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ABSTRACT

The dynamic demands of the contemporary educational landscape, which includes
a variety of digital tools and resources, require teachers to develop digital
competencies. This need is particularly pertinent for mathematics teachers in
developing countries like Pakistan, where there is a requirement to bridge the digital
divide and equip teachers with the knowledge and skills to integrate digital resources
into their teaching practices. Prior research has acknowledged the importance of
integrating digital resources in education; however, there is limited research on the
challenges and opportunities that high school mathematics teachers encounter

when using digital resources in resource-constrained environments like Pakistan.

This study aimed to investigate the digital competencies of high school mathematics
teachers in Pakistan, focusing on their knowledge, beliefs, practices, and experiences
in integrating digital resources into mathematics teaching and learning. To achieve
this aim, the study adapted the “Digital Competencies for Teaching Mathematics with
Technology” (DCTMT) framework. Employing a mixed-methods explanatory
sequential design, the study was divided into two phases for data collection. In Phase
1, quantitative data were collected through an online survey, which received a total
of 306 responses. I analysed the survey data using descriptive (Mean, Mode, Median,
and Standard Deviation) and inferential (intra- and inter-construct Spearman’s rho
(p) correlation tests) statistics. To further understand and explain important
quantitative results, semi-structured interviews were conducted in Phase 2 with six
(Phase 1) teachers. I analysed the qualitative data using pre-identified themes and

sub-themes based on the constructs of the DCTMT framework.

The results of both phases indicated that teachers held firm beliefs about various
aspects of mathematics education. Teachers expressed strong beliefs about
pedagogical practices and held positive beliefs about the importance of digital
resources for teaching and learning mathematics. Correlations were observed
between beliefs, teachers' reported ability to create videos, knowledge of dynamic
graphing software (DGS) and equation editors, and participation in professional
training. The findings revealed that most teachers possessed some level of digital

competency. Teachers predominantly relied on videos and graphics, indicating



potential bias and a gap in their professional development and training. They lacked
access to (particularly at school) and possessed a weak knowledge of mathematics-
specific digital resources like Dynamic Graphing Software (DGS). Other factors, such
as lack of resources, inadequate formal training, and limited professional
development opportunities, hindered their ability to integrate digital resources into
their teaching and learning of mathematics. However, the results indicated that
teachers could overcome some of these challenges through resilience and self-

learning initiatives.

The study findings suggest that equipping teachers with appropriate resources and
targeted professional development could enhance their digital competencies. This
would consequently promote equitable and diverse use of digital resources in
mathematics education. Within the confines of resource-constrained environments,
these findings support for nurturing teachers' resilience and cultivating a self-
learning attitude among them. Teachers who equip themselves with digital skills,
receive training and have the confidence to integrate digital resources develop digital

competencies, irrespective of resource constraints.

This thesis contributes to the understanding of high school mathematics teachers'
digital competencies in Pakistan and indicates the opportunities and obstacles they
encounter while using digital resources. This research inquiry provides empirical
evidence for the modified DCTMT framework and reveals significant
interconnections between the five constructs of the framework. The study reveals
critical insights into the intricate relationship between beliefs, access to resources,
and competencies in utilizing digital tools for mathematics education. This thesis
establishes a compelling link between training, self-learning, teachers'resilience, and
their digital competencies, highlighting the dynamic interplay that shapes
mathematics teachers' digital competencies. This thesis offers implications for
teachers’ professional development, curriculum design, and policy formulation. It
emphasizes the importance of supporting teachers with the resources and
knowledge to integrate digital resources and enhance mathematics education in

resource-constrained contexts.
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CHAPTER ONE

1. INTRODUCTION AND CONTEXT OF THE STUDY

1.1. INTRODUCTION

Globally, teachers are increasingly using digital resources, ranging from online
learning platforms to educational apps, to enhance student engagement and
facilitate learning. Like other educators, mathematics teachers are challenged to
rethink their teaching and learning approaches within this changing technology
landscape. To meet these challenges, mathematics teachers need to enhance their
digital competencies so that they can recognise and make use of the teaching and
learning opportunities that digital resources can provide. Digital competencies will
enable mathematics teachers to recognise and exploit the affordances provided by
computational and representational tools, dynamic geometry environments, virtual
manipulatives, and computer simulations of real-world phenomena. The need to
acquire digital competencies is particularly relevant to mathematics teachers in
developing countries like Pakistan, where bridging the digital divide is imperative.
(Golden et al., 2023) define digital divide as a gap between teachers with access to
information and communication technologies (ICTs) and the skills to use them, and
teachers without such access and skills. Equipping teachers with the relevant
knowledge and skills to integrate digital resources into their teaching practices is

crucial in bridging the digital divide.

The recent COVID-19 pandemic further highlighted the importance of digital
competencies, as schools around the world had to shut down and teachers were
required to move to online teaching and learning. In the context of developing
countries such as Pakistan, this transition was particularly challenging for numerous
reasons including limited access to technology, skills, and digital resources. At the
same time, the demands highlighted by the pandemic also presented an opportunity
to accelerate efforts to bridge the digital divide and investigate how these changes
impacted the use of digital technology in both online and face-to-face teaching and

learning situations.



In this research inquiry, my goal was to contribute to the ongoing discourse about
the importance of digital competencies in mathematics education and to offer
recommendations for enhancing the digital competencies of mathematics teachers
in Pakistan. The thesis starts with a narrative (Section 1.2) of how I developed a
research interest in the field of digital competencies for teaching and learning
mathematics. Following this, I present the general and specific context of the study
(Section 1.3), encompassing an overview of the education system, culture, and state
of mathematics teaching and learning in Pakistan. In Section 14, I highlight the
challenges in mathematics education at the high school level in Pakistan and the
factors affecting teachers and teaching quality within this context. Section 1.5 offers
a concise overview of the evolving digital technology landscape in Pakistan, notably
in the aftermath of the COVID-19 pandemic. In Section 1.6, the research focus and
the guiding research question(s) are delineated. A synopsis of each of the chapters in

the thesis is presented in Section 1.7.



1.2. PERSONAL STATEMENT AND RESEARCH INTEREST

As a mathematics teacher for nearly 15 years, I have learned that teaching is not just
about imparting knowledge but also about facilitating understanding. My teaching
career began at Bahria Foundation College, Karachi, where I initially believed that my
strong mathematical knowledge and communication skills were sufficient for
teaching. However, I soon realized that students needed more than just content
knowledge; they required guidance in navigating the abstract concepts of

mathematics.

Particular moments in the lessons highlighted the need to reimagine my role as a
mathematics teacher. One example that stands out to me is when I was teaching
Complex Numbers! . T noticed that several students were struggling to plot the
imaginary part on the XY plane. Their questions revealed confusion and a desire to
understand the practical applications of these concepts. They had questions like:
“Where does the imaginary part of complex numbers exist on the XY-plane? If this
number is ‘imaginary, how can we plot it on the XY plane™ As an experienced
mathematics teacher, I knew how to address these questions. I provided them with
some real-world examples, such as the oscillation of a pendulum and a 2D graph of
a complex plane. I also knew that 3D models could further help students to
understand complex numbers better than traditional methods. However, to teach
using such methods and resources, I needed both knowledge and access to digital
resources to support my pedagogical imagination. I learned that the combination of
knowledge, digital skills and access plays a pivotal role in actualizing my teaching

innovations and enhancing the learning experiences of my students.

As I continued to develop as a mathematics teacher, I came to appreciate the
importance of not just having strong mathematical knowledge, but also having the

skills and resources to respond to students' concerns in a way that resonated with

I Complex Numbers (C) extend the concept of Real Numbers (R). A complex number, denoted as z,
takes the formz = a + ib, here a and b belongs to R, and i is a solution to the equation x? = —1.The
term "imaginary"” is used because no R satisfies this equation. In the expression a + ib, a is referred
to as the real part, and b as the imaginary part. Despite being historically labeled as "imaginary,’
complex numbers are real numbers and play a fundamental role in describing various real-world
aspects in mathematics.



them. This included the use of digital resources for real-world examples and relevant
representations to clear up confusion and help students grasp the concepts. Now,
after witnessing the COVID-19 outbreak and living in a post pandemic world, I
recognise that having digital competencies is becoming increasingly important for
teachers. These competencies include being able to regularly use digital resources to
create interactive and engaging learning experiences that help students understand

mathematical concepts in both online and offline teaching situations.

1.2.1. Navigating digital competencies challenges in Pakistan:

Insights from two projects

In 2013, my interest in digital competencies was further boosted when I became part
of an exciting project called "Digital Education Streaming for Pakistan." I, along with
others, initiated the project to develop digital resources for high school mathematics
students and teachers in Pakistan. As the team leader, I co-authored and created
digital content for mathematics education. Within this collaborative endeavour, I
encountered diverse levels of teacher understanding in creating and using digital
resources. These experiences and expectations were particularly unique given the
context at that time, where the use of digital resources was not yet commonplace in
Pakistan. This situation presented a challenge, compelling me to foster a shared
understanding of using digital resources among teachers. For example, some
teachers were more comfortable with simply using them (users), while others were
more interested in designing and developing their own (designers). The variance in
comfort levels among teachers was accompanied by distinct perspectives. Teachers
who were only users of digital resources believed that digital resources might replace
them, while at the other extreme, there were teachers thought that using technology
would in itself improve student learning outcomes without any additional effort on

their part.

A further opportunity to extend my knowledge and application of digital resources
in education occurred when I worked for the Pakistan Navy School of Logistics
(PNSL). I worked at PNSL from 2010 to 2019 and had the opportunity of designing an
Operation Research and Business Mathematics curriculum with a global perspective.
This task required integrating a diverse range of digital tools in teaching methods to

accommodate the varying needs of curriculum and students from different
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backgrounds. For example, students from some countries such as China, were
accustomed to using specific software or online platforms that are not commonly
used in other countries. To meet these diverse needs, I realized that teachers must
be skilled in a wide range of digital resources and be able to adapt their teaching
styles accordingly. I learned that it is important for teachers to know how to embrace
this diversity of digital resources to create a curriculum that meets the needs of
students, resonating with their backgrounds and previous experiences with digital

resources.

My teaching experiences informed me that the process of integrating digital
resources into teaching is likely to be unique to each individual teacher. Factors, such
as their level of digital competence, content knowledge, as well as their teaching style
and preferences, may influence how they integrate digital resources into their
teaching. Although studies (de Araujo et al., 2017; Reisoglu, 2022; Trouche & Fan, 2018)
have explored the use of digital resources in mathematics classrooms, they have
often lacked a contextual understanding of developing countries like Pakistan. The
challenges of teaching mathematics in Pakistan may involve unique factors like
limited access, overcrowded classrooms, socio-cultural norms, and religious beliefs.
As the literature on digital competencies continues to strengthen and expand, there
is a growing need for multidimensional and contextual investigations in this area.
Recognising these exigencies, I decided to focus my own research inquiry on the use
of digital resources for mathematics teaching in Pakistan. Specifically, I aimed to
explore teachers' beliefs, current practices, and potential challenges related to using
digital resources and developing their digital competencies. The next section
provides the context of the study that includes an overview of mathematics

education in Pakistan.



1.3. THE CONTEXT OF THE STUDY

The context of this study lies at the intersection of the rapidly evolving educational
landscape and the ubiquitous presence of digital tools and resources. We live in the
post-pandemic era of technological advancements led by Artificial Intelligence (Al).
In this digital landscape, students are also skilled in using digital technologies, and
technology is seamlessly integrated into various aspects of their lives. This
pervasiveness of technology means that teachers worldwide require more time and
a higher level of digital expertise to deal with the challenges arising in both face-to-
face and online teaching and learning environments. In the pursuit of enhancing
teachers' digital competencies and especially those of mathematics teachers,
researchers need to evaluate the nature of these competencies in different contexts.
One such context is a resource-constrained environment, highlighting the problem
of the digital divide and analysing the fair distribution of access to mathematics
education. In the context of technology integration in education, (Mabila et al., 2017,
p. 15) defines resource-constrained environments as “environments that are
characterized by limiting economic circumstances, inadequate infrastructure, and
basic amenities.” Teachers have less-than-favourable circumstance to implement
technology within these environments with these constraints. They face challenges
related to electrical power and network connectivity as well as economic conditions

which are characteristic of low-income communities (Mabila et al., 2017).

Recognising the impact of resource-constrained contexts on technology-enhanced
teaching and learning is pertinent in the context of Pakistan, the site of this study.
Within Pakistan's educational landscape, integrating digital resources into
mathematics education poses both local and universal opportunities and challenges.
Challenges within Pakistan’s education system are an important backdrop to
implementing educational initiatives. Following its independence from British rule
on 14 August 1947, Pakistan has been striving to address concerns surrounding the
quality of education, a persistent issue evident in various national education policies.
Pakistan is an Islamic country with deeply rooted cultural and religious legacies
(Amirali & Halai, 2010). The country's educational landscape is characterized by the
location of a significant proportion of schools in rural and underserved areas,
catering for more than 60% of the population (UNICEF Pakistan, 2022). This rural

distribution poses distinct challenges for mathematics teachers in accessing and
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employing digital resources for educational purposes. Consequently, the availability
and accessibility of technology, along with teachers' digital competencies, plays a
critical role in influencing the integration of digital resources in mathematics
classrooms. Thus, understanding the opportunities and challenges experienced by
mathematics teachers in using digital resources in resource-constrained settings
becomes imperative. This study's relevance extends not only to the specific context
of Pakistan but also to other developing countries confronting similar educational

landscapes and technological limitations.

1.3.1. Education system in Pakistan

The education system of Pakistan consists of two levels: elementary (primary) and
secondary (high). Out of 53.8 million students, 29.2 million students are enrolled in
government institutions, whereas the remaining 24.6 million students attend private
sector institutions (Qadeer et al., 2022). The total number of high school students
across 41,312 schools is 6.07 million. Generally, Pakistani high school classrooms have

high student-to-teacher ratios and are overcrowded (Qadeer et al., 2022).

1.3.1.1.  Policy to Integrate ICT in Education

The constitution of Pakistan (Article 25A) mandates the state to provide free and
compulsory education to all children aged 5-16 years as a fundamental right. In line
with this, the National Assembly passed the Right to Free and Compulsory Education
Bill in 2012 (Constitution of Pakistan, 2012). However, despite this legal framework, a
significant number of school-aged children in Pakistan remain out of school (UNICEF
Pakistan, 2022). Pakistan is also bound by its international obligations as a signatory
to several organizations to fulfil its responsibilities of providing free and compulsory
basic education to its citizens. Key international organizations actively promoting ICT
in education include United Nations Educational, Scientific and Cultural
Organization (UNESCO), United Nations Children's Fund (UNICEF), Islamic World

Educational, Scientific and Cultural Organization (ISESCO) and international banks.

Two important statements highlighting inclusive, equitable and quality education are
the Incheon Declaration on Education 2030 and the ICT Strategy Guangdong. These
emphasize the use and importance of ICT under the Education for All (EFA) goals



since 2000 and the education-related Millennium Development Goals (MDGs),
focusing on lifelong learning for all through ICT integration. In addition, the Ministry
of Federal Education and Professional Training (2017) highlights the importance of
integrating ICTs in education across Pakistan. By 2025, the policy aims to prepare
students for the digital world and equip teachers with the necessary skills to facilitate
ICT-enabled learning experiences. The main pillars of ICT policy are providing access
to ICT in schools; use of ICT to strengthen quality of teaching and enhance student
learning; develop complementary approaches to ICT in education; build on best
practices in existing ICT programmes; and develop the capacity of education
departments. Integration of Computer and other digital devices like smart phones
for teaching and learning is needed to prepare students in early grades to be ready
for the digital revolution underway. It is important to note that the current policies
do not specifically state the current or expected level(s) of digital competencies for

teachers in Pakistan.

However, the implementation of these policies remained a challenge as the majority
of them were only partially executed, largely due to political instability and a lack of
sustained political commitment in Pakistan (Atique et al., 2024). Furthermore, the
existing national education and ICT policies fail to adequately encourage the use of
ICTs in education, let alone their meaningful integration into the teaching-learning
process (Ministry of Federal Education and Professional Training, 2017).
Consequently, the potential of ICTs to transform and improve educational practices

remains largely untapped (Memon & Tunio, 2022).

Moreover, after the 18th constitutional amendment in Pakistan, the responsibility for
education primarily shifted to the provincial governments (Siddiqui et al., 2021). Now
“each province is proceeding according to its own choices in developmental fields
that have already resulted in creating a vast gap among the provinces. The situation
is further aggravated in absence of a common platform for policy dialogue” (Ministry
of Federal Education and Professional Training, 2017, p. 90). Moreover, this
devolution has resulted in lower levels of education, both at primary and secondary
levels (Siddiqui et al., 2021). Especially in mathematics teaching and learning, as
recent National Achievement Test (NAT) results for 2023, show a concerning decline
in countrywide mathematics scores at the intermediate level (8th grade), with the

average score slipping from 42.7 to 41.6 out of 100 during the 2023-24 academic year
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(Pakistan Institute of Education, 2024). Moreover, based on international
benchmarks of mathematics achievement (TIMSS - Trends in International
Mathematics and Science Study), 73% of Pakistani high school students not reaching
the low benchmark of 400/1000 in mathematics (National Education Assessment
System, 2020).

1.3.1.2.  Deteriorating Infrastructure and ICT Deficiency at Government

schools

In Pakistan, the local infrastructure of most government schools is archaic and
deteriorating. Severe limitations often characterise the government schools, such as
a lack of basic facilities (Dundar et al., 2014; Memon & Tunio, 2022; Naviwala, 2019;
Siddiqui et al., 2021), inadequately trained and absent teachers (called ghost teachers)
(Jaffer, 2010), and a severe shortage of learning materials and books (Baron & Bend,
2023; Mahmood, 2011). The use of information and communication technologies
(ICTs) in government schools is extremely low. The Pakistani government has limited
funding for efforts to provide schools with basic ICT facilities to improve teaching
and learning outcomes (Baron & Bend, 2023). Limited efforts which are only targeted
towards urban government schools have been made to establish and update
computer labs and instal multimedia devices. More substantial actions, such as
providing ICT infrastructure and qualified teachers with digital skills, are required to
meet global standards (Atique et al., 2024; GCI, 2018). In contrast, private schools are
relatively well equipped with basic infrastructure and teaching staff. This is reflected
in the higher average enrolment ratio of 180 students vs. 146 students per school in
private vs. government schools (Shah et al., 2018). This disparity in resources and
infrastructure between private and government schools has implications for the
quality of education that students receive in government schools. Government
schools’ students face greater challenges in their academic development due to

limited resources and inadequate facilities.

1.3.1.3. Teacher professional development and quality of mathematics

education

Mathematics is a core subject taught in high schools in Pakistan. The National

Curriculum governs the content for teaching mathematics (Ministry of Federal



Education & Professional Training, 2018). This curriculum is developed in
consultation with all four provinces for each grade up to Grade 12 (Mahmood, 2011).
The National Curriculum of Mathematics lists the content of the curriculum, outlines
the learning objectives, and recommends teaching methods. Examination syllabuses
and papers specify what kinds of things students must do to acquire the
qualifications they need. Textbooks published by the examination boards, claim to
provide the information students need and the learning activities that will enable
them to meet the objectives of the curriculum (Mahmood, 2011; Mughal et al., 2021).
All the teacher do is deliver the curriculum as it has been defined (Ali et al., 2023).

In Pakistan, "training” and ‘“professional development" are often used
interchangeably, as evidenced by the Ministry of Federal Education and Professional
Training's nomenclature. However, in the context of educational technology and this
thesis, these terms have the following meanings. Training refers to short-term,
targeted programs designed to equip teachers with specific skills and knowledge,
particularly related to the immediate implementation of technology in their
classrooms. These programs focus on acquiring the technical competencies
necessary for using digital tools and educational software. In contrast, "professional
development” encompasses a broader, long-term process of continuous learning
and growth for teachers. It includes training but extends beyond the acquisition of
specific skills. Teacher training, therefore, can be seen as a step within the broader
framework of professional development. Training provides the necessary foundation
of technical skills (Wasserman & Migdal, 2019), whereas professional development
promotes an ongoing commitment to educational excellence and adaptability in the

face of technological advancements (Gegenfurtner et al., 2020).
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1.4. CHALLENGES IN MATHEMATICS EDUCATION: FACTORS

AFFECTING TEACHERS AND TEACHING QUALITY.

Several challenges impact the teaching and learning environment of Pakistani
mathematics classrooms. These challenges include teacher qualifications, student-
to-teacher ratio, availability of pedagogical resources, teaching practices and

feedback mechanisms.

1.4.1. Teacher qualifications and student-to-teacher ratios

Despite a substantial increase in new teacher hires since 2019, the persistent shortage
of well-trained teachers continues to impact the quality of teaching and learning
outcomes in Pakistan. Particularly at the middle (11 to 14 years old), high (15 to 17 years
old), and higher secondary (16 to 18 years old) school levels, the scarcity of subject
specialists remains a major obstacle to improving student learning outcomes
(Rizwan & Taniguchi, 2022). Notably, recent recruitment efforts have failed to address
the shortages of qualified mathematics teachers, leading to more pronounced

demand-supply gaps, especially in rural areas.

While precise figures on the number of teachers capable of teaching high school
mathematics are unavailable (UNESCO Institute for Statistics, 2020), the Pakistan
Education Statistics for 2022 reveal a total of 180,553 teachers (including
mathematics teachers) holding graduate or post-graduate qualifications. If this
cohort possesses the necessary expertise to teach mathematics, a theoretical ratio of
39 students per teacher at the high school level can be calculated. However, this ratio
is likely to be skewed due to contextual factors and constraints, such as not all
teachers being qualified to teach mathematics and not all students studying the
subject. Consequently, the actual ratio is likely to be higher, as evidenced by the

prevalence of overcrowded classrooms in Pakistan.

1.4.2.  Availability of pedagogical resources

Mathematics teaching in Pakistani high school mathematics classrooms revolves
around three primary resources: a teacher, a textbook, and a blackboard. The

textbook is the first resource that students get when they enter any class (Amirali &
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Halai, 2021). It is noteworthy that most students use this single textbook for the rest
of their academic year (Ministry of Federal Education & Professional Training, 2018,
p. 54). The content of the mathematics textbook adheres to the content, curriculum
guidelines, and standards set for teaching mathematics in the Pakistan National
Curriculum. However, this curriculum content has been subject to criticism.
Teachers, academic consultants, and politicians regularly highlight the fact that
archaic and monotonous content is commonly found in the curriculum of various
compulsory and elective subjects, including mathematics textbooks (Dundar et al.,,
2014; International Crisis Group, 2014). For instance, a report outlining the education
reforms in Pakistan mentioned that the textbooks of government schools in Pakistan
are “deeply flawed” with printing and content errors (International Crisis Group,
2014, p. 1).

Complementing the textbook is the conventional blackboard, used by teachers using
chalk derived from sedimentary carbonate rock. This pedagogical tool has
historically exerted a substantial influence, particularly within resource-constrained
environments like Pakistan. Blackboards' large writing surface enables mathematics
teachers to write, draw, explain, calculate a sequence of operations, and make
corrections, which can engage multiple students simultaneously (Wylie, 2011).
However, it is essential to note that the use of blackboards alone may not lead to
learning. The end goal of blackboard use in the mathematics classroom has been
memorization, achieved through students' imitation of the teacher's model (Wylie,
2011). Tt is imperative for teachers to possess both subject matter and pedagogical
knowledge to present accurate models or sequences of operations, ensuring
teaching and learning outcomes. However, the efficacy of mathematics education at
this level remains a subject of contention in Pakistan, largely due to the teachers’
inadequate content and pedagogical knowledge (Pakistan Institute of Education,
2024).

Technology is infrequently used in teaching because teachers believe it to be
complex, expensive, and scarce (Dundar et al.,, 2014). Memorization and rote learning
are especially prevalent in rural areas of Pakistan, where teachers often lack subject-
matter knowledge due to inadequate professional development opportunities
(Tayyaba, 2010). This leads to a lack of understanding and engagement of students,

hindering their academic progress and resulting in early dropouts and children not
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attending school (Shuja et al,, 2022). Currently, Pakistan has 22.8 million out-of-
school children aged five to 16, the second-highest number in the world (UNICEF
Pakistan, 2022). This means that 44% of children in Pakistan are not attending school
(Baron & Bend, 2023). Despite the government's efforts to provide teachers with
ongoing professional development and support, learning outcomes are not
improving. The existing pedagogical approaches have resulted in low student
achievement levels nationwide, with a significant proportion of school leavers failing
to meet the minimum standards in mathematics required by the curriculum

(Pakistan Institute of Education, 2024).

1.4.3.  Teaching practices and feedback mechanisms

Mathematics teaching time in Pakistan varies from 40 minutes to one hour per lesson
depending on the teacher. Typically, teachers spend their time in class writing and
solving questions from the textbook on the blackboard. Unfortunately, government
schoolteachers are often inadequately equipped with manuals or lesson plans,
whereas most private schools do not allow teachers to teach without them (Alam et
al., 2021). Moreover, due to high student-to-teacher ratio, it is common for teachers
to ask students to memorize solutions and applications after presenting calculations
on the blackboard. In government schools, half-yearly and final examination reports
are the formal (official) feedback mechanism. Private schools have established
monitoring and evaluation mechanisms, which rely on regular internal assessments
of cognitive attainment, and examinations (Jaffar, 2010). During the COVID-19
pandemic, the schools were closed for almost eighteen months. All formal
examinations and assessments were halted for the same time (Dawn, 2021). Most
students progressed to the next levels based on their previous year’s assessment
results (Zubairi et al., 2022). This led to significant challenges for high school students,
especially those in remote and underprivileged areas who already had limited quality

face-to-face learning time and minimal access to technology (ASER Pakistan, 2020).

1.4.4.  Student learning and the role of private coaching academies

in Pakistan

Students spend most of their classroom time imitating teachers’ solutions (answers,

calculations) from the blackboard (Akhter et al., 2015). In this process, the chances of
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actual learning and understanding the concept may depend on the student’s abilities
for spontaneous reading and writing (Wylie, 2011). In most of the cases, due to
insufficient time and high student-to-teacher ratios, students became passive and
constrained about asking questions (Mughal et al., 2021). Students barely get the time
to combine knowledge with understanding so that each informs the other (Beghetto
& Sriraman, 2017). Consequently, students prefer home tuition or join private
coaching academies (Alam et al., 2021). These academies operate as unregulated
private businesses. They cater to the individual needs and financial abilities of
students and their parents and are often favoured for their ability to improve
students' grades. This trend is particularly prevalent in the middle class (group of
people with moderate socioeconomic status), which comprises 38% of the

population in Pakistan (N. Hassan et al., 2022).

In summary, high school mathematics education in Pakistan faces various
challenges. They have limited opportunities, rely on rote learning and focus solely on
textbook problems (Amirali & Halai, 2010, 2021), while disregarding real-world
applications. Existing literature identifies several factors contributing to the poor
state of mathematics education in Pakistan. These include the quality of teachers'
education (Akhter et al., 2015; Halai, 2017; Shiraz & Qaisar, 2017), political hiring
practices (Naviwala, 2019), the presence of ghost teachers? (Jaffer, 2010), insufficient
teacher training (Amirali & Halai, 2021; Dundar et al.,, 2014; Naviwala, 2019), limited
use of technology (Dundar et al., 2014), unappealing job profiles, and bribery tainting
the hiring process (Naviwala, 2019). In many instances, teachers resort to direct
teaching methods that prioritize textbook content delivery through rote learning and
memorization (Amirali & Halai, 2021). According to (Skemp, 2006), memorization is
a way to acquire proficiency in several mathematical techniques in the classrooms

and it complements pedagogical resources such as textbooks.

2The term ghost teachers refer to those teachers who are on the payroll but do not
show up for their job (Jaffer, 2010).
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1.5. CHANGING DIGITAL LANDSCAPE AND LITERATURE ON DIGITAL

COMPETENCIES OF PAKISTANI MATHEMATICS TEACHERS

Over the last five years in Pakistan, particularly following the COVID-19 pandemic,
teachers have increasingly started using digital resources, particularly at urban
schools. In 2022, UNICEF Pakistan published a post-pandemic digital learning
landscape analysis. The report, Zubairi et al. (2022), which is based on 2366 teachers'
interviews across rural and urban regions of the country, highlights significant shifts
in using digital resources and the changing digital competencies of teachers. During
the COVID-19 pandemic, teachers used digital platforms (social media, and video
conferencing tools) for communication and teaching. The report, which is not
subject-specific, indicates limited (lower) use of web resources and less frequent use
of digital tools for student assessment. The report further mentioned variations in
adoption and use of digital resources based on school type and location indicating a
discrepancy in the level of digital competencies among teachers. For example, urban
and private schoolteachers have higher levels of adoption of digital resources,
implying a reasonable familiarity with technology and some level of digital
competence in these settings. The report suggests prevalent use of smartphones,
SMS, and messaging apps for communication among teachers showing their digital

skills to engage with students and parents through these channels.

Moreover, in STEM (Science, Technology, Engineering and Mathematics) context,
recent investigations by Ali et al. (2023), Aslam et al. (2022), and Makhdum et al. (2023)
highlight the challenges encountered by teachers in integrating technology into their
teaching practices. These challenges include limited access to technology,
inadequate training, and insufficient support from educational institutions. Ali et al's
(2023) survey of 566 STEM teachers in Karachi, Pakistan, emphasizes the need for
teachers to enhance both pedagogical knowledge and the use of technology. The
authors emphasize the importance of providing in-service teachers with access to
professional development opportunities to augment their capabilities in classroom
teaching and learning. However, the examination of PhD studies on mathematics
education in Pakistan reveals a historical focus on student-centric investigations, as
indicated by Higher Education Commission (HEC) of Pakistan'’s research repository.
Using the search criteria “mathematics AND education,” the repository revealed only

24 dissertations (1960-2020) related to mathematics education. Among these, five
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used “technology” in their titles, with none specifically addressing teachers’ use of

digital resources.

The above overview shows a gap in literature that highlights the use of digital
resources by mathematics teachers in Pakistan. There is a need for research
specifically focused on the digital competencies of mathematics teachers. Such
research could investigate teachers' ability to integrate digital resources, the benefits,
and challenges of using these resources, and teachers’ professional development
needs in this area. With these considerations in mind, this study aims to address the
lacunae in the available literature. In the next section, I present the aim and research

questions that guided this study.
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1.6. RESEARCH QUESTION

The aim of this study was to explore and understand the digital competencies of high
school mathematics teachers in Pakistan, focusing on their beliefs, practices, and
experiences in integrating digital resources into teaching and learning mathematics.
This study highlights the challenges and opportunities within the context of a
resource-constrained educational environment and recommends solutions for
enhancing teachers’ digital competencies. The overarching research question that

guided this study was:

Overarching research question (RQ):

What are the digital competencies of high school mathematics teachers in Pakistan?

This question was explored through the following sub-questions (SQs):

SQ1: How do Pakistani teachers' beliefs about mathematics teaching influence their

decisions to integrate digital resources in teaching and learning mathematics?

SQ2: What influences teachers to use digital resources well?

SQ3: How well do Pakistani teachers use digital resources to teach mathematics

topics?

SQ4: What professional development opportunities do Pakistani teachers have that

influences their digital competencies and approach to integrating digital resources?

SQ5: What are the barriers to and enablers for teachers using digital resources face-

to-face and online?

Aligned with this focus, (belief, practices, and experiences of integrating digital
resources), this study adapted and used the Digital Competencies for Teaching
Mathematics with Technology (DCTMT) framework, as proposed by Tabach and
Trgalova (2020). This theoretical framework served as a guide, offering a structured

approach to examining mathematics teachers’ digital competencies and their skills
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for using digital resources. Tabach and Trgalovéd's (2020) digital competencies’
framework includes dimensions, encompassing personal orientation (beliefs, values,
and preferences) (Schoenfeld, 2011), instrumental genesis (Haspekian, 2011; Thomas
& Palmer, 2014; van Dijke-Droogers et al., 2021), specialized digital resources
knowledge (SDRK), knowledge of digital resources and students (KDRS), knowledge
of digital resources and teaching (KDRT), and knowledge of digital resources and
curriculum (KDRC) (Tabach & Trgalova, 2019, 2020). These dimensions provided a
systematic approach to examining digital competencies, offering categories and
criteria for analysis. The framework also serves as a methodological tool for

structuring the analysis of the data within its defined dimensions and aspects.

To answer the overarching research question, using the digital competencies
framework, this study adopted a mixed-methods approach (comprising Phase 1 and
Phase 2) with an explanatory sequential design. In Phase 1, I collected quantitative
data using an online survey of high school mathematics teachers in Pakistan. The
survey received 302 responses, however, after screening, 270 responses were
suitable for analysis. Quantitative data from Phase 1 underwent descriptive and
inferential statistical analysis to unveil patterns and trends. Once Phase 1 was
completed, Phase 2 was initiated in which I collected qualitative data using semi-
structured interviews with six high school mathematics teachers. The Phase 2
investigation was designed to gain a deeper understanding of teachers' experiences
and perspectives, building upon the Phase 1 correlations and findings. Phase 2
employed thematic analysis using the pre-identified themes and sub-themes to
explore the qualitative dimensions of teachers' digital competencies. For both

phases, I collected the data during the COVID-19 pandemic and school lookdowns.

Triangulation was used as a validation technique for this mixed-methods research.
Quantitative data from an online survey and qualitative data from semi-structured
interviews were combined to gain a deeper understanding of the digital
competencies of high school mathematics teachers. The aim was to look for patterns,
similarities, and differences in teachers' responses as reflected in both sets of data.
The chosen explanatory sequential design aligned well with the study's purpose. The
integration of both quantitative and qualitative data collection methods enhanced
the understanding of the digital competencies of high school mathematics teachers

in Pakistan.
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This research adhered to ethical guidelines and was approved by the University of
Waikato Faculty of Education Ethics Committee on 06/04/2020 (Approval number:
FEDUO024/20, refer to Appendix H). Meeting these ethical requirements ensured
participant confidentiality, informed consent, and privacy were maintained

throughout the study.
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1.7. THESIS OVERVIEW

This thesis “digital competencies of high school mathematics teachers in Pakistan” is
divided into seven chapters. The synopsis of each of the chapters in the thesis is as

provided in the ensuing sections.

Chapter one introduces the thesis, presenting the personal statement and research
interests of the author. The chapter sets the context of the study within the Pakistani
education system, highlighting issues such as deteriorating infrastructure, ICT
deficiencies in government schools, and the state of mathematics education. It
delves into the challenges faced by mathematics teachers, including teacher
qualifications, student-to-teacher ratios, the availability of pedagogical resources,
teaching practices, and the role of private coaching academies. The changing digital
landscape and relevant literature are explored, leading to the formulation of the

research question and an overview of the thesis.

Chapter two provides a comprehensive review of the literature on digital
competencies for mathematics teachers. It begins with an introduction and explores
various aspects of digital competencies, including definitions, digital resources,
historical overviews, theoretical frameworks, and evidence supporting the
importance of these competencies. The review covers the complexity of digital
competencies, historical developments from the 1980s to the post-pandemic era,
and theoretical frameworks such as TPACK (Technological Pedagogical and Content
Knowledge), MKT (Mathematical Knowledge of Teaching), PTK (Pedagogical
Technology Knowledge), DAD (The Documentational Approach to Didactics), and
DCTMT. Further, the literature review indicates that DCTMT serves as a guide,
offering a structured approach to examining mathematics teachers’ digital
competencies and their skills for using digital resources. Then the literature review
discusses the evidence on digital competencies for mathematics teachers, with a
focus on problem-solving, dynamic graphing software, videos, interactive
whiteboards, and game-based learning. Before presenting the summary of the
literature review, the chapter considers the digital competencies of mathematics
teachers in developing countries. Finally, this chapter concludes with a summary of

the literature review.
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Chapter three outlines the methodology employed in this study, aiming to elucidate
the processes and approaches integral to the study. The chapter commences with
the research paradigm, the mixed-methods approach, and the explanatory
sequential design, which is employed, emphasizing its relevance in mathematics
education. The chapter then delves into the quantitative Phase 1 of this study,
elucidating the structure of the online survey instrument and the intricacies of the
pilot study, addressing aspects such as feasibility, quality measurement, and
response rate evaluation. Subsequent sections discuss participant recruitment,
survey distribution, handling outliers and missing values, and the validation and
reliability of the survey instrument. Phase 2 (qualitative) is introduced and
encompasses the recruitment of participants for semi-structured interviews and the
subsequent qualitative data analysis. Subsequently, I address methodological
strategies such as triangulation and reflexivity and ethical considerations, including
those related to the unique challenges posed by the COVID-19 pandemic. The
chapter culminates in a summary, encapsulating the key methodological decisions

and procedures that underpin the study's research design.

Chapter four presents the findings of Phase 1, focusing on quantitative data. It begins
with an introduction and proceeds to discuss teachers' demographic information,
their use of digital technologies, access to digital devices and the internet, and use of
digital resources. Blocks of data related to general beliefs about mathematics
teaching and learning, beliefs about digital resources, knowledge of digital resources
and students, and knowledge of digital resources and teaching are explored. The
chapter concludes with a description of overall correlations between these blocks

and a summary of the findings.

Chapter Five delves into the qualitative findings of Phase 2 of this study. It covers
general beliefs about mathematics teaching and learning, beliefs about digital
resources and their use, digital pedagogical resource knowledge (DPRK), barriers and
enablers in using digital resources, and changes in beliefs due to COVID-19. Finally,

a summary of the chapter's key points is presented.

Chapter Six provides a detailed discussion of the findings from both the quantitative
and qualitative phases. It explores teachers' beliefs about mathematics teaching and

learning, their access to and use of digital resources, and their knowledge of digital
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resources in relation to students, teaching, and curriculum planning. The chapter
explains correlations between different constructs of the digital competencies’
framework, highlighting the interplay between various factors influencing digital

competencies. A summary concludes the chapter.

Chapter Seven, the final chapter, serves as the conclusion of the thesis. It begins by
reiterating the main contributions of the study, emphasizing insights into teachers'
beliefs, the interplay between beliefs and digital competencies, and the link between
training, self-learning, and resilience. The chapter discusses the implications of the
findings for teachers, policymakers, and professional development providers. It
acknowledges the limitations of the study, particularly those related to the COVID-19
pandemic, potential framework limitations, and personal biases. The conclusion

ends with final thoughts on the overall importance of the research.
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CHAPTERTWO

2. LITERATURE REVIEW

2.1 INTRODUCTION

In this chapter, I examine literature on digital competencies in education and focus
on studies related to mathematics education in Pakistan. I seek to identify the digital
competencies that research studies have contended are necessary for high school
mathematics teachers. Furthermore, the review examines the literature to report on
how teachers across the world integrate digital resources in their teaching and

learning of mathematics.

The literature review commences with an exploration of the concept of digital
competencies, investigating what is regarded as constituting digital competence, and
outlines the digital competencies which are seen to be necessary for mathematics

education (Section 2.2).

In Section 2.3, I provide a historical overview of expectations of digital competencies
for teachers. This overview includes early developments, evolution of ideas over
decades, key initiatives, and major frameworks for examining the digital
competencies of teachers. Further details about frameworks such as Technological
Pedagogical and Content Knowledge (TPACK), Mathematical Knowledge of Teaching
(MKT), Pedagogical Technology Knowledge (PTK), and Digital Competencies for
Teaching Mathematics with Technology (DCTMT) and their use in mathematics
education are presented in Section 2.4. This section also includes views on the role
and influence of teachers' capabilities, competencies, beliefs, knowledge, and skills
in using digital resources. At the end of this section, I assert that the DCTMT (Section
2.4.9) offers a structured approach to understanding the digital competencies

required by mathematics teachers.

In Section 2.5, I present studies that highlight the role of digital competencies for

mathematics teachers in teaching. Section 2.5 also elaborates on the importance and
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use of various types of digital resources, such as videos and dynamic graphing
software (DGS). In Section 2.6, I present the obstacles teachers may encounter and
the advantages of digital resources, particularly in the context of developing
countries like Pakistan. Finally, in Section 2.7, I conclude by summarizing the key

findings and highlighting the gaps in the literature.
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2.2 DIGITAL COMPETENCIES

The following sub-sections draw on the literature to define the term digital
competence and competencies. Following this, discussion focusses on the
definitions found in several policy documents related to the use of digital resources

in mathematics education.

2.2.1.  Digital competence and digital competencies

In literature, the terms digital competence and “digital competencies are often used
interchangeably (Skantz-Aberg et al., 2022). However, while related, they encompass
distinct understandings and implications. Digital competence refers to the ability of
a person to use digital technologies across work, education, or daily life (Reddy et al,,
2020). Ferrari (2012) referred to digital competence as a broad set of skills,
knowledge, and attitudes that enable individuals to use digital tools and resources.
From this perspective, digital competence encompasses technical skills, information
literacy, communication, collaboration, and problem-solving, and digital citizenship
(Bozkurt & Uygan, 2020). In essence, digital competence represents the foundational,
multifaceted expertise required to function in a digital world. In the educational
context, digital competence may refer to the teachers' use of digital technologies
within pedagogical settings (Heine et al., 2023). Just as teachers require various forms
of professional knowledge, including content knowledge (CK), pedagogical content
knowledge (PCK), and general pedagogical knowledge (GPK), they also need to
develop digital competence to navigate the complexities of integrating technology
into teaching (Guerreiro, 2017; G. Kaiser & Konig, 2019; Shulman, 1986). This
competence extends beyond technical skills to encompass cognitive performance
dispositions that are responsive to the demands of digitalization in schools

(McFarlane, 2019; Selwyn, 2012).

In contrast, digital competencies refer to the specific abilities and proficiencies that
contribute to an individual's overall digital competence (Reisoglu, 2022). Digital
competencies may include proficiency in using particular software applications (e.g.,
data analysis with Microsoft Excel, graphic design with Photoshop), being adept in
the use of digital resources for specialized tasks (e.g., data visualization, content

creation), and or in-depth familiarity with industry-specific digital best practices and
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tools (e.g, programming languages, cybersecurity protocols, digital marketing
techniques). Importantly possessing digital competence does not imply mastery of
all potential digital competencies, as these specialized abilities may vary depending
on the context or domain (Reisoglu, 2022). In summary, digital competence is the
overarching, multidimensional capacity to operate in digital environments, whereas
digital competencies are the skills and abilities that contribute to and enable that
broader competence in the various contexts of an individual's home and working
life. Developing digital competence involves the acquisition of the range of relevant
digital competencies needed to achieve one's specific goals and requirements (Caena

& Redecker, 2019; Reisoglu, 2022).

Associated with digital competence is the availability of digital resources (DR). Ferrari
(2012) considers digital competence as a “moving target” due to the ever-evolving
nature of digital resources that an individual can engage with across their work,
education, and life. Without an understanding of digital resources, a person cannot
become digitally competent because digital competence involves the appropriate
use of digital tools and resources. (Ferrari, 2012). Therefore, in the context of this
research, it is important to understand what the term digital resources constitutes
and what the digital resources for teaching and learning mathematics are,

particularly at the high school level.

2.2.2.  Digital resources (DR)

There is inconsistency in how the term ‘digital resources’is defined in the research
literature (Heine et al, 2023). The term, digital resources (DR) is frequently used
synonymously with digital content materials (Gaffney, 2010) or digital curriculum
resources (Pepin, Choppin, et al.,, 2017) that can be used in a variety of formats by
teachers. For example, Intel Corporation (2011) provides a list of common
components of DR referring to them as digital content. Intel's list includes
multimedia components such as images, graphics, infographics, audios, videos, texts,
animations, simulations, and interactive games. Intel's definition specifies
components of DR; however, it is more focused on the digital content than the

broader set of tools and applications encompassed by digital resources.

26



Another way of conceptualising digital resources is to describe them as online
curriculum content. For example, Gaffney (2010), refers to digital resources as online
curriculum content that can be used and customised by teachers in a variety of
formats, including interactive multimedia resources, interactive assessment
resources, and digital curriculum resources, which have been sourced from cultural
and scientific institutions and private collections. Gaffney's conception of DR as
digital curriculum resources resonates with the view of (Pepin, Choppin, et al., 2017).
These authors describe digital curriculum resources as an elastic concept starting
from one-off worksheets to a full range of curriculum programmes. Pepin, Choppin
et al. (2017) suggest that the focus of the definition should be on digital resources in
electronic formats that can organise and communicate curricular content for
specific age groups, levels, grades, and topics. Other examples of digital resources
that have been noted in the literature include e-books, online databases, web
applications, social media platforms, and multimedia educational resources
(Alberola-Mulet et al., 2021; Clark-Wilson et al., 2020).

There have been recent attempts to arrive at a comprehensive definition of digital
resources. For example, Heine et al. (2023) conducted a systematic literature review
to analyse the definitions of digital resources. Their review analyses the definitions
of digital resources in 23 articles and examines and compares their facets in the
context of digital competencies. Based on their review, (Heine et al., 2023) define
digital resources in education as digital or technical tools that provide knowledge,
innovation, and interaction. These tools can be accessed through hardware, such as
computers, smartphones, laptops, and interactive whiteboards. (Heine et al.,, 2023)
include hardware as a digital resource and argue that hardware is used as a
presentation medium and correspondingly also serves as a source of knowledge. In
their definition, the authors indicate that digital resources can be used for content
delivery (including communication, connection, and exchanging feedback and
information) and content creation (developing, modifying, and designing teaching
materials). Heine et al. (2023) provide examples of digital resources such as emails,
digital textbooks, social networks, platforms, blogs, clouds, websites, online
information, software, apps, programmes, simulations, and multimedia content. In
summary, (Heine et al, 2023) explain digital resources as tools that promote
innovation, interaction, and knowledge in 2Ist-century schools. The definition is

derived from technological, educational, and pedagogical perspectives. These
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perspectives consider digital resources as technical tools accessible through
hardware, facilitating content delivery, creation, innovation, interaction, and
knowledge enhancement in 2Ist-century educational environments. These
perspectives collectively acknowledge digital resources as integral to teachers'
professional digital competence, emphasizing their role in teaching and learning

processes..

In the following section, I use the definitions discussed in Section 2.2.2 to establish a

definition of digital resources in the context of teaching and learning mathematics.

2.2.3. Digital resources for teaching and learning mathematics.

There is no agreed definition of what constitutes DR for mathematics. However,
based on the reviewed definitions, digital resources for mathematics may refer to the
educational content that the mathematics community (teachers, students,
institutions, developers, and others) design, develop, customise, use, and update, and
that is available both online and offline, and may contain multimedia components as
well as dynamic interactive features. The definition includes multimedia as
numerous studies (e.g., Gaffney, 2010; Heine et al., 2023; Pepin, Choppin, et al., 2017;
Tabach & Trgalova, 2020) consider them important in digital learning and as
“particularly valuable in helping students acquire the initial mental imagery essential
for conceptual understanding” (Miller, 2009, p. 396). In addition, dynamic graphing
systems (DGS) such as GeoGebra, Cabri, and Geometers Sketchpad (GSP), dynamic
geometry tools, algorithmic programming languages, spreadsheets, data loggers
(motion detectors and GPS), computer algebra systems (CAS), online calculators,
wikis, academic networking with students and experts are available to further

enhance DR for mathematics education (Alabdulaziz, 2021; Dockendorff, 2020).

To ensure clarity and consistency in my thesis, [ have adopted the definition of digital
resources for mathematics teaching and learning as outlined in Section 2.2.3.
Therefore, every time I use the term "digital resources,’ it will refer to the definition
provided in Section 2.2.3. The next section presents digital competencies as defined

in different frameworks.
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2.2.4. Digital competencies in different frameworks

Educational policy documents in several countries emphasise the development of
the technological knowledge and skills of teachers as one of the key targets of
professional development programs (Kelentri¢ et al., 2017). Documents such as the
Digital Literacy Framework (DigEuLit) DigComp 2.I: The Digital Competence
Framework for Citizens (European Union), DigCompEdu (2017), Professional Digital
Competence Framework for Teachers (Norway), Information Communication
Technologies Framework for Schools in Ireland (NCCA), and UNESCO ICT
Competency Framework for Teachers, emphasise the acquisition of digital
competencies for teachers and students. The various frameworks that exist provide
similar definitions of digital competence. For instance, (Martin & Grudziecki, 2006)
define digital competence in the Digital Literacy Framework (DigEulLit Project) as

follows.

Digital competence covers a wide range of topics, encompasses skill levels
from basic visual recognition and manual skills to more critical, evaluative,

and conceptual approaches, and also includes attitude and awareness (p. 255).

Martin and Grudziecki (2006) present digital literacy as a three-level framework as
shown in Figure 1 (p. 30) (Martin & Grudziecki, 2006): digital competence, digital
usage, and digital transformation. These authors consider digital competence as the
foundational level of digital literacy. They define digital literacy as individuals'
capacity to use digital tools to access, manage, integrate, assess, analyse, and
synthesize digital resources. These skills enable them to generate new knowledge,
craft media content, and engage in communication within specific life contexts, all
with the goal of facilitating social engagement and capacity for reflective thinking on

these actions.

Martin and Grudziecki (2006) organised an understanding of digital competence
around thirteen processes: statement, identification, accession, evaluation,
interpretation, = organization, integration, analysis, synthesis, creation,
communication, dissemination, and reflection. They explain that to solve a problem
or a task, users can sequentially carry out these processes with digital tools in

working with digital resources of any type. These authors argue that the regular
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application of digital competence within a specific professional realm is mandatory
to reach the ultimate level of digital literacy i.e., digital transformation. Such a level
allows user to create, innovate and “stimulate significant change within the
professional or knowledge domain” (p. 259). However, it is recognised that every user
does not need to attain digital transformation. The level of digital competence as
shown in Figure 1 (p. 30) is seen to provide sufficient knowledge and skills to operate

in a digital environment.

