaction 

p-::1---·S (3.21) 

p p 
where NI" (Mr) represents the number of molecules~:of type 

:X.r that appear on the left hand side (right hand side) 
F B 

of the p th reaction and Rp, Rp are the corresponding 

forward and backward. reaction rates. 

d PC X ,t) - -
dt 

Generalising the Poisson representation to~ variables 

ri - -<Xr xl" 

PC~.t)::: j d~(TT e O(r- ) 5c~.t) (3.23) 
R t'=i Xd 

where R denotes the region of integration in ex space, we 

obtain on substituting (3.23) in (3.22) the Fokker-Planck 

equation corresponding to (3.21) 
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(3.24) 

where 

(3.25) 

Note that only a finite number of derivatives occur in 

(3.26). Again, as a generalisation of the single variable 

case, the region of integration R in (3.23) is such that 

1(~,t) and its appropriate derivatives vanish at its 

boundary. 

If a particular component in (3.21) is held at a 

fixed concentration then the corresponding oC variable in 

(3.24) should be set equal to a constant and th~ 

corresponding derivative dropped. This merely amounts 

to setting the appropriate Mt ( N/) equal to zero along 

with a redefinition of R~ ( I~~) 

~ M! It is evident from (3.24) that if ~ , 
l" = 1 

are not greater than two, i.e. if (3.21) involves 

'fl p 
and L Nr 

r:1 

only 

bimolecular reactions (which is· almost always the case in 

realistic situations), then the Fokker-Planck equation 

(3.24) involves derivatives of no more than second order. 

When this is the case, (3.24) may be written as 

'o-:f CQ(,t) =- - I.]_ (±A~ J""p(~)) f (~ ,t) 
'ot r=. 1 oO(r" 17:::i 

+ J_ ~ ~- Brs 1:IC~)] fc~.t) 
2 L 0 a r oCXs 

r,s-=1 
I-> p p 

where A~:: Mr - Nr 

(3.26) 

(3.27) 
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and 

(3.28) 

If trimolecular or 

in (3.21) then (3.24) will contain third and higher 

order derivatives. However, as we shall see later, if 

only the dominant contributions to the moments in an 

asymptotic expansion in the inverse powers of the system 

size are required, then it will be sufficient to work 

with (3.26). 

3.3 Poisson representation and the Glauber-Sudarsha~ 

P-representation 

In quantum statistical problems, the analogue of a 

classical probability distribution function is the density 

operator which obeys the Liouville equation 

(3.29) 

where H is the Hamiltonian operator for the system. In 

the context of quantum optical problems where one is dealing 

with interaction of photons and atoms, the Hamiltonian H 

consists of three terms, the Hamiltonian for the photons, 

that for the field and a term which describes the interaction 

between the atoms and the photons. If one is only interested 

in the statistics of the photon field, then it is appropriate 

to trace over the atomic variables. This may be achieved by 
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[50] 
using projection techniques developed by Zwanzig. Under 

[51,52] 
Born and Markov approximation, t:his yields a master equati:on 

for the photon denisty operator. These equations as such 

are, in general, inaccessible to analytic solutions. The 

solution of such problems is greatly facilitated by the 

use of Glauber-Sudarshan P- representation. 

E'(a,Q-f,t) = J d 2 f3 \!3)(f->\ e<o.)(~.13~,-t) 
1T 

(3.30) 

where Q, at represents photon destruction and creation 

operators respectively, \~) is a coherent state, and 

e (( >f3, 13~, t) is a c -number function of \3, r>~ obtained by 

writing f>(O,Qt,t) in an antinormal form and replacing a. 

and ·t 
Q by f3 and 13* respectively. 

Let us now consider the case -when the density 

operator is diagonal in the number representation 

f < a, at, t) -:: L P ( n. t) In> < n I 
'Y) 

where In) is a number state, then from (3.30) we have 

the following representation 

P<n.t) = J d2 13 e- 13 ~;rE 

TI 

for 

(3.31) 

(3.32) 

Also when (3. 31) holds e<a.)(f3 1 ~"',t) is .a function of ~13 1 

only. Hence on introducing the variables 

(3.33) 

in (3.32) and carrying out the trivial~ integral we obtain 
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PCYLt) (3.34) 

Now P (1'),t) has all the attributes of a classical probability 

distribution, i.e. 

L. Pl11,t) 
'Y\ 

i 
(3.35) 

and therefore (3.34) corresponds exactly to the expansion 

of a probability distribution in terms of Poisson distribution. 

Thus it is clear that the Poisson representation is 

a special case of the more general Glauber-Sudarshan 

P- representation. It must be emphasized that the 

similarity between the two methods is only at a mathematical 

level, and from a physical point of view the syskems under 

consideration in the two cases and the role the two 

representations play are quite different. In the quantum 

optical context, one is considering a quantum statistical 

ensemble of photons and the Poissonian nature of the photon 

number distribution arises when one has a single mode of the 

electromagnetic field, Le. when one has a quantum 

mechanical coherent state. On the other hand the Poisson 

distribution in mean number of molecules in the context of 

chemical systems arises from the averaging of the grand 

canonical ensemble distribution in thermodynamic equilibrium 

over the many modes in which a chemically reacting molecule 

may exist. We shall see this in the next chapter. A further 

major difference between the two representations is the 



role which the quasi-probabilities ea ( 13, f3~) in the 

Glauber-Sudarshan P- representation and f(oC,t) in the 

Poisson - representation play in the description of 
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- (O) )( 
the corresponding physical systems. e t~,~)is a measure 

of the deviation of the quantum optical system from the 

more interesting coherent behaviour, which occurs in a 

non equilibrium situation, whereas ;f (.0() is a measure of the 

deviation of the chemical systems from the uninteresting 

Poissonian behaviour which arises in the thermodynamic 

equilibrium. 
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CHAPTER 4 

FOKKER PLANCK EQUATIONS FOR EQUILIBRIUM REACTIONS 

4.1 Introduction 

. This chapter is devoted entirely to the application 

of the Poisson representation method to chemical master 

equations c6rresponding to systems whose steady state is 

thermodynamic equilibrium. The steady state solution of 

these master equations are arbitrary up to multiplication 

by any function of the conserved quantities. To illustrate 

this point, let us consider a two component linear reaction 

R, 
X ~ y 
~ 

described by the master equations 

d p ( .x' y, t) = ~ I [ (X + 1) p ( X + L Y-1. t )_ - X p (X) y J t ) 1 
dt + Ri[(Y+i) P(X-1,Y-tLt) -Y PlX,Y,t)] 

It is a trivial matter to check that the steady state 

solution of (4.2) is 
.,.. V 

(.Y) <p (X-tY) 
'/! 

with 

(4.1) 

(4.2) 

(4.3) 

(4.4) 

and <p(X+Y) is any arbitrary function of (X+ Y) which in 

this case is the only conserved quantity. 

From a physical point of view this arbitrariness in 

the solutions of the master equations for equilibrium systems 

arises from the arbitrariness in the choice of the ensemble 

chosen for a statistical description of the system. 
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If q:>(X+Y) is chosen to be a constant, P(X,Y) is a 

Poisson distribution 
A A 

P(X,Y) - e- x e- Y (x ) x (5.J. Y 

X ! Y! 
and if cp(X+Y) is set equal to Ox+Y,N , P(X,Y) is a 

binomial distribution 

(4.5) 

(4.6) 

We shall show from purely statistical thermodynamic 

considerations, that under ideal gas or solution theory, 

a grand canonical ensemble description always gives Poisson 

distributions, whereas, the solutions of the type (4.6) 

which explicitly incorporate the conservation laws arise 

from a canonical ensemble description. We then show how 

these solutions are obtained from the corresponding 
TlB] 

Fokker-Planck equations. Next following Gardiner et al 
[21] 

and Kitahara, we introduce a model for transport of reacting 

molecules from one spatial region to another and discuss 

the solutions of the associated Fokker-Planck equations. 

Finally we discuss the appropriateness of a grand canonical 

ensemble description and show that in the limit of a large 

system, the flucutations in a small subsystem are always 

Poissonian. In the past theFe has been a considerable 

discussion on the nature of fluctuations in a chemical 
. . . Jtq ,551 . . 

system in thermodynamic equilbirium ana we· hope that our 

analysis clarifies this question once and for all. 



4.2 
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Statistical Mechanical Systems de~cribed by 

Chemical Master Equations: Grand Canonical and 

Canonical Ensembles in Thermodynamic Equilibrium 

If we consider a reacting system 
"' 'YI 2. NrXr ~ L Mrl<r-

~:1 r~1 
consisting of chemical components X1 -·Xr· •• the thermodynamic 

equilibrium distribution function in the grand canonical 

ensemble is 

P( I)= (4.7) 

where the index I denotes the microscopic state of the 

system (here by"microscopic state" of the system we mean 

a particular configuration in the phase space). Xr(I) is 

the number of molecules of J( r is the state I, E Ci) 

is the energy of the state, ~~ is the ehemical potential 

corresponding to the component Xv, and 

z = L ex~ [ ..L L. J-'-r x~o.) - E(I) J 
I RT y, 

(4.8) 

is the grand canonical partition function. 

The fact that the components can react requires 

certain relations between the chemical potentials to be 

satisfied, since a state I can be transformed in a state J" 

only if 

L. v:)(r(I) = L. V:Xrt"'J); A= 1- •• (ri-1) (4.9) 
r yo 

where v: are certain integers. The relations ( 4. 9) are 

the stoiciometric constraints. One ha~ (n-1) such constraints 

ri being the number of chemically reacting components in 
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the system. 

The canonical ensemble for a reacting system is 

defined by requiring 

(4.10) 
y, 

whereas the grand canonical ensemble is defined by 

requiring 

L P(I) L v~ .X,-(1) = L v: (Xv-) = -c.A (4.11) 
I y, ~ 

Maximisation of entropy subject to the constraint (4.11) 

(and the usual constraints of fixed total probability and 

mean energy) gives the grand canonical form (4.7) in which 

the chemical potentials also satisfy the relation 

A 
J.lr = L KA v"" 

A 
(4.12) 

When one takes the ideal solution or gas limit, in which 

the interaction energies (but not the kinetic energies) are 

neglected, there is no difference between the distribution 

function for an ideal reacting system and an ideal non­

reacting system, apart from the requirement that the 

chemical potentials ar~ ·expressible in the form (4.12) 

The distribution in the total numbers x~ of molecules 

of the reacting components in the grand canonical ensemble 

of an ideal reacting system is easily evaluated, namely 

The sum over states is the same as for the canonical 

ensemble of an ideal non reacting mixture so that 



69 

-1 -EtO') )Xl" 
P(~) ::: Z ( ex.p [-' L. HrXrJ) TT_\_ (Le ~ <4 •14 > 

~T r- • y, Xr ! t 

where E1 ( r) are the energy eigenstate e_ of a single 

molecule of type :Xr. The result is a multi variate Poisson 

distribution with mean numbers given by 

(4.15) 

which when combined with (4.11) and (4.12) gives the law 

of mass action as may be seen from the following considerations. 

Since from ( 4 .11) z:. v: ( Xy-) is conserved , Vr-A 

must be orthogonal to the changes in ( X "") produced by 

the reaction. Hence we have 

This when combined with ·(4.12) gives 

L. t,1.,-(Nl"-Mr) = o 
Y' 

On substituting for ~r from (4.15) we have 

(4.16) 

(4.17) 

'YI Nr Y\ Mr 
Rf TT (Xr) = Rs TT (Xr) (4.18) 

Y'=.1 l"': 1 

where t? F and R 5 may be identified as the forward and 

backward reaction rates. 

The number distribution in the canonical ensemble 

is not so simple because now the entropy is to be 

maximised subject to the stronger constraint (4.10). 

However, as (4.10) implies theweak:er constraint (4.11) all 

the manipulations leading to (4.14) are the same except 

that the constraint (4.10) must appear explicitly as a 



70 

factor of the form 

The distribution function in total numbers for the 

canonical ensemble is therefore 

x.,. 
[ TT_, (I e- E~o•)) ] TT 8.EvAx n) -c:A 

Y' Xt-! .<. ~T A r )" r , 

which is qualitatively different for every kind of 

reacting system (including a non reacting system as a 

special case). 

(4.19) 

(4.20) 

4.3 Fokker Planck Equations for Equilibrium Reactions 

4.3.1 A Linear Reaction 

Let us again consider the two component iinear 

reaction (4.1) described by the master equation (4.2). 

On substituting 

·s X: y -O(x -t:X.y t) P ex, y, t) = d ()(x d o<y o<.x ol.y e f (o<~ >cx:y. (4.21) 
R Xt Y! 

in (4.2) we get 

(4.22) 

The diffusion coefficient in the above Fokker Planck equation 

is zero. This is a characteristic feature of the Fokker 

Planck equations for linear reactions. 

In the steady state a fairly general class of 

solutions of (4.22) may be written as 

:f (CXx, O::y,t) (4.23) 
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where ¢,(cx.x.,r:J..y) is any arbitrary function of o<.x and rY..y 

If q> is chosen to be 

(4.24) 

then we have 

(4.25) 

and the corresponding steady state distribution is 

where the region of integration R should be such that 

:f(cxx,O(y) vanishes on its boundary. In this case, clearly 

R is any region in (O(.x,ctv) plane which contains the point 

where the arguments of the two delta functions in (4.~5) 

vanish. 

From (4.26) we get 

POCY) = 
e x - y (X) x <.. 9 J y 

X! Y! 
a Poisson distribution in X and Y , X and Y being 

related by the deterministic equation 

- -R, X - R2 Y = O 

If instead of ( 4. 24) we choose <p (cxx ,<Xy) to be 

N N ocx+ Oly 
9J(o<.xJCl.y)-= (-1) o (cx.y) e 

(4.27) 

(4.28) 

where 8N (D(y) is the Nth derivative of b (o(y) with respect 

to CX y , we obtain 

PO<,Y) = 
" x ,., y 

N (~) ( v) 8 x + y, N 
)(~ y ! 

(4.29) 
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with 

(4.30) 

a binomial distribution corresponding to the canonical 

ensemble. 

4.3.2 A Non-linear Reaction 

Let us consider a reaction of the form 

..ew +mx 
R, 
~ 

~ 
'p:/+9.Z (4.31) 

Specialising (3.22) to the reaction (4.31), the Fokker Planck 

equation 

?Jfc~.t) 
ot 

the steady state solution of which is of the form 

(4.32) 

(4.33) 

(we again require that the region of integration in~ plane 

be such that £(~,t) and its appropriate derivatives vanish 

on the boundary of the region of integration R ) 

Different forms of 4:,(cxw,cx:x,,o<.y,o<2 ) give different 

distributions for P( W, X, 'f, Z.). 

By choosing 

where 0 ( Olz) is the step function, we obtain the multi-



Poisson solution for p ( •• 1 X y Z) vv ' , ) 

The alternative 
~c e rn p q J.... 
o rz,o<wcxx -\z,:2<:xy CXz ) 4' (O(w,O(x,O(y,dz.) 

- e otw +at ::,c + CX'.y + o(z () K(-c<w) ?/\--o1.x) S l CXz - ( R' (){~ ()(;) ~ ] 
~2.o<P 

. 'I 
gives the solution 

which is not normalised. 

By defining 

" i " WI R, w X 

we can rewrite (4.36) as 
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(4.35) 

(4.37) 

This corresponds to a canonical distribution. The conserved 

quantities for (4.31) are 

A=- mw-a.x , B-=· qy-pz, c= p9.(mw tQ.x)+rnJ(9.Ytpl)C4.39) 

and the product of Kronecker deltas in (4.38) can be 

written as 

(4.40) 

Thus we find that the probability distributions which arise 

from the choice for~ given by (4.35) is a multivariate 

Poisson multiplied by Kronecker deltas which fix the 

values of the conserved quantities. 



[55] 
van Kampen has shown that a general chemical 

Master equation admits solutions of the form (4.20) 

of which (4.38) is a special case. 
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It is clear that not all possible distributions 

of the canonical form are obtained by the choice (4.35) in 

which o<z. is integrated first, but by selecting O(w. d..x 

and d.y in turn we can get every possibility. 

4.3.3 General Solutions 

The functions <:p in the last two reactions are arbitrary 

and the most general solution corresponds to an arbitrary 

distribution over all values of the conserved quantities. 

However, these give from the statistical mechanics point 

of view, distributions which one does not normally consider. 

In order to keep close contact with statistical mechanics 

we have considered only the canonical and grand canonical 

distributions. 

4.4 Reactions including Spatial Diffusion 

Any realistic description of a chemical reaction 

must incorporate diffusion of reacting molecules from one 

spatial region to another. A number of authors have 

written chemical master equations which include diffusion· 

as a stochastic process. In order to fix our notation we 

shall follow ref 18 and consider an arbitrary chemical 

reaction including diffusion of two species X and Y 

Let us assume that the reaction-diffusion system 
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is divided into 'Yl identical cells of a small but 

unspecified size, and is characterized by a multivariate 

probability distribution 

P( X<1);·· xci.); - ··X<n), YU) - -·Yeh - • Y(n)) = P(,S,Y) <4 .41) 

where the indices i, a lavel the positions of cells in 

space, and the quantities X ( i.) , Y ( i) are the numbers 
. 

of molecules of the component X, Y in the cell 1.. 

A master equation which contains the possibility of 

reaction between X and y as well' as diffusion, the 

latter being viewed as a jump of a given molecule of X ( y) 

f • . • . . . dx d y ) rom one cell t. 1nto cell j with probab1l1 ty i.J ( iJ 

is 

X . " " X • :7 
d P c0, Y > = I rd iJ c x c i > + 1) P <. x ct)+ 1 , x ( a ) -1 , ~ . -:t . t) - d \J x t p P os .Y. t) J 
dt q L 

y . • " " d 'i • P lX Y t )] + _L.[diJ(Y(i.)+i)P(Y(t)-t1,Y(3)-1,!5,t,t)- t:('/0 .. ) -• • 

ij 

+ r. ( ¥t) i, cher,, 

t " 

(4.42) 

We use the notation X to indicate all variables not 

written have their usual values. explicitly 

The chemical part ( 0 P). for each cell is determined 
c,t t,C.kem 

from the appropriate reaction. 

A simple choice for d tJ is to assume that 

d adjacent 
(4.43) 

0 otherwise 
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Using the Poisson representation, the master equation 

(4.42) transforms into the following Fokker Planck equation 

'of (~x., ~y .t) 
ot 

- - L --2-~ L [. d~ (cxx d) - o(x ( i)) f (~x .~'l.t )1 
i "oc<xC1.) d · 

- L _g_ __ fLd~(O(y(3)-o<y(i))f(~><._<2SY,t)1 
i oO(yCl) L a 

+ ~ ( 'o t ( ~ X , ~ Y • t )) , ( 4 . 4 4 ) 
L.,..... ot I., C.h.ewt 

1 

An important feature of the above Fokker Planck equation 

is that the noise arises only from the chemical terms and 

is entirely independent of the spatial diffusion which is 

a linear process. This considerably simplifies the 

treatment of reaction-diffusion systems. 

Let us now consider the steady state solution of 

(4.44) for the reaction 

R, 
t X ~ my 

~2 
(4.45) 

Again, as before we have a certain arbitrariness in the 

steady state solution. 

