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A detailed classification is made of all orthogonal coordinate systems for which the Klein—-Gordon
equation in space-time, Y, —Az;p = Ay, admits a separation of variables. We show that the
Klein-Gordon equation is separable in 261 orthogonal coordinate systems. In each case the coordinate
systems presented are characterized in terms of three symmetric second order commuting operators in the
enveloping algebra of the Poincaré group. This paper also consitutes an important step in the study of
separation of variables for the wave equation in space-time {, —Anp =0, and its relation to the

underlying conformal symmetry group O(4,2) of this equation.

INTRODUCTION

In this paper we continue!=? an investigation of the
connection between separation of variables for the wave
equation in space—time

d)tt -439=0,

and the O(4, 2) symmetry group of this equation. Here
we study all the orthogonal coordinate systems for
which the Klein—Gordon equation

O =ty - A=y, 1#0

admits a separation of variables. [By simply setting

A =0 in our results we will obtain orthogonal separable
systems for (0. 1). ] The method used to compute all
such coordinate systems is an adaptation of that used
by Eisenhart! in the case of the Helmholtz equation in
three-dimensional Euclidean space. The work of
Eisenhart enables us to classify all distinet ortho-
gonal differential forms

0. 1)

(0.2)

4

ds* = Zf Hidx, (0.3)
i=

and hence coordinate systems for which (0. 2) admits

a separation of variables. In (0.3) the H? are real func-

tions of the new variables x; such that sign H? = + for

i=1,2,3, and sign H}=-. The coordinates x; are

related to the standard space—time coordinates x, y, z, ¢

by the real functions G;(xy, x3, %3, x;), where f=G;,

x =Gy, y=0G3, and 2 =G, In terms of the standard co-

ordinates, the differential form (0. 3) becomes

ds® =dx? +dy? + dz* ~ i, (0. 4)

With each such differential form we give the asso-
ciated space~time coordinate functions G; and the
expression for the Klein—Gordon equation in these
coordinates. We also write out the separation equa-
tions, identifying their solutions as much as possible,
and we compute the three commuting operators L;
(i=1,2, 3) whose eigenvalues are the separation con-
stants. Each of these three operators is written as a
symmetric second order operator in the enveloping
algebra of the Poincaré symmetry group E(3, 1) of the
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Klein—Gordon equation (0. 2).
When A =-m?, m>0, Eq. (0.2) becomes
(D + mZ) ZP(X)=0, X= (t,x,y,z);

the relativistic equation describing a free neutral

scalar particle with mass m. In the standard field-
theoretic treatments of (0.5),% one expresses a positive-
energy solution ¥ in terms of its Fourier transform

(0.5)

1
V= Gy

Xf[[exp[— i(tko—af/lle-ykz—zk3)]f(k)dm(k)’

(0.6)

where the integration surface is the hyperboloid
- k% -B- k§ =m?, ky> 0. The Lebesgue measurable
functions f(k), such that

S S22 dme) < =,

dm(K) = dky dky dks/ Ry, (0.7)
form a Hilbert space H,, with inner product
iofd=J[] HERE AN, fi.fr€ Hpe (0. 8)

The mapping (0. 6) then induces a Hilbert space struc-
ture on the solution space of (0.5) given by

(4’1: sz)zf_: L: f_: [\Iﬁ(x)a,%(x)

- (3,9, () %, (x)] dx dy dz (0.9)

(independent of ), where ¢, is related to f, € H,, by
(0.6). The natural action of the connected Poincaré
group E(3, 1) on the functions ¢ induces an action on
the transform space H,, which is well known to be uni-
tary and irreducible,’

In studies of this physical system it is obviously of
interest to construct various orthonormal bases for
H,, particularly bases which correspond to separable
solutions of (0.5). However, with few exceptions, only
the plane wave basis (corresponding to separation in
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Cartesian coordinates) is employed in the published
literature, Here we show explicitly that every ortho-
gonal separable coordinate system for (0, 5) has the
property that the associated separated solutions are
characterized as simultaneous eigenfunctions of a com-
muting triplet of second-order symmetry operators
from the enveloping algebra of E(3,1). The correspond-
ing operators acting on the domain of C* functions with
compact support in H,, are obviously symmetric. These
operators can then be extended to a commuting triplet
of self-adjoint operators on H,. (However, in some
cases the deficiency indices are equal but nonzero, so
that the extension is not unique. Furthermore, in a few
cases the deficiency indices of some operators are
unequal, This difficulty can be removed by extending
the Hilbert space to include the negative energy solu-
tions.) The spectral theorem for commuting sets of
self-adjoint operators thus implies the existence of a
basis for H, which is a (generalized) eigenbasis of the
commuting operators. Mapping the eigenbasis to the
solution space of (0.5) via (0.6), we see that the basis
eigenfunctions are separable solutions of (0.5). The
spectral resolutions of the defining self-adjoint opera-
tors as computed in H,, can then be used to derive ex-
pansion theorems and special function identities for
solutions of (0.5). Our characterization of orthogonal
separable systems in terms of commuting second-order
operators in the enveloping algebra which act within

a unitary irreducible representation of E(3,1) is an
essential part of this program.

The paper is arranged as follows. In Sec. 1 we
present the necessary details concerning the generators
of the Poincaré group. In addition we give a preliminary
discussion concerning the arrangement and computation

of the coordinate systems, In Sec. 2 we extend the
work of Eisenhart to consider orthogonal differential

forms in four variables and then compute all the in-
equivalent classes of differential forms. In Sec. 3 we
give the coordinate systems, separation equations,
and operators defining the separation constants.

I. SOME PROPERTIES OF THE POINCARE GROUP
E(3,1)

Here we briefly present those properties of the
Poincaré group E(3, 1) that are relevant to this article.
For more details concerning this group the reader is
referred to paper 3 of this series and Refs. 6, 7, and
8. The Poincaré group consists of all proper real lin-
ear transformations which preserve the differential
form (0.4). The group is the semidirect product of
the group of translations 7, in the space and time co-
ordinate and the group of proper real Lorentz trans-
formations SO(3, 1), i.e.

E(3,1) =T, xS0(3,1).

The Lie algebra is ten-dimensional with basis
elements:

1. Translations
Py=23,; Py=9,, Py=30,, P3=0,;
2. Pure Lorentz transformations

Ny=to, +xd,, Ny=ta,+yd,, Ny=t2,+23,;
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3. Rotations
My=yd,—208,, My=x0,—20,, M3=x8,-y3,.
These generators satisfy the commutation relations
(M, M) =¢€;;, My, [MN;]=€;;, Ny,
[Py, N;1=08;; Py, |P;, M;]=¢;;Ps,

[Ny, Ny == €5, My,

where i,j,k=1,2,3;

[Py, N;]=P;, [Py, M;]=0,

for j=1,2,3, and
[Pi:Pj]:07

for all 4,j.

On the Hilbert space H,, [Egs. (0.7) and (0. 8)] the Lie
algebra generators are
Py=—iky, P;=ik;, N; =lo?y i=1,2,3,
7
A\'[j_:kzakS—/J:gakZ, 11'1231313123—}838}{,1,

Mg = kﬁkz - /:2?3,?1 .

In addition to the real Poincaré group E(3,1) we will
also consider its complexification E(4,€). This is the
group of proper complex transformations which pre-
serve the differential form

ds® =dz} +dzi + dzd +dzd,

where z,= €, i=1,2,3,4. The group E(4,C) is the
semidirect product of the translation group 7y and
S04, ), i.e.,

E(4, ) =T, xSO(4, C).

