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Abstract. Numerical solutions for the linear transport of solar wind fluctuations are
presented. The model used takes into account the effects of advection, expansion, and
wave propagation, as well as the recently illuminated effects of (non-WKB) “mixing”
terms. The radial evolution of the fluctuating kinetic and magnetic energies and of the
cross helicity is computed, and it is demonstrated that in appropriate limits the solutions
converge to the WKB forms. In more general cases, however, where the fluctuations
consist of a superposition of various types of turbulence, mixing leads to solutions which
differ substantially from those predicted by WKB theory. The degree of mixing shows
considerable dependence on the nature of the turbulence, giving rise to varying levels, at
1 ~AU, of the ratio of “inward” and “outward” fluctuation energies and the ratio of kinetic
and magnetic fluctuation energies. The transport properties described here may provide a
partial explanation for the observed decrease of cross helicity with increasing heliocentric

distance in the solar wind.

1. Introduction

Traditionally, the large-scale evolution of solar wind
fluctuations has been investigated using WKB theory
[e.g., Parker, 1965; Hollweg, 1973a, b, 1974; Barnes,
1979]. To leading order in this approach the fluctua-
tions are noninteracting (Alfvén) waves which propa-
gate along the solar wind’s slowly varying background
magnetic field, Bg. Propagation is either toward or
away from the Sun, respectively referred to as modes of
inward and outward type (in what follows we will also
use these two terms for nonwave fluctuations, though
employing the modifier “type” to emphasize the non-
wave nature). The underlying physical picture consid-
ers the fluctuations to be almost all of the outward prop-
agating kind, being, to leading order, passive remnants
of coronal processes. Some observed features of the evo-
lution, such as the radial dependence of the magnetic
fluctuation level in the outer heliosphere, are reason-
ably well predicted using WKB theory [Roberts et al.,
1990]; however, this approach fails to fully account for
some other important aspects of the radial evolution.
In particular, leading order WKB theory cannot ade-
quately explain (1) the observed level of heating in the
solar wind, (2) the dependence of power-spectra slopes
on frequency and heliocentric distance, (3) the tendency
for the minimum variance direction of the fluctuations
to align with By, and (4) the radial evolution of the
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normalized cross helicity and the Alfvén ratio. Further-
more, higher-order corrections are, in general, unable
to significantly reduce the discrepancy [e.g., Hollweyg,
1990]. Thus, an extended or new approach is required.

Zhou and Matthaeus [1989, 1990a, b, c] have devel-
oped a distinct but WKB-related theory for the trans-
port of MHD scale turbulence in a weakly inhomoge-
neous background plasma, and applied it to the solar
wind. This newer theory, based upon a multiple-scales
analysis, can be shown to be more general than that
of WKB since it remains applicable in cases where the
latter is no longer valid [Zhou and Matthaeus, 1990b;
Matthaeus et al., 1992; Matthaeus et al., 1994b]. More-
over, the new approach permits, with a single transport
model, treatment of fluctuations with arbitrary rota-
tional symmetry, as well as local dynamical interactions
among the fluctuations which can be represented by
turbulence models. Non-WKB transport models have
also been developed independently by the Lindau group
[Marsch and Tu, 1989, 1990, 1993; Tu and Marsch,
1990, 1992, 1993]. These models are very similar to
and in certain cases formally identical to the models
presented by Zhou and Matthaeus and here. However,
certain technical differences in the derivations of the
models lead to potentially important differences in the
interpretations of the two models in some applications.
We will briefly attempt to clarify some of these points
in subsequent sections.

In this paper we further extend the model’s applica-
tion to the solar wind, focusing specifically on the linear
transport of inertial range fluctuations. (For solar wind
turbulence the inertial range is usually associated with
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the set of scales much less than the fluctuation correla-
tion length and much greater than the ion gyroradius,
for which nonlinear interactions are expected to be im-
portant, and which are often observed to have power
law energy spectra.) This concentration on the linear
transport is pursued for several reasons. First, it is
the simplest case to examine. Second, if the fluctua-
tions are assumed to represent locally fully-developed
steady MHD turbulence, some of the nonlinear terms
have no net effect within the inertial range, or alterna-
tively have effects for which no good model yet exists
[Zhou and Matthaeus, 1990c]. Third, it focuses atten-
tion on the sometimes leading order influence of mix-
ing. The linear versions of the transport model are par-
ticularly important for examining whether the inertial
range might be substantially influenced by mixing and
other transport effects, such as nonequipartition of ki-
netic and magnetic energies. This is because turbulence
geometry has a strong influence on the transport, and
linear transport theory permits arbitrary admixtures of
fluctuations with differing symmetries to be treated by
simple superposition. Thus, in our preliminary report
on numerical solutions of linear solar wind transport
[Oughion and Matthaeus, 1992], we discussed super-
positions of several types of turbulence, namely that
with slab, two-dimensional (2D), or isotropic symme-
try. These composite models are motivated in part by
the suggestion of Matthaeus et al. [1990] that the ax-
isymmetric magnetic autocorrelation function, inferred
from ISEE interplanetary observations at 1 AU, can be
interpreted as a two-component (slab and 2D) distri-
bution of magnetic fluctuations. Multiple component
transport, with mixing effects included, has also been
discussed by Tu and Marsch [1992, 1993] and Marsch
and Tu [1993].

~ An important feature of non-WKB approaches (both
ours and the Lindau group’s) is that they support com-
pletely arbitrary ratios of energies in the inward- and
outward-type fluctuations. Indeed, separate transport
equations for both these (and other) quantities arise
quite naturally in the models. This is to be contrasted
with WKB theory [e.g., Parker, 1965; Hollweg, 1973b,
1974] and the earlier models of Tu and colleagues [Tu
et al., 1984; Tu, 1988], which only considered the case
when this ratio is small, and often further restricted
to be a constant independent of heliocentric distance
(the work of Heinemann and Olbert [1980] is an im-
portant exception in this regard). On the other hand,
observations [e.g., Bavassano et al., 1982a, b; Roberts et
al., 1987a, b] show that while such an approximation is
sometimes valid in the solar wind, there are also many
instances when it is not.

The rest of the paper is structured as follows. In sec-
tion 2 we introduce the notation and briefly emphasize
some important features of the model, particularly in
relation to other models. Section 3 discusses the struc-
ture of the mixing tensors, and also their role in the
transport equations. Numerical results are presented in
section 4 as is a comparison with observational data.
The final section is a discussion one.
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2. The Model

A complete derivation of the model, along with an ex-
tensive discussion of its relative merits and limitations,
has been given previously [Zhou and Matthaeus, 1990a,
b, ¢; Matthaeus and Zhou, 1989], so that we do not re-
peat the details here. Note, however, that whereas in
these earlier papers solutions of the transport equations
were discussed primarily in terms of reduced (1-D) spec-
tra [e.g., Batchelor, 1970], here we work with omnidirec-
tional wavenumber spectra. The reasons for this switch
will be discussed below. Closely related models were de-
rived independently by the Lindau group [Marsch and
Tu, 1989, 1993; Tu and Marsch, 1990, 1993].

The objective is to derive (large-scale) spatial trans-
port equations for various (small-scale) spectral tensors
characterizing the fluctuations. This can be achieved
by assuming that the characteristic length scales for the
fluctuations are much smaller than those for the mean
fields, permitting a multiple-scales analysis to be per-
formed. Eventually [Zhou and Matthaeus, 1990a], we
obtain the leading order, linear, transport equations for
the four spectra of interest here:
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where P*(R, k) are the energy spectra for the Elsésser
fields, F is the energy difference spectrum, and J is
referred to as the helicity of the induced electric field.
For convenience these definitions, along with a few oth-
ers, are collected together in Table 1. The averaging
operator (---) may be interpreted as an ensemble av-
erage or an average over fast fluctuations [Zhou and
Matthaeus, 1990a]. As usual, repeated indices imply
summation. Also present in the equations are the mix-
ing tensors, M, S:H(R), which mediate the couplings be-
tween the spectra. Their role and nature, discussed in
the next section, is central to this work. These lin-
ear equations can also be obtained using the coordinate
transformation approach [Tu and Marsch, 1990]. Even
though essentially the same linear model can be de-
rived by both the multiple scales and coordinate trans-
formation methods, difference exist in how the models
treat the fast variations associated with certain rota-
tional symmetries of the fluctuations. The transfor-
mation approach [Marsch and Tu, 1993] requires sep-
arate derivations to specialize the model to geometries
in which these variations either occur or do not occur.
In the present multiple scales model, turbulence of var-
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Table 1. Some Useful Definitions Involving the
(Scalar) Small-Scale Fields in k Space

Symbol Definition Description
7% (k) v+b/\/Anp Elsésser variables
P(k) ((z*)* - %) Elsasser energies
=2E+4H,
F(k) 2Re((z%)* -27) energy difference
= 4(E® — EY)
J(k) 2Im{(z*)* - z7) electric helicity
Oc %—:—_‘F—fil— norm. cross helicity
—92H,/E
op P.—f_'l._,_— norm. energy diff.
— E°-E?
- Ev+Eb
A g—: Alfvén ratio
— 1l40p
- 1—6D
E*(k) (v*-v)/2 kinetic energy
Eb(k) (b* - b)/8xp magnetic energy
H.(k) Re{(v*-b/\/4mp)}/2 cross helicity

All quantities are functions of R and the small-scale wave vector
k, except p= p(R). An asterisk denotes complex conjugation.

ious symmetries is directly incorporated into a single
model. These properties are discussed further below
and in later sections.

