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Abstract

The effect of quantum noise on the two-state system is studied in the context of (i) coherent
quantum tunnelling in a double-well system subject to low temperature quantum noise, and
(i1) the two-level atom subject to finite bandwidth squeezed noise. Our approach to these
problems is based on the adjoint equation, which describes the evolution of a quantum
stochastic density operator. This equation is amenable to solution by ordinary stochastic

methods, of which numerical simulation plays the most significant role in our calculations.

The dissipative double-well system is relevant to the search for macroscopic quan-
tum coherence in superconducting quantum interference devices, and previous work, start-
ing from a two-state model and using path integral methods, has established the so-called
“noninteracting-blip approximation” as a central result. The adjoint equation, applied to
this problem in the weak coupling limit, is shown to closely reproduce this result. The
noninteracting-blip approximation entails a Markovian-type assumption about the noise,
and, by means of stochastic simulation, we are able to check, and confirm, the validity of

this assumption, even for the case of a zero-temperature bath.

Squeezed light, which has reduced quantum fluctuations in one quadrature phase,
has been produced experimentally, and possible applications are under active considera-
tion. Analyses of the effect of squeezed light on fundamental radiative processes in simple
atoms have revealed interesting possibilities, most notably line-narrowing in the fluores-
cence spectrum. The original analyses in this field of research have been based on the
assumption of broad bandwidth squeezing, and we review the primary results found in
this limit. Also in this limit, we study in more detail the phenomenon of squeezed-light-

induced photon echoes.

For broad bandwidth squeezing, line-narrowing in resonance fluorescence is re-
stricted to the central fluorescence peak, while the Rabi sidebands exhibit broadening. We
examine strongly driven resonance fluorescence for the case in which squeezing is con-
fined to relatively small regions of frequency space about individual fluorescence peaks.
It is shown that the noisy component associated with the unsqueezed quadrature phase can
be effectively decoupled from the atomic dynamics, which allows narrowing to occur in

all three peaks of the spectrum.



Finally, we address the practical problem of producing an effective coupling be-
tween an atom and a realistic three-dimensional squeezed field of modest angular spread.
We show that this can be achieved, in principle, inside a microscopic plane mirror cavity,

provided the injected squeezed field is suitably mode-matched to the cavity.
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1. Introduction

The rich variety of phenomena exhibited by the dissipative two-state system, and, more
especially, its direct relevance to many practical situations, have ensured that this system
occupies an important place in theoretical physics. From the point of view of quantum
optics, the two-level model of an atom provides a fundamental tool for the examination of
optical systems and has been quite central to the development of this field. Correspond-
ingly, it has served as a testbed for the methods of quantum noise theory which have been
developed in connection with quantum optics. This particular aspect is very pertinent to
the present study, which, although concentrating on the dynamics of the two-level system,
serves to highlight a particular approach to quantum noise based on the so-called adjoint
equation. The adjoint equation is derived from the more familiar quantum Langevin equa-
tion, and its value arises from the fact that it can be treated as an ordinary (classical) linear
stochastic differential equation. This, of course, opens the door to solution via the well-
established methods of classical stochastic theory, including numerical simulation. More
significantly (certainly from the point of view of this thesis), the adjoint equation requires
no assumptions to be made about the correlation properties of the noise. Thus, it offers a
clear opportunity for the treatment of non-Markovian dynamics, which is central to much

of this thesis.

Appropriately, we begin, in Chapter 2, with a review of the adjoint equation for-
mulation. This formulation is due to Gardiner and co-workers (Gardiner, Parkins, and
Collett, 1987, Gardiner, 1988), and encompasses a unified treatment of inputs and outputs
in damped quantum systems and operator quantum Langevin equations. As a first demon-
stration of the significance of the adjoint equation, and to make a connection with more
familiar results, we apply the cumulant expansion method of van Kampen (1974, 1981)

for linear stochastic differential equations to derive the quantum master equation.

Our first application of the adjoint equation approach is to the treatment of co-

herent quantum tunnelling in a double-well system. This particular problem has been
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popularised in connection with the search for macroscopic quantum coherence in super-
conducting quantum interference devices (SQUID’s), in which suitable double-well po-
tentials are realisable. For sufficiently low temperatures, only the lowest doublet of states
is appreciably populated, and a two-state model follows quite naturally. However, the
rising spectrum of thermal quantum noise ensures that, even with this truncated system,
an exact solution is not possible. Previous work has focussed primarily on path integral
analyses (Leggett et al, 1987), which have yielded, as a central result, the “noninteracting-
blip approximation.” This approximation is based on the assumption that memory effects
resulting from the system-bath coupling can be neglected. A stochastic interpretation of
this approximation is therefore one of Markovian dynamics, which motivates our interest
in this problem, since, in fact, low temperature thermal quantum noise exhibits a very long

correlation time.

Restricting our considerations to the limit in which the system is weakly coupled
to the environment, the adjoint equation approach leads to a relatively simple set of sto-
chastic differential equations, which can be dealt with in a number of ways. By approxi-
mate analytical means, it is possible to obtain a result that is in close agreement with the
noninteracting-blip approximation. More notably, however, we are able to numerically
simulate the equations of motion, thereby avoiding the need for analytical approximations
to the behaviour of thermal quantum noise. This allows us to check our earlier results, and,
in fact, we find good agreement, which lends support to the analytical methods, whilst also

demonstrating a very new approach to this particular problem.

The remaining chapters of this thesis deal with the two-level system in the context
of atomic spectroscopy, and, in particular, with the effects one finds when squeezed light is
incident upon the system. Squeezed light has reduced quantum fluctuations in one quadra-
ture phase, and can be produced in certain nonlinear optical processes, such as four-wave
mixing and parametric amplification. The successful generation of squeezed light in the
laboratory has encouraged theoreticians to look for possible applications, and in the field

of atomic spectroscopy this has lead to the discovery of some very interesting phenomena.

In a study of spontaneous emission in a squeezed vacuum, Gardiner (1986) found
that the radiative processes of a two-level atom can be fundamentally altered, leading to

spectral line-narrowing in the fluorescence spectrum. Analyses of resonance fluorescence
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in a squeezed vacuum soon followed (Carmichael, Lane, and Walls, 1987a,b), and the field
of (theoretical) squeezed light spectroscopy has continued to expand since then. However,
the great majority of the work done in this field has been based on two very idealistic
conditions; namely, that (i) the bandwidth of squeezed light is very broad, and (ii) the

atom couples exclusively to squeezed modes of the radiation field.

The assumption of broad bandwidth squeezing means that, to the atom, the squeez-
ed vacuum appears as quantum white noise, and hence the interaction can be described
in terms of a Markov process. The cumulant expansion method alluded to earlier in con-
nection with the adjoint equation is precisely suited to this regime, and is used in Chapter
4 to derive the (now standard) squeezed white noise master equation. The overall pur-
pose of Chapter 4 is then to review some of the major results obtained in the white noise
limit as a precursor to the work of Chapter 5 with finite bandwidth squeezing. We in-
clude a more detailed study of a particular phenomenon derived from the field of pho-
ton echo spectroscopy. Pulses of squeezed light are shown to induce photon echoes in
inhomogeneously-broadened two-level media, offering a novel application of squeezed

light that stands somewhat apart from the work on (steady-state) fluorescence spectra.

Work involving finite bandwidth squeezed light has been carried out in the past,
but the main aim of this work has been to identify the detrimental effects such squeezing
has on earlier predictions regarding spontaneous emission and atomic absorption spectra
(Parkins and Gardiner, 1988, Ritsch and Zoller, 1988a,b). In Chapter 5, we examine the
process of resonance fluorescence in a squeezed vacuum for the case in which the squeez-
ing exhibits a spectral structure on the scale of the Rabi frequency. In contrast to the
previous studies of finite bandwidth squeezing, we uncover some interesting dynamical
effects which open the door to a new range of squeezing phenomena in the fluorescence
spectrum. We concentrate on strongly driven resonance fluorescence and on the situation
in which squeezing is confined to relatively small regions of frequency space about in-
dividual fluorescence peaks. Under these circumstances, we show that it is possible for
the narrow bandwidth component of one quadrature phase noise operator to be decoupled
from the atomic dynamics. Through an appropriate choice of driving field phase, this
quadrature can be made to correspond to the unsqueezed or noisy quadrature of the input
field. As a result, we find that it is possible for all three peaks in the fluorescence spectrum

to exhibit narrowing. This represents a clear departure from previous white noise squeez-

3



ing analyses, which only predicted narrowing of the central fluorescence peak. Again,
the adjoint equation forms the basis for our study, and we concentrate on the technique of
stochastic simulation as a means of solution.

Finally, in Chapter 6, we address the second condition raised above concerning the
coupling of the atom to only squeezed modes of the field. This is certainly the most seri-
ous problem facing experimentalists, and the purpose of Chapter 6 is to propose a possible
experimental configuration based on the microscopic Fabry-Pérot cavity. Such cavities,
in which plane mirrors are separated by a distance of the order of the emission wave-
length, have been constructed (De Martini e al, 1986, 1987), and provide an environment
in which field modes can be selectively coupled to atoms within the cavity. Using this
configuration, we show that it is possible to manufacture an effective squeezed-field-atom
coupling with an input squeezed field of modest angular dimensions, provided the input

field is suitably mode-matched to the cavity.

Most of the original work in this thesis has been published in a series of papers,

which, together with the appropriate chapters, are listed as follows:

Chapter 3

Parkins, A.S., and C.W. Gardiner, 1989, Effect of dissipation on macroscopic quantum
coherence in a double-well system, in Coherence and Quantum Oprics VI, edited
by L. Mandel and E. Wolf (Plenum, New York).

Parkins, A.S., C.W. Gardiner, and M.L. Steyn-Ross, 1990, The effect of dissipation on
coherent quantum tunnelling in a double-well system: two-level model using an
adjoint equation approach, submitted to Z. Phys. B - Condensed Matter.

Chapter 4

Parkins, A.S., and C.W. Gardiner, 1989, Photon echoes with coherent and squeezed pulses,
Phys. Rev. A 40, 2534.
Chapter 5

Parkins, A.S., 1990, Rabi sideband narrowing via strongly driven resonance fluorescence
in a narrow-bandwidth Squeezed vacuum, Phys. Rev. A 42, 4352.

Parkins, A.S., 1990, Resonance fluorescence of a two-level atom in a two-mode squeezed

vacuum, to appear in Phys. Rev. A.



Chapter 6

Parkins, A.S., and C.W. Gardiner, 1989, Inhibition of atomic phase decays by squeezed
light in a microscopic Fabry-Pérot cavity, Phys. Rev. A 40, 3796, and erratum (to
be published).






2. Quantum Langevin Equations

The body of formal theory upon which this thesis is based ties together in a coherent
form several important concepts from the field of theoretical quantum optics. Specifi-
cally, it presents a unified approach to the formulation of (i) inputs and outputs in dissi-
pative quantum systems, (ii) operator quantum Langevin equations, and (iii) the quantum
master equation. The particular version that we shall present has been elucidated in detail
a number of times (Collett, 1983, Gardiner, Parkins, and Collett, 1987, Gardiner, 1988),
and represents a progression from the earlier input-output formalism of Gardiner and Col-
lett (1985), which provided the first authoritative treatment of inputs and outputs and their

interrelations with the familiar equations of quantum optics.

We begin by reviewing the input-output formalism for a system interacting with
a one-dimensional electromagnetic field. This is presented in a form that is valid at all
frequencies, and does not rely on either the rotating-wave approximation or any white
noise assumptions. The primary result of this formulation takes the form of a simple
boundary condition relating input and output fields to each other via the internal dynamics

of the system.

To describe the time development of system operators, we derive a general quan-
tum Langevin equation in the standard fashion. However, the input-output formalism now
allows an explicit identification of the Langevin noise term with the input field, and thus
the quantum Langevin equation provides the final link-up between input, output, and sys-
tem fields.

From the quantum Langevin equation, we derive the adjoint equation, which de-
scribes the evolution of a quantum stochastic density operator, and is formulated in such
a way that we are able to define a commuting noise operator. This means that the adjoint
equation can be written in the form of a linear stochastic differential equation, amenable
to solution using any of the methods of classical stochastic theory. One such method is the
cumulant expansion technique of van Kampen (1974, 1981), which, for a white noise in-

put, provides a direct and straightforward route to the familiar master equation of quantum
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optics.
However, the adjoint equation itself makes no particular assumptions about the
noise, and thus provides a starting point for the alternative analyses that are necessary

when the dynamics are non-Markovian. Analyses of this sort, based largely on stochastic

simulation, form the basis for much of this thesis.

2.1 The Model

The starting point for all of our calculations is the model of a system, characterised by
the set of operators Z, interacting with a bath of harmonic oscillators. The bath operators
are denoted by p(w) and ¢(w), and the interaction is described by the linear coupling of
a particular system operator X to the bath degrees of freedom. The Hamiltonian for the

interacting system and bath is
1 oo
H=Hui2) + 3 [ do {(pt) ~ (@) X1? + e} 211
0

where x(w) is a smooth function of w. A field interpretation can be formulated by intro-

ducing the Fourier transform variables

2 oo
A(z,t) = V'n—c_/o- dw q(w,t) cos(wz/c), (2.1.2)

- [2 [
k(zx) = 1r_c,/o‘ dwr(w) cos(wz/c), (2.1.3)

using which a Lagrangian can be derived in the form

1 [ .
L =Ly(Z) + 54 dz {A(z,1)? — *[0:A(z,1)]?)}
(2.1.4)

(o ]
+X/ dr k(z) A(z,1).
0
This Lagrangian describes the interaction of a system with a one-sided one-dimensional
electromagnetic field. The range of the interaction is determined by the function &(z),

which, in general, is assumed to be sharply peaked about z = 0, corresponding to a

localised system and interaction. In atomic physics, this corresponds, of course, to the

electric dipole approximation.



2.2 Input and Output Fields

2.2.1 Solutions for the field

The Heisenberg equations of motion for the bath operators p(w) and g(w) are
§(w) = p(w, 1) — K(w) (2.2.1)
p(w) = —w?q(w,t). (2.22)

The solutions to (2.2.1,2), expressed in terms of the annihilation operator

wq(w,t) + ip(w,t)

a(w,t) = oTY" ,

(2.2.3)

exists in two distinct forms, depending on whether we choose to solve the equations in

terms of the initial conditions at time to < t,

t
a(w,t) = e ) g(w tp) —n(w)ﬂ%/ dt' e 1 X (¢), (2.2.4
to

or in terms of the final conditions at time t; > t,

. tl . ’
a(w,t) = e @t gy 41) + n(w)-‘/%/ dt' et x (¢ (22.5)
t

To this end, we define in and out fields as

Am(t) = %/ dww/—h—{a(w,to)e_"“'(t"t” +al(w,to)e™ ™}, (2.2.6)
0 TWC

and

1 [ . .
Awt(t)=5/0 dw]/;r%{a(w,tl)e"“’(t"t‘)+a7(w,t1)e“"(t"tl)}, (2.2.7)

which we note differ only in their dependence on, respectively, the initial time ¢p and the
final time t;.
Solving for g(w,t) and hence for A(z,t), one obtains after some manipulation

A(z,t) =Ain(t+z/c) + Ain(t — z/0)

xz/c+(t—1to)

— % dr k() X(t — |7 —z/c|) (2.2.8)
z/c—(t—to)
=Aout(t — /) + Aout(t + z/0)
x/c—(t—t1)
+ —;— dr k(e X(t+ |7 —z/c]). (229
z/c+(t—11)
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Considerable simplification of these results is possible if we take note of the following

points. Although these solutions are valid for arbitrary &(z), in practice k() will be

nonzero only in some small finite range about z = 0. If we take z to be outside this range,
then, in the integrals above, T will always be less than z/c for nonzero k(c7), and we
can replace |t — z/c| with (z /c — 7). Further, if to is taken to be in the remote past,
and t; in the remote future, then the integral limits can be set equal to +00. With these
approximations, the expressions on the right hand sides of (2.2.8,9) can be written as the
sum of a function of t — z/c and a function of t + x/c. We can equate functionsof t + z /¢
in (2.2.8) with those in (2.2.9) (and similarly for functons of t — /c) to obtain
1 [
Ain(t + z/c) = Aout(t + z/C) + 5 / dr k(e X(t+z/c—1T1), (2.2.10)

—00

which, for any z outside the range of x(z), can be generalised to
1 oo
Aout(t) = Ain (1) —-2-/ drk(e) X(t—1). (2.2.11)
—oo

Returning to (2.2.8), and using the result (2.2.11), itis then possible to derive the additional
result

A(t,z) = Aipp(t + z/c) + Aout(t — /), (2.2.12)

for which there exists a very straightforward interpretation. Away from the region of
interaction the total field is given by the sum of an outgoing out field and an incoming in
field, which are related by (2.2.11). The out field consists of a reflection of the in field,

plus a radiated field, which is determined by the behaviour of the system operator X .

2.2.2 System-field commutation relations

The system and bath represent different degrees of freedom, and hence the equal-times

commutators of system operators with bath operators must be zero. That is, for an arbitrary

system operator Y (t), we have

[Y(D),q(w, )] =[Y(t),p(w,t)] =0. (2.2.13)

Hence, using the result (2.2.4) for a(w, t), we can derive

t
[a(w,t),Y(t)] = n(w)w/-z% dt' e[ X (), Y ()], (22.14)
to

— 10



which, in combination with the definition (2.2.6) of A;,(t), leads to the commutation

relation

e o]

[Ain(t),Y ()] = % dr k(e[ X (¥ — 1), Y ()]. (2.2.15)
t—t

Commutation relations involving A,,;(t) and A(t) are derived in a similar fashion.

2.3 Quantum Langevin Equations

The Heisenberg equation of motion for an arbitrary system operator Y (t) has the form

1

[Hsysyyl"'# Ooodw [(P(w,t)—ﬁ(w)X)z,Y] (231)

Yy =

h
;
E[Hsya,Y]

+ ﬁ/ dw [p(w,t) — k(W) X, [p(w,t) —s(w)X, Y]], , (2.32)

0
which, using (2.2.1) and the identity [p(w,t),Y (¢)] = 0, can be simplified to
7= g UHue V1= 5 [ do stw) L00,0, X, 71, (2.3.3)
A 2% J,

In the previous section, we solved formally for the field operators in terms of initial con-
ditions at time t( in the remote past. Using these solutions, we substitute for §(w,t) in

(2.3.3) to obtain the quantum Langevin equation

. 1 i
Y—E[H,ys,Y]+ﬁ[F(t)—E(t),[X,Y] | (234
where
I'(t) = 4_15/ / dzdy &(z)R(y) X (t — |z — y|/0), (2.3.5)
and
£(t) = /-oo dz k(x) {A;,,(t— z/c) + Am(t + :E/C)} (2.3.6)
0

= z‘/ dwn(w)\/r;—w{-a(w,to)e—“"(*-m +al(w,t0) e} (2.3.7)
0

The term proportional to X represents radiation damping, which may or may not be

Markovian in nature, depending on the choice of (z). In what may be called the first
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Markov approximation, one chooses k(z) o 8(x) (ie. x(w) constant), in which case
the equation of motion simply becomes a first-order differential equation, with the ume
development of any system operator determined only by system operators in the present.
However, this does not by itself lead to Markovian dynamics, since this also depends on
the “noise” term £(t). The term £(%) depends on the initial quantum state of the bath
through the operators a(w, tp) and at(w,to), and is quite arbitrary. In practice, £(t) will

be stochastic in nature and may exhibit a finite correlaton time, so that computation of

averages will require treatment of non-Markovian noise.

2.4 The Adjoint Equation

The quantum Langevin equation (2.3.4) is a nonlinear operator equation, which makes it
difficult to deal with directly. However, an alternative approach that is far more amenable
to calculation has been developed by Gardiner ez al (Gardiner, Parkins, and Collett, 1987,
Gardiner, 1988, Parkins and Gardiner, 1988) that has, as its central result, the adjoint
equation. This equation describes the evolution of a quantum stochastic density operator,
w(t), that is a functional of the impressed quantum noise £(t). A detailed derivation and
discussions of this equation have been given in the aforementioned references.

Briefly, it is assumed that initially the system and bath are independent, so that the
density operator factorises in the Heisenberg picture. We suppose that {e;} is a complete
set of Schrédinger picture operators, such that any system operator can be expressed as a

linear combination of them. We assume further that they are orthogonal with respect to

the trace:
T"'sys{ezej} = &;. (2.4.1)

It follows that any Schrédinger picture system operator Y can be written as

Y= ZTTays{YeZ'}ei ) (2.4.2)

and the corresponding Heisenberg picture operator as

Y(t) = ZTrays{YeI}e,-(t) , (2.4.3)

12



which follows from the fact that the evolution is unitary, and hence all algebraic relations

are preserved. We construct the operator u(t) as

u(t) = Z Troys{€i(t) psys e, (2.4 .4)
from which it is clear that
Trsys{ein(t)} = Trsys{ei(t) psys}, (2.45)
and, therefore, that
Trays{Y (t) pays} = Trays{Y () }. (2.4.6)

To evaluate f1(t), one must evaluate T'r,y{€;(t) psys }, and this is done by Parkins
and Gardiner (1988), notably, however, only in the first Markov approximation, when all

of the system operators appearing in the quantum Langevin equation are evaluated at time

t.

If the function x(z) remains general, the equation for ;1(t) cannot be derived ex-
actly (in a simple closed form) from the quantum Langevin equation, owing to the operator
function I" (¢), which contains a term of the form X (¢ — 7), and which therefore cannot
be expressed directly in terms of system operators at time t. However, if we invoke the
approximation that the noise is weak, and that H,,, is almost time independent, then we

can write

X(t—7) ~exp <1[%1> X (t) exp (%!—T> (2.4.7)

after which it is possible to derive the equation of motion for x(t) in the form

a(t) = —%[H,ys,u<t>] N 2—",,1-[ [T — &), p()]e, X 1, (2.4.8)

where now I is expressed entirely in terms of Schrodinger operators as

I = 11;/ / dzdy ®R(z)R(y) X (—|z — y|/0). (2.4.9)

The equation of motion (2.4.8) is called the adjoint equation. The quantity u(t) is related

to the more familiar Schrédinger picture system density matrix, psys(t), through

Psys(t) = Trp{u(t) pa} = (u(D)). (2.4.10)

Thus, we have in (2.4.8) an equation of motion for a density matrix p(¢) thatis a functional

of the impressed quantum noise as represented by the operator input £(?).
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We reiterate that, in the first Markov approximation, the adjoint equation (2.4.8)
is completely equivalent to the quantum Langevin equation. Without this approximation,

this is not the case, but the adjoint equation will still be valid in weak noise s1tuatons,

such as one finds in quantum optical systems.

A commuting form of quantum noise
The operator nature of {(t) can be almost completely eliminated from the adjoint equaton

with the introduction of an operator 3(t) defined by
1
B(tyu(t) = E[E(t),u(t)h. (2.4.11)
Noting that the commutator [£(t),€(t)]1isa complex number, it follows that

(B, B = 71 (ED,EE 1] =0, (2.412)

and, hence, that

B(1) B(t) = B(t) B(1), (2.4.13)

for all t,t'. Hence, B(t) can be treated as a c-number random function, and the adjoint

equation can be written in the form of a linear stochastic differential equation

(1) = [Ao + B(1) Ar]u(t), (2.4.14)

where Ao and A; are linear operators in the system space and are defined by

Aop(t) = — [ Hago, ()] + ST, (D), X 1, (2 4.15)

Arp(t) = %[ X,pu(t) 1. (2.4.16)

Clearly, then, (2.4.14) may be treated as a classical stochastic differential equation, and,
hence, solutions may be attempted with the well-studied methods of classical stochastic
theory at our disposal. One such method is the cumulant expansion technique of van Kam-
pen (1974, 1981), which we shall use in Section 2.5 to derive the familiar master equation.
Eigenfunction methods (Ritsch and Zoller, 1988a,b), and stochastic simulation (Parkins
and Gardiner, 1988) have also been used in connection with the adjoint equation to inves-
tigate effects associated with finite bandwidth squeezed noise. This particular example is

also notable for the use of complex noise sources to model the negative correlations that
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characterise squeezing. This necessitates a doubling of the dimensionality of the problem,
following the approach introduced with the generalised P-representations of Drummond

and Gardiner (1980) for the description of nonclassical states of light.

2.5 The Master Equation

In practice, we want to evaluate the properties of a system via the averages of system vari-

ables. These averages are obtained from the density matrix p(t) through the relationship

(Y(1)) = Troys {TTa{Y (1) pays ® pB}} = TB {T7sys{Y (%) }oB}

= Troys {YTrp{u(t)pp}}.

(25.1)

It follows that we must determine the average of u(t) over the noise 3(t). The form
(2.4.14) of the adjoint equation leads us quite naturally to the cumulant expansion tech-
nique of van Kampen (1974, 1981). This method yields an equation of motion for p(t) =

(u(t)) in the form of a perturbation expansion in a smallness parameter. The equation, to

second order in this parameter, is

p(t) =Aop(t)

* (2.52)
+ / dr (B(t) A1 exp(AoT)B(t — 1) A1 exp(—AoT)) p(t).
0

The actual smallness parameter is (|| A; || || B || %), where || A; || is a measure of the
magnitude of the operator Ay, || 8 || is the root mean square amplitude of B(t), and 7, is
the correlation time of B(t). Clearly, this method is suited to the treatment of near-white
noise sources that exhibit very short correlation times.