Figure 1
Digital Literacy framework by Martin and Grudziecki (2006)

Digital Literacy Framework

Digital Transformation

Innovation and Creativity

4

-

Digital Usage

Professional/ discipline application

A

-

Digital Competence

Skills, concepts, approaches, attitude etc.

Note. The three levels of the Digital Literacy Framework: Digital Competence, Digital
Usage, Digital Transformation. From “DigEulLit: Concepts and tools for digital literacy
development,” by Martin and Grudziecki, 2006, /nnovation in teaching and learning

in information and computer sciences, 5(4), p. 255.

Martin and Grudziecki's (2006) concept of digital transformation aligns with (Verillon
& Rabardel, 1995) theory of instrumental genesis. It emphasizes that teachers must
acquire knowledge about digital tools and use them regularly for specific tasks, both
professionally and personally. An illustrative example, offered by (Haspekian, 2011),
involves teachers using a spreadsheet like Microsoft Excel for basic functions such

as attendance recording. Haspekian (2011) explains that through continuous
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engagement, teachers gradually develop advanced skills, including automated
grading and data organization for research. This process transforms the spreadsheet
from a simple tool into a potent instrument for teaching and research, exemplifying
instrumental genesis in the digital resource context. The idea of instrumental genesis
introduced by Verillon and Rabardel (1995), underscores the evolution of a tool into
a functional instrument as users continuously interact with it while executing
specific tasks (Bozkurt & Uygan, 2020; Trouche, 2004).

Martin and Grudziecki's (2006) framework provides a foundation for understanding
digital competencies. However, its broad scope and focus on a single linguistic
context limit its application. Pangrazio et al. (2020) highlight this limitation,
demonstrating how the concept of digital literacy translates differently across
English, Spanish, and Scandinavian contexts. For example, the broader term digital
literacy in English-speaking countries is often narrowed down to digital competence
or digital Bildung in Spanish and Scandinavian contexts, reflecting a stronger
emphasis on specific skills relevant to their educational systems and cultural

practices.

This tension between the conceptual, practical, and political dimensions of digital
literacy is further amplified by the rapid evolution of technology. Reddy et al. (2020)
argue that Martin and Grudziecki's (2006) definition may need to adapt as new
technologies emerge and transform how people interact with digital tools. While
Martin and Grudziecki (2006) rightly emphasize the multidimensional nature of
digital literacy, encompassing technical skills, cognitive abilities, and ethical
considerations, a focus on digital competencies might be more practical. Digital
competencies prioritize the application of these skills within specific contexts. By
focusing on the tasks individuals need to perform in particular situations, the
concept of competencies offers a more actionable approach to digital literacy. Ferrari
(2012) instead of using digital literacy, prefers the term digital competence,
understanding it as the set of knowledge, skills and attitudes needed today to be
functional in a digital environment. Ferrari argue that “moving towards competences
instead of literacies requires taking into account attitudes, which are often left aside
in certification and assessment discourses, but which are so intertwined with
knowledge and skills to be often difficult to isolate” (p. 19). Ferrari (2012) analysed 15

frameworks to identify the key components of digital competence in terms of
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knowledge, skills, and attitudes. Ferrari developed digital competence descriptors
and proposed a roadmap for the possible use and revision of a digital competence
framework and its descriptors for all levels of learners. Ferrari (2012) adjusted the

existing definitions and defined digital competence as follows:

Digital Competence is the set of knowledge, skills, attitudes (thus including
abilities, strategies, values and awareness) that are required when using ICT
and digital media to perform tasks; solve problems; communicate; manage
information; collaborate; create and share content; and build knowledge
effectively, efficiently, appropriately, critically, creatively, autonomously,
flexibly, ethically, reflectively for work, leisure, participation, learning,

socialising, consuming, and empowerment (p. 3).

The above definition of digital competence provides a broad overview
encompassing knowledge, skills, and attitudes; however, it does not explain overlap
between competencies. For example, information literacy (ability to find, evaluate,
and use information effectively and ethically) overlaps with digital media literacy and
critical thinking (ability to assess the quality and relevance of information sources),

making it challenging to clearly distinguish between them.

Another framework, the Digital Competence for Citizens (DigComp 2.1) (Carretero et
al., 2019), defines five areas of individual digital competencies. The framework does
not provide a precise definition. However, it explains that an individual is digitally
competent when s/he can demonstrate skills in the following five areas: 1)
information and data literacy 2) communication and collaboration 3) digital content
creation 4) safety and 5) problem-solving skills. The framework provides exhaustive
details for each area and its respective dimension pertinent to education, training,

employment, and lifelong learning (Carretero et al., 2019).

Specifically designed for the digital capacity building of teachers, the DigComp
developed a separate framework called DigCompEdu. This framework was
introduced in 2017 by the European Commission to help teachers develop their
digital competencies. Compared to other frameworks, DigCompEdu takes a holistic
approach to the pedagogical knowledge and skills of teachers, including learning

methods and techniques (Reisoglu, 2022).
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DigCompEdu defines the digital competence of teachers by proposing 22 elementary
competencies organised in six areas: professional engagement, digital resources,
teaching and learning, assessment, empowering learners, and facilitating learners’
digital competence as shown in Figure 2 (p. 34) (Redecker, 2017). Each area has a
series of competencies that “teachers must have in order to promote effective,

inclusive and innovative learning strategies, using digital tools” (Redecker, 2017).

In DigCompEdu framework, Area 1 (professional engagement) is directed at teachers’
use of digital technologies in professional interactions and communication with
colleagues, learners, parents, and other interested parties. Furthermore, this
communication through technology allows for individual professional development
and collective and continuous innovation in an educational organisation (Cabero-
Almenara et al., 2020). Area 2 (digital resources) looks at the competencies that
teachers need to use, create, and share digital resources. Likewise, this area indicates
that teachers must know how to use and administer digital content responsibly,
respecting an author’s rights and protecting personal data. Area 3 (teaching and
learning) is dedicated to managing and orchestrating the use of digital technologies
in teaching and learning. Cabero-Almenara et al. (2020) call this digital pedagogy i.e.,
knowing how to design, plan and implement the use of digital technologies in all the
phases of the teaching process, and promoting student-centred approaches and
methodologies. Area 4 (assessment) addresses the use of digital strategies to enhance
assessment. Area 5 (empowering learners) focuses on the potential of digital
technologies for learner-centred teaching and learning strategies adapted to the
competence level, interests and learning needs of each student. Areas 6 (facilitating
learners’ digital competence) details the specific pedagogical competencies required

to facilitate students’ digital competence.

These six areas may jointly represent the competence level for teachers. According
to DigCompEdu, teachers with different experience and contact with educational
technology may fall in any one of the six levels (Novice level (A1), Explorer (A2),
Integrator (B1), Expert (B2), Leader (C1) and Pioneer (C2)).
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Figure 2
The DigCompEdu framework (2017)
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Note. The Figure shows three main areas (professional, pedagogic and learners’
competences) and their respective sub-areas of digital competencies for teachers.
From “European Framework for the Digital Competence of Educators: DigCompEdu,’

EUR 28775 EN. Publications Office of the European Union, Luxembourg, 2017, p. 8.

Although DigCompEdu is a useful framework to capture and describe teacher-
specific digital competencies, it is not without its drawbacks. Further contextual,
subject-specific, and situational (such as COVID-19) adaptation in the frameworks
are needed to meet changing requirements for skills and competencies. For example,
during the COVID-19 pandemic, teachers were compelled to transition to online
teaching quickly. Due to the urgency of the situation, some teachers may have
bypassed certain competencies levels outlined in the framework and focused only
on learning the tools needed for initiating online teaching, such as video
conferencing via Zoom, Microsoft Teams, and Google Meet (Calder et al, 2021;
Syahrin et al,, 2023). These self-trained teachers may have progressed to different
competence levels in online teaching environments, making it difficult to assign a

competency level based on DigCompEdu.

Although the DigCompEdu framework provides general descriptions of digital
competencies, it does not offer concrete examples or practical guidance for teachers

to develop those competencies (Zhao et al., 2021). Gonzalez et al. (2017) noted that
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the framework does not fully consider the needs and perspectives of learners and
suggested that it could be expanded to include more learner-centred approaches.
They further articulate that the framework could be strengthened by including more

attention to ethical and social issues related to digital technologies.

Another framework aims to extend the scope of digital competencies. Kelentri¢ et al.
(2017) in the Professional Digital Competence Framework for Teachers (Norway)
define digital competence as including a wider range of 21st-century skills: creativity,
critical thinking and problem solving, collaboration; communication; Information
and Communication Technology (ICT) literacy; and social and/or cultural

competencies [including citizenship]) as follows:

The confident, critical, and creative use of ICT to achieve goals related to work,
employability, learning, leisure, inclusion and/or participation in society.
Digital competence is a transversal key competence, which enables the
acquisition of other key competencies. It is related to many of the so-called
21st Century skills, which should be acquired by all citizens, to ensure their

active participation in society and the economy (p. 12).

Kelentric et al. (2017) conceptualizes digital competence as a transversal key
competence. Their concept is similar to the other definitions presented in this
section, as it signifies digital competence as a skill set applicable across various
domains of life and learning. That is, digital competence empowers individuals to
use information and communication technologies (ICT) to achieve goals in work,
education, leisure, and social participation (Ferrari, 2012; Ghomi & Redecker, 2019;
Reisoglu, 2022). The framework emphasizes the importance of digital competence
in the teaching profession and provides a set of competences for teachers to develop.
The framework is adaptable and flexible, allowing for customization and integration
into existing teacher education programs (Nagel et al., 2023). However, it has been
argued that it lacks specificity and places too much emphasis on technology and
digital tools, and not enough on pedagogy and the specific educational context (Nagel
et al., 2023; Starkey & Yates, 2022).

There is considerable similarity between the frameworks (Cabero-Almenara et al.,

2020). The discussion of these frameworks highlights that digital competencies are
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more than just the ability to use software or operate digital devices. In general, these
frameworks conceptualise digital competencies as the knowledge, skills, and
attitudes required to make appropriate use digital technologies and tools for
communication, information, and problem-solving purposes. The frameworks also
recognise that digital competencies include the ability to navigate, analyse, and
evaluate information, communicate using digital resources, and engage in

responsible and ethical online practices (Redecker, 2017).

2.2.5. Digital Competencies for high school mathematics teachers

For the teaching of mathematics, digital competencies and skills may refer to some
distinctive specific abilities. Studies (e.g., Dockendorff, 2020; Pepin, Choppin, et al,,
2017; Pepin, Gueudet, et al., 2017) have shown that, to teach mathematical concepts,
it is crucial for teachers to have knowledge and skills to use digital resources that
enable dynamic and multiple representation of mathematical concepts. Teachers
need to acquire competencies, a process that involves specific ways of dealing with
and using the tools or resources, holding specific beliefs and values about them, and
engaging in specific social interactions with them (Tabach & Trgalova, 2019). Over
time teachers need to develop appropriate knowledge of particular digital tools, use
them to perform tasks in certain ways and then continue to use them for both
professional and personal purposes (Haspekian, 2011; Siedel & Stylianides, 2018;
Trouche et al, 2020). Verillon and Rabardel (1995) refer to this process of
appropriating tools (in our case, digital resources) as an instrumental approach.
These authors introduced an important concept called instrumental genesis through
which an available tool becomes a functional instrument for the user while
performing a particular task over time (Bozkurt & Uygan, 2020; Trouche, 2004).
Verillon and Rabardel (1995) further defined instrumental genesis as having two sub-
processes. First, artifact-oriented instrumentalization that focuses on how the tool
itself evolves or adapts through use. For example, a teacher might create custom
templates or macros within a digital tool to improve its functionality for their specific
needs. Second, subject-oriented instrumentation, which refers to the development
of the user's knowledge and skills in using the tool. The teacher, in this case, develops
a deeper understanding of how the tool can be used for teaching specific

mathematics topic.
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Tabach and Trgalova (2020) articulate that mathematics teachers’ digital
competencies may include their ability to select and integrate digital resources, adapt
them to diverse learning needs, and orchestrate meaningful learning experiences.
Teachers’ knowledge of digital resources such as multimedia objects, games,
animations, simulations, and software allows them to teach mathematical concepts
by establishing their connections with real-world contexts (Karakog & Alacaci, 2015).
In essence, high school mathematics teachers' digital competencies can be
understood as the skills, knowledge, and abilities that they need to integrate digital
resources into their mathematics teaching at the high school level (Tabach &

Trgalova, 2019, 2020). These competencies may include:

e Knowledge of technology tools and resources that can support
mathematics instruction at the high school level, such as graphing
calculators, dynamic graphing software (DGS), and mathematical
modelling software (Albano & Dello lacono, 2019; Dockendorff, 2020).

e Ability to design and implement technology-enhanced mathematics
lessons that are aligned with high school curriculum standards and
student learning objectives (Bozkurt & Ruthven, 2017; Bozkurt & Uygan,
2020).

e Familiarity with online and digital resources for high school mathematics,

such as e-textbooks, simulations, and interactive activities.

o Ability to use technology to differentiate instruction and provide
personalized learning experiences for high school students (Clark-Wilson
etal, 2020).

¢ Understanding of how to integrate technology into assessment and
evaluation of high school student learning, including the use of online
assessments, grading software, and learning management systems (Pepin,
Choppin, et al., 2017; Yerushalmy et al., 2017).

e Familiarity with data analysis and statistical software, including the ability
to use technology tools to track high school students’ progress and make
data-driven instructional decisions (van Dijke-Droogers et al., 2021).

e Understanding of online safety, security, and ethical considerations

related to the use of technology in high school mathematics instruction
(Caena & Redecker, 2019; Ferrari, 2012; Chomi & Redecker, 2019).
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This study used the definition provided in this section for high school mathematics
teachers' digital competencies. Understanding these competencies can serve as a
roadmap for integrating technology into mathematics teaching and preparing

students for success in a digital world.

2.2.6. The complexity of digital competencies in the educational

context.

In schools, digitalization (using digital technologies to improve processes, workflows,
and overall functioning) has created a complex school environment. Teachers need
to rethink and transform traditional educational practices by integrating digital
technologies (Pettersson, 2018). Schools need to develop strategies to support the
digital competencies required for high-quality teaching and learning. Various studies
have attempted to elaborate on the digital competencies needed for teachers, with a
focus on pedagogical aspects as specific characteristics of digital competence
(Ghomi & Redecker, 2019; Heine et al., 2023; Redecker, 2017; Starkey & Yates, 2022).
Pettersson cites several studies, including From (2017), Vanderlinde and van Braak
(2010), and Wastiau et al. (2013) that support embedding the pedagogical aspects of

digital competence, not only for teachers, but also in the wider school organization.

Furthermore, Pettersson (2018) argues that despite a considerable amount of
research in the field of digital competencies, there has been confusion among
researchers, policymakers, and practitioners about the meaning of digital
competence in an educational context. In addition, the terms digital pedagogy, ICT
competence, digital literacy and pedagogical digital competence seem seldom to be
well-defined and are often used interchangeably when describing the competencies
needed for teachers (Zhao et al., 2021). Another complexity is that the policies related
to developing digital competencies are formulated at multiple levels of the
educational system, rather than at the school level. This can create a gap between the
level of policy defining the development of digital competencies and the level of
teachers acquiring the digital competences (Pattersson, 2018). Patterson articulates
the idea that digital competencies can be seen as a school-level characteristic and
schools can become digitally competent by structuring and organizing resources and
institutional infrastructures. Zhao et al. (2021) argue that the current research on

these aspects have applied quantitative methods, and that future research combining
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both qualitative and quantitative techniques could explore this aspect further to
inform school leaders about how policies related to digital competence can be

cemented in educational contexts.

The next section of this literature review presents the historical overview of digital

competencies for mathematics teachers.
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2.3. HISTORICAL OVERVIEW OF DIGITAL COMPETENCIES FOR

MATHEMATICS TEACHERS

In the context of this thesis, it is important to understand how digital competencies
have evolved and advanced over time and the challenges teachers have faced during
this development. This exploration is crucial for contextualizing the current
landscape of digital competencies among high school mathematics teachers in

Pakistan.

The historical overview of digital competencies for mathematics teachers can be
traced back to the integration of technology in education and the increasing demand
for teachers to have the skills and knowledge to integrate technology in their teaching

practices.

2.3.1.  1980s and 1990s: The emergence of educational technology

Technology integration in education began in 1960s with the introduction of
computers in the classrooms. The 1980s and 1990s witnessed the widespread
adoption of personal computers, digital devices, and digital resources, which
enabled teachers to experiment with new ways of teaching and learning. These
developments were part of e-Learning or electronic learning initiatives, when
researchers began exploring the use of computers in education. One of the earliest
forms of educational technology used during the 1980s was computer-assisted
instruction (CAI) software. CAI allowed students to interact with computers and
receive feedback on their work (Fletcher-Flinn & Gravatt, 1995). However, largely due
to lack of access and issues related to teachers professional development, the
efficacy of CAI became the subject of debate during the 1980s and early 90s.
Researchers such as Clark (1985) consistently failed to find significant learning
differences across varying delivery mechanisms, including those using technology.
Clark (1985) argued that wherever computers were used to deliver instruction
(including the teaching of programming languages), any resulting change in student
learning or performance could be attributed to the uncontrolled effects of different
teaching methods, content, and novelty. However, other later studies found that CAI
may provide better quality of instruction over other traditional approaches of

instruction, such as the use of paper and pencil (Fletcher-Flinn & Gravatt, 1995).
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A significant next phase was the development of digital content. The use of
multimedia technologies such as CD-ROMs and video cassettes enabled the
production of interactive and stimulating educational materials. Initially, multimedia
learning was perceived as learning from words and pictures (Dunning et al., 2007).
However, later it involved words (such as printed text presented on screen or spoken
text presented via speakers) and pictures in the form of animation, video, drawings,
photos, and other graphics presented on screen (Mayer, 2003). During the 1990s, the
educational technology industry went from CBT (Computer-Based Training) and
rudimentary synchronous learning applications to sophisticated e-Learning
platforms that combined both CBT and synchronous learning options (Dunning et
al., 2007).

During the 1980s and 1990s, several multimedia tools were developed and used for
mathematics education. The earliest and most widely used tools were the Cabri
Geometry (1994) and Geometer's Sketchpad (1995), developed in the mid-1980s
(Sinclair et al., 2010). They were among the earliest computer-based tools that
allowed students and teachers to manipulate geometric objects on the screen using
a mouse, rather than having to draw them by hand (Scher, 2000). On the one hand,
these developments provided dynamic, interactive opportunities for learning
mathematical concepts. On the other hand, these innovations revealed a gap in

teachers’ understanding of the resources (Sierpinska et al., 1999).

A range of other notable multimedia tools for mathematics teaching was developed
during the 1980s. These tools included: The Logo Programming Language and Turtle
Graphics, which allowed students to write computer programs to draw geometric
shapes; The Math Blaster Series of Educational Games, which used animation and
graphics to make learning math fun; 7he Math Workshop Software, which provided
students with interactive tutorials and drills on a variety of mathematical concepts;
and The MathSoft Mathcad Software, which allowed students to create and solve

mathematical problems using symbolic notation and graphing capabilities.

However, learning through multimedia technologies received a dramatic boost with
the development of computer networks and the internet for educational purposes.
The development of networked computers allowed for the creation of virtual

classrooms and online learning communities, which provided teachers and students
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with access to a wealth of educational multimedia resources and allowed them to

collaborate with their peers from anywhere in the world (Nordin et al., 2005).

The Internet paved the way for future developments in technology integration in
education. However, the progress of technology integration in education was uneven
across different parts of the world. Developing countries faced various challenges in
adopting and using educational technologies (Dundar et al.,, 2014). In the 1980s and
1990s, many developing countries lacked access to the necessary infrastructure and
resources to integrate technology effectively into their education systems (Dundar et
al., 2014; UNESCO Institute for Statistics., 2006).

Despite the benefits of educational technology, there were concerns about its impact
on teaching and learning. During the 1980s and 1990s, teachers faced several
challenges related to using technology. One of the biggest challenges (which remains)
was the lack of training and support provided to teachers in using these technologies
(Ertmer & Ottenbreit-Leftwich, 2010). Many teachers did not have the skills and
knowledge to integrate CAI and other technologies into their teaching, and the
available professional development opportunities were often inadequate (Fletcher-
Flinn & Gravatt, 1995). Another issue was the high cost of technology and software,
which limited access to these resources for many schools and teachers, particularly
in developing countries (Dundar et al., 2014). Furthermore, there were concerns
about the quality of CAl software and other educational technologies. Some software
programs were criticized for being too simplistic or not aligned with curriculum,
while others were seen as lacking the personal touch and interaction that traditional
classroom teaching offered (Fletcher-Flinn & Gravatt, 1995). Some teachers were
worried that CAI and other technologies would make their jobs obsolete (Dunning et
al., 2007) or that students would become too reliant on technology and lose essential

social and interpersonal skills (Leidner & Jarvenpaa, 1995).

2.3.2. 2000s: Digital revolution and the emphasis on teachers’

professional development

Throughout the 2000s, more and more studies (e.g., Bakia et al., 2007; Gaffney, 2010;
Jasute & Dagiene, 2012; Means et al., 2009; Sinclair et al.,, 2010) highlighted the need

for teachers to have digital competencies due to the expansion of the integration of
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technology in education. Studies primarily highlighted that teachers lacked the skills
and knowledge necessary to use technology in their teaching and learning. This led
to the development of various teacher training programs (e.g., Enhancing Education
through technology - EETT) and initiatives designed to provide teachers with training
and support. However, these initiatives were mainly established in developed
countries in North America and Europe. For example, the International Society for
Technology in Education (ISTE) developed the National Educational Technology
Standards for Teachers (NETS-T) to develop teachers' digital competencies. The
standards emphasized that teachers must use their understanding of the subject
matter, teaching and learning, and technology to create opportunities that will
stimulate student learning, creativity, and innovation in both physical and virtual

learning environments (Banister & Vannatta Reinhart, 2012).

In relation to mathematics education, during the 2000s several initiatives were
aimed at supporting mathematics teachers to integrate technology in teaching and
learning. The most popular initiative was The National Council of Teachers of
Mathematics (NCTM) Standards. In 2000, NCTM revised its mathematics standards
to include a greater emphasis on the use of technology (Sinclair et al., 2010). NCTM
stated that technology was an essential tool for mathematics education and called for
teachers to integrate technology into their teaching t(Lee & Hollebrands, 2008)rning
(Lee & Hollebrands, 2008). Later, further progress was made via Math Forum: an
online community for mathematics teachers, (originally established in 1992) that
gained significant popularity and influence during the 2000s. This forum provided
teachers with access to a wide range of resources and tools, including software,
lesson plans, and professional development opportunities (Renninger & Shumar,
2002). In the U.S,, the National Science Foundation (NSF) also provided funding for
several initiatives aimed at improving mathematics education, including the Math
and Science Partnership Program. This program provided funding via partnerships
between school districts and institutions of higher education to improve the quality

of mathematics and science education.

Similar initiatives included: Singapore's Masterplans for ICT in Education (1997); e-
Japan Strategy (2001); The European Union (EU) elearning Action Plan (2001), US
program The Partnership for 2Ist Century Skills (2002); Australian Mathematics
Online Interview (MOI]) project (2003) and the US The National Math and Science
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Initiative (NMSI) (2007). All of these initiatives promoted the use of technology in
teaching and learning, with a specific focus on mathematics education. The
programs aspired to nurture 21st-century skills among students, emphasizing critical
thinking and problem-solving. Collectively, these initiatives worked towards
elevating the quality of mathematics and science education on a global scale through

professional development, technology resources, and collaborative efforts.

Regarding pedagogy, the 2000s saw several initiatives and research contributions
that highlighted ways to integrate technology into mathematics education. One
notable framework is the Technological Pedagogical and Content Knowledge
(TPACK) framework, introduced by (Mishra & Koehler, 2006). TPACK, a theoretical
framework, highlights the interplay between technology, pedagogy, and content
knowledge in the context of teaching and learning (Crompton, 2015). Since its
inception, researchers have extensively employed TPACK in teacher education and
professional development programmes. Other notable framework includes the
SAMR model (Puentedura, 2006), which describes four levels of technology
integration (substitution, augmentation, modification, and redefinition). The SAMR
model was designed to help teachers to select, use, and evaluate technology in K-12
education (Hamilton et al.,, 2016). The European Commission also started a program
in the 2000s called the Digital Literacy Project (DigEuLit), which was part of the
eLearning Initiatives (discussed in Section 2.2.4). Specifically targeting mathematics
education, Ball et al. (2008) developed a framework called The Mathematical
Knowledge for Teaching (MKT), which focused on the mathematical knowledge
needed for teaching. The MKT framework used and modified the seminal work of
(Shulman, 1986)'s pedagogical content knowledge (PCK) in the context of
mathematics teaching. Later, MKT was further modified and used by (Thomas &
Palmer, 2014) and Tabach and Trgalova (2020) to explain the process of technology

integration in the teaching and learning of mathematics.

2.3.3.  2010s: Mobile Learning and personalization

With the rise of mobile devices and the increasing use of digital technology in
society, the need for teachers to have digital competencies became even more
critical. This resulted in a growing body of research (Calder, 2015; Sawaya & Putnam,

2015; Thomas & Palmer, 2014) on digital competencies for teachers and the
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development of various frameworks and models. During the 2010s important
development trends were mobile technologies, massive open online courses
(MOOCs), digital libraries and designing learning objects, collaborative learning using
digital technology, and blended and flip learning environments (Borba et al., 2016).
Other initiatives similar to MOOCs, such as open educational resources (OERs) or
openly licensed educational resources, also gained popularity to reduce costs and
increase access to educational materials. OERs provided teachers new opportunities

for the design and use of mathematics teaching resources (Trouche et al., 2018).

In the early 2010s, digital technologies started to offer more personalized
experiences to meet the individual needs and preferences of teachers and learners.
This gave rise to a range of new resources for teachers and students to create
customized learning experiences. For example, online teaching and learning
platforms were equipped with tools to monitor learners interaction with content and
determine (at least in part) the nature of materials delivered subsequently (Kerr,
2016). Such platforms are also called adaptive learning platforms, i.e., platforms for
online learning that use data analytics and artificial intelligence to personalize the
learning experience (Kem, 2022). Although adaptive learning technology empowered
teachers’ creativity and ability to customize learning experiences for every student,
anywhere, and at any time, the technology required that teachers have skills to use
them (Kem, 2022). Nonetheless, the development of adaptive learning technology
remains ongoing, and there is still no systematic understanding of adaptive learning
practices and the factors contributing to successful implementation (Kem, 2022;
Munoz et al., 2022). Other solutions included Learning Management Systems (LMS),
which were adopted by many educational institutions to provide personalized
teaching and learning experiences. These platforms were equipped with tools that
allow teachers to create custom-designed curricula tailored to each student's needs

and to track their progress through the course (Munoz et al., 2022).

During the 2010s, courtesy of mobile technologies, the creation of digital content
(e.g., videos, graphics, and animations) began to be considered a part of every
teacher’s digital skillset. The easy access to handheld mobile (smart) devices
equipped with cameras, digital applications and internet connectivity allowed users
to create, upload, access, transform and share digital content worldwide (van Dijk &

van Deursen, 2014). Teachers also faced the challenges of content creation and
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innovative curriculum design to teach using OERs (Rocha, 2018). Teachers needed to
understand the distinction between the traditional classroom and an online
classroom, which required a different set of skills. These developments required
teachers to acquire knowledge of online discussions, understand feedback
mechanisms, and develop the competence to create a sense of community in a
virtual environment (Alabdulaziz, 2021; Syahrin et al., 2023). These abilities required
further skills; for example, to facilitate online discussion, teachers need to know how
to use discussion forums, online chat rooms, and video conferencing tools (Gandolfi
& Kratcoski, 2020). Teachers also needed to know how to provide feedback using

different media such as video, audio, and text (Lemay et al., 2021).

The rise of smartphones also generated new forms of communication through
online resources sharing platforms (for example, Dropbox, web forums etc.), and
social media platforms (such as Twitter, Facebook, YouTube, etc.). The responsive and
collaborative environment offered by digital technologies gave Mathematics
teachers an opportunity and spaces to create collective work. All these possibilities
had an enormous impact on teachers’ digital competencies in using, designing, and
sharing educational resources (Rocha, 2018). At the same time, mobile technologies
also faced widespread criticism as pedagogical tools in secondary and higher
education (Herrington et al., 2009). There were widespread concerns about using the
devices with students, based mainly on teachers’ lack of understanding of the
affordances offered by mobile technologies (Borba et al., 2016; Lefoe et al., 2009).
Researchers such as Clark-Wilson et al. (2020) and Ruthven (2014) indicated that

mobile technology played only a marginal role in many mathematics classrooms.

During the 2010s, digital technologies allowed mathematics teachers (at least in
developed countries) to access (via the internet) a profusion of open and free open
educational resources (OER). Due to variation in the quality and coherence of OER
and teachers’ difficulties in integrating them, several theoretical perspectives and
frameworks emerged to investigate the interaction of teachers with these resources.
For example, Pepin, Gueudet, et al. (2017) highlighted three theoretical perspectives
on teacher interaction with digital resources as: (1) design-based approaches and
didactical engineering proposed by Artigue (2011) and Gravemeijer and Cobb (2006);
(2) the interpretation of and participation with resources e.g., Brown (2002) and
Remillard (2005); and (3) the Documentational Approach (Gueudet et al. 2012;
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Gueudet and Trouche 2009). Among them the Documentational Approach also
known as DAD (the documentational approach to didactics) gained popularity and
was used by several researchers (e.g., Gueudet et al.,, 2016; Rocha, 2018b; Trouche et

al., 2018) especially in Europe.

DAD used an instrumental approach with the aim of understanding teachers’
professional development by studying their interactions with the resources they
used and designed in and for their teaching (Trouche et al., 2020). During this time,
more studies on mathematics teachers’ interaction with digital resources, used the
concept of instrumental genesis. Furthermore, Haspekian (2011) modified the
concept of instrumental genesis and introduced the concept of double instrumental
genesis, which refers to the idea that both the construction and use of mathematical

tools can influence the development of mathematical concepts and understanding.

Additional frameworks focused on how to integrate technology in mathematics
teaching were designed during the 2010s. Thomas and Palmer (2014) introduced the
framework called teachers’ pedagogical technological knowledge (PTK). In 2019,
Tabach and Trgalova (2019) built on the research done by Thomas et al, (2008) and
Thomas and Palmer (2014) in designing the PTK framework. Their aim was to gain a
deeper understanding of the knowledge and skills required by mathematics teachers
when using digital resources in the classroom. Tabach and Trgalova (2020) examined
different international standards describing mathematics teachers’ digital
competencies by using the PTK framework. They modified the PTK framework in the
context of digital technology and introduced the DCTMT framework. However, the
DCTMT framework lacks empirical evidence and needs testing within different
contexts such as developing countries. Sections 2.4.6 and 2.4.9 of this literature

review provide further details on these frameworks.

2.3.4. 2020s: Post-pandemic era and the age of Artificial Intelligence
(AI)

The COVID-19 pandemic accelerated the adoption of technology in education,
further emphasizing the need for teachers to have digital competencies to teach in a
digital environment. During the COVID-19 pandemic many teachers became more

interested in digital resources (Scully et al, 2021). Their beliefs and attitudes
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supported the transition to digital teaching and learning. and substantially increased
the use of digital resources (Alberola-Mulet et al., 2021). However, the transition was
not easy. For developing countries, such as Pakistan, the challenges were enormous
(Jafri, 2022). The rapid transition was dependent on the teachers’ access to digital
resources, their digital competencies, and internet access for both teachers and
students. Additionally, transition required changes in curriculum, content, teaching
methods, and teaching skills (Clark-Wilson et al., 2020). Importantly, deeper changes
were also required ie., changes in teachers’ beliefs towards using digital
technologies. Both teachers and students responded quickly to the need for creative

and critical engagement by opting for eLearning tools (Ferdig et al., 2020).

Mathematics teaching and learning responded and developed an efficient and
effective design to integrate online teaching and learning environments during the
time of crises. The unprecedented urgent demand reinforced pre-existing
challenges related to the use of technology in mathematics education. These
challenges include diverse theoretical perspectives, changing interactions from
learner to teacher and teacher to learners, dynamic interrelations between
technology and mathematics (S. Hegedus et al.,, 2016), and the digital competencies
of teachers (Tabach & Trgalova, 2020). The primary concern was to find ways for,
digital resources to produce knowledge of mathematics that was appropriate for
particular contexts and tasks. The mathematics community including teachers,
researchers and schools, responded quickly to this challenge, and proposed ideas for
integrating a variety of online teaching and learning solutions into mathematics
education. During COVID-19, teachers demonstrated digital competencies by (re)-
discovering the educational uses of video conferencing, screencasting, breakout
rooms, screen sharing, online meetings, and virtual collaboration via Zoom, Flipgrid,
Microsoft Team, Google platforms, and many more (Calder et al., 2021). Teachers who
employed these digital resources reported that they discovered innovative
possibilities for the teaching and learning of mathematics. For example, (Morge,
2020) discovered that screencast and screen sharing could improve inquiry and
problem-solving skills; breakout rooms could improve collaborative problem-
solving skills (Carey et al., 2020; J. Green & Johnson-Whitt, 2020), and Google Slides
could promote creativity and produce thoughtful learning outcomes for students
(Nagle, 2020).

48



Furthermore, accessible technologies, especially Twitter, quickly enabled teachers
around the world to come together for a common cause and build Communities of
Practice (CoP) (Gandolfi & Kratcoski, 2020). Teachers who were familiar with these
environments made use of their affordances such as through the use of targeted
hashtags (e.g. #RemotelLearning and #RemoteTeaching) to facilitate seamless
community conversations. Teachers shared resources, discussed challenges, and
found solutions about online teaching and learning (D. Maher, 2020). (Ervin-Kassab,
2020) noted that Learning Management System (LMS) allowed co-planning and co-
teaching activities. The LMS provided a space to hold a community of practice for the

guidance and supervision of teachers.

The impact of the pandemic on teachers’ use of digital resources was significant.
Syahrin et al. (2023) used the digital competence framework to measure the set of
digital competencies of teachers after the pandemic. The result of the study shows
that most pre-service teachers scored Level 3 (Intermediate) in their self-assessment
competency test score. The participants’ digital competencies improved significantly
as the result of online learning accelerated by the COVID-19 pandemic. The
participants scored highest for digital content creation. Syahrin et al. (2023) consider
that early career teachers are active and frequent users of Web 2.0 which allows
users to generate content for other end users. Similarly, Alabdulaziz (2021)
investigated the use of digital resources for mathematics education during the
COVID-19 pandemic and found that 98% of participants believed that COVID-19 was
a gateway for digital learning in mathematics education. The use of online education
by schools also expanded greatly following the pandemic, resulting in various forms
of software being used to facilitate communication between teachers and students
mainly through mobile technologies. Alabdulaziz (2021) also noted the increased
uses of digital libraries, designing of learning objects, use of MOOCs in mathematics,
and computer algebra systems (CAS) such as Mathematical, Maple, MuPAD,
MathCAD, Derive and Maxima.

Furthermore, teaching during the lockdown provided space for teachers to co-
design activities with students (Coleman & MacDonald, 2020). Teachers who were
familiar with resources like Flipgrid created "grids" to facilitate video discussions.
Each grid works like a message board where teachers start the discussion with a

posting prompt, and their students posted video responses that appeared in a tiled
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grid display (Goddard, 2020). Coleman and MacDonald (2020) suggest interactions
like these increase teachers’and students' capacity to (re)-invent media, an important
way to develop digital skills of instructional design, and augment digital
competencies. (Hulon et al., 2020) observed that in-service teachers possess a wide
range of technological knowledge and skills experienced fewer challenges during the
lockdown. However, Hulon et al. (2020) found that many teachers who participated
in the study “were not equipped with instructional design skills related to virtual
learning” (p. 44). (Lindsay & Whalley, 2020) reported similar findings that during the
pandemic, teachers with digital skills were more ready and confident to teach and
learn online than those who did not have those skills. These teachers faced fewer
issues in relation to using camera and microphone, integration of online resources,
communicating via chat rooms, designing online instruction, and assessing the

performance of students during the COVID-19 lockdown.

In this historical overview, I have reviewed how the required digital competencies
for mathematics teachers have evolved during the last four decades. The reviewed
literature emphasized the acquisition of skills that enable mathematics teachers to
integrate digital resources in their teaching and to develop skills in pedagogy,
collaboration, and teaching innovation, using digital resources. The historical
overview also highlights that the continual emergence of new technologies required
teachers to keep developing and extending their digital competencies. Teachers need
to be adept in using digital resources, navigating the internet, and to understand
emerging trends and technologies (Tabach & Trgalova, 2020). With the emergence of
artificial intelligence (AI) a basic understanding of coding and programming
languages, as well as the ability to solve technical problems, are becoming part of
necessary digital skills. Teachers should be able to create, store, retrieve and share
digital content (Ministry of Education NZ, 2017). They need to be familiar with cloud
computing and its associated features and benefits. Mathematics increasingly
required to use digital technology to access and analyse data, create models, identify
trends, and make informed decisions. These competencies require understanding of
data science principles, machine learning, and artificial intelligence (AI).
Correspondingly, it is imperative to continually monitor mathematics teachers’
development of digital competencies so that they be supported in maintaining their

digital skills to remain functional in the digital environment.
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The next section of this literature review will analyse major theoretical frameworks
identified during the historical overview of digital competencies of mathematics

teachers.
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24. THEORETICAL FRAMEWORKS OF DIGITAL COMPETENCIES FOR

MATHEMATICS TEACHERS

Theoretical frameworks are important research tools for structuring inquiry and
advancing theory development across many fields. Frameworks provide a
foundation of concepts, assumptions, values and practices to guide research
(Partelow, 2023). The following sections discuss various relevant frameworks in
mathematics education developed to understand teachers’ capabilities and
competencies. The section starts with the details of how researchers’ have framed
the aspects of developing technological capabilities of mathematics teachers in
general by using TPACK and then specifically for mathematics by using MKT
(Mathematical Knowledge for Teaching) and PTK (Pedagogical Technological
Knowledge).

2.4.1. Teachers' technological capability

Technological capabilities have been described in a variety of ways. For example, the
Irish National Council for Curriculum and Assessment (NCCA) framework
emphasizes the application of foundational knowledge and skills through creative
thinking and action (Gleeson, 2022). This framework incorporates competencies
such as communication, design, problem-solving, and the ability to critically
evaluate technological activities (Doyle et al., 2019). Teachers with technological
capabilities, according to the NCCA, can apply competencies to solve practical
challenges and participate in value-added decisions such as how to enhance
collaboration, accessibility and personalize teaching, and learning experiences
(Doyle et al, 2019; Gleeson, 2022). This implies that teachers' ability to apply
knowledge and skills (competence) in various situations (capability) is crucial for

solving real-world problems and making informed decisions.

Gaffney (2010) defined technological capabilities as a teacher's potential and facility
in using digital technologies, involving the transfer of knowledge, skills, and values
through technology. Technologically capable teachers can develop, analyse, and
adapt digital resources for effective integration into teaching and learning. Gaffney

(2010) highlighted the importance of intrinsic dimensions, such as teachers' beliefs
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and confidence, and extrinsic dimensions, including factors like availability, access,

and institutional policies for developing teacher capabilities.

Both the NCCA and Gaffney (2010) stressed foundational knowledge and skills.
However, the term 'digital competencies, as discussed in Section 2.2, encompasses a
specific array of skills and knowledge than the term capabilities. The term
competencies also encompass beliefs and attitudes towards the use of technology.
In the context of this study, focused on understanding mathematics teachers'
knowledge and skills in using digital resources, the term digital competencies is
deemed more fitting than capabilities. The upcoming section will delve into

approaches for developing teachers' digital competencies.

2.4.2. Developing Teachers’ Digital Competencies

Professional development has always played an important role in developing
teachers' competencies. Several studies (e.g., Anabousy & Tabach, 2022; Beswick &
Fraser, 2019; Moreno et al, 2020; Naidoo & Singh-Pillay, 2020; Reisoglu, 2022;
Schoenfeld, 2011) highlight the role of training programs and professional
development for enhancing teachers' digital competencies and their ability to use
technology for teaching and learning mathematics. The rationale for selecting studies
was to focus on research that addresses teachers' professional development through
technology integration mainly within the high school context. Several studies have
investigated the impact of particular training initiatives on teacher’s digital
competencies. For example, Reisoglu (2022) conducted a study in which teachers
received collaborative and applied digital competencies training for creating
interactive eBooks. Their findings revealed that the professional training enhanced
teachers' knowledge and skills in various areas, such as professional engagement,
using digital resources, organizing teaching activities, improving assessments, and
empowering learners. Reisoglu found that training allowed teachers to enhance
organizational communication and cooperation using digital technologies while
developing various digital content formats compatible with student requirements
and curriculum objectives. Moreno et al. (2020) focused on the impact of perceived
Teachers' Digital Competence (TDC) on the preparation of educational videos for the
flipped classroom model. The study found that while teachers had an intermediate

level of TDC and prepared satisfactory videos, there were deficiencies in the
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pedagogical and mathematics teaching components. The integration of
technological, pedagogical, and mathematics teaching components was emphasized
as crucial for developing high-quality teaching videos. They suggested professional
development and teachers’ training programs can assist teachers to integrate

technology into the pedagogical processes of mathematics teaching.

The role of professional development in developing teachers’ digital competencies
has also been examined in other studies of mathematics teaching. (Naidoo & Singh-
Pillay, 2020) explored the role of mathematics teachers' professional development
within the context of the Fourth Industrial Revolution. Schwab (2016) defined the
Fourth Industrial Revolution as a paradigm shift characterized by the fusion of
advanced technologies, leading to transformative changes in how we live, work, and
interact. Naidoo and Singh-Pillay (2020) emphasized the need for teachers to keep
abreast of new educational trends and pedagogies to equip learners with 21st-
century skills. Their findings provided insights into the experiences and needs of
mathematics teachers in terms of blended teaching and learning, data handling,
coding, and analytics in preparation for the Fourth Industrial Revolution. Similarly,
Beswick and Fraser (2019) addressed the challenge of developing 21st-century
learning skills in students through integrated STEM approaches. They emphasized
the importance of teachers having expertise in STEM disciplines and possessing their
own 21st-century competencies. Beswick and Fraser proposed a framework that
enables novice teachers to consider what they need to know, find out, or think about
as they plan, enact, and reflect on teaching, highlighting the complexity of knowledge

required and the significance of teachers' own 21st-century skills.

Schoenfeld (2011) argued that among the most critical mathematics teachers’
resources are personal and interpersonal skills and that these also develop through
training and experience. Schoenfeld emphasized the importance of understanding
the factors that shape mathematics teachers' behaviour, including their knowledge,
resources, goals, and orientations towards technology. He argued that teachers'
beliefs, values, and preferences interact with these factors to influence their
decisions related to the use of technology. However, the interconnected nature of
these elements suggests that their evolution is gradual and stimulated through
professional training. Schoenfeld proposes using this understanding as a foundation

for mathematics teachers’ professional development, outlining how these factors can
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be addressed in a participatory professional development course for middle and

high school mathematics teachers.

Communities of inquiry is another approach to professional development. Anabousy
& Tabach (2022) investigated the impact of a Community of Inquiry (Col) professional
development program on teachers' beliefs about the value of technology. They found
no significant difference in the rate of change of beliefs between senior and less
senior teachers, indicating that all participants experienced change in their beliefs
about technology's value. They suggested that teachers' practices with technology
contributed to meaningful learning outcomes, which, in turn, enhanced their beliefs
about technology. Teachers with a low level of previous technology integration
demonstrated significant growth in their confidence in using technology and
pedagogical knowledge related to technology integration. Anabousy and Tabach
(2022) suggested that adhering to the inquiry cycle and participating in Col can
provide support for teachers, particularly those with less pedagogical and

technological knowledge.

These studies highlight the role of training in developing teachers' digital
competencies. However, in the context of high school teaching and learning the
studies do not adequately explore the role of infrastructure, access to technology,
and digital resources in shaping teachers' digital competencies. These factors are
particularly critical in resource-constrained environments where limited
technological infrastructure and the availability of digital resources can restrict the
development of teachers'digital skills. Further there is a need to identify how training
programs can be designed to address challenges such as limited infrastructure,

restricted technology access, and a shortage of digital resources?

The following sections review the suitability of various frameworks proposed for the
enhancement of teachers' digital skills. The initial framework under consideration is
TPACK (Technological Pedagogical and Content Knowledge). This review aims to
determine its efficacy as a model for both professional development and the

evaluation of digital competencies among mathematics teachers.
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2.4.3. Efficacy of TPACK as a framework for professional

development of mathematics teachers

TPACK is a framework that built on and evolved from Shulman’s 1986 concept of
Pedagogical Content Knowledge (PCK), Informed by PCK, (Mishra & Koehler, 2006)
propose a framework for developing teachers’ capability and technological skills, and
introduced an additional body of knowledge called technological knowledge (TK).
They explained that there are three overlapping types of knowledge: content
knowledge (CK), pedagogical knowledge (PK), and technological knowledge (TK), as
depicted in Figure 3. These knowledge types overlap, with the intersection of all three
representing a special kind of teacher knowledge called “Technological Pedagogical
Content Knowledge” (TPCK or TPACK). The TPACK model has other multiple
intersections, such as the intersection of pedagogy with technology (TPK), content
with technology (TCK), and pedagogy with content (PCK). According to Mishra and
Koehler (2019), the outer dotted circle represents “context,” which they emphasize is

a crucial consideration in the development of teacher capability.

Figure 3
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Note. Reproduced by permission of the publisher, © 2012 by http://tpack.org/.
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Crompton (2015) suggested the TPACK framework as a model to guide teacher
education programs in integrating mathematical content knowledge, pedagogical
knowledge, and technological knowledge. Crompton found that pre-service
teachers (PSTs) show an increase in their TPACK as they progress through teacher
education programs that incorporate the TPACK framework by integrating
technology skills with mathematical content and pedagogy. However, Crompton also
mentioned two limitations of the model. Firstly, there is a need for more studies
exploring the impact of pedagogical knowledge on linking content and technological
knowledge. Secondly, beliefs about technology integration change as PSTs develop a
better understanding of technology's affordances in mathematics education. Further
research is, therefore, needed to establish the connection between TPACK

development and teachers’beliefs.

The TPACK model may need adaption and modification to suit the requirements of
particular contexts. This may be the case for mathematics education in Pakistan, the
focus of this current study. For example, teachers’ access to technology and
resources in Pakistan may be limited (Aslam et al., 2022; Raza, 2016), which may affect
the development of teachers' technological knowledge (TK) and the implementation
of technology in the classroom (Koehler et al., 2013). The pedagogical approaches and
content knowledge (PK and CK) may also differ according to the local culture and
context (Mishra, 2019). Furthermore, there may be differences in the expectations
and requirements for teachers in Pakistan, such as larger class sizes or a focus on rote
learning (Amirali & Halai, 2010; Aslam et al., 2022). Considerations like these may
impact how teachers use technology in their teaching and the emphasis placed on
developing technological pedagogical content knowledge (TPACK) (Crompton, 2015).
According to (Koehler et al., 2013), implementation of TPACK may involve providing
additional training and support for teachers, identifying, and addressing barriers to
the implementation of technology in the classroom, and recognizing the importance

of cultural and contextual factors in shaping teacher knowledge and practice.

Moreover, the use of TPACK for empirical studies in mathematics education has been
questioned. For example, Graham (2011) criticized the TPACK framework for relying
on broad and undefined constructs, such as pedagogical content knowledge (PCK)
and technological knowledge (TK). Graham argued that the TPACK framework lacked

theoretical clarity, and that more in-depth attention was required from researchers
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to clarify the balance between the parsimony and complexity of its constructs and to
provide precise definitions for each of its constructs. Crompton (2015) argues that a
limited number of studies address the connection between technology,
mathematics, TPACK, and teachers and that more evidence is required to determine
the approaches that create TPACK development in teacher education programs and
particularly how this development influences pre-service teachers’ beliefs about

technology integration.

Another important criticism that TPACK has received relates to its generalizability, as
the framework is not mathematics-specific (Clark-Wilson et al., 2020; Koehler et al,,
2007; Tabach & Trgalova, 2019). Mathematics has its own nuances of content
knowledge, as exemplified by Ball et al. (2008) and Hill et al. (2008) in their
frameworks of mathematical knowledge for teaching. This suggests the need for
frameworks that are developed with mathematics teaching and learning in mind,
such as Pedagogical Technological Knowledge (PTK) and Double Instrumental
Genesis (Tabach & Trgalova, 2020; Thomas & Hong, 2013; Thomas & Palmer, 2014).
These frameworks offer more specific and nuanced understandings of the
intersection between pedagogy, content, and technology in mathematics education,

which may better serve the needs of mathematics teachers and learners.

Several studies have highlighted that teachers with weak pedagogical and content
knowledge in mathematics may struggle to make an appropriate link between
pedagogy, content, and technology, even if they have a high degree of technological
knowledge (Crompton, 2015; Niess, 2015). This may constrain their ability to identify
"solid mathematical and didactical knowledge presented in a digital resource” (Pepin,
Choppin, et al.,, 2017, p. 654). For example, when teachers use a digital game to teach
numbers and coordinate geometry, they need more than just familiarity with the
digital game. They require a foundation in both the mathematical content
(coordinate geometry) covered by the digital resource (digital game) and the
pedagogical approaches that enhance its effectiveness in the classroom. This
emphasizes the importance of well-rounded expertise that combines mathematical
proficiency with teaching strategies when integrating digital resources into the
educational process (Pepin, Choppin, et al, 2017). It is therefore, important to

understand how teachers’ knowledge of teaching mathematics is defined and how
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this knowledge can facilitate the selection of digital resources and the development

of digital competencies among teachers.