The choice 
"Y>-1 • TT'YI Q. • R rn···)) 

-:f(o<x>O(y,t) = TT 8(0(.xlL)-O(.xti.+1))_ 8 (1<,c<x tt)- 2o(y t1. 

i-=1 1 --= 1 • 

gives a multipoisson solution for P<.~,'O • 

8 (d.:x tn)- X) 

(4.46) 

The alternative canonical form arises from 

'Y\-1 '11 e. . m . ) ~n e( ) :f (o< o( t) ::: TT S (cXx ci) - e(x d·H) )"}T 8 C.t<,c:i1x<.t? - k2cxy <. t) u c xCJ1) 
- X' - y' i -=1 ,. :: 1 ( 4 4 7 ) 

x (-1/1 e f o<xtO + f cxyti) • 
which gives 

(4.48) 



77 

4.5 Appropriateness of the Grand Canonical Ensemble 

and Poisson Distributions 
it 

It is usual to state thatAis quite unimportant for 

physical purposes which ensemble is used and this is 

of course true. However what is unfortunately also true 

is that many stochastic master equations describe quite 

unphysical quantities, and in these cases, there may be 

very large differences between the two ensembles. This is 

no fault of the master equations - rather it is a fault of 

the investigator in choosing to study unmeasurable 

quantities. Consider for example the reaction (4.1) taking 

place in a macroscopic ve~sel e.g. a test tube. Then the 

grand canonical ensemble gives for variance and correlations 

<rxx = <x> -= 0 (4.49) 

while the canonical ensemble gives 

(4.50) 

From the point of view of flucutations, there is a world of 

difference between the two ensembles. In practice, as is 

well known, it is quite impossible to measure these 

quantities for a macroscopic system and the choice of which 

ensemble to use is purely a matter of taste, as both results 

are equally irrelevant to physics. 

What are of interest, though, are locally fluctuating 

quantities. In such a case one divides the system into 
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. 
cells labelled t.. as suggested in section 3. 3 and 

introduces local numbers X t" ( i.) . Since transport can 

occur between cells, all stoichiometric relations will 

include summation over all cells, i.e. (4.10) becomes 

L, v: L )('t'(i)-= LA 
r i. 

(4.51) 

and one obtains for the grand canonical distribution 

_, -E1(r) Xrti) 
Z (exp [ ~1 I µr Xr(i)J) TT_,-:- (Le RT ) (4.52) 

r,i. r.l Xr<t)~ e. 

and for the canonical distribution 

In the next sub-section we show that as far as 

the fluctuations in a small sybsystem in the limit of a 

large system are concerned, the two descriptions are 

equi~alent and at this level the behaviour of the 

fluctuations is always Poissonian regardless of the choice 

of canonical or grand canonical ensemble description. 

Since the grand canonical ensemble description is so much 

easier to work with we shall take that to be the basis 

of our study of the chemically reacting systems in 

thermodynamic equilibrium. 

4.5.1 Local Fluctuations in the Grand Canonical and 

Canonical Ensembles: Poisson Distributions 

~et us consider the canonical distribution (4.48) 

for the reaction (4.45). Then on introducing the following 
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representation for the Kronecker delta 

S -'-. ! d?.. -7--N-i + Ll. rn X<.i) + r,.. t '{<.i) (4. 54) 
LYYIX<.t)+tYc.O ,N = ~ oo 
i 2TTL 

where the contour encircles the origin, we have 

N I 'Y'I ,._ m XC.~) " YO) 
r c ~ . :t ) = N . ~ d f - n t x ~) t" z/) c 4 • s s > 

2TTt )=-1 X<31! YO)! 
We now wish to project this probability distribution 

corresponding to a volume V consisting of n cells into 

a small volume t:::.. V consisting of say r cells. This is 

most conveniently accomplished by defining the generating 

function 

(4.56) 

(4.57) 

The desired projection is then achieved by setting Si~ti~l 
. 

for all L not contained in 6V. The projected generating 

function then is t 
" m " 

G-r (? ,t) = !i. ,{:. d 'b iN exp L n( X am+ v2/) + .L [ X(Si-1) ~ + y (ti:-1)2} ) 
' ~1lt j b tEAV (4.58) 

A A 
Note that since X and Y are not equal (although proportional) 

to (X ti.))and < Ye,.)) one does not necessarily have 

" "' 'n['YYIX+lY] =N (4.59) 

However, because of the delta function on the RHS of 
"' ,._ 

( 4. 5 7) we may always scale X and Y by the transformation 
" I'\ A x. -4 'Am X , y -) 7' 'l'YI Y altering only the normalisation in 

A " 

such a way that ( 4. 59) is satisfied. Assuming that X and Y 

have been chosen thus, on substituting 
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(lJ..60) 

in (4.58) we get 

G-r(§,'t) = N'_ p d'3 exp I N(imr,+1/(1-r,)-l~a) 
~nt 2, -m a. (4.61) 

+ .L [ X 8 mC5i-1) +Y Dt (t.:-i)]] 
I t· 1· . lE.oV 

n ne 1m1. t N ~ 00 the integral may be evaluated 

asymptotically by the saddle point method. The saddle 

points are given by 

d [ 1,m r,, + ?} (1-13) - (o-Q1..] = o db m,.., T aa 
(4.62) 

which gives 

(4.63) 

which has a root at ~ = 1 . For small values of t_he integers 

l and m it may be checked that ?, -::. 1 is the root that 

gives the most dominant contribution to the integral and we 

conjecture that it is always the dominan~ root. Hence 

N~~ ex.p, I Is x (Si-.t.) + 9 (ti-1) J 
!l ft'1'1 tte i G b.V 
N 

(4.64) 

which is the generating function-corresponding to a 

multivariate Poisson distribution. Similar considerations 

apply to more general reactions. 

From a physical point of view this result is obvious. 

All it says is that the correlations which may arise from 

global conservation laws have little effect on local 

fluctuations; the correlations which the global 

conservation laws give rise to are continuously broken up 
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by the process of diffusion. 

These considerations provide a physical rationale 

for choosing Poisson distributions as a basis in which 

to expand a probability distribution. In non equilibrium 

system such an expansion has the effect of factoring out 

equilibrium fluctuations leaving only the effects that 

arise from the non equilibrium nature of the system. 



CHAPTER 5 

THE TWO TIME CORRELATION FUNCTIONS 

5.1 Introduction 
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In the second chapter we saw that the single time 

averages of P(~,t)bear a simple relationship to those of 

f(~,t) the single time factorial moments of PC..0,t)being 

equal to the ordinary moments of f(~,t). In this chapter 

we shall investigate how the two time averages of P(2'.< ,t) 

translate into Poisson notation. The formulae, although 

not as simple as those for single time averages, have, 

from a physical point of view a very appealing stucture. 

For equilibrium systems, they relate the two time correlation 

function in ~ -space to certain response functions in 

o< - space and are analogous to the results obtained by 
(56,57] 

Bernard and Callen. The results of Bernard and Callen 

constitute a new kind of fluctuation-dissipation theorem 

and we shall show how these may be obtained from purely 

statistical mechanical considerations. In the case of non 

equilibrium systems one has in addition to the response 

functions, an extra term which arises entirely from the 

non-equilibrium nature of the system. Finally we shall 

show how our formulae may be mathematically deduced from 

those derived in quantum optical context, using Glauber­

Sudarshan P- representation. 

5.2 Basic Formulae for Two Time Correlation Functions 

The two time correlation function is directly 

related to the mean product function 
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<x~(t) X5 (t1

)) = L x ... x 5 Pc~.tlx',t') P(~ 1.t 1

) (5.1) 
X X 1 -, _,_ 

where PC~,t) is the unconditional probability that the 

I J I I system is in a state X at time 1... and P(~.t \ ?:S, t ) is 

the conditional probability that the system is in state 

~ at time t given that it was in state x' at time 

I p I t' I I • t . Both (~ > ) and P <.0,t I X,t) will obey a master equation 

• 1 • v' t 1 over respective y the variables~. and ?i,t . In 

transforming to the Poisson representation, we must 

transform both of these, and this is not straightforward. 

We will wish to express our results in terms of appropriate 

Poisson-quasiprobability. 

We note that 

( 5. 2) 

which defines f (~ '> t') 
., ., 

We now define f(~,t I~ ,t) by 

(5.3) 

I I ) 
So that :f- C ~ ,t I ~ , t is the quasiprobability in ~ - space 

arising from an initially sharp ~ - space state. Noting 

that 

(5.4) 

we see that 
I 

o<' X rr[e 0(-1) 3 ( 5. 5) 

d 
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We now define the ~ - space conditional probability 

f ( ~ .t I ~ ', t') to be conditional ~- space probability of 

the system being in the state ~ at time t , given that 

it was in state <:I..' at time t' , so that it will be the 

solution to the ~ space Fokker-Planck equation with 

the initial condition 

(5.6) 

Since the Fokker-Planck equation is a linear equation 

we find that 
U I I 

fC~.t \ ~'.t) = Jdo<'' TT[e°'a <.-1{4 c/Jccxa')]fc~.t\c~('t) C5.7) 
- a 

We now substitute (5.7), (5.3) and (5.2) into (5.1) and 

get 

(XrCt) Xs (t))-= L 
JS· ?5' 

In ( 5. 8) sum over ~ is trivial. It merely replaces Xv­

by o<r . Sum over x' involves two types of terms. 

and 

L 
X" .5 

rvn rv' X' Xi u rvs1 Xs 
Xs' e ""s - v-s(-1) s ~ s ( C(s ) ""' 

)('I s . 

Noting that 

(5.9) 

(5.10) 

(5.11) 
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the LHS of ( 5, 11) being the Taylor expansion of 8 CC'.; - ex~) , 

we have 

(5.12) 

and 

Using (5.12) and (5.13), (5.8) becomes 
II I 

<Xr(t)X5 (t')) j 1:(CXi,-O(i) = d~ dcx' d0'' e i CX's o<r 
(5.14) 

(.;O<'s8c~'~st>] 1-c~.t,~'.t'> f(~~t'J 
and integrating by parts 

we can now identify two types of terms. 

The first term is the two time mean product function 

in the Poisson representation, < O(r (t) ()(; (t')). The second 

term is the average over· the initial distribution f (~'.t') 

of the response function to a variation of the initial 

condi~ion. Thus,writing 

i.e. the mean of ~r given the initial condition ct', 

the second term may be written as 

(5.16) 

J dcx' ex~ 2-- (<Xr(t)l[~~t)7:f(0:t 1) = <o1.;]_<0(rlt)\(~'.t'J)/cs.11> 
- o cx5 o o<.s 

Thus the second term is the average over the initial quasi-

probability of a response function. Remembering that the 



o( - space mean (o<r(t))is equal to(Xr(-t)) for all t we 

derive 

This is the basic formula that expresses the two time 

correlation function inc-space in terms of Poisson 

notation. 

5,3 Application to Equilibrium systems 
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We showed in chapter 4 that in equilibrium situations 

(in a grand canonical ensemble) the ~-space distribution 

is Poissonian so that the corresponding quasi-probability 

is a delta function. 

There are two results of this 

(i) The variables CX(t) and o<.C.(:')are non fluctuating 

quantities with values O'.. ( eq.) Thus 

< o<r(t), o<s(t'))e_9 -= o 

( 5. ·19) 

(ii) The equilibrium mean in the second term is trivial. 

Thus 

< X r ( t), Xs (. t 'J) = [ o<; o < o( rt t) I [ 0 ', t'] ) ] ( s . 2 o) 
?J r::i.s' . ex'= ~<.es.> 

This may also be derived by substituting (5.19) in (5.15). 

It must be emphasised that a simple relation such as (5.20) 

for the two time correlation function holds only in a 

grand canonical description for the equilibrium system. 
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In a canonical ensemble description the form of feq(~) 

is not a simple as that given by (5.19) and consequently 

(5.20) is not valid. In fact, we have seen in the 

previous chapter, that for each reaction mechanism 

f eq C ~ ) has a different form with the result that 

the expression for two time correlation function 

obtained by substituting the canonical form for (Xr-lt),Xs<.t')) 

in (5.15) is not only complicated but is also different 

for each reaction mechanism. From this discussion it is 

clear that the Poisson representation method is not 

suitable for a canonical description of chemically 

reacting systems in thermodynamic equilibrium. 

5.4.1 Two Time Correlation Functions for Equilibrium 

Systems from Statistical Considerations: Fluctuation­

Dissipation Theorems. 

The result (5.20) obtained by using the Poisson 

representation is in fact exactly that of Bernard and 

Callen which relate the two time correlation function to 

a derivative of a mean quantity with respect to a 

thermodynamically conjugate variable. The proof of this 

result is quite simple, and we shall explain it in a form 

suitable for our work. 

Using the notation of section (4.2) the thermodynamic 

equilibrium distribution for a reacting system in the 

grand canonical ensemble is given by 

P(I) ::: Z 1(M,) exp [L µr Xr(!.) -E(I)j (5.21) 
r 



In equilibrium, the chemical potentials satisfy the 

stoichiometric constraints (4.12). 

Now we define the quantities 
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< X y-, t I [ I , t' l ) t >t' (5.22) 

to be the mean values of the quantities X~ under the 

condition that the system was in a state I at time t 

Then a quantity of interest is the mean value of (5.22) 

over the distribution (5.21) of initial conditions, namely 

<Xr,tl [ ~ .t' J) == L < Xr,t I [I ,t'1) z\~) ex~ r ~I Cr µs X5(I)-E(I))] 

I 5 (5.23) 
when the chemical potentials satisfy the equilibrium 

constraints (4.12), this quantity will be time independent 

and eaual to the mean of Xr in equilibrium, but otherwise 

it will have a time dependence. Then, with a little 

manipulation one finds that 

[ ~T Q. ( X r, t I [ ~ , t,] ) ] -=. ( X r ( t). XS ( t-') )e ( 5 • 2 4 ) 

a t-'s ~ ~ ~ c.e~o 9 

The left hand side is a response function, of the mean value 

to the change in the chemical potentials, around equilibrium, 

and is thus a measure of dissipation, while the right hand 

side, the two time correaltion function in equilibrium is a 

measure of fluctuations. 

This is a different form of fluctuation-dissipation 

theorem from that most often considered. In the derivation 

of such fluctuation dissipation theorems one usually adopts 

a canonical ensemble description and, by introducing an 

external field in the Hamiltonian one obtains a relation 
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between the generalised susceptibility and the imaginary 

part of the Fourier-transform of the two time correlation 

function. An excellent discussion on this, both in 

classical and quantum mechanical context may be found in 

ref [ 28]. In a grand canonical ensemble description, 

however, the introduction of an external field is not 

necessary; the term :[µrXrnow plays the role of an 
)" 

external Hamiltonian with Nr as the external fields. 

This may be understood from the following. Suppose that 

at time t < o the system is in equilibrium so that the 

chemical potentials ~~ satisfy the stoichiometric 

constraints (4 .12). Now if at t =- o, ~.,,. are changed by 

a small amount, the system would no longer be in its 

equilibrium state and thus changing }Cr achieves 1:he 

same end as an external field in so far as both have 

the effect of driving the system away from the equilibrium 

state. From this discussion it is also clear that the 

result ( 5.24) may also be derived following the usual 

treatment of fluctuation-dissipation theorems assuming 

a step function time dependence -for the external field. 

To make connection with the Poisson representation result 

(5.20) we make use of the relation (4.15). 

(5.25) 

derived in section 4.2 (Note that <~r) are the equilibrium 

mean values only if }-( ~ satisfy the equilibrium constraints. 

Using (5.25), (5.24) becomes 
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< Xr(t),X5 lt'f> = [ (X.s) Q_~XYo.t I [<25 ).t'])] (5.26) 
o(Xs) (~) = <_~)e'l 

Since ideal solution theory gives rise to a distribution 

in X r which is Poissonian, it follows that in that limit 

(5.27) 

I 
where d..5 -= < ><s) and ( 5. 26) becomes 

<.. Xt-tt), Xstt')) = [ d~ g__ <~r.t \[~'.t'J')] (5.28) 
?Jei.s o.'- ot(eq) 

which is identical to (5.20). - -

5.5. Non Equilibrium Steady States 

The general formula (5.18) is considerably different 

from the equilibrium result and the two terms are directly 

interpretable. The second term is the equilibrium 

contribution, a response function, but since the system is 

not in a well defined equilibrium state, we take the 

average of the equilibrium result over the various 

contributing ~- space state. The first term is the 

contribution from the~-space fluctuations themselves and 

is not directly related to a response function. 

By integrating the second term in (5.15) by parts 

we may also derive a slightly different formula 

<:x.,.(t)> x 5 tt')) = <o<r(t), °'slt1)) -(o(r(t)) 

- .( O:rtt) CXs tt') ]__l~ f (~~t')) 
c)0(5(t') 

which is useful when 5 (~, t) is explicitly known. 

(5.29) 



5.6 Two Time Correlation Functions from Glauber­

Sudarshan P-representation 
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We have seen in section ~l. 3' how the Poisson 

representation arises as a special case of the Glauber­

Sudarshan P - representation. We shall now investigate 

the relationship between the expressions for the two 

time averages. 

For a quantum Markoffian system, it may be shown[sa, 59 ] 

that two time operator averages may be expressed in the 

P- representation as 

where 

< t1 (a, o.+,t) N (Q ,Qi",t') > = ~ .. r M (a,a.t, t) N (Q,O..t, t 1) e (a,QT,t')1 

and e (O\ 13, ?> ~ t I ~~ f3'}t, t') is the conditional probability in 

the P- representation. 

For the photon number correlation function (5.30) 

gives 

<a+ct)aC.t) a.t(o) a(o)) = S d 2 f3 d 2 13' ~,r(io-e (o.)CJ.3,\3~t\ 13',ill,e) 
TT TT '* I _ (0.) I ( 5 • 31) 

"(~ -E..,) ~ e c 13,f-, ;1/i,t') 
c>l3 

we now assume that at time t = t' the density operator is 

diagonal in the number representation and further that the 

dynamics of the system is such that it stays diagonal at a 

-ca> , , , ~t...(a>12.. J3"t I D..',a' lf1 tt) later time. This implies that e c_R,,/2>~tJand '- ,-.,. I-',.. 

are functions of jo1 ~ 1>l and J3 J3* only. Under these 



assumptions on introducing the variables 

~ = Jex e i. I{) , !-?' = w e i. 'fl' 

(5.31) becomes 
I 

<nCt)'>')(O))-= jdcxdct d.d.. 1 

which is identical to the result (5.15) for a single 

variable case. 
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CHAPTER 6 

STOCHASTIC DIFFERENTIAL EQUATION METHODS 

6.1 Introduction 
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In the previous chapters we have seen how chemical 

master equations may be transformed into generalised 

Fokker--Planck equations. The Fokker-Planck equations thus 

obtained are not solved directly, except in the steady 

state, and even in this case no easy method of solution 

exists in multivariate situations, in particular, when 

spatial diffusion is taken into account. 

A Fokker-Planck equation which involves no higher 

than second order derivatives, under certain conditions 

may be shown to be equivalent to a stochastic differential 
[60] . 

equation or Langevin equation. This may be accomplish~d 

by the use of two formalisms, that of ItS and that of 

Stratonovich. The two formalisms yield different 

stochastic differentials equations corresponding to the 

same Fokker-Planck equation and have different integration 

rules, so that the solutions of the different stochastic 

differential equation forms are the samet. A discussion 

trn a number of physical problems, one way to introduce 
fluctuations in a deterministic equation is to add a stochastic 
noise source. If the coefficient of the noise source, on some 
physical grounds, turns out not to be a constant, then one has 
to decide how the stochastic differential equation is to be 
interpreted, i.e. which of the two formalisms correspond to 
physical reality. This has_been discu~sed in ref [60~ and [62]. 
This difficulty does not arise here, since we start with a 
Fokker-Planck equation and may make our own choice of 
correspondence with complete physical and mathematical 
equivalence. 
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of the mathematical differences between the two formalisms 

1.s given in the appendix A Our aim here is to briefly 

" discuss the Ito formalism so as to obtain certain rules 

which would be used later for iterative calculations. We 

shall exclusively work with the ItS formalism, because of 

its greater simplicity and elegance, as well as the fact 

that in iterative solutions it guarantees vanishing of 

a large number of terms. 

As we have seen in chapter 3, if a chemical reaction 

mechanism involves a trimolecular or higher reactions, then 

the corresponding Fokker-Planck equations involve third and 

higher order derivatives. It is therefore essential to 

develop stochastic differential equations for such 

Fokker-Planck equations. We show how this may be done 

for a Fokker- Planck equation involving third order 

derivatives with obvious generalisations to higher orders. 

In the later chapters we shall almost exclusively 

work with stochastic differential equations and hence we 

shall write them down for the general reaction (3.21) with 

and without spatial diffusion. This helps to fix our 

notation used later on. 