The Lie algebra is ten-dimensional with basis
elements:

1. Translations P;=29,, i=1,2,3,4,

2. Rotations Iij:ziazj-zjaz,

l’

with i,7=1,2,3,4 and i # .
These basis elements satisfy
[Ikl’lst]: Oy los = OpsTye = Opeles OpeL1ss
[Pi,Pj]ZO,
[Piifkllzﬁik‘pl_‘ ;1 Py

12

1. ORTHOGONAL SEPARABLE DIFFERENTIAL
FORMS FOR THE KLEIN-GORDON EQUATION
AND ITS COMPLEXIFICATION

In this section we classify the possible orthogonal
differential forms which enable (0.2) or its
complexification

4

o
i=1

zizid'\:’\z,b (2' 1)
to be solved by separation of variables. By this we
mean a classification of all choices of new variables
Xy, X2, X3, X1, such that =G, x=G,, y=G;, and
2z =Gy,

In the case of the Klein—Gordon equation, the real
functions G; (i=1,2,3,4) are real differentiable func-
tions of the real variables x; (i=1,2,3,4). In order
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that the new coordinates x; be orthogonal we have the
additional requirement that

4

2 Hidd, (2.2)
i=1

dst =dx* +dy* + dz* - df* =

where sign Hi =+ for i=1,2,3 and sign Hi=-.

In the case of the complexified Klein—Gordon equa-
tion, the functions G; (i=1,2, 3,4) are analytic func-
tions of the complex variables x;. The requirement of
orthogonality is the same as in the real case but with
no restrictions on the signs of the metric coefficients.
The coordinate systems fall into five broad classes,
whose general features we now summarize. Details
of the derivations are given in Ref. 9.

A. Coordinate systems of class |

These correspond to coordinate systems giving the
differential form

dst= ey = 7) [igé -

13;_%_ +exyxy (dn® +dy?), e=z+
4 X1 X9 ’ ’

(2.3)

where x,y can be replaced by one of the four possible
coordinate systems in the Euclidean plane (in the case
of the real Klein—Gordon equation). In the case of the
complexified equation, x and y can be replaced by one
of the various possible coordinate systems for all the
complex Fuclidean plane. 19 The separable solutions

of (0.2) for coordinate systems of this type assume the
typical form

T =e**® De (a+ tx, V<= A;)
><De,,(b+%x, v—hli)E3(x3)E4(x4), (2.4)

where e* =Vx,, e®=Vx,, tanhx =\ +1;)/(x = 1;). Here

x3 and x, correspond to the appropriate choice of co-
ordinates in the Euclidean plane and ¢ (x, y) = E;(x3) E4(xy)
is a solution of

2 732 ' | 3%
[(N, + M3)2 + (N — My) ]ql)(x,y):—a? + % =l
(2.5)
and x =x(x3, x4), y=v(x3,x,). Furthermore, D=5,C
and Se,, Ce, are Mathieu functions. '!

B. Coordinate systems of class 11

These correspond to systems giving the differential
form

ds*= (x14x2) [d_xi

(2.6)
X1

2
- %] + x4 dw?,
X2
where dw? is one of the differential forms associated
with the two-dimensional sphere or the two-dimensional

single or double sheeted hyperboloids. The separable
solutions of (0, 2) for systems of this type appear as

¥ = (xixZ)-“4M¢i(kl3)“2/2y1/2(j+1/2) (ixy/2VX)
x M*i()«13)1/2/2,1/2(j*1/2)(i i%2/2VX) E3(x3) Eylxy),
2.7)
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where Ej3(xs) E4(x;) = ¢ is a solution of
(NE+N; - M) ¢ =j(j+1) ¢ (2.8)

and the coordinates x3, x, are one of the nine possible
types for which this equation admits a separation of
variables. Here M, , is a Whittaker function. 12
C. Coordinate systems of class I}l

These correspond to systems giving the differential
form

ds? =

(X1 - XZ) dxi dx% 9
4 [x1(x1 -1) 7 xley— 1)] Frpr do’,
(2.9)

with dw? as in Class II. The separable solutions of
(0. 2) for systems of this type assume the typical form

W= (rgae)/ APsI 2 (VT Zxq, V) Psit 2(VT = x5, 1)
X Eglx3) Eq(xy),

where E;(x;) E,{x,) is as in Class II and Ps} is a
spheroidal function. !!

(2.10)

D. Coordinate systems of class IV

These correspond to systems giving a differential
form

gobo Gamx) [_def _ did
4 Xi(Xi—l) X2(X2—1)

+xyxy dxd + (o = 1) (p = 1) da? . 2.11)
The separation equations are
d dE;
4 <x,-(xi— 1) dx,-)
N Iy .
s + — P o1 ++1) E;=0 (=1,2) (2.12)
d'E, d'E

& =UFs gzt =hEs

E. Coordinate systems of class V
These correspond to systems with a differential form

ds? = (x; - )(X3 - 1)y = 1) dic

2,0 = x;)
* 21 4f(x ) aat,

where i,j, k=2, 3,4 are distinct, f(x) is a polynomial
such that 1 <degf(x) <3, and x =g is a root of f(x), The
separation equations are

4(65%)1/2

+l (X —U-) +12(xt—ﬂ)+l3] 0

(2.13)

d
<‘/(x, )f(x)df) + =l = p)?

(2.14)

where {=2,3,4 and

’ ” dzE
(Li—u)(ll—ll);l—z1 L3Eq,
X1
where ¢1* and p” are the other roots of f(x) with multi-
plicity included and degf(x) =3. Similar separation
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equations exist in the variable x; when degf(x) =2
ang 1.

F. Coordinate systems of class Vi
These correspond to systems giving differential
forms

4 ’
dSz:g (= ) = ) (e = %) 7773 (2.15)

dx;
4f(xi) ’
where 7,4, k,1=1,2,3, 4 are distinct and f(x) is a poly-
nomial of degree less than or equal to 4. The separa-
tion equations are

d dE;
4 szxi’ a (szx,-} W)‘i‘ [— )\x? +llx§ +19x; +l3]E1 =0,

i=1,2,3,4.

The remaining coordinate systems correspond to
group reductions of the type E(3,1) 2 7,® E(2,1)
S Ty®0(2,1), E(3,1)2>T,® E(3)> T;® 0@B), and
E(3,1) > O(3,1) in the case of the Klein—Gordon equa-
tion and E(, T) > Tye E@,T) 2 Ty 0B,a), E4,T)
504, @) in the case of its complexification, These
systems have been derived elsewhere'’ and we make no
further evaluation of them.

111. ORTHOGONAL SEPARABLE COORDINATE
SYSTEMS FOR THE KLEIN-GORDON EQUATION
AND I1TS COMPLEXIFICATION

In this section we supplement Sec. 2 by giving the
coordinates in space—time corresponding to the differ-
ential forms presented there, In addition we give the
three operators, Lq, L,, and L; whose eigenvalues are
the three separation constants I, I, and I3. These
operators are expressed as symmetric second order
operators in the enveloping algebra of the Poincaré
group or its complexification. Due to the large number
of possible systems we group the coordinate systems
corresponding to the differential forms of Sec. 2 into
classes of systems with similar properties and make
an explicit count of the number of distinct coordinate
systems inequivalent under the Poincaré group. We
also list the systems which separate for the complexi-
fied equation only {denoted by the symbol C), bearing
in mind that distinct real systems may be equivalent
in the complex case.

A. Coordinate systems of class |

A suitable choice of coordinates {2.3) with e=- and
sign (xyx;) =+ is

(1) (-2 =4y,
(t2 —xz):x1 +XQ +X1X2(X% +xﬁ),
Yy =VX(X3X3, &=V X1XpXy.