2.4.4. Mathematical knowledge for teaching (MKT)

Ball et al's (2008) Mathematics Knowledge for Teaching (MKT) framework is crucial
for understanding the digital competencies of mathematics teachers. The MKT
delineates the essential mathematical knowledge required for teaching, which is
foundational for integrating digital tools in mathematics education. Ball at el. (2008)
emphasized the importance of teachers having MKT, which is defined as "the
mathematical knowledge needed to carry out the work of teaching mathematics" (p.
395). Their definition of MKT starts with teaching rather than teachers, which
encompasses everything teachers need to do to support their students’ learning. To
develop this framework, Ball et al. (2008) analysed the tasks and problems that
teachers face when teaching mathematics and identified three content areas of
elementary mathematics. They used a matrix of these content areas and knowledge
dimensions to develop a general test, measuring the mathematical knowledge for

teaching (MKT) of elementary schoolteachers, based on item response theory.

Ball et al. (2008) used the concept of Pedagogical Content Knowledge (PCK)
developed by (Shulman, 1986). They argued that PCK is the knowledge that teachers
have about how to teach specific content knowledge, while MKT is the knowledge
that teachers have about the mathematical content they are teaching and how to
teach it. They proposed that MKT includes both subject matter knowledge (similar to
content knowledge in PCK) and pedagogical content knowledge. They expanded on
PCK by identifying four domains of mathematical knowledge needed for teaching:
common content knowledge (CCK), specialized content knowledge (SCK),
knowledge of content and students (KCS), and knowledge of content and teaching
(KCT) (as shown in Figure 4, p. 60). This shows a relationship between PCK and MKT
in which PCK is a component of MKT. While PCK focuses on the intersection of
content and pedagogy, MKT encompasses a broader range of mathematical
knowledge that is necessary for teaching. Although PCK is essential for teaching, it is
not sufficient on its own. Teachers also need a deep understanding of the

mathematical content they are teaching and how it relates to their students' learning
(Ball et al., 2008).
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Figure 4

Domains of Mathematical Knowledge for Teaching
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From “Content knowledge for teaching: What makes it special?” by Ball, D. L., Thames,
M. H., & Phelps, G., 2008, Journal of teacher education, 59(5), p. 403

Figure 4 shows the correspondence between Ball et al's. map of the domain of
content knowledge for teaching and two of Shulman’s (1986) initial categories:
subject matter knowledge and pedagogical content knowledge. Ball et al. define the

terms as follows:

e CCK: The mathematical knowledge and skill used in settings other than
teaching. Teachers need to know the material they teach; must be able to
recognize expected wrong answers by students and inaccuracies in the

textbook.

e HCK: Horizon Content Knowledge is an awareness of how mathematical
topics are related over the span of mathematics included in the curriculum.
e SCK: The mathematical knowledge and skills unique to teaching. The teacher

must be able to identify patterns in students’ errors or size up whether a
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nonstandard approach would work in general. The teacher should

demonstrate a unique mathematical understanding and reasoning.

e KCS: The knowledge that combines knowing about students and knowing
about mathematics. Teachers must anticipate what students are likely to think

and what they will find confusing.

e KCT: This knowledge combines the knowledge about teaching and knowing

about mathematics.

Ball et al. (2008) defined each construct (CCK, SCK, KCC, KCT) specifically in the
mathematics context (as shown in Figure 4, p. 60). They proposed that the
mathematical tasks of teaching constitute and revolve around teachers’ knowledge
and skills in finding, presenting, representing, linking, and selecting mathematical
ideas for teaching. They emphasised that teachers’ MKT is culturally specific or
dependent on teaching styles. Ball et al. argue that cultural context is an important
consideration when developing mathematical knowledge for teaching. Teachers
need to adapt their teaching strategies to the context in which they are working.
However, regardless of the cultural context, the explanation of mathematical ideas
so that they make sense to students is central to teaching (Ball et al., 2008). This means
that teachers must possess a deep understanding of the mathematical concepts they
are teaching, as well as an understanding of how to present and represent those

concepts in ways that are meaningful to their students (Ferrare & Hora, 2014).

Although the MKT framework provides a broad understanding of the knowledge and
skills that teachers need to teach mathematics, it has received some criticism.
Schoenfeld (2011) criticised MKT as it fails to consider the importance of teachers’
beliefs. The importance of including beliefs in studies of teachers” knowledge has
been emphasized, and some even argue for the equivalence of beliefs and
knowledge (Beswick, 2012). According to Schoenfeld (2011), beliefs are part of teacher
orientation and goals, they are part of affective aspects and inform “how and why
teachers make the choices they make, as they teach” (Schoenfeld, 2011, p. 458).
Schoenfeld (2011) emphasised the need to include teachers’ beliefs to increase the
validity of studies on teachers’ knowledge of teaching mathematics, particularly
when technology is involved. (Potari, 2012) argued that the MKT framework may be
too complex and difficult to implement in practice, particularly in contexts where

teacher education and professional development are limited.
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The above criticism of MKT suggests that teachers' beliefs are important contributors
to mathematics teachers’ knowledge for teaching. Therefore, before discussing other
frameworks, the section 2.4.5 will discuss mathematics teachers’ beliefs particularly

in the context of Pakistan and in relation to digital technology.

2.4.5. Importance of mathematics teachers' beliefs

Understanding teachers’ beliefs has been a focus of attention in educational
psychology (Ernest, 1989; Pajares, 1992; Schoenfeld, 2011). To understand why
teachers do what they do and how they behave in response to different pedagogical
situations, there is a need to understand teachers’ systems of beliefs (Schoenfeld,
2011). Teachers’ beliefs are influenced by their personal life experiences, socio-
cultural and religious contexts. They inform teachers” understanding, judgments,

evaluations, and justification of their teaching practices (Pajares, 1992).

Different studies have set out to identify the characteristics of mathematics teachers’
beliefs. Drawing on the differing characteristics of teachers' beliefs articulated by
Ernest (1989) and Pajares (1992), mathematics teachers’ beliefs may be referred to as
a psychological construct that encompasses the opinions, dispositions,
(pre)conceptions, and philosophies held by mathematics teachers about the nature
of mathematics, its teaching, and learning. These beliefs serve as cognitive
frameworks that teachers use to make sense of and navigate their teaching practices,
influencing how they approach teaching mathematics and interact with their
students. For example, a teacher could develop a self-confirming bias about a
particular teaching practice or give preference to a particular mathematics textbook
because this is how they learned as a student. Such beliefs may inhibit their desire to
changes teaching practices (Pajares, 1992) and are normally unaffected by new
information (Karatas, 2014). Subsequently, these beliefs become a widely shared
belief system(s) among most of the teachers, serving as the foundation for their
thought processes, behaviour, and interactions with each other and their students
(Pajares, 1992). However, according to Us6-Doménech and Nescolarde-Selva (2016)
the term “belief system” can be highly confusing, as psychologists, political scientists
and anthropologists use the term in different senses. Us6-Doménech and
Nescolarde-Selva (2016) explained belief systems as a complex network of

interrelated concepts, norms, and propositions that guide an individual's or a group's
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understanding of the world. These systems are dynamic and evolve with experience,
reason, and context. They are not merely a collection of random beliefs but are
organized in a manner that allows for coherence and functionality within a social or
individual framework. Whereas Green (1971) described belief systems in a broad
context as a complex, interconnected network of beliefs held by an individual,

characterized by three key dimensions:

e Structure: Beliefs are organized in a hierarchy, with primary beliefs serving as
foundations for derivative beliefs. Primary beliefs are those for which no
further justification can be given, while derivative beliefs stem from these

primary beliefs.

e Intensity: Beliefs vary in strength or centrality. More central beliefs are
strongly held, highly connected to other beliefs, and resistant to change.

Peripheral beliefs are less strongly held and more susceptible to modification.

e Clustering: Beliefs are often held in isolated clusters, which allows for the
coexistence of potentially conflicting beliefs without apparent contradiction.
These clusters can develop independently based on different contexts or

experiences.

Green (1971) argues that belief systems can also include evidentially and non-
evidentially held beliefs, with the latter being more resistant to change even in the
face of contradictory evidence. Belief systems can further encompass working
assumptions, conjectures, and hypotheses, which are tentatively held propositions
that may eventually become more established beliefs or be discarded. Us6-
Doménech and Nescolarde-Selva (2016) articulated the importance of
understanding belief systems as they explain why individuals can hold seemingly
contradictory beliefs, why some beliefs are more resistant to change than others, and

how new ideas can be integrated into or rejected from an existing belief system.

However, not all beliefs in mathematics teachers’ belief systems are equally
important for teaching and learning mathematics. Only the central beliefs are
important because they have more connections with other beliefs in a belief system
(Rokeach, 1968). Central beliefs are most difficult to change (Ertmer & Ottenbreit-
Leftwich, 2010). These beliefs need to be addressed and examined as they drive

classroom actions and influence teacher change processes. (Richardson, 1996).
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It is helpful to identify the features of central beliefs and what distinguishes them
from more peripheral beliefs. Rokeach (1968) suggests that beliefs become central if
we learn them during childhood and involve a direct encounter with the object of
belief. For example, a belief that mathematics textbooks are important for teaching
not only involve an object; it is further reinforced by the unanimous social consensus
among all of one’s reference people and groups (Jamieson-Proctor & Carmen, 2008).
It has been argued that if beliefs are considered to be a collection of attitudes, then
beliefs which play a critical role within a person's belief system and help to
determine his or her behaviour are important (Rokeach, 1968). Rokeach (1968) argues
that such beliefs are held within the core of our belief systems, and they act as central
beliefs. Such beliefs may inhibit a teacher’s desire to change teaching practices
related to the belief (Pajares, 1992) and are normally unaffected by new information
depending upon the reason for which they are held (Ernest, 1989). Therefore, it is
essential to determine the relative importance or centrality of various beliefs held by

mathematics teachers.

Rokeach (1968) defined centrality of beliefs in terms of connectedness. Rokeach
suggests that the more a given belief communicates or has functional connections
with other beliefs, the more we can consider it a central belief (p. 5). Nonetheless,
central beliefs are a small set of beliefs that has more implications and consequences
for other beliefs in the belief system. Rokeach proposed criteria for functional
connectedness or functional communication. He argued that beliefs that are directly
concerned with our existence and identity and that we share with others are
important. These beliefs have more functional connections and consequences than
others. Conversely, beliefs that are derived and are concerned with arbitrary matters
have fewer functional connections and consequences for other beliefs. Although,
Rokeach's theory of central beliefs has been influential in psychology and sociology,
it has been criticised due to its oversimplification. Rokeach's theory suggests that
individuals have a small set of central beliefs that guide their behaviour. However,
other researchers (Festinger, 1962; T. F. Green, 1971; Pajares, 1992) argue that beliefs
are complex and multifaceted and that individuals may hold conflicting or
contradictory beliefs. Within a particular social context of teaching and according to
the teacher’s level of thought processes and reflection, beliefs could change (Ernest,
1989).
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Influenced by the social context, teachers are likely to adopt the same teaching
methods despite holding differing beliefs about mathematics (Pajares, 1992). For
example, when teachers employ “curriculum materials in their classrooms, they may
develop new mathematical and pedagogical beliefs and skills based on their design
of lessons, conversations with students, use of technology, and so on” (Lloyd, 2002,
p. 152). Yurekli et al. (2020) argued, however, that constraints in the educational
environment, such as assessment methods and students’ understanding of

mathematics, can cause discrepancies between beliefs and practices.

2.4.5.1. The Influence of social context on teacher beliefs

Beliefs change when the social context of the teaching situation and the teacher’s
level of thought processing and reflection change (Ernest, 1989). Influenced by the
social context, teachers may adopt the prevailing teaching methods despite holding
differing beliefs about mathematics. As such, witnessed during the pandemic, for
example, the change in social context intensified the personal and professional uses
of video conferencing, virtual collaboration, and social networks, and other digital
resources. Studies have identified different examples of changes in teachers’ beliefs
during the COVID-19 pandemic. For instance, Morge (2020) used screen-sharing
during online video conferencing for problem-solving professional learning and
found that it improved teachers’ confidence in using digital resources. Similarly,
Carey et al. (2020) observed changes in teachers’ beliefs towards online teaching
when they employed breakout rooms for their students collaborative problem-
solving. This suggests transformation of beliefs can happen when changes in
teachers’ practice produce outcomes consistent with their social context. With
regard to using specific digital resources, (Antonietti et al., 2022) explored the
relationship between teachers' digital competence and its influence on beliefs, their
acceptance of technology, and their intention to use digital tools. They argued that
teachers' familiarity with and consistent use of digital resources can lead to
preferences beliefs favouring these resources. The gradual evolution of preferences
is influenced by teachers' beliefs about the ease of use of technology, perceived
utility, technology acceptance, and intention to use. Antonietti et al's findings provide
empirical validation for the interplay between teachers' digital competence, beliefs,
and technology acceptance, confirming the importance of teachers'interactions with

and perceptions of digital resources in shaping their beliefs.
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During the pandemic positive beliefs about digital resources and affordances
increased teachers’ confidence in digital technology and its potential to enhance
outcomes for learners (Scully et al,, 2021). Teachers were able to create innovative
and supportive communities, collaborate for problem-solving, hold online
conversations, and share resources thanks to the affordances of persistence,
visibility, and searchability made available by accessible technologies (Carey et al.,,
2020). However, Christopoulos and Sprangers (2021) suggested that although the
pandemic played a positive role in enhancing teachers’ digital skills, it was still
important to keep an eye on concerns and constraints as they affect teachers’ beliefs
negatively. For example, Reich et al. (2020) identified that many teachers struggled to
motivate students during online sessions. Teachers who were unfamiliar with digital
tools felt isolated and suffered a loss of self-efficacy and professional identity (Reich
et al (2020). Also, less privileged teachers from developing or poor countries with
limited or no access to digital resources, became victims of social and economic
inequalities and were unable to teach during the pandemic (Ndambakuwa & Brand,
2020).

2.4.5.2. Pakistani mathematics teachers’ beliefs and their social context

The Section 2.4.5.1 identified how contextual factors can influence teachers’ beliefs
about using technology in teaching. Contextual factors can also impact on teachers’
thinking about teaching particular academic subjects. In the context of Pakistan,
socio-religious experiences, school education, and pre-service training experiences
shape teachers’beliefs about teaching mathematics (Amirali & Halai, 2010). Teachers
hold traditional beliefs and regard mathematics as a constantly evolving discipline,
where mathematicians continually revise their body of knowledge while everyone
else consumes it (Amirali & Halai, 2010). Teachers in Pakistan use direct teaching
methods with a strong emphasis on delivering textbook content (Amirali & Halai,
2021) and using memorization. The act of memorizing mathematical rules and
formulas for solving specific problems, is a fundamental component of instrumental
understanding, as described by Skemp (1976). Memorization is often regarded as a
laborious and repetitive facet of the learning process, but, in Islam, the memorization
of the Holy book (Quran) holds distinct values, encompassing moral, spiritual, and
intellectual dimensions (Kabir, 2021). As a result in an Islamic country, instrumental

understanding and traditional beliefs about mathematics teaching and learning
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could be preferred by teachers and students as opposed to other approaches to
learning as aimed at developing relational (Skemp, 2006) or conceptual

understanding (Yurekli et al., 2020).

Additionally, there are other contextual factors in Pakistan which shape mathematics
teachers’ beliefs. Technology is infrequently used in teaching because teachers
believe it to be complex, expensive, and scarce (Dundar et al., 2014). Interestingly,
most teachers, regardless of their professional role (government or private), gender,
or teaching experience, hold identical beliefs (Amirali & Halai, 2021). In a comparative
study of Pakistani government and private school mathematics teachers, Shiraz and
Qaisar (2017) found that teachers’ beliefs were not entirely aligned with their teaching
practices. Factors such as classroom environment, resource availability, senior
teachers, and career opportunities influence Pakistani teachers’ teaching practices,
including making decisions contrary to their beliefs (Shiraz & Qaisar, 2017).
Christopoulos and Sprangers (2021) regard these factors as first-order barriers to
successful technology integration. According to Christopoulos and Sprangers (2021),
first-order barriers refer to external factors that are extrinsic to educators. These
include aspects such as Internet access, sufficient bandwidth, and access to
technology hardware. In contrast, second-order barriers are intrinsic to educators
and involve their attitudes, beliefs, and practices related to technology integration.
Specifically, second-order barriers can be influenced by personal attitudes, social
contexts, cultural landscapes, and learned pedagogical practices. However, any of the
first or second-order barriers, a piece of new knowledge, or a situation may influence
teachers’ use of technology for teaching (Christopoulos & Sprangers, 2021). As
evidenced by the COVID-19 situation, many Pakistani teachers, regardless of their
beliefs, employed digital resources for online teaching and learning (Alabdulaziz,
2021). Their beliefs and attitudes changed as they experienced the “ease of use” and
recognized the “perceived usefulness” of digital resources in mathematics teaching
(Scully et al., 2021).

The above discussion emphasizes the role of teachers' beliefs in mathematics
teaching particularly with digital resources. In Section 2.4.4, we noted that the
Mathematical Knowledge for Teaching (MKT) framework has been criticized for not
considering teachers' beliefs. To address this limitation, we consider the Pedagogical

Technology Knowledge (PTK) framework, which incorporates teachers' beliefs,
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personal and professional knowledge, and attitudes toward using digital resources
in teaching mathematics (Thomas & Palmer, 2014). The PTK framework
acknowledges the interrelatedness of teachers' knowledge and beliefs and their
influence on pedagogical choices and practices. PTK is relevant to this study as it
provides a theoretical foundation for understanding the role of teachers' beliefs and

knowledge in mathematics teaching.

2.4.6. Pedagogical technology knowledge (PTK)

The introduction of technology demands that teachers are able to adopt a broad
perspective about the implications of technology for the teaching and learning of
mathematics (Thomas & Hong, 2005). Incorporating technology into mathematics
teaching requires more than technological knowledge competencies. Teachers also
need to develop pedagogical technology knowledge (PTK), that is, knowing how to
teach mathematics with technology. Thomas and Hong (2013) indicate that teachers
develop PTK when they advance through instrumentalisation and instrumentation

of the tool and gain a personal appreciation of its role in learning mathematics.

Trouche, et al. (2018) defined instrumentation as a process focussed on the effects of
resources on a teacher’s work whereas instrumentalisation is a process focusing on
the effects of a teacher on the resources she works on/with. Instrumentation and
instrumentalisation are the two components of the concept of instrumental genesis
(Guin & Trouche, 2002). Thomas and Hong (2013) argued that teachers need to work
on both instrumentation and instrumentalization. Focusing on either alone may
result in delays in the progress of instrumental genesis and hinder the overall

effectiveness of using digital resources in mathematics education.

The theoretical basis for instrumental genesis was originally developed in
educational psychology and cognitive ergonomics by Verillon and Rabardel (1995).
Verillon and Rabardel emphasise that there is a difference between an artefact, a
material object, and an instrument that is a psychological construct. They further
explained that an instrument does not exist as an independent entity, and only
becomes an instrument when the subject has been able to adapt it to him or herself
and has integrated it into his or her activity (Verillon and Rabardel, 1995, p. 85). This

construction is called instrumental genesis, which is a complex process, linked to the
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characteristics of the artefact (its potentialities and limitations) and to the activity of
the subject, their knowledge, and their former working habits (Guin & Trouche,
2002).

Thomas and Hong (2005) explained PTK as including instrumental genesis,
mathematical content knowledge (MCK), MKT and personal orientation. Figure 5
shows how these three teacher-related factors are combined to produce PTK. PTK
uses Schoenfeld (2011) definition of personal orientation that emphasises teacher’s
beliefs and goals about the value of technology, and the nature of learning
mathematical knowledge, the affordances and constraints these involve, and other
affective aspects, such as confidence (Tabach & Trgalova, 2019, p. 190; Thomas &
Hong, 2013). These foundations of PTK differentiates it from TPACK that articulates
the relationship between PCK, TPK, and TCK. PTK takes account of strong
mathematical content knowledge, teacher's personal orientation towards
technology with specific predefined goals and the level of teachers’ confidence in
using technology (Thomas & Palmer, 2014). This suggests a teacher with strong PTK
may be more capable of demonstrating and developing true knowledge of
mathematical (digital) objects under study and may be able to embed mathematical
conceptions and understanding rather than technology in the centre of classroom

activity.

Figure 5
A model of the framework for PTK
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Note. An outline of the construction of Pedagogical Technology Knowledge (PTK).
From “Teacher integration of technology into mathematics learning,” by M. Thomas
and Y. Hong, 2013, International Journal for Technology in Mathematics Education,
20(2), p. 70

Studies have shown that the PTK framework is a useful tool for investigating teachers’
use of technology in teaching mathematics. For example, Anabousy and Tabach
(2022) used the PTK framework in a study of 42 mathematics middle schoolteachers
to investigate how they use technology in their teaching practices. They found that
the PTK framework facilitates understanding of the complex interplay between
teachers' beliefs, knowledge, and practices in the context of teaching with
technology. Thomas and Hong (2013) in their study of mathematics teachers' use of
graphing calculators, employed PTK as an investigative lens and found that a lack of
instrumentation and instrumentalization of digital tools (resources) could lead to a
lack of confidence in teaching mathematics with technology, which further restricts
the growth of PTK. However, Tabach and Trgalova (2020) argued that developing
digital competencies can help teachers overcome this lack of confidence and
integrate digital resources into their teaching practice. They explained that by
building digital competencies, mathematics teachers can develop the technical and
pedagogical expertise necessary to select, use, and design effective instruction using
digital tools and resources. This can enhance the quality of mathematics teaching
and support the growth of PTK, as teachers are equipped to integrate mathematics
content knowledge and pedagogical knowledge with digital technologies to design

and deliver teaching.

These are important arguments in the context of this study and understanding the
knowledge and use of digital resources by mathematics teachers and their digital
competencies. In addition to the above, there are several other approaches that
investigate the knowledge and use of digital resources in mathematics education. For
example, Tabach and Trgalova (2019, 2020) and Pepin, Choppin et al. (2017) discussed
standards in the use of digital resources for mathematics education whereas van den
Bogaart et al. (2019) have discussed the issues of co-design and development of
digital content for mathematics. Trouche et al. (2018) propose a theoretical
framework the documentational approach to didactics (DAD), as a tool for analysing

the changes brought about by digitalization in the design and uses of mathematics
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teaching online resources. Given the complexity and multifaceted nature of
digitalization in education, it is essential to examine various approaches to develop
an understanding of how mathematics teachers' knowledge and use of digital
resources are influenced and transformed. The next section explores these diverse

approaches to provide a thorough investigation of the subject.

2.4.7.  Other approaches to investigate teachers’ knowledge and use

of digital resources

Several studies have used the instrumental approach to investigate user activities
with digital resources in a technology-rich environment. This approach is referred
to as instrumental orchestration (Drijvers et al., 2010). In an instrumental approach,
the knowledge and use of a technological tool includes a process of instrumental
genesis, through which an entity or artefact becomes an instrument (Verillon &
Rabardel, 1995). Instrumental orchestration emphasizes guiding students'
instrumental genesis. Drijvers et al. (2010) differentiated instrumental orchestration
into three components: a didactic configuration (arrangement of artefacts/tools), an
exploitation mode (decisions to exploit a didactical configuration) and a didactical
performance (how to perform in the chosen didactic configuration and exploitation
mode). Drijvers et al. (2010) considered the instrumental orchestration framework as
“a productive lens” through which researchers can examine teacher behaviours with
a digital tool (p. 231). Another approach that includes instrumental genesis is the
documentational approach to didactics which was first introduced by Gueudet and
Trouche (2009) and has been developed further in joint work with Pepin (Gueudet et
al., 2012).

The Documentational Approach to Didactics (DAD) is a theoretical framework that
considers teachers' work beyond the classroom and over the long term (Trouche et
al., 2018). DAD emphasizes the interplay between teachers' activity and their resource
systems, which evolve over time and constitute a structured entity aligned with
teachers' needs and professional knowledge. DAD also views teachers' professional
development as the joint development of knowledge and competencies, which
includes a mathematics teacher’s design capacity. Furthermore, DAD recognizes the

collective dimension of teachers' documentation work, as it takes place in a social
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context involving colleagues, students, and resources such as textbooks and digital

materials (Trouche et al., 2018).

DAD is an evolving theoretical approach that adapts to internal and external changes,
leading to the emergence of new concepts and theoretical appropriations (Trouche
etal., 2020). For example, DAD introduced the notion of distance to analyse different
steps of the documentational genesis, while the concept of community of practice
was used to analyse teachers' collective documentation work. The relevance of new
concepts, such as the community resource system or the community
documentational genesis, is also being questioned. However, DAD has been
originally conceptualised in French and further developed mainly in English
(Gueudet et al, 2016), due to which it lacks strong empirical evidence that could
support the generalizability of the framework in different educational cultures and
language contexts (Shao et al., 2023). In 2020 HAL open science started a project to
develop a DAD living multi-language glossary to address this challenge. The aim of
the project was to ensure consistency and clarity in the use of key terms and concepts

across different languages and contexts (Shao et al., 2023; Trouche et al., 2020).

Gueudet (2015) used a Documentational approach to investigate mathematics
teachers’ work when they solved a problem with students using (digital) resources.
Gueudet argued that a teacher interacts with a set of resources - both old and new -
to achieve certain pedagogical goals (e.g., problem-solving). She distinguishes “old
resources” as resources that are already appropriated, whereas “new resources” are
those which are often found on the Internet, selected, or designed by colleagues, or
presented in in-service training sessions (Trouche et al, 2018, p. 5). The
Documentational approach considers how multiple interactions of teachers with old
and new resources results in a document. The Documentational approach and
instrumental orchestration frameworks both grew out of the instrumental approach
(Rabardel, 2002), therefore “they show significant similarities” (Pepin, Choppin, et al.,
2017, p. 648).

In using DAD to examine digital competencies, the main challenge may be to
understand the potential complexity of teachers' documentation work and resource
systems. Digital resources and tools are rapidly evolving, and mathematics teachers

need to continuously adapt and update their digital competencies to keep pace with
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these changes. This means that teachers’' documentation work and resource systems
may be diverse and multifaceted and may require a significant amount of time and
effort to analyse and interpret. Another challenge is the need to ensure that the DAD
framework is adapted appropriately to capture the specific digital competencies
required in mathematics teaching. This may involve identifying and defining the key
digital competencies relevant to mathematics teaching and assessing how these
competencies are reflected in teachers' documentation work and resource systems.
Overall, the need to establish clear criteria and standards for assessing digital
competencies within the DAD framework would be a main challenge for
researchers. This may involve developing appropriate measures or rubrics in
different languages to assess teachers' digital competencies in mathematics
education, as well as establishing benchmarks and standards for what constitutes
effective and responsible use of digital tools and resources in their contexts and

cultures.

2.4.8. Double instrumental genesis

Instrumental genesis, as previously highlighted in Section 2.4.6, is a concept in
cultural studies and philosophy that refers to the process by which technology and
tools are created and developed over time, and how they shape our understanding
of the world. The concept emphasizes the idea that technology and culture are
intertwined, and that the development of technology is not just a matter of scientific
progress but also of cultural and historical practices (Haspekian, 2011). Double
instrumental genesis is a framework proposed by Haspekian 2011) which
incorporates two instrumental geneses (personal and professional) of teachers. The
framework has its theoretical foundation in Rabardel's (2002) concept of
instrumental genesis. According to it, “teachers must first acquire basic skills to
master the specific technology they intend to use and develop utilization schemes
related to this technology (personal instrumental genesis). Teachers must also
develop their understanding of how to support students’ mathematics learning in a
digital environment (professional instrumental genesis) (Tabach & Trgalova, 2019, p.
188). While personal genesis may be seen as common to any teacher (although tool-
specific), professional genesis is unique to mathematics teachers. Pepin, Gueudet et

al. (2017) and Ruthven (2017) proposed that most studies on digital resources have
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considered digital content as a digital mathematical tool which can be examined

under the lens of Rabardel’s (2002) instrumental approach.

Concepts such as instrumental genesis and double instrumental genesis, have
informed the modifications of MKT (Ball et al., 2008) and PTK (Thomas & Hong, 2005)
by Tabach & Trgalova (2020). Tabach and Trgalova (2020) proposed a new framework
called Digital Competencies for Teaching Mathematics with Technology (DCTMT) to
provide more relevant constructs such as double instrumental genesis and digital
knowledge of teaching mathematics to investigate knowledge and skills of
mathematics teachers using DR. The next sections, discuss the modifications of the
MKT and PTK frameworks by Tabach and Trgalova and explain how these

modifications informed this study.

2.4.9. Digital Competencies for Teaching Mathematics with
Technology (DCTMT) framework

Tabach and Trgalova (2019) extended the previous work on the PTK framework
(Thomas et al.,, 2008; Thomas & Palmer, 2014) to understand the specific knowledge
and skills needed by mathematics teachers to use digital resources in classroom:s.
They examined different international standards describing mathematics teachers’
digital competencies by using the PTK framework. They consider using the PTK
framework appropriate as the framework is specifically developed with mathematics
teachers in mind. However, they suggested two modifications to the PTK. First,
instead of “technology instrumental genesis’, Tabach and Trgalova used a double
instrumental genesis approach (Haspekian, 2011). Second, Tabach and Trgalova (2019)
modified the original MKT framework by Ball et al. (2008) by adding the dimension
of digital technology in four of the six domains of MKT (for MKT domains see Figure
4, p. 60). Their modification extends MKT to MDKT (Mathematical Digital Knowledge

for Teaching) and defines each component of MDKT as follows:

e Specialized Digital content knowledge (SDCK): Teachers specialized digital
content knowledge (SDCK) with respect to the mathematics to be taught.

e Knowledge of Digital content and students (KDCS): Knowledge of content and
students, which in a technological environment includes additional aspects

that may be formulated as knowledge of digital content and students.
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e Knowledge of Digital content and teaching (KDCT): Knowledge of content and
teaching, which in a technological environment may be interpreted as

knowledge of digital-content and teaching.

e Knowledge of Digital content and curriculum (KDCC): Knowledge of content
and curriculum in a digital environment, e.g., knowledge of prescribed use of
ICT.

These modification in the PTK i.e., introducing double instrumental genesis and
adding a dimension of digital technology in MKT led to a new framework called
“Digital Competencies for Teaching Mathematics with Technology” (DCTMT) as

shown in Figure 6.

Figure 6
Digital competencies for teaching mathematics with technology (DCTMT)
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Note. The original DCTMT framework was developed and used in a dialectical
process of implementation and refinement. From “Teaching mathematics in the
digital era: Standards and beyond,” by M. Tabach and J. Trgalova, 2020, p. 240.
Springer Nature Switzerland AG © 2020

The framework shown in Figure 6, comprises three domains: teachers’ personal
orientations (beliefs, values, and preferences) MDKT, and double instrumental
genesis related to digital technology (Tabach & Trgalova, 2020). MDKT further
comprises Specialized Digital Content Knowledge (SDCK) and Digital Pedagogical
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Content Knowledge (DPCK). Tabach and Trgalova (2020) articulate SDCK as teacher’s
knowledge about integrating global content into the curriculum and operating
various packages appropriate to mathematics, such as visualization, data analysis,
role-play simulations, and online references. SDCK facilitates technology-enhanced
mathematical experiences that foster creativity. Teachers with a high level of SDCK
use ICT resources to support their own acquisition of subject matter and pedagogical
knowledge. They understand how digital developments are changing and expanding
the content of mathematics. DPCK, which comprises KDCS, KDCT, and KDCC defines
teachers’ability to search in digital repositories for suitable resources, to select those
resources best suited to their students’ needs, to create new digital resources
themselves or with their team members, to share their resources with their peers, as
well as to evaluate the resources’ efficiency and appropriateness with respect to the
learning. The framework also acknowledges the role of teacher personal orientations
and goals when using any specific technology or content for teaching (Tabach &
Trgalova, 2020). Personal orientation and goals are related to the affective domain
and teachers’ beliefs regarding mathematics, teaching mathematics and digital
technology. Other studies (e.g., Ruthven, 2014; Tabach & Trgalova, 2019; Thomas &
Hong, 2013; Thomas & Palmer, 2014) have also mentioned the impact of teachers’
orientations and goals on their confidence in using any digital resources for teaching.
Schoenfeld (2011) explains that a positive orientation towards technology can serve

as an important driving force for the integration of digital technologies.

2.49.1. The framework underpinning this study

Subsections 2.4.6, 2.4.7, 24.8 and 2.4.9 presented various framework and their
relevance in the adoption of technology for mathematics education. The “Digital
Competencies for Teaching Mathematics with Technology (DCTMT)” framework was
selected for use in this research. The framework recognizes the complex interplay
between mathematical digital knowledge for teaching (MDKT), instrumental genesis
and personal orientation. The MDKT domains consider teachers specialized digital
content knowledge (SDCK), Knowledge of digital content and students (KDCS),
Knowledge of digital content and teaching (KDCT), and Knowledge of digital content
and curriculum (KDCC). Among the four domains (constructs), Tabach & Trgalova
(2020) consider that SDRK is linked to a teacher's personal instrumental genesis. The

other three constructs KDCS, KDCT, and KDCC are linked to the professional
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instrumental genesis, the student instrumental genesis, and the genesis of learning
mathematics with digital technology (Tabach & Trgalova, 2019, 2020). These domains
are widely used and mentioned in the various international policy documents to
define ICT-related digital competencies, knowledge, and skills of mathematics
teachers. (Examples of these policy documents, include the EU DigComp framework

and Australian national framework for professional standards for teaching).

Although the DCTMT framework captures important aspects of teachers and
teaching in digital environments, the use of the term “content” may be confusing.
Therefore, I consider modifying the term “content” to “resources” within the different

constructs of the DCTMT. This modification is justified in the following section.

2.4.9.2. Modification of the DCTMT framework

The aim of this study is to understand the digital competencies of high school
mathematics teachers in Pakistan. In this regard, I adopt the use of the term “digital
resources” instead of “digital content” in the framework. This altered terminology
indicates a conceptual transition to one that aligns better with the evolving nature
and different aspect of digital tools (see Sections 2.2.2 and 2.2.3). The breadth of
meaning of the term "resources” is suggested in the literature. Ruthven (2014) claimed
that the term “resource” has a multitude of everyday and educational meanings.
Resources refer to any assets teachers might draw on to support any stage of their
everyday teaching practice (Siedel & Stylianides, 2018). Furthermore, in this literature
review, I have defined the concept of digital resources for teaching and learning
mathematics (Section 2.2.2). Based on the definition, I elaborated on the digital
competencies of high school mathematics teachers (Section 2.2.3). Considering these
definitions and the context of this study, the change aligns with the scope of

technology integration in mathematics education.

Moreover, it is argued that there are limitations associated with using the term
‘content” in the components of the framework. The term "content” may restrict
understanding of the value of interactive and engaging digital resources, which differ
from traditional knowledge sharing. The term may undermine recognition of
teachers' creative potential in curating and creating materials and may shift the focus
of the reader to the "what" rather than the "how" of teaching. Besides, the term

"content” implies subject-specific information that needs to be conveyed. However,

77



in the digital era, educational resources have evolved to include a diverse range of
content, such as interactive simulations, multimedia objects, online databases, and
collaborative platforms (Maciejewski, 2019). The term resources highlight that
technology is not solely about content transmission, but also about employing
various tools (Gadot & Tsybulsky, 2023).

The term “resources” also resonates with the framework's emphasis on teachers'
abilities to search, select, create, and evaluate digital materials. The term includes the
dynamic process of harnessing digital tools to support teaching objectives. The
rationale which has been outlined demonstrates that the change in terminology
involves more than just a linguistic adjustment. Teachers have a variety of roles,
content, and tools in digital classrooms, collectively referred to as "digital resources”
(Schoenfeld, 2011). These roles include curating content, facilitating learning, and
providing personalized guidance to students (Gadot & Tsybulsky, 2023). A further
argument is that the use of the term resources not only communicates the notion of
greater flexibility, but also accords with the concepts of self-paced and self-directed
learning for students (Reddy et al., 2020). These reasons justify the view that using
"resources” instead of "content” would more aptly reflect digital technologies that can

enhance teaching in several ways.

Moreover, during the pandemic, the traditional boundaries of the classroom blurred,
and education systems worldwide found themselves in the realm of online and
blended learning. The pandemic compelled teachers to adapt their pedagogical
approaches to accommodate remote teaching. In this context, the term "content”
might emphasize the one-way flow of information from teacher to student. It may
neglect the interactive, collaborative, and creative aspects that resources brought to

the forefront during the COVID-19 pandemic.
Particularly, in the context of mathematics teachers in Pakistan, the shift from
content to resources allows for the capture of the broader aspects of digital

competencies such as:

e Teachers' use of collaborative, personalized platforms over reliance on

fixed curriculum texts. Teachers can leverage social media, adaptive
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software, educational games, simulations etc. as per individual student

needs.

e Knowledge about informal resources that teachers create to supplement
formal (official) textbooks content. That is, how teachers integrate digital
materials created by them that map better to the classroom context.

e Understanding of the role of the teacher in continually evaluating,
modifying, remixing or adding to the materials accessed - casting them

more as active curators rather than passive content consumers.

With this modification in mind, the components of the framework are as follows:

o Specialized Digital Resources knowledge (SDRK): Teachers specialized

digital resources knowledge with respect to the mathematics to be taught.

e Knowledge of Digital Resources and students (KDRS): Knowledge of
resources and students, which in a technological environment includes
additional aspects that may be formulated as knowledge of digital
resources and students.

e Knowledge of Digital Resources and teaching (KDRT): Knowledge of
resources and teaching, which in a technological environment may be
interpreted as knowledge of digital resources and teaching.

e Knowledge of Digital Resources and curriculum (KDRC): Knowledge of
resources and curriculum in a digital environment, e.g., knowledge of

prescribed use of ICT.

The study explored the digital competencies of mathematics teachers using the
modified Digital Competencies for Teaching Mathematics with Technology (DCTMT)

framework as shown in Figure 7.
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Figure 7

Modified theoretical framework for this study.
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Note. The modified theoretical framework shows the changes in the original

framework (see Figure 6). The term “content” is replaced with “resources.”
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2.5. EVIDENCE ON DIGITAL COMPETENCIES FOR MATHEMATICS
TEACHERS

The acquisition of digital competencies for mathematics teaching and learning has
become important in recent years (Tabach & Trgalova, 2020). To use various digital
resources, teachers need to possess the required digital competencies (Dockendorff,
2020; Gueudet, 2015; Pepin, Choppin, et al.,, 2017). This section examines studies on
the digital competencies of mathematics teachers, including the skills and
knowledge necessary for using digital resources in mathematics classrooms. It
includes studies that highlight the importance of digital competencies for
mathematics teachers in teaching and applying problem-solving and reasoning. The
aim is to present research on digital competencies for mathematics teachers and

identify areas for further investigation.

2.5.1. Problem Solving and teachers’ digital competencies

People with good mathematical problem-solving skills can adapt quickly to situation.
Problem-solving skills complement other attributes such as a goal-oriented
approach, finding quick solutions, and making informed decisions. Starting in
elementary school, these abilities need to be continually developed throughout the
academic life of students (Szabo et al,, 2020). The role of digital tools and resources
in developing these skills is well documented in the literature. Examples are provided

in the subsections that follows.

2.5.1.1. Digital competencies in promoting inventive-semiotic acts

Several methods have been used to teach mathematical problem-solving. These
methods have focused on cognition, and paid less attention to affect or cognitive-
affective interactions (Goldin, 1998). Goldin (1998) defined inventive-semiotic acts as
a process in which children create new signs and assign them meaning (Goldin, 1998).
Goldin's (1998) approach emphasizes the construction of students’ own
representational systems (internal and external) during the problem-solving
process, involving inventive-semiotic acts. In this way, students can explore the
logico-mathematical consequences of their inventions and learn to build their own

(external and internal) mathematical representations. In relation to teachers, the
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ability to use signs, symbols and notations represents teachers’ inventive semiotic
acts. It is an important ability, which failure to acquire could introduce errors and
produce inaccurate representations of mathematical content in digital format
(Junqueira, 2006). Thus, teachers need to know how to creatively manipulate
mathematical symbols and notations within a digital environment (Junqueira, 2006).
They can employ digital tools (such as equation editors) to go beyond traditional pen-
and-paper approaches and engage in a dynamic process of symbol manipulation,
fostering new ways of representing mathematical concepts (Goldin, 1998). However,
Junqueira (2006) also notes that manipulating signs, symbols and notation using
equation editors can be difficult to learn, can be a distraction for students, and that

they can lead to students becoming less engaged in the learning process.

With the advent of dynamic computer environments, like GeoGebra, the possibilities
for displaying aspects of external representational structure explicitly have increased
(Dockendorff, 2020). However, the education system in most parts of the world still
devotes much of school mathematics explicitly to the manipulation of formal
notational systems, with fewer efforts to change classroom practice to emphasize
problem-solving strategies, visualization, pattern recognition, and other more
conceptually-oriented techniques (Ruiz-Lopez, 2018). This could be due to teachers
needing to acquire digital skills to bring about the change. Digital technologies,
particularly mobile ones, provide teachers with new opportunities to develop digital
competencies that allow them to teach problem-solving more effectively (Carreira &
Jacinto, 2019). Therefore, incorporating digital technologies into teaching
mathematical problem-solving is essential for improving students' understanding

and engagement in the subject.

2.5.1.2. Enhancing logical-mathematical intelligence through digital

technologies

Mathematical problem-solving is an important component of Logical-mathematical
intelligence (Dockendorff, 2020), which includes skills such as deductive reasoning,
pattern detection, sequencing, logical thinking, and cause-effect relationship
recognition, as well as knowledge of complex and abstract mathematical ideas.
Dockendorff (2020) examined how digital resources (like GeoGebra) can enhance

mathematical activities that are part of Logical-mathematical intelligence.
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Dockendorff found that the use of Dynamic Geometry Software (DGS) in problem-
solving can improve teachers' capacity to think in images and pictures, accurately
visualize abstract concepts, and possess a keen sense of space, distance, and
measurement. Furthermore, the use of learning technology by teachers can optimize
both logical-mathematical and visual-spatial intelligences, complementing each
other with improved learning outcomes. Therefore, integrating digital resources into
mathematics education has the potential to enhance student engagement and
understanding. However, Dockendorff considers that many teachers find it
challenging to integrate digital resources in their teaching practice, leading to
ineffective teaching of mathematical problem-solving. In addition to the technical,
operational, and infrastructural difficulties, Dockendorff suggests that teachers who
lack digital skills may experience additional challenges such as in making a
fundamental shift in the role that teachers play (from instructor to

facilitator/mediator) in teaching with digital resources.

2.5.1.3. Technology as a tool for developing problem-solving and critical

thinking skills

Digital technologies can support teachers in developing problem-solving and critical
thinking abilities in students (Barana et al, 2019). Digital technologies support
multiple perspectives of reality, knowledge construction, and lifelong learning
(Reddy et al., 2020). Barana et al. (2019) examined secondary school mathematics
teachers' reflections on the role of Advanced Computing Environment (ACE) for
problem posing and solving. The authors found that most teachers agreed on the
importance of ACE as a method for posing and solving mathematical problems. Their
findings indicate that ACE provides multiple options for interactively observing,
representing, manipulating, generalizing, and extending reasoning about
mathematical problem-solving strategies. Barana et al. reported that ACE diverts
students’ attention from calculators to more interesting activities, such as
conjecturing, searching, and concluding. This can lead to "meaningful and motivated
learning” that "promotes critical thinking and creativity" in students (p. 17). This shows
that technology can optimize students' potential by promoting critical thinking,

problem-solving, and computational skills essential in the 21st-century.
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2.5.2.  Orchestrating mathematical problem-solving in digital

environments

Recent literature (e.g., Morge, 2020; Santos-Trigo, 2019) shows that digital tools
including online communication platforms offer problem solvers a set of
affordances, which they can use to orchestrate activities (such as explore, (re)-
construct, explain, and communicate) during solo and collaborative mathematical
problem-solving. The affordances offered by digital resources are critical in
augmenting problem solvers’ understanding of mathematical concepts beyond
formal settings (Santos-Trigo, 2019). However, in intermittent and unpredictable
online learning situations such as in COVID-19, teachers and students’ reflections are
necessary to examine the efficacy of digital tools and communication platforms
(Hartshorne et al, 2020). Morge's (2020) study highlighted the role of digital
competencies in mathematics teaching, particularly during collaborative problem-
solving activities. Using a range of digital tools, such as encyclopaedias, online
discussion walls, small chats, emoticons, and breakout rooms, teachers during
COVID-19 facilitated meaningful conversations and engaged students in both small
and large group discussions. The affordances of breakout rooms, for instance,
allowed teachers to visit other groups synchronously, ask questions, explain
reasoning, and critique the reasoning of others. This kind of technology-rich
teaching configuration is essential for developing digital skills in teachers (Drijvers et
al., 2010). While online teaching offers a lot of potential as a method for collaborative
learning and problem-solving, Trenholm et al. (2016) cautioned about the difficulties
preservice teachers could face due to a lack of knowledge. This includes
accumulating and responding to students' feedback and helping students develop
appropriate pedagogies before transitioning to fully online instructions. Therefore, it
is crucial for teachers to acquire and develop digital competencies that can help
them overcome these challenges and engage students in collaborative problem-

solving activities.

Gueudet (2015) examined mathematics teachers” work with resources using an
approach she called the documentational approach. Gueudet argues that a teacher
interacts with a set of resources (both old and new) to achieve certain pedagogical
goals. Gueudet designed a scenario for grade 9 students. Gueudet created graphics
of a football-training field and placed it in GeoGebra. The students had to find the
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measure of the shooting angle for a player placed on Point P (point-to-shoot
penalties) in the Goal represented as a line segment AB. The researcher, along with
teachers, placed 11 hints using text boxes and some already drawn circles for the
students to use in case of any difficulty. During the inquiry-based activity, students
found several complications in finding the solution. For example, some vocabulary
used in hints, "shooting angle”, the position of already placed circles, the image used
as a football field, and the written description of the problem were confusing for the
students. The author had to change hints and find an appropriate football field image
(via the Internet) to clear the students’ confusion. Gueudet emphasizes that the
teacher's digital competencies are key in determining how well they can select,
combine, use, and modify digital resources in conjunction with other resources to
create a stable organization of the teaching activity. The use of digital resources such
as GeoGebra requires teachers to go through several stages of learning to optimize

their use in the classroom.

Furthermore, Pepin, Choppin et al. (2017) conceptualized a structure to organize the
digital Learning Space for solving problems in mathematics. Their organization starts
with the Presentation Space, in which a digitally competent teacher can use
multimedia resources such as videos, animation, and graphics to explain a concept
(or a problem). Then there is the Problem Space, which includes the types of
problems and the range of solution paths or responses for the problems the students
work on. The Workspace, which refers to the set of tools and resources available to
solve a problem, follows the Problem Space. Teachers can manage the Workspace
with digital resources by providing access to a wide range of tools, including graphing
calculators, spreadsheets, wikis, and academic networking. This application of digital
competencies can help students develop creative and critical thinking skills. Finally,
the Navigation Space refers to the potentially non-linear ways in which learners may
progress through mathematical topics available via other sources. To manage these
learning spaces, teachers’ digital skills like searching, locating, installing, creating,
evaluating and designing can facilitate the integration of digital resources. Teacher
through these skills, can structure and design a digital learning environment and add

further study materials to the space.

Pepin, Gueudet, et al. (2017) emphasised the importance of a mathematics teacher’s

design capacity when working with digital resources in a digital environment. They
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emphasized that digital resources offer incentives and increased opportunities for
teachers' design work, but also require enhanced design expertise due to the
changing nature of the requirements. They proposed ten questions to study teacher
design processes and introduce three components for exploring teacher design
capacity. They stressed the increasing role of digital resources in developing teacher
design capacity, particularly in collaborative environments. Pepin, Choppin, et al.
(2017) argue that the research on digital curriculum resources (DCR) (or simply digital
resources) and their design is framed by socio-cultural theories and highlights the
ongoing connection between design and use due to the unique nature and
affordances of digital resources. They further mention the blurring of boundaries
between pedagogy and assessment, as well as between summative and formative
assessment techniques, influenced by the design of automated learning systems. The
study emphasizes the expanded space of interaction facilitated by
dynamic/interactive digital resources and its potential to support personalized
learning. The authors asserted that digital resources provide opportunities for
changing understanding of their design, use, quality, and the processes of teacher
and student interactions. In all these processes, teachers must not ignore the

importance of their digital competencies.

2.5.3. Teachers' digital competencies and online collaboration

Previous studies (e.g., Means et al., 2009; Molinillo et al., 2018) have pointed out that
the participation, interaction, and meaningful work of peers are significant
components of an online learning environment. Means et al. (2009) performed a
meta-analysis of 200 studies and found that the studies in which online teaching was
collaborative or instructor-directed, the effect sizes of learning gains were greater
than those in which online learners operated independently. Means et al. (2009)
highlight the importance of teachers having digital skills to facilitate online teaching
and learning. Molinillo et al. (2018) also emphasized the importance of social
presence, interactions between teacher and students, and emotional engagement in
online collaborative learning. They empirically analysed the impact of social
presence and interactions on active learning within the context of social web-based
collaborative learning (SWBCL). Molinillo et al. (2018) found that social presence and
interaction between teacher and students positively influenced “students' active

learning, both directly and indirectly, through emotional engagement” (p. 41). These
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findings highlight the critical role of teachers' digital competencies in creating and

facilitating collaborative learning environments in online settings.

