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A detailed classification is made of all orthogonal coordinate systems for which the wave equation
Y, —Al =0 admits an R -separable solution. Only those coordinate systems are given which are not
conformally equivalent to coordinate systems that have already been found in previous articles. We find
106 coordinates to given a total of 368 conformally inequivalent orthogonal coordinates for which the wave

equation admits an R separation of variables.

INTRODUCTION

In this article we continue our investigation of the
orthogonal R-separable coordinate systems for which
the wave equation in space—time,

d‘tt—Agsz:O, (*)

admits an R-separation of variables. '™ In a previous
article’ we have studied coordinate systems for which
the Klein—Gordon equation

by = Dgil =23 (x)

admits a separation of variables. Such coordinate
systems also admit a separation of variables for the
wave equation (*), In paper 4 of this series we found 262
conformally inequivalent coordinate systems of this
type. It is the purpose of this article to give those
coordinate systems for which (*) admits a strictly
R-separable solution. By this we mean those coordinate
systems for which (*) admits an R-separable solution
ana for which there is no conformally equivalent coor-
dinate system such that (x) is simply separable. As
with the treatment of the wave equation in two space
dimensions® we classify all different types of
orthogonal coordinate systems whose coordinate

curves are cyclides or their degenerate forms,

The content of the paper is arranged as follows.
In Sec. I we discuss the relevant details concerning
coordinate systems whose coordinate curves are
cyclides of most general type. This is a development
of the methods in the fundamental book by Bécher, ©
Also in this section we give the various differential
forms corresponding to the coordinate systems of
interest. In Sec. II we present the various coordinate
systems together with the corresponding separation
equations and triplet of mutually commuting operators
{L., L,, L.} which describe each such system.

I. R-SEPARABLE DIFFERENTIAL FORMS FOR THE
WAVE EQUATION

In this section we classify all the orthogonal
differential forms for which the wave equation (*)
admits a strictly “R-separable” separation of variables.
We recall that if ¢ is a solution of (*) which is R-separ-
able in terms of some new coordinates x;, (i=1, 2,

3, 4), then ¥ can be written in the form
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¢:eXp[Q(x1,x2,x3,x4)]¢, 1.1

where the wave equation for the function ¢ is such that
¢ admits a separation of variables. The factor exp®

is called the modulation function and has a definite form
for each R-separable coordinate system. In addition no
part of the function @ should contain the sum of func -
tions of only one of the variables x,. For a strict
R-separable system the modulation function @ should
not be zero. In a previous paper® where we treated

the wave equation in two space variables it was shown
that only coordinate systems whose coordinate curves
were degenerate forms of confocal cyclides of the

most general type were strictly R-separable. All
remaining R-separable coordinate systems could be
transformed into coordinate systems for which the
Klein—Gordon equation (3,, — 4,)¢=2¢ also admits a
separation of variables. This was done by a suitable
transformation of the O(3,2) conformal symmetry
group of (2,, -~ 4,)¢=0. The same situation is true

in the case of three spatial dimensions and it is
accordingly the purpose of this section to discuss
confocal families of cyclides of general type and their
degenerate forms. We now briefly outline the properties
of cyclides of this type and refer the reader for details
to our previous paper® and the book by Bocher, °
Families of confocal cyclides have their natural setting
in pentaspherical space. This is a six-dimensional
space of six homogeneous coordinates y,:y,:y,:y,:

V5 : Vs which are not all simultaneously zero and which
are connected by the relation

(1.2)

The space—time coordinates are related to the homo-
genous coordinates via the relations

vityitys i +yE+yi=0.

ylzi(pz_qz_72_82+w2)’
Vo=pi—q® -7~ s —w?, (1.3)
Vy=2pw, y,=2ipw, y;=2irw, y,=2isw,

where t=p/w, x=q/w, y=v/w, z=s/w. A cyclide is
then defined as the locus of points lying on the quadric
surface

6
$ :i;—:‘-/laijyiyj:o’
with a,;=a;; and det(a;,)# 0. The classification of

H
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cyclides under the group of orthogonal transformations
which preserves the form

E}Z
=1 "

is then the problem of classifying the intersections of
two quadratic forms in six-dimensional projective
space, This is performed by the method of elementary
divisors applied to the two quadratic forms.

(For the details of this classification see Ref. 5 and
6.) The equation describing the most general family of
confocal cyclides in six-dimensional pentaspherical
space is

(1.4)

Here ) is one of the new curvilinear coordinates and
e;#c¢,, if i#j (i,j=1,...,6). If we choose an ortho-
gonal coordinate system in space—time whose coor-
dinate curves have equations of the type (1.4), then
the line element in terms of these new coordinates
becomes

o 1 4 (Xi—,\'j)(Xi—xk)(Xi—xl) 2
$° = 7 : 1.
ds® = g— [El oA dx? | (1.5)
where
6
Soe)=11 tx —e,) and ~1V5 =23 eyt
= i=1
The pentaspherical coordinates y; are related to
the curvilinear coordinates x; via the equations
ole; .
»\'\i:f"’EC;’ 1:19"'!61 (16)

where ¢(x)=I1j.; (x - x,). If we write the solution ¢ of
the wave equation as

i=(0 e, a.m
then & satisfies the differential equation

S 1 \o% >§\

Jé [(@'(.\’j 81)? +3xi¢] _2(;1’81)‘1’~0, (1.8)

where Zdvjzdxj/vf(xj) . This equation admits separable
solutions for the function ¢, i.e.,

4
d):jF:IIEj(x}).

Each of the functions Ej satisfies the differential
equation

2 6
(flv? + [3.\*}‘ - 2(2(31.)3(}’ +Ax? + Bx, + C]Ej =0. (1.9)
We now proceed to classify coordinate systems of this
type by considering the expression inside the square
brackets in (1.5) and finding out what ranges of the
coordinates x; permit this differential form to have
overall negative signature, We must also consider
degenerate forms of these general coordinate systems
which result when some of the e, become equal. In
addition we should mention that two confocal families
of cyclides of type (1.4) are equivalent under the action
of real linear transformations of the pentaspherical
coordinates y; which preserve the quantity i1 y? if
their parameters e;, ¢} and coordinates x,, %] are
related by the equations
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_ae{+B

_axi+B
i yel+ 8 ’

=T (1.10)

where #, 8,v, 5 R and a8 - By# 0. We now give the
classification of the strictly R-separable coordinate
systems, in particular the differential forms.

