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ABSTRACT

The purpose of this work is to obtain the exact solution for
the profile and characteristics of a two-dimensional sail, immersed
in an inviscid incompressible fluid. BAn experimental investigation
was also performed and results are compared with theoretical predict-

ions.

The sail was assumed to be an infinitely flexible, non-porous
membrane of zero thickness, fixed at theileading and trailing edges,
and stretched under a constant tension I in the sail surface. An
aerofoil model was considered where the airflow remains smoothly

attached over the entire profile.

All known previous studies have also used the inviscid fluid
approximation, but made the further assumptions of small angle of
attack and negligible profile slopes. These assumptions enable the
use of thin aerofoil theory predictions for pressure distribution and

linearisation of the sail equation.

In contrast this investigation obtains the exact solution. An
iterative numerical method is devised whereby an initial estimate is
made for the profile using thin aerofoil theory. The pressure distrib-
ution is then determined using Theodorsen's method and the profile
recalculated using the full sail equation, so that tension and pressure
forces are balanced. The cycle of redetermining the pressure distrib-

ution and profile is repeated until a convergent solution is obtained.
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Results are shown for the profile, lift coefficient and
centre of pressure, for various angles of attack and states of tension.
For sails with non-negligible camber, values of 1lift coefficient and
centre of pressure are found to differ significantly from those
predicted by the linear approximations. Previous researchers have
established the existence of a critical tension state where the tension
force is unable to contain the pressure forces acting on the sail,
and predicted that the value of this state (X

Tc) was independent of

angle of attack. However this study indicates that X increases

Te
with increasing angle of attack. Centre of pressure calculations,

for various angles of attack and states of tension, indicate that
two-dimensional sails may possess either static longitudinal stability
or instability, depending on the tension state. Experimental results
for the profile, KTc , 1lift coefficient and centre of pressure are
compared with theory, and areas of agreement and disagreement discussed.

Experimental values for the drag coefficient and the 1lift to drag ratio

were obtained and are discussed in detail.
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CHAPTER 1 INTRODUCTION

Despite the many achievements in the field of theoretical
aerodynamics during the last century little attention has been focused
on the characteristics of flexible aerofoils. Such aerofoils are
commonly used as lifting devices, the most classical example being
yacht sails, while more modern developments include the parawing and
hang glider. The most notable property of sail wings is their develop-
ment of a characteristic convex profile. Observation of yacht sails
indicates that the camber is a complex function of angle of attack,

tension and wind speed. This prompts the questions:

(1) What is the profile for a given set of conditions?
(ii) What are the forces acting on the sail and where do
they act?

(iii) What happens to (i) and (ii) if the conditions change?

For a flexible membrane. not only is the pressure distribution
dependent on the profile, but conversely the profile is dependent on
the pressure distribution. This interrelationship between profile and
pressure distribution imposes an extra constraint in the mathematical
formulation of the aerodynamic problem for flexible membranes. The
result is a non-linear integral equation, often referred to as the

'sail equation', which relates pressure and tension forces.

During the last two decades there has been a rapid development

of hang gliders, utilizing wings of single and double skinned fabric



membranes. These craft are now obtaining a quite respectable soaring
performance although their glide slope is somewhat steeper than that for
conventional gliders. The hang glider has developed from a study of
parawings carried out by the United States Air Force in the late

1950's and the early 1960's. The purpose was to investigate parawings
as a device for slowing and controlling spacecraft descent following re-
entry (Rogallo et al. (1960)). However, little theoretical work has
been carried out on hang gliders and most performance improvements

have been obtained by a process of trial and error.

In 1961 Thwaites presented a significant paper on the aero-
dynamics of flexible membrane wings. He followed the linearized
aerodynamic theory for two-dimensional rigid aerofoils in inviscid
flow (thin aerofoil theory) and then derived the additional constraint
relating pressure and tension forces. The resultant integral equation
(sail equation) was linearized and evaluated numerically using a

trigonometric substitution.

Concurrently, research sponsored by the United States Air Force
was directed toward the design of flexible rotors. Theoretical studies
included the development of a theory of two-dimensional flexible
inelastic aerofoil sections in incompressible irrotational flow. Again
thin aerofoil theory was used to calculate the sail camber. However
the profile slopes were expressed in a Fourier series expansion, so that
the linearized sail equation became an infinite series of simultaneous

equations. Numerical results were obtained by evaluating the first



eighteen harmonics using computer matrix methods. Some wind tunnel
tests were also carried out to determine the validity of the theoretical
predictions. 1In 1963 Nielsen presented a paper describing this work and

comparing the results with those obtained by Thwaites (1961).

Sneyd et al. (1979) also used thin aerofoil theory but approx-
imated the profile slopes by a polynomial. Thus the linearized sail
equation reduces to a set of linear simultaneous equations for the

polynomial coefficients which may be evaluated analytically.

All three methods give essentially the same results, predicting
purely convex profiles only if the tension is greater than the
aerodynamic forces. If the tension is insufficient, these theories
predict more complex profiles, although their stability in physical
reality is doubtful. Their predictions for lift and centre of

pressure are also in close agreement.

The present study is considered to be the next step toward the
real situation. Previous studies assumed the slopes and angle of
attack to be small so that: i) classical thin aerofoil theory could
be used to determine the pressure distribution, and ii) the sail

equation could be linearized.

This study retains the complete formulation and attacks the
problem of finding the exact solution in a direct numerical way. An
iterative method for calculating the profile is developed. Beginning

with an initial guess at the sail shape, the airflow around the profile



is calculated using Theodorsen's method (Theodorsen (1931) , Theodorsen
and Garrick (1933) and Thwaites (1960)), and the resultant pressure
distribution determined from Bernoulli's theorem. The sail profile is
then redetermined using the full sail equation. An !iterative method
using a Green's function is described. The airflow around this new
estimate of the sail shape is determined and the process repeated until

convergence.

Theodorsen's method for calculating the velocity distribution
has been used extensively for the analysis of rigid profiles in
irrotational flow (Thwaites (1960), Pope (1951)). It involves the use
of two conformal mappings to transform the profile into a shape about
which the flow is readily determined. The convergence and accuracy
of Theodorsen's method has been discussed by Garrick (1952),

Ostrowski (1952) and more recently Stern (1973).

Chapter 2 gives a detailed account of the theory required for
the exact solution and outlines its computer implementation. Solid
aerofoils and sails of large tension are examined in chapter 3.
Results are compared with those of thin aerofoil theory and experimental
investigations, primarily as a check on Theodorsen's method of determining
the pressure distribution. A comprehensive wind tunnel investigation
of two-dimensional sails (with constant tension) was performed, and

details of the method are discussed in chapter 4.

Chapter 5 displays results of typical profiles, the lift, and

centre of pressure for two-dimensional sails. Comparisons are made



between results obtained from the exact solution, thin aerofoil theory
and the wind tunnel tests. No theoretical results for drag are shown
as the assumption of irrotational, incompressible flow results in the
prediction of zero drag. This result was long known as D'Alembert's
paradox. For an aerofoil the zero drag results simply from the
circumstance that the high speed, and hence low pressure, in the

flow around the leading edge generates a thrust that just balances a
rearward force produced by the rear portion of the profile. Thus only

experimental results are shown for drag and lift to drag ratio.



CHAPTER 2 THEORY

2.1 OQUTLINE OF METHOD

Our cbject is to determine an exact solution for the shape and
properties of a two-dimensional sail moving in an inviscid,
incompressible fluid. The shape taken up by the sail is a function
of the pressure distribution, which is itself dependent on the profile.
This interplay between pressure distribution and profile results in an
equilibrium sail shape where the pressure forces are exactly
balanced by the tension forces. 1In this chapter we describe the theory

of an iterative process to determine the profile: viz.,

(i) estimate profile using thin airfoil theory;
(ii) determine pressure distribution for profile;
(iii) redetermine profile;

(iv) go to (ii).