The mean velocity field is assumed to be radially di-
rected with constant speed U, the mean magnetic field
By is the standard Parker spiral, and the mass density
p varies as 1/R?, R being the heliocentric distance (see
Appendix A for precise forms). The large-scale Alfvén
velocity is therefore V4 = Bo/(47p)/2. Our conven-
tion is to choose By, > 0, so that the z* fluctuations
are of inward type and the z~ ones of outward type. We
caution the reader that the opposite convention is also
in use. Hereafter, we refer to this particular choice of
fields as the model large-scale fields. These forms pre-
clude the existence of shocks and stream structure in the
model solar wind, features which undoubtably influence
the evolution of the actual fluctuations. Nonetheless,
with suitable choice of U conditions appropriate to the
interior of either fast or slow speed streams may be in-
vestigated.

Physically, the terms in equations (1)—(3) encompass
the effects of advection and expansion of the solar wind,
propagating small-scale waves, and mixing. Further-
more, all the terms are linear. In contrast to WKB
transport theory, all of these effects, including mixing,
are present at leading order. As discussed above, here
we focus upon the properties of the linear transport op-
erators, the nonlinear terms having been dropped at the
final stage of the derivation. These will be considered in
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future publications, but recall that in steady fully devel-
oped homogeneous turbulence there is no net spectral
transport of P* in the inertial range (NL* = 0) [cf.
Zhou and Maithaeus, 1990c; Matthaeus et al., 1994a).

There are five further points to consider. First, no
dissipative terms appear since we are considering iner-
tial range fluctuations and the (direct) effects of viscos-
ity and resistivity are believed to be important only at
much smaller scales. Second, we have neglected terms
involving index antisymmetric quantities, such as the
magnetic helicity [Zhou and Matthaeus, 1990a].

Third, at this point the spectra in (1)-(3) are con-
sidered to be modal (dependent upon the full wave vec-
tor). In practice, we will present results in terms of ei-
ther omnidirectional or reduced spectra [e.g., Batchelor,
1970]. The relationships among these types of spectra
for various turbulence symmetries are discussed in Ap-
pendices A and B. Since most observational data in the
solar wind have been obtained using single spacecraft
measurements, only reduced spectra are available for
comparison with theoretical results. To facilitate such
comparisons our earlier work was usually presented in
terms of reduced spectra [Zhou and Matthaeus, 1990a;
Oughton and Matthaeus, 1992]. In the numerical inte-
grations presented here, however, we employ the om-
nidirectional forms in order to avoid difficulties con-
nected with imposition of the boundary conditions (see
Oughton [1993] for further discussion). Under the as-
sumption of a power law inertial range it is straightfor-
ward to calculate the equivalent reduced spectra from
the omnidirectional forms; the details are given in Ap-
pendix B.

Fourth, to close the model it is necessary to make
definite assumptions regarding the rotational symme-
try properties of the small-scale turbulence. In this
paper the turbulence is approximated as being either
isotropic, 2D, or slab; these terms are defined in the
results section.

Finally, we comment on the distinction between our
multiple scales approach and the decomposition method
used by the Lindau group [Marsch and Tu, 1990, 1993;
Tu and Marsch, 1990, 1992, 1993]. In their case, two
neighboring points in the heliosphere; X4 and Xp, are
chosen, which represent, in effect, the positions of the
experimentalist’s probes. A linear transformation of
these coordinates is then performed, producing the new
coordinates r' = Xp — X4, X' = (X4 + Xp)/2. Al-
though r' is always assumed to be small, no explicit
scale separation exists in their model, but the probe
separation appears explicitly as one of the coordinates.
By contrast, in our work we identify the formal scale-
separation parameter with the ratio of two physical
length scales: ¢ = A;/R, where A. is the correlation
length for the fluctuations and R is the heliocentric
distance. The former is (roughly) the spatial scale on
which the fluctuations vary, the latter that on which
the mean fields change significantly. Observationally, €
is typically much less than unity, particularly beyond
about 0.5 AU [e.g., Hundhausen, 1972; Matthaeus and
Goldstein, 1982a; Tu et al., 1989]. When we average to
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produce transport equations, all absolute fast coordi-
nate variations disappear. However, in our model, the
probe separation (and therefore its Fourier conjugate,
the wave vector k) is treated from the start as a param-
eter, not a coordinate. Therefore use of the averaging
operator during the formation of transport equations
does not lead to the vanishing of dependence on r (or
k). After expansion in € and equating like powers, we
arrive at transport equations in which € does not ap-
pear. However, independent parameters that depend
upon k remain in the transport equations. These may
be large or small in accordance with the symmetry of
the fluctuations, which in our approach is controlled in-
dependently of the magnitude of the scale separation
parameter . We return to this issue in later sections.
In closing this section, we stress that no approxima-
tions regarding the relative abundances of the inward-
and outward-type fluctuations have been made: the
model supports completely arbitrary admixtures of these
modes. Additionally, while we have chosen particularly
simple forms for the model large-scale fields, the model
itself does not require the approximations to be so ba-
sic. In the future, we envisage adopting more realistic
approximations to the solar wind’s observed large-scale

fields.

3. Mixing and the Transport Equations

If the M ia in (1) were absent, the 4 energy spec-
tra would dzcouple and evolve independently in accord
with WKB theory, while (2) and (3) would be largely
irrelevant. When M ia # 0, i.e., there are gradients in
the large-scale fields, we expect coupling between the
+ fields (here called mixing), mediated by the energy
difference spectrum F,g, unless something acts to short
circuit these couplings. To a large extent this paper is
concerned with illustrating how important mixing can
be in the context of the linear transport of solar wind
fluctuations.

A few words are in order regarding the nature of
the mixing tensors. Mathematically, they mediate cou-
plings between the independent small-scale fields; phys-
ically, they may be interpreted as acting to scatter the
z* modes off large-scale gradients of the mean fields.
Another interpretation is associated with the MHD ana-
log of the Reynolds stresses [e.g., Tennekes and Lumley,
1972]. In this view the mixing tensors are a sort of mean
rate of strain in the large-scale fields, from which energy
may be fed to smaller scales. Note that the tensors van-
ish when the large-scale fields are uniform.

The structure of (1)—(3) heuristically reveals how
mixing might be either important or a very small ef-
fect. For nonuniform large-scale fields, mixing requires
nonvanishing Fog. However, the rate of change of Fug
includes terms like k - V4 (cf. equation (2)) that, along
with analogous terms in (3) can act to produce rapid
oscillations, and therefore values of F,g that average
quickly to zero. On the other hand, when k - V4 is
very small, or if J is maintained at zero, this oscilla-
tory effect becomes weak and cannot prevent mixing.
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As it happens, imposition of symmetries such as two-
dimensionality (wave vectors perpendicular to V4) or
isotropy have precisely these effects. For slab symme-
try the oscillatory terms are strong and act to enforce
WXKB theory [Matthaeus et al., 1994b; Marsch and Tu,
1993; Tu and Marsch, 1993].

It also clear that the index symmetry of the mix-
ing tensors enters this discussion. The mixing term
in (7) involves a fully contracted product of two ten-
sors. Thus the antisymmetric part of the energy differ-
ence tensor couples to the trace of the Elsédsser energy
spectra when the mixing tensors have an antisymmetric
part. It would follow that equations would be needed
for all the independent components of the fluctuation
spectral tensors. Here we choose to ignore all antisym-
metric parts of the spectral tensors, including magnetic
and kinetic helicities and the induced electric field. This
avoids considerable complication.

