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In this article we begin a study of the relationship between separation of variables and the conformal
symmetry group of the wave equation {, —A;p =0 in space-time. In this first article we make a detailed
study of separation of variables for the Laplace operator on the one and two sheeted hyperboloids in
Minkowski space. We then restrict ourselves to homogeneous solutions of the wave equation and the
Lorentz subgroup SO(3,1) of the conformal group SO(4,2). We study the various separable bases by using
the methods of integral geometry as developed by Gel'fand and Graev. In most cases we give the spectral
analysis for these bases, and a number of new bases are developed in detail. Many of the special function

identities derived appear to be new. This preliminary study is of importance when we subsequently study
models of the Hilbert space structure for solutions of the wave equation and the Klein-Gordon equation

Y — Ay = M’

INTRODUCTION

In this article we continuel-3 the investigation of the con-
nection between separation of variables for the principal
equations of mathematical physics and the associated
symmetry groups of such equations. The object of our
study in this current series of articles is the wave equation
in space-time,

we — Ay = 0. (%)

The motivation for such a study stems from the inherent
physical importance of this equation as well as its in-
trinsic mathematical interest. In this article we initiate the
study with a detailed investigation of separation of vari-
ables for the Laplace operator on the one and two sheeted
hyperboloids [X, X] = —1 and [X, X] = 1, respectively.
Here X = (¢, x, y, z) = (xo, X1, X2, x3) and [X, X] = 12 —
x2 — y2 — 22 s the usual Lorentz space-time scalar
product. In doing this we are also concerned with the
corresponding problem on the cone [X, X] = 0. Here
we are dealing only with the Lorentz subgroup of the
SO(4, 2) symmetry group of (x).” A detailed study of these
manifolds is however of importance when the full symme-
try group is utilized to study separation of variables for
(+). This will be shown in a subsequent article where we
introduce a Hilbert space structure for solutions of () and

discuss various equivalent representations of this structure.-

The problem of separation of variable for the Laplace
operator on the upper sheet of the two sheeted hyperboloid
has been investigated by Olevski* who found 34 coordi-
nate systems. In this article we perform harmonic analysis
on the space L2(H;) of square integrable functions on the
upper sheet A of the two sheeted hyperboloid for the ma-
jority of coordinate systems given by Olevski. In a num-
ber of cases we give the harmonic analysis for coordinate
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systems which are representative of a particular subclass
of coordinates. We specifically exclude the treatment of
elliptic coordinates which requires the solution of multi-
parameter eigenvalue problems. This analysis is performed
using the methods of integral geometry as developed by
Gel'fand, Graev, and Vilenkin. The resulting spectral
problems are then reduced to spectral problems on the
cone (X, X] = 0. The contents of this article are arranged
as follows: In Sec. 1 we present all the mathematical pre-
liminaries and notations necessary for subsequent sections.
These include the formulas for harmonic analysis on
L2(H,) and the space L% H;) of square integrable func-
tions on the single sheet hyperboloid H;. In Sec. 2 we give
explicitly the 34 coordinate systems, due to Olevski, to-
gether with the pair of operators which specify each system,
expressed in terms of the generators of the Lorentz group.
In Sec. 3 we compute the spectral decompositions cor-
responding to the various coordinate systems. In the cases
where this is already known the result is merely listed. Sec-
tion 4 is devoted to a presentation of the appropriate basis
functions on L2(H,) and some comments on overlap
functions. Finally, in Sec. 5 we compute various expansions
on L2(H;).

1. HARMONIC ANALYSIS AND THE LORENTZ
GROUP

The homogeneous Lorentz group SO(3, 1) consists of
those proper real linear transformations which leave [X,
X] invariant. The Lie algebra of SO(3, 1) is six-dimen-
sional, and is generated by the rotation generators

M]_ = yaz e Zay,
M2 = xaz —_ Zaz, (1.1)
M3 = x0y — yog,
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and the Lorentz transformation generators

K1 = tdy + x0;,
Ky = tdy + yo, (1.2)
K3 = taz + Zat.

The communtation relations are

[Mi, Mj] = eyx M,

My, Kj} = &4eKk, (1.3)
[Ki, Kj] = — eykKk.

The group SO(3, 1) has two Casimir operators 4 =
M2 — K2 and 4’ = M-K. The irreducible representations
of the identity component of SO(3, 1) are labelled by two
numbers. (jo, o), where jo is an integer or half-integer and
o is in general complex. If yy,,transforms according to
the irreducible representation (jo, o) then

Aw.',od: - [.ig + G'(O' + 2)] Wjow

. 1.4
A'yip, = — jolo + 1) yjy, (-4

If the irreducible representation is in addition unitary then
o must have the one of the forms:

1.6 = —1 4+ is, s & R. Thisisthe principal series.

2. —-1<€0<0, R andjo=0,%1, .

This is the complementary series.

Further details concerning the representation theory of
the Lorentz group can be found in Naimark® and Gel'fand
et al.8 We now give the basic formulas necessary for the
harmonic analysis of functions defined on the spaces
L2(H) and L2(H;) mentioned in the introduction. These
formulas are due to Gel'fand er al.”

A. Harmonic analysis on L2(H.)

The space L2(H.) consists of functions f(X) defined on
the upper sheet of the hyperboloid X, X]=1, 1 > 1,
satisfying

{17002 dx < oo, (1.5)

where dX = dxdydz/(} + x% + y? + z2)1/2, The harmonic
analysis of a function f(X) € L% H+) requires only the
unitary irreducible representations o = —1 4+ is (0 <
s < o), jo = Ocorresponding to the principal series.

It is readily verified from the coordinate representation
of the generators that 4’ = 0. The formulas which yield
the harmonic analysis of f(X) are

e .
) = g | s2ds [ F(V9) (X, Y10,

(1.6)
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where I' is any contour on the [Y, Y] = 0 cone which in-
tersects each generator of the cone once and dw is the dif-
ferential form defined by dY = dPdw where P(Y) = 1 is
the equation of I" and dY = dy1dysdys/ye is the invariant
measure on the cone. Here

F(Y,s) = f AIX)[X, Y)e-1 dX. (1.7)

The function f(X) is then decomposed into components
which transform according to the unitary irreducible rep-
resentations @ = —1 + is,

O<s<oo, jo=0.
B. Harmonic analysis on L2(H;)

The space L2(H;) consists of functions f(X) defined on
the single sheet hyperboloid [X, X] = —1 and satisfying

fX) = (= X), (1.8a)

f\f(X)lde< oo, (1.8b)

where dX = dxdydz/(x% + y? + z2 — 1)V/2. The harmonic
analysis of a function f(X) € L% H;) requires the unitary
irreducible representations

) o= —1+41i5, (0<s< o), jo=0 and

(i)o=—1, jo=2n n=1,2, .-

The reason we choose the condition (1.8a) is that the
harmonic analysis of a function satisfying this symmetry
condition has been studied in detail by Gel'fand et al”
An example of an expansion which does not exhibit the
property (1.8a) has been given by Zmuidzinas.® We should
also mention the work of Limic ef al.? who have examined
the general problem of the expansion of square integrable
functions defined on the transitivity surfaces of SO(p, q)
in the canonical reduction. The expansion formulas for
L2(H,) are

AX) = 5(;7)5 f:s2dsfrF(Y; $)|LX, Y]]~ dw

+ %5 Lo [ F(Y, B; 200620 50X, Y]) dw,
n=1 r

with w and I" as in (1.6). This expansion can be inverted
via the formulas

F(Ys) = [ f0)|LX, Y1j-1dX,
(1.10)
F(Y, B; 2n) = f f(X)e-2n0 §([X, Y]) dX.

In both these formulas B is a four vector satisfying

[B,Bl= —1, [B, Y]=1[Y,Y]=0.

The first component of B is zero. The angle 0 is given by the
relation cos @ = [X, B]. For further details concerning these
formulas we refer the reader to Gel'fand et al.”
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2. SEPARABLE COORDINATE SYSTEMS FOR
4y = — o(c +2) ON THE UPPER SHEET
OF [X, X]=1
We now study the differential equation

M2 — K3 y(X) = —o(o + 2) y(X), (+)
where X ranges over the upper sheet of [X, X] = 1. As
follows from (1.6), an arbitrary f = L2(Hy) can be de-
composed as an integral over solutions of (+). Further-
more, (+) arises when one looks for solutions of (x) which
are homogeneous in x, y, z, t.