Determination of the pressure distribution involves the use of
conformal mapping techniques to transform the profile into a circle
about which the flow is easily calculated. Conformal transformations
with application to inviscid, incompressible flows are well described
by Milne-Thomson (1968), Woods (1961) and Batchelor (1967), for
example. The method we use to calculate the pressure distribution
is due to Theodorsen (1932) and although originally intended for
graphical analysis is amenable to numerical analysis on a digital

computer.



Theodorsen's method maps the profile into a circle by two
successive conformal transformations. Inviscid, incompressible
flow around the outside of a circle constitutes a two-dimensional
external Dirichlet problem (Marsden (1973)), with well known
solution. The circulation around the circle is adjusted so that
Joukowski's hypothesis is satisfied on the profile. Once the
flow about the circle is thereby determined, we use the appropriate
transformation to map the velocity field back to points on the sail
profile. From this velocity distribution, we calculate the dynamic
pressure forces acting across the sail. A full account of Theodorsen's

method, with variations, is given by Pope (1951).

Re-calculation of the sail profile is achieved by finding the
exact solution to the non-linear equation relating pressure and tension
forces. An iterative method using a Green's function shall be

described.

2.2 DEFINITION OF SAIL

Consider a two-dimensional flexible sail stretched under
constant tension T between the fixed points x =0, ¥y = 0 and

X

e, Yy =0 (c.f. Fig. 1). The sail is flown at an angle of
attack o relative to the incident airstream. We denote the fluid
velocity at infinity by #g, and the camber taken up by the sail by

y(x).
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Fig. 2.1 Variables defining two-dimensional sail in
inviscid flow.

The mathematical problem is to solve for the velocity potential ¢

which satisfies the Laplace equation
vZp = 0,

subject to the conditions

~

~
. n = 0 on S, (n denotes the unit normal)
Vo ~ ug = ugcosoil + upsinaj at =,
V¢ is finite at x = ¢;

and hence obtain the pressure difference across the sail

=1 2 - 2
P =l0 (V)0 p Lo (Y0) 2 yrrom

= T,

where

yn (:C) .
K = is the curvature,

3
(1 +y'(©)?2) /2




Introducing dimensionless variables
y' =y/e, x' =%fe, @ =‘7(uoc).
K' = ck, P' = P/(!gouoz),

the above problem becomes:

ViZpr = 0 (1a)
Vig'*n =0 on S (1b)
Vg + cosaf + sinaj at = (1c)

V'¢' finite at trailing edge

T

and p K
%Ouozc

= K k', (1d)

We see that only two parameters are required to characterise

the sail; viz.,

(1) a the angle of attack,
.. . . . _ T
(ii) the dimensionless variable KT = g}rz—;;r . We call

KT the tension number and it influences the camber taken up by the sail.
For large KT the tension is large compared to the dynamic pressure,
and hence the sail has little camber; as the tension number decreases,
the sail takes up more camber. The sail length S is variable, even

though the chord ¢ and tension T are constant. The tension along

the sail is independent of &, since the pressure forces are
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perpendicular to the surface.

We proceed (in the following sections) to solve the dimensionless
problem expressed by equations (1), but drop the dashes. It will however
be more convenient to choose axes such that the leading and trailing

edges are at £ = ¥ 2a, where a is a constant (c.f. Fig. 2).

NY
z-Plane
S
T
— y. - " >
-2a 2a X

Fig. 2.2 Sail definition in complex 2z-plane.

We shall define the sail shape by the complex variable

2(x) =x +1y(x). (2)

2.3 THE JOUKOWSKI TRANSFORM

The Joukowski transform is defined as

2

a
= _—, 3
] E + 3 (3)

with inverse transform
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2 + V22 - 4q?

2 . (4)

€=

Equation (4) transforms the sail profile defined in the 3 -plane
into a closed curve in the £ - plane. (The sign of the square root

is chosen so that & + 2z at infinity.)

\ v

/
(i//__,/"\j ¢ -Plane

Fig. 2.3 Joukowski transform of profile resulting in
approximate circle in £-plane.

3V

The curve in the & - plane may be described by the complex

function

E=u+1v. (5)

If the profile in the 2 - plane is a circular arc, then the transformed
curve will be a circle. However, in general the transformed curve

is only approximately circular, and is not centred on the origin.

At this point it is necessary to derive two results which will
be used later. Consider the case where the 2 - plane profile is a

circular arc (c.f. Fig. 4(a)).
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£-Plane

el

-2a )

cV

Fig. 2.4 Joukowski transform of circular arc profile.

Note that point & transforms into the two points, @' and &": thus

z2=1h (at @)
_ 2 + V32 - 442
so that EQ' = 5
=2 (h+ %+ aa?)
=L . A2 F)
and Eqv = 3 (h - Vh? + 4a? ) .

Hence the centre of the circle in the & -plane has ordinate

EP = 5(€Q. + EQ")

(N1

- i.e. the centre is at
=0, ()

and the radius is

r = %hZ + 4a? (7)

2.4 TRANSFORMATION OF APPROXIMATE CIRCLE INTO EXACT CIRCLE

We require a second conformal transformation to map the
approximate circle in the £ - plane into a true circle. Consider a
general sail profile, so that application of the Joukowski transform
yields a non-circular closed curve which is not centred on the origin

(c.f. Fig. 5).



ANv
13.
¢ -Plane
>
Fig. 2.5 Definition of variables in £-plane.
Let the "radius" of this closed curve be given by the function
r@) =b V@ (8)

where D is a constant. Letting £ denote the centre of the

approximate circle, the equation of the curve is

In the standard Theodorsen method (Pope (1951)), Ep is assumed to
be at the origin. 1In the present modification the functions r(¢) and
Y(¢) have a smaller variation and we anticipate the convergence of

the method is enhanced.

Let the constant b take the value of the average radius of

the approximate circle - i.e.

o
b = -2? Jo I'((P)d‘P . (10)

Consequently, the value of the function ¥ (¢) is equally distributed

about the origin - i.e. from (8)



14,

2m
I Vip)de = O,
(0]
so that .
Vip) = 1n[r—(b@-] . (11)

It follows from the Riemann Mapping Theorem (Marsden (1973)) that the

€ - plane can be mapped conformally into the £; -plane, such that:

(1) the curve is a circle about the origin in the
€, -plane
€1
(ii) ——— =+ 1 at infinity.
E-&p
/% E;Phne
PI
aeco
v
~N
7
C

. . e
Fig. 2.6 Circle in §)-plane of radius a e 0,

The equation of the circle ( is given by

£y = a eC0 t oY, (12)

where Y 1is an angle that differs slightly from ¢ - say by an amount

e(p), so that
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Y =0 + €(9) (13)

where €(p) is a small unknown function. The constant cop may be
evaluated as

2m
1 b
o = 3y Jo vie)de + In(3)

= 1n2
= ln(a) . (14)
Consider the analytic function
o
ae Y(E- Eg)
ln[ b g, :I '

which on C may be written as

V) + to
ln[:gL———ﬁr———{]

e1'Y

F (o)

vie) - 7 ele) . (15)

The real and imaginary parts, ¢ (®) and - €(¢), of the analytic

function F(¢) are harmonic conjugate functions. Writing

€e@) = e(Y), where Yy is given by (13), it

follows that

y(y - €(y)) and - e(y) are conjugate harmonic
functions on the circle. To determine the function E(Y) we assume

initially €g(Y) = 0, and iterate using the scheme

€,(Y) = - CONJUGATE ¥ (y - €, _,(Y)). (16)
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Having determined E(Y), we have
€W@) = (@ + €(®)), (17)

e.g. by initially gquessing e€g(9¢) = 0O, and then solving iteratively

using the scheme

€, 0) = E(@ + €, @) . (18)

To use equation (16) we must find the conjugate harmonic
function of VY (v - En_l(Y)). The method used to do this is due to
Watson (1945) - see also Thwaites (1960), Stern (1973) and Appendix 1.
If the function ¢ is tabulated at 2N points around the circle C,

then the conjugate function - € is given by

. b .
& = T pzl c°t(2N) [wm+p - wm—p] (19)
(p o0dd)
where €n = €(¢m) '
Wn = ¢(¢n) ’
and P = et .

p N
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2.5 CALCULATION OF FLUID VELOCITY AND PRESSURE DISTRIBUTION
ON THE SAIL SURFACE
So far we have transformed our sail profile into a circle in
the §£;- plane. Our problem now is to solve for the flow around the

circle, and transform the results back into the =2 -plane.

