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Integrable systems that are connected with orthogonal separation of variables in
complex Riemannian spaces of constant curvature are considered herein. An
isomorphism with the hyperbolic Gaudin magnet, previously pointed out by one
of the authors, extends to coordinates of this type. The complete classification of
these separable coordinate systems is provided by means of the corresponding L
matrices for the Gaudin magnet. The limiting procedures (or € calculus) which
relate various degenerate orthogonal coordinate systems play a crucial role in the
classification of all such systems.

I. CLASSICAL INTEGRABLE SYSTEMS ON COMPLEX CONSTANT CURVATURE
SPACES AND THE COMPLEX GAUDIN MAGNET

Separation of variables in the Hamilton Jacobi equation

i W
H(DyosDniX 1 reerXn) = 2 8PPapp=E, Pa=7—, a=l...n (1.1)
a,B=1 o
amounts to looking for a solution of the form
n
W= Y Wi(xg:h1,hy), h,=E. (1.2)
a=1

The solution is said to be a complete integral if det(*W/dxdh ) axn 7 0. The solution then
describes that of free motion on the corresponding Riemannian space with contravariant metric
g°%. Indeed, if we require b j=(W/3h;) —h,td,;, j=1,...,n for parameters b;, we find that the
functions x(b,h),p(b,h) satisfy Hamilton’s equations

oH aH

xa=a, Do== —E. (1.3)
In this article we allow the Riemannian space to be complex and we consider variable sepa-

ration of Eq. (1.1) for the following two classes of spaces:

(1) The n dimensional complex sphere S,c. This is commonly realized by the set of
complex vectors x= (x,...,X,,;) which satisfy =%} x2=1 and have infinitesimal
distance dx - dx=3"}1 dx2.

(2) The n dimensional complex Euclidean space E,c. This is the set of complex vectors
x=(xy,...,x,) with infinitesimal distance dx - dx=3"_, dx2.

A fundamental problem from the point of view of separation of variables on these manifolds is

to find all “inequivalent” coordinate systems. As yet, this is an unsolved problem, principally
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because many such coordinate systems are intrinsically nonorthogonal. For orthogonal coor-
dinate systems the problem is completely solved and in this case the constants A; occuring in the
complete integral can be chosen to be the values of an involutive set of constants of motion

n
A= 2 aBpwpg, j=l.n, A,=H, {4;,4,3=0, (1.4)

a,fB=1

where

{F( ), G( )} i (*—aF 96 _oF ——aG) B=1

Xas ’ X, = —_ , a,p=1,...,n
i PBII= & \3p, ax, 9x, dp,

is the Poisson bracket. These constants of the motion are such that

(1) each of the tensors a{f is a Killing tensor and satisfies Killing’s equations V qaf} =0,
(Ref. 1), and

(2) A can be represented as a sum of quadratic elements of the enveloping algebra of the
Lie algebra of symmetries of each of these two considered spaces.

The Lie algebras of these spaces have, respectively, bases of the form

(1) SO(n+1):Maﬁ=xapB—xﬂva, a,f=1,...,n+1. Here

{MaB: Myé}=5arM§ﬁ+8a6MBy+aﬁrMa§+6B6Mya'

(2) E(n):MaB,P,,=py, a,B,y=1,...,n, o 5= B. Here

{Maﬁ’ Py}=aByPa_6ayPB: {Parpﬁ}=0-

In this section the separable coordinate systems classified in Refs. 1-3 are given an alge-
braic interpretation. This is done using the complex analog of the isomorphism between all
integrable systems connected with all possible separable systems and the m-site SO(2,1) Gau-
din magnet.*> The m-site complex Gaudin magnet can be realized as follows. Consider the
direct sum of Lie algebras, each of rank 1

o =e]_[50,(3,C). (1.5)
The generators saeC3, a=1,...m of & satisfy the Poisson bracket relations

{255} = —Bapeijusi- (1.6)

The following metric will be used subsequently when norms and scalar products are
calculated:

S5 =(8a,84) = (s5) 2+ ()2 + ()% (84.88) =shsp+Esh+53s3,.

If for each o, s%=c? then the variables s, lie on the direct product of n complex spheres in C°.
The complex Gaudin magnet is the integrable Hamiltonian system described by the » integrals
of motion H, which are in involution with respect to the Poisson bracket

m

H,=2 Y,
B=1 €q—

’ (sa 7SB)
P {H,, H}=0. (1.7)
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(We will give a simple proof of this involution property later.) Here e, are taken to be pairwise
distinct. This integrable Hamiltonian system is called an m-site SO(3,C)-XXX Gaudin magnet.
The H, are all quadratic functions in the generators of the .« algebra and the following
identities are satisfied:

m m m
D H,=0, Y eH,=3— Y ¢, (1.8)
a=1 a=1 a=1
where we have introduced the variables
m
J= 2 s, FP=(3J) (1.9)
a=1
the total sum of the momenta s,. Indeed
{F, Iy=—eud*, S HY=0, ijk=123, a=l,.m. (1.10)

The complete set of involutive integrals of motion is provided by H,,, J* and, for example,
J. The integrals are generated by the 2X2 L matrix>”

m 1 sfz —s(l,—isi A B
_ —_ - , 1.11
L= 2 u—ea(—-s},—{—isi _3 ) (c —A) (11D
where
=— (42 = - . 1.12
det L(u)=— (424 BC) a§=‘,l iy ,El ey’ (1.12)
Furthermore, L(u) satisfies the linear » matrix algebra‘"’10
1 2 i 1 2 .
{L(u),L(v)}=;__—v [P, L(u)+ L(v)], i=y—1, (1.13)
where
1 0 0O
P 0010 1 L I i Ie L .14
=lo 1 0 ol L{uy=L(u) o1, (v)=I® L(v). (1.14)
0 0 01

The algebra specified by Eq. (1.13) contains all the necessary Hamiltonian structure of the
problem in question. Note that Eq. (1.13) is equivalent to the easily proved relations

{4(u), AW)}={B(u), B(v)}={C(u), C(v)}=0,

AW, BO}=—— (B~ BW), {4w),C0)}=——(Cw)~Cw)), (L15)

”
{B(w), C0)} = (A0) ().
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From Eq. (1.15) and the Leibnitz property of the Poisson bracket it is straightforward to
deduce that

{det L(u), det L(v)}=0.