Equation (+) has been studied by Olevski* who showed
that it admitted exactly 34 separable orthogonal coordinate
systems. Here we give Olevski’s results in a somewhat more
explicit form. We also give for the first time a characteri-
zation of each separable system in terms of a pair of com-
muting second-order elements L;, L in the enveloping
algebra of the Lie algebra of SO(3, 1). The corresponding
separated solutions are eigenfunctions of L; and L» and the
eigenvalues are the separation constants. (Smorodinski
and Tugov10 have computed L; and Ls earlier but only in
the form of differential operators.) For each set of separ-
able coordinates {p, v, #} we list the metric

ds? = H}dp? + H}dv2 + H%dp?, = Hilp,v, n).
In terms of the metric coefficients, (+) becomes

I (H2H3 H1H3a )

HiH:Hs %\ H, W

+ a, (_1{1{1_3 6,,://)} = —o(oc + 2.

o) + 0,5

Setting w = A1(p)A2(v)A3(y) in this equation, one can
easily derive the ordinary differential equations satisfied
by the separated solutions 4.
l. ds? = dp? + cosh2p dv? + sinh2p dn?,
t = coshp coshy, x = sinhp cosy, 2.1
y = sinhp siny, z = coshp sinhy
—o0 << p<Loo, —oo<y<<oo, 0LKn<2n
The operators are
Li =K} L= M3
2. ds? = dp® + e‘zl’(a'u2 + dn?),
t=dler+ (1 + 2+ nD)e?], x=er, (2.2)
y=ety z=fler+ (~1+12 4 p2)e),
—0o0 < Py, < o0,
The operators are

Ly = (K1 + M3)2, L = (Ks — My)2

3. ds? = dp? + sinh2p(sn(y, k) — sn(y, k))(dv? — dn?),
t = coshp, x = (1/k) sinhp dn(v, k) dn(n, k),
y = (ik/k’) sinhp cn(y, k) cn(v, k),
z = k sinhp sn(v, k) sn(y, k), 2.3)
O0<k<l, k' = (1 — k)12,
—o0 < p << o0, v e [—=2K, 2K],
3 J. Math. Phys., Vol. 18, No. 1, January 1977

n € [—K, - K+ 2iK’).
The operators are
L= M2+ M% + M3,
4. ds? = dp? + cosh?p (sn2(y, k)
— sn¥(y, k)) (dv? — dn?),
t = ik coshp sn(v, k) sn(n, k),
x = (k/k’) coshp cn(v, k) cn(y, k), 2.4)
y = (i/k’) coshp dn(y, k), dn(y, k),
v e [K, K+ 2iK],

= M% + kM3

z = sinhp,
— 00 < p<C 0o,
n < [iK", iK' + 2K].
The operators are
Li=K? + K} — M3, Ls = k?M3} + k'?K3.
5. Differential form as for system 4
t = (ik/k’) coshp cn(v, k) cn(n, k),
x = ¢gik coshp sn(y, k) sn(y, k),
y = &'(ifk’) coshp dnly, k) dn(y, k), 2.5)
z = sinhp, ¢ & = =+,
— oo < p< oo, v e [iK, iK' + 2K], n [0, 2iK'].
The operators are

Li=K}+ K} — M3,  Ly=K}— kM3

6. ds?2 = dp? + 1 (v — n) cosh?p {Ev——-_a%——_b_);
_ __éﬁ_}_
(n—a)(n— by

The coordinates are given by the equations

(¢t + iy)? = v—a) (n—a) cosh2p,

ala — b) (2.6)

X = y/—yn/ab coshp, z = sinhp,
wherea=b*=a + i, a,fc R, — oo <v<0,
0 < << oo. The operators are

= K} + K3 — M3,
= (M3 Kz + Ko M3) + aK3.
7. ds? = dp? + cosh?p <c032u -~ coshziy) (dv? + dn?),

= eoshy (T + ).

x = coshp tanhy tany, 2.7

y = coshp [coshnl cosy % (EC%S:T’Y cco(;i:n)J

z = sinhp,

—o << p<Loo, =—oo<<hy<<oo, 0Lv<2n
The operators are

Ly = K} + K} — M3,

Ly = K} + K} + M} — MsK, — 1<)M3

; 1
8. ds? = dp? + cosh?p (“‘IHHZ“ + S’l‘I:lZ ) (dn? + dv?),
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{ = coshp [ 1 (sinhr] _ s )],

sinhzy sinv 2 \Usinv ~ sinhy

x = coshp cothy cotv,

— 1coshp| S _ sinhy 2.8
Y= p(sinhn siny )’ (28)
z = sinhp, —00 < p < o,

—00 < 1 < 00, 0< v < 2n.

The operators are
L= K} + K§ — M},
L, = — K} + K% + M% — M3Ks — KaM3.

9. ds? = dp® + cosh?p (ﬁ + ”lz) (@2 + dn?),

(2 + 792 + 4]

— =1 n_x
t = coshp 8o 2coshp(v ”),
— (b2 4+ n2)2
= coshp T AEREA L Gihp 29)
8uy
— o0 <L p<L oo, —oo<Ly<Loo, — 00 << X0,

The operators are
L =K%+ K3 — M},
Ly = KiKs + K2K1 — KiM3 — M3K.
10. ds? = dp? + sinh2p (dv? + sin?v dy?)

t = coshp, x = sinhp sinv cosz, (2.10)
y = sinhp sinv siny, z = sinhp cosy,
— o0 < p << o0, 0y <m, 0 n<2m.
The operators are
Ly = M} + M3 4+ M3, Ly = M3.
11. ds® = dp? + coshZp (dv? + sinh?v dn?),
t = coshp coshy, x = coshp sinhv cosz, (2.11)
= coshp sinhv sinn, z = sinhp,
—00 < p < 0, —c0 <y < oo, 0<Ly<2n
The operators are
L = K3} + K} — M}, Ly, = M3
12. ds? = dp? + cosh?p (dv? + cosh?v dn?),
t = coshp coshy coshy,
x = coshp coshv sinhy, (2.12)
= coshp sinhy, z = sinhp,
—oco <<y, p, < 0.
The operators are
L1 = K? + K§ — M3, L, = K3.
13. ds? = dp? + coshZp(dv? + e dn?),
t =}coshpler + (1 + 72 ],
x = ne~” coshp, (2.13)
y =Lcoshpler + (=1 + %) €], z = sinhp,

—oo < v, p, N < .
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The operators are
Li=K}+ K§— M}, Ly =(Ki+ Ma)2.
14. ds? = dp? + e~ (dv? + V2 dp?),
{ = %[ep + (1 + v2)e 7], x = e ?vcosy,
z=14er + (—1 +1¥) e, (2.14)
—o0o <y <<oo, 0<n<2n

y = e Pysing,

—o0 < p < oo,
The operators are

L1 = (K1 + M32)? + (K2 — M1)?, L = M3

15. ds? = dp? 4+ e 2?(cosh2y — cos2n) (dv? + dn?),

t = [e? + (1 + cosh?v — sin%p)e™7],

x = e~* coshy cosy, y = e ?sinhv siny,
z = 3[e? + (—1 + cosh? — sin?y)e™7],

2.15)

—o < p< oo, —w<y<oo, 0Ky <2n

The operators are
L1 = (K1 + M2)? + (K2 — M1)?,
Ly = M3 + (K1 + M2)

16. ds? = dp? + e 2P (n2 4 v2) (dn? + dv?),

t = Her + (L + 02 + DY e ),
x1=%er(n?—vY), y=ertm,
z=4er + (=1 + F(® + 3 e,
—co < p< oo, —00 < f <00, —00 <Y< o,

(2.16)

The operators are
L1 = (K1 + M2)? + (K2 — M1)?,
Ly = M3(K1 + M2) + (K1 + M2) Ms.
17. ds? = (sn¥(p, k) — sn2(v, k))(dp? — dv?)
+ (k2/k'2) cn¥(p, k) cn2(v, k) dn?,
t = k sn(p, k) sn(y, k),
x = (k/k") en(p, k) en(y, k) cosn,
y = (k/k') en(p, k) cn(y, k) sinn,
z = (i/k’) dn(p, k) dn(v, k),
p € [K, K+ 2K, vel[iK, iK' + 2K],
0 n<2n

2.17)

The operators are
L1 = M3, Lo = K? 4+ K3 + k2K3 — k'2M3.
18. ds? = (sn2(p, k) — sn¥(y, k)) (dp? — dv?)
— (1/k'2) dn%(p, k) dn2(v, k) dn?,
t = k sn(p, k) sn(v, k),
x = (ifk’) dn(p, k) dn(v, k) cosn,
y = (ifk’) dn(p, k) dn(v, k) sinn,
z = (k/k') en{p, k) en(v, k),
p e [K, K +2iK], veliK, iK'+ 2K],
0< n<2n

(2.18)

The operators are

Li= M3  Le= K} +k¥K}+ KD + k"2 M5,
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19. ds? = (sn2(p, k) — sn2(v, k)) (dp? — dv?)
+ k2 sn2(p, k) sn2(v, k) dn?,
t = k sn(p, k) sn(v, k) coshn,
x = k sn(p, k) sn(v, k) sinh,
y = (k/k') en(p, k) cn(v, k),
z = (i/k") dn(p, k) dn(v, k),
p € [K, K + 2iK'], v € [iK', iK' + 2K],
— 00 < < 0.
The operators are

L, = K%,
Ly = K — M3 + k(K3 — M3 — (1 + k) K3

20. Differential form the same as in system 17 with
t = (ik/k’) en(p, k) en(y, k) coshy,
x = (ik/k’) en(p, k) cn(v, k) sinhy,
y = (i/k) dn(p, k) dn(v, k),
z = ik sn(p, k) sn(v, k),
p € [iK’, iK' + 2K],
—oo < < oo.