To evaluate the integral in (2.5.2), we note firstly that A¢ and A, involve only op-
erators in the system space, and hence S(t) is statistically independent of, and commutes

with, these operators. Secondly, we make the approximation

exp(Ao7T) X exp(—AoT) ~ X(—7) ~ exp( —1HgysT/h) X exp(iH,ysT/h),
(2.5.3)
which amounts to the assumption of weak system-bath coupling. However, it may also be

the case that exp (Ao 7) does not vary significantly over the correlation time of 5(t).
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To convert the equation to the form found most often in quantum optics, we define

eigenstates of the system Hamiltonian H,ys DY
Hyyslt ) = hwli ), (25.4)
(where w; > wj if 1 > 7) and expand X in eigenoperators of the system Hamiltonian as

X = E(anAmn+QnmAnm)y (255)
m<n
where

= m){n]| (259

corresponds in the summation (2.5.5) to a lowering operator. With these definitions, it
follows that

[HsysaAmn] = A WmnAmn, (257

where wmn = Wm — Wy Hence, we can write

X() = 3 (GmnAmne™ ™ + Gum Amn ), (258)

m<n

and working out (2.5.2) in detail yields the master equation

p(t) = — i[Hsys,pu)]

7"'W'n'm
— 3> S wmn) [ [dmnAmn = Gom Anm, A(D) ]+, quAit + QA ]

m<n k<l
2
N zzwmn / dw N(w)
m<n k<l
X [ [q'mnAmn + QnmAnm;p(t) ]+,leAkl + QIkAlk ]
1
+ 375 9 O Flwmn, ) [dmndmn, A(D], qudi + queAie |
m<n k<l
1
* 557 Z;F(wm,t)[ [ gnm Anm, p(t) 1, gkt Akl + Qi Alk 1,
m<n k<l
(2.59)
with
Fwmmy 8) = 2A dr e=m (B(1) Bt — 7). (2.5 .10)

In practice, the form (2.5.9) can be simplified considerably by invoking the rotating-wave

approximation, and by neglecting the principal value integrals (frequency shift terms).

16



3. Coherent Quantum Tunnelling
in a Double Well System

Coherent quantum tunnelling in a double-well system is sensitively dependent on dissi-
pation that results from the coupling of the tunnelling coordinate to the environment. A
considerable amount of research has been dedicated to this problem, motivated by its rele-
vance to the possible observation of macroscopic quantum coherence in, for instance, the
SQUID (superconducting quantum interference device), where the motion of the trapped
magnetic flux may be governed by a symmetric double-well potential (of a microscopic
order of magnitude). Hence, it is possible, in principle, for the flux to exhibit coherent
oscillations between two metastable states. In practice, dissipation due to the system-
environment coupling plays a vital role in the dynamics, leading to a loss of coherence
which may ultimately preclude any observation of coherent oscillations. Consequently,
many efforts have been made to identify the most favourable regions of parameter-space

(see in particular Leggett er al, 1987, and Weiss et al, 1987a, and references therein).

The case of most interest is one in which quantum tunnelling through the poten-
tial barrier yields two closely-spaced low-lying states that are together well separated in
energy from the higher states. Hence, the standard approach in previous treatments has
been to truncate the system to just these two levels, and to model the dissipative interac-
tion of the system with its environment by a linear coupling to a thermal bath of harmonic
oscillators. Even with this reduced model, an exact solution is not possible, and various
approximate treatments have been proposed in the literature, based largely on path integral
formulations and instanton techniques. A central result amongst all of these analyses is
the much celebrated “noninteracting-blip approximation” (first introduced by Chakravarty
and Leggett, 1984), which can be obtained from a long and detailed analysis of path inte-

grals, the end result being a single integro-differential equation for the variable of interest.

Interestingly, however, the same result has been derived using a Heisenberg equa-
tion approach together with a standard second-order Born approximation (Aslangul ez al,

1985,1986, Dekker, 1987). This basically amounts to a master equation approach, which,

17



as we know, relies in general on the characteristic correlation time of the reservoir being

very small. However, for sufficiently low temperatures, thermal quantum noise exhibits a

very long correlation time, thereby bringing into question master equation method

V(x)

AR
W NV

Fig.3.1 Double-well potential with energy levels

Our interest in this problem arises from the inherently non-Markovian behaviour of
thermal quantum noise, and, more particularly, from the opportunity offered by the adjoint
equation for an investigation of just this sort of non-white noise system. We will consider
a number of possible methods of solution using the adjoint equation, including stochastic
simulation. Naturally, the rising spectrum exhibited by thermal quantum noise presents a
significant practical problem, and, in practice, we must introduce a cutoff. Even with this
cutoff, the treatment of noise at very high frequencies can be very difficult. However, with
the recognition that the frequencies of interest (i.e. around the tunnelling frequency) are
relatively small compared to much of the bath, we can divide the noise into high and low
frequency parts, and perform a stochastic average over the high frequency portion of the

bath using the cumulant expansion technique outlined in the previous chapter. The low

frequency portion is then dealt with numerically.



3.1 The Double-Well System

3.1.1 The coupling operator X

We consider a double-well system in which quantum tunnelling through the potential bar-
rier lifts the degeneracy of the groundstate to yield a doublet of states, as depicted in
Fig.3.1. This doublet is assumed to be well separated in energy from the remaining higher
states, so that for sufficiently low temperatures, the population of all but these two lowest-
energy states is negligible. A reduction of the problem to that of a simple two-state system
should then be a reliable approximation.

For the moment, however, the formulation of Chapter 2 allows us to retain com-
plete generality, and eigenstates of the double-well system Hamiltonian are defined as

before by
Hyysli ) = huwsli ), (3.1.1)

as is the coupling operator X, which we write once again as

X = Z(anAmn + QnmAnm): (312)
m<n
where
A = |m)(n], (3.1.3)
and
Qmn = (m|X|n) = /dm Yo () zYa(), (3.1.4)

with 1, (z) the wavefunctions of the undamped system. Hence, detailed information on
the nature and shape of the potential is contained in the parameters gmy. It is also reflected
to some extent by the transition frequencies. In particular, for the system we have in mind,
the potential is assumed to be such that wy; € w32 Wam = W — Wm); that is, the ground-
state splitting is much less than the energy gap to the next highest level.

Finally, we note that if our results are to be considered in the context of macro-
scopic quantum coherence, then +|g21| (which give the positions of the minima of the
potential) would have to be of such a magnitude as to allow a description in terms of

macroscopically-distinguishable states.
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3.1.2 High and low frequency behaviour

The double-well system that we have in mind possesses two distinct frequency scales;
(i) the tunnelling frequency between the two lowest levels, w21, and (ii) the much larger
frequency of the transitions connecting these levels to higher energy states (e.g. w3z). Itis
appropriate, therefore, in dealing with the bath to which the system is coupled, to consider
separately the contributions from the high-frequency and low-frequency oscillators. For
this purpose, we write the noise 3(t) as a sum of two (independent) noises B4¢(t) and
Bir(t), which correspond respectively to the high and low frequency portion of the bath.

That is, we write

B(t) = Brs(t) + Bir (D), (3.1.5)
where
(Brs(t) B (t’))=i Oodam (w)?w coth h—‘”)cos[w(t—t’)] (3.1.6)
AR 2 Jo UM 25T :
and

hw
2kT

(Bir (1) Bis(t)) = %/ dwmf(w)zw coth < > cos[w(t —t)]. (3.1.7)
0

The coupling functions &, f(w) and xjs(w) shall remain general at this stage, but we note

that the following properties will hold,

Rhf((d)z ~0 for w < w,, (3.1.8)

rip(w)? ~0 for w > w,, (3.1.9)

where w, is a frequency that characterises the division between the high and low frequency

portions of the bath, and is such that w21 K we <K w3z

3.1.3 Average over high frequency noise

The dynamics of the two lowest states will be of the most interest to us, and these dynamics
will be influenced most strongly by the “low” frequency noise Bis(t). While the high
frequency bath oscillators play no part in the dynamics of these levels, they are expected

to provide a renormalisation of the tunnelling frequency.

Returning to the adjoint equation, our approach to the high frequency portion of the

bath is to perform a stochastic average over the noise 5y 7(%) using the cumulant expansion
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technique described in the previous chapter. This technique is particularly suitable for
this purpose because this portion of the bath exhibits a very short correlation time. The

expansion gives an equation of motion in the form
prr(t) = [Ao + Bif(t) Arluss(t)

* (3.1.10
+ /0 d7(Brs(t) A1 exp(AoT)Brs(t — 7) A1 exp(—AoT)) prs(t), )

where the subscript A f denotes that we have taken the average over the high-frequency

portion of the bath. As in Section 2.5, we make the approximation

exp(AoT) X exp(—AoT) ~ X(—7) = exp(—iHsysT/h) X exp(iHgysT/h),
(3.1.11)

and, writing
X(t) = E( qmnAmneiwm”t + Gnm Am e"w""t) , (3 1. 12)

m<n

we can evaluate the coefficients in (3.1.10) to obtain

i (8) = = [ Hoya, ps(1)]
— 281 Y [ahs(8), GrunArin + G Aren]

m<n

Z Z ﬂwmn"(wmn)z[ [gmnAmn — Qnm Anm “hf(t) les g A + QA ]

m<n k<l

N Z E zwm,. /‘ dw n(w)

m<n k<l
X [ [qmnAmn + QnmAnm,/-l'hf( 1+, qkiAr + QA ]

1
Y Y Fwma) [ [gmnAmn, rr(D)], qriArs + queAik ]

m<n k<l
E EF(wm‘n)[ [ Grm A » a5 () ], e Ak + qeAik 1,
men b (3.1.13)
with
Flwm) =2 [ dr e B0yt =)
0

—z—nhf(wmn) Wmn coth ( > kT >

ih o 2 hw 1 3 1 >
—2—PA dw Khf(w) w coth <2kT> (w’“wmn vt )

Noting that x5 (w2 )2 ~ 0, this equation is seen to possess the standard master equation

(3.1.14)

terms for the higher states of the system, together with frequency renormalisation terms
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(corresponding to the Lamb shift terms of quantum optics). These renormalisation terms
must be taken into account when we concentrate on the two lowest states.
It is a relatively straightforward matter to compute, from (3.1. 13), the equation of

motion for an arbitrary matrix element of paf(t)- This has the form

(alinslb) = — iwas{alpnr|b) — r%ﬁlf(” > (amlaluarlm = dan (nhpns18))

+ E Qaanb(n'ﬂ'hflk)(_qan - 1Aa'n)
nk

+ zl;q/mqak(ﬂmﬂb)(’rkn + 1Agn) (3.1.15)
»
+ Z drie Tib{ @l f|7) (Vkn — 1Bkn)
mk
+ 3 amak(KlnsIm)(—Ton + 186n)
mk
where
Ven = ;}%wkn {nwkn)z — khp(wkn)* coth (Zi;)} , (3.1.16)
and

A =_l_ > 2 1 1
kn P dw wink(w) —
4h o
0 W— Wkp W+ Wkn

. o (3.1.17)
— EP/ dwwn;,f(w)zcoth < hw > < ! — !
0 2kT W— Wkn W+ Wkn/

3.1.4 Specification of cutoff functions

Before proceeding further, we should specify the functions x(w)?, K f(w) 2 and kpf(w) 2

that appear above. We will assume smooth cutoff behaviour of the form

r(w)? = k? exp(—|w|/ws), (3.1.18)
kip(w)? = k? exp(—|w|/we), (3.1.19)
sap(w)? = K2 [exp(—|w|/ws) — exp(—|w|/we)], (3.1.20)

with i
ith wp > w.. The frequency w, is a parameter characterising the division between the
hi .

igh and low frequency portions of the bath. The exponential is a commonly-chosen form

¢ .
of cutoff function. We note, however, that our final results should, in principle, be largely
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independent of w,, and of the form of cutoff behaviour. While w, is an artificial frequency,
chosen for our convenience, the upper cutoff frequency w, reflects the finite size of the
system, and gives a measure of the highest frequency response of the bath. Hence, wy
represents a real frequency, characteristic of the particular system we are considering.
By assumption, we have Aw. > 2T, and hence the hyperbolic cotangent that
multiplies x, f(w)z in (3.1.16) and (3.1.17) can be set equal to one without significant

error. With this simplification, and using (3.1.18-20), the quantities ~yx, and Ag, take the

form
™
Ten = 73 [wink(wkn)? — |wkn|khs(win)?]
K2
=I5 \Wen exp (—|wkn|/ws) — |wkn| [€XP(—|wkn|/ws) — eXp(—|wkn|/we)]},
(3.1.21)
and
NZ .
Akn = 37 Wen exp (wn/ws) Ei (—win/wp)
2
— fgwkn [exp (—wkn/we) Ei (Wkn/we) + eXP(wkn /we) Bi (—win/we)]
(3.1.22)
where - \
. T
El(x)=C+1n(le|)+§m (3.1.23)

is the exponential integral function, with C = 0.577 ... (Gradshteyn and Ryzhik, 1965).

3.1.5 Truncation to a two-level problem

At sufficiently low temperatures, it is a justifiable approximation to assume that only the
two lowest energy levels are occupied. The only matrix elements that should differ sig-
nificantly from zero are then (i|uss|j) with4,j = 1,2. The equations of motion for these

elements are, from (3.1.15),

(21ams (1) =(1Aar|2)"
= — w21 (2 |pas|1) — ';—'Q2lﬂlf(t)(<2 lnsl2) — (LpagI1)
— g3 [(yi2 + y21) + 1A — Ai2) 1{1 |png|2)

+ E [lak2|? (rez + iBk2) + | [P Coer — 886D 1(2 |uagl1),  (3.1.24)
p

(1|pnf|l) = — %ﬂzf(t)(421(1|uhf|2) — q12(2 |pas|1))
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—20qu Pz @lunrl2) + 2 Y lak Poe (Lpagll),  (3.1.25)
k

(2|5nsl2) = — %’,Blf(t)(QI2<2 lunf|1) — g21(1parl2))
— 20qn P (Leasll) + 2 3 lasa Pyea 2 luagl2). (3.1.26)
k

In deriving these equations, we have set equal to zero any summatons involving products
of the form q2xqk1, since ¥1(z) and ¥, () have opposite parity, and, hence, one of g2«
Or g1 is necessarily zero.

Further simplification is possible by noting that .1, vz ~ O for k > 3 (which
follows from the assumption that w3; > w.). In addition, we assume that the dominant
frequency shift terms occurring in (3.1.24) are those involving only £ = 1,2, and hence
we neglect the remaining terms. We shall return to this point later when comparing our
results with other work. We note, however, that while this truncation does simplify the
equations that follow, it is not, in principle, essential.

Using the fact that wy; < w., we can write

e i~ T2 3127
"= —2 = e Rtw, (3.1.27)
and
K? w
A21 ~ ﬁwn In (w—:> = —A12. (3128)

Finally, we introduce the familiar notation for a two-level system, defining

Sz = (2|pns|1) + (|uag|2),
Sy = 1((2|pas|l) — (1|pas|2)), (3.1.29)
Sz = (2|pas|2) — (1|uag|1),

and setting

(1I,u,hfll>+<2|phf|2>= 1. (3.1.30)

Incorporating a factor of (2 g1 /) into the definition of Bi¢(t), the equations of motion
for the variables S, Sy, and S, are (taking g21 = q12),

Sz = —A,S,,
Sy = Sz + Bis(1) S, (3.1.31)
S. = —mawy — Bis(t) Sy,
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where

Ay = w2,
(3.1.32)
Az = w2l —2aln(ws/we)],
and we have introduced the basic coupling parameter «, defined by
2.2
a=":21 (3.1.33)

The correlation function of the noise 3 7(t) can be evaluated explicitly as

(Bir(t) Bis(0))

= 2a/ dw w exp(—w/w,) coth <2hkT> cos (wt)

wi(l-wit®) 1 /mkT mkTt
=2 < < - _ 2= 2
Q‘{ (1+w2i2)2 ' 2 < 5 > cosech < > )}‘(3.1.34)

This correlation function exhibits a long-time tail, which, for finite temperatures, takes the

form

27rkT>2 (nm
exp { —

(B (D) Bi7(0)) ~ -2« < -

> as t — oo. (3.1.35)

It follows that the noise exhibits a characteristic thermal correlation time 4 /2 wkT', which,
in principle, becomes infinite as ' — 0. In fact, the zero temperature limit of the corre-

lation function, for long times, is no longer exponential, but inverse quadratic,

2
(Bif (£) Bus(0)) — —-tzﬁ as t — oo. (3.1.36)

3.1.6 Higher order terms in the cumulant expansion

In fact, Eqs.(3.1.31) are not quite in their final form. As we show in Appendix A, higher
order terms in the cumulant expansion lead to a correction of the inhomogeneous term in

the equation for S,; in particular, we make the replacement

—TTawl2] — —Taw?]

% 1—ﬁP/wdwn (w)zw[ ! + L ]}
A Jo hf (w—w2)?  (w+wy)?

2 2.2
= —Tawy] [1 — __"h_‘lgl_ ln(wb/wc)]

= —maA,. (3.1.37)
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The inclusion of this correction is consistent with the order of the frequency correcton

terms already appearing in (3.1.31). We have left the working to an appendix so as to not

unnecessarily complicate the equations leading up to (3.1.31).

3.2 Methods of Solution

3.2.1 Lowest order perturbation theory

It is worthwhile to examine the results one obtains by using the cumulant expansion
method to average over the entire bath, that is, over B(t), rather than merely Buf(t).

To first order in the expansion parameter, one finds

(Sz) = —w21(Sy),
(8y) = (w21 + 6)(Sz) — amwz coth <2 > (Sy), (32.1)

. h
(S;) = —amw — anwal coth < wal >

where

* hw 1 1
= — — th — 322
6 aP/(; dw w exp(—w/wp) cO <2kT> <w—w21 w+w21> ( )

This is the standard lowest-order perturbation theory result. Since the expansion parameter

is proportional to the correlation time of the noise and this becomes, in principle, infinite
at zero temperature, we expect (3.2.1) to be an adequate description only for extremely
weak coupling, especially at low temperatures. The limitations of this approach will be
demonstrated in Section 3.2.3.

It is possible, of course, to follow the working of Appendix A and extend the ex-
pansion to higher orders in the expansion parameter. However, for non-zero temperatures
in particular, the additional terms quickly become intractable and it is very difficult to ob-
tain analytic results. In the previous section, in which the average was only being taken
over the high frequency component of the noise, B,¢(t), most of these additional terms
could be ignored as they only described corrections to (damping) terms that had already

been neglected because m,f(o.m)2 ~ 0. In addition, temperature was not a significant
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factor as Awy > kT. This demonstrates in part the advantage in dividing the bath into

high and low frequency components.

3.2.2 Decorrelation approximation

The quantity of most interest is, of course, (S;(t)), where now ( ) denotes the average
over Bis(t). In the undamped limit, (Sz(t)) displays coherent oscillations between —1
and +1, that is, between the left and right wells. By solving firstly for S, (t) and S,(t),
and substituting the result for Sy(t) into the equation of motion for S;(t), we can reduce

our analysis to a single stochastic integro-differential equation of the form

t t t
S(t) = — Ay/ dt’ {AI cos[ | dsBif(s)]1S(t) — arnA, sin[/ dSﬁ[f(S)]}
0 t ¢

t t
— A, {cos[/ dsBir(s8)1S,(0) + sin[/ dSﬁ[f(S)]Sz(O)} .
0 0
(3.2.3)
On averaging this equation over the noise B;¢(t), and noting that §i(t) is a Gaussian

random variable, and hence that

t
(sin[/ dsBis(s)]) =0, (3.2.4
tl

we derive

t t
($:(1)) = — Az, / dt' (cos[ / dsBis()1S(1))
0 ? (32 5)

t t
— Ay {(cos[/ dsBir(s)1Sy(0)) + (sin[/0 ds.Blf(S)]Sz(O)>}-
0

This equation is not straightforward to solve, particularly as (jf(s) is not a white noise.
This precludes a strictly legitimate decorrelation of the products appearing in (3.2.5).

If, however, we do make such a decorrelation, we are able to make a connection
with previous results, in particular, with the so-called “noninteracting-blip” approxima-
tion (Leggett et al, 1987). Making a decorrelation approximation, and setting (S, (0)) =
(S.(0)) = 0, we find

t t
(S2(1)) = —AgAy / dt' (cos[ / dsBir()1)(Sx(t))
0 ¢ (3.2.6)

t t
o, [ at exp |- dsds’(ﬁzf<s)ﬁlf(s'>>] (S2(8),
0 2 Ju Jv
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which, using the explicit form for (Bi7(s) B £(s')), becomes

t
(Sa()) = —Azdy A dt'

o Aw \ 1 —cos[w(t—1t)] ,
X €xp [—Za/ dw e~/“* coth <2—k_f> - (Sz(t)).
° (3.2.7)

The region of most interest for the observation of (macroscopic) quantum coherence 1is
that of weak damping or weak coupling to the environment, which corresponds to « being

very small (i.e. o K 1). For small o, we can write
2
w
AgA, ~ w3, exp [—aln (;’;—>]

w 2a
2 c
= Wy <—>
Wy

The equation (3.2.7) can be solved formally by Laplace transform. Taking (S;(0)) = 1,

(3.2.8)

the Laplace transform solution can be written

1
A+ f(N) ]
where f()) is the Laplace transform of

2a oo
o2 [we B —w/w, hw 1 — cos(wt)
f(t) 2wy <wb> exp |: Za/; dw e coth <2kT> » :

(3.2.10)

Comparison with the noninteracting-blip approximation

The noninteracting-blip approximation relies on essentially the same decorrelaton as-
sumption made above; that is, memory effects generated by the system-environment in-
teraction can be regarded as negligible. The approximation yields a result (Leggett ez al,
1987) (for ohmic dissipation, as we are considering) of the form (3.2.9), with

f(®) =A2 cos [2a/wd‘u e-—w/wc_Sin(_Wt):l
0

w

00 (3.2.11)
X exp [—Za/ dw e~*/“ coth < hw ) 1 —COS(wt)] 4
0

2kT w
The argument of the cosine factor varies between 0 and e att = 0 and t = oo respec-
tively. Hence, for @ < 1 (to which we restrict our approach), this factor is essentially
constant and equal to one. Leggett et al (1987) do not give an explicit expression for the

renormalized frequency A, but refer to the work of Dorsey et al (1986), who perform the

28



reduction of a double-well System to an equivalent two-state system using instanton tech-

niques. To leading order in o —s , they obtain, for a quartic double-well potential (in the

WKB limit), the expression

a

W

A = <—> e 02ay, (3.2.12)
Wy

Hence, for small «, there is close agreement between the expressions (3.2. 10) and (3.2.11).
The exponential factor that appears in (3.2.12) is related to the detailed shape of the quartic
potential considered by Dorsey et al (1986), but, in general, this factor is close to unity
(Weiss er al, 1987b, have considered potential wells with quadratic forms, and reach the
same conclusion for small «). This is evidently related to the assumption that we have
made in neglecting the frequency shift terms in (3.1.24-26) involving Ay and A, with
k> 3.

The integral appearing in (3.2.10) can be evaluated explicitly, and f(¢) rewritten

as

2a
— 2 [ We _ 2,27 Ao wkT't
f(t) = wy; <wb> cxp{ aln [l+wct ] 2aln [ﬂth sinh <—h >]}
(3.2.13)

We are interested in the dynamics of the system for times ¢ > w;!. We note that for such
times, f(t) is indeed independent of the arbitrary cutoff frequency w,, as required.

We shall not consider for now the precise form of the solutions for (S, (t) ) obtained
using the decorrelation approximation; such solutions have been discussed in depth by
(for example) Leggett er al (1986). Briefly, for small «, and temperatures less than ~

h A,/ kma, damped oscillations of frequency

w21 a/(1—a)
A, ~ wy <—> (3.2.14)
wp

are predicted.

Finally, we note the work of Aslangul er al (1985, 1986), and Dekker (1987), who
have derived the noninteracting-blip results from a two-state Hamiltonian using a Heisen-
berg equation approach, and applying a standard second-order Born approximation. Qur
approach is therefore related to theirs, but, of course, we begin from a more general Hamil-
tonian and incorporate a treatment of the reduction to an effective two-level system. Our

formulation also produces, as its basic result, a system of (classical) stochastic differential
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equations describing the dynamics of the two lowest states. Hence, instead of employing

the decorrelation approximation, we may also consider direct stochastic simulation as a

means of obtaining a solution.

3.2.3 Solution through stochastic simulation

Our previous experience with stochastic simulation of the adjoint equation has involved
noise sources exhibiting simple exponential correlation functions (Parkins and Gardiner,

1988). We are faced here by a far more complicated correlation function, given by

(Bir (1) Bir(0))
s w2(1l —w2t?) 1 kT \* , [ mkTt
=2 (1+w§t2)2 + t—z— —ﬁ,— cosech Y (3215)

Fortunately, however, we are able to formulate a means of producing a sequence of

random numbers with the appropriate correlation properties by using Fourier transforms.

In particular, we write

Bis(t) =/ dw g(w)\/S(w)e™?, (3.2.16)
where
hw
S = — bdadl
(w) = awexp(—|w|/w.) coth <2k > , (3.2.17)

and g(w) is a random function, with the properties

(gw))=0 , (g(w)g(w)) =8(w —w'). (3.2.18)

The form (3.2.16) can be discretised, with g(w) becoming a sequence of Gaussian random
numbers {g;} with zero mean and unit variance ({(g;g;) = &;;). The resulting discrete
summation is then computed using a Fast Fourier Transform routine, yielding a sequence
of random numbers { ﬂ{}} that may be used in simulations of the equations (3.1.31). More
precise details are given in Appendix B.