As previously mentioned in Section 2.3.4, during the COVID-19 pandemic, teachers'
digital competencies emerged as a critical factor in ensuring the success of online
transition., Gandolfi and Kratcoski (2020) reported that teachers who possessed a
knowledge of digital learning and social media platforms (such as Google Meet,
Padlet, Facebook and Twitter) were able to transfer these skills to create an
emergency Community of Practice (CoP) group. Teachers used the group to share
common domains, practices, and social connections remotely. The authors guided
teachers asynchronously on remote teaching strategies and provided training about
non-content-specific tools (e.g., Book Creator). For synchronous CoP, they used a
Facebook page, Twitter posts, and weekly emails. They authors found that it is
important for school leaders seeking to implement aspects of remote teaching and
learning into their educational programs to provide additional opportunities for
teacher collaboration beyond the online courses. They must train teachers in the use

of online tools that support online teaching and learning.

In another example, Gronseth et al. (2020) investigated the teaching strategies and
technologies that facilitate online learning interactions and connections. They
redesigned course activities that suited the online format. Gronseth et al. (2020) used
synchronous and asynchronous digital technologies, such as mobile instant
messaging (GroupMe), digital whiteboard (Padlet), and synchronous sessions via
Zoom. Their findings suggest that a significant social link developed among students
(165 pre-service teachers) and teachers through collaborative strategies and
resources. They found that the promotion of connections and collaboration in online
education involved the re-imagination and re-design of training activities with
additional knowledge of technologies. An online learning environment requires the
active and collaborative participation of learners to explore, develop awareness and
understand what is referred to as the "Community of Inquiry" Col (Garrison, 2009
cited in Gronseth et al. (2020). The study also found that connective technologies,
including GroupMe, Padlet, and Zoom, have been instrumental in preserving social

closeness despite social distances.
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In summary the above studies illustrate that the digital competencies that
encompass online communication, collaboration, and digital pedagogy are pivotal to
navigate in a digital environment. These skills transcend traditional classroom
boundaries, preparing teachers to navigate digital spaces and cultivate meaningful
learning experiences for their students. As the role of digital resources continues to
expand in mathematics education, these competencies will remain at the forefront

of teaching in the digital age.

2.54. The knowledge of dynamic graphing software (DGS)

Dynamic graphing software, like GeoGebra, has become an integral component of
modern mathematics education (Dockendorff, 2020). DGS’s dynamic and interactive
features empower teachers to bridge the gap between geometry and algebra and
serves as a visual learning environment for students facilitating engaging and
interactive mathematics education. GeoGebra can be classified as both a Computer
Algebra System (CAS) and a Dynamic Geometry Software (DGS) (Zengin et al., 2012).
This dual classification stems from its incorporation of symbolic and visualization
features. These features encompass direct coding of equations and coordinates, as
well as the capacity to define functions in algebraic terms (Dockendorff, 2020).
GeoGebra supports a repertoire of concepts ranging from points and lines to more
complex ones, such as conic sections. DGS’s dynamic interplay between geometry
and algebra not only support students’ understanding but also nurtures their

analytical thinking and problem-solving skills (Zengin et al., 2012).

The use of DGS has been extensively highlighted in the literature, as evidenced in
studies such as those of Dockendorff (2020), Esguerra-Prieto et al. (2018), Maria et al.
(2015), Pierce and Stacey (2010), Yerushalmy et al. (2017) and Zengin et al. (2012).
Dockendorff (2020) used DGS for problem-solving and showed that affordances
such as immediate feedback, interactive and multimedia experiences, and dynamic
aspects can help both teachers and students stay motivated, track the progress of
learning, and identify areas that need additional support. Such affordances also help

students self-regulate and understand mathematics problems (Maciejewski, 2019).

Esguerra-Prieto et al. (2018) in a comparative study of MATLAB and GeoGebra

showed that teaching complex numbers can be simplified by using graphical tools.
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They used MATLAB and GeoGebra to create and perform several operations of
complex numbers graphically such as addition, multiplication, division, subtraction,
and conjugate. Esguerra-Prieto et al. created operations such as inverse and 3D
representations using both software. They found that the dynamic representation of
different operations provides teachers with better options, representations, and a
new way to communicate the challenging task of teaching complex numbers.
Similarly, Maria et al. (2015) demonstrated the use of GeoGebra to study complex
numbers and complex functions. They produced multiple representations of
complex numbers using 2D and 3D graphic windows in GeoGebra to solve and teach

advanced mathematical concepts in complex equations.

Pierce and Stacey (2010) explained the efficacy of DGS beyond geometry. They
suggested that DGS (they call it MAS - mathematical analysis software) provides
improved speed in moving between representations such as functions and their
graphs. Pierce and Stacey (2010) argue that DGS provides access to representations
that would be challenging or “impossible in a pen-and-paper environment (e.g., 3D
graphs of functions of two variables, dynamic diagrams), including displays which
are easy to share” (p. 4). Zengin et al. (2012) in an experimental study of 51 students
found that computer assisted instruction (using DGS) as a supplement to
constructivist instruction is more effective than the constructivist teaching method.
The findings were consistent with the other studies which found a positive impact of

using DGS in enhancing students’learning and understanding.

In the context of Pakistan, Khalil (2016), in an experimental study design (post-test
equivalent group), investigated the effect of a DGS (GeoGebra) on Grade-12 students’
mathematical thinking and mathematical achievement in analytic geometry. Khalil
used six aspects of mathematical thinking commonly found in literature such as
generalization, analytical thinking, logical thinking, abstract thinking, problem
solving and representation thinking. The author designed twenty-two lessons of
GeoGebra, relevant to analytic geometry, for the experimental group and used the
criterion-referenced test (post-test) to assess the students’ responses. The study
findings showed that there were statistically significant differences between the
mathematical thinking and mathematical achievement scores of the two groups. In
the result, the experimental group developed significantly more in both

mathematical thinking and mathematical achievement except in mathematical
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achievement for high achievers. In multiple comparisons, the experimental group
students performed significantly better than the control group. The only aspect that
differed was problem-solving where the Mean score of the experimental group

improved more than that of control group but did not reach statistical significance.

Yerushalmy et al. (2017) showed that DGS like GeoGebra can aid in the assessment of
students' understanding of mathematical concepts. Yerushalmy et al. (2017) study
explored the use of online interactive assessment content and its potential in
minimising the need for teachers’ interpretation of students' meaning making. By
using a formative assessment platform called STEP, students were able to create
sketches and submit their understanding of a mathematical problem. The
researchers used one e-task to study the design principles of innovative assessment
items, requiring students to construct confirming examples of a correct existential
statement in a dynamic graphic environment (GeoGebra). The results of their study
showed that digital technology not only enabled the collection of a different type and
quality of data, but also allowed for easier measurement and quicker online
feedback. The study concluded that GeoGebra could potentially change the
discourse and norms of the classroom, encouraging discussion of solution spaces,
heterogeneous response spaces, and the characteristics of examples and

mathematical attributes.

These studies show that the use of DGS in mathematics education highlights the
transformative power of digital resources within classrooms. This shift prompts a
departure from conventional rote learning methods and movement towards an
engaging and exploratory pedagogical paradigm. DGS and its potential also
emphasizes the pivotal role of teachers, equipped with digital competencies, in order
to exploit the rich pedagogical potential of dynamic graphing software like
GeoGebra. A digitally competent mathematics teacher can revolutionise his or her
mathematics teaching with DGS, creating an engaging and interactive learning

experience for students.

2.5.5. Teachers' use of Videos

The omnipresence of videos on the internet is addictive in nature (Sari et al., 2020).

Videos have a far greater reach than any other medium on the internet (Nacak et al,,
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2020). Various video streaming platforms, including YouTube, offer a wide range of
educational videos designed to facilitate teaching and learning across different
disciplines. Research has demonstrated the influence of videos not only on
improving teaching skills (de Araujo et al., 2017; C. Maher et al., 2014; Nacak et al,

2020) but also on enhancing students' learning outcomes (Guo et al., 2014).

The use of videos in mathematics education has opened new possibilities for pre-
service/in-service teachers and students, fostering opportunities for the
development of digital competence. In particular, the use of videos has been shown
to be a valuable tool for professional development of pre-service teachers (McDuffie
et al, 2014). In an experimental study, Maher (2014) examined a total of 177 pre-
service and in-service mathematics teachers to explore the impact of video usage on
various aspects of teaching. The study found that videos help teachers to identify
patterns of students’ mathematical reasoning, enhance teacher engagement in
mathematical discussions, improve their ability to construct mathematical
arguments, and enhance their skills in critiquing the reasoning of others. They found
that the videos have the potential to help teachers to recognize student reasoning, an

important goal in the teaching and learning of mathematics.

Similarly, McDuffie et al. (2014) implemented a video analysis activity to support pre-
service mathematics teachers (n = 73) in developing their ability to recognize
equitable instructional (EI) practices. The authors define EI practices as those where
every student has equal access to learning, is treated equitably by the learning
community, and feels valued and supported by their instructor and peers. The pre-
service teachers participated in the activity multiple times throughout the semester,
using four different lenses (teaching, learning, task, and power and participation) to
analyse teaching and learning in video clips. The authors found that, through
analysing videos of children's learning, pre-service teachers demonstrated improved

depth and expanded focus in identifying equitable teaching practices.

In another study related to the use of videos, Moreno et al. (2020) designed a study
to assess the relationship between teachers' digital competencies among
mathematics teachers and their ability to select and edit teaching videos for use
within the Flipped Classroom Model (FCM). The descriptive univariate study involved

50 pre-service mathematics teachers and used a non-experimental approach. The
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study found that teachers with intermediate digital competencies can create
acceptable teaching videos for mathematics education. The study also highlights
deficiencies in the pedagogical and mathematics teaching components of the videos.
Moreno et al. argues that combining images and explanations through video has
been found to enhance students' understanding of the material, compared to relying
solely on a textbook. By using videos as an instructional tool, students are provided
with a visual representation of the content accompanied by explanations, which
helps to connect and contextualize the information. The combination of visuals and
explanations in videos facilitates a deeper understanding and retention of the

material compared to relying solely on text-based resources.

Similarly, Beatty et al. (2019) analysed students' use of videos in a flipped classroom.
They found that the use of videos could lead to improved learning outcomes when
implemented appropriately. Their findings suggest that unique and important
content in the videos can increase student engagement and persistence through
watching the videos throughout the term. Teachers with the knowledge of how
videos work can increase the likelihood of students watching each video. Teachers
can adjust class activities or content can be timed based on students' video-viewing
behaviour. This could allow teachers to align in-class activities with completed video
assignments or timely introduction of new content in the online environment. They
suggest that instead of pre-loading all videos at the beginning of the semester,
instructors can release videos when the corresponding content is needed, creating

anticipation and curiosity among students for each week's new video content.

Studies have also included examples of teachers who create their own teaching
videos. De Araujo et al. (2017) discussed the case of a teacher who created and used
videos as an alternative to the textbook in a mathematics classroom. The teacher
adapted a method of teaching by scripting the video as per the content of the
textbook and enriching it with her imagination and representations. The knowledge
of creating videos solved her problem of teaching and attending to her students at
the same time. The author found that using videos improved her students'
understanding of mathematical concepts. Trouche et al. (2018) also articulated the
value that videos add to the existing pedagogies and teaching approaches. They
emphasized that videos are not only a critical component of alternative teaching

approaches such as flip and blended learning, but they also provide chances for
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extending mathematics teachers'resource options. They found that teachers attempt
to map the content of the textbook and its presentational style in the self-created
videos, so the videos aligned with and replaced textbooks in some ways. This shows
the role of teachers’ competencies in appropriating resources for their own needs
and converting them into a pedagogical instrument, thus initiating the process of

instrumental genesis (Rocha, 2018; Trouche, 2004).

In the context of developing countries or resource-constrained environments,
videos (particularly YouTube educational videos) can be considered as a tool for self-
development, improving knowledge and problem-solving skills. For instance,
Nugroho et al. (2019) conducted a quasi-experimental study in Indonesia to examine
the impact of combining ethnomathematics, a culturally aligned learning approach,
with YouTube learning media, on students' problem-solving abilities. The
researchers employed a 2 x 2 experimental design and utilized a problem-solving
ability test as the research instrument, administered both as a pretest and a post-test.
The study revealed a significant relationship between the learning model factors,
specifically YouTube media and the ethnomathematics approach, and the impact of
mathematical material on students' problem-solving ability. Notably, they found that
the student experimental group demonstrated higher problem-solving abilities
compared to those who learned without this approach, after controlling for their

initial abilities.

While there is strong evidence for the benefits of videos as an educational tool, there
are also cautions and provisos. (Sari et al., 2020) investigated the use of YouTube
Educative as an educational tool to improve knowledge, skills, and creativity in
mathematics. The authors found that the appropriate use of YouTube videos can
remove students’ learning difficulties. However, they further argued that YouTube is
not fully used as an educational resource in mathematics education. Students
primarily use it for entertainment purposes. Similarly, Nacak et al., (2020) argued that
the use of YouTube in education comes with its own set of disadvantages and
considerations. They mentioned drawbacks including the potential for technology
addiction, reduced eye contact and concentration, the inability to ask questions in
real-time, the risk of accessing unreliable or unverified information, and students
becoming isolated from social interactions. The authors suggest the need for caution

and responsible usage when using YouTube videos as an educational tool. Jalaluddin

93



(2016) also discussed various disadvantages of YouTube in the classroom, such as
privacy, the absence of external control, the potential for inappropriate content, and
the lack of restrictions on comments. The author emphasizes the importance of
establishing guidelines and promoting safe and appropriate usage of YouTube as an
assistive resource for teaching and learning. The guidelines must consider safe and
responsible use, selecting age-appropriate and reliable content, and ideological

sensitivities as essential factors before integrating YouTube into classroom:s.

2.5.6. Interactive whiteboard

(Mishra, 2014) emphasised that the basic idea behind teaching and learning in any
discipline is that; there are ways of teaching and learning that are central to the way
knowledge is represented in that discipline and that resources and techniques are
intricately linked to them. However, the pace at which digital resources are changing
has meant that our thinking about the pedagogy and content is also changing. Mishra
suggests if the teacher changes any one element (content, pedagogy, and technology)
in a classroom other aspect will also change. For instance, the introduction of
Interactive White Boards (IWB) provides opportunities to display an “infinitely wide
range of secondary” digital content when connected with the internet (Hennessy,
2011, p. 476 cited in (Saville et al.,, 2014). Teachers can use, draw, manipulate, create,
display, and disseminate content through IWB, and can conduct assessments (Saville
et al., 2014). Rather than focusing on traditional methods, teachers should be
provided with opportunities to play and explore in a small micro-domain and take
risks using alternate instructional (digital) resources. Institutions need to support and
nurture these small micro-domains or creative classrooms instead of adding more
courses related to technology in professional development programmes for teachers
(Mishra, 2104). In this way, teachers develop new knowledge and skills that enable
them to create, select and use technology-mediated new ways of representing the
subject matter content knowledge, monitor student work and assess student

learning using technology (Tabach & Trgalova, 2019).
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2.5.7. Edutainment and game-based learning and teachers’ digital

competencies

Edutainment is a derived term that specifies a merger of education with
entertainment (Aksakal, 2015), first coined by Walt Disney back in 1954. The concept
gained momentum in mathematics education when approaches such as game-
based learning and gamification were introduced for teaching and learning of
mathematical concepts (Hwa, 2018). Nowadays, digital games have become an
important digital resource for mathematics education (Gros, 2015). The concept
flourished with the penetration of mobile technologies, provided a real impetus to
the emerging themes in mathematics education of “learning across multiple
contexts” and learning “through social and content interactions” (Crompton &
Traxler, 2015). In the context of high school students, games allow them to progress
at their own pace, providing opportunities for differentiated learning. High school
students and adults have diverse learning needs and possess varied levels of digital
skills. Game-based learning can accommodate these differences by tailoring

challenges to individual proficiency levels.

There is a corpus of literature on edutainment as a tool to develop 21st Century skills
in students. For instance, scholars such as Hwa (2018), (Lynch-Arroyo & Asing-
Cashman, 2016) and Kolovou et al. (2013) have shown that digital games have a
positive impact on learning, problem-solving, increasing scientific knowledge, and
enhancing learning motivation. Edutainment can facilitate the progression of
students’ thought processes to levels of critical-creative thinkers (Lynch-Arroyo &
Asing-Cashman, 2016). Games increase engagement and promote the transition
from fixed mindsets to growth mindsets (Hwa, 2018). However, in the
implementation of games, literature emphasises the importance of teachers’
knowledge and in-depth understanding of different game categorization to
successfully integrate educational methods and game design. Gros (2015) explained
four categories of games as serious, epistemic, multiplayer, and social games. Gros
(2015) emphasized that teachers with better digital skills could select appropriate
games from the above categories to meet chosen learning goals. The extent of
teachers’ digital skills determines how they will use games either as a small unit to
support teaching and learning (game-based learning) or to convert the “entire model

of teaching to be a game or game-like” (gamification) (p. 39).
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Along with its potential and possibilities, there are several challenges in
implementing the concept of edutainment and game-based learning for
mathematics education. These challenges include teachers” beliefs about using
games as an educational phenomenon/tool, acquisition of mathematical knowledge
from gameplay, difficulties faced by teachers while implementing games in
classroom teaching, and selection of appropriate games for students who are
learning at different levels (Gros, 2015). These challenges directly and indirectly relate
to the teachers’ digital competencies. Teachers with a low level of digital
competencies may find it difficult to select appropriate games, design learning
experiences, and evaluate student progress (Redecker, 2017). Digital competencies
play a vital role in understanding a clear distinction between different gaming
concepts used for learning, such as game-based learning or gamification, which may

resolve some of the challenges mentioned in the literature.

Another challenge while using games for home-based learning is parental
engagement in achieving desired learning goals (Kolovou et al., 2013). In online
(home) learning, parents work conjointly with teachers to organize, structure, and
operationalize the learning environment. The parents’ role in situations such as
special education and working with multiple students in different study
groups/levels may require tools and strategies to create an effective home learning
environment (McCarthy & Wolfe, 2020). This is particularly relevant to Pakistan,
where the dynamics of resource availability within households play a crucial role. In
settings where the number of users surpasses the available devices, the accessibility
to digital resources becomes a critical concern. Another challenge could be students’
and teachers' varying levels of digital competencies. While some students might
readily adapt to game-based learning environments, others could struggle due to
limited exposure to digital tools (Lowrie & Jorgensen, 2015). This discrepancy can
create a disparity in learning outcomes, potentially leaving some students behind.
Similarly, teachers’ digital competencies play a pivotal role in using game-based
learning. Teachers need not only to understand the educational potential of these
games but also possess the skills to integrate them into the curriculum (Redecker,
2017).
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2.6. DIGITAL COMPETENCIES OF MATHEMATICS TEACHERS IN

DEVELOPING COUNTRIES

Limited literature exists that discusses the digital competencies of high school
mathematics teachers in developing countries. Existing studies focus on the
challenges faced by schools, teachers, and students in this area. For instance, the
World Bank report (Dundar et al.,, 2014) on student learning outcomes in South Asia
reported that limited training opportunities, inadequate resources and funding, and
a prioritisation of traditional teaching methods constrain the use of technology in
schools. Moreover, their study found that teachers' access to and use of technology
depended on the opportunities provided by their schools, which are often governed
by policies designed by school leadership. The report highlighted a wider gap in
technology adaptation between rural and urban teachers, particularly for the
teachers in Sri Lanka, Bangladesh, India, and Pakistan (Dundar et al.,, 2014), further
compounding these challenges. Umugiraneza et al. (2018) also highlighted these
challenges in the South African mathematics education context. The study found that
only a quarter of teachers had access to ICT for teaching mathematics, and the use of

ICT is even lower in earlier grades.

Makhdum et al. (2023) conducted a study on the use of digital technology in
mathematics classrooms with seventh grade students in Pakistan, focusing on the
effectiveness of Desmos and GeoGebra in learning algebra. While the study primarily
discussed the students' learning outcomes with the resources, it briefly highlighted
the role of teachers' digital competencies. They found that the two participating
teachers who had prior knowledge of using Desmos and GeoGebra were able to
integrate the technology into their teaching practice, resulting in improved learning
outcomes for their students. This finding highlights the importance of teachers
having knowledge of and confidence in using digital tools to enhance student
learning through technology. Another study in Pakistan (e.g., Khalil, 2016)
investigated the effect of a dynamic geometry software (GeoGebra) on Grade 12
students’ mathematical thinking and mathematical achievement in analytic
geometry. However, the study did not consider the role of teachers' digital

competencies in the effective use of GeoGebra in the classroom.
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In the context of developing countries, many studies on mathematics education have
been conducted under the umbrella of STEM (Science, Technology, Engineering, and
Mathematics) education. For example, (Ali et al.,, 2023) used the STEM Pedagogical
Content Knowledge (STEMPCK) Scale to measure teachers' STEM knowledge. The
study found that teachers in Pakistan's largest city, Karachi, do not possess the
necessary understanding to educate students about scientific concepts through the
application of various digital resources. The authors suggest that the Pakistani in-
service teachers need access to professional development opportunities to acquire
a more in-depth understanding of STEM subjects. In another study, (Chowdhury et
al., 2020) identified challenges in implementing STEM education in Bangladesh. The
study argues that infrastructure and resources as well as professional development
are the key factors for implementing STEM. In addition, inadequate scientific
laboratory facilities, lack of financial resources, lack of training for trainers and large
class size have been identified as the major challenges for the implementation of
STEM.

STEM is a broad field that encompasses various aspects of science and mathematics
education. However, it tends to focus more on science and technology-related topics
and may give less attention to the specific context of mathematics education. In
Pakistan, mathematics education may have unique challenges and opportunities that
are different from other STEM fields, such as science or engineering. Thus, it is
important to study the use of digital resources in mathematics classrooms
specifically to understand the context of mathematics teachers in Pakistan. A more
focused and contextualized approach to studying the use of digital resources in
Pakistan can provide valuable insights into the ways in which digital resources can
be integrated into mathematics classrooms to enhance student learning and

teachers’ digital competencies.

Section 2.6 explored how teachers’ digital competencies allow the integration of
several digital resources (DR) into their mathematics teaching and learning. Despite
the many opportunities and benefits of using digital resources highlighted in that
section, their use in developing countries has not been optimized. One likely reason
is teachers’ inadequate digital competencies. Inadequate technological
infrastructure and resources, coupled with a lack of knowledge and skills to

recognize the role of specific digital resources in transforming teaching and learning
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processes, may also contribute to this issue (Kalolo, 2019). It is likely that many
teachers in Pakistan have not been introduced to or trained in using digital resources
like e-textbooks and dynamic graphing software, such as GeoGebra. Since these
teachers may not have been exposed to digital resources during their own education,
they may not fully understand the potential use, complexity, and challenges involved

in using digital resources for teaching and learning mathematics (Jafri, 2020).
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2.7. SUMMARY OF LITERATURE REVIEW

This literature review has explored the importance of digital competencies for
mathematics teachers, and the challenges faced by developing countries in
integrating technology into their education systems. Digital competencies refer to
the knowledge, skills, and attitudes necessary for using digital technologies for
communication, information, and problem-solving purposes. The review examined
theoretical perspectives and frameworks for investigating the interactions between
digital resources and teachers, including the Mathematical Knowledge for Teaching
(MKT), Pedagogical Technology Knowledge (PTK), Technological Pedagogical and
Content Knowledge (TPACK), and Digital Competencies for Teaching Mathematics

with Technology framework.

While the TPACK model has been criticized for not being mathematics-specific and
not accounting for teachers' beliefs, other frameworks, such as the MKT and PTK
focus on teachers' mathematical knowledge and how to teach mathematics with
technology. The Digital Competencies for Teaching Mathematics with Technology
framework (Tabach & Trgalova, 2020) was developed for examining the digital
competencies essential in teaching mathematics with technology. However, an
empirical foundation was absent from this theoretical framework within the
literature. This study addresses this gap by adapting and using the framework
(Section 2.4.9.1), offering an investigative lens that acknowledges the intricate
relationships of mathematical digital knowledge for teaching (MDKT), instrumental
genesis, and personal orientation, thus contributing much-needed empirical
evidence to support its effectiveness. Moreover, this modified framework will also
guide data collection and analysis for this study, ensuring a comprehensive
exploration of the intricate connections among teachers' digital competencies in the

context of mathematics education.

The review highlights the challenge of providing professional development to
develop teachers' digital competencies. The review indicates that an ongoing and
goal oriented professional development that includes collaboration, mentoring, and
coaching is necessary. Providing access to high-quality digital resources and
technologies is crucial, and developing digital competencies requires systemic

changes at the school, district, and national levels. It also indicates that future

100



research combining qualitative and quantitative techniques can explore this aspect
further to inform stakeholders about how policies related to digital competence can

be cemented in educational contexts (Zhao et al., 2021).

The review also identifies gaps in the literature, including the limited exploration and
the perspectives of mathematics teachers in developing countries. In particular, the
review noted the lack of research on digital competencies in the context of
developing countries. There is a need for more comprehensive research on the
challenges faced by mathematics teachers in developing countries in building digital
competencies and integrating technology into their teaching practice. Further
research in this area can provide valuable insights into how teachers from
developing countries can adopt and use digital technologies in mathematics

education to improve student learning outcomes.
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CHAPTER THREE

3. METHODOLOGY

3.1 INTRODUCTION

In this chapter, I present the methods, design, and instruments that I used in this
research study to understand the digital competencies of high school mathematics
teachers in Pakistan. The chapter begins by providing an overview of the research
paradigm (Section 3.2). The methodological approach and research design are then
outlined, including a discussion on mixed-method research and its application in
mathematics education research (Section 3.3). The explanation of the mixed-
methods approach sets out the steps in each of the two distinct but sequential phases
(Phase 1 and Phase 2). Section 3.4 focuses on Phase 1, the quantitative study, detailing
the structure of the online survey instrument, the pilot study's methodology, and
actions taken for the main study. This section also covers recruitment, distribution,
and responses to the survey, discussing outliers and missing values. The validity and
reliability of the online survey instruments are examined, followed by a description
of the quantitative data analysis using both descriptive and inferential statistics.
Section 3.5 describes the conduct of the qualitative phase of the study. This section
covers the recruitment of teachers for semi-structured interviews and the
subsequent qualitative data analysis. The overall approach allowed for the sequential
use of both quantitative and qualitative methodologies, resulting in an overall mixed-
methods analysis. The chapter further explains trustworthiness and rigor (Section
3.6), including triangulation of the findings and reflexivity. The chapter concludes
with an account of ethical considerations (Section 3.7) and a chapter summary

(Section 3.8).
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3.2 RESEARCH PARADIGM

A research paradigm constitutes a fundamental belief system that shapes the
researcher's approach to understanding research phenomena (Khatri, 2020). The
research paradigm represents the researcher's worldview, perspective, school of
thought, or a set of shared beliefs that guides the interpretation and meaning
ascribed to research data (Guba & Lincoln, 1994). The paradigm is pivotal in research
and influences the researcher's choices in terms of research design, methods, and
data analysis (Guba & Lincoln, 1994; Khatri, 2020).

In this study, [ adopted a pragmatic paradigm to understand the digital competencies
of high school mathematics teachers. Pragmatism provides flexibility to use diverse
approaches to understand the underlying phenomenon. Pragmatism bridges the gap
between quantitative and qualitative approaches, as described by several scholars
such as Creswell and Creswell (2018), Creswell and Plano Clark (2017), Biesta (2015),
and Tashakkori and Teddlie (2021). Pragmatism does not adhere to a singular
philosophical system or reality, allowing researchers to select methods, techniques,
and procedures that best align with their needs and objectives (Creswell & Creswell,

2018).

Given the pragmatic paradigm’s flexibility, the study employed both quantitative and
qualitative methods to collect and analyse data. Pragmatism supports the use of
abductive reasoning, which involves forming plausible explanations by connecting
theory and data (Creswell and Creswell, 2018). This approach is particularly suitable
for mixed methods research, where the inductive goals of qualitative research are
based on the deductive results of quantitative research, and vice versa. Walton (2014)
explains that abductive reasoning progresses from observations towards
formulating the most plausible explanation, a process that is employed in this study

to sequentially combine qualitative and quantitative methods.

Thus, the pragmatic paradigm not only informs but also justifies the use of a mixed
methods approach, integrating diverse worldviews and assumptions. This ensures
that the research findings are both contextual and generalizable (Creswell &
Creswell, 2018; Tashakkori & Teddlie, 2021). By leveraging the strengths of both

methodological approaches, the pragmatic paradigm provides a coherent rationale
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for the integration of varied data sources, aligning well with the study's aims and

ensuring robust and versatile methodological choices.

3.3. METHODOLOGICAL APPROACH AND RESEARCH DESIGN

A methodological approach and research design are crucial components of a
research study, guiding how the study is conducted and how data are collected and
analysed. These aspects ensure that the research is conducted systematically, and in
a way that aligns with the study's goals and objectives. This study used mixed-

methods and followed an explanatory sequential design.

3.3.1. Mixed-method research

Mixed-method research is primarily used for empirical studies involving smaller
sub-studies to answer specific questions that can be combined to answer the general
research question of the project (Kelle & Buchholtz, 2015). Typically, these sub-
studies collect either quantitative or qualitative data. The two sub-studies for this

study were Phase 1 (quantitative) and Phase 2 (qualitative).

The rationale for employing a mixed-methods approach in this study was twofold.
Firstly, quantitative, and qualitative methods have their specific limitations and
strengths, such as providing a broad overview versus an in-depth investigation or
exploring context versus researcher bias. Combining both methods helped offset
their overlapping weaknesses (Biesta, 2015; Creswell & Creswell, 2018). Secondly, the
aim of the overarching research question (RQ) and sub-questions (SQs) was to
understand the digital competencies of mathematics teachers, as well as the
relationships between the factors (constructs) involved. To meet these goals,
different kinds of data were required; for instance, to measure the relationship
between the constructs of modified DCTMT framework (Section 2.4.9.2, Figure 7, p.
80), required quantitative data. In contrast, qualitative data were needed to answer
"why" questions, such as why teachers choose specific digital resources for teaching
a particular mathematics topic and what they think about using specific digital
resources. In addition, the authors of the framework consider that a PhD study is a
good opportunity to apply both qualitative and quantitative approaches to explore
mathematics teachers' digital competencies, making it an ideal approach for this PhD

study (Michal Tabach, personal communication, January 24, 2020) (see Appendix G).
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Moreover, mixed-methods research has been increasingly used in mathematics
education studies. For example, (Hart et al., 2009) examined 710 research articles
published in six prominent educational journals between 1995 and 2005 and found
that 50% of the studies used qualitative methods only, 21% used quantitative
methods only, and 29% used a combination of both methods. Similarly, (Kelle &

Buchholtz, 2015) used mixed-methods research to restructure the teacher training
program in mathematics. Kelle and Buchholtz suggested that mixed-methods
research particularly suits, and is fruitful in, mathematics education as it overcomes
shortcomings that arise specifically in mathematics educational research when using

a single method.

3.3.2.  Explanatory sequential design

This study used an explanatory sequential design, which is a well-established mixed-
methods research design. In this design, "the researcher begins by conducting a
quantitative phase and follows up on specific results with a subsequent qualitative
phase to help explain the quantitative results" (Creswell & Plano Clark, 2017, p. 77). In
this study, I started with quantitative data collection using an online survey of
mathematics teachers in Pakistan. The findings from the quantitative data were then
used to inform qualitative data collection and analysis. Both data sets were analyzed
separately, and the results were compared to determine potential connections and
understand responses from one method to another. It was recognised that the data
collection and analysis of one sub-study may have an impact on the other sub-study
(Creswell & Creswell, 2018).

The connecting, comparing, and contrasting of the inferences that emerge from both
quantitative and qualitative findings in this study helped to develop and extend
understanding of high school mathematics teachers’ digital competencies. It further
allowed me to address the context, impediments, and challenges that directly or
indirectly influenced the use of digital resources and the development of teachers’
digital competencies in Pakistan. In this way, the research design sequentially shifted
from quantitative to qualitative methods, positioning the qualitative method as one
that complemented the quantitative method (Creswell & Creswell, 2018). Figure 8
provides an overview of the steps involved in implementing this mixed-methods

explanatory sequential research design.
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Figure 8
Explanatory sequential design for this study
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3.4. PHASE 1: QUANTITATIVE STUDY

Phase 1 of this study (quantitative study) aimed to investigate the multidimensional
nature of mathematics teachers' digital competencies, specifically the personal
orientation of teachers, their instrumental genesis, and mathematical digital
knowledge for teaching (MDKT). This focus was based on the modified DCTMT
framework (see Section 2.4.9.2). The framework goes beyond knowledge and skills,
and includes beliefs about digital technologies, making it a measure of digital

competencies for mathematics teachers.

An online survey was considered an appropriate method for collecting data and
investigating the various constructs of the modified framework. The original DCTMT
framework (see Section 2.4.9) has previously been applied only to analyse policy
documents on teachers' digital competencies. Tabach and Trgalova (2020)
recommended its use in empirical studies to assess mathematics teachers' digital
competencies. Online surveys are convenient research tools due to their timeliness,
cost-effectiveness, and ease of administration (McInroy, 2016). Online surveys offer
benefits, such as flexibility in recruitment and sampling, improved response rates,
diverse design options, and automated data collection (McInroy, 2016). Another
factor that particularly influenced the use of an online survey for this study was the
COVID-19 pandemic, which imposed travel restrictions worldwide. According to
Hillier and Harrison (2007), as cited in McInroy (2016), online surveys can help
overcome geographical barriers, which was particularly relevant to this study. I was
based in Hamilton, New Zealand, and was unable to travel to Pakistan due to the
pandemic. Hence, the online survey method was a viable method for the recruitment
of participants from different regions of Pakistan. The next section presents the

account of the survey construction that involved a pilot study.

3.4.1.  Structure of the online survey instrument

To represent various domains (constructs) of the framework (as shown in 2.4.9.2), I
organised the online survey into six blocks. Each block represents a specific aspect

of the digital competencies of mathematics teachers as shown in Table 1.
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Table 1

Structure of the survey - Block number and title of each Block

No. of Measurement

Blocks  Caption of Each Block Constructs .
items Scale
Block 1 g&g}?g;;%?d Professional Demographic 8 Multiple scales
. . Personal
Block 2 _(E:;Ceﬁieﬁ Beliefs about Mathematics Orientation -
& (P_O)
Block 3 Beliefs about DR and their use in fr(lesrtsrcl)lrrlilental 5 Likert Scale
Mathematics Education (SDRK) . Strongly Agree
Genesis y
(05)
Knowledge of DR and Students
Block4 " (xprs) To
Knowledge of DR and Teachin : 24 Strongly
Block 5 (KDRT) 8 & Professional Disagree (01)
Instrumental
. . Genesis
Block 6 Knowledge of DR in curriculum

planning & assessments (KDRC)

Note. The table provides a structured layout with columns for blocks, captions
(name), construct of the DCTMT framework, the number of items, and the

measurement scale for each block.

Block 1 used multiple scales, and Likert scales were used for Block 2, 3, 4, 5 and 6. For
example, Block 2 represents general beliefs, and it is related to the constructs
“Personal Orientation (P_O)" of the DCTMT framework. There are seven items in this

Block, measured on the five points Likert scale.

Table 1 shows the survey structure, offering an overview of the organization, content,
and measurement scales employed in each block. Subsequent to the design of the
online survey, the study progressed to the testing phase. The next section describes

the pilot study which was conducted to validate the survey items.

3.4.2. Pilot study: Development and testing of the online survey

One of the important phases of a research project is a pilot study. (Z. A. Hassan et al.,
2006) defined a pilot study as “a small study to test research protocols, data collection

instruments, sample recruitment strategies, and other research techniques in
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preparation for a larger study” (p. 70). I conducted the pilot study to develop and
identify potential problem areas, deficiencies, and strengths in my online survey
instrument and protocols before implementing them for the main study. Two pre-
existing surveys (Gencturk, 2012; Thomas & Hong, 2013) were adapted to create an
online survey for the pilot study. Thomas and Hong (2013) used a survey instrument
to explore mathematics teachers' attitudes towards graphing calculators
(technology), a validated instrument used in several studies (Hong & Thomas, 2006;
Thomas & Hong, 2005; Thomas & Palmer, 2014). For the pilot study, the word

"graphing calculator” was replaced with "digital resources" (DR).

[ also added nine items distributed in different Blocks aimed at assessing teachers'
competencies in using several types of digital resources to solve high school level
mathematics problems. For instance, items were added to Blocks 5 and 6 (see Table
2) to measure teachers' abilities in accessing, evaluating, organising, creating, and
synthesising digital resources, including graphics, videos, equation editors, and
dynamic graphing software (DGS) like GeoGebra. These competencies were assessed

for both personal and professional use.

Table 2

Additional items related to videos, DGS and equation editors

Additional Items

[ know how to write mathematical equations and expressions using an equation editor.

[ can teach using dynamic graphing software (e.g., GeoGebra, Maple etc.).

[ can solve geometry or trigonometry problems using dynamic graphing software.

[ can use dynamic graphing software for calculus and algebra.

[ want to improve my ability to teach mathematics with dynamic graphing software.

I can locate and search databases/websites containing digital resources.

I can download and install digital applications for teaching mathematics.

Moreover, as shown in Table 1, the survey for the pilot study was divided into six
blocks. Except for Block 1, each block consisted of items agreement with which was
measured on a five-point Likert scale (5 = Strongly Agreetol1 =

Strongly Disagree). Block 1 was designed to gather general demographic and
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professional information from participants, using a range of categorical variables
(survey items). A categorical variable is defined as having two or more categories, but
there is no order to the categories (Agresti, 2010). These variables collected
information about gender, current professional role (government, private, and
online teacher), highest academic qualification, teaching qualification, teaching level
(classes), and teaching experience (number of years). To ensure participants
understood the meaning of terms used in the survey items, each block started with
a brief description and definition of digital resources. The survey for the pilot study
was developed and administered using Google Forms. An open-ended text input
field was included at the end of each block for participants to provide feedback on

the survey items.

3.4.2.1. Pilot study methodology

The methodology for the pilot study involved an analysis of four key aspects: research
objectives, employed methods, obtained results, and necessary follow-up actions for
the main study. I conducted the pilot study at the University of Waikato over three
months from August 2020 to October 2020. The recruitment process employed
online and in-person strategies to invite participants. The online recruitment
approach involved sending survey links to 35 individuals, comprising 33 teachers
and two proofreaders. This method yielded a response rate of 31%. Additionally, an
in-person, paper-based workshop targeted seven pre-service and in-service
mathematics teachers, achieving a response rate of 100%. The response rate for the
pilot study was 36%, with the majority (87%) of participants held postgraduate
qualifications, and 70% being certified teachers. The selection criteria for
participants included mathematical content knowledge, experience in teaching with
technology, and proficiency in editing and proofreading. 45% of the participants had
familiarity with the Pakistani educational context. To evaluate the quality of the
survey items, I followed the protocol proposed by (Z. A. Hassan et al., 2006), where
participants were invited to provide feedback on item clarity, definition, and logical
presentation. This feedback, gathered through text input fields at the end of each
survey block, facilitated a comprehensive analysis and offered valuable insights for
refining survey items. These findings highlighted the feasibility of survey protocols,
the effectiveness of quality measurement strategies, and provided essential insights

for optimizing the survey instruments in preparation for the main study.
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3.4.2.2. Results and actions taken for the main study

I made several changes to survey items based on the results of the pilot study. These
changes included rewording of item statements, adding new survey items, and
deleting items from the survey (for summary of changes see Appendix F). The
changes were aimed at improving the survey's validity and ensuring that it could

measure the digital competencies of high school mathematics teachers.

In Block 1, participants provided feedback regarding access to different types of
digital technologies, the Internet, and the terminology used for specific
qualifications. Participants noted that due to variations in socio-economic status
among rural and urban teachers in Pakistan, it would be important to know the types
of digital devices teachers can access at school or at home. In response, [ added three
items (access to digital devices at home or work, frequently used digital resources,
and availability of the Internet) to Block 1 to collect data regarding these factors. The
two items “access to digital devices” and “frequently used digital resources” also

included the text input option "Other” that collected information not otherwise listed.

Additionally, some participants raised concerns about the terminology used to
collect professional information from teachers in Block 1. To address this, I modified
the items related to academic and teaching qualifications to be more understandable
in the Pakistani context. For example, I replaced the options of "Graduate" and
"Postgraduate” with the abbreviations commonly used in Pakistan: "B.Sc./B.A." and
"M.Sc./M.A!. Similarly, I replaced "Are you a qualified teacher?" with "Do you have a
teaching qualification?" and provided the common terms used in Pakistan: "B. Ed"and
"M. Ed".

For most participants, “dynamic graphing software” (DGS) was likely to be an
unfamiliar term. For example, one participant asked, “What is dynamic graphing
software? If possible, add the name of the software.” Therefore, depending on the
context the term dynamic graphing software was elaborated with “e.g., GeoGebra”
Although the abbreviation DR was defined at the start of each survey Block,
participants struggle to recall the meaning. Therefore, for the main study, the term
digital resources (DR) were defined as "digital files/content that can be used to

support teaching and learning of mathematics including multimedia objects (audio,
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videos, images, and graphics), simulations, digital games and dynamic graphing

software.”

For a summary of all changes, see Appendix F, which highlights changes that I made
to the blocks of the online survey. For instance, a participant was unsure about the
meaning of “practical activities” in the item “Mathematics teaching is to evaluate and
share knowledge and ideas and to discuss a variety of practical activities and real-
world contexts” For the main study, the term was deleted, and the item was
reworded. Another participant pointed out that the word “diverts” in the item, “The
use of DR to teach mathematics diverts the attention of students,” was inappropriate.
As a result, the item was reworded for the main study to read, “Digital resources

distract the attention of students from doing calculations.

3.4.2.3. Addition of COVID-19 related items

The pilot study was conducted during the COVID-19 pandemic, which led to the
closure of schools and the shift to online teaching. As a result, many participants
suggested adding items related to COVID-19 and online teaching strategies. Given
that video-conferencing, screen sharing, screencasting, and breakout rooms were
widely used by teachers during this time (Ferdig et al., 2020), I considered this
feedback important. Therefore, for the main study, I added three Likert scale items
and one open ended question (total four items) related to the COVID-19 teaching and

learning strategies in Block 5 (as shown in Table 3).

Table 3
Added Items related to COVID-19 and online teaching strategies

[ know how to use video conferencing applications (e.g.,

Zoom, Skype etc.). Likert Scale
Strongly Agree
Block 5 Items | know how to do screen recording, share screens and (05)

rceéa\;?g 9 o resources during video conferencing. To

teachin_ S‘Frongly
strategyg and 1f required, I can teach mathematics in a fully online Disagree (01)
digital Tools. environment

Please tell us briefly about your COVID-19 teaching Qualitative
strategy. What tools did you use (or using) for teaching Item
mathematics during COVID-19? (descriptive)

12



Further, I moved the survey for the main study from Google Forms to Qualtrics,
which offered advanced options for creating a logical flow of survey items. Qualtrics
allows respondents to save their work and return to it later. It also enables survey
questions to be integrated with other data sets. The use of Qualtrics improved the

overall efficiency and the distribution of the online survey.

Overall, the findings and improvements of the pilot study provided essential

suggestions for the main study survey. The final online survey is in Appendix I.

3.4.3. Recruitment of participants for the main study

Once the feedback was incorporated and the survey was updated, the recruitment
of participants for the main study began. In Phase 1 of the study, high school
mathematics teachers from Pakistan were targeted, with the aim of collecting data
from 200 to 300 teachers. To ensure ethical considerations were upheld, all
participants in the study were informed about the research purpose and provided
with a consent form at the start of the online survey. Additionally, the study collected
only non-sensitive data, and participant anonymity was maintained throughout the
study. I also provided my email address at the end of the survey for those who wished
to seek more information about the study and wanted to volunteer for Phase 2 semi-

structured interviews (see Appendix ).

3.4.4. Distribution of the online survey

The online survey was distributed through email and social networking platforms
such as Facebook, WhatsApp Groups, and LinkedIn. Social media platforms provide
an information-rich opportunity to reach targeted populations that would otherwise
be difficult to identify (Franz et al., 2019). The criteria for selection on LinkedIn was
to search and invite members who had keywords "mathematics AND high school
AND teachers AND Pakistan" in their profile description. Facebook and WhatsApp
are dominant players in the social media landscape and have the most users in
Pakistan. Therefore, in February 2020, I created a dedicated Facebook Page? to reach
a country-wide target population and to get maximum responses. The page named

"Mathematics Teachers Pakistan" drew 570 followers to the page (in 10 months)

3 https://www.facebook.com/profile. php?id=100063918760904
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before the online survey started. I released the survey on Facebook on 10 December
2020. Initially, I allowed the survey post to reach the audience organically. Organic
reach is the number of people who see the content without paid distribution. Once
the survey stopped receiving organic responses it was boosted (paid promotion) for
two weeks. The Facebook results showed, the survey post reached 11,396 pre-
defined audiences of which 489 were post engagements. The post engagements
included reacting to the post (Liking), commenting on, or sharing the survey post and
clicking on the survey link. Figure 9 shows how the Facebook displayed the online

survey post in different feeds.

Figure 9
The online survey post display feeds on Facebook

Suggested videos 9380 (82.3%)
feed on desktop

computers

News Feed in mobile . 1888 (16.6%)
app

News Feed on 120 (1.1%)

mobile web

News Feed on
Desktop Computers

Facebook search
results on mobile
devices

4 (0.0%)

Figure 10 shows more than half (52%) of the Facebook audience were in Punjab,
which is the largest province of Pakistan in terms of population. 35.4% were in Sindh

and the remaining audiences were located across the rest of the country.
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Figure 10

Location wise distribution of survey post on Facebook

Punjab 5928 (52.0%)

Sindh 4036 (35.4%)

Islamabad
Capital Territory

1344 (11.8%)

Azad Kashmir 64 (0.6%)

Balochistan 17 (0.1%)

3.4.5. Survey response

Across all social media platforms (Facebook page, LinkedIn, WhatsApp groups) and
email, the survey received 306 responses in total. Responses were screened using
the "completion rate" criterion i.e., responses with less than 10% completion rate

were excluded. Following the screening process, I selected 270 cases for analysis.

3.4.5.1. Outliers in the online survey data

Once the screening of the responses was completed, I scanned the data for outliers
to identify responses that appeared to deviate markedly from other observations in
the sample. Identification of potential outliers was important as outliers can affect
variance, and standard deviation of the data distribution (Gupta, 2002). I examined
outliers using Mahalanobis Distance (MD), to determine whether a participant
response belonged to a group or not. The test applied to 36 items through Linear
Regression Analysis in SPSS. The results indicated the presence of outliers. To
confirm, the MD values were compared with Chi-square distribution with the same
degree of freedom (i.e., df = 36, total number of items/predictors). The Probabilities
which belonged to six cases were significant (p < 0.001), confirming them as
outliers. Further, to examine which items contained outliers, Boxplots and Kurtosis

were obtained. The Boxplots and Kurtosis showed four items
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(B5_6,B5_9,B5_11,and B5_12) contained outliers at the lower end of the scale with

values of 2 (Somewhat disagree).

Table 4

Summary of items with outliers

ltem Items statement Missing

No. values (n) Kurtosis  Err

[ can use dynamic graphing software for

BS-6  alculusand algebra.

129 3.94 0.41

[ want to improve my ability to teach
B5.9  mathematics with dynamic graphing software O 6.17 0.30
(e.g., GeoGebra).

I know how to screencast, share screen and

B5_11 . . . 19 8.78 0.31
resources during video conferencing.
If required, I can teach mathematics in a fully

B5_12 online environment (e.g., School closure during 21 7.71 0.31

COVID-19).

Note. Table 4 consists of five columns. The first two columns contain item number
and statement. The third column lists the number of missing values (n) for each item.

The fourth column Kurtosis and the fifth column shows Error calculated.

Table 4 shows high Kurtosis values for all four items B5_6,B5_9,B5_11, and B5_12,
indicating that outliers were present in items belonging to Block 5. This Block
pertained to teachers’ knowledge of digital resources for teaching (KDRT)
mathematics. In addition, these items had a higher proportion of missing values than
other items in the survey. I retained the outliers, as they may provide valuable
insights; further analysis of each block determined the potential impact of these
outliers on the study's outcomes. In the following section, 1 elaborate on the

presence of missing values and the measures taken to address them.

3.4.5.2. Missing values in the data set

The results of the search for outliers highlighted the presence of missing values.
Therefore, 1 scanned the data to discover missing values' pattern, location,
percentage, and possible reasons. Missing values potentially affect the validity,
reliability, and generalizability of the results (Jakobsen et al., 2017). Missing data are
usually accounted for by participants either not answering a question or submitting

their response before they completed the survey. The SPSS 27 procedures identified
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patterns of missing data. In total 142 out of 270 cases (52.5%) were incomplete. The
missing values were concentrated in block 5 that was designed to measure teachers’
knowledge of digital resources and teaching (KDRT). Table 5 shows the list of items
having missing values as more than 5%. Notably, items B5_5 and B5_6 had more than
45% of values missing. It shows that almost half of the participating teachers missed
the items related to dynamic graphing software (DGS). However, the information did

not tell me what caused the missing values.

