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This paper is part of a series that lays the groundwork for a structure and classifi-
cation theory of second-order superintegrable systems, both classical and quantum,
in real or complex conformally flat spaces. Here we consider classical superinte-
grable systems with nondegenerate potentials in three dimensions. We show that
there exists a standard structure for such systems, based on the algebra of 3 X3
symmetric matrices, and that the quadratic algebra always closes at order 6. We
show that the spaces of truly second-, third-, fourth-, and sixth-order constants of
the motion are of dimension 6, 4, 21, and 56, respectively, and we construct explicit
bases for the fourth- and sixth order constants in terms of products of the second
order constants. © 2005 American Institute of Physics. [DOI: 10.1063/1.2037567]

I. INTRODUCTION AND EXAMPLES

The goal of this series of papers,l’2 is a structure and classification theory of second-order
superintegrable systems, both classical and quantum, in conformally flat spaces. An n-dimensional
Riemannian space is conformally flat if and only if it admits a set of local coordinates x,...,x,
such that the contravariant metric tensor takes the form g¥=§%/\(x). In other words, the metric is
ds>=\(x)(Z1,dx?). A classical superintegrable system H=3,8"p;p;+V(x) on the phase space of
this manifold is one that admits 2n—1 functionally independent generalized symmetries (or con-
stants of the motion) S;,k=1,...,2n—1 with §;=H. That is, {H,S;}=0 where

{f’g} = z (axff&pjg - apffaxjg)

is the Poisson bracket for functions f(x,p),g(x,p) on phase space.” '’ Note that 2n—1 is the
maximum possible number of functionally independent symmetries and, locally, such symmetries
always exist. (In this paper n=3 so we have five functionally independent symmetries.) The main
interest is in symmetries that are polynomials in the p; and are globally defined, except for lower
dimensional singularities such as poles and branch points. Many tools in the theory of Hamiltonian
systems have been brought to bear on superintegrable perintegrable systems, such as R-matrix
theory, Lax pairs, exact solvability, quasiexact solvability, and the Jacobi metric.'"™" However, the
most detailed and complete results are obtained from separation of variables methods in those
cases where they are applicable. Standard orthogonal separation of variables techniques are asso-
ciated with second-order symmetries, e.g., Refs. 16-21 and multiseparable Hamiltonian systems
provide numerous examples of superintegrability. In these papers we concentrate on second-order
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superintegrable systems, that is those in which the symmetries take the form S=Eaij(x)pipj
+W(x), quadratic in the momenta.

There is an analogous definition for second-order quantum superintegrable systems with
Schrodinger operator

1 -
H=A+V(x), A= —/—E &xi(\’gg”)&xj,
Vg ij
the Laplace-Beltrami operator plus a potential function.'® Here there are 2n—1 second-order
symmetry operators

1 = i
Si= T2 9, (Ngay)d + WH(x), k=1,...2n~1
Ngij !

with §;=H and [H,S,]=HS,—SH=0. Again multiseparable systems yield many examples of
superintegrability, though not all multiseparable systems are superintegrable and not all second-
order superintegrable systems are multiseparable. There is also a quantization problem in extend-
ing the results for classical systems to operator systems. This problem turns out to be not difficult
to solve for the nondegenerate systems that we study in this paper.

Superintegrable systems can (1) be solved explicitly, and (2) they can be solved in multiple
ways. It is the information gleaned from comparing the distinct solutions and expressing one
solution set in terms of another that is a primary reason for their interest.

We give a few simple three-dimensional (3D) examples to illustrate some of the main features
of superintegrable systems. (To make clearer the connection with quantum theory and Hilbert
space methods we shall, for these examples alone, adopt standard physical normalizations, such as
using the factor —% in front of the free Hamiltonian.) Consider the Schrodinger eigenvalue equa-
tion HV=EV or (h=m=1,x,=x,x,=y,x3=2)

HW:_l(ﬁ &

5 +ﬁ)‘lf+V(x,y,z)‘lf=E\I’. (1)

+
ax* 9y 9

The generalized anisotropic oscillator corresponds to the four-parameter potential

o’ 1| B-1 iB-1
V2= — 2+ 2 +4G@+p)) + o | =5+ =5 |. (2)
2 21 x y
(This potential is “nondegenerate” in the precise sense that we will explain in Sec. III.) The
corresponding Schrodinger equation has separable solutions in five coordinate systems, Cartesian
coordinates, cylindrical polar coordinates, cylindrical elliptic coordinates, cylindrical parabolic
coordinates, and parabolic coordinates. The energy eigenstates for this equation are degenerate and
important special function identities arise by expanding one basis of separable eigenfunctions in
terms of another. A second order symmetry operator for this equation is a second-order linear
differential operator S such that [H,S]=0 where [A,B]=AB—BA. A basis for these operators is
2 1
2 22 k-3
M, =0 - wx"+ Z M,=d — o™y - s (3)

1\y? 1
o N e (e @

1 k-t
Si=- 5(9XL13+L13‘“7X) +pdi + (2 + p)(w2x2— 2 .
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1 2
Sr=- E(ﬂylﬁ + Lysd,) + Pﬁf +(z+ p)<w2y2 - 2y2 . >, (5)

where L;;=x;d, —x;d, . Remarkably, these symmetries generate a “quadratic algebra” that closes at
. j i )
level six. Indeed, the nonzero commutators of the above basis are

[Ml,L]=[L,M2]=Q, [L,S1]=[52,L]=B, [Mnsi]:Ai’ [P,Si]=—Ai~

Nonzero commutators of the basis symmetries with Q (fourth-order symmetries) are expressible in
terms of the second-order symmetries,

[Mi’Q] = [Q?MZ] = 4{M17M2} + 16&)2L, [SlaQ] = [Q’SZ] = 4{M1’M2}’

[L,Q]=4{M,,L} — 4{M,,L} + 16(1 — k)M, — 16(1 — k3) M.

There are similar expressions for commutators with B and the A;. Also the squares of Q,B,A; and
products such as {Q,B} (all sixth-order symmetries) are expressible in terms of second-order
symmetries. For example,

0% =YL, M, M2} + 80X{L,L} - 16(1 - I5)M? — 16(1 — k3)M3 + E{M,, M}
~ 2L~ 1280 (1 - k(1 - K3),

{0.B} == ${M,,L,S 1} - 3{M|,L,S,} + 16(1 — kD){M,,S,} + 16(1 - k3)}{M S}
- &M, S, - E{M,,S ).

Here {C|,...,C} is the completely symmetrized product of operators C,,...,C,. (For com-
plete details of all the possible products and commutators, see Ref. 22.) The point is that the
algebra generated by products and commutators of the second order symmetries closes at order 6.

Another example in Euclidean space is given by the Schrédinger equation with three-
parameter extended Kepler-Coulomb potential,

R R 2a K- k-3
Tt gt o |+ |2 - | [V =0.
dx dy 9z VXT+ Yy +2Z X y

This equation admits separable solutions in the four coordinates systems: spherical, sphero coni-
cal, prolate spheroidal, and parabolic coordinates. Again the bound states are degenerate and
important special function identities arise by expanding one basis of separable eigenfunctions in
terms of another. However, the space of second-order symmetries is only five dimensional and,
although there are useful identities among the generators and commutators that enable one to
derive spectral properties algebraically, there is no finite quadratic algebra structure. The key
difference with our first example is, as we shall show later, that the three-parameter Kepler-
Coulomb potential is degenerate and it cannot be extended to a four-parameter potential.
An example on the three-sphere is given by

gij=65;jzi—zizj, 1<i,j<3.

Then det(g¥) =g~ =7,2,23(1 —z) where z=z,+2,+z; and
Lo

gi=——+—L.
Yol-z g

Thus ds2=2ij=1gi ; dz; dz;. To identify this space we introduce Cartesian coordinates xy, x| ,x;,X3 in
four-dimensional Euclidean space and restrict these coordinates by the conditions
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2 2 2 2
x=1-z, xj=z2, x%=2, x3=2z.