Simulation of the equations (3.1.31) is carried out using a fully-implicit numerical
integration scheme. We follow the approach of Smith and Gardiner (1989), and McNeil

and Craig (1990), approximating equations (3.1.31) with the discrete form

AS™ = §™1 _gn
S S (3.2.19)

= A(S™")At+B(S™®)grAt, (3.2.20)
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where

Sz —4,S, 0
S = S, , A(S) = ( A, S, ) , B(S) = ( S, ) , (3221
S, —aml, -S,

At is the timestep, and

A(S™%) = A(S™) + I501AS™ | [I%],; = [%} ,  (3.222)
aSj S=Sn
B S'n+92 =B Sn n n n - aB‘ .
( ) (8%) + Jp6,A8™ |, [I3ly=|== ;o (3.2.23)
9S;j |s_s
that is, we linearise about the point S™*. It is straightforward to show that
0 -4A, O 0 0 o
Jh = [A, 0 0} , JIp= [0 0 1J (3.2.24)
0 0O O 0 -1 0

Substitution of (3.2.22,3) into (3.2.20) leads to the integration scheme
AS™ =[1-6115At - 02 J56;At1 " [A(SMAt+B(S™)BLAL] . (3.2.25)

The choice 6, = 0 corresponds to the Euler method of integration, but we find this
method to be highly unstable for our particular problem. This is related to the fact that
the only explicit damping term occurs in the equation for S,, and this term is also very
small. Hence, we adopt the time-centered choice 6, , = 1/ 2, which exhibits much better

properties of stability.

Numerical results

Our numerical results should in large part be independent of the artificial cutoff frequency
we, subject to the constraint wy; <€ w, < wp. In Fig.3.2 we demonstrate that this is the
case by comparing results as w, is changed by an order of magnitude. This corresponds to a
change in the variance of the noise (57;) by a factor of 100, which, as shown in Fig.3.2(a,b),
substantially increases the noise in a typical trajectory. However, this difference is largely
removed once the average is taken over a sufficient number of trajectories, although we
do find a small shift in the period exhibited by (S;(t)). This shift is still smaller as «
is decreased. The integration timestep used in both cases was At = 0.0005 (units of
wz‘ll ). For w./w2; = 50 (with corresponding period 2 7/w, = 0. 13(,.:2‘11 ), this is certainly
small enough, and indeed a much coarser timestep (At = 0.005) gives virtually identical

results. For w./w2; = 500, a much smaller timestep was not practical for the parameters
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Fig.3.2 Effect of varying the cutoff frequency w., « = 0.02, T = O,
wy = 105ws1, (a) single trajectory, S,(t), w./w21 = 50, (b) single tra-
jectory, S;(t),wc/w21 = 500, (c) average of 8000 trajectories, (S; (1)),
we/w21 = 50 (solid line), and w. /w21 = 500 (dashed line).

considered, but At = 0.0005 is still sufficiently small that the simulation procedure should
work well. However, because of the large difference in the bandwidths of the noise being
simulated, we cannot fully discount the possibility of some of the (small) discrepancy

being due to the numerical procedure.

In the remaining calculations we use At = 0.0005, w./wo; = 200, and wy/w21 =

10°, and we compute averages from 8000 trajectories.

Our choice of wp/wy; is somewhat arbitrary, although, in the context of macro-

scopic quantum coherence in a SQUID, in which one might expect a frequency wo)

106 — 107571, the value w, ~ 101! —

~

10'25~! corresponds to a wavelength in the

millimetre range. In principle, it is quite possible to omit the high frequency averaging
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procedure of Section 3, and to simulate 3(¢) rather than simply 3, £(t), in which case the
argument above concerning w. becomes redundant. However, there are practical limita-
tons associated with the Fourier transform method for producing the noise when wp /w2
is so large, and hence the cumulant expansion average is not only a very nice way of deal-
ing with the high frequency bath oscillators, but it is also quite essential from the point
of view of simulation. Of course, for much smaller values of w;/w,;, simulation of 3(t)
becomes a viable option.

In Fig.3.3, we display the results obtained with & = 0 .02, for varying temperatures
of the bath. As the temperature is increased, the oscillations are gradually destroyed, ul-
timately giving way to purely incoherent relaxation at a temperature given approximately
by A A,/kma. Again, in the context of coherent tunnelling in a SQUID, one might envis-
age a coherent oscillation frequency A, ~ 10°% — 107s™!, in which case a quantitative
estimate of the crossover temperature (for « = 0.02) is ~ 1mK.

Also in Fig.3.3, we compare the simulation results with the results obtained from

the decorrelation approximation; that is, from the equations
(Sz(1)) = —/Otdt’ £t =) (S(1)),
(Sy(1)) = Az — /Ot dt' {AzAy + (Bir(8) Bir (1))} (Sy(t)), (3.2.26)
(S.(t)) = —amA, — /Ot dt' cos [\/Z,E(t —t’)] (Bis (1) Bur(t)) (S:(t)),
with f(t) given by

k
f(t) = AzA, exp {—aln [1+w?t?] —2aln [ﬂ:ﬂ sinh <"hTt>” . (3227

and with A, = A, = wy1[1 — 2aIn(wy/w:)] and A, = wa;. The initial conditions have

been chosen as (Sz(0)) = 1, (S,(0)) = (S,(0)) = 0. We solve (3.2.26,27) numerically,

using Euler’s method and the trapezium rule.

The agreement between the two approaches is generally very good. At the lower
temperatures, where the thermal correlation time is very long (e.g. in principle infinite at
T = 0), there is a slight discrepancy, mainly at long times. As the temperature isincreased,
however, a comparison of the thermal correlation time with the approximate decay time
of the oscillations reveals that we are essentially in a white-noise (Markovian) regime.
Hence, we expect the decorrelation approximation to be a very good approximation, and

this is indeed what we find, as demonstrated, in particular, by Fig.3.3(c,d).
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Fig.3.3 Averages of 8000 trajectories (S, .(t)), fora = 0.02, w, =
10%wa1, (@) w1 /kT = oo, (b) Awa /kT = 1, (c) Awa /kT = 0.2,
(d) Aw21/kT = 0.05, computed from simulation (solid lines) and from
the decorrelation approximation (dashed lines).

In contrast, a comparison of simulation results with the lowest order perturbation
theory of Section 3.2.1, forae = 0.02 and T" = 0, does not yield good agreement, as shown
in Fig.3.4(a). The perturbation theory evidently does not suit this regime of parameter
space, and we have to reduce « in order to obtain better agreement. Alternatively, one
can increase the temperature, and hence reduce the effective correlation time of the noise

(and hence the size of the cumulant expansion parameter). This also leads to improved
agreement, as shown in Fig.3.4(b).
Effect of bias

Finally, we consider briefly the influence of bias, that is, an applied field giving rise to an

asymmetric double well potential. In our formulation, this corresponds simply to allowing
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Fig.3.4 Comparison of simulation (solid lines) with lowest order pertur-
bation theory, Eqs.(3.2.1) (dashed lines), for a = 0.02, wy = 105w,
(a) Awz1 /kT = o0, (b) Aw21 /kT =0 2.

the noise Bir(t) a nonzero coherent amplitude. We accommodate this by defining

Bis(t) = Bis(t) — €, (3.2.28)

where € = (B7(t)), and making the appropriate substitution in (3.1.31). The equations

we then simulate are

SI = "Aysyy
Sy = DSz + €S, + Bi(1) S, (3.2.29)
S, = —amA, — €S, — ﬂff(t)Sy.

In Fig.3.5 we display simulation results for & = 0.01, with bias € = 0.25w2;, and for
two different temperatures. The results for zero bias are given for comparison. With non-
zero bias, oscillations appear in (S,(t)), and (S;(t)) approaches a non-zero steady state
value. With an increase in temperature however, the effect of the bias is less significant,
as thermal noise starts to dominate, and (S;(t)) again approaches zero in the long time
limit.

We note that in the presence of a non-zero bias, the decorrelation approximation
(and the noninteracting-blip approximation) predicts localisation of the quantum “particle”
((Sz(00)) = 1) at zero temperature. For weak damping (o < 1) and small bias (relative

to the tunnel splitting), this is not the correct behaviour (Leggett et a/,1987, Weiss et al,
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Fig.3.5 Averages of 8000 trajectories (S, .(t)),a = 0.01, w; = 105, for
hwi /kT = co with (@) e = 0, (b) e = 0.25w>, and for hwy /kT =1

with (C) €= 0, (d) €= 0.25(4)21.
1987a), but modifications to the theory can be made (Weiss er al, 1987a) which lead to

€
(Sz(00))r—p = W' (3.2.30)

This formula gives good agreement with the simulation result displayed in Fig.3.5(b).
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4. Two-Level Atoms in Broad Bandwidth
Squeezed Light

The successful generation of squeezed light in the laboratory has opened the door to a
variety of possible applications. In the field of atomic spectroscopy, it was recognised by
Gardiner (1986) that the phase-sensitive field correlations that characterise a squeezed field
can significantly alter the dynamics of an atomic dipole. The decay of one atomic polari-
sation quadrature can, in principle, be inhibited, leading to subnatural spectral linewidths.
With the addition of a coherent driving field, the familiar Mollow triplet is found to exhibit
a striking dependence on the relative phases of the squeezed vacuum field and the coherent
field (Carmichael, Lane, and Walls, 1987a,b). In particular, the central peak of the triplet
can possess either a subnatural or supernatural linewidth depending on the relative phases.

Following on from these investigations, a variety of other problems in atomic spec-
troscopy have been reexamined with squeezed light incorporated into the formulation.
Atomic absorption spectra (Ritsch and Zoller, 1987, 1988a,b, An er al, 1988), energy
level shifts (Milburn, 1986), and the laser (Marte and Walls, 1988, Marte et al, 1988a,b)
are but a few examples. The majority of these studies, including the original works of
Gardiner and Carmichael et al, have assumed broad bandwidth squeezing, thus allowing
a formulation in terms of squeezed white noise (Gardiner and Collett, 1985). The advan-
tage of this formulation is that it enables the use of standard master equation methods to
solve for the system dynamics.

Since much of this thesis deals with squeezed light spectroscopy, it is necessary
that we background the original results in this field, and review the techniques and ap-
proximations with which they were derived, so that later work can be clearly contrasted
with the original findings. This is the primary objective of this chapter, but, in addition,
we shall describe in some detail one recent application of squeezing (Parkins and Gar-
diner, 1989a) that arises in the study of photon echoes, and which thus expands the field

of squeezed light atomic spectroscopy to include transient optical phenomena.
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4.1 Squeezed Light: Degenerate Parametric Amplification

The degenerate parametric amplifier is the prototype for all squeezing devices and has, to
date, yielded the largest amount of experimentally-observed squeezing (Wu et al, 1986,
1987). Theoretical analyses of this device are numerous, soO a detailed exposition of its
properties is not necessary. However, in view of its fundamental importance to our par-
ticular study, a brief description seems appropriate.

The systematic Hamiltonian for the process of degenerate parametric amplifica-

tion, with a classical pump, can be written as
1 : ,
Hyy = Rwoata + Eih [ece“"""t(a“)2 — e;e“""az] , (4.1.1)

where q is the annihilation operator for the cavity mode of frequency wo, wp is the fre-
quency of the pump beam, and e, is the pump driving strength. Itis assumed that the cavity
and pump are tuned so thatw, = 2wo. Downconversion from frequency 2 wo to frequency
wo occurs through the action of a nonlinear optical medium placed inside the cavity. The
cavity itself is treated as a one-sided cavity; that s, it possesses one near-perfect mirror and
one output mirror of finite transmissivity (at the frequency wg). This configuration yields
the optimum amount of squeezing in the output field (i.e. in the field emerging from the
cavity), the properties of which have been computed by Collett and Gardiner (1984) using
an input-output formulation (see also Collett ez al, 1987). The correlation functions of the

output field quadrature phase operators E1(t) and E, (t) (suitably defined with respect to
the phase of the driving field) take the form

N\ _ 'E |'7 —(3 —_t

BOBE) = —p g s =0, @
! _ |€C|'7c Y _

(E2(t) Ex(t)) = me (re=leDlt=t] L §(¢ _ ¢, (4.1.3)

where ~. is the loss rate through the output mirror. The exponential terms in the expres-
sions give the effect of squeezing, while the §-correlated terms represent vacuum fluctua-
tions. Strong squeezing occurs in one quadrature, over a finite bandwidth, as we approach
threshold, i.e. as |e.| — 1. Fluctuations in the unsqueezed quadrature naturally become
very large in the same limit. It is worthwhile noting that the form of these correlation func-

tions has been confirmed in the experiments of Wu et al (1986 1987).
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Two distinct timescales characterise the correlation functions, corresponding to the

1
two decay rates ( 7Y + €) and ( %fyc — €.). In the case that both of these decay rates are
very large (and hence the bandwidth of squeezing is very large), the exponentials may be

approximated by §-functions to yield the squeezed white noise limit

! 2|€CI)C
E t t - - —_ !
(E1(t) Eq(t)) “(; -+ [e)? +1:l 8(t—t)

(ZN -2M + Dé(t —t), (4.1.4)

' 2 lec|y.
Ex(O)E(t)))y= | —— _ + 1|8t —+¢
( 2 2 ) (%'ﬁ— |€c|)2 * :I (t—=1)

=R2RN+2M+ 1)t —-t), (4.1.5)

where we have introduced the “standard” squeezing parameters N and M defined by

N 1I I F 1 : 4.16
= =|ec|y - , 1.
2 T T 1ed? ~ (Tmov Jed? (416
1 1 1
M = —lel|y + . 4.1.7
2 b(;_"fc — "Ecl)2 (;—"Yc"' Iecl)z] ( )

With these definitions, N and M satisfy
M? = N(N + 1), (4.1.8)

corresponding to a minimum uncertainty state, or ideal squeezing. Once again, the ex-
periments of Wu er al support such a description of squeezing produced in degenerate

parametric amplification below threshold.

4.2 Master Equation for a Two-Level Atom in a Squeezed Vacuum

Although obviously an idealisation, the two-level model of an atom is fundamental to the
field of quantum optics, and provides the logical starting point for the study of the interac-
tion of squeezed light with atomic systems. If the bandwidth of squeezing is sufficiently
broad compared to the linewidth of the atomic transition, then the squeezed vacuum can
be expected to appear as squeezed white noise to the atom, and the atom-field interaction
should be adequately described by a suitable master equation. The adjoint equation ap-

proach of Chapters 2 and 3 provides a route to such a master equation once the system and
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input have been suitably prescribed. This particular approach has been described in detail

by Gardiner et al (1987).

4.2.1 Derivation of the master equation

The two-level atomic system can be described by the familiar spin operators S* and §,,

such that
Hgys = —;—hwaSZ, (421
and
h _
X = ;—(S++S'), (42.2)

where w, is the atomic transition frequency. The initial quantum state of the bath is, of
course, taken to be squeezed, which we qualify by choosing the input correlation functions

as

(a'(w,to)a(w',t0)) = N 8(w —w), (423)

(a(w,to)a(w',to))=M6(2wo —w—w), (4 2.9

with N and M as defined in (4.1.6,7). Following the notation of the earlier chapters, we

find the function F'(w,,t) to be
F(wg,t) = 2 / dr e"‘“’“r(,B(t)/B(t - 7))
0

2
—ihP/ dw wr(w)? <N+ l) ( ! + 1
0 2 We — W We tWw
— mh mWO — we)wg K(wa) (2w — wg) M e12wot

2wo
- ihP/o dw V(2wo —w)w r(w)K(2wp — w)

x [ M~ M*eiZuot
2wp —wW — Wy  2wWo —w+w, |

= 'rrhwan(wa)z (N + l)

(42)5)

The principal value integrals represent frequency shifts, which have been discussed in
detail elsewhere (Milburn, 1986, Ford and O’Connell, 1987), and which we shall assume
to be negligible. Furthermore, we assume that the coupling function x(w) is independent

of frequency over the bandwidth of interest, and can be set equal to its value atw = w
= w,.
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In the rotating-wave approximation (assuming that wy ~ w,), the master equation then

follows in the form

1
p = - ifwa[szap]

Ya _
+ (N+1)(25 pS" —S*S p—pS*S)
3 p=e (4.2.6)
+ 7"N(2S’*p5" ~ S S*p—pS~SY)

. ,yaMe—i2wots+ps+ _ fYaM*eiZuJots—ps—’

where we have defined 4, = mx(w,)? to be the natural atomic linewidth.

A major assumption implicit in the above master equation is that the atom interacts
only with squeezed modes of the radiation field. This is perhaps the most significant
practical problem facing experimentalists, but we shall not delve into this aspect at this
stage - this is the purpose of Chapter 6. However, it should be noted that the majority of

investigations undertaken so far have been based upon this assumption.

4.2.2 Reflections of the input squeezed field

Once the master equation has been formulated, it is a straightforward matter to compute
one-time and two-time averages of the atomic variables, and to therefore describe the
behaviour of the atom. However, a further consideration in the computation of output
spectra from systems that are subjected to squeezed light is the effect of reflections of the
input squeezed light. One must allow not only for the nonzero power spectrum of the
squeezed vacuum, but also for correlations (or interferences) that are established between
the reflected squeezed light and the light radiated from the atom. These correlations can
substantially affect the total fluorescence spectrum.

Once again, this aspect of squeezed light spectroscopy has been dealt with in detail
by Gardiner er al (1987). The input-output formulation specifies that the output electric
field, Eoy:(t) = —Aou(t), is related to the input and atomic fields via the simple relation-

ship

Eout(t) = Bin(t) + /7a X(1) (42.7)
(for simplicity we have set2 ¢ — 1 in the definitions of Chapter 2, with k(z) = {/7,6(1)).
Using the commutation relations derived in Section 2.2.2, the correlation function for the
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output field can be expressed in the form

Ya y >yl
ou ) = Ein t Ein t/ + = [X(t),X(t)]+>
(Eout(t) Eout(t)) =(Ein(t) Ein(t)) 2( a2

¢ LR (X0, Ba)1) + (LX), Bn®))}

The last two correlation functions can be computed using the general formula (for an

arbitrary system operator Y (1))
- t
([Y (1), Ein(t)]s) = hi\/v—a/ ds ([ Ein(t), Ein(8)14) ([ X(8),Y(D)]), (42.9)

which Gardiner et al (1987) have shown to be valid to the same order as that to which the
master equation is valid.

The added complication of reflections could, in principle, be avoided with the in-
troduction of a small “window” of unsqueezed vacuum modes through which to observe
the fluorescence (small because our formulation assumes that the atom sees only squeezed
vacuum modes), and, indeed, this has been the configuration most commonly assumed
in the variety of applications considered since Gardiner’s original work on spontaneous
emission. In practice, this may well be a reasonable assumption, since experiments with
squeezed light are likely to employ cavity configurations, in which the squeezed light is
incident on the atom through the cavity modes. The reflections could then be avoided by
simply observing the fluorescent light out the side of the cavity (provided the cavity is not
a microcavity, as we shall consider in Chapter 6, in which case the light must be observed

through the cavity modes).

4.2.3 Spontaneous emission and the inhibition of atomic phase decays

The master equation (4.2.6) describes spontaneous emission of a two-level atom in a
squeezed vacuum, given that the atom interacts only with squeezed modes. Under con-
ditions of resonance (wo = w,), and making a choice of phase such that M is real, we
derive equations of motion for the averaged atomic variables. Defining atomic polarisa-

tion quadratures S, and S, by

1 .
S* = 5 (S: £1iS)), (4.2.10)

and working in a frame rotating at frequency wp, these equations can be written in the
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form

(821 = = (W b+ 1) (80 = —auls,

(Sy) = —Va (N - M+ %) (Sy) = —1(Sy), (421D

(S:) = =% = %W(2N + 1)(S,) = =7 — %(S2),
from which it is clear that the two polarisation quadratures are damped at different rates,
given by v, and «,. These rates are proportional, respectively, to the variances of the max-
imally unsqueezed and maximally squeezed quadrature phases of the incoming squeezed
vacuum field. Hence, while the quadrature (S;) decays rapidly to its steady state value
of zero, the decay of the (S,) quadrature is inhibited. In fact, the decay rate v, can, in
principle, approach zero, as evidenced by the large squeezing limit

1
N—M+5-—->8—1ﬁ as N — oo. (4.2.12)

In other terms, one says that the projection of the original orientation of the Bloch vector
(with components (S;), (Sy), and (S;)) on the direction of the low-noise quadrature phase
is preserved, while the remaining components decay rapidly to their stationary values.

Of course, one must keep in mind that the limit N — oo corresponds to the ap-
proach to threshold in the parametric amplifier providing the squeezed light. In this limit,
the time constant ( -;-% — |ec|) !, which characterises the unsqueezed quadrature phase,
approaches infinity, thereby invalidating the squeezed white noise formulation. It is pos-
sible to estimate more precisely the range of validity of the white noise theory, and, as one
might expect, it is found (Gardiner et al, 1987) that the approximation requires that the
largest correlation time of the squeezed field, (;-ryc — |ec]) ™!, be much smaller than the
smallest characteristic time constant of the atom, ;.

Parkins and Gardiner (1988), using simulation methods based on the adjoint equa-
tion, and Ritsch and Zoller (1988a,b), using eigenfunction methods based on the same
equation, have gone beyond the white noise limit to examine the effect of finite band-
width squeezing on the inhibition of atomic phase decays. They have found that the basic
effects predicted by the white noise theory still exist (although reduced in magnitude) for
bandwidths of squeezing only a few times greater than the atomic linewidth. As ( %—qc— €)
is reduced further, however, inhibition of the decay ultimately ceases to occur, and, hence,
for a given value of ~,, there is a limit to the reduction in the decay rate of a particular

polarisation quadrature.
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With the above limitations understood, we now return to the squeezed white noise
formulation of spontaneous emission to consider the observable consequences of the in-
hibited phase decay. In particular, we consider the spectrum of fluorescent light. The
stationary correlation functions of the atom can be computed with the aid of the quantum
regression theorem, after which the correlation function of the total output field incorpo-
rating reflections can be found using (4.2.8,9). The fluorescence spectrum is given by the

Fourier transform of the correlation function ( Ezgu-t)(t) E{(};) (t')), which is found to be
(B () ES)(t)) = huwoe™o )

! E M _'7y|t-tll _ —"7:It—tl|
x{Né(t—t)+22N+l[e e ] |

The spectrum thus consists of a flat background arising from the squeezed vacuum field,

(42.13)

plus two Lorentzians centered at the transition frequency. One of these is a negative peak
of width ~., and consequently will be very broad, whereas the other is a positive peak of
width ~y,, possessing a subnatural linewidth. The extent of the narrowing of this linewidth
is, of course, directly proportional to the degree of squeezing in the input light, and thus

provides a direct measurement of squeezing.

4.2.4 Resonance fluorescence

Resonance fluorescence from a two-level atom is a classic problem in quantum optics, and
" has been well studied theoretically (Mollow, 1969, Carmichael and Walls, 1976, Cresser
et al, 1982) and experimentally (for references see Cresser ez al, 1982). For stron g driving
fields, the spectrum of fluorescent light exhibits three peaks, which are often referred to
as the Mollow triplet. A study of the effect of squeezed light on resonance fluorescence
represents a natural progression from the work on spontaneous emission, and such a study
was first carried out in detail by Carmichael ez al (1987a,b).

Using our formulation, a coherent driving field is accommodated by giving the
input field a nonzero mean value, i.e. (E;,(t)) # 0. The master equation that results can

be written

1

S DR .
= =iz Qo[ 0ST + 00 5= b1 4 () spoms (4.2.14)

where (p)spon 18 given by (4.2.6), and Qq (proportional to Ve |(Ein)]) and ¢ are the

Rabi frequency and phase respectively of the coherent driving field. The frequency of the
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coherent field is assumed to be resonant with the central squeezing frequency. From an
experimental point of view this is a natural assumption, since one would envisage using
a single laser to provide the pump for both the parametric amplifier (after frequency dou-
bling, as is actually done in the experiments of Wu et al, 1987) and for the atoms. In this
way, one also has control of the relative phase between the coherent and squeezed fields,

which, as we shall see, plays a vital role in the atomic dynamics.

From (4.2.14), we derive the Bloch equations for the atom. For simplicity, we
ignore detuning between the atomic and driving field frequencies. In a frame rotating at

frequency wo, and choosing polarisation quadratures that are in-phase and out-of-phase

with the coherent field,

<S::> - <S+)e—iwot+i¢o + (S—)eiwot—i¢o’
o o (4.2.15)
(Sy> = —4 (<S+>e—twot+t¢o _ <S—->ewot—z¢o) ’

we find

(S‘x) = —n, [N + M cos(2¢o) + %] (Sz) — YaM sin(2¢0)(S,),

(Sy} = 7 [N — M cos(2¢0) + ‘;‘] (Sy> — Y M sin(2¢o)(Sx) — € <Sz>:

5,) = —a — a2 D(S,) + Qo (S,),
(Sz) = —Ya — ¥a(2N + 1)(S;) + Qo (Sy) (4216

where, again, we have adopted a choice of phase for the squeezed vacuum such that M is
real and positive. This does not lead to a loss of generality, as the dynamics are sensitive
only to the relative phase between the coherent field and the squeezed field, which can

obviously be varied through ¢g.

This dependence of the dynamics on phase represents a striking departure from
traditional studies of resonance fluorescence, and leads, of course, to some interesting
new phenomena. These phenomena are described in detail by Carmichael et al (1987a,b).
Perhaps the most significant of these, and certainly the one in which we shall be most
interested, is the phase dependence exhibited by the fluorescence spectrum under strong
driving field conditions (such that Rabi splitting occurs). Two notable limiting cases arise

for the choices of phase ¢o = 0 and ¢o = /2, for which the equations (4.2.16) take the
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form

(Sz) = —Ya (N + M+ %) (Sz) = —7z(Sz),

(Sy) =~ (N:F M + %) (S,) — Q0 (S:) = —1(Sy) — Qo(S), (4.2.17)

(52) = 7 — V(2N + 1D(S:) + Qo (Sy) = —Ya = ¥:(S:) + 0 (Sy).