In their full generality, the mixing tensors have the
form

au; N 1 0By
OR; ~ +/4mp OR;

1 U
— w0V T ]
25_,(7 (2:EVA)

MEi(R) = (4)

which is completely determined by the large-scale gradi-
ents of the mean fields. However, because these tensors
always appear coupled to small-scale spectral tensors
(e-g., Q]-QM;E-), mixing also depends on the nature and
rotational symmetry properties of the small-scale tur-
bulence. Assuming that this small-scale turbulence is
either isotropic, 2D, or slab enables the trace of Q;, M ff,
to be evaluated and written as the product of two scalar
functions: M*Q, where Q = Qqq, and the M* are ef-
fective mixing operators. The choice of spectrum type
also plays a role in determining the forms of the M*. In
Appendix A it is shown that the effective mixing oper-
ators appropriate for use with omnidirectional spectra
and the large-scale fields described above are

1 U
ME = —|Z F Val, 5
L= ox|y Vel (5
ME = %[Ucosng + Var(3cos®yp —2)+ (6)
Varo [ QRo 3Ro\ . .
_ 220 2
5 ( i ) (2 7 )s1n951n 1,0],
M;ab = MZ:ED’ (7)

where 9 is the winding angle of the Parker spiral mag-
netic field [Parker, 1958], Q the solar rotation rate,
Var = VaroRo/R the radial component of V4, and Rg
a reference radius taken equal to 10 Rsy,. The equality
of the 2D and slab mixing operators is a consequence
of the formal (structural) equivalence of the omnidirec-
tional spectra for the two cases. In both situations, the
fluctuation energy is all in spectral tensor components
perpendicular to Bp, but the interpretations are dis-
tinctly different (e.g., Appendix C of Oughton [1993]).
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As suggested by Figure 1, when R 2 2 AU the effec-
tive operators are all essentially the same, being asymp-
totically ~ 1/R. Inside 1 AU, however, important quali-
tative differences exist between both the plus and minus
versions for the same type of turbulence, and also be-
tween M* for different types of rotational symmetry.
In particular, when V4,0 > U/3, the isotropic forms
are qualitatively different from the others, with Mg’o
actually starting negative, crossing over to a positive
peak at a few Rg, and thereafter decreasing towards
zero. For 2D and slab turbulence, the M+ operators are
strictly monotonically decreasing from positive initial
values. As will be demonstrated in the results section,
the anomalous behavior of M, is largely responsible
for the strongly reduced mixing of isotropic turbulence
relative to 2D turbulence.

In the solar wind, the gradients in the mean fields are
largest in the inner heliosphere, so that the components
of the mixing tensors are also largest in magnitude in
this region. Furthermore, since the mixing operators act
as nonconstant coupling coefficients between the small-
scale fields, it seems likely that any significant influence
exerted by the mixing tensors on the radial evolution
of the fluctuating quantities will also occur close to the
sun. In support of this statement we have compared
the magnitudes of the various coefficients of (1)—(3) for
2D turbulence (the case for which the mixing operators
are largest). Within the first few tenths of an AU, M,
differs from the other coeflicients by no more than a
factor of two (either way). By 1 AU, however, it is only
a quarter of the other coefficients and at 2 AU barely a
tenth.

Zhou and Matthaeus [1990b] and Matthaeus et al.
[1994b] have identified three situations (not necessarily
mutually exclusive) in which mixing effects can be im-
portant: (1) k-V4 = 0, (2) V4/U =~ 0, and (3) the fluc-
tuations do not obey a (linear) wave dispersion relation,
e.g., broadband turbulence. Clearly, these cases sat-
isfy the heuristic conditions for mixing discussed above.
The crucial feature regarding the first two cases is that
even when the fluctuations have wavelengths which are
arbitrarily small (the usual condition for the applicabil-
ity of WKB theory), there are situations in which the
fluctuation frequencies are also small. The expansion
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Figure 1. Plots of the effective mixing operators as
a function of heliocentric distance in AU. (a) The case
Varo = 0 (for which M+ = M), (b) the case V4,0 = U.
The isotropic versions are plotted using solid lines, and
the 2D forms using dashed lines. In (b) the M~ forms
are indicated by the thinner solid line and the dotted
line. The inner boundary is located at Rg = 10 R,qn.
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parameter based on the frequency is then not small (cf.
€} in the work by Zkou and Matthaeus [1990b]), and it
is inappropriate to use the standard leading order WKB
transport equation(s).

We are particularly interested in how the radial evo-
lution of the physical quantities is affected by the size of
k - V4. This factor is essentially the coupling strength
between the F' and J fields and may be thought of
as a “WKB-enforcing” term. If k- V4 = 0, then F
and J are only weakly coupled and strong mixing oc-
curs. The initial dominance of the outward-type modes
causes growth of F, which in turn causes growth of the
inward-type modes, leading to significant decreases in
0. = (P~ — P*)/(P~ + P%) with heliocentric distance.
However, when k- V4 % 0, F and J are strongly cou-
pled. For such cases F is constrained to oscillate about
zero with small amplitude and thus is ineffective in cou-
pling Pt to P~. The energy in the inward-type fluc-
tuations consequently remains a tiny fraction of that in
the outward-type and WKB-like solutions are obtained.

4. Results

In order to solve the equations we have, in most cases,
resorted to numerical techniques, namely Chebyshev
spectral (collocation) methods [Gottlieb and Orszag,
1977; Canuto et al., 1988], the equations being inte-
grated in time to steady-state solutions. Boundary con-
ditions are imposed at Ry = 10 Rsy, and chosen so
that the fluctuations there are purely outwardly prop-
agating, i.e., P; > 0, Pf = Fy = Jo = 0, where the
zero subscript indicates evaluation at Ry. Furthermore,
because the equations being solved are linear, the solu-
tions can be multiplied by an arbitrary constant. For
convenience we always choose Py = 1. These will be re-
ferred to as “standard” boundary conditions, and their
use allows (but does not require) the inner boundary to
be interpreted as the Alfvén critical radius (R.). This
is the distance at which the (radial) flow velocity be-
comes equal to the (radial) Alfvén velocity, with theory
and observations suggesting that it lies in the range 7—
30 Rsun [Weber and Davis, 1967; Pizzo et al., 1983;
Marsch and Richter, 1984; Lotova et al., 1985; Lotova,
1988]. The conventional perspective regarding the crit-
ical point is that it prevents inward-type fluctuations
from escaping past it, their net velocity being towards
the sun. Thus only outward-type fluctuations should
exist at R.. This view has been challenged by Hollweg
[1990], who, examining the higher order corrections to
a regularized WKB expansion, concludes that a small
admixture of inward waves is required at the critical
point. However, a more general scale separated ap-
proach [Matthaeus et al., 1994b] reveals that the WKB-
type solutions are special cases, which lack mixing ef-
fects at leading order and to which Hollweg’s comments
apply. For more general solutions that permit mixing,
it is consistent to choose boundary data with purely
outgoing waves at the critical point. Here we usually
adopt the standard boundary conditions, even when
VArO <U.
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A major objective of the following subsections will be
to indicate some of the circumstances in which mixing
effects are important. As a shorthand we will sometimes
refer to the mixing effects as “strong,” meaning that
the solutions obtained under the specified conditions
are significantly different from the equivalent leading
order WKB ones. Similarly, “weak” will indicate that
mixing effects are relatively unimportant, and thus that
the solutions are close to the WKB forms.

Steady state solutions to (1)—(3), with the nonlin-
ear terms dropped, depend on the large-scale speeds
only through the three ratios (1) 4o = Va,0/U, (2)
[k - V4|/U, and (3) QRo/U, the last determining the
degree of winding of the magnetic field. For isotropic
turbulence, only the first ratio comes into play, so that
the solutions are independent of the absolute values
of U and V4. Since the equations are linear we will
only present solutions for one value of U, equivalent
to 400 km/sec, which is about the average solar wind
speed. Values of V4,0/U used lie between 0 and 1 inclu-
sive. When V4,0/U = 0 there is no large-scale magnetic
field present, so that conditions are similar to those
which would exist in a planar current sheet. At the
other extreme, when Vy,0/U = 1, the inner boundary
corresponds to an Alfvénic critical radius. Intermediate
values may be interpreted as the inner boundary lying
beyond this critical radius.

In the limit that V4 /U approaches zero, analytic so-
lutions for the steady linear transport model may be
obtained. For the isotropic case such solutions were
first obtained by Zhou and Matthaeus [1990a]; an iden-
tical approach furnishes analytic solutions for the 2D
and slab cases, which the codes faithfully reproduce
[Oughton, 1993]. We wish to emphasize that these
analytic solutions, though oversimplified and perhaps
in some cases unphysical, have served to illustrate the
types of behavior that can be introduced by the mixing
terms in the transport equations, while also providing
control solutions for the numerics. We discuss the in-
terpretation of these solutions in the final section.

Note that near the critical point (V4 = U) the
behavior of the coefficients for the advection and ex-
pansion terms is quite different for the inward- and
outward-type fields (equation (1)). More specifically,
in this region the outward-type modes undergo strong
advection but relatively weak expansion, while the situ-
ation is reversed for inward-type fluctuations. Speaking
very loosely, the growing bubbles of inward-type modes
are left behind by jets of outward-type fluctuations.