Table 5

Summary of items with missing values greater than 5%

Missing values

Item No Item

n Percent %

B5_4 [ can teach using dynamic graphing software (DGS) 25 9.3
B5_5 [ can solve geometry or trigonometry problems using DGS 122 45.2
B5_6 I can use DGS for calculus and algebra. 129 47.8

[ know how to screencast (screen recording), share screen
B5_11 . ) . 19 7

and resources during video conferencing.
B5.12 If required, I can teach mathematics in a fully online 21 78

environment (e.g., School closure during COVID-19).

Note. Table 5 consists of four columns. The first two columns contain item number
and statement. The third column lists the number (n) of missing values for each item

and the fourth column presents percentages (%).

Rubin (1977) first explained that data could be missing for three reasons: missing
completely at random (MCAR), missing at random (MAR), and missing not at random
(MNAR). According to Rubin (1977), when the missing values do not depend on either
observed (data we have) or missing data, it is MCAR. Normally, five percent or less of
the missing values is MCAR. Second, if the probability of missing values depends only
on observed data, then the missing value is MAR. When the missing values depend
on both the observed and the missing data, it is MNAR. There are some statistical
tests that a researcher can perform to understand the reasons for missing values. I

used separate-variance t-Tests for my study.
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The test helps to identify items whose pattern of missing values may be influencing
the other items (Zimmerman & Zumbo, 2009). I found that teachers who answered
items related to digital graphs and equation-editors were most likely to have
answered items on dynamic graphing software (DGS) and video conferencing.
Further, I cross-tabulated demographic items (gender) versus items with missing
values. The cross-tabulation showed that the female teachers were more likely to

miss items related to DGS than male teachers.

These results indicated that instead of the data being missing completely at random
(MCAR), there may be a relationship between missing values and observed data. In
which case, the missing values could be MAR. To test this assumption, I conducted
Little’s MCAR (chi-square) test, in which an insignificant value shows that the missing
data is MCAR (Howell, 2018). The test results were statistically significant (Chi —
square = 1282.818,DF = 646,Sig.= .000), which rejected the assumption of
MCAR. The results showed that there may be a relationship between the missing
values and the observed data. However, it is difficult to say for certain. The missing
values pattern could have a relationship with the observed data, not with the missing
data. To conclude, the data may be missing at random (MAR) given teachers’
demographic and professional background. Female teachers with less teaching
experience, academic qualifications and information technology skills are likely to

skip items related to dynamic graphing software.

When not addressed, high proportions of missing data can introduce bias in the
analysis. Therefore, the next stage was imputation. In statistics, imputation is a
procedure for entering a value for a specific data item where the response is missing
or unusable (United Nations, 2000). There are many ways a researcher can impute
missing values, including listwise or pairwise case deletion, Mean substitution,

maximum likelihood (ML), and multiple imputation (MI).

The first three methods are preferred when missing values are MCAR (5% or less),
but ML and MI techniques are preferred for MAR. I preferred MI over ML for my
dataset because unlike other techniques, MI replaces missing values with a “set of
plausible values which contain the natural variability and uncertainty of the right
values” (Kang, 2013, p. 405). I also found that MI produced more accurate estimates

than the other methods (Leite & Beretvas, 2010). This does not imply that the other

118



methods are inferior, but that I found the MI results were more representative of my

dataset.

The MI procedure was performed (via SPSS 27) by selecting the “automatic
imputation method.” All items were included in the imputation procedure. To obtain
values within the range of the measurement scale (1 = strongly disagree, 5 =
strongly disagree) the imputation results were constrained (range; 1 =
minand 5 = max) and rounded-off to 1 digit (integer values). SPSS filled in the
missing values, created five different imputations (data sets), and pooled the data by
combining the five imputations. All datasets were analysed using typical complete-
case methods (linear regression). The method produced descriptive results,
correlations, and model fit summary for all the data sets. Table 6 shows the Mean

values of original versus pooled data.

Table 6

Comparison of Mean scores Original versus Pooled data

Item Original Pooled

Cod Item Statement
ode Mean SD Mean

Students should not be allowed to use digital
B4_2 resources until they have mastered the concept, rule, 3.76 125 376
or method.

B4 3 Digital resources allow students to creatively think

about mathematics problems. 4.48 071 448

I have received training for the use of technology and

BS-1 other digital resources. 3.25 14l 325

B5.3 I know how to write math equations and expressions 497 105 427
using an equation editor.

B5.4 [ can teach using dynamic graphing software (e.g., 369 125 365
GeoGebra).

B5.5 I can sqlve geometry or trigonometry problems using 491 0.88 3.90
dynamic graphing software.

B5.6 [ can use dynamic mathematics software for calculus 448 075 412
and algebra.

B5.7 [ teach mathematl'cs better when my students use pen 434 074 435
and paper for solving problem:s.

B5.11 I know how to screencast (sc;reen recordmg), share 461 0.82 456
screen and resources during video conferencing.

B5.12 If required, I can teach mathematics in a fully online 467 062 464

environment (e.g., School closure).
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Note. Table 6 contained five columns. The first two columns present item number
and statement. The third and fourth columns represent Mean value and standard
deviation (SD) of original data. The last column presents Mean value of items (pooled

data) after MI procedure.

The rows in grey (item B5_4,B5_5,B5_6,B5_11 and B5_12) represent items whose

percentage of missing values were more than 5% (see Table 5).

After imputation, the scale-reliability score (value of Cronbach Alpha) of the survey
items improved (see Section 3.4.6.2). However, the Mean scores of three items related
to DGS slightly decreased after imputation. The change was expected due to a
considerable proportion of missing values (47%) in items related to DGS. The drop
did not impact the interpretation of the items’ results. The Mean scores of the original
data showed teachers somewhat agreed that they can use DGS for teaching
geometry, calculus, and trigonometry, which can be interpreted as being the same
for the complete dataset after MI. Therefore, the items with the missing values were
filled in by imputed values using the Multiple Imputation (MI) method so that a

complete set of data could be used for the analysis.

The next section presents reliability statistics for the online survey instrument.

3.4.6. Validity and reliability of online survey instruments

The assessment of any research instrument, including online surveys, is a critical step
in ensuring the credibility and trustworthiness of the data collected. This section
explains the validity and reliability of the online survey instrument used in this study:.
The evaluation of the survey's validity and reliability is essential to determine
whether it accurately measures what it intends to and whether it produces consistent
results over time (Taber, 2018). In this section, I present the approaches employed to

ascertain the validity and reliability of the online survey instrument.

3.4.6.1. Validity of the instrument

For the online survey I modified and expanded “The Attitude Questionnaire”
(Thomas & Hong, 2013) and used a few items from “Teacher Beliefs Survey”

(Gencturk, 2012) to measure the digital competencies of high school mathematics
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teachers. Previous studies (Hong & Thomas, 2006; Thomas & Hong, 2005, 2013;
Thomas & Palmer, 2014) have used The Attitude Survey and its validity is well
established. These studies have used the survey to evaluate the pedagogical
technology knowledge (PTK) of mathematics teachers. To further ensure content and
construct validity, I made modifications to the instrument by including additional
items associated with digital resources and their use in mathematics teaching and
learning. These modifications included adding items related to videos, dynamic
graphics software (DGS), online learning environment, database, and online
assessment, which aimed to add components of digital resources and measure the
beliefs and attitudes of mathematics teachers regarding their use. The five constructs
of the framework (personal orientation, SDRK, KDRC, KDRS, and KDRT) were
measured using a Likert scale of 1 to 5. In addition, the survey was piloted with 42
teachers (the majority of them were mathematics teachers) to further validate the
items. The final survey instrument, therefore, consisted of close-ended questions on
the Likert scale and one open-ended question. The open-ended question was placed
to record participants’ observation related to the survey. This provided a valid
instrument that measured mathematics teachers’ use of digital resources and

reflected their digital competencies.

3.4.6.2. Reliability of scores on the survey instrument

As shown in Section 3.4.1 (see Table 1, p. 108), the survey instrument contained five
blocks measuring the constructs of the modified DCTMT framework. Altogether 36
items were distributed across the five blocks, which made the survey a multi-item
instrument. The most important form of reliability for multi-item instruments is the
instrument’s internal consistency. It is the degree to which sets of items on an
instrument behave in the same way (Taber, 2018). Internal consistency helps to
understand whether the instrument scale items are assessing the same underlying
construct or not, i.e., there exist acceptable intercorrelations between the survey
items (Taber, 2018). I measured internal consistency using Cronbach’s alpha («),
commonly used by social and educational scientists for scale reliability (Ghomi &
Redecker, 2019; Taber, 2018; Touron et al., 2018). Alpha value ranges between 0 and 1,
with optimal values ranging between 0.7 and 0.9. The value of Cronbach's Alpha for
36 survey items was a = 0.85 suggesting that the items have high (good) internal

consistency, and the scale is reliable.
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3.4.7. Survey quantitative data analysis

The quantitative data were collected using items distributed among five constructs
as shown in Figure 11. I analysed the collected data by using IBM SPSS Statistics 27 for
Windows Software and used Microsoft Excel for illustrations and graphs. The SPSS
is a professional software package widely used to do descriptive and inferential
statistics and it was available through the University of Waikato IT services. Further, I
had previous experiences of using SPSS to calculate descriptive and inferential

statistics.

Figure 11

Proposed model for Phase 1 quantitative data analysis
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3.4.7.1. Descriptive statistics

I used descriptive statistics to analyse the quantitative data collected via the online

survey. Descriptive statistics were used to describe, present, summarise, and
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organise data through numerical calculations, graphs, and tables where necessary,
including normal distribution, measures of central tendency (Mean, Mode, Median),
and standard deviation. To examine relationships within the data that may not be
readily apparent, I performed cross-tabulation (known as crosstab), a statistical tool
used for categorical data. For example, I cross-tabulated the Block 1 item “access to
digital devices” with “professional roles” to determine the percentage of government
schoolteachers had access to various numbers of devices when compared to all
other types of teachers. I also cross-tabulated the data for Internet access with
professional roles to examine what percentage of different types of teachers had

regular access to the internet.

3.4.7.2. Inferential statistics

I used inferential statistics to understand the complex mathematical calculations.
Inferential statistics allow researchers to infer trends and make assumptions and
predictions about a population based on a study of a sample taken from it (Kalish &
Thevenow-Harrison, 2014). I used correlation, which is a bivariate analysis that
measures the strength of association between two variables and the direction of the
relationship (Mukaka, 2012). The correlation coefficient ranges between +1 and —1,

with a value of +1 indicating a perfect degree of association between the two

variables. The closer the value of the coefficient is to 0, the weaker the relationship
between the variables. A positive coefficient suggests a positive relationship, while a
negative coefficient suggests a negative relationship. I used Spearman’s rho (p)
correlation test. The Spearman’s rho test measures the strength of association
between non-parametric random variables (Schmid & Schmidt, 2007) and
correlates unvalidated survey instruments or Likert-scale (ordinal) survey responses.
The two assumptions for Spearman’s rho were satisfied. First, the scores were
measured using an ordinal scale? Second, the relationships between items were
monotonic, i.e., the value of one item increases, so does the value of the other item.
The Bivariate Correlations procedure computed the pair-wise associations for items

and displayed the results in a matrix (for example see Table 12, p. 145).

* A measurement scale that uses labels to classify cases into ordered classes, such as the Likert scale
(strongly agree to strongly disagree.
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Moreover, to understand the complex relationships of the modified DCTMT
framework’s constructs, I used correlations in two ways: Intra-construct and inter-

construct correlations.

1. Intra-construct correlations were examined to explore the
relationships between the different items within each individual
construct. This provided insight into how the teachers’ knowledge and

skills that make up each competency area interacted with each other.

2. Inter-construct correlations were also computed to investigate
relationships across the different overarching constructs. This
highlighted how knowledge and skills in one construct (e.g., SDRK) may

potentially influence or relate to another (e.g., KDRS).
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3.5. PHASE 2 (QUALITATIVE)

Phase 2 of the study collected qualitative data using interviews. There are three
common types of interviews: structured, semi-structured, and narrative. The
primary difference between them is the amount of control the interviewer has over
the encounter and the aim of the interview (Stuckey, 2013). Structured interviews are
sequential and specified, whereas semi-structured interviews are oriented but
flexible in order to be able to adapt to participants' responses. Narrative interviews
are unstructured and usually start with a broad, open-ended question about a
participant's experience, where the participant is rarely interrupted in telling their
story (Stuckey, 2013).

For this study, [ used semi-structured interviews (for sample interview questions, see
Appendix E) to understand the digital competencies of high school mathematics
teachers in Pakistan. A semi-structured interview is the type of interview which is
most commonly used in qualitative research, and many studies illustrate its use in
mathematics education research (Siedel & Stylianides, 2018; Thomas & Hong, 2013).
The study followed a sequential design (as shown in Figure 8, p. 106), therefore,
questions were added to understand quantitatively significant results, outliers and
perplexing Phase 1 results. The semi-structured interviews facilitated collecting
information regarding beliefs, preferences and perspectives in relation to using
digital resources in mathematics teaching and learning. Along with the overarching
research question (RQ), the following sub-questions guided the Phase 2

investigation.

SQ1: How do Pakistani teachers' beliefs about mathematics teaching influence their

decisions to integrate digital resources in teaching and learning mathematics?
SQ2: What influences teachers to use digital resources well?

SQ3: How well do Pakistani teachers use digital resources to teach mathematics

topics?

SQ4: What professional development opportunities do Pakistani teachers have that

influenced their digital competencies and approach to integrating digital resources?
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SQ5: What are the barriers and enablers to teachers using digital resources face-to-

face and online?

3.5.1. Recruiting teachers for semi-structured interviews

Of 306 survey participants, 11 submitted their contact information and chose to
volunteer for individual face-to-face online semi-structured interviews (up to one
hour). I contacted these 11 teachers to further discuss the project details and request
profiles. The aim was to identify 5 to 10 high school mathematics teachers with varied
years of teaching experience from both government and private schools in Pakistan's

rural and urban areas.

The primary focus was on recruiting specialist mathematics teachers with prior
experience in using DR in their teaching. In the consent form, I clearly mentioned
that the non-specialist mathematics teachers who have plans to use DR but are not
currently using DR may not be considered (see the Participant Information Letter
Appendix C). Based on the screening criteria, I selected eight teachers. Of these six
replied and provided their consent, while the remaining two did not respond. The
six teachers were assigned codes T1 to T6 (as shown in Table 7, p. 126). Due to COVID-
19, the semi-structured interviews were conducted and recorded online using the

Zoom video conferencing application.

Table 7

Profile of six teachers participated in semi-structured interviews

Code Gender E:iglh ing E}iaa(igggtion Experience Area ?Por\ilsartrément
T1 Male High School No 5yrs Rural  Private

T2 Male High School No 20 yrs Urban Government
T3 Female High School Yes 4 yrs Urban Private

T4 Female High School Yes 8 yrs Urban Government
T5 Male High School Yes 13 yrs Rural ~ Government
T6 Male High School No 4 yrs Urban Government
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3.5.2.  Qualitative data analysis

The qualitative data analysis began with transcribing the semi-structured interviews
verbatim, followed by seeking participants’ consent for analysis. I analyzed the semi-
structured interview data using the pre-identified themes and sub-themes based on
the multi-construct digital competencies framework. To ensure a clear
understanding of pre-existing themes, a coding guide (Table 8) was created that
included descriptions and definitions. This guide was used to identify relevant text
segments during the coding process. Each relevant text segment was coded under
the appropriate pre-existing theme, and the coded data were reviewed for accuracy.
Table 8 shows the themes, sub-themes, and descriptions used as deductive codes for
conducting a content analysis of semi-structured interview data. It is important to
note that the same deductive codes were also used to design the survey items used

in Phase 1. The Phase 2 semi-structured Interviews covered three main areas:

1. Teachers'general beliefs towards mathematics teaching, relevant to the use of

digital resources.

2. Teachers' familiarity with theories about students’learning that relate to using
digital resources. Teachers' ability to search, select, evaluate, integrate, create,
download, and share digital resources best suited to their students and peers’
needs. Teachers' ability to evaluate the resources efficiency and

appropriateness in the context of mathematics education.

3. Understanding the benefits, enablers, and barriers in using of digital

resources.

Table 8

Description of pre-identified themes and sub-themes to code interview data
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Main

Concept| Themes |Sub-themes Description of themes and sub-theme to code interview data
E gﬁ:;?g? lon Teachers’ beliefs, values, emations or attitudes relevant to ICT integration. General beliefs about
pedagogical aspects such as memorization, signs, symbols ands notations in mathematics
Knowledge of: how to integrate global content into curriculum; Operate various packages
SDRK appropriate to their subject matter area, such as visualization, data analysis, role-play simulations,
§ Specialized digital |2nd online references; facilitate technology-enhanced mathematical experiences that foster
2 |resources creativity; Use |CT resources to support their own acquisition of subject matter and pedagogical
knowledge knowledge. Understanding “how digital developments are changing and expanding the content of
subjects”
+To structure the lesson so that different (teacher-led and learner-led) digital
activities jointly re-enforce the learning objective.
+To set up learning sessions, activifies and interactions in a digital
environment. R
gﬁe . .eTr; rs(t;:Jr(T:]tg r:;a and manage content, collaboration and interaction in a digital -ls:ee,:rcgheirr? daig:ltlg 0
_déi anc? Teggﬁng *To consider how educator-led digital interventions—whether face-to-face or ;ﬁiatgﬁltsrrlzggcﬁrrces
g in a digital environment—can best support the learning objective. 0 select those !
8 +To reflect on the effectiveness and appropriateness of the digital resour ces best
':E k= pedagogical strategies chosen and flexibly adjust methods and strategies. } )
5| ¢ suited to their
= | 0 students’ needs, to
§ *Teachers familiarity with theories about students’ learning that take into create new digital
0 o account the use of ICT. Such familiarity wil allow teachers to develop a resources
2 T detailed understanding of how young people learn, and in parficular provide |themselves or with
2 ‘5 them with a clear understanding of the role of the teacher in leading this their team members,
2 & |KDRS endeavour. to share their
‘!.’_ § Knowledge of DR |.1p get up learning activities in digital environments, hawing foreseen resources with their
= o |and Students learners’ needs for quidance and catering for them. peers, as wel as o
8 E *To assist learners in identifying areas for improvement and jointly develop  |evaluate the
= g learning plans to address these areas. Understanding “what pupils’ digital  |resources’ efficiency
% skills entail and how they can be fostered in the subjects’ and appropriateness
a KDRC g;r:nriizpect to the
Knowledge of DR |Teachers familiarity with the curriculum and assessment procedures in
in curriculum digital environments and at the same time must understand content and
planning & teaching in these environments.
assessments
«Teachers need to develop “confidence to embed | CT more into their practice. Include teachers’
Personal S . i )
. competencies: an ongoing process that refers to what teachers can do with technology for their
instrumental S !
genesis own needs. How they use resources for_com‘numcahon and collaboration. o _
*Teachersto develop their own digital skils. Expected to have already developed basic digital skills.
7]
ﬁ *Include teachers' competencies for their students to benefit from ICT as an integral part of their
5 learning.
= *Teachers must search for digital resources, select the appropriate resources based on
g pedagogical *and mathematical considerations, and create documents to be used by the students
in class.
g Professional +To plan for and implement digital devices and resources in the teaching process to enhance the
@  |insfrumental effectiveness of teaching interventions.
- genesis +To appropriately manage and orchesfrate digital teaching strategies.

+To experiment with and develop new formats and pedagogical methods for instruction.
*Professional development must continue throughout teacher's professional life.
+Teachers must develop their own professional digital competence during their initial teacher

education, and later, during their teaching career.
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3.6. TRUSTWORTHINESS AND THE RIGOR OF THE STUDY

Trustworthiness in qualitative research and rigor in quantitative research are vital
aspects ensuring the reliability and validity of collected data (Stahl & King, 2020).
Trustworthiness pertains to the quality and credibility of qualitative data,
emphasizing the need for confidence in the accuracy and authenticity of the
information. Rigor, on the other hand, focuses on the accuracy and precision of
quantitative data, ensuring that measurements and findings are robust and

dependable (Wong & Cooper, 2016).

As presented in Section 3.4.6, for the quantitative phase, I ensured rigor through the
utilization of reliability statistics (Wong & Cooper, 2016). Moreover, the online survey
was adapted from a well-established instrument, which was piloted before using it
for the main study. To ensure accuracy, [ screened data, identified outliers (Section
3.4.5.1) and addressed the issue of missing values using established procedures
(Section 3.4.5.2). I employed both descriptive and inferential statistics during the
analysis, allowing for a thorough examination of the data and facilitating a nuanced
understanding of the quantitative findings. To enhance trustworthiness in this study,
I triangulated the overall findings and maintained reflexivity throughout the research

process.

3.6.1.  Triangulation of the overall findings

Triangulation, a strategy to enhance the validity and comprehensiveness of study
findings, is a key methodological approach in mixed-methods research. (Mok &
Clarke, 2015) broadly define triangulation as using different research methods in the
study of the same phenomenon. In this explanatory sequential design, where I
collected and analyzed quantitative data (Phase 1) followed by qualitative data (Phase
2), I applied triangulation, I compared the results from Phase 1 with the results of
Phase 2. That is, I combined quantitative data from an online survey and qualitative
data from semi-structured interviews to gain a deeper understanding and
interpretation of the digital competencies of high school mathematics teachers. This
combined approach contributed to the overall rigour and robustness of my mixed-
methods study. Triangulation also provided a comprehensive perspective on the

research phenomenon and enriched the interpretation of the research results.

129



Figure 12 shows how I used triangulation to corroborate and validate the overall

findings.

Figure 12
Model of triangulation for interpretation of Phase 1 and Phase 2 data

Phase 1: Quantitative Phase 2: Qualitative

___________________________________________________

Online Survey Quantitative Data ' Semi-structured Qualitative Data
Data Screening analysis 1eW Interviews analysis

Triangulation of
overall findings

Interpretation and
evaluation of the results

Using the model in Figure 12, first, I examined the areas of convergence and
divergence between my quantitative and qualitative data. The aim was to look for
patterns, similarities, and differences in teachers' responses as reflected in both sets
of data. This enabled the validation of my findings. For instance, I compared the Mean
values from the quantitative data with the themes and narratives emerging from the
qualitative responses. I looked for alignment or any contradictions to strengthen the
credibility of my research findings. Second, I explored the data for anomalies or
unexpected findings. For example, a few items in the survey reported high Mean
values. I specifically looked for a disconnect between the high Mean values in the
quantitative data and negative sentiments in the qualitative responses and screened
the results with the support of the literature to gain a deeper understanding of the
reasons behind this disparity. These steps enhanced the interpretation of the data
and facilitated drawing a complete picture of teachers' digital competencies,
highlighting both the commonalities and variations across different contexts and

experiences.
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3.6.2.  Reflexivity

Reflexivity is a way of attending systematically to the context of knowledge
construction, especially to the impact of the researcher and their positionality, at
every step of the research process (Corlett & Mavin, 2018). To ensure rigorous
research procedures, the researcher must acknowledge his epistemological identity,
which refers to an individual's understanding of their own knowledge-related
beliefs, values, and perspectives (S. J. Hegedus, 2010). It involves how a researcher
perceives and defines knowledge, the nature of truth, and the methods of acquiring
knowledge. Hegedus (2010) provides the following set of questions that offer a non-

exhaustive account of generic lines of knowledge inquiry, which might be made:

e CanIrealise my position in the process of research?

e CanIreactto my position in this process?

e Havelanswered the questions I have deemed necessary to be established?
e What is the nature of the knowledge I have established?

e How does my knowledge exist?

e Are my questions convincing?

e What are my questions?

e What are the assumptions made about this knowledge?

e Are my answers convincing? Do they use a suitable methodology? Have I

assessed my data collection?
¢ How does my epistemological identity affect my new knowledge?

e Have I assessed the limitations of the new knowledge I am generating?

[ took deliberate steps to manage and reduce any personal biases during the research
process. I made sure to remain objective and impartial throughout the entire
process. As acknowledged in Section 1.2, I had a background in mathematics
education, digital resources, and curriculum development that could influence the
research trajectory. This recognition prompted a transparent discussion with the
supervisors about the potential impact on research questions, data analysis, and
findings interpretation. These discussions were crucial in identifying and mitigating
potential biases. To further ensure objectivity, my supervisors independently
reviewed and validated 20% of the coding for the semi-structured interviews.

Additionally, I have made conscious efforts to keep the principle of epistemological
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identity at the forefront of my research. I examined my biases, assumptions, and
perspectives. Being reflexive helped me avoid letting my personal orientation affect
the research process. For instance, this was important during the complex decision
about changing the term “content” to “resources” for the mathematics teachers'
digital competencies framework. Although my previous experience of digital content
development and dealing with digital resources provided direction in making these
decisions, I relied on the insights gleaned from the mathematics education literature.
The diverse perspectives from literature (as reviewed in Sections 2.2 to 2.5) provided
understanding of the implications of this change, ensuring that the modification

resonated with both the literature and the teachers' needs and perceptions.

I addressed the issues of reflexivity by developing a reflexive diary (Nadin & Cassell,
2006). It was a simple A4 notebook, where I made regular entries during the research
process. In these entries, I recorded methodological decisions, the impact and
changes due to the unprecedented situation of COVID-19, the reasons for the
changes, the logistical challenges of the study that arose due to COVID-19, and
reflections on what was happening in terms of my values and interests. One notable
instance was the unanticipated impact of the COVID-19 pandemic, which posed
restrictions on my planned travel for data collection. As an alternative strategy, I
resorted to the creation of a Facebook page aimed at engaging mathematics teachers
in Pakistan. This approach, which was not originally part of my research plan, allowed

for remote data collection.

Moreover, during the semi-structured interviews, I used this diary not only to note
the biographical details of the participating teachers, but also to reflect on the
interview experience, i.e., how well the interview was conducted and what changes I
had to make in conducting the next interview. In summary, the reflexive diary helped
me stay self-aware and transparent during the research. It showed that I followed a
strict methodological process and adjusted to unexpected situations while analysing

sensitive study data.
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3.7. ETHICAL CONSIDERATIONS

This research was approved by the University of Waikato Faculty of Education Ethics
Committee on 06/04/2020. Approval number: FEDU024/20 (Appendix H).

3.71.  Access to participants

Throughout my research journey, I adhered to ethical considerations to ensure the
protection of participants’ rights and well-being. Gaining access to participants
involved navigating a complex approval process, securing consent from teachers and
principals (wherever required), and aligning with both institutional and ethical
standards (see Appendixes A and B). I implemented the informed consent
procedures. All participating teachers (Phase 1 and Phase 2) received detailed
information, including the study's purpose, potential benefits, and associated risks.
During Phase 2, the participants had the right to decline or withdraw at any stage,
with transparent arrangements made for them to receive information. In Both Phases
of data collection, I communicated the use of information, specifying its application

for the doctoral dissertation and potential publication in academic forumes.

3.7.2. Cultural sensitivities and participant preferences in the

Pakistani context

In Pakistan, educational research and surveys are relatively uncommon. Teachers
often show reluctance to participate due to potential career implications. To tackle
these challenges, I adopted a methodological approach designed to navigate them.
In the Qualtrics platform, a deliberate and ethical approach was taken to prioritize
participant privacy and data security. Specifically, email addresses and social media
profiles were not collected as a mandatory field during the Phase 1 online survey.
Instead, an optional field was provided, allowing participants the choice to share
their email addresses or any contact information should they wish to participate in
Phase 2 of the research. Teachers were assured that their responses would remain
confidential, with identifiers (if any) removed from the collected data. This approach

aimed to create a secure space for honest and uninhibited participation.
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Additionally, I took into account cultural and social considerations when engaging
with male and female mathematics teachers. In the context of Pakistan, issues related
to female participants in research, particularly those pertaining to cultural and
gender-specific considerations, are noteworthy. During my research, I encountered
situations where female participants expressed hesitation or concerns related to
engaging with male researchers. This hesitancy is often influenced by cultural norms
and values that prioritize privacy and modesty, especially in interactions with

individuals of the opposite gender.

One notable example involved a female participant during a Zoom meeting who
communicated her preference to engage without enabling her video. This decision
was rooted in cultural considerations, possibly linked to the practice of "purdah” (veil)
where women may choose to limit visual exposure to unrelated males. In utmost
respect for her preferences, I honoured this request, recognizing the importance of

creating a comfortable and culturally sensitive environment for participants.

Language considerations aligned with the preference of participants. They were
invited to use English, Urdu or a mix of both. The commitment to ethical principles
extended to dispute resolution, where 1 proactively aimed to avoid conflicts and
outlined a transparent process for resolution if needed. These comprehensive ethical
considerations underscore my dedication to conducting research with integrity,

transparency, and a profound respect for the individuals contributing to the study.

3.7.3. COVID-19 and research ethics

In Pakistan, educational research and surveys are relatively uncommon. Teachers
often show reluctance to participate due to potential career implications. To tackle
these challenges, I adopted a methodological approach designed to navigate them.
Due to the COVID-19 travel restrictions and health issues, I conducted the survey and
teachers’ interviews online. The approach was recommended by the University of
Waikato's Human Research Ethics Committee. I obtained the committee’s approval
before proceeding with data collection. I used Facebook and WhatsApp to share the
online survey link. Teachers found it easy to participate in the survey due to the

convenience and accessibility of social media platforms.
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Ethical considerations remained at the forefront of my approach. I meticulously
adhered to principles of transparency and credibility. The survey did not collect or
record email addresses or social media profiles. I communicated my research

affiliation and study objectives clearly in the online survey (see Appendix D).

Despite taking precautions, qualitative data collection remained a challenge due to
COVID-19. Some interviewees experienced technical difficulties or were unable to
participate due to their own COVID-19-related circumstances. To address these
issues, I had to be flexible and reschedule interviews, as necessary. I made sure to
modify my Participant Information Sheets and Consent Forms to accommodate the
revised approach for data collection due to COVID-19, which required additional

time and effort by those interviewed.
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3.8. CHAPTER SUMMARY

In this Chapter, I presented the overall methodology employed to understand the
digital competencies of high school mathematics teachers in Pakistan. I used mixed-
methods research and divided the research process into two phases: Phase 1 and
Phase 2. The methodology started with a quantitative phase, facilitated by an online
survey. | adapted the survey from “The Attitude Questionnaire” and the “Teacher
Beliefs Survey” With the addition of a few items, I piloted the survey with
mathematics teachers. Based on feedback, the survey was further improved and then
used for the main data collection. Using the survey, I measured five constructs of the
modified digital competencies' framework. These included personal orientation,
specialized digital resources knowledge (SDRK), knowledge of digital resources and
curriculum (KDRC), knowledge of digital resources and students (KDRS), and
knowledge of digital resources and teaching (KDRT). The survey included both
Likert-scale and open-ended questions about the teachers' digital competencies.
Across all social media platforms and email, the survey received 306 responses in
total. Responses were screened using the "“completion rate” criterion, i.e., responses
with less than 10% completion rate were excluded. Following the screening process,
I chose 270 cases for analysis. The screening also highlighted that the data contained
outliers and missing values. Most missing values were concentrated in Block 5 and
related to the use of DGS and video conferencing tools. To deal with the missing
values, I performed the Multiple Imputation (MI) procedure via SPSS. Once the data
was ready for analysis, I performed descriptive and inferential statistics. Overall, the

survey helped assess the digital competencies of high school mathematics teachers.

The research then moved to the qualitative phase. In Phase 2, I collected data to
understand the Phase 1 results in depth. Teachers (n = 6) were asked to explain
quantitatively significant results, outliers, and perplexing Phase 1 results. The aim was
to understand factors that underpin digital competencies within the context of
mathematics education in Pakistan. Using the pre-identified themes and sub-themes
of the modified digital competencies' framework, I analyzed the interview data. Then
came the stage of triangulation, a methodological approach employed to augment
the research findings' validity. Triangulation unveiled potential concurrences or
disparities as I compared the statistical findings of the online surveys with teachers’

qualitative responses.
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Throughout the research, reflexivity remained a guiding principle. I consistently
acknowledged my epistemological stance and maintained a reflexive diary. In this
diary, I talked about my struggles with COVID-19 and how it affected my work.
Crucially, it synthesized my position and the perspectives of the participants. Prior to
commencing data collection, the study's design was reviewed and approved by the
University's Ethical Committee, thus ensuring a robust and ethically sound research

approach.
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CHAPTER FOUR

4, PHASE 1 FINDINGS (QUANTITATIVE DATA)

4.1. INTRODUCTION

In this Chapter, I begin by presenting the results of Phase 1. I used the online survey
“Digital Competencies of High School Mathematics Teachers in Pakistan” (See

Appendix I) to collect the quantitative data that address the overarching RQ.

Overarching research question RQ:
What are the digital competencies of high school mathematics teachers in Pakistan?

As explained in Chapter three, this study uses the explanatory sequential design. I
collected and analysed Phase 1 (quantitative) and Phase 2 (qualitative) data separately
and sequentially. Phase 2 (qualitative data) results will be presented in Chapter 5. Both
instruments, the online survey and semi-structured interviews, were expanded to
include items related to online teaching and learning strategies during COVID-19 (see
Section 3.4.2.3). This modification facilitated understanding of the extent to which
teachers’ beliefs and preferences about using digital resources changed because of

the transition to online learning during COVID-19 lockdown.

As explained in Section 3.4.1, the online survey was divided into six blocks. The items
(statements) in each block (2 to 6) of the online survey were connected to the
dimensions (constructs) of the modified DCTMT framework (see Section 2.4.9.2,
Figure 7, p. 80). The findings from each block are recorded in this chapter. The results
from each block of items are presented in the subsections that follow, beginning with

Block 1 that collected demographic data from the participants.
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4.2. BLOCK 1: TEACHERS' DEMOGRAPHIC INFORMATION

As explained in Chapter 3 (see Section 3.4.2), a number of categories were used to
identify the demographics and professional information of participating
mathematics teachers. I calculated percentages to describe the composition of
categorical items and highlight proportions within the sample according to teachers’

demographic data. The results are presented in Table 9.

Table 9

Demographics items, their categories, and frequencies

Item Categories n %
Male 129 48
Gender
Female 141 52
Graduate 99 37
Academic Qualification Postgraduate 159 59
Other 12 4
Yes 137 51
Teaching Qualification
No 133 49
Classes/Level 8-10 241 89
) Classes/Level 11 102 38
Teaching Classes/Level
Classes/Level 12 139 51
Classes/Level Other 100 37
Less than 1 year 39 14
1- 3 years 78 29
Teaching Experience 3 - 6 years 58 21
6- 10 years 49 18
more than 10 years 44 16
Government School Teacher 93 34
Private School Teacher 80 30
Private Tutor 38 14
Professional Roles
Private Academies 18 7
Online Teacher 33 12
Other: 64 24
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Note. Table 9 consists of four columns. The first two columns contain item names
and their categories. The third column lists the frequencies (n) for each category and

the fourth column presents percentages (%).

The first three items (rows) in the first column present the self-reported
characteristics such as gender, academic and teaching qualification. The professional
information such as teaching classes/levels, teaching experience, and professional

roles are presented in the remaining part of the Table.

The results in Table 9 indicate a balanced representation of gender, with 52% of the
teachers identified as female and 48% as male. Educational qualifications varied,
with 59% holding postgraduate degrees, 36.7% being graduates, and 4.4% falling into
the “other” category, encompassing individuals with advanced degrees like MPhil and
PhDs. Furthermore, 50.7% of the teachers possessed a teaching qualification (e.g.,

B.Ed. or M.Ed.), and 85% reported having more than one year of teaching experience

in mathematics across various levels.

Additionally, the cross-tabulation of items with each other shows that of the qualified
teachers, the majority had postgraduate degrees (64.5%). A gender breakdown
shows more female teachers had attained a teaching qualification (57%) than males
(43%). Teachers (19.6%) who selected the option “other” for variable professional

roles, specified that they also work as visiting faculty members at universities.

4.21.  Use of digital technologies

Table 10 shows the results of items that examined teachers' access to digital devices,

the Internet, and the use of digital resources for teaching and learning mathematics.
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Table 10

Use of Digital devices and resources for mathematics teaching and learning

Variable Categories n %
Desktop Computer 78 29
Laptop 177 65
Smartphone 137 50

Access to Digital Devices Interactive Whiteboard 77 29
Digital Notebook/ Notepads 30 1
Projectors 52 19
Other 15 6
Videos 130 50
Image & Graphics 134 51
Digital Graphs 47 18
Websites 100 38

Use of Digital Resources Animations > ®
Simulations 12 5
e-textbooks 124 47.5
Interactive Edu Games 38 15
Dynamic graphing Software 24 9
Other 35 13

Note. The table displays the distribution of responses for each category within the
variables "Access to Digital Devices" and "Use of Digital Resources, providing counts
(n) and percentages (%) for a comprehensive overview of digital technology use

among the surveyed teachers.

For instance, in the "Access to Digital Devices" variable, the categories include
"Desktop Computer,” "Laptop,” "Smartphone,’ "Interactive Whiteboard," "Digital
Notebook/Notepads,’ "Projectors,’ and "Other." Each category specifies a distinct type
or mode of digital technology or resource that the surveyed teachers might have
access to or use. The second column provides a picture of the diverse digital tools
and resources that teachers use in their teaching and learning mathematics and the

number of teachers who use particular digital tools.
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4.21.1. Access to digital devices and the Internet

Table 10 shows the prevalence of laptops and smartphones among the teachers,
indicating their widespread adoption for educational purposes. Among the array of
digital devices, 44.8% of teachers had access to only one digital device, whereas 54%
had access to multiple devices. The option “other” identified devices not listed in the
online survey, such as calculators and digital writing pads. Access to devices also
varied by gender and professional role. For example, female teachers reported more
access to smartphones (52%), IWB (61%), Digital notebooks/tablets (53.3%),
Projectors (52%) and “other” (80%), whereas male teachers reported more access to
Desktop Computers (54%) and Laptops (53%). The crosstabulation of the item
‘access to digital devices” with “professional roles” indicated government
schoolteachers had access to the least number of devices when compared to all other

types of teachers.

Most of the surveyed schoolteachers (74.5%) had Internet access most of the time
during the day. Female teachers (53.2%) had marginally greater internet connectivity
than male teachers (46.8%) during the day. Of the total number of government
schoolteachers, 63.4% had access to the internet most of the time, 29% had limited

access and 7.5% had no access to the Internet. Other mathematics teachers had more

access to the internet than did government schoolteachers.

4.21.2. Use of Digital Resources

The second part of Table 10 (p. 141) shows that images, and graphics (51%), videos
(50%), e-textbooks (47%), educational websites (38%), were the resources which
were mostly used by high school mathematics teachers. Other digital resources such
as digital graphs, animations and Interactive educational games were used by fewer
than 20% of respondents. Few teachers had used dynamic graphing software (DGS)
such as GeoGebra (9.2%) and simulations (4.6%). These findings indicate that
teachers may either be unaware of these tools or have insufficient knowledge of

them.

In gender terms, there appeared to be little difference between females and males in
the use of digital resources. However, there were gender differences in the use of

specific digital resources. Noteworthy differences existed for using digital graphs,
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dynamic graphing software (DGS) and interactive educational games. More male
teachers used DGS and digital graphs than female teachers. By contrast, female
teachers, used interactive educational games to teach mathematics more often than
male teachers. Table 10 also shows that teachers mostly use videos, graphics, and

websites.

Although Table 10 provides important information about Pakistani mathematics
teachers’ use of digital technologies, interpreting. this information is complicated by
the unprecedented situation of COVID-19. On the surface, the data suggest that
teachers regularly use digital technologies in classrooms for teaching and learning
mathematics, which may or may not be the case during normal circumstances.
However, 1 collected Phase 1 data during the COVID-19 lockdown when most
teachers were forced to teach from home (online) and use digital technologies.
Correspondingly, the responses may provide a distorted picture of the usage of

digital resources in mathematics teaching.

In the following section, I present the findings of Block 2 that measured high school

mathematics teachers’ beliefs about mathematics teaching and learning.
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4.3.

LEARNING (P_O)

BLOCK 2: BELIEFS ABOUT MATHEMATICS TEACHING AND

As discussed in Section 3.4.1 (see Table 1, p. 108), Block 2 (B2) items were designed to

investigate teachers’ personal orientation i.e. their beliefs and preferences about

mathematics teaching. B2 contained seven items (B2_1 to B2_7), measured on a 5-

point Likert scale (5 = strongly agree to 1 = strongly disagree). Table 11 shows the

descriptive statistics for Block 2 items.

Table 11

Descriptive statistics for Block 2 items

Descriptive Statistics

Item No.

Item Statement

Mean

Median Mode

SD

B2_1

Learning mathematics means
exploring problems to discover
patterns and make
generalisations.

270

471

5.00 5

0.46

B2_2

Mathematics teaching is to teach
students how to create and
assign meanings to  signs,
symbols, and notations.

270

4.24

4.00 5

0.62

B2_3

Mathematics teaching is to share
knowledge and ideas, and to
discuss a variety of real-world
contexts.

270

4.51

5.00 5

0.51

B2_4

Mathematics lessons should be
followed by a critical discussion
with students.

270

4.50

5.00 5

0.61

B2_5

Mathematics curriculum
textbooks are the best medium
of instruction and source of
knowledge.

270

4.07

4.00 4

0.64

B2_6

Mathematical knowledge is
retained more easily if it is
acquired using multiple
representations.

270

4.59

5.00 5

0.63

B2_7

While learning mathematics, it is
important to memorize rules,
facts, and formulas.

270

4.73

5.00 5

0.55

Note. Each row in the table corresponds to a specific item, and the columns provide

relevant statistics for each item, offering an overview of the distribution and central

tendency of responses from the surveyed teachers. For example, the first column
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represents the identification code for each item in Block 2 and the corresponding

row for B2_1 presents item statement and its respective descriptive statistics.

Except for items B2_2 and B2_5, the Mean values (4.5 and above) suggest that
teachers on average strongly agreed with the item statements. In Block 2 Mode was
5, indicating teachers’ robust beliefs about the pedagogical practices mentioned in
the items, such as exploring problems to discover patterns and generalizing,
conveying mathematical knowledge through multiple representations, critical
debate with students, and sharing mathematical ideas. The highest Mean score (4.73)
for item B2_7 indicates that teachers preferred memorizing rules, facts, and

formulas.

The Mean values for item B2_5 (Mean = 4.07, Mode = 4) suggest that teachers
somewhat agreed on textbooks as the best source of information for mathematics
learning. This finding may signal a gradual shift away from textbook-centred teaching
to other contemporary educational resources, such as digital resources. This
possibility was investigated during the Phase 2 semi-structured interviews. The Mean
scores for B2_2 reflect Pakistani teachers believed that mathematics teaching is
teaching students how to create and assign meanings to signs, symbols, and
notations. The findings from the survey do not show the extent to which the beliefs
with which teachers agreed translated into their pedagogical practices.
Consequently, during Phase 2, it was considered important to investigate the
correspondence (or otherwise) between beliefs and practices while using digital

resources.

Further inquiry was undertaken to investigate the correlation between the different
items in Block 2 of the online survey. Spearman’s rho correlation test was used for
this analysis. The two assumptions for Spearman’s rho test were satisfied. First, the
scores were measured using an ordinal scale - a measurement scale that uses labels
to classify cases into ordered classes such as a Likert scale (strongly agree to strongly
disagree). Second, the relationships between items were monotonic i.e., as the value
of one item increases, so does the value of the other item. SPSS produced the

following Spearman’s rho correlation test results (as shown in Table 12).

Table 12

Results of Spearman rho correlation test for Block 2 items
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Item No. B2_1 B2_2 B2_3 B2_4 B2_5 B2_6 B2_7

B2_1 --

B2_2 A433**

B2_3 223** 207**

B2_4 .208** 195%* 210**

B2_5 215%* 337 271 199**

B2_6 125* 132** 273** 166** 302**

B2_7 138* .336%* 158** 132% 331%* 168** --

Note. The table displays a correlation matrix where each cell represents the
correlation coefficient (p) between the corresponding items. The symbols ** and *
indicate the significance levels, with ** denoting significance (p — values) at the 0.01

level and * denoting significance at the 0.05 level, both being two-tailed tests.

For most items, SPSS reported significant p-values (p < 0.001) for the Spearman
rho test. These values suggest that items of B2 are monotonically correlated in the
sample population. It also confirms the relationship between teachers’ pedagogical
practices and pedagogical beliefs in mathematics. For example, the significant
positive correlation of B2_1 with B2_2 (p = 0.433,p < 0.01) suggests a relationship
between learning mathematics through exploring patterns in mathematical
problems and to generate new signs, symbols, and notations. Notably, item B2_2
significantly correlated with all the other items of Block 2 indicating teachers' strong
beliefs in the role and affordances offered by signs, symbols, and notations. It is an
interesting finding that may reflect teachers' preferences for and understanding of
signs, symbols, and notations. It may be interesting to know how these beliefs are
transferred and translated in a dynamic technological environment and their role in
the journey of attaining mathematical digital competencies. Additionally, a good
positive relationship was found between the use of a mathematics textbook (B2_5)
and other items of Block 2. At the qualitative phase, further probes revealed more

about these beliefs.

This section has presented the descriptive results and correlation among B2 items.
Trends identified included teachers’ strong agreement with pedagogical practices,

emphasizing patterns, multiple representations, critical debate, and ideas sharing. A
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notable preference for memorization was indicated, but only moderate agreement
on textbook importance was apparent. Interestingly, positive correlations between
textbook usage and broader pedagogical beliefs underscore a coherence in
mathematics education practices. The findings of Block 3 items are presented in the

following section.
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44. BLOCK 3: BELIEFS ABOUT DIGITAL RESOURCES AND THEIR USE

IN MATHEMATICS EDUCATION (SDRK)

Block 3 (B3) items were designed to investigate teachers' general beliefs about the
use of digital resources for mathematics teaching. The beliefs about digital resources
could reflect upon the teachers’ digital competencies (RQ) and their orientation
towards digital resources. Table 13 presents the descriptive statistics for five Block 3

items (B3_1 to B3_5).

Table 13

Descriptive statistics for Block 3 items

Item No. Item Statement N Mean Median Mode  SD
Digital resources play an

B3_1 important role in mathematics 270  4.68 5.00 5 0.53
teaching.
Digital resources make

B3_2 mathematics problems and 270 4.61 5.00 5 0.67

tasks more engaging.
I have lots of ideas about how I
can make wuse of digital

B3_3 ) . 270 4.27 4.00 5 0.84
resources in the mathematics
classroom.
Digital resources help students

B3_4 n self-regulating, oy 454 500 5 0.67

understanding, and solving
mathematics problems.

Digital resources distract the
B3_5 attention of students from 270 3.74 4.00 4 1.20
doing calculations.

Note. Each row in the table corresponds to a specific item, and the columns provide
relevant statistics for each item, offering an overview of the distribution and central
tendency of responses from the surveyed teachers. For example, the first column
represents the identification code for each item in the Block 3 and the corresponding

row for B3_1 presents the item statement and its respective descriptive statistics.

The three items (B3_1,B3_2 and B3_4) with Mean values greater than 4.5 and
Mode = 5 demonstrate teachers' strong belief in the role of digital resources in
mathematics teaching. Teachers strongly agreed that digital resources help in

engaging and self-regulating students in the classroom (B3_2; Mean = 4.61).
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However, for item B3_3 teachers were split on whether they have lots of ideas about
using digital resources in classrooms or not. More than half (53.7%) of the teachers'
responses were in the range of somewhat agree to strongly disagree (see Figure 13).
Teachers' slightly weak agreement with B3_3 (Mean = 4.2, Mode = 4) could be
pointing towards infrequent use or maybe lack of confidence about their abilities for
using digital resources in the classroom. This finding can be linked to the personal
instrumental genesis through which individual teachers develop their personal
understanding, ideas and mastery of tools or instruments in a specific context.
However, the online survey did not collect data about factors that contribute to or
impede the regular use of digital resources in classrooms. During Phase 2 interviews,

such factors were investigated to understand the reasons.

Figure 13

Frequencies in percentage (%) of responses for Item B3_3

B3 3: Thavelots of ideas about how I can make use of digital
resources i the mathematics classroom.

463
385
122
1.5 1.3 l
— —

Strongly dizagree Somewhat — INeither agree nor Somewhat agree  Stronglyagree
dizagree dizagree

For item B3_5 the Mean value (3.74) suggests teachers agreed that digital resources
do not distract students’attention away from calculations. It is important to highlight
that, to reduce acquiescence, the B3_5 statement was negatively worded. Negatively
worded items are designed to elicit responses that indicate disagreement or a lack of
endorsement. In this case, the wording suggests that the use of digital resources is
perceived as a potential source of distraction from students' engagement in
mathematical calculations. In the context of this thesis, a lower Mean value (3.74) for
item B3_5 suggests that fewer teachers agreed with the statement, indicating that

they do not perceive digital resources as causing distraction from students’
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calculations. The mention of "acquiescence bias" highlights the potential for
respondents to agree with statements regardless of their true beliefs, and in this case,
the negative wording of the item aims to mitigate this bias by encouraging

respondents to express disagreement when appropriate.

To understand how the teachers' general beliefs about the use of digital resources for
mathematics teaching are related, the analysis of Block 3 continues with Spearman’s

correlation test. The results are shown in Table 14.

Table 14

Results of Spearman's rho correlation test for Block 3 items

Item No. B3_1 B3_2 B3_3 B3_4 B3_5
B3_1 --

B3_2 502"

B3_3 288" 325"

B3_4 458" 410™ 4407

B3_5 0.104 -0.001 1577 0.098 --

Note. The symbols #* and * indicate the significance levels, with ** denoting

significance (p — values) at the 0.01 level and * denoting significance at the 0.05 level,

both being two-tailed tests.

