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Abstract

The arithmetic of Galois representations plays a central role in modern number
theory. In this thesis we consider representations arising from tensor products
of the two-dimensional representations attached to modular forms by Deligne.
In particular, we shall study the Iwasawa theory of the adjoint representation,
as well as certain double and triple products of Deligne’s representations.

In the first half we will undertake a computational study of L-invariants
attached to symmetric squares of modular forms. Let f be a primitive modular
form of weight &k and level N, and p{ N a prime greater than two for which the
attached representation is ordinary. The p-adic L-function for Sym?f always
vanishes at s = 1, even though the complex L-function does not have a zero

there. The L-invariant itself appears on the right-hand side of the formula

d 9 B
CLysvms)| =

s=k—1

9 p_ o Lo (Sym? Jk—1
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where X? — a,(f)X +p= (X — o) (X = 3,) with a,, € Z.

Now let E be an elliptic curve over QQ with associated modular form fgz, and
p # 2 a prime of good ordinary reduction. We devise a method to calculate
Ep(Sym2 fr) effectively, then show it is non-trivial for almost all pairs of elliptic
curves E of conductor N < 300 with 4|Ng, and ordinary primes p < 17.
Hence, in these cases at least, the order of the zero in L,(Sym®fz,s) at s = 1
is exactly one. We also generalise this method to compute symmetric square
L-invariants for modular forms of weight k& > 2.

In the second half we will establish congruences between p-adic L-functions.
In the late 1990s, Vatsal showed that a congruence modulo p” between two
newforms implied a congruence between their respective p-adic L-functions.
We shall prove an analogous statement for both the double product and triple
product p-adic L-functions, L,(f®g) and L, (f®g®h): the former is cyclotomic
in its nature, while the latter is over the weight-space.

As a corollary, we derive transition formulae relating analytic A-invariants

for pairs of congruent Galois representations for V¢ @ Vg, and for V; ® Ve ® W,.
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Chapter 1

Introduction

The main purpose of Iwasawa theory is to link together the arithmetic world
with the analytic world. The two principal objects are the analytic p-adic
L-function which interpolates the normalised critical values, and the algebraic
p-adic L-function which is traditionally the characteristic power series of some
large Selmer group. The so-called ‘Main Conjecture’ predicts that they are
equal, up to a unit of course. In this thesis we will be concerned solely with
the analytic p-adic L-function.

As an illustration, in 1964 Kubota and Leopoldt interpreted the famous
Kummer congruences between Bernoulli numbers by demonstrating that they
imply the existence of a p-adically continuous function ¢, s, (s) with the inter-

polation property

Cpso(k) = (1 —p"1)¢(1— k), keN.

Here ((s) denotes the complex Riemann zeta function, and each choice of
so € {0,1,...,p — 2} gives one of the p — 1 ‘branches’ of the p-adic zeta
function. The precise p-adic L-functions that we will be of interest to us are
defined in Chapter 3| In this chapter we will only state our goals in general
terms.

Let p be an odd prime, and M be a pure motive over QQ that is ordinary
at p. Coates and Perrin-Riou [10] give a conjectural recipe for attaching to

M a p-adic L-function L,(M, —,0), and describe its expected behaviour at a



critical point s = 0. At each Dirichlet character y of conductor p™x, the p-adic
L-function should be related to its complex counterpart Lo, (M, x,s) via the

equation

LOO <M7 X7 O)

Qsoiéiﬂ(x) ( M)

for a suitable choice of Archimedean periods QZ (M) € C*. The p-adic mul-

Lp<M7X7O) = gp<M7 X_lao) :

tiplier term &,(M, x™, s) is described fully in Equation (4.14) of op. cit. and
consists of a Gauss sum, an Euler factor at p, and a power of the unit root of
Frobenius.

Curiously, the p-adic multiplier may vanish at s = 0 even when L. (M, , )
does not, in which case we say that M has an exceptional p-adic zero. Let
us factorise out the trivial zero contribution into &,(M, x,s) = EI(M, x,s) x
EMY(M, x,s), where EI (M, x,0) # 0 and order,—q <8;,ri"(M, X, s)> = e,. Green-
berg [31] has associated an explicit invariant £5"(M) € @,, and he predicts
that

depr(Ma X 5)
dser

Loo(M, x,0)
Qo (M)

Gr
= L) (M) x S;(M,X,O) X

s=0

One is naturally left to address the following problem.

Question. For a given motive M as described above, and for an ordinary
prime p satisfying the exceptional zero condition, is Greenberg’s L-invariant

term LST(M) non-zero?

For example, let f be a primitive eigenform of weight £ > 2, level N and
trivial nebentypus. The symmetric square motives M = Sym?(f)(k — 1) and
M = Sym?(f)(k) both exhibit exceptional p-adic zero phenomena at ordinary
primes p f N. Recently there has been interest in this topic [3, B4], 6], in
particular with the construction of global cohomology classes (an Euler system)
for the motive M (f ® f) in [49].

Under some standard assumptions, Hida has shown [40] that in a A-adic
family of modular forms {F3}, .y, the quantity £5*(Sym*(F)(k — 1)) can
vanish at only finitely many points in the weight-space W. It therefore seems

appropriate to address the problem of non-vanishing for the symmetric square



L-invariant, albeit from a computational perspective. This is our goal in the

first half of this thesis, with our main result being the following.

Theorem 1.1. For every elliptic curve E with associated modular form fg
and conductor Ng < 300 such that 4 | Ng, and every prime p < 13 for which
E has good ordinary reduction, the invariant Efr(Sme( fE)(l)) is mon-zero,

with at most ten exceptions H

Two important quantities in Iwasawa theory are the p-invariant (the mini-
mum p-adic valuation of the coefficients of a power series) and the A-invariant
(the number of zeroes of the power series on the open unit disc). The sec-
ond half of the thesis is concerned with addressing the following interesting

problem:

Question. How does the analytic A-invariant appearing in the Main Conjec-

ture vary as we switch between two p”-congruent Gg-representations?

We give an answer for the analytic p-adic L-functions attached to double and
triple product Galois representations, at least in certain common situations,

by proving:

Theorem 1.2. Suppose that £, gV, and gV are p-ordinary modular forms
such that a;(gV) = a(g™)modp” for all primes | not in the set Sg con-

sisting of those primes that divide the level of gV or g™, At each branch

j€{0,....p—2}:
i) Lo fog® w)=L,q¢ (f®g® w) mod w3t and
(i) Lps, (f @ gW, pse (f @ g, p ,
(ii) A(Lp (f gD, w‘)) - /\(Lp (f 2 g®, wj)> + Yes.el” (@) — el (w).

Here ug,)c denotes the minimum of the p-invariants for Lp(f ® g(I),wj) and
L, (f®g(ﬂ), wj), and el(*) (w) is the A-invariant of the power series interpolating

the Euler factor L (f ®g® @ w, s) at a prime .

!These possible exceptions are due to being unable to compute the L-invariants to an
accuracy sufficient to establish their non-vanishing, we do not believe that they are genuine

exceptions.



We also obtain an analogous result for triple product L-functions, which we
refrain from elaborating on here due to the complicated nature of the L-
function’s construction. We will simply remark that the congruences in the
triple product case are subject to some restrictions on the levels of the new-
forms that are necessary for the p-adic L-functions to exist (see Theorems
and for precise statements), and that they are in the weight variable as
opposed to the cyclotomic variable.

Let us outline the structure of this thesis. Chapters [2] and [3| are dedi-
cated to background material to aid in the digestion of the remaining chapters.
Specifically, Chapter [2| focusses on modular forms: the critical values that are
interpolated by p-adic L-functions may be expressed in terms of inner prod-
ucts of modular forms, so the material in this chapter equips us with useful
tools for manipulating these expressions. In Chapter [3| we recall the defini-
tions of complex L-functions attached to the symmetric square of the Galois
representation associated with a modular form, as well as to tensor products
of pairs and triples of such representations. We also review the interpolation
properties of their p-adic analogues.

In Chapter [] we devise a method for computing the L-invariant of the
symmetric square of an elliptic curve having good ordinary reduction at an
odd prime p. We then use this method to perform the computations necessary
to prove Theorem Chapter [f] generalises this method to allow for mod-
ular forms of higher weight, and we compare our approach with the modular
symbols technique of Dummit et al. [23].

In Chapter [6] we wade through a mire of technical calculations. Essentially
we show that the various operators appearing in the expressions relating critical
values of double and triple product L-functions to Petersson inner products
are congruence preserving. Having done this, Chapter [7]is but a short stroll

along the boardwalk to prove Theorem [I.2] and its triple product counterpart.



Chapter 2

Modular forms

In this chapter we lay out the foundations of classical modular forms. We then
encounter families of p-adic modular forms, in particular Hida families passing
through p-ordinary forms. The chapter concludes with a short discussion of

nearly holomorphic modular forms.

2.1 Classical modular forms

We begin with an overview of the classical theory of modular forms. Author-
itative sources for the material in this section are the books of Miyake [51],

and Diamond and Shurman [22].

2.1.1 Basic definitions

We begin by describing the action of the group GLj (R) on the upper half-
plane h = {z € C | Im(z) > 0}, and on the complex-valued functions defined

on h. For any z € h and v = (¢4) € GL3 (R) we set

_az+b

= c 0.
1% cz+d b

For any function f : h — C and positive integer k, we define the weight k

action of v on f as

(£1e7) = (desy)2(ez + &) f(72).



Definition 2.1 (Congruence subgroup). A congruence subgroup I' is any sub-

group of the modular group Sly(7Z) that contains
['(N) = Ker (SLQ(Z) — SLQ(Z/NZ))
for some positive integer N, and the least such N is called the level of T'.

Of particular importance are the congruence subgroups

a b
[o(N) = € SLy(Z) ‘ c¢=0 (mod N)
c d
and
a b
I'(N) = € SLy(Z) ' ¢c=0(mod N), a=d=1 (mod N)
c d

Definition 2.2 (Modular forms). For any congruence subgroup I' of level N
and positive integer k, we call a function f :h — C a modular form of weight

k for I' if the following properties hold:

1. f is holomorphic on the extended upper half-plane h* = h UPH(Q),
2. f 1is invariant under the weight k action of T'.

The set of all modular forms of weight k for some fized congruence subgroup

[ has the structure of a complex vector space, which we will denote My(T").

The study of modular forms may be reduced to that of modular forms on the
congruence subgroups I'1(N), therefore we will frequently write My (N) for
M (T'1(N)). Moreover, My (N) itself decomposes into

M(N) = D Mi(N, x) (2.1)

where the sum is over all Dirichlet characters modulo N. Here My(N, x)
denotes the y-eigenspace of My (N), that is the space of elements of My (N)

with the property that

a b
floy=x(d)f for all v = € To(N).
c d



A typical element f € My(N) admits a Fourier expansion at the cusp oo of

the form
f(z) = Z an(f)q"
n=0

where ¢ = exp(2miz).

2.1.2 Subspaces of modular forms

Next we define various subspaces of modular forms, which arise naturally as

stable subspaces of My (V) under the action of the Hecke algebra of level N.

Definition 2.3 (Cusp forms). A modular form f € My(N) exhibiting the
additional property that f vanishes at all of its cusps, that is f(z) = 0 for all

z € PYQ), is called a cusp form. The subspace of cusp forms in My(N) is
denoted by Sk(N).

Definition 2.4 (Petersson inner product). Given any two modular forms f

and g in Mg(N), such that at least one of them is a cusp form, we set

pdo dy
v

. ) = / oy TR

It follows from our normalisation of the Petersson inner product that

{(f:9)u = [Lo(N) : To(M)] x (f, 9)n
whenever N | M, and f and g belong to My(N).

Definition 2.5 (Eisenstein series). A modular form f € My(N) is called an
Fisenstein series if (f,g)ny =0 for every g € Sx(N). The subspace of all such

forms is called the Fisenstein subspace, and is denoted throughout by Ex(N).

We remark that & (V) is the orthogonal complement of Si(N) inside
M (N) under the Petersson inner product. It follows that we have the de-
composition

Mu(N) = Sp(N) & E(N). (2.2)



This decomposition induces analogous decompositions which respect the y-
eigenspaces My (N, x), as x ranges over Dirichlet characters modulo N.

Suppose that N and M are positive integers with M | N, and that d is a
positive divisor of % Then there is a natural degeneracy map Vy : Sp(M) —
Sk(N) given by setting V; (f(q)) = f(¢*). We define the old subspace of Sy(N)
to be the images of these maps for proper divisors M of N, that is

SPUN) = @ @ ValSu(a1).
AN o

Now if we define the new subspace Sp¥(NN) to be the orthogonal complement
of SPM(N) with respect to the Petersson inner product, we have a tautological

decomposition

Se(N) = SP(N) & S (N).

2.1.3 Hecke operators on modular forms

Throughout this section we will take f to be a generic element of My (N, x).

The degeneracy map V,, acts on f by the rule

(£1Vn) () = f(m2)

:m_k/Qf m 0

r\0 1

The map V,, sends My(N,x) to Mg(mN,Y), and also maps Si(N,x) to
Sk(mN, x) [51, Theorem 4.6.1]; here Y denotes the character modulo mN

induced by x. It is clear that f |Vm will have the Fourier expansion

(£1Vn) (2) = D anl g™
n=0
For an integer d { N, the diamond operator (d) : My(N) — Myi(N) is
defined by setting
(1) ) = (#1,0) )
for any a = (2%) € I'o(N) with 6 = d (mod N). The diamond operator
respects the decomposition in Equation (2.1)), and for any f € My(N, x) we

have f|(d) = x(d) .



Given a prime number ¢, the Hecke operator U, is defined by setting

e 1] (1)
j=0

The modular form f |Uq will have the Fourier expansion

(f‘Uq> (2) = ianq(f)qn'

n=0

We may then define the Hecke operator T; by the relation

f’Tq = f’Uq +qk_1f’<Q> © V;J
Note that T}, coincides with U, whenever ¢ | N.

Definition 2.6. We call f an eigenform if it is an eigenfunction of each
Hecke operator T, for every prime number q. An eigenform in Sp(N, x),

normalised so that ai(f) =1, is then called a primitive eigenform.

By Hecke’s inverse theory, the T,-eigenvalues of a primitive form are its

Fourier coefficients, and we therefore have the identities

f‘Tq:aq(f)fa if g N

flU=ag(f)f,  ifq|N

where f is a primitive form of exact level N. We can extend the operators T,

to all of n € N by inductively defining

Ty =T, Ty — ¢" )T,

qr—2’ T 2 2

(where T is the identity operator) and setting
T = T, T, ged(m,n) = 1.

It is sometimes useful to know the relation between the Fourier coefficients

of f and those of f|T,. If f € My(N, x) then by [51, Theorem 4.5.11] we have

an(fIT) = Y x()d* amnyee(f)- (2.3)

d| ged(m,n)
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Definition 2.7 (Hecke algebra). The Hecke algebras Hyi (N, x) and hg(N, x)
are defined to be the subalgebras of End(My(N, x)) and End(Sk(N, x)) respec-
tiely, that are generated by {T,, :n € N}U{(d) : d | N}.

The Fricke involution Wy is defined by
(F1Wn) () = (V)7 (-
Nz

0 -1

=/ (2),

r\N O

and Wy induces the following isomorphisms [51, Theorem 4.3.2]:

Mk(N7 X) = Mk<N7Y)7
Sk:(Na X) = Sk(N7Y)7

Note that the operator Wy satisfies the relation
(W)W = (-1)*f.

Moreover, if f is a primitive form of level N then there exists a complex
number ~; of modulus 1, such that fp’WN = ¢ f [5I, Theorem 4.6.15]. Here
fP(2) = f(=2) = 3%, an(f)q" denotes the conjugate primitive form.

Finally we must define the trace operator. Given a complete set of repre-

sentatives R for I'o(M)\I'o(IN) where N | M, we define

fl N =YX 7 forall f € Mu(M.x)

YER

where we have written x(v) = x(d) for each v = (g g) The trace operator

sends M (M, x) to My(N, x), and has the neat property that

(.90 = (| TeX g}

for every f € My(M) and g € My (N) with one of f, g a cusp form. We can

express ‘Tr’ in terms of Hecke operators and the involution Wy:

e a2 f WUy W, itq| N
Na _

72 % f’WNqTqWN, if g1 N.
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Let us conclude this section with a list of relations involving these operators,

that will be very useful in future calculations:

f‘WN oV, =m ™2 x f‘WNm, (2.4)
f‘Vm o Wiym = m—*2 x f‘WN, (2.5)
f‘WNqu:fT;oWN, (2.6)
f‘WNqu = fluzowy, (2.7)
flwi o (@ = f|td) o Wi, (2.8)

Here T, Uy, and W denote the adjoint Hecke operators with respect to the

Petersson inner product.

2.2 Hida families

In this section we introduce the notion of p-adic and A-adic modular forms; a
standard reference is [38], especially Chapter 7. Throughout p > 3 will denote
a fixed prime number. We begin with some notation.

Let us denote by p,—1 the group of (p — 1)-st roots of unity in Z,. The
Teichmiiller character w : Z; — p, 1 is defined by setting w(x) to be the
unique (p — 1)-st root of unity such that w(z) = x (mod p), or equivalently
w(x) = lim, ;. z’". We may also take the projection to principal local units
() : Z; — 1+pZ, by choosing () to satisfy z = w(z)(x); in so doing, we have

a unique direct product decomposition
Zy = pp-1 % (1+pZy) .

We will also put w := 1 + p, which is a topological generator of 1 + pZ,.
Let x be a Dirichlet character modulo N, and A a subring of C that contains

Z[x]. Tt is well known that
Mi(N,x) N Alg] = (Mr(N,x) N Z[x][4]) ®z A. (2.9)

This simple fact motivates our definitions of spaces of p-adic modular forms.
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Definition 2.8. Let x be a Dirichlet character modulo N, and A be a subring
of C, that contains Z[x]. The space of p-adic modular forms over A with

respect to x 1S
Mi(N,x; A) = (Mi(N,x) N Z[x][4]) ®zp A,
and the subspace of p-adic cusp forms over A with respect to x is

Sk(N,x; A) = (Se(N, x) N Z[X][q]) ®zpy A.

That is, we regard p-adic modular forms as A-linear combinations of g-expansions
of those elements of My (N, x) that have coefficients in Z[y]. The action of the

Hecke operators T, naturally carries over to these spaces via Equation ({2.3)).

Definition 2.9 (Ordinary projector). The ordinary projector e is given by

. !
e = lim Ug'.
n—oo

It follows from [38, Lemma 7.2.1] that e exists as an idempotent element of both
Hi (N, x; A) and hi(N, x; A), and so we are able to define ordinary subspaces

of modular forms as those cut out by e.

Definition 2.10 (Ordinary subspaces). The space of ordinary modular forms
15 given by

MEUN, x5 A) = {fle s [ € Mu(N,x; A)},

similarly, the space of ordinary cusp forms is
STUN,x; A) = {fle: f € SN, x; A)}.
If f is an eigenform of U, then it is clear that

oo iffap(f)l =1

0 iffay(f)lp <1,

fle=

so the effect of the ordinary projector is to kill off the primitive forms that do
not have p-adic unit eigenvalues a,(f). Remarkably, the rank of S{™(N, x; Z,)

is constant as the weight k varies.
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Theorem 2.11 (Hida). For any k > 2 and Dirichlet character x we have
rankz Sp4(N, xw™"; Z,) = rankg, S3*Y(N, xw % Z,).

In order to define A-adic modular forms, we fix a base ring O, the ring of
integers of some finite extension of Q,, and let A = O[X]. We may think of
a A-adic modular form as a formal g-expansion, with coefficients that simul-
taneously interpolate the Fourier coefficients of a family of classical modular

forms; the following makes this idea precise.

Definition 2.12 (A-adic modular form). Let x be a character modulo Nop",

where ged(No, p) = 1, with values in O%.

e A A-adic modular form of tame level Ny and character x is a formal
q-expansion

F(q) = iAn(F;X)q" € Alq]

n=0

with the property that for all but finitely many weights k, the specialisa-
tion F(uf —1) lies in My(Nop", x; O). The space of all A-adic forms of

fized tame level Ny and character x is denoted M(Nop™, x).

o If F(u* —1) is in Sp(Nop", x; O) for all but finitely many k, then we call
F a A-adic cusp form. The space of all A-adic cusp forms of fixed tame

level Ny and character x is denoted by S(Nop™, x).

o Any weight k for which F(u* — 1) yields a classical modular form will be

called an admissible weight for F.

The Hecke operators defined in Section may be extended to A-adic mod-
ular forms. For any A-adic modular form F', we define F'|T,, to be the series
in Afq] with coefficients
An(FIT; X) = Y wl(0)(X)x(B)b Ay (15 X)
b|ged(m,n)
where the sum is over divisors of ged(m,n) coprime to p and the character

Kk 1+ pZ, — A* is given by x(u®) = (1 + X)® (c.f. Equation (2.3)). A
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straightforward calculation shows that if F(u* — 1) € My(N, xw"; O) then
we also have (F|T;,)(uf — 1) = F(u* — 1)|T;,, € Mp(N, xw™"; O).

Likewise, the notions of newforms and eigenforms carry over to A-adic
modular forms in a natural way. As in the classical case, we define the Hecke
algebras H(Nop™, x) and h(Nop*>, x) to be the subrings of End, (M (Nop®™, x))
and End, (S(Nop*™, x)) respectively that are generated by the Hecke operators
T,.

Definition 2.13. Let F' be a A-adic modular form of tame level Ny.

o We say that F is a newform if the specialisation F(u* — 1) is new at

level Ny for all but finitely many k.

o If the specialisation F(uf — 1) is an eigenform for all but finitely many

k, then we call F an eigenform.

o [f F is both a new at level Ny and an eigenform, and F' is normalised so

that A1 (F; X) = 1, then we say that F is a primitive A-adic form.
We also have a notion of an ordinary A-adic modular form.
Definition 2.14. A A-adic modular form F is ordinary if
F(ufF — 1) € MY Nop™, x)

for all but finitely many k. We denote by M4 (Nop™,x) and S (Nop™, x)

the spaces of ordinary modular forms and ordinary cusp forms respectively.

The Hecke algebra H(Nop™,x) contains a unique element e that projects
M (Nop™, x) onto M4 (Nyp™, x), and satisfies the equation (Fle)(u* —1) =
F(u* — 1)|e (|38, Proposition 7.3.1]).

The following result shows that we may think of the space S (Nyp™, x)

as p-adically interpolating the spaces S (Nop, xw™";Z,) as the weight varies.
Theorem 2.15. Let x be a Dirichlet character with conductor Nyp.

1. The space S (Nop™, x) is free of finite rank over A, in particular

ranky Sord(Nopoo, x) = rankyz, SQOrd(NOp, w2 Zy).
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2. After a suitable extension of coefficients to a finite extension K of Frac(A),
the space S(Nop™, x) @x K has a basis of Hecke eigenforms. More-
over, after specialising this basis at a weight k > 2 we obtain a basis of
Hecke eigenforms for the space S™(Nop, xw™*; O) where O is the ring

of integers of some finite extension of Q.

Definition 2.16. Let ' € SY(Nyp™,x) ®a Ak where Ak is the integral

closure of A in some finite extension K of Frac(A). We call the set
{F(u* — 1) | k is admissible for F'}

a Hida family. If f is an ordinary cusp form contained in some Hida family,

then we say that the family passes through f.

Proposition 2.17. For every cusp form f, there exists a unique (up to Galois

conjugacy) Hida family passing through f.

2.3 Nearly holomorphic functions

We recall properties of the Maass-Shimura differential operator 5 from [60],
and then we give some background on the projection mapping ‘Hol,. .
2mi \ 2iy | 9z

Let w,r > 0 be integers, and consider the operator 6, := == (w + 2 )

where as usual g—z =1 (i — 2 > for all z = x 4+ 1y. One can take an r-fold

2 \ 0z dy
composition
51(5) ‘= Ow42r—20-:°0 5w+2 0 Oy

with the understanding that if » = 0, then 5 just refers to the identity
operator.

If GG is a holomorphic modular form of weight w, level N and character v,
then &4 )(G) has weight w + 2r, level N and character ¢ although it may no

longer be holomorphic; in fact 6% )(G) is an element of the set

Z Yy h; | h; is holomorphic

J=0
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It follows that 64’ (G) € C=(b) belongs to the larger space of C**-modular
forms, denoted by MZ,,, (['(N)), and exhibits ‘moderate growth’ in the sense
of [33, B53]. Specifically, a form H € M (I(N)) is said to have moderate
growth at v € SLy(Z) if for all z € h and s € C with Re(s) > 0, the complex

integrals

dudov

V2

/_ it (H’w’y) (7-> . (? _ Z)*w*m"?_ Z‘;js (Im(T))w+2r+s ) (210)

are absolutely convergent, and admit an analytic continuation to the point

s=0.

Definition 2.18. If H(z) = >, ., Au(y,m) - 2™ € M (N,v) denotes
an arbitrary C*°-modular form with w > 2 and Ag(y,m) € C(R"), then we

define

[e.o]

Holoo(H) == Y a(n,H)-q" € C[[q]]

n=0

where at each integer n > 0, the n-th Fourier coefficient is given by

_ . (47(”)1‘)71 > —2mny, w+s—2
a(n, H) = Slg%l+ (m 0 Ap(y,n) e y ~dy | .

Theorem 2.19. (Gross-Zagier and Panchishkin [33, [53]) Let us suppose that
H(z) € MZ(N,) is a C*®°-modular form which exhibits the two extra proper-
ties:

(1) the coefficients A (y,m) =0 for allm <0, and

(ii) H|w7 € M (D(N)), v € SLs(Z) has moderate growth, cf. Equation
2.10)).

Then a(0, H) = 0, moreover Hol(H) belongs to My, (N, ) i.e. it is a classical

holomorphic modular form, and lastly it satisfies the inner product identity
(F,Hol(H)), = (F,H), atevery F € S,(N,v).

We will return to these C*°-modular forms in Chapter [0 where they will

be used to analyse both the double product and triple product L-functions.



Chapter 3

L-functions attached to Galois

representations

In this chapter we survey various complex and p-adic L-functions that are
going to be used later in this thesis. The archetypal complex L-function is the

Riemann zeta function
o
((s)=> n
n=1

which converges for all complex s with Re(s) > 1. Some properties of ((s)
which will be shared in some form by the other complex L-functions in this

chapter are:

e the Riemann zeta function has an Euler product expansion

which also converges when Re(s) > 1;

e analytic continuation to a meromorphic function on the entire complex

plane via the functional equation

s

C(6) =2 tsin () T = s)el1 - 9

relating the value at s to the value at 1 — s;
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e the values of the zeta function at negative integers are rational, specifi-

cally we have
By,

((1-k)=—=

for each integer k > 1, where By is the k-th Bernoulli number defined

by the Taylor series expansion

t = Bt
et—l_Z "k
k=0

The final property allows us to construct a p-adic analogue of the Riemann zeta
function; it is these special values which will be interpolated by the Kubota-

Leopoldt L-function constructed in the latter half of the next section.

3.1 Constructing p-adic L-functions

Before continuing our discussion of L-functions, we will develop the tools neces-
sary for constructing p-adic L-functions, and illustrate their use by construct-

ing the Kubota-Leopoldt L-function from scratch.

3.1.1 Distributions and measures

We begin by defining distributions and measures, and using them to develop
a theory of p-adic integration. The exposition mainly follows that of Chapter

IT of [47] and Chapter 12 of [69].

Definition 3.1 (Distribution). Let X be a compact-open subset of Q,. A

p-adic distribution on X is a Q,-linear homomorphism
p: Step(X) — C,

where Step(X) is the Qy-vector space of locally constant functions from X to

Qp.

The set X will typically be either Z, or Z; . Given a locally constant function

f: X — Q, we will generally write fX fdu instead of p(f) for value of p at f.
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Equivalently, we may think of p-adic distributions as finite additive functions
on the compact-open subsets of X.

Any distribution restricted to a function on compact-open subsets by set-
ting p(U) = [ dudp is finitely additive. Conversely, if we are given a finitely
additive function y, we can set [, dpdp = p(U) where 0y is the characteristic
function on U. This naturally extends to a Q,-linear function on Step(X),
since any locally constant function can be written as a linear combination of

characteristic functions. For example, the function pu, defined by setting
1, ifaeU
0, otherwise

for some fixed o € Z, can easily seen to be additive. Therefore it extends to

a distribution on Z,, which we call the Dirac distribution concentrated at o.

Proposition 3.2. Let i be a C,-valued function defined on the intervals in

X C Q, with the property that for every interval a + p™7Z, C X we have,

i

wla+pVZ,) =Y pla+bp™ +pNZ,).
b

Il
o

The function p extends uniquely to a p-adic distribution on X.

Any compact-open subset of X can be written as a finite union of intervals,
say U = |JI;. We may therefore extend u to a function on the compact-
open subsets of X by defining u(U) = > u(;) (if p is to be additive, then
it must have this property). That p does not depend on the partition of U
into intervals follows by applying the equality given in the statement of the
proposition to a refinement of two different partitions of U (see the proposition
on page 32 of [47] for details).

This proposition may be used to construct p-adic distributions, for example
the Haar distribution pigasr which is defined by setting

1
HHaar (a +pNZp> = p_N
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This distribution is an example of a Bernoulli distribution (which will be de-
fined in Section , and will play a role in the construction of the (-function).
Observe that pyga., grows p-adically as N — oo, as is the case for all Bernoulli
distributions. This prevents us from extending the definition of [ fdumaar
beyond locally constant functions.

In order to make sense of [ fdu for all continuous functions f, we will need

to look at a subset of distributions called measures.

Definition 3.3 (Measure). A p-adic distribution pn on X C Q, is called a
measure on X if it is p-adically bounded, that is if there is some number K € R
such that

uU)l, < K

for every compact-open set U C X.

Now if we have some function f in C'(X), the space of continuous Q,-valued
functions on X, and if {f,} is a Cauchy sequence of functions in Step(X)

that converges to f, then it follows from the boundedness of 1 and the strong

Anw—émw

as m,n — oo (see Proposition 12.1 of [69]). Therefore we may define

/fdM: lim / fndp
X n—oo X

which leads us the following result.

triangle inequality that

— 0
p

Proposition 3.4. If i is a bounded measure on a compact-open set X C Q,

then the map
/ fdu : Step(X) — C,
X
extends uniquely to a continuous map

/ fdp: C(X) > C,
X

where C(X) denotes the space of continuous functions on X.
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Later we will make use of the following important technical result [47, p. 84].

Proposition 3.5. Let f,g : X — Q, be two continuous functions such that
|f(z) —g(x)], < e for all x € X, and p a measure on X that is bounded by

K € R. Then we have the inequality

/deu—/ngu' <K

As an example, consider the Dirac distribution pu, which is clearly a measure.

We have [ fdu, = f(«) for every f € Step(X) and hence for every f € C(X)
also. However the Haar distribution is not a measure, and while f + SndiHaar
might converge as n — oo for some Cauchy sequence {f,} — f € C(X), the
value of the limit is not independent of the choice of Cauchy sequence {f,}
(see the discussion in [69, p. 238]).

In fact, the requirement that a distribution be bounded is stronger than
necessary. We are also able to develop a theory of p-adic integration using the
more delicate notion of an h-admissible measure, as introduced by Amice and
Vélu [I] and Visik [68].

Definition 3.6 (h-admissible measure). Given a positive integer h, an h-

admissible measure on Z, is a linear homomorphism p : Ch(Z;) — C, that
satisfies the growth condition

A i—h
sup / (xp —ap)'dp| =o (‘p » )
a€Zp J a+pN7Zy » p

Jor all i such that 0 < i < h. Here x, denotes the inclusion maps Z,; — CJ,

and C’h(Z;) is the space of C,-valued functions that can be locally represented

by polynomials of degree less than h.

Let f : Z; — C, be a function for which =t / dx’;_l exists and is Lips-

chitz continuous. For each positive integer N we define the Riemann sum

Sn(f) = /+ 6) (zp — 6p)idﬂ-
P Zp =0

e€(Z/pNZ)*

Now Sn(f) converges as N — oo ([68, Definition-Lemma 1.6]), and so we may

define

Jdp = ]\}lgéo Sn(f).

Zy
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3.1.2 Example: The Kubota-Leopoldt L-function

Now we will use the theory of p-adic integration from the previous section
in order to construct a p-adic analytic function that interpolates the special
values of the Riemann zeta function.