We will present the numerical results using plots of
spectral amplitudes for P%, o, and op, all as func-
tions of heliocentric distance. The normalized cross
helicity o is interpretable as a measure of the rela-
tive abundances of inward- and outward-type modes,
the extremal values o, = +1 corresponding to purely
outward- and purely inward-type modes, respectively.
It is also a normalized correlation coefficient for (v -b),
so that it conveys information on the degree of align-
ment existing between the small-scale fields. The nor-
malized energy difference op is, as its name suggests,
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the ratio of the difference in kinetic and magnetic energy
to their sum. The same information is contained in the
Alfvén ratio, r, = E*/E®; however, the bounded char-
acter of op makes it a more convenient quantity to plot.
For isotropic and 2D turbulence, the spectral ampli-
tude is evaluated at a fixed but arbitrary inertial range
wavenumber. This approach is possible because there is
no explicit k dependence in the linear equations for tur-
bulence of these types. In contrast, the slab geometry
is k dependent at the linear level, and so the particu-
lar inertial range wavenumber used is important. Also,
the linear transport equations do not contain nonlocal
or derivative expressions involving k, so no wavenumber
boundary conditions are required. (Generally speaking,
when nonlinear effects are included, spectral transfer
communicates excitations from the edge of the inertial
range, where boundary conditions are needed, through-
out k space. Differing wavenumbers then cease to be
independent.)

Since at this level of approximation the transport
equations are linear, the various solutions may be su-
perposed. Thus we can obtain the evolution of various
admixtures of fluctuations, for example, a 2D-slab mix-
ture. Recent research regarding the nature of solar wind
fluctuations [Matthaeus et al., 1990; Bieber et al., 1994],
from various perspectives, suggests that such composite
models are a better approximation to the true system
when compared to fluctuations characterized by a single
rotational symmetry property. We now examine results
for the three basic types of fluctuations and then con-
sider a few linear superpositions of these solutions and
how they compare with observational data.

Isotropic Fluctuations

The steady state equations for fluctuations which are
isotropically distributed, with the above choice of model
large-scale fields, are

op* UVar\ o
r P

(U:FVA)aR +( 7 ) (8)

+ Mi:::oF = 01

oF U

— + =F + 2[Mt P~ ~pt] = o,
UaR + R + [ 180 + 180 ] (9)
where M is given by (5). Because homogeneity re-

quires that J(k) be an odd function of k, the function
J(k) must vanish identically for turbulence which is
isotropic and nonhelical [Oughton and Matthaeus, 1992;
Oughton, 1993]. We stress that no directional averag-
ing is performed to arrive at this conclusion—J vanishes
as a consequence of the assumption of isotropy. Con-
sequently, the WKB enforcing term cannot come into
play and mixing is strong. As can be seen below, this
leads to substantial falloff in the normalized cross helic-
ity with increasing heliocentric distance. The solutions
also show significant dependence on the value.of Ao,

with mixing becoming weaker as Ag increases from 0 to
1.
It should be noted that, by itself, linear transport

cannot maintain isotropy of the fluctuations, since the
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structure of the equations breaks the isotropic symme-
try. Some agency which continually isotropizes the fluc-
tuations (e.g., strong turbulence) must therefore be ac-
tive in order to maintain consistency with the underly-
ing assumptions. This is a feature common to all cases
in which a symmetry of the fluctuations is assumed.
However, in the isotropic case, the assumption rules
out an approach to WKB behavior. For slab fluctu-
ations nonzero J is permitted, leading to very different
behavior.

Figure 2 shows omnidirectional spectral amplitudes
for two isotropic cases, V4,0/U = 0 and 1, with stan-
dard boundary conditions in place. Clearly, when
Varo/U = 1 (or more generally when it is big enough
to cause a sign change in M), there is a strong ten-
dency for the turbulence to contain a sizable excess of
small-scale kinetic energy just above the critical point
(op =~ 0.2). However, within a few critical radii the
situation reverses and magnetic energy is favored at in-
ertial range scales (0, ~ —0.3). This special character
of the transport just above the critical point may be as-
sociated with a possible local enhancement of velocity
field turbulence inferred from observations [e.g., Lotova
et al., 1985; Lotova, 1988; Mullan, 1990] within a few
critical radii.

When the turbulence is isotropic, the reduced and
omnidirectional spectra differ only by a multiplicative
constant (assuming a power law form for the latter, see
Appendix B). Because of this similarity we do not show
plots of the reduced spectra for the isotropic case.

Nonstandard boundary conditions have also been in-
vestigated. The equations are relatively insensitive to
the value chosen for the boundary condition on inward-
type fluctuations, provided the energy difference at Ry
is still held at zero. For such conditions, choosing
P; /Py 2 0.005 leads to the immediate plummeting of
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Figure 2. Radial evolution of various omnidirectional
spectral densities for isotropic turbulence (at fixed iner-
tial range wavenumber). Standard boundary conditions
are imposed. The horizontal coordinate is heliocen-
tric distance (AU). Solid curves: Vy4,0/U = 1. Dashed
curves: Vgr0/U = 0.
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P*(R) to a value which is approximately the same
one it has when P(;" is zero, In other words, enforced
equipartition of the small-scale energy at R, is associ-
ated with at most a tiny fraction (~ 1073) of inward-
type modes relative to outward-type ones just above
the critical point. The subsequent evolution of Pt is
pr_la_,ctically indistinguishable from that occurring when
Py =0.

When the equipartition restriction at R is relaxed,
however, visible changes in the radial evolution of the
fields ensue. The choice of F is not completely arbitrary
for such cases as the energy difference is constrained
by several inequalities. First, using the definition of
F and the Schwartz inequality it can be shown that
|F| < 2(P*P~)'/2. Second, since the energy difference
cannot be greater than the total energy we must also
have |F| < Pt 4 P~. Figure 3 shows the situation for
P} =0.01, Py =1, and two choices of Fo, namely 0.1
and 0.2, the latter number being Fy’s maximum allowed
value for these conditions. While negative values of Fy
are not mathematically ruled out, we have elected not
to investigate these cases since the equations tend to
drive F positive in this region. It can be seen that
for fixed Poi, increasing the kinetic energy excess at
the boundary leads to mildly weaker mixing at a given
heliocentric distance, with no significant change in the
evolutionary trends.

Two-Dimensional Fluctuations

We define 2D turbulence by the following properties:
(1) k L By, (2) the fluctuations are perpendicular to
both k and By, and (3) the fluctuations are distributed
isotropically in the planes normal to By. As a con-
sequence of this geometry k- V4 = 0, and F and J
are again decoupled, as in the isotropic case. Accord-
ingly, the WKB-enforcing terms are absent and mixing
is always strong. In fact, J is again identically zero by
symmetry, for reasons which are essentially the same as
those applying in the 3D isotropic case. Thus, except
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Figure 3. Radial evolution of the normalized cross
helicity and normalized energy difference of isotropic
turbulence for some nonstandard boundary conditions
(omnidirectional spectral amplitude at fixed wavenum-
ber). In each case, V40 = U. The evolution for two
initial values of F is shown when Pt = 0.01, P~ =1: F
= 0.1 (dashed curve), F = 0.2 (dotted curve). The solid
curves are the solutions for standard boundary condi-
tions. Solutions for Pt = 0.01, Py = 1, and Fy = 0,
are visually indistinguishable from the standard case
when plotted at this scale. Once again, the horizontal
coordinate is heliocentric distance (AU).



14,790

for the mixing operators, given now by (6), the steady
state transport equations for 2D fluctuations are the
same as those for the isotropic case, (8) and (9), so we
do not reproduce them here. Before presenting the re-
sults we note two points regarding the relevance of 2D
fluctuations in the solar wind.

Results from simulation studies of incompressible 2D
and 3D MHD turbulence with a mean magnetic field
(Bo) present, have shown that in such geometries, en-
ergy is transferred to the perpendicular wave vector
components of the fluctuations much more rapidly than
it is to the parallel ones [Shebalin et al., 1983; Hossain
et al., 1985; Oughton et al., 1994a, b]. In other words
the 2D spectrum “switches on” first. This suggests that
2D fluctuations may be relevant to the solar wind sys-
tem with its approximately Parker spiral Bo. Indeed,
there is also some observational evidence that the solar
wind can be modeled as an admixture of slab (k || Bo)
and 2D fluctuations [Matthaeus et al., 1990], a possi-
bility which has been discussed in the context of trans-
port theory by Oughton and Matthaeus [1992], Tu and
Marsch [1992, 1993], and Marsch and Tu [1993]. We
consider this multiple component model further below.

Furthermore, the theoretical analysis of nearly incom-
pressible MHD turbulence [Zank and Matthaeus, 1992a,
b, 1993], also suggests that when the plasma beta is of
order unity (as it is in much of the solar wind), the
turbulence may consist of two components: (1) Alfvén
waves propagating along By, and (2) incompressible 2D
MHD turbulence in the surfaces perpendicular to By.
In the solar wind such 2D surfaces would be advected
outward by the supersonic flow (see also Tu and Marsch
(1992, 1993], Marsch and Tu [1993]). At higher orders,
nonlinear interactions between the two components can
also occur [Zank and Matthaeus, 1992b, 1993].