6.2 Stochastic Differential Equations Equivalent to 

Fokker--Planck Equations 

The rule for associating a stochastic differential 

equation with a Fokker-Planck equation is as follows -

for a multivariate Fokker-Planck equation 
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ci_f(Y,t) ==--I~ Gi.C.Y) P(Y.t)+l.L o\_b_i:a(Y)PCt.t) cs.1> 
d t- i ?JYi 2 qC!Y1?)Y3 

the equivalent stochastic differential equation is 

dYiCt) - GiCY(t)) + Z: <aiJ ()'(t)) dvtJCt) 
J 

where 

( 6. 2) 

( 6. 3) 

The d~J~Jare the increments of the Wiener process which 

is a Gaussian stochastic process and satisfy the following 

(i) (6.4) 

(ii) The distribution of dl.trJ(t) is Gaussian with 

mean zero 

(6.5) 

and variance d t 

(6.6) 

(iii) d 1iv0 (t) are statistically independent of \-viC.t)- ~i(t 6 ) 

so that in particular 

where t 
Wf'i:(t)- ~iC.to)-= J dt..::ti:lt') 

to 
( 6. 8) 

The last property of statistical independence is stronger 

that (5.7) and means that the joint probability distribution 

of the I.vi (t) for a set of inc1~easing times ti satisfies 
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(6.9) 
P(LS-(t,)) P(t...<,(t2)-~(t,)) • • • ·P(~ltri)-L.5(t11-1)) 

It is this aspect of independent increments - the increment 

at time ·t' being independent of ~ C. t 1 ) for t ~ t' which 

characterises the Ito method, and yields simple formulae. 

The connection with the physicists' way of writing a 

stochastic differential equation is obtained by setting 

so that (6.2) becomes 

d":li. 
dt 

From (6.5), (6.6) and (6.9) it follows that 

Now using (6.10) and (6.13) we find that 
t 

( d !,_;z:(t) [ ~i(t:) -~(to)])= J d.t1 8(t-t"o) 
to 

(6.10) 

(6.11) 

(6.12) 

(6.13) 

(6.14) 

It follows from (6.7) that the RHS of (6.14) must be zero. 

Thus the It6 prescription requires us to give zero weight 

to a delta function singularity which occurs at the upper 

limit of a time integral, i.e. 

t 
J to dt' b C-t-t') = o (6.15) 

t / ) J dt' 8lt-to = 
to 

i 
(6.16) 
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As we shall see in Appendix A,_ Stratronovich's definition 

of the increment is 

(6.17) 

in which case both the integrals (6.15) and (6.16) become 

equal to .1. 
2 

We make this point here because in the calculation of 

quantities of interest from the stochastic differential 

equations using an iterative procedure,integrals with 

delta function singularities at the upper limit frequently 

occur. It will be apparent that the Ito choice,which 

makes them all vanish,yields a much simpler procedure. 

6.3 Stochastic Differential Equation Methods for Higher 

Order Fokker Planck Eq~ations 

The relationship between Fokker Planck equations 

and the stochastic differential equations discussed in 

the previous section is valid only for the case when the 

Fokker Planck equation is no more than second order. 

Our techniques can yield Fokker Planck equations which 

are of higher but always finite order, and it is appropriate 

to devise stochastic differential equation methods for 

Fokker Planck equations of higher order. This subject 
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does not seem to have been discussed until very recentlyt 

We now show how this can be done for a third order Fokker 

Planck equations from which it will be clear how the 

procedure may be generalised to include Fokker-Planck 

equations with derivatives of arbitrary order. 

Introduce the stochastic variable t,-(.t) whose 

probability distribution P( lJ, t) obeys the third order partial 

differential equation ~ 

'c> P(O,t) -::. - J.. (6.18) 
at 6 

We then know the solution of (6.18), subject to the boundary 

condition 

(6.19) 

is given, by Fourier transform methods, as the conditional 

probability, 

P ( \J, t I '-"o ,to) 

• hb [G 3 ] h W. tin a recent preprint Hoc erg has shown ow the iener 
process may be generalised to higher order Fokker Planck 
equations involving even order derivatives only, 

'QP/'?)t -= (-i)11+1 ~-rn p /o-x:u-1 

The reason why odd order derivatives are not considered 
is perhaps that in that case the positivity of the probability 
distributions is not guaranteed. Since we deal with Fokker 
Planck equations obeyed by a quasi-probability distribution 
(which may be negative or indeed complex) this problem does 
not arise and hence we are able to extend stochastic 
differential equation methods to Fokker Planck equations with 
derivatives of arbitrary order. Admittedly our derivations 
cannot be considered as mathematically rigorous, but, in 
practice, the results do not seem.to cause any problems. 
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The moments of P( \9, t)can be calculated, after a partial 

integration are found to be ( [ '\J(t) - lJ0 l YI ) -::: o 

TI not a multiple of 3. 

(6.21) 

Further, since the process (6.18) is a generalised 

Markov process, the joint probability distribution that 

has the value "IJ-1 at time t 1 and t?-2 at the later time t2. 

is given by 

(6.22) 

and from (6.3) we see the first factor is a function of 

only l,J-2 -~j and t 2 -t 1 so that the variable 1'"C.t2)-\?-C.t,) 

is statistically independent of '\J·(.t,) so that this process 

is a process with independent increments: thus d~lt) 

will be independent of "(:t) . 

The rigorous definition of stochastic integration 

with respect to t,-(t) is a task which we shall not attempt 

at this stage. We can show, however, that a stochastic 

differential equation of the form 

dY(t) = a(Y(t:)) dt+ bC.Y(t-))dW-(t)+CC(f')d'\9-tt-)(6.23) 

(with ~(t) and '\J(.t-) independent processes) is equivalent 

to a third order Fokker Planck equation. It is clear that 

because 0 (t) and tJ (t) are Markov Processes, that Y (t) is 

a Markov process. We then calculate 

hm 
t ➔ to 

'Yl 
< [ 'Y(t) -Y(to)] ) _ 

(t-to) 

.t(•,";1 <[d "/ (to)] YI) (6.24) 

dto~O dt0 
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where y (to) is a numerical initial value, not a stochastic 

variable. From ( 6. 2 3), it is clear that y <.t) depends on 

W(t 1) andlJ(t') for only t'~t and since dtaC.t) and dtr(-c) 

are independent of Y (.. t) . Thus 

+<(C(Ylto))) < d'lH.to)J 

- <. Q(. Y Lto)) dt-o (6.25) -
- Q<.Ylto)) -

since Y (to) is a numerical initial value. Similarly, 

2 'l 1 2. 
(dY\to)/ = [Q(Ylto))l (d.to) +[b(Ylto)l <(d~lto)) 

z 2 72 = [Q(Ylto))] ~to) +['o(Ytto))J c\b, (6.26) . • 

<. d y3(to)) _ [ a( Ytto)) ] 3 (dto)~-\- [cc. YLto))J 3 <(<l1'lto))~) 

3 ~ 3 -
- [a(YLto))1 (clto) -\-[C<.Ylto)l clto (G. 27 ) 

Thus we find 
t.t·,w1 ( Ylt)-'IU:o)) = at Ylto)) 
t ➔ to t-to 

':l.) '.l 
Ail'r'Yl ( [ Ytt)- Ylt1>)] = b (YC.to)) 
t➔to t-t-o 

..u·'Wl <[Ylt)-Y(to)l"3) =- e,"3(Y(t0 )) 

(6.28) 

t➔to t-t""o • 
and all higher powers give a zero result. This is 

sufficient[ 4 ' 6 ' SO] to show that Y(:t) is a generalised 

diffusion process, whose generalised Fokker Planck equation 

is 

- - o [a(Y) PlY,t)] + J_ ~[15tY) Pl.Y,t)] 
oY 2 aYl 

(6.29) 

+ I c:,'3 [c 3 cy) PCY1t>1 
31 c,y3 
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We define a noise source 1(t) by 

(6.30) 

where 

(6.31) 

< ~ tt-) ~ tt') ~ lt-''>) = 8 tt-t'> o tt'- t") (6.32) 

and higher moments can be readily calculated from the 

moments of d 'IJ Ct) . The independence of increments means 

that, as in the previous case, integrals which have a 

delta function singularity at their upper limit are to 

be taken as zero. 

6.4 Stochastic Differential Equations Equivalent to 

Chemical Master Equations 

If the general reaction (3.21) involves only 

bimolecular reactions, we have shown that (3.26) is exactly 

equivalent to the corresponding master equation. Following 

the rules given in the previous section, the stochastic 

differential equation equivalent to (3.26) may be written 

as 

de.Yr--= L. R~ J"p(~) + .[.crs[;[(~)l ~ 5 ti) (6.33) 
dt p s 

where ~ 5 (t) are Gaussian stochastic noise sources with 

(6.34) 
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The mat1.,ix C is the square root of the matrix B, 

(6.35) 

the matrix B being given by (3.28). The matrix C 

being the square root of a matrix is not unique. However, 

when various averages are calculated from (6.33) only the 

square of the matrix C appears. This arises from the 

fact that averages of an odd number of~ vanish. The 

various averages obtained from (6.33) are therefore uniquely 

defined. 

Equation (6.33) is then the stochastic differential 

equation exactly equivalent to the chemical master equations 

for a general bi-molecular reaction mechanism. 

To introduce an expansion parameter we define 

(6.36) 

and (6.37) 

and thereby explicitly exhibit the volume dependence of 

various quantities involved. Equation (6.33) then becomes 

where 

e = I 

and 

rv 
YI i- N! ,n M P 

TT Kp 11r' - 1T i<:/' 'YJr'" J p ( ~ ) = Y'::.I l": I 

Perturbative calcu1.a tions from (6.38) may then 

expanding 

(6.38) 

(6.39) 

(6.40) 

be done by 

(6.41) 
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The equations for ~ 0 (t)correspond exactly to the 

macroscopic equations while those for ~ i,l. t) , i. ~ 1 

describe the fluctuations. Note that van Kampen's 

system size expansion of the master equation is based 

on the assumption that the fluctuations are down by a 

factor of A.. relative to the macroscopic motion, an rv 
assumption which is inspired by the central limit theorem, 

valid for systems in thermodynamic equilibrium and has 
[35] 

been proved only recently by Kurtz for chemical master 

equations. In our work, at least in the chemical 

reaction context, no such ansatz be made; the fluctuations 

naturally appear with the correct scale relative to the 

macroscopic motion. When spatial diffusion is included, 

as in Chapter 4, the stochastic differential equation then 

becomes 
t" p • ) L. 'Dt"3 7lr(3,t) + L. Ar J"p (!) (L,t) 

J p 

• + -' -L Crs LI ( !.I (i.,t)] ~s<.i,t) 
✓ .o.v s 

(6.42) 

where .6 V is the cell volume, i, 1 are the cell labels, 

Here 'Y) r (3 ,t) corresponds to the chemical component Y' 

cell 4 

(6.43) 

(6.44) 

in 

) f • ( 6. 4 0) but K'pF and KpB Tp ( '?) U, t) has the same orm as in 



are now 

F 
Kp -

given by 

F -LN)'+1 
Rp (6.V) l" 
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(6.46) 

A note worthy aspect of (6.42) is that unlike 
[22,36,64,65] 

conventional Langevin equations despite 

the addition of spatial diffusion,noise coefficient remains 

spatially local. 

When trimolecular or higher reactions are present 

equation (6.33) or (6.42) are only approximate ; they 

are equivalent to the Fokker Planck equations in which 

third and higher derivatives are omitted. 

The expansion parameter in ( 6. 4 2) is 1 / ~V • 

For the perturbation expansion to make sense 4V should not 

be too small. This question will° be discussed at length 

in Chapter 9. 

The higher order derivative terms in the Fokker Planck 

equations may be taken into account by adding additional 

noise sources to (6.33) or (6.42) along the lines explained 

in the previous section. In most applications, where only 

the dominant contributions in the system size expansion are 

required it is sufficient to work with (6.33) or (6.42). 

In Chapter 7 we will give an example where we include the 

noise terms arising from the third order derivative terms 

in the Fokker Planck equations and show how the perturbative 
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calculations may be performed. 

6.5 The Gaussian Approximation 

Retaining only the first two terms in the expansion 

(6.41) and substituting it in (6.33) one obtains, on 

neglecting terms of order £2 or higher, a deterministic 

equation for 

and a linear stochastic differential equation for 

d 'Y} ~.1 
dt 

where the matrices F and K are given by 

Frs 
- L Apr o J" E. ( !J o l t)) 

p c> 'Y1s.o 

and 

(6.47) 

(6.48) 

(6.49) 

(6.50) 

This linear approximation of the stochastic differential 

equation (6.38) will be referred to as the Gaussian 

approximation, for, it corresponds exactly to approximating 

f(~) by a Gaussian 

(6.51) 

This is so because the solution of the Fokker Planck equation 

equivalent to (6.48) may be shown to be a Gaussian. The 

matrix G in ( 6. 61; is given by 

G-."",<:: - <'Yl 'Y) 1' - ·1r.1 •S. I 
(6.52) 
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6.5.1 Relation to van Kampen's Gaussian Approximation 

In contrast to our Gaussian approximation, where 

we approximate f (~) by a Gaussian, van Kampen I s Gaussian 

approximation corresponds to approximating p ( ~) by a 

Gaussian. We shall now show that these two Gaussian 

approximations are asymptotically equivalent. 

Substituting (6.51) in 

j 'l'1 - 0( ')( V' 

P(>:s) = d~ TT ( e ,.<Xr ) 
r=i Xr! (6.53) 

and using the Stirling's approximation for l~ X! we have 

PCl) = J d'Y] e-v ¢C!J,X-) (6.54) 

where 
¢( !).:~) = Ll'Ylr- 'Xr.lcra'f)r + X.t-lO]'X.r -Xrl 

~ I 
+..LL ( 'Yh,,-'flr,o)((r )rs ( 'l'ls-11s.o) 

2 r.s 

(6.55) 

and, as before we have put 'X. -= f , 'Y\ = o( 
V V 

Using the method of steepest descent to asymptotically 

evaluate the LHS of (6.53) we have 

- V "¥' ( X) 
P(~) = e -

where L. [ 'Yl r - 'X r i ~ 'Y) r + 'X r LC] 'X r - X r l 
)" 

-1 -
+..LL ( l'Jr-'Y'lr,o)(G )Y's( Yls-'l")s,o) 

2 Y',$ 

and 11 >- are given by 

1. -

which may be used to express 'Yl r in terms of ~ . 

(6.56) 

(6.57) 

(6.58) 

Now if P(~) is approximated by a Gaussian by expanding 

"f'(~) in a Taylor series about its maximum, then after a 
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little algebra which is given in appendix B , one gets 

-I 
-v:[(Xr--Xr,o)(G+M)r5 ('Xs-Xs.o), 

e rs (6.59) 

Mrs = ?<..s.o Srs 

Noting the relation between the factorial moments in 

~ - variables and the moments in 'X- variables it is easily 

seen that the matrix(~+M) is in fact the variance matrix 
rs 

crr"s in X- variables and van Kampen' s Gaussian approximation 

is thus recovered. 

6.4.2 Relation to the Gaussian Approximation of 

Gardiner et al 

With f ( q_ ) given by ( 6 . 51) the factorial moment 

generating function 

is 

An asymptotic evaluation of the LHS of (6.60) gives 

V [ L(Sr-1) 'Y'),. +l L. (1)r-'Y).,.., 0) (c;')rs (.Y)s-'Yls,tJ) 
G- ( ~) rv e r 2 rs ( 6. 61) 

with 'Y']l" given by 
-I -L (Cr)r-s ('Y)s-'Y'ls.o) = (Sr-1) 

s (6.62) 

Substituting for 'Y) V' from ( 6. 62) in ( 6. 60). we recover the 

Gaussian approximation of Gardiner et al. 



CHAPTER 7 

APPLICATIONS TO EQUILIBRIUM SYSTEMS 

7.1 Introduction 
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In this chapter we shall investigate chemical 

systems in thermodynamic equilibrium using stochastic 

differential equation method. We shall study a few simple 

reactions with a view to bringing out some special features 

of the corresponding stochastic differential equations. 

This, to some extent, would be a restatement of the Poissonian 

nature of equilibrium fluctuations mentioned earlier, but 

now formulated in terms of stochastic differential equations. 

We then discuss the conditions under which a Poissonian 

steady state is achieved. Next we investigate the two time 

correlation functions for chemical systems in thermodynamic 

equilibrium and obtain in the lowest order in the system 

size expansion, the well known fluctuation-dissipation 

result which has also been obtained previously by Kaizer,[ 33 ] 
[41] [42] 

van Kampen and Kubo et al. Our formulation of the two 

time correlation functions as a response function in the 

~-space coupled with the stochastic differential equation 

in~ variables enable us to calculate next higher order 

corrections in a straightforward manner. We do this for 

two representative cases and thereby explain the rules that 

have to be taken into account because of our choice of Ito 

form of stochastic differential equations while carrying 

out a perturbation expansion. 
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7.2 ~ication of Stochastic Differential Equations 

to Simple Equilibrium Reactions 

Consider a two variable linear reaction 

Rr 
X ~ y 

~:2 

for which the stochastic differential equations are 

d ()(x 

dt-

d()( y -= 
dt 

(7.1) 

( 7. 2) 

( 7 .3.) 

Here we find that there are no noise terms and the equations 

for o<.)( and ri.y are in fact non stochastic differential 

equations. Thus if the initial conditions are fixed 

numerical values, the solutions to (7.2) and (7_.3)are deterministic 

numerical values which are the mean value parameters of a 

bivariate Poisson distribution. Thus a linear system possesses 

time dependent Poisson. distribution·, solutions. 

Consider a two variable non linear reaction 

R, x ~ 2Y 
~ 

for which the stochastic differential equations are 

dO(_x_ 
dt 

(7.4) 

(7.5) 

dCXy - 2(~1(Xx-R20(~) + J-:2CR1cxx-R:2<X~) ~(.t) 
dt 

In contrast to (7.2) and (7.3), (7.5) does have a noise term and 
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the solutions are in general stochastic variables, indicating 

that the probability distribution is non Poissonian. 

However at the steady state, when 

(7.6) 

the noise terms vanish and the probability distribution 

becomes Poissonian. 

The existence of the noise term shows that, for this 

system a time dependent Poisson is not a solution, even if 

the initial values of CXxand CXy are fixed initially (i.e. 

a Poissonian initial condition), the time evolution will 

cause a spreading of the probability distribution, which 

eventually, in the steady state becomes Poissonian. Notice 

also that the coefficient of ~ (:t)is not real if 
--

and the noise is .thus p~rely imaginary. This may at first 

seem an alarming effect, for one never encounters an 

imaginary noise coefficient in conventional Langevin 

equations, as that would correspond to a negative variance. 

However, it should be remembered that in the stochastic 

differential equations derived using Poisson representation, 

the coefficient of the noise source is a measure of 

fluctuations relative to Poisson fluctuations, and an 

imaginary noise coefficient simply has the effect of reducing 

the variance in ~- space to less than the Poissonian value. 

In actual calculations the variance in ~-space always turns 

out to be positive as it must. 
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A point worth noting here is that, in the steady state 

f_or this system, we have two values of o( y namely 

-+ j ~,o<x: (7. 7) 
1-:'2 

Now since <Y). -= 
eq_ 

CX y > the root obtained by choosing the 

negative sign seems to be unphysical. However this root 

does have a meaning and is related to the fact that since 

in ( 7. 4) the Y molecules are always created or destroyed 

in pairs, the probability of having an odd number of Y 

molecules, is entirely independent from that 6f even Y 

molecules. The general probability distribution in the 

steady state, is there-fore a superpositiorr of the Poisson 

distribution corresponding to the two values of 0( y in ( 7. 7). 

which is positive provided 

+ -1 
[1+e~cty] ~A~ 

that 
- -1 

[ -'lC(y] 
1 + e. 