The fluorescence spectrum that one then computes, after use of the quantum regression
theorem to determine atomic correlation functions (for simplicity, we omit reflections,
although these have been dealt with in the context of resonance fluorescence in a squeezed
vacuum by Lane, 1988), exhibits three peaks at the frequencies w = wo and w = wo + £,
with linewidths determined by the decay rates ~y., 7y, and .. In particular, the halfwidth
of the central peak is given by v, while that of the two Rabi sidebands is given by the
averaged value (1, + 7.) /2. If we again consider the large squeezing limit, N > 1, we

find, for ¢o = 0,

1
Yz ~2N, 5(vy+%):N%, (4.2.18)
while for ¢g = 7/2,
~ o 1
VX g 5(7y+fyz):2nya. (4.2.19)

Hence, the Mollow triplet is now sensitively dependent on the phase of the coherent field,
with the width of the central peak varying between subnatural and supernatural values.
Noticeably, however, the sidebands only exhibit broadening compared to their normal (un-
squeezed) vacuum profile. To illustrate these features, we plot the fluorescence spectrum
in Fig.4.1, for the two limiting choices of phase.

We conclude this section on resonance fluorescence by re-emphasising that the re-
sults presented thus far have been derived in the squeezed white noise limit. In fact, the
conditions for the validity of the white noise theory are more stringent for strongly driven
resonance fluorescence than for spontaneous emission, since the squeezed noise must ap-
pear §-correlated even on the timescale of the Rabi oscillations. In frequency space, this
corresponds to a squeezing bandwidth that is much broader than the Rabi splitting appear-
ing in the fluorescence triplet.

In the case of simple spontaneous emission, it is apparent that a relaxation of the
broad bandwidth squeezing assumption only leads to a degradation of the squeezing ef-

fects. However, itis not so clear as to what occurs as this condition is relaxed when dealing
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Fig.4.1 Incoherent fluorescence spectrum for N = 0.3, with (a) ¢o =
0, and (b) o = m/2. The dashed curve is the ordinary fluorescence
spectrum (N = 0).

with resonance fluorescence, and, in particular, when the Rabi splitting starts to exceed the

bandwidth of squeezing. This is the subject of the next chapter.
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4.3 Photon Echoes with Coherent and Squeezed Pulses of Light

The application of coherent optical pulses to samples of atoms and molecules can lead
to a variety of interesting coherent transient phenomena. These phenomena make pos-
sible a close examination of the various relaxation processes at work within a sample.
The photon echo is an example of such a phenomenon that also has a relatively long
history in the field of quantum optics (Allen and Eberly, 1975). In the simplest case, a
photon echo is produced by a sequence of two coherent pulses incident upon a system
of inhomogeneously-broadened atoms. The first pulse serves to induce in the sample a
macroscopic polarisation. Inhomogeneous broadening then causes dephasing of the indi-
vidual dipole moments throughout the sample in a process that manifests itself as a rapid
dissipation of the macroscopic dipole moment. Hence, the collection of atoms as a whole
may cease radiating in only a fraction of the natural lifetime of the atomic transiuon in-
volved.

If a second coherent pulse (of suitable intensity) is applied at a time 7 after the first
pulse, the dephasing process may, however, be reversed. The system then rephases at the
same rate at which it dephased, resulting in a momentary reformation of the macroscopic
dipole moment, at a time 27 after the first excitation pulse. The pulse of light that is
subsequently emitted is known as a photon echo.

Of course, throughout the sequence of events described above, each individual
dipole moment is incoherently damped by spontaneous emission at the rate v,/2. By
varying the pulse delay time, it is therefore possible to change the amplitude of the echo,
and so in fact obtain a measure of ,. This application of the photon echo phenomenon
leads us to examine theoretically the effects one might expect when squeezed light, in the
form of (long) pulses, is added to such an experiment.

As we have seen, squeezed light incident upon a two-level atom gives rise to two
different transverse relaxation times that are inversely proportional to the variances of the
two quadrature phases of the incident field. In a strongly squeezed field the variance in
one quadrature phase approaches zero. The corresponding atomic relaxation time may,
therefore, become extremely long.

In this section, we shall show how the difference in transverse decay rates pro-

duced in this way, during exposure to a pulse of squeezed light, can in principle lead to a
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new form of photon echo which does not rely on a second coherent pulse to initiate the
rephasing process. We shall also examine how conventional two-coherent-pulse echoes
are modified with the addition of a squeezed pulse. Before commencing our analysis, how-
ever, it is worthwhile clarifying our use of the term squeezed “pulse”. Although pulses of
squeezed light have been produced experimentally (Slusher ez al, 1987), the duration of
these pulses is probably too short for the application that we have in mind, and, hence, our
pulses correspond more realistically to a continuous wave source of squeezed light that is

switched on and off suddenly.

4.3.1 Bloch equations with detuning

The system we shall consider is a spatially-degenerate two-level system, in which cooper-
ative effects are neglected, as is common in analyses of photon echoes. A typical sequence

of events that we might wish to examine is depicted in Fig.4.2.

pulse squeezed pulse T pulse

0 4 ty t3 ty ts te

Fig.4.2 Typical sequence of events in time (not to scale).

Our description of the system is, as usual, made through the Bloch equations. We
shall assume that the coherent pulses are of sufficiently short duration for damping to be
neglected during the time that they act on the system. The equations for the intervals
0 — t; and t4 — ts are thus

(Sz) = —8a(Sy),
(S,) = Aa(Sz) — 0(S:), (4.3.1)
(S:) = Qo (Sy),
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where A, = w, — wo is the detuning. As with previous analyses of two-pulse photon
echoes, we shall assume that the first and second coherent pulses are, respectively, ‘m/2’
and ‘7’ pulses; thatis (Qot1) = 7/2,and [Qo(ts —t4)] = 7.

For the periods between and after the coherent pulses, the Bloch equations can be

written in the general form
(Sz) = —72(Sz) — Aa(Sy),
(Sy) = —1(Sy) + Aa(S:), (4.32)
(S:) = —7:(Sz) — Y,

where, for the intervals t; — t; andt3 — t4,

’7:=’7y=120‘ y Yz = Y, (4.33)

while, for the interval t, — t3, during which the system is exposed to an ideal broad
bandwidth squeezed light source,

1 1
'7:=’7a<N+M+E> ) ’7y='7a<N—M+5> , V2= (2N +1), (434

where M = [ N(N + 1)]'/2. We note finally that all other possible sources of decay (such

as collision-induced decay) have been neglected in the above.

4.3.2 Solutions

The equations can be solved sequentially to give the components of the Bloch vector at
any time ¢. The polarisation P(¢) induced in the sample is obtained by summing the
contributions from individual dipole moments, weighted by some appropriate detuning

distribution. In a continuum limit, we define

Nd, [+ , .
P(t) = W/_w dAs [(Sz(t,40)) +i(Sy(t,A:))]1e™ exp(—A2/86%) + c.c.,

(4.35)
where d, is the transition dipole moment, and AV is the atomic density. The particular
weight function used is a Gaussian of ‘width’ §, which simply corresponds to a Doppler-
broadened medium. We do not exclude the possibility, however, of a distribution of de-
tunings due to some other effect. For instance, photon echo experiments were first carried

out using ruby, in which inhomogeneous crystal strains give rise to such a distribution
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We note further that (S;(t,A,)) is an odd function of A,, while (Sy(t,Ag)) is an even

function, and hence

P(t) 0(/ dA, (Sy(t,A.)) exp(—A2/6%) = y(t). (4.3.6)
0

Solution of the Bloch equations in the presence of squeezing yields eigenvalues of the

form

1
M2 =% |:N+zq:\/M2"(Aa/'7a)2:| . (437

From these it is apparent that squeezing offers the possibility of both inhibiting the phase
decay and preventing the precession of the Bloch vector about the z-axis. With N large
and for t3; (ti; = t; — t;) sufficiently long, those atoms with detunings of the order of,
or greater than v, M will experience rapid damping of their (S,) components. Only those
atoms with sufficiently small detunings will maintain a significant (S,) component. The

(S;) components of all atoms will decay quickly to zero.

(a) 5 pulse / squeezed pulse

izr_ pulse squeezed pulse
0 t ty t3 tg

Fig.4.3 Sequence of events for part (a).

The first situation that we shall examine is depicted in Fig.4.3, and corresponds to
a single 7/2 coherent pulse, followed after a time ¢21 by a much longer squeezed pulse.
We find that even in this case, without any subsequent 7 coherent pulse, an echo may be
produced. The approximate position of this echo can be found by considering those atoms

with detunings that satisfy A, < 20,27 M, in which case one derives

(Sy(ta)) ~ — %’{COS[Aa(tﬁ — t21)] + cos[Aq(tas +t21)]} (438)

X CXP[—%g(tu +t21) — Yyta2l.
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Fig.4.4 Time development of the (S;) and (S,) components correspond-
ing to 100 (Gaussian) random detunings, for a single 7/2 coherent pulse,
followed after atime y,t21 = 0.5 by asqueezed pulse of duration y,t3; =
0.5, with N = 10 (98% squeezing). The time shown is taken from the
conclusion of the w/2 pulse.

Hence, evaluation of P(t) will yield a peak at t43 ~ t5;, that is, an echo can be expected

at a time t43 after the squeezed pulse approximately equal to the time ¢;; between the

coherent and squeezed pulses.

The mechanism for producing such an echo is quite different from that of a normal
echo, and is illustrated in the sequence of diagrams shown in Fig.4.4. These diagrams
show the time development of the (S;) and (S, ) components corresponding to 100 random
detunings A, chosen from a Gaussian distribution with standard deviation 10 Ya- The first

m/2 pulse serves to prepare the atoms in a state with (Sy) >~ —1. The vectors are then

allowed to precess freely for the interval 4,t2; = 0.5, during which time the individual

vectors dephase, distributing themselves equally about the origin, as in Fig.4.4(a). The
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y(@t)

2.5

Fig.4.5 y(t) vs. yatforx /4, = 200,6/v, = 10, with(a) N = 0.5 (73%
squeezing), (b) N = 2 (90%), (c) N = 10 (98%). Time is measured from
the conclusion of the 7/2 pulse.

application of squeezing (N=10) rapidly aligns the vectors along the line (S;) = 0 , with
vectors corresponding to larger detunings quickly attenuated to zero (Fig.4.4(b)). Once
the squeezing is removed after a time «,t32 = 0.5, a separation of vectors with different
rates of precession is revealed (Fig.4.4(c)), and a partial realignment occurs, roughly at

the time predicted by the approximate analysis above (Fig.4.4(d)).

The addition of squeezing complicates the exact solution for (Sy(t)), and the inte-
gration over detunings to evaluate y(t) is best carried out numerically. In Fig.4.5 we plot
y(t) for the pulse sequence used in Fig.4.4, but with varying amounts of squeezing. We
note that the effects we are describing will work best when the squeezing is able to inhibit
the decay and precession of a large proportion of the inhomogeneously-broadened sam-
ple. An increase in 6/, could in theory be counteracted with an increase in the squeezing
parameter N.

The change in amplitude, width, and position of the echo with varying N indi-
cates the possible use of this technique in measuring the squeezing in the incident field.

Alternatively, one might vary the time t3; during which squeezing is present to obtain a
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measure of y, (and hence N).

(b) 5 pulse/ squeezed pulse /  pulse

In the case that a second coherent pulse is added to the above analysis, as depicted in
Fig.4.2 (which corresponds most directly to the usual photon echo experiments), we find
that a sequence of echoes may be generated, depending on pulse delays. Again, one may
show with an approximate analysis (for A, < 7. M)

1
(Sy(ts)) ~5 {cos[Au(tes — tas + t21)] + cos[Aq(tes — taz — t21) ]} (439

X exp [—%(tss +t43 + t21) — "Yyt32] :
If t43 > t21, an echo may occur before the 7 pulse, which is then followed by two further
echoes at times tgs ~ t43 — t21 and tgs ~ t43 + t21. A conventional echo generated by the
two coherent pulses alone would occur at tgs ~ t21 + t32 + t43. Hence, compared to the

normal echo, the echoes produced with this sequence of pulses arrive earlier, as shown in

Fig.4.6.
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Fig.4.6 y(t) vs. 7.t for the sequence of pulses depicted in Fig.4.2, with
N = 0 (dashed curve) and N = 10 (98% squeezing) (solid curve). Here
X/%Y = 200 and §/v, = 10.

A variety of possible combinations of pulses exist. For example, one can consider
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placing the squeezed pulse after the 7 pulse, in which case

1
(Sy(ts)) = {cos[Aa(tes + tas —t21)] + cos[A(tes — tas + t21)1}
. (4.3.10)
X €exp [—7“(7565 +ta3 +t21) — Yylsa |,

where now t;; is the time between coherent pulses, t43 is the time between the 7 pulse
and squeezed pulse, and tes is the time after the squeezed pulse. If t43 < t,; then a single
“delayed” echo may be produced at time tgs ~ t21 — t43, while if t43 > t2; a “delayed”

echo may be generated in addition to the conventional echo.

(c) T pulse / squeezed pulse / squeezed pulse

Similar sequences of echoes may be produced if we replace the 7 pulse with a second
squeezed pulse, as depicted in Fig.4.7. For instance, if the separation between the /2
pulse and first squeezed pulse is t21, and the separation between squeezed pulses is ts3,
with t43 > t21, then three echoes may be produced, the first between the squeezed pulses,
and the other two at times ~ (t43 —t21) and ~ (t43 +t21) after the second squeezed pulse.

Such a case is illustrated in Fig.4.8.

% pulse squeezed pulse squeezed pulse

0 1) t3 tg ts ts

Fig.4.7 Sequence of events for part (c).

(d) A few experimental considerations

The echoes produced with squeezing present are generally smaller and much broader than
normal echoes, but they should still be detectable with current technology. We have con-
centrated here mainly on the occurrence and position of echoes, but further information
is clearly to be found in the actual shapes of the echoes. For maximum effect one would
prefer only a small amount of inhomogeneous broadening, which suggests (in the case of

gases) velocity compression (cooling) techniques. If the squeezing is to be incident over
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Fig.4.8 y(t) vs. .t for the sequence of pulses depicted in Fig.4.7, with

N = 10(98% squeezing), x/v, = 200, and §/~, = 10.
some large solid angle a significant problem arises in that the Doppler shift will differ for
squeezed modes incident from different directions. This can nullify the effect of squeezing
(Ritsch, 1989). Such a problem could be avoidable using the microcavity method we shall
discuss later. However, it might be advantageous to consider a crystal or dye in which the

distribution of detunings is not governed by the Doppler effect.
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5. Two-Level Atoms in Narrow Bandwidth
Squeezed Light

As we have already seen, the introduction of squeezed light to a number of classic prob-
lems in atomic spectroscopy has led to predictions of novel and interesting phenomena.
The most dramatic of these has been the prediction of line-narrowing in the fluorescence
spectrum of a two-level atom. The squeezed white noise formulation, from which these
predictions have been made, is, of course, an idealisation. Indeed, present squeezed light
sources, most notably the degenerate parametric amplifier (Wu ez al, 1986, 1987), exhibit
bandwidths only of the order of typical atomic linewidths. The effect of finite bandwidth
squeezing on spontaneous emission and atomic absorption spectra has been analysed in de-
tail (Parkins and Gardiner, 1988, Ritsch and Zoller, 1988a,b), with the overall conclusion
that line-narrowing effects are degraded, and eventually cease to occur, as the squeezing

bandwidth is reduced.

The spectrum of resonance fluorescence under finite bandwidth conditions has not,
however, been investigated in such detail. While one might expect a similar degradation of
line-narrowing effects to occur, it is also possible that the presence of a reservoir spectral
structure on the scale of the Rabi frequency may allow for some interesting dynamical
effects to come into play. An investigation of the possibilities offered by a finite bandwidth

squeezed vacuum is the purpose of this chapter.

The particular scenarios that we have in mind are depicted in Fig.5.1, where we
superimpose the squeezed vacuum power spectrum on the spectrum of resonance fluores-
cence emitted by the atom. The first scenario represents a situation in which the bandwidth
of squeezing, though possibly broad compared to the natural atomic linewidth, falls well
within the Rabi splitting of the Mollow triplet. In the second scenario, the squeezed vac-
uum is assumed to exhibit two spectral peaks, that we shall take to be centered on the two
sidebands of the fluorescence triplet. This kind of squeezing is what one expects from
(frequency) nondegenerate parametric amplification, and we shall refer to it as two-mode

squeezing, in the sense that two cavity modes are excited in the parametric amplification
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process. Correspondly, we shall refer to the squeezing in the first scenario as single-mode

squeezing.

(a) fluorescence (b)
spectrum

Fig.5.1 (a) Single-mode and (b) two-mode squeezing scenarios.

These investigations can be related to recent work on dynamical modifications of
spontaneous emission via strongly-driven resonance fluorescence in a cavity (Lewenstein
et al, 1987, Lewenstein and Mossberg, 1988). In this case, the cavity spectral density
facilitates a vacuum reservoir with finite bandwidth noise properties. In the final section of
this chapter, we modify the work of Lewenstein et al to incorporate squeezing. This yields
a model that closely parallels that of the earlier section, whilst also offering a possible

experimental configuration.

5.1 Equations of Motion

The approach we shall adopt in treating this problem was first described in detail in a
study by Parkins and Gardiner (1988) of the effect of finite bandwidth squeezing on the

inhibition of atomic phase decays in spontaneous emission. The only added complication

in the present study is the presence of a coherent driving field.

The dynamics of our two-level atom are completely described through the equa-

M 1 3 13 1n??
tions of motion for the atomic “spin” operators S*, S—, S,. The quantum Langevin equa-
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tions for the operators S* and S, can be written in the form

S* = iw,S* — iQ cos(wot — ¢o) S, — 211/;—; [Ein(t),S.]s, (5.1.1)

S: = —7a — 21Q0 cos(wot — ¢0)(S* — S7)

'70 + —
- [Ean(t), ST —S714, (5.1.2)

—1

where w, is the atomic transition frequency, =, is the natural linewidth of the transition,
and € and ¢ are the Rabi frequency and phase respectively of the coherent driving
field. The incoming electric field operator E;,(t) (representing the incoherent portion
of the field) is evaluated at the position of the atom, and we shall express it in terms of

quadrature phase operators as

Ein(t) = Vhwo [ E1(t) cos(wot) + E2(t) sin(wot)], (5.1.3)

where wy is the frequency of the coherent driving field.
We move to a frame rotating at frequency wo, and define polarisation quadratures

that are in-phase and out-of-phase with the coherent driving field,
= SreTwottido 4 G glutmide, (5.1.4)
Sg = 4 (S+e—iwot+i¢o _ S—eiwot—i¢o) ) (5 1 5)

With rapidly rotating terms removed (rotating wave approximation), the equations of mo-

tion become

Se = — AuSy + 3V LBy (D) sin(o) — Ba(t)cos(40), Sele,  (5.16)
Sy =8aSz — Q5. — 5/ B1(1) cos(do) + Ba(1) sin(40), Sels, (5.17)
S, =— 7+ WS, + %\/fy_a [ E;1(t) cos(¢o) + E2(t) sin(¢o), Syl+

- ';'\/W_a[El(t) sin(¢o) — E2(t) cos(do), Szl+, (5.1.8)

where A, = w, — wo . The adjoint equation, as described in Chapter 2, provides an equiv-
alent description of the dynamics in terms of the density operator p(t), which in this
particular case is a 2 x 2 matrix functional of the incoming electric field operator E;, ().
Defining

Si(t) = Treys{Sin(D)} (5.19)
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as the atomic average of the spin operators, the equations of motion for the matrx elements

of u(t) can be derived in the form

Sz = _Aagy _,BX(t)gzy
§y=Aa§x—g20§z—,B'Y(t)§z: (5110)
§z =—Y%* s)()S'y + ﬁX(t)gz + ,BY(t)gy,

where Bx(t) and By (t) are defined by

Bx(t)p = %\/'Y—a{—Sin(Cf)O)[El(t),DL + cos(po) [ E2(t),pl+}

= {—sin(do) B1(t) + cos(¢o) B2 (1) } p, (5.1.11)
Br(t)p = %\/'E{COS(cbo)[El(t),ph + sin(¢o) [ E2(t), pl+ }
= {cos(¢o) Bi(t) + sin(¢o)B2(t) } p. (5.1.12)

Having introduced these definitions, we now have a commuting form of quantum noise,

that is, the operators Bx (t) and By (t) satisfy

[Bx (1), Bx(t)] = [Br (D), Br(t)] = [Bx (1), Br(t)] =0, (5.1.13)

for all ¢, t'. This means, of course, that the equations can be treated as classical c-number
equations, amenable to solution by ordinary stochastic methods. Hence, we need only

specify the statistics of Bx(t) and By (t), as determined by the initial quantum state of the

incoming electric field.

5.2 Resonance Fluorescence in a Single-Mode Squeezed Vacuum

5.2.1 Single-mode squeezing statistics

The degenerate parametric amplifier, as described in Section 4.1, will once again serve
as our source of squeezed light, only now the exponential character of the correlation
functions (which is approximated by é-functions in the white noise limit) is central to our
problem and must be retained. With the assumption that the amplifier is operating below

threshold in a single-ended cavity (around the frequency wo ), the correlation functions of
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the output light are

(B1(D) B (1)) = v (E1(t) E1 (1))

=fva{"wie"(f“’”‘”"'“+5(t-t’>}’ (52.1)

2 Ve + €

(B2(1) B2 (1)) = Ya(E2(1) B2 ()

= Y {ﬂe_ —(zre—edlt=t'| 4 54 t’)} , (52.2)

z’Yc—Cc

(B1()B2(t)) =0, (5.2.3)

where again ~, is the cavity damping, and e, is the (real) amplifier driving strength (e, >
0). Once again, we have made a particular choice of phase for the squeezed vacuum,
which, as explained previously, does not cause any loss of generality.

With these definitions, and introducing the familiar N and M notation as defined

in (4.1.6,7), the correlation properties of Bx(t) and By (t) take the form

(Bx (1) Bx (1)) = 4a sin® (¢0) (N — M) (1% +e > e—(Frere t—¥|

+ 7Yq COS (d’O)(N + M) < Yo — € > e—(%’%“c)h“t/l
+%8(t 1), (52 .4)
<,BY(t)ﬁY(t))"yaCOS (¢0)(N M) < 7C+e>e—(%”lc+£c)|t—t"|

+ 7asin? (o) (N + M) <1 e — € > e~ (Fr—edlt=t|
+ 7 8(t —t), (5.2.5)
1 L ,
(ﬂX(t),BY(t)>—— Sln(2¢o)(N M) ( ,7C+€>e—(f'rc+ec)|t—tl

1 e Vgt
2 22 §in(2¢0) (N + M) ( fyc—ec> e~ (17=t=tl (52 6)
5.2.2 Qualitative analysis of the equations

Before commencing our analysis of the equations of motion, we find it convenient to
average firstly over the white noise portions of 8x (t) and By (t). We do this by writing

Bx (t) as a sum of independent coloured and white noise sources

Bx (t) = B% (1) + Bx (1), (52.7)
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with

(Bx (1) B% () = 7ab(t — 1), (52 8)
1 refie
(B () Bx(t)) =7 sin?(¢o)(N — M) <57°+ €C> o= (Frere t=

1 (L —ec 4
+’1aCOSZ(¢)0)(N+ M) <5’76_€c>e (gre—eolt tl, (529)

and similarly for By (t) . The equations (5.1.10) are in the form of Stratonovich stochastic
differential equations. For the purpose of averaging over the white noises 8% (t) and
B¥(t), we convert to the Ito form of the stochastic equations (Gardiner, 1983) with respect

to the white noises. Averaging is then straightforward and results in the equatons

8= = 228: — 88y — BX (DS,

8= =28y + 88z — Q5. — B (DS, (5.2.10)
.= —%a — 71aS: + Qo Sy + B (1) Sz + (1) S,

where the bar is now understood to incorporate the white noise average. It remains there-
fore to perform the average over 3% (t) and B5(t) to obtain (S;(t)), where ( ) denotes
the total average.

Considerable insight into the nature of our problem can be gained from a sim-
ple qualitative inspection of the equations above. In the lowest order (neglecting noise
terms), and for zero detuning, (S;(t)) displays a simple exponential decay, while (S,(t))
and (S, (t)) undergo Rabi oscillations at frequency Qo and also decay exponentially. The
contribution to the time development of (S:(t)) from the additional noise terms is pro-
portional to the time average of 8%(t) S,(t). Since S,(t) undergoes Rabi oscillations, it
follows that this contribution will be significant only if B%(t) contains Fourier compo-
nents at the frequencies £ . Clearly, if 8% (t) is a narrow bandwidth noise source, with
significant spectral components only at frequencies much smaller than g, then this term
will play little part in the time evolution of (S;(t)). A similar argument can be applied
to (Sy(t)) and (S,(¢)). The time development of both (S, (t)) and (S.(t)) will be sen-
sitive to the spectral components of 3i(t) around zero frequency, while in the equation
of motion for S,(t), the term B%(t) S;(t) will be significant only if, once again, 3% (t)
has non-negligible frequency components at +€. Hence, (Sy(t)) and (S,(t)) will be
sensitive to spectral components of the noise sources at both zero frequency and at the

frequencies +£2.
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The above argument raises the interesting possibility of effectively decoupling the
noise source 3% (t) from the dynamics of the atom. This possibility takes on special
significance in the case of a squeezed vacuum input when, through an appropriate choice
of phase ¢, the unsqueezed (noisy) quadrature can be made to correspond to 3% (t). We
shall now investigate this possibility, firstly by using an approximate analytical method,

and then by direct numerical simulation of the equations (5.2.10).