Note that x3+x7+x3+x3=1. Defining a metric ds? by ds>=3?_(dx,,)? we find

3

1 1 O;;

dS2=_2 (—+—ll>dz,»dzj.
4i,j:l l-z z

Thus the space corresponds to a portion of the three-sphere S". The Schrédinger equation is

3
(A+2ﬁ+i>«p=m,
=1z 1=z

where A is the Laplace-Beltrami operator. This is a nondegenerate potential. The six second-order
operators

Sij=4ziz,(d, - %)2 +4(g,2;— gj2:)(d;, - %) =8 1si<j=3,

Soi=4z(1 - Z)ﬁi +4[gi(1 -2) = gozi)d, = Sjp, 1<i=<3,
for g;=1 +%V1 —167; form a basis for the space of second-order symmetries. In particular

n

8H= E SU+2Z SO['

ij=1 i=1

This equation separates in six coordinate systems on the three sphere. Further it can be shown that
the quadratic algebra generated by the second-order symmetries closes at order 6.
For our last example we take the space with metric

ds?>=\(A,B,C,D,E,x)(dx* + dy* + dZ?),

where
3 1 3
)\:A(x+iy)+B<—(x+iy)2+£>+C<(x+iy)3+—(x—iy)+—z(x+iy)>
4 4 16 4
D i e D e L2 D) 4 E (s i)
+D 16(x+ly) +ie+t e +y)+ 5 +iy)T | +E,

the nondegenerate potential is V=\(«, 3,7, 8, €,x)/\(A,B,C,D,E,x). f A=B=C=D=0 this is a
superintegrable system on complex Euclidean space. The quadratic algebra always closes, and for
general values of A,B,C,D,E the space is not of constant curvature. This is an example of a
superintegrable system that is Stidckel equivalent to a system on complex Euclidean space. We will
take up the study of such systems in the next paper in this series.

Observed common features of superintegrable systems (and features that we make precise and
verify in these papers) are that they are usually multiseparable and that the eigenfunctions of one
separable system can be expanded in terms of the eigenfunctions of another. This is the source of
nontrivial special function expansion theorems.” The symmetry operators are in formal self-
adjoint form and suitable for spectral analysis. Also, the quadratic algebra identities allow us to
relate eigenbases and eigenvalues of one symmetry operator to those of another. Indeed the
representation theory of the abstract quadratic algebra can be used to derive spectral properties of
the second-order generators in a manner analogous to the use of Lie algebra representation theory
to derive spectral properties of quantum systems that admit Lie symmetry algebras.B_26 (Note
however that for superintegrable systems with nondegenerate potential, there is no first-order Lie
symmetry.)
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Another common feature of quantum superintegrable systems is that they can be modified by
a gauge transformation so that the Schrodinger and symmetry operators are acting on a space of
polynomials.27 This is closely related to the theory of exactly and quasi exactly solvable
systems.”’28 The characterization of ODE quasiexactly solvable systems as embedded in PDE
superintegrable systems provides considerable insight into the nature of these phenomena.

The classical analogs of the above examples are obtained by the replacements Oy, = Dy, Com-
mutators go over to Poisson brackets. The operator symmetries become second-order constants of
the motion. Symmetrized operators become products of functions. The quadratic algebra relations
simplify, the highest order terms agree with the operator case but there are fewer nonzero lower
order terms.

Many examples of 3D superintegrable systems are known, although they have not been
classified.””* Here, rather than focus on particular spaces and systems, we employ a theoretical
method based on integrability conditions to derive structure common to all such systems, with a
view to complete classification, at least for nondegenerate potentials. In this paper we consider
classical superintegrable systems on a general 3D conformally flat spaces, real or complex, and
uncover their common structure. We show that for systems with nondegenerate potentials there
exists a standard structure based on the algebra of 3 X 3 symmetric matrices, and that the quadratic
algebra closes at level 6. For two dimensional (2D) nondegenerate superintegrable systems we can
show that the three functionally independent constants of the motion are (with one exception) also
linearly independent, so at each regular point we can find a unique constant of the motion that
matches a quadratic expression in the momenta at that point. However, for 3D systems we have
only five functionally independent constants of the motion and the quadratic forms span a six-
dimensional space. This is a major problem. However, for nondegenerate potentials we can prove
the “5=6 Theorem” to show that the space of second-order constants of the motion is in fact six
dimensional, there is a symmetry that is functionally dependent on the symmetries that arise from
superintegrability, but linearly independent of them. With that result established, the treatment of
the 3D case proceeds in analogy with the nondegenerate 2D case treated in Ref. 1. Though the
details are quite complicated, we show that the spaces of truly second-, third-, fourth-, and sixth-
order constants of the motion are of dimension 6, 4, 21, and 56, respectively. Finally we construct
explicit bases for the fourth- and sixth-order constants in terms of products of the second-order
constants. These bases are our principal result. They guarantee closure of the quadratic algebra and
provide a means for analyzing its structure. This paper is a major advance toward one of our goals,
to obtain a demonstrably complete list of 3D superintegrable potentials.

In the next paper in this series we will show that all 3D superintegrable systems with nonde-
generate potential are multiseparable. We will study the Stickel transform, or coupling constant
metamorphosis,*?s’36 for 3D classical superintegrable systems. This is a conformal transformation
of a superintegrable system on one space to a superintegrable system on another space. We will
prove that all nondegenerate 3D superintegrable systems are Stdckel transforms of constant cur-
vature systems. We will also extend our results to the quantum analogs of 2D and 3D classical
systems.

Il. CONFORMALLY FLAT SPACES IN THREE DIMENSIONS

We assume that there is a coordinate system x,y,z and a nonzero function \(x,y,z)
=exp[G(x,y,z)] such that the Hamiltonian is

2, 2, 2
_Ditprtps

" \

+V(x,y,2). (6)

A quadratic constant of the motion (or generalized symmetry)
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3

S= E akj(X,y,Z)PkPj +Wy,2)=L+W, da*=dV (7)
kj=1

must satisfy {H,S}=0. The conditions are thus

a;l= _ Glalz_ GzaZz_ G3a3’,
2ai + a’j’ =—G,aV - Gya¥ = Gya¥, i+,

al+di+ak=0, ijk distinct (8)

and

3
W=\ a*V,, k=1,2,3. )

s=1

(Here a subscript j denotes differentiation with respect to x;.) The requirement that o W;
=3ij(,€ #j leads from (9) to the second-order Bertrand-Darboux partial differential equations
for the potential,

3
D [Vha*t = Viha + Vi((Na*Y);,— (A\a) )] = 0. (10)

s=1

For second-order superintegrabilty in 3D there must be five functionally independent con-
stants of the motion (including the Hamiltonian itself). Thus the Hamilton-Jacobi equation admits
four additional constants of the motion

3

Shz E a](];l)pkp]+ W(h)=£h+ W(h)’ hzl,...,4. (11)
J.k=1

We assume that the four functions S, together with H are functionally independent in the six-
dimensional phase space, i.e., that the differentials dS,,,dH are linearly independent. (Here the
possible V will always be assumed to form a vector space and we require functional independence
for each such V and the associated W"). This means that we also require that the five quadratic
forms £,,H, are functionally independent.) We say that the functions are weakly functionally
independent if dS;,,dH are linearly independent for nonzero potentials, but not necessarily for the
zero potential.

lll. FUNCTIONAL LINEAR INDEPENDENCE

We first shed some light on the relationship between functional independence and functional
linear independence for the set {H,S,,...,Ss}

Theorem 1: The functionally independent set {H,S,,...,S4} is also functionally linearly
independent in the sense that if the relation =;_,c"(x)L,=0 holds in an open set, then ¢ (x)
=0 for all h.

Proof: Suppose that the set is functionally linearly dependent. Then we can express one of the

quadratic parts of the constants of the motion [lo as a linear combination of a linearly independent
subset {L,..., L, 1<r=<4},

Downloaded 23 Oct 2008 to 130.217.76.77. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/ijmp/copyright.jsp



103507-7 3D conformally flat superintegrable systems J. Math. Phys. 46, 103507 (2005)

r

Lo=2 %)L,
(=1
Taking the Poisson bracket of both sides of this equation with (p+p3+p3)/\ and using the fact
that each of the S'h is a constant of the motion, we obtain the identity

r 3
2 2 (0, DNallpipipi=0. (12)
=1 i,j=1

It is straightforward to check that this identity can be satisfied if and only if

E(a Dalpy=0, 1<ijk=3.