The solution for two-dimensional flow of an inviscid,
incompressible fluid past a cylinder is a classical problem, treated
in most hydrodynamic texts (e.g. Milne - Thomson (1968) and
Batchelor (1967)). Recalling that o is the angle of attack in

radians, then for
le1] 2 a €°°

we have the camplex potential in the §£; -plane given by

. up a2e?°0 ¢
ia

F€1) =ug &y e + 3 + ik 1n(E1p (20)

where the last term represents the circulation.

on C, & =a ec0 * zY, hence the complex potential is given by

(&) = 2 ug aefo cos(y-a) - K[:(Y-a.) -1 ln(aeco)]

(21)
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Fig. 2.7 Adjusting the circulation « to shift the stagnation
points. (Batchelor (1967))

The circulation 27k about the cylinder is at present undeter-
mined; by adjusting the magnitude of «, we move the stagnation
points around the surface of the cylinder, and hence along the surface
of the 2 -plane sail profile. By Joukowski's hypothesis we require
that the rear stagnation point on the profile coincides with the
trailing edge. This hypothesis may be justified by observation of
real viscous flows over lifting surfaces; it is seen that a vortex is
shed from the airfoil, leaving precisely the circulation required to
shift the rear stagnation poinf to the trailing edge. The flow
around the sharp trailing edge would otherwise cause a singularity in the

velocity distribution; shifting the stagnation point to the edge

effectively cancels the singularity leaving a finite velocity.
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E‘-Plane

V

Fig. 2.8 Definition of variables in §j;-plane.
P corresponds to trailing edge of sail profile.

The fluid speed over the surface of the sail is

u@) = | —p—
d f(&)) dg
= 4 d
= |=| 2] @
The first factor may be evaluated as
df(€1)c df(El)C dy
—& || & | | &
where
d f(&;)
-——27—42 = l - 2ug ae®? sin(y-a) - k I ’
and
a || —= _ ;
dEl aeco + 1Y '
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hence

d f&), 2i up ae “Osin(y-a) + ik

degy 2eC0 *+ 1Y

which defines the fluid speed on the boundary C in the £; plane.
If the trailing edge of the sail profile transforms to point P(v=7;)

on the curve (, then the rear stagnation point in the plane must also

be at P - thus at Yy we have

d flEy .

dt, =0

(Y = Yp)
so that

0

e
K ==2 ug ae °sin(yp - @).

Hence the first factor of (22) becomes

d f(&y) i
| - 27 ug e iY[sin(Y—a) - sin(ygp-a)l}| .
dg,
(23)
d g, '
The second factor 3 is now evaluated. Recalling from

equations (12) and (13) that

£y = ae0 * 1(p + €(¢))
L =

’

and differentiating, we obtain

d & Lo + @)
% Cai o+ et e T T ER

where e' (@) = é%'€(¢)-



Similarly, from equation (9) we have

d ,
T= @) + bt @ +

where VP! (@) = adp_ Vo),
and hence
48 ia(l + e (9))eC0 * LW + @)
&k | = W' @) + 2) (E=Eg) (24)

The third factor is straightforward to evaluate from the
Joukowski transform. Differentiating equation (3) and rearranging
yields

52
€2 - g

(25)

Finally, multiplying the three factors together gives

2 ug £2 ae®0(1 + €' ()
u(z) = [sin(y-a) - sin(yg-a)]l| (26)
(E-Ep) (E2-a?) (2 + V' (9))

where Yy =9 + €(@).

It should be noted that the R.H.S. of (26) is a function of ¢ only.

The point (x,y) in the 2 plane to which the speed u(2) corresponds

is given by

a?
z2=E(p) + 3767 ’

where ¢(¢) is on the boundary of the approximate circle.
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The pressure difference across the sail follows from Bernoulli's

equation

P + %pu? = constant:

thus pressure difference
P(z) = %p ()2 - u(2)?), (27)
BOTTOM TOP
and we have a method for finding the pressure distribution of a sail

of arbitrary profile.

We now proceed to evaluate the limiting velocity at the
trailing edge. Recall that at the trailing edge we have the stagnation
point coinciding with a singularity in the velocity distribution.
The result that the velocity at this point is well defined and finite

may be used as a check on the accuracy of the numerical method.

We consider u(2) as 2 approaches the trailing edge:

2ug £2 ae®0(1+e' (9))

[sin(y-a)-sin(yy-a)]
(E-Eq) (E2-a?) (L+y' (9))

Using L'Hopital's rule we evaluate

lim —sin(tp + €(p) - o) - sin(pg - €(pg) - G):l

oo [ E-a
[ 4
_ lim @L{sin(cp + e(@) - a) - sin(pg - €(pg) - @)}
P

5&(5- a)



(1+€' (¢p)) cos(pg + €(pg) - a)
(a=Eg) (T + V' (9p))

Thus the velocity at the trailing edge is given by

(1+€' (9¢))2 cos(pg + €(Pg) - @)

- 2 0
u = uy at e
T.E. @+ ¥ (©g))? (a-Eq)?

23.

(28)



FLOWCHART FOR DETERMINING EXACT PRESSURE DISTRIBUTION

TRANSFORM PROFILE INTO
APPROXIMATE CIRCLE USING
JOUKOWSKI TRANSFORM, Eqg. (4)

¥

DETERMINE CENTRE Eo
RADIUS r(p) AND AVERAGE
RADIUS b (Equation (10))

¥

DETERMINE ¥ (¢) Equ. (11)
¥

DETERMINE En(y) Equ. (16)

SUFFICIENT
CONVERGENCE ON

DETERMINE ¢, (¢) Equ. (18)
/XISUFFI;;;;;\\\\\\\\

CONVERGENCE ON >

E?/

DETERMINE y'(¢), €' ()

¥

DETERMINE ¢ Equ. (14)
¥

DETERMINE SPEED  u(2)
USING Equ. (26)

¥

DETERMINE PRESSURE
DIFFERENCE p(3) USING
Equ. (27)

Flowchart 1
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2.6 DETERMINATION OF SAIL PROFILE FOR A GIVEN PRESSURE
DISTRIBUTION

We consider our theoretical sail to be a very thin flexible
membrane, so that the unique shape it takes up is such that pressure

and tension forces are balanced.

Consider the sail cross-section shown in Fig. 9.

%/A i

L.

B3>
.

A/ﬁ Bo

x=0

Fig. 2.9 Parameters defining sail profile.

Here B denotes the angle between the tangent to the sail and the
x axis, S the arc length along the sail, P(s) the pressure
difference across the sail, T the (constant) tension and n the

local unit normal where

P

= - sinB71 + cosBJ .

The pressure difference on the sail element do produces a nett force

P(o) n do, hence the total nett force on the sail (between s = 0 and

s =85) is
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S ,\
J P(o)n do.
0 ~

For equilibrium, this pressure force must be balanced by the tension

i.e.
T(cosBT + sinBj ) - (cosBpi + sinBpj )

S ~
+ J P(o)n do = 0.
o ~

Differentiating with respect to 8, and equating like components,

gives

4 (T cosB) = P(8)sinB (29)

ds :

d )
and ag-(T sinB) = - P(s) cosB . (30)

Considering sail element ds (c.f. Fig. 10),
ds dy
B
dx
Fig. 2.10 Sail element ds

we have

ad; = cosB % (31)

and y'(x) = tanB (32)



and hence from equation (32)

y'(x)
(1 + y'(ac)z)la

sinf =

Substituting equations (31) and (33) into (30) we obtain

da T y'x) =l =-Pw,
(1+y' (@®?)*
or
__Ty"@
P(x) = ) 3/2 .
(1 + y'(x)9)

(34)

27.