In his article’ Kuznetsov has explicitly given the nature of the isomorphism between the XXX
Gaudin magnet models and the separation of variables on the # dimensional real sphere S,,.
The purpose of this article is to extend these ideas to complex orthogonal coordinate systems
on the complex n sphere S,¢c and, of course, as a consequence complex Euclidean space
E,c. Following Kuznetsov™® in the case of the sphere, we set c,=0, a=1,...,n+1. The coor-
dinates on the resulting cones are parametrized by

i i
(Patxe)s Sa=7 (Pa=Xa)s Su=3Pae- (1.16)

FNYE

1
So=

It follows from Eq. (1.6) that {x,, xg}={p,, Pg}=0, {4, xg}=8,5. Introducing the new
variables M ,z=x,pg—xgp, which are the generators of rotations we have

(Sq.88) =M.

These generators satisfy the commutations relations given previously. This equality establishes
the simple quadratic connection between the generators s, of &/ and the M gz of SO(n+-1).
Under this isomorphism the integrals given in Eq. (1.7) (and the subsequent discussion)
transform into the following integrals for the free motion on the n sphere:

n+1
1 hy—h
H= z ha'Ha:_' E - b
a=1 4

a<p €a—68

2
ap*

For h,=e, we obtain the Casimir element of the so(n+1) algebra 2,4 Miﬁ. The total
momentum J takes the form

Fer (pptx-D), Pes(pp—x-x) J3=£p'x
4 2 4 2 2 4

where the scalar product for the vectors x and p in C**! is Euclidean. The quantities M and
J form the direct sum so(n#+1) @so(3) as a result of the commutation relations

{Maﬂaf}=09 {J‘I’JJ}=_€Uka

Therefore, in addition to the involutive set of integrals H, we can choose J2=13, s M f,ﬂ and
2(J'+i?) =x - x=c, which gives the equation of the n sphere.

1l. GENERIC ELLIPSOIDAL COORDINATES ON S,c AND E,¢

Critical to the separation of variables on the n sphere S,¢c is the system of ellipsoidal
coordinates graphically pictured by the irreducible block

(Sxcleilea] -~ |ensnls (2.1)

where in general e, 5% eg for a 5= B. The separation variables are defined as zeros of the off
diagonal element B(u) of the L matrix, i.e., B(u )=0, j=1,..,n. It follows that
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n+1 x2

24
> =0, for u=u; and xl=c
a=1 U—E€q

H7=1(uj—ea)

Hg.q(eg—ey)

(2.2)

Each vector of momentum s, is associated with a cell e,, of the block. Note that x2=2 (s +isp).
For each u; the conjugate variable v; is defined according to

1 n+1

XaPa
= —id(u;) == . 2.3
vj=—id(u;) =5 gl y— (2.3)
From Eq. (1.15) one can show that the u;,v; satisfy the canonical relations®
{u;, uy={v;, v}=0, {v;, u}=6;. (2.4)

The change to the new variables v;, u;, ¢ and B is effectively the procedure of variable
separation of Eq. (1.1) in ellipsoidal coordinates on the n sphere. Writing the L matrix in
terms of the new variables we obtain

L) = A(u)  B(u) Blw)— EH;f:l(u—uj)
(u)_(C(u) —A(u))’ W)= = T (—e)’

(2.5)

iy, ey))

?
=1 ¥— "1 19&1(“]"“1‘)

2i
A(u)=—= B(u)(—zﬂ+ 2z

where A(uj)-—wj,J—l »n, and A(u) —» (l/u)J3 casu — 0.
To obtain C(u) we first notice that equating residues at ¢, on the right- and left-hand side
of A(u) gives

2x, v; H"+ {u;—e)
pa=_( IJ3+ E J ‘l’ )
c j=1 €a—HY; ta&/(”J u;)

This together with the expression (2.2) for xi in terms of u I gives C(u) in the new variables.
Three other useful formulas are

zxax n Hn+ (u_] y)

_xaXp y=iuj—ey)
Myp=——"(eq "B)Z”fn,;e,(u, L (2.6)

where the hat in Eq. (2.6) means that the product terms with y=a and y=p are omitted, and

n Hn+ (u 7) n n+1 x2 —1
él 1;&1(11 u,)=j§1 (Z (u-—ea)i) ’
2.7)
x: & u§ II"+ (u;—ey)

¢ =i uj—eq H,;&](uj u;)’
These relations together with Eq. (2.2) establish the explicit connection between the two sets
of 2n+-2 variables p,,x, and u;,v;,c, J°. The equation for the eigenvalue curve I': det(L (u)
—iAI)=0 has the form

—A?—A4(u)*— B(u)C(u) =0.