(2.19)

(2.20)

v e [—iK’, iK),

The operators are
Ly = K3, Ly = K% — M% + k2(K} — M3).
2]1. Differential form the same as in system 18 with
t = (ik[k") en(p, k) cn(y, k),
x = (ifk") dn(p, k) dn(v, k) cosn,
y = (i/k’) dn(p, k) dn(v, k) siny,
z = ik sn(p, k) sn(v, k),
p € [iK', iK' 4+ 2K],
The operators are

2.21)

v € [0, 2iK’), 0 < n < 27,

Li= M3,  Ly= K} + M} — k(M3 + M?).
dp?
22, ds? = 1(p — [—_—
i =) (p—a)p—Db)y
dv?
[t (R 2
6~

The coordinates are given by the equations
(t +i2)2 =2(p — a)(v — a)/a(a - b),

x = (V= pv/ab) cosn, 2.22)
¥ = (¥ = pv/ab) siny,
where
a=br=a+if, afcR, -—oco<y<(,
0 < p < oo, 0<n<2n
The operators are
Ly = M},

Ly = a(K} + K — M} — M) — B(KaiMs + M3:K;
+ KoM, + M1K3) — 2aM3.

L S S

cos?p  cosh2y

.

cos2p cosh2y

23. ds? = ( )(dp2 + dv?)
dn?,

5 J. Math. Phys., Vol. 18, No. 1, January 1977

_ L(coshv cosp> n?

~ 2\cosp ' coshy/ = 2coshv cosp’

— n__ = 2.2
X = cosp’ y = tanhy tanp, (2.23)

_ 1 _ L(coshv i cosp )J
2= | coshv cosp 2\cosp  coshy/|

n?
" 2coshv cosp’

O0<p<2n, —oo <<v<Coo, —oo<n < 00,

The operators are
Ly = (K1 + M»)?,
L2=2K% + K% + K§ -+ M% — KiMs — MKy

— KoMy — MiKs,
I I
2 = . 2 2
24, ds? = (sinhzu Singp) (dp® + dv?)
I

= dn?
+ sinh2y sin2p ar,

= 1 L(sinhv _ sinp) n
~ |sinhy sinp = 2\sinp  sinhy 2sinhy sinp’

- " —

X = sinp’ y = cotp cothy,
_ l<sinhv _ sinp _ n (2.24)
T 2\sinp  sinhy/ sinhv sinp’

0<p<2n, —o0o <v<{oo, —oo<<n<oo.

The operators are
L1 = (K1 + M32)?,
Lo = 2M3% + M3 4+ K — K3 — KoMy — M1Ks
- K1M2 — M2Kl.

1 1
2 — -~ _ 2 2
25. ds (coszp COShzv) (dp? + dv?)
1 jcoshy cosp
2 2 2 = =
+ tan®p tanh?y dy?, 2 (cosp coshv)’
x = tanp tanhv cosn, y = tanp tanhv sing,
_ 1 1 /coshv = cosp
2= coshy cosp 2 (cosp coshv)’ (2.23)
0< p<2nm, —o00 < y < 00, 0<n<2n
The operators are
Ly =M, L= M3+ M?+ K} + K§ + K3

— MKy — KiMy — M1 Ky — KaM;.

1 1
2 _— 2 2
26. ds (sinhzv sinzp) (dv? + dp?)
+ cot2p coth?y dp?,

_ 1 1 sinhy sinp

~ sinhv sinp ' 2 (sinp B sinhv)’ (2.26)
X = cotp cothv cosy,

_ . _ 1y sinhy  sinp
y = cotp cothv siny, ) (sinp - sinhv)’

O p<22n, —w<yv<oo, 0gLn<2m
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The operators are

Ly = M,

Ly = M§ + M? + K} + K} — K} + KaMs + MsK;
+ M1Ksz + KaM).

2 — (L 4 1\ g2 ne
27. ds (p2 + 1Jz)(dp + dv?) + X dn?,

(/72 + 112)2 + 4 ,72 n
= —L — L
8pv + 2pv° * pv’ (2.27)
_ L _r _—(p2 22+ 4 g2
Y 2(p v)’ 2= 8pv T 2py

The operators are
Ly = (K1 + M»)?,
Ly = M3(K1 + M) + (K1 + Ma)Ms + K3(K2 — M)

+ (K2 — M1)Ks.
_1[p=mp - v —=pC —n
28. ds = 71[ P(p) dp? + PG dyv?
=P ~n
R T d”zJ’

P(z) = (z — a)(z — b)(z — 1)z,

p=p01 L, = Db =D -1
ab’ (a—DE -1 ’

(p — B)v — b)(n — b)
(@a—byb—- Np ~’

2= p—al— ahn —a
(a— b)a— Da

O<l<yp<b<v<a<op.

y2 = _

(2.28)

The operators are
Li =ab K2 + a K3 + b K},
Ly = (a + b)K3 + (a+ DKE + (b + 1)K}
—aM?—bM:— Mi
29. Differential form as in system 28 with

po P =DC—-Dn -1 2o _

@—1Db-1 ab’

_ (p=b)v — b)n — b)
(a—bb-1 ~°

_(p—ab — an — a)
- (a—ba— Va

n<0<l<b<v<a<p.

y2 = (2.29)

22

The operators are
Li=abK}—aMi-—bMi
Ly =(a+ bK} — (a+ HME — (b + 1)M3
+aK}+bKi— Mi
30. Differential form as in system 28 with
a=b*=a+if, a, e R,

2p— alv — a)n — a)
@—bo-1b

(x + i) = (2.30)

6 J. Math. Phys., Vol. 18, No. 1, January 1977

(p=De=D—1D  ,_ _pun

(a—DB-1 ’ T ab’
n<0<v<l<op.

yi=

The operators are
Li= — (a? + fOM} + a(K§ — M3) — f(KsM> + M:K3),
Ly = — 2aM?% + (o + 1)(K3 — M3 + a(K} — M)
+ B(KaMs + M3Ky — M2Ks — KsMb).
31. Differential form as in system 28 with
P(2) = (z — a)(z — 1)z2,
(1 + x)% = pvn/a,
(12 — x2) = (1/a®) [a(py + py + vn) — (a + 1) pun),
»¥=—(p— - Dn-Dia-1, (2.31)
22 = (p — a)(v — a)(n — a)/a*(a — 1),
O<np<li<v<a<op.
The operators are
Ly = (Ks + M2)?2 — a(Ks + Ms)? + a K},
Ly = (a+ 1)K} + K} — M} + a(M% — K3)
+ (K2 + M3)? + (Kz + Mo~
32. Differential form as in system 28 with
(t + x)2 = — pun/a,
(12 — x?) = (1/a®) [a(pv + v + py) — (a + 1) pu},
y¥2=—(p— D —Dn—i@a-1, (2.32)
2= (p — a)v — a)(n — a)/a*a — 1),
< i<l <v<a<op.
The operators are
Ly = — (K3 + M2)? + a(Ke + M3)? + a K3,
Ly = (a+ 1)K} + M} — K3 + a(K} — M})
— (K2 + M3)% — (K3 + Mp)2.
33. Differential form as in system 28 with
PR)=(z—-a)z+ 122
(t + x)2 = — vpyla,
(12 — x?) = —(1/a®)alpn + pv + nv) — (@ — D) vpr},
y»2=(p — a — a)n — a)fa¥a + 1), (2.33)
2= —(p+ D+ D + /(@ + 1),
n< —l<0<vyv<a<p.
The operators are
L1 = aK? — (K2 + M3)? + a(Ks + M»)?,
Ly = (a— 1)K — (Ko + M3)2 + (K3 + M)?
+ M% — K} + a(M§ — K.
34. Differential form as in system 28 with
Piz)=(z— D23,  (t—x)2= —vpn,
2p(x — t) = vp + vy + pn — vpy,
X2+ y:—t2=—vpntvp+ntpp—v —p—1
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=0 -Dp-hHin-1,
n<0<v<l<p (2.34)
The operators are
Ly = (My — K3)? — Ki(Ke — M3) — (Ks — M3)Ky,
L= M3 — K§ — M} — (M2 — K3)2 — Mi(M2 — K3)
— (M2 — K3) My.