To begin with we need to p-adically interpolate the function f(s) =n®. To
do this, we must choose a positive integer n that is not divisible by p, and fix a
number so € {0,1,2,...,p—2}. Now if s and ' are two non-negative integers,
both congruent to so modulo p — 1, such that |s — |, < 1/p", then it can be

shown that |n® — n*'|, < 1/pV*!. Furthermore, the set
Sey ={s€N:s=s5 (modp—1)}

is dense in Z, so each function f : Ss;; — Z, defined by f(s) = n® extends
uniquely to a continuous function f : Z, — Z,.
Recall that the Riemann (-function has special values ((1 — k) = —By/k

where the k-th Bernoulli number By is defined by the Taylor series expansion

o0

t Btk
et—l—z "k

k=0

Our goal is to p-adically interpolate the numbers —By/k. To this end we
define Bernoulli distributions using Bernoulli polynomials, which for each non-
negative integer k is defined to be the polynomial By (z) so that we have the

Taylor series expansion

text o0 tk
— N Bi(z)=.
e —1 ; Ko

Definition 3.7 (Bernoulli distribution). For each positive integer k define a

map g on intervals a + pN7Z, by setting

~ a
LBk (a +PNZp> =pN* B, (p_N) :

This map satisfies the property required by Proposition and therefore ex-

tends to a distribution on Z,.

A simple calculation shows that

/ sy — By, (3.1)
Zp
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so we may refine our main goal to interpolating (—1/k) [, dupk. As men-
P

tioned in the previous section, Bernoulli distributions are not bounded and

so before we proceed, we must modify them slightly in order to obtain a true

measure.

Definition 3.8. Let o« # 1 be a rational integer not divisible by p. The a-

reqularised Bernoulli distribution py o 1s defined by

pik,a(U) = ppi(U) = a™*pp i(al)
Jor all compact-open subsets U C Z,; .

These distributions, for different k, are all closely related to p; , as we see in

the following result.

Proposition 3.9. If we define dj to be the least common denominator of the

coefficients of Bp(X), then

detire (0 +VZy) = dikia" o (0 +9V2Z,)  (modp").

This is proved in [47, Theorem I1.5.5]. It follows immediately that these dis-

tributions are indeed bounded measures, and furthermore

/d,uk,a = k/ xk’ldulya (3.2)
U U

for all compact-open U.
We claim that the integral on the right hand side of this equation can be
p-adically interpolated. We saw earlier that if &’ = k (mod (p — 1)p") then

1
pN+1

k—1 S

p

,_
‘,Ik ! — X

for x € Z, and so by Proposition

/.

Therefore if we fix an so € {0,1,2,...,p—2}, then the function [« z*'dp q,

< 1 (3.3)

N+1
er

k-1 k-1
" dpy e — / " dp g
ZP

X
P

p

defined for all £ € Sy, extends to a continuous function

/ I’SO+S(p_1)_1d,l,L17a
Z

X
P
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which is defined for all p-adic integers s. We then calculate for each non-
negative integer k,
/ dptpe = (1 —a™®)(1 = p" N By, (3.4)
Zy

and combining this with Equations (3.1)) and (3.2)) yields

B 1
N e D s N k-1
(1—=p"") ( k: ) Py — /Z; 2" dp (3.5)

At this point we make the observation that the factor 1 — p*~! in Equation
(3.4) arises because we are forced to integrate over Z instead of all of Z,, since

k—1

281 can only be interpolated when p t 2. The factor 1 — a~*

is an artefact of
the a-regularisation of the Bernoulli distribution in Definition |3.8|

From the preceding discussion we are able to p-adically interpolate the right
hand side of Equation , SO we are now in a strong position to define the

Kubota-Leopoldt p-adic zeta function.

Definition 3.10. For any fized prime number p and so € {0,1,...,p—2}, we

define

1 S —1)s—
Cp,so(s) = a-Got(—1s) _ | /ZX oot 1d,U1,a (3'6)

for s € Z, (and with s # 0 if so = 0).

It can be shown that ¢, s, (s) is independent of the choice of «, see for example
[47, Theorem 11.6.8]. Because of Equation (3.3)), it follows that the function
(p.sy () 1s p-adically continuous. Furthermore, by Equation (3.5)) it p-adically
interpolates the special values of the Riemann zeta function.

If k€Z and k = sy (mod p — 1), then

Graol) = (1= 1) (=55} = 1= gt - )

Note that the case s = 0 and sy = 0 is excluded because here o= (oFP=1Ds) = 1
and as the denominator on the right hand side of Equation (3.6)) vanishes, the
p-adic zeta function has a “p-adic pole” corresponding to the pole at s = 1 of

the complex Riemann zeta function ((s).
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3.2 [L-functions attached to modular forms

Deligne [20] has constructed Galois representations associated with modular
forms of weight k£ > 2. We begin our short survey by defining L-functions
attached to modular forms. Throughout, f will denote a primitive form of
level Ny and character x that is p-ordinary, i.e. ord, (ap( f)) = 0, for some

fixed prime p > 3.

3.2.1 Hecke L-functions

Given a newform f € S,(N,x) with Fourier expansion f(z) = > | a,q", we

n=1

define the L-function attached to f by

L(f,8) = an(f)n"".

n=1
The function L(f,s) converges for Re(s) > 1+ k/2, and satisfies the functional
equation

A(f,S)I:EA(f,k'—S)

where A(f,s) = (27)"*N*/2T'(s)L(f,s). If f is a normalised eigenform, then
its L-function has an Euler product expansion
L(f.s) = ][0 —al™)(1 = 5]
!
where X2 — a;(f)X + x()I* ! = (X — ay)(X — 3)) is the Hecke polynomial of
fatl.

3.2.2 Galois representations associated with f

Let K denote a number field containing the Fourier coefficients of f, let p be
a prime of K lying above p, and write K, for the completion of K at p. By
the work of Deligne, if f has weight £ > 2 then we may associate with it a

2-dimensional Galois representation V;, characterised by the condition

det (1 . XFrobl—l\vf) — (1 —X)(1 - BX)
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for all primes [ { pNy, where Frob; is an arithmetic Frobenius element. Thus

we see that the L-function

X=I-s

L(Vy,s) = [ [ det (1 = XFrob; 1) B ‘
!

attached to V; is in fact the same as L(f, s). It is by the deep work of Carayol
[6] that we know these L-functions agree even at bad primes.

There is a canonical Gg-stable O, lattice T} inside V; which is generated
by the étale cohomology of Y; (N )@ with Z,-coefficients. Since the representa-

tion V} is ordinary at p, it has a 2-step filtration
0 = Fil>(V;) C Fil'(V}) CFil° (V) = V;

when viewed as a Gg,-module. The quotients Fil'(V};)/Fil'*!(V}) have local

Galois actions as follows:

Fil'(Vy)

Fill(V,) bla),

Fil'(Vy) 5
FE,) " (F ) '

Here k denotes the cyclotomic character and 6(z) is the unramified character

that maps the arithmetic Frobenius element at p to x.

3.3 Symmetric square L-functions

One may also attach L-functions to the symmetric square Galois representa-
tions associated with modular forms, i.e. the symmetric squares of the repre-
sentations described in Section [3.2.2] We define complex L-functions attached
to these representations and also describe their p-adic analogues. We maintain

the notation of Section 3.2

3.3.1 Galois representations associated with Sym?f

Let ¢ be a Dirichlet character of conductor NV, coprime to p. We will follow

the convention of identifying v with a character of Gy by composing it with
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the mod Ny, cyclotomic character so that ¢ (Frob;) = ¢({) for [ { N,,. We also
denote by v, the point in weight-space W = Homcont(Z;,(C;) defined by

Vi (2) = P(2)2".

Definition 3.11. The symmetric square representation for f twisted by 1 is
given by
Wy = Sym® V} (11,y).

The space Wy is a 3-dimensional irreducible Kj-linear representation of G,
unramified outside pNy Ny, that is crystalline at p if p { Ny. Moreover, because

we picked an ordinary prime for f, Wy has as 3-step filtration
0 = Fil>(W;) C Fil>(W;) C Fil'(Wy) C Fil’(W;) = W;

when viewed as a Gg,-module. The local Galois actions on the graded pieces

are as follows:

Fil'(W;) )

Fil'(Wy)

V) K50 (x(P)v(p))
Fﬂ2(Wf> _ 92k—1 52
g " (p2k2‘”<p>> '

3.3.2 Complex L-functions attached to Sym”f

In this section we introduce the primitive and imprimitive L-functions attached
to Sym®f. Let v be a Dirichlet character of conductor Ny, coprime to Ny. For

each prime [, we define

PA(Sym%f @1, X) = det (1 _ Frole|W;l> e K()[X]
where I; C G is an inertia group at [, and Wy is the representation described
in the previous section.

Definition 3.12. The primitive L-function attached to Sym*f @1 is given by

the Euler product

Loo(Sym*f @1, 5) = [ [ P(Sym® f @ 4, 17) !

l
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which converges when Re(s) > k.

This definition makes sense because each polynomial P(Sym?*f ® v, X) is
independent of any choices made. For example, if [ { Ny then the Euler factor

at [ is of the form

P(Sym®f @ ¢, X) = (1 = afv(DX)(1 — arfro()X) (1 = B7p(1) X),

and the Euler factors for primes [ | Ny are calculated in [57].
The following algebraicity result, due to Sturm [62, 63], is of paramount

importance.

Proposition 3.13. Let s be an integer such that either s € {1,... k—1} and
P(=1) = (=1)** ors e {k,...,2k — 2} and ¥(—1) = (—1)%. If we set 6 =0

whenever 1 < s <k —1, and 6 = 1 whenever k < s < 2k — 2, then

Lu(Symif @ ,s) (r0co )\
17, ), ( (2n) 4 ) ched

We call these the critical values of Lo (Sym®f®1),s). Here the complex number
T(w) = Zj.vz“’lw(j)e2”j/Nw denotes the Gauss sum of a Dirichlet character w

modulo N,,.

It is these critical values that will be interpolated by the p-adic analogue of

Loo(Sym*f @ 1, s).

We will also need an imprimitive version of this object.

Definition 3.14. The imprimitive L-function attached to Sym?f twisted by 1
18
D(f.%,5) = Ly,n, (X*0?, 25 — 2k +2) > _dh(n)ap(f)n "
n=1
where L (w, s) denotes the Dirichlet L-function twisted by w with Euler factors

at primes diwiding N removed.

If we adopt the convention that (o, ;) = (a;(f),0) whenever [ | Ny, then we

have the following Euler product expansion for the imprimitive L-function:

D(f,0,8) = [ [(1 - 0@aft ") (1 - bl )1 - w071

l
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3.3.3 p-adic L-functions attached to Sym?f

We now describe the p-adic L-functions that interpolate the special values
of the primitive symmetric square L-functions. We will assume that f is a
modular form such that k = |2ord, (a,(f))] +1 <k —1.

We let I' = Z, AMI') = Z,[I'], and identify A(T') with the ring of Z,-
valued analytic functions on the weight-space W, i.e. the rigid analytic space
parametrising continuous characters of I'. The existence of the following p-adic

L-function was proven in [13] and [57].

Theorem 3.15. There exists a p-adic L-function Lp(Sym2f®w, 0):W—=C,
of type o(log"), where h = |2ord,(a,(f))] + 1, that is uniquely determined by

the following interpolation property:

1. If 1 < s < k—1 and € is a finite character of I' satisfying e(—1) =
(—=1)*tep(=1) then

_1\s—k+1.(__ ) T
Lp(Sym2f®¢7VS,s> = ( 1) 2212'((1 1>F( )(QWi)(f_)k+1

Lo (Sym? -1
x &Ey(s,¢) (Wy;:i{f%ﬁ;ﬂ; 9

where a € {0,1} such that ¥(—1) = (=1)¥*, and

(

(ps’lw(p)*la; ?

r

N—

if No=p" >1

E(s,e) = (L=p'(p) ', ?)
x (11— @D(p)apﬁpp_s) if Ne = 1.

X (L=4(p)Bip~*)

2. If k < s < 2k — 2 and € is a finite character of T' with e(—1) =
(=1)°t(—1) then

Ly(Syn®f © ) = O DI ey

Loo(Sym®f @ e, s)
T2k f) N,

x & (s,¢€)
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where

(ps’lw(p)”x(p)”af)r if N.=p" >1

E)(5,2) =9 (1=p"o(p) ',
x (1 = (p)apBpp™) if N.=1.

x (L=p""(p) o' 8,1

In each case N, denotes the conductor of €.

3.4 Symmetric square L-invariants

In this section we describe in detail Greenberg’s arithmetic £-invariant for the
symmetric square of an elliptic curve, and also the analytic L-invariant. We
then discuss the relationship between the arithmetic and analytic L-invariants,
and the significance of their non-triviality in the context of deformation the-
ory. While we only discuss in detail the symmetric square L-invariants for
elliptic curves, these notions generalise naturally to include symmetric square
representations attached to modular forms of weight k& > 2.

Throughout this section, £ will denote an elliptic curve over Q (so that
E is necessarily modular by the work in [5] [70]), and f will be its associated

modular form. We also fix an ordinary prime p.

3.4.1 Greenberg’s L-invariant

Consider the Galois representation
W = Sym? (Ha(F,Q,(1))") = Q, @5, Sym?(Ta,(E))

where Ta,(E) = Wm [, is the p-adic Tate module of E.
Let X denote a finite set of primes containing p and the primes of bad

reduction for E. Associated to the Gal(Qs/Q)-representation W in [4] are
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the Bloch-Kato Selmer groups

H} (1, (Q,W) = Ker [ H'(Gal(Qs/Q), W) &% B H'(n,W)

I€S, I#p
and
res Hl (GQ W)
H;(Q,W) := Ker <H1 QW) = — =
VA f ’
vl H} (GQP7 W)
where H(Gq,,W) denotes the kernel of the mapping from H'(Gg,, W) to
H'(Gg,,W @ Buis). Flach et al. [26, 70, 21] have shown H;(Q, W) = {0},
which implies that dimg, H} QW) = 1. Let us fix a generator n of this
line, so that H; 1 (Q, W) =Q, - 7.
We now explain how to choose coordinates. Observe that H* (GQP, W) =

H! (G@p, FﬂlW), an assertion that can be checked from the local formula
dimg, H' (Gg,,U) = dimg, (U @ Bes) %
-+ dim@p HO (GQP7 U)
—I— dime HO (GQP7 U*(l))
which yields the value 3 + 04 0 if U = W, and the value 2 4 0 + 1 if
U = Fil'WW. By applying Kummer theory, we make the natural identifica-
tion H'(Gq,, Qy(1)) = Q, ®z, (@n Qy/Qy p“), from which one obtains the

homomorphism

mod Fil?

q: H' (Gg,,W) = H' (Gq,,Fil'W) "= H'(Gg,, Fil'W/Fil’'W)

= Q&g (lmQ/Q "),

Furthermore, on the right-hand target space there is an isomorphism

Q &z, (ImQ/Q;") 50, x Q,

sending ¢ — (log,(q), ord,(q)).

Definition 3.16. The arithmetic L-invariant is defined to be the slope of

q o res,(n) inside the vector space H'(Gq,, Fil'W/FiIPW) =2 Q, x Q,, i.e.

log,, (a(res, (n))

ord, <q (resp(n))>
which is independent of the choice of generator n for the Q,-line H},{p}((@, Ww).

Gr R
LO(Sym?E) =
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3.4.2 The analytic L-invariant

In fact, there is a more analytic way to introduce the L-invariant if we work
with the p-adic L-function directly. Recall from Section that, provided
Re(s) > 2, the complex symmetric square L-function for E is given by an

Euler product

-1
Loo(Sym?E, s) = H det <1 — Frob, ' X ‘ Sym®He, (E, Qq(l))ll>

primes [

‘X:l_s

and if the prime number [ does not divide the Q-conductor Ng of the elliptic

curve, then
det (1 ~ Frob; X | Sym?H (E. @qu))ﬂ) (1 - a2X)(1— B2X) (1 - IX)

where 1 — q(E)X +1X? = (1 — yX)(1 — B,X) is the factorisation of the
Hecke polynomial at [. Gelbart and Jacquet [29] showed that the function
Loo(Sym?E, 5) has an analytic continuation to all s € C, and satisfies a func-
tional equation linking the value at s with the value at 3 — s.

Since E has good ordinary reduction at p, by Theorem [3.15] there exists
an analytic function F(X) € X - Z,[X] ® Q such that

T(X) _ Leo(Sym’E® x, 1)
1 1) =
Fx+p) =) ay™ © T er) 050,

at all non-trivial characters x of conductor f, = p™x > 1 satistying x|, =1,
P

while F(0) = 0. Here «, is the p-adic unit root of X? — a,(E)X + p, secondly
7(X) denotes a Gauss sum for !, and lastly Q7 are real/imaginary periods

associated to a minimal Weierstrass equation for £.

Definition 3.17. We write L,(Sym*E, —) : Z, — Q, for the Mazur-Mellin
transform

L,(Sym’E, s) = F((1+p)* " —1),
so that L,(Sym®E, s) has an exceptional zero at s = 1.

In the late 1980s, Coates and Greenberg made the following prediction about

its first derivative.
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Conjecture 3.18. If E has good ordinary reduction at p, the L-invariant

given by the ratio

an . d
L2 (Sym®E) = ng(SyHPE, s)

s=1

< (0o G

1S a non-zero p-adic number, so in particular
order,_; (Lp(Syran, 5)) = 1.

As will be discussed at length in Section [3.4.3], in most situations the work of
Citro, Dasgupta and Hida [9] [15, 40] implies that ﬁgn(SymZE) = L’Sr(Syng),
so we may shift between these two definitions as appropriate. In particular,

the non-vanishing of the analytic £-invariant means that the line H}7 »n(@QV)

has a non-trivial slope inside Q, ®z, <1£1n Qy/Qx P") = Q, x Q,.

Remarks. (a) If E has complex multiplication, then a result of Ferrero and
Greenberg [25] implies that £2*(Sym®E) = log,(c,?); therefore in the

CM case, Conjecture [3.18|is at least known to be true.

(b) If E has split multiplicative reduction at p, under certain restrictions
Rosso [56] recently proved ﬁgn(Sysz) = log,(qr)/ord,(qr) where ¢ is
the Tate period of the rigid analytic curve; moreover log,(qx) # 0 by [2,
Theorem 3], so Conjecture holds in this situation too.

(¢) We should also point out that in the case where E has split multiplicative
reduction at p, the Tate period ¢g is a universal norm for the Z,-extension

F../Q, cut out by
Im (H1 (Gg,, Sym*Ta,(E)) "5 H'(Gq,., Zp))
inside H'(Gg,,7Z,) = Hom(Gg,, Z,) = Z2. Under the Tate local pairing
H'(Go,,Qy(1)) x H'(Go,, Q) = Q,,

the line q o res, <H} {p}(Q, V)) will then be orthogonal to the subspace

Hom(Gal(Fm/Qp),Qp). Applying exactly the same reasoning as [31,
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p154], it follows that the slopes log,(¢z)/ord,(¢z) and

log, (q (resp(n))) Jord, <C| (reSp(n))> are actually equal.

3.4.3 The connection with deformation theory

We now discuss these L-invariants in the context of A-adic cusp forms. For
a given elliptic curve F/g and a good ordinary prime p > 3, one can lift the
p-stabilisation fy € Sy (FO (pN. E)) to an I-adic eigenform, F, where I denotes a
suitable finite, flat extension of Z,[X], isomorphic to the irreducible compo-
nent of the universal ordinary Hecke algebra carrying the form fj.

For a sufficiently small choice of p-adic disk W C Z, centred on k = 2,

each specialisation

Fi = ‘F‘X:(l—&-p)k*Q—l € Sk (FO(NEpOO>,w2_k) for ke WN ZZQ

p

yields a classical cuspidal Hecke eigenform, with the g-expansion Fi(q) =
p a(]—"k, n) q". One can then interpolate each ¢"-coefficient to yield a func-
tion, a(F(X),n), on the disk W.

If n = p, then the derivative of a(F(X),p) with respect to X is rigid mero-
morphic on W. Hida established in [39, Prop 7.1] under suitable hypotheses
(which are true, for instance, if the versal deformation ring R is Gorenstein)

da(F.p)

that % is non-zero, and can thus vanish at only finitely many unspecified

bad weights. Furthermore, the main formula in [40, Thm 1.1] yields

LT (Sym?(Fi) (k) = —2log,(1+p) - a(Fi,p) - da(7.p) (3.7)

dX X=(14p)k—2-1

for every weight £ € W N Z>,, where Elg}r( — ) again denotes Greenberg’s
algebraic L-invariant.
Note that the Gorenstein property of the versal deformation ring R g above

has been verified for numerous elliptic curves F, and ordinary primes p > 3

n the case of split multiplicative reduction the L-invariant for Sym?E is the same as
the L-invariant for E, and it is further conjectured (by Greenberg) that the L-invariants for

Sym™FE should be independent of m > 0.
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(see [5, B0} [70]). For example, it is known to hold if the conductor Ng of the

elliptic curve is a square-free integer.

Remarks. (a) Let L, (F), ® F, s) denote the analytic p-adic L-function con-
structed in [35], which interpolates the special values L(fk ® Fr ® X, k)

From Dasgupta’s result in [I5, Thm 1], one has a factorisation
L, (i ® Fi,s) =% (s — k+ 1,w)) - L, (Sym®(Fy), s).

Here % consists of some Euler factors which are non-zero at classical

weights, and so *}S:k # 0.

(b) Allowing s — k and observing that Res— <Cp (s —k+1, wg)) =1—pt,

the above implies

Loo(Sym2]-"k, k)

Qo sym? ()

ith &) = #] _y- (1 1) (1= ()29 1) (1= 6, ) 0

L, (Fr ® Fi, k) = L2 (Sym®(Fp.) (k)) - Ey(Fi) - (3.8)

(c¢) Under the same assumptions as [40, Thm 1.1], Citro proves in [9, Thm

1] that

Leoo(Sym®Fy, k)

Qoo,Sme (F)

L,(Fi ® Fi, k) = L5 (Sym*(Fp.) (k) - E(Fi) - (3.9)

Using Equations (3.8) and (3.9)), Dasgupta [15, Thm 4] then reads off

Greenberg’s prediction that
L85 (Sym?(Fe)(k)) = £2(Sym?(Fy) (k) = £2(Sym(Fo)(k — 1))

(note the second equality is a consequence of the p-adic functional equa-

tion for Sym?*(Fy)).

A corollary of these remarks is that we can replace the algebraic L-invariant
in Equation (3.7) with either analytic version. In particular, at weight two

Hida’s formula now becomes

da(F,p) B a,

— % pe(Sym’E), 3.10
dX |y 2log,(1+p) 7 (Sym®E) (3.10)
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an 2
hence the derivative of a(F,p) at zero coincides with w

, up to an
explicit p-adic unit. Of course, this could just end up being the equation
“0 = 07" in disguise!

Dummit, Hablicsek, Harron, Jain, Pollack and Ross [23] have a direct
method to calculate a(F,p)’'(0) through the use of overconvergent modular
symbols, and they have computed four examples in op. cit., thereby estab-
lishing the non-triviality of £§n(Sym2E) in these cases. Their results further
determine power series expansions for a(Fy,p), as a function of k, over the
weight-space W.

The non-triviality of this L-invariant has a key consequence for the Iwa-
sawa Main Conjecture for Sym?E over the cyclotomic Zy,-extension Q9 of Q.
The property that E;H(SmeE) # 0 allows one to deduce that the order of the
algebraic p-adic L-function at s = 1 is exactly one. Here the algebraic p-adic
L-function denotes the Mazur-Mellin transform of a generator, for the char-
acteristic ideal of Homggy (Selpoo (SmeE (1)/ Qcyc) ,Q/ Z) over the cyclotomic
Iwasawa algebra Z, [[Gal(Q®°/Q)]] — we refer the reader to [56 Sect 10] for a

fuller discussion.

3.5 Double product L-functions

We now describe the complex double product L-function attached to a pair of

modular forms of different weights, as well as its p-adic counterpart.

Definition 3.19. Let f = ", a,(f)¢" € Sk(N,x) and g =>_," a,(9)q" €

n=1

M (N, ¢) where k > 1> 1. We define the convolution L-function

D(s, f,9) = > anl(fanlg)n ™.

The series D(s, f,g) converges for Re(s) > 0, and can be expressed in

terms of the Petersson inner product at certain of its special values.
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Theorem 3.20 (Shimura). If f € Sp(N, x) and g € M(N, ), with [+2r < k

for some non-negative integer r, then

Dk —1—7f,9)=cx (f*,g- 00 Ef y(z,x0))n

where A=k —1—2r and

(=1)"(4m)*T(k — 1 — 2r)

B N A S Ay S

Here E} y(z,7) is the Eisenstein series in [60, Eqn (2.3)] of weight w > 0,

1

character 7" and level N, given by the infinite series

* —w —2s a b
Ew,N(Z78777) - Z 77(7)(02+d> ’CZ+d}oo y Y= : (311>
Too\[o(N) c d

Definition 3.21. We define the complex double product L-function by setting

\I/(S, f7 g) = V(S)LNng(QS +2 - k— l7¢f¢g)D(Sa f7 g)
where y(s) = (2m) T (s)I'(s + 1 —1).

The function (s, f, g) has analytic continuation to all of C, and also sat-

isfies a functional equation, see [45, [61]. The normalised critical values

V(l+rf9)
@m) =S, fw

are algebraic for all integers r satisfying 0 < r < k — [ — 1 [61, Theorem 4.2].

For the purposes of the next theorem, we will assume that f is p-ordinary for

some odd prime p.

Theorem 3.22 (Hida and Panchishkin [37, [53]). Let f € Sip(Ng,v) and
g € Si(Ny,w) with I < k. There is a bounded C,-analytic function that is

uniquely determined by the interpolation property

o oy TPV W (L 4 f, 9P © x)
Lp(f®g>Xflfp) =1, | (—1)"w(p™) agnx (—2mi) - 1(f, f>Nf

for each finite character x of conductor p™~, and integerr € {0,1, ..., k—I—1}.

The domain of this function is Homee (G, C)y), the p-adic analytic Lie
group of continuous p-adic characters of the Galois group G = Gal(Q(pp~)/Q).
Panchiskin’s original construction required that ay,(f) - an,(g) be non-zero,

this restriction was mostly removed in [16].
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3.6 Triple product L-functions

We shall closely follow the notation employed by Fukunaga and Hsieh in [28]
42). In particular, I; denotes a normal finite flat extension of the algebra Ay, =
Ok[I'™] at each i € {1,2,3}, with ™= 14 pZ, and [K : Q,] < co. Let us fix
a triple of I;-adic forms (Fy, G®), G(3)) such that Fy := G € 8§4(Cy, ¢y; I;)
and also G € 84 (C;, ;1) for i = 2,3 are each primitive families in the
sense of Hida [37], and have expansions in I;[q].

For a choice of index 7 € {1, 2,3}, we consider the set of non-zero continuous
Ok-algebraic homomorphisms X; := {Q%) L — @p}meN. Now given such a
formal series G € I [q] as described above, at every m > 1 one can take its
specialisation

GO(m) == > QW(an(GY))-q" € Q4]

n=0
which yields a normalised p-stabilised newform of weight k) (m), level pe(i) m ¢,

and character wiw_k(i)(m)egﬁ?, where ¢\ is the restriction of Q%) to I C Ayt.

Definition 3.23. If R = ]I1®@K]I2®@K]I3 15 the three-parameter weight algebra,

then the unbalanced domain %7]’;1 of interpolation points for R is given by

ki1 + ko + k3 =0 (mod 2),

x5 =00=(00 0 0®) e X x Xy x Xs| (mod2)
]{Zl >k2+k2_17k1 22

where we abbreviate (k™ (my), k) (my), k3 (ms)) by instead using (ky, ko, k3).

Let H’g be the product of the automorphic representations mg(,) on

GLy(A) associated to the triple (Fy, G, G®)(Q), and define Ilg := 1Ty ®

(Xg) A with

kD m)+E@ (my) +£B) (mg)
2

N

(D@ e®)

m "m Tm

Xg = W at every point Q € X&'

Passing from the automorphic viewpoint to the setting of Galois representa-

tions, one has an identification of complex L-series

L(HQ, S) = F(ngo, S)

X H L (Fl(m) ® G® (m) ® G®) (m)®xg,s+ w_—l)

l€SpecZ
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where I'(Ilg,c, 5) = I'c(s +w/2) - [T, Tc (s+1—Fk;}) is the factor at infinity,
w = kM (my) + k@ (my) + kO (ms3) — 2, and each kf = w/2 + 1 — kO (m;).

The following conditions (which are copied directly from those given in [28])
will guarantee the existence of a p-adic L-function attached to F; ® G® @ G®)
interpolating the special values

L(FL © Gl @ G &y bitpct)

-1 (1) (2) -1 2
LpOLOO gp<Fk‘1 ® Gk2 ® Gkg ® XE ) (_1)k1 . QOO<Fk1)2

at k = (ki1, ko, ks) with k1 > ko + k3 — 1, where xj is the unitarization of

det (H(E*) )

1/2

Hypothesis (T1) The primitive characters satisfy ;19103 = 1.

Hypothesis (T2) The residual Galois representation pp, : Gg — GLa(F,)
is absolutely irreducible, and the semi-simplification of

pFl‘GQ = 91 D 92 with 91 7& 92.
Hypothesis (T3) The value of ged(C}, Cy, C3) is a square-free integer.

Hypothesis (T4) Ateach Q € X5 and 1|C1CoCs, one has €(1/2,11g;) = +1
where e(s, IIg,;) denotes the local e-factor at a prime /, as

defined by Tkeda in [44].

Theorem 3.24. (Hsich-Fukunaga [28,42]) Under the Hypotheses (T1)—(T4),
there exists a unique element EZI(Q)’G@,) € R satisfying the interpolation prop-

erty
L(Ig,1/2)

2k(1) (m1) 9
A/ —1 . QFl(m)

at all unbalanced points Q € %%1, where the p-Euler factor Ep, (m)(Ilg,) and

(521(2>,G(3> (Q))Q = EFi(m) (ng) :

the canonical period Qg (m)y are given in [28, (3.3.1) and Definition 3.3.4],

respectively.

Definition 3.25. The p-adic triple product L-function is given by

Lp (F17 G(2)7 G(S)) - (‘621(2),6‘,(3)))2'
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The construction of £}

c@ g fromop. cit. involves gluing ‘G@.s{" (G(S)) (Q)’

along the unbalanced points %%1 to produce an interpolating family
2 ¢ gord (N, wlﬂ(p)agp); H1) @1, R.
One then sets
Lgl(Q)’G@ := the first Fourier coefficient of np, - 1g, - Try/c, (Haux)

with N := C1C5C3, and where the operators ng,, g, will be introduced in
Chapter@ (in fact ,Cgl(z)’c(:” and Lgl(z)’c(_g) differ from each other by a very
simple R-unit).

In this chapter we have encountered a number of L-functions. The sym-
metric square L-functions in Section [3.3| will be used in Chapters {4] and
where we compute L-invariants of the p-adic L-functions numerically. The
double and triple product L-functions described in Sections [3.5|and [3.6| will be
used in Chapters [6] and [7] where we show that a congruence between two pairs,

or two triples, of modular forms implies a congruence between their respective

p-adic L-functions.



Chapter 4

Computing L-invariants for the
symmetric square of an elliptic

curve

By devising algorithms to compute L, (Sym*E,1)" and E;“(Sysz) numeri-
cally, and then implementing them in Sage [65], we have established the fol-

lowing result.

Theorem 4.1. Let E be an elliptic curve over Q of conductor Ng < 300, with

4 dividing Ng.

(i) If p € {3,5,7} is a prime of good ordinary reduction for E then Conjec-
ture is true, i.e. Egn(Sym2E) # 0 and order,_; (L,(Sym’E, s)) = 1.

(i1) If p = 11 is a prime of good ordinary reduction for E then Conjecture

is true, with the possible exceptions of the following elliptic curves

116al, 124b1, 200al, 296al.

(i1i) If p = 13 is a prime of good ordinary reduction for E then Conjecture

is true, with the possible exceptions of the following elliptic curves:
140a1, 20001, 23201, 244al, 272b1, 280al.

Here we employ Cremona’s elliptic curve labelling from [12].
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Remark. We have no reason to believe that L';“(SmeE) actually vanishes for
any of the possible exceptions listed in Theorem .1, We were simply unable
to compute the L-invariants to a high enough accuracy to prove their non-

vanishing in these cases.

Recalling the discussion in Section |3.4.3] the next result immediately follows.

Corollary 4.2. Suppose that E is an elliptic curve over Q of conductor Ng <
300 with 4|Ng, and let p < 13 be a prime of good ordinary reduction for
E. Provided that (E,p) is not one of the ten missing pairs listed in Theorem
[4-4|(ii)- (1ii), we have that

da(F, p)
—_ = 0,(F
dX X0 p( ) p

.Ezn(Sysz) 40

where F denotes the Hida family lifting fgp € SgeW(FO(NE)), and we define

(E) = _ZIOgI;Ongp) €Ly

An outline of the method used to perform these calculations will presented

in Section [£.2] but first we turn our attention to some technical results.