[1] The first type of differential form corresponds to
R-separable coordinate systems of the type (1.6) for
which all the e; are real. In addition the relations
(1.10) can be used to standardize these quantities so
that e, ==, e,=a, e¢;=b, e,=c, e;=1, e=0 with
a>b>c¢>1, The differential form then becomes

e (=3\[ £ i =)0 = x)ei = %)
@ _(4w>[z 1 }:(x,.)k ' dxe]’ (1.11)

where h(x)=(x —a)(x = b)(x —=c){x - 1)x. The ranges of
variation of the variables x; are

Xy Xpy Xg= Q> Xy > b’
X, X, a>bh> x> e>x,> 1,
X1y Xy x3>a>b>x4>c;
X,>a>x,, x> b>c> x> 1; (1.12)
X, X, a>x, > b>x>c,
X, >a>b>x,>c>x,>x,> 0,

{2] The differential forms of this type are as in (1.11)
but with

b=a*=a-iB, a,BecR,

The ranges of variation of the variables x, are
Xyy Xpy X3 7 €> %, 1>0, (1.13)
X, X, > > %> 1>x,>0,

(3] In this case the quantities e; can be taken to be
e,=», ef=e,=v+id, ef=e,=a+iB,
es=0, a,8,v,0cR,

The differential form is given as in (1.11) with
i) ={(x = ¥)2+ 8%[{x — a)® + B*]x.

The range of variation of the variables x; are then

(1.14)

X1y Xzy X537 0> %0 %, 7 02 %5, Xy, Xy

The simplest type of degenerate differential forms
corresponding to cyclides of general type (1.4) are
obtained by allowing pairs of the quantities e; to
become equal. This is achieved by the prescription
given by Bécher,® e.g., if ¢, and e, become equal,
then they do so according to the prescription

(1.15)

where ¢ is a first order quantity. With this substitution
and the subsequent use of the relations (1.10) to
take e, =« the differential form becomes

_{ Bityd) dxi? (=) =2n) 5 0],
ds* = (_ 4w )[x{(x{-l)_?z h(x,) dx,]
(1.16)

where a(x) = (x —a)(x = b){x —c)(x —d). If we make the
same substitution in (1. 6) relating the pentaspherical
space coordinates y}, we obtain

o ’
e,=e,te, X =e;+exy,
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2 __ ? 2 _ Al
yi=1-x{, y;=x4,

2 _Wp—ey)lr; —es)lx, —e5) ,
ys - (eg - 64)(63 - es)(ea - es)

2y —e ) ~ e, —ey) |
Tles—ey)le, —es)e, —e;)

1.17)

2 __ (xz )( 3 ﬁ)(’ﬁ;‘ eS) y
57 (e, - ea)(e5 e Nes —e;)
)

2_ (r, - eg)xs —eg)x, —eg) .
(es—ea)(es—e Ve, - e5)

In addition we note that the coordinate curve for the
coordinate x{ has the equation

e +y2 o,

1.18
Py dbe (1.18)

From the form of the pentaspherical coordinates in
(1.6) we see that the real linear transformations

which preserve the quantity Ef,lyf form a group
isomorphic to O(4,2). In fact the representation of a
point in space—time by the six pentaspherical coor-
dinates is such that the generators L, =y, ~ y,0y,
are directly related to the canonical generators of the
conformal symmetry group of the wave equation.® More
specifically we have the relations

2=k, =Py, Lyy=5(K,~P)), L,=t(,-P),

Ly =% L(K,-P,), Ly=iD, Ly=iN,, L,,—iN,,
L, =iN,, L, :%(P +Kg), Lyy=M,, Ly=M,  (1.19)
Ly=-3(P,+K,), Ly;s=M,, L,;=-%(P,+K,),
L=-3P,+K,).

Here we have used the notation of Ref. 3 for the
generators of the conformal symmetry group.

Taking note of these relations we see that coordinate
systems of the type given by (1.17) corresponds to the
diagonalization of the generator L,, —¥,0 9
This generator may correspond to a rotatlon or a
hyperbolic rotation in pentaspherical space. If it
corresponds to a hyperbolic rotation we may always
use an O(4,2) group motion to ensure that L ,=D,

The resulting coordinate system in space—time is then
equivalent to one of the radial coordinate systems
discussed in Ref, 5. Accordingly in classifying
differential forms of type (1.16) we need only consider
those for which 0<x{<1,

[4] If we choose a=b; ¢ =1, d=0, then we have the
possibilities

a>x,>b>x,>1>x,>0,

Xp>a>xg, X,>b; x,>a, 1>x,, x,>0;

X2a>x32b0>1>x,>0; b>x,>1>x,, x,>0,

Koy X3y X4 > @53 B> Ky, X3, x,> 1, 0> x,, x4, x,,

X3, Xz a; b>x,>1, 0>x,

XyZa; b>x5,x,>1, 0> x5, x,, b>x,>1>0>x,.
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b>xx3>1>0>x,, b>x,>1>0>x,, x,,
a>x,, %33> b; b>x,>1, 0> x,,
a>x,>b>1>x,>0>x,.
(5] fa=b*=a+iB, a,8c Randc=1, d=0, then
we have the possibilities
Xy Xgy X4 15 25, 25> 1> 0> 5,
%7 1>0>x,, 5, 0>x,,x,, %, (1.21)
%,>1>x,,x,>0 and 1>x,, x,>0>x,.