5.2.3 Solution by decorrelation approximation

The basic features of our scheme can be illustrated using a decorrelation approximation
approach, whereby, for example, averages of the form (85 (t) 8% (t') Sz(t)) are replaced
by (8% (t) B% (t'))(Sz(t)). We solve for two of the system variables and substitute the re-
sults into the equation of motion for the third variable, after which averaging is performed
in the decorrelation approximation. Two distinct limiting cases characterise our problem,
corresponding to the choices of phase ¢o = 0 and ¢o = 7/2. For simplicity, we shall

consider only these two cases, and therefore we have

(B% () B% (1)) = 7a(N £ M)bye =], (5.2.11)
(B () Bo(t)) = Ya( N F M)bge b1, (5.2.12)
(B (D) B(t)) =0, (5.2.13)

where b, = ;-fyc —€and b_ = ;—% + €.. With the further assumption of a strong driving

field (€ > ~./4), we find, after some work,

($a(t)) = — 1—“(8,@»

t
+fya(N:EM)bi/ dt’ exp [—( 34% + bi)(t—t’)]
0

x 4}‘;0 sin[ Qo (t — ) 1(Sz(t))

4
x cos[ Qo (t — t)1(Sz(t)), (5.2.19)

¢ 3% /
—%(N:i:M)bi/ dt' exp [—( +b¢)(t—t)]
0

($4(8)) = = 3HS,(1) = o (S:D)

t 39, /
eV F M0k [t exp [~ byt -1

x 4”50 sin[ Qo (¢ — t)1(S, ()
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¢ ' 37 '
—’Ya(Nq:M)bxf dt’ exp [—( 2 +bq:)(t—t)]
0
% cos[ Qo (t — t)]{Sy(t))
t 3 A ,
+’7a(N:FM)b;/ dt' exp [—( Z +b;)(t—t)]
0

x sin[ Qo (t —t)1{S:(t)), (52.15)

(Sz(t)) ==Y — '70(Sz(t)> + %(Sy(t)>
t
_qa(N:i:M)bi/ dt' exp [—(721 +by)(t —t')] (S.(t))
0

' 3% ,
_qa(Nq:M)b;/ dt' exp [—( Z +b;)(t—t)]
0

x L2 sin[ Qo (t — t)1(S.(¢))

4 Q) ]

— (N F M)bs f dt’ exp -—( 3}“ +be)(t —t)

x cos[ Qo (t — t)1(S.())

—%(N¢M)b;[dt’ exp :—<3;’° “b)(t—t)
X Sin[Qo(t—t’)]<Sy(t')>. (5.2.16)

In the white noise limit, one has by > €, and to a good approximation (S;(t')) can
be replaced in the integrals by (S;(t)). However, we are interested in the opposite limit,
Qo > by. Provided b, and b_ are larger than the decay rates of the various spin compo-

nents, then the appropriate substitutions in this limit are
(Sz(t)) = (Sz(1)),
(Sy(t)) =~ cos[Qo(t —t)1(Sy(1)) + sin[ Qo (t — t')](S.(t)), (52.17)
(S2(t)) ~ cos[Qo(t — 1) I(S:(t)) — sin[ Qo (t — ') 1(S,(t)).

The integrals that remain can then be evaluated. The time dependent terms that result

from the integrals are assumed to give only small transient effects, and so we neglect

them. Hence, we derive the modified Bloch equations
(Sx) = _'737(81)7
(Sy) 2 —my(Sy) — Q.(S.), (5.2.18)

(82) 2 =% = 1:(S.) + Qy(S,),

where
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T bd:(b:t + '7a/2)
r=—<1
~ 2{ +ﬂNiﬂﬂ(%+3%Mﬂ+Qg}, (5.2.19)
Ya b bx/2
=21+ 2(NFM T L
Y 2{ (NF M) (Nq;M)w¢+3%J®2+4Qg}4522m
br./4
" {““”M) 3mes PN FM ST Ao
bi(bi'F’ya/Z)
+(N:tM)(bi+%/2)2+Qoz}, (5.2.21)
and
Q=%{L4N¢M)2 b
: 8Q2 by +37,/4
2
bz (b +374/4)
+(N¢ADSQ§M¢+&%MV+4QZ} (5.2.22)

2 b;
2 b=F(bq= + 3'70/4)
892 (b +37./92 +4Q¢}

Qy=90{1+(N¥M)

—(NF M)

Ya b:l:
+(NiAD(%+WJ%2+Qg}. (5.2.23)

In view of the limit we are considering (€% > b.), many of the terms appearing in

(5.2.19-23) are negligible. Removing these terms, we arrive finally at the results

~Ja
Ve = (5.2.24)
vl v ve iy —25 (5.2 .25)
vT2 bs + 37,/4 ’

be

~ . S 2.

’72—'70{1+(N:FM)b:F+3 0/4} (5.2.26)
and
Q,~Q,~ Q. (5.2.27)

These permit the following observations:

(i) The component (S, (t)) is damped at its normal vacuum rate independent of the choice
of phase. This is to be expected, as the spectral distribution of the noises 8% (t) and 85 (t)
does not extend to the frequencies +€2 . In the fluorescence spectrum, we can therefore

expect the central peak of the Mollow triplet to remain essentially unchanged.
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(ii) The components (S, (t)) and (S,(t)) are damped at the rate

. = 3% _ b (5.2 28)
5(7y+'1z) = +%(N¢M)b¥ 3.4
which, if we consider the optimum case, b+ > ~,, can be further simplified to
! 3 52.29
5(%+%)2% Z+N+‘M : (5.2.29)
For large squeezing (N > 1), we have
N-M 1 + !
-2 fN’ (52 30)
N+M~2N+ —,

2

and hence the two choices of phase lead to widely different behaviour. For the case ¢o =
0,

1 1 1
— ~ o — 2 31
2('7y+'7z)—'70<4+8N>7 (5.2.31)

and the decay of (S,(t)) and (S,(t)) is found to be inhibited from its normal vacuum rate
by an amount which could approach 66%. It follows that the Rabi sidebands should be

narrowed compared to their natural width. For the case ¢o = 7/2,

1
5 (% + %) = 2N, (5.2 32)

and the decay rate 1s greatly enhanced, leading to a broadening of the Rabi peaks.
(ii1) These results are in marked contrast to those found in the white noise limit of Chapter

4, where by >> €. Repeating these results, one finds, for ¢ = 0 (and for N > 1),

1
’Yz='7a<N+M+5>22N%,

l( e 3N 1 3 (5.2.33)
2 'Yy Yz) = Ya 5 - 5M+ Z) ngya’
while for ¢g = 7/2,
Vo = <N—M+ 1) a
° 2) 8N’
(5.2.34)

l( +9,) = 3N+1 3
5 0 "B P Ya ) §M+Z ~ 2 NA,.

Hence, for strong squeezing, the central peak can be narrowed with an appropriate choice

of phase (¢ = m/2), but the sidebands can only be broadened relative to their natural
width.
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5.2.4 Solution by stochastic simulation

As we have seen already, the technique of stochastic simulation is a viable option in ob-
taining solutions to the equations of motion. We shall now adopt this technique once more
to provide confirmation of the approximate analytical results found in the previous section.

The equations (5.2.10) are simulated using the fully-implicit numerical integration
scheme (McNeil and Craig, 1990, Smith and Gardiner, 1989) that we first introduced in

Chapter 3. For the present problem, this scheme takes the form

AS™=8§™! 8"

= A(S™%)At+B(S™®) B At + C(S™%)B"At, (5.2.35)

where
Sz
(Sy) (5.2.36)
T v
A(S)—< Sy Aa_ —Qo_Sz>, (5.2.37)
Sz + S,
Sz
B(S)—( (_) ), (5.2.38)
Sz
0
C(S) = (Sz> (5.2.39)
Sy
At is the timestep, 81,62 € [0, 1], and
[DA;
A(S™%) = A(S™ + 1%6:A8" , [J4li; = ﬁl ,  (5.2.40)
LOO; Js=8n
n [OB; ]
B(S™%) = B(S™) + J36:A8" , [JIBlj= I (5.2.41)
C(Smﬁz)=c(sn)+&92ASﬂ , [ié]ij= acw . (5.2.42)
[0S; | s=sn
It is straightforward to show that
-_70/2 —Aa 0
Jh=1 A /2 0|, (5.2.43)
L 0 Q —Y
0 0 —17
Jg=10 0 o1, (5.2.44)
(1 0 O J
0 O OW
=10 0o —1]. (5.2.45)
0 1 0.
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Substitution of (5.2.40-42) into (5.2.35) leads to the integration scheme

AS™ =[1 — 1[50t — 6, [3B5 At — 2 J6y At
x[A(S")At+B(S")B§(’"At+C(S")ﬁ;’,”‘At]. (5.2.46)

The Euler method of integration, corresponding to the choice 6, = 62 = 0, suffers stability
problems when large Rabi frequencies are involved, and hence our simulations have been
carried out with 61 = 1/2. This fully implicit method has very good stability properties,
which have already been demonstrated in Chapter 3.

Noise sources with the correct statistics are constructed using summations of suit-
ably weighted Gaussian-distributed random numbers. The exact details of this procedure
are given in Appendix C. The negative correlations which characterise squeezing require
that these sources be complex. This enables S;(t), S'y( t),and S,(t) to develop imaginary
parts, but in practice these average to zero after a sufficient number of trials, provided that

the integration routine is stable.

(a) Results for (S,(t))

The averages (Si(?)) (1 = z,y, 2) have typically been computed from 5000 trajectories.
Our first aim is to confirm the basic predictions of the decorrelation approximation, and so,
for Fig.5.2, we have chosen parameters to roughly suit the assumptions made in obtaining
the approximate analytical results (i.e. Qo > b, , b_ > Vz,y,2)- The decay of (S,(t)) is
clearly inhibited or enhanced, depending on the choice of phase. An exponential fit to the
curves yields decay rates of 0.32+, and 4 .9+, for ¢ = 0 and $o = m/2 respectively.

These can be compared with the approximate theoretical result (5.2.28), which predicts

decay rates

3% bs
2 +10(N¥M)m=0.35'7a, 3 .87,. (5.2.47)

The disagreement between the decay rates for $o = m/2 is not surprising, as the bandwidth

of noise in the unsqueezed quadrature, b, = 2 5 Ya> 18 actually smaller than the decay rate

of the (Sy) and (S,) components, which clearly limits the accuracy of the decorrelation
method.

In Fig.5.3, we examine the case in which the bandwidth of squeezed light is only

marginally greater than ~y,. In particular, we now consider the choice Qy = 20+,, with
a?r

Ye = 3%, and €. = 0.757, (b+ = 0.75~,,b_ = 2 25 7Ya)- Approximate exponential fits to
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Fig.5.2 Population inversion (S;(t)) computed by simulation for Qo =
507s, 7c = 107,, with (a) . = 0 (no squeezing), (b) €. = 2.5+, (89%
squeezing), o = 0, (C) & = 2.57,, ¢o = w/2. The squeezing band-
widths in the two quadratures are b, = 2.5, and b_ = 7.57,.
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Fig.5.3 Population inversion (S,(t)) computed by simulation for Qo =

2044, ¥ = 37,, with (a) e, = O (no squeezing), (b) e, = 0.75~, (89%

squeezing), o = 0, (c) e. = 0.75+,, ¢¢ = m/2. The squeezing band-
widths in the two quadratures are b, = .75 Yoand b_ =2 254,.
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the simulation results now yield inhibited and enhanced decay rates of 0.32~, and 3.2 4,
respectively (the expression (5.2.47) agrees only poorly with these results, as one would
expect), so strong inhibition and enhancement persists for parameters that are far from
ideal from the point of view of the decorrelation method. However, we note that as we
increase the parametric driving strength €. further, an optimum value is reached, e, &~ 1

(at which inhibition is maximised), after which the degree of inhibition is reduced.

(b) Correlation functions and spectra

The computation of correlation functions and spectra is somewhat more difficult than the
evaluation of the simple spin averages. The non-Markov nature of the processes being
studied means that the familiar quantum regression theorem cannot be applied. However,
methods have been developed for the simulation of the correlation functions (Parkins and
Gardiner, 1988), based on the adjoint equation, from which spectra can be computed using
a fast Fourier transform routine. In particular, if the solutions of the equations of motion

(5.2.10) are written in the form
Sit) =) fis (1, 1) §;() + gi(t, 1), (5.2.48)
J
then the statonary correlation functions are given by

(Si(t) Se(t)) = (fur(t,8)) + (i (2, ) g’ (1))
+i Yy ewm(fut, ) gm(t)), (5.2.49)
I,m

where g;(t,t") — g(t) ast — oo.

To evaluate (5.2.49) by stochastic simulation, we first allow the equations to evolve
to a stationary state, thereby obtaining gf*(t'). A new trajectory is then initiated, with
four different sets of initial conditions, so that we may identify f;;(t,t') and g;(t,t"). The
procedure is then repeated, and after approximately 10000 trials, the average is taken.
We remove the coherent contribution to the correlation functions, and sample to a time
at which the correlation functions are small (so as to avoid aliasing in the fast Fourier
transform).

We shall concentrate for the moment on the fluorescence spectrum without reflec-
tions included, which is computed by fast Fourier transforming the correlation function
(S*(t)S~(0)). In our first series of graphs, in Figs.5.4-6, we return to the squeezing pa-

rameters of Fig.5.2, and consider the variation in the fluorescence spectrum with changing

71



Spectrum

Spectrum

Spectrum

1.5mm—m—— 1 T

[ (a)
1.0F

0.5
4
0 0 1 N 1 L 1 4 1 1 " 1
~60 - 40 -20 40 60
1.5 — 7T T T T 1 T T
I (b)
1.0 .
0.5F -
o 0b——— L L J' 1 S R ]
-60 -40 -20 0 20 40 60
/Y
a
1.5 T T T T T T Y T v T T T T — T T T
[ (©)
1.0 4
0.5 -
0.0 . L L J' Ny ) e
- 60 -40 -20 20 40 60

0
O)/Ya

Fig.5.4 Incoherent fluorescence spectrum, omitting reflections, computed
by simulation for . = 107,, €. = 2.5, ¢o = 0, with (@) Qo = 101,
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Rabi frequency Q. For Qy = 50 Yo (Figs.5.4-6(c)) and Qo = 20+, (Figs.5.4-6(b)), the
Rabi sideband narrowing and broadening that we have described in previous sections is
the dominant feature, with the central peak essentially unchanged from its normal vacuum
form. However, for Q, = 10+, (Figs.5.4-6(a)), we start to see features that characterise
the white noise results, since now the bandwidth of squeezed light is comparable to the
Rabi splitting. The Rabi sidebands are, for the choice of phase ¢o = 0, no longer sig-
nificantly narrowed compared to their natural width, and the width of the central peak is
now strongly phase dependent, alternating between supernatural and subnatural values for
$o = 0 and ¢o = /2 respectively.

In Fig.5.6, where we concentrate on the Rabi peaks of Fig.5.4, comparing them in
each case with the normal (unsqueezed) vacuum result, we also note a slight shift in the
position of the sidebands with the addition of squeezing. This shift decreases with increas-
ing Rabi frequency, as one would expect from the form of Q, and 2, givenin (5.2.22,23).
The width of the peak for Qy = 50+, agrees well with the decay rate computed earlier
from the behaviour of (S,(?)).

Finally, in Fig.5.7, we plot the spectra obtained with the squeezing parameters
of Fig.5.3 for two values of the Rabi frequency, £y = 10+, and Qo = 20+,. Again,
the sideband narrowing is enhanced as € is increased, and, in spite of the fact that the

squeezing bandwidth is not optimum, significant effects are still clearly visible.

(c) Reflections
Using the simulation approach, it is not difficult to incorporate reflections of the input
squeezed vacuum in the output. The formula relating the output field to input and atomic

fields has the specific form

Eout(t) = Ein(t) — iv/Yahwa [ST(1) — ST(D)], (5.2.50)

with which we can develop expressions for the correlation functions of the total output
field. These expressions can then be computed numerically from the simulations in a
straightforward manner. The fluorescence spectrum including reflections is given by the

Fourier transform of the correlation function (ES;; (t) Esi (0)).
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Fig.5.7 Incoherent fluorescence spectrum, omitting reflections, computed
by simulation for 4. = 34,, €. = 0.757,, ¢o = 0, with (a) Qo = 104,,
(b) Qo = 204,, compared with normal vacuum results (dashed lines).

We have investigated (by simulation) the effect of reflections on the total fluores-
cence spectrum, and we find that, in our domain of interest (Qo > b.), the Rabi peaks
are unaffected, while the central peak is dominated by the squeezed vacuum spectrum (i.e.
by a Lorentzian of width b,). Hence, the significant features of our work, Rabi sideband
narrowing and broadening, can still be seen in the fluorescence spectrum when reflections

of the input are included. This is demonstrated in Fig.5.8.
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Fig.5.8 Incoherent fluorescence spectrum, including reflections, computed
by simulation for 4, = 107,, € = 2.5, Q0 = 50,, with (a) o = 0 and
(b) o = /2.
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5.3 Resonance Fluorescence in a Two-Mode Squeezed Vacuum

The second scenario that we wish to pursue makes use of a two-mode squeezed vacuum
exhibiting two (well-separated) spectral peaks centered on the frequencies wo + €2 . Once
again, it should be possible to decouple the narrow bandwidth component of one quadra-
ture from the dynamics. It must be emphasised that this form of squeezed vacuum input is
not merely a construction of convenience, since squeezing spectra with this double-peaked
form are found in the output of a number of practical squeezing devices. The particular
source we shall employ in this work is the nondegenerate parametric oscillator operat-
ing below threshold, but similar spectra are also found, for example, in optical bistability

(Raizen et al, 1987, Orozco et al, 1987).

5.3.1 Two-mode squeezing statistics

Our source of squeezed light is now taken to be a nondegenerate parametric amplifier op-
erating (below threshold) in a single-ended cavity. In this configuration, a pump beam
at frequency 2wp is coupled, via a nonlinear medium, to two cavity modes at frequen-
cies wo + 6. = wx. The two modes excited in this way (known as the signal and idler
modes) may become highly correlated, leading to squeezed frequency components in two
(separated) spectral peaks, centered respectively at the mode frequencies w, and w_.
The correlation functions for the output mode operators of the non-degenerate
parametric oscillator operating below threshold (with a classical pump) have been given by
Collett et al (1987) (see also Reid and Drummond, 1990). We consider, of course, the case
in which the signal and idler components are combined in a single beam. With a particular
choice of phase that makes the parametric driving rate €. real (§ = 0 in Eqs.(A18-19) of

Collett et al), the correlation functions of 3;(t) and 3, (t) can be derived in the form (in

a frame rotating at frequency wg)

(B1(1)B1(t))

- €cVe —L(ytre) i

_qa{_;—fyc +_%€ce F(Yete) |t tJ|COS[6C(t—t/)] +6(t—tl)} ,(531)
(B2 (1) B2(t))

_ € —Lqy—e)t—t
_f’a{l C%E—Ce 7(Ye—€) |t tlcos[éc(t—tl)]+5(t—t/)}’ (532)
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(Br(t)B2(t)) =0, (5.3.3)

where the cavity mode decay rate, Ye/2, is assumed to be the same for both modes, and
the results are derived with the assumption thatw, — w_ = 2§, > ~.. We have removed
a factor of one half from e, as defined by Collett er al (1987), so that perfect squeezing is
approached in the limit €, — 7.

From the definitions (5.3.1-3), it follows that B1(t) exhibits reduced fluctuations
in two spectral peaks centered at frequencies +6,, with linewidth %(% +€.), while 35 (t)

exhibits enhanced fluctuations in two spectral peaks of linewidth ;—( Yo — €c).

5.3.2 Qualitative analysis of the equations

As before, we first perform an average over the white noise portions of 81 (t) and 3, (t)

to obtain equations of motion in the form
$:=-2L5, — A5, - 5 (DS,
Sy = =228, + 8.5, — Q8. - B(DS., (5.3.4)
Se = —Ya = YaSe + Qo8y + B (D5 + B5(1) G,

where now

(Bf (1) BF(t)) = —%L_f'chee‘%‘W"t-*" cos[8(t —t)],  (53.5)
21c’ 2%c

(B (1) BS(t)) = %l_q‘cj_clee—%w—fc)lt—fl cos[&(t —t)].  (5.3.6)
2']c 2 Cc

The small noise analysis of the Bloch equations presented in Section 5.2.2 revealed that
the decay rates of the Bloch vector components are sensitive to the spectral components of
B% (t) atthe frequencies wo 3£ , and to the spectral components of 3 (t) atthe frequency
wo . In the case of single-mode narrow bandwidth squeezing centered at frequency wy, this
leads to a dynamical decoupling of 8% (t) from the atomic dynamics.

With two-mode squeezing of the sort specified by (5.3.5,6), 8% (t) and 35 (t) pos-
sess significant spectral components in two well-separated peaks that are centered on the
frequencies wo + §.. Hence, for two-mode squeezing, we now predict that 85-(t) will be
decoupled from the dynamics, and that 8% (t) will be the dominant noise term, provided,

of course, that the atom is suitably “tuned” to the two-mode squeezed vacuum, such that
6 ~ L.
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5.3.3 Decorrelation approximation

The same decorrelation approach developed in Section 5.2.3 provides a route to relatively
simple analytical results for the case of two-mode squeezing. Again, we focus on the two

limiting cases that characterise our problem, corresponding to the choices of phase ¢g = 0

and ¢o = m/2. We write

(Bx (1) Bx(t)) = 27a(N £ M)bre Il cos[6.(t — t')], (53.7)
By () By (1)) = 279a(N F M)bze blt=*lcos[6.(t — t))], (5.3.8)
(B (D BL(t)) =0, (539

where b, = 3(7. —€) and b_ = 1 (4. + ¢.), and the squeezing parameters N and M are

now defined by

1 1
N = e _
€ [(%—eaz <%+ec>2J’ (5.3.10)

1 1
M = e,
i [(%—ec)z +(%+ec)2J' (5340

We assume a strong driving field (€ > 7a), and set A, = 0. We find, after some work,

($:(0)) = — 2(S,(1))

2y
><sin[Qo(t—t')]cos[SC(t—t’)](SI(t’)> (5.3.12)

t
_an(NiM)bi/ dt' exp {—( 3:“ +by)(t — t')]
0

x cos[Qo(t —t')] cos[8.(t — t’)](Sz(t’)),

V2 ¥ 3
+ —(N:tM)bi/ dt' exp {—( 47“ + bi)(t—t')J
0

($u(1) = = 2(8,(1)) — Q(S.(1))
% ! 3
¥ 2QO(N¢M)”¢/O dt’ exp [—( Jo +b;)(t—t')]

4
xsin[Qo(t—t’)]cos[éc(t_t’)](sy(t')>
t
— / 3 a
2"Ya(N:FM)b:;:./(; dt’ exp [—( Z +b¢)(t_t’)J (5.3.13)

x €os[ L (t —t')] cos[6,(t — th1(S,(t))

t
+ 2740 (N ’ 3% /
~a( -*|ZM)b;/O dt’ exp [—( 2 +b¢)(t—t)J

x sin[Qo (t —t')] cos[6,(t — t)1(S.(t)),
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(Sz(t)> = — %Y — Y (S:(t)) + Qo (S, (1))
t
—2’7°(N:tM)b:t/ dt’ exp [—(ﬁ+ bi)(t—t')]
0 2

x cos[8:(t —t')1(S:(t))

_ (N % M)bs [ dt 3% /
SV b0k [ exp [~ vy 0]
x sin[ Qo (t — t')] cos[8:(t — t')1(S. (1)) (5.3.14)
X X ]
—2%(N:{:M)b;/ dt' exp —(32“ +bp)(t—1t")
0

x cos[ Qo (t —t)] COS[SC(-t —tHNS(t))

t -
39,
—27,,(N¢M)b;/ dt' exp |—( ;’ +be)(t — 1)
0

L J

x sin[ Qg (t — t')] cos[8:(t — t') (S, (t)).

As mentioned earlier, we expect the most interesting results when §. and Qg are compa-
rable, so for simplicity we choose 6. = €y. We know further that §. > b,. If b, and
b_ are much larger than the decay rates of the various spin components, then to a good
approximation we can use (5.2.17) inside the integrals, relating (S; , ,(t')) t0 (Sz, (1))
via the zeroth order (undamped) solutions. The assumption of large b, does, of course,
restrict the maximum amount of squeezing one should consider for a particular value of
e, since b, — O in the large squeezing limit.
With the substtutions given in (5.2.17), we have simply to evaluate some straight-
forward integrals as before. This produces time-dependent terms, but, once again, with
the assumptions made above these are expected to give only small transient effects and so
we neglect them. The modified Bloch equations that result are of the same form obtained
in the single-mode squeezing analysis,
(SI} ~ —72(Sz),
(Sy) = —m(Sy) — Q:(S:), (5.3.15)
(Sz) =70 — 71:(Sz) + Q(Sy),

but with different coefficients, given by

1 b:i:+'ya/4 ]}
_a M . (5.3.16
% =3 {”2‘“ )b [bi+3%/4 OTETNC LT T R

Y =12‘1{1 +2(N F M)bs

be + 117,/8 _ 37./8 ]} (5.3.17)
(bq:+3’7a/4)2+902 (b:F+3’Ya/4)2+9Qo2 '

by (bt +7a/2)

bt
= - N+ M
'72 7°{I+(NiM)bi+rya/2+( )(bi+'7a/2)2+492
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bz (bs + 37a/4) (5.3.18)
(bs +37a/H? + QF

1 ’7abq= . 3'7ab:F ]}
+§(N:FM) [(bq:+3'7a/4)2+002 (b;+370/4)2+9902

+2(N ¥ M)

and
2
QZ=QO{1— QOZ(N:FM)b;
b+ 3004 bet 3%/ z]},(5.3.19)
(bt 370/ 82 + QF  (by + 37a/8)2 + 904

2

Q,:Qo{l QO2(N=|:M)br,

bs + 37,/4 B b+ + 3~,/4 J
(e + 3007 + OF by % 370/8)7 + 907

bs
. 5320
*2”°‘NiM)<bi+%/2>2+4Q§} (3320

The limit we are considering (€0 > by, vz, Yy, 7.) again allows for considerable simpli-
fication of the above expressions. Retaining only the leading order terms, and assuming

that by > ~,, we find

Ya bd: Ya
e 2— |1+ 2 —_— | >~ — 3.
y 2['*' (N:I:M)bi+3%/4} 2[1+2(N:1:M)], (5.3.21)

Ya

by
Yz =% |:1+(N:|ZM)—/2:| ':”'Ia[l'*'(N:l:M)], (5323)
and
Q, ~Q, ~ Q. (5.3.24)

For large squeezing (N > 1), we have, of course,

N—M'z—%+$,
1 (5.3.25)
N+MN2N+5

and hence, as we alter the phase ¢q , both of the decay rates v, and y, may be enlarged or
reduced compared to their normal vacuum values. In particular (for N > 1):

(1) The component (S;(t)) decays at an enhanced rate y, ~ 2N Ya for ¢o = 0, and

at an inhibited rate , ~ ~,/8 N for $o = m/2. The decay rate ~y, gives the width of

the central peak observed in the resonance fluorescence spectrum (Mollow triplet), and
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hence we predict a phase-sensitive central peak width, varying between supernatural and
subnatural values. The maximum reduction in width may in principle approach 100%.