(7.8) 

( 7. 9) 

The lower and upper extreme values give probability 

distributions allowing respectively an odd·and even values 

of y 

7.3 Conditions under which a Poissonian Steady State is 

Achieved 

In a simple reversible reaction such as (7.1) or 
~ 

(7.4) we always find that the noise term and the drift term 
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vanish simultaneously - thus a Poissonian steady state 

results. Further in any linear system there is no noise 

term so the Poissonian steady state again results. If we 

have a set of reactions such as 

(7.10) 

then in thermodynamic equilibrium, each reaction in this 

chemical reaction system occurs as often as its reverse 

i.e. one has a detailed balance. In the master equation, 

the detailed balance condition implies the following 

'Y'l 8 Yl P 1>1 TT ~r-! p PC~.)=~r TT (X-r+Ml"-~r). P(~ -t~p-NP). 
r-=j (Xr-Nr)! r=.1 (Xr-Mr)~ (7.11) 

for each p. This recursion formula is in fact enough to 

show that Poisson distribution is a steady state ~elution 

of the master equation. 

The detailed balance condition (7.11) when translated 

into Poisson notation becomes 

for each p (7.12) 

and it is iroJTiediately obvious from the Fokker-Planck equation 

or the equivalent stochastic differential equation (6.38) that 

when (7.12) holds, the noise terms also vanish and thus one 

has a Poissonian steady state. 

It should be noted that the combinatorial form for 

the transition probabilities is crucial for the above 

statement to be exact. Our conclusion is that any reaction 

system, that obeys combinatorial kinetics and is such that 
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its steady state is reached by detailed balancing of 

each reaction, has a Poissonian steady state. However, 

there are situations which do not have a detailed balance 

in the steady state, and yet the steady state is Poissonian. 

For example, the steady ·state distribu1ion of 

lie', R3 
A~ YIX ~ B 
~ ~ 

(7.13) 

is always Poissonian, though a net flow form A to B 

may exist. In this case, one has a Poissonian steady state 

away from the thermodynamic equilibrium. 

7.4 Two Time Correlation Functions in Thermodynamic 

Equilibrium: Results to the Lowest Order in the 

System Size Expansion 

Consider the stochastic differential equation (6.38) 

(7.14) 

Substituting 

'Yl (t) = (7.15) 

in (7.14) and using the fact that 

(7.16) 

we obtain to the lowest order in €. the following linear 

equation for 'Ylv-,1 

where 

d'\'lr,1 
dt 

-I Frs 7ls,1 
s 

Frs -

(7.17) 

(7.18) 



Eqn. (7.14) has no noise term, because when (7.16) is 

satisfied the noise coefficient to the lowest order 

vanishes as well. 

Now 

~ (<Xr,t l [o<', tJ) -
acxs -

where we have used (7.17). 
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(7.19) 

Substituting (7.19) in (5.20) we have, to the lowest order, 

in £ 

(Xr(t),Xs(t1)) =Y(ex.p[-F(t--t'JJ)rs <'Y'} 5 te9.)) 
(7.20) = V ( ex.p [-F(t-t'J1Jrs <xs>e9. 

which is the well known result valid in thermodynamic 

equilibrium. Thus at this level the time dependence of the 

two time correlation function is entirely determined by the 

macroscopic equations of motion which define F 

When the reaction mechanism admits certain conserved 

quantities some of the eigenvalues of F vanish and we have 

non decaying terms present in the two time correlation 

functions as we shall see in section 7.5.2. 

7.5 Next Higher Order Corrections 

In this section we shall calculate next higher order 

corrections to the lowest order result (7.20)~ Higher order 

corrections, in a specific case, have also been calculated 
[41) 

by van Kampen using his system size expansion. We shall 

consider two examples. Our first example is a simple non 

linear reaction with a Poissonian steady state and serves to 

illustrate the technique. The second one is a two variable 
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equilibrium reaction with a conservation law. 

7.5.1 A Non Linear Reaction with a Poissonian Steady State 

Consider the reaction 

~ 
A '1<2 2 X (7.21) 

the stochastic differential equation for which is 

(7.22) 

Because we hold the total quantity of A fixed (7.21) is not 

a genuine equilibrium reaction. However it has a Poissonian 

steady state as a consequence of which we have 

exactly. 

To solve (7.22) perturbatively we expand 'Y}(.t)thus 

(7.23) 

Substituting (7.23) in (7.22) and equating like powers of 

€. we get • 

d'>'?o = 
dt 

d1}1-= 
ctt 

(7.24a) 

(7.24b) 

d 1b -= -2K21) 0 'Yh - "z 'YJ; - 2 K'.2 71t. 'Y) 1 '§ lt) ( 7. 24c) 
d t- J 2(¥;:,- ~l'Y)~) 

Note that if we put 'Y'\ 0 tt)-=- 'Y}(S.S);the above equatJons become 

singular. This arises because of the square root nature 

of the noise coefficient and the fact that the expansion 

is being done about a point at which the flucuat±6ns 

vanish. 
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Defining 

t 
e:i ( t, t') - exp r - 2 K'2 r cl f 1 '>') o ( t"> l L J (7 .. 25) 

t' 
and solving (7.24a) to (7.24c) subject to the initial 

condition 

(7.26) 

(henceforth we shall choose the initial time to be zero) 

we obtain 
t 
J0 cit' G-(t,t') j2(K1-K21l~Ct')) ~(.t'J 

t 
- k2 5 c\ t I Cr ( t) t') 11 ~ (.t-1) 

0 

- 2K2 jtdt'~C.t,t'J 'Y)eitt')?"J1C.t'J '§~ 
o .j2 CK1-K2 7];(t1)) 

(7.27a) 

(7.27b) 

where 'Y) 0 ( t) is the solution of (7.24a) as a function of 

its initial condition. 

It follows from (7.27) that 

t 
<-'YJ~(t-)) = J dt' er'\t,t') (2U<:,-K'2'r);<.t1))1 

0 

Taking averages on both sides of (7.27) we have 
t 

<-t'b_(t))-= -1<'2 J0 dt1 ~C.t1t1) <'Y}{(t') 

- 2 K2 Jt c.1 t 1 Ci (t, t'> "'1o l-t') <1'h(t') ~ lt'J) 
0 J2CK,-K'2115lt')) 

Now let us calculate ( 'Y} 1 ( t) "'§ lt)) 

t 

(7.28) 

(7.29) 

('l') 1(t) 1C.t)) -=- J dt1 G (t,t 1)j 2CK1-K':21)~lt')) blt--t) (7.30) 
0 

The integral on the LHS of (7.30) has a delta function 

singularity at the upper limit of the time integral and 

" hence in accordance with Ito rules must be set equal to 

zero. 
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Thus 
t 

('Yb(t))-= - k'.2. j dt' ~(t,t') ('Y)~(t'>) 
0 

(7.31) 

Now we wish to calculate the desired response function 

which has the following expansion. 

0 (YJ(t)) J -= ~ 'tlolt) I + E:'2 Q ('Yhlt)) \ 
(7.32) 

o'Y)(O) ?')(C>)='l')lSS) c>'Y')o(O) 'Y}t>C.o)::-'Yj(S.S) Or)oC.O) 'YJo(C>)::'Y\C.S.S) 

where we have used the abbreviated notation 

'o < 7') ( t) \ [ 'Y) (_Q). 01 ) 

Cl 1) c.o) 
(7.33) 

for the response function, we have simply to carry out the 

appropriate differentiation in (7.32) and evaluate these 

at the steady state. It is clear that 

a?'J"lt)l = Gt(t,o)I = expt-1K-2'Y)(s.s)t]c 7 _34 > 
0 'Ylo (0) YJo(O) = 'Y/ (S.S) 'Y]b(O) = 11 (S.$) 

The next term involves the derivative of (7.29) with respect 

to 'Y) 0 (0) but since the final factor is zero when ?')l)(<>)-= 't')c.s.s) 

only the term in which it is differentiated is non zero at 

this point. Thus proceeding it is straightforward to derive 

the second term. Substituting all these in the formula for 

the two time correlation function we have 

(X(t), X(O)) = 
- 2 ~ 2 't')C.S.S) t X 

V 'Y)(S.S) e 

[ 1 + __!_ 5 k'2 (t- _1 __ ) + L e2~2'Y)<ss)t J 
'J 1 2 2 K:i'YJCSS) 2K2.'Y)CSS) } 

7.5.2 An Equilibrium Reaction with a Conserved Quantity 

We now consider a genuine equilibrium reaction with 

a conservation law 

(7.35) 

'X 2Y (7.36) 



The stochastic differential equations for which are 

To display the conserved quantity we define 

which gives 

d'X.1 - - [K,-k2X~ +LlK'2X3X1-~K2'X;21 
c::f t 

d X3 - e.. j 2 [ K1 - K'2 X.3-+ ~ K'2. 'X.3 X-1 -L.\ Ki X f] "§" lt) 
dt 

It follows from (7.39b) that 

i.e. 

s_ (?C3(t)) = 0 
dt 

'X.3 ( e9 ) = < X3 ( O)) -= < 2 X + Y ) 

118 

(7.37a) 

(7. 3 7b) 

(7.38a) 

(7.38b) 

(7.39a) 

(7.39b) 

(7.40) 

(7.41) 

The equilibrium value of 1"]1(e~l) = :X.1 (eg) is given in terms of 

exactly. ~ 2 (e1) may be deduced by using the conservation 

law. In terms of r;x'..J and ')('3 the two time correlations may 

be written as 

(7.43a) 

(7.43b) 
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< X(t)' X(O)) = 'X-1(e9) IO <X,(.t))+ 20(-X:.,(t) >l (7 .43c) 
cJ ?<.1<.o) a 'X.3(0) J x.:: 'X.(eg) 

< X(t), YCO)) =[X:3c.e~l)-.2X1(e~o1 [CJ('X,(-t))7 (7.,43d) 
a X3 (o) J ~ -:: 'X. le<:!.) 

Thus to evaluate the various two time correlations, one 

only needs to calculate the response functions O < ?(,, tt))' 
c> ix., c.o) es. 

and O < Xi (t)) \ . Following the procedure outlined above 
O X3 (o) eq 

the results are found to be 

where 

and 

Q -= K' I + L.\ K2 'X. 3 (. es_) - 'ti K2 ?( ( (_ eg) 

- k:', J j_ + S K':i x3c.e~n 
J<:. I 

H (t) -= 2 K2 [ i- e-at C 1 +at) l 
Q 

(7.44) 

(7.45) 

(7.46) 

- Lt K2 (a-K',) [ j_- ea\ 1+ at+ <t_t2.)] 
a 2 ~ (7.47) 

"2 [ -at:- 2 2 -20.t J +L.\K'2(a-\,,) i+e (1-2ct-qJ')-e C..2+at) 
Q3 ~ 

The other two correlation functions, namely ( ,Y(t), '/(o)) 

and ( Ylt), XC~)) may be calculated using (7.44), (7.45) 

and (7.43a), (7.43b). 

7.5.3 Comparison with the Two Time Correlation Functions 

in the Canonical Ensemble 

The non decaying terms in the two time correlation 

functions (7.44) and (7.45) arise as a consequence of 
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using the grand canonical ensemble, in which the conserved 

quantities do not have a sharply defined value. Thus the 

decay constant of the two time correlation function of such 

conserved quantities is infinite. In contrast, in a 

canonical ensemble the conserved quantities do have a 

sharply defined value and may be used as constraints, to 

elirniriate an equal number of variables. When this is done 

the non decaying terms do not appear in the two time 

correlation functions. Thus, for example, we consider the 

reaction (7.36) using the canonical ensemble description, 

then after eliminating the variable '/ in the master 

equation using the constraint 2. X+Y::. N we 

4_p(.X,t):: R, [tX+l) PC.X+ 1,t) - X P( X, t) "J 
obtain 

dt 
+R2 I(N-.2X+2)(N-2Xt1) P(X--1,t) -(N-'2X)(N-2X-1) P(X,t)] 

: (7.48) 
which is equivalent to the following Fokker-Planck equation 

- - 'o [- t:< 10l + ~2 N (N-1)-Lt R:2 N(N-1)0( + L\ R;,.cx.2·] -5 lcl,t) 

C)O{ ( 7 . 4 9) 

+ 'c 2 t.-Lt kllN-1) + i K20C2-] f(o1.t) - 0° (4 K"lo< 2 J -&col,t) 
0 O(l 'Q()l3 

In the Gaussian approximation (7.49) gives the following 

stochastic differential equations 

d 'Y] 0 - - ~I'>'}() + K' 2 Yl1 - L\ K' 2 1') 11 ~ + L4 " 2 'Y} ! (7.50a) 

dt 

d'Y}1-::: -[K)+~K'i.'Yl -ik:2-1'1ol'1,+-ll6K":i1);-sK':2n'Y}o~(t)(7.50b) 
d t; 

where 'Yl = N 
V 

equilibrium give 

(7.50a) and (7.SOb) in the thermodynamic 

(7.51) 
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In contrast to the grand canonical ensemble result in the 

Gaussian approximation obtained in section 7.5.a, namely 

< X(t), X(O)) (7.52) 

the result (7.51) does not have any non decaying terms. 

Hence, when spatial dependence is omitted the 

canonical and grand canonical ensembles give very different 

results. When spatial diffusion is included, the conservation 

law in the canonical ensemble then becomes L [ 2 Xl i) + YC.i)] = N 
i 

where the sum is over the 11 cells in which the system 

is assumed to be divided. This constraint then permits us 

to eliminate one variable out of the 2n variables that 

appear in the master equation. The resulting master equation 

is not at all easy to handle, and it is entirely unnecessary 

to do so. As we have seen in Chapter 3, both the canonical 

and grand canonical ensemble descriptions are equivalentat 

a local level and consequently, at that level th~re can be 

little difference between the two time correlation functions 

obtained by using the two descriptions. The differences 

between the two description manifest themselves when we 

talk in terms of total numbers of molecules in the system, 

but then it is meaningless to discuss such two time 

correlation functions as they do not correspond to what one 

measures experimentally. 



CHAPTER 8 

APPLICATIONS TO NON EQUILIBRIUM SYSTEMS 

8.1 Introduction 
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The subject matter of this chapter is the application 

of the techniques developed previously to some interesting 

examples of non-equilibrium reaction systems. Our first 

example is a single variable reaction system involving at 

most bimolecular steps which exhibits a second order phase 

transition behaviour. The second example is a reaction 

which gives an imaginary noise coefficient in the~ space 

and thus to a negative variance in the oc space. The aim 

here is to show that such situations may arise in the 

Poisson representation. In the third example we consider a 

single variable reaction system involving a trimolecular 

reaction which exhibits a· first order phase transition 

behaviour. Our purpose here is to show how the "third 

order" noise terms which arise owing to the presence of a 

trimolecular reaction may be handled in a perturbative 

expansion. 

The far from equilibrium phase transition aspects of 

our first and the third example have been investigated 

quite thoroughly by various authors whose works are 

appropriately noted. In most of these works the calculations 

of the mean and variance have been done to the lowest order 

in the system size expansion. We shall calculate the next 

order corrections as well and show that these diverge near 

the critical points. 
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Finally in section 8.2 we derive expressions for 

the two time correlation functions in the lowest order in 

the system size expansion. The calculation of the next 

higher corrections will be deferred until the next chapter. 

8.2 Applications to Non-equilibrium Systems 

8.2.1 The Second Order Phase Transition Model 

Consider the reaction system 
~ A+X 2.X 
...: ie"-1 

~ C 6+ X 
~ [67] 

This model was suggested by Schlogl who used a 

deterministic analysis to show that this system in a 

(8.1) 

far from equilibrium situation exhibits a transition very 

similar to an equilibrium second order phase transition 

behaviour with the mean number as an order parameter and 

R1 B = R:i A being the transition point. In the limit V.~ 00. ~3➔ O 

the slope of the mean number versus ~ 2 A changes 
Ire I (3 

discontinuously and the system exhibits a critical slowing 

down. A number of authors have analysed the phase-transition 

aspects of this model and whose works have furthered the 

analogy with an equilibrium second order phase transition 

behaviour. The details may be found in refs [16, 18]. Our 

purpose here is simply to illustrate how the Poisson 

representation methods applies to this well understood system. 

The stochastic differential equation for (8.1) is 

(8.2) 
= 



where 

The steady state solution of the macroscopic equation 

where we have put ~:: i . 

Expanding -~ U:) thus 

'Y)tt)-= 'Y)(S.S) +E'Y) 1 tt-)+E.2 '1') 2 (t)+£~1')~lt)t--
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( 8. 3) 

(8.4) 

(8.5) 

(8.6) 

and equating like powers of € on both sides of (8.2) we get 

- -'Y](SS)'Y°JLCt)-7)ftt) + (2K\-K'2) 'fh(t)~(t) 

~ ~ K'.i 'Y) (S.S) 

ki 'Y'J,2 (t) ~tt) 

2 [ 2 K:1 7') ($.S)] "3/l 

which may readily be solved.for ~ 1 etc. 

(8.7a) 

(8.7b) 

(8.7c) 

Now the mean and variance in X to O(i)are related to averages 

in 7'} variables by the following equations. 

(8.8a) 

<x'l>-<x>2 = v ['l')CS.s)+<1)f)J + [2<'>1.1.o/13) +<1:i>-<r1:}-+ <11i>] 

(8.8b) 

where we have used the fact that ( 77 1 ) -:::: < 'YJ1 ')'h) = < ?')3) = o 
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as they involve odd factors of 1(t). The various averages 

appearing on the LHS of (8.8a) and (8.8b) may be calculated 

straightforwardly using (8.7a) to (8.7c). In the steady 

state the results are given by 

(8.9a) 

(8.9b) 

As a check on the above results we have also calculated the 

mean and the variance directly from the steady state solutions 

of the corresponding Fokker Planck equation. 

-'o [ ~3 v+ (.'l<').-\<\)O<'-K"v-1cx 7 ] :rlOc',i:) 
c)O<' 

+ .1. c, ,. L 2(1<'2 Ol - K'" V7ol 2) J 1- (Cl, t ) 
2 QO() 

The steady state solution of (8.10) is 
OI V(K,..:K.3)-1 

f ( o< ) = e ( ~2. V ..,. Cl. ) °1<:) 

l 1('3 V -1) 
ot.. \l<'i. 

(8.10) 

(8.11) 

To obtain corresponding P (X) or its moments, the o( -

integration contour should be taken to be from O to k2 . 

Here we wish to point out that there are other possible 

choices of the integration contour which satisfy the necessary 

requirements but the3e do not lead to an admissible 

probability distribution. This together with related matters 

will be discussed in appendix C 

Using (8.11) and remembering that the factorial moments 

of P(><) are related to the moments of -S- tcx) we have 

}" 5 K"2 V [ '>1 + (K:,-~3 ) la-<J (~l-7})+ ~ l~ 'r'J 1 , K: )-1 Y'-1 < x"' >.f ::: v O d 11 e t<';i. )<':,. , 2-'YJ 'Y) 

J IC~ V [ 71 + ( K, - \<'3) t~ ( ~).-Y)) + \('3 ta-a 7} l ( - '>1 ) 1'Yl-1 
d 7') e ~) "). ~ 2. • , • 1 

0 

(8.12) 
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By noting that the integrals in (8.12) are the integral 

representations of the confluent hyper-geometric functions, 
[16] 

we can derive the exact result of McNeil and Walls. 

From (8.12) one may obtain a complete asymptotic 

expansion for the moments in the inverse powers of V using 

methods outlined in ref 87 In the limit K'3 ~ O the first 

two terms in the expansions for the mean and variance are 

found to be identical to those given by (8.9a) and (8.9b). 

As noted in Chapter 6 7 the lowest order terms in the 

system size expansion may simply be obtained by approximating 

:r (ex) by a Gaussian. 

[11,68] 
8.2.2 A Reaction which gives 1Ccx) with a Negative Variance 

Another interesting example of a non equilibrium 

reaction system is 

B~X 

2X ~ A 
~2 

the stochastic differential equation for which is 

(8.13) 

(8.14) 

using the perturbative techniques of the previous section 

we have, in the steady state 

where 

< x>ss V_j1 +j_ +o(~) 
2 S 

< x'l>ss - <x>ss - ! v J%. - 1
16 + o(t) 

Q 

(8.15a) 

(8.15b) 

(8.16) 
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Note that in (8.14) the coefficient of the noise source 

is purely imaginary and hence gives a negative value 

for 2 2. 
('>'] )-(Y]) which results in 

< x'l> - <x>'J. ( (X) 

and thus giving rise to a PO<) which is sharper than a 

Poisson distribution. 