4.1 The analytic theory

Let fp € 83 (To(Ng)) denote the primitive form associated to the modular
elliptic curve E. Without loss of generality, we assume that the conductor Ng
of the newform f is divisible by 4. Because L..(Sym?*FE, s) is invariant under
taking quadratic twists, one can always ensure that this holds by replacing £
with its twist by the unique character of conductor 4 (if necessary). We also

modify the quantities in Conjecture |3.18| as follows:

e we swap the motivic period (2mi)~'Q}Q, with the automorphic period

(fe, fB)Ng;

e we exchange the primitive L-function L. (Sym*E®Y, s) with its imprim-
itive version

> n)ay2(E
D(E.x,s) = Lins(x*25 =2) x Y | M) )n;( : )
n=1



43
e we replace the p-adic L-function with
LI (Sym’E, s) := F™ ((1+p)* ' — 1)

where

0, DEx

FrEp 1) = U Fo)n

if x # 1,

and F™P(0) = 0.

Providing the imprimitive L-function is non-vanishing at s = 1, the L-invariant

may be equivalently rewritten as

an . d im
L2 (Sym®E) = dst P(Sym?E), s)

s=1

« <(1 — o)1 - pas?) x —ﬂ?;;EJ;El))N >_ @)

The right-hand bracketed term in Equation (4.1)) is reasonably straightforward
to evaluate. (We will describe in Section the modifications that need to

be made to our method when D(E, 1) =0.)

Lemma 4.3. Assume E has minimal conductor amongst its quadratic twists.
If the geometric conductor of Sym? (hl(E)) is denoted by Csyp2p € N2, then

one has the formula

D(E,1) m H H(l™)
m(fE, fE) N ) Hy(172)

where Loo(Sym’E @ x,s) = D(E, x,s) X [,eq, Hi (X(l)l_s)_ for a finite set

of bad primes S;.
Proof. If we define
Aao(Sym’E, s) i= (Caymri)” - 772 (5/2) (27) T(5) X Log(Sym®E, ),

then the functional equation [I1], Thm 2.2] for this completed L-function states
that

Ao (Sym?E, s) = As(Sym?E,3 — s).

Combining this equation at s = 2 with the formula D(FE,2) = X {fe, [E)Ng
for the imprimitive symmetric square L-function in [27), Equation (5)], the

result follows easily. O
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To calculate £Zn(Sym2E) numerically, we must therefore evaluate the deriva-
tive %L;mp(SmeE ,8) at s = 1 to areasonable accuracy. If ui,f;np € Meas(Z,Q,)
is the p-bounded measure corresponding to the power series F™P(X) € X -

Z,[X][1/p], then

p

L™ (Sym’E, s) = / » (z)s71 . dpp®(z)  for every s € 7Z,,
TELp

where (—), : Z; — 1+ pZ, denotes the projection to the principal local units.
Using a Riemann sum approximation for the covering Z = | |, (e + mep), it

follows that

d im 2
&Lp P(Sym“E, s)

_ / log, (z), - di™ (x)
er?

s=1

Q

> log,(e), x ppPle +pL,y).

e€(Z/pmZ)*

Question. Given a class e € (Z/p™Z)*, how do we calculate each moment

[P (e + p™ L) efficiently?

It is well known [I1} 13, 57] that the moments p'n® (e + p™Z,) can be written

as an inner product of

1) = (5 -srea)| | < siriene)
PINE

with a certain modular form R,,. € Mo, (FO(pNE)), whose Fourier coeffi-

cients are p-integral. The integrality of paP(—) is then controlled by that

f <fO:Rm,e>pNE

o fo) for varying m and e.

4.1.1 Petersson inner product identities for f°

Recall that the functional equation for the completed Hasse-Weil L-function,
A (FE, s), has the form A (F,2—5) = wgAs(FE,s) where wg € {£1} denotes
the root number for E over Q. In terms of the associated newform,

0 -1

fE|W(NE) = —wg - fg under the action of W(Ng) =
Ng 0
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Let h(z) denote a weight 2 holomorphic modular form of level pNg, and with
trivial character. Our goal here is to derive the following technical result,

which we repeatedly make use of later.

Lemma 4.4. Letting wg € {£1} denote the root number for E,q, one has the

following identities:

(i) if C-h(z) N (C- fu(z) ®C- fu(pz)) = {0}, then (f°,h) | =0;

(ii) {f°, fr(2)),x, = — - (fe fe)y,

= —WEg - i <fE7fE>NE

(iii) (f°, fe(p2))

pNE
Proof. Since f& = fg, the fg-isotypic part of Mg(Fg(pNE)) consists of the
subspace C - fg(2) ® C- fg(pz). Without loss of generality, assume h(z) is an
eigenform for the Hecke algebra at level pNg. Then by multiplicity one, we

can pick a prime [ { pNg such that a;(fg) # a;(h); consequently

al(fe) % (f° 1), = (P oy, = (PRI, = @) X (F% R)

pNg pNEg
in which case <f0, h>pNE =0, so part (i) is true.

To establish statement (ii), let us first introduce the p-stabilisation

fo2) = 1) = Bufolpe) = 03" - fe| (U = Bul2) € SuTulpNe)).  (42)
This cusp form f is related to f° through the formula

f(2) = fa|W(pNg) — ap™ f5|W(Ng) = f§|W(pNe), (4.3)

where the involution (—)” above sends each h(z) = 37 -1 h,e*™"* to h*(z) =

Zn21h_n62”i”2. Now using Equation 1} and observing that f, = fg, one

obtains the equalities

(f°. fp) <fE‘W (PNE), fE> Ne ! <f’§‘W(NE)’fE>pNE

pNE

:<f§‘W(NE)‘(’O’?),fE> - Bpp_1'<_wE'fEafE>

pNE

r P TF pNE
—< Wg - E‘(O(l))) FggNE) JE>
Ng

pNEg

+wgBpp ' [To(NE) : To(pNE)] - <fE’fE>NE
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. . To(pN « _ TN
Note from the trace map identity fE‘ (76(1’) ‘Trrggv,ﬁ) = fE|Tp = a,(E)fr
together with the index formula [To(Ng) : To(pNg)| = p + 1, the above

becomes

pNg

21
= —wp - (O‘pa ) '<fE’fE>NE'

(), = e (B 45 L) - (i),

P

Lastly to prove that (iii) is true, one knows from Equation (4.2)) that

(0 L8 02)) 5, = (1 B (F(2) = fol2)) )

pNEg
=8, 5 (P I8y = O Sy )
The first term (f°, f),n, is already determined from (ii) above. To compute

the second term,

<f0a f0> = (pozp)_l(ozp — Bp)(pay — By) - <fg}W(NE)a fE>NE

pNE
upon applying [30, Lemma 1], and clearly one has <f§|W(NE),fE>NE =

—wE<fE, fE>NE' Combining these strands together:

<f0,fE(pZ>>

pNg
2

_ p-1 I 1 ) (ap = Bp) (pay — By)
=B, X WEg & + WEg Py, X <fE7fE>NE

052 - 1 ANy — o, —
= —wg- P _ (ap 5}))(5 » — Bp) % <fE;fE>N

p p e

aZ—1

= —WEg - Pa; > ><<fE7fE>NE7
which completes the demonstration of (iii), and thereby the lemma. O]

4.1.2 The g-expansion of the modular form R,, .

The key ingredient in calculating the first derivative of L;mp(Sysz, s) at
s =1, is that the moments of the measure duiglp(—) can be written in terms
of the fl-isotypic projection of a holomorphic modular form. More precisely,

let us recall from [11, Eqs (3.22)-(3.23)] that
(/% Bn.e| U™ )
<fEa fE>NE

WP (e + pTZ,) = 205" x 2le (4.4)
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where R, . € My (Fo (p*™N E)) is obtained by summing up products of certain
theta-functions of weight 1/2 with Eisenstein series of weight 3/2 (the pre-
cise definitions will not be needed). Note also from [11, Lemma 3.10(ii)], the

classical trace map identity

G = [T o

To(pNE)

implies that Ry, .|U2™~! actually has level pNp, so the inner product above is

well-defined.

Remarks.  (a) If Ry =Y 0" 7n(m,e)q” then it is clear that Ry, .|U2™ " =
Yoo o Tapzm—1(m, €)¢™; furthermore, r(m, e) = 0 since the theta-functions

of weight 1/2 vanish at the cusp oo.

(b) Applying [II, Theorem 3.11] each coefficient r,(m,e) € Q, in fact if

p2m—1|n then 7, (m, e) € Z,; it follows that Rm,e‘Uim_l € q-Zy[lq]]-

(c) Assuming p*™~! divides n, from [11, p133] the ¢"-coefficient of R, . is

given by

-2
rn(m,e) = o) Z Z Z p(a)b - eny(a)
p XEAm (n1,n2)EWn (a,b)E€Vny
X X(an)X_l(nle) - Ly, (XEny, 0). (4.5)

Here we have employed the notation:

e /\,, denotes the set of non-trivial Dirichlet characters of conductor di-

viding p™;

e W, is the set of pairs (ny,ns) € N x N coprime to p, and satisfying

2 o Ng — -
nle—i—nQ—n,

e V), consists of pairs (a,b) € N x N that are coprime to pNg, such that

(ab)? divides ny;

e ¢, refers to the character of the imaginary quadratic field @(\/ —na N, E)
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As usual, Ly, (x€n,, s) indicates the xe,,-twisted zeta-function with its Euler

factors at the primes dividing Ng removed.

Definition 4.5. (a) For an integer t > 1 and y € Z with p{y, one defines

;

(p—1)2/p* ift>2andy=1 (mod p)
—(p—=1)/p* ift>2,y#1(mod p') but y =1 (mod p'~1)
(y) = 1 0 ift >2 andy #1 (mod p't)
(p—2)/p ift=1andy=1 (mod p)

—1/p ift=1andy# 1 (mod p).

\

(b) For any m € N and integers x,ny both coprime to p, we set

m pt fETLQ_l
, -1 N (e
MED@) = 30 DT P ) < e D el ()’
t=1 2 =0

Jj=1

ptj
where ((z — j)]tft)ﬂ € {0, N 1} is the unique integer congruent to (i —

J)p~" mod §.,,, .

The following yields an alternate expression for r,(m,e), designed for use in

our programs.

Proposition 4.6. If p*™~! divides n, then the q"-coefficient of R, . is given

by
—2 (n2) 2 *
ro(m,e) = D) (ad)bey, (ad) M (ab®d(nie))
p (nl,nz)EWn (a,b)evn2 leE
where (nye)* € {1,...,p™—1} denotes the multiplicative inverse of nie modulo
P

Before we give the demonstration, we make a couple of observations.

Firstly, the main expense in computing r,(m, e) is in tabulating the values
of £,, necessary to compute M (—). The length of time required to compute
rn(m,e) is roughly proportional to the sum Z(nth)ewn fen,» which has order

O(p*™) as a function of m.
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Secondly, the quantity ¢(p™)~* - M) (ab*d(nq€)*) occurring above is ac-
tually p-integral. The reason is that M 2)(—) coincides with ‘M,,(—)’ defined
in [I1, Eq (3.30)], and then by Lemma 3.12 of op. cit., the latter is congruent
to zero modulo p™~!. However, once one has programmed in the function 9,

our version M\ 2)(—) is the quicker to calculate numerically.

Proof. 1f one recalls the standard identity

LNE (X5n27 S) = Z “(d)X(d)gnz(d)d_s ’ L(Xgnzv 3)7

d|Ng

then Equation (4.5]) can be rewritten as
—2
rn(m,e) = ED) Z Z Zu(ad)b-%(ad)
p (n1,n2)€Wn (a,b)EVn2 d‘NE
DI

XEAM

b2d
¢ ) L(x€n,,0).
nie
Therefore, it is enough to show that > .\ X(2)L(xen,,0) is equal to the
quantity M,S?Q)(x). Now as each L(xén,,0) = =B e, With By ., denoting

a Xen,-twisted Bernoulli number,

—1
L(X€n270) = f f : Z X€n2 (a) ©a
X/€ny a=1
-1 f5"2 pt
=7 7Y xlaig)en (aiy) - aiy
Ena i=1 j=1

where f, = p' > 1 say, and the integers a;; = (i — 1)p' + j. Moreover

x(a; ;) = x(j), so decomposing A,, into a disjoint union of (A; —A;_4)’s yields

Z X (%) L(XEn,, 0)

- Z Z X(m)L(X&Iz?O)

fEn2

S 3 Sl (B DERTE) P RN

t=1  _ XEA—Ay_1 i=1

pti

The lemma will now follow, provided one can verify that:

() P72 vena,, X)) equals Iy (wj);
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(ii) Ei:f Eny (@i ;) - a; j coincides with pt - Zijg_l Eny (1) - (i — j)p‘t)ﬁ.

To establish statement (i), if A, = A; U {1} for ¢ > 0 with Ay = {1} then

P Y x(=))

XEAt—A¢—1

=p | DY x(@i) = > x(@)

XEZt XEAL_1

= p_t . (gb(pt) X charlmodpt(xj) - d)(pt_l) X Charlmodp’f*1 (l’j))

where chary yoapt(y) returns 1 if p’ divides y — 1, and returns 0 otherwise.
It is then routine to check that the above formula agrees with ¥;(zj) from
Definition .5

To prove that (ii) is true, we first observe that

fEnQ f5n2 -1 f5n2 -1
d emlaig)-a; = p' Y en (i )i+ Y en(ip + )
and the right-most summation is identically zero. Furthermore
fEnQ_l fSnQ -1
‘ N . NN
P (@ )i = Y () (=)
=0 1=0

so statement (ii) is also verified. O

4.1.3 Expressing RmﬁlUgm_l in terms of a rational basis

The next stage is to write Rm,e‘Ugm_l in terms of an explicit rational basis of

M;(Lo(pNg)). One first uses the decomposition

M;(To(pNg)) = S2(To(pNEg)) ® Eisz (Do(pNE))

where the second summand denotes the space of generalised Eisenstein series
of weight two, level pNg and trivial nebentypus. A basis of Eisy(I'g(pNg)) can

be computed in SAGE using the command

EisensteinForms (GammaO (p*N_E), weight=2).
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Turning our attention to the space of cusp forms,

S (FQ pNE @ @ Snew FQ )

M|pNg c|[pNg/M

and one can express an arbitrary cusp form as a linear combination of Hecke
eigenforms. A basis of each subspace S (I'g(M)) may be computed via the

command
NewForms (GammaO (M), weight=2).

Write ds for the dimension of S, (Fo(pN E)), and let dg;s be the dimension of

Eisy (Io(pNE)). Then there exist coefficients d,(m, €) € Q such that
Rye Ugmfl = d0i1(m,e) - fe(z) + d2(m,e) - fr(pz)

dEls

—I—Zé m,e) gl—l—z5+dsme (4.6)

where {fg(2), fe(pz),93(2),94(2), ... ,94as(2)} is a basis of cuspidal eigen-
forms at level pNg, and {hl, e this} denotes an arbitrary Q-basis for the
Eisenstein component. Here we have adopted the labelling convention that
g1(2) = fe(z) and go(2) = fr(pz). We are then left with the task of de-
termining the dq(m, e)’s, especially d;(m,e) and d3(m,e). To accomplish this
we select an ordered tuple M = [ny,n2, ... ,Nagtdy,| € NI5TEs of distinct

positive integers, then consider the (ds + dgis) X (ds + dg;s)-linear system of

equations
ds dElS
rnPmel(m, e) = Z an(gz m 6 + Z an J+ds(m 6)
i=1

for each n € N, arising from Equation (4.6). The corresponding g-coefficient

matrix is given by

any (1) .. any (9ds) tny (1) .. any (hdy, )
Qpy (.gl) s Un, (st) (079 (hl) cee Upq (this)

a”ds+dEis (91) T a”ds+dEis (gds) a”ds+d1~:is (hl) T a”ds+dEis (thiS)



M x §(m,e)", where r(m,e) =

so we can write the system as r(m,e)

(7 pp2m—1(m, €)>nem and 6(m, e) = (6;(m, e))i_l 40

.....

Hypothesis (det M # 0). The matriz M = M(2N) is invertible for the choice
of tuple N.

Clearly one can always find an 91 for which the above holds, otherwise
{gl, ooy 9dgs P, - ,this} would not be a basis for Mg(Fo(pNE)). In practice,

we choose a tuple 9 that will minimise »_, 5 >~ and hence the

(n1,m2)EWn fsnz

time needed to compute the vector r(m,e).

Corollary 4.7. If Hypothesis (det M # 0) is satisfied for a tuple N, and

W = <wi7j)1§i,j§#‘ﬁ denotes the inverse matriz to M = M(m,e,N), then

S(m,e)" =W x r(m,e)’; in particular

#0
e) = Z wy -r(m,e)j and d2(m,e) Z wayj -
j=1

Therefore, to obtain these first two components of d(m, e), we must:

e calculate g1,... gas and hq, ..., hqy, using SAGE;

e find an optimal choice of 9T € Nds+deis such that Hypothesis (det M # 0)

holds;

e produce the vector of g-coefficients r(m,e) = (TW’”*I(m?e))nem from

Proposition [4.6}

e cvaluate the first two basis coefficients, i.e. d;(m,e) and da(m, €), using

Corollary [4.7]

The slowest part of the algorithm is the penultimate line, and as we need
#MN = ds + dgis of these 7,,2m-1(m, €)’s, the time required for this step has
order O((ds + dgis) X p3m).
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4.1.4 An explicit formula for E;“(SymZE) modulo p™,
when D(E,1) # 0

P in terms of

We shall begin by expressing the moments of the measure duigl
the vector d(m, e). For each m > 1, define an integer vy, , = v, (F™) by

the rule
Vinp (F™P) := min {ordp (61(m, e)), ord,(62(m, e)) where e € (Z/me)X} .

Therefore to compute v,,, we must calculate the 2(p — 1)p™~! coefficients
d;(m,e), for each i € {1,2}.

The Z,-module £,,, C Q, generated by the J;(m, e)’s evidently satisfies
Lmp = Lyp- <51(m, 6), 52(771, 8) e e (Z/me)X> = p/mr. Z,.

In particular, if all of the d;(m,e)’s are p-integral then £,,, C Z,, hence
Vg (F™P) > 0.

Lemma 4.8. For each integer m > 1 and congruence class e € (Z/me)x,
—2 WE

2m
p

[T (e+p"Z,) = (1= Oz;2) X (ozp - 61(m, €) + d2(m, e))
and these moments lie inside p*m (1 — o) - Zp.

Proof. Considering Equations (4.4) and (4.6)) in turn, one deduces that

(f° s Bone|UF™)

" <€+p Zp) :2a; | <fE7fE>NE
_ gm0 M) + ol ) fe(02) + (@),
’ <fE’ fE>NE

where é(z) € MQ(FO(pN E)) intersects trivially with the isotypic subspace
((C - fe®C- fE(pz)) If we make full use of Lemma , the three Petersson

inner product identities imply

Qp

21
+ da(m,e) - (-wE' & 3 ) + 0>
Y

imp m —2m Oz}27_1
py (e +p"Ly) = 2a,"" - | 01(m,e) - | —~wg -




54

which is equivalent to the stated formula.

imp

Note the integrality statement for up " (—) follows as 6;(m,e) € p"m» - Z,

—2w X
and a%mE € Zp. O

An important corollary of this result is that the power series F™P(X)
belongs to p*™» - Z,[X], hence the imprimitive p-adic L-function is p-integral
if ‘(51(m, e)‘p, }(52(m, e)‘p < 1 for all e. Furthermore, if S,.q denotes the set of

primes where F has good ordinary reduction over Q,, and Sgenom consists of

those primes dividing 6 x [],cq, Hi(I™") X @mi) 050 (cf. Lemma , an

(fe.fE)NE

easy exercise verifies that
F(X) € p™mr - Z,[X] at every prime p € Sord — Sdenom-

Consequently, the primitive p-adic L-function L,(Sym®E,s) is a p-integral
Iwasawa function at good ordinary primes p € Sgenom for which we have

sup { V. (F™P) | m € N} > 0.

For each m, the quantities v,,, give a lower bound on the p-invariant of
F(X) when p € Sgenom- In all of our numerical calculations, we found that
the exponent v, ,(F™P) stabilised as a function of m > 3, and was only
once smaller than —2 in value. In fact, this was the single instance where

L;(SmeE, 1) € Z,, occurring at the prime p = 3 for the curve E = 268al.

Theorem 4.9. Provided that D(E,1) # 0, if one defines &2 i= _DEL

~ m{fe.JE)Ng

and sets €, = ord,((1 — oy ?) - Egymzp), then the L-invariant will satisfy the

congruences
-1

—2 WE - éSmeE

2m (1 — po—2

azm(1 — pa,?)

X Z 1ng<€>p . <ap . 51 (m, 6) -+ 52(m, 6)) mod pm-&-um,p—ep

e€(Z/pmZL)*

L2 (Sym’E) =

for every integer m > 1.
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Proof. From Lemma 4.8 our formulae for the moments of dug imply that

d—Limp(SmeE, s)

ds ?
s=1
= / log, (z), - dy™ ()
€Ly
= Z log,(e) - [P (e 4+ p™Z,) mod pmtvme
e€(Z/p™ZL)*
—2 WE _9
(o)
X Z log,,(e)p - (ozp - 01(m, e) + da(m, e)) mod p™tVme,
e€(Z/p™L)*

Now using Equation (4.1]) which is valid as D(E, 1) # 0, the L-invariant can

be expressed as

-1

_ — d im;
‘C;n(sym2E) - <(1 - ap 2)(1 - papQ) SSym2E> X d_SLp p(Sym2E7 8)

s=1

and since (1—a,?)(1—pa,?) Egyme - Ly = P+ Ly, the result follows directly. [

4.1.5 A general formula for L,(Sym*FE,1) modulo p™,

even when D(E,1) =0

It is important to mention that for the six elliptic curves 176b1, 196al, 200561,
240d1, 272b1, 300c1, the value of L;mp (Sym®E, 1)" is zero at all primes p simply
because D(E,s) vanishes at s = 1. One should note that the triviality of
Li"P(Sym”E, 1)" does not imply either the triviality of L,(Sym”E, 1)’, nor the
triviality of £2*(Sym®FE).

In order that our study of Conjecture is not missing out any curves of
conductor < 300, for those six elliptic curves listed above with D(FE,1) = 0,
we shall now describe a general method to approximate L,(Sym?®FE, 1)’ that
will work irrespective of whether D(F, 1) is zero. Let us begin by partitioning

the set S; = S1(F), consisting of primes dividing Ng for which £ had additive
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reduction, into a disjoint union of

Si_ = {l €51 — {2} such that #® > 2 and Gal(Q,(E,)/Q,) is abelian},
Sy = {l € Sy such that #®, =2}, and

Siii= Si—8_—SI_.

Here, if [ # 2 then ®; C Gal(@l(E4)/Ql) denotes the inertia subgroup, and if
[ = 2 then we write &5 C Gal(Qs(E3)/Q,) for the inertia subgroup.

A careful reading of the argument in [I1], pp119-121] indicates that for each
prime [ € S] U S _, one has Hy(X) = (1 —1X) - Ty(X) where

1 if €S
T(X) = (4.7)

(1-a2X)(1-B2X) iflesy. .
Alternatively, if a prime [ € Sy 4 then H;(X) = (1 4+ [X) unless either [ = 3
and &3 = (4 x C3, or instead [ = 2 and ®, € {SLQ(IF3),Q8}, in which case
H(X)=1.
It follows that for s € C, there is a natural separation of Euler factors given

by
[Tme = | I me™ x [T e x I -1
€S, 1€S1 + lesy _ leS] _uSy _

with the bracketed term non-zero at s = 1, while the other term has order

BS)_+ #S)_.

Definition 4.10. For any s € Z,, let us define the (period modified) p-adic

L-function by

(2m) 1O L0,
7T<fE; fE>NE

Comparing the above with the imprimitive p-adic L-function, one can factorise

La"(Sym’E, s) := x L,(Sym?E, s).

the latter into

Ly (Sym’E,s) = J,(s)- [ (1= x Ly (Sym’E,s)  (4.8)

p
les; _usy _
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where J,(s) € Z,((s)) is an Iwasawa function satisfying

3,(1) = [ @ma™) = I ne™.

l651,+ lESﬁ_

It follows directly from this factorisation that

order,_; (LI’ (Sym’E, s)) = #5] _ + #S7 _ + order,_; (L3"(Sym*E, s)),

hence Conjecture is equivalent to L;mp(Sym2E, s) vanishing with order
1 +#S] _ + #S7 _ at the critical point s = 1.

To verify Coates and Greenberg’s conjecture for a given elliptic curve

E when S] U S/ _ # 0, we must therefore supply a method to calculate
L2 (Sym?FE, 1), then check it is non-zero.

Theorem 4.11. For all integers m > 1, there are congruences
d

au 2
&Lp t(Sym E, S)

s=1
LH#S]_+#S7 . im .
Zee(l/pmz)x <1ng<e>13) B T Ple+p Zp)
(1+ #5’7_ + #S’C_)! x Jp(1) x HleSL_US{/,_ logp(l/l)

m~4vm, p—ordp | Ip(1) X[ ;- o7 i log, (1/1)
modulop " p( i les] _usy_ Tep )

Proof. Let us first set r, == #5] _ +#S57 _ > 0. We have the following Taylor
series at s = 1:

o L™(Sym’E,s) =

4L (Sym®E, s)

(S _ 1)np+1
ds,‘ip—‘rl

s=1 . (I{p + 1)'

+ O((s — 1)*?)

dL2"(Sym?E,
o L)(Sym’E,s) = —2* (é?l il

e 3,(5) = F(1) - (s—1)° + O(s— 1))
e (1- <l);_1) = log,(1/1)- (s = 1)' + O((s —1)*) for each prime [ # p.

Plugging these directly into Equation (4.8)), one reads off from the (s — 1)%r™1-
term that

d.":l’+1Lipmp (Sym?E,s)
dL2"(Sym*FE, s) ds™r
p
ds

s=1
w1 (Rp+1)I-T,(1) x HleS§7_uS;{_ log,(1/1)




o8

Further, upon differentiating the Mazur-Mellin transform (k, + 1)-times, one

easily deduces

Kp-‘rl im 2
A" Ly (Sym®E, s)
dsgrrtl

s=1

Kp+1 im
_ / (log, (x),)™ "+ dui()
x€Z§

Kp+1 im m m+v
Z (log,(e),)™" x pp™ (e + p™Zy) mod p+.
e€(Z/pmL)*

Dividing by (x, + 1)!- Jp(1) x HleSL_US{:_ log,(1/1) yields the approximation.
[l

Remarks. (a) The preceding theorem yields an effective method to calculate
L2 (Sym®E, 1), as a formula for the moments of the measure dp™™ has

already been given in Lemma [4.§]

(b) The L-invariant itself is then obtained simply by working out the ratio

an d au
L2 (Sym’E) = &Lp '(Sym*E, s)

s=1

Loo(Sym?E, 1)>_1 (4.9)

x ((1 0, %)(1 = poy ) x T

(c) In the Section [4.1.6] we give a method to determine Sy, S} _, S{_ and
also the H;(X)’s.

(d) If 57 = S{_ = 0 so that D(E,1) # 0, then Theorem and the
L-invariant equation specialise to the situation covered in Section 4.1.4

— here L;‘“ and L;mp have the same order at s = 1.

4.1.6 Determining the set S, and the bad factors H;(X)

with [ € 5;

The purpose of this section is to compute the decomposition S} = 5y, US| U
S7_, and the corresponding Euler factors H;(X). We retain the same notation
and assumptions as Section Let Ag denote the discriminant associated

to a minimal Weierstrass equation for E over Z.
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Proposition 4.12. (a) A prime | € S, belongs to the subset Sy _ if and

only if ordl(NE®9) = 0 at the character 8 = w; if | > 2, or instead at 6 €
{wg, (%), (_;2)} if l =2, in which case

H(X) = (1-a7X)(1 - FX)(1~IX)

where 1 — (B ® 0)X +1X% = (1 — @, X)(1 — 3, X).

(b) A prime l € Sy — S{_ —{2,3} belongs to S _ if and only if either
o ord)(Ag) =2,4,8,10 and [ =1 (mod 3), or
e ordi(Ag) =39 and [ =1 (mod4)
in which case H(X) =1—1X.

(c) A primel € Sy — S7_ —{2,3} belongs to Sy, if and only if either
° ordl(AE) =2,4,8,10 and [ =2 (mod 3), or
e ord)(Ag) =3,9 and | = 3 (mod4)
in which case H(X) =1+1X.

(d) For a prime | € (S1N{2,3}) — S{_, one determines whether it belongs
to Sy _ orto Sy, and also its Euler factor Hi(X), by using the tables in [11,

p121] and Lemma 2.13 of op. cit.

Proof. Most of these statements follow from the description in [58] of the
Galois representation pg e~ : Gal(Q/Q) — GLy(Z,) associated to the p-adic
Tate module Ta,(E) := Hm Epn.

Firstly (a) is true because pg yoo ®0 will be unramified at [, and corresponds
to the Tate module of the quadratic twist £ ® 6, which has good reduction at

[ by the criterion of Néron, Ogg and Shafarevich; consequently SymZ(pEypoo)
Sym?(pp pe ® 0) is also unramified at 1.

To establish (b) and (c), let us now assume (i) the prime [ > 5, and also
(ii) d; := #P; > 2 so that &, € {C3,Cy,Cg} here. Then using [11, Lemma
1.4],

1—-1X if Q(E,)/Q is abelian
Hy(X) =

1+1X if Q(E,)/Q is non-abelian.
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Since Q;(Ep~)/Q,(E,) is unramified, we observe that Q;(E,)/Q; is abelian if
and only if Q;(E,~)/Q, is abelian.

If Q(E,)/Q is abelian, then ®; factors through the inertia subgroup inside
Gal(Q¢"/Q,), and hence through Gal(Q(py~)/Q;). Because I { d; clearly
Gal(@l(ulm)/(@l(ul)) acts trivially on Ta,(E), in which case @, factors through
Gal(Qi(u)/Qi), whence I =1 (mod d;).

Conversely, there exists a unique tamely ramified extension Hy of Q)" with
degree d > 0. If [ = 1 (modd;) then the action of ®; = pg pe(;) on Ta,(E)
factors through the algebraic extension Hy = QM (Ep~) C Q" (), which is

certainly an abelian extension of Q.
Conclusion: The extension Q;(E,)/Q; is abelian if and only if I =1 (mod d;).

To complete the proof, we note that d; = #®; can be read off from [58, p312]

as follows:
e #&, =3 if and only if ord;(Ag) =4 or 8 mod 12;
o #&, =4 if and only if ord;(Ag) = 3 or 9 mod 12;
o #®, =6 if and only if ord;(Ag) =2 or 10 mod 12.

It is then a tedious but straightforward exercise to verify that the conditions
stated in (b) correspond to [ = 1 (modd;), while the conditions in (c) corre-

spond to [ Z 1 (mod d;). O

4.2 The Basic Method

Using the SAGE computer package, we implemented the method outlined in
Sections to compile tables of £-LP(Sym®E, s)| _, for all curves E
of conductor Ng < 300 such that 4|N £, as well as their symmetric square £-
invariants. These numerical values are tabulated in Appendix [B] Here we were
mainly interested in verifying that [,;n(SymZE) was non-zero, rather than in

computing it to a high p-adic accuracy.
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4.2.1 An algorithm to compute the L-invariant numer-
ically

We begin with some general observations. Assume we are given an elliptic
curve I//g with no restriction on its conductor Ng. Then ﬁgn(Sym2E ) depends
only on the Q-isogeny class of F. Indeed Nastasescu [52] has shown that the
p-adic L-function for Sym2E uniquely determines the Q-isogeny class of the
elliptic curve E, up to a twist by a quadratic character.

Let | # 2 be a prime. We write w; : F;* — 44 for the Teichmiiller character
modulo /. One can then define a quadratic character w,; : F* — {£1} by the
rule w;(x) = wl(l_l)/z(x). However if [ = 2, then wy : (Z/47)* — {£1} denotes
the quadratic character of conductor 4.

Step 1: If E has conductor Ng divisible by 4 and 2 < ordy(Ngge) < ordy(Ng)
where 6 is one of s, (%), and (_;2)7 then replace E with its twist £ ® 6,
alternatively, if £ has conductor Ng such that ordy(Ng) < 1, then replace F

with its twist £ ® w, to ensure that 4| Ng holds.

Step 2: For our (possibly new) choice of F, let us define the set S; = S1(E) to
be the set of primes dividing Ng for which F had additive reduction. Compute

the bad Euler factors H;(X) at each prime number [ € S; as follows:
(1) If ordl(jE) < 0 then Hl(X> =1-X.

2

(ii) If £ ® 6 has good reduction at [ where 0 € {w2, (1), (_;2)} if | =2, or
0 = @ if 1 > 2, then Hy(X) = (1—a2X)(1— B X)(1—1X) with &, = Cy,
where the Hecke polynomial 1 —a;(E®6) X +1X? = (1—q,X)(1— 3X).