In terms of these coordinates the Klein—Gordon equa-
tion assumes the form

e ) 2 (4 22)]
(xi—xz) axq ! 0x4 dx3 : 0% ’

1 (% azqf)
- + =20,
XX (aar :'5—9;4{

8.1

Ov=
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(3.2)

The separation equations for the solution ¥
= E{{x1) Ey{xg) Elx3) E4{x,) are

d*‘E d*E

E;gg = (l1 - l2)E3, E}?{é =lgE4,

d { ,dE; I, )
—_ “ ~L _Ax, , =
4o (x, ——idxi) +(x,- x; +13) E; =0,

3.3)

where i =1,2. The three operators whose eigenvalues
are the separation constants are

L1 = (Nz +M3)z + (N3 - 1‘/12)2, L2 = (Ns - ‘MZ)27

Ly=(Py+P )+ M} + M3 + M}~ N{ — N - N, @.4)

A typical solution for the Klein—Gordon equation (0.2)
is

F=e" De (a+sx, V=) De,(b+5x1V=2y)

x expl(ly ~ 1) x5 + (@)Y * x4, (3.5)

where D=C, S and the variables are defined as in
(2.4).

If e=+, then the corresponding coordinates are ob-
tained from (3.1) via the transformations S:
(t,x, yz) = (x, t,iy,iz) and x3 = ixg, Xy == ixy.

(2) If sign (xyxy) =~ and e=+, the appropriate choice
of space—time coordinates is obtained from {3.1) via
the transformation T:(t,x,y,2) = (it, ix, iy, iz). This
transformation algo gives the operators describing this
second type of system when applied to formulas (3. 4).
If e=—, then the corresponding coordinates can be ob-
tained from those for which €=+ by the transforma-
tions S and x3 ~~ix3, x4 ~iX4.

The remaining coordinate systems in this class are
obtained by regarding x3, %4 (as given in (3.1) for co-
ordinate systems (1)—(2)] as Cartesian coordinates in
a Euclidean plane. This is the plane whose correspond-
ing E(2) Lie algebra has generators Py =N, + Mj,

P, =N, + M,, and M =M, with commutation relations

[pi,]vl]:pz, [p2,AW]:p1, [Pi,l—)z]:o. (306)

The new coordinates are then obtained by choosing
polar, parabolic, and elliptic coordinates in the x3, x4
plane. The three possible types of coordinates result-
ing from each of these three choices are obtained by
the same substitutions as used to find all the systems
(1)—(2), i.e., we have two inequivalent pairs of co-
ordinate systems in each case, In all cases the opera-~
tor L, is given by its counterpart in systems (1)—(2),
and the separation equations in the variables xy,x; are
as in (3.3). For each case we need only give the trans-
formation x3 — f(xs, 1), x4 —g&{x3, %) specifying the
change in coordinates together with the operators Ly, Ly.

The transformation to plane polar coordinates is
given by the following.

(3)—(4) x5~V cosxy, x4 — Vg siny (3.7

The x3, x4 dependent part of the separable solution is
typically

Eq{x3) E4(xy) :C(_,a)t/z(\/— 71x3) explz (L2,
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where C,(z) is a solution of Bessel’s equation. The
basis defining operators are

(3.8)

(5)—(6) The transformation to parabolic coordinates
in the plane is given by

Ly= Ny + M)+ (Ny = My)?, Ly=M;.

x3 = slag+xy), xp—~V-x3xg, x<0<x;. (3.9)
The x4, x4 part of the separable solution is typically

Es(xg) Eg(xg) = Dryyopt/ 2/ apt/? [V Tix4(1 + 7))

XD[‘I2'(11)1/2]/(’1)1/2[1 VZ4X4(1 +i)]’ (3. 10)

where D, (z) is a parabolic cylinder function. '* The
basis defining operators are

L= (Ny + M) + (N3 = M),
(3.11)
Ly = (Ny = My) My + My(Ny = M),
(7)—(8) The transformation to elliptic coordinates in
the plane is given by

Xg TmCVX3Xy, X4 *Cﬂx?ﬁjcg)

with 0< x5 <1< x4

(3.12)

The x3, x; part of the separable solution is typically
Ce,l, ") ce,(n, hz),
Se,(t, h*) se,m, h?),

where x; = cosh?t, x3=cos®n, h*=-1;c*/4, and [,
=-x,(%), v=0,1,2,*°+. The functions ce,(z, k%),
se,(z,h?) are periodic Mathieu functions. !! The basis
defining operators are

Ly=(Ny + M)t + (Ng = My)?,

Ly=M; + 3c*[(Ny + M3 — (N3 - Mp)?).

E3(x3) Eylxg) = { (3.13)

(3.14)
For the remaining systems of Class I we have to

consider the complexified Klein—~Gordon equation.
(8) [@] A suitable choice of coordinates is

(21 — iz,)* = xy19,

(e} + 23) =23 + 2y + 20y (g + 20 3 = x0)?,

25 +izy =20 Vxyxa(x3 + x4), (3.15)
23 = izg =iVagay rg — xg) .

The complexified Klein—Gordon equation has the same
form as (3.2) with Ay = (335 +344) ¥ replaced by

[1/4(x5 = x0)](333 - 344) ¥. The separation equations in
the variables x3, x4 are

d'E,;

71;;{- + (— 4!1)({ +ZZ) Ei =0, (3, 16)

where i =3,4. A typical solution of this equation is

- _h 4v-4 L \**
Ei—— (.X,- + D) ;———-_l1> 01/3 [ 3 (x,— + D) ,ﬂ__lt> )

(3.17)

where C,(z) is a solution of Bessel’s equation. The
separation equations in the variables xy, x, are as in
{3.3) with I; +1, replaced by /,. The basis defining

1237 J. Math Phys., Vol. 19, No. 6, June 1978

operators are
Ly =5 +ilyy)* + (g +i1y4)°,

Ly ={lyg, Iy + Iy +i(lyy + 1))}

+ (I = L + il - L) P, G.18)
Ly=(Py = iPy + By + By + By + B+ By + By,
(10) [@) A suitable choice of coordinates is
(2y — iz9)t = x40y,
(2% + &) = + 5y + 220025 {5 + %),
(3.19)

172 . 1/2
. . X3 X4
ZaF+izg) =iVasx — + ==
(7o iz v [<x4> <X3> ] ’

(23— Z'Zd):— i VX1Xq X3Xy o

The complexified Klein~Gordon equation has the same
form as (3.2) with Ay = (253 + 244) ¥ replaced by

4 [ 2 oy _ @ f 3
(X3—X4) aE 8X3 3 a.’)b'g x4 8X4 4 BX4 ’
The separation equations in the variables x3, x4 are

d (xi ‘LE—") + O =4l +1,) E; =0, (3. 20)

i Ex_, dx;
where {=3,4, A typical solution of this equation is
E;=C,2Vi1x3) C,(2V=-1x)). (3.21)

The separation equations in the variables x4, x, are as
in coordinate system (9). The operators L, and L; also
are the same as in system (9). The remaining operator
is

Ly=—By+ Iy + Iy +illy + 1) P (3.22)

B. Coordinate systems of class 11

(11)—(13) In analogy to our treatment of Class I we
treat one of the coordinate systems in detail and give
the transformations from which the remaining coordi-
nate systems can be obtained. A suitable choice of
coordinates of type (2, 6) with sign (xyx,} =+ and x5 0
is

11
F=Vxixy (1 - Xg), X =V=X{X9X3 COSXy,

y =Vm xyagxg sinyy, 2z = 5(x; +x). 3.23)

The Klein—Gordon equation assumes the form

4 2 oY — oY
b= e W, =% [V, 22} vy, 2 —
o (g - x) [xz 3y (xz M’z) T A (\/Z 8x1)]

A G (Rt B %}4@)
=\, (3. 24)
The separation equations are
4Vitw Edg (\»3 i< g—%) - j—z Ey=1,Es,
%Z;CEEA =0LE,,
E.G. Kalnins and W, Miiler, Jr. 1237
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aVx; &% (JZ Z—f-ii> + —<—lf +)\x,--—l3> E; =0,
(3.25)
where i =1,2. The three defining operators are
Ly=N{+Ns- 03, Ly=a},
(3.26)

L3:P0N3 +N3P0- 2M2P2 +2M1P1.
A typical solution of the Klein—Gordon equation is

/4y, .
W = () A’w*i(113)1/2/2,1/2(,'4/2)(55”‘1/2‘/’)_\_)
XM iupt 22,1720/ & i%2/2VX)

ij.,’_z (V 1—x3) exp[i(lg)1’2x4], (3.27)

where P%(z) is a Legendre function. There is a further
coordinate system of type (11) obtained by allowing the
parameters x; to vary in the ranges sign(xix;) =~ ,
X3> 1.