(8.17) 

For this reaction system in the steady state we may 

again solve the corresponding Fokker-Planck equation. 

Q f (cx,t)-= - 'Cl [ KrY-2 K'zV-~2-] -£-(0(,t) - 'o 2 [IC,. \1-h, 2 ] f (Or',t) ( 8 .18) 
o t- oot ocx 2 

The steady state solution of (8.18) is 

f(oO = (8.19) 

and the associated ~ contour is a closed contour encirr.ling 
. . t 

the origin. Here again there is another possible choice of 

CX - contour but it does not lead to an admissible probability 

distribution as we shall show in appendix C 

From (8.19) we get 

= 
r 

V 
J_ V[2?'}+U] 
1' e ?1 

v[-:271+.a] 
e '>1 

"Yl r-2 

(8.20) 

tin this case the argument presented in Chapter 3 to justify 
the neglect of the first constant of integ~ation in the steady 
state solution of (8.18) does not apply since the contour o! 
integration here is closed. However the most general solution 

- 2 ( ~ Ol + av 2) - 2 (R °' + Q v :i) j rx ' - ( ~ ex , + a "2) 
f(Oc')::-C 1 o<. e Oi -tC20l e Ci. 0 e CJ.' do. 1 

is not a single valued function of~ - (8.19) is the only 
solution which leads to a unique steady state solution for the 
corresponding 
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Unlike the previous example, the coefficient of V in 

the exponent of the integrand in ( 8. 20) namely ( 271 + 9..) 
'Y} 

does not have a maximum at the deterministic steady state 

'>'J = ~ However in the complex 'Y\ plane this point is a 

saddle point and provides the dominant contributions to 

the integral. 

Thus the negative diffusion coefficient in (8.18) (or 

equivalently the imaginary noise coefficient in (8.14) 

reflects itself by giving rise to a saddle point in 

'>')-plane at the deterministic steady state,which results 

in the variance of P(X)being less than therrean. From 

(8.20) all the moments can be calculated exactly. 

Ir (2J"ia V) 

I 1. (2-.0.o. V) 

Using the large argument expansion for Ir(~mV)we have 

verified (8.15a) and (8.15b) which also agree with the 

results of ref 11 , and 68 

8.2.3 The First Order Phase Transition.Model 

Consider the chemical process 

A+2-X ~ 
~ 

3X X 

That this model exhibits a first order phase transition 
(67] 

(8.21) 

(8.22) 

behaviour has been shown by Schlogl using a deterministic 
(20] 

approach and by Matheson et al using a stochastic approach. 

In the steady state the deterministic equation is a cubic 

equation and depending on the values of the parameters 
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B= R,A R= R~ and P= Rg one has either one or three - ) 

R:2 ~2 ~. 
steady states, in the latter case one of the steady states 

is metastable. Various aspects of this model namely hysterisis, 

life time of the metastable state nucleation etc. have been 

investigated by a number of authors and the details may be 

found in refs 2 0, 69-71,. In considering this model our aim is 

to show how a system size expansion of the corresponding 

stochastic differential equation is to be performed when the 

"third order noise" terms are to be taken into account 

owing to the presence of a trimolecular reaction. 

The Fokker Planck equation and the stochastic 

differential equations for (8.22) are 

d TI ct) -
dt-

where 

-I -2 ] - 'o I ~1v ci 2-K2 v cx 5 +K'3 v-'r<',1o(. J(oi,t) 
oo< 

+ ..1. 'o 2 [ L\ ( I<:, v-10I i - ~ 2. v \x 3 ) 1 f ( Ol, t) 
.2 ()0{2 

__!_ '2,3 [6(K,Vtx 2-K'2'-F~cx3l f(ot,t) 

3~ oDl3 

The "third order 

noise II source !(t)has been defined in Chapter 6. 

(8.23) 

(8.24) 

(8.25) 

In the steady state (8.23) reduces to a linear second 

order differential equation which may be solved in terms of 

hypergeometric functions and an asymptotic expansion for the 

various moments may be obtained using methods outlined 
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previously. This procedure, although possible in principle 

is not very practicable. It is in such cases that the 

method of stochastic differential equations proves to be 

very useful in its ease of application. 

Equation (8.2~) may be solved iteratively by expanding 

thus 

'>1(t) = '1') 0 U:) + N3 '1h(t) + µLtrf)llU:) + ~'rf),lt) + }-.t 8 'Y) 8<.t)"" -· 
·1 (8.26) 

which when substituted in (8.24) yields the determinstic 

equation in the lowest order and linear stochastic differential 

equations in the higher orders which may be solved as before. 

In the steady state the results are 

(8.27a) 

_ y [ sea _ 1 2 ~: b + 'Y) 0 c. s s ) J < g. 2 7 c) 

where 'l .3 'l. 
G ::- K'1 7lo ( SS) - K'2 'Y] 0 (SS) , b = 2 ~\ -'3_le'2 '1) 0(S S) , C = K'ic 2 IC, 'Y)1,(Ss)+ 3 '1(2 '1'} 0( SS) 

and~jSS)is the solution of the steady state deterministic 

equation. 

(8.28) 

Here a few remarks are in order. The "third order noise 

source" '! l-t) contributes to O(~)to the mean, to 0(1) to the 

variance but contributes to O(V)to the skewness coefficient. 

To O(V)the results for the mean and variance are identical 
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to those given by the cumulant method and in fact if 

one is only interested in calculating the mean and the 

variance to O(V)the third order noise may be dropped 

from (8.29) and the expansion carried out in the powers 

of E: • Also note that as C➔O the variance and the higher 

order corrections become divergent. This, of course, is 

due to the fact that in this limit, the reaction system 

exhibits a first order phase transition type behaviour 

as has been discussed in references ( 20, 67). 

A further point to note is that our simple iterative 

method expands about a Poisson whose mean is the deterministic 

mean. In the case, as arises here, that multiple steady 

stcttes are possible, it gives an asymptotic expansion for 

the moments of one or other of the.possible stable solutions, 

but tells nothing about r~lative stability. The unstable 

solution, however, gives an iterative solution, which as 

expected, diverges. 

8.3 Two Time Correlations for Non-Equilibrium Systems: 

The Lowest Order Results 

As we have seen in Section 6.5 if (6.38) is linearised 

by putting 

'Y'] (SS) + € 'Y] 1 (.t) 
_c, - (8.29) 

where 'Y)(SS)are the macroscopic steady state values given 
_o 

by 

0 (8.30) 



then in the lowest order in£ this gives a linear 

stochastic differential equation for 

d'Yl,-.1 'F -n ~ 
- - L.. rs • , s, 1 + L K "" 5 ~ 5 t t) dt 5 

where Fr 5 and Kr5 are given by (6.49) and (6.50) and are 
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(8.31) 

evaluated at 'Y}(t-)= 'Y)/SS). From (8.31) it follows that 

<o<r(t),CX 5 (t))::::: V~/ ( exp[-F(t-t')l)rr' <11r:/t')'1)s.?::'~~- 32 ) 

and 'o ( ex' r t \ [ <x' ', t' ] ) = _]__ < 'Yl r, 1 , t I L :J ~ 1 , t' 1 ) 
oCX~ • - 'o'Y)s,1 

_ (e:x.p[-F(t-t')l)rs 
(8.33) 

So that substituting in (4.18) 

< Xr(t), Xslt')) = V L. (exp[-FC.t-t')])rr' [<'Ylr:1 ct'>1l~.1li')+Ot-'s'Y\/~s)] 
r' . 
L (ex.p t-F c_+-t') J )rr' < Xflt'>, XsU::')) cs. 34) 
'f' I 

This is the expression for the two time correlation functions 

for non equilibrium system to the lowest order in the system 

size expansion. For equilibirum systems, because of the 

Poissonian nature of the variance matrix (8.34) reduces to 

(7.20). 

To the lowest order, the two time correlation functions 

for the three models discussed above are 

(a) ( X (t)) X (◊)) - VK.zex.p t-C.'i<'2-~1)t1 - (8.35a) 

(b) (. Xlt), )((o)) - ~ Vja e_x.p I - L\ l<'.z f% t 1 -
£-1 2 

(8.35b) 

(c) ( X lt.), )( lO)) -- 2av ex.p [-c.t] (8.35c) 
C 



CHAPTER 9 

THE SECOND ORDER PHASE TRANSITION MODEL 

9.1 Introduction 

This chapter is devoted to the study of a non­

equilibrium chemical reactions including the process 

of spatial diffusion. We shall consider the second 
[18,'67] 

order phase transition model for which we shall 

perturbatively calculate the first two terms for the 

spatial and the two time correlation functions. The 

leading term for the spatial correlation function is 

found to be in agreement with the results of Gardiner 
[18] 

et al, who, in order to close the hierarchy of moment 

equations used a factorization ansatz (which as we 
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have explained in Chapter 6 is equivalent io a Gaussian 

approximation). We find, with Gardiner et al, that 

near the ph~se transition point, this model exhibits a 

long range correlated behaviour and to the approximation 

considered is characterised by a classical critical 

exponent. 
[64] 

Mori and McNeil, using their scaling theory for 

non equilibrium non uniform systems, have investigated 

the validity of the Gaussian approximation, near 

critical points, as a function of the dimen·sionality of 

the system. They find that, for this model, if the 

dimensionality of the system is greater than four then 

the corrections to the Gaussian approximation results 

are negligible as the critical point is approached. 

Otherwise they are divergent. Our calculations of the 
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next hieher corrections to the Gaussian approximation 

results for the spatial correlation functions explicitly 

corroborate their results. 

The results for the two time correlation function 

to the lowest order are found to be in agreement with 
[18] 

Gardiner et al. The next higher corrections for the 

two time correlation function as we shall see, also 

have an interesting analytic structure and suggest the 

possibility of non classical dynamical exponents for 

this model. 

With the spat~al diffusion model as introduced 

in Chapter 3 and the adoption of a continuum notation· 

to make the stochastic differential mathematically tractable 

ce~tain problems arise in the higher order corrections. We 

shall discuss these problems and suggest possible ways for 

rectifying them. 

9.2 The Second Order Phase Transition Model with Diffusion 

Following the discussion given in Chapter 6-, section 

6.4., the stochastic differential equation fqr a multicell 

system with spatial diffusion and the chemical reaction 

R2 
A+X 
~ 

2X 

B -t X ~ ~ C. 
(9.1) 

i'<LI 

may be written as 
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d'Y](i.,t) - L. 'Dij'Y)(3,t)+K'3 +(~:2-"1)'1)Ci,t)-K"t.i'1') 2ci,t) 

dt 3 ~-------- (9.2) 
+ ~ J 2 ( I(' 2 11 ( i It ) - ~LI 'r') 2. ( i > t ) ) "'§ (. t , t ) 

'1"Av -1 
where K'3 ~ V = t< 3 C , K 2 -= t<2 A) l<: 1-= R1 B, ~~ t::.V = ~-Henceforth 

we shall put KLt-= 1 

The mean, the spatial correlation function, and the 

two time correlation function in X variables are related 

to those in~ variables through the following equations. 

(9.3a) 

<xci,t),X(3,t)) ::0v/[<'l')Ci1t),'Y)(3,t))+oi:1 ('Y]<.i,t))l (9.3b) 
A\J 

< xc.i,t) 7 >((j,o))-= (6v/[ <'Y}Ci,t), 'l")(a,o)) 

+ _L <'Y}(a,.0)£._<_'l)U,t)l[1J(O),O]/ > 
e:..v ?J'Y)C3,o> (9.3c) 

In the continuum limit, i.e. liV-40(9.2) and (9.3a) to 
' 

(9.3c) become 

d71Cr,t) = (~'Y))<f,t) + 1<'3+ (K,.-K,)'Y)cr.t) --ri'2cr,t.) 

dt 

and 

+ 

• M(r'.,t)-= ('Y)(r,t)) 

str,y,'.t.-) - <'YJ<.r.t),'f)cr~t))+t(r-r'J <11tr,t)) - -

Tc r, r'. t J - < ?l c r. t >, '11 c r '. o ) > + , 
+ < 11 er~ o) 8 < 1J o:, t >) ) 

8 tJ1 ('r_', O) 

where we have introduced the following notation 

(9.4) 

(9.5a) 

(9.Sb) 

(9.Sc) 



136 

Ci) Mcr,t) - <ecr,t)'>; ecr.t)= xu.,t) 
~v 

(? ( f, t) therefore corresponds to the chemical 

concentration at point~ 

(ii) The noise source ~(r,t) is given by 

~ (f,t) = ~i (t) 

J 6 V 

and satisfies the following 

< 1tr,t)> = o 

<.~c_r,t) ~(r',t')> - scr-r'> ott-t'J 

(The factor I in (7.7) arises because of 
.J .6. V 

( ~ (. i, t) ~ (a , t 1) ) = b Ca 8 ( t-t J 
and the fact that 

ti'M 8 t l - 8 Cr - r 1) 

6V~0 6.V 
in the continuum notation) 

(iii) 5(-C,~',t) and T(_r,r::t)are the spatial and the two 

time correlation functions respectively 

"r"Cr.Yo:t)-= <ecr,t),ecr',t'J) 

(9.6) 

( 9. 7) 

(9.8) 

(9.9) 

(9.10) 

(iv) S<rJ(f,t)) is the function derivative of <ritr.t)) 
S '>1 er. o) 

with respect to the initial values. 

( v) (g) tf)) ( ~, t) is the continuum limit of the spatial 
. 

diffusion term L. 'Did 'Y) ( ~ ,t). With a general form 
a 

for the transition probabilities, d~, for the 

diffusion of one molecule from cell i to cell j 



137 

which define 'Dia through ( 6. 4 3 ), we may write £) 

as a convolution operator 

If we chose the cl ij to be 

d > 1, a adjacent 

0 , otherwise 

then we have 

where 1) = q Q.2 , l being the cell length. 

(9.11) 

(9.12) 

(9.13) 

In most of our work we shall use the form (9.13) 

for the spatial diffusion terms, although our technique 

applies equally well to any other choice. 

In the following we shall be mainly concerned with 

calculating 5 ( r, r'. t:) and TC r, r', t) in the steady state. 

With K3-=- 0 and K'l-K1) 0 the homogeneous steady state 

solution of the non fluctuating part (or the deterministic 

part) of (~.4) is 

(9.14) 

Substituting 

" 'Yl c r, t ) - -ri cs .s) + 71 ( r. t 1 (9.15) 

in (9.4), (9.Sa) to (9.Sc) we have 
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" d 'Yl c r, t) I n ~ 'J._ 71 cs. s ) J ~ c r, t ) - ,q 2 c. r, t ) 
dt 

+ ~ 2 C K, 'Y) cs .s) +( 2 K' 1-i<:2) fj c r, t) -11 2 er, t)) s c r. t) < 9 • 16 ) 

,... 
M(r,t) = 'Y)CS.S)-+ < 'l') (!,t)) (9.17a) 

A A A 

$ ( !', r: t) = ( I)') ( !' ,t) > 'f\ C!:1
, t)) + t 'Y) (S S) + < ?') (f, t )>) 0 ( r-r') 

(9.17b) 

where we have introduced the following abbreviation 

A 

R c r. t ; r ', o ) = "' ~'Y)(!'.',t) 

o 'l1 <.r', o) 
(9.18) 

It must be emphasized that the adoption of a continuum 

form is a mathematical device which enables us to solve 

(9.4) using standard Fourier transform techniques and it 

will therefore be necessary to put an upper cut-off on the 

Fourier transform variables. It is also clear from (9.2) 

that before the continuum limit is taken, the only natural 
_1 

expansion parameter that appears is(.6V)2 and hence for 

the perturbation technique to work AV, the cell volume 

must be sufficiently large. In the continuum notation, _, 
this factor of (..6.V) 2 gets absorbed in the noise source 

and we are left without any obvious expansion parameter. 

So we formally introduce a parameter 7'. in (9.5) thus 

[ n 'v 2 _ 'Y) cs .s J J 'Yl o:·. t) - -r/ c r, t > 
+ 7\ J 2 c k, 'll c. s s) + ( 2 K, - l<'2J 11 ( r. t > - 'Tl 2c r. t > J ~ ( r J) < 9 • 19 > 

and set A equal to one at the end of the calculation. 

However, if it is understood that all Fourier integrals 

have a cutoff (.6 V)! this will still be in fact a (6vf1 
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expansion. A , I 

It also follows from (9.19) that ~(,r,t,t.o) 

obeys the following stochastic differential equation. 

"' d 2 A ~ ~ 
R ( r. t ; Y' 1, o ) = [ n -v - 7l ( s .s) J R ( r, t ,· r ', o ) - 2 ·-r1 c r. t ) R c r , t ; r: o ) 

dt- "' A , (9.20) + A [(2K'1-K1)-2.'Y)(r,t)] RO:·,t;-:r,o)~(r.t) 

,,.. .J2(K, 7J cs .s J + (21e1 -K':i) ?J ( r,t->- ?)2 tr,u) 
We now expand 'Y) cr.t) and R(r,t;r',D)thus - -

" 'l') - /\ ?') 1 + 7'-:2 7)2 + • • •. 

fZ -::. R ~ + A RI + /\.?. R.2 t • · (9.21) 

Substituting (9.21) in (9.19) and (9.20) and equating like 

powers of /I. on both sides we obtain 

d'>'h(r.t) - [D':;;/2-'Y)tssfl'Y)1(r,t) +.f.fK(Y)tss) ~tr,t) 
dt-

+ ( 2 i<: ,- K' :2 ) ·rh t r, t ) ~ ( r ,t ) . 
J 2 K,?')CS.SJ 

(9.22a) 

(9.22b) 

(9.22c) 

.+ c:i.K,-K2) ?'hl!,t) ~(t,t) - ~:2-i'>1l(r,t2_3·Lr.t) 
'121<:;11cs.s) 2. [2K,71cs.s>] ?.l-i. 

d Ro ( r, t ; .r ', o ) = r D v 2 - 11 cs. s > l Ro <. r , t ; r ', o) 
dt-

(9~23a) 

d R1 ( r. t; !'~ O) = [ 1)'7'2__ 'l')(S.S) J .R,<.!,t ~ .!'~ o) -21)s_<.r,t) Rolt,t.; y~o) 
dt 

+ bK'1-K'2) Ro(r,t:.;_!':o) ~(r,t) 

j 2 K'1?')CS.S) 

The expansions for the various terms on the L.H.S. of 

(9.17b) and (9.17c) are 

(~cr,t),~(r,t)) = 7\2 <~1<r,t)1l1('r1,t) > 

(9.23b) 

+ /\L.J [ (1lzlr,t),1l2.tr',t) (9.24a) 

+ < tJ .1 er, t-) 7h <.. r. t) > + < 111 t }'; t) -rJ, tr, t > > ] 
+ ...... . 
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A 

'Y)(S.s) + <7)(r,t)) - 'r)Cs.s) + A'l <'Y)-iC..f1t)) (9.2'1b) 

and 
A A I 

('Y)(Y,t))'Y)Cf,o)) - A 2 <11.1(r,t),'Y11<r 1,o)) 

-+ ?-/~ [ <1'),.(r,t),'l'hCr:o)) (9.25a) 

+ <?11(f,t-),'Yh<.'r',o)) + ('Y)3(r,t)'Y)itr:o>)] 

+ - . - -· 
< [ 'YJ cs .s) + 11 c r: o) l < R l r, t j r 1

, o > > > = 'l') cs s) < R () c.. r l t ; r ', o) ) 

+ 7\'2 [ (1)2l t: O) ( l<clr1t; r~ 0)))( 9. 25b) 

+ (11,<..r~o)( R, (r,t;r~o)>)] 

The terms with odd powers of A vanish identically 

because they involve averages of odd numbers of factors 

of "'§ ( r.t) . Also note that the terms in the expansion 

(9.24a), (9.25a) differ from the corresponding terms in 

(9.24b), (9.25b) by a factor of )? , they are actually 

of the same order in terms of the real expansion parameter. 