3. THE SPECTRAL ANALYSIS OF SEPARABLE

BASES ON L%(C)

Following Vilenkin2! we construct a Hilbert space
L%(C) of homogeneous functions f( ¥) on the forward light
cone C: [Y Y] =10, Y = (yo, y1, 2, ¥3), o> 0. In par-
ticular we require that f be homogeneous of degree o = is
-1,

fpY) = pis-1f(Y), p=>0. (3.1)
Let I"be a contour on the cone C which cuts each genera-

tor exactly once. If Y(v, n) is a parametrization for I
then every Y on C can be expressed uniquely in the form

Y =pY(,n),
Now the measure on C which is invariant under the
identity component of SO(3, 1) is well known to be dY =
dvidyzdys/ye. We define a measure dw on I by dY =
pdpdw, le.,

dw = |det 4{p~2 yo~! dudy,

yi 9,1 d,,n

A= |y 02 0Op2 |,

p>0.

(3.2

Y = (yo, y1, ¥2, ¥3).

¥3 0,ya 0Opp3
Then L3(C) is the space of measurable functions f{Y), in
(3.1), on C such that

[ iz dw < .
r
The inner product on this space is
Sinfy = [ AUY) foVydw,
r

{It is easy to verify from (3.1) and (3.2) that the value of the
inner product is independent of the contour /]

fre LXC). (3.3)

Note that the function
X, Y)=[X, Y])s-1 (3.9)
belongs to L(C) for each X € H.. Furthermore, the

function F(X) defined by
FX)= 0K, ) = [ SONIX YFetaw  (35)

is a solution of equation (+) for each f € L%(C).

The action of the identity component of SO(3, 1) on the
functions F(X) as defined by operators (1.1) and (1.2) in-
duces via (3.5) a corresponding action of SO(3, 1) on
LZ(C) given by

My = y:0,, ~ y3d,,
- yzayp
Ko = yoby, + y29y,,

My = y1dy, — ysd,,,
K1 = yo3,, + y18y,, (3.6)
K3 = yoOy, + y3dy,.

M3 = y1d,,

7 J. Math. Phys., Vol. 18, No. 1, January 1977

The associated group action is unitary and irreducible.
More explicity, if o is the sphere Yo = (I, &1, &, &3),
¢34+ &3 + & =1 so that Y = pYy, then the action of
SO(3, 1) on elements of L2Z(C) restricted to [ is

My = —{30;,, M= — C30y,, Ms = §10;, — {20,
Ky = (is — D& + (1 — &8, — E18ady,,
Ko = (is — 1)¢2 ~ &1&20,, + (1 — EB)D,,,
K3 = (is — 1){3 — {1830, — $2{30,,.

(We are taking ¢; and & as the independent variables on
Tp.) If I’ is another contour related to I'oby I": Y = (Yq
then the operators Lo, in (3.7), are replaced by operators
L= Lo+ (1 —is) {1 (Lo ), where Lo is the purely
differential part of Lo.

3.7

The 34 commuting pairs of operators Lj, Ls defined in
the preceding section can in an obvious manner be defined
on L%(C) as commuting pairs of self-adjoint operators and
the spectral resolution can be determined explicitly. For
each of these systems we list a convenient contour I~ and
in the most tractable cases a basis for L2(C) consisting of
simultaneous eigenfunctions of L; and Lg. In the case of
new results we give a full development of their derivation.

1. The contour I"is given by
Y = (coshy, cosn, siny, sinhy),
—co<<y < 0o, 0<y<2n
The basis functions are
I = (1/2n) eirv etmn, —0o < T < oo,
m=0,+1,+2 ..., (3.8)
S o [ = 81 = T') S

The eigenvalues of Ly and L; are —12 and —m?2, respec-
tively,

22 Y=0GU+v247),u,n ~1+ 2+ p2)

—00 << v < o, —00 < N < oo,
The basis functions are
fﬁ’ = (1/2m) eit gtxn,
—~00 < T < 0o, —00 < K < o0, 3.9

S, 785 =6t — 1) 8k — k'),
The eigenvalues of L1 and Ls are —12 and —«?2, respec-
tively.

3. Y = (1, (1/k') dn(v, k) dn(n, k), (ik/k') cn(v, k)
x cn(n, k), k sn(v, k) sn(n, k)),

v € [~2K, 2K], nel[—K, —K + 2K’}
The basis functions are

ThP = EBFOER(M),  1=0,1,2,...,
a product of Lamé polynomials.1213 Here p and g are the
eigenvalues of the rotation e!*M3 and the reflection P x
e'*M1, respectively, where P is the parity operator and m
is the number of zeros of the Lamé polynomials in the
interval [0, K. For /even, 0 < m < H+1ifp=gq =
+1, and 0 < m < 4/ otherwise. If / is odd, 0 < m <

(3.10)
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W —=1Dforp=qg=—1,and 0 < m < 4({ + 1) other-
wise. For further details on this see Ref. 13. The eigenval-
ues of L1 and Lg are I(/ 4 1) and ApJ respectively.

4. Y, = (ik sn{v, k) sn(y, k), (k/k") en(y, k) cn(y, k),
(i/k"y dn(v, k) dn(y, k), £1),
v € [K,iK + 2iK"], n < iK', iK' + 2K}.
The orthonormal basis functions are
FdPre, n) = CeER ) EBI(m), &= %,

1 0
where Ci = ( ), C. = ( >,
0 1

and j = —31 + ig, 0 < g << co. These basis functions
are a product of periodic Lamé functions.

(3.11)

Herem = 0,1, 2, - - and p and g are eigenvalues of the
operators P et*M2z and P ei"M1 respectively. The integer
m denotes the number of zeros Ny, of the basis functions
E£(z) in the interval [0, 2K] according to the table:

Ny, p q
—i—m 1 T
2m + 1 —1 1
2m + 2 1 -1
2m + 1 —1 -1

The eigenvalues of L1 and Lo are j(j + 1) and A;57 re-
spectively.

5. ¥, = (% env, &) enn, #), ¢ ik sns, k) snr. o),

¢ % dn(v, &) dn@, k), =1),

g, & =+, v € [iK', iK' + 2K], n < [0, 2iK").
The basis functions are
f(t5j).73'€' = Cizc’ F]'m(v’ k) ij(”s k)9 (312)

where
C,pClhy = 630py, J= —%+1ig, 0< g <oo.

The basis functions are products of Lamé Wangerin or
finite Lamé functions.14 The label m = 0, 1, -+« specifies
the number of zeros of these functions in the interval
[iK’, iK' + 2K]. The eigenvalues of Ly and Laare j(j + 1)
and A respectively. There is a Dirac 6(j — j') normali-
zation on the parameter j and a Kronecker normalization
on the remaining parameters.

6. Y, = (Re{g(_v_;;(:_)—(fi_b;:_a)} 1/2, (-_.;_,I;n)l/z’
Imiz(v—a?f)*’_("m_m} + 1),

—o <y <0<y < oo,

1 /coshn COsy
. =|= hzy tanv,
7. Yy ( 2( cosy coshn)’ tanhy tanv
1 1 (coshn COSv> )
—_— — —, +1},
coshn cosy 2 \ cosy coshny
8 J. Math. Phys., Vol. 18, No. 1, January 1977

—o0 < < o0, 0<v<2n,
8 Y. = ( 1 L(sinhn _ sinv
" 7% 7 \sinhysiny 2\ siny sinhn>’

1/ siny sinhy
cothy coty, 2 <sinhn T siny )’ = 1)’

—00 < v < 00, 0<n<2n
(02 +n?2+4] { [(n_ v
. Yi—( 8vn ’2’1)—;}’

(=02 + 772 + 4] +1)

8un R
—w<y< oo, —o0<n< oo,

These last four coordinate systems have been treated to
some extent in Ref. 13 and we refer the reader to that work
for further details.
10. Y = (1, sinv cosy, sinv siny, cosv),
0Ly K, 0<n<2n

The orthonormal basis functions are

filo = (?_lil 4 —=|mD!
" 4 (I +|m|)!