Thus the problem of determining the camber. taken up by the sail

for a given pressure .distribution reduces to that of solving equation

(34) subject to boundary conditions

n
o

y (0)

"
o

and y(e)

(35)

We may rewrite equation (34) in a more convenient form viz.

-T y"(x) = g(x)

3
where g@) = (L+y'@) 2 P,

(36)

which is the differential equation for a string, under load g(x).

The solution of (36) may be found using a Green's function G(x,t),

representing the displacement of the string under a point load at

x =t (c.f. Fig. 11).
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glt

e ——— - -

x{}

Fig. 2.11 Definition of Green's function G(x,t),
as the displacement of a string under a
point load g(%).

We have the form

G(x,t) = Ax (0 < x < t)
= B(c-x) (t <x<e) ,
where At = B(e-t)

and for a unit force applied at X = t

T(A + B) = 1.

Solving for A and B we obtain

e -T
A= =27
t
and B—-CT ’

so that the Green's function is



x(c-t)

Glx,t) = o7 (0 £ x < t)
(37)
_ t(e-x)
= =07 (t sx <e). ,
and hence from equation (36)
c 3/

y@) = | Glx,t) P(&)I1 + y'(£)2] 72 dt. (38)

0

Equation (38) is an integral equation equivalent to equations (34)

and (35), and may be solved iteratively using the scheme

3
Y, ®) = Jc Glx,t) P(£) 1 + y'(¢)2) /2 gy (39)
0 n-1

where yn(x) is the nth approximation to y(x).

It should be noted that this scheme for calculating the sail

29,

profile yields the exact solution. The previous thin airfoil theory

studies of this problem (Thwaites (1961), Nielsen (1963)), have
linearised (34), by making the assumption that the slopes, Y'(X),

are negligible over the sail - i.e. consider the reduced equation

P(x) = -T y"(x),

which is often called the cable equation.



FLOWCHART TO DETERMINE PROFILE, GIVEN P(x)

SET n =20

}

SET y '(x) =0

|

SET STATION X
(50 POINTS)

-

INCREMENT 7

}

CALCULATE yn(x)
FROM Equ. (39)  (37)

!

CALCULATE Y, ' (x)

NO SUFFICIENT
CONVERGENCE

OF y(x) ?

Flowchart 2
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Consider the behaviour of a physical sail under a sudden change
of conditions - say a rapid increase in air velocity (wind gust).
There will be an initial change in the pressure distribution over the
sail, thus altering the profile, e.g. increasing the camber. However
the change in camber will cause the pressure distribution to change.
This interplay between pressure distribution and camber will continue
until the pressure forces are exactly balanced by the tension force.
A computer program may be developed to operate in the same manner -
viz., determine the pressure distribution for a given profile,
re-estimate the profile and pressure distribution iteratively (with
satisfactory convergence anticipated). The flowchart for such a scheme

is shown on the following page.



INPUT K o

TI

ESTIMATE PROFILE, e.g. USE
THIN AIRFOIL THEORY AS FIRST
APPROXIMATION

.

2

DETERMINE EXACT PRESSURE
DISTRIBUTION FOR PROFILE
(FLOWCHART 1)

REDETERMINE PROFILE FROM
PRESSURE DISTRIBUTION
(FLOWCHART 2)

HAS
PROFILE CONVERGED
SUFFICIENTLY?

Flowchart 3
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LIFT, CENTRE OF PRESSUFE AND PROFILE CHARACTERISTICS

The most important performance features of a wing are its lift,
drag and stability. The assumption that the fluid has negligible vis-
cosity (c.f. Chapter 1) precludes SAIL from calculating results for
drag. The 1lift acting on the sail is readily calculated by integrating
the appropriate component of the pressure difference across the sail.

A small correction is then included for the leading edge force. Static
longitudinal stability may be determined by studying the centre of pressure

movement with variation of angle of attack and tension number.

The most important profile characteristics are the maximum
camber and position of maximum camber. Other parameters that may be of
interest are the ratio of sail to chord length, and the leading and

trailing edge angles.

2.7.1 LEADING EDGE FORCE

The stagnation point, for an aerofoil flown at a positive angle of
attack, is on the lower surface just behind the leading edge. Consequently
back-flow occurs from the stagnation point around the leading edge to

the upper surface.
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o

S A il B A 7 4

Fig. 2.12 Stream lines very close to leading edge of
a flat plate.

The fluid speed around the leading edge increases as the leading edge
radius is decreased, creating an area of reduced pressure. This effect-
ively results in a suction force being applied to the profile through

the leading edge.

We now set out to determine the leading edge force (denoted FiE

acting on the sail. Consider the flat plate, at an angle of attack «

)

to the incident airstream.

NY

b
a L
7

e

2

Ng

Fig. 2.13 Configuration of a flat plate to determine
leading edge force.
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Near the leading edge, it can be shown that the fluid speed on the plate

surface is given by
q"3 N ug »/g- sina (40)

where 8 1is the arc length along the surface behind the leading edge.

The edge force is given by the x-component of the lift, namely
F__ = -mpup? esina 1 (41)
~LE ~

For circular arc profiles equation (40) is modified slightly to allow

for the leading edge angle, i.e.
g, & Uo /% sina cosy;

where Yy; is the leading edge angle. 1In general for cambered profiles

we can write

q. = up //-'E sina X (42)
s s
where A is a number of order 1.

Note that although there is a discontinuity in the pressure
distribution at the leading edge (Fig. 2.15) it is acting at an infinitely

small point, and hence gives a finite leading edge force.

2.7.2 LIFT

The lift is usually expressed as a non-dimensional 1lift

coefficient, defined as
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co= —L (a3)
Ly oug?

for two dimensional flow. The lift L 1is defined to be that force

acting on the aerofoil orthogonal to the free stream velocity ug.

Consider a sail as defined in Fig. 2.14 with a chord of 2 units

(leading edge at x = -1, trailing edge at x = +1).

Fig. 2.14 Notation and forces acting on sail.
P is the pressure difference between the
upper and lower surfaces at s.

Note that Pds acts in a direction normal to the sail surface. Thus

the 1lift generated by the sail element ds is

dL* = Pds cos (B-a) (44)
Substitution of equations (31) and (32) into (41) and integration w.r.t.

x vyields

+1
- J P(x) (cosa + y' (x)sina)dx (45)
-1

*
where L is the 1lift due to the pressure difference only. Considering

drag D on sail element ds we have
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(a)

Flat plate

0 T T u T
-1-0 -0-8 -0.6 -04 -0-2

02 04 0.6 0.8 x

1l + a:M
l-x1

(b)

Fig. 2.15 (a) Typical pressure distributions for a sail
and flat plate, showing the singularity
at the leading edge. (CP(:C) =P(x)/%pec uoz)

. l+ x . .
(b) The function 1 - x having a similar form

to the above pressure distributions.
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dp

Pds sin(B-a)
P tanB cosa dx - P sina dx .

Integration yields
[1 1
D = cosa J P(z)y' (x)dx - sina J P(x)dx.
-1 -1

However inviscid flow theory predicts zero drag so we have

& '
] P(x)y' (x)dr = tana J P(x)dzx.
-1

-1
Substitution into (45) gives
1 1
L* = coso J P(x)dx + tano sina j P(x)dx
-1 . -1
1
__1
= cosa J—lP(a:)dx. (46)
Thus the total lift is
-— * < - )
L=1L +FZE sin(yj-a)
= - 2 ) 2
where EiE TP Up“eC sin‘ao A > (47)
q
and A= limit -—E—- v/é .
Up sina C
§ >0 )

The integral in equation (46) must be evaluated numerically so
the pressure distribution P(x) must be well behaved, Observation of the
form of P(x) (Fig. 2.15) shows the existence of a singularity at the
leading edge. The sail results shown are for a typical sail, and were
calculated by the routine developed in this chapter. The flat plate

results are from thin-aerofoil theory.
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Numerical integration using the trapezoidal rule is accurate
over most of the profile. However it breaks down in the vicinity of

the singularity where another method is required.