Assuming that the omnidirectional spectrum Qo™=
is a power law, with spectral slope —a, it is possible to
calculate the equivalent reduced spectrum Q™4. The
details are given in Appendix B, with the result that

for 2D turbulence
. kl
omni
@ ( sin )

_ I(c)sin®* 14 Qemni (k), (10)

T

I(e)
7 siny

Qred(kl) —

where k; is equivalent to the radial component of k, and
I(e) is a pure number. In the first line, the argument
of the omnidirectional spectrum, k,/sin, may be in-
terpreted as the component of k lying in the plane of
By and R. Thus, the reduced spectra of 2D turbulence
contain a purely geometrical factor which depends on
the local winding angle. In general, these geometrical
correction factors alter not just the level, but also the
radial profile of the raw spectral densities. However,
normalized quantities (e.g., oc, r4) may be computed
from either Q™ or Q°™™, and will be independent of
such common factors. Tu and Marsch [1992, 1993] have
discussed the closely related issue of the influence on
observed reduced spectra of the angle between the sam-
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pling direction and By, for models wherein the fluctu-
ations are divided into slab Alfvén waves and so-called
convective structures.

We turn now to numerical solutions of the trans-
port model for 2D fluctuations. To facilitate interpre-
tation of our subsequent results, we compare the re-
duced (i.e., observed) spectral amplitudes at some fixed
inertial range k1, with the underlying omnidirectional
spectra at the corresponding wavenumber. The left-
hand panels of Figure 4 show the two spectral forms of
P* considered in this section, for the usual situation of
standard boundary conditions, with V4,0/U = 1. The
curves shown are for the Kolmogorov case of @ = g
As I(a)/m only varies between % fora = 1 and 1/7
for @ = 2, the dependence of this factor on the spec-
tral slope is relatively weak, it does however determine
the amplitude at large distances, where siny ~ 1. In
the region close to Ry, sin % is small, so that, relative to
the omnidirectional spectra, the reduced spectral densi-
ties are greatly diminished. In fact, the reduced spectral
amplitudes are lower than the corresponding omnidirec-
tional ones at all distances, but, the difference between
the two forms decreases as R increases. When compar-
ing the model solutions to observational data, it will be
important to keep points like this in mind.

The right-hand panels of Figure 4 show the radial
evolution of the normalized forms of the cross helicity
and energy difference, for the two cases Vy,0/U = 0.2
and 1 (standard bc’s). For 2D turbulence, the depen-
dence of the normalized quantities on this parameter is
evidently somewhat weaker than for the isotropic case,
particularly away from Ry. The reason is that, unlike
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Figure 4. Radial evolution of various spectral densi-
ties for 2D turbulence (at an arbitrary inertial range
wavenumber). All plots are for standard bc’s. The left-
hand panels show the omnidirectional (solid curves) and
reduced (dotted curves) spectra for the case Va0 = U.
The right-hand panels display the normalized cross he-
licity and normalized energy difference for the two cases
Varo/U = 0.2 (dashed curves) and 1 (solid curves). As
usual, the horizontal coordinate is heliocentric distance
in AU.
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Mi':o, M}, does not undergo a sign change as Viro/U
is increased, so that the mixing does not counteract it-
self. Note that beyond 0.5 AU the small-scale energy is
almost entirely magnetic in character. Why this rapid
evolution towards magnetic energy dominance occurs is
currently not well understood, although some insights
may be gained from V4 = 0 analytical models [Tu and
Marsch, 1993; Zhouw and Matthaeus, 1990a; Oughton,
1993].

For nonstandard boundary conditions on the fields,
no qualitative and only small quantitative differences
are seen in the radial evolution of any of the spectral
densities. For example, when V4,0 = U, Py = 1,
P = 0.01, and Fo = 0, 0.1, or 0.2, the normalized
cross helicity and Alfvén ratio increase slightly as Fy is
varied from zero up to its maximum allowed value for
these conditions (0.2), indicating a minor weakening of
mixing. Negative values of Fy, on the other hand, cause
a marginal increase in the strength of mixing, relative
to the Fy = 0 case. This is easily understood: the
strength of the mixing effect, and in particular growth
of P*, depends upon the size of F. At a given dis-
tance, the mixing term in the transport equation for
P+ is more effective for more negative values of M~ F.
As M~ > 0 for all R > Ry, initially positive values of
F cause a brief decay of P, and delay the onset of its
growth phase.

In summary, the solutions for two- and three-dimen-
sional isotropic turbulence are quite similar in form,
particularly beyond a few tenths of an AU. In both cases
approximate saturation of the normalized quantities oc-
curs, typically at a distance of about 1 AU. However,
because M;'D is strictly positive, the mixing effect is
substantially stronger for 2D turbulence. In fact, the
mixing effect for 2D fluctuations is the strongest that
we have seen in any solutions of linear transport equa-
tions, regardless of fluctuation symmetry.

Slab Fluctuations

In the slab geometry the fluctuations are in the plane
perpendicular to the wave vector k, with k parallel to
By. The appropriate steady state equations are

opP* U+Var\ 1
r P 11
@) G + (T2 (1)
+Ms:::abF = 0’
oF U
U— —F — (2k-V,
ot BF — (kVa)J (12)
+2 (M, P™ + My, PY] = 0,
oJ U
Uﬁ + EJ + (2k-VA)F = 0, (13)
with M;{:ab given by (7). Physically, this geometry is

associated with Alfvén waves propagating along Bg. In
contrast to the two previous geometries, J is no longer
forced by symmetry to be identically zero, so that the
WKB-enforcing term can come into play.
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Figure 5 shows an example for the case when Vy,o/U
is unity; standard boundary conditions apply and k; =
50 in code units. In physical units this corresponds to a
wavenumber of 50 x 2w/ Ro = 7x 1076 km~1, equivalent
to a wavelength of about 1/1000 AU, well within the
typical inertial range. The solutions are very close to
the leading order WKB results for the same boundary
conditions. That is, at all distances o~ landr, =~ 1
(0’ D = 0)

Evident in Figure 5 are the oscillations described in
section 3 as “WKB-enforcing,” and their role in attain-
ing that limit is clear here. When k - V4 is nonzero,
F and J exhibit tightly coupled oscillations, F about
zero and J about a relatively small positive value which
tends to zero as R — oo. As F is always small, mixing
effects are effectively turned off because at this order Pt
can grow only weakly if F & 0 (physically, F is small be-
cause Alfvén waves exhibit near equipartition of kinetic
and magnetic energy). The energy in the inward-type
fluctuations therefore remains a tiny fraction of that in
the outward-type ones, leading to recovery of WKB-like
solutions. As R increases, the wavelength of the oscil-
lations in F and J also increases because of the depen-
dence of V4 on R. Spectra for F and J, obtained from
Helios observations, are shown in Figure 6 of Marsch
and Tu [1990].

We also emphasize at this point that the presence
or absence of the WKB enforcing oscillations is clearly
connected with the choice of fluctuation geometry and
its effect upon the parameter k - V4. The structure of
the transport equations in their general form was estab-
lished by expansion in € = A./R, which is clearly a sep-
arate and independent physical quantity. The appear-
ance of rapid time (or space) variations is not connected
with the scale separation of the overall problem, rather,
its magnitude varies independently in accordance with
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Figure 5. The radial evolution, or lack thereof, of vari-
ous normalized quantities for slab fluctuations (spectral
amplitudes at k; = 50). The solutions are for standard
bc’s, and V4,0 = U. The lower plots should actually be
plotted using vertical bounds of &1, but such plots de-
emphasize the oscillations. The horizontal coordinate
is heliocentric distance in AU.
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the direction of the excited wave vectors k. Since this
effect is of independent physical origin, there is no diffi-
culty inherent in these rapid oscillations. However, even
though the formal structure of the transport equations
permits these rapid variations, it is clear that practical
difficulties arise with regard to considering such solu-
tions to be locally spatially homogeneous.

Figure 6 indicates that the recovery of WKB-like
solutions occurs for all values of k1 R 2 (code units);
this wavenumber corresponds to a physical wavelength
~ 1/40 AU, which is about the same as the observed
correlation length for the total energy at 1 AU. It follows
that since solutions for scales much longer than those
characteristic of inertial range fluctuations are WKB-
like, the entire inertial range will also behave in this
fashion. Clearly, nonzero values of k - V4 strongly in-
hibit mixing. This dependence on k - V 4 is essentially
what was seen in Heinemann and Olbert’s [1980] inves-
tigation of the full wave equation (for toroidal waves).
For their simplified geometry, where both the large-scale
flow and the large-scale magnetic field are radially di-
rected, convergence of the (small amplitude) solutions
to WKB forms was reported when k is not unduly small.
Convergence to WKB solutions has been discussed re-
cently in more detail by Matthaeus et al. [1994b].