(iif) If #®; > 2, then each factor H;(X) is determined by Proposition [4.12]

Step 3: Compute Cgy2p = H” N 179 sym2e)  where for each prime number [

dividing Ng:
(i) if ordy(jr) < 0 then ordy(Csyp2x) = 2;

(ii) if ®; = Cy then ordi(Csyp2x) = 0;
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(iii) if #®; > 2 then ord;(Cgy,2p) can be read off from the results in [II,

pp120-121].

D(E1)

= o fo)y Using the formula

Step 4: Evaluate the imprimitive L-value g2

in Lemma , which requires both [],cg, Hi(X) and Cgy,,2 from the previous

Loo(Sym?E,1)

E A instead.

steps. If D(FE, 1) = 0 then compute the primitive L-value

Step 5: Find a tuple 9 such that the coefficient matrix M = M(N) has

det(M) # 0. Fix the desired accuracy m > 1 and compute the vector r,(m,e)

for each e € (Z/p™Z)*.

Step 6: For each e € (Z/p™7Z)*, compute both of the terms §;(m,e) and

d2(m, e) by following the method described at the end of Corollary

Step 7: If D(E,1) # 0 then calculate £2*(Sym*E) mod p™™m»~% via the

numerical congruences in Theorem [4.9, If however D(FE,1) = 0, then com-

pute %Lg“t(Sysz, s) using the congruences in Theorem |4.11| and hence

s=1

an 2 .
L3*(Sym”E) by equation .

The structure of these inertia subgroups ®; was worked out completely by
Serre in [58, §5.6]. To summarise, if ord;(jg) > 0 and [[Ng then @, €
{Cg, Cs, Cy, C’G} provided that [ # 2,3. If [ = 3 then the semi-direct product
Cy x Cj is also a possibility, while if I = 2 then both SLy(F3) and Qg (the

quaternion group of size 8) can also occur as @;.

Fortunately, there is an extensive table given in [I1], p121] which contains
the information required to pin down the structure of ®, and ®3, as well as

the 2- and 3-parts of Cgy,,2p. Therefore Step 3 can be fully automated.

We should also point out that the matrix M (M) in Step 5 need only be
determined once, which is fortunate because ds + dg;s can typically be greater

than 10* even if Ny is relatively small.
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4.2.2 A worked example

Consider the elliptic curve
E=176b1 : y* = 2®+ 2% — 52— 13
of conductor Ny = 2%.11. Its first few good ordinary primes are p =
3,5,7,13,... with corresponding Hecke eigenvalues az(E) = 1, as(F) = 1,
a7(E) =2, a13(E) = 4, ... respectively. The quadratic twist F ® w, has con-
ductor 11, and therefore will be Q-isogenous to Xy(11). One determines that
S1,+(E) =81 _(E)=0and S{_(F) = {2}, with
To(X) = (1-a3X)(1-F2X) = 1+4X?

where &y = —1 + ¢ and Bz = —1 — i are the roots of X? — ag(Xo(ll))X +92 =

X?2+42X +2. Furthermore at s = 1, the primitive complex L-function satisfies

Loo(Sym®E, 1) _ A VCswe 11 1

7T<fE®w2’ fE®w2>NE®W2 NE@WQ leS1(E®w?) Hl(liQ)
4-4/121

The period ratio is given by

<fE®w2 ) fE®wz > NE@w,

<fE> fE)NE
| » S an(E@wy) - n*
= [Fo(NEgw,) : To(Ne)] X Reses < 2 ny n(E) - >

 Nosws - [ijngg.., (1 +1/1) SRSV
Ne - [Tyn, (1 +1/0) Dy(E ® w3, 2)
B 1 B 1
C 16 x ((1—212)-Ty(272) 10
in which case
LOO<S_YII12E, 1) o LOO(SyIIlZE, 1) <fE®w27 fE®w2>NE®w2 . g
™ fe, fE)Ng T fE9wss fEOw:) Npgw, (fE, fE)Ng 5

Now for each choice of prime p € {3,5,7,13}, applying Theorem yields

the congruences

2 im m
ZGE(Z/IJ’"Z)X (Ing<e>p) Mg p(e +p Zp)
2! x Ty(271) x log,(1/2)

aut 2 _
Ly (Sym*E, 1) =

m+vm p—1

mod p
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Evaluating the moments of the measure duiglp (via Lemma for varying
m > 2, we obtain
L3"(Sym*E, 1) = p+ O(p*), L2 (Sym*E, 1) = p+ O(p?),

L3 (Sym*E, 1) = 2p+ O(p?), L3 (Sym*E, 1) = 4p + O(p?).

Loo(Sym?E,1)
(e fE)Ng

-2

p )%

Finally, dividing the above derivatives by (1 — «, H(1 - pa

we conclude that

) = LF(Sym’E) = 1+2p° + 0(p?)
) = L3 (Sym’E) = p+ O(p°)

L3 (Sym®Xo(11)) = L§*(Sym’E) = 2p+ O(p?)
)

= L3(Sym’E) = 2p+ O(p®)

which are all non-zero elements of Z,.

Remark. In fact, if one chooses p = 11 so that Xy(11) has split multiplicative
reduction at p, then it is established in [23, p51] that £} (Sym*X,(11)) =
6p+5p° + 7p® +7p* +O(p®) # 0 by using an approach based on overconvergent
modular symbold} It follows immediately that Conjecture must hold for

the modular elliptic curve Xy(11), at all odd primes p < 17.

4.3 Attempts at evaluating the moments f x -

dp™ for j # 07

Theoretically at least, there should be a more efficient way to compute the

derivative of the imprimitive p-adic L-function at s = 1, which we now outline.

1 We also computed Ep(Sym2E) for E = 304el at the good ordinary prime p = 5,
using an identical method. In fact £5(Sym?(304el)) = L5(Sym?(19al)) because E @ wy is
Q-isogenous to 19al; thankfully, the value we obtained numerically agreed with the 5-adic

expansion for £5(19al) given in [23] p52], at the weight k + 2 = 2.
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Keeping our previous notation,

im 2
d L*P(Sym”FE, s) /
zZ

ds

where 377 ) A, j(s)a is the power series development for (z)5~" log,(x), along

e+ pZy.

Question. Is there an efficient algorithm to determine fe+pZ d,u};np( )

when j # 07

If there is a positive answer, then one simply needs to evaluate > 72 A. ;(1) -
/. i, 7. dp's™ to some prescribed p-adic precision, and next sum the values
over the range e = 1,...,p — 1. In theory this should yield a far quicker and
more accurate method than using Riemann sums, but in practice there are a
number of difficulties that arise.

To better illustrate these difficulties, let us assume that Fy, is a p-stabilised
ordinary Hecke eigenform of weight & > 2 and level Np. The critical points
for the L-function of the symmetric square of Fj are {1,...,2k — 2} which,
after p-adically interpolating L™P (Symz}"k, s) at positive integer values, natu-
rally subdivide into the disjoint subsets {1,...,k — 1} and {k,...,2k — 2}.
If dyisr;li; 7y 38 the measure interpolating y-twists of Sym?®7F.(j) at each
j € {1,...,k — 1}, then the analytic methods in [I3] 57] imply for some

—X
non-zero constant ¢, € Q" :

—1 mp, . imp, m
/ i diggnaz, (@) = oz (€ TP )

e+p™Zyp
(FY, Hol(RWY)|uzm=1y
<~Fkafk>pN

pN

where Rm ’é)

are certain C*°-modular forms exhibiting moderate growth at the
cusps of X;(p*™N), and ‘Hol’ denotes the operator of holomorphic projection,

in the terminology of [33].

Remarks. (a) If j = k — 1 then the modular forms Rm 1 are already holo-

morphic, and there is no need to apply the operator ‘Hol’ (e.g. for weight
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=2, one has R, = ~£,2Ljé)).

(b) However if j € {1,...,k — 1} and j # k — 1, then R¥2 s not a holo-

morphic modular form.

(¢) More alarmingly, if j € Z — {1,...,k — 1} then ngfé) no longer has
moderate growth at the cusps of X;(p*™N), so attempting to evaluate

Hol( k. )) does not even make sense.

For each of the critical values j € {1,...,k — 1}, the Fourier expansion
of Hol(RgijZ)) |U2m~1 can be readily computed [13, pp.592-594], and is of the

form

LR o (D J
p

n=1 szln:Nn%+n2

X / ikl ~du(:c,5n2)> ~q" (4.10)
r€e+p™7y

where the scalars C7), € @, and dj~ (x,€n,) is the twisted Kubota-Leopoldt
pseudo-measure interpolating [, x* - du™ (2, en,) = (s, X 'en,) at finite
D

order characters y, with 1 — s € N.

imp,—
Sym? Fy (k—1)°

the g-expansions in Equation (4.10) at integer values j ¢ [1,k — 1], and then

In order to evaluate [ 27-dp one could naively try to Tate twist
compute the Fp-isotypic component. We attempted this for both the ranges
j >k —1and j < 1 (which lie outside the region of p-adic interpolation),
but found that the corresponding ¢-expansions could not possibly come from
modular forms of level Np. Essentially these methods fail because the operator
‘Hol” cannot be extended to real analytic forms that do not exhibit moderate
growth.

A possible salvage is to allow the p-stabilised eigenform Fj to vary in
an ordinary family. For example, one could pick another weight &' = k +
t(p — 1)p” for some t,r € N, and a Hecke eigenform F € Sk/( ) such
that Fp = Frmodp”. One might expect that £3*(Sym?(Fi)(k' — 1)) and

Lt (Sym*(Fi)(k — 1)) are also congruent, albeit modulo a lesser power of p.
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imp,—

Sym? Fo (K1) instead.

Suppose that we want to compute the moments [ 27 - du
Because k' = k + t(p — 1)p" with the chosen r > 1, the strip {1,..., & — 1} is
considerably larger than the strip {1,...,k — 1}, so the range of j’s for which

Hol( ~$,]§:éj))

Uﬁmfl is a classical weight &' modular form is now bigger. There

imp,—

Sym? Fo (k1) available.

are also more moments [ 27 - du

The main hindrance is that expressing Hol( ~§,lf:éj)) ‘U}?"“1 in terms of a ba-
sis of weight &" modular forms is computationally far slower than before, as the
dimension of My, (FO(N p)) grows rapidly with k’. Therefore any advantage
gained by calculating this larger set of moments is immediately offset by the

slowness in writing each Hol(ﬁ’ffi:gj ))

U™~ ! in terms of a C-basis. For example,
ifp=5 N=11,k=2and ¥ = 2+ (5 —1)5'° then a simple SAGE calcu-
lation reveals dimg¢ <Mk/ (FO(N p))> = 234,375,008, which is crippling from a
numerical standpoint. Nevertheless, because the subspace of p-ordinary mod-
ular forms has fixed dimension by Hida’s control theory, any theoretical result
which could bypass the slowness in computing a full basis for My, (FO(N p))

would make the algorithm far more efficient.



Chapter 5

Computing L-invariants for

higher weight modular forms

We will further develop the methods described in Chapter 4| in order to calcu-
late the analytic L-invariants for symmetric squares of newforms having weight

greater than two. In doing so we will establish the following result.

Theorem 5.1. Let f be a modular form of weight k < 6 and level C' < 15, or
weight k = 8 and level C' < 10, with rational coefficients and trivial nebentypus.

If p € {3,5,7} such that p1 C and f is ordinary at p then
ﬁgn(Smef) #0 and orders_y_1 (L,(Sym®f,s)) =1

with the possible exception of f = 10.4.@.@[] and p = 3 where we have been
unable to compute E;H(Sym2f) to a high enough precision to prove that it is

non-zero.

Before doing that, we will give an account of an alternative method for cal-
culating symmetric square L-invariants using p-adic families of overconvergent
modular symbols, which are intimately connected to the eigencurve (a rigid

analytic space parametrising all finite slope Hecke eigenforms).

!Throughout this chapter we employ the labelling conventions of the L-functions and

modular forms database [64]
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5.1 Computing L-invariants using families of
overconvergent modular symbols

The techniques described in this section are due to the work of Dummit et
al. [23], which generalises the algorithms developed by Pollack and Stevens
[54] for computing with overconvergent modular symbols of fixed weight. We
begin with a summary of how computing families of overconvergent modular
symbols allows for the computation of L-invariants, and introducing the main
objects at play. These ideas will be elaborated on in subsequent sections.
The goal here is to compute g-expansions of Hida families numerically.
That is, given a newform f of weight k¢, and a Hida family F' = " a,(F, k)q"
passing through f, we want to compute the Fourier coefficients a,(F,k) as
p-adic power series in the weight variable k. Specifically, if we have an approx-

imation of a,(F, k) then we can use the formula

d
£,(Symf) = —2log, ap(FLR)| (5.1)

to approximate the L-invariant.
Let A be the set of Q,-power series that converge on the unit disc in C,,

and D = Homeont (A, Q,) be the dual space of distributions. If we define
b
Yo(p) = € GLy(Zy) | a € Z,; and c € pZ,

then for each integer weight k& we may endow D with a weight k action of
Yo(p), and we will denote D equipped with this action by Dy. The space of
overconvergent symbols of a fixed weight k& and level I'y = I'g(Np) is denoted
by Symby (D) and will be defined later.

The space Symbp, (Dy) can be interpolated p-adically over weight space
W = Hom(Z),C)). Recalling that Z; = (Z/pZ)* x (1 + pZ,), we define W,,
to be the subspace of W consisting of characters whose restriction to (Z/pZ)*
is w™, where w is the Teichmiiller character. We also define W,,, C W,, to be

the subspace of characters x that satisfy |k(y) —1|, < 1/p for every topological
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generator y of 1+pZ7. Note that every classical weight & € Z, when identified
with the “raising to the k-th power” character, is contained in some W,,. The
space D may also be equipped with a weight x action of ¥y(p) for every p-adic
weight k € W,,, see [23, Section 2.3].

If R is the set of convergent power series on the closed disc W,,, then
the space D®R, where @ denotes the completed tensor product, consists of
R-valued distributions. Evaluating at a weight k € D gives a specialisation
D®R — D,, so we refer to elements of DQR as families of distributions.
Furthermore, D&R may be equipped with a Yo(p)-action that is simultane-
ously compatible with all the specialisation maps; this allows us to think of
Symbr, (D®R) as a space of p-adic families of overconvergent modular symbols
of level Ty.

Crucially, the space Symbp, (D&R) admits a Hecke action which allows us

ord " a5 the intersection of the

to define an ordinary subspace, Symbr, (D&R)
images of SymeO(D®R) when all powers of U, are applied. This subspace
contains all the information contained in the Hida families of tame level N.
Thus, by explicitly computing approximations to the characteristic polyno-

ord " one may also extract

mials of Hecke operators acting on SymeO(D®R)
approximations to g-expansions of Hida families as desired.

Before continuing in greater detail, we remark that we will be discussing the
calculations at a theoretical level only. In order to carry out the computations
numerically, one must devise a way of approximating families of overconvergent
modular symbols in such a way that the assertions we make about them still
hold true. The details of how the computations are implemented numerically

is beyond the scope of what we wish to discuss here, and the interested reader

is referred to Section 4 of [23].

5.1.1 Modular symbols

Denote by A the set of degree zero divisors on P!(Q) endowed with the action

of GL»(Q) by linear fractional transformations. That is, for each v = (24) €
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GL2(Z) and D € Ay we have

aD +0b
D= .
T D14

Definition 5.2. Let I' be a congruence subgroup of SLa(Z), and V' be a right
['-module. The space of additive homomorphisms ¢ : Ay — V' having the
property

p(YD) = (D) | v
forally € I' and D € Aq s called the space of V-valued modular symbols of
level I and is denoted Symbp (V).

For example, Syme(Symk(Qi)) is the space of classical modular symbols.
Here we consider mainly Symby, (D) and Symbp, (D®R) where Ty = I'Nly(p).

In each of these cases the action of I'y(p) may be extended to the algebra

a b
So(p) = € GLy(Z) | ged(a,p) =1 and c € pZ 3,

c d

allowing a Hecke action to be defined on these spaces.

The space Symby, (Dy) consists of overconvergent modular symbols, and
the Hecke eigenvalues in this space essentially match those in the corresponding
space of overconvergent modular forms [55, Theorem 7.1].

For any x € W,,, the specialisation x : D®R — D, induces a Hecke

equivariant map
sp, : Symbp (D&R) — Symby, (D).

Thus we view Symby, (D®R) as a family of overconvergent modular symbols,
since for any ® in this space, sp,(®) varies in a p-adic family as k varies

p-adically.

5.1.2 Generating random families of modular symbols

In order to find a basis of the ordinary subspace Symbr, (D&R)°, it is neces-
sary to generate families of overconvergent modular symbols at random. The

following result gives rise to a method for achieving this goal.
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Proposition 5.3. [23, Proposition 3.1] If V is a right I'-module and Ty is
torsion free, then there exist Dy,..., Dy € Ay and v1,...,7 € SLo(Z) such

that

B({0} — {oo}) (1= 1) = Y- 6(D)| (3~ 1)

for all ¢ € Symby, (V'), where T = (§1). Conversely, given any vy, ..., v, €V

that satisfy

0| (T = 1) = 3|y = D) (52)

there is a unique ¢ € Symbry, (V) with ¢(D;) = v; for each j.

Algorithms for computing the D; and ~; are given in [54], as are techniques for
solving difference equations of the form w’(T — 1) = v. The strategy therefore
is to chose v1,...,1 € V = D®R at random and then solve Equation to
find v.

Now Proposition [5.3|implies that there is a unique family of overconvergent
modular symbols ® such that ®(D;) = v;. Furthermore we have v |(T—1) =
O({0} —{o0}) ‘ (T'—1), which by [23, Lemma 3.3] implies that ®({0} —{oo}) =
Uso- Lastly, as the D; are the Z[[']-generators of Ay, we obtain a complete

description of ®.

5.1.3 The ordinary subspace

Because we are interested in families of ordinary modular forms, we will explain
how to pass from families of overconvergent modular symbols to ordinary fam-
ilies. In this section we will consider D°, the unit ball of D under the operator
norm, and R°, the unit ball of R under the sup norm.

Recall that for a compact Z,-module X with a compact operator U,, the
ordinary subspace is defined to be X4 = >, Uy (X). If X is profinite then
it canonically decomposes as X = X4 @ XM where U, acts invertibly on X°d
and topologically nilpotently on XM,

Since R is not profinite, it is not immediately clear that Symby (D°®@R°)

can be decomposed with its ordinary subspace as one of the summands. How-
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ever, the ring A = Z,[w] is profinite and contains R°. If we view A as the
ring of bounded functions on the open disc radius of 1/p contained in R°, then
we see that it is preserved by the action of ¥y(p). We thereby obtain a Hecke

equivariant inclusion
Symbr, (D’®R’) C Symbp, (D°®A).
This larger space does decompose into ordinary and non-ordinary parts:
Symby, (D°®A) = Symby, (D ®A)" & Symby, (D @A)™.

The rank of the ordinary subspace may be expressed in terms of the Z,-rank

of a space of classical modular forms [23, Theorem 3.9], i.e.
rank, (SymeO(D0®A)°rd> — rankg, (SymeO(Symk(Zp))ord> (5.3)

which is readily computed.

5.1.4 Constructing a basis of the ordinary subspace

We now describe how to compute a A-basis of the ordinary subspace X4 =
Symbyp, (D°®@A). First we need a way of determining when a set of families
{®y,...,®;} € X is able to be completed to a A-basis of X°4. To this
end, suppose that Dy, ..., D; € Ag generate A as a Z,[['g]-module. We define
the “vector of total measures” map « : X4 — A by sending ® to the vector
(®(D;)(1))i_;. We also define a map oy, : X — ZL! for a fixed weight k in the
same way where X = Symbp, (Df)"Y. Both maps « and «y, are injective, as
is the induced map @ : X9 ®@ A/m — (A/m)! where m is the maximal ideal of
A and (A/m)" = F, [23, Proposition 3.10]. It follows that {®,...,®;} can be
completed to a A-basis of X° if and only if {&(®;),...,a@(®;)} is a linearly
independent set in I}, [23, Corollary 3.11].

Now suppose that B C X is a set that satisfies this criterion (but is not

large enough to be a basis). We may extend B in the following way:

1. Produce a random ® € Symbp, (D°®A) using the method outlined in
Section [B.1.21
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2. Calculate ®°'4, the projection of ® onto X°'¢, using the operator e =

. |
lim,, o0 U;;‘.

3. Check if BU {®°} can also be completed to a basis. If it cannot, then

repeat Steps (1) and (2) until a suitable ®°* is found.

Provided the method for generating ® is sufficiently random, we will always
be able to repeat this procedure in order to extend B to a full basis (we know
when to stop because Equation (5.3)) tells us what the rank of the basis must

be).

5.1.5 Isolating families of congruent modular forms

Finally we explain how to isolate a component of X°¢ containing information
from a single Hida family. Let T be the Hecke algebra over A acting on X°".
There is a decomposition T = @ T, where m ranges over the maximal ideals
of T, which induces a Hecke equivariant isomorphism X4 = ¢ X ord.

For any prime [, let 7" be T; or U;, depending on whether [ | Np or [ { Np.
For any pair (m,[) consisting of a maximal ideal m and prime number [, we
define the polynomial f,,; over F, be the characteristic polynomial of T acting
on X°/mX°4 Now for each fixed m, there will be some prime [ such that
any lift of fn; to characteristic 0, say fu;, will act invertibly on X2 for all
m’ # m and topologically nilpotently on X2, Therefore a basis of X2 can
be constructed in the same manner as in Section by forming random
elements of X°' and applying the Hecke operator IL. 4 fwr 1 (T) to project

them onto X2

5.1.6 A worked example

Let p = 5 and consider f = 17.2.a.a the unique newform of level N = 17 and

weight ky = 2 with g-expansion.

fl@)=q——q" —2¢° +4q" +3¢° — 3¢° + O(¢").
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There are three other Galois conjugacy classes of newforms of weight 2 and

level dividing Np = 85, they are:
(i) hy = 85.2.a.a which has g-expansion
hi(q) =g+ a*+2¢° —q" — ¢ +2¢° = 2¢" = 3¢° + ¢’ + O(¢"°);

(ii) hg = 85.2.a.b which has g-expansion

ho(q) = q+ (=140 + (=2 =g’ + (1 = 2n)¢* — ¢

—n¢® + (=24 n)q" + (=3 +n)¢® + 3+ 4n)¢” + O(¢"™)
where n = +4/2; and

(iii) h3 = 85.2.a.c which has ¢g-expansion

ha(q) =q+ve® + w4+ 1) +¢* +¢ + (v —3)¢°

+ (v =1)q¢ —vd®+ (=2v+1)¢" + O0(¢"?)
where v = ++/3.

Now the minimal polynomials for the eigenvalues as(hy), as(hs), and as(hs)
over Q are py(X) = X — 1, uo(X) = X2 +2X — 1, and pu3(X) = X? -3
respectively. Therefore, even though X°' is 6-dimensional, we see that if we
denote by m; the maximal ideal corresponding to g; for each i € {1,2,3},
then the 1-dimensional space X‘?fld will be annihilated by p;(Us) = Uy — 1, the
2-dimensional subspaces X2 will be annihilated by po(Us) = U3 + 2Us, — 1,
and the 2-dimensional subspace Xﬁ‘;d will be annihilated by puz(Us) = UZ — 3.
Because each p;(az(f)) is non-zero, the subspace corresponding to f will be pre-
served by these operators. Moreover, as this remaining space is 1-dimensional,
a basis of it must be an eigensymbol. Performing this calculation yields the

eigenvalue

ay(k) =3+ 2p+4p” + 20> + O(p*) + (2p + 4p*> + 2p° + O(p")) k

+ (2p3 + O(p4)) K+ (2p3 + O(p4)) k4 O(p*, k).
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Evaluating Equation (5.1)) at ko = kf — 2 = 0 gives
L5(Sym®f) = 2p + 2p° + O(p*).

Note the f isin fact the minimal quadratic twist of the modular form associated
with the elliptic curve F = 272b1, fortunately the L-invariant calculated here
agrees with our calculation of £(Sym*E) in Chapter .

Now, keeping p = 5, consider the newform g = 17.4.a.a of level N = 17

and weight k, = 6 = k; (modp — 1) with g-expansion
g(q) = ¢ — 64> +10¢® + 4¢* — 72¢° — 60¢° — 196¢" + 168¢° — 143¢° + O(¢').

We have congruences a,(f) = a,(g) (modp) for all positive integers n, there-
fore g belongs to the same Hida family as f, and evaluating Equation (5.1]) at

ko = kg — 2 = 4 with the eigenvalue above gives

L5(Sym®g) = 2p + 2p° + O(p*).

5.2 The higher weight analytic theory

Now we move on to generalise the analytic theory developed in Chapter
to include modular forms of weight k£ > 2. Throughout this section, we will
denote by f = > 07 a,(f)¢" a primitive weight k& newform of level C' and
trivial nebentypus, and fix a prime p t C' for which f is ordinary. We shall
also assume that f is minimal in the sense that it is not a Dirichlet twist of a
newform of lower level.

Recall from Definition that the imprimitive symmetric square L-series

for f twisted by x is given by

D(f> X 3) = LMC’(QS —2k+2, X2) ’ ZX(n)anz(f)n_s
n=1

for s € C, where y is a Dirichlet character modulo M. The primitive symmetric
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square L-series has the form

L 2 25 — 2k + 2
Loo(Sym*f @ x, 8) = [ [ Tolx:5) ™" oo X', 25 *2)

b= Lix,s—k+1)
o0 9 .
x> an(H)]" x(n)n

n=1

where

(. 5) 1 — x(q)2q2s=k+D) if a,(f) =0 and ord,(C) is even
T,(x,s) =
1 —x(q)g~ =+ otherwise.
If we define
= _ H qordqcfm(q)
q/C
with
(@ |2ord,C| if ag(f) =0
m(q) =

0 otherwise,
then the primitive L-function L., (Sym?f, s) satisfies the functional equation

Ax(f,s) = Ao (f?, 2k — 1 — ) [13, Theorem 1.3.2], where

Aol f,s) = C(2m)~°T(s)m2°T (%@ —k+ 2)) Loo(Sym?f, s)

is the completed L-function.
In parallel with our approach at weight two, we may define the analytic

L-invariant C;n(Sym2 f) by the equation

an F(k — 1)
4L, (Sym?f, s) = L3 (Sym*f) - o
s=k—1 (5.4)
o 1 oy Loo(Sym?f,k —1)
1 — pF=20-2)(1 — pF—1a=2) . == ,
P P T e
provided the imprimitive L-function does not vanish at s = k — 1. Here

L,(Sym®f,s) is the p-adic L-function discussed in Section [3.3.3] The final

term may be computed exactly as follows.

Proposition 5.4. If f is minimal amongst its Dirichlet twists, then

 Loo(Sym®f,k — 1) _ 2% 20 5
5sym2f = 17 Yo —oiC X HHl (i~

e,
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where

P(Sym®f, X)

Hy(X) = (1-afX) (1-B2X) (1 — B X)

and the polynomial P,(Sym?*f, X) was defined in Section .

Proof. The functions D(f, s) := D(f,1,s) and L. (Sym?f, s) differ only by Eu-
ler factors at primes dividing C, hence D(f,s) =[], Hi(I™*) - Loo(Sym?f, 5).
The exact forms of the functions H(s, f) are calculated in [57]. Combining
the functional equation at s = k — 1 with the result of Hida and Tilouine [41],
Theorem 7.1]:

22k—lﬁk+1

D(f’k):CT(k)<

f7f>C

yields the result. O

5.2.1 Computing the derivative of the p-adic L-function

We define the imprimitive p-adic L-function by

L™ (Sym?f,s) = / (z)s " dD™ (2) (5.5)

xGZg

for every s € Z,. Here dD~, defined in [I3, Section 2.6}, is the distributionﬂ

on Z, satisfying

/Z xdD™ = Dy ,(x) (5.6)

v
where for each s € {1,..., k—1} and Dirichlet character x of p-power conductor

p™ we have

D—<X) _ (1 _ X2(2)2_2(S_k+1))7] . M . 5p(f, X, 3) .

s

2 The S-adic distributions in [I3] are modified by the factor (1 —x?(c)c>(*=*)) for a fixed
¢ with ged(e, 4Cp) = 1. Since we are dealing only with the p-adic case, we may (and indeed

do) omit this extra factor.
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with )
pm(sfl) . ang ifm=20
gp(f7 >_<7 8) = (]_ _ )‘((p)p—(S—’H’l))
x(1—=x(p)ey,*p*) ifm>0
| xO—x0)5 ),
and

1 if Cis odd
’[’] =
0 if C is even.

The next result relates the derivative of the imprimitive p-adic L-function to
the derivative of the primitive one. For simplicity, we only consider the case
where the imprimitive complex L-function does not vanish at s = k — 1, this

will be sufficient to prove Theorem [5.1]

Proposition 5.5. Provided D(f, k—1) # 0, so that H;(I'*"*) does not vanish,

& LP(Sym? £, s)

d
ST (Sym? )

s=k—1

i 2 () - (110g,(2), )]

Proof. Comparing the interpolation properties for the primitive and imprimi-

tive p-adic L-functions, we see that
Ly (Sym®f,s) = 2541 - (1 ~ <2>—2<8"“+”)" - 0p(s) - Ly(Sym*f,s)  (5.7)
where J,(s) € Z,((s)) is an Iwasawa function satisfying
3,0k = 1) = [ @),

e,

Taking Taylor expansion about s = k — 1 we have the following:

dn+1

o L(Syn®fs) = LISy, o

s=k—1
(s — k4 1)1t
(n+1)!

+0((s—k+ 1)),

o (1-@72 ) = (210g,(2)y - (s =k + 1) + 0 ((s =k + 1)),
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e J,(s)=TJ,(k—1)+O0(s—k+1),

(s—k+1)+0((s—k+1)%).

s=k—1

d
° Lp(Sym2f,s) = ng(Smefa s)

Substituting these into Equation (5.7) and equating the (s — k + 1)7*! terms

yields the result. O]

It follows from Equation ({5.5)) that

n+1

d5n+1 L;mp(smef’ S)

s=k—1

[ (ogta,)" a0 59

~ Z (10gp<e>p> " D™ (e +p"Zy)

e€(Z/p™Z)*

so we are able to approximate (;{;%L;mp(Sme f,s) provided we can compute

the moments D~ (e + p"Z,).

5.2.2 Computing moments of the distribution dD~

Now we turn to the calculation of D~ (e + p™Z,) for e € (Z/p™Z)*. As usual,

o, and 3, denote the roots of the Hecke polynomial of f at p, that is
X2 - ap(f) +p = (X - ap) (X = By)
with oy, € Z); and fo(2) = f(2) — B,f(pz) is the p-stabilisation of f.

Proposition 5.6. The moments of the distribution D~ are given by

22k_3p%k710%k71 <f(§)|V07 Rm,e|U§m_1W4C2p>4CQp

D (e+p"Z,) = T X 7 o

where Ry |UZ" " =370 rppem—1(m, e)q" € Sp(To(4Cp)) has q-expansion

1 e
Trp2m—1(M, €) = X — ) m P (ng, np*™ !
o) = Gom X 2 e

(n1,n2)€Wnp2m—1

(a,b)EVny

X M(a)b * XEny (abQ)L4CP<O’ X5n2)'

Here the notations above are precisely:
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o Ly(s,&) denotes the {-twisted zeta function with Euler factors at primes

dividing N removed;

o A, is the set of non-trivial Dirichlet characters having conductor di-
viding p™;

e P (X,Y) € Q[X,Y] is the polynomial

k—1

) B (—1)i k-1 k—j—2 Lk—j=1y/j.
PT(X,Y) = 4 Xk—zj—lx J A i

[NIES

=0
o W, ={(ni,ny) € N?:n=CN2+ny and ged(ny,p) = ged(ng, p) = 1};
e V,={(a,b) €eN?:ab|m and ged(4Cp,a) = ged(4Cp,b) = 1};
e c,, is the character of the quadratic extension Q(v/—Cns)/Q.

Proof. By the result of [I3, Corollary 2.6.2], for x € A,, we have

_ 2233k 1R =3 (f5 Ve, F(2,k — 1,)|U" Wicep)acep
Dk—l(X) = 2m X
CYp <f7 f>C

where F~(z,8,x) = Y oo v (n,8,x)q" € Sk(To(4Cp*™)). The Fourier coeffi-

cients of F~(z,s,x)|U2" " at s = k — 1, given on p. 594 of op. cit., are

1
g™ k=1 = Y (™ xtmani P (g, np? )
(n1,n2)EW, om-1
(a,b)EVn,

X B(n2,0, €0, X) Licy(0, Xons) )

where
/B(ng, 0, €n2X) = Z ,U,(Cb)b : 5n2X(a’b2>‘
(a,b)EVn,

The result follows by defining

N

(bf;m) S xQ)F (2, k—1,%)

and noting that Equation (/5.6 implies

Rye(z) =

D (e+p"Zy) = —
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As in Chapter , we may write the formula for the Fourier coefficients 7,,,2m-1(m, €)

in a form that is more practical from a computational standpoint.