(6] If we have a=b* as above and ¢ =d* =y +i0,
¥, 6 IR, then the variables x,, x;, x, can be any real
numbers. If in addition we allow ¢, and e, to become
equal according to the prescription of Bécher,*

e;=e,+e, xy=e,+exh. (1.22)
The differential form is then
ds? :(‘(yf"'yi)) dx® +(e4—x3)(e4—x4)
dw* xjx1 =1 (e;—es)le, —eo)
dx’? dx dx? )
N N 3 _ OX4 1.23
0 —p T )<P(x Py | 1.23)

where P(x)=(x - e,){(x —e,)(x —¢,). For all such
differential forms 0<x/<1. Differential forms of this
type fall into classes in which the quantities e,, e,

e, can be chosen to be 0, 1, or a.

[7]e,=0, e;=1,
vary in the ranges

e;=a; a> 1. The variables x,, «,

0<x;<1<x,<q, 1<x;<a<x,, x,<0<1<x,<gq,

(1.24)
[8] 64:1,
1<x;<a<xy,,

%,<0<1<x,<g, 0<x,<1<g<x,.

e,=0, e;=a; a>1;

x,<0<x,<1, (1.25)

If we now allow e; and e, to become equal by the
usual prescription, the differential form becomes,
taking e; =1 and e, =0,

(y2+y )[ dx!? dxl?
as = (V) [ v - 2

(1.28)

dxl? dx
+ 3 4 ,
YT -x) 50 -m]

There is only one differential form of this type.

[9] For this case all the variables x{ (i=1, 2, 3), x,
lie in the interval [0, 1].

A further class of differential forms can be obtained
by taking

e,=estac, es=e;te, x;=e,text, i=3, 4, (1.27)

If we also put e;= in the resulting differential form

we obtain
do= (G [t -725)
E.G. Kainins and W. Miller, Jr. 1249
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where P(x)=(x ~e,)(x —e,)(x - e;) and Q(x) = (x — a) A. Coordinate systems of class |
X{(x — 1)x. This differential form corresponds to the (1)—(5)
reductions O(4, 2) 20(3)®0(2,1) and 0(4,2)20(2, 1) -

©0(2, 1) when expressed in elliptic coordinates in the (a) A suitable choice of coordinates is
case of the two reductions
1 [_ (v, = @)y ~ @)y = a)lxy -m] e
O(3)>L and O(2,1)DL’, (1.29) "R la=b)a~c)a-1a

With the exception of the reduction O(2, 1)20(1, 1) e L= I) N x, - I))(,x3 —b)x, = b1/
which can be conformally transformed into a radial Y=R (b-—a)b=c)b-1)b ’ 2.1)
system we can in principle write down all the differential 1 ) ) Y NRE :
forms corresponding to the reductions of the type y :ﬁ[ - o), )_ ¢ ;)3)(_6 f)“ _C] s
0(4,2)2>0(3)20(2, 1) and O(4, 2)20(2, 1)®0(2, 1) by (e —alle - ) - e
considering degenerate forms of the differential form N LS N Y C A  CPn V) e
(1.29), but we do not do this here, R (1 —a)(1- )(1 -c) ’

The remaining distinct type of differential form of where
interest in this section is obtained by taking x,=¢, R— (l 4 [Y 1X2X 53X 4] 9).
+¢’' ¥} and e, =e, +¢' subsequent to the substitutions abe

(1.27) and then allowing e, — . We then obtain the

Th lution of th tion th t
differential form e solution of the wave equation then assumes the

form y=R$ where & =[1}., E,(x;) typically. The
separation eguations for the functions E,; are

ds? = WE+v3 +y2+y) dx}
40° x (1 =) d°E; +l( t o .1 1 +l_>£i_E_f
2 "
e I der d,xj 2 X, ~-a xj—b X,=c -1 x,/ dx,
+ x-S ) | (1.30) 2
-1 Q6D T kD b AL LG ) g (2.2)
4(x, — a)(x, - b)x, )(Y =1, 4 )

{10] In each class we have that 0<x,<1, 0<x}<1,

The operators whose eigenvalues are the separation
The remaining variables vary in the ranges

constants are
0<xi<1<x!<q, 1<xi<a<x}, Ly=Ya+b+c) P+ K2+ 4a+b+1IUP, + K,
1 2 1 2
V<0<1<a<x], x<0<x[<L. +ia+c+ 1P +E P -5+ (P, +K)
+la+DIME+ (a+ )i - (b +cING
A further differential form can be obtained from
(1.29) by taking a=1+¢", xj=1+¢"x]. This gives
one new differential form, L,=4%{ac+bc+ab)(P,+K,)

+3ab +a+ D) (P, + K, + lac +a + )P+ K\

~(c+ l)f\f? - (b + 1)1\73‘4‘ ((1+ l)Mg,

dsz:(-(yf+y§+y§+yi)[ dey  __dxp

4? {T-x)  xhxt-1) —Hbc+ b+ )P +K )Y +abM?
+ads, (2.3)
where all the variables lie between 0 and 1, L,= - tabc(P,+ K,)? - ab(P, +K,)
[11] This gives one additional different form. —tacP, + KV +ibc(P,+ K ).
We have thus shown in this section how to get all The coordinates x; vary in the ranges

the orthogonal coordinate systems we expect by

. o s . . x,a>h>a,>e>x,>1>x,>0.
various limiting procedures applied to coordinate ! 2 3 4

systems of most general cyclidic type. We have as yet There are four more coordinate systems of this type.

not fully understood in what sense these procedures are We list below the complex transformation of the space

complete. time coordinates which relates the coordinates of type
(a) to the new system together with the new ranges of

Il. R-SEPARABLE COORDINATES FOR THE WAVE variation of the coordinates x;. The separation equations

EQUATION for the E,(x,) are the same in each case and the basis

defining operators can be obtained by the substitution

In this section we give the coordinate systems given. We now list the possibilities.

corresponding to the differential forms in Sec. I
together with the separation equations. We also present M) ,x,y, 2~ iz, x, ¥, i)
the triplet L,, L,, L, of mutually commuting second

order symmetric operators in the enveloping algebra of
0O(4,2) whose eigenvalues are the separation constants (¢) (¢, x,v,2)— (x, ¢ iy, iz)
for each coordinate system presented. We now tabulate