Keeping this in mind while grouping the terms order by 

order on the left hand sides of (9.17b) and (9.17c) we 

find that the lowest order contributions to M ( r, t) 

S ( r, r: t) and T lr,_r:t) are given by 

To ( r. r\t) -= < "'11 (r,t) !licr~o)) 

+ 'Y) (S.S) < Re, ( r,t ; .r'>o) > 
and the next higher corrections are 

(9.26) 

(9.28) 
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(9.29) 

s 1 c. r. r ', t ) = [ < '1b ( r, t ) , '71 2 ( r ', t ) ) + < 11i l r, t ) ) 8 q:: - r ') 
+<'Y)1 (r,t)7h(r1,t)) +<'Y) 3 o_:,t) 1'\.1(!' 1,t))J <9.30) 

Ti <-r.r',t)-= [ ('Y'h(r,t),1l~tr:o>) +<1).1(.r,t)'Yh(r~o)) 

+ < 'Y'h <.r ,t-) 1).1 q::! o) > + < 'fb( Y'~ o) < Rei tr, tn::: o))) 
, '- (9.31) 

+ <'l').1.(,r',o) <R1Cr,t-;r,o))/ 

We shall now show how the left hand sides of (9.26)­

(9.31) may be calculated from (9.23a) - (9.24b). 

9.2.1 Steady StatE:_§_p~_~ial Correlation Function to the 

Lowest Order 

Taking the Fourier transform of (9.22a) and (9.27) 

with respect to the spatial index we have 

and 

From (9.32) we have 

which gives in the steady state 

<'TJ1 (~,t) ri,c.g',c))5 s ::: K','l')css) _§_(g_+~:') 
['D~'l+ 'l') ('SS)J 

• Thus to the lowest order, the steady state spatial 

correlation function is given by 

(9.32) 

(9.33) 

(9.33) 

(9.34) 



142 

'Y)(ss) Scg+<!')-+ K:, 'Y)css) o(9.+9.') 
[ 1) q_'2-\- 'l) (S Sf) 

Fourier inversions of (9.36) gives 

- 'l')(SS) 5(!-f1) -t Ki'Y)(SS) e 
L.tTI 'D \ Y--Y''\ 

where i.e. is the correlation length 
i 

e '- = [ \~, - K2 t J 2 

which becomes infinite at the phase transition point, 

a behaviour closely analogous to the behaviour of the 

correlation length in a second order phase transition. 

(9.36) 

(9.37) 

(9.38) 

To the approximation considered the critical exponent has 

the classical value i . These results are identical to 
2. [18] 

those of Gardiner et al. 

9. 2. 2 The next Higher~~rrections to the Mean 

From (9.22b) we have 

• It / - rn9.'2-+'Y'J(SS)J (.t-t') ,.., / ~ I ) 

('YJ_/<;,t)):: Jd9:J dt e <'>1,C.<!;t)'Y),C.~(J):> (9.39) 
0 

Using (9.34) we find that the next higher corrections to 

the 

(9.40) 

All the 9. - integrations in ( 9. 40) have a cut-off equal 

to the inverse cell length t-l . If t ~ O lirni t is taken 

the integral becomes divergent. Thus, with the model for 

spatial diffusion that we have chosen to work with, the 

corrections to the mean concentration depend on the cell 
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size in an essential way. We shall discuss this point 

later in this chapter. 

9. 2. 3 The next higher corrections to the spatial correlation 

function 

By Fourier transforming (9.22a) to (9.22c) with 

respect to the spatial index, the quantities appearing 

on the L.H.S. of (S.aO) may straightforwardly be calculated. 

~ The full expression for S1 ci,9.') in the steady state thus 

obtained is given in the appendix 'D Here we shall only 

discuss the behaviour of the variance because of its 
[64J 

relevance to the results obtained by Mori and McNeil using 

their scaling theory for non equilibrium systems. 

The expression for the variance including both the 

lowest order and the next order contributions to the 

steady state spatial correlation function turn out to be 

K'2V+ V(~i2-\-'3K1'Y'J<SS)) (9.41) 

2 'D'2 

I2 
where 

:2 
-t- 2 VK-1 7') CSS) 

21)3 

X [VJ = 
V being the volume of the system, 

and 

I.1 -
(9.42a) 

(9.42b) 
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where for generality we have put the number of space 

dimensions equal to d . 

In (9.42a) and (9.42b) Q.c is the correlation length 

defined in (9.38) and i-1 , inverse of the cell length, 

is the cutoff on each g_ integral. The first term in 

(9.39) is the lowest order term and the next two terms 

arise from higher order corrections. 

We shall now examine the behaviour of I 1 and I2. 

as a function of d as the phase transition point 

~ 2 - K'1-') O is approached. 

Defining X = le I <3. \ we have 
e.c. Q.-1 

I1 2.TT 1 (tc:)Lt-d 5 ,x_d-ldx. -
rt~) o (.-x'--+1) c-x'2+i) 

(9.43a) 

d ~, a_-i d-1 
I2. :: 2.n ~ (Qc)<;-d ~ X d~ __ 

r ( ~) o (_-x.'2.+1) 2 ( x..2+ ¾) 

(9.43b) 

Thus as ~l--) K1 i.e. le:..~ oo 

d 
Oo ,x_ d-i dx 

(Q.c)~-d s I, = !2 TT 2 
('x. 2.-+ 1) ('x.'-+ ;. ) 

r( d) () 
').. 

(9.44a) 

d 6-d 
0() 

,x_d-i d~ = 2. TI 2- (~e) 5 
(-X.'2+1) 2 (.X.1+ ~) re=:¼) 0 

'J. 

(9.44b) 

Both the 'X integrals are finite for d <.q • From ( 9. 44a) 

(9.44b) and (9.41) it follows that the corrections to the 
L\-d 

variance di verge like (~c.) for d < L..\ and logarithmically 

for d = L\ . For d) ~ the corrections are finite but 

depend on the cell length l and go to zero as t ~ 00 
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Thus we conclude that 

(i) For d)'L.\ the Gaussian approximation is valid, even 

near the c1"i tical points, in the limit of a large 

cell size. 

(ii) For d <L.i the Gaussian approximation breaks down in 

the critical region and the perturbation theory 

based on the decomposition of '11 into a 11 Macroscopic 

part" and a "Fluctuating part" is no longer valid no 

matter how large the cell. 

This result is clearly related to that of Mori and 
(64] 

McNeil who find that the critical dimension for this 

mo de 1 is d = Li . 

9. 2. 4 S!.._ea~ State _Two_ Time Correlation __ Function to the 

Lowest Order 

To evaluateT0 (r.r',t)given by (9.28) we have to solve 

(9.22a) as a function of its initial condition and (9.23a) 

subject to the initial condition 

This gives 
- [ 'l)q'l.;- 'l'J (5S)] t 

e C9.4s) 

and 

- '(1)q,_+ ?')CS$) 1 t-t1)r--:--- rv 

e J :rK,'f)(SS) ~ (~ > t) 

,v 

Ro C ~,t; <f ,D) - (9.46) 
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From (9.22a), (9.45) and (9.46) we have for T0 (9,q~t) 
' - -

:V -['DS.'2.-+'Y)CSS)] t ~ ..,,. 
To c~.i',t) = e [ <'>').(<1,o)'Y),lq',0))+71css)Slq_+g_'J J 

(9.47) 

The second term in (9.45) gives rise to a term in 'To(i,i.t.) 

which involves the average of a single ~ (9.,t) which is 

there fore zero. 
,..., 

To obtain the steady state T0 ( 9. ,q', t) we have to - -
replace the initial average th~t appears on the L.H.S. of 

(9.47) by the steady state average, i.e. 

The bracketed term on the L.H.S. of (9.48) is, of course 

the lowest order term for the steady state spatial correlation 

function.· 

Hence 

(9.49) 

If (9.49) is Fourier inverted, we find,on examining the 

behaviour of T0 (r,r'.t) for large t that, to the approximation 

discussed, the system is characterized by a correlation time. 

-1 t:2 --tc = \ \<'2. - ki\ = _s ( 9. 5 0) 
'D 

and thus by a dynamical critical exponent equal to one. 

The result (9.49) is in complete agreement with that given 
[18] 

by Gardiner et al. 



147 

9 • 2 • 5 Two _Tim~9_!'y~la1:Jon Funct_io!.!_ in the Steady 

State: Next Higher Corrections 
--·-··-----·---·-- --- ---- ---

To calculate the next higher correction 

one proceeds exactly as in 9.2.4 except that the 

calculations are somewhat more tedious. We shall 

briefly outline the procedure omitting the calculational 

details. The first step consists in solving (9.23a) to 

(9.23c) as a function of the initial values and (9.24a) 

and (9.24b) subject to the initial conditions 

(9.51) 

f< i ( r IO ; .r', 0) -= 0 

This then enables one to express the L.H.S. of (9.31) 

in terms of the initial averages. The next step is to 

calculate the steady state averages·and substitute them 

for the initial averages that appear in the previous step. 

These two steps may be carried out rather straightforwardly 

by Fourier transforming (9.23a) - (9.23c) and (9.24a) -

(9.24b) with respect to the spatial variable. Here we 

shall merely quote the results. The Fourier-Laplace 

transform of the next higher correction is found to have 

the following analytic structure 

T, ( 4,9 15) = S(4+<3.') [ Q(9.) 1 + b(4.) --2 
- -· - - [S+'Dg}+'Y)CSS) [S+'D9.2 +'Yj(SS)] 

Jood , c(q,s~> f;l() d(4,S'> 1 (9.52) 
+ $ 5 I -t $ +1) 2 vl S ; )S I 

1)9.2 / 2 + '2 'l) (S.S~ , q + 2 • 1 (S 

fThe full expression for Ti(~,~ S) is rather involved and 

is presented in the appendix D. 
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It follows from ( 9.49) and (9.51) th t ~ (q q' 0 ) a •o , .~ - -
has a simple pole at S = -D 9.'2_ 'l")(SS). When the next higher 

correction is included, the two time correlation acquires 

a double pole atS=--D42-'Y)(SS) and branch cuts at -.27)(Ss)-'D92 

2 
and -Dq1-1')C.SS) As 'Y)(SS)-40 i.e. as the critical point 

is approached, and as q-¼ o all the singularities of 
rv 

T ( ~ .~'.s) collapse to zero. This gives rise to a very 

singular behaviour near the critical point for long 

wavelengths, and is probably an indication of non-classical 

dynamic critical exponents 

9.3 A Critiq__ue of the Cell Model 

The modelling of diffusion as a stochastiC! process 

in which molecules jump from one cell to the next seems 

at first to be very natural. However, the corrections to 

the mean, given by (9.40) are divergent as t~ o , while 

this does n·ot happen in the corrections to the variance, 

which approach a well defined value as long as l is less 

than the correlation length 2..c. . 

This is a disturbing feature of this method of 

attacking reaction diffusion equations whose solution is 

not clear. It is clear that the divergence has its origin 

in the ~ 2 (t) term, which is local, and implies that only 

pai~~ of molecules within a cell react with each other. The 

very size of the molecules indicates that the interaction 

must be in some sense non local, and that some term of the 
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form 

should be used, and the fourier transform of 2 ( "£, r'. r_'') 

would provide a natural cutoff. In fact the cell model 

before the continuum form is taken, is of this form. 

The evaluation of the function is however a more tricky 

task, and requires some more microscopic theory of the 

reaction diffusion system. 
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CHAPTER 10 

A MODEL WITH SPATIAL AND TEMPORAL OSCILLATIONS 

10.1 Introduction 

In this chapter we shall consider in detail a two 

component reaction-diffusion mechanism, the Brusselator. 

This model has been analysed from various points of view 

by a number of authors. Glansdorff and Prigogine have 

carried out the stability analysis of the deterministic 

equation in ref 1 and found that with the combination of 

diffusion and non linear chemical kinetics, as a certain 

chemical parameter is varied, the steady state, which is 

initially homogeneous may give rise to a dissipativ2 

structure which is spatially organized (the soft mode 

instability) or to temporal oscillations (the harod mode 

instability). A detailed analysis of the solutions of 

the deterministic equations for a finite one dimensional 

system subject to various boundary conditions was given by 

Auchmuty and Nicolis[ 74 ] using Hopf bifurcation theory. 

Post instability solutions of the deterministic equations 

for a one dimensional system with periodic boundary 

conditions have also been investigated by Kuramoto and 

TsuzukirsJ using their reductive perturbation approach. 

A stochastic treatment of this model without diffusion has 

al [ 76] 
been given by Tomita et using a Fokker-Planck equation 

derived on the basis of van Kampen's System size expansion 

method[ 4l] They also used numerical methods to investigate 
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the behaviour of the variances beyond the hard mode 

instability. Portnow and Kitahara[ 77 ] calculated the 

variances for this model without diffusion using a 

Langevin equation derived from a path integral method. 

Effects of diffusion on the fluctuations has been analysed 

by Nicolis et al [lS ] using 

LeMarchand and Nicolis[7a] 

1 . . [19 ] a non inear master equation 

calculated the correlation 

functions for a finite one dimensional system subject 

to two boundary conditions using cumulant expansion 

methods. Combining van Kampen's system size expansion 

method with the reductive perturbation method Mashiyama 

et al[B 4 J and Kuramoto and Tsuzuki[ 79 J have calculated 

the correlation and the correlation functions in the 

neighbourhood of the critical points. Simi.lar results have 

been obtained by Wunderlin and Haken[BO] in their work on 

scaling theory for non-equilibrium systems. Some interesting 

features of the fluctuation spectrum for this model have 

been investigated by Mazo[Sl]and Deutch et al[821 . 

In none of the above has one a complete stochastic 

analysis of the spatial correaltion function and the 

flucutation spectra. Here we shall calculate both of 

these quantities in the Gaussian approximation for a 

three dimensional infinite system using our,perturbative 

techniques leaving similar calculations for a finite 

discreet or continuous system subject to different 

boundary conditions until the next chapter. 
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A brief outline of this chapter is as follows. 

In section 10.2 we derive the stochastic differential 

dequations for the Brusselator. Section 10.3 contains 

a discussion of the stability of the homogeneous steady 

state. In section 10.4 we consider the spatial correlation 

functions below the instability threshold for a three 

dimensional infinite system and discuss their behaviour 

as the instability point is approached. In section 10.5 

we calculate the two time correlation functions and the 

fluctuation spectra in the Gaussian approximation and 

discuss some of their salient features. Section 10.6 

contains a summary of the results. 

10.2 Formulati9n of Stochastic Differential _Equation 

for the Brusselator 

The reaction mechanism for the Brusselator is 

-A~ X 

B+x~Y+D 

'2X+ y ~ '"3X 

X 

(10.1) 

the Fokker Planck equation for which, including spatial 

diffusion is 
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(10.2) 

where 

Here we are only interested in calculating the 

mean and the correlation functions in the Gaussian 

app"r'.'oxirnation to which, as noted in chapter 8 , section 8. 2. 3 

the third order derivative terms do not contribute and 

would therefore be dropped. The stochastic differential 

equation equivalent to this approximate Fokker Planck 

equation is 

with 

< "'§"" o:,t)) = o (10.4) 

< ~~ li,t) fa (3,t')) -

At this stage we may go over to the continuum notation 

and proceed as in the previous chapter. However, since 

some of the equations and the notation introduced would 



154 

be useful in the next chapter, to avoid repetition, we 

shall continue to work with the dis-crete notation for 

a while. 

To derive the stochastic differential equation in 

the Gaussian approximation we put 

71 ( i 't ) -= 71 !cl O (. i) t) + J_ ,,,, µ 1 u: It) ; p. ::. X ) 'I ·: ( 10 . 5) 
~ • G~ • 

in (10. 3) and on neglecting terms of O ( ~\/~) we have 

d ( 'Ylx.o (i,t) ) 

dt 'l')y,oc.r.t> 

= ( f 'Dx~ ''lx.o tJ .. t) + 1(1 - IC2 ''h.o ( i,t) 7Jy,0li,t) + '1:o l i,t) 71 y,0l<,t). - "1 x,ol', t) \ 

Z:: 'Dia 'Y)y,o(a,t) + \('2. 'Y)x,ot'l.,t)?')y,o(l,t) - ?'Jx,0 (1.,t)"Y'ly,otL,t) J 
0 (10.6) 

and 

d ( 'Ylx.1 u:_.t))::: (f 'D~·a 71x,1 (J.t) \ + (2'l'Jx.o(.i,t)'r)y,o<.t:,t)-k;z,-1_ 'Y\!,ott',tf) l11ic.ft,t)) 

d t '1'} y,1 (.1, t) ~ 'Di'3 "f) y, 1 (3 • t) } - '2. 'l'lx.o <. -i:,t) 'fly.~ ti:, t )+ K" l - ri:.o\.L',ty 'Yh,1 n.t-
~ 

( .1.. -112 \ i I l ( ~ ,< ( t', t) ) 
+ 2. j 11:,~ l'.,t)'"f) Y,O<. t,t) \-112. 1 ) ~ y C.\'1 t) 

(10.7) 

where for simplicity we have put K:3 =- ~-= i 

The homogeneous steady· state solution of the 

deterministic equation (10.6) is 

'l'l x.,o (. ,:,t) = ~\ 

'Yl -y,C> (. \·t) -= ~ 
(10.8) 

Substituting (10.8) in (10.1) we get 

g_ l'Ylx.1 (Lt)) -= ( f 'D~a '11,c • .1 (3,t)) + ( 1<'2.-1 t<:?,.) ( 'Y'lx,1(i.,:)) 

dt 'l')y.i (.t',t) 1: 'Drj 'Y}v.1 (3.t, - Ki - K', \ 'l')y.1 c.1.,t, c10. 9 > 

a f 1 -112 ) 1' 2 (;,<(Lt> 1 
+ 'J .J 1('1 \<: I \ -1 I 2. 0 ~ y ( i I t ) / 
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In the Gaussian approximation, the spatial correlation 

function is ~iven by 

For the sake of brevity we shall introduce the following 

matrix notation 

where 

Mt-,<v c.r,t) -== <'Y)t,.(tt',t)) 8~1.1 

~(t',3.t) -= <~1(f,t) 1]_:ll,t)) 

In the continuum notation (10.9) and (.10.10) become 

and 

d :J.1(r,t)-= -A:]1tr.l)+8~(.f,t) 
dt-

where 

A -

l 1. - 1 11 ).1. I 2 
B -= 2 J K', K', 

-112 0 

(10.11) 

(10.12) 

(10.13) 

(10.14) 

(10.14a) 

(10.15) 

(10.16) 

C.10.17) 

and are the diffusion coefficients for X and Y 
'Dx,1)y 
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10.3 §_!_~bility of: the _!_{omoseneous _Steady StatE: 

The Fourier transform of equation (10.14a) is 

(10.18) 

It is clear from (10.18) that the homogeneous state will 

be stable provided that the eigenvalues of A(q~) have 

positive real parts. These eigenvalues are given by 

f\.i, /\2::: ; [ C'Dx-t'Dy)9..12.+ 1+ K'r-ic2 
• (10.19) 1/2 

± t~ 'D £½-'Dy) q12.+ K~ + 1- K2)2-Lt((Dxq2- K.2.-,-.i) ( Dy'3.'l. + K() + K,2 K".2.J J 
=½[C'D)(+Dy)':1 2 -\-1-+ K~-K2± j(S-K"2+~~) 2-LISK?] (10.20) 

'2. 
wher~ 8 = 1-t(D x-Dy)9.. The homogeneous steady state becomes 

unstable when the real parts of 7\.1 and 7\2. become negative. 

The marginal situation corresponds to the case when the real 

parts of AJ,A2 or both go to zero and occurs if 
. + 

(a) 1\1, 7\2 real and positive and A2. ~ o (the soft 

mode instability). 
+ 

complex and Re(~.t,7'J)➔ o(the hard mode 

instability) . 

It follows from (10.20) that 

(i) /\,1 and 1\.2, are real if 

( 6 - 1<'2 + K ,~) '2 - Li S K/· > 0 (10.21) 

For b<O, 7'.1 and 7\2 are always real. 