Since the set {/31,.. £} is linearly independent, we have d, c“)—O for 1sk=s3,1s{=<
Hence the ¢© are constants, which means that

r

EO - E C(e),ée =cC,
=1

where c is a constant. Thus the set {H,,L;,..., L4} is functionally dependent. This is a contradic-
tion. Q.E.D.
Corollary 1: The weakly functionally independent set {H=38,,S,,...,S4} is also functionally
linearly independent in the sense that if the relation Eh o€ "(x)S,=0 holds in an open set, then
cM(x)=0 for all h.
Proof: Suppose that the set is functionally linearly dependent. Then we can express one of the
constants of the motion S‘Or as a linear combination of a linearly independent subset

{31,,,,,ﬁr,1$r$4}’

S‘O = 2 C(e)(x)S(‘/.

=1

Taking the Poisson bracket of both sides of this equation with (p%+p§+p§)/ A+V and using the
fact that each of the S’h is a constant of the motion, we obtain the identities

r r
;1 (9, caf = 0,;1 d W, 1<ijk<3.

Since the set {31,.. S .}, is functionally linearly independent, we have d, c(f)—O for 1=k
<3,1<{<r. Hence the ¢\) are constants, which means that

r

‘§0 - 2 C(e)é(( =0
(=1

Thus the set {S,...,S4} is functionally dependent. This is a contradiction. Q.E.D.
We can write the system of Bertrand-Darboux equations in the matrix form Cv=5'"V,
+5‘(2)V2+l7(3)V3, or
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0 a a'—a a
13 9 _ B 21
32 _ 320 L3 22l g3

(\a"?); = (\a'),

()\613])2— ()\612])3

(\a*), = (\a®"),
= ()\031)1 - ()\011)3 Vit ()\032)1 - ()\012)3 Vot - ()\6133)1 - ()\6113)3 V.
(7\032)2 - (7\022)3

J. Math. Phys. 46, 103507 (2005)

(\a®), - (\a™),

(13)
()\033)2 - (7\023)3

Corollary 2: Suppose the set {H,S,,...,S4} is functionally independent. Then for general x

the 4 X5 matrix

33

11

an) ~ 4>

33

11

a) = 4>

33

11

a3~ 43)»

33

11

)~ Ay,

22
an—
22
dp)~
22
az) —

22

11
a1

11
a2)

11
aga)»

11

A4~ d)>

12
a1y

12
a2)

12
a@3)s

12
A4y

has rank 4, where the functions a’&i)(x) are given by (11).

31
a)>

31
a)>

31
a3)s

31
Ok

32
A

There are four sets of equations (13), one for each of the functionally independent symmetries
(in addition to the Hamiltonian). We can write them as a single matrix equation Bu=b where B is

12X5,bis 12X 1 and

Viz—= Vi
Vo= Vi

Lemma 1: If the set {H,S,,...,S4} is functionally independent, the matrix B has rank 5.
Proof: In the neighborhood of a general point (x,yy,z,) the matrix A of Corollary 2 has rank
4. Thus the possible reduced row equivalence forms (RREF) for A at (xy,y,,z) are

1, 0, 0, 0, «
0, 1, 0, 0,
1 k ;10

0, 0, 1, 0, v

0, 0, 0, 1, &
1, a, 0, O
0, 0, 1, O

v

0, 0, 0, 1
0, 0, 0, O

1
0
0
0

>

[}

s

[l

b}

b}

0
1
0,
0

o = o o

)

- o O O

- o O O

>

[}

oS O O

’

09

k)

b}

E}

S O O =

b}

09
1’
09

O,

. 0,

0,
) 0,
1
0

1
0
0,
0

bl

1
07
0

k)

S O™ R
- o © o

s bl )

0,
0’
1

>

- o O O

0’

For each canonical form it is straightforward to check that the associated 12 X 5 matrix B has rank

5.

Q.ED.

By choosing a rank 5 minor of B we can solve for v and obtain a solution of the form

Vyr = Vi + A2V, + B2V, + C**V;,

V33 = Vll +A33V1 + B33V2 + C33V3,
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Vi,=A2V, + B2V, + C?V;,
Vi3=ABV, + BBV, + CBVv;,

Va3 =A2V, + BBV, + CBV;. (14)

If the augmented matrix (B,b) has rank r' > r then there will be r' —r additional conditions of the
form DES)VI+D(2S)V2+D(35)V3=O,s=1, ...,r'—r. Here the A"j,Bij,C"j,DEJ> are functions of x that
can be calculated explicitly. For convenience we take AY=A/,BY=B/',CV= /",

Suppose now that the superintegrable system is such that r'=r so that relations (14) are
equivalent to Bv=b. Further, suppose the integrability conditions for system (14) are satisfied
identically. In this case we say that the potential is nondegenerate. Otherwise the potential is
degenerate. If V is nondegenerate then at any point X, where the AY,BY,CY are defined and
analytic, there is a unique solution V(x) arbitrarily prescribed values of
Vi(x9), Va(xg), Va(xg), Vi1(X) [as well as the value of V(x,) itself]. The points x, are called
regular. The points of singularity for the AY, B, C'/ form a manifold of dimension <3. Degener-
ate potentials depend on fewer parameters. For example, we could have r’=r but the integrability
conditions are not satisfied identically. This occurs for the generalized Kepler-Coulomb potential
where the integrability conditions lead to an additional equation of the form V,;=A''V,+B''V,
+C"'V; so that V;; cannot be prescribed arbitrarily.

From this point on we assume that V is nondegenerate. Substituting the requirement for a
nondegenerate potential (14) into the Bertrand-Darboux equations (10) we obtain three equations
for the derivatives a{k, the first of which is

(a3' = @)V, + (a2 = &)V, + (a3’ — aP) Vs + a'2(ABV, + BBV, + CBVy) — (0P - a')
X (ABV, + BBV, + C1Vy) —a®(A"?V, + BV, + C'?V3) + a*(A%V, + B3V, + CPV;)
= (— G3all + GlaB)Vl + (— G3(112+ G1a23)V2 + (— G3a13 + G1a33)V3, (15)
and the other two are obtained in a similar fashion.
Since V is nondegenerate we can compute all of the third partial derivatives of V. In fact,

differentiating each of the equations (14) with respect to Xj,j= 1, 2, 3 we obtain 15 equations for
the 10 distinct partial derivatives V;j.. For example,

V123 = (92‘/13 ZA;:SV] + B;SVZ + C;3V3 +A13V12 + BI3V22 + C13V23
= (91 V23 =A%3V1 + B%3V2 + C%3V3 +A23V“ + BZ3V12 + C23V13
= (93‘/12 =Aé2V1 + B;2V2 + Cé2V3 +A12V13 + BIZV23 + C12V33,

Vin=(A7 —AD)V + (B - BV, + (Cy' = CP)V3 - ARV,
+ B2V + (A2 = BV, — C2V s+ C'2V,y,

= (A7 = APV, + (B = BY)V, + (G5 - CP) V3 - APV
+CPVy+ (AP = C¥)V 3 - BFV ), + BBV,

Vary = (AT + AV, + (B + BV, + (G + CAV3 + A3V + CPVay + BBV, + (C + APV,
+ B2V = APV, + BEV, + C3V, + APV, + CPVyy + BBV,
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Vi = (A2 + APV, + (B> + BY)V,o + (C12 + CP)V3 + A2V + BBV, + CP2Vy + (B2 + APV,
+ CBVy = ATV, + BYV, + CPVy + APV 5 + BBV + CBVy,, (16)

with analogous expressions for the other third derivatives. Similarly all higher order derivatives of
V can be computed from these. The right-hand side of each of these equations can be expressed as
an explicit linear combination of V,V,, V3,V with analytic functions of x;,x,,x3 as coefficients.
Thus if the potential V belongs to the solution space then V can depend on at most four param-
eters, in addition to a trivial additive constant. We can choose these parameters to be
Vi(x0,¥0520)» Va(x0,¥0520) s Va(x0, Y05 20) s Vi1 (X0, Y0, 20) for any fixed regular point (xo,yo,2o). Then
all higher derivatives can be computed by successive differentiation of relations (14). Thus our
potential is nondegenerate, i.e., it depends non trivially on these four arbitrary parameters, so that
all higher-order integrability conditions are satisfied.