Thin aerofoil theory predicts a pressure distribution of the

form (c.f. Fig. 15(b))

P(z) = i - (48)

for -1 < x < 1. From Fig. 15 we see that (48) is of the same form as
our exact results. Hence near the leading edge we choose an approx-

imation to the pressure distribution of the form

P = &EEZ (49)

VYl + x

where a and [ are constants and -1 < & £ Xg. Figure 2.16 clearly

shows that (42) is a valid approximation near the singularity.

P(x)Vl+x P

1.2 A

1.1 1

AN
/

-1.0 -0.9 -0.8 -0.7

Fig. 2.16 The function P(x)Yl+x near the leading edge.
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Thus over a small region near the leading edge (-1 < x ¢ xg)

< <

we will use the approximation

XL
1 0 +
I* o~ —— J atbz g (50)
-lxsxyg -1 /V1+«x

The constants a and b may be obtained from Fig. 2.16 as

P(xp) V1l + x5 - P(x))V1 + x,

T2 - ) (51)

P(xz)vl + Xop = b X9

and a

4 /
where x) and x; lie in the range [-1,zy] at which P(x) is tabulated.

Evaluating equation (50) analytically using the substitution

w=1+x, yields

l+xg _
L* 1 [f w l’(a--b)dt.u
_ leSx cosa JO
1+xg L
+ J b w dw]
0
2Vxg + 1 1 ]
= — [(a-b) + 5b(x0+l)] . (52)
coso

Thus when determining the total lift on the airfoil, we use
equations (51) and (52) between the leading edge and X, numerical
integration of (46) using the trapezoidal rule between the trailing

edge and x(p and evaluation of FLE using (47).

A small study was undertaken to determine the value of X

which gave the most accurate results. It was found that for



41.

-0.92 £ xp £ -0.82 almost no change in Ci could be detected, while
outside these limits small variations of Xy gave significant (> 1%)

variation in CL. Following this empirical study a value of-0.88 was

chosen for xg.

2.82 CENTRE OF PRESSURE

The centre of pressure (xP) may be defined as the point of
intersection between the profile chord and the line of action of the
total force. It is usually given as a fraction of the chord, as measured

from the leading edge. In finding the centre of pressure, we are finding

the point on the chord about which the moments vanish.

Fig. 2.17 Notation and forces acting on sail for centre
of pressure.

We define as positive, a moment that tends to rotate the

profile anticlockwise about the origin.
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Consider a sail element ds . The moment about the origin will

be given by (noting sign convention)

dM = xP(x)ds cosB + yP(x)ds sing (53)
Substitution of (31) and (32) into (53) yields

dr = P(x) (x + y(x)y' (x))dx ,

so the total moment about the origin is

= P(x)(x + y(x)y' (x))dx (54)
-1

Recalling that the lift acts in a direction normal to ¥g , then

the moment about the origin is

V =
M L cosa xCOP ’

where xCOP is defined in Fig. 2.17. Substitution into equation (54)

gives the result we require, namely

1
J P(x) (x + y(x)y' (x))dx

x = . (55)
L cosa

Thus the centre of pressure xP , as a fraction of the chord, will be

given by

Again we wish to evaluate the integral numerically, but at the

leading edge the singularity in the pressure distribution requires an
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approximation of the form

x(a + bx)

FRE S T TR

which is analogous to (50). Thus in the region -1 < x € xp, the first

term of (55) is approximated by

[xo [xo x(a + bx)
N xP(x)dx ~ ., T += (56)

where a@ and b are defined by (51).

Evaluation of (56) yields

[ 2 eI 2
] x P(x)dx ™~ 1T (1 + zo) [(5a - 4b) (xy - 2) +3bxp<]
-1

(57)

The second term of (55) (P(x)y(x)y'(x)) is well behaved, as

can be seen from Fig. 2.18.

Px)y(z)y"' (x)A

Fig. 2.18 The function P(x)y(x)y'(x) is well behaved
over the entire profile.
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The singularity in F(x) does not appear in the function. As a check,

consider

lim P(x)y(x)y' (x) .
x~1

We know that the slopes are finite at all points across the profile so

let

lim y' (x) = v;.
x--1

Using Taylor's Theorem

yx) ~v1(1 + x) near & = -1.
a + bx

Hence lim P(@)y(@y' (@) ~ lim s Y12(1 + x)
x>-1 1 z

= lim (a + bx) y12 /1 +x
x>-1

"
o

Thus we can confidently use the trapezoidal rule over the entire profile

for evaluating the second term of equation (55).
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CHAPTER 3 PROGRAM TESTING

3.1 INTRODUCTION

A FORTRAN IV PLUS code was developed from the procedures discussed

in chapter 2. The choice of language was influenced by several factors,

including

(1) facilities for handling complex numbers;

and (ii) speed of execution.

On the machine used (PDP 11/70), standard FORTRAN IV runs approximately
seven times as fast as the equivalent BASIC program. Use of a task-
builder with routine optimiser further reduced execution times by a
factor of two. Even with the resulting highly efficient object code,
the calculation of a typical sail profile requires approximately one
minute C.P.U. time. A complete listing of the code (named 'SAIL') is

given in Appendix 2.

Most of the routines used were tested independently and then
incorporated into the SAIL code. We may test much of the program by
comparing the results obtained from SAIL (the exact solution to the
problem) against results obtained from the linearised theories.
Results for the pressure distribution, centre of pressure and lift
coefficient of fixed profiles are compared here, while sails will be

discussed in the remaining chapters. The test cases chosen are

(1) the flat plate;

(ii) the parabolic airfoil (y = a(l - x2));
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(iii) the profile NACA aq = 0.0 (Riegels 1961);

and (iv) the profile Gottingen 417a (Riegels 1961).

For this chapter we will again define the profiles such that the
leading edge is at x = -1 and the trailing edge at & = +1, unless

specifically stated otherwise.

3.2 PRESSURE DISTRIBUTION

Thin airfoil theory predicts that the flat plate pressure

distribution is given by (Riegels (1961))
P(x) = 2pu02 cosa sina / 1o (1)
l+2

and for a parabolic airfoil we have (Sneyd (1978))

P@ = 20u% o [ 752 3+ 200 , (2)

where the angle of attack o 1is in radians. In Figs. 1l and 2 the

excellent agreement between results obtained from the linearised

theory and from SAIL is shown.



Cp(x)

+ SAIL

equation (1)

-+ * -
- H -
-+ T

;'4 + —— . ;L
-1. 0. 1.%

Fig. 3.1 Pressure distribution for the flat plate.
CP(x) is the pressure coefficient.

CP ()

+ SAIL

equation (2)

47.

Fig. 3.2 Pressure distribution for the parabolic
profile.
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As another check on the calculation of the pressure distribution,

we compare the velocity distribution

U(x) - uU(x)
TOP BOTTOM
Up

for the profile NACA a = 0.0. This section is simply a camber line
designed (from linearised theory) to give a particular velocity
distribution. As can be seen from Fig. 4, agreement is again very
good. The discrepancy at the leading edge is caused by the profile
slope becoming infinite there, a characteristic of this series of

profiles, which leads to the breakdown of linear theory.

1oov/c N\
30-
NACA a = 0.0
204
10-
0 N
0 10 20 30 40 50 60 70 80 90 7
100(X/C)

Fig. 3.3 The profile NACA a = 0.0 (Riegels (1961))

UT-UL
Yo
linear theory (Riegels (1961))
+ SAIL result
0.4
0.3
0.2 4
0.1
0 v v
-1.0 -06 -0.2 0.2 04

: 0
Fig. 3.4 Velocity distribution for NACA g = 0.0 at a = 57,
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3.8 LIFT COEFFICIENT AND CENTRE OF PRESSURE
The results for the flat plate are well known with

Ci = 27o, (3) (o in radians)

and centre of pressure (xP) at 25% of the chord. These are in good

agreement with experimental results up to about a = 6° (Riegels (1961))
and in Figs. 5 and 6 the good agreement with thin airfoil theory is

again shown.