For 8 > O, Ai and 1'.2 are real if 

either K'2. > (Jo+ Kr)'l. (10.22) 

or 
K2 < ( ~ - ~,)2. 
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A1 and A2 are real and positive, if in addition to 

(10.22) we have 

i.e. 

i.e. 

( 1),< + 'Dy) 9.'2.- K'2 + 1-t },t > 0 

K'.2 < i + K:~ -+ CDx +Uy) g_'-

K:2 ( 1 + 'D X q 2 + K ;2 -\- 'D X "t 
1)yg_a "J)y 

l\~ ~ o+ along the real a:xis with A.1 real and positive 

if (10.22) and (.10.23) are satisfied and 

(10.23) 

(.10.24) 

(10.25) 

from below. With K 1, 'Dx, 1) y. fixed, the minimum of k.2. 5 (q2) 

occurs at 

and its minimum value is 
• - 2 

K2s = ( 1 + K'1 j 'D.x ) 
nv 

Equation (10.27) gives the threshold for the soft mode 

instability. As ~ 2 is increased beyond ~ 2s"the system 

exhibits spatial oscillations characterized by a wave 

vector given by (10.26). 

(ii) A 1 and 7\2 are complex if (8-K'2 i' K'."2):.. L( ~ K:~ < O 

(10.26) 

(10.27) 

2 '2 
i.e. ( J8 - K',) < ~2 ( J8 + K'i) ; 0 ) o ( 1O.28) 

and have positive real parts if 



i.e. 

('Dx +Dy) 9.2 + i + K~-K:2 ) O 

K'2 < 1 + K',2 + (Dx +Dy) 9.2. 

Ai and /\2 become purely imaginary as 

from below. The minimum of K2 H(q)occurs at 

4 = 0 
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(10.29) 

(10.30) 

(10.31) 

and hence the threshold for the hard mode instability is 

As K2 is increased beyond K2H the system exhibits 

temporal oscillations. 

(10.32) 

Which of the two instabilities occurs first depends on the 

relative magnitude of Dx and 'Dy. Thus the soft mode 

instability occurs first if 

K2s < K.2H 

~ < Fl DY K'i°2 

(10.33) 

and vice versa. 

10. 4 ~atial_ Correlation Fucntions_ below_ the Instability 

Thresholds 

10. 4 .1 ~ (12.!-.t'.) below the instability threshold 

From a two dimensional Langevin equation of the type 

U0.18) 1 in the steady state, one can derive the following 

~ I ~ expression for G (~ ,~) in terms of A and B 
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~c~>'?/) 8c~+9.') G(2:) 

G ( ~ ) -= ( 1) et A ) B 2 -+ ( A - (Tr A) I ) B 2 ( A - ( Tr A ) I )T (10.34-) 

2 ('D et A) (Tr A) 

This relation is derived in Appendix E. 

Substituting for A(4'l) and 8-i. • (10 34-) d • ( in . an using 10.15) 

we obtain the following expression for the Fourier transform 

of the spatial correlation function 
,v 

"' S(9.q'J= 8 c 9. +-g') 5 < <.:I ) 
0 - I - - - - 0 -

rv ~ So(~) M + c;. cg) 

- M+ H cq2) (10.35) 

[ ( q_lt ~;l-) ( g 2-+ f3;;2) ( 9,"2+ (3;) 1 

where 
K, ~.). ( M - 0 ~, 

[of= (1-K'2+K'()/(DxtDy) 

(10.36) 

'2.'2. 2) - ( Dyq+K, )(Dxq+J) 

('Dx9.2.+1) 

(lff.37) 

-----------::::(10.38) 
~2 s.2.-:: i [ 'Dx 1<}+"Dy(1-K'l) ± i J ~ K~K', _ [ 1>x Kt+Dy (1-K:2) ]'2.] 

2 ' 3 2 1)x 1)y 'DxDy 'Dx D't 

Splitting the second term on the R.H.S. of (10.35) into 

partial fractions and performing the Fourier inversion, 

we get the following expression for the spatial correlation 

function in three space dimensions. 

-~.1r-.r'1 --Y'1 \Y'-Y' 11 
S/lr-r'1)-= MS(r-r')-+ a, e -+a2.e - - co-:>Ci'".11r-r1) 

11"-r'I 1r-r'I 
-"'G 1r-r'1 - -

+ 03 e SLIVl(Y'2 Ir-r' I) (10.39) 

l r- r I \ 



where 

H (- r,;2·) 
I (1:\2. - ~ ?- ) 12 

1 IIm(HC-(3'2.))] 
.Im<~:) ~;-;? 

a 5 -= 1 [ Im ( H ( -~:) ) 7 
Im ( f322) l3/-\3? J 

The expression for the spatial correlation 

characterized by two correlation lengths 

and a wave .vector 

.1. 
131 
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c10.42a> 

(10.42b) 

(10.42c) 

function is 

(10.43) 

(10.45) 

10. 4. 2 Behaviour of So ( r-.r') near t_h~ __ i_!l_~~_c1_bi_l_i1:y_ __ 1:)1.£_e_sholds 

(i) As ~2 ~ K'2s 
(10.46) 

and r(2 approaches the critical wave vector 

g_~ = [ K', 1112 
~DxDy 

(10.47) 

and the spatial correlation function contains, apart from 

an exponentially decreasing term, has a purely oscillatory term 
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modulated by a 1. term. 
l:t-..t'I 

Actually in this limit, the coefficients of the oscillatory 

terrns become infinite which perhaps reflects the invalidi·ty 

of the Gaussian approximation near the critical point. 

(ii) As ~2 ~ K'2H 

tc,1. ---) 00 (10.48) 

and (10.39) gives 

I I 
where a1 > 'Yj etc. 

Thus is characterized by a long large 

.1. term. 

10.5 Two Time Correlation Functions and the Fluctuation 

Spectra in the Gaussian Approximation 

Using (8.34), the steady state two time correlation 

functions in the Gaussian approximation is given by 

(10.50) 

Substituting the spatial correlation matrix 

derived previously we get the two time correlation function 

in the steady state. 

From an experimental point of view, a quantity of 

interest is the fluctuation spectrum defined by 

OO -i.Wt ~ 
J_ ( d t e T ( q ,t) 
~TT J o -

-00 

(10.51) 
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A qualitative discussion of the fluc:tuation spectrum 

for the Brusselator has been given previously by Deutch 
[82] 

et al who also explore the possible use of light 

scattering for its measurement. A general but comprehensive 

discussion of the use of light scattering experiments for 

a study of concentration fluctuation in chemically reacting 

systems may also be found in ref 83 . In such experiments 

one typically measures the intensity of the scattered light 

which is directly related to a linear combination of the 

matrix elements of Ft~,~)-. In the following we give a 

complete calculation of the fluctuation spectra. 

Using (10.51) and the stochastic differential equation 

(10.18) one can derive the following expression for the 
/'V 2 

fluctuation spectrum in terms of th~ matrices A, 6 and rv1 

1 (10.52) 

This result is derived in appendix t 

Substituting for 
~ 2 A~B and M in 0.-0. 5 2) we get 

(10.53) 
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The fluctuation spectrum has poles in thew plane at 

(10.55) 

where (10.56) 

(10.57) 

(i) It follows from the discussion in section 10.3, 

equation (10.21) that below the soft mode instability 

threshold t0 0 is imaginary in which case the fluctuation 

spectrum is of the following form 

-------------- • 
[ (0 2 + (r-(c..00 1 )2] [ C.-1:>'1 + ( r+ I Wol )2] 

and therefore has a peak at c.J = o. 

As the soft mode instability threshold is approached, 

\ <..00 \ ~ r and ( 10. 58) becomes 

.1. Pcc.v>~) 
TT K, u.)2 (C.02+~ rl) 

which exhibits an infinitely sharp peak at W = o 

c1o;sa) 

(10.59) 

(ii) Below the hard mode instability) it follows from 

(10.28) that lvo is real and in this case the fluctuations 

spectrum has the following form. 

p (C.V) ~) 
(10.60) 

Leaving aside the c.o deperitlence of PCW,9) the fluctuation 

spectrum in this case consists of two peaks situated at lv=t C,J0 
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with a half width equal tor. 

As the hard mode threshold is approached r decreases 

monotonically, i.e. the peaks become sharper. If K2 is ini t-

ially les th c '2 , ...,· • s an a+ IC1 ) '-V O increases and as 1<'2. becomes greater 

than 8-t l<',-z > Wo begins to decrease and at the threshold it 

becomes equal to K1 

separation becomes 

Thus at the threshold the peak 

and the width of the peaks becomes 

re = j_ ( 'DX -I- 'D Y) CJ. 2. 
2 

and arises purely due to diffusive effects. 

(10.61) 

(10.62) 

The u) dependence of P(u:J>~gives rise to a slight 

skewness of the two peaks but the qualitative features of 

the fluctuation spectrum remains basically the same. 

10 . 6 Summary_ 

We have calculated in the Gaussian approximation, 

the spatial correlation functions and the fluctuation 

spectra for the Brusselator for a three dimensional infinite 

system below the instability thresholds. We have shown that 

as the soft mode instability threshold as approached from, 

below the spatial correlation functions exhibit an 

oscillatory behaviour modulated by a 
\'C-t'I 

1. term. At the 

critical point however the spatial correlations become 

infinite. The fluctuation spectrum in this limit exhibits 
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an infinitely sharp peak at Cv= o . In the case of the 

hard mode instability the spatial correlation functions 

at the instability point exhibit a long range i 
IY'-r'l 

behaviour. The fluctuation spectrum in this case exhibits 

two peaks below the instability thresholds and as the 

instability threshold is approached the peaks move 

towards each other at the same time becoming sharper 

until at the critical point the separation becomes twice 

the critical frequency and the widths of the peaks 

determined solely by the diffusive effects. 

If it be desired,the corrections to the Gaussian 

approximation can be calculated systematically from our 

Langevin equations although this would require incorporation 

of the noise sources corresponding to the third order 

derivatives in the Fokker-Planck equation, as explained 

in Chapter 6. At the critical point this perturbation 

method with the inverse of the cell size as the expansion 

parameter breaks down. It should be noted that most of 

the work done to date on calculation of the correlation 

functions near the critical points uses the distance from 

the critical point as an expansion paramete·r but relies 

on a Fokker Planck equation which already assumes the Gaussian 

approximation. Given the invalidity of the:Gaussian 

approximation near the critical points the whole procedure 

seems a bit questionable. Our stochastic differential 

equations however provide an exact starting point for 

doing calculations near the critical points without 

having to rely on the Gaussian approximation. 



CHAPTER 11 

11.1 Introduction ----------

In this chapter we consider the application of 

the stochastic differential equations derived from 

Poisson representation method to finite discrete and 

continuous one dimensional systems and show how to 

calculate the spatial correlation functions and 

fluctuation spectrum when various boundary conditions 

are imposed on the system. For illustrative purposes 

we will consider the model introduced in the previous 

chapter. The only previous work on this problem is 
(78] 

166 

that do to Lemarchand and Nicolis who use the cumulant 

expansion method to calculate spatial correlation 

functions in a finite one dimensional system subject to 

two types of boundary conditions viz (a) fixed concentration 

boundary conditions and (b) zero flux boundary conditions. 

We shall confine ourselves to these two types of boundary 

conditions and rederive the results of Lemarchand and 

N • 1 • ( 7 8 ] th ' ly ico is ra er simp . From the following discussion 

it will also become clear how one may carry out similar 

calculations for other types of boundary conditions, for 

example, periodic boundary conditions. The generalisation 

to three dimensional finite systems is also straightforward. 
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11.2 Fixe~__!!lean__concentration boundary__conditions 

Here we consider a finite one dimensional system 

consisting of ('n+2) cells labelled O, 1, ___ - 'Y'I, ('YH1) 

We assume that the probability distributions in the boundary 

cells O and 'Y) +1 is a Poisson distribution with the mean 

equal to the mean steady state concentration. This 

boundary condition in terms of 'Y'lµ (t,t) variables implies 

that 'f)µ (O,t) and 'l'),._,tn+Lt) are nonfluctuating variahles 

and are equal to the steady state concentration. (It 

should be noted that if the probability distribution in 

the boundary cells is assumed to factorize from that for 

the system cells then as a consequence of the linear 

coupling between the two through diffusion only the mean 

number in the boundary cells appears as a parameter in 

the reduced master equation for the system cells and 

consequently the results are insensitive to the precise 

nature of the probability distribution in the boundary 

cells. Thus in this case we get the same results as 

• ' [ 7S ] h • d f. d those of Lemarchand and Nicolis w o consi er ixe 

concentration boundary conditions, i.e. a delta function 

distribution in the boundary cells.) 

The linearised stochastic differential equation 

from the Brusselator as derived in the previous Chapter is 

g_ ("1lx.1 ( i..'t) ) 
dt 'Y)y.1<t,t) 

(11.1) 



It follows that the appropriate boundary conditions, 

in this case are 

'YJ~..1,1 (O,t)::: 'YJr-1,1 ('Yl+1.t) 

In the continuum limit (11.1) and (11.2) become 

( 1 -112 )dl (~)( (.r,t>) 
-112 o ~y<.r,t> 

and 
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(11. 2) 

(11.3) 

(11.4) 

where i is the cell length and L J0 s tl1e len th f th . g o e 

system. 

11. 3 Zero Flux Boundary Condit ioAs_ 

Here we consider the situation in which there is 

no diffusion between the system cells and the boundary 

cells. This can be taken into account by modifying the 

diffusion matrix 'Dt:J to 

where the extra terms cancel the terms present in 

which allow for diffusion between the ce111(n)and o(n+1) 

The corresponding stochastic differential equation then 

becomes 



which may equivalently be written as equation (11.1) 

subject to the boundary conditions 

r-.i.::x,y 
(11.6) 

In the continuum limit the appropriate stochastic 

differential equation is (11.3) subject to the boundary 

conditions 

(11.7) 

11. 4 §pat_~al Correlat~_~n_ F~I]!?.!_~9:ns _ an_~ the _ _I~~~!~§-tion 

§pect~~-

In both the cases the equations for 'Y'J1-1, 1d .. ,t) are 
. 

identical but because of the boundary conditions different 

Fourier expansions are required to diagonalize the diffusion 

terms. The appropriate Fourier expansions are given below. 

(a) Fixed Mean concentration boundary conditions. 

(b) 

'YI ~ 
'l1u,1<i.t)-== Z. '>1µ,1(9.,t) a.c1t1 l ,:qn) ..... n+1. 

9-=i 

In the continuum limit 
00 ~ 

'YJµ, 1 (r,t) = I..... 71~.1 cq,t) ~iYI (g:n) 
9.-=1 

Zero Flux boundary conditions 

-n ~ r 12 t i:) 11 l 
71r--i,t (i,t) = L 'Y],-.,,1 (q,t.) cm l(q-1) '-= - ~-n 

4=1 
In the continuum limit 

(11.8) 

(11.9) 

(11.10) 

(11.11) 
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Substituting these and similar expansions for;~ in the 

corresponding stochastic differential equations we t ge 

with 

where 

d 711 (9,t)-= 
dt -

and for 

rv1 rv ,,...,, 

AC':3.'2 ) '1') 1 (9,t) + B ~ C9,t) (11.12) 

(11.13) 

(11.14) 

(a) Fixed mean concentration boundary conditions we have 

~ (9.) :::- 2 ( .1. - (-6) 9. TT ) , h(9.,4') -:: --3:_ &q q' 
7)+.1 • 'Y'i+1 ' 

In the continuum limit 

2 89,q' 
L 

(b) For Zero flux boundary conditions, we have 

In the continuum limit 

.( 11.15) 

(11.16) 

The Fourier transform of the steady state spatial correlation 

functions and the fluctuation spectrum can be calculated 

using (10.12), 0.0.34) and 0.0.52.). 

Although the above discussion applies to a one 

dimensional system, its generalization to more than one 
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dimension is straightforward. 

Having thus calculated Q (~I,q') one may derive 

expressions for G-(l:,~) be appropr•iate Fourier inversions 

and for the one dimensional case one obtains results 

identical to those given by Lemarchand and Nicolis[ 7BJ_ 

The Fourier inversions are possible analytically only 

for a one dimensional continuous system and we find with 

Lemarchand and Nicolis[?S] that near the soft mode 

instability threshold, ~(~r~can be decomposed into a 

short range part consisting of decaying exponentials 

and a_ long range linearly damped oscillatory part of the 

following form. 

Cr ( r, r') b.1 i':1 (L-r-) Co-J,(2 (L-\") S-L'lrl-f2 ~' 

+ b 2 l2. r' S.t.:,ri fa (L-r) C.cn Y1.. Y'' + 63 
(11.19) 

where rfi has been defined previously. 

In the limit of L-')00 (11.19) is divergent. Direct 

calculation of ~er.~~ for an infinite one dimensional 

system shows that as the soft mode instability threshold 

is approached,G(~r~ actually becomes infinite. However 

it should be remembered that these results are derived in 

the Gaussian approximation whose validity at the critical 

point is questionable. 
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CONCLUDING REMARKS 

We have shown how chemical master equations may be 

transformed into exact Fokker-Planck equations or to 

equivalent stochastic differential equations by the use 

of the Poisson representation method. This is to be 

contrasted with the other systematic expansions of the 

master equations which yield Fokker-Planck equations of 

infinite order. The usefulness of the Poisson representation 

technique is exemplified by our ability to calculate higher 

order corrections to the correlation functions in .a systematic 

manner in multivariate situations. Similar calculations 

using other systematic expansion methods turn out to be 

prohibitively difficult. Apart from these calculational 

advantages the Poisson notation yields aestheticaJly 

satisfying expressions for the two time correlation functions 

which are of central importance in the study of non equilibrium 

statistical _mechanics. 

In a recent work Gardiner[SS] has shown that the master 

equation approach to reaction-diffusion systems may be 

regarded as a complete theory in.itself, in that the near 

equilibrium theory of Onsager and macroscopic stability 

criteria far from equilibrium steady states may all be 

derived from the master equation. In view of this work, 

Poisson representation method is an important technical 

development. 

The perturbative expansion method used in this work 

have been in the inverse powers of the system size or the 

cell size. Owing to the divergence of higher order corrections 
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near the critical point, this perturbative expansion breaks 

down in that regime. Further work in developing alternative 

perturbation techniques valid in the critical region is 

therefore necessary. One possibility in this direction is 

to consider coupled stochastic differential equations for 

~{r,t) and ~ 2cr.t), linearise them about the solutions 

of the deterministic parts, and then evaluate corrections 

to the linearised result. If the corrections turn out not 

to be small near the critical points then one should include 

the stochastic differential equation for ~ 3 (r.t) etc. and 

so on. The expansion will then be a sort of self consistent 

expansion. Another possibility is to use the renormalization 

group methods, similar to t~ose used by De ·Dominicis, Brezin 

and Zinn-Justin[SS] in connection with a Langevin equa~ion 

description of Ginzburg-Landau models. In their work the 

Langevin equation description is replaced by an equivalent 

path integral representation which is then used to investigate 

the critical dynamics of the system. However, in contrast 

to their Langevin equations in which the noise coefficient 

is a constant, the Langevin equations derived using our 

techniques do not have constant noise coefficients. The path 

integral representation for such Langevin equations is 

riddled with mathematical and computational difficulties. 

A problem worthy of future investigation is therefore to apply 

the renormalization group techniques to the Langevin equations 

themselves so as to obtain a better understanding of the 

critical dynamics of the chemical instabilities. 
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APPENDIX A: ItS and Stratonovich Formalisms 

In this appendix our aim is 

(a) to bring out the mathematical differences between 

Ito and Stratonovich formalisms, 

(b) to show how one may go from an Itb stochastic 

differential equation to that of Stratonovich and 

vice versa, 

(c) to derive rules for change of variables in an Ito 

stochastic differential equation. 