Then, equating coefficients of V,V,,V3,V;; on each side of the conditions d;Vy3=0,V;
=03V |,,d;V23=0,V33, etc., we obtain integrability conditions, the simplest of which include

A23:Bl3zcl2 BlZ_A22zcl3_A33
B23=A31 + C22, C23=A12+B33,
A%2+B12A12+A§3+A33A12+B33A22+ C33A23:A§3+B23A23+ C23A33,

A;3+A13A12+B13A22+C13A23=A%3+323A12+C23A13ZA;2+A13A12+BIZA23+C12A33.
(17)

All of these conditions, analytic expressions in x,y,z, must hold identically in a common domain
to have a nondegenerate system. Note that if r'>r then there will be conditions relating the
parameters V,(xg,¥0,20)» Va(X0,Y0,20) » V3(X05Y0,20) » Vi1(x0, Y0, 20), SO We cannot have a nondegen-
erate system in that case.

We can further clarify the situation by introducing the dependent variables W=V, , w®
=V, W=V, W¥=V,,, the vector

wi)
w?)
W= W(3) . (18)
w
and the matrices
0O 0 0 1
M A12 BIZ C12 0
A= A3 g3 B3 0 ’ (19)
Al4 B4 4 pl2_ 2
A12 BlZ C12 0
A2 g2 2
AP = (20)
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A3 g3 (13
AB) = ; (1) , (21)
A3 B3 34 413
where
A14=A;2—A%2+B12A22+A12A12—BZZA12—C22A13+C12A23
:Aé3—A?3+Bl3A23+A13A13—B33A12—C33A13+C13A33,

B14=Bé2—B%2+B12B22+A12B12—B22B12— C22B13 + C12B23
:B%3—B?3+B13B23 +A13B13_B33Blz_ C33B13 + C13B33,

C14= C;Z_ C%2+312C22 +A12c12 _B22cl2 _ C22c13 + Cl2c23
— Cé3 _ C??ﬁ + BI3C23 +A13c13 _ BZ3c12 _ C33c13 + C13C33,

A24=A12+BIZA12+ C12A13’ BZ4=B%2+BIZB12+ C12B13,
C24= CiZ +Blch2 + ClZCB,
A34=A13+BI3A12+ C13A]3, B34=B%3+B]3Bl2+ C]3BIS,

C¥*=CP+BBC?+ CBCh. (22)
Then the conditions (17) must hold as well as the integrability conditions for the system
axjw:A(/)w, j=1,2,3. (23)
The integrability conditions are
Al(i) _AJ(}') =AVAD Z ADAG = [A(i),AU)]. (24)

The integrability conditions (17) and (24) are analytic expressions in x;,x,,x; and must hold
identically. Then the system has a solution V depending on four parameters (plus an arbitrary
additive parameter). For convenience in the arguments to follow we set

U :A?) _A(32) _ [A<2),A(3)], Uu? =A(31) _A(l3) _ [A(3),A(1)],

U=AP -AP -[aD,A0], (25)

so that the identities are
U=U=U4=0. (26)

We have shown that a weakly functionally independent set of five symmetries (or constants of
the motion) is functionally linearly independent. For systems with nondegenerate potentials, the
converse holds.

Theorem 2: Let

3

Sh: 2 aj(f,)pkpj+ W(h)’ h= 1,...,5, HZS]
J.k=1
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be functionally linearly independent symmetries for a system with nondegenerate potential V
=W(). Then these symmetries are weakly functionally independent.

Proof: By assumption, the set {S,} is functionally linearly independent. Suppose it is also
functionally dependent. This means that the set of differentials {dS,} is dependent, i.e., that the
5 X 6 matrix

Eiaﬁ)l?i Eiaﬁ)Pi Eiaﬁ)pi K14+Zia{}>Vj K15+Eiaj(%)vj K16+Eiaﬁ)vj
Eiafé)Pi Eﬂ%)l’i Eiaiﬁ)pi Ksy+ Eia{é)vj Kss+2,.a{§>Vj K56+E,.a{§)Vj

where

K€,3+s = E aéjé),spipj’
ij

is of rank <5 for all values of P,V Thus all 5 X5 minors must vanish identically in pj, V. It is
an easy consequence of this that all 5X5 minors of the 5 X 6 matrix

112 13 2 23 33

4n 4 4y 4w 4 4

1 12 13 2 23 33

4s) 4 4 4 9 4
vanish, hence that this matrix have rank <35. Thus {£,:h=1,..., 5} is functionally linearly depen-
dent. Contradiction. Q.E.D.
Since (as we assume) the potential is nondegenerate, at any regular point X, the first deriva-

tives Vy,V,, V3 can be chosen arbitrarily. Thus the coefficients of V; on both sides of equation (13)
must be equal. From this, we obtain the relations

aél—a?l:—a12A23+(a33—a11)A13+a23A12—a13A33—G3a11+G1a13,
aéz—a?zz—a12B23+(a33—a“)Bl3+a23312—a13B33—G3a12+G1a23,
a§3—a?3=—a12C23+(a33—a“)C13+a23C12—a13C33—G3a13+Gla33,

with six analogous relations from the other two Bertrand-Darboux equations. Using these nine
relations and Egs. (8) we can solve for all of the first partial derivatives a{k to obtain

all == Gia" - Gya' - G3a",
a3’ == Ga'"% - Gya® - Gya®,
a¥ =-Ga"” - Gya® - Gya®,
361%2: a12A22_ (a22 _ all)A12_ a23A13 + a13A23 + Gzall _ 2G1a12 _ G2a22_ G3a23,
3aél —_0a242 4 2(a22— a“)A12 £ 0023418 013423 _ 2G2a“ + Gla12_ G2a22_ G3a23,
30} == a?CP + (aP - a")CP + aPC1? - a3 CP - Gia' - Gra'? - 2G1aP + G P,

3a?3 = 24203~ 2(a® — ") = 2a3C12 4 2a3CP - Gia'! - Goa'? + Gya' - 2Ga®,
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3a%3 _ a23(333 _ Bzz) _ (a33 _ a22)323 —aBB12 4 4213 _ G1a13 _ 2G2a23 _ G3a33 + G3a22,
3a§2 __ 2a23(B33 _ Bzz) " 2(a33 _ a22)323 +2a3B12 241213 _ G1a13 + G2a23 _ G3a33 _ 2G3a22,
3a%3:—a23A12+ (all —a33)A13+a13A33+a12A23—2G1a13—G2a23— G3a33+G3a11,
3a_%l —2aBA12 4 2(a33 _ all)AB — 2413433 _ 0412423 4 G1a13 _ G2a23 _ G3a33 _ 2G3a“,

3033 =243+ 2(a22 _ a33)C23 +2a2c13 = 2a23(C22— C33) _ G1a12 _ G2a22+ G3a23 _ 2G2a33,
3a§3 =a3c2- (a22—a33)C23 —al2ch3 = 023(C33 _ sz) _ Glalz— G2a22 _ 2G3a23 + G2a33,
3a§2=—a13823+ (a22—a“)Blz—alszz+a23Bl3—Gla“ —2G2a12— G3a13+G1a22,
3a%2 =245 — 2(a22 _ all)Blz +2a'2B22 _2423p13 _ Gla“ + Gzan _ G3a13 _ 2G1a22,

30%3 =a12(B23+ C22) +a11(313+ CIZ) _a22C12_a33BIS +a13(B33+ C23) _a23(C13+BIZ)

-2G,a® + Gra" + Gya'?,

361:]5226112(— 2BZ3+ C22) +all(c12_2Bl3) _a22cl2+2a33313+a13(_ 2333+ C23)

+a(- CP +2B"%) - 2G3a"? + Gya + G a”,

3aé3 =a12(323_ 2C22) +all(Bl3 _chZ) +2a22cl2_a33Bl3+a13(B33_ 2C23) +a23(2C13—B12)
—2G2a13+G1a23+G3a12, (27)

plus the linear relations

AB=BB=(C2, BB_AB_c2=y,

BlZ_A22+A33_Cl3=O’ B33+A12—C23=0.

Using the linear relations we can express C'2,C'3,C??,C??, and B'? in terms of the remaining 10
functions.