Slab solutions (omnidirectional) for the separate cases
of k = 0 and V4 = 0, are highly reminiscent of the 2D
forms. When we recall that the two geometries have
the same effective mixing operators, this similarity is
unsurprising; indeed the same analytic solution, show-
ing strong mixing, holds for both types of fluctuations
when V4 = 0 (however, these cases are not of much
physical relevance for 2D and slab fluctuations). If we
instead compare the reduced spectral densities, the sim-
ilarity vanishes, since for slab geometries the geometri-
cal weighting factor is 1/ cos 9 (equation (B23)), rather
than the 1/sin% appropriate for 2D turbulence. Fig-
ure 7 shows a comparison of the reduced spectral den-
sities for 2D and slab fluctuations. The usual choice
of parameters is in effect (standard bc’s, Varo/U = 1),
and for the slab solutions k; = 0. In this case the om-
nidirectional solutions are identical (solid curves), but
the reduced forms show substantial differences (broken
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Figure 6. Plots showing the convergence of slab so-
lutions toward WKB results as the wavenumber is in-
creased (standard bc’s, Vg0 = U). Solid curves: k = 0;
Dashed curves: k = 2; Dotted curves: & = 5. A unit
wavenumber in code units is equivalent to 27/Ry in
physical units. This approach to WKB results has also
been discussed by Heinemann and Olbert [1980] for lin-
ear toroidal waves. The horizontal coordinate is helio-
centric distance in AU.
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Figure 7. Comparison plots of the omnidirectional and
reduced spectral amplitudes for 2D and slab turbulence.
All plots are for standard bc’s with Vg0 = U. To
avoid the oscillations seen in Figure 5, the slab curves
are for k; = 0. Solid curves: omnidirectional spectral
amplitudes for both 2D and slab fluctuations; Dashed
curves: reduced spectral amplitudes for 2D fluctua-
tions; Dotted curves: reduced spectral amplitudes for
slab fluctuations. The reduced curves are calculated
for @ = 5/3. The horizontal coordinate is heliocentric
distance in AU.

curves). At smaller distances the reduced slab spec-
tra differ little from their omnidirectional forms, since
cosy &~ 1 in this region. As R increases, the geometri-
cal factor leads to an increasing underemphasis of the
power in the slab fluctuations. The situation is more or
less reversed for 2D fluctuations, since here the geomet-
rical factor involves sin%. As noted above, normalized
quantities are unaffected by reductions of this form.

Comparison With Observations

Figure 8 provides a summary of some of the lin-
ear solutions presented above. Curves for the normal-
ized cross helicity and the normalized energy difference,
in the case where the turbulence is isotropic or 2D,
are shown, as are several linear combinations of these
solutions (all at a fixed but arbitrary inertial range
wavenumber). Because the slab solutions depend so
weakly on k in the inertial range, it makes little differ-
ence which wavenumber is used here. The pure slab case
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Figure 8. Plots of the numerical solutions to the lin-
ear transport equations for the normalized cross helicity
and energy difference, with observational data points
superimposed. The thick solid curves are for isotropic
turbulence with Va,.0/U = 1, and the dot-dot-dot-
dash curves for 2D turbulence under the same condi-
tions. The thin solid curve is the isotropic solution when
Varo/U = 0 (analytic). Dotted curves: 80% 2D, 20%
slab; Dashed curves: 60% isotropic (Varo/U = 1), 40%
2D. The diamonds denote observational data points ob-
tained from three hour averages of Helios and Voyager
data [Roberts et al., 1987a, b]. All solutions are com-
puted from the omnidirectional spectra. The horizontal
coordinate is heliocentric distance (AU).
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(not plotted) is very well approximated by the WKB re-
sult: o, = 1, op = 0. Also shown are data points for o
derived from three hour averages of Helios and Voyager
data [Roberts et al., 1987a, b], which were used for ear-
lier comparison with analytic and computed solutions
[Zhou and Matthaeus, 1990a; Oughton and Maithaeus,
1992]. While data points for op are not shown, obser-
vational analyses indicate that this quantity is roughly
constant in the outer heliosphere, with a value of about
—0.3 [Goldstein et al., 1994].

It is clear that the inertial range slab (WKB) solu-
tions and the 2D solutions give limits on behavior seen
in the linear transport model, and provide bounds for
what can be represented by physically reasonable linear
superposition of these solutions. The WKB solution has
no mixing at all, and energy equipartition at all helio-
centric distances. The 2D solutions provide for rapid
decrease of normalized cross helicity (o.) to a level of
~ 0.1 by about 0.5 AU, while the total energy becomes
almost purely magnetic by 1 AU. Clearly these effects
of mixing are excessive, since they overshoot the obser-
vations substantially.

Linear combinations of 2D and slab solutions have
values of op which are approximately constant beyond
1 AU (e.g., the 80-20 mix shown in Figure 8). Choos-
ing a 30% 2D, 70% slab mix, would allow matching
of the theory and observations for this quantity; how-
ever, o, for such a mixture is far too high to agree with
observations. With a linear 2D-slab mixture, it is not
possible to obtain simultaneously good (quantitative)
agreement between theory and observations for both o,
and op. However, models such as the 80% 2D, 20% slab
mixture are both qualitatively reasonable and quantita-
tively better than any model with pure symmetry that
we have tried. For example, this model has o, =~ 0.3
and op ~ —0.6 at 1 AU.

Recently, Matthaeus et al. [1990] constructed a two-
dimensional correlation function for solar wind fluctua-
tions using ISEE 3 data collected near 1 AU. As stated
by Matthaeus et al. [1990, p. 20,678], the simplest way
to interpret this correlation function is to “assume that
the solar wind at 1 AU contains a population of Alfvénic
(slablike) fluctuations, probably originating at the so-
lar corona, along with a quasi-two-dimensional compo-
nent that could be evidence of turbulent evolution be-
tween the sun and 1 AU.” The difficulties associated
with obtaining enough suitable data meant that only a
single such correlation function was calculated, so that
without further examples generalizations based on this
single event must be handled with care. Nonetheless,
an idealized model of the solar wind was postulated,
viewing it as a fluid containing both slablike Alfvénic
fluctuations and quasi-two-dimensional fluctuations. As
(spectral) anisotropy seems to be a feature of turbu-
lent evolution in the presence of a large-scale magnetic
field [e.g., Shebalin et al., 1983; Hossain et al., 1985;
Oughton et al., 1994a, b]—meaning that the fluctua-
tions evolve toward a quasi-2D state—Matthaeus et al.
[1990] predicted that quasi-two-dimensionality would
become more important in the outer heliosphere. Fig-
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ure 8 shows that for (strong) 2D turbulence, o, and op
saturate at approximately constant values somewhere
around a few AU. For ideal slab fluctuations, these nor-
malized quantities are constant for all distances beyond
Ry, so that our numerical solutions support the two-
component interpretation just referred to.

5. Discussion

The numerical results presented here confirm that in
valid regions of parameter space mixing terms induce
substantial departures from leading order WKB solu-
tions. Application of the non-WKB framework to the
solar wind, using only the linear terms, has shown that
simple mixing models can produce interesting levels of
agreement with observations for quantities such as o,
and the small-scale Alfvén ratio, 7, = E°/E®. With
the exception of the slab solutions, the curves for o, are
in qualitative agreement with the observations, show-
ing significant decay with heliocentric distance. The
quantitative agreement is certainly not good enough to
support claims that mixing is the sole explanation for
the observed decrease in o.; nonetheless, it does sug-
gest that mixing, as computed here using the linear
transport equations plays a role which, (1) cannot be
neglected, and (2) is capable of explaining some of the
evolutionary trends.

Previous results [ Qughton and Matthaeus, 1992; Ough-
ton, 1993; Tu and Marsch, 1993] of linear transport
computations, as well as those given here, have sug-
gested that the correspondence of linear solutions to
observations can be made to agree better by using two
component models which postulate some linear combi-
nation of fluctuation spectra with differing rotational
symmetries. Of particular interest is that pure slab
or pure isotropic turbulence is not at all a good fit
to the observations. On the other hand, a mixture of
slab and 2D fluctuations (about 80% 2D, 20% slab, cf.
Figure 8) is a reasonable fit to the observations. The
latter mixture was also arrived at as a near optimum
representation of observed (inferred) energetic parti-
cle mean free paths by predictions of dynamical, two
component quasi-linear scattering theory [Bieber et al.,
1994]. Other superpositions of transport solutions are
reasonable fits as well, as is seen for example in tL.
60% isotropic, 40% 2D model in Figure 8, which is only
a little worse fit than the 80-20 2D/slab model.

The solutions presented above are in excellent agree-
ment with the earlier discussion concerning the influ-
ence of the mixing terms. Specifically, mixing plays an
increasingly important role as either V4 /U or k-V 4 ap-
proaches zero. Indeed, the impact of the mixing terms
on the radial evolution of the physical quantities is cru-
cially affected by the size of the WKB-enforcing factor,
k- V4. Unless F and J are essentially uncoupled the
solutions are very close to the leading order WKB ones,
with almost all the energy being in the outward-type
fluctuations. For slab fluctuations this is true even at
wavenumbers much smaller than those characterizing
the inertial range (except at very small R). The fact
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that J is identically zero for isotropic and 2D turbu-
lence, means that of the various cases considered here,
only the slab geometries can show convergence towards
WKB solutions.