CL/a
Flat Plate

------ L LTy 1

6.281
6.274
6.26 - SAIL prediction

6.25 4

6.24 4

10 a(Degrees)

o 4

0 2 4 6

Fig. 3.5 CL/a results for flat plate, showing close
agreement between SAIL and thin airfoil theory.

o A
0.255 -

0.252

0.2504

—

|} | T L rdd
0 2 4 6 8 10 a(Degrees)
Fig. 3.6 Centre of pressure zp for flat plate predicted by
SAIL. Note close agreement with thin airfoil

theory prediction of 0.25.
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AN
CL/a
6.8 1
6.6
6.4 4
L e e e e e e - - F lat fl_at_e ___________ 21
62 T T T L} %
(o] 0.02 0.04 0.06 0.08 1,
Kt

Fig. 3.7 CL/a versus l/KT for sails. Note
good agreement of SAIL with thin airfoil theory
predictions as l/KT »> 0.

Consider a sail with X = T/I/2 ocug? >> 1; the sail profile tends
to that of a flat plate as KT > o, As shown in Figs. 7 and 8, both xp

and CL approach the flat plate values.

0.258 1

-

T v T T 7

0 0.02 0.04 0.06 0.08 1/
Ky

Fig. 3.8 Centre of pressure xp versus 1/K

for sails.
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For the parabolic aerofcil (¥ = a(l - 2)) (Sneyd(1978))

c

lim —£-= 4 , (4)
a

a0

lim xP = 0,375 (5)

a0

and again excellent agreement is obtained (c.f. Figs. 9 & 10).

CL

1.8 1

1.4

1.04 + SAIL
- 4ma

0.6 -

0.2 4

L] R} L v
0 2 4 6 8 a(Degrees)

Fig. 3.9 Lift coefficient CL versus angle of attack

for the parabolic aerofoil.

03754

0.374 -

0.373 1

0.372

0 i a 6 8 a(Degrees)

Fig. 3.10 Centre of pressure xP for the parabolic aerofoil,

predicted by SAIL.
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As a further test for SAIL we compare results predicted for the
Gottingen 417 a profile with experimentally observed results (Riegels
1961)). The profile is a curved plate with maximum thickness of 2.9%
of the chord, so that a mean camber representation closely resembles
the profile (Fig. 3.11). The results shown in Fig. 3.12 for the 1lift
coefficient, and Fig. 3.13 for the centre of pressure indicate that the
SAIL prediction corresponds very closely to the experimentally abserved

results (Riegels (1961)), until severe separation occurs at o & 8°.
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y/e
f
GS 417 a
-10-
\
o 10 20 30 40 50 .0 70 80 S0 10 .,

Fig. 3.11 Gottingen 417 a profile.

} + experimental result (Riegels (1961))

SAIL result

1.4+

1.2

1.04

0.84

0.6

0.4 e A\ T —
-2 0 2 ; 6 8 a(Degrees)

Fig. 3.12 Lift coefficient for Go& 417 a.

X 1
P +
+ experimental result (Riegels (1961))
+501 SATL result
+

.46+ .

424

.38 1

.34

-3(12 0 2 a 6 8 a(Degrees)

Fig. 3.13 Centre of pressure for Go 417 a.
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CHAPTER 4. EXPERIMENTAL PROCEDURE

4.1 INTRODUCTION

In this chapter a mechanical apparatus is described which was used
to test a single surface, constant tension, non-porous sail in a
two-dimensional flow. Suitable wind-tunnel facilities were made
available at:the B.G. deBray Aeronautics Laboratory, University of
Auckland School of Engineering. Results for 1lift, drag and pitching
moment were obtained for a range of airspeed, angle of attack and sail
tension. The results are given in M.K.S. units, and corrected for wind
tunnel effects. A photographic record of sail profiles was made for

comparison with theory.

4.2 APPARATUS

The apparatus supporting the sail and its tensioning system
(Fig. 1 and Plate 1) had to be solid unit, so that when attached to the
mounting struts no extraneous forces were transmitted to the balance.
This meant that each attachment point required a low friction bush so
that it could be free to pivot in the vertical plane on the mounting

struts.

Plastic film ("mylar") 0.05 mm thick was chosen for the membrane

for several reasons including

(i) strength,
(ii) flexibility,
(iii) thinness,

(iv) non-porosity,



Plate 1.

Assembled test rig showing sail membrane,
endplates and tensioning system.

55.



56.

Pitot static tube

cross-section

circular endplate

A A
=
A

milled slot housing
brass roller

sail membrane

0O mounting points for o)
balance struts
Pivot O ’
o
o o
o o
o )
° o
(] .
o
° four strands of rubber strip

fixed mount for
tensioning system

Fig. 4.1 Configuration of endplates and tensioning
system.
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(v) transparency,

and (vi) inextensibility.

The model dimensions were 54 cm span and 30 cm chord, and to minimise
spanwise bow solid leading and trailing edges were milled from aluminium
strip. They were milled to a symmetric streamlined profile so as not

to contribu?e to the camber or the lift, and their cross-sections

(c.f. Fig. 2) were designed to keep the maximum bow to within 1%

of the span (i.e. maximum bow < 0.54 cm) .

k——15mm———>l K——‘ISmm——i

Leading edge Trailing edge

Fig. 4.2 Leading and trailing edge cross
sections.

In practice no bow was noticed except at very high air velocity, when
the 1ift force and the pitching moment were too large to be measured

by the balance.

End plates were used to maintain two-dimensional flow across the
membrane (c.f. Plate 1). Very little literature could be found on end
plate design, but circular endplates of a size suitable for the
dimensions of the working section were employed. The resulting diameter
was 45 cm, just 1.5 times as large as the maximum chord. This was
thought to be sufficient to render vortex shed and induced drag
negligible, as the endplates are of similar relative dimensions to those

shown in Riegels (1961). The endplates were cut from %" clear perspex
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so that a photographic record could be made of the sail profile.

The tensioning system was required to provide a constant tension

even when the sail billowed and the chord varied. Consider the

.. X
tensioning system depicted in Fig. 3.
AX
b
A 1 —X0
J K,
T
1o

/4

Fig. 4.3 Tensioning system to give
constant T.

We denote the tension in the sail by T, and the spring constant by Ké.

The tension is given by

a
T = E-coseKé(xo + Ax),

Ké(xo cos® + acosB sinB) (2)

o Q

or T =

. . T
since Ar = asinb. For constant tension we require 36-= o,

so differentiating equation (2) with respect to 6 yields

dT _a .
6 " 7 Ké(aCOSZG - x,sind)

=0'
or
fg__ cos26
a  sind

Considering size limitations of the working section, the endplates, and

spring extensions, we chose

' (3)
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so that from (2) tension

a?

T =0.958 S~ K_. (4)

The lengths a@ and b were chosen so that a maximum tension of 20 N
could be applied with spring constant Ké = 100 Nh-l. (This corresponds
to tension niaber KT = 2.0 when ug ~ 15 ms_l.) Again considering
size limitatiéns, we chose b = 15 cm so that from (4) amax 8 20 cm.

To give a range of forces, several lengths a were chosen between 9 cm
and 20 cm. Rubber strip was chosen to give the tensioning force, as
suitable springs were unavailable. The force-distance relationship

of the rubber strips was only approximately linear (c.f. Fig. 4).
Force A
{newtons) |

20

10 1

o . . . S
10 15 20 25 30 35
Length  (cm)

Fig. 4.4 Force versus extension for four strands
of rubber strip.

A 52 cm rubber strip made into four strands of 13 cm length was found

to give a suitable spring constant. Ball races were used at the pivot
point of the tensioning arms to reduce frictional forces. This system
was found to give a near constant force over the required range of
movement. Two such tensioning systems were made, and one was mounted

on the outside of each endplate. The resultant calibration of the total

tensioning system is shown in Fig. 5.
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(newtons) 1
40 A
30 A
20 4
0 8 15 13 1& ;6 d>

Fig. 4.5 Tension versus arm-length a. Error bars indicate

variation of T as arm is rotated through typical
angle.