If we put u=u; into this equation then A= #v;. Thus variables u; and v; lie on the curve r
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n
2 2 _
v+ 2 ——— =vj—det L(u;)=0. (2.8)
a=1 %*j -4
Equations (2.8) are the separation equations for each of the n degrees of freedom con-
nected with the values of the integrals H,. For the sphere ¢,=0 these have the form

, M,
Hy=7 2 —2

1 2 2
i gHa—O, %eaHa_4 agﬁMa,,_J.

The Hamilton Jacobi equation (1.1) when parametrized by these variables has the form

AW\2 %1 1 (u aw
- Z Mi=32=— 2 ( ) R e L V==, (2.9)
a<B auj ,#:J(uj'—'u,) 8u1
which can be solved by the separation of variables ansatz
n n
W= 2 Wiu, H,..H)=2 |vdu. (2.10)
j=1 j=1

It will be convenient to employ an alternative form of the L matrix. If we use the vector

n+1
L(u)= 2 usae, L(u)=(s,L(u)), det L(u)=—L(u) L(u), (2.11)
a=1 —Ca

where

we see that L satisfies

{Li(w), LI(v)}= ”" L (LK () — L)), (2.12)

At this point we must consider a crucial difference between the real sphere and its complex
counterpart. In the case of the complex sphere the generic ellipsoidal coordinates can admit
multiply degenerate forms: the restriction e, 7 eg, for a % B can be lifted. The resulting
coordinates can be denoted by the block form

(Sncle'llllejzl |e;‘q|’ Ayt Ag=n+1,
where the A, denote the multiplicities of e,. To understand how the previous analysis applies

to these types of coordinates we first illustrate with an example corresponding to the coordi-
nates with diagram

2
(Sucleiles] - |eny]-
In this case we write
n+1
a8 a8, Sq
L(u)= . 2.13
( ) u—€1+u—€2+ a§=:3 Uu—e, ( )
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1716 Kalnins, Kuznetsov, and Miller: Separation of variables and the Gaudin magnet

Putting

’
X, - x| +€x;, X;—X{, p— pi+e€p;, P — Pl

(2.14)
ai+a,=0, ay=1/¢, x4 X3, Po— Py (@23), e;=e+€
then in the limit as € — 0 we find
n+1
zl z) Z‘z
Lw)=7———"+— ,
() (u—ey) +u—e1+ a§3 u—e,
where
1 ”2 2 i 2 2 i ot
z,= Z(Pl +x3 ),Z (p1"—x17), Eplxl s
1 ..t N i .7 LY i .t PN 4
= <§ (p1p3+x1x3), 3 (PP —x1%2), 5 (DX +Pp%1) > , (2.15)

Z,=8,, a=3,..,n+1.
The components of z,, z, satisfy the E(3,C) algebra relations
{2,172{}=0’ {zli’zé}:_eijkzll" {Zlé:z{}z‘_eijkz,;y

where the Poisson bracket (expressed in the primed coordinates) is

(F.6} "i‘ (aF 3G OF aG)
I T\ opl axg ax) ap;,
and
0 1 0 0
1 0 0 0
B=(B;)=|0 0 1 0
0 0 0 - 1

It can easily be verified from these relations that relations (2.12) are again satisfied. Thus,
{L-L(u),L - L(v)}=0 so the coefficients of the various powers (u—e;) ~* in the expansion of
L:L(u) form an involutive set of integrals of motion.

We obtain
Y= . . . e
——-j(u_el) Z; zl+——7(u—el) z z2+—_2(u—el) I+ & (u—e)(u—ey,)

2z, 7, 1

+ 2

P v TR L S vy y s AL
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n+1

-1 2 E 1
=iu—e)? (p1x;—pyx1) "+

2
4(u—e;)’(u—ey) (Pixa—pexi)

1
+2(u—e1) (u_ea) (Pl'xa_paxl) (sza—Paxz)]

n
1
.’ I EY]
- : 2.16
+ aB=3, a#p 8(u—e,) (u—ep) (pra Paxg) ( )
In particular
Z -zl=0, z Z2=O, za'zl=(P;x;—p;x;)2/8’ 7, 7,= —(p{xé—pix;)2/4’

2o 2= (p1x—pox1) (D3X o —poXy) /4.

To relate this to the projective coordinates on the complex »n sphere we recall that under the
transformation (2. 14) the fundamental quadratic forms X=gax? +a2x2+ Sl a2,
P=a,p}+ap}+ 2L pl transform to X = 2x{x; + 20F4 %2 P = 2pip; + 27+ p’2. Therefore
if we take the coordinates

_V_Q(X1+'X2)’ xz_vi(Xl_sz)’ x,=X,, a=3,.,n+1,

fwoy

1
p{=v—§(Pl+iP2), p§=v—2(P1——iP2), po=P,, a=3,.,n41

we then can write

1
P1Xg—DoX =@ (M o+iMy,), pix, paxZ_Vz (M o—iMy,),

n+1 n41
piX£—p£x;=iV2M12, X= z X?a P= zl Pg:
j=1 j=
Where Mjk=Xij—XkPj'
The integrals of motion H,, Z in this case have, using partial fractions, the form

1 1 n+1 1
L'L=(—u:el—)2 [—-—Z (plxz—ple) + 2 4(e —e,) (plx Paxl)

n4-1 1

+ 2 :

am3 U—e, [4(e1—

1
o)’ (Pix; —P;xi)z—m (Pixe—pPex1) (DX o—poxs)

-1
1o 1y2
4(31—‘—’a) (plxa paxl)

(Dixp—ppxl)? ] "“
+§ Hea—ep) | Tuz el) 2,

1
+2(£,1—__ea—) (P1Xe—Pex1) (P3Xg—PpoX3) ]
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1718 Kalnins, Kuznetsov, and Miller: Separation of variables and the Gaudin magnet

n+1 Ha Z + Y (2 17)
- a=3 u_ea+(u_el)2 u—e; ’ '

where Y=3"t! H.