X1, Xy 7 @> X7 b2 X2 0y

; o a >hera, 1
the coordinate systems of interest starting with the Xy @ Xy Xy b T T
most general real cyclidic type of coordinates. Ny, Xgy Xyma>b>c>x, > 1.
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(@) (¢, x, 2)—(it, ix, iy, iz)
X, X, > a>b>x;>c>x,> 1,
(e) (¢, x,y,2)~(,ix,y,iz)
X1y Xgy XgZa@>x,>b.
(8)—(7)
(a) A suitable choice of coordinates is

120, —adx, —a)x; —alx, —a)] /e
“’”—E[ @-ba-cla=-Ta ] ’
\—cC (»cz—c)(x:,—c)(x‘,—c)]”2

(c —alc -b)c~-1) ’

L= Dx, - 1) (x3—1)(\f4—1)]
Q-a)1-b)(1-¢)

1 [
R
1 [
R
where

R —(1 + ['_xlxzxgxq] ”2>
- abe

anda=b*=a +iB8: o, RsR.

The solution of the wave equation has the form
¥=R® where each of the E, satisfy Eq. (2.2). The
operators whose eigenvalues are the separation
constants are

L=32a+c)P,+K,)+
+2aM? +

120+ 1)(P, +K,)?
Ha+c+ D[P, +K))?

— (P, + K] - % (P, +K )P, +K,)

+ (P +K )P+ K]+ (o + )M - N3)

+ BN M, + M,N,;) + (o + 1)(M5 - N3)

+ BN,My + MN,) — (¢ +1)N
L,=—%2ac + o+ )P, + K, )*
1o+ o+ 3P, +K,)

a®+ 3% M2

- (a? ilac+a+o)(P
- (P, +K ]+
(

46(6 + 1)[(P1 +K1)(PO+K0)
+(Py+ K NP, +K,)]+ ac(NE

oK)
1
-M?)
—cB(MN, + N, M,)+cN3

+ a(NZ = MZ) - B(M,N, + N,M,),

La = %(O(Z + Bz)[C(Ps +K3)2 + (PZ +K2)2]

+ TP+ - (P + K1)

- %((p1 +K )P+ K,) + (P + K )P, + K.

The coordinates x; can vary in the ranges
Xy, X > x> 1> x,> 0,

(b) (¢, %, v,

where x,, x,, x;7¢c>x,>1>0.

(8)

A suitable choice of coordinates is

z) = (it ix, iy, iz)

1251 J. Math Phys., Vol. 19, No. 6, June 1978

2.4)

26, = o)y = )y — )y = ) 1/2]
t+zy_[ (c—a)(c-—b)(c—d)c4 R,

2x, —a)x, —a)x, — aXx, ~a)|"/?
x:Im[ ) (a—-b)(a—ci(a—d):z ] k, 2.6)

z2=[-xx,x.% ,/abcd]' ¥ /R,

where
2(x, - a)(x, —a)(x, - a)(x, ~a)]*/?
Z{HR"'[“ @-la-c)a-da ] }

b*=a+iB, c=d*=y+id, a,B,v,0cR.

and a=

The solution of the wave equation has the form
$=R® where each of the E, satisfies the equation
2
dE+1<1+1+1+1 +>dE,

dx? X;-a xj—b Xy =-C x,—d x, dxj

{(—2x3 +1xF+1x; + 1)

4(x; - a)x; = b)(x; —c)x, - d)x,

E, =0, 2.7

The operators whose eigenvalues are the separation
constants are

L, =Q2a+y) (M2~ N2)+6(M,N, + N,M,)
+ @2y + )M - 3(P, - K,)*]
+ 38 M (P, = K) + (P, - K,)M,]
+3v(Py— K ) — 2aN?
+{a+BEP,-K) - HP, - K,)? + M2 -
+ 38N, (P, -K,) + (P, - K N,]
-K NP, ~K,)+ (P, -K,)(P,~K,)]

Nl

+38{(P,
- 0N, M, +M,N,) - §[1W3(P2 -K,)

+ (Pz _Kz)Ms]y
Ly=(a?+ 8 +2ay)(N; -
+N,M,)+

?) = 2a8(M,N,
(y? +62+2ay)[ (P, - K,)?

= M2 =y BM, (P, = K )+ (P, — K,)M,)
+(a? + BINE+ £ % + )P, - K| )?

+ ar §(@, - K, - (P, — K P + N? - M?]

yB[(P ~ KN, +N(P, -K,)]

_ ‘Z_G (P, - KNP, —K,) + (P, - K,)(P, - K_)]

_Bo

5 = [M(P,-K,)+

(Po - Ko)Ms]

—%O[N1(P2 ‘K2)+ (Pz_Kz)NL]

+ ab(N, M, + M,N,)

P22 (P, - KM+ 1P, - K, 2.8)
Ly=(a?+ B)[y(N; - M3) - 5(N M, + M N;)]
+ (2 + 620 a3 (P, — K,)? - MP)
- ELPy -, + (P - K
E.G. Kalnins and W. Miller, Jr. 1251

Downloaded 02 Nov 2008 to 130.217.76.77. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



The variables x, can vary in the ranges x, > 0> x,,
X3y Xy and xp, x,, x,7 0> x,,

B. Coordinate systems of class |1

Coordinate systems this type consist of all the
coordinate systems in which the operator 3(P,-K&,)
is diagonal.