(i1) The components (S,(t)) and (S:(t)) decay at the enhanced rate

1
i‘("Yy +7:) ~ YN, (5.3.26)
for ¢o = 0, and at the inhibited rate
1 39 (2 1
- + ~ —_ —_——
7 (W)~ — <3 + 12N>, (5.3.27)

for ¢o = m/2. Hence, the width of the Rabi sidebands should exhibit a phase sensitivity
similar to that shown by the central peak, but with a smaller degree of broadening and
narrowing.

For the choice of phase ¢o = 0, the results for ~, and %(fyy + ~y,) are identical
to those found in the single-mode white noise limit of Section 4.2.4. However, for ¢¢ =
m/2 an important difference is apparent. The two-mode squeezed vacuum result predicts
a value for -12-(% + ~.) that is much less than its single-mode white noise counterpart,
and which may in fact be less than its normal vacuum value. Hence, it is possible for
all three peaks in the fluorescence triplet to exhibit subnatural linewidths for a particular
choice of phase. In the white noise analysis of Section 4.2.4, line narrowing is seen only
in the central fluorescence peak, while in the narrow bandwidth scenario of Section 5.2,
significant line narrowing occurs only in the Rabi sidebands.

Hence, the two-mode squeezing scheme offers still further possibilities in the field
of squeezed light spectroscopy. The difference that it exhibits in comparison to the white
noise theory can be explained qualitatively as follows. In the single-mode broad band-
width squeezing analysis, the atom “sees” enhanced vacuum fluctuations at frequency wo
due to the noisy quadrature. In the two-mode formulation, in which the spectral peaks of
the squeezed vacuum are well separated at the frequencies wo + 8¢, the atom “‘sees” only
ordinary vacuum fluctuations at frequency wo . This means that broadening need not occur

in the fluorescence spectrum, and that all three lines in the fluorescence triplet may exhibit

some degree of narrowing.
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5.3.4 Solution by stochastic simulation

For a more accurate description of the dynamics than that given above, we have at our
disposal, once again, the technique of stochastic simulation. With some minor modifica-
tions to the noise terms, the simulation scheme of Section 5.2.4 is readily adapted to the
treatment of two-mode squeezing. Following the single-mode analysis, we begin with the

simple spin averages.

(a) Results for the spin averages

Our first set of results are obtained for parameters that should roughly satisfy the conditions
of the decorrelation approximation (Qo > by > ~,). In Fig.5.9, the squeezing parame-
ters correspond to a 64% reduction in noise (below the vacuum level) at the frequencies
+6.. This reduction in fluctuations extends over a bandwidth 26_ = 12 .57,.

As predicted by the decorrelation approximation, (S;(t)) and (S (t)) exhibit en-
hanced decay rates for ¢ = 0, and reduced decay rates for ¢o = 7/2. The simultaneous
inhibition of the decay of (S;(t)) and (S;(t)) is perhaps the most significant feature of
the two-mode squeezed vacuum scheme. This feature is more dramatically demonstrated
in Fig.5.10, where the maximum squeezing has been increased to 89%.

It is interesting to compare decay rates obtained from the simulations and from the
decorrelation approximation. An exponential fit to the curves of Fig.5.9(b,c) yields decay
rates 7z ~ 1.4, (yy + ;) /2 ~ 1.24, for ¢o = 0, and v, ~ 0.201,, (Vg +72)/2 ~
0.60~, for ¢o = /2. In comparison, the results (5.3.21-23) give

. b
qz:%-{nz(NiM)b +

m}=1~2%, 0.21n,, (5.3.28)

and

1 Yo [ 3 by
(Y + 7)) =<3 =+ e ——
7 (W) 2{2 N M) T2

for ¢o = 0 and ¢o = /2 respectively. This level of agreement does not persist as the

}=1'1%’0'60%, (5.3.29)

bandwidths b, are reduced, once again highlighting the limitations of the decorrelaton

approximation. However, the basic predictions of decorrelation approximation results are

confirmed.

(b) Correlation functions and spectra
To begin, we compute the fluorescence spectrum for the parameters used in Fig.5.9. The

results are displayed in Fig.5.11, and they confirm earlier predictions regarding narrowing
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Fig.5.9 Spin averages (Sz(t)) and (S:(t)) (oscillating) computed by
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ing), g0 = 0, (©) €& = 2.5%, b0 = 7/2.

85



1.0

0.5

<S§ (@)
x'z( )
o
o

_0.5

1.0

0.5

>

<S
X,

1.0

0.5}

(b)

4
PP B ST S

B

. Q_<N
—~

| 1 1 i 1 i

2
Yt

Fig.5.10 Spin averages (S;(t)) and (S,(t)) (oscillating) computed by
simulation (5000 trials) for Qy = 504,, A, = 0, 6. = 50+, 7. =
107,, with (a) e = 0 (no squeezing), (b) ¢, = 5.0, (89% maximum
Squcezmg)’ ¢0 = 0’ (C) € = 5 -0'70, ¢0 = 1[/2

86



2.5 ———

L L T T T T
2.0 u (a) .
£ 1.5.— 5
g i ]
3} i ]
S 1ol , 1
3 l -
: ! ]
5 [ 1
0.5 1 h
L » \ :
0.0 i A_l L N N | N . JL PR B Lt .\. )
- 60 - 40 - 20 0 20 40 60
/Y
a
2.5 L T T A ] T T T l T T T I ‘ l T
2.0 - (b) -
I ]
£ 1.5_— s
g i ]
§- L ]
& L0 5
0.5F ]
0.0 ALL N S JIL R S llA ]
— 60 -40 -20 0 20 40 60
m/Ya

Fig.5.11 Incoherent fluorescence spectrum, omitting reflections, computed
by simulation (20000 trials) for the parameters of Fig.5.9 with (a) ¢o = 0,
(b) o = /2. The dashed curve in each figure is the ordinary vacuum
spectrum.

and broadening of the spectral peaks. For ¢o = 0, all three peaks are broadened, while for
$o = m/2, all three peaks exhibit some degree of narrowing compared to their ordinary
vacuum profiles. Although the extent of narrowing in the sidebands is modest (remember
we are considering an input with only 64% maximum squeezing), it is important to note the
contrast with the single-mode white noise squeezing model, which, for the same amount
of squeezing yields sidebands with significantly broadened linewidths. With increased
levels of squeezing, more substantial narrowing of the sidebands occurs in the two-mode
model, and the contrast is even more pronounced. We note that the linewidths observed in

the fluorescence spectra of Fig.5.11 are in good agreement with the decay rates exhibited
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Fig.5.12 Incoherent fluorescence spectrum, omitting reflections, com-
puted by simulation (8000 trials) for Qo = 204,, A, = 0, §. = 201,,
Ye = 24, € = 0.67, (71% maximum squeezing), with (a) ¢o = O,
(b) o = m/2. The dashed curve in each figure is the ordinary vacuum
spectrum.

by the simple spin averages in Fig.5.9.

As in the single-mode squeezing analysis, it is a worthwhile exercise to gauge
the extent to which the effects of narrowing and broadening in the fluorescence spectrum
persist for values of the parameters that do not strictly satisfy the conditions upon which
earlier predictions were made. This may well be a problem facing any realistic experiment.
We consider the case in which the squeezed vacuum bandwidth is only of the order of
the atomic linewidth (ie. b+ ~ 7,), and, in addition, we reduce the Rabi frequency to

the value Qo = 20+,. The fluorescence spectra are shown in Fig.5.12. As one might
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Fig.5.13 Incoherent fluorescence spectrum, omitting reflections, com-
puted by simulation (20000 trials) for Qo = 14 14+,, A, = 14 .144,,
e = 2092 Ve = 27as € = 0.173 7, (29% maximum squeezing), with (a)
éo = 0, (b) o = /2. The dashed curve in each figure is the ordinary
vacuum spectrum.

expect, the extent of line narrowing and broadening is somewhat reduced compared to the
results obtained under more ideal conditions, as in Fig.5.11. However, the effects are still
plainly visible, which enables us to conclude that the basic predictions of Section 5.3.3
are reasonably robust in the face of non-ideal inputs.

The inclusion of a nonzero laser-atom detuning (A, 7 0) substantially complicates
any analytical computation. However, nonzero detuning presents no substantial additional
difficulties from the point of view of simulation. In view of the unusual spectrum of noise

experienced by the atom, we might expect some interesting phenomena, especially when
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Fig.5.14 Incoherent fluorescence spectrum, including reflections, com-
puted by simulation (20000 trials) for the parameters of Fig.5.11 with (a)
¢o =0, (b) po = /2.

Q¢ + A? = 62. This is indeed the case, as we demonstrate in Fig.5.13. It is clear that
the response of the zero-frequency and oscillating components of the Bloch vector to the
squeezed noise allows for a significant modification of the ordinary fluorescence spec-
trum. The asymmetry in the spectrum, and the enhancement or suppression of peaks (to
an extent that is dependent also on the phase ¢,), is quite dramatic and suggests alter-
native signatures one might look for in detecting squeezed light. Indeed, it is interesting
to note the relatively small amount of squeezing required to produce significant effects.
Similar phenomena have been seen in analyses of the interaction of (single-mode) broad
bandwidth squeezed light with two-level atoms (Courty and Reynaud, 1989, Kennedy

and Walls, 1990) and have been described in terms of dressed state population trapping
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(Courty and Reynaud, 1989). We shall return to this feature in the next section.
(c) Reflections

With the inclusion of reflections in the output field, the squeezed vacuum power spectrum
contributes peaks at the frequencies wo 4 &.. In general, these peaks dominate the much
smaller Rabi sidebands that appear at the same frequencies (y = 8., A, = 0). How-
ever, the central atomic fluorescence peak, which is well separated from the sidebands,
is essentially unaffected by the inclusion of reflections, so the most significant line nar-
rowing and broadening is still clearly visible in the spectrum. To highlight these points,
we display, in Fig.5.14, the fluorescence spectrum with reflections of the squeezed input
included. The spectra obtained with reflections included are inherently more noisy than
the simple atomic fluorescence spectra. This can, of course, be alleviated by averaging

over a greater number of trials.
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5.4 Resonance Fluorescence with Detuning:

A General Approach

In the previous section, we touched briefly upon the additional possibilities that arise in
the fluorescence spectrum when a nonzero laser-atom detuning is included. Courty and
Reynaud (1989) have highlighted some of these possibilities in a study of strongly-driven
resonance fluorescence in a broad bandwidth squeezed vacuum. They showed that a suit-
able choice of detuning can lead to the disappearance of inelastic peaks in the fluorescence
triplet, and, moreover, that this effect does not require a large amount of squeezing.

The result presented in Fig.5.13 clearly exhibits some of these same features, and
thus we are prompted to attempt an approximate analytical solution that will reveal more
clearly the available possibilities. In doing so, we will develop an approach that can be
adapted, under suitable conditions, to any of the three kinds of squeezing so far considered
in this thesis (single-mode broad and narrow bandwidth, and two-mode), and which thus

allows us to assess their respective merits, as regards the effects of nonzero detuning.

5.4.1 General equations of motion

The stochastic equations of motion, after averaging over the ordinary vacuum noise, can

be written in the general form

S=(D+A)S+G +B4(HXS + B (Y S | (5.4.1)
where =
S 0
S = (%) : G=< 0 ) (5.4.2)
Sz —Ya
—a/2 0 0 0 —-A, 0
D= 0 —Y%/2 0 ] , A= [Aa 0 —QOJ , (5.4.3)
0 0 —Ya 0 QO 0
and
0 0 -1 0 0 0
X= [0 0 0] , Y= [0 0 -1 (5.4 .4)
1 0 O 0 1 0

The noise terms, 8% (t) and 35-(t), which represent the squeezing, can be written in terms

of the independent noise sources 3¢(t) and B5(t) as
Bx (1) = —sin(¢o) B(t) + cos (o) B5 (1), (5.4.5)
By (1) = cos( o) BT (t) + sin (o) B5(t), (5.4.6)
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where ¢ is the phase of the coherent driving field. The statistics of these noises depend,
of course, on the particular type of squeezing being considered.

We are interested in the situation in which the generalised Rabi frequency, Q =
w/Qoz + A2, is large, in which case the solutions to (5.4.1) are rapidly oscillating func-
tons of time, and the three peaks of the fluorescence triplet are well-separated. We can
remove this rapid time dependence from the equations of motion by transforming to a

frame defined by

S(t) = e S'(1), (5.4.7)

where the exponential e£' is given by (Allen and Eberly, 1975)

ob+ Scos(Qt) —Ssin(Qt)  &sin(Qy)
edt = S 5in(Q1) cos(Qt) — % 5in(Qt) (5.4.8)
2
& 5in (Qt) D sin(Qt) 2% + 5% cos(Q1)

The equation of motion for S’ takes the form

S' = (e_étQ eét) S'+e 4G
(549
+ ( —AtX e )66 (t)S,‘i' (e—AtY eAt) ﬁy(t)S'

The components of S’ are considered to be slowly varying, which allows us to invoke
the secular approximation in the deterministic part of this equation; that is, we drop any
rapidly-rotating terms from the first two terms in (5.4.9), but we leave the stochastic terms
for the moment, as we have not yet specified the type of squeezing. The equations of

motion for the components of S’ are thus

2 2 2
S [1+%<A"Q°> }5, 4 2280 (Qo — 24, )s

2 Q2 2 Q2 2Q?

+ % (1) {—g—z‘l sin(Qt) S, — cos(Qt)S-'z’}

Q
A, . =1
+B§(t){ QO — asm(Qt)Sz} (5.4.10)
A
~eTqr
. 2
S-’y =—7<1+ 2%02>S
+ B% (1) {—Qﬂ sin(Qt) ;' + ?; Sin(Qt)S_'z/} (5.4.11)

Q2 A?
+ B (1) { AL [1-— cos(Q1)1S; [Qz oz cos(Qt)] },
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304 2092 4 2 _9A2\ .
5! —S)O+AaQO+Aa & ! 'YBAG £20 a !
s,=—%<4 Q* T3l sqz )=
+ B5% (1) {cos(Qt)S’ ——sm(Qt)S }
2
+ By (t) {—sm(Qt)SI [2% Qz J } (5.4.12)
A2
~ QT

5.4.2 Stochastic secular approximation

The noise sources 8% (t) and 35 (t) appearing in (5.4.10-12) are multiplied either by a
rapidly oscillating cosine or sine function, or by a constant. Since the components of S’
are slowly varying functions of time, it follows that the contributions of the stochastic
terms to the time development of S’ will be significant only if these terms exhibit Founer
components about zero frequency. This same argument was, of course, used in Sections
5.2.2 and 5.3.2 to qualitatively predict the effects of finite bandwidth squeezing. We now
wish to use this approach more explicitly, simply dropping those terms that are not “res-
onant” with the time behaviour exhibited by S’. The remaining stochastic terms are then
treated as white noise terms, after which averaging may be carried out in a standard fash-
ion.

(a) Single-mode broad bandwidth squeezing

In this case, none of the stochastic terms can be neglected, as B%(t) and 35 (t) are in fact
white noises, with significant spectral components over the whole of frequency space.

Averaging must therefore be carried out with the equations as they appear in (5.4.10-12),

and with
(BIBT(1)) = 27a(N — M)8(t — t'), (5.4.13)
(B3 (DB5(t)) = 27a(N + M)8(t —t'). (5.4.14)
This process is straightforward, but somewhat tedious.

(b) Single-mode narrow bandwidth squeezing

The noise terms for this case satisfy
(BI(D)BI()) = Ya(N — M)b_e=b-lt=¥| (5.4.15)
(B5(DB3(E)) = Ya( N + M)b,ebrlt—t1 (5.4.16)
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with by < Q. Hence, many of the stochastic terms appearing in (5.4.10-12) can be

dropped, and we are left with the equations

$/ o A2 <1, Y8 (QF —2A2) 4,
2 [1+2<92>]S‘+2 Q2 202 )%

- ‘?az'gzzﬁ [B5(¢) cos(¢o) + B5(t) sin(¢o)] Sy’

A
_’TaF, (54.17)

=t 2
Sy ~— — 5 <1+2%°2>S
[B5(t) cos (o) + B5(t) sin(o)] ( §21>7(5‘4-18)

. 304 202 2 2
‘/N_ 4QO+AGQO+A0 5/ fﬁlAa Qo_zAa S/
S; %( oF S: + 552 Sz

:o|§>
'o|l>

2

=5 [B5(t) cos(do) + B5(¢) sin(¢o)] Sy

Af
T QT

5’

(5.4.19)

If we now assume that b, and b_ are much greater than the decay rates of the spin com-

ponents, then, in (5.4.17-19), we can approximate 51°,2 (t) with white noises, setting
b
bpe Pelt=tl _ 28(¢t —1t"), (5.4 .20)

and carrying out the average as before.

(c) Two-mode narrow bandwidth squeezing

This is more complicated than the other cases, as 3{(t) and 35 () satisfy

(BE(1) BE(E)) = 27a(N — M)b_e I Flcos[8.(t — )],  (5.4.21)
(BS(1)BE(1)) = 27a(N + M)b,e™> ¥l cos[6.(¢ — )], (5.4 .22)

and, hence, we must write 85(t) and B5(¢) in terms of four independent noise sources as

B5(t) = Bf,(t) cos(8ct) + Bry(t) sin(bct), (5.4.23)
B5(t) = B5a(2) cos(8c:t) + P3(1) sin(&ct), (5.4.24)

with the statistics of 35, ,(t) and B3, (%) following from (5.4.21,22). As in Section 5.3,

we expect the most significant effects to occur when &, is “tuned” to the sidebands of the
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fluorescence triplet, so we choose 6. = Q. In the equations (5.4.10-12), we then retain only
those stochastic terms involving the factofs cos(6.t) cos(Lt) and sin(8.t) sin(£2t), and
we replace these factors by 1 /2. The equations that result are somewhat more complicated
than (5.4.17-19), but, again, we treat ,Bfal,,(t) and ﬁga,b(t) as white noises, and perform

the average accordingly.

5.4.3 Solutions for the spin averages

The solutions for the spin averages, after transforming back to the original frame, are
identical in form for the three cases, differing only in the eigenvalues A1 2. The solutions

are

2
(Sz(t)) = [Qo ’\2t+ QZ ltcos(Qt)} (SL(0)) — %e’\“ sin (Q1) (S, (0))

A&?" [¥2F — eMPcos(Q1)] (S.(0))

A2 Ya
Qz g (ekzt _ 1) ’

A, :
(Sy(1)) =5e’\‘tsm(Qt) (Sz(0)) + e** cos(Q1) (S, (0))

(5.4.25)

- %e’\‘tsin(ﬂt) (S.(0)), (5.4.26)

AQO

(S.(1) = [e*2t — Mcos(Qt)] (S.(0)) + Q—e "sin(Qt)(S,(0))

2
+ [a—z + &e’\“cos(ﬂt)] (S:(0))
A ey, (5.4.27)

where the (real) eigenvalues \; ; for the three different cases are:

(a) Single-mode broad bandwidth squeezing:
- Qf Qf A2

)\1__?{< 07 +N 2+m>—Mcos(2¢o) <I—Q"2>

2

. 2 2 }
x2=_%{< _bg%>+2zv< 3 >+2Mcos(2¢o)< g"z)}.
(5

4.28)
(b) Single-mode narrow bandwidth squeezing:
T QF
>\1——2 {(1 2QZ> Qz[zN 2Mcos(2d>o)]}
A Q; (5.4.29
=3 < QZ>
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(c) Two-mode narrow bandwidth squeezing:

Ya ; A2 2
)\1——?{<1 2%2>+N<1+Q°2>+Mcos(2¢o) <1_%“7>}’

'70 2 Az A2
A2 > {(2—m>+2N<1 Qz>+2MCOS(2¢>0)< Q"Z)}.
(5.4.30)

For zero detuning, A, = 0, these results reproduce all of the basic predictions of earlier cal-

culations. The eigenvalue \; gives the decay rate of the (S,) and (S,) components, which
may be inhibited, for an appropriate choice of phase, with narrow bandwidth squeezing
(cases (b) and (c)), but not with the white noise squeezing of case (a). The component
(S;) decays at rate A\, , which may be greatly reduced for cases (a) and (c), but for case
(b) this rate is unchanged from its normal vacuum value.

With a nonzero detuning, the decay rates become mixed and the dynamics some-
what more complicated. However, following the approach of Courty and Reynaud (1989),
we can uncover some interesting effects if we look at our results from the point of view of

dressed states. In particular, the dressed-state inversion, wgy, in the steady state, is related

to (Sz(00)) and (S,(o0)) via

Wy

(S:(00)) v (S (00)), (5.4 31)

DIP

which, using (5.4.25-27), can be worked out explicitly as

As Ya

5432
QN ( )

Wdr =

Clearly, for A, = 0, the population is evenly distributed between the dressed states. How-
ever, for A,#0, and for X, of the form found in cases (a) and (c), it is possible to have

|lwar| = 1, specifically, when
1Aa/Q| = (2N +2M + D7, (5.4 .33)

in which case the population is trapped in one of the dressed states. As a consequence,
certain peaks will disappear from the fluorescence spectrum. The condition (5.4.33),
which is in agreement with the findings of Courty and Reynaud (1989), is derived us-
ing M?2 = N(N + 1), and is unique t0 squeezing; in particular, it is not possible to have

|wgr| = 1 for a purely thermal field (W #0, M = 0).
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5.4.4 Fluorescence spectra

With the assumption that the dynamics are essentially Markovian, we can employ the
familiar quantum regression theorem to compute correlation functions of the atomic var-

ables. Omitting reflections, the spectrum is determined from the definition

S(w) =/ dr e *(S*(1)S(0)). (5.4 .34)
The form of the spectrum is identical for the three cases, and is given by
0 2
S(w) = > (E"wd,> 5(w)
'70 QO 2 >\%
~ % 207 11~ (we) ]A%+w2
(5.4.35)
a1 ° (1 + ) X%
- >\—_4 War +(w—Q)2
Ya l ¥

It follows that, for |wd,| = 1, two of the incoherent components of the spectrum vanish
(of course, since we are observing the spectrum through a window of unsqueezed modes,
the fluorescence lines will not completely disappear). As one might expect, this is accom-
panied by an increase in coherent scattering, as represented in (5.4.35) by the §-function
term.

If we now return to the situation of Fig.5.13, for which N = 0.03 in the two-
mode squeezing configuration, then, in fact, |wg, |, as defined above, is identically one
for ¢o = m/2. Hence, the features exhibited in Fig.5.13(b) are in general agreement
with the analytical results of this section. In Fig.5.15, we plot the incoherent portion of
the analytical spectrum (5.4.35) for the parameters of Fig.5.13. The agreement between
analytical and simulation spectra is actually very good, if one takes into account the fact
that the squeezing bandwidths involved in the simulation were quite small (b, = 0 911,,
b_ =1.097,).

In the series of figures that follow, we consider the variation in the fluorescence
spectra, for the three varieties of squeezing, as we vary the ratio of the detuning A, to
the bare Rabi frequency € (keeping Q = m fixed). The ordinary vacuum
spectrum (which, for ease of comparison, is given in each figure) retains its symmetry as
A, is increased, and the sidebands decrease in size monotonically. With squeezing, the

spectrum can become both phase dependent and asymmetric.
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Fig.5.15 Incoherent fluorescence spectrum computed from Eq.(5.4.35)
for two-mode squeezing with Qy = 14.14~,, A, = 14 .14~,, (6. =
207,), N = 0.03, and (a) ¢o = 0, (b) ¢o = m/2. The dashed curve in
each figure is the ordinary vacuum spectrum.

In Fig.5.16, we plot the incoherent fluorescence spectrum for the case of white
noise input squeezing, with N = 0.125 (50% squeezing). In addition to the striking
phase dependence and asymmetry in the spectra, we see, of course, the disappearance of
two spectral peaks for a particular value of the detuning (and of the phase ¢¢). This is a
clear signature of squeezing, which is made particularly appealing, from an experimental
point of view, by the fact that large squeezing is not required to produce it. We note that
in Fig.5.16(c) the central peak for the case A, = O reaches the value 2.

The spectra one obtains with single-mode narrow bandwidth squeezed light are

displayed in Fig.5.17. These spectra exhibit the same trends as the ordinary vacuum spec-
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tra, differing only in the size and shape of the sidebands, where broadening or narrowing
is now possible depending on the choice of phase. The results are certainly not as dramatic
as those found with white noise squeezing.