The analysis presented so far could have been deduced from Kuznetsov® where the double
root is essentially contained in the s systems of type C on the real hyperboloid. Furthermore,
the threefold root is contained in Kuznetsov’s type D systems. The question we now answer is
how to use these techniques on the case of ellipsoidal coordinates corresponding to multiply
degenerate roots. For this we use the limiting procedures developed by Kalnins, Miller, and
Reid.2 We recall that the process of using these limiting procedures amounts to altering the
elementary divisors of the two quadratic forms

n+1 X2 n4-1
Yy —2=0, 2 x=
a=1 ¥—¢€q a=1

Theorem 1: Ler u; be the generic ellipsoidal coordinates on the n sphere, viz.,

62H7=1(uj—ea)

2
ax,=——— «a=1,.,n+1, 2.18
X M. L(ep—es) + (2.18)

with corresponding infinitesimal distance

(du;)?
ds*= 2 0 (u—u;) T u—e))
i=1 (u‘—ej)
and coordinate curves
n+1 a 2 n+1
> il =0, 2 axi=c. (2.19)
a=1 U—€; a=1

Then the degenerate ellipsoidal coordinates having the infinitesimal distance

(du;)*
= In —_— 2.2
ds’ gl A} vy L7 (2.20)
can be obtained from generic ellipsoidal coordinates via the transformations
e~ el+7€;_y, j=1,..N;, J=1,..p,
Pl i+ 2 e ol (2.21)

x ~ x|+ z 1+1—zxu
where
61]+1—1_Hi/=2(16}_1—"€1/_2), a:,l'= 1/[Hk¢j("€}_1—"€}(_1)], k=1,..,.N;
and N+ +N,=n+1. (We require e, =0 and take the limit as the’e — O for h=1,...,N,

—1.) In particular
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zJ

P
Lw=3 3 (e V=TT (2.22)

J=1 j=1

where

< Z(P,P,H 1+x’ J+1— 1)’ z(plp_]—{-l i xx1+l z)’ Zp.i’xf-{-l—i)
i

(2.23)
The (zj’- ) e satisfy the Poisson bracket relations
(@ e @) md=—850(Z] 1N, Elms (2.24)
and we also have
1 L LIy J L _LJ 1
L-L(u) =7 2 Xk —Xcp}) (Xppy —X,y) e e (2.25)

where 1<p<N;, 1<q<N, 1<j,m<N,, 1<k, n<N, subject to j+m=N;+2—p,k+n=N,
+2—q and the summation extends over the indices J,L,p,q,j,m,k,n subject to these restrictions.
From expressions (2.24) we can verify that relations (2.12) are satisfied, so that

{L-L(u), L-L(»)}=0.

The constants of the motion can be read off from the partial fraction decomposition of Eq.
(2.25). This clearly illustrates the compactness of the r matrix formulation for the operators
describing the integrable systems examined so far.

In dealing with the case of Euclidean space E,¢ the most transparent way to proceed is as
follows. The generic ellipsoidal coordinates in n dimensional complex Euchdean space are
given by"!

o%_(u;—e,)
2 J=1\%j"Ca .
Xo=—————-o, jafB=1,..n, 2.26
@ Tgrqoleg—e,) 7 ( )

with coordinate curves
n 2
xa

a=1 (u_ea)

=1, u=u;, j=l..,n. (2.27)

Proceeding in analogy with Eqgs. (2.2)-(2.10) we can obtain the r matrix algebra. The
corresponding L(u) operator is

-1
" 1
L(u)= 2 Sa +Z( 1 ) (2.28)

a=1 U—€y 0

[Indeed the equation L'(u)+iL*(u)=0is just Eq. (2.27). Moreover it is obvious, due to the
fact that expressions (2.11) satisfy (2.12), that expressions (2.28) also satisfy (2.12).] The
conjugate variables v; are defined by V= —iL? (u;) and they must satisfy the canonical rela-
tions (2.4). The integrals of motion H are determmed from

J. Math. Phys., Vol. 35, No. 4, April 1994
Downloaded 29 Oct 2008 to 130.217.76.77. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



1720 Kalnins, Kuznetsov, and Miller: Separation of variables and the Gaudin magnet

n

L u)= 2

s
a=1 U—¢€y

[21

(2.29)

where

/(sassﬁ) l “ ’ M‘21|B 2
2321 ea_ B—“'Z si 2_: —Pa y

with =, H,= —p?/4. The separation equations are of the form
v§.+L2(uj) =0, j=1,..,n

as in Eq. (2.8).

1ll. CYCLIDIC COORDINATES

Associated with the separation of variables problem for the Hamilton Jacobi equation
(1.1) with E 3£ 0 is the corresponding E=0 problem. In this case the equation is

n oW
2 8%pupp=0, p=5_—

a=1,...,n (3.1)
a,f=1 axa

and we consider only complex Euclidean space. While it is true that all the coordinate systems
discussed for E,¢ with E 54 0 will provide a separation of variables of this equation, there are
coordinates that provide an additive separation of variables only when E=0. This is related to
the fact that the E=0 equation admits a conformal symmetry algebra.!"!%!?