(12) Coordinate systems of this type correspond to

the ranges, sign (xxs)=+, 0<x3<1, and can be ob-
tained from systems of type (11) via the transformation
(t,x,v,2) ~(z,ix, iy, t).

(13) If sign (xyxg) =+, x3>1 or sign (xyxy)=~—, x3<0,
and if we make the two transformations x, —ix; and
{t,x, v, 2) ~ (iy,it, ix, z) in (3.19) and (3. 22) we get the
appropriate coordinates and basis operators. If sign
(xi1x;) =— and 0< x3< 1, then making the substitutions
x, —ix, and (¢, x,y,2) —~ (iy,ix, {, z) we get another set
of coordinates.

We can extract the essential features of the remain-
ing distinct coordinates of Class II from the three
systems already described. There are two kinds of
coordinates:

[i] t=VxpaT, x=VxxT,,

3.28
y=vVaxy Ty, 2=3(x +x9). ( )

If sign (xyx;) =+, then the vector T={(7(, Ty, 73) is
parametrized by one of the nine orthogonal separable
coordinate systems on the double sheeted hyperboloid
[7,7]=1} = 73 - 3 =1. If sign (x4xy) =~, then the vector
(14, Ty, T3) is parametrized by one of the nine classes

of orthogonal separable coordinate systems on the single
sheeted hyperboloid [T, T]=- 1,

[11] t:%(xx +x2)’ X =Vx1XyTq,

—— — 3.29
y="Vx1xaTy, 2=VxyxpT3 ¢ )

parametrized by one of the two orthogonal separable
coordinate systems on the sphere 73+ 73+ 715 =1,

For the remaining coordinate systems of Class Il we
need only give the 3-vector (7}, 7, T3) in terms of the
coordinates x3, x4, appearing in the corresponding dif-
ferential form of Sec. 2. In addition we give the
operator L, specifying each of the separable bases
together with a typical solution for Ez{x;3) Ey{xs). We
note here that coordinate systems already given corre-
spond to the following T vectors.

(11) T=(cosha, sinha cos®, sinha sing), [T, 7]=1,

~o<g<o, 0<dp<2m (x3=- sinh’a),
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T = (sinha, cosha cos®, cosha sing), [7,7]=-1,
~<g<w, 0<¢$p<2m (xy=coshia).
(3.30)
(12) T=(cosb, sinf coso, sinf sing), T+ 75+ 7i=1,
0<f<m, 0<¢p<2m (v;=sin'd),

(3.31)
(13) 7= (cosha coshbd, cosha sinhb, sinha), [7,7]=1,
—w<q,b< o (x =cosh2a),
7= (sinha coshb, sinha sinhd, cosha), [7,7]=-1,
(xy =~ sinb’a),
7= (sinf sinhd, sind coshh, cosd), [7,T]=-1,
(x5 = sin®0).
{3.32)

We now proceed to the remaining coordinate systems
of Class II.

(14) The corresponding choices of the vector T are

(@) 1+ Ty=Vay, Ti-Ty=(1/Vagu,

3.33
Ta=xVx3, [T,7]=1, x4,x3> 0. ( )

(b) The coordinates corresponding to the single sheeted
hyperboloid [T, T}=~ 1 are obtained from (3. 29) via the
substitution 7— {7 with x3 < 0. The operator L, for this
coordinate system is

Ly = (N, + M),

and a typical solution for the x3, x; dependent part of
the solution of (0.2) is

Eyg) Ey(xg) =51 4 K0y 0= 1/ 73) expl (1) ¥y ),
(3.35)

(3.34)

where K, (z) is a Macdonald function.
(15)~(17) The corresponding choice of the vector 7 is
(152) Ti=xgx/a, T =3~ ;- 1)/{a-1),

= (x3 - a)la-x,)/ala-1), [7,7]=1,

1<x3<a<x.

(3. 36)

(15b) The coordinates on the single sheeted hyper-
boloid [7, T]= -1 are obtained from (3. 32), via the
substitution T 47 with x3< 0< 1< x; <a. The operator

L, for this coordinate system is
L, =N} +aN} (3.37)

and a typical solution for the x3,x4 dependent part of
the solution of (0.2) is

Ly, () Ly, (), (3. 38)
where Lj,(z) is a solution of Lamé’s equation
d*L 1/ 1 1 1\ dL;
= — 4+ ~) ZZa
~d—zzu+Z(z—a z-—1+z> dz
+(lz—j(j+1)z)L. o, (3. 39)

4(z-a)z-1)z

(16a) This coordinate system is obtained from (15a)
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via the transformation (7, 7y, 73) — (i 7y, 7y, T3) and
13 <0< 1< a<xy.

(16b) This coordinate system is related to (15b) in the
same way as (16a) and 1 < x3x4 < @, OT x3%4 > do

(17) Finally, the one system on the sphere is obtained
from (15a) via the substitution (7,7;75) =~ (7, 17y, iT3)
and 0<x;<l<xy<a.

(18) A suitable choice of coordinates on the double
sheeted hyperboloid is:

(18a) (74 +i7m)* =2(x3 - a)(x; — a)/ala~b),

T =xyx,/ab, |7,7]=1, (3.40)

and XNz 0< X4
(18b) The coordinates on the single sheeted hyper-
boloid are obtained from those of (3. 36) by the substi-

tution T —i{7. The operator L, is
Ly =a(M: = N3) + B(M,N, + Ny M) (3.41)

and a typical solution for the x3, x4 dependent part of
the solution of (0. 2) is

-ZHZ(XB) Ijj,z(m), (3.42)
where L, 1 (2) is a solution of
dLp, 1/ 1 1 1\ dijy,
—_— + —
dz +2<z—a+z—b z) dz
plaz il zllig g, (3.43)

4(z—a)z-b)z

(19)—(20) A suitable choice of coordinates on the double
sheeted hyperboloid is:

(192) 7+ 7y == 131y,
Ty = Ty == x3/xy +V= x4/ x5 = V= x5,
T=V{1-x)l - 1), [7,7]=1

and x3 < 0< 1<y,

(3.44)

(19b) The corresponding coordinates on the single
sheeted hyperboloid are obtained via the substitution
T—iT with xg,x, <0, 0<x3,x,<1, x3,%4>1, The opera~
tor for this system is

Ly =N} — (N, + M) (3.45)
and a typical solution for the x3,x, dependent part is
1/2
E3(x3) Ey(xg) = P{2 "1z xg)Pﬁ.’Z’i/z(vl —x5), (3.46)

where P/(z) is a Legendre function.

(20a) This system is obtained from (19a) via the trans-
formation (7y7,73) ~ (i7y, i7(, T3) and x3< 0< 1 < x,,

{20b) The coordinates on the single sheeted hyperboloid
are obtained from (20a) via the substitution 7— ;7 with
x3<0<ag<1,

(21) A suitable choice of coordinates on the double
sheeted hyperboloid is:

@la) 7+ Ty =Vagry, Ty~ Ty =0 - 22 4= x5x)Y Y,

L[\ M e 12
73_2[<x4> B (x3> ]’ 7, 71=1,

(3.47)
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and x4 < 0<x3.

(21b) The coordinates on the single sheeted hyperboloid
are obtained via the substitution 777 with x5, %, <0

or x3,x, > 0. The operator for this system is
LzzNi(Nz—M3)+(N2—AM3)N1 (3.48)

and a typical x;, x( dependent part of the solution is
E3(x3) E4 (x4) = (— x3x4)-1/4cj+1/ 2(@775_3) Cj*1/2( - lz x4).