As has been discussed in Ref, 7 the R-separable
solutions of (x) then have the form = (Y, - cosi)
Xexp(i(2F + 1))@ (Y,, ¥,, ¥,, ¥,) where Y2 +Y?+ Y%
+YZ=1 and the space—time coordinates are given by

s ¥,
T Y,-cosy T Y,-cosi’

v, Y, (2.9)
e =
Y Y,—-cosi Y, - cosy’

i(2F +1) is the eigenvalue of the operator 3(P, - &,) and
F is a positive integer or half integer. The function
¢ satisfies the equation

(T3, + D5, + T2, + L+ T3, + T2,)d=-4F(F+ 1),
(2.10)

where T,=—3(P,+K,), T ,=-3(P,+K,), T ,=-3(P,
+K,), Tyy=M,, My,=~-M,, and I'y,=M,. Here we are
using the notation of Ref. 5. The problem of separation
of variables for coordinate systems in which

(P, - K,) is diagonal reduces to the problem of
separation of variables on the three-dimensional sphere
S, in four space. Acting on the functions & the operators
given above have the form

Tp=Y,0, - Yﬁm Ty= Y082 - Yzam

T =Yd; = Y33y, Tpa=Y,3;, - Y53, (2.11)

To=Y2, - Y30, Tay="1,8;-Y50,.

This problem has been solved by Olevski’?® and the six
coordinate systems on S, for which (2.10) admits
separation of variables have recently been investi-
gated.” In the interests of a complete presentation we
give here the six coordinate systems mentioned, the
separation equations, the operators describing the
separation, and some comment on the actual solutions
is also made where possible.

(9) Ellipsoidal coordinates

A suitable choice of coordinates is

(x, ~a)x,—a)x, —a)

Y=o -aa
(x, = b)x, = B) (x4 — b)
L P A1 B T (2.12)
Yzz_(xl—l)(xz—l)(xB_l) ,
: (a-1)m-1)
ye=titets

ab

where 0< x,<1<x,<b<x,<a.
The separation equations for & = E, (x,)E,(x;) E4(x,)

have the form
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dE; 1[ 1 . 1 N 1 +1]0113‘,-
xi—l X;

EZ 2 X;—a x;—=b Wj
[4F(F+1)xd + 1% +1,]
4(x, —a)x; - b)x, — Dx,

E,=0. (2.13)

The operators whose eigenvalues are the separation
constants [, and [, are

L=+ (P K P+ (B, 4 KP4 40 + 1Py + K

+aMi+ @+ 1)ME = (a+b)M?, (2.14)
L,=5b(P,+K,)? - aM? - abM?,
(10) Elliptic cylindrical coordinates of type I
A suitable choice of coordinates is
_[*1X2 1z _<x1x2>”2 :
YO_( p ) cos¢p, Y,= » sing, (2.15)

[l =a)x,—a) e = D, = IR
Y2_< 1a(a—l) )’ YS_( 1 (1-a) )

where 0<x,<1<x,<a.

The separation equations have the form for
$ :El(xl)Ez(xz)A(¢),

FE LI 1 1 2 TdE
de; 2|x;,-a x, -1 «x; Jdx,

[4F(F + 1)x7 +1,x; + 1]
= 1
G —a)r, = D7 E,=0, (2.16)

where i=1, 2,

d*A
aa—(z—)g"”le:O.

The operators whose eigenvalues are the separation
constants [, and [, are

L,=+M:+5(P, + K, P + o[ M2+ 3P, + K,)?)
+4a+ )P, + K%,

a
L,= —Z(P‘+K1)2'

An alternative choice of coordinates is obtained by
taking x, =sn®{p,, ) and x,={1/k%) dn®(p,, &’) where
a=1/k*. We then have that

¥o=50p,;dnp,COSP, V= snp, dnp, sing,
(2.18)
Vo =dnp, Snp,, ¥3=CNP,;CNnp,,

where 0< p,< 2K and —K’< p, <K', [Note: sn(z,k) is a
Jacobi elliptic function, | In terms of these coordinates
the solution for & has the form

cosmo ,

& = (snp, dnp,)™ KES(dnp,)KES(k snp,) [sinmgb ’ (2.19)

Here K}3(z) is an associated Lamé polynomial as defined
in Ref. 7.

(11) Elliptic cylindrical coordinates of type II

A suitable choice of coordinates is
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Y, :<_(x1 -, - 1_))1/2 coso,

0 (1-a)
_1D\/
Y1:<(’f_1:<_1_)%73)_1))1 *sing, (2.20)
¥ 1/2, (b —a)x, ~a) e
YZ:(T) YV( ala -1) ) ’

where 0< x,<1<x,<gq, The separation equations have
the form for & =E,(x,) E,(x,) A(¢),

PE; 1 1 2 1 | dE;
dx? '3 [xi -a +xi —1+«\’,-] dv;
2 .
[4F(F+ DG+l +h] o (2.21)

4(x; —a)lx, - 1)2x; i ’
where i=1, 2,
d?A
-1)—+ =
(a 1)d¢2 1,A=0,
The operators whose eigenvalues are the separation

constants /, and /, are

{a-1)

LI:J’W%-*- 1

(P, +K,)2+a[M2+ (P, +K,)],

(1-a)
4

(2.22)

L,= (P, +K,)2.

These coordinates can also be written in terms of
Jacobian elliptic functions by the same substitution as
used for system (10). We then obtain

Y, =cnp,cnp,cosd, Y,=cnp,cnp,sing,

(2.23)

Y,=snp,dnp,, Y,=dnp,snp,.

In terms of these coordinates the solution for ¢ has the
form

cosmao,

ik’
¢ =(cnp, cnpz)’”K?: <_ e Cnp2> K?";(Cﬂl)l) [Sinmd). (2.24)

k
(12) Spheroelliptic coordinates

A suitable choice of coordinates is

xR ey = 1, = 1)\ R
YO_sma< p ) , Y, =siny T Aoa )

. . 1/2
Yzz Siﬂ&(g—la_({:}'&\—zl)—a—)> 4 Y'& =COSw,

where 0< x;<1<x,<aq,

(2.25)

0< a<r.

The coordinate system can also be written in terms
of elliptic functions as with coordinate systems (10)
and (11). This gives the parametrization,

Y,=sinasnp,dnp,, Y =sinacnp, cnp,,

(2.26)

Y,=sinadnp, snp,, Y,=cosa.