Finally, in Fig.5.18, we consider two-mode squeezing, with §. = 2. The spectra
are very similar to the white noise spectra of Fig.5.16 (again, the central peak forA; = 0 in
Fig.5.18(c) reaches a value of 2), but now some additional enhancement of the sidebands
is possible for ¢9 = m/2. This follows from the fact that A\; may be reduced below its

normal vacuum value when the atom is placed in a two-mode squeezed vacuum.
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Fig. 5.16 Incoherent fluorescence spectrum S(w) as a function of the
detuning A, (in units of €9, keeping Q = 20), for (a) no squeezing, and
for single — mode broad bandwidth squeezing with N = 0.125 (50%
squeezing) and (b) ¢o = 0, (c) ¢o = m/2.
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Fig. 5.17 Incoherent fluorescence spectrum S(w) as a function of the
detuning A, (in units of Qo, keeping Q = 20), for (a) no squeezing,
and for single — mode narrow bandwidth squeezing with N = 0 .125
(50% squeezing) and (b) ¢o = 0, (c) $o = m/2.
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Fig. 5.18 Incoherent fluorescence spectrum S(w) as a function of the
detuning A, (in units of Qq, keeping Q = 20), for (a) no squeezing, and
for two — mode narrow bandwidth squeezing with N = 0 125 (50%
squeezing) and (b) ¢o = 0, (c) o = 7/2.
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5.5 Squeezed Cavity Dynamics

The frequency-dependent spectral density exhibited by an optical cavity offers interesting
possibilities for the strongly driven resonance fluorescence of a single, cavity-confined,
two-level atom. An analysis of the form given in Section 5.2.2 shows that the decay
of the S; component of the Bloch vector is triggered by cavity vacuum fluctuations at
the frequencies wo + o (we assume resonance between the atom, cavity, and driving
field), while the decay of the S, and S, components is in response to fluctuations at the
frequencies wo and wo £ Q. As pointed out by Lewenstein ez a/ (1987, 1988), if the Rabi
frequency € is much larger than the cavity linewidth I, the cavity vacuum fluctuations
that trigger the decay of the S, component will be negligible, and S; can be expected to
remain virtually constant (as regards decay into the cavity modes). However, the decay
of the S, and S, components can still be driven by cavity vacuum fluctuations at the
frequency wo, where the cavity spectral density reaches its peak. In terms of the spectrum
of resonance fluorescence, these effects produce a dramatic narrowing of the central peak

in the Mollow triplet, together with a limited narrowing of the Rabi sidebands.

Our interest in this particular problem stems from the fact that if we inject a broad
bandwidth squeezed vacuum into the cavity, a cavity-confined atom can be made to experi-
ence squeezed vacuum fluctuations over a bandwidth I". If we consider the strong driving
field limit Qo > I', then we have a close parallel with the work of Section 5.2, except that
now the vacuum fluctuations that could not be eliminated for that system (and gave a limit
to how narrow we could make the peaks) are removed through the action of the cavity (i.e.
the cavity does not support vacuum fluctuations at the frequencies +€). Our previous
results therefore lead us to postulate that the decay of all three components of the Bloch
vector may be strongly inhibited through the combined action of the injected squeezed

vacuum and the cavity spectral density. To confirm this prediction we shall closely follow

the working of Lewenstein et al (1987, 1988).

5.5.1 Cavity model

We consider a single two-level atom located in the centre of a cavity and driven by alaser

field of frequency wo = w,. The cavity spectral density is assumed to possess a peak

104



centered on the frequency w. = wo and adjacent peaks in the spectral density are ignored.
We must also allow for coupling to those modes unassociated with the cavity (i.e. modes
out the side of the cavity), and hence the reservoir is divided into two parts corresponding
to the cavity (¢, ) and background (b;) modes respectively. The Hamiltonian for this system

is written (setting i = ¢ = 1), in the rotating wave approximation,

H =(%Sz+ /dk kclck-i-/dk kb} by

+ % (S—eWot—i¢o + S+e—iwot+i¢o) (5 5 l)

+ /dk [ge(k)S*ck + hc] + /dk [gs(k)STbr + h.c].

The coupling to each reservoir is described through the functions g.( k) and g,( k), which
are proportional to the respective mode densities. The background modes correspond to a
free space reservoir and hence contribute equally at all frequencies in the vicinity of wy.

Therefore, g,( k) can be regarded as constant, with
/oo dk Igb(k)lze‘“’" = %‘18(7'), (55.2)
where the frequency wo corresponds to k£ = O in the rotating frame.
The function |g.(k) |?, representing the cavity mode density, is modelled as a sim-
ple Lorentzian with a maximum value at the cavity resonance frequency. The Lorentzian
has a half width at half maximum of I", and satisfies

w .
/ dk lg (k) Pe* = Lo (55.3)

More precisely, we choose

/N2 T >
(0 = (35) (F—ik' 329

The coefficients 4, and -y, give the contributions from the background and cavity modes to
the overall (undriven) spontaneous emission rate of the atom. For significant effects to be
observable, we will require - to be at least comparable to ;. This should be achievable

in practice with, for instance, confocal optical resonators (Heinzen er al, 1987).
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5.5.2 Modified Bloch equations

Following Lewenstein et al, we derive standard Heisenberg equations of motion from the
Hamiltonian (5.5.1), and eliminate the cavity and background photon operators through a
first-order expansion in . and ~y; (Born approximation). In doing so, we require that " and
Qo be much larger than 7, and -, but we do not perform a Markov approximation with
respect to the cavity modes, as the cavity mode reservoir has a finite bandwidth, I, which
may only be comparable with the frequency scale Qo . The background mode reservoir
effectively has an infinite bandwidth, and can therefore be treated as Markovian.

The difference between our work and that of Lewenstein er al (1987, 1988) arises
when we perform the quantum mechanical average. We allow for cavity-mode correlation

functions of the form

(ch(0)cp(0)) = N&(k — k'), (5.5.5)

(ch(0)cL(0)) = M&(k + k'), (5.5.6)

where M = [ N(N + 1)]'/2, and again we have made a choice of phase for the injected
squeezed vacuum which corresponds to M real. The relative phase between the coherent
driving field and the squeezed vacuum can again be controlled through the phase of the
coherent field ¢o. The expressions (5.5.5,6) will be a valid description of the cavity-mode
correlation functions provided the injected squeezed field is broadband compared to the
cavity linewidth.

With these modifications to the statistics of the cavity-mode reservoir, we derive

modified Bloch equations of the form
: 7T t 1 =T (t—t") '
(Sz) = 75/0 dt’ e {{S:()Sa(t)) — i(S.(1) Sy(t)) + c.c.}
t
— V[N — M cos(2¢0)]1T /0 dt’ e cos[ Qo (¢ — t)1(S:(t))
t
+ .M sin(2¢o)T _/; dt' e=" ) cos[Qo (& — )1(S, (t))

t
— .M sin(2 r dt' e T=t) & gl /
oM sin(2 do) /0 e Sin[ Qo (t — ) ](S.(¢))

b
— 5 (Ss), (5.5.7)

. ¥ T t ! —T(t— .
() = 75/0 dt' e (S, (D S,(8)) + (Su(H) S, (£)) + c.c.}

106



t
_ c N !/ - —_ / /
el +Mcovs(2¢o)]1"/0 dt' €™ cos[ Qo (t — ) ](S,(t))

t
+ .M sin(2¢ )l“/ dt’ e~ T (=t —t '
0 | e cos[ L (t —1')1(S,(t))

t
+ [N + Mcos(2¢o)]r/ dt' e=T (t=t) sin[ Qo (t — ¢')1(S,(t))

0
T
- Q(S,) - E(Sy), (5.5.8)
Ny Y I _
<sz>_—??/ dt' e T ((S,() S,(8) — i(Su(£)S,(8)) + c.c )
v T N
_?5/ dt' e T ((S,(£) Sy(8)) + i(S, (1) Sa(D) + c.c.}

|
2
o

[N + Mcos(2¢o)]r/ dt' e sin[ Qo (¢ — ¢)1(S,(¢))
0
t
—%NF/O dt’' e {1+ cos[ Qo (t — )1} (Sa(t))
t
+7cMcos(2¢o)F/(; dt’ e™" ) {1 — cos[ Qo (t— )1} (Sa())

t
+ M sin(2q§o)l"/ dt' e T (-1 sin[ Qo (t — t')]1(Sz(¢))
0

+ Qo (Sy) — (1 +(S,)), (5.5.9)

where S; and S, are as defined in (5.1.4,5).

To be consistent with our first order expansion in «y. and ~y,, it is sufficient to cal-
culate the correlation functions occurring in (5.5.7-9) in zeroth order (i.e. neglecting all
damping). The correlation functions are thus replaced with linear combinations of one-
time averages of the spin operators (evaluated at the ‘initial’ time t'). We are again inter-
ested in the limit in which Q¢ > I", and so we in turn replace the (S;(t')) appearing in
the integrals with the expressions (5.2.17) (which relate (S;(t)) to (Si(t)) in zeroth or-
der). We also require thatI" be larger than any other decay rates featuring in the dynamics,
which enables us to set the integrals equal to their stationary (t — oo) values. The Bloch

equations can then be written in the approximate form

(82) = =% [N — Mcos(240) + 5] rTrog %

+ .M sin(2¢0) (Sy) — ﬂ<Sz>, (5.5.10)

($,) ~ — [N + M cos(2¢o) + ] (Sy)

2 Qol‘/2

+ .M sin(2¢o) w(sﬁ rz+o2
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—QO(SZ)—%E(SSI>: (5.5.11)

: e r? L]
(Sz>r;/__—2—- <1+ m) — Ye |:N+MCOS(2¢O) + 5 ( Z)
2

1 r
— Ye [N — MCOS(Zd)O) + E:l m(sz>

1 I
+ e [N— M cos(2¢o) + 5] l_—z—?ogoz‘(sﬁ
. '
+ M Sm(zd)O)m(SI)
+ Qo (Sy) — (1 +(S:))- (5.5.12)

With increasing Qo /T, many of the terms in (5.5.10-12) become very small. Neglecting

these terms, we can further approximate the equations to finally produce
(Sa) = 7eM sin(20)(S,) — (=),
. 1
(Sy) >~ — e [N + M cos(2¢0) + 5] (Sy) — Qo (S:) — %E(S'y), (5.5.13)

. . 1
(S;) ~ — % - Ye [N + M cos(2¢p) + 5] (S.)+ Q0 (Sy) — Ww(1+(S:)).

The most interesting choice of the phase ¢o is that which gives cos(2¢o) = —1, for in
that case
1 1
N+ Mcos(2¢o) + = | = — )~ e
%[ (2¢0) 2] fyc<N M+2>_8N’ (5.5.14)

for large N. Hence, with the addition of squeezing, the cavity-mode decay of all three
components of the Bloch vector can, in principle, be strongly inhibited. The cavity spectral
density provides the mechanism for the inhibition of the decay of (S;), and for the partial
(up to 33%) inhibition of the decay of (S,) and (S, ), while the injected squeezed vacuum

acts to remove the remaining decay channel for (Sy) and (S,).

In contrast, the choice of phase cos(2¢o) = 1 leads to a dramatic enhancement
of the decay of (Sy) and (S.).

If . is much larger than ~;, then significant effects should be observable. The
population decay is vitally dependent on the phase of the coherent field, varying between
strongly inhibited and strongly enhanced regimes. If we assume that our observations of
the behaviour of the Bloch vector components can be extended to the spectrum of reso-

nance fluorescence out the side of the cavity (Lewenstein er al, 1988, have demonstrated
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that such an extension is justified, and, indeed, our simulation work in the previous sec-
tions also supports this), then for the choice of phase cos(2 ¢9) = —1, we predict dramatic
narrowing of all three peaks in the Mollow triplet. The choice of phase cos(2¢o) = 1
should result in strong broadening of the Rabi sidebands. We note that by observing the

fluorescence out the side of the cavity, we obviate any complication associated with re-

flectons of the squeezed vacuum input.
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6. Atom-Squeezed-Vacuum Coupling
in a Microcavity

The inhibition of atomic phase decays by squeezed light, and related effects such as those
elucidated in previous chapters, have yet to be confirmed experimentally. The stumbling
block to all of the work that has been done in the field of squeezed light spectroscopy is the
requirement of an ideal squeezed-vacuum-atom coupling, so that the atom interacts only
with squeezed modes of the radiation field. This is a significant practical problem which
Gardiner (1986) pointed out in his original paper, stating the need for either an incoming
squeezed electric dipole wave, or an appropriate one-dimensional situation.

The first suggestion presents somewhat formidable practical problems in holding
atoms still at the focus, and consequently in minimising Doppler effects. We have there-
fore developed the second approach (Parkins and Gardiner, 1989b), using as experimental
support, the recent work of De Martini and co-workers (1986, 1987) with microscopic
plane mirror cavities. In their experiments, De Martini er a/ use two parallel plane mir-
rors, separated by a distance L of the order of the spontaneous emission wavelength .
With this microscopic Fabry-Perot cavity, a strong selection of radiation modes coupling
to atoms within the cavity is possible. In particular, for L = X\/2, atoms whose dipole
moments are parallel to the mirrors couple strongly and exclusively (for a cavity of suffi-
ciently high finesse) to the modes whose propagation vectors lie within a small solid angle
about a line perpendicular to the mirror surfaces. It is by squeezing these modes that we
shall aim to achieve an effective squeezed-vacuum-atom coupling. Such a scheme would
also seem to suit the likely source of squeezed light, a degenerate parametric oscillator,

which in present experiments produces a near-plane-wave output.
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6.1 Equations of Motion

In the electric dipole approximation, the atom-field interaction Hamiltonian has the form
Hiw = —d -E(h 1), (6.1.1)

where d is the atom’s dipole moment operator, and E (h, t) is the electric field operator
evaluated at h , the position of the atom. For a two-level atom, the dipole moment operator

can be written in terms of the 2 x 2 matrix operators S* as (Allen and Eberly, 1975)
d =(d, +1id;)S™ + (d, —id;) S, (6.1.2)

where d, and d; are the real and imaginary parts of the dipole matrix element. The electric

field operator is given by
b wp 1/2 ‘
E(h,t)=i) <T> aks(to) e ™+ fy ((h) + hc.. (6.1.3)
k,s

Here, ay is the annihilation operator for mode k, with polarisation s, and fx ;(h) is the
mode function appropriate to the situation under investigation (e.g. a cavity).

Using the commutation relations for the spin matrices, and noting, as in Chap-
ter 2, that the atom and field represent independent degrees of freedom, and hence that
equal-time commutators of atomic operators with field operators are identically zero, the

Heisenberg equations of motion for the “spin” operators S*, S, can be derived in the form
S* = weS" + 5—(d, — id)) - [E(h,1),S,]., (6.1.4)

. i . 1
S, = E(d'+ id;) - [E(h,t),S8%], — %(dr —1dy) -[E(h,t),S7],, (6.1.5)

where w, is the atomic transition frequency.

An equation of motion for the field operators ay,(t) can also be derived, which,
when formally solved, allows us to write the field E (h,t) as a sum of two distinct con-

tributions: a source-free or “input” term, and a radiated field due to the atom. That is, we

write
E(h,t)=E;,,(h,t)+l"(h,t), (6.1.6)

where
' huwe 1/2 ‘
En(h,t) =iy <T> aks(to) e =) (h) + Ao, (6.1.7)
k,s
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and

—to

. w t ‘
C(h,t)=i) ?“[(d, —id;) - £, (h) 1 ,(h)S~(t) / dre="@r—wa)T 4 h o
k,s 0

(6.1.8)

The result (6.1.8) is not exact, in that we have assumed the atom-field interaction to be
weak, allowing us to make the approximation S~(t—7) ~ S~(t)e**" within the integral.
This is generally referred to as the adiabatic approximation, and corresponds to a bad
cavity limit, which, of course, is precisely the limit in which we are interested. Also, in
deriving (6.1.8), we have neglected “off-resonant” terms involving exponentials of the
form e~*(«**ws)T (which corresponds to the rotating wave approximation).

Substituting the results (6.1.6-8) into (6.1.4,5), and using the properties of the spin

matrices, we derive quantum Langevin equations in the form

S* = iw,S* + #(d, _id,) - [Ein(h,1), S, s, (6.1.9)
S, = ;;(d, +id) - (Ein(h, 1), 81 — +(d, —id) - [Ein(h, 1), 571,
where
t—to
1 . 2 H(wp—wa)T
L d,) - fy,(h dre . (6.1.11)
~(h) A kzswkl(dﬁ'l ) - fis(h)| ot

With suitable approximation, the term y(h) gives the linewidth of the atomic transition.
In free space, y(h), as we have defined it, takes the value 2wl /37h, where d, =
|d, + 2d;].

Next, we move to a frame rotating at frequency wo, which we shall assume rep-
resents the carrier frequency of the input squeezed field. For simplicity, we shall assume

resonance between this frequency and the atomic transition frequency, wo = w,. Wedefine
polarisation quadratures in the standard way by
S, = Ste~™ot + ST, (6.1.12)
S, = —i (Ste™ot — 57e™’). (6.1.13)
The rotating wave approximation is invoked, and the equations of motion that result can
be written as follows

. 1 (6.1.14)
= = in h’t ’SZ )
S: Zh[X ( ), S:zl+
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. 1
Sy=ﬁ[Y}n(h,t),Sz]+, (6115)

1 1
Y = —[ X, — —[Yi,(h.t),S,)., 6.116
Sz——v(h)—M[Xm(h,t),SzL 2h[Ym( 1), Syl ( )

where

1/2 ' |
Xin(h t) = Z <%> aks(to) e (Wrmwodi(d, + id;) - fi,(h)
k,s

+he, (6.1.17)
hDJk 1/2 i( )t .
Kn(h,t) = ‘I.; (T) aks(tO)e—‘ we—wo (dr +1d;) - fka(h)

+ h.c. (6.1.18)

These equations are of the form derived in earlier chapters, and, once again, the adjoint

equation formulation, together with the operator definitions

1

1
Br(h,t)p= i—h—[l’}n(h,t),ph, (6.1.20)

enables us to treat the equations as classical stochastic differential equations. The statistics
of Bx(h,t) and By(h,t), as defined by the correlation functions (Bx(h,t) Bx(h,t))
and (By (h,t) By (h,t')), determine the behaviour of (S, , .(t)) and, of course, whether
or not the decay of one of (S;(t)) or (Sy(t)) can be inhibited. Specification of the corre-
lation functions will of course require specifications of, for instance, (aks(to)ak/s(t0))
for a squeezed input field, incident over some finite solid angle, and we will consider this
in Section 6.3. Most importantly, the dependence of the atomic dipole decay on the sur-
rounding mode structure is now explicitly included through the definition of Bx (h, t) and

Br(h,1).

6.2 Mode Functions of the Cavity

The action of the cavity in restricting the number of modes that couple to the atom is
central to our investigation, and is described through the cavity mode functions. The par-

ticular configuration that we have in mind is a plane-mirror Fabry-Perot cavity, as shown
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in Fig.6.1. The mode functions give the spatial dependence of the field, and can be com-
puted using classical electromagnetic theory. In our configuration, two plane mirrors are
assumed to lie parallel to the zy plane, the first a perfectly reflecting mirror at z = 0, and
the second a partially transmitting lossless mirror at z = L, with real reflectivity R, and
transmittivity iv/1 — R? (the same for both directions). We assume that the mirrors are

very large, so that end effects can be ignored.

R=1 R<1

squeezed

N

light

z=0 =]

Fig.6.1 Cavity configuration.

By a consideration of boundary conditions at the mirrors, we can derive the fol-

lowing expression for the mode functions inside the cavity
fys(r) = V12g(k.) (ekse‘k" + e'he"k'"r) , (6.2.1)

where V is the quantisation volume, and g( k) is taken to have the form

‘L(l _ R2)1/2

g(k;) =

We have assumed that the reflectivity R is the same for both polarisations. The polarisation

vector €k s, and the wave vector k, can be written as a sum of components parallel and

perpendicular to the zy plane respectively,

o, =6, +el,, k=K +kl (6.2.3)

The primed quantities in (6.2.1) are then defined by

¢ =t e, Kk =—k-+Kl (6.2.4)
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We note that the following identities hold:
K -exo=K -€,=0 , €ks €py = €xs €ks = 1. (6.2.5)

For our purposes, we need only know the mode functions inside the cavity. For a
precise check on the orthogonality of the mode functions, one must of course take account
of the partially-transmitting mirror. In the case of an infinitely thin mirror, this necessitates
an additional surface term in the orthogonality integral (see, for example, Ley and Loudon,
1987). If the mirror is given a finite thickness and finite dielectric constant, an approach
such as is used by Carniglia and Mandel (1971) for the quantisation of fields about an
interface is then required.

The effect of the cavity is most clearly exhibited in the form of |g(k,)|*, which

we identify as the Airy function of the cavity

1 - R?
(1 - R)2 +4Rsin?(k,L)

If R is close to one, then this function displays a series of sharp peaks for angles of in-

lg(k)|* = (62.6)

cidence such that sin(k,L) = sin(kL cos ;) = 0. If, therefore, L = )\/2, the function
given in (6.2.6) will exhibit a peak centered at cos 6, = 1 (the peak at cos §x = O can be
ignored, as other factors that enter our calculations later are zero at this angle), that is, a
strong coupling is effected only with those modes in a small solid angle about the z axis
(i.e. perpendicular to the mirrors). In the next section we shall examine the requirements

for producing an effective squeezing of these modes.

6.3 Squeezed Vacuum Input

The formulation of squeezing in a full three dimensional electromagnetic field has not
been considered before, so it is appropriate that this be set out with some care. In a one

dimensional situation, a multimode squeezed state can be specified by operators A(w),
At (w), such that

[A(w), AN (w)] = 8(w — w'),
(AN (W) A(W)) = 8(w — W) N(w), (6.3.1)
(A(W) A(W)) = 8(2wo —w — w') M(w),
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where wo is the central frequency about which squeezing takes place. To generalise this

to three dimensions, let us define an operator analogous to A(w),

ACk) = > ai(K)axs, (6.3.2)

k,s
where a,(k) is a square normalised mode function satisfying
D e (k) =1. (6.3.3)
k,s
Here, k is a unit vector in the direction of k. We want the same kind of relations as for

A(w) to be true. But further, let us specify that the field is not squeezed in any other

modes. This can be achieved by defining the state by

[aks’a;'s/] = 53#'53,3', (6.3.4)
(af ki) = N(K)og(k) (k') 8k, (6.3.5)
(aksakrs) = M(k)ag(K) oy (k') Ek2x—k- (6.3.6)

In this case, we can see that

(AT (k) A(K)) = N(k) Sk, (6.3.7)
(ACK)ACK)) = M(Kk) k2K (6.3.8)
However, if
B(k) = Y, Bs(K)axs, (6.3.9)
k,s
and
3 a,(k)Bi(k) =0, (6.3.10)
k,s

then the operator B(k) is not squeezed, and indeed has no excitation in it at all. Thus the

definitions (6.3.4-6) represent a situation in which there is squeezing only between modes

with wavefunction a,(K).
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6.4 Correlation Functions for the Cavity Field

Computation of the correlation function (By (h,t) By (h, t')), from which we may deter-
mine the decay rate of (S,), proceeds as follows. If py is the bath density operator, then,

using the properties of the trace, one can write

Try{By(h,t) By (h,t') ps}

- :} Try {[Vin(h,8), [Vin(h, ), p]s 1 }

- thTr,,{[Y,,,(h 1), Yin(h )1 05}

(By(h,t)By(h,t))

Kn(hyt)yy:ﬂ(hytl)lﬁ')' (641)

W“

Using (6.1.18) and (6.3.4-6), and moving to an integral representation (for the necessary

modifications to our discrete expressions, see, for example, Kibble, 1969), we derive
(By(h,t)By(h,t)) =

Ve 2K s
‘WZ/O dk K*[ k(2 K — k)]/2eick=K)t=) pr( k)

x/ ko/ dQ% as(K)Fio(h)ag((2K — )k Fx_pie(h) + cc
QW

Ve = 3 —ic(k—K)(t—t)
ETYOTOE E/o dk ke N (k)

x/ ko/ dQp a,(K)Fy,(h) ol (kk)F, (h) + cc.

25(2ﬂ)3 / dk k? e~k FO (1) / a2, E | Fxs(h) '2,

halfsphere s
(6.42)

where K = wo /c = w,/c is the central squeezing wavenumber, and, for brevity, we have

introduced the quantity Fyx,(h), defined by

Fxs(h) = (d, + 1d;) - fis(h). (6.4.3)

6.4.1 Ideal mode matching of the input to the cavity

In his original work, Gardiner (1986) considered the case of an atom in free space, noting

that a,(k) should, in that case, correspond as closely as possible to an electric dipole
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wave, with Q,, the solid angle over which the inputis squeezed, approximately 4 , giving

the maximum overlap of a;(k ) with Fys(h). Similarly, we may attempt to maximise this

overlap for our particular situation by choosing

as(k) = N7V2 Er (hy), (6.4 .4)

where

N=/Q dQ Y | Fuy(ho) |7, (6.4.5)

s

and hg = (0,0, h;). As we shall see, a choice such as (6.4.4) is important, otherwise the
phase of the squeezing can be altered to an extent that a significant reduction in fluctuations
is no longer possible. In simple terms, the mode structure of the squeezing incident upon
the cavity should match as closely as possible the mode structure of the cavity in which
we aim to carry out the experiment. In practice, some approximation will be necessary,
but for the moment we consider the ‘“ideal” case (6.4.4). Later we shall examine other
possible choices of o, (k ), at which stage the importance of matching will be emphasized
more definitively.