C. Coordinate systems of class 111

These systems are similar to systems of Class II
in that the various different types are specified by the
various choices of separable coordinate systems on the
manifolds [T, 7]=+1and #+ 7 + =1, where 7
=(1y, T;, T3). We examine in detail one system, then
discuss the general form of the coordinates in this
class.

(22)—(25)

(22a) A suitable choice of coordinates with x; <0,
Xy,%9>1; 0<xq,x9< 1; Or x4, 2, <01is

t=Vayx, (1= x3), x=V= xx9%3 COSXy,
y=V— xixx3 singy, x=V(l - x){1 - x).

The Klein—Gordon equation becomes

oot 5" o 2)

Xy afﬁ
(X'Z'- 1 1/2 __a—
X9 0%

——:’l— [4V1—x3‘a"z- (Xng—X3ﬂ> -
3

X1X9 0x3

(3.49)

(x2 Vx2(x2 -1 %)]

1
X3 %

=\, (3.50)

The separation equations in the variables x3, x; are as
in (3.25). The corresponding equations for the variables
Xy, Xy ATE

.- 1/2 .
4(§t—_1> "'d— (xi V}ﬁ(x,-—l)g%)

X dx; i

+ (%—)\xi+l3) E; =0, (3.51)
where i=1,2. The three defining operators are
Li=N+N-M, L,=»M3,
(3.52)

Ly=P%— P} - Py + Mi+M: - NS,
A typical solution of the Klein—Gordon equation is
= (9619’52)“4 Psﬁd/z(ﬁ—-'?u =) Psz“”(m -2
x P T T3 exple (i) 2x, ]
(3.53)

There is a further system obtainced by allowing the x;
to vary in the ranges x{ <0< 1< x,, 1>x3>0,

(22b) Systems of this type correspond to the ranges
21 <0< 1<%y, x3<0; and 0<xy<1<xy, x3>1, These
systems are related to (22a) via the transformation
T: (4, x,y, 2) = (it, ix, iy, i2).

(23a) Systems of this type correspond to the ranges
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X1, a2 0; 0<xq,209 <1; x,53>1; 0<<x3< 1. These sys-
tems are related to (22a) via the transformation
(4, x, v, 2) = (z,dx, iy, 1),

{23b) 1n this case we have the ranges x; <0< 1< x, and
0< x5< 1. This is related to (23a) via 7,

As for Class II, systems of Class III are of six dif-
ferent kinds:

1] t=VrxgTy, x=Vrxm, y=Vx,Ts,
z=V(1-x)A-xy), [7,7]=1,
and xq, %, <05 0<xg, 25 < 1]; xpxy > L
v=V=xyxgTy,
z=V{l=x) (- 1), [7,7]=1,

and xy <0< 1< xy.

[il] 1=V~ gy, ==y,

[iii] /=VerpoTy, xr=VoxmTy, y=V-xT,
e VA Sx) =y, (7, 7==1,
and xy <0<y < 1.

liv] (=VapTy, x=Yrpn, y=VruT,
2=Vl -2l = 1), [7,71=-1,
and 0<xy <1< xy,

v] t=V{1=x)T=xp), x=Vayx,Ty,
vV, Ty, 2=VxagT, Ti+Ti+TE=1,
and x4 < 0; 0<xp,x9 <15 xq, 29 1.

[vi] £=V(T =)0 - 1), x=V=ixx,7y,
valoxaTy, z=V-xmT, THTRET=],
and x{ <0< 1<xy.

The remaining coordinate systems of Class III can
be obtained from these kinds by replacing T with the
possible separable coordinate systems on the manifolds
[7,7]=+1 and 7% + 7§ + =1, exactly as for Class IL
Systems (26)—(80) are of this type.’

D. Coordinate systems of class 1V
(61) If xy> 1> x>0, x%, 23> 0, a suitable choice of
coordinates is

{ = {xy ——\157(_1‘:;;) sinhx,, x=V(x; - 1)(1 - x,) coshuy,

o T
V=Vx{Xy COSX3, Z :‘/Xil\"z S1nxs.

(3. 54)
The Klein—Gordon equation assumes the form
1 3 2
o e e ey = 1) —
L 4(.%1—2’2) {axi <’(1(Y1 ) Bxi)
3 3y 1 2%
-— 1) = \|+ —=—
9xy <x2(xz 1 axz)] XXy m
2

TR, . (3.55)

DD 3

The separation equations are (2. 12). The three
defining operators are
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Ly=M}, Ly=Nj
Ly=M3+ M: + M3~ N? — N} - N

+3(Pt - Pd - pi- Phl, (3.56)

Coordinates of this type are generalizations of
spheroidal coordinates in three dimensions.

62) {t,x,y,2) ~(iy,z,x,it), x1>1>x>0, x%, 43 < 0.
(63) (f,x,y,z)—'(ix,it,}',z),
X13X2>1’ 1>-x1,x2>0, 0> x4, %, x23ax421>0°

®4) (t,x,v,2) = {x,1,iy,12), x4>1>0>x, xi,xi>0.

E. Coordinate systems of class V

(65)—(73)

(65) This first type corresponds to f(x) =4(x - a)(x - 1)x,
1t =0, and

- (Xz = (I)(x3 - a)(xq -a)

2 2 _ XaX3Xg 2
t all—a) y X =T cos'xy,
3.57
2 _ X9X3Xy . 2 2 _ (x‘z - 1)(963— 1)(9(4 - 1) ( )
= 2 ginfxy, 2= .
a (1-a)

In terms of these coordinates the Klein—Gordon
equation becomes

o 1 2y 1 y
v (X2—X3)(X2—X4)X2 aV% (X3—X2)(X3—X4)X3 allg
1 2%y a_ %
+ + =\
(eq = 29) bry = %3) %4 5—&3 X9X3%4 Wf i
(3.58)
where
2 o VTG oD
aVJ- -—2xj (xj—-a)(xj 1) Bx]- o
The three defining operators are
Ly== P+ (a+1)(Pt+ Py +aP}+ My + My + 013
- N% - N% - Ng;
Ly =a(P} + P} + M} + M3) - N} — N + (a + 1) M3,
Ly=- al3. {3.59)

The coordinates x;, x3, and x4 can vary in the ranges
X, x3> a> 1> x> 0; a>x9,x3> 1> 54> 05 1> x93 0> 23,443
and 1> x9,x3, % > 0 with x{> 0 in all cases. For the re-
maining systems we give the appropriate transforma-
tion of the space—time coordinates which relates the
system in question to (65).

(86) (t,x,y,2)—~ Gt,ix,iy,i2)
67) (t,x,v,2) = (z,ix,iy, 1)
(68) (t,x,v,2) = (iz,x,v,il)
69) (,x,y,2)— Gy, x,it, z)
10) (t,x,v,2) (v, it,x, 2)
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(71) (tyx’yyz)—.(y9ix’t’iz)
(72) (t,x,y,2)—~(y,tix,iz)
(713) (t,x,y,2)—= (i, t,ix, iz)
(74)—(81)

(74) This type corresponds to the choice ¢ =1 and
- (xz ~ ll)(xs - G)(x4 - 1)

2
a(l-a) ’
o Jas l)gs_—al))(ﬂ -1 cos?x,, (3.60)

(o= Dy =10y =1) . XoX3X.
g = (13_”) 4 sintx;, 2%= 2(134.