Corollary 5.7. The Fourier coefficients of Rm,e|U5m_1 are given by the equiv-

alent expression

1
Tpp2m-1(m, €) = —— Z P~ (ng,np®™ )
¢(p )(n17n2)€Wnp2m—1
(a,b)EVn
d|4Cp

b2d
< p(ad)e,, (atd) MG ( )
ny
where Mgﬁ)(m) is exactly the function given in Definition .

The final step is to compute (f§|Ve, Rm.e|US™ ' Wiczp)acep, in terms of
(f, f)o, given g-expansions of f and Ry |U2"'. In order to do this, we
recall some useful identities.

If g and h are two cusp forms that both exist at level N | M then we may

lower the level of the Petersson inner product according to the formula
(g,h)ar = [To(NV) : To(M)] x (g, h)N. (5.9)

We will denote by wy the complex number of modulus 1 such that
fIWe = —wy - f.
We also recall the identity
(g,h)n = (=1)"{g|Wn, h|Wn)n. (5.10)
The operators V,,, and Wy satisfy the compatibility relations
(9] Vi) [Wiim = m™ 2 g| Wi, (5.11)

and

E
2

9| Wim = mz (g|Wy) |V (5.12)

With these identities in hand, we turn to the calculation of the inner prod-

uct in Proposition [5.6]
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Proposition 5.8. If the newform f has rational coefficients and exact level

C, then

(f81Ves R o UZ™ " Waczy)acey =

wpC 3R Y dam, e) (45575 8,(f1Va, fIVa) — 4bp

dl|4p

k
2

Vi £1Va))

where 64(m, €) denotes the projection of Ry, JJUZ" " onto f|Vy.

Proof. By Equations (5.10]) and (5.11)),

<f(')0‘VC> Rm,e‘U5m71W4Czp>402p = <f(')O‘VCW402p’ Rm,e’U5m71>402p

= O ([0 Wiy, Rine[U™ V) s,

In fact f{|Wicp, and Ry, JUY™ ' both have level 4Cp so, by noting that

[Co(4Cp) : Ty(4C?p)] = C, we can apply Equation to obtain
Ve, Bon e U™ Wicay)acey = C 72 f| Wiy, Run e U2 Vacp.
Since f has rational coefficients, f§ = f — B_p f1V, so
(fSIWacp: R el U™ acp = (fIWacp, RonelUp™ ™ acy
= Bl FIVuWacp, R el U™ acp-
Applying the relations in Equations and , we have
Wicy = (4p)2* [IWeVa, = —uwy (4p)2* Vi,
and also
VWi, = p~ 2 f[Wie = 425p™ 28 WV = —wsabp™ 2" f|Vy.

Therefore we deduce that

8 IWacp, Runel U™V acp = BpdZ p™ 25w (f[Vi, Ry [UZ" sy
1 m—
— (4p)2*w s (f|Vip, Rine|UZ™ Y acp

Recall that by Hecke’s theory, there is a natural decomposition of cusp forms

of level 4C'p into

Se(To(4Cp)) = @ @ Se™(To(N))|Va

Nl4Cp q)2<p
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If B is a basis of Hecke eigenforms for the subspace Sp¢V(I'o(C')) then, under
the Petersson inner product, the complement of the f-isotypic part is given by

€1

Peinfvi) =P Pein|vi|o | B P simmo)|va

d|4p geB  dl4p N|4Cp d\@
g#f N#£C N
Therefore, if we write

R o|UZ"1 = " 5q(m, e) f|Va+ R
dl4p

~ 1
where R € <@d|4p C{f}|Vd> is the image of Ry, .|U2™~! in the complemen-
tary subspace, then

(F1Vior Rnel U™ acp = Y 8alm, €)(f Vi, f|Vaacy

d|4p

where w € {4,4p}. The result follows easily from these two identities. O

We remark that bases of the subspaces SpV(I'o(/V)) may be computed as
sets of g-expansions of Hecke eigenforms in SageMath [65] using the function
Newforms (GammaO(N) , weight=k). Therefore the values of d4(m, e) are read-
ily computed given g-expansions of Ry, |U""! to a sufficient precision. In
order to compute D (e +p™Z,) it is sufficient to be able to compute the ratio
SWVimo f [V

e ¥ for any N a multiple of C, and both m and n dividing X this

calculation is performed in Appendix [A]

5.2.3 The basic method for computing £Zn(Sym2 f)

We conclude the chapter with a summary of the method we use to compute
n 2

L3*(Sym® f) when D(f,k — 1) # 0, followed by a worked example. Tables of

results of the computations we performed in order to verify Theorem can

be found in Appendix [C|

Step 1. Choose a primitive newform f € Sg(C,1) that is minimal among its
quadratic twists, and has rational coefficients. Fix a prime p t C' such that f
is ordinary at p. Also fix a positive integer m which will determine the level

of precision of our approximations.
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Step 2. Calculate the complex L-value gy,2; using Proposition .

Step 3. Compute g-expansions for Rm76|U§m*1 for each e € (Z/p™Z)* using
the formula given in Corollary [5.7]

Step 4. Find a basis of Sx(4Cp, 1) consisting of Hecke eigenforms, and hence
calculate D~ (e + p™Zy) for each e by expressing the Ry, |JU™ s in terms of

this basis and applying Propositions [5.6] and

Step 5. Once we have computed the moments D~ (e + p™Z,), we may use
Proposition and Equation (5.8) to obtain an approximation to the deriva-
tive L. (Sym?®f, k — 1).

Step 6. Finally, we may compute an approximation to E;n(Sme f) by sub-
stituting the values we have computed for £gy,2; and L;(Sme fyk —1) into

Equation ((5.4]).

Example 5.9. Consider f = 12.4.a.a, the unique newforms of level C' = 12,

weight k = 4, and trivial character. The g-expansion for f is
f(a) = a+3¢* = 18¢° + 8¢" + 9¢° + O(¢").

As ay(f) = 0, we have m(2) = [jord,C| = 1, and m(3) = 0 since a(f) # 0.
Therefore C = 2271 x 3 = 6. Furthermore, it follows from Lemmas 1.5 and 1.6
of [57] that Hy(X) = 1+ 2¥1X, and H3(X) = 1. Hence, using Proposition

[5.4] we calculate the primitive L-value

Loo(Sym®f,k—1) = 2¥472.¢6 _
i e a2

32
3

Computing the moments D~ (e + p™Z,) for p =5 with m =4, and p =7
with m = 3, and using the approximation in Equation (5.8) along with the
result of Proposition [5.5| reveals that

d 2
@Lg,(Sym f, 5)
d 2
$L7(Sym 1 5)

= 4p + 4p* + O(p*), and

S=

=p+5p> + O0(p?).

s=
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By substituting these values into Equation (5.4)) we obtain

L£2(Sym*f) = 3p+ 2p* + 3p* + O(p*), and

L2 (Sym?f) = 5p + 5p* + O(p?).



Chapter 6

Congruences between double

and triple product L-functions

In the next two chapters we turn our attention to studying the A-invariants of
double and triple product L-functions. Our main results are in Chapter [7] but
first we must undertake a series of somewhat tedious calculations involving the
Petersson inner product with a view to proving the following.

THE MAIN GOAL. Let (f(l), g h(I)) and (f(]I)7 g h(H)) denote triples
of newforms of suitable weight, character and level. We want to prove an

implication
T,(MD) = T,(M"™) modp* = L,(MY,—,1) =L,(M™, -, 1) mod p*”

for the double product motives M*) = M(f(*) ® g(*)) and for the triple prod-
uct motives M® = M(f®) @ g® @ h®), with T,(—) denoting their p-adic

realisations.

Note for M® = M (£®) with x € {I,II} the above is a theorem of Vatsal
[66], who established the existence of canonical periods Q% (M®)) € C* such
that if one normalises each L, (M (%)), —) using his periods, the congruences
hold modulo p”. It would therefore be worthwhile to recall Vatsal’s congru-
ences in a bit more detail, but we must outline some standard definitions and

terminology first.



88

Let Qcyc denote the cyclotomic Z,-extension of Q. If one writes y,» for the

group of p™-th roots of unity, there is a decomposition
Goo 1= Gal(Q(up=)/Q) = Z) = Fy x (1+pZy) = A x Loy

where A := Gal(Q(y,)/Q), and the topological group I'eye := Gal(Qeye/Q) =2
L.

For a discrete valuation ring R of residue characteristic p, let us define the
(cyclotomic) Iwasawa algebras

Ao t= R = i RO/ and RG] = Aoeld] = @D AT,
n>1 j=0

where w : A — p, 1 is obtained from the Teichmiiller character modulo p
via the isomorphism A = F. Now fix a topological generator 7o of I'. By

linearity and continuity, the mapping vy — X + 1 induces isomorphisms

p—2
Acyc L> R[[X]] and R[[Goo]] L> R[[X]](w])

=0

Definition 6.1. Let w be a uniformiser of R, and choose (X) € R[X][1/x].

.

(i) If the power series B(X) = > 7 c,(B) - X™, then the integer invariant
w(B) = pw(B) is the largest power of w such that c,(B) € @® - R for

all n > 0.

(i) The non-negative integer A(3) equals the number of zeroes (counted with
multiplicity) of B(X), viewed as a function on the open p-adic unit disk
inside C,. One can also take A\(B3) := rankp, -[x] (%), and

both are equivalent.

Suppose we are given two newforms £ and U of weight k > 1, character
, and of levels N, ® and N respectively, such that their Fourier coefficients
£ £

satisfy
an () = a0 (£V) (modp?") at cach n € N with ged (n, N'Nf") = 1.

By enlarging R if necessary, one may assume that R contains a, (f (*)) for all n.

The following result due to Vatsal [66, Prop 1.7] concerns congruences between
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the Mazur-Tate-Teitelbaum [50] p-adic L-functions L, (f®),w?) € Ay, and
was instrumental in Greenberg and Vatsal’s subsequent work on the Iwasawa

Main Conjecture for elliptic curves [32].

Theorem 6.2 (Vatsal). At each w?-branch with j € {0,...,p —2}:
(i) Ly, (fV,w7) = Ly 5, (f™,w7) modp” - Acye, and
(ii) ML, (D, w7)) = ML, (FD,07)) + 3ee, ViV (W) — vi¥ (w?)

where Sg consists of the primes dividing Nf(I) . N(H), and vl(*)(wj) s the A-
invariant of the power series that interpolates the Fuler factor L; (f(*) ® W, s)

at a prime [.

Strictly speaking, this is not quite the statement that Vatsal proves in op.
cit. but it is an easy exercise, involving the Sg-depletions of the newforms
£ and fM, to show that it follows from his congruences (e.g. see [I8, §4.1-
§4.2] for a discussion). He also assumes irreducibility of the residual Galois
representations pg) and the torsion-freeness of some H!-groups, the details of
which we ignore for brevity.

Emerton, Pollack and Weston [24] later generalised this construction to
allow f to vary within a Hida family, and showed that the A-invariant was
stable along the branches of a certain Hecke algebra, Tx(p), parametrising the
deformation. Recently the theory has been extended to cover anticyclotomic
A-invariants in the work of Castella, Kim and Longo [7], and also to treat
non-commutative p-adic Lie extensions (with a meta-abelian structure) by
Delbourgo in [16] [17]. Further generalisations of Vatsal’s original ideas can be

found in [8, 18, 19, 48, 59).

6.1 Statement of the main results

There are three basic approaches one can take in constructing p-adic L-functions

for tensor products of modular forms:



90

e the Betti realisation approach adopted by Mazur-Tate-Teitelbaum, Vat-

sal, and others [50] 66, [67], which utilises modular symbols;

e the étale realisation approach of Perrin-Riou [I4) [46], which converts

Euler systems directly into p-adic L-functions; or

e the de Rham realisation approach of Hida and Panchishkin [37, 53], which

involves both the Rankin convolution and Petersson inner product.

In the Betti approach, the two main ingredients are a ‘mod p multiplicity-one’
theorem and Thara’s Lemma. The multiplicity-one result is used to show that
the p-invariant is stable amongst families of p-congruent modular symbols,
whilst Thara’s Lemma allows one to change between different level structures.

We follow the de Rham approach, which has the advantage of being com-
pletely explicit in nature. It also carries the disadvantage that the associated
periods may not be canonical with respect to the Iwasawa Main Conjecture,
hence the p-invariants of our automorphic p-adic L-functions can sometimes
be negative. Here the role of mod p multiplicity-one is played by holomorphic
projection [33], while Thara’s Lemma is replaced with an explicit calculation

involving depletions of y-twisted modular forms (see Theorem and Propo-

sition [6.15] respectively).

6.1.1 The double product

Let (f , g(I)) and (f , g(H)) denote pairs of newforms of weight (ki, ky) > 1 with
k1 > ko, levels (Nf, Ng(;I)), (Nf, Néﬂ)) respectively, and nebentypes (11, 1,). We
also assume they are p-ordinary, i.e. a,(f),a, (g(*)) € Oép. Using the results
of Hida and Panchishkin [37, 53], for each choice of x € {I, T} there exists a

p-adic L-function L, (f ® g™) € Acyc[A][1/p] interpolating

~ o L(f®g™, n+ k) .
Lol (5;; (f 2g®, v n+ kQ) . 2ri) R (D) with Q. (f) = <f, f>Pet,

at all integers n € {0,...,k1 — ko — 1} and special characters of the form

XFKeye Where x is of finite order, and feye @ Goo - Z, is the p-th cyclotomic
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character.

Remark. 1f fg is the weight two newform arising from an elliptic curve E/q,

then it is an easy exercise to show that

Qu(fe) = deg(Xo(Ne,) > B) x/ w / w
oAt 47T2\/—1~7’% E(C)+ g E(C)- g

where wg is the differential associated to a minimal Weierstrass equation for

Ez, and rp € Q* denotes the Manin constant for the modular parametrisa-

tion.

Let pg @ Go — GlLo (@p) be the p-adic Galois representation attached
to g*) by the work of Deligne if ky > 2, and by Deligne-Serre if ky = 1. We

assume that

= pg(ﬂ)

mod p” at all primes [ { N, él) _ Ng(]l)’

pg(U
G Q

Q

which is equivalent to saying
an(g(l)) = an(g(ﬂ)) mod p”? if gcd(n, Ng(I)NéH)) =1.

For technical reasons, we must also suppose that i, is trivial or a quadratic

character.

Theorem 6.3. At each branch j € {0,...,p—2}, let ,ugjy)c denote the minimum
of the p-invariants for L, (f®g(1), wj) and L, (f®g(]1), wj). If p > ky—2, then

(i) Lps, (f® gV, wi) =L, s, (f ® g™, w) mod p“gy.)ﬁ”2 - Aeye, and
where Sg consists of the primes dividing Ng(l) : Ng(ﬂ), and el(*)(wj) is the A-

mwvariant of the power series interpolating the Fuler factor L (f g™ ®w, s)

at a prime [.

There is a nice application of this result towards the Iwasawa Main Con-
jecture. By the work of Kings, Loeffler and Zerbes [46, Def 3.3.2], there exist

one-cocycles

. (%) ) * —r
Bisl{ 5" e HY, (Z[1/Np), T, (£ 0 ) @ r))
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for 0 <r < ky—2,b € Z/NZ called Rankin-Eisenstein classes, that map to
each component L, (f ® g(*),wj). Applying Theorem 11.6.4 of op. cit. which
relies on the existence of these classes outside of the critical range, one obtains

a divisibility of power series
CharAcyc@Q (Z[l/S], T,(f®g™)" © Ar(—)); Nf))( , ) ‘

TW1+j (Lp (f X g(*), wj)>

where the left-hand side is described fully in Proposition 11.2.9 of op. cit.
and arises naturally from Nekovar’s theory of Selmer complexes (in fact, it is
helpful to think of the H 2(--+)-cohomology intuitively as being a cyclotomic
Selmer group).

If we now write A*8(f ® g™, w) for the A-invariant of chary,,, (ﬁ]z( ) ()
and likewise A*(f @ g, w’) for the M-invariant of L, (f Qg™ W ), then their

divisibility theorem implies that A*&(f @ g™, w’) < A*(f @ g™*), w?); moreover
{zeroes of char,,, (H?(-- ; A(f))(wj))}
- {zeroes of Twiy; (Lp (f ® g™, wj))}
for all j € {0,...,p — 2}, and at either choice of x € {I, II}.

Conjecture 6.4. At branches j € {0,...,p—2}, there is a transition formula

NEF @ gl w) = NEf gl w) + Y ef (W) — e ().
1€Sg

Assuming its validity, one can show if the Iwasawa Main Conjecture is true
for one motive, M (f ® g(I)) say, it must be true for the p”2-congruent motive
M (f ®g(ﬂ)). Unfortunately we have not yet found a method to switch between
two dominant weight newforms f(" and f(U_ if they are congruent to each other

modulo p*t.

6.1.2 The triple product

We shall now add an extra pair of forms into the discussion: let (f gD, h(I))

and (f g, h(H)) denote triples of newforms of weight k = (ky, ko, k3), levels
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(Nf,Ng(*), ng*)) and nebentypes (11, 1s,13). We further suppose that these
triples are p-ordinary, so that ap(f),ap(g(*)),ap(h(*)) € Oép. There exist
primitive A-adic families (F, G™), H(*)) passing through (f g™, h(*)) at each

choice of x € {I,T}. For technical reasons only, we impose the conditions:
(T1) the primitive characters satisfy ¢q1q1)3 = 1;

(T2) g, : Gg — GLy(F,) is absolutely irreducible and p-distinguished;

(T3) ged (Nf, Né;*), N}(l*)) is a square-free integer for both choices x € {I,1};
(T4) €(1/2,11)")) = 1 at primes {|NeNg” Ny and unbalanced k = (ky, k, k3),
where H(&*) is the representation attached to F ® G™* @ H®) at each k.

Remark. To consider congruences here we will treat the following situation.
Assume there exists a p-adic line V in the ambient weight-space for the triple
(F, G™, H(*)), such that for all primes [ { Ng(l) -Ng(]l) -N}(II) -N{" and unbalanced
k= (ki ko k3) € V:

(i) pgo = pgm|  modp, and
ko GQZ ko G@l

(i) pgo| = pym| modp”.
k3 |Gy, k3 |Gy,

Whenever this line is parametrised by a finite flat extension IV of O ,[1+pZ,],
then we call V a congruence line of type (p*2, p*®) for the triples (F, G, H(*)).
Let L;f (F R GW ® H(*)) € IV denote the restriction of the p-adic L-function

to V.

Example 6.5. Consider two modular elliptic curves E®D and EM over Q,
whose p-adic Galois representations ppw, @ Go — GL2(Z,) satisfy the con-
gruences py, | Go, = pp,| Co, (mod p*2) at all prime numbers [ { condg(EW)-
condg(EM). Let GO € IJ¢] and G® € I,]q] be Hida families passing
through £® and EM respectively, and assume that F € I;[¢] and HD =
H® ¢ T3[q] denote arbitrary primitive I;-adic forms. Then we can choose our

p-adic line in weight-space to be the set

= {(k:,Z,k:—Z) ) keDFmD)H(*>}
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where Dg C Z, (resp. D) is the disk of convergence for F (resp. HY =

H®™), and the specialisation map
Py 1®0, , a®o, Is — 1V

is induced by sending (X1, X, X3) — (Xy,0, ()1(1—;)12 —1).

As it is non-standard, we should define the (weight) A-invariant in this
context. Since IY is a finite extension of Ay := Ok ,[1 +pZ,] = Ok ,[X], one
can consider its normal closure IY*! and the field of fractions KV = Frac(IV!).

We then define

A(B) = [KY: Fui) I (the number of zeroes of H B")
oceGal(KY [ Fwt)

for each 3 € 1V, where Fy is the field of fractions of Ay; (note that we have
I, 57 € Ok,p[X]). Let us denote by u‘g? the minimum value of the weight

p-invariant amongst the two p-adic L-functions, namely LY (F ® GO @ HW)
and LY (F @ G @ HD).

Theorem 6.6. If the weights k = (ki, ks, k3) satisfying k1 > ko + ks — 1 and

p1 (’“1#’3)2)[ are dense in Spec(IV), and if ¥y is trivial or quadratic, then

() LY (FeGYeHD)

=LY, (F&G® @H®D)modp™ minlzws) gng

P,Sg,h

(i) AWt (L;f FeGhe HU)))

2 (L(FeGPoHD)) + Y wil) -

leSg,h

where Sgn consists of those primes dividing N(I)-Nén)-Nl(lI)-Nl(lH), and wl(*@ is the

A\ invariant for the IV-adic factor L (Fk1®G ®Hk3)®xk Y %)

kev’

An example of such a congruence line V is given by specialising G® at a
fixed weight ko at which there exists a mod p”? congruence between GSQ) and
Gg), and taking the weights (kq, ko, k1 — ko) with k; the free variable: one thus

obtains congruences between Ly, g, (Fk1 ® G,(CIQ) ® Hkl_kQ) and Ly s, (Fk1 ®
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G,(CI? ® Hkl_kQ). By symmetry, the same thing works when the roles of G®

and H® are reversed.

The reader will notice that there is no cyclotomic variable appearing here,
although by recent work of Hsieh and Yamana on exceptional p-adic zeroes [43],
this extra variable can certainly be introduced. The techniques presented here
should carry over to the four-variable (quaternionic) setting, thereby enabling
us to prove transition formulae for the cyclotomic A-invariant at balanced
(k1, ko, k3) € V.

We should also mention the results of Darmon, Rotger and others, which
relate specialisations of L,(F ® G™® ® H®) to generalised Kato classes [14]
in global Galois cohomology with coefficients in 7, (Fk,1 ® GE;) ® H,(Cz)) In
particular, at weight (ki, ko, k3) = (2,1, 1) they obtain key information on the
Birch and Swinnerton-Dyer Conjecture for elliptic curves E. Therefore given
the existence of a congruence line V of type (p*2,p*®) containing (2,1,1) as a
point, one could use a balanced version of Theorem to produce non-trivial
congruences between the values of L(E, pg) ® pg), 5) and L(E, pgﬂ) ® péﬂ), s)
at s = 1, for twists by degree four Artin representations pé*) ® pé*) which are

self-dual and congruent.

6.1.3 A brief plan

In Section 6.2| we study projections of C*-modular forms of the type g- 54 )(h),
where the differential operator 9,, = ﬁ <% + %) . If h is an Eisenstein series,
then these projections are related to double products, while if h is a cuspidal
eigenform then they are essentially triple product L-values. In Chapter [7} by
writing these critical values in terms of a linear functional £g‘€)(—) acting
on the space of nearly holomorphic forms, one can then read off congruences
amongst the L-values in terms of congruences between the original modular

forms. This is an ad hoc approach and we apologise in advance for the very

ugly formulae!
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Conventions. We employ the following terminology throughout the following

two chapters.

e If x : Z — C is any Dirichlet character, then we write x(,) for its p-part

and similarly we use Y to denote its non-p-part, so that y = Xp) * P,

e If F'is a number field or local field then O will be its ring of integers,
and we say that two expansions H, H' € Or[q] are congruent modulo p”

if their ¢"-coeflicients satisfy a,(H) = a, (HT) mod p” for every n > 0.

e If I denotes the normal closure of Ay := Ok [1+pZ,] inside of Frac (Awt),
then we assume K/Q, is chosen large enough to ensure ]Iﬂ@p = Ok, and

that the algebraic points Spec ]I(OK)alg are Zariski dense in Spec I[(@p).

e For an integer N > 1 coprime to p and a Dirichlet character x modulo V,
we use T4 (N X ]I) to indicate the Hecke algebra acting on S° (N X H),

the space of ordinary I-adic cusp forms of tame level N and character Y.

6.2 A lowbrow study of Petersson inner prod-
ucts

Let F}, Gy, G3 be modular forms of levels Ny, No, N3, weights ki, ko, k3 > 0
and nebentypes 11,19, 13 respectively. We shall assume that F} and G, are
cusp forms, that the primitive characters satisfy v, - 95 = ¥, ', and that
ki1 > ko + k3 — 1. Our main goal here is to derive an explicit expression for
quotients of the type

<F1ﬁa Trg v, (Holoo (G2 - i (Gs)) ‘kl WJ’E\?) >No

<F17F1>N1 7

where the various operators, levels and inner products above will be defined

ee€{0,1} (6.1)

shortly (the precise formulae for these ratios will be given in Propositions m
and [6.17). We need to study these projections in some detail, as the critical
values of both the double and triple product L-functions can be represented

via integrals of this type.
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6.2.1 Preliminaries on modular forms

For the three modular forms Fy, G5, G3 of levels Ny, Ny, N3 mentioned above

we will use the following notation.

Notes. (a) For each i € {1,2,3}, we factorise the level into N; = p° - Ni(p)

where e; = ord,(1V;) and Nz-(p ) is the corresponding tame level.
(b) We set N = lem(Ny, Ny, N3), which one decomposes into N =pé. N®.

(¢) Lastly let us choose Ny :=p - lcm(Nl(p), NP, N?Ep)) —p . Nep- Zy.

Now F} belongs to S, (N1, 1) with g-expansion Fi(q) = >°7  a,(F1)q", so

n=1

there exists a conjugate form F¥ € S, (Ny, 47" with Fi(q) = > an(Fr)g™

We shall further suppose that F; is a newform of conductor Ni, so that

| W, = € - Flti with ¢, € C and ‘61‘ = 1. For simplicity, we will
k1 o0

assume that Flﬁ = F) and ¢} = 1.

Lemma 6.7. If pt Ny so that ey = 0, then for an arbitrary G € Mkl(ﬁ, 1),

N (k-2 (N
(FLTY(@)) = ap'™ 2 (m

ky
2
)-SeusdOr(Al Vi 1),
d‘%

where each form G|k1Wﬁ o U™t € My, (No, 1) has been decomposed into a

sum

&— 1
G|k1WN oU = Z ¢y x:(G)- Fl‘klvd + va)e for scalars ¢; 5 .(G) € C,

N,
2
N1

and here the modular form G%) above is obtained by projecting G’kl Wgo Ug_l

é

onto the orthogonal complement of the Fy-isotypic subspace inside My, (No, ).

Proof. As the ratio ]V/NO = p®!is a power of p and p|Ny, one deduces that

Trﬁo(g) N TRIC G, Wy o U o Wiy,



98

Applying this standard identity to our inner product:

<Ff, el (G)>

_ k2@ o <Flti , G|, WyoUy o WNO>N
0

No

e (—1)k1p(1_k1/2)(6_1) X <F1ﬁ’k1WNO 5 G|k1WN o U§_1>

k1

fy 1 (F1=2)(E=2) N®\? " i1
= (—=1)"p 2 X <F1‘k;1WN1 OVP.%T) ) G’mWNOUp >

No

Ny No

and the last line follows because (—)‘ Wy, = (p- ]\;[\;f))kl/z . (—)‘ W, OV ﬁ(p) )

However F? |k Wy, = - (=1)" x Fy and also p - N(p> %0, in which case

0 Nl

No

k1
N k-2 (NP7
<Ff,Tr%O(G)>N =eap'” 2 ( ) x < g, Vi Gy, Wy o Uy~ 1>

Finally our assumption that Fljj = F implies that the Fj-isotypic subspace
inside My, (No, ¥1) is spanned by the normalised eigenforms Fj by V4 as d runs

through the divisors of Ny/Np; we may therefore write

Gl WyoU™ = > ¢,5.G) Rl Va + G

le

for the particular choice of scalars, ¢, N -(@), obtained by projecting G| s Wy o

U}f’1 onto each basis element Fi|, V. Since the modular form G 1s orthog-

s

onal to F} VNO under the Petersson inner product at level Ny, the result now

ks
follows. O

6.2.2 Expansions of nearly holomorphic functions

The strategy over the next two sections is to show for Gy € S, (N, 1,) and

G3 € My, (N3, 13) as before, that the modular forms
Holoo (Go - 8y, 5.(Gy))  with 1 = (ky — k — k3)/2 € Zsg

behave well under mod p” congruences, in the sense that if we replace G5

and G5 by p”-congruent forms then Holoo((—) . 51(;)%2727«(_)) preserves these

congruences.
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Definition 6.8. Let R C C be a commutative ring, and p < R a prime ideal.

(i) For each t > 0 we will denote by Nii’)il (D(N); R) the R-submodule of
M (T(N)) consisting of C>-modular forms, H(z), with Fourier expan-
sions of the type

1 )
H _ —2mmy | . p2mimzx
(2) Z e Pu (_47ry , m) e

meN—17Z

where z = x + iy € b and for all m € N7'Z, the coefficient terms

Pu(X,m) € R[X] satisfy deg(Py) < t.

(ii) We similarly define Nook (N, s R) := N2OU (D(N); R) N M(N, ).

w,pol w,pol

(iii) If H(z), H'(2) € N;%U (D(N); R) and there exists v > 1 such that

w,pol
Pr(X,m) — Py+(X,m) € p” - R[X] for every m € N™'Z,

then we say that H is congruent to H' modulo p*, and we will write

H = H' (modp” - R).

For example, if R = Ok is the ring of integers of some number field K, and
if one considers a classical form G = )" a,(G)q" € M,(N,¢¥)NOk[q], then
clearly Pg(X,m) = a,,(G) if m € Zsg, while Pg(X,m) = 0 if m & Zso. We
therefore have a natural containment M., (N, ) N Ok[q] C fl’)gl(]\/, 1; Ok).

Furthermore, the definition of mod p”-congruent forms introduced above gener-

alises the standard notion of modulo p” congruences used for series expansions

in Ok|q].

Lemma 6.9. (a) For a commutative ring R as above, the differential oper-
ator 6% sends the space of nearly holomorphic forms N (F(N);R)

w,pol

into No9o (D(N); R), and by restriction sends Noot (N, ; R) into

w+2r,pol w,pol

N (N, R).

w+2r,pol

(b) If H(2), H'(2) € My(N,v) are p”-congruent forms with R-coefficients,

then one also obtains congruences
50 (H) = 60 (H') (modp - R)

at all integers r > 0, in the spirit of Definition [6.8(iii).
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Proof. Let us deal with part (a) first. Recall from op. cit. that a C*°-modular
form G(z) € M (T'(N)) can be always expanded as a Fourier series of the
type

Z Aaly,m) - e¥™™*  with z = z + iy,
meN~—

and each term Ag(y,m) € COO(R+). Applying the operator 2 to G(z) then

yields

9G(z) _ S <mm-Ac(y7m)—%A’a(y,m))'ezmm

0z
meN—1Z

with Al (y,m) = %ﬁ’m), so that as an element of MS2,,(I'(N)) we find that

5 (G(2) = > ((% - %) - Ag(y,m) — %A/C;(y,m)) L ePrime,

meN—

In the specific situation with G € N°°* (F(N ) R), one can further write

w,pol

1
A _ ,2mmy |
aly,m) =e Pa <4ﬂy,m)

where Pg (X, m) = Z;ZO B;(m) - X7 € R[X]. A straightforward calculation

reveals that
An(y,m) = —Ore MY . (Zmﬁj 47ry)

+2- Z]BJ - (4my)~ 1),

in which case

§w(G(z))
_ E_i . ,—2mm L _i / . 2mima
B Z [(2 47ry> c yPG(47ry’m) 47rAG(y’m)] ¢
meN—1Z
= ) [m%(m)
meN—1Z

D (mBy(m) + (G~ 1= w)foa(m) - (dmy) ™

+ (t—w)Bi(m) - <4wy>—t-1] gprim
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Consequently for every m € N™'Z, we set Ps.(c)(X,m) equal to the polyno-
mial

t

mBo(m) + Y (mBj(m) + (j — 1 —w)Bi_1(m)) - X7 + (t—w)By(m) - X"+
j=1
so in particular, Ps, () (X, m) € R[X] with deg(Ps,(c)) < t+ 1, hence
—2mm 1 TImT (o]
uGE) = X P (g m) - € NG (T R).
meN—1Z
It follows that &y, : Moo, ((D(N); R) — N;‘;;*plol (D(N); R), and then applying

an inductive argument to st — wi2r—2 O+ 00y 00, for increasing values
of r > 0, we conclude that &3 : o (TIN); R) — NGt ((T(N); R) as
asserted in (a).

To show that statement (b) is true, let us in greater generality suppose
that:

1 .

mEeZ

Z o 2mmy | PHT( ) . 627rim:1:7 PHT X m ZBT X7

meZ
The condition H = H (mod p” - R) is by definition equivalent to the family of
congruences [3;(m) = ﬁg(m) (mod p” - R) for every m € Z and j € {0,...,t}.