A typical solution for & is of the form A(a)E, (p,)E,(p,)
where

E (p)Ep,) = Fi(—ip, +iK+K', p,) (2.27)

a product of Lamé polynomials and
A(a)=(sina)CL;L, (cosa),

[Here C:(z) is a Gegebauer polynomial. } The two
operators characterizing this system are
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L,=3P, +K )+ (P, + K, + M,
(2.28)
L,=1(P, +K,) Jr%(P2 +K,)?,
with eigenvalues — (I +1) and x? respectively.
(13) Spherical coordinates
A suitable choice of coordinates is

Y,=sina sin3cos®, Y =sinasinfsing,

(2.29)

Y,=sinxcos3, Y,=cosa,

where O0< a, B<s7, 0<¢<2m.
A typical solution for & of the form A(a)B(B)C(¢) is
& = (sina ) CLL, (cosa)PP(coss) exp(ime), (2.30)
The two operators characterizing this system are
L, =3P, +K P+ 5P, +K,)?+ M
and
L,=4(P,+K,)?, (2.31)
with eigenvalues - (Il +1) and - m?® respectively.
(14) Cylindrical coordinates
A suitable choice of coordinates is
Y,=sina cosB, Y,=sinasing, 2.32)
Y,=cosacos¢, Y,=cosasing,
where 0< o<7 and 0< 8, ¢ <27,
A typical solution for & = A(a)B(8) C(¢) is
& =explim¢ + ipB)(sina)?™®(cos)?Fab
X, F(b-F,a~F,a+b+1; - tan®a), (2.33)

where m=a+b, p=a-0>. The two operators

characterizing this system are
Li=3(P,+K)® and L,=M (2.34)

with eigenvalues —p? and - m® respectively.

C. Coordinate systems of class {1}

These are the analogs of the elliptical coordinates
of type (9). The difference in this case is that
coordinate systems of this type correspond to the
diagonalization of M rather than ;(P,-K,)?. We now
list the possible types of coordinates.

(15a) A suitable choice of coordinates is

(=] (a0l =)
R b -a¥a-1)a ’
1 1 .
.¥:§C05¢, V=% sing, (2.35)
~1<(x2 ~ b)(ry ~ b)(x, _h)>1,2
*~R b -a)b-1Db ’
where

R :[((x2 — 1)(i3‘ 1)(x4 = 1)>1/2 +<xzx3x4)1/2 .
@-1)-1) ab
The typical solution of the wave equation is y =R$
where 8 = E,(x,)E,(x;)E(x,)A(¢). The separation equa-
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tions are the same as for system (9) with
A(d)=exp(i(2F +1)¢). The variables x,, x;, X, vary
in the ranges x,, x;>a>b>x,>1,

b, 1> x,, 0,0, D> Xy, x,,x,7 1,

b>xy, > 120> x,, x,, @™y, x,>b>x,>1,

The operators whose eigenvalues are the separation
constants are

Ly=(a+b)D? - g+ 1)(P, - K2+ Lb + )P, - K, )

” b
+ Z(PS + K P - ih(P, + K - N2,

(2.36)
L,=abD? + ;a(P, - K, P+ ;b(P, - K.,
and of course L,=MZ.

There are five further coordinate systems of this
type. In each case we choose the x and v coordinates
to be of the form

1 1
Xx=pcCosd, y=% sin¢, and the operator L,—=MZ,

The separation equations are the same as in system
(9). For each of these five further coordinate systems
we give the choice of R and the coordinates / and z
together with the form of the operators L, and L,.

(16b) The modulation function R is

I [((\ » = Dy, - Dix, _1)> ((\ _f))(xg-b)(x4-z>>]
- (a-1)b=-1) (@=0b)b -1

(2.37)
and the coordinates { and z are given by
z:;—%("—?(‘;;;‘#)] " :é <(‘Y2(:, (i)ﬁ;;?a_j)l(;f = "))1/2 (2.38)
The operators L, and L, are
Lio=Ya+M(P,+K) -la+ )P -K,)\
+ (b + N2+ aD? - 5b(P, + K, )2 + (P - K57, (2.39)

L,=—ab{P + K )+ $all —

The ranges of variation of the coordmates Xy, Xy, and x,
are

K, = bNE.

X, > @ Ny, X, by, X7 arh>xg, x> 1

. . L~ . . >y =
Noy Xgy Xg 7@, D7 Xy Xgy X, 7 1, a2 X, X370 x> 1,

and

Xy=a>h>1>0>x,, x,.

(17¢) This coordinate system is related to (16b) via the
transformation (¢, x, v, 2) — (it, ix, iy, ¢z) of the space—
time coordinates. The variables x,, x;, x, vary in the
ranges

X,ra>x,>b>1>x,>0 and x,>a>b>1>xx,>0.

(18d) This coordinate system is related to (16b) via the
transformation (¢, x, v, 2) = (z, i, iy, {) of the space—
time coordinates, The variables x,, x5, and x, vary in
the ranges x,,%; > 0> b>1>0>x,,0> x,,x,>1> 0> x4
and @ > X, X, > b>1>0>x,,

(19e) This coordinate system is related the (15a) via the
transformation (¢, x, v, z) —~ (z, ix, iy, t) of the space—
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time coordinates. The variables x,, x;, and x, vary in
the ranges x,> a>b>x,, x,> 1.

(20f) This coordinate system is related to (16b) via the
transformation (f, x, v, 2)~ (iz, x, v, ¢f) of the space—
time coordinates. The variables x,, v,, and x, vary in
the ranges a>x,> b>12>x,> 0> x,.

In addition to the six types of coordinate systems we
have discussed in class III we will also include coor-
dinate systems corresponding fo the differential form
of type (1.16).