Pins were fitted to the tips of the leading edge, so that when mounted

in holes in the endplates they allowed the leading edge to pivot freely.
The trailing edge was required to move along the chord line to permit
the sail to billow, so a slot was milled in each endplate allowing a
brass roller carrying the trailing edge mounting pin to run freely along

the slot (c.f. Plate 1).

4.3 WIND TUNNEL FACILITIES

The wind tunnel used is a return flow tunnel with low and high
speed testing sections (c.f. Plate 2). The high speed section was
chosen, since it incorporates a three component balance for measurement
of 1lift, drag and pitching moment. It has a working section of 61 cm
by 76 cm, and is designed so that there is zero static pressure gradient
along the working section. This is accomplished by corner insets in all
four corners of the section. The airspeed is continuously variable over
1

the range 0 - 75 ms—l, although for our tests an airspeed of 30 ms~

was never exceeded.
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Plate 2. ,E‘..Hm:aoaosn of return-flow wind tunnel in
B.G. deBray Aeronautics Laboratory.
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Typical Reynolds numbers (based on chord) for the experimental results

were in the range 1 x 10° - 3.2 x 105 - i.e. just in the sub-critical

Re range. It is somewhat questionable whether Recrit in our case
defines the point at which transition of the laminar boundary layer into
turbulent flow occurs, for small diameter leading'edges have a
turbulating effect on the boundary layer and hence delay separation. It

is also possible, that the join in the mylar film, where it attaches

to the leading edge, acts as a turbulator (c.f. Fig. 6).

Step caused by join —»

“— Mylar film

Solid leading edge

Fig. 4.6 Attachment of mylar film to leading edge
showing discontinuity at film edge. -

No apparatus for flow visualisation of the boundary layer was available
but observation of the membrane indicated that severe separation only
occurred at high angles of attack. The membrane was completely stable
until separation occurred at which point surface vibration became

apparent.
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A pitot-static tube mounted from the roof of the tunnel was used to

determine the airspeed, and the manometer output was in mm H20. The air
pressure (inches Hg) was recorded at 4-hourly intervals, and the air

¢ o .

emperature ('C) in the tunnel was recorded at 30-minute intervals.

Letting pair denote the air pressure, T the tunnel temperature in the

working section and 4 the manometer reading, one finds airspeed

‘y = 2 xXgx h ms-l (5)

air
where air density
pair =-———f§1£———
R(T+273.15) ° (6)

and R is the gas constant.

Evaluation of equation (6) (with conversion to MKS units) yields

_11.961 Pair
Pair = (T+273.15)
The rear mounting strut could be racked up or down to alter the angle
of attack, and was fitted with a counter. The tunnel has been designed
so that the air flows horizontally throughout the test section, so the
sail was aligned (using a level) to set zero angle of attack. The counter
was set to zero at this point, and an inclinometer used to calibrate the

o
the counter up to angles of 11 -

The "turbulence level" for the test section of the tunnel is 0.3%,

and has corresponding critical Reynolds number (Hansen, 1978)

Re .. =~ 3.1 x 10°,
crit
uoL
where Re = " '

L is a typical length scale (m)

- -1
and v =1.496 x 10°° m2 s L.



64,

4.4 WIND TUNNEL CORRECTIONS

Results obtained from wind tunnel tests cannot be applied directly
to full size aircraft, since the test conditions are unavoidably
different to those in full scale flight. To compensate for these

differences various corrections are applied to account for three aspects:

(a) - model supports;
(b) finite cross-sectional area of the airstream
in the tunnel;
and (c) differences in size, surface finish, airspeed and

turbulence.

(a) Model Supports
(i) Mounting Apparatus.

A correction is required for the drag due to the mounting struts,
endplates and tensioning apparatus. Consequently, the forces acting on
the entire apparatus minus the sail were determined. Only the drag
varied with variations in airspeed, so that from our drag readings we

must subtract the drag due to the mounting apparatus (c.f. Fig. 7).

(ii) Leakage.

The leakage across the end gaps at the tips of a two-dimensional
wing affects 1lift and drag. The usual way to determine the correction
required is to extrapolate from tests with different air gaps, but it
was thought that with the low airspeeds and the very small air gaps used
(2 mm) this correction would be negligible. If flow through the air
gaps was significant, then the camber at the tips would be noticeably
different from that at the mid span. Tests were carried out to observe
the tip profile; it was found that no observable difference could be

seen except at very high airspeed (well outside our test range), so no
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Drag
(newtons)

0 5 10 15 20

1y

airspeed (ms~—

Fig. 4.7 Drag of mounting apparatus and endplates
versus airspeed.
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correction was applied. Corrections for balance alignment and

interference drag were not required either.

(b) Finite Cross Section

(1) Horizontal Buoyancy.

No correction for horizontal buoyancy due to static pressure

gradient was required, since the high speed test section includes pressure

correction fillets to give

dp

dL = 00

(ii) Blockage

The reduction in flow cross-section due to the presence of the sail
and mounting apparatus increases the flow velocity round the model,
and its wake. The correction for solid blockage depends on the ratio
of model cross-sectional area to that of the tunnel. For a two-dimensional
body of thickness t in a tunnel of height %, the correction for solid

blockage is given by (Pope (1954), Pankhurst (1952))
T )
wETuM R
where u; 1is the increase in effective velocity due to solid blockage,

u is the empty tunnel velocity,
T, 1is jet coefficient (=0.822 for closed tunnel),

and A, is body coefficient (™5 for airfoil).
Since %-'\'10-'4 the correction is negligible.

Wake blockage arises from the higher velocity outside the wake

affecting the pressure in the wake bubble, and hence the drag. For a
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two-dimensional wing of chord e in a rectangular tunnel of height *

’

the wake blockage correction is (Pope (1954), Pankhurst (1952))

where u; 1is increase in effective velocity due to wake blockage, and
CDT is the .measured drag coefficient in the tunnel. A typical drag
coefficient is CDT‘” 0.2, so that the correction becomes

U2

7:-% 0.025, which we consider

is just significant. Thus the corrected velocity is

uz

uF = u(l + :7)

and recalling chord and tunnel dimensions becomes

Cp

T
uF=u(l+—8—), (7)

where u

7 is the corresponding free air velocity.

(iii) Boundary Constraint.

Models developing lift modify the flow streamlines of the empty
tunnel (c.f. Fig. 8). The constraint at the tunnel walls effectively

increases the camber and the angle of attack.



Fig. 4.8 Rerofoil modifying fluid flow.

Streamlines in free air.

—_——— - Tunnel walls.

The camber increase (Pope (1954), Pankhurst (1952))

2
L c

X 0.004 Cp,

where Y is the ratio of maximum camber to chord, F refers to free
air and T to tunnel conditions. Typically CLT,V 1.5, so that
(YF - YT)tw 0.01, which we consider negligible.

The increase in angle of attack is

(a, - )—lHZ (C, +4Cy)
"% T 96 (3 Lp Mp

~0.008(Cy + 4Cy), (8)

where CM? is the pitching moment coefficient about the % chord.

It is found that Gp differs from an by much less than 1%, so no

correction was made.
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(c) Seale

There is no requirement to extrapolate the wind tunnel results to
simulate full scale flight, since comparison is to be made with theories
which involve no absolute length scale. Consequently corrections for

surface finish, turbulence levels and Reynolds numbers were not made.

To summarize, the only corrections made were to the velocity,

given by equation (7), and the drag to account for the mounting apparatus.

4.8 DETERMINATION OF CENITRE OF PRESSURE FROM PITCHING MOMENT

From experimentally determined values of 1lift, drag and pitching
moment we can determine the position of the cehtre of pressure for the
sail. As is common in wind tunnel tests, the model is inverted (c.f.
Plate3), so that the lift acts in the same direction as gravity. The
measured pitching moment is then the moment applied to the rear strut
about the leading edge mounting strut. Note that usually the front strut
is mounted at the % chord position, so that the measured moment is then
the pitching moment about the % chord. However, in this case the chord
was variable, so it was thought best to mount the apparatus as shown in

Fig. 9.
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chord line

leading edge

rai lingQ 30 cm
between mounting
points

N y

Mounting strut attachments on endplates.