Adopting the same argument as in part (a), it directly follows that

611) (H(Z)) :Z 6—27rmy . 7)?{ (L , m) A 627rim$

mEZL 47Ty

where P (X, m) = ZtH B9(m) - X7 and

(t —w)Bi(m) ifj=t+1
2(m) = ¢ mBy(m) + (- 1 —w)B;1(m) H0<j<t+1

mBo(m) it j =0.

\

Likewise for the second Fourier expansion,

i e ) :ZefQﬂ'my P}Sﬁ (ﬁ 7 m) .627rim:c

meZ
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where Pg (X, m) = 201 B1°(m) - X7 and

7=0
(
(t —w)Bf(m) ifj=t+1

B (m) = mBl(m) + (j — 1 —w)Bl_(m) #0<j<t+]

mBi(m) if j=0.

\

The implication ‘5;(m) = ﬁ;(m) (modp”) = B2(m) = 6}’5(m) (mod p¥)’ is
now obvious since m, j, w,t € Z, hence 6,,(H) = 0,,(H') (mod p” - R). Finally,
recalling that 5t = Owior_2 0+ 0 dyy0 00, and iterating this process above

(r — 1)-times more, one establishes that 6% (H) = 51(;)(HT) (modp”-R). O

6.2.3 Projecting Eisenstein series and cusp forms

Proceeding further with our calculation of the inner product in Equation (6.1)),
we shall require some background on the operator ‘Hol,(—)" which appears in
the automorphic theory. Throughout G, is a cusp form of weight ko, level Ny

and character ,.

6.2.3.1 The double product case

The first case we treat relates to the double product L-function L(F; ® G, s).
Consider the Eisenstein series in [60, Eqn (2.3)] of weight w > 0, character

n~! and level N, given by the infinite series

* —w —2s a b
Eyn(zosm)= > n()-(cz+d)™lez+d| " v= . (6.2)
Foo\Lo(N) c d

For technical reasons, our formulae become tidier if we renormalise these series
via
Nv/2 T(w)

2 (2m)w

E,n(zn) = Oy (w,m) X By n(2,0,m). (6.3)

Henceforth let us assume that r,w € Z satisfy both w = k; — ks — 2r > 0 and

r > 0.
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Proposition 6.10. Setting N = N, n =13 and Gs = (z,13), then

k1—ko—2r,N

H = Holw (G2 - (5,(;; kg2 ( (Gls) |k1 W) EMkl(N7¢2¢3)

has the @(am(GQ) | m e N> -rational g-expansion H(z) = Y o~ a(n,H) - ¢",

where

a(n,H) = D ag(Gy)- > BRI g(c) - P (&3,m)

n=§2+£3>0 §3=b-c

and for s € Z<y, the rational polynomial ‘Ps(—,—) " is given by

=3 s T(ky —ka+s) T(ky—1-—7)
P(X,Y) = ;H) i D —kats—35) T(k—1)

XTIy,

Proof. Firstly applying [60, Equation (2.9)], one has the identity

By s (e mrn) = om0 (B, (2.000))

If one has r = 0 then E* o N(z 0 7]) is of holomorphic type, while if r > 0
then it is nearly holomorphic and has moderate growth, so that Theorem [2.19
is applicable. After rearranging the above equation, it follows directly that

50 (B, 5 (=0.m) \Wﬁ=<—4ﬂ>’"'% (7 By zmrm)) W

and then combining it with Panchishkin’s definitions [53, (4.3), (4.6) and
(4.13)],

; 2y (w,n)™ (2mi)®
( Ew+27’N( T’ 7])) ‘w+2TWN - ]’\71”/2 . F(w + T) ’ (_47T)—T .£w+27'<_r7 77)

Here &,42-(s,m) denotes the Eisenstein series introduced in [53, Equation

(4.13)]: in particular at s = —r, the C*-function &,.,2.(—7, 1) has the Fourier

development
- | C(w+7) - -
4 pw— 1 J . (4 r—j 271'1{3,2'
( ﬂ-y Z Z ) . F(w +r— ]) ( ngy) €
§3=1\ &3=b-c Jj= 0 7

Writing everything in terms of our renormalised Eisenstein series E¥ \(z, —),

one finds that 6%’ (E* —(z n))‘ ) W5 coincides with &,49,(—7, 1), in which
+

case

Holoo(Gg : 5g)<E;ﬁ(z, 77))‘ Wﬁ) = Holoo (G2 - Euwtar(—1,7)).

w+2r
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We next apply the integral operator (11{7;: fo Ag(y,n) e 2myk1=2 . dy to

the n-th Fourier coefficient of the form

H(Z) = Gy gw+27" Z AH y, e

and then exploit the well known identity

(47rn)k1_1 > —omny\ —2mny, ki—2 o L(ky—j—1)
m./ﬂ ((47Ty) ) e 17l dy = n B CET (6.4)

A tedious calculation, but essentially identical to the one given in [53], Section

5], allows us to conclude that

H0100<G2 . gw+2r(_r7 77))
=31 D (@) > b (o) Po(ésn) | g
n=1 \n=£2+&£3>0 &3=b-c

The automorphy properties follow directly from Theorem [2.19|since each trans-

late Go - Eyyor(—1,1) 7 has moderate growth for v € SLy(Z), and secondly

the Fourier coefficients Ay (y,n) of the form H = Gy - £y42.(—7,n) vanish at

every n < 0. [

Corollary 6.11. Suppose G G ) e Sk, (NQ, 1[12) have expansions in O [[ ﬂ

for a given number field K, that they satisfy the p-adic congruence
Gg) = Ggﬂ) (mod p*?)

at some integer vy > 1, and that Gs = Ezrkr%ﬁ(z,ng). If p > ki — 2, then

Holo (G887 0, (G3)], Wiy ) = Holue (G800, (Ga)l,, W)

modulo p*?- Ok [[ ﬂ provided the integer r lies in the range 0 < r < %(kl — ko).

Proof. We use the Fourier expansions given in the preceding result for both
Gy = Ggl) and Gy = Ggl), and observe that P_.(X,Y) € Z,[X,Y] as p >
ky — 2. O
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6.2.3.2 The triple product case

The next case relates to L(F; ® Gy ® G3,s). Here there are no Eisenstein
series to contend with, and their role is replaced by the holomorphic form Gj

of weight w = k3, level N3 and nebentypus ¢z = (1¢9) 7.
Proposition 6.12. If G3 € M, (Ng,@/zlwg;R) for a given subring R C C,
then

G = Holw (G2 - 60(G3)) at eachr = (ki — ks — w)/2 € Zxg

1s a cusp form of weight ki, level N and character Un; furthermore, it has the

R[am(Gg) |m e N] -rational g-expansion G(z) =Y~ a(n,G) - ¢", where

a(n,G) = Z ae, (Gs) - Z M ) 5](0(53) ol

n=£2-+€3>0 = =1
and P&fj)(Gg)(X’ m) = Y, B](-T)(m) - X7 € R[X] in the sense of Definition
[6-863)-

Proof. One simply points out that Gy - 5 )(Gg) has the Fourier expansion

(G2-05(G)) )

= Z Z a§2(G2) . Zﬁj(r)(gg) . (47Ty)_j . g2minz
n=0 \n=£2+£3>0 =0

to which we apply the operator Hol,(—), and then repeatedly use Equation
(6.4). The property that G is a cusp form directly implies G vanishes at cusps

too. O

Corollary 6.13. If GY,GY € Sy, (No,10s) and GGV € My, (N3, 1)3)
have expansions in Ok [[qﬂ for a given number field K, if they satisfy respec-

tively

G0 =gl (mod p*?) and Gg) = Ggl) (mod p™)  for some vo,v3 > 1,

(k1—2)!
(k1—2—r)1”

and lastly if the prime p 4 then

Hol, (Gg) : 51(;1)—19—21“ (Gg)))

= Hol (ng) . 5}2?_162_27“ (Ggﬂ))> mod pmin{uz,us}
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provided again that the integer r lies inside the range 0 < r < %(kl ks).

Proof. From Lemma (b)7 51(!;)71@2727” (G:(,)I)) = 6](6711)7]62727' (G:())H)) (mod p*) and
using the Fourier expansions which are calculated in the preceding proposition,

the result follows immediately. O]

6.2.4 The effect of >-depletion and y-twisting

In the following discussion g and g™ denote primitive Hecke eigenforms of
weight £, character v, and levels N and N respectively (note we treat both
p1 Ng(l) : Ng]I and p | NgI) : Ng ) We shall further suppose the coefficients in

their g-expansions satisfy:

a, (g(l)) = an(g(ﬂ)) (mod p”) (6.5)

for all n € N with ged (n, Ng(I)NéH)) = 1. Let ¥ C Spec(Z) be a finite set

containing the primes dividing Ng(I) Ng(]l), but not p.

Definition 6.14. (a) Ifx € {I, 1}, then gg) indicates the depleted cusp form

g(0) =2 an(ed) " € SV w), NE =1em (NP, ] 7)

n=1 ey

where an(g(z)) = an(g(*)) if supp(n) N Y = 0, and an(gg)) =0 if
supp(n) N3 # 0.

(b) For a Dirichlet character x of conductor p"™ > 1, and for each choice
of x € {I,1I}, we define x-twisted cusp forms by ggf) = gM® y and
giy= (Ve x), =l ox

If we set Ny, x = lem (p*™ NE ,N(]I ) then both gE  and gE ) are cuspidal

Hecke eigenforms of weight k and character 1?2, each of whose levels divides

]Yfgx. Furthermore, their g-expansions automatically satisfy

Zx (8") " and gf ZX gl)) ¢
N[

_1
provided that the conductor p™ > max { |Ng) |p 2




107

Proposition 6.15. If gV and g satisfy Equation above, then at all
characters x of p-power conductor and for each finite set of prime numbers

% 5 supp(Ng’ - Ng') — {p}.
gg?x kWN = gg; kWN (modp”) if N27X|N and Ordp(ﬁz7x) = ordp(N),
as a congruence between p-integral linear sums of eigenforms E|

Proof. For a rational prime [, if [ does not divide the level we write T; for the
[-th Hecke operator, while if [ does divide the level we shall use the notation
U;. For m € N coprime to the level, the m-th diamond operator is denoted by
(m) and for an integer d > 1, one writes V; for the degeneracy map (as we did

in Section [6.2.1). Let us begin by remarking that for each x € {I, 1},

gl = g;*)‘ [T a-1Vier Vi) - T[ 0-Ui-V)  (66)

les, les,
1N yngo

which gives an alternative construction of these ¥-depleted, y-twisted cusp
forms. To prove our result, it is necessary to establish that the composition of
operators

()| T a-mvier v T - vv) | ws

k
lex, lex,

1y Ngo g

acting on newforms of weight & and character 1x? preserves the integral struc-
ture.

Fix a choice of x € {I, I}. Let us assume that [ is a rational prime number,
and M denotes a multiple of Ng(;*) such that % divides M. Then for a ‘weight

k’ action,

(1—U1'Vl)'WM = Wy-=U-V,- Wy

= k2. W - Vi — [k .U, - W

! By work of Vatsal [67, Prop 4.5], the canonical motivic periods associated to g(E*)x

and g;*) are known to differ from each other by a p-adic unit, at least in the case where

ap (g(*)) € O(ép.
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because at such a weight, we have W;;, = [k/2 . Wy - Viand V- Wy =

[7h/2. Wi One therefore deduces

(L=U Vi) - War = "2 Wy - Vi = 172 Wy - UF
(6.7)
= Wy - (lk/2 V=R Uz*)

where (—)* indicates the adjoint Hecke operator. Analogously, one calculates
that
(1=T- Vi+ 111 - Vie) - Wy
= Wy —=T-Vi- Wy + 1) - Vie - Wy
= 15 W - Vie = U2 T Wy + 1) TR0 - Wy
as Wayr = 18- Wgje - Vie, Vi Wiy = 1792 Wy and Vie - Wiy = (1) 7 2Wy 2.
We then obtain a string of equalities
Q=T Vi+ 11 () - Vi) - Wy
=" Whaepee - Vie =Ty - Wz - Vi + = (l) - Wiy (6.8)
= " Wiz - Vie = Wi - 177 - Vi + It W - ()" |
= W - (lk Ve =T -Vi+17"- (l‘1>>
and these three lines follow from the respective identities: [~#/2 - Wun =
Wiz - Vi, Ty - Wage = Wy - T and ()" = (I71), applied in consecutive
order.

Returning to the description in , our calculations in Equations (6.7

imply via an inductive argument that

g\ ( I -7 -vi+ 10 Vpe)
k les,
1 Ng
X H (1—UZW))’ WNE,X
les, k
ZHNé*) (69)
= Wi, I (F-ve -1y Vit a7h)
k les,
1N

« H (lk/2 V- 17k/2 . Ul*)

lex,
Ng
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with the level of the W-operator being decreased to

My, = Ny [T1? J] 1" = Naoay x MS)
lex, lex,

NG 1 ngo

for some Mg; € NN Z,;. Under this weight k action, we may factorise

)"
Wi = (ME) W Vi

e(P @y MZ,g
and one readily deduces that

(%)

Wo = (M“))k/2 W@ W
k ME»X - E,g g X N (*)® M(*)

8x
n k/2 " . X
= ()" (vl (6.10)
<*>< OF: —1) v
X *
€g |87 @X ) Mg,

where eg e C, ‘Oo = 1 satisfies g )}k NG = 6() gt (see |53, Eqn

(1.24)]). If we define the algebraic number

* * k/2 n * T 2 *
2§ = ()™ vl (v T

which is a p-adic unit as (nf ,6(g*) € Oép, Equations 1} and 6.10 imply

(%)

8x,x Vo

My o

< T1 (zk~w2—:rl*~w+r1~<r1>>

lex,
1 NgY

% H lk/2 lk/2 U*)

lex,

Wy, = 280 (874 @x )

k

ing”
The right-hand side of the above equation is clearly a p-integral combination

of eigenforms with algebraic integer g-expansions, therefore the left-hand side

(%)

is too. To pass from gy W5, one employs the

Wi, to the cusp form gE X,
k 3,x

identity

o~ \E/2
() _ ()
8ux| Wi = (N / Nm) : (gz,x kWﬁE,X) ‘ VR,

and observes that the quotient N/N27X € NNZ, since ord, (]f\vfgvx) = ord, (N)
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Finally, those congruences asserted in the statement of the proposition now

follow from the system of congruences

X’l(n).an(gg)) = x '(n)- an(g(z)) (mod p")

which hold at integers n > 1 by Equation (6.5]), and the proof is complete. [

6.2.5 Finishing off the inner product calculation

Let us return to our earlier computation of the numerator from Equation (6.1)),

namely we must evaluate
(F} Try n, (Holoo (G - 65(G3)) |, WE) )y, » € €{0,1}

for forms Fi, Go, G5 of level Ny, Ny, N3, weight kq, ko, k3 and nebentypus 1,
o, 3 with 1y - ¥h3 = 7', Throughout we will again suppose that Flﬁ =F
and ¥ = 1.

In particular, after dividing through by the period (Fi, F})y,, one wants
to see how this quantity varies when we replace G5 and G3 with p”-congruent
forms. We shall treat the same two cases as in Section [6.2.3] corresponding to
the double product L(F; ® Go, s) and the triple product L(F; ® G2 ® G3, s),

respectively.

6.2.5.1 The double product case

Assume we are given newforms gV and g™ of common weight k = ky > 0,
common character v, and conductors Ng(l) and Néﬂ). Let us further suppose

Equation (/6.5)) holds for their g-expansions with v = s, i.e.
an (g(l)) =a, (g(ﬂ)) (mod p*?) for all n € N with ged (n, NéI)NéH)) = 1.

We shall carefully select the subset ¥ C Spec(Z) of primes in order to satisfy
the three conditions: (i) supp(N(I)N ) {p} C %, (i) #X < o0, and (iii)
pEE.

Let x denote a character of conductor p"x > 1. If we set N = lem (Nl, N&x)

and 1), = ¥y "2, one may consider gzx‘ W5 and gEX‘k W as belonging to
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the vector space Sy, (]v , wQ); they have p-integral g-expansions by Proposition
[6.15] and their Fourier coefficients lie in some finite algebraic extension of Q.

Now for any integer r in the range 0 < 2r < k; — ko, just as in Equation
one can define

éi”(z) = Ezﬁkrzm (Z> 7703)
where 15 = (11109) ™! = 101 -1 - X2, and the level of the Eisenstein series equals
N. Tt follows for each choice of x € {I, [}, the product of the two modular
forms
G¥ = g\ 04y 0, (Ca) € ME(N. (b))

is such that G™®| ~ has moderate growth at every v € SLy(Z), in which case

k12 Wﬁ)

Let Ok, denote the integral extension of Z generated by the Fourier coef-

ficients a,, (gg )) and the character values y(n), for all positive integers n and

i,

H™ = Hol,, (G(*))

Wy = Hola (&8)], W01, 2 (Ch)

is an element of My, (]v , wzq/zg).

* € {I,I}. Note that in the context of Lemma [6.7, each of the holomorphic

modular forms

HY| US = Hol, (G™)

) . W o Uj_l € My, (Nm ¢2¢3) N Ok x [[qﬂ

can be decomposed into its F}-isotypic and non-Fi-isotypic components via

H )

e—1 _ (%) (x),(L)
U= Y G0 RL Vo HE

d,N,é

No
d|N7

for scalars ¢*. (H) € Ok, If we define M = N/Ns, € NN Z*

AN s using
Proposition one finds that
1 I 1%
gl | Wy = gy Wy (modp”)
k2 k2
and moreover, if the prime p > ko — 1, then Corollary implies
HY = HD (mod p*?). (6.11)

We next apply the results in Section to this pair of congruent modular

forms.
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Proposition 6.16. Ife =0 and G = gg)x : 51(:1)71@27% (Ezl—kz—zrﬁ(z’¢3)) as
above for either x € {I,1} with the prime p € ¥, p > ko — 1 and p{ Ny, then

k

<F1ﬁ7Trljio(HOIOO(G(*))|k1W]%)>No = € pl—LlJ?)(éj) (N(p)>21
= €1 - .

<F1’F1>N1 Nl
<F1|k1VNJ’F1‘k1Vd>NO (6.12)
X c;*])v~(7-l)- ot
4| M e <F117F11>N1
Ny

where N = lcm(Nl,pQ"X, Ng), Ngl)), N©® = {]\Nf|p N and lastly No = p - N®,
(1)

Moreover the congruences ¢ ]\77&(7{) = cg%’é(?-l) (mod p™) hold at integers

N
d| 32
Proof. Most of these assertions follow upon applying Lemma[6.7] directly to the
forms G = Hol, (gg?x . 512?—@—%(&3)) and G = Hol (gg’; . 5,&:)_k2_zr((u¥3)>.
The levels N , N® and Ny are easily determined from their descriptions in

Section We should point out that the g-expansions of HV and HD take

values in Ok, by Propositions [6.10] and [6.15] hence so do the g-expansions

of the Ny-level modular forms HV ‘kl Us~" and H(H)|k1 US~'. Finally, one may

combine Equation (|6.11]) together with the implication
HO = 1O (mody) — WO UE = HO| UE (mod )

to conclude that the F}-isotypic parts of H® |k1 U and HW® |k1 Us~" are simi-
ey — O v
d,N,é(H) =c¢ ~ (H) (modp™).

larly congruent modulo p*2 - Ok, [¢], whence ¢ N

O

6.2.5.2 The triple product case

Alternatively, suppose one is given cusp forms g\, g of weight k,, character
1o, and that their respective levels are Ng(l), Ng(n). In addition, we suppose that
h® h® are modular forms of weight ks = k; — ks — 2, character 13 = 11,

with levels N}(]I) and N}(lﬂ) respectively. One further assumes:

an(g") = a,(g™) (modp™) if ged (n, Ng(I)Né]I)) =1, and (6.13)

S
3
—~
=
—
Il
S

(0™ (modp”) if ged (n, NN = 1. (6.14)
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We shall now choose the set of rational primes Y to satisfy the three modified
conditions: (i) supp(Ng'N" NP NP) — {p} € %, (i) # < oo and (i)

pEX.

Notes. (a) If we construct a ‘suitably large enough’ level by taking

N = lcm(Nl, Ng(l) 7 Ng(ID, N}(II), N}(lll), H l2>

ey

then the Y-depleted forms gg), gg ), hg), h(E]I ) will each exist at this top
level N.

(b) Let K = K (gg, hg) denote the number field generated by the g-coefficients

of the depleted modular forms g(z), g(H) hE and h
(c) We shall write Ok = Ok (gs, hy) for the ring of integers of K (g, hy).

Proposition 6.17. Ife = 1 and G® = gg) '5,?;)_@_27, (h(*)) forx € {I, T} with

peEX, pe (k(fIQQT ; andp t N1, then GU and G belong to ,fogol(N (o ,(’)K)

and they both satisfy Equation (6.12), where H™*) = Hol,, (G(*))’ W]% and
k1

(*) Ue 1 _ Z C Fl‘k Vi + fH (J-)

le

with cf“)v (H) € OK(gg,hg). Moreover the congruences c;)ﬁ (H) =

(]I) (H) (modpmin{uz,l/?,}) hold for d‘%

dNe

Proof. The forms above satisfy h(z*) € My, (N,wg; OK) C ,f;ﬁol(ﬁ,wg; OK)

so that 51(6:)—@—27« (hg )) €N, v_’“kwol(ﬁ 35 Ok ) by Lemma(a); consequently
G(*) = g(E*) ’ 6/2::)—]&’2—27’ (h(*)) < k:l pol (N w2¢3’ OK)

and combining Equations (6.13) and - with Lemma - ) implies the
congruence GO = G® mod pmin{v2s} . From Corollary [6.13 m with G3Y = g )

and G = (Y, it follows directly that

Hol,, (G") = Holo (G™) mod p™™t2#3F . O [q].
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Next we apply Lemma to the pair of cusp forms G = Hol (G(I)> ‘kl W5

W5. By copying the same argument as in the previous

and G = Hol,, (G(H)>

,

proof, the required congruences are a consequence of the implication

H(I) = 7_[(]1) mod pmin{ug,ug} —_— H(I) U;?fl = H(H) U};Efl mod pmin{ug,zzg}

kl kl

and the property that taking the Fj-isotypic projection will respect congru-
ences (because the module My, (NO, (o 1) NOk[q] contains a basis consisting of

Hecke eigenforms whose g-expansion coefficients also lie in the ring of integers

Ox). O



Chapter 7

Variation between the analytic

A-lnvariants

With the technical calculations in Chapter [6] complete, we now use the es-
tablished formulae to study the A-invariant for both the double and triple
product p-adic L-functions. A nice feature of our inner product expression is
that the special values of both types of p-adic L-function can be treated on an
equal footing, using the same ideas. However let us begin by streamlining the

existing notation to avoid clutter later.

Definition 7.1. (a) Fore € {0,1} and an integer r € {0,..., |ki1/2]}, one

defines a linear functional

£ = L5 (0, No, Ni, N) - N2 (N ) — €

by
V() - k1
oy(a_ P 2
LOH) = elp ! (J\]fv 1 ) (%)
(FE T, (Holo ()], W5) ) ,
<F17F1>N1
where F1|k1VVN1 =€ - Ff, and the levels N = p°- N(”), No=p- N® gre

as before.
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(b) At each positive divisor d of Ny/Ny, we introduce the algebraic number

X4(No, Ny) :=
H lordl(No)—ordl(Nl) « H (l + 1) . lordl(No)—l
l|N1 l|N0 l)(N1
CL[ F1
X
H Cthz,d H 1 + ¢1
”le le
| N1 lle
% H altl,d(Fl) —lkl_QaltLd—Q(Fl)
e 1+ 1/]1([) <1
lﬂﬁ
UN,

with the exponent t; 4 := ord;(No) — ord;(dNy).

For instance, using these definitions above along with Corollary [A.2] one

may repackage Equation (6.12)) into the more succinct form

LEGW) = 37 &L (1) - Xa(No, V) (7.1)

where H®) = Hol (G™) ‘kn W};’E at either choice of x € {I, II}.

The Xy4(No, N1)’s each have bounded denominators, and are independent
of G™®. Furthermore, if G*) = g(z*)x 5,(;;)7,%7274 <El:1—k;2—2r,ﬁ(z’ ¥3)) or if G =
(gg ). 51(;1,)%27% (hg )))‘ W, corresponding to the double product and triple

k1
product cases respectively, then the scalars c;*z)Vé(H) are algebraic integers

which are congruent to each other as one switches between x =1 and x = 1II.

Although we shall treat the double and triple product separately, the un-
derlying methods are basically the same. In both situations F}; = f will be a
weight k; newform of level Ny, p { Ny and nebentypus 11, where f* = f and
¥? = 1. In addition, it is now necessary to assume that the cusp form f is

ordinary at p.
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7.1 The double product p-adic L-function

For two eigenforms F and G of weights k1 > ks and characters ny, 1., the
L-function attached to F' ® G equals
C(s)T'(s+1— ko)
(2m)2e (7.2)
X ((2s 4+ 2 — k1 — ka,mme) - D(s, F, G)

U(s, F,G) =

with Re(s) > 0, and this admits an analytic continuation to the complex
plane. We write Ux(s, F,G) for the L-function stripped of Euler factors at
primes [ € X.

Throughout assume we are given newforms gV, g of weight ks, character

1, with conductors Ng), Néﬂ) respectively, and which satisfy:

an (g(l)) = ay, (g(n)) (mod p*?) for all n € N with ged (n, Ng(I)NéH)) =1.
We again choose the set ¥ so that supp (Ng(I)Ng(H)) —{p} C X, #3 < 0o and
pgX.
Proposition 7.2. If x has conductor p™x > max{!Ng)’;%, ‘Ngl)’;%}, then

7,0 * r * -
‘Cg ) <g§),)x ’ 5](61)—k‘2—2r <Ek1_k2_27‘j\7(27 w1¢X2)>)

(NyR TRy .
T a2 )kt b

X(2k17k2727‘72)+1

\IIZ (kl —1- T, f7 g(*) ® X)
(2mi) k2 - (f, f>N1

X

at each integer r in the range 0 < 2r < ky — ko, and for either choice of

* € {I,1}.

Proof. Recall that 15 = ¢, -1+ x2 and also N = lem (N, NE,X) = p® N®_ An

essential starting point is the following formula E| of Shimura [60, Theorem 2],

(—=1)7(4m)1 1 - T(ky — ky — 2r)
F(lﬁ —1—T)'F(]{?1 —]{?2—7”)

X <f1:17 gg)x ' 5153:)*@*27' (EZ1*IC272T,N(Z’ w3)> >]v

D(ky—1-rf.gl) =

'His normalisation of the Petersson inner product differs from ours by vol (Fl(ﬁ )\b) -
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where E;—kQ—zr N<Z’77) denotes the C*-modular form defined in Equation

1) and D(s, f, gg )x) coincides with the »-depleted convolution L-function

Dy, (s,f,g;*)) = Z an(f)an(g(*))x(n) -n~ % Re(s) > 0.

n =1,

supp(n)NT =0
Reconciling the different normalisation of Eisenstein series in Equations (6.2

6.3]), one may rephrase Shimura’s identity above into an equivalent form

() 5(r) *
<fﬁ’ gEvX ' 5k1—k2—27" (Ek1—k2—27’,]\~/(27 wS)) >N

~ ky—ko—2r
2

_ =) N
T (dm)ml 2(2mi)k ke

X F(kl—l—r)F(kl—kQ—r)

x (k1 — ko — 2r,03) - Dsy(ky — 1 — 1, £, g;*))
— (472 ki—1—r (—1)?” NW
- ( " ) . (4m)kr—1 ’ 2(2mi)k1—ha=2r

x Uy (ki —1—rf,gl).

In fact, the terms directly before Us(---) can be simplified to (2i)k=* .
~ky—ko—2r

N;rlf_kQ , which means that if G®) = gg)x . 51(;;)%27% <Ezl—k2—2r,ﬁ(z’ wg)) then

(£, G) _ N y Uy (ks — 1 -1, f,g0)
(£.£), 2(2i)k k2 mik (£ 6)

Focussing on the left-hand side, since G®| ~ has moderate growth for all

{
k1
v € SLy(Z) it follows from Theorem that

(£4,G0) < _ (£, Holoo (G™)) _ <fﬂ,Trﬁ/NO(Holoo(G<*>))>No
<f7f>N1 (f,f>N1 (f,f>N1
and so by Definition [7.1|(a),

k

1
: NMOAEE gl iG]
(R0) ()| _ -1 G1=DE= N@E\ 2 /Ny (f*, G <
b (G ) ar (Nl Ny 8 <f,f>N1

k

~ M
L meaea , ([N®Y P /NG
e 61 .p 2 . . E—
Ny Ny

~ ky—ko—2r

% N~ 7= \I]E(kl_]-_rafug)((*))
2(2i)kr—kz . ml—ks . <f7 f>N1

Provided that p?™* > max { ‘Nél) };1, ‘Ngl) ‘;1}, the p-part of the level of both

cusp forms g(ZI?X and gg

) ~ ~

 equals p¥™: thus é = 2n,, N = p?* - N® and
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Ny =1p- N®, Substituting these values into our formula, the result follows

after a clean-up. O

Let K be the number field generated by the Fourier coefficients of £, gV, g™,
Since the newform f is p-ordinary, we can factorise its Hecke polynomial at p
into

X% —a,(£)X + i (p) - pP Tt = (X — ap) (X — Oz;)
where |Ozp‘p = 1 and |Oé;)‘p = p'™™ < 1. Now applying the results of Hida
and Panchishkin [37, 53], for each choice of x € {I,II} there exists a p-adic

L-function L, (f ® gg)) € Okp [[Z; ﬂ [1/p] interpolating

)2 . iy (k2+2s—1)
S * n T X -p
XTp (Lp(f®g(2))> = (p)™ - e, 2n
(—1)*-ap™
U (ky + s, £, gl
< A ) - et D)

(2mi)t—k2 - (f, f>N1
at all integers s € {0, ...,k —kog—1}. Here 7(x) = f:(l x(7)e? /7™ denotes
a Gauss sum for y, and the p-Euler factor term A(s,) is equal to 1 whenever

x # 1.

Remarks. (i) If one changes variable by instead setting s = k; — ko — 7 — 1,
then for x # 1 the above becomes

ny (2k1 —kg—2r—3)

—2
X, (Lp (f b2y g(z*))> = P(p)"™ - Tgf)l)kik?_r_l 2

U(ky —1—rf,g0)
(2mi)! = - (£,£)

(ii) The formula in Proposition can similarly be expressed in the form

(N(p))k1—k2/2—rN1_k1/2
€12 (20)k—1

Ty (2k1 —ko —27"—2)—‘,—1

£6) - y
Uk —1—7f,g0)

(2mi) k2 - (f, f>N1 '

iii) Consequently, (—1)%- xz3( L, (f ®g(*) =p 1.2, x L9 (G®)) where
P p 2 X f

- (@D(p))nx. 7(X)? a2 (20)ki-1

—rx T 0412) an (N(p))kl_k2/2_rN1_kl/2

is actually a p-adic unit.
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One can split the Iwasawa algebra up into F-eigenfactors
p—2 p—2
Okp [[Z::ﬂ = EBO Okp [[1 +prﬂ (wd) — EBO Okp [[Xﬂ (wd)
= =
where the last isomorphism arises by sending 1+ p € Z; to the polynomial
X 4+ 1. For each j € Z and x € {I,1I}, we will write Lp(f ® g(z*)7wj) for
the image of the Hida-Panchishkin p-adic L-function inside the w’-eigenspace
Ok yp [[X ﬂ [1/p)(wi)- Let us also choose a local parameter, @, for the discrete

valuation ring Ok ,,.

Theorem 7.3. At each j € {0,...,p—2}, let us define ugﬁ to be the minimum
ofuw(Lp(f®gg),wj)) and ,uw(Lp(f®g(ZH),wj)). If the prime p > ki — 2, then

one obtains a congruence of X-imprimitive p-adic L-functions

L,(£ @ g ) =L, (£ @ g’ ) mod =+ 8. 0, [[X])

where the ramification index ¢, € N satisfies (w)® = p- Ok,p.

Proof. We first pick an integer s = k1 —ko—7r—1 > 0 to Tate twist by. Consider

the Oc,-module, LU, generated by the special values £1(f’0) (ch*)) where for

1 1
any non-trivial character x conductor p™ > max{|Ng(I)|p %, Ng(]l)|p 2} such

that x

« = w! we define
FP

GO =gl 00 o (B, o s (2 000%) € MR(N, ).

Using the identity xz; (Lp (f® g(z* ))> =+p =, -L'ET’O) <G(*)> in Remark (iii),

_ . ()
and also because ’Er,x’p b 1, it follows that L") = oot Oc, where

,ug]% :*g&%} {uw(Lp(f(@gg),wj))} €ZU{+o0}.