1=0,1,2,...,m= —I, —I+ 1,...,1 The eigenvalues
of L1 and Lz are I(I + 1) and —m?, respectively.

1/2
) Pimi (cosv) efmr,  (3.13)

11. Y = (coshv, sinhv cosy, sinhv sing, = 1),

—_ 0 <y < 00, 0 n<2n

The basis functions are
r(j+1—-m)

= _;,—(],TI)—P;n (coshw) elm, (.14)
where j= — 4+ ig, 0 < q<<oo,
which are normalized according to

ayn an — ____271_ S NS
<ft7m’ fi]'m’> - qtanhﬂq (q - q) mm’ .

The eigenvalues of Ly and L are —j(j + 1) and —~m2,
respectively.

12. Y = (coshy coshy, coshv sinhy, sinhy, +1),
—00 <y, B < o0,
The basis functions are

I+ 1+ i) I(—j + it

1 — C -
fi}‘r & 1"(] + 1) (315)
X PZ{7}3, (¢ tanhy) et*",
where
1 0
=z a=(o) =(1)
j=—%+1,
0<qg<<oo, and — o0 < T < 0.
These basis functions are normalized according to
g —¢) o —7)
a 1218y - .
<fi]‘r’1 fi]'rg qtanhnq
£.G. Kalnins and W. Miller, Jr. 8
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The eigenvalues of L; and Lg are —j(j + 1) and —12, re-
spectively.
13. Y=G[e+ 1+ nD)e), ne,
zle + (=1 + nie) £1),

—o00 <<y << 00, —co < < oo,
The basis functions are
1
Ay — = -2k, v) efen, .16
i TG+D¢ Kjv12 (te) € (3.16)
where
= —%+ig, 0<g<oo, and —00 < T < oo,

These functions are normalized according to
—a — !
(9, i) = 4= A0 = F)

g tanhng
The eigenvalues of L; and L are —j(j + 1) and —72,
respectively.

14. Y = (& (1 +v2), v cosy, v sing, $(—1 + v2)),
0<n<2n

0 <v<<oo,

The basis functions are

ae — (X2 m
i = Im (xv) ™, (3.17)

2n
m=0, £1, --., 0 < y < oo. The eigenvalues of L, and
L are — % and —m2, respectively,
S s Sy = 60 — X) Ommr.
15. Y = (4 (1 + cosh2y — sin2y), coshv cos,
sinhy siny, $(—1 + cosh2 — siny)),
—o0 <y < 0o, 0< < 2n.

The orthogonal basis functions are
Cen(v, x%/4) cen(n, x%/4),

15). —

o |Sen(v, x%/4) sen(n, x%/4),
products of Mathieu functions. Heren = 0, 1, 2, - - - is the
number of zeros of the periodic Mathieu functions in the
interval 0 < 77 < 4r.

(3.17)

The eigenvalues of L and L; are — 2 and an (even),
bn (odd), respectively, where even and oddness refer to
the periodic Mathieu functions under the interchange

n—-—n.
16. Y = ([1 + (% + v9)2, 32 — »2), m,
=1+ {72 + 122,
— 00 <y, ] < 00,
The basis functions are
1

aes — c L 1p i
= * V2 coshnl [D-13-1/2 (ea) Diz-1/2 (ov)
+ Dtic1a (=eom) Di-yo(—av)l, (3.18)
where

e=+, 6 = ¢i™4 /Iy and C+=<l), C. = <O>,

— 00 << A << o0,

] J. Math. Phys., Vol. 18, No. 1, January 1977

The eigenvalues of L; and Lg are — x2 and 24,
I T970 = 0(x — X)) (A — &) b,

17. For this coordinate system a suitable choice of con-
tour on the cone is

Y = (k sy, (ik/k") cnw cosy, (ik/k’) cny sing, (1/k") dw),
where

v € [K, K + 2iK'],

The basis functions have the form

0<n<2n

cosmn
Y = @)

sinmn

where m = 0, 1, 2, .. - and & satisfies

L (cnt, i 92) [k
en(y, k) o\ g cn®(y, k)

+ (A +sHen(, k) — A (1 + 32)} ® =0, (319

where / is an eigenvalue of Lz, the eigenvalue of L; being
—m?, If we write ®(v) = {cn(v, k)J* Z(v) then = satisfies
the equation

d*Z  (2m + 1) sn(y, k) dn(y, k) dz
dv2 cn(y, k) dv
+ [— K21+ s2+ mm + ) en(v, k) + H4] =0,

(3.20)
where Hy = k24 + k2(1 + s?) + (k% — K'®m(m + 1).

There are then four types of solution to thisequation and
the imposition of periodic boundary conditions requires
A to assume a distinct set of discrete values A,. We now de-
velop the solutions,

W) & = & Ar lenGs, b},
the boundary condition is
E(K + iK') = E(K + 2iK") = 0.
The recurrence relations for the coefficients A, are
k2H4 Ao + 4k'2(m + 1)4; = 0,
K4r — D)(r + m— 1) + (1 + 52 + m(m + 2)))4r_1
+ [(k'2 — k) 2r(2r + 2m + 1) — H4) Ay

4k
- r+ D(r +m+ DAry1 = 0,

(3.21)

where H4 = 4 + (1 + 52). We write this solution as

L5, k) = f Ay[en(y, k)|m+2r, n=024, ...
r=0

(2) E =dn(, k) Zjo Br[cen(v, k))?r, the boundary con-

dition is Z'(K + iK’") = E(K + 2iK’) = 0. The recurrence
relations for the coefficients B, are

k2HgBo + 4k'%(m + 1)B; = 0,

E.G. Kalnins and W. Miller, Jr. 9
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kQ2r — DQ2r 4+ 2m+ 1) + (1 + s

+ m(m + 2))) Br-1 + [(k'2 — k2?) (3.22)

2
X 2r(2r + 2m + 1) — 4rk2 — HB]B,—%(r-p 1

X (r+m+ 1)Br11 = 0,
Hp = H4 + 2k2(m + 1).

The solutions are written

L3, &, k) = dn(v, k) & Bilen(v, K)Jm+2r, no=1,3, ...
r=0

(3) £ = sn(, k) dn(v, k) iﬂ Cyfen(y, k)2, the boundary
ons
condition is Z(K + iK’) = Z(K + 2iK’y = 0. The re-
currence relations for C, are
k2HcCo + 4k'%(m + 1)C1 = 0,
k2[2r — DQ2r + 2m + 3) + (1 + 52 + m(m + 2))) Cr—y

+ [(k'2 — k2) 2r(2r + 2m + 3) — H¢) G (3.23)
2
—-4;:2 r+bHr+m+1)Cr1 =0,

Ho= Ha + 2(k% — k'2)(m + 1).

The solutions are written
Lizin(v, k) = sn(s, k) dn(s, k) T Crlen(v, K+,
r=0

n=24 ...
4) = = sn(y, k) 1=y Defen(v,k))?r, the boundary con-
dition is
(K + iK) = Z/(K + 2iK") = 0.
The recurrence relations for the Dy are
k2HpDg +4k2(m + 1)D1 = 0,
K4(r — D(r + m) = 22m + 1) + (1 + 2
+ mm + 2)] D1 + (K2 — kD) 2r(2r + 2m + 1)

k'2
+ 4rk’® — HplDr — 220 1 1) + m + 1) Drsa = 0,

P
(3.24)
Hp = Hq — k'2(4m + 3).
The solutions are written
Lo (v, k) = sn(v, k) 3 Dylen(y, k)m+2r,
=0
n=13125 ..
The general solution can be written as
UDas’ , cosmn
apse =L (0, k) (3.25)
sinmn

where £ and &’ are the eigenvalues of the operators PeizM3
and "3, The number n is the number of zeros of the
basis functions = in the interval [K — iK', K 4+ iK']. We
will call these solutions associated periodic Lamé functions
of the first kind.