The most convenient way to proceed is to introduce hyperspherical coordinates
{xl"'~1xn+2}

x1=t2( > z§-—1), x2=it2( > z§+1), Xep2=228, k=1,..n
j=1

related to the usual Cartesian coordinates {zy,...,z,} according to

Xksn n+-2

+

Zp="""7—, k=l,.,n, Z X§=0.
(—x1—ix3) j=1

We consider the system of Sec. I in n+2 dimensions, where J=0 and the ¢,=0. The
general (separable) cyclidic coordinates are specified by

n+2 x2 n+2
Q= Z =0, Oo= Y x-—O A=Uy,slly, epFe;.
i j=1
Furthermore
H’f_ Ui—e ) n+2 -1
ax§=_LiLf_‘"_, (,_:_[ > et
g oleg—ea) j=1
The Hamilton Jacobi equation is given by
aw\? H'H' u;—e,)
P=_¢ 2 ( ) —r=ld o (3.2)
I o j(uj—u)
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The quadratic forms () and ® have elementary divisors [11---1], see Refs. 2,12. It is known
that the geometry of these fourth order coordinate curves is unchanged under birational
transformations of the form

., ., 2extB 4 L auitB al+B
k™ ver+6° Jﬁyuj+5’ YA+8

for a6—Py # 0 and k=1,..,n+2, j=1,..,n.

Now we can mimic the exposition given for the Gaudin magnet integrable systems using
the hyperspherical coordinates and the Poisson bracket

. G "f dF 3G OF aG) (3.3)
XisPj)s XisDj = e 9. A, a3 .
i P ( 'pj)}h k=1 (apk dxy  9x; dpy

the x;, p; now being regarded as independent. The analysis then proceeds much as in the
construction (2.2)-(2.12), but with n replaced by n--1; indeed the coordinates are defined as
zeros of the off diagonal element

2
X

n42
B(u)=
( ) aél U—e,

subject to the restriction ®=0. The crucial difference is that J=0. The expressions for p, and
M .z are altered by a factor o

Pa=20% i v, I_,(u;—e)
a~— a

=1 ea—u; My j(u;—uy) |’

which together with x2 in terms of ; gives C(u) in the new variables. Another useful formula
is

r N u—e)
=1\%"%y

M g=20x eq—e v, LT
d a*p(¢a—¢p) jgl I j(uj—uy)

In fact the Poisson bracket {,}, can be identified with the Poisson bracket {,} for functions
defined in the # dimensional space spanned by z,...,z,. This can readily be seen by noting that
F(Zl,.--,Z,, !le"":pz") = F( - x3/(xl + ix2)’-'-’ - xn+2/(xl + ix2), - (xl -+ ixz)Px3 + xs(le
+ ipr),..., — (x + ixz)p,‘ﬁ2 + Xpp2(Px, + ’:sz)) from which the equality of the Poisson
brackets follows identically. The infinitesimal distance for general cyclidic coordinates is

32
(du,) ) (3.4)

n
4=y ("‘“"2)—2( & T ) e, oy
We denote the coordinates defined by this graph as
[E.c, E=0]ey| - |en sl
Other coordinates of this type are those corresponding to the graphs
(Spcler] - leppr] @ (Secl fil | ferrls

where p+g=n+2. These coordinates are given by

J. Math. Phys., Vol. 35, No. 4, April 1994
Downloaded 29 Oct 2008 to 130.217.76.77. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



1722 Kalnins, Kuznetsov, and Miller: Separation of variables and the Gaudin magnet

, T (u—ea)

oOX,= ]
k Mg« o(eg—eg)

opB=1,.p+1k=1,..,p,

N_ (v;—fa)

2 J=1\YJj «
oxp=rt—————, a,B=1,.,g+Lk=p+1,.p+q+2, 3.5
* IIB;Ea(fﬁ_fa) 9 ( )

p+1 q+1 -1
o=—| 2 exi+ X fp
i=1 j=1
We note here that e; the f; are pairwise distinct, for if they were not then for any of these
quantities which occured with multiplicity more than 1 a birational transformation could
transform it to « and hence to a graph corresponding to E,¢.

It can happen just as in the case of generic ellipsoidal integrable systems on the sphere that
some of the ¢, in Eq. (3.5) are equal to some of the f; also. In this case the rules for obtaining
the corresponding L matrix are summarized in the following theorem.

Theorem 2: Denote the generic ellipsoidal coordinates by the graph

[EnCIell'“|en]» e;F~e;
and generic cyclidic coordinates by the graph
{CE,clei| - |eni2}, ei~e;.

Separable coordinates for the Hamilton Jacobi equation (3.1) corresponding to generic graphs
with multiplicities

[Enclelt] - |e?], my+-e +n,=n,
{CE,,Cle'I"I---Ie;"}, n+ o +ng=n+2,

(Ref. 2) can be obtained via the transformations of Theorem 1 applied to the quadratic forms

mo X m
Q=2 ,{,xlz =0, ®= 2, ax?=0,
i=1 A€

i=1

where m=n for generic ellipsoidal coordinates in E,c and m=n+2 for the corresponding
cyclidic coordinates.