Having made the choice (6.4.4), we then assume that, over the bandwidth of in-
terest, the functions inside the integrals are slowly varying functions of & (apart from the
complex exponential), and can be set equal to their values at k = K. We then approximate

the integrals by

/Zk dk e—tlk—E)G—t) /w dk e~ ik—E (=) 27"6@ —t), (6.4.6)
0 0

to give

(By(h,t)By(h,t)) ~

v K3 /‘ _
_ dQ dQu N(K)!
(zﬂ)zth(K) 85(t —1t) o k o k

x EF;el“(s(ho)FKi(s(h)FKﬁ/s/(hO)FKi‘(/s/(h) + c.c

s,d

v_K / / - (6.4.7)
oy [ aqe [ dow N
ez 2n VO 8= : J, a9
X EFKR (ho)FKka(h)FKk’s’(ho)FKk/s/(h) + c.c.
8,8
_V_K / dQ Fop (h) >
(27r)2 2h 5(t 1) k ;I Kks

halfsphere
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To carry out the polarisation sums, we adopt the circular polarisation vectors

eiPx
€k+ = — \/i_
(— cos B COS ¢x + 1sin @i, — COS O Sin P — 1 COS Px, sin 8;), (6 .4.8)
e~ 1%k

€k =
V2

(— cos 8% COs ¢ — 1 Sin i, — cOS Gk Sin P + 1 COS Py, SIn 8:). (6.4.9)

X

X

With this particular choice, the polarisations are unique when 6, = 0 (i.e. the same for
any ¢).

We shall assume that with suitable optical pumping the atoms can be prepared in
a state from which only a AM = +1 transition is possible (Jhe et al, 1987). For our
cavity configuration, this shall correspond to transitions in which the emitted photons are
polarised in a plane parallel to the mirror surfaces (i.e. the atom quantisation axis is chosen
as the normal to the mirrors), and for which the dipole moment can be written (Allen and

Eberly, 1975)
da

d, + id; = 1,i,0). 6.4.10
\/2—( 1,0) ( )
We then find
Fris(h) = —iV712 d, g( K cos 6;) (1 — cos 6i) 2% sin( K h, cos ;)
(6.4.11)
x exp[1K (h, sin 8, cos ¢ + hy sin @ sin ¢;) ],
and
Fyi_(h) = — iV dg g(K cos 6;) (1 + cos 8k) sin( K h, cos 6;)
(6.4.12)

x exp[1K (h; sin 6 cos ¢y + hy sin 8 sin ¢;)].
We note at this point that with |g( K cos k) |? sharply-peaked about cos 0x = 1, the dom-
inant contribution to the quantities we compute will come from terms involving F; (h)
(rather than Fy¢, (h), which is small), that is, from only a single polarization.
To simplify matters we set h, = 0, so that we shall be considering variations in the
atom’s position along the z axis (from the “central squeezing position” hyg = (0,0, A,)).

By varying h,, we will be able to gauge the area inside the cavity over which reduced

fluctuations can be achieved.

The solid angle over which the squeezing shall be incident is defined by

901 27
,/(;"ko: . dly sin 9/;/; dek, (6.4.13)
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that is, we consider a cone cemered on the z axis. After some calculation, and a change

of integration variable (v = cos 6k), we can write (with N = N(K), M = M(K))

(By(h,t)ﬁ}’(h,t')>='7aB(h)6(t—t’), (6.4.14)

where v, = d2w3 /37 3, and

1+ R 1
B(h) = 3(N — =
) =3(N = M) 5 5
1 sin2 (K h,u) 2
X du (1 + u? z V1 —y2
/cosa v )1+Fsin2(KLu) Jo(HheV1 —u )}
31+R/ du (1+ u) sin? (K h,u)
2 1+ Fsin?(KLu)’
(6.4.15)
with
1 2
! Kh u)
N =/ du(1 + u?) S0 (Kh, :
ws, T O T R (kL) (6.4.16)

Here F = 4R/(1— R)?, and Jy, is the zeroth-order Bessel function. A similar correlation

function can be derived for Bx(h,t), and on averaging the equations of motion we find
($,) = -%B(hxsy). (6.4.17)

Under free-space (and no squeezing) conditions, which can be modelled here by the limits
N=M=0,R=0,and h, — oo, we find that B(h) is equalto 1.

The integrals appearing above will be evaluated numerically. However, to obtain
some estimate by analytical means, we can consider h; = 0, and approximate the sharply
peaked Airy function by a Lorentzian (after a suitable change of integration variable). We
further assume that the other factors in the integrands do not vary significantly over the
width of this Lorentzian, and hence that they can be removed from the integral and set
equal to their values at u = 1. Considering the case where KL = w (L = X\/2), and

Kh, = m/2 (i.e. the atom is at the centre of the cavity), we find
B(hy =0,h,=L/2)

~ 31+R {tan‘l('rr\/_F—) +2(N — M) tan~[nVF(1 —cosqu)]}.
m2VR (6.4.18)

For an ideal broadband squeezed light input, one has M = [N(N + 1)]'/2, 5o

that for large squeezing N — M approaches —1/2. Hence, choosing cos f,, = O the

term in brackets may become very small. However, if F' is large, this requirement may
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Fig.6.2 B as a function of h; and h,, for L = A2, R = 0.99, and
N = 1 (83% squeezing), with (a) 8,y = 0, (b) 6, = 0.1, (c) 65y = 0.3,
(d)6,, =1.0.
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be relaxed; for instance, if R = 0.98, and f,, = 0.3 radians, then tan ' (7VF) = 157,
while tan~! [ﬂ\/ﬁ‘-(l — cos 6,,)]1 = 1.50. Hence, a substantial reduction in fluctuations
is still possible at the point we have chosen midway between the mirrors with a squeezed

light input of modest angular dimensions.

Numerical results

The results of computer evaluation of B(h) are shown in Figs.6.2-3. In Fig.6.2 we display
four plots for L = /2, R=0.99,and N = 1 (83% squeezing), with 8,, = 0, 0.1, 0.3,
and 1.0 radians respectively. As one can see there is relatively little variation in going from
8,, = 0.1 to 8, = 1.0, emphasising the function of the cavity in isolating those modes
nearly perpendicular to the mirrors. The maximum reduction in fluctuations relative to the
vacuum occurs in each case at h, /L = 0.5, h,/L = 0. These reductions are 67%, 81%,
and 82% for §,, = 0.1, 0.3, and 1.0 respectively. Hence, for 6,, > 0.3, with R = 0.99,

the reductions possible are limited essentially by the available squeezing.

A good amount of squeezing is available in the z direction for several times the
width L of the cavity. This “width” of squeezing depends on the reflectivity R, as shown
in Fig.6.3 where we consider §,, = 0.3 with R = 0.95 and R = 0.995. With increasing
R, the area over which significant squeezing occurs increases substantially. We note, how-
ever, that significant reductions are possible with fairly modest values of the reflectivity R,
as demonstrated in Fig.6.3(a). In terms of the maximum achievable inhibition, a decrease
in R may be compensated for by an increase in the angular limit 6, of the squeezed input.
For instance, with R = 0.95, and with the same input squeezing as above, a maximum

reduction of 82% is possible with 6,, = 1.0, as opposed to 74% with 8, =0.3.

Effect of mirror spacing

It is important to consider also the sensitivity of the effects to small changes in the mirror
spacing L. This will be very pertinent to any practical experimental arrangement as the
distances involved are extremely small. For L < )\/2, the mode density inside the cavity
is greatly diminished, and we enter the regime of inhibited spontaneous emission (Hulet et

al, 1985, Jhe et al, 1987), remembering that the dipole moment is assumed to be parallel

to the mirrors.

In Fig.6.4 we display the result, with squeezing, for L = 0.495 ). In all regions,

the decay rate is significantly reduced from the free-space rate. The effect of squeezing
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Fig.6.3 B as a function of h, and 4
with(a) R=0.95,(b) R = 0.995.

wforl=x/2,0,=03N§=1
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Fig.6.4 Bas a functionof h, and h,,for L = 0.495\, R=0.99, N =1,
and 4,, = 0 .3.
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Fig.6.5 B as a function of h, and h,,for L = 0 .51\, R = 099, N=1,
and 6,, = 0.3.
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can still be seen for sufficiently small h. /L, however, the maximum relative reduction in
B (69%) is less than that obtained with the same parameters for L = X /2 (81%). Clearly,
also, the absolute difference between the results obtained with and without squeezing is
much smaller than for L = \/2.

For smaller values of R, the cutoff in mode density is less sharp, and the drop-off
in decay rate due to inhibited spontaneous emission is somewhat less dramatic. However,
the effects of reducing L below X\/2 are clearly undesirable if one hopes to see a large
absolute reduction in the decay rate as a consequence of squeezing.

If L is slightly greater than )\ /2, we find that significant further enhancement of the
decay rate, both with and without squeezing, is possible. This occurs as the remainder of
the first-order Fabry-Perot maximum (i.e. the peak of the Airy function) is incorporated
in the integrals of (6.4.15-16). Where squeezing is not significant, B(h, = L/2) now
approaches 3, as shown in Fig.6.5, where we consider the case R = 0.99, L/X = 0.51.
As L is increased beyond this value, this enhancement is reduced, with the next maximum
occurring around L /X = 1. The maximum reduction due to squeezing (N =1, 6,, = 0.3)
is 81%, the same as was found with L = X\ /2. The inhibition does not persist over as large
an area as before, but the advantage now is that the absolute magnitude of the reduction
is increased.

For lower values of R, a graph similar to that in Fig.6.5 is found, but with the
maximum inhibition at h, = O reduced (with increased 8,4, this may be improved).

If L is too much greater than X /2 (greater than ~ 0.52 for R = 0.99), an increase
in §,, (from 0.3 radians) is needed to maintain a significant inhibition. We demonstrate this
in Fig.6.6, where we display the results for L/\ =0.525,and R =0.99, with ,; = 0.3
and 65, = 1.0. These results emphasise the importance of matching the input to the cavity
over a sufficiently large solid angle.

In conclusion, there appears to be a reasonable range over which L may be varied
and yet allow a significant reduction in the decay rate B relative to the normal vacuum
level. This range is biased towards values of L equal to or slightly larger than X /2, as

opposed to values of L less than )\ /2, where inhibited spontaneous emission becomes the

dominant effect.
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Fig.6.6 B as a function of h,and h
with (a) 6,, = 0.3, (b) 0, =1.0.
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6.4.2 Nonideal mode matching of the input to the cavity

In practice, a perfectly mode-matched input is unlikely to be possible, so it is important to

repeat our calculations with a, (k) given not by (6.4.4), but rather by some approximation

to that function. It is instructive to consider the form of the exact mode function; if R is

close to one then, to a good approximation

Fri.(ho) ~ 0, (6.4.19)
Fris(ho) ~ —21V~12d, sin(Kh, cos 6x) g( K cos 6;), (6.4 .20)
from which it is clear that we must try to match the function g( K,), as given by (6.2.2),
for a particular polarisation. We choose a Gaussian distribution over angle as an example
of an approximate match, which will enable us to check how critical the requirement of
matching is. In particular, we choose
a_(k) =0, (6.4.21)
a,(k) = N1/ exp[—6sin® 6 — i(n + £ sin® 6;)]
x 1sin( K h, cos ), (6.4.22)
where 8, 1, and ¢ are real constants, and the normalisation factor N is given by
N, = / dQ exp(—2 8 sin? ;) sin® (K h, cos 6x), (6.4.23)
Qs

with fn,‘, dQ, as defined in (6.4.13). This form may be considered to model a focussed

Gaussian beam in the paraxial approximation (Yariv, 1985).

s ' , : 2.0
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Fig.6.7 (a) Magnitude and (b) phase of g( K.) (solid lines) for L =
X2, R =099, compared with 14 exp(—120 sin? ;) and 7/2 —
200 sin? 6, (dashed lines) respectively.
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A comparison of the magnitude and phase of g( K,) with exp( —&sin? 6y) (ap-
propriately scaled) and (n + Esin2 6,) respectively is shown in Fig.6.7, for R = 0.99,
and L = \/2, with § = 120, = 7/2,and { = —200 (a particular choice of parame-
ters we shall consider later). The Lorentzian-type long-time tails of g( K,) are not well
matched, but in the more important small angle region, where g( K ) is sharply peaked,

the approximation is much better.

Using the expressions (6.4.21,22) for a4 (k) in (6.4.2), we obtain,

(By(h,t)By(h,t)) = YaBy(h)8(t —t), (6.4 24)
where
B,(h) =31r/\/g-1-L'R—3 {N |Z(h)|> — M Re[Z(h)?]}
(1-R)
1 . 2 (6.4.25)
+31+R du (1+ u?) sin“( K h,u)
21-R J, 1+ Fsin®?(KLu)’
with
1
I(h) = z‘e—""/ du(1+ u) sin?(Kh,u) Jo(KhzV/1 — u?)
COS G,q
y 1 — Rcos(2KLu) —iRsin(2KLu) (6.4.26)

1+ Fsin?(KLu)
x exp [—(§ +1€)(1 — u?)] .
Evidently, for maximum effect we require (i) that Re[Z(h) 2] be as close as pos-
sible to |Z(h)|?, and (ii) that the factors multiplying N and M be maximised relative to

the corresponding factor in the second term of (6.4.25) (i.e. the “normal” vacuum term).

Numerical results

In our first set of diagrams we display the results obtained with L = A\/2 and R = 0 .99,
with §5, = 0.1 radians. In Fig.6.8 we give the profile of B;(h) at h, = 0 (where maxi-
mum reductions are to be expected), for a series of values of £ = 50, 150,200, 300, with
6 = 120 andn = —m/2 fixed. Once again, we assume an input squeezed by 83% (N = 1).
The magnitude of fluctuations relative to the vacuum depends strongly on the choice of ¢,
emphasising the need for good matching of the mode functions (in particular, the phase).
For N = 1, reduced fluctuations at h, = 0 are found for values of € in the range 80 to
340. At the position h, /L = 0.5, the optimum choice of parameters (6 ~ 120, £ ~ 200,
n = —m/2) gives a maximum reduction below the vacuum level of approximately 64%,

which compares very favourably with that obtained with ideal matching when 6,, = 0.1.
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Fig.6.8 By(h, = 0) for L = A/2, R = 0.99, with 0,0 =0.1,6 =120,
n=-m/2,N=1,and (a) ¢ = 50, (b) ¢ = 150, (c) ¢ = 200, and (d)
& = 300. The dashed line is the result obtained with no squeezed input.

While our results are very dependent on ¢, they are much less sensitive to variations
in §, as we demonstrate in Fig.6.9, where we fix ¢ = 200 and compare results for § = 0 and
6 = 500. The curves are very similar, and give maximum reductions below the vacuum
level of 55% and 45% for § = 0 and § = 500 respectively (the optimum choice of § = 120
gives a 64% reduction).

In Fig.6.10, we display the behaviour in the z direction for the optimum choice of
€ and 6 given above. This figure is to be compared with Fig.6.2(b). Reduced values of B,
are found over a similar area to that when the input is ideally-matched.

Unlike the ideally-matched case, increasing the angular limit 6,4 does not lead
to an appreciable improvement in the amount of noise reduction possible. This is not
surprising as the phase approximation used ceases to be effective for 6, > 0.1, as shown
in Fig.6.7(b). If R is decreased slightly, then values of 84, larger than 0.1 give the best
results (provided § and £ are fitted appropriately). However, a limit (above which no
further improvement occurs) is again reached, with a maximum reduction in fluctuations
similar to those found above. Our approximation to the phase is obviously limited, and

some more accurate approximation would be needed to yield better reductions.
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Fig.6.10 B, as a function of h, and h,, for [, = A/2, R =0.99, with
0sg=0.1,6=120,{=200,n= —7/2,and N = 1.
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We shall not consider in detail any further approximations, but, as one might ex-
pect, Lorentzian approximations to the phase are found to give significant improvements
over the above results, particularly as the angular limit 05, is increased. That is, if we

replace n + £ sin? 6, by a function of the form

™ 1U2

—sz—_'_ez (6.4.27)

in (6.4.22), then, for a suitable choice of the parameter w, one can almost reproduce the

results obtained under conditions of ideal matching.

6.4.3 Experimental Considerations

As we have found, suitably-prepared atoms inside the cavity will be sensitive to only a
single (circular) polarisation of the field. Hence, a single source of circularly-polarised
squeezed light should suffice. This squeezed light would have to be passed through a
system of lenses and phase plates in order to produce a focused beam of squeezed light
with characteristics of the sort discussed earlier, that is, with appropriately matched phase
and amplitude.

The cavity itself should be a bad cavity (i.e. low Q), which, in the case of a mi-
croscopic optical cavity, does not seem too difficult to achieve. In particular, we have, for
the lifetime t. of a photon within the cavity

L

= (—I-_R_)E ~ 107 Bs, (6.4.28)

te

for L ~ 10~¢m and R = 0.99 (ie. Q ~ 100). This time is clearly much shorter
than a typical spontaneous emission lifetime, so it should be safe to regard the process
as irreversible. If this is not the case new effects may arise, such as the collective stim-
ulated emission process observed by De Martini and Jacobovitz (1988), in which long-
range atom-atom correlations occur when more than one atom undergoes a radiative decay

within a period t.. A low density atomic or molecular sample would therefore also seem

appropriate in avoiding such cooperative effects.
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Appendix A: Higher order terms in the cumulant
expansion

In this appendix, the cumulant expansion introduced in Chapters 2 and 3 is expanded to
fourth order in the expansion parameter, which we denote by € (later, we set € equal to
one). To this order in €, and with the assumption that the odd moments of the noise Bx¢(t)

are zero (i.e. (Brs(t1)) = (Brs(t1) Brs(t2) Brs(t3)) = 0), the cumulant expansion yields
(Collett, 1987)

phf =Aopns + Bir(t) Arpny
t
+ € / a7 (Brs(1) Bag(T)) Ar1e ™ Aje= 4D
to

t
- 64/ dr (ﬁhf(t)ﬁhf(T))Al€A°(t—T)A16A°T

to

t n
% '/t- dTl 4/; d7'2 <5hf(7'1)ﬁhf(7'2)>e—'4°n Aler(ﬂ—‘h)Aler(‘Fz—t)p,hf
0 0

t T n
+ 64/ dTl/ dm dry (Brs(t) Buf(11) Brs(72) Bus(7))
to to to

x Aler(t-n)Aler(n-—n)Aler(n—n)Aler(n—t)uhf‘ (A1)

For consistency with a fourth order expansion, we must note that Ao in fact contains a

damping term and should be written in the form

Ag = Ayys + €€ Az, (A2)
where
Aspng = 5%[ [T, phsls, X1. (A3)

In the third term in (A1) we therefore write

.
o™ :e“"{lnz / dr e‘A"‘fAzeA'”’#} , (A%)
0

while in the final two terms we simply make the replacement e4°” — e“»7. Since the
correlation time of B, ¢(t) is short, we can set to = —oo, and noting that Bry(t) is Gaus-

sian, the fourth order moments can be factorised into products of the two-time correlation
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functions. After some manipulation, we find (setting € = 1)

fing = Asysping + Azping + Bif (1) A1 ping
e [ 8hs 0 Bustt = ) LXK LX) g
0

- 00 n
* 5:75'/0 d’fl_/o 7y (Brs () Brg(t — 7))

X [X,[X(=m), [T (=), [X(=7), parlls]]

iz [ an [ dn (BBt —m))
x [X,[X(=1),[X(=7), [T (=72), pnsl]]]
+— dT]/ de/ dm
X {(5hf(t)ﬁhf(t—7’3)) (Brg(t — 12) Brs(t — 7))
+ (Brs(t) Brs(t — 1)) (Bas(t — ™) Bas(t — 1))
+ (Brs(t) Brag(t — 1)) (Brs(t — ) Brs(t — 1))}
x [X,[X(—7),[X(=7),[X(=71), prrll]]
;1—4 d'r1/ de/ dn
<,Bhf(t),3hf(t —13)) (Brf(t — 1) Brs(t — 1))
x [X,[X(—n),[X(=m),[X(=7), par]]]]. (AS)

In deriving Eqgs.(3.1.31), we neglected terms that are proportional to g, and g, with

k > 3. In keeping with this approximation, we consider X to have the reduced form
X =qa (A + A21) (A6)

for the purpose of evaluating (A5). Having made this assumption, if one then evaluates
the equations of motion for the matrix elements of p,¢(t), one finds that the final two
terms in (A5) merely yield higher order corrections to damping terms that we have already
neglected on the basis that k¢ (w21)? = 0, that is, the high frequency portion of the bath
gives rise to a frequency renormalisation, but plays no part in the dynamics of the two
lowest levels in the system. Hence, the last two terms in (A5) are neglected. The fifth
and sixth terms in (A5) do however yield a significant correction, but then only to the

inhomogeneous term occurring in the equation for S,. It is straightforward to show that
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this correction has the form

4
w2147 K(w21) 2

— XX /; dr T(Bhf(T) Brys(0) )e™2™

1

4 2 oo
_ w2l Q2;1';(WZ1) P/ o nhf(w)zw{( 1
0

where again we have assumed that s45(w21)% ~ 0.
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Appendix B: Simulation of Thermal Quantum Noise

Thermal quantum noise is numerically simulated using a Fast Fourier Transform tech-

nique. To show how this may be formulated, we begin with the correlation function in the

form

(Bur (8 B (£ = / df S(f)e-t) (B1)

—00
where f = w/27. The function S(f) is assumed to be negligible outside the region

(—F, F). Dividing this region into 2 N equal intervals, we can approximate the integral

with the discrete form

> F
/ df S( f) eiZﬂf(t_t’) ~ / df S(f) ei2ﬂf(t—t’)
- -F

oo

FooNol o
~ ﬁ Z Sj ezZn}F(t—t’)/N’ (Bz)

'=—(N-1)

where S; = S(jF/N) = S(—jF/N). We discretise time by identifying the timestep as

1
_ 1 (B3)
At=>%

and by setting t = kAt, and t' = k'At, after which the correlation function follows in the

form
N-1

Bl = 3 S R0, (B4)
N &

A noise source satisfying this correlation function can be constructed from

N-1
Bis = V% D 9V/S; PHEN, (B5)

=—(N-1)

where g; (=g_;) is a Gaussian random number with zero mean and unit variance ((9ig;) =
;). Hence, to generate a sequence of random numbers {ﬂl“f, k = 1,N} for a single

trajectory of the variables S;, Sy, and S;, we multiply each element /S; by a random
number g;, and calculate the discrete Fourier transform of the resulting sequence. This

calculation is carried out by the NAG routine CO6FBF, which uses the Fast Fourier Trans-
form algorithm (Brigham, 1974).
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The maximum time to which one can compute a single trajectory is determined

from

1
tmaz = N (ﬁ) ) (86)

which is constrained by the requirement that S( F') ~ 0. Noting that S( f) is a maximum
at f = f, = w./2m, this corresponds to the condition F' > f. (from which it follows that
At L 2m/we).

In practice, there is a limit to the number of points N that one can handle, which
therefore limits the maximum value of f, that one can consider while still maintaining a
reasonable value of t,,,,. In our simulations, we use N = 98304 (=2!5 x 3), with F
typically 15 — 30 times greater than the cutoff frequency f.. On average, the computation
of 1000 trajectories of the variables S, Sy, and S, requires approximately 4.25 hours of

CPU time using a VAX 6000-430 mainframe computer.
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Appendix C: Modelling of Exponentially-Correlated
Noise

The noise sources that we aim to simulate are Gaussian and obey the statistics

(Bi(1) = (B5 (1)) = (B5 (1) B5 () = 0, (C1)
(BI(DBI(E)) = ¥a(N — M)b_et-It=¥1 (C2)
(Bz () B5(t)) = 4a(N + M)b,ebIt=¥] (C3)

These sources are modelled using summations of suitably weighted Gaussian distributed
random numbers. Two sequences of Gaussian random numbers {gn} and {h,} are gen-

erated with the properties

(gn) = (hn) =0,
(C4)
<9ngm> = (h'nh'm> = Sum ) <gnhm> =0,
from which B{(t,) and B5(t,) are constructed as
—2b_At\11/2 - —rb_At
Bi(ta) = [¥a(N — M)b_(1 —e )] e Gnr, (C5)
r=0
B5(ta) = [Ya(N + M)b,(1 — e720:81)]1/2 § gorboaty (C6)
r=0

where At is the timestep, and n is assumed to be large. Simple recursion relations follow

from (CS5) and (C6) in the form

BE(tn) = gn [Ya(N — M)b_(1 — e 2-88)]1/2 4 ombodtgey  y (o

B5(tn) = ho [1a(N + M)b (1 — e 20:88)]1/2 4 g=bidtgey  y (g

The random numbers g,, and h,, are generated by successive calls to the NAG (Numerical
Algorithms Group) routine GOSDDE. The independence of the noise sources constructed
by this means is maintained, since the routine GO5DDF updates the seed of the underlying
multiplicative congruential generator with each call. The overall random number sequence
is initalised by the NAG routine GO5CCEF, which sets the basic generator routine to a non-

repeatable initial state, thereby ensuring that a different sequence of random numbers is
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used for each different run of the program. Inbetween individual trajectories, the recursion
relations are iterated for a certain number of timesteps to ensure that the noise in each
trajectory is uncorrelated with the noise in other trajectories.

In the case of two-mode squeezing, in which Bf(t) and B5(t) satisfy

(Bi (1)) = (B3(1)) = (Bi (B3 (1)) =0, (C9)
(B5() B (1)) = 27,(N — M)b_e Il cos[6.(t — t)], (C10)
(B5()B5()) = 275 (N + M)bye ttlcos[6.(¢ —t')], (C11)

we require four independent sequences of random numbers. That is, we write 3(t) and

B5(t) as

Bi(t) = Bf,(t) cos(6.t) + Bip(t) sin(6.t), (C12)
B5(t) = B5,(t) cos(8.t) + B55(t) sin(8.t), (C13)

where B5,(t), Bty (1), B5,(t), and B5,(t) are independent noise sources satisfying

(Bia(DBTa(1)) = (BTy () Bfs(t)) = 240 (N — M)b_e—b-I=¥1 (C14)
(B2a()B3a(t)) = (B54(1) B5s(t)) = 270 (N + M)b, e~ It=t1 (C15)

We model these four sources using the method outlined above.
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