Except for the negatively worded item B3_5 (Digital resources distract the attention
of students from doing calculations), SPSS reported significant p-values for the
Spearman rho test as being p < 0.01. The significant p-values for B3_1 to B3_4 shows
strong evidence that these items were monotonically correlated in the sample. For
example, the correlation between B3_1 (digital resources' importance) and B3_2
(enhancing engagement) is relatively strong and positive (p = 0.502,p < 0.01),
suggesting that teachers who perceive digital resources as important may believe in
their capacity to make mathematics problems and tasks more engaging. The positive
correlations between B3_1 and B3_4 (digital resources aiding self-regulation) (p =
0.458,p < 0.01) and between B3_1 and B3_3 (possessing ideas about digital resource
use) (p = 0.288,p < 0.01) indicate that teachers who recognize the importance of
digital resources may tend to believe in their potential to enhance self-regulation and

possess ideas for their use.
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There was a positive correlation between B3_4 and B3_3 (p = 0.440,p < 0.01),
indicating that teachers who believe in the potential of digital resources to help
students self-regulate are also more likely to possess ideas about their classroom
integration. Further, the correlation (p = 0.325,p < 0.01) between B3_2 and B3_3
shows a relationship between generating new ideas in mathematics classrooms and
the use of digital resources to make mathematical problems more engaging and
interesting. The correlation between B3_5 (digital resources' potential to distract) and

other items is weaker and not statistically significant.

This section presented the findings for Block 3 items. The correlation analysis reveals
interesting patterns of association between teachers' beliefs about different aspects
of digital resource integration in mathematics teaching. The strong positive
correlations reflect that teachers' perceptions of digital resources'importance extend
to their beliefs about engagement, self-regulation, and generating ideas for use. The

next section presents the results of Block 4 items.
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4.5, BLOCK 4: KNOWLEDGE OF DIGITAL RESOURCES AND
STUDENTS (KDRS)

Block 4 (B4) items were designed to understand teachers' knowledge and use of
digital resources in relation to students learning in a technological environment. The
descriptive statistics for seven items (B4_1 to B4_7) of Block 4 are presented in Table
15.

Table 15

Descriptive statistics for Block 4 items

I[tem No Item Statement N Mean Median Mode SD
Mathematics students need to
B4_1 know how to use digital resources 270 4.71 5.0 5 0.53

for learning.
Students should not be allowed to
use digital resources until they

B4.2 have mastered the concept, rule, 270 376 4.0 4 1.24
or method.
Digital resources allow students to

B4_3 creatively think about 270 448 5.0 5 0.70

mathematics problems.

Dynamic mathematics software
B4_4 (DGS) (e.g, GeoGebra) makes 270 4.11 4.0 5 0.84
students better problem solvers.
Mathematics software removes
some learning opportunities for

B4_5 . 270  4.07 4.0 4 0.96
students. (e.g, drawing graph
using pen and paper)
Students are more confident in

B4_6 maths when they use digital 270 4.9 4.0 4 0.74
graphs.
Videos about abstract

B4 7 mathematics concepts (eg. 270 452 50 5 0.54

complex numbers) improve
student understanding.

Note. Each row in the table corresponds to a specific item, and the columns provide
relevant statistics for each item, offering an overview of the distribution and central
tendency of responses from the surveyed teachers. For example, the first column
represents the identification code for each item in the Block 4 and the corresponding

row for B4_1 presents item statement and its respective descriptive statistics.

The Mean values show only two items in B4 (B4_1 and B4_7) were strongly agreed

upon while on the remaining five, teachers somewhat agreed. Teachers strongly
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agreed that mathematics students need to know how to use digital resources and
manifested their confidence (B4_7; Mean = 4.5,Mode = 5) in videos about abstract
mathematics concepts to improve student understanding. Teachers expressed
positive belief in item B4_3 (Mean = 4.48) which suggests that digital resources can
enhance creative thinking. However, teachers somewhat agreed on the impact of
dynamic graphing software (DGS) such as GeoGebra on students' problem-solving
abilities. Teachers were similarly split on whether mathematics software removes
some learning opportunities such as the use of pen and paper. These are contrasting
results when compared with Block 3 items where teachers indicated their strong
belief in the role of digital resources, especially in solving mathematics problems and
promoting students’ self-regulation in the classroom. In Block 5 more items

pertaining to DGS would help to determine whether the use of DGS is an issue or not.

The item B4_2 (students should not be allowed to use digital resources until they have
mastered the concept, rule, or method) received the lowest Mean score (Mean =
3.76). Almost 70% responses were in the range of somewhat agree to strongly
disagree (see Figure 14). Teachers' reservations (as reflected in B4_2) suggest
considerations about maintaining a balance between using digital resources and

mastery of foundational concepts.

Figure 14

Frequencies in percentage (%) of responses for item B4_2

B4 2: Students should not be allowed to use digital
resources until they have mastered the concept, rule or

method
381
326
10.7 :
3.1 . 10.4
Strongly Somewhat — Neither agree Somewhat  Strongly agree
disasree disasree nor disagree agree
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To understand how the items measuring teachers' knowledge and use of digital
resources in relation to students learning in a technological environment are related,
the analysis continues with Spearman’s rho correlation test. The results are shown in
Table 16.

Table 16

Spearman's rho correlation test for items of Block 4

Item No. B4_1 B4_2 B4_3 B4_4 B4_5 B4_6 B4_7
B4_1 --

B4_2 0.023

B4_3 336" 139"

B4_4 0.095 181" 135°

B4_5 -0.008 459™ 0.061 127

B4_6 0.084 0.079 194 183" 222"

B4_7 0.115 0.047 329" 270™ -0.085 164 --

Note. The table displays a correlation matrix where each cell represents the
correlation coefficient (p) between the corresponding items. The symbols ** and *
indicate the significance levels, with ** denoting significance (p — values) at the 0.01

level and * denoting significance at the 0.05 level, both being two-tailed tests.

The results of the Spearman correlation test were both significant and insignificant.
The item B4_1 was significantly correlated with only one item (B4_3; p = 0.336,p <
0.01) in the Block. This suggests that teachers who believe students should possess
digital resource skills also tended to believe that digital resources contribute to

enhancing creative thinking among students.

A relatively strong correlation (p = 0.459,p < 0.01) between items B4_2 and B4_5
suggests that teachers who believe in delaying the use of digital resources until
mastery of concepts is achieved, are more likely to hold the belief that digital
resources might remove certain learning opportunities for students. They may also
consider that it may affect their ability to think creatively about mathematics
problems (p = 0.139,p < 0.05). Comparing this correlation to Block 2 item B2_7

(memorizing rules, facts, and formulas), which reflects a preference for
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memorization, both correlations align in pointing towards a cautious perspective
regarding the integration of digital resources before a strong foundation is
established. It is noteworthy to mention that Section 4.2.1.2 showed, apart from
videos, less than 20% of teachers had access to other listed digital resources. Limited
access to digital technologies and an associated lack of confidence could be a reason
for emphasising traditional pedagogies. Teachers could be perceiving digital
resources and pedagogies as two distinct things rather than mutually supported
entities. Iltem B4_3 (creative thinking) showed positive correlations with items B4_1
(importance of digital resources), B4_4 (DGS), B4_6 (digital graphs), and B4_7 (videos).
These correlations suggest that teachers believed digital resources (DGS, digital
graphs, and videos) allow students to think creatively about mathematics problems.
Additionally, positive significant correlations (p = 0.183,p < 0.01) were observed
between DGS and digital graphs and (p = 0.271,p < 0.01) between DGS and videos.
These correlations are consistent with many other studies that also reported such
relationships and the positive impact of dynamic graphing software and videos on
students’ problem-solving abilities. However, given contrasting results, it would be
useful to further investigate these relationships. The next section presents the

findings for Block 5 items.
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4.6. BLOCK 5: KNOWLEDGE OF DIGITAL RESOURCES AND
TEACHING (KDRT)

Block 5 (B5) items were designed to understand teachers' knowledge of digital
resources in relation to teaching in a technological environment. Initially, B5
contained nine items, however, based on pilot study findings (see Section 3.4.2.3),
four items related to teaching during COVID-19 (see Section 3.4.2.3) were added later.
The results of the four items are presented separately in Section 4.6.1. In this section,
only the descriptive statistics (see Table 17) and correlations among the nine items

(B5_1to B5_9) are presented.

Table 17

Descriptive statistics for items in Block 5

Item No Item Statement N Mean Median Mode SD
[ have received training for the use of

B5_1 technology and other digital 270 3.27 3.00 5 141
resources.
It is difficult to decide which digital

B5_2 resource to use to teach a particular 270 4.16 4.00 4 0.77

mathematics topic.

[ know how to write math equations

B5_3 and expressions using an equation 270  4.28 5.00 5 1.04
editor.

B5_4 I can teach using DGS (eg. 570 365 400 5 1.27
GeoGebra)

B5.5 Icansolveggometryortrlgonometry 270 3.90 4.00 4 093
problems using DGS.

B5.6 I can use DGS for calculus and 270 412 400 5 103
algebra.
[ teach mathematics better when my

B5_7 students use pen and paper for 270 435 4.00 5 0.75

solving problem:s.

[ can create images and videos for

B5_8 .
teaching purposes.

270 441 5.00 5 0.88

[ want to improve my ability to teach

B5._9 mathematics with DGS

270 459 5.00 5 0.75

Note. Each row in the table corresponds to a specific item, and the columns provide
relevant statistics for each item, offering an overview of the distribution and central
tendency of responses from the surveyed teachers. For example, the first column
represents the identification code for each item in the Block 5 and the corresponding

row for B5_1 presents item statement and its respective descriptive statistics.
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The item B5_1 which recorded the lowest Mean score 3.27 suggests that a significant
number of participants had received some form of training for the use of technology
and digital resources. Approximately 63% of teachers expressed varying degrees of
uncertainty about their training. These responses ranged from strongly disagreed to
neither agree nor disagreed. This suggests that a significant proportion of teachers
may feel that they lack sufficient training or are not fully confident in their training
for using digital resources in their teaching. Lack of technology training could be a
reason for the high Mean (B5_7; mean = 4.36,mode = 5) for teachers preferring
pen-and-paper for solving mathematics problems. Further, inadequate training may
also have contributed to their weak agreement with items related to dynamic
graphing software. The finding allows us to understand the previous findings related
to DGS (Section 4.5), where teachers' responses indicated confusion as to the extent

to which DGS contributes to students’ understanding of mathematical problems.

The result for B5_2 indicates that, on average, teachers agree to a moderate extent
(Mean = 4.16) with the statement that it is difficult to decide which digital resource
to use when teaching a specific mathematics topic. This implies that teachers may
face challenges in selecting appropriate digital resources given the range of options
available. The relatively high standard deviation (§D = 0.77) suggests some variability
in responses, indicating that some respondents may find it more challenging than

others to choose the right digital resource for teaching mathematics topics.

The results about using the equation editor tool (B5_3; Mean = 4.38, Mode = 5) and
teachers’ ability to develop graphics and videos for mathematics teaching
(B5_8; Mean = 4.4,Mode = 5) indicated teachers strongly agreed with having these
important competencies. However, descriptive scores alone cannot determine a
teacher’'s knowledge of equation editors and content creation tools, nor can it be
determined whether teachers understand how to use them with other digital
resources. Phase 2 was used to investigate these concerns more thoroughly.
Additionally, teachers strongly agreed with item B5_9 (Mean = 4.59,Mode = 5)
which indicates teachers’ desire to improve their ability to teach mathematics with
DGS. The consolidation of two results (items B5_1 and B5_9) related to training
suggests most mathematics teachers wanted to improve their abilities to teach
mathematics with technology, especially skills related to the use of dynamic graphing
software (DGS).
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In Section 3.4.5.2, the high percentage of missing values were associated with items
related to the use of DGS (B5_5 & B5_6) to solve mathematics problems. The gaps
here are linked with the participants’ demographic and professional backgrounds.
The high percentage of missing values along with low Mean scores for items B5_4,
B5_5 and B5_6 suggests teachers’ weak knowledge and limited use of dynamic
graphing software (DGS) (B5_4; Mean = 3.65,Mode = 4) in Pakistani mathematics
classrooms. It appears, teachers with less or no experience of using DGS skipped
items related to the use of DGS. However, this conclusion cannot be made with
absolute certainty. In summary, the results of Block 5 items related to DGS, equation
editor, videos, graphics, and teachers’ training demonstrated Pakistani teachers’
knowledge of digital content and mathematics teaching. The results suggest that
other than for a handful of teachers, the specific tool-related digital competencies of

a majority of survey respondents are moderate to weak.

To understand how the items on teachers' knowledge of digital resources and
teaching are related, the analysis continues with Spearman’s rho correlation test. The

results of the tests are presented in Table 18.

Table 18

Results of Spearman s rho correlation test for items of B5

Item No. B5_1 B5_2 B5_3 B5_4 B5_5 B5.6 B5.7 B5.8 B5_9

B5_2 435"

B5_3 398" 2027

B5_4 432" 212" 380"

B5_5 348’ 297" 423"  0.450

B5_6 0.215 0.089 371" 0.275 554"

B5_7 199" 183"  0.009 O0.15 0.108 0.018

B5_8 2377 208" 278" 1877  160° 0.060 154

B5_9 0.107 139° 289" 1697  .250° 0.186 0.023 292" --

Note. The table displays a correlation matrix where each cell represents the

correlation coefficient (p) between the corresponding items. The symbols ** and *

158



indicate the significance levels, with ** denoting significance (p — values) at the 0.01

level and * denoting significance at the 0.05 level, both being two-tailed tests.

The Spearman correlation test yielded both significant and insignificant results. B5_1
(Received training) shows positive and significant correlations with various aspects
of digital competencies (B5_2,B5_3,B5_4,B5_5,B5_6,B5_8,and B5_9). This suggests
that teachers who have received training for the use of technology and digital
resources are more likely to feel confident in their abilities and have a desire to
improve further. These correlations highlight the importance of professional
development and training programs for enhancing teachers’ digital competencies.
B5_2 (Difficulty in deciding on appropriate digital resources) is positively correlated
with the ability to teach using DGS (B5_4, B5_5, and B5_6) and the ability to create
images/videos (B5_8). This indicates teachers who struggle with choosing the
appropriate digital resources for teaching specific mathematics topics may also face

challenges in using dynamic geometry software (DGS) and creating videos.

B5_3 (Ability to write math equations) exhibits positive correlations with the ability
to teach using DGS (B5_4, B5_5,and B5_6) and the ability to create images/videos
(B5_8). This suggests that teachers who are proficient in writing mathematics
equations using an equation editor are more likely to be confident in their abilities
to use dynamic geometry software and create visual content for teaching purposes.
This finding pinpoints connections between different abilities, such as the ability to
write mathematics equations being related to the ability to teach using DGS. In
addition to the above-mentioned correlations, B5_4 (Ability to teach using DGS)
demonstrates positive correlations with the ability to solve geometry/trigonometry
problems using DGS (B5_5), the ability to use DGS for calculus/algebra (B5_6), and
the ability to create images/videos (B5_8). This indicates that teachers who feel
competent in teaching with dynamic geometry software are also more likely to excel
in using it for specific mathematical domains and incorporating visual content into

their teaching.

However, B5_7 (Preference for pen and paper) shows a positive correlation with the
ability to create images/videos (B5_8), received training (B5_1) and difficulty in
deciding digital resources (B5_2). This implies that teachers who prefer pen and

paper for problem-solving also express an interest in creating visual content for
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teaching purposes. Interestingly B5_7 showed no correlation with B5_9 (desire to
improve teaching with DGS). It highlights the potential value of combining traditional
and digital approaches in mathematics education. B5_8 (Ability to create
images/videos) exhibits a positive correlation with the desire to improve teaching
with DGS (B5_9). This suggests that teachers who are proficient in creating visual
content for teaching purposes also express a desire to enhance their teaching
abilities specifically with dynamic geometry software. The correlation between B5_3
and B5_9 could indicate that teachers who possess the skills to write mathematics
equations using an equation editor are more interested in improving their ability to

teach mathematics using DGS.

These correlations collectively indicate that there are interconnections between
different aspects of teachers' digital competencies and attitudes towards digital
resources in mathematics education. They further suggest that training related to
digital technologies may improve teachers' mathematical digital competencies. Many
previous studies have also reported such results but not specifically related to the
use of equation editors and DGS. The next section is a subsection of Block 5, which
discusses the results of items related to video-conferencing and teaching during the

COVID-19 pandemic.

4.6.1. COVID-19 teaching strategy and tools

Like much of the educational world, high school mathematics teachers in Pakistan
responded to COVID-19 constraints by undertaking emergency remote teaching
when they were forced to move from face-to-face classroom teaching to an online
learning environment. To understand teachers’ online teaching and learning

experiences, four items (B5_10to B5_13) were added to Block 5 in which the

following three items (B5_10 to B5_12) were measured on a 5-pointLikert scale.

e B5_10; I know how to use video conferencing applications (e.g., Zoom,
Skype etc.)

e B5_11;1know how to screencast, share screen and digital resources during
video conferencing.

e B5_12; If required, I can teach mathematics in a fully online environment

(e.g., School closure during COVID-19).
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The fourth item (B5_13)sought qualitative responses to the following prompts:
“Please tell us about your COVID-19 teaching strategy. What tools did you use (or
using) for teaching mathematics during COVID-19?" The qualitative items asked
teachers to share their experiences and list resources that they used to support
teaching and learning during COVID-19. The descriptive statistics of items B5_10 to
B5_12 is presented in Table 19.

Table 19
Descriptive statistics for the three COVID-19 related items

Descriptive Statistics
N Mean Median Mode SD

Item No. Items

I know how to wuse video
conferencing applications.

I know how to screencast, share
B5_11 screens and resources during 270 4.56 5.00 5 0.864
video conferencing.

If required I can teach
mathematics in a fully online
environment (e.g., School closure
during COVID-19).

B5_10 270  4.50 5.00 5 0.892

B5_12 270 464 5.00 5 0.674

Note. Each row in the table corresponds to a specific item, and the columns provide
relevant statistics for each item, offering an overview of the distribution and central

tendency of responses from the surveyed teachers.

The most common value in the dataset for the three items was Mode = 5, which
suggests that most teachers knew how to use video conferencing applications.
Teachers strongly agreed that they can screencast and share digital resources during
a video conferencing (Mean = 4.56) session and could teach in a fully online

environment such as school closure during COVID-19 (Mean = 4.64).

The Spearman’s rho correlation test was used to understand how the COVID-19

items were related. The results of the test are presented in Table 20.

Table 20

Results of Spearman's rho correlations test for three COVID-19 items
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Item No. B5_10 B5_11 B5_12

B5_10 --
B5_11 264"
B5_12 203" 626" --

Note. The table displays a correlation matrix where each cell represents the
correlation coefficient (p) between the corresponding items. The symbols ** and *
indicate the significance levels, with ** denoting significance (p — values) at the 0.01

level and * denoting significance at the 0.05 level, both being two-tailed tests.

The correlation among the items was found statistically significant. For example, the
fairly high positive correlation between items B5_.11 and B5_12 (p = 0.63,p <
0.01) suggests a relationship between teachers’ knowledge of using video
conferencing features and their ability to teach in an online teaching environment.
The items did not offer scope, however, to probe their skill in using these tools, nor
an explanation of how they used them. Therefore, it would be useful to know how
different, difficult, or easy online teaching was compared to face-to-face teaching
and what role they played while teaching mathematics online, whether as facilitators

or teachers.

4.6.2.  Results of qualitative item

In this sub-section, the results of the qualitative item (B5_13) are presented. The
objective was to gather information about pedagogical innovations, digital tools, and
applications that teachers used during the pandemic. Of 270 overall respondents
only 167 (62%) provided feedback for B5_13. Teachers mentioned they used video
conferencing solutions like Zoom (54.6%), Microsoft Teams (9.8%) and Google Meet
(9.2%) to teach mathematics online. In synchronous online sessions, teachers
delivered live lectures, shared PDFs, MS Word documents and PowerPoint
presentations. About 8% used digital pens on online interactive writing applications
(few used Microsoft Paint) to solve mathematics problems. According to a teacher, “it
is very easy to convey mathematics concepts online using a digital pen and writing
pad.”” 18.4% of responses were categorized as Miscellaneous (Misc). In this category,

tools and applications employed by fewer than five teachers were placed. Teachers
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mentioned Skype, Desmos, Jamboard, Discord, DingTalk, Graph Solver, and
Microsoft OneNote in this category. Crosstabulation of COVID-19 teaching tools with
gender revealed more female teachers had relied on Google Meet, recorded videos,
WhatsApp, Facebook, Whiteboard and Miscellaneous tools. Meanwhile, male
teachers made more use of Microsoft Team, YouTube, Google Classroom, and Live
Digital writing. There were not many differences between males and females for the

use of Zoom, GeoGebra and PowerPoint.

A few teachers (12%) reported that because of the poor Internet connectivity, they
only used asynchronous independent teaching via learning management systems
(LMS) such as Google Classroom. Others who had faced Internet issues mentioned
they recorded videos and uploaded them on YouTube and WhatsApp groups. For
example, one male teacher mentioned, “Sometimes I tried to use Zoom but was
unable to do so due to poor internet connectivity. Therefore, I recorded my lesson

and uploaded it on YouTube.”

Another teacher explained, “I recorded lectures on my laptop, I made the classroom
in my home and gave lectures on the whiteboard using markers while the camera
was on me.” In addition to internet connectivity, some teachers raised other
difficulties with online teaching experiences. One female teacher who faced

difficulties reported:

The online teaching experience was good, but it makes a teacher's life more hectic...
a lot of work is required to uplift the eLearning landscape in Pakistan and to make
better use of online teaching... Mathematics is difficult to understand by students in

online sessions.

The issue of students' engagement in online classes was also mentioned by teachers.
Absenteeism was the main problem, along with students' inattention in online
classes and not performing more than the absolute minimum. One female teacher
who used Skype mentioned, “it is difficult to deliver online lectures because I do not
know who is active, who is present, whatever” These are common, yet important
concerns Phase 2 interviews were used to probe teachers’ thoughts about student

engagement.
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Six teachers in the data set indicated, beside digital resources, they were able to
organize face-to-face teaching at schools where classes were allowed to be
conducted only on alternate days (50% of students on each day). One male teacher

mentioned:

I followed traditional teaching methods such as discussion on topics from the
textbook, solving questions on the whiteboard while maintaining social distancing,

using sanitiser, face mask and washing hands with soap.

In a nutshell, it appears the quick transition to online learning for Pakistani teachers
was challenging. However, teaching during COVID-19 provided opportunities to
learn new tools, conduct online classes, bring innovation to lessons, design and
develop digital resources otherwise not possible with their daily teaching routines.

The next section presents the findings of Block 6.
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4.7. BLOCK 6: KNOWLEDGE OF DIGITAL RESOURCES AND

CURRICULUM (KDRC)

Block 6 (B6) items measured teachers' knowledge and use of digital resources

concerning curriculum planning and assessment in a technological environment.

Table 21 presents descriptive statistics for five items (B6_1 to B6_5) of B6.

Table 21

Descriptive statistics for items of Block 6

Descriptive statistics
[tem No. [tem statement

N Mean Median Mode SD

I know how to design and
B6_1 organize lessons that include 270 4.24 4.00 4 0.607
digital resources.
I can locate and search
B6_2 databases/websites containing 270 4.26 4.00 4 0.604
digital resources.
[ can download and install
B6_3 digital applications for teaching 270  4.54 5.00 5 0.571
mathematics.
I know how to create and
evaluate assessments using

B6_4 . 270 422 4.50 5 0.633
online tools (e.g, Google
Forms).
[ recommend the use of digital

B6_5 resources for teaching and 270 451 5.00 5 0.602
learning.

Note. Each row in the table corresponds to a specific item, and the columns provide
relevant statistics for each item, offering an overview of the distribution and central

tendency of responses from the surveyed teachers.

Teachers on average somewhat agreed (B6_1; Mean = 4.24,Mode = 4) that they
know how to design and organize lessons that include digital resources. This shows
that teachers consider that they can design and organize lessons with digital
resources. However, the teachers, on average, reported a relatively high level of
agreement (B6_3; Mean = 4.54) with B6_3. This shows that teachers strongly
believed in their competence to download and install digital applications for
teaching mathematics. We can link this finding with the Mean value of item B5_2
(Section 4.6, Table 17, p. 156), with which teachers moderately agreed. They find it

difficult to decide which digital resources to use from the Internet to teach a
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particular mathematics topic. Seen together, these two findings address different

aspects of digital resource usage among teachers.

For example, the ability to download and install applications (B6_3) relates more to
technical skills and familiarity with digital tools. Teachers might feel comfortable with
the technical process itself. On the other hand, deciding which resources to use
(B5_2) involves evaluating content relevance, pedagogical suitability, and alignment
with curriculum goals. This decision-making process might be more complex and
involve considerations beyond technical proficiency. However, when we look at the
B6_2 results (Mean = 4.26), in which teachers expressed weak agreement about
having the ability to access and search databases online, it validates the B5_2 finding.
It appears that the respondents feel more confident in their ability to download and
install digital applications for teaching mathematics (Item B6_3) compared to locating
and searching databases/websites for digital resources (Item B6_2). In summary, the
confidence reported in downloading and installing digital applications (B6_3) might
pertain to a specific technical competence, whereas the difficulty reported in
deciding which digital resources to use (B5_2) could reflect the complexity of
pedagogical decision-making in a digital environment. The apparent contradiction
between these two findings could arise from the different aspects of digital resource
utilization that the items address. The original interpretation could still hold to a
certain extent, with the clarification that confidence in technical skills does not
necessarily translate to ease in pedagogical decision-making. This insight adds depth
to our understanding of how teachers navigate the integration of digital resources

into their teaching practices.

About creating and evaluating assessments using online tools, teachers reported
somewhat agreeing (Mean = 4.22). However, the Median value was 4.50, indicating
a slightly higher agreement level among a subset of teachers. This suggests that
teachers can create and evaluate assessments using online tools. However, it cannot
be ascertained from the response how regularly they employed online tools for
assessment. Item B6_5 results suggest that teachers would strongly recommend the

use of digital resources for mathematics teaching and learning.

The Spearman’s rho correlation test was conducted to understand the relationship

between the items of Block 6. The results of the test are presented in Table 22.
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Table 22

Results of Spearman's rho correlation test for Block 6

Item No. B6_1 B6_2 B6_3 B6_4 B6_5
B6_1 --

B6_2 551"

B6_3 239" 247"

B6_4 510" 478" 219™

B6_5 1497 148" 245" 0.085 --

Note. The table displays a correlation matrix where each cell represents the
correlation coefficient (p) between the corresponding items. The symbols ** and *
indicate the significance levels, with ** denoting significance (p — values) at the 0.01

level and * denoting significance at the 0.05 level, both being two-tailed tests.

The Spearman’s rho correlation test yielded both significant and insignificant results.
The item B6_1 reported significant positive correlations with all the other items in
Block 6. The results suggest teachers with the ability to design/organize lessons with
digital resources may also possess skills to search, download and install applications,
and to create assessments online. The Spearman correlation also suggested that
teachers who know how to download and install digital applications are more likely
to recommend the use of digital resources for teaching and learning mathematics. A
strong correlation (p = 0.478,p < 0.01) was also found between B6_2 and B6_4
which suggests those who can search and locate databases or websites can also

create and evaluate assessments using online tools (e.g., Google Forms).

There were few weak but positive correlations as well. For instance, there was a
correlation between the ability to locate and search databases/websites containing
digital resources (B6_2) and the ability to download and install digital applications
for teaching mathematics (B6_3). This suggests that these competencies coexist to
some extent. This could be attributed to their shared foundation in digital
competencies and digital resource use. Both skills involve navigating online spaces
and engaging with digital resources. Teachers who feel comfortable in online
environments may be able to locate resources and also to successfully install digital

applications. Similarly, there is a positive and weak correlation between the ability to
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download and install digital applications for teaching mathematics (B6_3) and the
ability to create and evaluate assessments using online tools (B6_4). This suggests a
modest relationship between these skills. The recommendation of using digital
resources for teaching and learning (B6_5) showed weak positive associations with

all the other skills/items, indicating some relationship but at a lower level.

168



4.8. CORRELATION BETWEEN THE BLOCKS

As mentioned in Section 3.4.1, I organized the online survey into different blocks,
each representing a specific aspect of the digital competencies of mathematics
teachers. Table 23 presents the correlation between the Blocks and their

corresponding constructs.

Table 23

Overall correlations between the Blocks (Constructs of the framework)

Block PO SDRK KDRS KDRT KDRC
Block 2 P_O 1
Personal
Block 3 instrumental SDRK 0.371** 1
genesis
M
Block4 p KDRS 0.705** 0.819** 1
K Professional
Block5 T . ! KDRT 0.628** 0.353** 0.845** 1
instrumental
genesis
Block 6 KDRC 0.298** 0.238** 0.534** 0.812** 1

Note. The table displays a correlation matrix where each cell represents the
correlation coefficient (p) between the corresponding items. The symbols xx
indicate the significance levels denoting significance (p — values) at the 0.01 two-

tailed tests.

Personal Orientation (P_O) shows weak to moderate positive correlations with other
constructs of the framework. The strongest correlations were with KDRS at 0.705 and
KDRT at 0.628. These correlations indicate relatively stronger connections between
P_O and knowledge of digital resources in the context of students’ learning and
teaching mathematics. It suggests that that stronger beliefs about mathematics
teaching may support or influence the use of various digital resources in teaching

mathematics to students.

Specialized Digital Resource Knowledge (SDRK) correlated positively with personal
orientation (P_O) at 0.371 and knowledge of digital resources and teaching (KDRT) at

0.353. This suggests that there may be a relationship between teachers' beliefs and
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their knowledge of specialized digital resources, but the strength of this relationship
is not very strong. However, SDRK had a high correlation with KDRS at 0.819. Notably,
KDRS displayed strong positive correlations with all other constructs: 0.705 with
Personal Orientation (P_O), 0.819 with Specialized Digital Resources Knowledge
(SDRK), 0.845 with Knowledge of Digital Resources and Teaching (KDRT), and 0.534
with Knowledge of Digital Resources in Curriculum Planning and Assessments
(KDRCQ). This indicates that understanding how digital resources can enhance
students’ learning experiences is linked to the overall development of digital

competencies.

The construct of Knowledge of Digital Resources and Teaching (KDRT) strongly
positively correlated with Knowledge of Digital Resources (0.845) and Students
(KDRS) and a relatively strong correlation of 0.628 with Knowledge of Digital
Resources in Curriculum Planning and Assessments (KDRC). This suggests teachers’
knowledge of digital resources and how to use them in teaching was associated with
their teaching of students and planning curriculum and assessments using digital
resources. Notably, Knowledge of Digital Resources in Curriculum Planning and
Assessments (KDRC) exhibited moderate positive correlations with all other
constructs. This shows the importance of KDRC in digital environments and

developing digital competencies.

As mentioned in Section 2.4.8, personal instrumental genesis reflects teachers'
beliefs about digital resources and their specialized digital resources knowledge in
mathematics education. It pertains to the ways teachers perceive the role and impact
of specialized digital resources in their teaching practices. Block 3 items contributed
to this construct, and the items within this block provided insights about teachers'
knowledge of specialized digital resources. The positive correlation of 0.371 between
Block 3 (SDRK) and Block 2 (P_O) suggests that teachers' broader pedagogical beliefs
are related to their perceptions of digital resource efficacy. The correlations between
the belief in exploring mathematical problems to discover patterns (B2_1) and
recognizing the importance of digital resources in teaching (B3_1) underscore the
alignment between traditional pedagogical practices and the potential benefits of

digital resources.
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The construct of Professional Instrumental Genesis represents the combination of
KDRS, KDRT, and KDRC. That is, it combines teachers' knowledge of digital resources
and their integration with students’ (Block 4), teaching (Block 5), and curriculum
planning (Block 6). Strong positive correlations between these blocks revealed
interconnections in teachers’' understanding of digital resource use across different
professional dimensions. It further suggests the importance of these dimensions in

developing digital competencies.

In conclusion, the correlations suggest varying degrees of interconnectedness
between these constructs. For instance, knowledge of digital resources in relation to
students (KDRS) appears to have strong associations with other constructs, including
personal orientation and teaching-related knowledge. Conversely, the knowledge of
digital resources and specialized aspects of teaching (SDRK) have weaker

connections.
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4.9. CHAPTER SUMMARY

The online survey focused on Pakistani mathematics teachers’ digital competencies.
The results highlighted teachers” access to, use of, beliefs about, and practices in
using digital resources in mathematics teaching and learning. The findings showed
that most teachers (74%) had internet access and knew how to use videos, e-
textbooks, and websites for educational use. However, the use of DGS and

simulations was less common among them.

In relation to beliefs, teachers held strong beliefs about pedagogical practices, such
as pattern exploration, conveying mathematics knowledge through multiple
representations, critical discussion, and idea sharing. They strongly believed in
traditional approaches such as memorization and preferred use of signs, symbols,
and notations. Teachers believed that digital resources aid in engaging and self-
regulating students in the classroom. However, they had varied opinions regarding
whether they possessed ideas about using digital resources in classrooms. Further in
Block 3, teachers' responses revealed varying degrees of agreement on the role of
digital resources in mathematics education. Significant correlations among Block 3
items revealed relationships between teachers' beliefs about digital resources’
importance, their potential to enhance engagement and self-regulation, and the

possession of ideas for using digital resources.

In Block 4, two items (digital resources are important and use of videos for students)
received strong agreement, indicating that teachers consider digital resources
important for students. Teachers believed that videos improve students’
understanding about abstract mathematical concepts. However, for the remaining
five items, teachers expressed moderate agreement. The Spearman correlation test
results showed various correlations among these items, indicating associations
between teachers' beliefs about digital resources and their perceived impact on

teaching and learning.

In Block 5, teachers' responses revealed a range of beliefs related to digital resources
in mathematics education. A significant number of teachers expressed uncertainty
about their training, suggesting they may lack confidence in their ability to use digital

resources. Teachers were not confident in using DGS and found it somewhat
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challenging to decide which digital resources to use when teaching specific
mathematics topics. They faced difficulties in selecting the most suitable digital
resources given the variety of options available online. Positive correlations among
Block 5 items suggests that receiving training in technology is linked to teachers'

confidence and their desire to improve digital competencies.

In Block 6, teachers reported varying degrees of self-perceived competencies related
to using digital resources in teaching mathematics. They believed they could design
and organize lessons with digital resources and were confident in their technical
skills for downloading and installing applications. However, they expressed weaker
agreement in their ability to access and search for digital resources online, suggesting
challenges in this aspect. Teachers reported somewhat positive agreement with their
ability to create and evaluate digital-based assessments and strongly recommended

the use of digital resources for mathematics teaching and learning.

Overall, the digital competencies of Pakistani mathematics teachers exhibit
variations that can be attributed to many factors. These differences in competencies
could be due to a range of factors that needs to be investigated. The findings suggest
that those who have received training tend to exhibit higher competencies. Notably,
teachers' beliefs play a pivotal role; strong convictions about the efficacy of digital
resources drive motivation to acquire digital competencies. Moreover, external
circumstances, like the abrupt shift to online teaching during the COVID-19
pandemic, have also impacted. Challenges in selecting the most suitable digital
resources for specific mathematics topics contribute to variations, reflecting the
complexity of pedagogical decision-making in the digital realm. To further
investigate these variations and understand the pedagogical context that influences
teachers' digital competencies, semi-structured interviews (Phase 2) were conducted

to gain deeper insights into the underlying reasons behind these findings.
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CHAPTER FIVE

5. PHASE 2 FINDINGS (QUALITATIVE DAT)

5.1. INTRODUCTION

In this chapter I present the finding of Phase 2 of the study. I collected Phase 2 data
using semi-structured interviews to explore the Phase 1 results in depth. Interviews
with participating teachers (n = 6) were employed to probe quantitatively significant
results, outliers, and perplexing Phase 1 results. Along with the overarching research
question (RQ), the following sub questions (SQs) were considered important based

on Phase 1 findings:

SQ1 - How do Pakistani teachers' beliefs about mathematics teaching influence their

decisions to integrate digital resources in teaching and learning mathematics?
SQ2 - What influences teachers to use digital resources well?

SQ3 - How well do Pakistani teachers use digital resources to teach mathematics

topics?

SQ4 - What professional development opportunities do Pakistani teachers have that

influences their digital competencies and approach to integrating digital resources?

SQ5 -What are the barriers to and enablers for teachers using digital resources face-

to-face and online?

These research questions also aligned with the corresponding domains of the
modified DCTMT framework. This alignment ensured that the semi-structured
interviews focused on and addressed the specific aspects of teachers' digital
competencies. For instance, SQ1 was linked to Personal Orientation (P_O) and
Personal Instrumental Genesis (SDRK) and provided details about Pakistani
mathematics teachers' beliefs and their influence on integrating digital resources.
SQ2-SQ5 were linked to SDRK and Professional Instrumental Genesis (KDRS, KDRT,

and KDRC). During the interviews, further sub-questions related to professional
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instrumental genesis arose. One such question concerned teachers’ familiarity with
theories about students’ learning that relate to the use of ICT. Another point of
discussion related to teachers’ ability to evaluate the efficacy of particular digital
resources and their appropriateness in the context of mathematics education. An
associated conversation concerned teachers’ competence to search for, select,
evaluate, create, share, organise, download, and modify digital resources. I analysed
the interview data using the pre-identified themes and sub-themes (see Table 8, p.

127) to connect the qualitative data with the digital competencies' framework.

In Pakistan, due to COVID-19, schools remained closed for almost 18 months (from
April 2020 to October 2021). All the Phase 2 participating teachers quickly
transitioned from face-to-face to online teaching. Their responses would have been
influenced by the necessity of coping with COVID-19 and moving to teaching online.
Correspondingly, their responses may reflect some of the anxiety that they
experienced due to the urgent pressure to teach online which they may not have
done previously., Recognising this possibility, at the end of the individual interviews
[ asked to what extent their beliefs, values, and preferences about digital resources
had changed because of the COVID-19 lockdown. I aimed to understand the impact
of digital resources affordances on their beliefs due to the pandemic. While
responses to this question are linked to the "personal orientation" theme of the

framework, they also link to other themes.

The following section presents findings on teachers' beliefs about mathematics

teaching and their use of digital resources in teaching and learning mathematics.
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5.2. GENERAL BELIEFS ABOUT MATHEMATICS TEACHING AND
LEARNING

To understand teachers’ general beliefs about mathematics teaching and learning

(SQ1), I asked each teacher the following two questions:

¢ In your opinion, what is the main purpose of teaching Mathematics?

e Why are you teaching mathematics?

Teachers' responses demonstrated varied beliefs concerning teaching and learning
mathematics. The majority perceived mathematics as a subject that connects and
explains knowledge in other subjects such as physics, chemistry, and computer
sciences. They believed that mathematical concepts act as tools that construct
knowledge and facilitate understanding of real-life contexts. For example, T2, an

experienced mathematics teacher, believes that:

Mathematics provides lots of valuable contributions to other subjects. Mathematics
is a tool. No matter what subjects you study, from the beginning to the advanced level,
mathematics works as a tool. Without mathematics, it would be impossible to
understand many other subjects... In real life, math is everywhere. Whether you want
to do engineering or medicine, become a scientist, or do business, math is

everywhere. It connects... I say that without mathematics, we are zero.

T2's response reflects a strong belief in the foundational importance of mathematics
as a tool that connects and supports various subjects and real-life applications. T2
emphasised that mathematics is not an isolated subject but a universal language that
bridges different disciplines and careers. T2's perspective aligned with the domain of
"Personal Orientation” within the digital competencies’ framework. The teacher's
perception about mathematics as a crucial tool across different subjects and
industries demonstrated a personal orientation in relation to the broader impact and
significance of mathematics education. This perspective could influence how T2
approaches the integration of digital resources in teaching and learning
mathematics. Furthermore, T2's emphasis on the ubiquity of mathematics in various
domains of life resonates with the framework's domain of "Specialized Digital

Resources Knowledge" (SDRK). His view that mathematics is essential for diverse
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fields and professions suggests an understanding of the potential of digital resources
to enhance students' understanding of and engagement with mathematics across
different contexts. Overall, T2's response represents relatively strong subject
knowledge, which may play an important role in predisposing him positively towards
integrating digital resources into teaching and learning. Other teachers, such as T1

and T6, held similar beliefs. For example, T1 said:

Today is the age of mathematics... It is a fundamental subject. I want my students to
progress, and mathematics helps in achieving this goal... In our school time, we were
only taught abstract ideas. We were taught that this is a question and how to solve it.
When we use digital resources, we physically look at what is happening or what is

being said or how this is happening.

Tl's perspective on the significance of mathematics aligns with the sentiment
expressed by T2 and T6. Tl's emphasis on mathematics as a tool for advancement
echoes the view that mathematics provides the foundation for various fields and
careers. However, Tl's mention of the effect of digital resources on learning
experiences is notable. T1 recognized the value of digital resources in providing
visual and interactive learning opportunities. This recognition aligns with the digital
competencies’ framework’s construct SDRK (i.e., beliefs about digital resources and
their use in mathematics education). T1 believed in the potential of digital resources
to offer a more tangible and engaging learning experience and promote deeper

understanding.

T1's perspective can also be related to the "Knowledge of Digital Resources and
Teaching" (KDRT) domain. The teacher's awareness of how digital resources can offer
dynamic ways of interacting with abstract mathematical ideas suggests an
understanding of how these resources can enhance teaching methods and student
engagement. Tl's remarks indicated a shift from traditional abstract teaching
methods toward more visual and interactive approaches made possible through

digital resources.

Moreover, the findings suggest that experienced teachers are more likely to exhibit
strong beliefs (as in the case of T2 and T1) than are the less experienced or early career

teachers. For example, when asked about the purposes of teaching Mathematics, a
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young private school female teacher (T3) explained the role of mathematics as

follows:

[ am at an early stage of my teaching career. I think I am still figuring out the purpose
of mathematics teaching. Mathematics is interesting...  have seen that those who are
good at mathematics can go far on Instagram... They know how to use and manipulate

the numbers on Insta, how to increase followers and when to post on Instagram...

T3's initial reflection on the purpose of mathematics teaching indicates a sense of
exploration and curiosity. The teacher's statement about still figuring out the purpose
of mathematics teaching aligns with the notion of teachers at the beginning of their
careers actively seeking to understand the impact of their instructional practices.
This perspective can be related to the "Personal Orientation" (P_O) construct in the
digital competencies' framework, where T3's evolving beliefs about the role of
mathematics teaching align with her position as a less experienced teacher who is
still shaping her teaching identity. However, T3's observation of individuals skilled in
mathematics finding success on social media platforms like Instagram introduces an
interesting dynamic. This comment can be considered through the lens of digital
competencies and the evolving nature of education in the digital age. It shows that
T3 is aware of the practical applications of mathematical skills in various contexts,
including social media. It also suggests T3's potential to find the real-world relevance
of mathematics and capture students' interest and emphasise its broader

applicability.

The findings also indicated that the context of teaching such as whether the teacher
worked in a government or private school could also impact beliefs about
mathematics teaching. Teachers from government schools considered mathematics
a difficult subject. They believed that teaching and learning mathematics did not
come naturally or intuitively. Their view was that it takes significant effort, time, and
energy from both teachers and students. The following response of T5 reflects such
beliefs:

Most people do not prefer to teach mathematics here (rural government school)
because it requires time and hard work. They have to use their brains quite a lot,

which requires extra effort and struggle to convince students. It is a very tough job.
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Many teachers are teaching different subjects, but I think by teaching mathematics I
can work more for the betterment of students. But we don't have good mathematics

teachers here.

The above response shows that the teaching environment, especially in a
government school setting, could impact beliefs about mathematics education. T5's
response highlights the challenges of teaching mathematics in a resource-
constrained rural context especially because of the complexity of the subject matter.
He believed that teaching mathematics contributes to students’ improvement and
demonstrates a sense of responsibility about and dedication to their role as teachers.
The context of a rural government school setting may have influenced T5's personal
orientation towards mathematics teaching, due to the government's policy of hiring,
training, and assigning teachers to remote (rural) locations. However, another
government (urban) schoolteacher (T4) (who had also taught in a private school) had
a different opinion about the difficulty of teaching in a government school. She

replied:

Previously I was teaching in a private school where it was easy to teach mathematics.
But right now, I am working in a government school, it is very difficult to be a
mathematics teacher or teach mathematics here. Mathematics is boring and a dry
subject. Therefore, very few students like mathematics. Due to these reasons, I face

difficulties in teaching mathematics at the government school.

T4 considers mathematics “boring” and a “dry” subject. I asked her why she was

teaching mathematics if it was boring, she clarified:

It is not boring for me but for students. They don't like it; they have a presumption
that it is boring and dry. Especially students in the government schools are not

interested in mathematics.

Having taught in both private and government schools, T4 could compare the
challenges and perceptions of students in both contexts. Her statement that
mathematics is easy to teach in private schools but difficult in government schools
supports the idea that the educational environment (or social context of teaching)
influences teachers' experiences and beliefs. However, T4's clarification that

mathematics is not boring for her suggests a personal enthusiasm for the subject.
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This shows a contrast between T4's beliefs and students' perceptions. T4's beliefs
align with the Personal Orientation (P_O) construct. Her beliefs about how students
view mathematics align with the "Personal Instrumental Genesis,' which shows how

teachers' beliefs affect students' attitudes.

T4's perspective may provide insights into SQI, which aims to understand how
teachers' beliefs influence their decisions to integrate digital resources. T4's
experiences highlight the need to address students' attitudes toward mathematics in
government schools. This was explored further in interviews (Sections 5.3 and 5.4)
by inquiring about any strategies or practices T4 has employed to make mathematics
more engaging for students. In brief, T4 and T5's responses may have been based on
their students’beliefs and the environment in which they teach mathematics. T4 and
T5's positions on government school teaching, students, and difficulties in
mathematics articulate issues of resource-constrained environments such as the
availability of teaching resources, the environment, and the lack of professional

training in government schools.

5.2.1. Beliefs about memorisation, and use of signs, symbols and

notations

In Phase 1, teachers strongly agreed with memorising rules and formulas and the use
of signs, symbols, notations. To further understand these results, I asked teachers the

following question:

e What is your preferred method of teaching?

e How do you believe students best learn and retain information related to

signs, rules, symbols, and formulas in mathematics?

All the teachers considered memorization to be an important part of mathematics

teaching and learning. T2 explained.

It is very important to understand the signs and formulas. But to use them or to give
an exam, students have to memorise them. Though my emphasis is always on
expounding the concept, our education system does not allow us to do it properly.

You have to understand the final exam paper pattern, which is about 80% theoretical
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and 20% objective. The student has to memorise a little bit. If students do not

memorise, how will they remember the concepts?

T4 emphasised the importance of memorisation as follows:

We must ask students to memorise the signs, symbols, and notations. Without
memorisation, how can they recognise them? For example, the first chapter in the
grade 10 textbook is about SETS, which includes several signs such as union,
intersection, proper set, etc. My students easily understand these signs. They
understand and perform better in set notation form than in tabular form. Without

memorising these signs, it would be difficult for them to learn such topics.

T1 and T3 expressed similar beliefs about memorisation. T6 and T2, in addition to
memorization, also emphasised understanding and explaining the concepts. T6
replied, “formulas, rules, signs, and notations need to be explained rather than
memorised. Students must learn how to implement or utilise them.” All teachers
preferred speed or rote memorisation of mathematical concepts. T2 explained the
factors that drive the emphasis on memorization. He considered the Pakistani
education system’s examination patterns create a necessity for students to memorise

certain elements. T2 acknowledged that conceptual understanding is also essential.

T4's perspective further highlighted the role of memorization in the pedagogical
practices of Pakistani high school mathematics teachers. T4 believed that students
can enhance recognition and understanding of mathematical signs and symbols
through memorization. T4's example of teaching sets highlighted the utility of
memorization in this context. We can relate these responses to the general beliefs
about mathematics teaching (P_O) within the digital competencies' framework. It
shows that traditional pedagogical approaches like rote memorization held a
prominent place in the Pakistani educational system. T2 and T4's explanations
highlight the interplay between students' success in examinations and the need for
memorization, reflecting a contextual constraint that influences teachers'

instructional decisions.

These responses provide valuable information in relation to SQI, which explores

how teachers' beliefs about mathematics teaching influence their integration of
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digital resources. The emphasis on memorization indicates a traditional perspective
of teaching and assessment, which can impact the extent to which teachers see value
in integrating digital resources. These responses offer insights into the potential
challenges and opportunities for integrating digital resources in a context where
memorization is emphasised. The combination of comments that students find
mathematics boring and difficult with the emphasis on memorization, raises
concerns about the nature of mathematics education in Pakistan. The association
between memorization-centred teaching methods and negative student
perceptions of mathematics highlights a potential disconnect between pedagogies
and a meaningful engagement with the subject. The reliance on memorization
without real-world applications or conceptual understanding might contribute to

the perceived lack of relevance and interest in the subject.

These findings can be linked with multiple research questions and the digital
competencies framework. They have a clear link with SQI, which explores the
influence of teachers' beliefs on integrating digital resources. The responses suggest
that teachers (especially government schoolteachers) might not be addressing
negative perceptions of mathematics through other pedagogical approaches like
using digital resources. T4 and T5's comments also tie into SQ2 and SQ5.
Memorization-focused pedagogy could be one of the factors that limit teachers’ use

of digital resources.