The three operators are

Li=Pi+(a-2)(Pi+P3)+(a-1)F,

+M M+ ML NI - Ni— N},
Ly=(a~-1)(P}+P% - M} - ME) = N} = N2+ (a-2) ME,
Ly=(1-a)M:.
(3.61)

The coordinates can vary in the ranges

Xo,x3> a>xy4>1; xg,x3>a>1> x> 0;

a>xqyx3> 1> 54> 0; 1> 2> 0> x3,x4;

1> %y, x3,x4 > 0 where xf >0 in all cases, The remaining
systems are specified by the transformation of space—
time coordinates which relates them to (74), The
various possibilities are:

(75)
(76)
mn
(78)
(79)
(80)
(81)

(t,%,,2) ~ iz, x, v, it)
(t,x,v,2) = (2,ix,iy, 1)
(t,x,y,2) ~ (it ix, iy, iz)
t,x,v,2) = Gy, x,it, z)
t,x,v,2) =~ (y,ix, t,iz)
(t,x,v,2) = (y,t,ix,iz)
(t, %, v, %)~ (iv, it x, 2)

(82)—(86)

(82) This type corresponds to f(x) = (x — a)(x - b) x,
a=b*=a+iB, a,BcR, u=0:

2{xy —a)(xs — a)lx, — a)

. 2_
(Z+lf) = a(a—b) 1)
XgX3X, XXX (3. 62)
%= ——Lzab 4 coslxy, y'= %‘1 sinxy,
The three basis defining operators are
L =2a(P?+ P}) + a (P} - P}) - 28P,P,
+ M% + ME+ ME - N}~ N} - N3,
Ly=o(Nt + NE— M2 — ME) - (o + B2) (P2 + PB)
+BUNy, My} = Ny, My}), Ly=abdd, (3.63)

where {A, B}=AB + BA.
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The coordinates x, (j=2, 3,4) can vary in the ranges
Koy X3y X4 > 0; xy> 0> X3y X4 with X%> 0.

(83) The systems of this type are obtained from (82)
via the transformation 7. The coordinates vary in the
ranges

xg,%3> 0> x5 0> 1y, 23, 43 With x§> 0,

(84)—(87)
(84) This type corresponds to flx) = (x - 1)x?, 1 =0, and
(t = ) =2xp34,
(£ ~ x2) = = (xyxy + 2433 + 29%3) + x4%9x3(1 + 23,
yE=xpppaany, 28 = (g = Dlxg~ Dixg - 1).

In terms of these coordinates the Klein—Gordon
equation becomes (3.58) with a=1 and 3/3v;
=2x,Vx,(x; - 1)(3/3x,). The three operators are

(3.64)

L =2P,(P,+ P;) + P} + M} + M + ME — N} - N% - Ni,
Ly =(Py+ P)? = N} = 2N% + (N3 + M,)? = NyMjy — M3Ny,
Ly= (N, — M),

(3.65)

The coordinates xy, x3, and x4 can vary in the ranges
X9y X3, %4 > 15 29> 1> x5, x4 > 0; with x} >0,

(85) (t,x,v,z2)—(it,ix,iy,iz)
(86) (t,x,v,2)—~(x,t,iy,iz)
(87 @, x,v,2)—~(ix,it,y,2)

(88)—(90)

(88) This type corresponds to f{x) = (x - 1)x*, p=1,
and

(t — 2)% =xyx3%,,

(£2 = 22) = = (wyxy + 2423 + x9x3) + 242073,
2 =y = 1) (w3 - 1) x; — 1) cos?x,

y = (xp = 1)y = 1){x — 1) siny.

In terms of these coordinates the Klein—Gordon equa-
tion becomes (3.58) with 1-a replaced by 1 and 3/3v,
=2(x, - 1) Vx, (x, - 1)(3/03x;).

The basis defining operators are

(3.66)

Ly==2(P}+ P}) +2Py(Py + P3) + M} + M + M},
- N - M - N,
Ly=— (P} +P}) +2(M} - N} - N3) +{Ng, My} = {Ny, My},
Ly=M,
(3.67)
The coordinates x;, x3, x4 vary in the ranges

Xy X3, %4 > 15 9> 1> 203,204 > 05 209> 1> 0> x3, x4
x2> 1>x3> 0>x4; with x§>0.

(89) (t,x,v,z)—(it,ix,iy,iz)
(90) (¢, x,y,2)—(z,ix,iy, 1)

(91)—(92)
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(91) This system corresponds to f{x)=x%, p =0, and
(/ - X)z =XoX3X4, 2)’(f - X) =X9X3 + XXy +X3X4,
.68
x2+_v2+22—12:x2 + x5+ x4, ZZ:X%XZX:;XA. (3.66)

In terms of these coordinates the Klein—Gordon equa-
tion assumes the form (3.58) with a=1 and 3/3v,
=2x4(2/0x;).

The three defining operators are
Ly == 2Py(Py+ P)) + M} + L3 + M} — N} - N§ - N,
Ly =~ (Py+ P)* +{My = Ny, Ny} = {M, + Ny, My},
Ly= (N3 + M,)%.

The coordinates x; (j=2,3,4) vary in the ranges
x9,%3> 0> x4; and %3 > 0> &3, x4; with x> 0.

(92) ([,x’ y,Z)" (lt,lx,ly,lz)

(93)—(96)

(93) This system corresponds to flx) =x{x - 1), u =0,
and

t=3(x, + x5 +x4), x%=x9x3x, COSxy,

2 (3.69)

v =gy sintxy, 2% =— (g = 1) = 1)y =~ 1).

In terms of these coordinates the Klein—Gordon equa-
tion becomes (3.58) with a=1 and 2/2v,
=2x;Vx; - 1(2/2x,).

The three operators are
Ly={Pg, No} = {Py, Ny} = {Py, No} + P§ + P,
Ly ={Ny, Py +{Ny, Py} + P+ Pd— A%~ M5 - M3, (3.70)
Ly=-— M,

The coordinates x,, x3, and x, vary in the ranges
X, 3> 1> x4 > 05 1> 59, x3, x4 > 05 1> x9> 0> x5, 245 with
x>0,

(94) (f,A’7 }Y’Z)»(j” f’ ix’ iz)
95) (t,x,v,2) = (z,ix,iv, 1)
96) (r,x,v,2) = (v,ix,t,iz)

(97)~—(98)
(97) This system corresponds to f(x) =x%, © =0, and
(t = x)? =xyx3%4,
12— &% = xqy F xgxg + Xqxy F xgxgxgxT (3.71)

372 :x2x3x4x%, z :é(xz +x3 +X4).

The Klein—Gordon equation assumes the form (3. 58)
with a=0 and 3/2v; =2x3/%(2/2x,).

The three operators are
Ly == {Py+ Py, Ny = My} — 1Py, M} + (Py + Py),
L, ={Py+ P, Ny + My} + N3 + N§ — M3, (3.172)
Lg={(Ny = M),
(98) (t,x,v,2) = (ix,il,v,z)
(99)— (100)

(99) This system corresponds to f(x) =x, 1 =0, and
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2t — 2) =xqx5 + x9xy + 3%, — 2(x% + 2% +42),

2(z = ) =xy +x3+ x4, (3.173)
x% = = xyx3%, COSTAY, v = — xqx3%, sintxy.
In terms of these coordinates the Klein—Gordon
equation becomes (3,58) with a=1 and 3/2v,
=2 v?f(a/ax,»).
The three operators are
Ly=1{N3, Py + Py} = {Py, Ny = My} —{Py, Ny + My}
- Py~ Py),
Ly =3Py, Ny + My} + 3{Py, Ny - My}
+ (N + Mp)? + (Ny = MY,
Ly=M, (3.74)
a?d the variables are such that sign (xyx3%4) =—1 and
xi> 0,

(100) (t,x,v,2) = (z,ix, iy, ).

F. Coordinate systems of class VII

These systems correspond to the various kinds of
purely elliptical coordinates for which the Klein—
Gordon equation is separable. The differential form
is (2. 15) where f(x) is at most a fourth order poly-
nomial in x.