Since the above system of first-order partial differential equations is involutive the general
solution for the six functions a/* can depend on at most six parameters, the values a/*(x,) at a fixed
regular point x,. For the integrability conditions we define the vector-valued function

11
12
13

h(X,y,Z) = 22

QR Q2 2 2

23
X
and directly compute the 6 X 6 matrix functions A" to get the first-order system
d:h= AV, j=1,2,3. (28)

The integrability conditions for this system are are
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AV = APh = AV AR - ADADh =[AD, AVTh. (29)

In terms of the 6 X 6 matrices

SM= AP — AP _[AD, A, SP = AD - A® _[A®, A0,

S = AP~ AD Z[AD, A,

the integrabilty conditions are

SVh=8"h=5%h=0. (30)

IV. THE 5=6 THEOREM

Now assume that the system of equations (27) admits a six-parameter family of solutions a/*.
(The requirement of superintegrability appears to guarantee only a five-parameter family of solu-
tions.) Thus at any regular point we can prescribe the values of the a/* arbitrarily. This means that
(29) and (30) holds identically in h. Thus S'=8®=8%=0. Using these expressions, we can
perform a tedious but straightforward Maple-assisted computation that yields

(1)  An expression for each of the first partial derivatives d;A",d,B",3,CY, for the 10 indepen-

dent functions as homogeneous polynomials of order at most two in the A" Bi'" Ci'J'",
There are 30=3 X 10 such expressions in all. An example is

BY=3A""B"2_1B"2G, - 2G\A" - {G|G, + 1B?B"2 + 1B?G, + 1APB¥ - LG:AP + 1G),.

(2) Exactly five quadratic identities for the 10 independent functions,

(a)
_A23B33 _A12A23+A13BIZ+BZZA23+B23A33 + %A22G3 _ %A33G3 _ %BIZG3 _ %GIG:;
—1ABG, +3G 3 - 3APG, - A2B? =0,
(b)
(A33)2+BIZA33_A33A22_B33A12_ C33A13+322A12_BIZA22+A13B23_ (Al2)2+ %GZZ
- 3G} = 3G33+3APG3+ 1B7G, - 347G + 347G - 1B7G3 - 187G, + ;CVG;
+ %(G3)2=0,
()
_ (333)2 _BSSA12+BS3B22+BIZA33+BZSC33_ (B23)2+ (Bl2)2 + %(GI)Z_ %G“ + %G33
- 3B¥G, - 3A%G, - 5(G3)* - 565G =0, 31)
(d)
_BI2A23 _A33A23 +A13B33 +A12323 + %GZB _ %ABGI _ %AIZG3 _ %BBGZ _ %G2G3
- %B33Ga3=0,
(e)

A12312+ C33A23 _A23B23 +B33A22 _B33A33 + %GIZ_ %GIGQ _ %AIZGI
1 1
- 3B"G,-3A"G;=0,
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There are no nontrivial conditions in which some derivative of G is involved as a factor in
each term.

Theorem 3 (5 — 6): Let V be a nondegenerate potential corresponding to a conformally flat
space in three dimensions that is superintegrable, i.e., suppose V satisfies the equations (14),
where conditions (17) and (24) hold, and there are five functionally independent constants of the
motion. Then the space of second-order symmetries for the Hamiltonian H=(p§+ pi
+pf)/)\(x,y,z)+V(x,y,z) (excluding multiplication by a constant) is of dimension D=6.

Corollary 3: If H+V is a superintegrable conformally flat system with nondegenerate poten-
tial, then the dimension of the space of second-order symmetries

3

S= 2 d(x,y,)pp;+ Wix,y.2)
k,j=1

is 6. At any regular point (x,,y.zo) and given constants o= a’/* there is exactly one symmetry S
(up to an additive constant) such that a*(x,,y,z0)=a". Given a set of five functionally indepen-

dent second-order symmetries L={S;:€=1,...,5} associated with the potential, there is always a
sixth second-order symmetry Sg that is functionally dependent on L, but functionally linearly
independent.

Corollary 4: The previous theorem and corollary remain true for five weakly functionally
independent second-order symmetries, if the corresponding quadratic forms Ek,jal(‘é)pkpj, 1=<¢
<5 are functionally linearly independent.

Proof of theorem: The proof takes many steps, most of which must be carried out with
computer algebra software. We give the logic behind the proof and describe the steps in order.

If there is only a five-parameter family of solutions then (30) holds only for the % that lie in
a five-dimensional space. By appropriate Euclidean transformation of coordinates, if necessary, we

use Gauss-Jordan elimination and show that there is a basis for the space of the form N J=1,...,5

where
1 0 0 0 0
0 1 0 0 0
@ERER= o o,
0 0 0 1 0
0 0 0 0 1

al(x’y’z) az(x,y,z) a3(x,y,z) a4(x,y,z) as(x,y,Z)

Here we mean that if h belongs to the solution space then there are unique differentiable functions
g;(x,y,2) such that h=2,5'=1 gjﬁj . It follows that the integrabilty conditions become

S +a8=0, €=1,...3, k=1,...,6, j=1,....5. (32)

Further, the conditions (30) must hold. The question that we need to decide is whether the
conditions (30) and (32) imply

SH=s@_-5B) .
Some of the elements of the matrices S” vanish identically. Indeed
2 2 2 3 3 3)
S = S = Sig = S = S5 = Sl = S = S5 = 5 = 0.
Also

2) — () — 2 1) — 1
Sig = Sig ==l Sel=-8,

1) — 1 1) — o2 3) — 1
S ==, si=59. 357 =25},
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2) 20 3) 1
Sl =-380. Su=-Sy.
This implies that the following conditions must hold no matter what are the values of the «;:

sP=0, i=1246 1=j=6 S=0, (33)

SP=87)=0, 1<j=<6, S=0 SZ=0.

We will show that the identities (33), plus the identities (26) (that must always hold) suffice to
prove that

S =5 = g6 =0,

hence that the integrabilty conditions are satisfied identically and there is a six-parameter family of
symmetries. In the first step we compute all of the identities (26) and (33) and use a subset of 17
of the identities (33) and 12 of the identities (26) to solve for each of the 30 independent partial
derivatives

A2, gAB, 9A%, 948, §A%, 9B 9B, 4B¥, 9B 9C>, k=1,2,3,

save d.C* which does not occur in these expressions. In each case we obtain an expression for the
derivative as a polynomial in the 10 variables A'?,...,C* with coefficients in the linear and
zero-order terms that involve derivatives of G. Then we substitute these expressions back into the
remaining conditions (26) and (33). This yields a set of four independent second-order polynomial
identities, a subset of the identities (31). These identities are sufficient to verify that

1 1
’Sgé) = 8(56) = 526 = %6 = 846 =

By conditions (32) this immediately implies S"=0, and Sjk =0 for j=2, 3, 4 and 1<k<6.
Substituting our expressions for the derivatives into these identities we obtain the full set of five
identities (31), and can solve for 3,C3*. This set is now sufficient to verify that

S5 =84 = 51 = S = S = 55 = 5@ = 0.
which implies S?=8%)=0. Q.E.D.

V. THIRD-ORDER CONSTANTS OF THE MOTION

Now we investigate the space of third-order constants of the motion, assuming a nondegen-
erate potential. We have

K= 2 d¥(xy.2pwpi+b'(x.y.2)pe (34)
k=1

which must satisfy {#,X}=0. Here a*' is symmetric in the indices k,;,i.
The conditions are

m _ _2 am(ln )\)Y’

3aju+am 32 asij(ln )\)s’ i #j,

al” + a”] =- —E a(ln \), - E a(In\),, i#j,
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24 + ak +af'= 2 a*(In \),, i,k distinct, (35)

b+ bi=3\2 a"V,, j#k k=123,

u

2 anv_ Elf In\), j=12,3, (36)

[\J

and

> bV, =0. (37)

The o' is just a third-order Killing tensor. We will, as usual, require the potential V to be
superintegrable and non degenerate. Again, as usual, we require that the highest order terms, the
a"" in the constant of the motion, be independent of the four independent parameters in V.
However, the b’ must depend on these parameters. We set

3
b'(x.y.2) = 2 fHIx.y.20)Vi(x.y.2).
=1

[Here we are excluding the purely first-order symmetries. Also, we could add a term
fo(x,y,2)Vy(x,v,2) to the preceding expression. However condition (37) implies f%!'=0.]
Substituting this expression into (37) we see that

fY+ft=0, 1<¢,;j<3.