(21) A suitable choice of coordinates is

12, -, - a)x, —a) )
(Z+Zt):§|: 2((1—17)(3(1—1)(1<l ] ’
1 1 (2.40)
x:ECOSd), y:E sing,
where

[

The separation equations are given by (2, 13). The
operators whose eigenvalues are [, and [, are

- D, - Dlx, =D\V/2 | [xxx 173
@-Dp-1) ) +< pra ") ] (2.41)

Ly=2aD?+Xa + 1)[(P, - K, = (P — K )]

_g(POPR + KUKS) + %a[(Pa +K3)2 - (Po + K0)2] —Ni,

L,=(a®+ 8)D*+ fo[(P, - K,)* - (P, - K.)?]

+ 18P, =K ) (P, - K )+ (P, — K )Py - K. (2.42)

The variables x,, x,, and x, vary in the ranges

Noy Xy Y21, 2, > 1> x5, %, 0, x,7 120> x5, ¥,

(22) Coordinate systems of this type can be obtained
from those of type (21) via the transformation (/, x,
v, z)— (it, ix, iy, iz). The variables x,, x,, and x, lie
in the ranges x,, x,> 1> 0>x,, 0> x,, x;, x,, and
1<x,, x;,>0>x,.

(23) A suitable choice of coordinates is

o 120, - alx, —a)x, —a) |3
(Z+Zt):E[((I—b)(0—C)(a"3 ] ’

(2.43)
1 1
x:§c08¢, y= Rsm¢,
here R =Rew - Imw

and

20, =)y — )y =) 1z
‘”*[ c-ac-blc-d

The separation equations in the variables x,, x; and
X, are

d’E; +l 1 1 + 1 1 ]g_}i,
dx? 2|x;,—a x,-b x-c x;-d]adx,
[4F(F +1)w; + [xi + 1]
E.=0. 2.44)
Ihr, — a0, = D)y = O, ~ ) (
The operators whose eigenvalues are [, and [, are
E.G. Kalnins and W. Miller, Jr. 1254
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L,=-2aD?-2yN2 + 3(a + y)|P.K, + K P,
"PoKo‘KoPO]'}'éG[P(z)‘P§+K§_Kg]
- 3APKy+ K P+ PK, + K Py,
L,=(a?+ FP)D* + (y® + 0%N: + 3ay[ P, + K, P,
-P K, —K.P ]+ 3ad[P? - P2+ K2 - K2+ B6(P,P,
- KcKa) - %BY[PSKO +K P, + P K, +K3Po]§
the variables x,, x;, and x, can assume any real values.
(24) A suitable choice of coordinates is

2 [(x]L -a)x, - a)lx, - a)]l/2 ,

f+z=pIm (a-0b)

R VS S WP Y (55 S SR U § 9
t_z_Rm[(a—b)—Z X,—a X,—-a X;-a

1 1 .
x:}—z- coso, ¥ :E sing,

where

(x, —aXx, —a)x, - a):l 12
(a-b)

The separation equations in the variables «,, x,
and x, are

d*’E; 1 1 dE;
+ ot
dx. [xi—a +xi—b] dx,

[4F(F + 1)x} +1,x; +1,]
4(x; - al(x, - b)°

R:2Re[

+

E,=0. (2.47)

The operators whose eigenvalues are [/, and [, are
L, = oz[%(P3 ~P-K,-K )~ (D +N)+ éB[(P3 -P,
-K;-K)D+N)+(D+NNP, - P,-K,-K,)]
+a[§(Py+ P+ K, - K,)?
- (P, P, +K,+K,)?
— (N =Dl + (P, +P,+ K, - K,
- il(Py+ KNP, + P + K, - K,)

+

—

P+ P, +K,-K,)P,+K,)],

(2.48)
L =-i(Py+ K +3(a?+ B[P+ P, + K, - K, )?
- §(Py— Py + K +K,)> = (N, =D - 4(Py+ P, + K, - K,)?]
+3(a® = )Py~ Py - Ky = K,)* ~ (D +N,)?]
afB

- (P - P~ K, - K)D+N,)

+(D+N)P,-P,-K,-K,)]
o
+4(P, +K3)[B(D -N,)- E(PO +P,+K, -Ka)]
+ i[B(D -N,) _%(PO +P,+K, -KS)] (P,+K,).
(25) This coordinate system is of similar type to

coordinate systems (10) and (11) appearing in Class
I1. A suitable choice of coordinates is

1 (= —a)(xz—a))l/2 1 ((xl—l)(xz—l) 1/2
[—E< ala— 1) ’ X:RCOSdJ ___(a-—l) ) ’

1 - 1.
y_ECOS(I), Z:ESIH¢,
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Where
((x]—l)(x2—1)>1/2 . (X XZ)I/Z’
(a l) a

and x,, x,<0, 0<x,,x,<1.

The solution ¢ of the wave equation has the form
$=R&. The separation equations for & =E,(x,)E,(x,)
X A(p)B(p) are

dE; | 1 [ 1 2 1 dEi]

d; 2\x;-a x,-1"x, dx,
[4F(F+1)(x; - 1)2+1,(x; = 1) +1,]
C E =0 2.50
% 4(x; —a)(x; - l)zxi i ( )
where i=1, 2,
A d°B
o= QF+ 114, (@ -0 5z =B,

The operators whose eigenvalues are the separation
constants are

Ly=(a-DD*+}(P, - K,)*] =[N} + L(P, + K )]
(a-2)

+ = (P, K, (2.51a)
-1
L?.:(a4 )(P1+K1)2, Lszwﬁ-
(26) A suitable choice of coordinates is
1/(x; —a)x, —a)\'/? 1 (—xle,)‘/z
t*R(—m— SRS T )
(2.51Db)

1 1
y:R coso, z=5 sing,

where

x5 \VP (e, = Dix, = IN]/?
R:[( al > s1nw+<————<1_a) )>]

and x,<0<1<y,<q,.

The solution ¢ of the wave equation has the form
¥=R&. The separation equations for & = E,(x,)E,(x,)
X A(¢p)B(p) are

#E;, 1 1 1 27dE;
S —— + 25
dx; " 2[-’% -a x;-1 xi] dx,
[4F(F+1)xi +1,x; +1,] . _
= .5H2
4(x, - a)(x; - )x} £ =0 (2.52)
where /=1, 2,
d*A d*B
r{)g:—(ZF-Fl)zA, aELT—Z:lzBQ

The operators whose eigenvalues are the separation
constants are
Ly=-a[D®+ (P - K \P] - M2, + H(P, + K,)?