For coordinates corresponding to the direct sum of two spheres, viz., Eq. (3.5), we can
merely apply the result of the previous theorem for spherical coordinates to each of the pairs
of quadratic forms

p+1 ax2 p+1
’ a " 2
1= 2 ’ 1= E aaxa’
a=1 U—€q a=1
n+2 2 n+2
AoXy
’ ’ 2
02= z u—e ’ (b2= 2 A Xy
a=p+2 [o4 a=p+2

Indeed the freedom to subject the coordinates u; and e; to birational transformations in the
expressions for generic cyclidic coordinates allows us to let ) — co. (In this particular case the
resulting coordinates can be identified with generic elliptical coordinates on the » sphere.) The
process described in Theorem 1 enables one to pass from the elementary divisors [11---1] to

J. Math. Phys,, Vol. 35, No. 4, Apri! 1994

Downloaded 29 Oct 2008 to 130.217.76.77. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



Kalnins, Kuznetsov, and Miller: Separation of variables and the Gaudin magnet 1723

[NV, ,Nz,...,NP],N,->1,i= 1,...p, see Refs. 2,12. It is then possible (via Theorem 2) to take

e; — co in which case [X’ 15N2,...,¥,] corresponds to the various generic coordinate systems in
Euclidean space if N> 1. To illustrate how this works for the Gaudin XXX magnet model
consider the quadratic forms 8, & corresponding to elementary divisors [21---1], viz.,

ﬁ_ x% +2_x1_x2.+..+£._0 Q?_Zxx +x2+"'+x2 _0
_m /l—el /l—e,,+2w ’ - 12 3 nt2T

Putting A — 1/4, e; — 1/e, we find (with the use of &=0)

2.2 2 2
X1 s (ey—ex)  Xi

@2 & (e—A) (=2

A

Q= ——

or, in the limit as ¢; - o

n+42 x’2€
xj— > 7 =0,
k=3 A—¢€

Now if we perform the limiting procedure (2.13)—(2.15) on L(u) (in n-+2 dimensions), let
u— 1/u, e; » 1/e¢;, let e, —» o0, and then evaluate at p;=0, x;=1 we find (up to a common
factor u)

Here, we have made use of the fact that J=0. This agrees with Eq. (2.28) and with the L(u)

operator given by Kuznetsov,5 and corresponds to elementary divisors [2,1,...,1].
This process can be generalized for quadratic forms corresponding to elementary divisors

[N,1...,1], N> 1. We have that

n4-2 xi N n+2
5__ N—22, N— b
Q=u"""x7+u 32, + Zxr‘xN—i— Z ’ Z XXN 41— 1+ Z xlc
i k=N41 U—€; i=1 N+1

The corresponding L(u) operator is

n+2

L(u)= 2

a=N+1 U—€

+81,
where
Si =%[ﬁ(0,P2s---,Pn+2) _é( 1’x23'--’xn+2) 1

s%=%[d(0’p2r"’1’n+2) +‘é'( 1’x2""’xn+2) ]’

SB_%[ (09p2’ ,Pn+2,1:x2, ,xn+2)]9 S = z uN_ z x/pM'
j=2 Crm=j
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1724 Kalnins, Kuznetsov, and Miller: Separation of variables and the Gaudin magnet

IV. BRANCHING RULES FOR THE CONSTRUCTION OF ORTHOGONAL NONGENERIC
COMPLEX INTEGRABLE SYSTEMS ON S, AND E ¢

To deal with the nongeneric separable coordinate systems in E,¢ and S,c we must combine
coordinate systems for both manifolds.? (See Refs. 13,14 for tabulations of all cases for small
values of #.) The branching laws for graphs on these manifolds are summarized below

(Suc| 1€ | (1)
!
Spc
(SnCl“.Ie?'iI"'I; A’i>l (2)
1
EP[C
(Enc| el - (3)
1
SPiC
(EnCI"'le}lil"", A> 1 (4)
i
EP.‘C

As an example consider the coordinate system given by the graph on Sy¢

(SZC|e%le5I,

i
[Exc|f3] fal-

The coordinates for this graph can be obtained from those of the generic graph

(Ssc|€lles]eses)

via the limiting transformations

where € - 0.
The corresponding

ej=e1+€+€2fj, j=3141 f3#f4’

uj=e1+e+€217j, j=3,4’

coordinates are then given implicitly by

2__(“1—6‘1)(142—91) xz_(ul'—es)(uz—es)
e es—ey P (e,—es)”

(uy—ey) (uy—ey) (uy—e)(uy—ey) (uy—eq)(uy—ey) o
2= és—e; B es—e; (es-elT[ B és—e; (fat+Semt=im),
_x2=(u1—6’1)(u2—€1) (03— f3) (lig— f3)

3 (es—ey) (f3—f4) ’
_xz_(ul"el)(uz—el) (13— f4) (iay— f4)
4 (es—ey) (f4a—f3)
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Using the nomenclature given previously we have that L(u) has the two different forms

Z, 4 zy Z3+Z4 Zs
T(u—e)? u—e;  u—e;  u—es

y U=Uq,U,y,

3

() i 73,
Uy=ty+——+——, u=ih,i,.
L, 1+u—f3+u—f4 3584

As usual, the separation variables are the zeros of the equation L}(u)+iL3(u)=0 with

u=uy,u; when A=1 and u=1;,i, when A =2. Each of the L, separately satisfy Eq. (2.12) for
A=1,2. In addition we have

{L; " Ly(u),L, - Ly(v) }=0.