The findings also revealed that textbooks were the main resource for teaching
mathematics. Teachers also considered textbook-focused pedagogies and
examination patterns responsible for maintaining the legacy of repetition and
memorisation in teaching practices. All teachers strongly agreed that textbooks were
the most crucial resource, and they barely go beyond the content in textbooks. As T2

explained:

This is because our students find it difficult to even study the textbook. They are not
even interested in reading the textbook. As a result, we do not go beyond the
textbook. The students get confused, so I only use the textbook.. Our students'
primary focus is to achieve good grades and gain admission to engineering and
computer sciences. Their priority is to complete what is in the textbook rather than

look for extra material. Teachers have adjusted their teaching accordingly.
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Interestingly, all teachers used “we’, the plural form of the pronoun, instead of T,
when they reported common pedagogical practises such as a focus on the textbook,

memorization, and use of other resources for teaching. For example, T3 explained:

The real problem is that we can only teach here with a textbook and whiteboard. We
don't have any other tools here... The level at which we have learned from our own

teachers, we are also teaching our students at the same level.

The teachers' use of the collective pronoun "we" rather than "I" when discussing
pedagogical practices reflects a shared sense of constraint and conformity within
their social context of teaching. This linguistic choice suggests that these practices
might be driven by systemic factors, institutional norms, or peer influence, rather
than solely by individual preferences. It speaks to a larger context where teachers
might perceive that they have limited agency to deviate from established norms and
practices. The observation of teachers adjusting their teaching methods to align with
their own learning experiences further suggests the influence of tradition and
prevailing norms. The responses to other themes in the next sections confirm the
presence of peer influence that forces them to adjust (change) their existing beliefs
or behaviour to fit in with others. This could be useful in the context of this research
to understand changes in beliefs that would be classified as "conformity beliefs" due
to peer pressure. The "level" mentioned by T3, referring to the teaching methods
inherited from their own teachers, highlights a cycle of instructional continuity that

could perpetuate less effective pedagogical approaches.

The identification of "conformity beliefs" due to peer pressure is a perspective that
aligns with the broader theme of professional instrumental genesis. Teachers
adapting their practices to fit within the existing norms and practices of their
teaching community reflects a form of socialisation. It also suggests that the
development of digital competencies requires addressing not only individual beliefs
and skills, but also the broader cultural and social dynamics that shape teaching

choices.

These insights contribute to understanding the factors that influence teachers'
decisions to integrate digital resources (SQ2). The tension between traditional

practices, student expectations, and the absence of awareness of the potential of
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digital resources could be linked with the SQ5. Moreover, the findings suggest the
role of peer influence in shaping "conformity beliefs" highlights the mechanisms
through which Pakistani teachers' digital competencies could develop and evolve

within a professional community (SQ4).

Overall, the findings highlight the intricate web of influences that impact teaching
practices and the potential for change in the context of digital competencies. It
suggests mathematics teachers in Pakistan shared beliefs about mathematics
teaching. Main teaching resources included textbooks, teachers, and blackboards.
Their beliefs differed according to their working environment. The government
schoolteachers showed more inclination towards traditional pedagogical
approaches (e.g., rote memorisation). Whereas private schoolteachers were more
likely to indicate affinity with more contemporary beliefs. Nevertheless, both appear
to be influenced by peers, leading to conformity to others’ beliefs. Their
understanding of student-centred teaching approaches is limited, which could be
attributed to “lack of professional development” and an ineffective evaluation
system. The next section presents the findings related to beliefs about digital

resources and their use in mathematics education.
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5.3. BELIEFS ABOUT DIGITAL RESOURCES AND THEIR USE IN

MATHEMATICS EDUCATION

This section reports on how the participating high school mathematics teachers
perceived digital resources and their use in mathematics education. It was important
to ascertain their views about digital developments which are changing and
expanding the teaching of mathematics and investigate the impact of these changes
on their beliefs about digital resources. Their responses here would help to shed light
on their knowledge and integration of global content into the local mathematics
curriculum, as well as their beliefs about various digital packages for visualisation,
dynamicity, and data analysis. The following sub-questions guided the inquiry to
understand teachers’ attitudes towards digital resources, their perceived utility, and

the extent to which they have been exposed to training in digital technologies:

e Do you use digital resources for teaching? (SQ3)
e What do you personally say about them? (beliefs) (SQ2)
e Are they useful for teaching mathematics? (SQ3 - SQ4)

e Did you receive any training for the use of digital technologies for teaching

and learning mathematics? (SQ4)

In response to the first question, all six teachers agreed that digital resources play a
vital role in mathematics teaching and learning. They believed that visualisation and
digital graphical representation of mathematical concepts would play an important
role in enhancing students’ interest in mathematics. However, pedagogical practices
and the availability of digital resources seemed also to influence their beliefs. For

example, T3 explained:

In our case, we can't use digital technology much. If we used audiovisual aid([s] in our
school, it would definitely help students and teachers, but we can't use them. Because
there is no system, there is no such thing (digital resources) right now in the school,
we just use a whiteboard and two markers, black and blue... I can ask our principal
for digital tools, but if we become more efficient, then the rest of us (peers) will not

allow us to be more efficient. This is the problem.
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To understand what she (T3) meant by “become more efficient” and what kind of

change she expects, I asked her to further elaborate on the statement. She replied:

Actually, digital learning is not so much appreciated here. I know I can use them if I
want to... But we have to follow what the headteacher tells us to do or use. We have
to follow her advice as the school made her headteacher for that purpose.. Some
(senior) teachers did not even know how to use the Internet and Zoom, and it was
very difficult for them to figure out how to use them because they were not skilled.
They also do not want to learn... So, during COVID, we took their classes... To bring
about the change, I started my own (YouTube) channel. I thought, instead of teaching
students as a routine, I needed to do something different. I am teaching them by
making videos of mathematics topics. Students don't need to remember things; they

have to learn instead of memorising them...

T3 understood the importance of digital resources (audiovisual aids) but lacked the
confidence to embed them in school teaching for two reasons: lack of resources, and
peer pressure or institutional constraints. Her mention of “just” having a whiteboard
and markers reflects her perception of the limitations of available resources. She
believed that initiating change might transgress the pedagogical practices of some
senior teachers. She might be influenced by senior teachers, which is not surprising
for an early career teacher. In Pakistani private schools, job security and other
regulatory issues exist. However, when she clarified her views, T3 showed
confidence about embedding digital resources into her personal practice. Her
statement about becoming "more efficient” suggests she desired to introduce
teaching methods through digital resources. This aspiration highlights potential for
positive change in teaching practices. However, she also emphasised the challenge
of navigating peer dynamics and traditional norms, which could generate resistance
to such changes. This connects with the earlier observations of "conformity beliefs"
where peer influence and institutional norms can limit the adoption of new

practices.

T3’s initiative of creating a YouTube channel to engage students with video-based
learning was another example of how teachers can innovate despite challenges. Her
emphasis on learning rather than memorization reflected that she wanted to move
away from rote memorization towards more meaningful learning experiences. This

transformational perspective also speaks to the perceived potential of digital
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resources to facilitate conceptual understanding and active engagement. It confirms
the existence of already developed basic digital competencies and points towards
personal instrumental genesis. Her position also aligned with the idea of professional
instrumental genesis, where teachers' experiences, beliefs, and the social context of

teaching influence their development as teachers.

T3's proactive approach to using YouTube indicated a form of self-directed
professional development. She recognized the limitations of traditional teaching
methods and wanted to use digital platforms to involve students in an engaging
manner. In the context of the research questions, her response aligned with the
themes related to SQ4, which investigated the professional development
opportunities that influence teachers' digital competencies and their approach to
integrating digital resources. T3's response also contributes to understanding
teachers' beliefs about the use and challenges of integrating digital resources (SQ2
and SQ3).

Similarly, T5, a male teacher teaching in a rural government school for more than ten

years mentioned similar issues as follows:

We should learn the use of digital technologies. But neither do we have the facilities,
nor do we do the type of teaching that requires digital tools. Especially when we talk
about the government sector, there are no such things as digital resources. We only

make limited use of WhatsApp to communicate with each other.

T5's response indicated two factors that limit the use of digital resources: the current
teaching methods and the lack of resources. Although T5 later mentioned receiving
training for blended learning, his intent to blend digital tools in the classroom seems
vague. This suggests a gap between the training provided and its practical application.
T5 lacked confidence in adapting new pedagogies and technologies due to the
constraints of the teaching environment. His response explained his reluctance to
change traditional pedagogical practices as stemming from the potential lack of
approval or funding constraints and illustrated the challenges that teachers face in
resource-constrained environments. T5's mention of the lack of facilities and the use
of teaching methods that do not require digital tools highlights the existing barriers
to digital resource integration. The limited use of WhatsApp highlighted the minimal
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use of digital platforms, even for basic purposes. Feedback from T5 supported the
finding that Government teachers tend not to use digital resources. T5's response
aligned with the themes related to SQ4, which explores the professional
development opportunities that impact teachers' digital competencies and their
approach to using digital resources. It also contributed to SQ5 by indicating the

challenges faced by rural government schoolteachers.

T6, who demonstrated a good understanding of digital resources, mentioned similar

factors as follows:

I think digital resources are very helpful.. Without a doubt, videos, graphics, and
animation enhance students'learning abilities. When we make videos for students, it
not only helps students but also allows us to see where we are making mistakes or
how we can improve our teaching techniques. But unfortunately, in Pakistan, we
don't have much use for these resources, and we also don't have ideas about their

uses.

T6's acknowledgment of the benefits of digital resources, such as videos, graphics,
and animations, in enhancing students'learning abilities, aligns with Phase 1 findings
(see Sections 4.5 and 4.6). Teachers affirmed that these resources engage students
and improve teaching outcomes. Moreover, his comments about limited use and
ideas for using digital resources were also consistent with Phase 1 findings. Teachers
agreed that they did not have many ideas about using digital resources (Section 4.6,
Table 17, p. 156). I asked, why this was the case and why teachers in Pakistan did not

have many ideas for using technology in mathematics teaching. He replied:

There are numerous reasons. For example, during my pre-service training, we were
told to use activity-based learning. They (trainers) did, however, also compel us to use
low-cost or free means. Any teaching idea that involves cost is not encouraged.
Policymakers are responsible for this. Why would teachers go the extra mile if they
know the idea will be rejected because of resources? Look at the situation at our
school computer lab, where Pentium 3 computers are still used to teach students...
We don't have a single projector in our school. Whatever funds we get, they are

enough to do a whitewash or replace broken classroom furniture.
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The influences of limited technology infrastructure, policy decisions, and resource
limitations were evident in T6's response. T6 believed that these constraints are
responsible for teachers' limited ideas about using digital resources. At a personal
level, T6 was familiar with the use of digital resources for teaching. He mentioned
using them to teach himself, and communicate, collaborate, and share content with
peers. This usage demonstrates already developed digital competencies, indicating
the presence of personal instrumental genesis. However, he failed to develop
professional instrumental genesis, the competencies that allow him to plan for and
implement digital devices and resources for students’ learning. Underdeveloped
professional instrumental genesis is often caused by a lack of professional
development. Therefore, T6's response directly contributes to SQ4 (professional

development) and also contributes to SQ2 and SQ3.

In relation to professional development, I asked participating teachers what training
they had received during their professional career for using digital resources to teach
mathematics. This was related to SQ4 that examines any professional development
opportunities teachers may have had during their teaching careers. The reasons for
asking this question were twofold: first, to see whether the professional training (if
any) helped teachers establish beliefs about the use of technology in mathematics
education; and second, to understand whether training plays a part in developing

digital competencies.

The responses showed that teachers had attended training related to general
teaching practices and leadership. Three of the six teachers (T1, T4, and T6) had
received only emergency training sessions for the use of technology during COVID-
19. This included using video conferencing applications (Zoom and MS Team:s).
Before COVID-19, most teachers said they had little experience with digital resources
and had never received any training for the use of technology or digital resources in
mathematics education. This highlights the impact of the COVID-19 pandemic on
their engagement with digital resources and technology and indicates the pivotal role
that external factors and events can play in shaping teachers' digital competencies.
The pandemic was a unique opportunity to learn how to use digital resources. For

instance, T2 mentioned that:
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I had never used digital applications before COVID. I didn't even have a computer and
I did not even know how to use them. But now I know how useful and comfortable

they are... I've been taking online classes from home for almost two years now.

T2's experience is particularly noteworthy, as it highlights a transformation from
limited exposure to digital applications to becoming adept at using them. He had two
decades of teaching experience. Before COVID-19, he used traditional teaching
pedagogies that required only a textbook and whiteboard. The pandemic compelled
T2 to acquire new digital skills, indicating the potential for professional development
to occur out of necessity and immediate demand. The use of digital resources during
COVID-19 established and deepened his beliefs about them. He mentioned:

As COVID is all over these days, you can't survive without digital things. Students are
at least connected with education because of them. If not 100%, then at least 50% or
60% are learning... Today I took the Zoom class from home in the morning in which
50% of students were present. For those who were not present, I sent them the
YouTube link of the recorded Zoom class. Digital resources are very useful for
students who want to learn. Those who don't want to study don't even study in the
face-to-face physical environment... I haven't used these things before COVID. This
is the first time I've used a laptop (ThinkPad)... Since I am using a laptop, I can send
links, write and solve maths problems. I can also share pictures and notes on

ThinkPad. If a student asks a question, I can write, type and share it on the screen.

The above response shows a teacher’s beliefs taking shape in the process of using
digital resources. T2's experience with technology improved his agency and self-
efficacy. His already developed subject-matter knowledge further expanded through
using digital resources; technology deepened his pedagogical reservoir and gave him
more confidence in teaching mathematics. His observation that students were able
to continue learning through digital resources emphasises the accessibility and
inclusivity that digital resources can offer, even in challenging circumstances.
Moreover, the transition from traditional teaching methods to integrating digital
tools, such as Zoom and recorded class links, reflects T2's willingness to adapt and
evolve his teaching practices. This enabled him to deliver content remotely, interact
and engage with peers and students, and remain flexible in his teaching approach.
T2's narrative aligns with the broader theme of professional instrumental genesis and

its role in shaping teachers’ beliefs, practices, and digital competencies. However,
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during his teaching career to that point he had never received any professional
development training specific to mathematics education, including the use of
visualisation, dynamic graphing software, equation editors, and basic computational
modelling. The same situation was evident in the responses of other teachers. For

example, T5 another government schoolteacher mentioned:

[ have received training about blended learning but not on how to use technology to
teach mathematics. There is no such training we have received that tells us how to
convey mathematical ideas to students using technology. In teaching, we also don't
do things that require technology. Our students also do not have access to

technology.

T4, who had experience working in both government and private schools, indicated
that "apart from MS Team, I did not attend any other training related to using digital
resources.’ T6, a young mathematics teacher, mentioned, "I attended a pre-service
teachers' training course at the time of joining. I have been teaching for four years
now. I did not receive any training on how to teach mathematics using digital
resources.’ The majority of the teachers reported that whatever knowledge they had
about digital resources was mostly self-acquired using the information on the
Internet. However, it appears that they were unable to apply it for students due to a

lack of resources. T5, explained:

For students' learning, we can include digital resources such as videos and images.
But unfortunately, we don’t have such facilities here, and even if I wanted to, I
couldn't. For example, I can show videos using my laptop, but students do not have
devices to watch themselves. Many teachers probably don't have digital devices. If a
teacher wants to arrange them, they can do it personally, but it will be very expensive.
I only focus on textbooks. I do not use digital resources in my planning and delivery

of lectures.

It was noticed that teachers' self-learning is dependent on the availability of
computer equipment and the cost associated with them, such as Internet packages.
Most teachers mentioned that they can hardly afford a high-speed internet
connection, online (paid) courses, and smart digital devices. T1, a teacher at a private
school, stated that:
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Recently, I attended a workshop on MyMaths. The online application is available only
via paid subscription. One of our colleagues showed us how the application works
and how we could use it. But the institution did not provide any funds to buy the

subscription.

A female private school teacher (T3) explained, "I would like to enhance my maths
teaching using digital resources. But it all depends on how much money I have to
spend on training and how much money I earn from my teaching There appeared
to be a trade-off between professional development and the cost associated with it.
Neither teachers nor schools had the financial means to develop teachers' skills to
address students' learning challenges using digital resources. It would be useful to
examine the government's role in the professional development of teachers against
teachers' expectations. The findings show teachers held positive beliefs and expected
the school/government to take responsibility and provide resources to enhance the

quality of teaching. As T6 explained:

I believe teachers want to be trained.. Since 2013, the government has been
continuously hiring new teachers. They are all young and want to do good. They want
to use digital resources. For me, the biggest hurdle is teaching theorems. At the
moment we ask students to memorise theorems. Digital resources could help me

explain and teach theorems easily.

In summary, this section suggests common and specific themes for both
government and private schoolteachers. The findings suggest that most teachers’
beliefs about digital resources were established through their use, not because of
professional development. The responses indicate a gap in the professional
development opportunities provided to mathematics teachers in relation to the
integration of digital resources in their teaching practices. Teachers, regardless of
their professional role (government or private), believe that "lack of resources and
funding” are the primary reasons for not using digital resources. In particular, for
government teachers, the "type/style of teaching" could be another factor that
influences their beliefs. Private schoolteachers seem to work under peer influence
and prefer local practices. COVID-19 appeared to have played a major role in
influencing teachers’ beliefs and increasing the use of digital technologies. However,
students' use of digital resources was still limited due to financial issues. In terms of

instrumental genesis, teachers had already developed personal instrumental genesis,
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i.e,, they had self-learned how to use digital resources for personal learning. They had
created their own workarounds for teaching and learning. However, professional
instrumental genesis was underdeveloped. Teachers expected that the
school/government should take responsibility as they are do not have the finances
to invest in their own professional development. Therefore, it would be useful to
discuss the effect of "professional development versus self-learning” on the use of
digital resources. The next section presents findings related to pedagogical digital
resources knowledge that include teachers' knowledge of students, teaching,

curriculum, and assessment in a digital environment.
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54. DIGITAL PEDAGOGICAL RESOURCES KNOWLEDGE (DPRK)

In this section, I inquired about teachers’ digital pedagogical resources knowledge.
This knowledge covers teachers’ competencies to teach mathematics with digital
resources (KDRT), the understanding of challenges relevant to students' learning and
needs (KDRS), and the implementation of the curriculum, and assessment in a digital
environment (KDRC). These competencies allow mathematics teachers to search in
digital repositories for suitable resources and to select, create, share and evaluate
those resources best suited to their students' and peers' needs. The focus was on
collecting further information related to the research questions SQ3, SQ4 and SQ5 as

follows:

SQ3: How well do Pakistani teachers use digital resources to teach mathematics

topics?

SQ4: What professional development opportunities do Pakistani mathematics
teachers have that influenced their digital competencies and approach to integrating

digital resources?

SQ5: What are the barriers to and enablers for teachers using digital resources face-

to-face and online?

I started this section of the interviews specifically with the following two sub-

questions:
1. How do you plan your lessons? (SQ3)

2. Do you include digital resources in your lesson? (Yes/No) If yes, how do you
choose them? If no, why? (SQ5)

For preparing lessons most of the teachers mentioned they followed learning
objectives specified in the curriculum. For example, T2 starts the lesson preparation
by asking himself key questions such as: “What background knowledge do I need to
tell before the start of this lesson?" For T3 it was important to identify, "how much I

want my students to learn?” All the teachers' planning revolved around the content
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of the mathematics textbook and using digital resources was not a prominent factor

in their initial lesson planning process. As T2 explained:

[ start by studying the topic myself. Then I look, how to convey it to the students in
the easiest way possible... I look at the textbook and how the textbook conveys the
idea. What are the main points? Then I add my knowledge and understanding.
Sometimes, I also search using Google to look for the main points and relevant
material. [ have to consolidate all the things in such a way that they can be completed
in the available time duration. Time is an important factor. You cannot teach
everything to students in 50 minutes related to the topic.. Too much detail can

sometimes become overburdened for them.

It is evident that T2 relies on two things: own subject matter knowledge and the
textbook. There seemed to be no urgency to include digital resources. However,
during COVID-19, his teaching took a different approach when he had to teach
online. With the help of friends, he taught himself the use of digital technologies. This
connects with the study’s research questions explaining how teachers' use of digital
resources has evolved and how they navigate challenges and changes in their

teaching practices. T2 further explained:

I haven't used these things before COVID. Initially, I was taking the classes on my
phone via WhatsApp group call. I was facing a lot of difficulties because I had to
prepare the lecture and explain it by taking pictures of my written notes. It was

difficult to take an online class on mobile. The students were not satisfied.

T2 faced multiple challenges, including inadequate knowledge of appropriate digital
tools for teaching online, a lack of training, and financial capacity to buy a laptop or
desktop PC. However, he overcame these challenges when the Tuition Academy
(where he teaches for extra income) provided him with a ThinkPad on monthly
instalments. His online learning and teaching skills improved, and he discovered

comfort and confidence in teaching during COVID-19. He explained:

When I bought the ThinkPad, I learned the use of Microsoft Whiteboard and Zoom
apps. If you are teaching maths, then digital whiteboards are very important. They
contain graphs, animations, diagrams, etc. From there, I can pick any mathematical

object or simple graphics I want to show. I can also draw any image I want using a
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digital pen. If there is any good video, I send the link to the students... I took my
ThinkPad to the college to practically show my colleagues how I was using it for online
classes. Most of them do not know how to use such devices. They were taking classes
from the college studio... (where) a camera is installed in front of the board and the
session is going live on Zoom... When I trained a couple of teachers on the ThinkPad,
they got excited. I showed them how to use a digital pen and solve any mathematics
problems on the screen. Students also actively participate while at home... It is like
students are with you, like a face-to-face class, and they can ask any question they

want... and I can interact with them more...

T2's response demonstrated how he transitioned to online teaching and developed
pedagogical digital resources knowledge. He was the most experienced teacher of
the six. Maybe his strong subject matter knowledge helped him to quickly
understand the affordances of digital resources that could support mathematics
teaching. Being a senior teacher, he shared his experiences of using digital resources
with other teachers (collaboration). He augmented his digital competencies by
starting a YouTube channel (self-initiative). He mentioned, "I now record my lectures
and arrange them on the channel so that students can access them at their own time”
It shows T2's “self-learning” spree and the competencies that allow him to create
content using a digital pen, structure his lessons and set up learning sessions,
activities, and improve interactions with students in a digital environment. The main
factors appeared to be motivation and acquiring a device. The ThinkPad (a device),
and on-screen writing using a digital pen (affordances) and subject matter
knowledge, helped him to apply face-to-face teaching methods in online teaching
and learning sessions. T1, a private school teacher who use digital resources to teach

geometry explained:

[ use multimedia to teach conic sections. Students always find it difficult when I teach
it on (white/black) board. I use videos to elaborate the concept. In classrooms, digital
resources are fine but not completely online. Students do not have basic computer
skills such as file attachment, signing into an account, or copying and pasting... During
the online class, sometimes they get disconnected when the power goes out...
Normally, 6 to 8 hours is loadshedding time here... The problem is that we use digital
resources only when they are needed most. No one would allow us to use it

otherwise.
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T1's use of multimedia to teach conic sections showcases how digital resources can
enhance the teaching of complex topics like geometry (SQ3). Tl's experience
indicates the potential of videos and multimedia to facilitate understanding and
engagement among students (KDRS). However, Tl's comments about students' lack
of basic computer skills and the disruptions caused by power outages during online
classes highlight the contextual challenges faced when integrating digital resources

into teaching, particularly in a resource-constrained environment (SQ5).

T3, a female private school teacher, describes her planning and delivery of a lesson

as follows:

We have lesson plans which we make by hand (writing) and then we type on MS
Word. For example, my last lecture was about variations that I gave to the 10th class.
I taught a relationship between antecedent and consequent. First, I gave students
background knowledge about the topic. I take 5 minutes to explain the importance
of the topic. I am very fortunate to be teaching boys because they are extremely
intelligent in maths. They can catch things very fast as compared to girls. For example,
during teaching antecedent, it was hard for them to pronounce the word antecedent.
But, as I repeated the word so many times, they were saying that word at the end of
the lecture. In addition, I always try to link maths problems with physical (real-life

context) entities so that they can relate and learn quickly.

T3 response, indicating that she prefers creating hand-written lesson plans and then
digitising them using MS Word, reflects a blend of traditional and digital approaches
to curriculum development. She followed the traditional style and emphasises
explanation and repetition. Additionally, she maintains a belief (personal bias) about
boys being better at maths, which might not help her teach girls. T3 seems unaware
of social and cultural factors and other educational challenges faced by both genders
(boys and girls) in Pakistan. Despite her belief, she mentioned earlier that "I was good
at maths". However, her attention to the pace of instruction, pronunciation practice,
and connecting mathematical concepts to real-life contexts highlights pedagogical
considerations that aim to enhance student engagement and understanding. In this
regard, I asked: Do you think that the inclusion of digital resources could help in
connecting maths problems with real-life contexts? How would you search, access,
and select digital resources for any mathematics topics and real-life connections?

She replied:
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I never used any of these tools in my teaching. I did not have to do it. You know, we
just have to teach using a whiteboard and markers. It is that simple. I am teaching
students of the Federal Board in which teachers are not required to go deep into the
topic they teach. They just have to stay within the (book) questions and teach students
which formula needs to apply.. I must say that we are not learning or teaching
mathematics; we are just memorising and summarising things. We are not producing
good students here. It is not difficult to learn these tools, but if I am good at them,
others might not be happy with me. I need to be on par with other teachers. I don't

want to be better than them.

T3 once again mentioned the peer pressure and textbook-focused pedagogy that
restricted her from integrating digital resources into the lesson. This highlights the
balance between her aspirations for innovation and the need to conform to the
standard teaching practices. Her statement about not wanting to be "better” than
other teachers suggest the potential presence of a norm that discourages teachers
from deviating too far from established practices. This resonates with the notion of
peer pressure and the impact of the social context of the teaching on teachers’

choices and practices.

[ further probed the reasons as to why other teachers might not be happy. I asked:
“Are they digitally not skilled enough to teach?” She replied: “No, (apart from some
seniors) my colleague teachers are very skilled, and they can do it all, if they want. It
is easy to make a video for anyone now. But they do not want to use it." T3
acknowledges her colleagues' digital competencies, suggesting there may be other
reasons for their reluctance to embrace digital resources. This reinforces the idea
that various complex factors, including norms, social context of teaching, and
personal preferences, might influence the use of digital resources. T3 was an early
career female teacher who had attained higher qualification (MPhil) and may possess
advanced digital skills. Therefore, despite her reply and reluctance. I asked her to tell
me if she had to use digital resources, how she would go about selecting them. She

replied:

The first thing I will do is research. Honestly, I have never taught in such detail. Many
things could be related to a topic... For example, for real numbers, it is quite easy to
show students cartesian coordinates in the 3D plane or using PowerPoint animation.

First, we can show an image of the XY plane. Then the X-axis should be animated,
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and all the points on the axis should come one after anotheras 0,1,2,3, ... Then we can
show an animation of the y-axis. At this point, show them how it intersects the X-axis
and how the point of intersection, called the "origin,"is formed. It should be done step
by step, so that it will embed as an image in students’ minds, just like when they watch

a cartoon from beginning to end.

Her detailed explanation of how she would incorporate digital resources
demonstrated her thoughtful approach and understanding of the pedagogical
benefits of digital resources. Her willingness to explore such strategies reflected her
commitment to improving student learning experiences and conceptual
understanding through innovative teaching methods. It aligned with the broader goal
of connecting mathematics problems to real-life contexts (SQ2). Further, it reflected
personal instrumental genesis i.e., personally what she can do with digital resources
to enhance her teaching practices. To confirm this, I further inquired whether she
would be able to modify or edit a video or image and whether she had done it before.

She replied:

Yes, if  want to do it, I can. I mostly use my smartphone to make videos. I can learn
anything from YouTube. Recently, I bought a laptop, a webcam, and a Wacom
Bamboo (a digital writing pad) to make videos for my YouTube channel. We can do
wonders with videos. We can animate any concept, update them, put them online,
etc... I can use them for lectures so that I do not have to repeat myself. Students can
watch videos over and over again. If I had digital technology at school, it would be
easy for me to teach. It saves time and could allow me to spend it on other things,

such as how to conduct online exams, etc., or I can create one in my spare time.

T3 confirmed that she can modify and edit videos and images indicating a level of
digital competencies and her confidence in using digital resources. Her use of a
smartphone to create videos and her intention to use a laptop, webcam, and a digital
writing pad for her YouTube channel emphasize her approach to integrate digital
technologies into her teaching methods. T3's responses aligned with multiple
domains of the framework, particularly in the context of digital pedagogical
resources knowledge (DPRK) and its sub-domains (KDRT, KDRS and KDRC). T3's
response confirmed that she had developed her own digital skills, which she was
expected to acquire during her education. However, she made limited use of her

digital skills for professional purposes due to peer pressure, limited training, access
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to resources. Nonetheless, during COVID-19, T3's direct interaction with learners
improved and provided her with an opportunity to understand and respond to their
needs. Directly gaining feedback from students is important not only for teaching
and learning but also for lesson planning and boosting the active engagement of

students. She mentioned:

Before COVID we were not able to connect with the students directly. The teacher
could never communicate directly. Because students’ mobile numbers were in the
office, we did not have any contact number of the students. But now every teacher is
running a class WhatsApp group where students can directly interact with the

teacher and each other.

T5 and T6 offered similar responses about planning lessons and integrating digital
resources into teaching and learning. Both were rural government teachers with
fewer facilities available at their respective schools. T5 explained how he planned

and delivered his lesson:

Let me give you an example from my recent lecture on real and complex numbers.
first introduce all the different classifications of numbers, such as real numbers, odd,
even, prime and complex numbers. I talk about how different numbers behave,
explain their tabular form, their arrangement, how to recognise and how to
differentiate these numbers. After the explanation, I ask questions about the lecture

to understand the students' understanding of the topic.

T5 followed a teaching approach that focused on explanation and recapitulation. Due
to a lack of resources this could be seen as an effective way to teach mathematics
concepts in a government school. I asked whether he included digital resources and

he replied:

No, I don't bring digital resources in my planning and delivering of lectures. My main
focus is the textbook, which is the best to teach mathematics. We can combine digital
resources such as videos and images, but unfortunately, we don't have such facilities
here and even if [ want to, I can't. We do not have Internet, Laptop, Projector, etc.,
even if we bring our own laptop, children cannot benefit from it. I can show videos
using my laptop, but students do not have computers at home. Only 5% to 10% of

children have access to digital technology. To be honest, even many teachers don't
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have digital resources. If a teacher wants to arrange it, they can do it personally, but
we will not do it as it will be very expensive... Only we (teachers) use WhatsApp on
smartphones. If we (teachers) want to share anything, like a book to read, we share it
using WhatsApp. I have joined other teachers’' communities on WhatsApp, but most

of the time the group is silent.

T5's reliance on textbooks aligned with a curriculum-centred approach where
traditional resources play a central role. His explanation reflects an approach
determined by the available resources and practices within his social context of
teaching mathematics (SQ2 and SQ3). T5's description of limited facilities and lack of
Internet, laptops, and projectors at his school highlights the challenges he faces in
integrating digital resources (SQ5). Somewhat differently, T6, a young mathematics
teacher explained how he planned and delivered his lessons, and his comments
show his awareness of the possibilities offered by digital resources in mathematics

teaching:

The most important factor is SLOs (student learning outcomes). We have to see how
bringing in new ideas or content related to any topic impacts student learning
outcomes. The second is learning objectives, which means the selected content is
applicable and will help students in exams or not. We do not teach out of textbooks.
These are the two things that I keep in my mind while selecting any (digital/non-
digital) content for teaching.. For example, 9th and 10th-grade mathematics
theorems are the most difficult topics. Both teachers and students avoid theorems.
Traditionally, the best way of learning theorems is through memorization. However,
if we use digital resources, theorems can be taught very easily. For example, rather
than showing a diagram printed in a textbook, bringing digital graphs and designing
the theorem will be attractive for students. It will develop students' interests, and they

might try to draw, create, and design theorems using digital resources.

T6 mentioned using SLOs (student learning outcomes) in planning lessons. By using
SLOs, T6 is using "backward course design,’ which is a method of planning lessons by
considering learning outcomes before choosing teaching methods and assessments.
In other words, he starts planning with the end (i.e., outcomes to achieve) in mind
and reverses the typical approach. Second, he understood the drawbacks of current
teaching methods (memorization) in teaching theorems. Third, he showed a desire

to use digital resources to explain theorems and but explained how he would like to
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teach them. He also followed textbook-focused pedagogies. Following on from T6's
expressed desire to design content to teach theorems, I asked, “Did you ever design

or create any digital content for teaching?” He replied:

We did not make or use videos. During COVID-19, the government started a television
channel for students, so we did not find a need to develop content. There are other
reasons as well. In government schools, most students do not have smartphones, and
those who do have them cannot afford regular Internet access. Besides, where I live,
the Internet connection is bad, and we face regular issues with the speed of the
Internet. And most students live in rural parts, and they come from the mountains to
study. They hardly get a mobile signal there. The Internet is a far bigger problem for
them. So, for us, it was of no use to make videos and other digital content as students

would not be able to use it.

T6 acknowledged the potential of digital resources but also recognized the
limitations imposed by students' access to technology outside of school. Overall, T6's
responses demonstrated a forward-thinking attitude, whereby he saw the value of
digital resources in teaching and learning, particularly for challenging topics. He also
mentioned a television channel for students in Pakistan that could be a valuable
alternative to learning for less privileged students who cannot afford expensive
digital devices and the Internet. Therefore, 1 asked about the usefulness of the

channel and the type of content broadcast on it. He replied:

No... [ was not able to watch the content. I tried a couple of times but most of the time
the channel was not working. One teacher told me that the quality of content (on
channel) is uneven. Some content is hard to understand, while some is better than

the content children get in the government schools.

T4, a female teacher teaching in an urban government school located in a different

province, explained her approach to teaching:

We consider the lesson plan's learning objectives and the textbook content. On the
Internet, I can find videos explaining a complete mathematics topic. We share these
videos with students. It is not easy to find relevant videos and takes time. I normally

use videos when I believe they will be useful to students or when I am teaching a
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difficult mathematics topic. In most cases, digital resources are not part of my lesson

planning.

T4 responded to my inquiry in the context of COVID-19 teaching and learning.

Therefore, I asked whether she normally used videos in her teaching. She replied:

No, I do not. Before COVID, it was very rare, not regularly. I used to take my students
to the computer lab in my school to show them videos. But it depends on whether

the lab is free or not. I teach on (black/white) boards and use mathematics textbooks.

To investigate T4's COVID-19 teaching strategies, I ask T4 to describe how she taught
during the COVID-19 school closure. She replied:

We used MS Team to create an online classroom in which different teachers teach
their subjects at different times. We also trained our students to use the MS team. We
coordinate with each other using WhatsApp and set a timetable so that every teacher
can teach at a particular time without clashes. We also inform students via WhatsApp
about the timetable... In the MS team, there are options to share content. During the
lecture, we use these options to share images or videos. Mostly, we share YouTube
video links... If we want to share something after the online class, then we use

WhatsApp... We also trained our students to use the MS team.

T4's response shows that, with minimal training and support, the teachers quickly
identified the affordances of digital tools and flexibly adjusted their teaching
strategies. Additionally, it shows their ability to manoeuvre resources across multiple
applications and devices to fit students' learning needs and their professional roles.
They demonstrated an understanding of their role in leading COVID-19's transition
to online teaching. To further understand T4's digital skills for teaching and learning,
I asked about searching, creating, modifying, editing, and updating any digital

resources. She replied:

Yes, I make videos of myself solving the textbook questions using pen and paper. I
record while explaining the solution so that the videos may contain both my audio
and the solution to the question. The video is then shared with the group. I do not use
a digital pen... I haven't modified any videos yet. But whenever I feel that something

is missing in the video, I record an audio message related to that video and upload it
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on WhatsApp. For searching, yes, I like subscribing to channels where good videos
are available. First, I do a random search on YouTube. Once I find a good video, I look
for more videos from the same channel (if any). There are many YouTube channels
run by private schoolteachers that contain very relevant and easy-to-understand
videos. I am subscribed to three to five such YouTube channels. I prefer to use videos

from the same channel because students get familiar with the style and presenter.

T4's choice of using YouTube videos and her subscription to relevant channels
demonstrated her resourcefulness and ability to search for supplementary teaching
materials that aligned with her pedagogical goals. She created her own teaching
videos, where she recorded herself solving textbook questions while explaining the
solutions. This hands-on approach indicated her digital competencies and her
willingness to enhance her teaching resources independently (SQ3 and SQ4). Her
recognition of the value of consistency in teaching style by using videos from the
same channels indicated a strategic approach to ensuring a coherent learning
experience for her students (KDRT). She bridged the gap between physical and online
teaching by recording audio messages to complement videos. This highlighted her

commitment to maintain communication with her students (KDRS).

However, the responses suggested a difference in digital competencies between
urban and rural government schoolteachers of Pakistan. T2 and T6 (urban
government teachers) could apply their digital skills in a variety of teaching functions,
which is crucial for developing advanced digital competencies. T3 could identify, add
on, and create resources that best meet her learning objectives, students, and
teaching style. Such applications of digital skills were less noticeable in the responses
of rural government schoolteachers’ (T5 and T6) responses. T5 indicated a lack of
access to technology and resources, making it challenging for him to integrate digital
resources into teaching. T6, while recognizing the potential of digital resources, did
not have the opportunity to receive training specific to integrating technology into

mathematics education.

The teachers were not fully aware of the copyright and licensing issues related to
digital resources. They also were less aware of the need to protect sensitive
information while making and sharing videos online that contained students' names

and visuals. For example, T2, the most experienced teacher, without editing the
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names or other information related to school and students, uploads recorded Zoom
online classes on YouTube for public use. When I asked about data protection and

copyright, he replied:

Is this a data protection or copyright issue? I am aware of copyrights, we have a 40-
minute class, so there is no need to buy copyrights. We try to organise classes within
35 to 40 minutes long so that there is no issue with buying a subscription. I keep my
lectures on YouTube. My son is very interested in YouTube and also keeps adding

animation and graphics to my videos.

T2's focus on the duration of the class and his son's involvement in adding animation
and graphics suggested an approach to online content sharing, that did not take into
account legal and ethical considerations. T3, a private school teacher, replied in
relation to awareness of copyright issues: ‘I am not aware. And I don't need to be
aware of it because we don't use digital resources here.” The rest of the teachers also
replied in a similar way to questions about copyright and data protection issues. This
indicates a general lack of attention to these matters across the board. This could be
attributed to a lack of formal education or training on digital ethics, copyright
regulations, and data privacy when it comes to creating and sharing educational

content online.

The recapitulation of this section suggests several themes. The teachers alluded
repeatedly to the COVID-19 situation and the changes arising in their teaching due to
the pandemic. The pressures of COVIDI19 led teachers to teach themselves to use
digital resources. Notably, teachers' use of digital resources (video-conferencing
applications and videos) increased and their competencies in using digital
applications improved significantly. However, it is difficult to predict whether this
recourse to digital tools will continue in the future. Consistent with the findings of
the previous section, teachers' financial capability affected their functioning in a
digital environment and the development of digital competencies. Teachers thus
relied on traditional approaches (direct lecture, textbook-focused) that might not
include digital resources. Teachers' subject matter knowledge supported the rapid
acquisition of digital skills and understanding of the affordances offered by digital
resources for teaching. Apart from COVID online teaching, there was personal

motivation to use digital resources, but professional use was limited. Urban
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government schoolteachers were more skilled at using digital resources than were
rural teachers. The government focused on urban government schools and teachers
(e.g., establishing digital studios), whereas rural schools were neglected. For the
female teachers in the research peer pressure restricted the use of digital resources.
The report on the findings continues in the following section with information about

teachers' knowledge and use of mathematics specific digital resources.

5.4.1.  Use of mathematics specific digital resources

Teaching mathematics with technology requires that teachers know and can use the
appropriate digital resources for teaching mathematics topics. Digital competencies
may include teachers’ knowledge of tools for graphical representation, visualisation
of mathematical concepts, use of equation editor, and dynamic graphing software
(e.g., GeoGebra), and computational mathematical modelling using spreadsheets and

simulations. I, therefore, asked each teacher the following questions:

e Do you ever use digital applications that are designed specifically for

mathematics teaching? (SQ3)

e Why do you use these tools for mathematics teaching? What influences

you to use such tools? (SQ2 and SQ3)

e If you have options, which digital resources would you prefer to use for

mathematics teaching? (SQ3 - SQ4)

The majority of the teachers were aware of the equation editor available in MS Word
for typing mathematical equations, symbols, and notations. Interestingly, despite
using this feature, they never knew that it was called an "equation editor" The second
most cited digital tool was spreadsheets which teachers used for administrative
purposes, such as making timetables and preparing mark sheets. For example, T3
mentioned, “Yes, I have used spreadsheet but not for teaching only for timetable and
scheduling”. These examples illustrated teachers’ personal instrumental genesis.
Most teachers were unaware of dynamic graphing software. For example, T4 who is
teaching in an urban government school candidly admitted: “No, I never heard about
this software. Not even in my own student days.” Only T1, a private school teacher
mentioned that he used dynamic graphing software like GeoGebra in the classroom

and he had “self-learned skills to use it for geometry, trigonometry and calculus.” T6
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mentioned that he had “used it for personal learning but has never used it in the
classroom for teaching.” I asked T1, what his main reason for using GeoGebra in the

classroom would be and he replied:

I prefer graphical visualisation such as in GeoGebra, Desmos and Digital Calculator...
so that students can visualise the concept. The videos are fine too, I have never used

a spreadsheet. I only use and share Khan Academy videos.

T4, a female government schoolteacher, conveyed her familiarity with spreadsheets
and PowerPoint from her postgraduate studies. However, she revealed a reluctance
among teachers to use new tools due to the potential burden of additional
responsibilities. T4 articulated that expressing a desire to learn new tools might lead
to an increased workload. Thus, teachers often refrain from voicing such aspirations
to management and instead opt to conform to existing practices. This resonates with
the theme of peer pressure and the influence of the social context of teaching. T4

explained:

I used spreadsheets in my Masters (Postgraduate) to solve mathematical problems.
Or sometimes we used PowerPoint for presentations. But it was a long time ago, so I
hardly remember what I did in those days. But the scenario in which I am working, If
[ wish to introduce innovations in my teaching or want to do something outside of
the box, it means that I should be ready for loads of extra work. To be very honest
with you, if I tell management that I know how to use these tools or that I want to
learn to use these tools, then I will be burdened with all the work related to that tool.
Many teachers do not want to learn new tools; therefore, whoever is interested
should be ready for extra work. For this reason, we do not express such wishes to

management and try to follow what is happening and being told.

The responses show that most teachers were unaware of how to use specific digital
resources for mathematics. For administrative needs, teachers use software such as
Microsoft Word and Excel, possibly because pre-service and in-service training
exposed them to these tools for administrative purposes only. Teachers stated that
they had never received any training in digital tools for mathematics teaching and
learning. The additional reason for the female teachers appeared to be peer pressure
and conformity with local pedagogical practices. The most used digital resource

appeared to be videos. All the teachers mentioned the use of videos for different
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purposes, with the main source of finding relevant videos was YouTube. The next
section presents the teachers knowledge and use of digital resources for

examination and assessment.

5.4.2. Use of digital resources for examination and assessment

Teachers' knowledge of digital resources for conducting examinations and
assessments is an important aspect of their teaching in a digital environment. This
competency is a part of teachers’ pedagogical digital resources knowledge (PDRK). To
understand their use of digital skills in assessment and examination I asked the

following question:

e How much do you rely on digital resources to prepare and conduct tests,

exames, and assessments?

The majority of teachers mentioned that in regular face-to-face classroom settings,
all types of assessments are paper-based. Teachers first prepare a question paper
which is mostly handwritten. However, a few teachers use MS Word. On a specific
date, students assemble in the examination hall (or classroom) to take the
examination on answer sheets. The teacher assesses answers using predetermined
marking criteria to award grades or numbers. In the case of government schools,
teachers send the compiled results to their respective Education Boards, whereas in
private high schools, final exams are organised and conducted by the Education
Board. Teachers only conduct half-yearly and quarterly exams. A government teacher

(T6) explained as follows:

We do not use digital means to conduct exams. To produce question papers, we
usually use hard copies. We use physical means to communicate with the Provincial
Education Board, such as hard copies sent by mail (post). There is a policy that states
how much content teachers need to complete every three months. The Board must
send us question papers based on that policy. However, the Board does not follow its

own policy. Mostly, teachers at the school prepare and conduct exams.

T5, a rural government schoolteacher responded in similar fashion:
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We have a traditional setup for exams; every two to three months, we conduct exams.
But because of COVID, the school was closed, and no exams were conducted. You
must have known that the government announced that all students would be
promoted to the next level without exams. I am talking specifically about government
schools. Though private schools had conducted online classes, they did not conduct

exams because of government announcements.

The above responses demonstrated very limited use of digital resources for
examinations. There seemed to be no sense of urgency about considering how digital
resources could be used to improve existing examination strategies or build new
assessment approaches. COVID-19 brought about a shift, prompting teachers to
explore online assessment strategies. I, therefore, asked teachers to elaborate their

COVID-19 examination strategy. T1, a private school teacher explained:

These days (COVID), we conduct online exams. We create a paper in MS Word and
share it on WhatsApp with our students. We give time to solve the questions (by
hand) in their notebooks, take pictures, and send them to us. They create a PDF file of
the pictures and send them to the WhatsApp group. Sometimes, when we are using
Google Meet, they attach the PDF file there. We assess all the questions according to
their weight. When we finish marking, we then upload the marks to the WhatsApp
group. Students are also notified by SMS.

T2, a government schoolteacher who was teaching in a different city explained:

You can call it an online exam. We sent them a test paper using the WhatsApp group
and asked them to solve it. Once they solve it, they take a picture of the solution and
send it to the same group. You know, in Pakistan, we do not have the resources to do
advanced things on computers. We are not trained, and no one is concerned. We
only create pictures of MCQs and test papers and ask them to email us the answers

in the form of pictures or PDF files.

T3, a private school female teacher explained: "Students are sitting in their homes
and they are writing online and giving the test. After completion, they send me the
PDF of the exam answers. Not all students participate; only those who are present
give the exam." I asked what happened to the rest of the students who are not

present? She said:
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Not all students have access to the Internet or mobile phones. Only 50% to 60%
attend online exams. The rest are those who (during COVID) went back to their
villages, where they do not have access to the Internet. Once the school reopens, they
can come and give the exam. Our school has a policy that students can send the

papers from home, or they can come and submit them at school.

T4, a government school female teacher explained:

Until now, I haven't conducted any online exams. The issue is that all students don't
have personal devices, and even their parents do not have smartphones or
computers. The last exams were held in classrooms, with half of the students showing

up on alternate days.

The responses of T1, T2 and T3 showed a similar pattern of conducting exams during
COVID-19. Regardless of their location (urban or rural), professional role
(government or private), and teaching experience, they mostly followed the process
in which teachers send an MS Word paper, students solve it in a notebook, take
pictures, and send it to the WhatsApp group. It appeared that teachers found a way
to map the face-to-face assessment to online using video conferencing. Students
solved questions on answer sheets (notebooks) and then they submit a PDF file of
images of answers. This process illustrates students’ digital skills of organising and
converting content into other digital formats. The teacher then checked the solution
and shares the marks and their feedback on the same WhatsApp group. The
feedback mechanism violated data privacy and protection because any student
could access the work, marks, and feedback related to other students. This confirms

the earlier statements by teachers that they are unaware of data protection issues.

The other important aspect of online assessment during COVID-19 was students’
participation. The majority of teachers who conducted exams during COVID-19
mentioned that only 50% of students participated online. The main reason was
access to digital technologies and the Internet at home. During the first year of
COVID-19 due to government announcement exams were not conducted. However,

during the second year exams were conducted physically with no online portion.
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None of the teachers mentioned using online and remote assessment tools (e.g.,
Google Forms or Kahoot) for formative and summative assessments. When I

specifically asked about such tools, T5 replied:

[ have seen assessment tools during training but have never used them for teaching.
You know, during one or two weeks of training, everyone feels motivated and
enthusiastic about the new things, but soon we come back to school and start
working in an environment with no resources. Our enthusiasm starts to go away, and
we start working according to our environment and sincerity. We do not have things

available in schools that are taught in training.

Summarising this section, it is apparent that teachers did not use digital resources
for examinations. Under the influence of external factors such as the COVID-19
pandemic they used WhatsApp showing teachers” adaptability and resilience to
changing circumstances (SQ2 -SQ3). These conversations also highlight the digital
divide as not every student had access to the digital resources at home to take online
exams (SQ5). The majority of teachers were unfamiliar with online assessment tools,
which may indicate insufficient training (SQ4) or poor motivation (SQ5). Teachers
who knew about them do not use them because they did not have resources at
school. The next section presents the information about barriers and enablers in

using digital tools and resources.
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5.5. BARRIERS AND ENABLERS IN THE USE OF DIGITAL RESOURCES

The last phase of the interviews focused on the enablers of and barriers to using

digital resources. I asked teachers to indicate factors that:

e promote and assist the use/integration/implementation of digital

resources in the teaching and learning of mathematics (enablers).

e restrict/impede or pose any challenges in the wuse/ integration/

implementation of digital resources (barriers).

Various teachers’ responses indicated understanding of how digital resources can

enhance mathematics learning. While discussing enablers, T1 explained:

We use digital resources for demonstrating mathematical ideas graphically just like
visualisation so that students can visualise the concept .. Digital resources can
address the diverse learning needs of the students. Each student can run a video or
an animation at their own pace to understand the concepts.. We can teach children
more in less time. In a classroom different students have different levels of
understanding, and they behave differently. But after visual representation they

understand what that concept is all about.