10 J. Math. Phys., Vol. 18, No. 1, January 1977

18. Y = (k sn(v, k), (1/k") dn(v, k) cosn, (1/k') dn(v, k)
x sing, &(ik/k’) cn(v, k)), where

v e [K, K + iK'],

The basis functions have the form

e= %1, 0<n<2n

cosm
Y= () 7

. )
sinmpy

where m = 0, 1, 2, - - - and @ satisfies

1 d do m2k'?
dn(, k) d> (d“““’ k) EZ) + {an(y, k)

— (1 + s¥)dn2(0, k) + A + (1 + sz)J @ = 0. (3.26)

The solutions to an equation similar to the above, have
been investigated in Ref. 15. The development of solutions
to the above equation proceeds in direct analogy with the
procedure used in Ref. 15 to obtain finite sojutions. In the
case of interest here however we have the solutions ex-
pressed as an infinite series. We denote the solutions of
(3.20),

@ = [dn(y, k)™ K2, (dn(v, k)),

in analogy with the solutions in Ref. 15. The superscript
P = A4, B, C, or D indicates the form of the solution as
an expansion in Jacobi elliptic functions, viz. P = A4 cor-
responds to the function

Kt (dn(s, K)) = 32 Arfdn(y, K)J2r

The recurrence relations for the expansion coefficients are
those in Ref. 15 with 2F(2F + 2) replaced by (1 + s2) and
k by k’. Similarly we have that P = B gives

Kt (dn(s, k) = en(v, &) 35 Brdns, O,
P = C gives
KS (dn(y, k) = sn@, k) g;o Cr[dn(y, K2,
and P = D gives
KPe (dn(v, k)) = sn(v, k) cn(», k) gop,[dn(v, Ky,

In each case the spectrum of Lg is discrete and is labelled
by the positive integer #n. The basis functions are then of
the form

cosmn
18 = C,[dn(y, b)J™ KE2, (dn(y, k)) [ ) (3.27)
sinmy

where

cefy) e e=()

The KZe, functions we have introduced here will be called
associated periodic Lamé functions of the second kind.

21. Y = ((k/k)y en(v, k), (k/k') dn(y, k) cosn,
(k/k) dn(v, k) sing, ik sn(v, k)),

where v & [—~iK’, iK’], 0 < 5 < 2r. The basis functions
then have the form
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Downloaded 02 Nov 2008 to 130.217.76.77. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



cosmy
¥ = d®) ,

) with m=20,1,2,. ..
sinmny

where @ satisfies the same equation as in system 18. The
corresponding boundary value problem is singular at both
ends v = + iK’. The spectrum is however discrete and
suitable boundary conditions are as follows.

(1) dn(v, k) @(v) bounded at v = + iK', &(0) = 0.
Solutions satisfying these conditions can be developed in
the form

P(v) = goA'[d"(”’ k)J-1-is-2r,

Such solutions are denoted by W2z (v, k) and correspond
to an eigenvalue Asy, of La. This solution has 25 zeros in the
interval [—iK’, iK’). The recurrence relations for the
coefficients A, are '

[H+ (1 + K2 — s)s]do + 4(1 + is) 41 = 0,
k'2[m2 — 2r — 1 + is)2) Ar-1 + [Aon + 1 + s
+ (2r + 1 + is)(2r + is)) Ay
— 4 + 1)(r + 1+ is)Ars1 = 0.

(2) dn(y, k) ®(v) bounded at v = + iK’/, &'(0) = 0.
Solutions satisfying these conditions can be developed in
the form

D (v) = sn(y, k) g’o Br[dn(v, k)]-2-ts-2r,

Such solutions are denoted by W21 (v, k) and correspond
to an eigenvalue Asn41 of Lo. Each such solution has 2n +
1 zeros in the interval [—iK’, iK'). The recurrence relations
for the coefficients B, are

[H +( + k% (i — s)sjBo + 4(1 + is)B1 = 0,
k'2[m2 — (2r — 1 + i5)2) By—1 + [H' — 4k’2r
+ (I + k) (s + 2r + 2)is + 2r + 1D]B
— 4@+ D)(r+ 1+ is)Bri1 =0,
H = -2k'2(1 + is) + (1 + 52) + Agnt1.
The complete set of basis function is
7(L27r11)= wa (v, k) etmn, m=0,x1,. ...
(3.28)

22. For this coordinate system suitable coordinates on
the cone are given by the relations

20— a) —v
ala = by x = \/ 5 SO
y= \/ ;—bv sing,
with —o0 < v < 0.
23. Y = (4 [coshv + n2/coshy], #/coshv, tanhy,
l/coshy — % [coshv + n2/coshv]),

(t+iz)2=

—o0 <y < oo, —oo<p< oo,

If we write the basis functions as ¥ = coshy @ &*” then
@ satisfies

1 J. Math. Phys., Vol. 18, No. 1, January 1977

2 2
g + tanhy %’i — [12 cosh?y +

coshz; T A} ¢ =0,

(3.29)

where 4 is the eigenvalue of Lo. The spectrum of 4 is dis-
crete and the corresponding eigenvalues are denoted by
AB,,r=0,+1, - .. (This is the notation adopted by
Meixner and Schiafke2?) We note that (3.29) is a form
of the spheroidal equation. The basis functions are then

23, . = coshy 8784} (i sinhy, 1) €™,
where —oco <7<, r=0, £1, +2, and v=#1

(mod 1). The eigenvalues of L; and L are —12 and A%,

24. Y = (1/sinhv+%[sinhv + #2/sinhy),
$[sinhy — p2/sinhy]),
—00 <Cy<< oo, —o0 <N < oo,

n/sinhy, cothy,

The basis functions have the form
S38, . = sinhv S84 (coshy, 1) e, (3.30)

where —co <<7 <o, r=0, %1, +2, .- ., and y #
4(mod 1), and the eigenvalues of Ly and L, are —12 and
% o Tespectively.

25. Y = (4 coshy, tanhv cosy, tanhy sing,
1/coshy — 1 coshy),
—o0 <y <<oo, 0Lny<2n.

The basis functions are

fm=amWrW+]+m+ﬂrW+‘+m‘ﬂ

2 2
X [[(m + 1) (1 + ix)]1 (tanhv)™ (coshv)-t%

m4 1+ ix + is m+1+ix—is
2 ’ 2 ’

x zFl(

cosmy

m+ 1; tanh%){ (3.31)

. 3
sinmny

where m = 0, 1, - - - and 0 < x <C o0. The eigenvalues of
the operators Ly and Lz are —m? and —«?2, respectively,

& fE> = (K — ') S
26. Y = (1/sinhy + % sinhy, cothv cosy, cothy sing,
1 sinhv),
—o00 < y < 00, 0<n<2n
The basis functions are

29 = 2 7% (tanhy)!+i%+s (coshy)=ix

FGim + 1+ i+ ©)
FGm+1—is+ ©))

y TFGlm+ 1+ i(k — s)]) I'(—ix)
FGim+1+i(s—)) L1 + i)

—m+14+ik+s
x 2Fl[ 2 ( )’
E.G. Kalnins and W. Miller, Jr. 11
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m—1+i(k+s),
2 b

1 ) cosmn
cosh2y

l + ix;

. H
sinmpy

wherem =0, 1,2 . - - and 0 << k¥ << oo. The eigenvalues
of the operators L; and Ly are —m?2 and — &2 respectively

where m =0, 1, - and 0 < k¥ << co. The normalization
is the same as for system 25.

_Mt4 P n 1 —vi+4 g
27. Y—( 8u 2y 2” 8y —Zv)’
—o0 <u< o0, —00< N < 0o,

28. From this point on the spectral problems that have
to be solved involve more than one eigenvalue simul-
taneously. We therefore give only the coordinates on the
cone in these cases,

o e = Da=D
ab’ (a— -1y

_G-ba=b)  ,_ -ar-a
“H{a-bb - )P " {a— b)a— N2

l<pyp<b<v<a

=D -1 _ v
V= —Ghe —1y YT T
v —=bn —b)

=GBk = )b

p=-0=9d 4 _poyca

(@ — b)a-— Da
- 20 — a)(n — a)
P AN/ A Y M2
30. (x + it) @— b =Db
G -—DhHn—-1 v
g W T M 1) 2 — A
Y=@=-ne-1 °? ab’
n<0<v<<l
2 Y o oy vt _(a+ Dy
3. 1+ x)2 = pr (12— x?) p P ,
v—Din—-1)
g — _w— =)
y - (a__l) k)
zz=(v—;2(ai)(_ﬂT—)—g), O<n<l<yv<a.
vy v+r] (a+ Dy
2.t +x)?2 = — 2 (12 — x?) = -
=D -1
2 . _w— VW — 1Y)
ye = (a_l) >
z2=(ia:2(%)g_’7—l_)—a), —p<i<l<v<a
2 _ U
B+ xP= Py
_ _G+n  (@a—Dw
(t2__x2)_ - a + a? s
00— —a ,__C+Datl)
Y @@+ 1) ° @+1) °
1< —1<0<v<a
12 J. Math. Phys., Vol. 18, No. 1, January 1977

4. (t—xP2=—wy, 2y(x—t)=v+n9—on
22 =@~ {n 1), n<0<v<lL

4. SEPARABLE BASIS FUNCTIONS ON L2(H.)

In this section we present the basis functions for L2(H)
corresponding to the coordinate systems presented in Sec.
2. This is done using (3.5) and the spectral resolution of the
operators Ly and Ly computed in the previous section. The
basis functions are listed with the minimum of duplication
necessary. Some of these basis functions which correspond
to subgroup reductions were given by Vilenkin and Smor-
odinskil® (see also Kalninsi?). In each case the integral
is relatively easy to evaluate because we know in advance
the form of the separated solutions in the appropriate coor-
dinate system such that variables separate in the integral.
The 34 integral identities (3.5) corresponding to the
separable coordinates for 4y = a(o + 2)y are nontrivial.
Indeed many of the following results appear to be new.

al([[m]+ 1 + i(s + 9)]/2)
r(jm|+1)

F([\m\ + 1 +iGs—1)/2)
r(l + is)

x efweMi(tanhp) ™! (coshp)—1-is

1. F® =

LEA R
_]ilj'_]._zﬂil)’ im|+ 1; tanh2p>.