The derivation of the formula for change of variables 
,.. 

in the Ito Stochastic differential equation and the 

derivation of Ito stochastic differential equation from that 

of Stratonovich to be found in most mathematical texts on 

this subject are extremely complex. Our aim is to derive 

these formulae in a physicist's way. Rigorous proofs may 

be found in books by Arnold[SO] and Gihman and Skorohod[ 5lJ_ 

A stochastic differential equation 

dX = Q(X) d t + G-(X) cl m-lt) (A.l) 

should be understood as an abbreviation for the integral 

equation 

t -t 
X (.t) ::: X (to) + J ds a (XCS))dS + s G-('l<.(S)) d m,(s) 

t.o tt. 

until a precise definition of the stochastic integral 
t 

S = J G-(X(5)) d ~CS) 
to 

is given. To specify the meaning of J we divide the 

, interval ( to I t) into intervals of length bt 

(A. 3) 
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t 0 ~ t 1 ~ t2 - - - - ~tn=t; t(.-ti-i-= ~t (A. 4 ) 

and consider the approximation of 3 by Riemann-Sti~ltjes 

sums of the form 

where 

r\ 

S11 = L q-(Xlti.)) [ ~(ti.)- ~<.-tn)] 

i-= i 

(A. 5) 

(A. 6) 

It may be shown[ 60 ]that the convergence of the sums~ in 

the quadratic mean depends on the choice of the intermediate 

points -Ci. In particular, when 

(A. 7) 

one f . [ 60 
1.nds that J with -Ci:= C.1-a)ti-i + a.ti 

t j ~(S) d ~(5) 
to 

= g_ vn - h'Yl'I Sn 
At ➔ o 

:: ____ ! (\-3' 2 (.t)-~2(.to)J + /Cl-!) (t-to)· 
2 ~ 2 · 

(A. 8) 

A 
Ito's choice of the intermediate points Tt corresponds to 

a. ::: o i.e. "Ci. = ti.-.J. so that 
t • 

(I) Jto~(S)d\.e'(S) :=. i [~\t)-~'Z(b>)] -; (.t-to) (A. 9) 

and the definition of the stochastic integral j is taken 

to be 

(I) 
(A.10) 

where the parenthesized I on the left indicates that (A.6) 

and (A. 7) are defined in the sense of ItB. .l:i.1 ~ l ti:-.L) 

in (A.10) stands for 

(A.11) 

and defines the increment of a wiener process at time ti-i 
,... 

in the sense of Ito. 



Stratonovich's choice corresponds to Q~ .! i.e. 
2 

-Ci: = ti:-i -+ti so that 
2 t 
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J l,:J(S) d \,J(S)-= ~ [ ~~\t) - ~•\to) l (A.12) 
tC> 

and the definition of 3 is now taken to be 

0 - 9.m-li.:m ~ ( ct· t )) cs) .J 6t-)0 iser x L~ i:-1 [liZTlti)-~(ti:-1)J (A.13) 

In order to bring out the difference between Stratonovich's 

definition of an increment and that of It5 we write the 

summand in (A.13) in terms of the midpoints 

of the 

(S) 

where 

ti:-1 + ti 
2 

interval (ti-.i, ti:) so that (A .13) becomes 
'Y} 

q lYI - llW1 ~ G- ( X ( t: · -.L)) 6. ~ c.-c. -.1) 
At ➔ O L t. s L 

i=l 

..6.s ~ (-Ci:-J)-:: ~ (ti ;t'i:-.t)--~ ( -Ci-.1; ti:-2) 

Thus it is clear that while It~ increment at time t 

"points into future", that of Stratonovich 

b.c. ~ Lt) L{J (_ t-+'6t) - W- (t- ~t) 
v ':l- 2. 

"Points half into future and half into pastn. 

(A.14) 

(A.15) 

(A.16) 

(A.17) 

(A .18) 

An important property of the It~ increment which distinguishes 

ItS formalism from that of Stratonovich is that A1. ~(t) 

is stochastically independent of \,5- l t!) for t' ~ t i.e. 

<. 6r f.v(.t) ~l t'J ) = O , t' ~ t (A .19) 

which may be proved using the properties of a Wiener process 

namely 

L., \,v ( t) ) = 0 

<: ia,lt) ~(t'>) 

(A.20) 

(A.21) 



177 

Stratonovich' s increment .65 l,,.j(t) does not have the 

property of being uncorrelated with vv (..t;') for t' ~ t 

Differences in the definitions of increments in the 

two formalisms lead to different integration rules. Thus, 

while the LHS in (A.12) is precisely what we get using 

integration rules of ordinary calculus, the LHS of (A.9) 

differs from it by an extra term -.! l\:-to). Thus, whereas 
1 

integration rules and hence the differentiation rules of 

ordinary calculus are valid in the Stratonovich formalism, 

they are both different in the ItS formalism. In the 

following we shall formulate the rules of differentiation 

" in the Ito calculus. 

Equation (A.9) may be written in a differential form 

as 

If we construct the differential of \A}\t) formally, using 

we obtain 

comparing (A.22) and (A.24) we have 
z 

[div(t)] = dt-

In the multidimensional case (A.25) generalises to 

d~itt) d~J (t) = bi4 dt 

(A. 2 2) 

(A. 2 3) 

(A. 24) 

(A. 2 5) 

(A. 2 6) 

Remembering (A.26),let us consider changes of variables in a 

multi-dimensional It~ differential equation 
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d Xi =- a i. (..~) d t ·+ z_: Cri6 ( ~) d hi J , t-=- 1 . . . ri (A. 2 7) 

a 
Let us introduce ~ new variables 

(A. 2 8) 

Then 
~YY' - <pr(X+Ll~)- q>C.0) 

- I 'o<?r AXi.+~ [ 'o'24>.r__ .6.Xi6.Xa+·· ·-· 
i oXi 2. q 'oXi.cJXa (A.29) 

It is necessary to include the second order differentials in 

(A· 2 9) because 6X. i l::..X3 involves 6. \tv i ~ ~ f which is of first 

order in .6t . Substituting from (A.27) 

6Xi-= QiC.0_) 6.t + ~ C:rt:'1(0) 6.v-:r1(t) q O Q 

and using (A.26) we obtain 

d Yr :: I: 
i 

'a <Pt Qi(.~) dt + _[ 02<Pr (G CrT) ia d t 
'o )<. i q oX'CoXj 

+ L o ~: d l,{J i ( t) G i.j 
i. c,X1-

(A. 3 0) 

(A.31) 

The difference between the LHS of (A.31) and that obtained 

by rules of ordinary calculus is the occurrence of the second 

term which essentially arises because of (A.26). 

Given a Stratonovich differential equation 

let 

<ls Xi = GiC~)dt + [ G-iJ (c) ds ~i(c) 
• 3 • A 

us see how we may write dowrr the equivalent Ito 

(A. 3 2) 

differential equation and vice versa. For finite time interval 

.6t (A.32) may be written as 

~c.. Xi(t) - Xi(t+ .0it) - Xi(t- 6t) 
~ "2.. '2. 

:: aic~)~t+ I:0-La (~lo)[tNJ"lt+~tJ-w3ct-~t))<A.33) 

J 
Making the replacement t- ~ t + .6t and remembering the 

2. 

definition of an It~ increment (A.33) becomes 
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X.lt+.6.t) - Xi(t) 
1. 

- Qi ( 0 ) 6 t + ~ (i- id ( 2) ( t + ';_ t ) ) 6 r lN'J l t) 
0 

Taylor expansion of Crid US ( t+~t) )-= Gt} (0Ct)+~) yields 

6 1 Xi <:t) = a i c ~) 6t +B.~i:~ c_~ ct)) +1. L -a Gi~ 6 1 xi( lo] L'i1 LvlHA. 34 > 
a 2 ~ ax~ 

Since .6X1<. ( t) 6. t,v J (-c) involves a term proportional to 

6.r ~Q. t:. ~l (t) which is equal to "oaL 6t , in order to write 

all the terms of order At we have to iterate (A.34) once. 

This gives, 

6.I Xi(t) = Ci(~) .6.t-+ 1 L. 'o~1.·a G){\ 6t 
2 a~ 01'~ a (A.35) 

+ l: Cha, (.~Lt)) 6.I ~d lt) 
J 

In the differential notation (A.35) may be written as 

This is the Ito stochastic differential equation equivalent 

to the Stratonovich differential equation (A.32). Conversely, 

the It~ stochastic differential equation 

d 1 xi t t ) -== a i (~ ) d t -t ~ qi: a <.. ~ ) d I \.-j 6 l t) 
a 

is equivalent to the Stratonovich differential equation 

(A. 3 7) 

dsX-i:(t) =- OiC..~)clt-i. L c:l~q- G-~~ dt +_IGc~c 0 )dq(t) 
'2 d ~ C) 1-.1<. u a , s .. cA. 3 a> 

Equations (A.37) and (A.38), although quite different in 

appearance are equivalent and yield the same results for the 

averages. Thus for L.. 1-i(t)) we have form (A.37) 

(A. 3 9) 
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the second term in (A.47) does not contribute because of 

the stochastic independence of dI L--3-a (t) i.e. 

In the Stratonovich formalism, the d s t-va tt) are correlated 

with 1,,0 ( t) at previous times and hence one does not have 

(A.40) but instead one has 

(A. 41) 

which cancels the extra term in (A.38) yielding the same 

equation (A.39) for <Xi(tJ). 



APPENDIX B: On the Gaussian approximation in X and~ 

variables. 
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In section 6.5.1, Chapter 6, we showed that if ft~) 

is assumed to be Gaussian distribution in o<, then the 

corresponding P(X) is asymptotically given by 

-Vty(X) 
P (X ) - e - ( B . 1) 

where 
- ~ -* ( ~) :: 1}tti i - Xi ltvl 'Yh + 'Xi t¥l Xi - 'Xi] + ~ ½ ('7h - 1h,0) G i) ( 'Yli- 113,0; 

i 1.1 (B.2) 

and 1li may be expressed in terms of X using 

(B.3) 

The aim here is to derive (6.5.9) from (B.l) by expanding 

"{I'(~) about its maximum. Now 

when 
- - - l -L [211li_it~ ¼17'}i;-'X.i. 'o'Y}i: +Ot~1.Yi'Xi)+~(1)i:-'Yli,o)(G )l,/0 lla-=(O 

· (JAi( • 'T}i c,X.1< f 0 axit B.5) 
t . 'I.' 

It follows from (B.3) that 'X1<.= '1'\~.o implies '>')~~'>'J~.o 

and in that case the LHS of (B.5) vanishes. Thus the peak 

of ,t(~)lies at 

(B.6) 

The variance around the peak is determined by 

(B.7) 

where 

(B.8) 



Implicit differentiation of (B.3) gives 

L ( G--1+ Ml) Ri (~'Yli) = lt--f') ~! . M = 
· v 'Xt O RL ,_ 

and hence _1 

( 'o'Yli:.) -=- lcG--1 +11- 1 ) 1vf1 l if 
o-Xt 0 

Substituting this in (B.7) we have 
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(B.9) 

(B.10) 

-1 

( Ci-i."V \ = ( t,fi_ V\-i ( G-1-t N-1) M-1] ~.t. 
O'X.I( O'X.t} X:: '() o 

- -· =Lr-f1 Ll<f\-t--1-1f1cc;1;-tvt-i)- (¼--1+t-r1)M11]'RQ. 

- L M-i ( ~j+ M-1 )-j c;-i 1 l(t 
(B.11) 

-1 
(G-tM) ~L 

(B.12) 
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APPENDIX C: On the Choice of~ contours 

The possible choices of the contour of integration 

for -f(cx) given by (8.11) are 

(i) contour C1 extending from 0 to 1<'2, 

(ii) contour C2 extending from k'2 to -00 

(iii) contour C3 extending from 0 to - CXJ 

The contour C?i gives a solution which is a linear 

combination of those given by C1 and c2 and hence there 

are only two independent choices of the contour of integration. 

In Chapter 2, section 2.8.1, we argued that if the 

probability distribution and all its moments exist, then 

the ~orresponding factorial moment generating function G(S) 

and all its derivatives must be finite at S = -1 . This serves 

as a convenient criterion for choosing the correct contour. 

For the contour C2 the generating function corresponding 

to the probability distribution is 
-ro r..r ~ ) 
( CX CS-i) c:x V \. " 1- - 3 -1 

G C'S) = j e e (K'1 V- ol) .C:i. (C.l) 
~;z 

which is infinite at S-=- -1 and therefore does not lead to an 

admissible probability distribution. 

Also note that (8.11) leads to a non trivial P(X) 

only if the limit Ks~ o is taken after the limit Y ➔ <>O 

If K3 -:: O is set equal to zero in. ( 8 .11) in the beginning, then 

the only permissible contour of integration is a closed 

contour encircling the origin, in which case all the moments 

of p (X ) vanish, and 

P(X) - 8.x.o (C.2) 
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That this is the exact solution in the case that K''3::: o 

is obvious from the reaction mechanism (8.1). Once all the 

molecules of X are lost, there is no mechanism for 

producing molecules of X However, the K'3-') 0 

limit of the larger volume limit is well defined, and does 

not give the trivial solution (C.2). 

For 1 (~) given by (8.19) the two choices of the contour 

of integration are 

(i) closed contour encircling the origin, 

(ii) a contour extending from O to - 00 

The generating function for the latter choice is 
-00 l. 

r, > "'ol-+ av ccs) = J e ,s-.t ci e "'- °' 
(C.3) 

which, al though finite at g-= -i has divergent second and 

higher order derivatives and therefore does not correspond 

to an admissible probability distribution. 
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APPENDIX D: Next higher corrections to the correlations 

for the second order Phase transition model. 

D.l The complete expression for next higher correction to 

the Fourier transform of the spatial correlation function 

is as follows 

~ 2 S .1 ( 9.) :: Q ~ 1 'Y} (5 S) ~ d Q. , _____________ _ 

~(q_) [8C9,)+'aC9.-9,)+2-<-<.DJ 2rn,1 CJ<.q-9,) 

+ 4K','Y)CSS) [ K,'Y)(SS)-(.Q K:,-~::i.') 9 (9)1 f d9, _________ _ 
<a 2 Cq) - J ~<.g,) [gcg,")+3cg)+ gcg-':li) 1 

- ~ \'('11) (SS) ( Q ><:,-KJ.) j -d......:g::.....' _______ _ 
g2 c9J r~cg,)+~c.q-g,)+3<.9J] ·(D.l) 

+ ';2K~rf)(SS)-K'(8(9.)-K'1$}2(9.) J d<J, 
'zJ ?(q) cacg,) 

·(D.2) 
~(9-) := 'Dq 2 +'1')CSS) 

D.2 The full expression for the next higher correction to 

the Fourier Laplace transform o fthe two time correlation 
rv I 

function T1(~.~.s) is as follows 
rv I rv 
T 1 C~.~'.s) ~ 6(g+g)) T.1Cg,s) 

~ .1 ~ 
T_1 ( q, S) = ___ [ 2 K, ?') ~) l-d..:..3::.9_, -------.:--::~:-: ___ _ 

- [5+8(<1)] ~cq) ['a(9,)+'J<.4-9.,)+~Ul)]CJC4,)~C.<J.-9.,) 

+ ~ K', 1] ( s s) [ K\ 1} (_ s s) - (~)<'I - K';i) ~ ( q)] j d g I ) 

g-zcg) 3c9,1[~c.g,)+<a<-4)+~(9.-q, J 

+ [2 K';21')(SS)- l<'?~cq) -~, <a'2.cg_)) 

LJ2-(9.) 

+ 



+ 

Q ", 'Y} cs s) l 2 K',-K'l-) 1 r ci 9., [ 2 ~ c 9.) + ~ c q,) J 
[ s + 8 ( g )] [ s -8 ( q) J ~ ( ~l) L J (i ( q) + ~ ( g I/ 4- 2 ( g - g 1)] 

- J q g 1 [ 2 <a ( 9.)-\- <al q 1)] \ 

[ S+ ~(9.-CL) -t ~ (9.,) j 
d9., 

[ $ ~ 8 ( 9_ I) -\- <a ( q-g 1) j '8 ( 9 I) 1 
+ QK1 'Y)CSS) ) ~~I [ Q.K','Y)(SS)-(~K\-K'2)~(<1)] 

[ 5 + 8 C:!,) + 3 c g-g ,) ) 2c g.) [s+ CJU1)J 2 <gC~l.) 

where 8 (9.) is given by (D. 2) 

It is clear from the above that in the complex 
rv 
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(D.3) 

5 plane T, (~ ,S) has a pole and a double pole at '5= -1a(4 ) 

The pole at S = <JC<:l) which arises from the third term 

in (D.3) is spurious, for its residue is zero. The last 

three terms in (D.3) also give rise to cuts. All of these 

three terms contain an integral of the form 

I - J d91 fcg,) 

rs+ g c9.-s,)-+ ca cg,) 
Doing the angular integrals I becomes 

~ 
I-= Jn 19,ldl9,I LY\ [ s+211css)+1)19d 2 -t'D(l<3.\..\-\9i\) 1 

D 1<:l\ S +2'Y)CSS) +Dl'3i\2 t'1)(1'::l\-19,1) 2 j 

which gives rise to the cuts at S= - ('D19.l2 +~'Y)(Ss)) 

and S :: - ( 'D ~ q 12 + ~ Y) Cs s ) ) 

Having thus determined the analytic structure of 

(D.4) 

(D.5) 

T, (9.,'l~S) in the complex Splane, we may write a dispersion 
tv I 

relation for T 1 (~.g,s)as in (9.52). The residues Q(9.), b(g) 

and the discontinuities across the cuts C C'l.,S1) and ~ cg_ ,s') in 

(9.52) may be calculated from (D.2) if desired. 
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APPENDIX E: Derivation of the results used in Chapter 10 

E.l The solution of the linear stochastic differential 

eauation (10.18) is 
t ,v I 

N J - A (t-t) ..., 
'YI, c ~.t) =-

0 
e B 1 (S.t') dt' (E.l) 

(E.2) 
0 

and hence t ~ N\ I - \ e- At' n2 e- p.. t cit' 
cic~.t) J l.,J 

C, (E.3) 

In the steady state, taking the limit t➔oO in (E.3) we get 
DO - At' -ATt• 

z;_c~)-= j 0 dt'e 16-ie (E.4) 

It follows from (E.4) that 
00 ~ I ~Tt1 

A G + ~ ;;: T = - S 1 t. [ e At B2 e A 1 de = B 7-

('.I 

(E.5) 

Now since every matrix obeys its characteristic equation 

which in the two dimensional case is 

A -i - l Tr A) A + 'De. t A = o 
~ 

(E.6) 

-A- t "" 
it follows that e is a polynomial in A of degree 1. 

~ ~ Thus taking into account the symmetry of ~ , G- must have 

the following form 

i :; ex e? + ~ ( 7ri B 2 + e? AT) -+ Y A B2 A T (E.7) 

Substituting (E.7) in (E.5) and using (E.6) we find that 

(E.5) is satisfied provided that 
, ~ 

o{ + (Tr A) f3 - l net A) Y -= o 

2 coet A)~+ 1 = 0 (E.8) 

l3+ (.T1A) 1 = 0 
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Solving (E.8) for o(, ~• i and substituting in (E.7) we 

get 

('DetA) e,1 + (~-lT-rA)I) ei'2(A-trrli>1.)T 

2 tTr A) ( 'Det A) 

(E .. 9) 

E.2 From the definition of the eqn. (10.51) fluctuation 

spectrum it follows that 

oo . t o - ievt 
F C g,GJ):: l.. C e-1.,Cv T(9,t) dt-+ .!. j e T(~,t) dt (E.10) 

~TTJ - - QTT_oo 
0 

Changing t-➔ -t in the second term on the RHS of (E .10) and 

using the following property of the steady state two time 

correlation function 

T( ~ ,-t) (E.11) 

we get 

(E.12) 

Substituting for "Tl.9,t) from (10.50) we get 
1 -1 

F ( c@,C.0)-= ~TI (liwI+ A f S (~)-+ s(~) (_-1-C~T-t P?) J (E.13) 

which gives 

( i WI+ A) F (1,W) (-lWT + ir) -= (E.14) 

Using the relation 
rv rv 

~-=. M+G (E.15) 

and (E.5) we get 
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