Further

=2 (i Ve+ V),
€#1
where the subscript j denotes the partial derivative with respect to x;. Substituting these results and
expressions (14) into the defining equations (36) and equating coefficients of V,,V,, V3, V|,
respectively, we obtain the following independent conditions [G,=(In \),]:

lllzg(fl 2A12+f1 3A13)+ Ef Gw

3
2 1
)\a222: g(—fl’2312+f2’3323) + gz fY,ZGS’
s=1

3

)\a333 — %(—fl’SCB _f2,3C23) + %2 fs,SGX’
s=1

3
\a 112 (_fl 2(A22+BIZ) +2fl 3A23+f2 3Al3) + ;Efs’ch

s=1
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3

a3 = §(2f1’2A23 +f1’3(A33 + C'3) _f2,3A12) + %2 fs’3G5,
s=1

3
2 1
Na'22 = 5(fl,z(_Alz_'_Bzz) + 1385 4 2123423 4 §2f,1GS’

s=1

3

2 1
)\a223 — 5(_ 2f1,2A23 _fl,3BIZ+f2,3(_ B22+B33+ C23)) + 52 fx,3GS’

s=1
3

133_% 1,2 23 1,3(_ 213 33\ _ 2,3 423 l L1

Na'¥= ST+ A=A+ CF) -2 )+92f G,

s=1

3

)\61233 - %(_f],ch:i _ 2fl,3A23 + 2,3(_ 323 _ C22 + C33)) + %2 fS,ZGJ’

s=1

2
)\61123 - §(fl’2C22 +f1,3B33 +f2,3(_Bl2+ CIS)), (38)
3
1,2 1 1,20 422 12 1,3 423 23413 1 5,2
7= (AR 2B - fOAR 4 22AT) - 23, PG,
s=1
3
1,2 1 1,2 12 22 1,3 p23 2,3 423 1 1
f27 =3 (224 - B) - fOBR 4 f29A%) 4 23 PG,
s=1

3
1 1
1,3 — g(_fl,ZAZS +f1,3(A33 _ 2C13) _f2,3A12) _ 52 f’3GS5
s=1

3
1 1 )
=R (=240 - CF) - f2AF) + 2 2 G,
s=1

3
1 1
f§,3 - E(f‘l,ZAZ?) _fl,?)BlZ +f2,3(_ BZZ + B33 _ 2C23)) _ 52 f‘S,3GS’
s=1
3
1 1
%,3 — 5(fl,2cl3 _fl,3A23 +f2,3(_ 2323 + C22 _ C33)) + 52 fx,2GS7 (39)
s=1

and

%,3 +f1,3 — %(_fl,ZCZZ +f1,3(2333 _ 3C23) _f2,3(2312 + C13)),

_ %,3 +f1,2 — %(_fl,Z(zAB + BZ3) _fl,3B33 +f2,3(B12+ 2C13)) (40)
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We have eight equations for the nine derivatives }‘}(/ , and by differentiating these we have 18
independent conditions for the 18 second derivatives f}/. Thus the system closes. A solution is
determined by 12 parameters f;/(x,),fi4(Xo) at a regular point, and these parameters are con-
strained by at least eight linearly independent conditions. Thus the solution space, which is obvi-
ously of dimension =3 must be of dimension <4. We must still apply the conditions that the a'/*
are third-order Killing tensors.

Theorem 4: Let K be a third-order constant of the motion for a conformally flat superinte-
grable system with nondegenerate potential V,

3 3

K= 2 d¥(xy.2pwpi+ 2 b'(x.y.2)pe.
kji=1 =1

Then

3
b'(x,y.2) = 2 fH(x,y.2)Vj(x.y.2)
j=1
with fS+f-4=0,1<4€,j<3. The a’*,b" are uniquely determined by the four numbers

2 (xovoz0)s P (ovezo)s P (0v0sz0)s  f3 7 (K0:V0020)

at any regular point (xy,yo,2) of V.
Let

kj kj
Si=> aypi+ Wy, Sp= > agypp;+ W

be second-order constants of the motion for a superintegrable system with nondegenerate potential
and let A;(x, y,z):{a](‘{)(x, v,2)},i=1, 2 be 3 X3 matrix functions. Then the Poisson bracket of
these symmetries is given by

3
{81.8:h= 2 d(x,y.0)pwppi+ b (x.y.2)pe,

k.j,i=1
where
‘fk’éj = 2)\2 (ag)aff) - a](({)aj(g)) . (41)
J
Differentiating, we find
Y i . i0 i . i
ﬁ = 2)\2 ((?,-al(%)afl) + Cll(%)é'iaj(l) - (9[611(({)(1/(2) - af{)o'?,-a{z)) + Gifk’e. (42)
J

Clearly, {S;,S,} is uniquely determined by the skew-symmetric matrix [Agy), Aq)]
= Ap)Aqy—Aq)A(), hence by the constant matrix [A)(xg,¥0.20) »A(1)(X0,Y0,20)] evaluated at a
regular point, and by the number F(xq,Y0,20) =3 (X0»Y0»20)-

For superintegrable nondegenerate potentials there is a standard structure allowing the iden-
tification of the space of second-order constants of the motion with the space S; of 3 X 3 symmet-
ric matrices, as well as identification of the space of third-order constants of the motion with a
subspace of the space K3 X F of 3 X3 skew-symmetric matrices K3, crossed with the line F
={F(xp)}. Indeed, if x, is a regular point then there is a linear correspondence between second-
order symmetries S and their associated symmetric matrices A . Let {8,,8,}'={S,,S,} be the
reversed Poisson bracket. Then the map

Downloaded 23 Oct 2008 to 130.217.76.77. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/ijmp/copyright.jsp



103507-20 Kalnins, Kress, and Miller J. Math. Phys. 46, 103507 (2005)

18,8 < [A(U(Xo),A(z)(Xo)]

is an algebraic homomorphism. Here, S;,S, are in involution if and only if matrices A
X (Xp), A)(xo) commute and F(x¢)=0. If {S,S,} # 0 then it is a third-order symmetry and can be
uniquely associated with the skew-symmetric matrix [Aj)(Xo),A«2)(Xo)] and the parameter
F(x0). Let £V be the 3 X 3 matrix with a 1 in row i, column j and 0 for every other matrix element.
Then the symmetric matrices

A = L(gii g gy = 40D j=1,2,3 (43)
form a basis for the 6-dimensional space of symmetric matrices. Moreover,
[A), 4607 = %(5jk8(ie>+ 5j€B(ik)+ 8,800 + @eBOk)), (44)
where
B = 2(E1 - &)y = BY, i,j=1,2,3.

Here B%=0 and B"?,B%¥ B3V form a basis for the space of skew-symmetric matrices. To
obtain the commutation relations for the second-order symmetries we need to use relations (42) to
compute the parameter F(x,) associated with each commutator [ A% A%O] The results are
straightforward to compute, using relations (27).

Commutator 3FIN

[A12 A(D]= D —3AB_BB_G,
[A(IS),A(II)]:B(M) AlZ_B33+G2
[A(Zz),A(“):|=O _4A23

[.A(23),A(”)]=0 2(A22_A33)
[A(33>,A(]1)]:0 4A23
[A(l}‘)’A(lZ)]:%B(:iZ) %(3312—A22+3A33—G1)
[A(22>,A(12):|=B(2” —3BB-AB_G,

[A®Y, A12]=1BCD 1(-3B¥-3A4"2+2B7+G,)
[AGY A02]=0 2(BB-A1)

[ACD A03]=0 _op33
[A(23),A“3)]=%B(2') —C33+%Bz3—%A]3—'§G3
[AGY A013]=B6D A2+B¥4G,

[A®Y) AC2]=B62) AB_AR_B2_G,
[A(33)’A(22)]=0 _4A23

[ABY 403]= 56

A22_A33_B]2_G]

Suppose the dimension of the space of truly third-order symmetries generated by commutators
of second-order symmetries is 3. This means that whenever the matrices of two second-order
symmetries commute at a regular point X, , so that f12(xq,v0.20) =f"3(x0.Y0.20) =f>(x0» Y0, 20)
=0, then f37(xo,y0>20)=0. From the table above we see that

AB 0. AR=AB BB=AB BB-0.
Further, since [LA'?, AV]-[ A2 A(12]=0, etc., we have
Blz=—%A33, B22=2A12, C33=2A13.

Substituting these results into the integrability conditions for the potential and the symmetries, we
find that there exists a function U(x,y,z) such that

A¥=2(nU),, A”=-(nU),, AP=-(ln0),

where
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U,=U,=U,, U,=U,.=U,=0.
Note that U is an instance of the isotropic oscillator potential
U=a(x*>+y*+2) + Bx+ yy + &2.