(101)—(108)

(101) This type corresponds to f(x) = (x — a)(x - B (x - Dx,
a>b>1, and

2 XXXy o (e~ Dlrg = Dlxg = Dlxg ~ 1)
ab ' (a-1)p-1)
v {xy = B)eg = D)y~ ) (xy = B)
: (a-b)b-1b ’
o (xy — a)lxy — @)l ~ a) ey = a)
{a-b)la-1a :
(3.75)
The Klein—Gordon equation becomes
4 2.5
=2 ,«-j)<x-i1- ey = ) 2—;@ =M,
where i, j, k,1 are not equal and
I s | P ) [ Fagy ) PO, (3.76)
v, ‘ : i x4
The three operators are
Ly=—N}i=N}= Ni+ 02+ 23 + M§ + (b + 1) P}
+(@a+ 1) P+ (a+b) Pt —(a+b+1)P},
Ly=(a+b) N4+ (a+ 1) Ni+ (b +1) N}
- DM} — aMi - M} — bP}
— aP% - abP} + (a+b + ab) P},
Ly =abN? + aN§ + bN% + ab P}, (3.77)

For coordinates of this type the variables x; can lie
in the ranges x; > a>x; > D> x3> 1> 0> x4,

(102) (t,x,v,2) = (ix,it, v, 2)
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(103)
(104)
(105)
(1086)
(107)
(108)

(t,x,y,2) =~ (iz,x,v,it)
(t,x,v,2) = (i, x, it, 2)
(t,x,v,2) = (it,ix, iy, iz)
{t,x,v,2) =~ (z,ix,iv, 1)
(l,xyv,2) = (x, t,iv,iz)

(t,x,y,2) = (v,ix, t,iz)

(109)—(110)

(109) This type corresponds to flx) = (x - a){x - B (x - Dx,
a=b*=o+if, and

2(x; =)y = b)(xg - b)(xy = b)

e it) = - b-a)b-10b ’
oy = Dl = Dz = Dixg — 1)
yi=- = DG (3.78)

2 XiX9X3Xy
z2°= .
ab

The Klein—Gordon equation becomes (3.76). The
three operators are

Ly=N}+Ni+ N - M2~ M§ - M}

+ (o + 1)(P? - PY) +28P, P + 20 P} - 20 + 1) P,
Ly=- 2008 + (o + 1)(V% = 25%) = plaz,, N3}

(N3 = 2) + By, Ny + N

+ a(P3 - P}y - 28 P, P, — (a®+ 8%) P}

- (20 + o + ) P,

Ly=~ (o + ) M + o (N} = 212) = {1y, Nyl (3.79)

The variables x; lie in the ranges x;> 1> x5 > 0> x3, 14;
Xq > 1> X9y X34 Xy > 0.

(110) (1, x,v,2) ~(it,ix,iv,iz)

(111)—(114)

(111) This type corresponds to Flx) = (x — a)(x — 1) 2%,
a>1, and

(t + ) = xyxx3%4/ a,
(% = %) = = (v + xpo0xy + xqXaxy + X + Xoxsxy)
+ (@+ 1) xyxprgiy/d?,

v2 - (5\'1 - 1)(9(2 - 1)(9(3 - 1)()(4 -~ 1)

(a-1) ’
o bzl =t o= .50

The Klein—Gordon equation becomes (3. 76) with

e
" =2x; V{x; - a)lx; = 1) s

i 1
The three operators are

Ly=— N}~ N}~ N2+ M2+ M2+ M3
+2a(P - PY)+ (Py- P)? +aP},

Ly=—2M2 +{Ny, My} = (Ny + M;)?
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+a(NE - MY + @+ DN} + (a+ 1)(Py - Py)?,
Ly=~a(Ny + M3)* + aN} = (N3 — Mp)* + (P, - P,)%.
(3.81)

The variables x; lie in the ranges

X{>a>xy> 1> x3,50> 0;

X1>a>xy>1> 0> x5, x4;

X1>A> X, X3, %4> 1y Xy, x9,53>a>x4> 1.
(112) @, x,v,2) —~ (x,il,y,z)
(113) (t,x,y,2)— (x,t,iy,iz)
(114) @, x,y,z) —~ (i, ix, iv,iz)

(115) [@]
This type corresponds to f(x)= (x - 1)%? and
(izg = 230 = xyxx374,
2} + 25 = (rprgny + wygwy + xpxg5y + 29x5%) — 2x1Xpx5x,
(izg+ 240" == (xy = D, = Dxg = lx, - 1),
23+ 28 = 2wy 29 x9xy + (g + x5 + x5 + 1)
— (oeqargoeg + 20429004 F 21 %354 T xpX3%,) — 2. (3.82)

The Klein—Gordon equation becomes (3. 76) with
8/8v; =2x,(x; - 1)(3/3x,).

The operators are

Li=ly+ D+ By + By + 5, + 14y
+ ((Py+ Py)t = 1(Py = iPy),
Ly == (il + Ig)* = (ilyy + Ipy)?
+ (ilyy = Iy)t = Iy ~ ily3)?
-B By~ B, - B - 28,
+2(iPy + Py,
Ly== (I +ilyy + Iy +ily) + (@ + Iy)?

+ (Iyg +ilyg)* = By + (P + Py)2, (3.83)

(116)—(117)
(116) This type corresponds to f(x)= (x - 1)x® and

(= 1) =xpxpx3y,
W = 1) = = (wgxgny + 129205 + X1X3%4 + x1x%y)
T X1XyX3%4,
y2 +at - == {x120g + 29205 T 0429 + 2424 + Xpx5 + X%, + X5%,)
T X1XX 3%y,
2% =~ (xy = 1)y — Dxg — 1)(xy = 1),

The Klein—Gordon equation becomes (3. 76). The
operators are

(3.84)

Ly=-N}—NE— Ni+ M+ ME+ME+2P,(Py+ Py),
Ly =N} + Nk — M2 - {My, Ny + My} + (P + P,)?,

Ly=— (Py+P))? +{Ny, Ny — M}~ (N3 + M), (3. 85)
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The coordinates x; vary in the ranges x;> 1> x> 0
> X5, X45 X1 I>x2,x3,x4> 0, and xy,x3,x3> 1>x,> 0.

(117 @,x,v, 2} — (it, ix, iv,iz)
(118) [@]
This type corresponds to f{x)=x* and
(24 +i29)* = = xyX9X3%y,
2(zq +iz,y) (23 +124) = 242953 + XXXy T X1 X3%4 F XX3%y,
(21 +iz9)zg = i24) + (23 + i24)" = = %1% = x4x3 = X2y
= XgX3 = XXy — X3X4,
z%*—z% +z§+z§:x1+x2 +x3+ x4,

(3. 86)

The Klein—Gordon equation assumes the from (3.176)
with 3/av; =2x3(3/0x;).

The three operators are
Ly=— (Py+iP,)? + (Py +iP}{P; — iP))
+ B+ By + By + By + By + 5y
Ly =3Iy + Iy + i3 + By), (g + Ina)}
+ Iy + ilyg)t = (g + ilyy)* +2(Py +iPy) (Py +iPy),
Ly =1l + Iy +illsg + Iig), It} — (Py+ iPy)
(3.87)

(119)—(122)

(119) This type corresponds to f{x) = (x - a)lc-1)x and
=x-a)x-1x]:

f:%(xi +x2 +XS +X4),
¥ = (g = a) ey = @) — a) by ~ @)/ala - 1),
3)2 = (X1 - 1)()62 - 1)(X3 - 1)(X4 - 1)/(1 - a),

2.’2 :_X1X2X3X4/(1.