The question arises as to the scale on which k - V4
is small. The natural terms to compare it to are the
effective mixing operators. Denoting the angle between
k and V4 by 7(R), we have the following ratio:

k-Vyu _ 2(Varo/U)kcosy (14)
M, cos?y + Yaze(3cos? 9 — 2)

For V4,0/U < 1, the denominator is bounded above
by 2, and decreases with increasing R; we may there-
fore consider it to be at most an order unity quantity.
For 2D fluctuations cosy = 0, so that the numerator is
inherently zero and mixing is always strong. For slab
fluctuations, however, cosy = 1, and the numerator in-
creases without bound with k. If Vg0/U ~ 1, as is
usually the case, the wavenumbers need only be 2 10
(in appropriate units), for WKB effects to nullify mix-
ing. Such wavenumbers lie well below the inertial range,
so that inertial range fluctuations are expected to be
WKB in character when these conditions apply. The
solutions presented provide numerical support for these
arguments (see also Figure 6).

We now return to the analytic solutions mentioned in
the results section. In particular, we attempt to clarify
a misinterpretation of them. In their section 8, Tu and
Marsch [1993] (TM93) compare their model with obser-
vations and with a “ZM” model [Zhou and Matthaeus,
1990a]. However, the version of the ZM model they
employ is the very simplest case only (isotropic sym-
metry, V4/U — 0). The physical content of the ZM
model is much broader than suggested by their com-
parison. Second, the same authors, in Appendix A of
TM93 [p. 1273], develop a criticism of the ZM discus-
sion of mixing. While they do not dispute ZM’s conclu-
sions, they prefer a description of the same effect based
upon “convection of the fluctuation vorticity lines and
fluctuation magnetic field lines.” The mathematical ex-
pression of the conservation principle they use (in equa-
tions (A13)—(A14) of TM93) is, however, approximate
and valid only in certain special cases, one of which is
the V4 /U — 0 limit. Their restatement of ZM’s con-
clusion that kinetic and magnetic energy evolve inde-
pendently in that limit is correct for V4 = 0 only. As
they also recognize, the mixing effect can occur in much
wider circumstances so that we prefer our original in-
terpretation. We also point out that their analytic solu-
tion (TM93, equations (A18)-(A22)) is developed from
a set of V4 = 0 equations for two-dimensional fluctua-
tions (which TM93 elect to call convective structures),
but they claim a comparison with ZM’s result for one-
dimensional waves. Along similar lines, Appendix B
of TM93 is devoted to a rederivation of the solutions
to ZM’s (97)-(99) (equations (B10)—(B11) in TM93).
This ZM model is a V4 = 0 three-dimensional isotropic
steady solution with a power law inertial range. How-
ever, the framework used by TM93 begins with the con-
vective structure equations (2D) and then invokes a 3D
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isotropic property of reduced spectra (TM93 equation
(B8)) to arrive at the desired result. Because of these
confusions, we have difficulty in evaluating the compar-
isons made by TM93.

All solutions of the linear transport model presented
here have ignored the nonlinear effects that can enter
the transport equations due to local MHD turbulence
[Zhou and Matthaeus, 1990b; Tu and Marsch, 1990].
One problem in developing such a theory is the lack
of precise knowledge of how to model the local tur-
bulence effects associated with each spectral quantity.
In fact, for certain spectral quantities, such as the en-
ergy difference F(k), it is fair to say that this knowl-
edge is very imprecise [Mangeney et al., 1991; Zhou and
Matthaeus, 1990b]. In addition, as mentioned earlier,
models with turbulent spectral transfer require k space
boundary data in the inertial range, and an additional
model, such as a recently proposed model for solar wind
energy-containing eddies [Matthaeus et al., 1994a), to
drive the inertial range transfer. Although such a com-
plete model is still under development, a recent Ph.D.
thesis [Oughton, 1993] contains preliminary results for
models with energy-containing range, inertial range and
modeled nonlinear effects. Although these computa-
tions are qualitatively similar to many of those shown
here, the mixing effect appears to be much weaker in
many cases. This can be attributed to the strong non-
linear term that was chosen to restore equipartition of
magnetic and kinetic energy. Even though the origin of
this term is somewhat ad hoc, a reasonable set of mod-
els for the nonlinear terms that permits strong mixing
has yet to be arrived at. This has led to the tenta-
tive conclusion [Oughton, 1993] (see also Goldstein et
al. [1994]) that mixing effects solely driven by expan-
sion (i.e., spherically symmetric flows with a simple spi-
ral magnetic field) can probably account for only a small
part of the observed reduction in cross helicity in the
solar wind. At present, turbulence driven by stream-
shear [Roberts et al., 1992] appears to be a strong can-
didate for explaining most of the reduction. In princi-
ple two scale transport equations can be developed that
include nonspherically symmetric structures associated
with streams; such models could be used to investigate
the stream-shear driven model. In addition, we have
suggested [Matthaeus et al., 1994a] that simple source
terms can be added to the spherically symmetric trans-
port models that can at least crudely model the effects
of stream shear. At present, inclusion of shear effects
and development of more accurate models of nonlinear
effects would have to be considered at the forefront of
needed improvements to the present solar wind trans-
port models.

As a final point, we remark on some aspects of this
work which pertain to the interpretation of the obser-
vational data. The complementary character of the ge-
ometrical effects for 2D and slab reduced spectra can
introduce an apparent radial evolution of the turbu-
lence, independent of any dynamics associated with the
turbulence. To see this consider the following idealized
example. Suppose that the interplanetary turbulence
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consists of two noninteracting components, namely 2D
and slab fluctuations. Suppose also that for a given
inertial range wavenumber, the omnidirectional spec-
tral amplitudes of the two components are equal, i.e.,
QSEmi(k) = Qomni(k), at all distances. Then, assum-
ing that the omnidirectional spectra follow power laws
(k~), and using the results of Appendix B, it follows
that the ratio of the reduced spectral densities is given
by

red k I
red( 1) = (a) tana_1¢‘ (15)
slab(kl) T

For o = 1, which is often observed at distances less

than 0.5 AU, this ratio is constant and less than unity
at all distances, indicating that the 2D fluctuations are
de-emphasized relative to the true power levels in the
2D and slab components. When a = g, the ratio is
unity at 9 ~ 80°; at this point a crossover occurs from
over-emphasis of the slab component to over-emphasis
of the 2D portion. Observationally ¥ = 45° at 1 AU,
so that under these conditions the crossover occurs well
into the outer heliosphere. Assuming that the 2D com-
ponent has triple the power of the slab portion moves
the crossover into about 1 AU. In any case, even if the
turbulence undergoes no dynamical evolution (between
two points on the same radial), the reduced spectra of
unnormalized quantities will still show radial evolution.
This point has also been discussed by Tu and Marsch
[1992, 1993]. Since for some time to come it is likely that
only reduced spectra will be extractable from observa-
tional data, the problems associated with deconvolving
geometrical and dynamical evolution effects will require
further investigation. Fortunately, such problems do
not necessarily arise for analytic and numerical work
on the linear equations, since we always know what we
started with. However, accurate representation of tur-
bulence near the critical point seems to rule out use of
the reduced spectral representation whenever there is a
significant 2D component present. The reason is clear:
the (radially) reduced spectra for such fluctuations van-
ish, even though finite energy is present in the spectra.

Appendix A: Derivation of the Mixing
Operators

When referring to the large-scale fields it is conve-
nient to work in heliocentric spherical polar coordinates
(R,0,¢), where R is the radial distance from the center
of the sun, 0 the co-latitude with respect to the solar
rotation axis, and ¢ the azimuthal angle. The “1” coor-
dinate corresponds to R, etc, so that, for example, the
“1-3” component of the matrix form for VB is given
by evaluation of R(8/8R)(¢Bos). The approximations
used for the large-scale fields may then be written

_ (B
_pOR,

~

UR,

(A1)

(A2)
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Ro 2
Bo«,- = Bg,’. (E) ) (A.3)
Bog = 0, (A4)
Boy = —BS, Qéz" };0 (1 - %) sind, (A5)

where Ry, po, U, BY,, and Q (the solar rotation rate),
are constants. However, for generality, in this appendix
we redefine BY, to be BY, f(6). Choosing f(6) = cos¥,
for example, introduces a planar current sheet at the
heliocentric equator.

Substituting the above forms into the defining equa-
tion for the mixing tensors (4) it is straightforward to
arrive at the following matrix forms

, 100\ g, =5 0 0\,
ME=10 10 |-—== 2f’/f 10 r
! 0o o 1 /2R 0 1 /2R
0 0 -

o V,
£ 0 0  cotb+ f/f %,
—1 —cotéf 0
(A6)

where f' = df/df. Zhou and Matthaeus [1990a] per-
formed this calculation for the Bg = 0 case, which is
relevant when V4 /U < 1, as in the outer heliosphere
for example. Note that only the first of these matrices
is index symmetric.