(Further, the defining second-order symmetries for the isotropic oscillator are only weakly func-
tionally independent.) By analogy with the 2D Stickel transform studied in Ref. 2 (whose 3D form
will be studied in our next presentation) it is straightforward to see that the potential of our system
is a Stickel transform by U of the isotropic oscillator potential. By taking the inverse Stickel
transform we can obtain AY=BY=C%=0 for all i,j. Plugging these values into the integrability
conditions for the symmetries, we find that G;=G,=G3=0 so \ is a constant. Thus the Stickel
transformed system is just the isotropic harmonic oscillator in flat space.

Corollary 5: Let V be a superintegrable nondegenerate potential on a conformally flat space,
not a Stickel transform of the isotropic oscillator. Then the space of truly third-order constants of
the motion is four-dimensional and is spanned by Poisson brackets of the second-order constants
of the motion.

VI. THE STANDARD BASIS

To gain a deeper understanding of our standard basis structure, it is useful to reformulate the
problem of determining the second-order symmetries for a nondegenerate superintegrable poten-
tial. We set

W) =V, + 2V, + V3 + 1V

and substitute this result into W,-:)\Ej‘:lai-" V;. Additionally we must impose the Killing tensor
conditions,

a§z= _ Glalt_ G2d2l— G3a3’,
2af +af =— Ga" - Gya¥ - Gya¥, i#j,

aj +d+al*=0, ij.k distinct.
From the expressions for W; we obtain the equations for the a¥,

)\all=fi +f2A12+ 3A13+f”A]4,
7\a12=f§+f1A12+f2A22+f3A32+f11A24,

)\CllSZf;+f1A13+f2A23+f3A33+f”A34,

)\a22=f§+f1312+f2322+ 3B32 4 fl1p24, (45)
a2 =f§ + BB+ 2BY 4 3 4 B3
a3 =f§ +ICB 4 OB 4 OB+ I,
and the condition on the first derivatives of the f,
fé—ff:—f1A12+fz(Bu—A22) + B - AB) 4 F1(B14 — A%,
f% _ﬁ = FIAB 4 2(C12 — AP 4 (C1B = AB) 4 fII(CH - A3, (46)
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f% _fg =f1(C12_B13) +f2(c22 _B23) +f3(C23 _ B33) +f11(C24—BS4).

Note the expressions for f;' and f5' in terms of f',f%,f!1,

%1=_f1_f11(B12_A22), élz_fz_f“Alz, f§1=—f3—f“A13.

Differentiating (46) with respect to each of x;,x,,x; and substituting (45) into the Killing equa-
tions we see that we can express each of the second derivatives of f',f2, f° in terms of lower order
derivatives of f!,f2f>,f'!. Thus the system is in involution at the second derivative level, but not
at the first derivative level because we have only three conditions for the nine derivatives f; We
can uniquely determine a symmetry at a regular point by choosing the 10 parameters

12 B ol gl o o 2 2 3
(f »f ’f ’f ’fl’fZ’f3’f2’f3’f3)’
The values of f',72,f3,f'! at the regular point are analogous to the four parameters that we can

add to the potentials in the four parameter family. For our standard basis, we fix
(f! ,fz,f3,f“)xo=(0,0,0,0). Then from (45) and (46) we have

AR A\ faran

2R A& @ @

£ LA PEINIPEC RN
Thus we can define a standard set of basis symmetries SUV=3a"(x)p;p;+ W'/ (x) corresponding to
a regular point x, by

1 1 1
1 fl f2 f3 all a12 a13
2 2 2 j j
X fl f2 f3 — aZl (122 a23 =A(]k), WUk)(XO) =0.
f? f; fg % a31 a32 d33 %

The condition on WU is actually four conditions since WU¥ depends on four parameters.

Vil. MAXIMUM DIMENSIONS OF THE SPACES OF POLYNOMIAL CONSTANTS

In order to demonstrate the existence and structure of quadratic algebras for 3D superinte-
grable systems on conformally flat spaces, it is important to compute the dimensions of the spaces
of symmetries of these systems that are of orders 4 and 6. These symmetries are necessarily of a
special type. The highest order terms in the momenta are independent of the parameters in the
potential, while the terms of order 2 less in the momenta are linear in these parameters, those of
order 4 less are quadratic, and those of order 6 less are cubic. We will obtain these dimensions
exactly, but first we need to establish sharp upper bounds.

A. Quartic constants

We investigate the space of fourth-order constants of the motion

3 3
F= 2 d“ixy.dppwpi+ 2 b"y.2)pap,+ Wx,y.2), (47)
Chji=1 mg=1

which must satisfy {H,F}=0. Here a®*', b are symmetric in all indices.
The conditions are

ali = - 2> ﬁasiii’
N
N
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4a{”’+a}’”=—6z fas]u’ i# ],
s

3a{jll + 2a;ll] - _ E Isasm_ 32 Ksast]]’ i # j’ (48)

3ai* 4 af”’ +al=—6> fa“’k, i,j,k distinct,
S

2ay’ ky 2a§”k +a =— 2 f(a”‘” +a™), i,jk distinct,
s

b+ b + b =612 @'V, i,jk distinct,
s

2b + b =ONZ @V, = 2 b, i (49)

3
.‘ g
b;z =2\ E ameS _ E )\5 bm’

s=1 s

and

A bV, =W, (50)
Clearly, the a®* is a fourth-order Killing tensor. We require the potential V to be superintegrable
and nondegenerate. Also we require that the highest order terms, the a’*/" in the constant of the
motion be independent of the four independent parameters in V . However, the »"¢ must depend

linearly and W quadratically on these parameters.
We set

4

lﬂ'k — 2 fjk,avv(a’)’ fjk,a =fkj,a',

a=1

where W@ is defined by (18). Then conditions (49) take the form

axfk,a+axfj,a+ ax/kh,a_)\aahjk= - (51)

where the right-hand side depends only on the /% 1<j, k,h<3 and we set a*’*=0. From the
integrability conditions &X/_(ﬁW/ x;))=0,(dW/dx;),i# j for Eq. (50) we obtain the conditions

axjfﬁk,ll + 0, kB _ anfﬁj»a _ (;kaﬂ/jﬁ =, (52)

where the right-hand side depends only on the %% j#k,1<a,B<4 and we set f¥*=0.
There are 30 independent equations (51) with a# 4 and we use 15 of these to define the 15
components a/* as linear combinations of d, f/* and f/*. We can then eliminate the a”/* from
the remaining 15 equations to obtain 15 conditions relating J, ”fjk’“ and f/%¢ There are 18 terms of
the form d, Hfjk"l. Equations (52) with a=8=4 are satisfied identically. There are nine equations
(52) with B=4,1<a=<3 and 10 equations (51) with @=4. Thus all terms of the form d, Hfjk’4 can
be expressed as linear combinations of /¢ There are a total of 54 distinct terms of the form
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d, f&m 1<h,j,k,m=<3. We have seen that there are 15 conditions on these terms remaining from
(51); there are an additional 18 such conditions from (52) with «, 8# 4. Thus there is a shortfall
of 21 conditions on the first derivatives d, f/*".

There are a total of 108 distinct terms of the form Oy, O fk"” with 1 =<hj,k,€,m=3. Differ-
entiating with respect to x;,Xx,, and x5 the 15 first-order conditions of (51), from which the a’/*
have been eliminated, we obtain 45 independent conditions on these second derivatives. Differ-
entiating each of our expressions for the a’* and substituting into equations (48) we find 63
additional conditions on the second derivatives. This allows us to express each second-order
derivative as a linear combination of lower order derivatives, Thus the system is in involution.
Also, we can differentiate the 18 equations from (52) with «, 3+ 4 to obtain 54 additional con-
ditions on the second derivatives (which may or may not be independent of those already found).

We conclude that any fourth-order symmetry is uniquely determined by the values f/%%(x,)
and a subset of 21 of the values d, hfjk”"(xo) at a regular point x,. Note that by adding an appro-
priate linear combination of purely second-order symmetries to the fourth-order symmetry we can
achieve f*%(x,)=0 for all j,k,c, so the maximum possible dimension of the space of purely
fourth-order symmetries for a nondegenerate potential is 21.