This example illustrates how to derive the substitutions that enable the various branching
laws to be obtained from a generic form. For the sphere S, and generic coordinates

(Sacl - le6™ " les| = |es| <[, g>s, A>1,
if we make the substitutions
er=eg+ €0t Ata=sf, - k=15
uj=ep+e? STt j=1-,
where € — 0, then the graph illustrated transforms into

(Spc| e Ieé||

[Egc|fi]- Lfsl-
The remaining branching rule is obtained from a graph of the type
(Suc| -~ leoler] -~ ]es|.
By means of the substitutions
ej=ey+e(fo—f;), j=L.,p+1, wr=eyt+e(iup—rfy), k=1,..p

we obtain the coordinate system coming from the graph

(Suc| "+ leo] =+ |

(Spc| fol ==+ [ fpl-

The corresponding substitutions for the analogous Euclidean space branching rules are
essentially identical. To completely specify the coordinate systems on these manifolds we need
a few more substitution rules. Firstly consider the graph

[Exc|f) By +[Ec) f1] -1 fql-

This graph can be obtained from the generic graph for E(,+4)c via the substitutions
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1726 Kalnins, Kuznetsov, and Miller: Separation of variables and the Gaudin magnet

K, .
—-—+ i;, ei=?+h,~, i=1,..,p,

K .
Ui=—-4u;, ei=?+fi—ps i=p+L..p+q, K F#K;.

The graph [Ec|h;| - |h,], ¢§<n can be obtained from [E,c|h;|"*|h,| via the substitutions
u=e;+e7 "y ef g, i=1,..,n,
ej=e;+e "Il j=1,.q, ex=hi, k=q-+1,.,n

Given these substitution rules all the corresponding graphs for E,¢ and S,¢ can be con-
structed together with their corresponding L matrices.

V. QUANTUM INTEGRABLE SYSTEMS ON COMPLEX CONSTANT CURVATURE
SPACES AND THE QUANTUM GAUDIN MAGNET

To deal with the quantum version of this description of separation of variables we consider
the Schrédinger or Helmholtz equation.®

3
\/gg“‘*@]\P=E\P, (5.1)

FV= L9
~ 2.
where E 54 0 for the moment. Separation of variables means (roughly) the solution of this
equation of the form

W=Hg=l ¢a(ya;h1!-"ahn), (52)
where the quantum numbers 4; are the eigenvalues of mutually commuting operators

2 n

2 ()

+ Y0
a8 3y.3vp ' 4= P avg

(5.3)
[di’ .Mj] =O, i,j=l,...,n, M,I:%, M]W-—_—hj\y.

Furthermore these operators can be represented as symmetric quadratic elements in the
enveloping algebra of the symmetry algebra of Eq. (5.1) in the case of S,c and E,c. The
standardized representations of these symmetry algebras are

SO+ V)il ag=Fbs—Sghas Pa=r—> @B=lomntl,
«
(5.4)
[-/%aB’ V['yB] =6arlﬁﬂ+6a&lﬂy+5ﬁrla8+8[3&jya’
d
E(n)ll o5, P =7,
(5.5)

(A g, P =08,7 ¢—8yP gy [P s Ppl=0,

where [,] is the commutator bracket. Much of the analysis goes through as it did in the classical
case with, of course, some critical differences. For the quantum Gaudin magnet one considers
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the sum of rank 1 Lie algebras & = @, s0,(3) where the generators of the algebra satisfy
the commutation relations (1.6) and the inner product is defined as in Sec. I. The Casimir
elements of & have the form

(8qs8q) =ko(ky+1), (5.6)

where k, is a constant when the generators of s0,(3) determine an irreducible representation.'®

The quantum Gaudin magnet is the quantum integrable Hamiltonian system on .& given by m
commuting integrals of motion

r(sa’sﬁ)
_2B§1 ey [Fwr Hpl=0.

This is the m-site SO(3,C)-XXX quantum Gaudin magnet.® These integrals (operators) satisfy

m m m

> Hu=0, D e, =F— D kylky+1), (5.7)
a=1 a=1 a=1

where J=27_, s, is the total momentum operator. The complete set of commuting operators

consists of #°,, J%, and £ ®. The integrals are generated by the 2 X 2 operator L(u) given by

Eq. (1.11) understood in the operator sense. The quantum determinant is

1 o ko(ky+1)
-det L(u)=—A(u)*—5 {B(u), C , (58
g-det L(u)=—A(u)*—5 {B(u), C(u)}= a21 il Ny g U CE )
with L operator satisfying the » matrix algebra
1 2 i 2
[ L(u), L(v)]=u—_; [P, L(v)], i=+{—1, (5.9)
[compare with (1.13)]. The total momentum J has components
1 i i
Fle=g Bp+%-2), r=7(-d-%-%), =7 (p-2+%-p).  (510)
The Lie symmetries .# .5 and J form the direct sum so(m) ®so(3) with commutation
relations
M og F1=0, [F fll=ieusf’ (5.11)
subject to the constraints
== Z J/aﬂ+16m(m 4), 2(f +ifH=% % (5.12)

Considering again separation of variables using the coordinates of the irreducible block
(2.1), the separation variables are defined, as before, as the zeros of the off diagonal elements
B(u) of the L matrix. The g-determinant is the generating function of the commuting integrals
of motion

[g-det L(u),qg-det L(v)]=0. (5.13)
On the n sphere the algebra & is realized by taking the canonical operators
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1728 Kainins, Kuznetsov, and Miller: Separation of variables and the Gaudin magnet

1 i
sa=z(ﬁ§+fg), si:z(“i—fﬁ), sﬂ=z{pa,fa}, a=1,.,n+1, (5.14)

where (s,,s,) = —i. Furthermore

(S4.88) =5(M25+3) (5.15)

and this establishes the relationship between the s, of &/ and the .# ,5 of so(n+1). The
integrals transform into the family of integrals

n+1 h —h 1
= 2 ho Sy = 2 (/ 2) (5.16)
a<ﬁ €a—¢€p
and the coordinates are given by
n+1 2
a
B(u;)=0: 2:1 u_ea_o.