The mixing tensors never appear in isolation, but
only contracted, on either one or both indices, with a
small-scale tensor field (the Einstein summation con-
vention is in effect). Denoting such a small-scale field
by @;i, the most general form of the contraction which
we need to consider is @, M, ;E,, the full contraction ob-
viously being obtained by setting ¢« = j. In order to cal-
culate these contractions we need to know something re-
garding the form of @Q;;. Imposing particular symmetry
properties on the turbulence provides this information,
at least in the three cases we consider here: turbulence
which is isotropic, 2D, or slab. We now show how to
perform the appropriate contractions for inertial range
fluctuations.

When representing the small-scale fluctuations we are
free to work in any coordinate system we desire, the
small-scale coordinates (x and r) being considered in-
dependent of the large-scale coordinate (R). A sensible
choice, and the one we adopt, is to work in a Cartesian
system which is locally aligned with the large-scale he-
liocentric coordinate system just discussed. Denoting
the unit vectors of this system by e;, ez, and e3, we are
therefore insisting on the following relationships:

~

€1 || Rz
€2 ” é,
€3 - “ ¢

For 2D and slab fluctuations it will also be convenient
to work with a small-scale coordinate system which has
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the “1” direction aligned with the local value of By.
We denote quantities associated with this coordinate
system using primes ('), with unit vectors e}, €}, and
e5. In order to make transforming between the radially
(unprimed) and field (primed) aligned systems as simple
as possible, we choose e}, = ez, so that B lies in the e;-
e3 plane. The transformation is then simply a rotation
about e; = 6 by —. It follows that to transform a
second rank tensor in the field-aligned system, say T,
to one in the radially aligned system, say T, we need
only apply the following rule:

T = 0707, (A7)
where superscript T' indicates the transpose operation,
and

cosyp 0 siny
0 = 0 1 0 (A8)
—siny 0 cosy

is the appropriate rotation matrix.

Consider first the (nonhelical) isotropic case. The-
ory and experiment suggest that the modal spectrum of
inertial range fluctuations exhibits a power law depen-
dence on the wavenumber k [e.g., Kolmogorov, 1941a;
Kraichnan, 1965; Grant et al., 1962]. Denote the ap-
propriate modal spectrum by

Qomni(k)
87k?

kik;

O

Qi) = [ Saalk) daw),

(k) = )

where

(A10)

is the average of Xgg(k) over all wave vectors k of the
same magnitude k. It can also be shown that the full
omnidirectional spectrum takes the form

/ % (k) dA (k)

(k) =

1 .
36 QR (ALY

We can now evaluate the contraction of an isotropic
omnidirectional spectrum with the mixing tensors to
obtain

1

omm — = g omni
g, = oo |5 % vad] @i

— Mi Qomm(k)’

180

(A12)

where we refer to the scalar quantities Mifo as the effec-
tive mixing operators for the omnidirectional spectra of
(nonhelical) isotropic turbulence. The subscript “iso”
will often be dropped, since the type of turbulence be-
ing considered is usually clear from the context. Note
the sign change in M+ at R = 3Ry (V4r « Ro/R).
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The diagonal character of Q°“““ has precluded the

picking up of any of the matrix terms in Mﬁ which in-
volve 6. As it turns out, this is also true for 2D and
slab turbulence (apart from the 6 dependence of Vj4).
Thus any 6 dependence of By, i.e., f(6) # const, con-
tributes to the mixing operators only through its inclu-
sion 1n Var and/or Vyag; terms in f' certainly appear
in MZ, but they are missed when the full contractlon

1,
with J6)0“"“ is calculated. It is also evident that the Mlso
operators do not depend on V44, and, in fact, such de-
pendence will be lacking for all Q;; whlch are diagonal
in the radially aligned coordinate system.

For 2D turbulence it can be shown that in the field-

aligned coordinate system Q?;""i takes the form

1 0 00 .
Z,mm(ki) — _é g ‘])- (])- Qomnl(kl)é(k")’ (Als)

where k) is the magnitude of the projection of the wave
vector into the 2D plane perpendicular to By, and k| is
the component along Bo. The presence of the § function
forces the equivalence of k; and k. Making use of (A7)
to transform this to the radially aligned system and
then contracting with the mixing tensors, we obtain

Qomm — MZiD Qomni(kl)' (A14)

where

M;D = ———[UCOSZ‘lI) + VAT(3cos21/)——2)' (A15)

+= VATO (Q;ZO) <2 - %) sin05in21,b] )

For slab turbulence the wave vectors (magnitude k| =
k) are parallel to the mean magnetic field By, with all
the power being in directions perpendicular to Bo. If
we further assume that the power is distributed isotrop-
ically over these directions, then, in the field-aligned co-
ordinate system, the omnidirectional spectra are of the
form

‘ 1[0 00 _
Q™ (k) = 5 g é (1) Q™™ (k) 6(kL), (A16)

The formal similarity to the 2D case is evident so that
we immediately have Mglab = M;D. In the limit that
P(R) — 0, these operators become those applicable
for slab waves which propagate parallel to the radial
direction.

Finally, we note that Tu and Marsch [1993] have re-
cently discussed the nature of the mixing tensors when
V4 = 0. In this limit M+ = M~, but, as they point
out, in this case the Elsasser variable representation ac-
tually obscures the physics somewhat, since there is no
By. Considering just the linear terms in the transport
equations for the (traced) spectra of the (small-scale)
kinetic energy, magnetic energy, and cross helicity (cf.
those for P* and F), it becomes clear that these equa-
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tions are independent, i.e., no coupling amongst E?,
E®, H, occurs (see Appendix B of their paper). As
the authors stated, the basic physics then consists of
advection and expansion of the vorticity and magnetic
field fluctuations. While it is still true that the Elsasser
fluctuations are mixed, Tu and Marsch’s point, that in
the absence of a large-scale magnetic field (and non-
linearities), the velocity and magnetic field fluctuations
decouple, is well taken and serves as a reminder regard-
ing the interpretation of the Elsasser variables for such
situations.

Appendix B: The Relationship Between
Reduced and Omnidirectional Spectra

For the purposes of comparison between theory and
observations it is useful to know how to obtain reduced
spectra from the omnidirectional forms. We now show
how to do this, under certain assumptions, for the three
types of fluctuations considered in this paper. Notation
and results from Appendix A are made use of.

For 3D isotropic turbulence the tensor form of the
reduced spectrum (reduced along the radial direction
e, radial wavenumber k;) is defined by

@ik) = [dhadieTy00, (17
so that the traced form is
Q™ (k1) = Qfs(k1)
00 omni
= 1/ g LE) g
2 Jx, k

[e.g., Batchelor, 1970; Zhou and Matthaeus, 1990a). If
Q°™"i(k) ox k~%, then @™°%(k;) exhibits the same power
law dependence. Specifically,
1 .
red _ _— omni
@Uky) = =@(k).  (B19)
Important values of & include those associated with the
theories of Kolmogorov (o = 5/3) and Kraichnan (o =
3/2).

For 2D turbulence the relationship between Qg’g“i
and Qf,‘};i is

Qred(kl) _ /°° dks Qomni(k_L)

Sk, (B20)

— 00

B 1 /00 Qomni(m) dz
TSinY S fa2 k2 /sin? g

where the change of variables z? = k% +k?/sin® ¢ = k2
has been used. When 1 = 0 the expression (B20) is sin-
gular and a slightly different form holds (not shown). In
essence, when ¢ = 0, we have Q*4(k;) = 0 for k; > 0
because 2D fluctuations do not vary along By which is
radial in this case. The quantity k;/sin ¢ may be inter-
preted as the magnitude of the projection of k; onto
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the e}—e} plane, or more specifically onto the e} axis,
since k, lies in the e;—e} plane. A related perspective
is that it corresponds to the component of k; in the
plane of Bg.

Assuming again a power law omnidirectional spec-
trum, Q°""‘i(m) o ¢~ %, and using the variable substi-

tution v/ = k1 /(z sin®), yields

re _ I(a) omni k_l
eilh) = 1rsin1/)Q (sin¢)’ (B21)
where
I(a) = %/Olt%"l(t—l)%“ldt
_ 13T (g)
- 1"2( _a_#)z (B22)

and T denotes the gamma (factorial) function. The fol-
lowing values of I(a) are of particular interest I(1) =
7/2, I (2) ~1.1982, I (5) ~1.1203, and I(2) = 1.

For slab turbulence, the relation between the (traced)
omnidirectional spectra and the reduced spectra is

1 omni k1
=7 (W) . (B23)

The quantity ki/cos? = |k| = kj is clearly the magni-
tude of the full wave vector.

Qred(kl) —
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