Fig. 4.9

Consider the force diagram (Fig. 4.10):

PM
R
N\
N\
I \
! \
| \
i \
1 \
|
!
6
xX=
%0 c =
Fig. 4.10 Force diagram.
N - force normal to the chord
T - force tangential to the chord
PM - measured pitching moment
x'P - distance between the leading edge and centre of
pressure
a' - distance from leading edge to strut attachment point.

If x =—-;L denotes the (dimensionless) position of the centre of

!
= — denotes the (dimensionless) distance between the

pressure, q =

leading edge and the mounting strut,
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_ L
CL- pcSuoz 4
L
and CD = 2;5:;1§—a_§. ,

where S 1is the span, we have

CN = CL cosa + CD sina

and , CT = -CL sino + CD cosa.
- - tan~li @
Letting 6 = tan (m?) (11)

we obtain

Cy = = (Cy cos® + Cp, sinb) (@2 + xpz)% )
or Cy = = (C, cos(a+b) + C sin(a+6)) (a2 + xpz)%.

Rearranging we have

1
z, = [-a2 + QMZ/(CL cos (a+8) + Cp sin(a+6))217%, (12)

so that by simultaneously solving equations (11) and (12) we can
determine the centre of pressure. This may be achieved by an iterative

method: we initially guess xp = 0.25, and iterate using the scheme
0

3

zp = [-a2 + QMZ/(CL cos (a+6) + () sin(a+6))?]

a

x
Pn-1

accomplish this, and it was found that convergence was rapid to an

where 0 = tan-1 [ ]. A small FORTRAN routine was written to

accuracy of 10-6, far less than experimental error.
The pitching moment coefficient about the % chord is given by

C‘Mln = (CL cosa + CDsina)(xp - %).



Plate 3.

Plate 4.

leveling the sail for zero angle of attack.

View looking down the test section.
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CHAPTER 5 RESULTS

6.1 INTRODUCTION

Utiiizing the routine SAIL developed in chapters 2 and 3,
"various propérties of two-dimensional sail wings can be determined.
Results are shown for typical profiles, profile parameters, 1lift
coefficient and centre of pressure. Comparisons are made with experi-
mental and linear theory results where possible. Experimental results

for drag coefficient and lift to drag ratio are also discussed.

Previously we have described the profile camber by the
function y(x) , where 0 £ & < ¢. We define the dimensionless
camber function

Clx')

]

yx) /e

where x' = x/c.

However for the sake of convenience we choose to neglect the dash,
so that C(C(x) defines the camber at & as a fraction of the chord,

and 0 < x < 1.

It is observed that sail wings (e.g. hang gliders) operate
with significant profile cambers (C(x)max > 0.02). Observation of
Fig. 5.6(a) indicates that such wings would operate with KT < 6, while
10° is probably the upper limit on o for soaring flight, so it is

to this area (K, 6, a g 10°) that we have confined our study.
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Throughout this chapter all calculations involving angle of
attack have used radians as the unit of angle. However for clarity

units of degrees are shown in all figures where angle of attack is

the independent variable.

5.2 CRITICAL TENSION NUMBER

The tension number KT , defined by

KT R '
Lo ¢ ug?
is a dimensionless parameter relating the tension to the dynamic
pressure force acting on the sail. For sails of constant tension there
£ K_ <K
Tc) such that for 7 Te

the tension force is insufficient to maintain the aerodynamic forces.

exists a critical tension number (X

It is seen that as KT -+ KTc (from above) the camber function

C(x) increases rapidly (c.f. Fig. 5.4). For KT < KTc the linear

theories (Thwaites (1961), Nielsen (1963)) predict profiles which are
not purely convex - however it is highly unlikely that such profiles
are stable in reality, the sail flapping or luffing as is often seen

with yacht sails. SAIL is unable to predict a convergent solution

for the camber when KT < KTc'

The most accurate estimates of KTc to date have been cbtained
using the linear theories of Nielsen (1963) and Chambers (1966), the

1.72745 (Nielsen)

results being KTc

and K

1.7272 (Chambers).
Te
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Results obtained from SAIL indicate that KTc is not a constant but

a function of angle of attack, the critical value increasing with a .

Recall that the equation relating tension and aerodynamic forces is

Pla) = — T4 (=)
(1 + yl(x)Z) 3/2

The linear theories make the assumption that the slopes are negligible
everywhere, and hence approximate the restoring force by -Ty"(x).
This is clearly an overestimation for sails with non-negligible

camber, and results in the linear theories predicting smaller camber

functions than the exact theory.

As K, > K the maximum camber C(x) + » so that
T Te max
1
zﬂ;ﬁ———-+ 0. A linear regression analysis was carried out on data for
max -
ZRE%—__ (generated by SAIL) using the least squares method. Correlation
max

coefficients were calculated and values of KTc were obtained by
extrapolation. The correlation coefficients (all > 0.999) indicated
the validity of a linear approximation. Figure 5.1 shows the variation

of KTc with a . Note that SAIL results approach those of the

linear theories as a =+ O.

Dr. M. Irvine (University of Auckland) suggested the possibility

of estimating K by assuming the sail profile to be a circular arc.

Te

Clearly the maximum lift a circular arc profile can generate, occurs

when the profile becomes a semicircle, and hence we would expect that

in this case KT & KTc.
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o (degrees)
Fig. 5.1 Variation of critical tension number with

angle of attack. SAIL prediction for K
Te

approaches linear theory result as ao -+ O.

+ SAIL result

smooth curve approximation

linear theory prediction (1.7273)
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Fig. 5.2 Sail with semicircular profile.

The 1ift coefficient for a circular arc profile is readily
obtained as

_ sin(a + B)
CL = 2m cosB

where B is defined in the § plane as
_ o, o-1f2h)
b o)
and & is the maximum camber.

Immediately we have for the semicircular profile,

CL = 2/2 7 sin(a + m/4)
or L=V2mpec u02 sin(a + m/4).

For equilibrium we require
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2T cosa = V2 mp cu02 sin(a + m/4)
so that K, =V2 7 sin(a + 4
Te ( "/ )/cosa
= 1(1 + tana). (1)
Clearly this approximation also indicates that KTc increases with

‘increasing angle of attack, although its value is somewhat higher

than predicted by SAIL.

Experimental results for KTc are difficult to compare with
theory, since the large camber obtained just before criticality causes
severe separation (stall) of the airflow from the top surface of the
profile. This reduces the pressure differentigl across the membrane
below its theoretical value and hence also reduces the lift and camber.
However the onset of criticality in the wind tunnel tests did occur
and in a very spectular manner. As the airspeed was increased
(reducing KT ) beyond the stall, the sail took up more camber as
expected, until suddenly the trailing edge started oscillating rapidly
back and forth. This phenomenon is readily explained:

(i) At criticality the force normal to the chord exceeds the
tension forces causing the sail to billow rapidly (i.e.
camber function C(x) = y(x)/c rapidly increases).

(ii) When the sail has very large camber, total separation
occurs reducing the 1ift substantially, and allowing
the membrane to relax back into a low camber profile.

(iii) With the sail in a lifting configuration again the
profile billows rapidly.

Thus the sail oscillated violently with a frequency of approximately 10Hz.
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Fig. 5.3 Critical tension number versus angle of

attack. Comparison of theoretical results
with experimentally observed values.
Experimental results were obtained by
averaging several trials, error bars indicat-
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Plate 5. Profile just prior to luff.

Plate 6. Time exposure during luff.
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5.3 PROFILES

SAIL predicts convergent solutions for the profile only when
KT > KTc » and it is seen that all such solutions have positive camber
and no points of inflexion. For KT > 6 the sail properties are

approaching those of a flat plate and hence the linear approximations

are valid and almost <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>