For each u; variable there is defined the conjugate variable (operator)

n+1

vj=—id(u;) =2 >

a=1 Uj—

— {Bar %} (5.17)

Separation of variables is then the process of changing to the new variables v, u;, ¢, and # 3,
In fact we have that

A2

" 1
{pa’xa}‘—_['_l/3 Z .Djuj]’ Djz-
= j

I_I'H_l(u_] a)

M, (u—u) (5.18)

The separation equations can be obtained by substituting u=u; into the g-det L(u), making

the choice
P! 1 n+1 1
v’='(8—uj+1 2, u,—ea) (5.19)
and looking for the solutions of the spectral problem 77, =A,V. The separation equations are
then
d* 1y & 1 ) d el g
. + ~ — | 5V P= [ — . ( 5.20)
d—&g ¢j 2 ( aél Uj—€a duf ¢j a2=:1 Uj—ey t/}j

where

=M1 9;(up), Ay=he+x
llpj( ) Béa e _eﬁ

These are the separation equations for the Helmholtz equation in generic ellipsoidal coor-
dinates. Note that for this choice of v; we have taken (s,,s,) = —3/16. The L operator is given
in direct analogy with the classical case

n+1

L(u)= >,

a=1 U—€q

a

(5.21)
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The treatment of generic ellipsoidal coordinates on E, follows similar lines, with the L
operator given in this case by

o8, 1 —1

L(u)=a§1 ot (1) : (5.22)

The limiting procedures described in the classical case work also in the quantum case. All
coordinate systems that were obtained in the classical case appear again. In the case of cyclidic
coordinates we can adopt the same strategy as in Sec. III: we impose the conditions # =0 and
proceed as before. The natural setting in this case is again to use hyperspherical coordinates.
The total momentum has components as in Eq. (5.10). If §,, £, are now vectors in hyper-
spherical coordinates then we can derive the standard quantum r matrix algebra as above with
the same formulas valid. The constraints are now 2(_# '+i #?) =% - £=0, J*=in(n—4). Co-
ordinates u; and their conjugate operators v; can be chosen as before. In particular if we make

the choice
a 1 n+2 1
=5t 2 e (5.23)

and look for solutions of HW=0 of the form W=0""2"2I17_, y,(u;), then we obtain the
separation equations which coincide with the the equations given by Bocher!?, viz.,

& 1'%2 1 d
a2 ¥ty du; ¥

a=1 uj""ea

(—1/16) (n*—4)uf— (1/16) 2n—n?) (23] e )~ + 3523 Apuf
B 15(u—e,) g

for suitable y4. Note that the solutions ¥ are not strictly separable in this case but are what is
termed R separable, i.e., separable to within a nonseparable factor o*~272!

We conclude this work by pointing out that one can obtain a complete set of constants of
the motion associated with an orthogonal separable coordinate system {u,,...,1,,} for the Schr-
dinger equation (5.1) directly from Eq. (5.1) itself.'®!7 It is well known that all orthogonal
separable coordinate systems for the Schrédinger equation on a Riemannian space are obtain-
able via the Stickel construction, e.g., Refs. 18, 19. Thus if {u} is a separable orthogonal
coordinate system for Eq. (5.1) there exists an nXn nonsingular matrix S =(Smg(ua)) such
that a,,rsaﬁ = 0 if ¥ 5~ a, and such that the nonzero components of the contravariant metric

tensor in the coordinates {u} are g*(u) =T"*(u), a=1,...,n, where T is the inverse matrix to

S
n
BZ T ()8, (ug) =52 (5.24)
=1
The constants of the motion are
n
o p= Zl TP(u) (8], +fa(4a)d,), o =F. (5.25)
o=

Here, f,(u,) = 8,,0 In( ,/gg”"). (The fact that
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auauﬁln( Jég"‘“):O, for a#B

follows for any space of constant curvature by noting that it is equivalent to the statement that
the off diagonal elements of the Ricci tensor must vanish for an orthogonal coordinate system:
R,=0, a=# B.'®) One can show that [« ar & ,3]=0.18"20 Furthermore, if
V=115 ¥ (Vy3hyse-h,) satisfies the separation equations

B Wt fol)d, W= 2 Sep(udhg¥, a=1,.,n (5.26)
a a B=l

then
A W=hg¥, B=1,..,n (5.27)

Now fix 7, 1<y<n, and denote by y the coordinate choice

y= (ul,...,uy_ 15Tyt ,---;un)!

where 7 is a parameter. We see from Eq. (5.26) that if ¥ satisfies the separation equations then

U5 6% b+ fa(u))3, ¥ = ¥ (w) = g; S,p(7) o p¥ (u). (5.28)

On the other hand, from Eq. (5.1) we have

1
¢;‘(aiy¢y+fa(uy)au,¢,)|uFT\P(u)=m (7 (w) =27 (y))¥ (),

where

1
Y (y) = 3, %(y)d, ).
W=7 2 3, (g™ ma,)

Fy

This suggests the operator identity

7y W =)= B);} S,8(T) g, (5.29)

i.e., that the left-hand side of Eq. (5.29) is a one-parameter family of constants of the motion
and that as 7 runs over a range of values and y=1,...,n the full space of constants of motion
associated with this separable system is spanned.’'®!’

Now Eq. (5.29) is equivalent to the conditions

() T"(y) o % fa
T(y) T (y) (1-8))= ﬁ§1 Syp(7) T (u)
and these conditions are easily seen to follow from Eq. (5.24) and from

n

2 T(y)Spelug) + T (y)Sy(r) =6}
B=1, By

Similarly, for the classical case an expression for the Hamiltonian analogous to Eq. (5.29)
generates the constants of the motion.!%?!
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