From a naive perspective only three possibilities can ever happen:
(a) LU = {0},
, () ;
(b) LUM = i -Oc,, with /i%,]]} # to00, or

(¢) LU =,
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In case (a) one has L,(f ® gg),wj) L,(f ® g(]l) 7) = 0 and therefore
fie (L (f ® g(z* ) Wi )) = 400, so the congruence is vacuously true and content-
free. On the other hand, if we are in case (c) then p (L,(f® g(*), w’)) = —oo0,
which would then imply that the w’-branches of L,(f @ g( )) arise from an
unbounded p-adic measure — this directly contradicts the work in [37, 53] and
so never occurs!

This leaves us to deal with the interesting case (b). Recall from Equation

(7.1)) that the linear functional degenerates into a finite sum

LEO(G) = Y che ) - X4(No, N1)

le

where ’ch*) = Hol, (ch*)) W5, and the X4(Ny, N1)’s are independent of ch*)

y

Applying Proposition [6.16] one has congruences
I __ (1 v
Ve (Hy) = (H,) (modp™)
at every d‘ % and finite order character x on Z,. As an immediate consequence

T, T, (9 1%
LENGD) — £EV(GW) e wortrn g Op

X

ie. xz, <Lp (f® gg)) -L, (f®gg))> € wirrrth Oc, at almost all Character

X2y — @; such that x

X = w’. The rest now follows by p-adic continuity.
P

O

Let us instead consider primitive versions of these double product L-functions,
namely L, (f® gV, w’) and L, (f © g™, w’) which belong to O ,[[X]] [1/p](wi)-
For either choice of x € {I, 1}, they are related to their 3-imprimitive cousins
via

L(fogd o) = L(fog” w)x [[ Bfeg® w) (13)

lex

where each Ej(f @ g™, w) € OKP[[X ﬂ p-adically interpolates the Euler factor

Ll(f Qg™ ® yw, s) as x ranges over finite order characters on 1+ pZ, C Z.

2This containment is also true for the missing characters, which can be seen by exploiting
the p-adic density of finite order characters xy with X’[FX = w’ inside the parameter space
P

1+ pZy.
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Definition 7.4. At each primel € Spec(Z) and any branch j € {0,...,p—2},
let us define the non-negative integer el(*) (w?) to be the A-invariant of the Euler

factor Bi(f @ g™, w?).
Theorem 7.5. If the prime p > ki — 2, then

ML, (Fogh w)) = AL,(fog®,w)) + Y ePw)—el’ (W)
1INg" NP
Proof. Firstly, we note that the Euler factors E;(f ® g™, w?) in Equation ((7.3))
for primes [ € ¥ each have unit content, and therefore possess a trivial u-
invariant. If ,ug]% € Z U {400} denotes the minimum of the p-invariants for
L,(f ® gV, w’) and L, (f ® g, w’), then by Theorem [7.3 one has
e M Gy —p) m epvo

w L, (f@ gy, w’) =@ - Ly (f @ gy, w’) mod @2 Ok, [ X]].

Moreover as ¢, - o > 1, we can then deduce that
MLy (f @ gy o))
4 gE ,CU

— rankegyg (oK,p [X] /8Ly (£ 0 g0 ) >)

_ rankeyg (om ] /(88 L (0 g ) >)
=AML, (foey,w’))
where F = Ok, / (w) indicates the residue field. Finally, using Equation ([7.3])

in tandem with the additivity of the A-invariant, clearly one has a relation

)\(Lp(f®g(£),wj)) = )\(Lp(f®g(*),wj)) + el(*)(wj).

The result follows upon observing that e!” (w?) = (" (w?) at any prime [ €
such that [ { NV NSV, because here E;(fog®, w?) = E(fog®, w?) mod w2,
[

7.2 The triple product p-adic L-function

At the risk of bombarding the reader with too many superscripts, suppose that

we are given two primitive [;-adic triples

(F1,GO0 GOO) and  (F,, GAM, GEHD)
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where Fy has level N; = €}, and the families G ® have level equal to C’i(*).
Assume there exists a one-dimensional subset (i.e. line) V C X; x X5 x X3 in

the parameter space, such that for all unbalanced points Q@ € V' N 1{71;1:

9 (an(GP0)) = Q (4, (GHM)) (modp) if ged (n, (L") =1, (7.4)

9 (an(G)) = @ (au (GHM)) (modp) if ged (n, (V) = 1. (7.5)

We also suppose the image of the specialisations ¢y : R — € ocynxFl 9Q(R)
= R

glues into a one-parameter algebra, IV = ¢,(R), of finite-type over Ay;.

V)

wt

Let us write py,y € Z U {—00,+00} for the minimum of the (weight) u-
invariants associated to ¢y (Lp (Fl, G G(3)’(*))> € IV over both choices
of x € {I,I}. The theorem immediately below is the primary technical result

in this section.

Theorem 7.6. If both triples (F1,G®W G®W) and (Fy, GBW GEHD)
satisfy Hypotheses (T1)~(T4), the congruences (7.4)-(7.8) hold for va,vs > 1,

the points Q € %71';1 with p { (k(fli);)! are dense in Spec(IY), and if ¥? = 1,

then
by (vaz(Fh G0, G(3)7(U)> = by (Lp,z(Fl, GOm, G(3),(11))>
modulo p“gv?min{”%"ff} 1Y, where the finite set ¥ := supp (C;I)C’Q(H)Cél)(?én)).

In particular, this is equivalent to Theorem (1) stated in the Introduc-
tion. Moreover let us recall that the Y-imprimitive p-adic L-function factorises

into

L,s (F1, G(Q)’(*), G(BM*)) - L, (F17 G(Z)’(*), G(3)’(*))

< [[E” (F1.G®,G)

ey

where E?(—) interpolates L, (Fi(m) ® G@®(m) ® G®W(m) @ yg ,%) on

%71;1. Applying an identical argument to that used in the proof of Theorem
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Ao gy (L, (Fy, GO0, GO0) )

+ZAW%¢< )(Fy, G ,G<3>))

lex

_ Ao gy <LpZ(F1; G@-0. G<3>7<I>)>
by 78] yw o¢v< o (F G(2>,<H>7g(3>,<n>)>
_ Aoy (Lp(Fl, Gm. G(?’)’(H)))

+ 3 XMooy (BY(FLGR,G))

ey

and Theorem [6.6](ii) now follows as an immediate corollary.

Remarks. The strategy we adopt to establish Theorem has three steps:

(1) At each point Q € %71;1 and * € {I, [}, we will express the special value

Q(Lzlm ®) G (*)) in terms of Q <a1 (77F1 I, - Trgc, (Haux( ))>) Note

that by construction, both of the ¥-depleted families
H;ux’(*)g S (N7 %Ul,(p)a?); L) @, R

exist at the top-most level

N :=lem | O, C5P, PP T2

ey

(2) By replacing the original triple (Fl,Gg)’(*),Gg’)’(*)) with the twisted

triple

(F1 @ (M) ™2 a0 @ (o m )2 g,

we relate 9 (Ch (77F1 Ip, - Try e (Haux (*))>) to the special value of our

functional £37") (Q(Gg)’(*)) o) <Q(GS)’(*))> ‘??) with Fo = Q(F;)®
(w2l = (kg kg ks), 7= (k1 — Ky — ks)/2, and ‘77" a

combination of Hecke operators.

(3) Finally, upon exploiting the congruence preserving properties of the lin-

car functionals £\ ) ( |77) and the Zariski density of ¥V N %R inside
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of Spec(I¥), the mod p™™¥2#}_congruences between Q(HE™") and
Q(HE™™) will produce mod p* wi+min{v208)_congruences between the

respective triple product L-values.

Step 1: Expressing the special value g(LFl ) in

GO G
terms of O <a1 <?7F1 I, Trg e, (H;ux’(*))D

Let us begin by reviewing the important properties of H*®)  In fact this

family is obtained from a secondary R-adic family, H"®®)  through

Haux,(*) — Z (_1)#1 . 77017(10)(711/d1)<n1/d1>]11d1 o Hord,(*)
Br(F1) - nr

Udl/n[

1cxih
where definitions of the sets I, 211178 and the positive integers ny, d; can be found
in [28, Sect 4]. Each g;(F;) € I is a distinguished root of the polynomial
X? — q(F)X +¢1(1) - I7'(l)1, at the primes l|ClC§*)C§*), in which case the

denominator f;(Fy) - n; must be a unit.

Definition 7.7. The operator T?\‘,{’I‘;l € Endy, (Sord (N, 1/11,(13@?0);]11) 1, R) 18

obtained via the formula

V1w (nr/dr){nr/di)1,
BT, = 3 (H e o H| Uiy o
N,Fq Z ( ) 6I(F1) Y di/

ITb
rcsit

If we instead deplete our families by omitting the ¢"-coefficients involv-

aux, (*)

ing those integers n such that supp(n) N X # 0, then analogously Hy, =
H%rd’(*)‘ T3, Now by its very definition,

F . _ aux’(*)
LG(;)'“),GS)’(*) = aq (77F1 ’ 1F1 ’ TrN/Cl (HE ))

(e.g. see [28] §4.2.5]) where np, € [; generates the annihilator of the congruence

module attached to Fy, while 1§, € T (Cl, Ur; ]11) @, Frac(Iy) is the idem-

mFl

potent elemen which cuts the F;-isotypic part out from S°¢ (C’l, ¢1,(pﬁ§p); ]Il) :

#Hsieh and Fukunaga consider iz and 1; where F, = Fl‘ [1/)%” )] ; however our condition
¥? = 1 implies F; and F; share the same character, so we suppress notation and ignore this

switch.
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Therefore at every Q € %71?31,

F
Q<L 12 * 3 *)
=2\ Fe@ @ g®t)

(7.6)
001 m) ¢ @ (o1 v (7

)

and the next stage is to relate the right-hand side of this to our functional.

Step 2: Relating O <a1 (77F1 1, 'Tlf’ﬁ/c1 (H;ux’(*)») to [’gfl)

Before we can proceed further, a word of caution: for a fixed unbalanced point
Q € X&', the specialisation Q(F,) = o) (Fy) has the character kP
which in general is not quadratic. Consequently the theory we developed in
Section |6.2| cannot be directly applied to the classical eigenform Q(F).

To salvage the argument, we replace the triple (Fl, Gg )’(*), GS )’(*)) with its
modified version <F1 2 (wfku)(m)eg))fm’ G(E2)7(*) 2 (wfk(l)(m)eg))l/{ G(EB),(*)>7
which works fine for even k() (m). If the original triple satisfies (T1)(T4), it

is easy to check the modified version does too. Furthermore, it follows readily

that

Fla = Q<F1®(w_k(1)(m)€£}b))_l/2> € Sk(1)(m)(pcl,1/11;OK7€5711))

must be an ordinary p-stabilised newform. If ) (m) > 2 then we can assume it
is principal series at p, in which case F(z) = Fi(2)— ¢ (p)pF" ™oL Fy (pz)
where the underlying newform Fi € Sya) () (C’ 1, wl) is exactly as in Section

6.2

Remarks. (a) If kM (m) = 2 and F® is Steinberg at p, then F® = [} is
already a newform of level pC}, and we cannot apply the calculations in

Section to it.

(b) Replacing (Fl,Gg)’(*),Gg’)’(*)) by the modified (twisted) triple above
has no effect on the triple product L-function as the Galois representation
is unchanged, however LGE)’(*),GS”)’(*) is essentially a square-root so it

might flip its sign around.
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@) GEM) one

By the previous discussion, after first modifying (F Gy,
may then assume F}* = Q(Fl) has exact level pC and character 1y, such
that ¢ = 1. To simplify the notation suppose that we have fixed a point
Q € X3, and define (ki, ko, k3) = (kW (m), k@ (m), k¥ (m)), Ny = C, and

N; = pe(i) (M)C; for i = 2,3. We shall also require the depleted Hecke eigenforms

g = Q2 () and i = QU (GPY)| 0

ms £
— /2

in the context of Section|6.2.5, where ©¢g = 1 (, ~(k—k2—ks)/2, (e,(ql,,) 6,@6@)
and the twisting operation ‘ — | ©g’ sends fo:l Cn-q" = Y cnOg(n) - ¢

Lemma 7.8. If Q is unbalanced of weight (ky, ko, k3) and ky € 2 - Z>o, then

2(611(11?1 Ty N (H%rd’(*))»

r,1 r
B

L. Y1(p)
Zid— .U*
k1 (p ' P U
with ug € Og  independent of x € {1, I}, and U, the adjoint of U, at level N.

Proof. We start by using a convenient formula of Hida in [37, Lemma 9.1],

which implies that the specialised coefficient

(@ e (™), W)

Q<a1(1F1 Ty, (HH )))> - (Q(F ) é

Here the idempotent e = lim,, o U and Q(F1) = F{* as before, while from

’k N>JV

[28, Lemma 4.2.3] we know that Q(Hs: HY™) ) coincides with

3 —ms3

= e Hol (g6 of) (n)

eord . HOIOO (Q(?) (Gg)v(*)) TQ) Q(3 ( ))’ @Q)

WlthT:Tg: (kl—k’g—k’g)/Q

As an immediate consequence, one deduces that

9o (s, Trg, <H;fd’<*>>>>

(rsem i (5 108) | 13)
<(F1a)ﬁa Flalkle\7>1\7
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To deal with the denominator first, applying [37, Lemma 5.3(vi)] it can be

shown

((F0), P, W) = (DR (Y], W FT)

2-k1 5
- <—1>'ﬂp<T> w- (PR,

where the term u; is composed of Euler factors/Gauss sumﬁ, and is a p-adic
unit.
To study the numerator term, if we write ‘gh’ as shorthand for g(z* ).

(5(T ( ) then because the p-stabilised newform F}* is p-ordinary,

((F)F, e - Holy (gh) |, Wy) 5
= ((F{")*, Holy (gh)

VB (Fp)t g, Wiy

‘k1WZV>J\7

¢1(P) it

<F1,gh}k1WN>1\~]— <F1|k1‘/;”gh‘k >N

k-1

and the last equality follows since (F'®)*(q) = Fi(q) — % - Fi(qP) if

ki > 2. Now (Fi|i, V. gh|, Wg) 5 = p " (F1, gh|, WgoU,) s while WgoU, =

N~
Uy o W, in which case

<(Fff)ﬁ, ¢ - Hol., (gh) |, Wﬁ>ﬁ
- (A,

Therefore, combining together the numerator and denominator calculations:

. (id _ ) U*) ° Wﬁ>ﬁ

pa P

Qo (1, - Trg, (HZ)))

) <F1’gh‘kl (1-52 ;) Wﬁ>ﬁ
(=1)Fu <F1’F1>N1

On the other hand, carefully rearranging the factors in Definition (a) one

I fact, the term w; = 7(p)® Yoo (—1)- W' (F{)-S(P) - [Tgex, 7(1" 7" ™) Tlyex %
in the notation of [37, Section 5]; one then carefully checks each individual term is a unit of

Oc

P
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finds
@\ *
(r1) . _Zﬁl(p)' x 1 (B2 NN
£F1 <gh k1 <1d pa UP)) = € p 2 N1
(o, a5 5)oms),
<F1’F1>N1

@\ 3
and then setting ug := €;- <A]f\‘}1 ) =1k ute Og, . the result is proven. [

Of course, we want the value of a; (ng, - 1r, “Trg v, (H;ux’(*))) at a point Q
not the value of a; (1g, Trg ), (H%rd’(*))) at Q, but they are closely connected.

Comparing the preceding lemma with Definition [7.7], at even weight k1 > 2

2(&1 (nF1 : 1F1 ' Tr]v/Nl aux *) > 2 ml nFl)
2

(s 800)], Qe o (3o 2 5)).

pro

Moreover by its construction LE;M*LGQM = (77F1 g, .TrN/N1 (H‘aztux,(*))>7
and so we may summarise the various calculations of Step (2) in the following

way.

Corollary 7.9. If Q € %71;1 has weight k = (ki1, ko, k3) and k1 € 2 - Z>o, then

the special value of LE@),(*) G®:() at the unbalanced point Q s equal to
= Y

(07

b g Q1) (e, ) <4 (gg> A W), ory) o (pia - L U;)) .

N.B. The operator Q(T%D;“) o (p -id — wla(p) . U;) is ‘22’ mentioned in the

remarks after Theorem [7.6,

Step 3: Proving the congruences

The final task is to prove the congruences for Llc?;g)’(*),(;g)*(*) by reading them off
at enough unbalanced specialisations Q which are Zariski dense. An important
initial observation is that

F _ -1/2 .F ~-1/2
£G1<2>,(*)7G<3),<*> - (—101,(;))(—1)) L 1(2) ) @ X H fi
= = [N
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where the factors f; € R* are given in [28, Prop 5.1.4], but are not re-
quired here. Thus to prove a congruence for the £21<2),<*> G(3>‘<*),S over the
= Y
one-dimensional set V), it is necessary and sufficient to show the same congru-
ence for the ng%“),eg%“/& Because each ﬁk(;l(;)’(*),cg’)’(” is a square-root, one

has an equality of p-invariants

o gy (Lp (F1, G, Gg)’(*))) =2-pogy (le;l(z),(*) G(:s),(*))
b)) (b

at either x € {I, I}, which means Q(LS@),(*) G(3)7(*)) takes values in p“wt/ -Oc,
3 L

for all Q € VN %%1. It follows directly from Corollary that for each

* € {[, I},

r,1 * r *
£ (g;> A ()

R (s U;)>

V)
lies inside Qﬁi (771:1) ! 2+“Wt /2 Oc,, provided that @ € VN %Fl with ki €

k1

Q'Zzg.

Remarks. (i) By Equation ([7.1]), the functional values below degenerate into

£¥171) <gg‘) 5( ) Z C Xd<NO7N1)

where Hy:) = Holo (g6, (i) |, W2 = (—1)" Holo (g-6; (bg)).

(ii) Applying Proposition |6.17| at divisors d| ~- and if pJ( (kl 2)) one has

dNe<HE): IV[J)q,’é(HE) (modpmi“{’/%%})_

Since the composition of operators Rg = Q(T?\}"]‘?l) o (p -id — wl(p U*)
does not introduce any new denominators involving p, it follows from these

remarks that

Jai < 050 ()

r1) I r *
o) — L5 (gl o) (0 .
1

belongs to Q,(ﬁz( N )_1102“’“1“{""’’l’i“’}Jr“Wt /2 Oc, at all the points @ € VN .’fFl

%o)

(k1 —2)!

satisfying ky € 2 - Zsy and p 1 Fi—a=rg)l" Reversing the previous chain of

reasoning,

Fq Fi min{vs, u3}+uw )/
Q<LG(2> I G(3 (*)) Q(LG(2 )>(I) G(3) (*)) cp t/ OC
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hence both Q(Lp (Fl ® Gg)v(l) ® GS)’(I))) and Q(Lp (Fl ® Gg)v(ﬂ) ® Gg’),(ﬂ)))
are congruent to each other modulo p“vov}thrmi“{”?”’?’} .

Lastly as p # 2, we use the density of those @ € VN %f{ with p 1 (kl(g—’j)'g)l

and 2|k; inside Spec(IV) to obtain the full congruence, and Theorem is

proved.



Appendix A

Determining the ratio <f“?}hff>|vn>

explicitly

We will derive a useful technical result relating the value of (f|V,,, f|Vi.)um to
(f, [)n where f € Sg(N, 1), m and n are positive integers, and M is a multiple

of lem(Mm, Mn). We assume that f has rational coefficients so that f* = f.

Applying [60, Lemma 1],

(Ve dVodyy _ o (DO Vo 11V
) T D(s, f*, f)

where the L-series D(s, F,G) := > > a,(F)a,(G) - n=* for Re(s) > 0. Be-

n=1

cause f? = f, we may factorise the ratio of L-functions above into

D(s, f*|Vin, f|Va) ( mn ) H % g (f) aee (f) - 177
D(s, f%, f) ged(m,n) ZJ o (f)? - 177

lmn

where m’ and n’ denote the positive integers satisfying m = m’ ged(m,n) and

n = n'ged(m,n), and the integer exponent ¢; := ord;(m'n’) > 1.

Lemma A.1. If the prime | divides into m'n’, then

| ap (f) if 1| N

Ximo w(F) () 0L e agal)
> im0 (f)? 177k o)1 if 1{ N and t; > 2
1+Zl((zj)c.)z—1 if L1 N and t; = 1.
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Proof. At each prime [, let us factorise the Hecke polynomial for f into X? —
a(/)X+v()-1F! = (X —aq) (X —«}) where we choose o) = 0 if [|N. Quoting

verbatim from Equation (3.1) of op. cit., for any integer ¢ > 0:

(o)

Yi(s) x Zazj(f) ap+e(f) - 177°

ar(f) — ap—1(fa(foue] - 175 + ap—=2(f) (oqa))® - 172 if ¢ > 2

= Ya(f) —a(f)oua) - 177 if t=1

1— (ayap)? - 172 if t=0,

\

and the Euler factofl] here is defined by
Yi(s) == (1—af - 1) (1= - 17°) (1 — ey - l_S)Q.

Putting s = k and utilising the identities oy +a) = a;(f) and oya = (1) - 1M1,
the required quotient can be readily computed from this expression at t = ;.

We will leave these details as an exercise for the reader. O

Corollary A.2. For any positive integers m and n, and M a multiple of

lem(mN,nN), one has the identity

gt = (o)

> HlOrdl(M)—Ordl(N) > H (l + 1) . lordl(M)—l

Ny 1M, lJ(N

X H altl H
1

llm/n’ l|| 'n’ +¢

I|N
% H altl - l altl (f)

1 + WP(l)
H’N

In general, given two distinct cusp forms F = Y7 a,(F)-¢" and G = Y o7 an(G)-¢",
the Euler factor Yi(s) = (1 — oy - 1) (1 —auf] - 17°)(1 — )5y - 17°)(1 — o8] - 17°) where
ag, o (resp. B, 5]) denote the Weil numbers of F (resp. G); moreover the actual formula
for E;io a;i (F) ap+¢(G) - 177¢ involves oy, o, B, B, and only simplifies to the above when

F=g.
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Proof. The result follows upon splitting up the quotient into a product

1V Vb _ V1), 4500,
FhHy  Fhu (f: F)x

and using the above lemma to compute the first ratio, whilst it is well known

that
HZ|M lordl(M) 4 lordl(M)—l

<f7f>M _ [F()(N) : FO(M)} = HZ|N Jordi(N) 4 Jordi(N)—-1 ~

(i F)n




Appendix B

Tables of L-invariants for elliptic

curves

We have only considered elliptic curves F,g whose conductors are divisible by
4. We first treat the curves with D(F,1) # 0, and then the six exceptional

curves with D(E, 1) = 0.

B.1 Tables of L-invariants for elliptic curves E

with D(E,1) #£0

Tabulated below are the values we computed for both the derivative of the
imprimitive p-adic L-function L;mp(SmeE, s) at s = 1, together with the
corresponding L-invariant term, for the elliptic curves E with D(E,1) # 0.
If the elliptic curve E is already a quadratic twist of another (earlier) elliptic

curve listed in our tables, then we omit the L-invariant data for £ completely.

The reader will notice for the elliptic curves of conductor 32 and 36,
which have complex multiplication by Q(\/—_l) and Q( \/—_3) respectively, that
L,(Sym?E) coincides with log,(a 2) in agreement with the Ferrero-Greenberg
formula. However if £ has no complex multiplication, this identity no longer

appears to hold in general.
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E = 20al, Cypep = 102, 81 = {2}, Egymzp = &

p  ay(E)  LM(Sym’E,1) L2 (Sym®E)

3 -2 PP+ 2 20" + 208 +O(") PP+ 20"+ O(pT)

7 2 2p +2p* + p* + O(p*) p+2p* +p* + O(p*)
13 2 11p + 2p? + O(p®) 12p + 12p% + O(p?)

E = 24al, Cgyp2p = 122, S1 = {2}, &symzp = 2

P ap(E)  LyP(Sym’E, 1) L3 (Sym”E)

5 -2 202 +p3 +pt +0>(p°) 3p? +2p° + O(p°)
11 4 6p +8p” + O(p%) p+0(p’)

13 -2 7p + 9p* + O(p?) 9p + 4p? + O(p?)

E = 32&1, CSyrn2E = 82, Sl = {Q}a §Sym2E =1

D ap(E) L;mp(SmeE, 1) ,C;“(SymZE)
5 -2 3p+p2+2p° +4p* + O(p°)  4p+3p? + 3p3 + 3p* + O(p°)
13 6 p+9p% + O(p?) 4p + 7p* + O(p?)

E = 36al, C’Sysz = 627 S1 = {273}7 £Sym2E = %

P ap(E) L;mp(SmeE, 1) E;“(Sym2E)
7 —4 6p + 3p? + 2p° + O(p*) 2p + 3p? + 2p3 + O(p?*)
13 2 p* +O(p?) p* +O(p?)

E = 40al, Cgyp2p = 202, 81 = {2}, Esym2E = 2

P ap(E) L;mp(Sysz, 1y Egn(Sysz)

7 —4 p+6p® +O(p*) p+4p® +6p° + O(p?)
11 4 5p + 4p? + O(p?) 10p + 3p* + O(p?)

13 -2 10p + 2p? + O(p?) 11p + 11p? + O(p?)

B = 44al, Cgyp2p = 222, S1 = {2}, Egymep = &
P ap(B)  LIv(Sym’E, 1) £3(Sym’E)
3 1 2p° + O(p%) P>+ p° +0(p°)
5 _3 Ap+2p2 +pt +0(p°)  2p+3p3 +3pt + O(p)
7 2 3p + 5p® + O(p*) 5p + p* + O(p*)

13 —4 3p+p* + O(p?) 9p + 11p% + O(p®)
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E = 528.1, CSysz = 2627 Sl = {2}7 §Sym2E = %

p  ay(E) LM(Sym’E,1)  L2(Sym’FE)

5 2 4p + 2p* + O(p®) 2p + 2p3 + 3p* + O(p°)
7 -2 p*+O0(p") 4p* + O(p*)
11 )] 10p+p>+0(p*)  5p+9p% +0(p?)

FE = 563.1, CSysz = 282, Sl = {2}, fSysz =2

p  ay(E)  LM(Sym’E,1) L2 (Sym®E)

5 2 p+p*+2p° +0(p*)  4p+2p° +O(p*)
11 —4 p+O(p?) 2p + 10p? + O(p?)
13 2 9p + O(p?) 6p + O(p?)

E = 56b1, Csysz - 282, Sl = {2}, é-Sysz =2
P ap(E) L]ig’““p(Sym2E7 1) L£on (Sym?E)

3 2 2p + p* + O(p°) 2+p* 4+ 0(p*)

5 —4 3p+p? + O(p?) 44 2p+ 0(p?)

FE = 763,17 CSmeE = 382, Sl == {2}, gSmeE = %

p o ap(E)  Ly®(Sym’E, 1) LiM(Sym’E)

3 2 1+ 2p+O(p*) 1+p+2p?+O0(p?)
5 -1 4p + 3p? + O(p?) 3+ 2p+ O(p?)

7 -3 P’ +0(p?) 6p* + O (p?®)

11 5 5p + 4p? + O(p?) 9p + 4p? + O(p?)
13 —4 dp+9p*+0(p®)  12p+3p* +O0(p?)

E = 84al, Csymep = 42%, S1 = {2}, Egym2p = &

D ap(E) L;mp(SmeE, 1) Eg“(SymZE)
11 —6 5p + 3p? + O(p?) 9p + 4p? + O(p?)
13 2 10p + 10p* + O(p?) 5p + 6p% + O(p?)

E = 84b1, CSyIan - 422, Sl = {2}, £Sym2E = %
D ap(E) L;mp(Sym2E, 1) E;“(SmeE)

5 4 p+2p° +O(p®) 1+3p+0(p?)
11 2 5p + 4p? + O(p?) 8p + 3p? + O(p?)
13 —6 7p + 3p? + O(p?) 4p + 2p? + O(p?)
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E = 88&1, CSyrn2E = 442, Sl = {2}, gSmeE =2
P ap(E) L;mp(SmeE, 1) E;H(Sysz)

5 -3 4p+p* + O(p*) p+4p* +p* + O(p*)
7 -2 6p +5p> +O(p®)  4p+5p® +O(p®)

E = 92al, Cgypep = 462, S = {2}, Esym2E = %
P ap(E) L;mp(Sym2E, 1) E;”(SmeE)

3 1 p* 4+ 2p° + O(p°) 2p* 4 2p° + O(p")
7 2 6p + 2p? + O(p?) 3p +4p? + O(p?)
13 —-1 11p + O(p?) 2+ O(p)

E = 92b1, CSyIan - 462, Sl = {2}, €Sym2E = %

D ap(E) L;mp(SmeE, 1) Eg“(Sym2E)

5 —2 dp+p° +2p° +O(*)  2p+3p* + 00"
7 —4 3p+3p2 +0(p®) 4p + 4p* + O(p?)
11 2 10p + O(p?) 5p + O(p?)

13 -5 12p + O(p?) 12p + O(p?)

E = 963,1, CSmeE = 242, Sl = {2}, §Sym2E =1
D ap(E) Lgnp(SmeE, 1) E;“(Sym2E)

5 2 p? +2p® + O(p*) 3p? + 4p® + O(p*)
7 —4 dp+2p2 +0(p®)  p+2p2+0(p?)
11 4 9p + O(p?) 3p+ O(p?)

13 -2 3p+ O(p?) 4p + O(p?)

E = 1043.1, CSysz = 5227 Sl = {2}7 é-Sysz =2

D ay(E) L;mp(Sym2E, 1) EZ“(Sysz)

3 1 p+p?+2p° +p*+00°)  2+2p+2p° +0(p?)
5 -1 2p% + O(p?) 2p + O(p?)

7 5 p+0@°) 3p +6p* + O(p?)

11 -2 9p + O(p?) 6p + O(p?)

E =108al, Csym2p = 182, 51 = {2,3}, &sym2e = 5
D ay(E) Lg’“p(SmeE7 1) L';H(SmeE)

7 5 6p + 5p? + O(p?) 2p + 3p? + O(p?)
13 -7 6p + O(p?) p? + O(p?)
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E = 112C17 CSysz = 142, Sl = {2}, gSylan = %

p  ay(E) LMP(Sym’E, 1)  L3(Sym’E)
3 2 p+20? +00°)  2p+p*+p° +O0(p°)
13 —4 9p + O(p?) 8p + O(p?)

E = 116al, Csymep = 58%, S1 = {2}, Eqym2p = &

P a(E)  LyP(Sym’E,1)  L3M(Sym®E)

5 3 p+3p2+0(p?) 3p+2p* + O(p?)
7 4 4p + 3p + O(p?) 3p+ 2p% + O(p?)
11 —1 o(p?) O(p)

13 -3 12p + O(p?) p+O0(p?)

E = 116b1, Cyyn2p = 582, S1 = {2}, Esymep = 5

3

p o ap(E)  LyP(Sym®E,1) L3 (Sym”E)

3 1 2p? + 2p° + O(p°) P’ +p*+p'+0(p°)
5 3 3p + 4p? + 4p° + O(p*) 4p + 2p? + 4p° + O(p*)
7 —4 6p + 4p* + O(p?) p+4p? + O(p?)

11 3 5p + O(p?) p +O(p®)

13 5 9p + O(p?) 9p + O(p?)

E = 116¢1, Cgypmzp = 58%, S1 = {2}, Lsym2p = §

P ap(E) L;mp(Sym2E, 1) Lg“(SmeE)
3 2 L+2p+p? +2p° +O(p*)  1+p+2p°+0(p*)
5 -2 p+4p? + O(p?) 3p +4p? + O(p?)
7 4 3p +4p* + O(p?) 4p + 3p* + O(p?)
11 —6 2p + O(p?) 8p + O(p?)
13 2 8p + O(p?) 4p + O(p?)
E =120al, Cgymep = 602, S; = {2}, Esym2E = 2
P ap(B)  LyP(Sym’E, 1) L3(Sym’E)
11 4 6+ O p+O(p®)
13 6 11p + O(p?) 9p + O(p?)

E =120bl, Cgyp2p = 602, S1 = {2}, {sym2p = 2

D ap(E) L;’“p(Sysz, 1) /j;n(SmeE)
7 4 5p+3p®> +O(p®)  Bp+2p? + O(p?)
13 —6 6p + O(p?) 12p + O(p?)
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E = 124al, Cgypep = 622, S1 = {2}, &sym2r = 5
P ap(B)  LyP(Sym’E, 1) £ (Sym?E)
3 =2 24+ 2p+p*+ 00" 2+p° +2p° + O(p*)
o =3 2p43p°+2p°+0(pY)  p+p7+20° + 00"
7 -1 2"+ 00’ 4p + O(p?)
1w -6 7P+ 0P’ 6p* + O(p?)
13 2 4p+O(p?) 2p + O(p?)

E =124b1, Cyynp = 62, S1 = {2}, Ssymem = §

p  ap(E) LiP(Sym’E 1) L£3(Sym’FE)

> 1 p+3p°+0(p°)  2+p+0(?)
7 3 bp+6p° +0(p°)  2p+5p° +O(p?)
11 6 O(p*) O(p?)