(a+1)

=g (P +K P, (2.53)

L,= _%(P1 +K P, Ly=M:,

This completes the list of coordinate systems of
Class III,
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D. Coordinate systems of class IV

Coordinate systems of this type correspond to the two
direct product reductions SO(4, 2)2 S0(2, 1)®S0(2, 1)
and SO(4, 2) 2 SO(3)®80(1, 2). In each of these cases
coordinates can be chosen from the nine separable
classes of orthogonal coordinates on the two sheeted
and one sheeted two-dimensional hyperboloids and the
two separable classes of orthogonal coordinate systems
on the two-dimensional sphere. The coordinate systems
on these manifolds are given in the Appendix, In
classifying coordinates of this type we give the general
form of the space—time coordinates in terms of the
above mentioned two-dimensional manifolds.

(1) Coordinate systems corresponding to the reduction
SO(4, 2) ©S0O(3)250(1, 2)

A suitable choice of space—time coordinates is

i= L2 y X = & ’
El+£3 £1+‘£3 (2.54)
= 3 ’ = £y s
YELrE T FTEAE

where £2 - £2-¢2=—1and L3+ ¢2+£2=1.

With the exception of coordinate systems of type (8)
(which can always be chosen such that D is diagonal)
there are 16 coordinate systems of this type on the
single and double sheeted hyperboloids. In each case
the solution of the wave equation has the form

w:(£1+£3)¢(§1s oy §3)9(%’13 £, 53)

where the functions ¢ and § satisfy the equations

(Mi+ME+MDo=-101+1)¢,

[{P,, Ko} + Do =11 + 1), (2.55)

where [ is a positive integer. The operators cor -
responding to each of the 16 possible coordinate
systems can then be read off from the Appendix, if we
make the identifications N, =4(P,+K,), N,=D, and
M,=3(P,-K,) in the case of the SO(1, 2) coordinates.

(2) Coordinate systems corresponding to the reduction
SO(4, 2)80(2, 1)280(2, 1).

A suitable choice of space—time coordinates is

= El 3 XN = ‘Ez
£, &, £, +E (2.56)
y CZ , — €3 )
YT TE D TTEAE
where

B-i-td=e, Hi-g-ti=-e =2l

Again with the exception of coordinate systems of type
(8) there are 64 coordinate systems of this type. In
each case the solution of the wave equation has the

form = (&, + &,)0(E,, &5, £5)8(L4, £y, €5), where the func-
tions ¢ and 6 satisfy the equations

(N2+ N2 - MO =j(j+ 1),
[-{Py, Ki}+ D*]o =j( + )9,

(2.57)
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where
j=-ztig, 0<g<w,

The operator corresponding to the SO(2, 1) associated
with the vector (&,, &,, £,) can be read off from the
Appendix with the identifications N, = 3{P, -K,), N,=D,
and M, = %(Pl +K1).

We have looked at four classes of coordinate systems
for which the wave equation (*) is strictly R-separable
and found 106 distinct such coordinate systems. This
gives a total of 368 inequivalent R-separable coordinate
systems for the wave equation (*).

APPENDIX

In this appendix we list the orthogonal separable
coordinate systems for the two-dimensional sphere,
single sheeted, and double sheeted hyperboloids. In
each case we list the symmetric second order operator
in the enveloping algebra of the symmetry groups of
these manifolds which describes each coordinate
system. The coordinates (with the exception of the
single sheet hyperboloid) can be found in the article
by Olevski® and the operator characterization is due to
Winternitz et al.’

A. Coordinate systems separable on the two-dimensional
sphere { +¢3+¢3=1

If we write the generators M, ={,0¢; - £50¢,,
My=1,0g, = 830, and M, =8, — {50, the coordinate
systems and operators are:

M) pp=Tt, op-tarD0ox)
a e {a-1)

2 0, —a)lx, — _
(z;l’)':————-———(A;(a_)(l)Z Vo<, <1<, <a.

The operator is L =aM; + Mj,
(2) £'» =(cosx,, siny, cosx,, siny, sinx,).
The operator is L =M,

B. Coordinate systems on the one and two sheeted two-
dimensional hyperboloids £ -£2-£3=1+1

We adopt the notation N, =§ 2, +£,9¢,, N,=§,8,,
+£,0,,, and M, =£,8, - &0

¢
2 XX, e g =1, - 1)
R
(x, —ala =x,)

( gl))'.Z:_’ : » 1<y, <a<x,,

ala-1)
E D — (E()T (5= (80P = 1,
The coordinates on £-£= -1 are obtained by the

substitution £ — £ and x, <0< 1<y,<aq,

The operator is L =N? +aN3,

R (x; =11 =x,) R X)X,
()2 __ V41 2/, 2z _ 172,
(@) ()= () -
oz 6 —a@)la ~x,)
{(2)y2 _ M1 2
(£57) a1
¥ <0<1<a<x,, EP =1,
E.G. Kalnins and W, Miller, Jr. 1256
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The coordinates on the single sheeted hyperboloid The coordinates on the single sheet hyperboloid
£= -1 are obtained via the substitation £ —{£ and are obtained via the substitution £ — £ with x, <0< x,,

1<x, x<aix, %7 a. The operator is L = (N, + M,).
The operator is L =N? - aM2.
(3) (&3 + PP =2, - a)lx, - a)/ala - b),

a=b¥=a+iB, ( éa))'z: —xlxz/ab’

(8) £'® =(coshx,, coshx,, coshy, sinhx,, sinhx,),
g(a) 95(8)21,
£9 — (sinhx, coshx,, sinhx, sinhx,, coshx,)
X, <0<x,, EO-ED_1, .
£® = (sinx, sinhx,, sinx,coshy,, cosx,),
The transformation £ — i€ and x,, x,> 0.
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