2. F@» = Yssinhzs sé“h"s e Kis(2 + K2V g7 elrveinn,
¥4

5. P = v
x P={73{3, (coshp) EgY'(v) EAY ().
4. F¥3v = C,H(p) EFY() EFY(n),
where
H(p) = rg + igi] + s)).F(Jf + i(s — q))
(1 + ip) coshp
X PZ{$y.4 (e tanhp).
5. Fue’ = C,, Hi(p) FI'(v, k) F'(n, k).
6. Fp) = ((254:(111(11; II)'!n | )!)m I(is fﬁ?bsi—,,;,-,—,

X P2 (coshp) PP{cosv) eim.

rG—m+iq)
7. Fc(lz‘}rL =C Hq( ) 2n1—(1 + lq) P_1/2+,q(COShv) e'm”

r¢+iGc+qyrg+
r (z + ’q)
X R,‘,’2‘1+,-,(s’ tanhv) e,

8 Fu i(t—4q)

sg’Jm

= C,Hi(p)

9. F(13 = C Hq(p) Kiq(‘Ee_v) el"r'l.

r (1 + iq)
10. F¢# = sy sinhrs e ?Kis(xe™?) Jm(xv) €™
11. F® = Jssinhzs e ?Kis(e™?)

E.G. Kalnins and W. Miller, Jr. 12

Downloaded 02 Nov 2008 to 130.217.76.77. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



{Ce"(v, X2/4) cen(n, x2/4)
Sen(v, x2/4) sen(n, x2/4)

12. FA9 = C, ¥s sinh(zs/2) e~PKis(ye?)
* cosh 7

X [D_jz—y/2(e0m) Diy_ys5(0v)
+ D_i3—1/2(—&0m) D3y /2(—ov)].

, , , cosmn
13. FaDee' = [ (p k) Lt (v, k) sinn”
14. FU8¢P = [dn(v, k) dn(p, k)J™ KE: (dn(v, k))

cosmn
X Kfa(dn(p, k)1 .
sinm

15. F2V = wn (p, k) W2,(v, k) e,
16 Fv+2r T T
X Psis(sinp, 12) e,

. Is a normalization constant.

. coshy cosp S¥%.(i sinhy, 7)

where T,
17 F(‘%—‘:".’rr - tv,f

x Psis(cosp, 12) €™,

sinhy sinp S%P (coshy, 1)

where ¢, , is a normalization constant.
18. F29 = M, (tanp tanhy)m(coshy)~*(cosp)l+m+is,
, 1+ iGe —
x 2F1(m + 1 —;1(1\7 + s)’ m + zz(rc s)’
m+1+ilk+5)
m + 1; tanh? v) zFl( ) s

m+1+i(s — k)
2

Mxm = ;22 Bm+is—w +21/2
Fagr®ra@a+m-—Hra+is+m
T+ i) Ga + m+ DIGa + m + HIA + is)
X sFaa, b;a+m—4%,ta+m+ 4,

la+m+4, )

,m+1; —sinzp)[C.osm”,
sinmz

X

where
a=[m+ 1+ i@+ 52,
b=[m+ 1+ i@k — 9))2.
19. F28 = M/, (tanhy)!*i %+ (sinhy)~**(cotp)m

—m+1+ik+5)
2 >

X (sinpyltm+is , by (
m+1+ilk+s)
2

m4+l+ik+s) m+1+i(s—x),
2 ? 2 ’

;o 1+ is; tanh%)

X 2F1(

cosmn

- 2
m+4+1; —cos p){sinmry’

where

;o I'(1 +is + ix/2) I'(ay) I"(az) I (as)
M., =2n2 N Tb1) [(ba)

- 1),

a, agz, az
X 3F2(
bl, b2

where

13 J. Math. Phys., Vol. 18, No. 1, January 1977

_—=m+14+ik+s)

_m—1+is+x)

ay = 5 , dg = )
613=m;m+1+l(x+s),
b1 =1+ ix,
b2='1’+—i2(s+—")+2+2is+ix,
and
N=Lfm+1 + s+ )2 IF(fm + 1 + i(x — 5))/2)

IF'(m+1—is+x))/2dI'(m+1+i(—x)]72)
(=) I'(1 + is + m)
r+ikyrdd +is) °

Let {f;,} be an ON basis for L2 (C) consisting of (gener-
alized) eigenfunctions corresponding to a commuting pair
Ly, Lo,

Llf;lu = A'.fl;n Lzﬁu = /‘f).;n

and let {Fy,} be the associated separable functions on
H+a

Fi(X) = {fap h(X, ) ). 4.1)
It follows that
(X ¥) =X, Yot = 22 /,(7) F X)) 42

with convergence in L2 (H,) for each X & Hy. A direct
computation yields

Xy, « ), h(Xz, «)) = 4maFa(1 — is, 1 + is;

£ 1 - X, X)) (4.3)

and, from (4.2),
B, =), h(Xe, 2 ) = 5 F,(Xe) F (X)), (4.9

Thus, (4.3) is a bilinear generating function for products
of separated solutions F, ,.

If {f,.g} is ON basis for L2 (C) consisting of eigenfunc-
tions of another commuting pair Lj, L; and F, 8 = Jups
h> we have the pointwise convergent expansion

F;,(X) = ;: Cf,’fFA,,,(X),
Ny

where the sum or integral is taken over the spectrum of
Ly, L2.! Furthermore the expansion coefficients can be
computed in LZ(C). Indeed

Cef =<Jup Lo 4.6
so all overlaps can be expressed as integrals over a contour
I'on C.

A number of these coefficients can be found in the liter-
ature. In particular, systems 3 and 10 correspond to the
subgroup reduction SO(3, 1) D SO(3) and the overlaps
relating these systems can be found in Ref. 12. Systems
4-9 and 11-13 correspond to the subgroup reduction
SO@3, 1) D SO(2, 1) and appropriate overlaps are com-
puted in Ref. 13. Systems 2 and 14-16 correspond to the
subgroup reduction SO(3, 1) > E(2) and overlaps are con-
tained in Ref. 18. The overlaps relating systems 1 and 3 can

4.5)
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be expressed in terms of Clebsch—-Gordan coefficients for
SO(2, 1).

5. EXPANSIONS ON L2(H;)

In this section we give the expansions on L2(H,) for
coordinate systems on the single sheeted hyperboloid H;
which cover one half of Hs. This is the imaginary Lobachev-
ski space of Gelfand et al.? Only some of the coordinates
given in Sec. 2 correspond in a natural way to such coor-
dinates on H;. The spectrum of 4 is both continuous and
discrete for L2(H;) and there are therefore two sets of basis
functions for each of the coordinate systems we discuss.
We now list the basis functions for the coordinate systems
on L2(H;) together with the coordinates. The orthonor-
malization is always Kronecker delta for discrete spectrum
and Dirac delta for continuous spectrum. The discrete
spectrum basis functions are obtained from (1.9) and (1.10)
exactly as in the example worked out in Ref. 19.

=4[ — (1 4+ 2+ n2e,
z=14[er + (1 — 2 — e,
— o0 < P, v, ] < 00,

X = e Py,

y=e’n,

The basis functions are

- 1/2 L
Fc(z) = ?.f (_,_s - ) [Jts(xeﬁ") + J-u(xe‘ﬁ)] eltvetnn

2 sinhzs
where y? = 12 + K2,

\/n

Fd? = e~? Jan(xe?) eirveinn,

The superscript refers to the system in Sec. 2 to which the
coordinates correspond via analytic continuation.
2. t = sinhp, x = (1/k") coshp dn(v, k) dn(n, k),
y = (ik/k’) coshp cn(v, k) en(y, k),
z = k coshp sn(v, k) sn(n, k),
—co < p < 00, v € [—2K, 2K],
nel[—-K, —K + 2K'].
The basis functions are
4————~ni€§r; is) [Pfs(tanhp)

rd+14is) , . ] -
_1-(1+ 1 ___l-s)Plz (ta“hp) ﬁn *,

(2n — 1)!)1’2 1
(2n + )}/ coshp

where for the discrete spectrum part ! =0, 2, ..., 2n.