(3.88)

The Klein—Gordon equation becomes (3. 76) with

.;- ~2V(x, ~a)w, - 1, .a% .
The operators are
Ly=={Ps, N3} = {Py, N} - {P, Ny}
+{a+1)Pi+aP+Pi,
Ly=(a+ 1{Pg, Ny} +{Py, i}
+alPy, N} - aPh + M3 + M}
+ M~ (a+ 1)(PE+ P} - P,
Ly =~ a{Py, Ny} - a* Py + M} + a* M. (3.89)
The coordinates x; vary in the ranges
Xy Xy > > x3> 1> x> 05
a> x> 1> x5, x3, %4> 0;
a>x;> 1> x> 0> x3, x4,
(120) (¢, x,,2) —~ (z,ix,ix, iy, 1)
(121) {t,x,v,2) ~(y,ix, t,i2)
(122) (t,x,9,2) =~ (x,t,iy,1z)

1244 J. Math Phys., Vol. 19, No. 6, June 1978

(123) This type corresponds to f¥) = (x - @){x ~ b)x and

y =32l + 29 + x5 +%4),
(t +ix)? =2(xq ~ a)(xy — a) (x5 = @) (xg — a)/ala = b),
2t = xyxpxgny/ab, a=b*=a+if, o,feR. (3.90)

The Klein—Gordon equation becomes (3. 76) with

I e e s roliD
5 =2V(x; - a)(x; - b) x; o

The three operators are

Ly ={Py, M} +{Py, My} = {Py, No}
+20P +a(P} - P} +28P) Py,

Ly == 20{P3, M;} + a[{Pg, N} = {Py, M}]
~28{P,, Ny} + M2 = NI = N} — (o® + §%) P}
+P:+20(Pi - PY),

Ly =(a? + 8Py, My} + (o + B1)EP3
+ (@ = g1 (M} ~ N}) + o B{My, Nyh. (3.91)

The coordinates vary in the ranges xy, X3, x3 > 0> xy;
%17 0> X9, X3, X4
(124)—(125)
(124) This type corresponds to fix)=(x - 1)%% and

(t - x)* =~ xyx9x3xq, 2= 5(xq T2y Tx3 T 4),
(#* = %) = x4x9%5 + X1 X9Xy + X123%y

T xpXgxy — X1X2X3%4,
y2 =~ (xg = 1) (g = 1) x5~ )y - 1).

The Klein—Gordon equation becomes (3.76) with

a/avj:2xj\/x—,—-1(a/axj)n
The three operators are
Ly=—{Py, Ny} +{Py, Mo}
+{P,, M} + PL = P} + (P, + Py)?,
Ly =—2P Ny = 2PoM, — 2{Py, My}
+ME - N} - N} +PL-2(P +P) Py,

(3.92)

Ly={Py+ P, Ny +M,} - N}. (3.93)

The coordinates x; can vary in the ranges
1> 1> %9, 23> 0> g5 %y > 1> 0% 29, X3, X4
X1, X9, %3 > 1> 24> 0,

(125) @,x,v,2)— (ix,it,y,2)

(126) This type corresponds to f(x)=x> and
(= 1) == xy09x9xy, 2 =300q +xg + x5+ xy)s
29 (x = ) = 24793 + X1XXg + X(Xg¥y T XX 3Ky, (3.94)

12 - xt = YE =gy F XXy F XXy F Xaxg T XXy T X3y

The Klein—Gordon equation assumes the form (3. 76)
with 8/3v, =2x3/%(a/0x;).

The three operators are
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Ly={Py, My} - {Py, N3} - {Py, M1},
Ly ={P,, Ny + My} +{My, Py + Py}
+ M}~ NI - N} - 2Py P, - P}, (3.95)
Ly={Py+ Py, N3+ My}~ (N, - M)%.
The coordinates x; vary in the ranges x; > 0> x9, x3, x4
Or Xy, Xq9,%x3> 0> x4,
(127)—(128)
(127) This type corresponds to f(x)=x{x - 1) and
2(r—x) =302 +x3 + 28 +x)
= (ogxy + 20425 + 24X + x%3 + X%y + X3%y)
+ (g + 2y +x3+ 1),
2(t+x) =x1 + x5 + x5+ xy,
= ey = Dy = Doy - Dl - 1),
2% =~ xx9%3%,.

(3.96)

In terms of these coordinates the Klein—Gordon equa-
tion assumes the form (3.76) with 9/3v;

=2Vx,l; - D@/2x;,).
The three operators are
4Ly ={Ny + My, P3} —{N; = My, Pp}
+3{Ny, P+ P} = 5(Py = Py)
+Pi+ $Py(Py+ Py),
4Ly = (N3 + Mp)* +{My, Py} - 3{Ny, Py + Py}
+ (Ny = Mg)? + ${Ny + Mg, Py},
4Ly =— P} — M? = (Ny+ M,)* +1{Ny, P}, (3.97)
The coordinates x; vary in the ranges
Xy x> 1> 23> 0> 2y 1>x;> 0> 29, 203,%y;
and 1> x4, x9, 23> 0> x4,
(128) (¢,x,y,2) = (x,,1y,iz)
(129) (@]
This type corresponds to f(x) =x% and

2(izi = 29) =xy +xy + x5+ x4,
2(izy +29) =30} + a5 + 2} +x3)

— (xyxg + x93 + 2204 + x93 + 2954 + x9%4),
(23 = 124} =x129203%4,

(23 + 23) = = (xyx9x3 + 229y + 242354 +x9x354). (3.98)

The Klein—-Gordon equation assumes the form (3. 76)
with 8/3v; =2x,(3/3x,).

The three operators are
4Ly ={ly, + ilyy, P}, + {1y +ilyy, Py}
+3{Lyy, Py +iPy}, + (Py - iP))* — (P, +iPy)?,
4Ly ={l3 + ilyy, P3}, + {ly +ily, Py}
+ Iy + ilyg)* = (Iyy + il 1,
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4Ly =1y = Iy + Iy +illy + 1) T

+ 3l + Ly +illgy + Iy), Py +iPsh (3.99)

(130) This type corresponds to f{x)=x and

2(x ~ B =1-x; —x3 =~ x3 — X4,
2y + (x = 1) =xqx3 +x9xy + X%y
+xgxy Fagxy +Fagxg - (g T HagFag) + 1,
20 + 1) + 2y (x = 1) = = (xyx9x5 + x1x9004 + x4 3%y + XX3%y)
+ (v g2y + x9xg + X420 + 2x9%5 + X9xy T 23%y)
—(ry +ag Fagtag) +1,

22=—X1X2X3X4. (3. 100)

The Klein—Gordon equation assumes the form (3. 76)
with 8/3v,=2Vx;(8/8x;).

We have not yet determined the three operators which
describe this system. The coordinates vary in the
ranges xi, x3, 3> 0> x4 and xy > 0> x9, 13, %4.

131) [a]

This type corresponds to f(x)=1 and

2(zy +izg) == (xy+ a9 T 23 +x4),
2(z5 +izy) + (21 +izy)
=%1x3 T x1%3 T 24Xy T HaXg T Xoxy T X%y,
(25 - iz4) + 2(2¢ +izy) (25 +i2y)
== XXXy — X1 XgXy — X1XgXy — XX3Xy,
(21 = i25) + {2y +i25) (25 — i2y) + {25 + i24)* = xyx0203%4.

(3.101)

The Klein—Gordon equation assumes the form (3. 76)
with 8/8v,=23/2x;.

We have not yet determined the operators which
describe this system.

This comples the list of orthogonal coordinates for
which the Klein—Gordon equation separates. As was
mentioned earlier we have only given those systems
which are genuinely new in that they have not been de-
rived elsewhere before. For the wave equation (A =0)
we have found 125 such coordinate systems, In addition
there are 34 radial coordinate systems corresponding
to the group reduction E(3,1) 5S0(3,1)>{L,, L,} where
(LiLy]=0and L,, L, are second order elements in the
enveloping algebra of SO(3, 1), Similarly there are 55
coordinate systems belonging to reductions of the type
E(3,1)>E(2,1)>{L, L,}, 11 coordinate systems belong-
ing to reductions of the type E(3,1) DE(3) > {L,L,}, ! and
36 coordinate systems belonging to reductions of the
type E(3,1) D E(2)® E(1,1) > L;® L,, where in this last
case L; and L, are second order elements in the en-
veloping algebras of E(2) and E(1, 1), respectively. We
have a total of 261 coordinate systems in which the
Klein—Gordon equation admits separation of variables.
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