B. Sixth-order constants

We take the general sixth-order symmetry for a nondegenerate potential to be of the form

L=2a"™Mpypppwip,+ 2" ppipipi+ 2 cipipi+ W,
where the functions a"7¥ bk ¢l are symmetric in all indices. Here a"7* is independent of the
parameters V,,,a=1,...,4,b"/ is a homogeneous quadratic polynomial in the W(® ¢¥ is homo-
geneous fourth order, and W is homogeneous sixth order in the W'®. The Poisson bracket of H
and £ is polynomial in the momenta and the parameters W(® and for it to vanish at a regular point,
each coefficient of this polynomial must vanish separately. The conditions are (for 1<i,j,k<k
and i,j,k pairwise distinct and for s=1, 2, 3)

6a{:iiiii iiiiii 152 V sjiiii

Jjiiii Jitii _ Y Aiiiii V sjjiii
a4 2a] = - 3 a 102

4a]]klll +2a1kiiii ajjiiii 62 A g kit _ E );\aakzm

s
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3a]jkkll+2ajkklll+2ak]jlll 902 )\Y sz]]kk 302 3 skkuz 302 Y xjjiii (53)

bllll+4b]lll_ 15)\2 asjuuw(s) 62 )\ Y]ll

..... A
me] " 3b]]ll _ 15)\2 i s) _ E f(zbsm + 6bS]jl)’ (54)

s s

bmk + blllj + 3b;ij= 15}\2 asmjkVV(s) _ 62 fbxzjk,

blljj + 2blljk + 2bljjk _ ]5)\2 aSllj_/kW(S) 22 (bstlk bsuk)

s

. Ny
C;l — 2)\2 bsmW(s) _ 2 fcsl’
s

s

27+ =N IWY - X NG (55)

s

ck + c kot ck] = 6)\2 bYW,

3 (= W= - (W), — ) ). G6)

We set

4
iz S ciieBylwB) e iiBe
a,B=1

There are 6 X 10=60 independent terms ¢-*#. There are 60 X 3=180 terms ¢ of which 108 are
of the form ¢, 54 are of the form ¢ and 18 are of the form c¢/** . Equations (56) give 30
conditions relatlng the derivatives ¢}" ij.af 18 conditions relating the derlvatlves c,(f 4 and 8 condi-
tions relating the derivatives ¢, The 100 independent equations (55) allow us to solve for the 15
terms b7¥* and the 45 terms b”k‘o ¥ where

4
bijkf — 2 bijk(’,aW(a).

a=1

Further, they yield 10 conditions relating the derivatives c};j 415 equations relating the derivatives

i and 15 equations relating the derivatives ¢/, Tt follows that all 18 terms of the form ¢/**
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can be expressed as linear combinations of the ¢”:*2, There are a total of 78 conditions on the
remaining 162 terms.

There are 360 terms ¢;*® of which we can ignore the 36 terms c;**. The 84 equations (54)
allow us to solve for the 28 terms a"/*"" and give 21 conditions for ¢;** and 35 conditions for
c};’f’. Further differentiating our previously obtained 78 conditions on the first derivatives we
obtain 78 X 3=234 conditions, 99 on c};*" and 135 independent conditions on cJ;". It follows that
all 108 terms of the form c{;** can be expressed as linear combinations of lower order terms and

ij,st

there is a total of 35+135=160 independent conditions on the 216 terms c/;". Finally, differenti-

ating the previous conditions obtained for the C;Z{}St and using the 31 equations (53) we obtain at

least 360 independent conditions for the 360 terms cjjef,i . Thus the maximal number of parameters

in a solution of the sixth order symmetry equations is 60+84+56=200, excluding the 35 inde-
pendent additive terms W@WE W),

We know that the dimension of the space of second-order symmetries for a superintegrable
system with nondegenerate potential is 6. Now let us suppose (as we will prove) the dimension of
the space of quartic symmetries is 21. Then there are exactly 84=21X4 independent sixth-order
symmetries that are also quartic symmetries, and 6 X 10=60 independent sixth-order symmetries
that are also quadratic. Thus the maximal possible dimension of the space of truly sixth-order
symmetries is 200—84—-60=56. We will show that this bound of 56 is actually achieved.

VIil. BASES FOR THE FOURTH- AND SIXTH-ORDER CONSTANTS OF THE MOTION

It follows from Sec. VII A that, for a superintegrable system with nondegenerate potential, the
dimension of the space of truly fourth-order constants of the motion is at most 21. Note from Sec.
VI that at any regular point x,, we can define a standard basis of six second-order constants of the
motion S =AW+ W) where the quadratic form A% has matrix A% defined by (43) and W%/ is
the potential term with W)(x,) =0 identically in the parameters W(®). By taking homogeneous
polynomials of order two in the standard basis symmetries we can construct fourth order symme-
tries.

Question: Is every fourth-order symmetry a polynomial in the second-order symmetries?

Answer: Yes Also the dimension of the space of fourth-order symmetries is exactly 21.

Theorem 5: The 21 distinct standard monomials S SUY, defined with respect to a regular
point Xy, form a basis for the space of fourth-order symmetries.

Proof: We choose the basis symmetries in the form

(1) (S(ii))2, S(ii)S(ij), S(ii)g(/'j), St Uk)
() S(ii)S(ij)_(S(ij))Z

(3) SIS _ Sl gk

for i,j,k=1,...,3 i,j,k pairwise distinct (three possibilities).

If we evaluate this set at the regular point the first class of symmetries will be
p?, p?pjpizp]z-, pizp Pr respectively, whereas the last two classes of symmetries will vanish. Thus the
only possible linear dependencies are those relating the six symmetries

F(12) — 8(11)8(22) _ (S<12))2, F(13) — 8(11)8(33) _ (8(13))2, F(23) — 8(22)8(33) _ (8(23))2,

G(Zs)=S(12)S(13)—S(”)S<23), G(13)=S(12)S(23)—S(22)S(13), G112 = g13)5(23) _ g(33)g(12)

The second-order terms in the symmetry F/) are
D) = AW 4 AU _ 5 4G i)

Now F) vanishes at the regular point but its derivatives at the point are
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}-Eij) =P]2Vi —PinVjs ]:;ij) :P,‘ZVj—PjPiVi’ f;cij) =0.
Similarly the second-order terms in the symmetry GU¥) are
GUP = AWDWR . ARy _ A gk _ gGRpyi)
Again G vanishes at the regular point but its derivatives at the point are

jk) _ 1 1 jk) _ 1 12 jk) _ 1 12
95’ )= 20PiVi+ pipilVi—pipiVis ,0 )= 2P Vi— 30 Vi g/? )= 2pi0Vi=3pi V.

Since V;,V,, V5 are arbitrary, it is clear that these six terms are linearly independent. Thus the 21
symmetries form a basis. Q.E.D.

Now we know that for a superintegrable system with nondegenerate potential the space of
purely fourth-order constants of the motion is exactly 21. Thus from Sec. VII B the dimension of
the space of purely sixth-order constants of the motion is at most 56. Again we shall show that the
56 independent homogeneous third-order polynomials in the symmetries S form a basis for this
space.

At the sixth-order level we have the symmetries

(1) (S(ii))3, (S(ii))ZS(ij)’ (S(ii))ZS(ij)’ (S(ii))ZS(ik)
for i,j,k=1,...,3 i,j,k pairwise distinct (18 possibilities),

(2) S(ii)S(ij)S(ij), S(ii)S(ij)S(ik), Stid) glii) kk)
(3) S(t’m)(s(ii)s(ij) _ (S(ij))2)

(4) S(fm)(s(ij)g(ik)_S(ii)S(/‘k))

for i,j,k=1,...,3 i,j,k pairwise distinct (18 possibilities).

Theorem 6: The 56 distinct standard monomials S"™SUWS™  defined with respect to a
regular X, form a basis for the space of sixth-order symmetries.

Proof: Rather than using the monomials directly we choose the polynomials in the forms
(1)-(4) above. Suppose some linear combination C of these 56 polynomials has identically van-
ishing sixth-order terms. This implies immediately that the coefficients of the first 28 polynomials
are zero. Thus C must be a linear combination of the six fourth-order symmetries F/), G of
Theorem 5. Now the first derivatives of the second-order terms in C all vanish at x,, so by the proof
of Theorem 5 the linear combination of fourth-order basis symmetries must vanish. Thus we must
have C=0. Then evaluating the expressions

&xhC(XO) = 0, &thCC(XO) =0.
and making use of the expressions for F7,G" in the proof of Theorem 5 it is straightforward to
show that the coefficients of all 28 terms in C must vanish. The 56 terms are linearly independent
and all nonzero linear combinations are truly sixth order. Q.E.D.
We conclude that the quadratic algebra closes.
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