13 —4 11p + O(p?) 7p+O(p?)

E = 128al, CSmeE = 1627 S = {2}7 fSym2E = %

P ap(B)  LyP(Sym’E, 1) L2 (Sym?E)

3 —2 20420 +p* + O(p°)  24+p+p*+2p°+0(p?)
5 —2 dp+2p° +p* +O(p*)  4p+3p* +O(p*)

7 —4 3p+5p* + O(p?) 5p + 6p% + O(p®)

11 2 7p + O(p?) 4p + O(p?)

13 —2 5p + O(p?) 9p + O(p?)

E =132al, Csymep = 662, S1 = {2}, &symep = 5

p ap(E)  L™P(Sym’E, 1) L2 (Sym®E)

5 2 dp+p*+p>+00Y)  2p+3p®+2p° +O(p")
7 -2 p+O0(p°) 4p + O(p?)

13 -2 12p+0(p?) 6p + O(p?)

£ = 132bl, CSysz = 6627 Sy = {2}7 ESysz = %
p  ap(E)  LI"P(Sym’E 1) L3(Sym’FE)

5 2 2p + 3p% + O(p?) p+4p? + O(p?)
7 2 p+p*+0M*)  Sp+5p*+ 0
13 6 3p+0(p?) 11p 4+ O(p?)
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E = 136al, Csyp2p = 68%, S1 = {2}, sym2p = 2

p o ap(E)  LyP(Sym®E,1) L3 (Sym®E)

3 —2 202 +2p3 +p* + O(p°)  2p+2p® +p + O(p?)
5 -2 3p+3p° +3p° + O(p")  2p+2p° +4p° + O(p")
7 -2 2p + 2p% + O(p?) 6p + 2p% + O(p?)

11 —6 10p + O(p?) 2p+O(p?)

13 2 9 + O(p?) 6p + O(p?)

E = 136bl, Csym2p = 682, S1 = {2}, {sym2p = 2

p  ap(E)  LIP(Sym’E, 1) £27(Sym*E)

3 2 2p + 2p? + 2p3 + 2p* + O(p°) 2+ 2p +2p? + 2p3 + O(p?)
11 2 3p+ O(p?) 2p + O(p?)

13 —6 p+ O(p?) 2p+O(p?)

E = 1403.1, CSyInQE = 7027 Sl = {2}’ gSysz — %

p  ay(E) LM(Sym’E,1)  L£3(Sym’E)

3 1 2p + p* + O(p*) p+2p* +2p® + O(p*)
11 3 p+0@(?) 3p+0(®?)
13 -1 o(»?) O(p)

E = 140b1, Cgypop = 702, Sy = {2}, Egymep = &
D ap(E) L;}np(SmeE, 1) ﬁg“(SymZE)

11 -5 2p + O(p?) 8p + O(p?)
13 -3 8p + O(p?) 5p + O(p?)

E = 148al, Cgyp2p = 742, 81 = {2}, Esym2E = %
ap(E) L;mp(Sysz, 1) £;n(Sym2E)

—1 2p + p* + O(p*) p+2p? +2p° + O(p*)
—4 3p + 4p* + O(p?) 3+ 2p+O0(p?)

=N o w s

-3 p+3p>+0(*) 6p + 4p® + O(p?)
11 5 8p + O(p?) 10p + O(p?)
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E =152al, Csyp2p = 76%, S1 = {2}, sym2p = 2
D ay(E) L;mp(SmeE, 1) £;n(Sym2E)

3 -2 2p + O(p°) 2+ O(p*)
5 -1 p+2p? + O(p®) 1+ 4p+ O(p?)
7 -3 p+6p*> +0@®)  p+O(K)
11 -3 3p+ O(p?) p+ O(p?)
13 —4 4p + O(p?) 3p + O(p?)

E = 152bl, Cyyp2p = 762, S1 = {2}, sym2p = 2

p  a(E)  Li(Sym’E,1) £an(Sym’E)

3 1 2p+2p% +2p3 +2p* + O(p°)  1+2p+O0(p*)
7 3 p+O0(p?) p+p*+O0(p®)
11 2 8p + O(p?) 9p + O(p?)

13 1 7p + O(p?) 8+ O(p)

E = 156al, Csyp2p = 782, S1 = {2}, &symee = 5
P ap(E) L;mp(SmeE, 1) Eg”(SmeE)

5 —4 2p + p? + O(p?) 2+ 3p+O0(p?)
7 -2 4p + O(p?) 2p + 2p? + O(p?)
11 —4 7p+ O(p?) 5p + O(p?)

E = 156bl, Cgy2p = 782, S, = {2}, §sym2E = %
P ap(FE) L;mp(SmeE, 1) E;H(SmeE)

7 2 6p + O(p?) 3p + 3p? + O(p?)

E = 1603.]., CSym2E = 4:027 51 = {2}7 gSysz =1

P ap(E) L;mp(Sym2E, 1) Eg“(Sym2E)

3 -2 2p+2p7 + 2 +p* +O(P°)  1+2p+0(p?)
7 -2 p+3p2 +0(p?) 6p + O(p*)

11 —4 2p + O(p?) 8p + O(p?)

13 —6 10p + O(p?) p+O0(p?)

E =168al, Csyp2p = 84%, S1 = {2}, &sym2p = 2
p ap(E)  Ly™(Sym’E, 1) Lz (Sym®E)

5 2 p+p*+3p° +0(p")  4Ap+p*+0(p?)
13 —2 3p + O(p?) 2p + O(p?)




143

E =168b1, Cgyp2p = 842, 51 = {2}, Egymep = 2

D ap(E) L;mp(Sysz, 1) L’;n(SymZE)
5 2 4p* +2p° +0(p*)  p*+O0(p*)
13 6 10p + O(p?) p+ O(p?)

E =172al, Cgyp2p = 86%, S1 = {2}, &sym2p = 5
D ap(E) L;mp(Sysz, 1) ,CZ“(SmeE)

3 -2 2+p+0(ph) 2+ 2p+2p® + O(p*)
7 —4 dp+2p° +O(p®)  3p+3p*+O0(p?)

11 -3 3p+ O(p?) 9p + O(p?)

13 -1 9p+O0(?) 4+ 0(p)

E = 184al, Csyp2p = 922, S1 = {2}, &symzp = 2

p o ap(E)  Ly®(Sym’E,1) L2 (Sym®E)

3 -1 20 +p* +p* +0(°)  p+p*+ 00
5 —4 2p° +O(p?) p+O(p?)

7 2 p+6p? + O(p?) 3p+2p* + O(p?)
11 —4 6p + O(p?) p+O0(p?)

13 -5 3p + O(p?) 4p + O(p?)

E = 184bl, Csyp2p = 922, S1 = {2}, sym2p = 2

P ap(E) L;mp(Sym2E, 1) £Z“(Sym2E)

3 -1 202 +2p3 + O(p°)  p+2p% +2p + O(p?)
5 —2 p+3p?+O0(p?h) 4p + 3p* + 2p® + O(p?)
7 —4 3p+p* +0(p?) 3p +6p” + O(p*)

11 -2 4p + O(p?) 10p + O(p?)

13 7 3p+ O(p?) 6p + O(p?)

E = 184cl, Csym2p = 922, S1 = {2}, &sym2p = 2
D ap(E) L;mp(Sym2E, 1) E;“(SmeE)

7 4 5p + 5p% + O(p?) 5p + 4p* + O(p?)
11 6 8p + O(p?) 6p + O(p?)
13 -2 7p+ O(p?) 9p + O(p?)
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E =184d1, Cgyp2p = 922, 51 = {2}, &symep = 2
D ay(E) L;mp(SmeE, 1) £;n(Sym2E)

7 -2 p+0®*) 3p + 5p* + O(p?)
13 -5 p+0(p?) 10p + O(p?)

E = 200al, Cgymep = 20%, Sy = {2,5}, fgymep = 2
D ay(E) L;mp(SmeE, 1) E;H(SmeE)

7 2 5p + 6p2 + O(p?) 3p+2p? + O(p?)
11 1 O(»?) O(p)
13 4 6p + O(p?) 7p + O(p?)

E = 204al, Csyprp = 1022, S1 = {2}, Egymep = &
P ap(E) L;mp(Sym2E, 1) Eg’“(Sym2E)

5 -1 2p +p? + O(p?) 4+ 2p+ O(p?)
7 4 6p® + O(p*) p*+0(p*)

11 3 8p+O(p?) 2p+ O(p?)

13 3 3p+ O(p?) 10p + O(p?)

E = 204bl, Cgypep = 1022, 1 = {2}, &symep = 5
p  ap(E)  LIMP(Sym’E,1)  L£3(Sym’E)

5 1 2p? + O(p?) 4p + O(p?)
11 5 10p + O(p?) 7p + O(p?)
13 -5 8p + O(p?) 8p + O(p?)

E = 208al, Csymep = 262, S1 = {2}, €y = &
P ap(E) Ly (Sym’E,1) L3 (Sym®E)
3 -1 p+20* +2p* +0(p°)  p+p’+p*+O@)
5 -3 2p + 3p2 +4p> + O(p*)  3p+4p* + O(p?h)
7 1 6p + O(p?) 5+ O(p)
11 —6 7p + O(p?) 4p + O(p?)

E = 208d1, C'Sysz = 2627 S1 = {2}7 SSysz = %

P ap(E) L;mp(SmeE, 1) E;n(SmeE)

5 -1 4p + 4p* + O(p?) 4+p+ O(p?)
7 -1 3p? + O(p*) 6p+ O(p?)
11 2 6p + O(p?) 2p + O(p?)
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B = 212al, CSmeE = 10627 S = {2}7 gSym?E = %

p o a(BE)  LyP(Sym’E,1) L3 (Sym?E)

3 -1 2420+ + 004 1+p+p>+p°+0(pY)
5 —2 p* +2p° + O(p*) 3p* + 3p° + O(p*)

7 —2 3p 4 4p? + O(p?) 5p + 3p* + O(p%)

11 2 8p + O(p?) 4p + O(p?)

13 -7 11p+ O(p?) 10p + O(p?)

E= 212b1a C'Sysz = 10627 Sl - {2}7 £Sym2E = %

P ap(E) L;mp(Sysz, 1) an(SmeE)

3 2 L+p+p*+2p° +0(p*)  1+p*+p° +0(p")

5 2 4p + p? + 3p* + O(p*) 2p + 3p? + 3p° + O(p*)
11 —4 10p + O(p?) 4p 4+ O(p?)

13 —2 3p 4+ O(p?) 8p + O(p?)

E = 216al, Cgyp2p = 36%, S1 = {2,3}, {sym2p = 2
D apy(E) L;mp(Sysz, 1) ,CZ“(SmeE)

5 —4 2p+3p2 +0(p®)  3+p+0(p?)
7 -3 p+4p* + O0(p*) 3p+p° +0(p°)
11 —4 6p + O(p?) 3p+ O(p?)

13 1 4p+ O(p?) 10+ O(p)

E= 216C17 CSym2E = 3627 Sl = {273}7 fSYm2E = %
D ap(E) L;)mp(Sysz, 1) ,C;“(SymZE)

5 1 2p + O(p?) 14+ O(p)

7 3 4p+2p® + O(p®)  Bp+5p* +O(p?)
11 -5 10p + O(p?) 6p + O(p?)

13 4 2p+ O(p?) 11p + O(p?)

E = 2203,].7 CSmeE = ].102, Sl = {2}, gSysz = %
D ap(E) L;mp(Sym2E, 1) Cg“(Sym2E)

3 -2 2+ 0(p?) 2+p+0(p?)
7 —4 p+ O(p?) 6p + 4p? + O(p?)
13 —4 2p + O(p?) 6p + O(p?)
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E = 220b1, Cgypep = 1102, S = {2}, Esym?E = %

p  ay(E)  LMP(Sym’E, 1)  L£3(Sym’E)

3 2 1+p?+ 0% 1+2p+p?+ 0%

B = 224al, Cyynep = 56%, S1 = {2}, Esymep = 1
D ay(E) L;mp(SmeE, 1) C;“(Sym2E)

3 —2 p* +0(*) 2p° +O(p°)
11 —4 10p + O(p?) 7p + O(p?)
13 —4 8p + O(p?) 12p + O(p?)

E = 228al, Csy2p = 1142, 51 = {2}, &sym2e = 5
P ap(E)  LyP(Sym’E,1)  L3(Sym’E)

5 2 p+O0(p?) 3p+2p* + O(p*)
11 2 9p + O(p?) 10p + O(p?)
13 2 11p + O(p?) 12p + O(p?)

E = 228b1, Cgypy2p = 1142, S, = {2}, Esym?E = %
P ap(E) L;mp(Sym2E, 1) E;”(SmeE)

5 -3 2p+4p* + O(p®)  p+4p* +O(p?)
7 1 6p + O(p?) 5+ O(p)

11 -5 2p + O(p?) 8p + O(p?)

13 -6 p+ O(p?) 8p + O(p?)

E = 232al, Csyp2p = 1162, S1 = {2}, Loym2p = 2

P a(E)  Ly®(Sym’E,1)  L3"(Sym’E)

3 -1 p+O(p?) 2+ 2p? + O(p?)
5 -3 p+3p* +0(*)  Ap+p*+0(p?)
7 2 p+ 0% 3p +5p* + O(p*)
11 -3 3p+ O(p?) p+ O(p?)

13 -5 2p + O(p?) 7p + O(p?)
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E = 23201, Cgyp2p = 1162, S1 = {2}, &sym2p = 2

p ap(E)  LMP(Sym®FE, 1)  L£%(Sym’E)

3 1 p+2p°+0(*)  2+0(p?)

5 1 3p+O0(p?) 34 0(p)

7 2 2p+0(p*) 6p + 3p% + O(p*)
11 3 6p + O(p?) 2p + O(p?)

13 -1 0@ o(1)

E = 236al, Cgym2p = 1182, S1 = {2}, Esymep = 5

p ap(E) L™ (Sym’E,1)  L£3(Sym’E)

3 ~1 2p* + O(p*) P’ +0(»*)

5 -1 4p + O(p?) 3+0(p)

7 -3 6p + O(p?) p+5p> + O (p?)
11 -2 3p+ O(p?) p + O(p?)

E= 236b1; C'Sysz = 11827 Sl = {2}7 fSysz = %

p  ap(E)  LIMP(Sym’E,1)  L£(Sym’E)
3 1 2p* + O(p*) p? 4+ O(p*)
5 3 2p® + O(p*) P>+ O0(p?)
7 ~1 6+ O(p) 5p~t +0(1)
11 6 5p + O(p?) 9p + O(p?)
13 —4 7p+O(p?) 8p+O(p?)

E = 24Ob15 C'Sysz = 3027 Sl = {2}7 fSmeE = %
D ay(E) L;mp(Sysz, 1) Egn(Sysz)

7 4 p+2p* + O(p?) 6p + p* + O(p*)
13 2 10p 4+ O(p?) p+0@(?)

E = 244al, Cgymep = 1222, Sy = {2}, Egyme =
D ap(E) L;mp(Sysz, 1) £;n(Sym2E)

5 -3 p+4p* + O(p?) 3p+ O(p*)
7 -3 3p+ 2p% + O(p?) 4p + O(p?)
11 -1 4p+O(p?) 2+ O(p)

13 1 O(p?) O(p)
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E = 248al, Cgypep = 1242, 51 = {2}, eymzp = 2
D ay(E) L;mp(SmeE, 1) ﬁ;n(Sym2E)

3 -2 p* +0(*) p+O0(p?)

5 1 3p+ O(p?) 3+ O(p)

7 -3 2p +2p2 +0(p®)  2p+4p* + O(p?)
11 -2 7p? 4+ O(p?) p? + O(p?)

13 —2 6p + O(p?) 4p+ O (p?)

E = 248b1, Cgypep = 1242, 81 = {2}, fgymep = 2
p  ap(E)  LivP(Sym’E, 1) L3(Sym’FE)

3 -2 2p3 + O(p*) 2p? + O(p?)
5 2 4p + O(p*) p+2p° +0(p%)
11 2 5p + 5p? + O(p?) Tp + 5p? + O(p?)
13 4 12p + O(p?) 9p + O(p?)

E = 248cl, Cyymop = 1242, Sy = {2}, Egyops = 2
P ap(E) Lipmp(SmeE, 1) Egn(Sym2E)

5 -3 p’+0(p?) 4p® + O(p*)
7 -3 6p + O(p*) 6p + 6p* + O(p?)
11 2 3p? + O(p?) 2p* + O(p?)
13 —4 7+ O0(p?) 2p+ O(p?)

E = 256&17 CSmeE = 827 S1= {2}7 §Sym2E - %

D ap(E) L;mp(SmeE, 1y ﬁ;n(SymZE)

3 —2 p+p°+O0(p?) p+p?+p°+O0(ph)
11 -6 2p + O(p?) 7p + O(p?)

E = 256bl, Cgym2p = 8%, S1 = {2}, &sym2p = ¢

p  ap(E)  LIMP(Sym’E,1)  L£2(Sym’E)

5 —4 P>+ 0(°) p+0®?)
13 —4 5p + O(p?) 6p + O(p?)

E = 2060al, Csyp2p = 130%, S1 = {2}, &symem = 5

P ap(E) L;mp(SmeE, 1) Eg”(SmeE)

3 2 2+ p? + 0(p?) 2+ p+2p% +O0(p?)
7 2 p*+0(?) 4p* + O(p*)
11 4 4p + O(p?) 6p + O(p?)
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E = 264al, Csyp2p = 1322, 1 = {2}, Loymer = 2
P ap(E) L;I"‘"‘I’(SmeE7 1) L’Z“(Sym2E)

7 2 3p+p? + O(p?) 2p + 5p? + O(p?)

E = 264b1, Cyep = 1322, 81 = {2}, Esymrps = 2
D ap(E) L;mp(Sysz, 1) E;“(Sysz)

5 2 p+2p*+O0(p?) 4p + 4p* + O(p®)
13 2 12p + O(p?) 8p + O(p?)

E = 264cl, Cgyp2p = 1322, 51 = {2}, &gymzp = 2
D ap(E) Lg"p(Sysz, 1) Eg“(SmeE)

5 —2 P’ +0@®*) 4p* 4+ O(p®)
7 4 5p + 6p? + O(p?) 5p + 5p? + O(p?)
13 6 5p + O(p?) 10p + O(p?)

E = 264d1, CSysz = 1322, Sl = {2}, é-Sysz' =2
p  ay(E)  LMP(Sym’E, 1)  L£2(Sym’E)

5 4 3p + O(p?) 4+ O(p)
7 -2 6p + O(p?) 4p+0(p?)

E = 268al, Csynep = 1342, 1 = {2}, €gym2p = &

p ap(E)  LyP(Sym’E, 1)’ L3 (Sym®E)

3 2 pl4+2+p+0p*) pl+1+00?)
5 2 4p + 3p% + O(p?) 2p + 4p? + O(p?)
7 2 p+6p% + O(p?®) 4p + 3p% + O(p?)
11 —4 3p+ O(p?) 10p + O(p?)

13 —6 6p + O(p?) 9p + O(p?)

E =272d1, Cgyp2p = 342, 51 = {2}, Esym2E = %

p  ap(E)  LP(Sym’E, 1) L2 (Sym’E)

3 2 p+p*+p*+ 0"  2p+2p* +2p° +O(p*)
7 4 3p+ 2p% + O(p?) 4p + 2p* + O(p?)

11 —6 p+O(p?) 10p + O(p?)

13 2 7p + O(p?) 2p + O(p?)
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E = 280al, Csyp2p = 1402, St = {2}, oym2p = 2

p ap(E)  L™P(Sym’E, 1) L2 (Sym®E)

3 -1 p+20°+20° +0(pY) 24 p+p*+0Op?)
11 -5 7p+O(p?) 8p+O(p?)

13 1 O(p) 0(1)

E = 280b1, Cye s = 1402, §1 = {2}, Egymeps = 2
D ap(E) L;mp(SmeE, 1) ,C;n(Sym2E)

11 -5 4p + O(p?) 3p+ O(p?)
13 -5 10p + O(p?) 9p + O(p?)

E= 2883’17 CSym2E = 2427 Sl = {273}7 fSyIan = %
D ap(E) L;mp(SmeE, 1) Egn(Sym2E)

5 —4 2p* 4+ O(p*) 4p + O(p?)
13 —6 7p + O(p?) 4p + O(p?)

E = 296al, Csymep = 148, 81 = {2}, Egymzp = 2

P ap(E)  Ly®(Sym’E,1)  L3"(Sym’E)

3 -1 p’+ 0@ 2p + O(p®)

5 -2 dp+p*+0@p°)  p+p*+0(?)
7 1 4p + O(p?) 6 + O(p)

11 1 O(p) o(1)

13 -6 2p + O(p?) 4p + O(p?)

E =296bl, Cgyp2p = 148%, 81 = {2}, Esym2p = 2

P ap(E)  Ly®(Sym’E,1) L3 (Sym®E)

3 —1 2p+2p2 + 2+ O(p*)  1+2p+p*+0(p?)
7 -3 2p +3p” + O(p°) 2p +5p* + O(p*)
11 -3 8p + O(p?) 10p + O(p?)

E = 300al, Csyp2p = 302, S1 = {2,5}, &symep = 5
P ap(E) L;mp(Sym2E, 1) Eg’“(Sym2E)

7 1 p+ O(p?) 6+ O(p)
11 6 5p? 4+ O(p?) 5p? + O(p?)
13 -5 3p+ O(p?) 9p + O(p?)
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B.2 Tables of L-invariants for elliptic curves £

with D(E,1) =0

Included below are the values we computed for both the derivative of the
automorphic p-adic L-function L;“t(Sym2E ,s) at s = 1 and the corresponding
L-invariant term, for the six exceptional elliptic curves with D(E,1) = 0 (we
omitted these specimens from Section as L™ (Sym*E, 1)’ = 0 for each of
these six curves). To calculate these p-adic numbers, we used the generalised

congruences given in Theorem {4.11}

E =176bl, Csymzp = 112, Sy = {2}, &symep = 2
D ap(E) L;)mp(SmeE, 1) E;n(Sysz)

3 1 p+O(p) 1+ 2p* +0(p?)
5 1 p+0(p?) p+0(?)
7 2 2p + O(p?) 2p + O(p?)
13 4 4p + O(p?) 2p + O(p?)

E = 196al, Csymep = 142, S1 = {2,7}, Egymep = 2

P a(E)  Ly®(Sym’E, 1) L3 (Sym*E)

3 ~1 1+2p+p* +0(%)  2p+p*+2p° + O(p*)
5 -3 3p + O(p?) 3p+0(p?)

11 -3 p+ O(p?) 3p+0(?)

13 ) 10p + O(p?) 8p+O(p?)

E =200bl, Cgym2p = 20%, S1 = {2,5}, Csym2p = 3
D ap(E) L;mp(Sysz, 1) L’g“(Sysz)

3 —2 p+p° +O0(p*) L+p+p* +0(p°)
7 -2 4p + O(p?) 6p + O(p?)

11 —4 7p+ O(p?) p+O(p?)

13 —4 O(p?) Oo(p?)

E =240d1, Csyp2p = 152, S1 = {2}, sym2p = i
p ap(E)  L™(Sym’E,1)  L3*(Sym’E)

11 4 10p + O(p?) 6p + O(p?)
13 -2 3p+ O(p?) 3p+ O(p?)
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E = 272bl, CSmeE - 172’ S1= {2}7 §Sym2E = i

b ap(E) L;mp(sym2E7 1) Eg“(SmeE)

5 =2 prHpP+00Y)  p+207+00%)
7 —4 2p+O0(p?) 2p + O(p?)
13 —2 O(p) O(p)

E= 300C1’ CSym2E - 302’ Sl - {275}7 fSysz - %
p  ay(E) LMP(Sym’E, 1)  L3(Sym’E)

7 4 2p + O(p?) 5p + O(p?)
11 —4 4p + O(p2) dp + O(pQ)




Appendix C

Tables of L-invariants for higher

weight modular forms

Below are tables of L-invariants and derivatives of the primitive p-adic L-
function for the symmetric squares of modular forms of weight k£ > 2. Labelling
of modular forms follows the conventions of the “L-functions and Modular
Forms Database” [64]. For example f = 5.4.a.a is the unique cusp form of

level N =5, weight k = 4 with trivial character.

C.1 Weight k=14

f = 5.4.@.@7 fsyme =32

p o ap(f)  Ly(Sym’fk—1) L,(Sym®f)
3 2 p+2p%+2p3 +pt+ 0% p+2p*+2p° +O>(p%)
7 6 p+2p>+0(p*) 4p+p* + O(p®)

f=6.4.0.0, Egymz; = 32
p o oap(f)  Ly(Sym’f,k—1)  L,(Sym®f)
5 6 3p+2p° +O0(p*)  2p+4p° +O(p?)
7 —16 p? +O0(p?) 4p* + O(p?)

[ =T4a.a, gy = 32
P oa(f)  Ly(Sym’f.k—1) L,,(Sym?f)
3 —2 p+2p* +0(p°) p+p*+p° +0°+ 0@
5 16 3p? +3p° +0(p!)  2p* +4p° + O(p")
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f = 8.4.@.&, gSmef =16

p ap(f) L;(Smef, k—1) L'p(Smef)

3 —4 p+p*+0(p°) 2p + 2p? + p* + 2p° + O(p°)
5 —2 2p + p* + O(p*) p+3p? +2p° + O(p*)
7 24 4p + O(p?) 4p + 4p* + O(p?)

f = 9.4.@.(1, fSyIn2f =8

pap(f)  L(Sym*f,k—1)  L,(Sym*f)

20 p+4p? + O(p?) 2p + 3p% + O(p?)

[ =10.4.a.a, Egym2y = 32

p ap(f)  L(Sym*f,k—1)  L,(Sym*f)

-8 O(p°) O(p°)

7 —4 6p + O(p?) 3p +3p? + O(p?)

f = 12.4.@.&7 gsyme = %

p o ap(f)  L(Sym*f,k—1)  L,(Sym*f)

5 —18 4p + 4p? + O(p*) 3p + 2p? + 3p> + O(p*)
7 8 p+5p2 + O(p?) 5p + 5p? + O(p?)

f = 13.4.@.@, gSmef =32

P oap(f)  Ly(Sym®f k1) L,(Sym®f)

-7 p+2p° +2p" +0(p°)  p+p*+00°)
5 —7 3p+p? +O(p*) 2p + p* + 4p* + O(p*)
7 —13 2p + 5p% + O(p?) p+ O(p3)

[ =144.a.a, Egypm2y = 32

p ap(f)  LL(Sym®f,k—1) L,(Sym”f)
3 8 202 +p2+pt+00°) 207 +2p* + O(p°)
5 -4 p+4p*+0(p") 4p+O(p*)

f = 144@[)7 fSmef =32

p ap(f) L;(Sym2f7 k— 1) £p(sym2f>
3 -2 20+ 2+ P+t +00°)  2p+2p° + O(p°)
5 —12 2p + 2p% + 2p° + O(p?) 3p + 4p? + p® + O(p*)

f = 15.4.&.&, gSmef =32

P a(f)  Ly(Sym’fk—1)  L,(Sym’f)

—24 2p + 4p? + O(p?) p+3p2 +O0(p?)
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f = 1540/1), gsmef = 32
p ap(f) L;(Smef, k—1) Ep(Smef)
7 20 4p + O(p?) 2p + 2p? + O(p?)

C.2 Weight £ =6

f = 3.6.(1.(1, gsym2f = %
pap(f)  LL(Sym*f,k—1)  L,(Sym*f)
5 6 2p+4p* +O(p*)  2p+2p* +p* + O(p?)

7 —40 3p + 4p? + O(p?) 2p + 3p? + O(p?)

J=406.a.a, {gym2 s = %
P ay(f)  L(Sym’fk—1)  L,(Sym®f)
5 54 p+p®+O0(pt) 3p + 2p? +2p° + O(p*)

7 —88 6p% + O(p?) 5p? + O(p?)

f = 5.6.@.0,, gSmef = %

P ap(f) L (Sym®f,k — 1) L,(Sym?f)
—4 20+ p*+p*+00°%)  p+p*+2p° 4+ 0(p°)

7 192 3p? + O(p?) 2p + O(p?)

f=6.06.a.a, Egym2y = 122

p ap(f)  Li(Sym®f,k—1) L,(Sym”f)
5 —66  p+p*+2p°+00p*) p+p*+0(Y)
7 176 5p+ O(p?) p+4p* + O(p?)

f = 7.6.@.@7 fsyme = %

p ap(f) L;(Smef, k— 1) ‘Cp(smef)
3 —14 2p +2p° +2p* +2p° + O(p%)  p4p*+p° + O(1°)
5 —56 2p + 3p? + 4p* + O(p*) 2p + p? + p* + O(p*)

f = 8.6.@.@, gSyIHZf = %

P oap(f)  Ly(Sym?fk—1) L,(Sym®*f)
3 20 2p + 2p% + 2p° + O(p®) 2p + 2p° + O(p°)
5 74 p* +O(p?) 2p* 4+ 3p® + O(p*)

7 —24 5p + 4p? + O(p?) 2p + 4p? + O(p?)
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f = 10.6.@.0/7 fsym2f = %
p ap(f)  LL(Sym®f k—1) L,(Sym” f)
—26 2p2 +p +pt +0(°)  p?+2p3 +2p* + O(p°)

7 —22 4p + 4p? + O(p?) 5p + 2p? + O(p?)

f=10.6.a.b, {gyp2y = 132
pooap(f)  Ly(Sym’f,k—1)  L,(Sym’f)
7T =172 3p+2p*+0(p?) 2p + 4p* + O(p?)

f=10.6.a.c, fsym2f = %
p ap(f) L;(Sym2f7 k— 1) Ep(Smef)
T -118  Sp+4p+0(p°)  p+2p°+0(p?)

f=11.6.a.a, {gymzy = 122
P ap(f) Ll (Sym®f,k — 1) L,(Sym*f)
5 —19 2p + 2p2 + O(p*) 2p + 3p3 + O(p*)

7 10 4p + p* + O(p®) 5p+ O(p?)

f = 14.6.01.@7 gSym2f = %

P ap(f) L (Sym®f,k — 1) L,(Sym”f)
3 10 p+2p? +2p* + O(p°) 2p + 2p2 + 2p3 + 2p* + O(p°)
5 84 p+2p* 4+ O(p®) p+p°+0(p*)

f=14.6.a.b, Egyrep = 128

p ap(f)  L(Sym’fk—1)  L,(Sym’f)
3 8 20 +2p" + O(p°) P> +O(p°)

[ =15.6.a.a, {gym2f = %
P oap(f)  Ly(Sym*fik—1)  L,(Sym®f)
7 132 6p+20°+0(0®)  4dp+2p*+0(p°)

f=15.6.0.b, fgymzy = 128
p ay(f)  L,(Sym’fk—1)  L,(Sym’f)
12 5 +00°) p+4p* + O(p°)
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C.3 Weight k = §

[ =28.a.a, gym2y = %
P oa(f)  Ly(Sym*f.k—1) L,(Sym®f)
7 1016 6p + 2p% +4p® + O(p*)  3p+4p? + 3p® + O(p?)

f = 3.8.@.(1, gsym2f = %
p ap(f)  LL(Sym*f,k—1)  L,(Sym*f)
7 —64 p+ O(p?) 4p + O(p?)

f = 5.8.(1.(1, gsym2f = %
p  ap(f)  LL(Sym’fk—1)  L,(Sym®f)
7 —1644  5p+2p% + O(p?) 6p + 3p? + O(p?)

f = 6.8.(1.(1, gsym2f = %

p ap(f) L (Sym®f,k — 1) L,(Sym*f)
5 —114 3p + 4p? + 3p® + O(p*) 2p + 3p? + O(p*)
7 —1576 4p + p? + O(p?) 2p + 6p% + O(p?)

f = 7.8.@.@, gSym2f = %
p ap(f) L (Sym’f,k—1)  L,(Sym®f)
—84 3p? + 4p3 + O(p*) 2p? + 3p® + O(p*)

[ =88.a.a, sy = %
p o oap(f)  L(Sym’fk—1)  L,(Sym*f)
-82  2p+3p*+00p")  p+2p°+ 00"
7 =456 4Ap+4p*+0(p*)  4Ap+p®+O(p?)

f = 88ab, fSymzf - %

p ap(f) L;(Smef, k—1) ‘Cp(sym2f)
3 44 p+p? +2p° + 2p* + p° + O(p®) 2p + p? + p* + p* + O(p%)
7 —1224  6p% +O(p?) 6p + O(p?)

f=108.a.a, {gymzy = 19
p ap(f)  Li(Sym®f,k—1) L,(Sym”f)
3 28 2p? + 2p® + p* + O(p°) 2p? + p® + p* + O(p®)

7 104 3p + 5p? + O(p?) 5p + O(p?)
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