Fe l(':r;t) s’ —

Ppr(tanhp) £,

Fdg = 2(n

3. t = sinhp, x = coshp sinv cosny,

y = coshp sinv sin, z = coshp cosy,

—0 < p < o, o<vgm, 0 n<2n.
The basis functions are
Fefgp = L0 Pistanhp)
%ﬂ% Pr “(tanhp)] fiao,
14 J. Math. Phys., Vol. 18, No. 1, January 1977

2n — D12 1
Fduo = 2(,.( n =) )

(2n + DY coshp
4. t=14[(er— (1 +19) e,  x = e Pucosy,
z=1%[er + (1 —v?)e7],

O<v<oo, 0<

Ppn(tanhp) f,10.

y = e Py siny,
— oo < p< oo, n < 2m.

The basis functions are
1/2
) e?[Jis(xe™?) + J-is(xe P f 28,

Fdp = 2y'n e? Jan(xe ?) 30

5. t = 4fer — (1 + cosh? — sin%y) e77),

K
a4 — [ .
FC (2 sinhzs

x = e~? coshv cosy, y = e~?sinhv sing,
z = 4[e? + (1 — cosh?v 4 sin?n) e~7],
—0 Ly << 00, 0L

—00 < p <o, n<2m.

The basis functions are

2
e[ Jis(xe™?) + J-1s(xe P)] £ 3%,
Fdly = 2y'n e Jan(xe?) f39.
6. 1= 4ler — (1 + 40r? + 9D 7],
X =3 e—ﬁ('lz — 1)2) y = e_p”v’
= $ler + (1 = (2 + 99 e,

1/
Folld = ( ) )
m 2 sinhns

—o00 < p << o0, —o0 <y << 00, —o0 <5 < o0,
16 s 1z J J -
¢ — |— - —p ~ —p .
Fexi (2 sinhns) e ?Jis(xe™) + J-1s(xe P}

Fd{{o's = 2/ 'n 7P Jan(xe™?) f19°.
7. The coordinates are as for coordinate system 17 with
pe[0,2iK'), vel[iK,iK'+2K], 0K

The basis functions are

n << 2m.

cosmn

Fullh = Lg:,'m(p, k) Lfgr’m(”’ k) [sinmn ’

where t = s for the continuous spectrum basis functions
and ¢ = 2in for the discrete spectrum functions. These
solutions are obtained by solving the recurrence relations
for system (17) with s replaced by 2in.

8. The coordinates are as in system 18 with
pe[0,2iK), vel[iK,iK'+2K], 0<

The basis functions are
Ful® = [dn(v, k) dn(p, K)* KE4,(dn(y, k)

n<2m.

cosm
X Ko ) | oo

with 7 as in system 7.
9. The coordinates are as in system 19 with
p € [0, 2iX'], v € [iK', iK' + 2K],
0<n<2n
10. The coordinates are as in system 21 with
p € [0, 2iK"), v € [0, 2iK"], 0 < n<2n

The basis functions are

E.G. Kalnins and W. Miller, Jr. 14
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Fuzy = Wi(p, k) Wilv, k) eim,

where ¢ has the same significance as in system 7 of this
section.

11. The coordinates are as in system 22 with

0 < p < oo, 0<v<<oo,
12 =L [cq@ _ ,SJ'JE_/Z} __n__
' 2 {sinhp  coshy 2coshy sinhp’
= (?(?é?lx?sinhp’ y = tanhy cothp,
. 1 . + 1 [sinhp _ cpshv}
coshy sinhp = 2 {coshv  sinhp
7
2coshy sinhp’
—0 < p< oo, —oo<y< o0, —o0< < 00,

The basis functions are
Fs2¥ = K sinhp coshy S%Y) (coshp, 1)
x SEY (sinhv, 1) ef®,
with f as in system 7 and K!, a normalization constant.
1 1 |sin sin 2
13 t = ——— + = ___V_ —‘—g ‘.*}Z——:——’
sinvsing ~ 2 |sinp  sinv] ' 2sinp siny

n

X = 7, = cotp coty,
Siny stap Y P Y
1 siny | sinp n*

2 sinp  siny 2 siny sing’

2 =
Fs29 = it _sinv sinp Ps#(cosy, 2)
X Pst(cosp, 12) et*,
with 7 as in system 7 and %, a normalization constant.

— 1 jcoshy sinhp)
14, ¢ = > Linhp coshv]’ x = cothp tanhv cosy,

y = cothp tanhy sing,

l 1 [sin}y_} _ coshv]

coshy ~ sinhp’

Z = coshy sinhp = 2

— 00 < p < o0, —00 <y < o0, 0<y<2n,

Fe2d = N, (tanhy)™ (tanhp)!*i®+9 (coshy sinhp)=i*

X oF; (’l’il,_%_ﬂ(ﬁ_‘tf)’ m+ 1 +21(f< = 3).

m+ 1 tanh%) 2F1<Lﬁ%&.ﬂ’

m+ 1+ i+ )

5 , 1+ is; tanh2p> [cosmry

sinmn’
where
Il +is +m)
I'(1 +is) I'(1 + ix)
% s (@) (az)r (a3), (ag), 1

N,

em = 4m2 Q1-m+iis+txlz

=0 (b1)r (b2)r (b3)y rar
ar=4[m+ 1+ ik + 9),
az =3%[m + 1 + i(c — ), a3 = —Is,
15 J. Math. Phys., Vol. 18, No. 1, January 1977

as = }[m—1+i(s ~ k), by =m + |,

by = Hm — 1 — i(s + )],
and
by = 4 m + 1 — i(s + x)},
FdZ¥ = (tanhy cothp) a1t _, .. ean (cOShY)

cosmy

X gz (Fsinhp) |

Here /m =0, 1, 2, - - and df; (cosh) is the matrix ele-
ment of a hyperbolic rotation in the compact basis of the
positive discrete series of SL(2, R) as given by Bargmann.11
Explicitly these functions are

d},;(coshz)
= Npq(sinhz)~(P+0(coshz)r~¢

XeFil+1~¢g —1—¢q;1 +q—p;—sinh2z),q>p
= Npy(sinhz)=(r+@)(coshz)a-»

xeFil+1—-p, =1 ~p; 1 +p— gq; —sinh2z),

P >4q
where

Fpg = (~ 12 Mgy = o
g (r(—l ~q) I+ 1~ q))ﬂ/z
I(=l—=p)rd+1-p)

if p > g. (Note: We have at the time of writing not com-
puted the normalization constant for discrete spectrum
basis functions.)

15 1= —1 ~~~—1«[“°‘—'9~” +S—m—p},

" sinv cosp 2 [sinp 7 siny
X = cotp coty cosy,
r= L[ s
2 |sinp ' siny
Fcl29 = N/ (cotp cotv)™(sinp siny)l+m+is
X oF; (m tltitk+s) mtl+ils—x),
2 2
mt 1+ ik +5)
2

Y = cotp coty singy,

m++1; — coszp) 2F1<

y

m+1+i(s - k) M+l —cos? ) {COS’”'I
2 ' ’ ¥} lsinmny’
where
/ I'(a1) I'(az) I'(a3) I'(—m + ix)
= 92
Nom = 22N WA
X 3Fy (alblazbzaa 1)

with a3, az, and by as for system 12 on L2(Hj),
a3 =ik + (s +m— 1),
bz = 2ix + (is — 3m — 1),

and N is as given for system 26 on L2(H.,).

FdjZ8 = Ny, (cosv cosp)™ (siny sinp)2n+1
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cosmy
sinmn’
where P{=# (z) is a Jacobi polynomial and

x P (sin2v) P (sinzp){

N/ = (ﬂf(m +I14+DIr@n+14+1 2”'+2"+1)1’2 /
tm = 2allI'(m 4+ 2n + 14 2)
P2 (0).
_GEoed
16. t = 8w + T x = P
Ly, r el il ) il A .
y= 2[p+ v]’ z= 8pv 2p’

—o0o <y, p,n < o0,

We have not given any mention of the coordinate systems
which require the solution of multiparameter eigenvalue
problems.
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