T1 emphasised the use of digital resources in providing visual representations that
enhanced students' understanding of complex mathematical concepts. He believes
that these resources address the diverse learning needs of students by allowing them
to engage with content at their own pace. T2 considered digital resources best for

communication and collaboration during the COVID-19 pandemic. He explained:

Today (COVID-19) students are at least connected with education because of digital
technologies. Students are learning. If not 100%, then at least 50 or 60% are learning.
If there was no Zoom App, the students would have lost two years... Now, we have
WhatsApp groups to communicate timetables, other updates, and discuss our daily

issues and share resources that could be important for other teachers.

T3, a private school teacher explained how digital applications facilitate learning:
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Students take an interest and think more when they see new ideas in videos, etc.
While learning, students can think in multiple dimensions. Last time, I showed them
associative and commutative properties in Venn diagrams. I taught the concept using
PowerPoint animations (video). They learned it quickly and spontaneously gave me
more examples of Venn diagrams. I can create digital content for teaching and my

students, who have internet access and a computer, can also do the same.

T3's response demonstrated how digital applications can engage students and
encourage multidimensional thinking. She used PowerPoint animations to teach
concepts, promoting active learning and creativity among students. Other teachers
gave similar responses, such as, T4, who considered digital resources a time saver,

and T5 who thought that he could "expand his teaching using digital tools

In terms of barriers and challenges to the use of digital resources, diverse opinions
emerged which were linked to teachers’ place of teaching and experience. The most
commonly mentioned factors were peer pressure, financial constraints, poor
motivation, training, the role of senior teachers, and the availability of resources For
example, T1 (a private school teacher) believed that digital resources provide
convenience, but they could hinder the students’ learning experience, which is

gained by doing mathematics manually.

When using digital resources, we hardly do anything manually. We give input to the
software and get the answer. If I am only using digital resources without teaching
background concepts, i.e., how it happens and what is happening, they might even
get the answer using digital applications, but they might not understand the concept

and know how to do it manually.

T1 considered students’ beliefs about mathematics to be one of the barriers to the

use of digital resources:

Some children understand mathematics concepts, and some do not. Here
mathematics is considered something out of this world. The image of mathematics
in our society, also reflected by students' attitude towards mathematics, is weird. They
mostly avoid mathematics... At matriculation (high school) level they always ask why

we learn mathematics. They don't know that mathematics is used everywhere.
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For T2, parents' participation and awareness are the major challenges for motivating

students to learn online. He explained:

Unless parents are supportive or they know how to monitor their children using
digital technology, it is difficult to motivate students. During online classes, I have
seen some students simply open their laptops and fall asleep. When we inform their
parents about it, they normally reply that our children keep their rooms closed during

online classes, so we have no idea what they are doing inside.

He further described the challenges as follows:

The other main challenge is the problem of Internet connectivity. Fast Internet access
is expensive. In government schools, most children belong to middle and lower
middle-class families. They do not have access to the internet, smartphones, or
computers. Many students went back to their villages during COVID, where the issue
of Internet connectivity is worse, so they are unable to study online. If the
government could provide them with low-cost internet connections and devices,
this problem could be solved. Second, the number of digital devices, middle-class
households normally have one or two devices, but more users (children). Normally,
all the children have classes at the same time. Some attend college, while others
attend a university or a school...It happens that one child has a class, and the other is
waiting to take the class. In the case of a single device, one has to compromise. I have
a ThinkPad and a smartphone. Whenever my children need it for class, one takes a
smartphone from me and to the other, I have to give the ThinkPad. The problem is, I

have to take the classes as well.

T3 thinks internet connection and electricity are the main problems. She explained:

The Internet facility is not available for all of us in the school and also for students.
We have computers, but we cannot use them because there is often no light

(electricity).

T4, a female government teacher also considered affordability of digital technology

as the barrier in the implementation of digital resources at school. She explained:

It is easy to teach online to the students at private schools. They can afford digital

technology. However, in government schools, the majority of students cannot afford
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digital devices. Many students complain that they do not have access to the Internet
at home. In such a situation, it is quite complicated. The government does not have
the resources to provide internet access to each student. Therefore, it is difficult to

teach online at the moment.

She (T4) further considered students’ (in)appropriate use of technology as the biggest

challenge, she explained:

Parents need to get involved and take responsibility. If students get the chance to own
a smartphone or a laptop, they will use it for online classes, but after that, they are
using it for their own entertainment, such as watching movies, chatting unknown
people on the Internet etc. It all depends on the student's choice of how they want to
make use of digital technologies. Teachers can only engage them for online teaching
sessions, not for the whole day. I see such students' attitudes as the biggest challenge.
Other major challenges are financial, especially in the government sector, where very

few students can afford a digital device.

T5, a government schoolteacher explained four main challenges including
mathematics teachers’ subject matter knowledge, lack of ideas, funds and training,

and senior teachers who can train junior teachers. He explained:

There are many challenges. Let me explain a few. First, nothing has been done to
improve mathematics education. The kind of teachers needed for teaching
mathematics are not available in this part of the country. Teachers who are teaching
mathematics have nothing to do with mathematics. They do not have subject
knowledge. Second, teachers do not try new ideas and things. Third, the role of the
government is very important in facilitating teachers. The government does not
provide funds for teacher development and resources. If we were fully equipped with
training and resources, we would be performing better. And finally, we lack master
trainers (senior teachers) who are capable of teaching mathematics with digital

resources.
T6, a young government schoolteacher, indicated funding, Internet availability, and

lack of professional development as the main challenges in the use of digital

resources at government schools. He explained:
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Resources and funding are the main challenges. For example, to draw students'
interest in geometry, [ want to show images of geometrical objects. But we don't have
projectors to show it in the class. The second challenge is internet availability and
connection speed. In school, we have a dedicated computer for administrative tasks
such as sending and receiving emails. They cannot be used for other purposes
because their configuration can only handle one action at a time. The issue is worse
for students who mostly belong to poor families with not much to spend on
technology. Third, I believe teachers, especially young teachers, should be trained to
use digital resources for teaching mathematics. They are motivated and can quickly

learn digital skills.

The data reported in this section suggest that there were several enablers of and
barriers to the use of digital resources in schools. The enablers were associated with
affordances such as dynamic representation, flexibility, visualisation, flexible
communication and collaboration, and the availability of a wealth of digital
resources. Online learning embedded with communication and collaboration tools
provided unique and customised and enhanced learning experiences for students.
Teachers were motivated by their desires, such as to support teaching and learning,
bring new ideas and expand teaching practices. The main barriers were traditional
beliefs about mathematics teaching (e.g., manual solution and memorisation),
parental participation and awareness, the Internet, funding, large families with too
few devices, unaffordability, students’ inappropriate use of DR and inappropriate
online behaviour. Additionally, most of the teachers considered a lack of professional
development to be the main challenge that hinders teachers’ ability to use digital
tools in the classroom. The next section is about changes in teachers’ beliefs due to

COVID-19 online teaching and learning.
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5.6. CHANGES IN BELIEFS DUE TO COVID-19

Atthe end of the interviews, I asked each teacher how much their beliefs about digital
resources had changed due to the COVID-19 lockdown. The majority of the teachers
agreed that during the lockdown their teaching practises totally changed, and the use
of digital technologies increased sharply. It appeared that this sudden increase and
the transition to online learning and teaching significantly impacted teachers' beliefs
(both negatively and positively) about digital resources. T1 (a private school teacher)
who used digital technology during COVID-19 to teach his students explained as

follows:

Digital resources are great for giving students ideas about mathematics topics. After
teaching during the lockdown, I believe online teaching and learning is too early for
our students. Face-to-face teaching is good. We need to find ways to increase the use
of digital resources in our classrooms so that students can visualise mathematical

concepts.

T2, a government schoolteacher experienced a significant shift in beliefs about

digital resources, as he explained:

When COVID came, I used to think, how the world would go, how [ would teach, how
much children's time would be wasted, how children would move forward. But since
[ started using the digital resource, it seems that the world is not over. Your home
could be your classroom. You can sit, read and learn... Honestly, before COVID, I was
not aware of the potential of digital resources. I was always surprised to see some of
my friends who were taking online classes at that time. But since I am using it myself,
it is a wonderful experience. I used to travel a lot to give private tuition in the evening.

Now I can give them using Zoom while sitting at home with my family.

However, T2's attitude and preference for using digital resources, appear to be
constrained by the lack of resources at both sides of the educational spectrum. He

explained:

Some children are good at using digital technologies, and some are not. In Pakistan,
not everyone has resources. Some have smartphones, some use laptops, and many

do not have any. Children with no digital devices do not participate in online classes.

217



I think about 40% of students know how to use digital technologies. The remaining
60% take (class/home) work from other children... Most households normally have
one or two smart devices, but if there are more users, for example, four or five
children, then there are problems. In my house, I have three school-going children
and two smart devices. When I teach my students online using a laptop, my children
also need devices to attend their online classes. So, you can understand what would

happen. They fight for devices.

T3, a female private school teacher observed changes in her beliefs and also in those

of her colleagues and the school principal. She commented:

More than me, the beliefs of my colleagues and students have changed. Our
principals have also realised that if it were not for smartphones and the Internet, we
would not have been able to teach students. Now they think that it is good to use it
for students. So that they can learn, this is a good source. Before COVID, some
teachers did not even know how to use the Internet and Zoom, and it was very
difficult for them to figure out how to use them because they were not skilled. Now
they know. But the senior teachers do not want to learn, so we have to take their

classes.

T5, a rural government schoolteacher, recognised digital resources and online
learning as a way to self-learn many skills that the government and schools are

unable to provide. He explained:

My beliefs have changed quite a lot. I taught online for the first time during COVID.
Now I know where to get information, how to use YouTube channels, and how to
improve my skills online. Before, we used to avoid these online resources. But now, I
mostly use them for learning and teaching mathematics. I also share links with my

students.

T6, another rural government schoolteacher acknowledged that the use of

technology had increased due to the pandemic, as he explained:

COVID has brought the world's focus towards digitalization. Before, nobody was
talking about digital resources in Pakistan, but now everyone is talking about Zoom

and WhatsApp. Recently, many students told me that during COVID they were taking
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classes online and learning from YouTube. The use of digital resources has increased

quite a lot.

T4 was the only teacher who did not experience changes in her beliefs about digital

resources and online learning. She explained that:

I still believe that students should not be allowed to use digital devices such as
smartphones. It is hard to monitor the activities of (high school) students on
smartphones. They are adults and know how to dodge their parents. Children from
lower-middle-class families attend government schools. The parents work in manual
labour or factories. They have no understanding of how to use or monitor digital

technologies.

The responses show that the personal and professional use of digital resources
transforms teachers' beliefs about them. COVID-19 triggered digital education, and
teachers'beliefs changed with practice, ease of use, and awareness of the affordances
offered by digital resources. This could be used to argue the critical role of
instrumental genesis in shaping beliefs about digital resources. However, the lack of
resources, unaffordable technology, and social and financial constraints, affected

teachers' preferences and attitudes towards digital resources.
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5.7. CHAPTER SUMMARY

The Phase 2 findings illustrate the complexities surrounding the digital competencies
of mathematics teachers in Pakistan. The findings suggest that teachers share
common ground when it comes to their beliefs about mathematics teaching, which
traditionally has relied on textbooks, teachers, and blackboards. However, variations
in these beliefs become apparent in the context of different working environments.
The government schoolteachers were inclined to use more conventional
pedagogical methods, like rote memorization, while their counterparts in private
schools exhibited greater confidence in contemporary teaching practices.
Nevertheless, both groups appear to be influenced by peer pressure, which fosters

conformity to the beliefs of their colleagues.

A common thread emerged in teachers’ understanding of student-centred teaching
approaches, which can be attributed to a lack of professional development and an
ineffective evaluation system. The findings also underscore the importance of beliefs
being shaped through practical experience rather than formal training. This suggests
a crucial gap in professional development opportunities for mathematics teachers
concerning the integration of digital resources into their teaching practices. Both
government and private schoolteachers expressed that a lack of resources and
funding was a primary hindrance to using digital resources. The government
teachers were further influenced by the type/style of teaching that was standard
practice. Conversely, private school teachers often also conformed to local practices

as a result of peer pressure.

The impact of COVID-19 was evident in the shaping of beliefs and increasing the use
of digital resources, although financial constraints still limited students' access to
digital resources. Teachers had developed personal instrumental genesis through
self-education, but their professional instrumental genesis remained
underdeveloped. Teachers expected schools or the government to take
responsibility for their professional development. This brings to the forefront the
discussion of the influence of professional development versus self-learning on the
use of digital resources in education. The study also highlighted various enablers and
barriers to the use of digital resources in schools. The main enablers included the

affordances of digital resources, online learning with communication and
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collaboration tools, and teachers’ motivations to support teaching and learning.
Barriers encompassed traditional beliefs, involvement and engagement of parents in
their children's online educational activities, Internet accessibility, funding, family
size and device availability, affordability, students’ behaviour, and a lack of

professional development opportunities.

The findings further revealed that personal and professional use of digital resources
had a transformative effect on most teachers' beliefs, particularly during the COVID-
19 pandemic, with practice, ease of use, and awareness of the benefits of digital
resources playing a pivotal role. However, external constraints, such as limited
resources and financial challenges, continue to shape teachers' beliefs and
preferences in relation to digital resources Overall, the Phase 2 findings indicated the
dynamic interplay of factors that influenced teachers' digital competencies and
beliefs, shedding light on the multifaceted nature of the educational landscape in

Pakistan.
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CHAPTER SIX

0. DISCUSSION OF FINDINGS

6.1. INTRODUCTION

This chapter discusses the Phase 1 and Phase 2 findings which were reported in the
chapters 4 and 5 with reference to the overarching research question and sub-
questions. These questions are recapitulated here for ease of reference in the

ensuing discussion:
Overarching research question

What are the digital competencies of high school mathematics teachers in

Pakistan?

Sub-questions

SQ1 - How do Pakistani teachers' beliefs about mathematics teaching influence their
decisions to integrate digital resources in teaching and learning mathematics?

SQ2 - What influences teachers to use digital resources well?

SQ3 - How well do Pakistani teachers use digital resources to teach mathematics

topics?

SQ4 - What professional development opportunities do Pakistani teachers have that

influenced their digital competencies and approach to integrating digital resources?

SQ5 -What are the barriers and enablers to teachers using digital resources face-to-

face and online?

In this chapter, I aim to connect my research findings with existing literature on
mathematics education. It is crucial to acknowledge the integral role of research
methodology and theoretical underpinning in shaping the study's framework and

interpretation. Therefore, the discussion includes not only the findings in the context
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of mathematics education literature but also addresses the methodological approach
and theoretical perspectives that underlie and enrich the interpretation of the
research outcomes. To enhance clarity and coherence, I combine the findings from
Phase 1 and Phase 2 of the research. Through this analysis, I aim to highlight whether
these findings converge, diverge, or present contradictions. This process contributes
to a holistic understanding of Pakistani high school mathematics teachers' digital

competencies, thereby adding depth to the study's overall insights.

As mentioned in Chapter 3, I employed a mixed-methods approach involving
quantitative and qualitative methods. I used a modified digital competencies
framework (as shown in Section 2.4.9.2, Figure 7, p. 80) to analyse the results of both
phases. The framework includes three constructs: personal orientation, instrumental
genesis, and mathematical digital knowledge for teaching (MDKT). MDKT combines
SDRK and DPRK (KDRS, KDRT, and KDRC). SDRK reflects teachers’ personal

instrumental genesis while DPRK reflects their professional instrumental genesis.

This chapter starts with Section 6.2, which discusses the Phase 1 and Phase 2 findings
related to beliefs about mathematics teaching and learning (personal orientation).
Section 6.3 discusses the beliefs about using digital resources in mathematics
education and the factors that influence these beliefs, such as professional
development, funding, and peer pressure. Section 6.4, discusses findings related to
knowledge of digital resources and students. Section 6.5 discusses teacher
knowledge of digital resources (such as dynamic graphing software) and the factors
that influence their use, such as professional development and self-learning. The
findings related to knowledge of digital resources, curriculum, and assessment are
discussed in Section 6.6. Section 6.7 explicates the correlations between the
constructs of the digital competencies’ framework, and Section 6.8 presents the
summary of the chapter. The following section discusses the findings about teachers’

beliefs about mathematics teaching and learning.
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6.2. BELIEFS ABOUT MATHEMATICS TEACHING AND LEARNING
(P_O)

To address the overarching research question and SQI, I examined Pakistani
mathematics teachers’ beliefs about mathematics teaching and learning. Beliefs are
integral to the digital competencies of teaching mathematics within a technology
framework (Tabach & Trgalova, 2020) and can be described as personal orientations
(Schoenfeld, 2011). Data were collected in both phases of the study to explore the

personal orientation of participating mathematics teachers.

In Phase 1, seven beliefs about mathematics teaching and learning were examined
(Section 4.3). The findings (see Table 11, p. 144) showed that the teachers on average
expressed strong agreement on two key beliefs: the importance of students
memorizing rules and formulas (Mean = 4.73) and learning mathematics through
problem exploration to discover patterns and make generalizations (Mean = 4.71).
Additionally, a majority (63% — 67%) endorsed the use of real-world contexts,
critical discussions, and multiple representations for teaching and learning
mathematics. However, there was somewhat less agreement on the importance of
textbooks (Mean = 4.07, 39% strongly agreed) and the need to create new signs,
symbols, and notations (47% strongly agreed). There were positive correlations
among all belief statements (see Table 12, p. 145), with a moderate correlations
between exploring problems and teaching new signs, symbols, and notations (p =
433,p < 0.01). Furthermore, beliefs about critical discussion and multiple

representations weakly correlated with other mathematics-related beliefs.

6.2.1. Memorization-centric = approaches and instrumental

understanding

One of the key findings is that memorization-centric approaches and instrumental
understanding were important aspects of mathematics education in Pakistan.
Memorization-centric approaches emphasize rote learning of facts, rules, and
formulas (Schoenfeld, 2016; Skemp, 2020), while instrumental understanding
involves the practical application of mathematical procedures without necessarily

grasping the underlying concepts (Skemp, 2020). The evidence indicates strong
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teacher emphasis on memorization of rules and formulas (Mean = 4.73) and a
focus on instrumental understanding, particularly in problem exploration (Mean =

4.71).

The prevalent emphasis on memorisation is in keeping with the literature (e.g., Saljo,
2010; Schoenfeld, 2016; Skemp, 2020) which shows that this is a well-established
belief in mathematics education. This belief is rooted in the perception of
mathematics as a set of fixed rules, which Skemp (2006) conceptualises as
instrumental understanding. In resource-constrained environments like Pakistan,
where educational resources, teacher training, and classroom materials are often
limited, prioritizing instrumental understanding of mathematics can be practical.
This approach, which emphasizes learning mathematical rules and procedures
without understanding underlying concepts, allows for efficient teaching and quick
skill acquisition. It may help students meet basic competency requirements and
perform well in assessments (as stated by T2, T3 and T4), aligning with immediate
educational goals and resource availability. However, scholars such as Yurekli et al.

(2020) argue that it may limit students' deeper conceptual understanding.

Experienced teachers (T2, T4, T6) justified memorization for the learning of
foundational concepts like Sets (see T4 comments, p. 181) and Theorems (see T6
comments, p. 192). For example, T2 believed that students can enhance recognition
and understanding of mathematical signs and symbols use in Sets through
memorization. Similarly, T4 contended (Section 5.2.1, p. 181) that his students perform
better when they memorize signs and notations to learn Sets. However, the challenge
arises when these teachers struggled to justify their adherence to memorization-
based approaches, resonating with Skemp's (2006) argument about the limitations
of instrumental understanding. Skemp (2006) argued that it is challenging to evaluate
the effectiveness of this method due to the difficulty in measuring the impact of
knowledge acquired through instrumental understanding. The focus on
memorization, coupled with an inability to justify it, suggests potentially limited
teaching goals (Yurekli et al., 2020).

Studies such as those of Murphy et al. (2021), and Schoenfeld (2011) advocate for clear
teaching goals and use of alternative teaching methods. They argue that teachers
need to think beyond their existing goals (Schoenfeld, 2011). However, Phase 2 data

indicated a focus on more immediate outcomes that tends to shape teacher
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behaviours and approaches such as providing answers or preparing for exams
(Section 5.2.1, see comments on p. 180). This is consistent with Gulistan et al. (2017),
who found a correlation between Pakistani high schoolteachers’ beliefs about their
abilities to teach mathematics and the students' academic achievement. The current
study, while not measuring students’academic achievement, notes teachers (such as
T2, T5, T6) mention better results are attained by students who prioritize
memorization. This suggest that an exam-focused culture of teaching and learning

may limit creativity in the teaching and learning process.

An important factor that could play a role in teachers’ adherence to memorization-
based teaching strategies was their socio-religious affiliation. Amirali and Halai (2010)
and (2021) found that school education, pre-service training, and socio-religious
experiences shape high school mathematics teachers’ beliefs about mathematics in
Pakistan. Typically, memorization is seen as a repetitive learning method, but in
I[slam, Muslims deem it beneficial for moral, spiritual, and intellectual reasons (Kabir,
2021). Such influences may explain the teachers’ connection with the practice of
memorization as a core method of teaching in mathematics classrooms. It could be
part of the reason for the weak relationship of "critical discussion after lessons” with
other beliefs in the survey data, The cultural and religious emphasis on memorization
might influence the prioritization of this method over other pedagogical approaches
that involve more critical discourse. However, it Is important to consider the
potential limitations associated with this approach (Schoenfeld, 2016; Skemp, 2020).
While memorization based on socio-religious principles may have moral and
spiritual benefits, it could limit the depth of understanding, as suggested by Saljo
(2010). When students primarily memorize and imitate teachers' explanations, the
knowledge acquired may be confined to the textbook's selected information,
potentially restricting a broader and more comprehensive understanding of

mathematical concepts (Séljo, 2010).

6.2.2.  Nexus of textbooks, memorization, and problem-solving

Phase 1 data suggest an interconnected relationship among textbooks,
memorization, and the application of problem-solving skills in teaching and learning
mathematics. The findings indicated that teachers who believed in memorizing rules

and formulas were also likely to have positive beliefs about students' ability to create
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and assign meaning to new signs, symbols, and notations (p = .336,p < 0.01) for
problem-solving, as well as the importance of mathematics textbooks (p =
0.331,p < 0.01) (Section 4.3, Table 12, p. 145). Considering that high school
mathematics textbooks involve a wide variety of signs, symbols, and notations along
with rules and formulas, their relationship with a teacher focus on memorization
may be crucial. First, the textbook emphasis prompts important questions such as
whether textbooks are designed to prioritize memorization over alternative
approaches and whether there are specific teaching methods associated with
textbook use that promote a focus on memorization? Criticism of Pakistani school
textbooks which has described them as “deeply flawed” (International Crisis Group,
2014, p. 1), highlights a need for reform concerning the content and methodologies
within textbooks, which serve as foundational resources shaping students' learning

experiences.

Second, the finding is interesting in the context of problem-solving, as it shows a link
between memorization and creating new signs and symbols to assist the process of
problem-solving. This is similar to the notion of an "inventive-semiotic act" (Goldin,
1998), a process that helps students understand mathematics better. Goldin (1998)
argued that with the advent of dynamic computer environments, the possibilities for
explicitly displaying aspects of external representational structure have increased.
Dockendorff (2020) explained that this can occur with the help of GeoGebra and
showed that digital resources like GeoGebra can support the process of creating new
meaning using semiotics and visualization. Phase 2 data suggest that mathematics
teaching in Pakistan revolves around manipulation of formal notational systems.
Despite this, certain teachers (T1, T2, T3, and T4), particularly during the COVID-19
pandemic, mentioned modifying classroom practices to emphasize problem-
solving strategies, visualization, pattern recognition, and other conceptually oriented
techniques using digital resources (see comments on p. 195; 199; and p. 207). This
shows that teachers like T1, T2, and T3 may have the capacity to bridge the gap
between visualization-focused beliefs and practical implementation and promote a
more dynamic mathematics learning environment aligned with problem-solving

approaches using digital resources (Carreira & Jacinto, 2019).
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6.2.3. Resource constraints and professional development navigate

beliefs

Phase 2 findings highlight that lack of resources and professional development
opportunities shape teachers' beliefs. This finding is consistent with Dundar et al’s.
(2014) findings. They reported similar challenges in educational technology adoption
across developing countries, including Pakistan. The experiences shared by teachers
in the Phase 2 interviews illustrates these challenges. For example, T6 mentioned that
the pre-service training emphasized activity-based learning but discouraged using
resources that required a cost (Section 5.3, p. 188). T6 believed that these constraints
are responsible for teachers' limited ideas for using digital resources. Furthermore,
T5's reference to educational practices (Section 5.2, p. 187), characterized by deeply
ingrained legacies, societal norms, and limited resources aligns with the
observations made by Amirali and Halai (2021). Other such as Ernest (1989) have also

emphasized the influence of broader societal factors on teachers' beliefs.

Phase 2 findings suggest that resource constraints can have a direct bearing on
teachers’ beliefs and can influence the adoption of new pedagogical strategies and
digital resources as exemplified by T5’s reply that “neither do we have the facilities,

nor do we do the type of teaching that requires digital tools” (Section 5.3, p. 187).

In a resource-constrained environment, it is rare for teachers to apply contemporary
pedagogical approaches (Botha & Herselman, 2018). Due to constraints, teachers may
not practice what they believe to be important (Yurekli et al., 2020). Findings from
these studies suggest some of the practices of Phase 2 teachers (such as T3) did not
reflect their beliefs about mathematics (Section 5.3, p. 198). Shiraz and Qaisar (2017)
reported similar findings that Pakistani teachers teaching practices do not reflect
their beliefs. Shiraz and Qaiser (2017) found that teachers routinely adhered to
teaching practises that were socially acceptable, such as memorisation and

repetition.

Schoenfeld (2011) argues that teachers act in accordance with what they perceive to
be the most important things to do and the resources that they have at their disposal
(Yurekli et al., 2020). Phase 2 data (Section 5.3 and 5.4) confirms Schoenfeld’s (2011)
and Yurekli et al's (2020) argument that these factors and resources influence

teaching practices and teachers take pedagogical decisions that are contrary to their
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beliefs (Shiraz & Qaiser, 2017). However, the finding cannot be generalised due to the

small sample size (n = 6) of Phase 2 teachers.

6.2.4. Dynamics of mathematics textbooks and teachers’ beliefs in

the digital age

The Phase 1 and Phase 2 data suggest an evolving relationship between mathematics
textbooks and the beliefs held by teachers, particularly in the context of the digital
age. Phase 1 findings indicated that the integration of digital resources may be
influencing teachers' perspectives on mathematics textbooks. For example, only 39%
of survey teachers strongly agreed, while 40% somewhat agreed that mathematics
textbooks are the best source of information. This result was surprising given the
historical value that mathematics teachers have placed on textbooks (de Araujo et al.,
2017). It raises questions about whether this signals a shift away from textbook-
centred teaching towards other contemporary educational resources, such as digital
resources, or if it is influenced by historical criticisms of Pakistani school textbooks
(International Crisis Group, 2014). Interpreting this finding is complicated by the fact
that the data were collected during lockdown when teachers predominantly used
digital technologies (Jafri, 2022) for online COVID-19 teaching and learning. The
observed shift in perspectives could have been a temporary adaptation to the

circumstances.

Phase 2 findings aligned with the existing literature, as all six teachers considered
textbooks to be crucial for teaching mathematics. Previous studies, including those
of Amirali and Halai (2021) and Mahmood (2011) have shown that in Pakistani
mathematics classrooms textbooks have always played a key role in directing

teaching approaches and are widely available to both teachers and students.

Before this study, little was known about how teachers' beliefs about textbooks are
related to their other beliefs about mathematics teaching and learning (Lloyd, 2002).
During Phase 1 data analysis, this study calculated that there were the significant
correlations between beliefs about textbooks and the other six beliefs (see Table 12,
p. 145). The use of a textbook had a positive correlation with memorizing, multiple
representations, critical discussion with students, teaching real-world contexts, how

to create and assign meanings to new signs, symbols, and notations, and exploring
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problems to discover patterns. The correlation was relatively moderate with the
memorization of rules and formulas; the use of multiple representations; and the
creation of new signs, symbols, and notations in mathematics teaching and learning.
Phase 2 further confirmed the relationship as five out of six teachers considered that
the exam paper pattern concentrates their focus solely on the textbook which means
students have to practice and memorize the solutions (see T2 comments in Section
521, p. 180). It demonstrates, teacher’s preference for memorisation over
understanding. It confirms a connection between exams (students' achievements)
with instrumental teaching and learning that necessitates memorizing rules and

formulas.

6.2.5. Discrepancies in beliefs

A discrepant belief is one which is inconsistent with another belief held by an
individual (Harmon-Jones & Mills, 2019). An example of such inconsistency was
evident in the findings. More than 63% of teachers surveyed in phase one stated that
they believed in in post-lesson critical discussion with students and using multiple
representations in classrooms. The articulation of ideas involved in critical
discussion (Brien, 2020), appeared to be somewhat inconsistent with the strongly
held belief about the importance of memorisation. This seeming contradiction raises
questions about the coherence of teachers' beliefs, aligning with Beswick's (2012)
argument that theoretical consistency does not guarantee uniformity among
individual teachers. Beswick emphasized that teachers adapt their beliefs based on
specific teaching contexts, such as student dynamics and available resources. This
aligns with the idea that teachers navigate their beliefs in response to the exigencies

of their teaching environments.

Similar inconsistencies among teachers’ beliefs were also evident in phase 2 of the
research. During Phase 2, all six teachers expressed contemporary beliefs and a
desire for reforms in mathematics education. However, they simultaneously
indicated that they preferred to conform with accepted practices in their school
contexts. This conformity, particularly among early-career or pre-service teachers
(see comments in Section 5.4, T3, p. 198; T4, p. 207), aligns with Ernest's (1989) notion
that teachers, who are influenced by their social context, are more likely to adopt

existing teaching methods. Despite their desire for improvement and integration of
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technology, teachers may struggle to develop new pedagogical beliefs, and persevere
with traditional teaching methods. Other studies offer a more hopeful reading of
discrepancies among teacher’s beliefs and suggest that teachers may layer existing
beliefs with ideas about change and be open to different approaches and resources.
The presence of discrepancies among teachers’ beliefs is an indicator of the complex
relationship between beliefs and practices and the critical influence of context on

the shaping of actual practices.

6.2.6. Summary of key beliefs about mathematics teaching and

learning

Teachers’ beliefs about memorization, signs, symbols and notation, and textbooks
were strongly associated with other beliefs about mathematics teaching and
learning. These beliefs in turn correlated relatively highly with beliefs about
textbooks, which also correlated relatively highly with beliefs about memorizing
rules and formulae (as shown in Figure 15, p. 231). As per the idea of Rokeach (1968)
central beliefs, memorization, textbooks, and signs, symbols, and notation may be

considered central beliefs of Pakistani mathematics teachers.

Figure 15
Graphical representation of the correlation coefficients among the seven observed

beliefs in the online survey
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Though memorization revealed fewer, albeit relatively higher correlations with other
beliefs, it may have strong socio-religious belonging and acceptance. Rokeach (1968)
argues that beliefs based on faith or religion are more central than others. This socio-
religious context could influence the finding that memorization appeared to be one

of the central beliefs of the mathematics teachers in this study.

The literature suggests that core beliefs like the conviction about the importance of
memorisation are inflexible and hard to change because they have connections with
related beliefs (Rokeach, 1968). This was reflected in T4's statements who believed
that mathematics is boring and a dry subject and that very few students like
mathematics (Section 5.2, p. 179). Such beliefs may inhibit teachers’ desire to change
teaching practices (Pajares, 1992) and are unaffected by new information (Karatas,
2014).

Overall, the discussion indicates the important role of the social context in teaching
and learning mathematics. Phase 1 data suggest that these beliefs may be an outcome
of limited professional development opportunities (Section 4.6, Table 17, p. 156). This
was confirmed by Phase 2 semi-structured interviews (Section 5.3 and 5.4).
Particularly, professional development opportunities are limited in rural areas where
teachers face additional challenges in accessing resources and support (Yurekli et al.,
2020). The next section discusses findings related to beliefs about using digital

resources in mathematics teaching and learning.
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6.3. BELIEFS ABOUT USING DIGITAL RESOURCES IN MATHEMATICS
TEACHING AND LEARNING AND THE INFLUENCE OF ACCESS TO
TECHNOLOGY (SDRK)

In this section, I discuss the findings related to beliefs about using digital resources
and how these beliefs are shaped by access to technology and use of it. The
discussion centres on data collected to address the overall research question and,
sub-questions 1 and 2. However, data for other research sub questions also
contributes to the discussion. According to Galvis (2012), teachers who have limited
access to technology may not have had the chance to develop positive beliefs about
technology and may feel less confident in their digital skills. In other words, access to
technology can both shape and be shaped by teachers' beliefs about technology and
impact the development of instrumental genesis (Guin & Trouche, 2002). Section
6.3.1 discusses the findings about teachers' access to and use of digital resources (see
Sections 4.2.1, Table 10, p. 141). Following this, Section 6.3.2 discusses the findings

related to the beliefs about using digital resources.

6.3.1.  Access to and use of digital resources

Phase 1 revealed that the majority of teachers reported having access to a range of
online resources, such as images (51%), videos (50%), e-textbooks (47.5%), and
educational websites (38%) (see Table 10, p. 141). However, only 18% of teachers knew
how to use digital graphs, 9% dynamic graphing software, and 4% knew about using
simulations. These are important results as different digital resources offer distinct
affordances, thus presenting diverse avenues for enhancing the teaching and
learning of mathematics (Dasgupta et al., 2019). For example, DGS (such as GeoGebra)
facilitates the construction, modification, manipulation, and measurement of any
geometrical figure (Dockendorff, 2020; Bozkurt & Uygan, 2020) and simulations
offer an easy and open-ended way to contemplate the implications of a scenario (van

Dijke-Droogers et al., 2021).

Phase 1 findings (see Table 10, p. 141) also revealed a mismatch between Pakistani
teachers’ access to and confidence about using digital resources. The data indicated
limited access to mathematics-specific digital resources like DGS and simulation.

Trouche and Fan (2018) showed that limited access to and use of such resources
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hinder teachers’ development trajectory toward instrumental genesis and their
ability to improve their teaching using these resources. In the online survey in this
study a high percentage of teachers reported having access to graphics (51%) and
videos (49%) compared to all the other digital resources. This finding is consistent
with Antonietti et al. (2022) who argued that the potential development of beliefs
towards specific digital resources is a natural consequence of the resources which
teachers could interact with regularly. This preference can influence decisions about
resource selection and allocation of teaching time. Consequently, teachers rely more
on these resources while underutilizing others. Familiarity with and regular use of

particular resources creates a natural tendency to rely on those resources.

Government schoolteachers reported the lower access to digital resources. Only
63.4% of government schoolteachers had regular Internet access. This limited access
might not only contribute to disparities in using resources but also give rise to a
distinctive set of beliefs specific to their constrained environment. This aligns with
Beswick's (2012) emphasis on the impact of the teaching context on the formation
and adaptation of teacher beliefs. The Phase 2 data further support this, indicating
that government schoolteachers (as exemplified by T5, p. 181, and T6, p. 216), due to
limited access, have developed strong beliefs in using traditional methods, viewing
digital resources as inaccessible or irrelevant, and relying instead on conventional

teaching practices.

6.3.2.  Beliefs about using digital resources in mathematics

education

The Phase 1 online survey included five belief statements about using digital
resources in mathematics teaching and learning (Section 4.4, Table 13, p. 148). The
results (as shown in Table 13, p. 148) suggested that most teachers held positive beliefs
about the role of digital resources for teaching and learning mathematics. The main
findings were that teachers strongly agreed (Mean = 4.68) digital resources are
important for teaching mathematics. Teachers recognised that digital resources
could not only help them in engaging students (Mean = 4.61), but also help students
to self-regulate, understand, and solve mathematics problems (Mean = 4.54).
However, teachers were split on whether they had lots of ideas about using digital

resources in classrooms or not. More than half (54%) of the teachers' responses were
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in the range of "somewhat agree" to "strongly disagree” (Mean = 4.27). Further
investigation revealed that of those who strongly agreed (the remaining 46%), only
2.9% were familiar with simulations, 4.4% with DGS and 8% with animation. These
were significantly low numbers that indicate teachers may have limited knowledge
of mathematics specific digital resources. During Phase 2 (Section 5.3), despite facing
challenges, teachers also articulated positive beliefs about using digital resources for

teaching and learning mathematics.

6.3.2.1. Interplay of beliefs, challenges, and social context of teaching

The findings discussed in Section 6.3.2 showed that teachers held positive beliefs
about using digital resources but also faced challenges in integrating digital resources
into teaching and learning of mathematics. On the one hand, teachers’ positive
beliefs indicate that they had the necessary knowledge, skills and confidence to
integrate digital resources into their teaching practices and to demonstrate
specialized digital resources knowledge (SDRK) as described by (Tabach & Trgalova,
2020). On the other hand, their SDRK contrasted with their limited access to digital
resources, especially DGS and simulations (see Table 10, p. 141). Phase 2 data revealed
that despite being aware of these resources, some teachers had not used them due
to technological constraints at school. The gap between awareness and
implementation may also reveal inadequate training. Phase 2 teachers reported
limited exposure to relevant training beyond platforms like Microsoft Teams. This
lack of training resonates with Christopoulos and Spranger’s (2021) finding about the
challenges teachers face in integrating technology, despite recognizing its
advantages. The barriers identified in the findings of the current study included
limited access, lack of training, and contextual factors like peer pressure correspond
to the first-order barriers outlined by Christopoulos and Sprangers, which, in turn
influence second-order barriers such as beliefs and preferences. Other researchers
such as Beswick (2012) have helped to illuminate the gap between positive beliefs
and practical implementation which was apparent in the findings in Phase 2 of the
current research. Beswick's (2012) argument emphasizes that teachers, are likely to
adopt different teaching methods depending on contextual factors. Consistent with
this view, in Phase 2 findings, limited access to digital resources, inadequate training,
and contextual factors contributed to the perpetuation of traditional teaching

practices.
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The Phase 2 data supports Ernest's (1989) argument that the social context reinforces
resistance by creating a culture that resists change and constrains teachers from
developing their digital competencies. For example, T3 and T4, both female teachers,
believed that peer pressure of some senior colleagues the school influenced their
reluctance to adopt digital resources and technological innovations (see T3's
comment in Section 5.3, p. 198 and T4's on p. 207). As these were both early career
teachers, their reluctance illustrates Hulme and Wood's (2022) insight that early
career teachers are influenced by their peers and seniors and that senior leadership
support is important in shaping attitudes to using technology in teaching. Support by
senior leadership was not reported by Phase 2 respondents; instead, there was
evidence (see T3's comments on p. 186 and T6's on p. 188) of discouragement that
inhibited new ideas and constrained the innovative use of technology among

teachers also reported by (Scully et al., 2021).

The importance of contextual influences and the trends in a school environment was
illuminated by teachers’ reports of their activities during COVID-19 when they were
working from home and possibly less subject to peer pressure. According to the
Phase 2 data, teachers felt more autonomous at home in relation to using technology

and making changes in their practice.

6.3.2.2. Interplay of beliefs, training, and digital resources in teaching and

learning of problem-solving

Phase 1 revealed positive correlations between beliefs about using digital resources,
training, and problem-solving. For example, the belief that “digital resources play an
important role in mathematics teaching” was significantly correlated (p = 0.502,p <
0.01) with the beliefs that “digital resources make mathematics tasks and problems
engaging” and “digital resources help students to self-regulate and understand
mathematics problems” and (p = 0.458,p < 0.01). These correlations suggested that
when teachers consider using digital resources important for teaching, they
recognised that their use could make problem-solving engaging, and, could improve
students’ understanding. These findings are important because, unlike previous
studies (Ruiz-Lopez, 2018), they provide quantitative evidence to support the
relationship between teachers' beliefs about digital resources and their beliefs about
the benefits of using digital resources in mathematics teaching. These findings are

also consistent with the literature (Carreira & Jacinto, 2019; Dockendorff, 2020;

236



Maciejewski, 2019; Murphy et al., 2021) about the use of digital technologies in

problem-solving.

6.3.2.3. Connection between teachers’ beliefs and problem solving

The other important correlations were between beliefs about digital resources and
their impact on student self-regulation, problem-solving abilities, and student
engagement. In particular, the belief that "digital resources help students in self-
regulation,” strongly correlated with "digital resources are important” (p = 0.458,p <
0.01), "engage students in problem-solving” (p = 0.410,p < 0.01), and "teachers have
ideas about using digital resources in mathematics classrooms” (p = 0.440,p < 0.01).
The study found no significant correlation between self-regulation and digital
resources distracting students' attention. These findings are consistent with previous
literature on the role of digital resources in self-regulation and motivation among

students (Dabbagh & Kitsantas, 2012; Kocdar et al., 2018).

There was a correlation between teachers' beliefs that digital resources can assist
student self-regulation, and their own ideas about using digital resources. This
correlation has not been frequently highlighted in prior studies, which have primarily
focused on the impact of digital resources on students' self-regulation. In the context
of digital competencies, this finding suggests that teachers' awareness of digital tools
influences their thinking and prompts new ideas that can guide students in self-
regulation, addressing gaps, and enhancing learning. Although this correlation
connects teachers’ideas and student outcomes, the Mean values (for item B3_3: Table
13, p. 148) showed a lack of consensus among teachers about having ideas for using
digital resources. A larger sample size or post-COVID-19 data could potentially
explain the extent to which teachers lack ideas about using digital resources to solve

mathematical problems.

The next section of this chapter discusses the results concerning teachers’
knowledge of digital resources in relation to students, an important construct of

teachers' digital competencies.
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6.4. KNOWLEDGE OF DIGITAL RESOURCES AND STUDENTS (KDRS)

During Phases 1 and 2, the study examined teachers' understanding of their students'
digital skills and the use of digital resources for problem-solving and learning
mathematics. The findings are linked with KDRS, a major construct of the digital
competencies’ framework. The data collected for the overarching research question
and SQ2 and SQ5 contributes to the discussion. However, data for other sub
questions such as SQI and SQ4 also facilitate the interpretation and analysis. The
Phase 1 survey included the seven items (Section 4.5, Table 15, p. 152) related to the

knowledge of digital resources and students.

The survey results (see Table 15, p. 152) showed that most teachers (96%) considered
the students' use of digital resources important for learning mathematics. Teachers
strongly agreed that digital resources allow students to think creatively about
mathematics problems. However, teachers only somewhat agreed on the impact of
dynamic graphing software (DGS) such as GeoGebra on students' problem-solving
abilities. They were similarly split on whether mathematics software removes some
learning opportunities associated with traditional methods like using pen and paper.
Further, Phase 2 data demonstrated teachers' desire for students to develop digital
competence, as exemplified in T1's statement, “we need to find ways to increase the
use of digital resources in our classrooms so that students can visualize
mathematical concepts.” This aligns with the DigCompEdu framework (2017), which
considers teachers adeptness in using digital resources crucial to nurturing students’
active and creative engagement with subject matter. The framework emphasizes
teachers’ knowledge for using digital resources such as videos, to visualize and
explain concepts in a motivating and engaging way (Ghomi & Redecker, 2019). These
teachers'abilities are one of the core elements (e.g., KDRS) that define teachers' digital
competencies. Phase 1 results reported such beliefs. Teachers strongly agreed
(Mean = 4.52) that videos improve students' understanding of abstract
mathematical concepts. This teachers’ view resonates with numerous studies (e.g.,
Caena & Redecker, 2019; Redecker, 2017; Tabach & Trgalova, 2019, 2020) and
frameworks like DigCompEdu that emphasize students use digital resources
creatively and responsibly for information, communication, content creation,

wellbeing and problem-solving.
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6.4.1.  Bias in using digital resources and its impact on digital

competencies

The use of videos significantly and positively correlated with students’ confidence
when using digital graphs, DGS, and creative thinking about mathematics problems
(see Table 16, p. 154). These correlations indicate that teachers tended to believe that
using videos and using other digital resources like digital graphs (p = 0.164, p <
0.01) and DGS (p =0.270, p < 0.01) were associated. These results provide
quantitative evidence, which is often lacking in previous studies (e.g., de Araujo et al,,
2017; Maher et al., 2014; McDuffie et al., 2014; Nacak et al., 2020; Sari et al., 2020) that
have focussed primarily on learning outcomes and teaching practices. The results
may hold significant implications for mathematics teaching. The findings in Table 10
(p. 141) showed that Pakistani teachers' perceptions of students' use of videos could
be influenced by the fact that videos were reportedly the most readily available digital
resource. Further, all six teachers in Phase 2 mentioned using videos, and four out of
six mentioned knowledge of creating videos for teaching mathematics. Teachers
mentioned creating, editing and uploading videos on WhatsApp groups and YouTube
channels during COVID-19. T2, for example, mentioned that he recorded his lectures
and provided them on the YouTube channel so that students could access them in
their own time (p. 196). Government schoolteachers, including T2 had more interest
in using and recommending videos whereas early career teachers were more

interested in creating videos for their students.

Teachers’ positive beliefs towards using videos in mathematics education can be
considered from a number of perspectives. As Antoinetti et al (2022) have argued,
the development of bias towards specific digital resources is a natural consequence
of the resources teachers interact with regularly, and in this instance their knowledge
of and ease of access to mathematics videos (particularly YouTube videos) may have
influenced their opinions about using the resource. The prevalence of using videos
suggests that the teachers believed they had potential for innovative and creative
approaches to mathematics learning in resource-constrained contexts, such as in
developing countries. The use of videos can be integrated into a range of other
innovative teaching approaches such as flipped teaching Beatty et al. (2019). However,
the Phase 2 findings did not show any evidence of teachers using videos as part of a

deliberate component of other innovative pedagogies. In keeping with a recurring
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theme in the findings, this absence may be associated with inadequate training and
professional development. It is also arguable that an over reliance on videos and the
paucity of other digital resources could limit teaching initiatives and students’

learning outcomes (Nacak et al., 2020).

The preference for videos may be perpetuating a cycle of limited resource allocation
and professional development for teachers. With videos being the most accessible
resource, Phase 2 teachers primarily focused on self-learning and familiarizing
themselves with using video, as exemplified in statements made by Phase 2 teachers
(see comments T1, p. 212; T3, p. 199; and T4, p. 203). This emphasis on videos may
result in a neglect in acquiring skills needed to use other digital resources. (Drijvers
et al., 2010) argued that a lack of diversity in teaching approaches, may hinder the
development of teachers' instrumental genesis and limit their ability to leverage the

full potential of digital resources in mathematics teaching.

6.4.2. Videos reshaping teachers’ beliefs about other resources

The findings (as shown in Table 15, p. 152) provide insights into a complex interplay
between preference for using a particular digital resource and traditional teaching
resources, such as textbooks. The study found that teachers' perceptions of the role
of videos in their students' learning experiences could be influencing their views on
the relevance and importance of textbooks in mathematics education. This is
supported by the relatively modest level of agreement regarding the importance of
primary teaching resource mathematics textbooks (Mean = 4.07). These findings
align with existing literature, including studies by de Araujo et al. (2017), Howard et
al. (2018), and Moreno et al. (2020), which have highlighted the changing role of
textbooks in education, a transformation significantly influenced by the growing
prevalence of digital resources, particularly videos. De Araujo et al. (2017) argued that
teachers no longer rely on single printed textbooks for teaching and learning
mathematics, as teachers and students can both access videos about mathematics

concepts online.

Phase 2 indicates that the main motivation for videos (such as for T3 and T4) appeared
to be reusability of the digital content by students. In a resource-constrained
environment, the reusability of digital content through videos can be seen as a

potential solution to address limitations in teaching resources. Videos can relieve
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teachers from the need to repetitively deliver the same content, particularly in the
context of high student-to-teacher ratio such as in Pakistan (UNESCO Institute for
Statistics, 2020). During Phase 2 interviews, teachers admitted that use of videos
could support teaching to large numbers of students and address learning

inequalities (see T5's comment on p. 191 and T6's on p. 188).

The study found evidence of Pakistani teachers’ knowledge of digital resources and
students (KDRS). Teachers such as T1, T2, T3, and T4 mentioned using digital
resources other than video to enhance students' mathematical understanding. For
example, T3 confirmed using PowerPoint presentations (p. 198); T4, Microsoft Teams
(p. 203); T2 mentioned the use of Zoom and digital writing using ThinkPad (p. 195);
and T1 mentioned Desmos and digital calculators (p. 207). However, these instances
occurred during the COVID-19 school closure and may not represent a widespread
trend, particularly in a context in which there is limited professional development
for teachers. Of course, not all Phase 2 teachers possessed the same KDRS. In
resource-constrained environments, particularly in rural areas, where access to
training and technological infrastructure may be limited, teachers face challenges in
acquiring and applying digital skills (such as in the cases of T5 and T6) and may
possess low KDRS.

6.4.3. Challenges in managing digital device use and ensuring

student well-being

Studies such as Redecker (2017) and Ghomi and Redecker (2019) have highlighted the
challenges associated with the integration of digital devices into education,
particularly in managing their use and ensuring student well-being. Redecker (2017)
specifically emphasized the importance of striking a balance between digital learning
experiences and student well-being. The findings from Phase 2 showed that for many
teachers it is challenging to align their practices with the recommendations in
DigCompEdu 2.0 (Cabero-Almenara et al., 2020; Redecker, 2017) concerning safe and
ethical digital practices. These recommendations focus on crucial aspects such as
privacy protection, data security, and responsible social media use, all of which play

a vital role in managing students' well-being online (Redecker, 2017).

Phase 2 teachers demonstrated limited awareness of these recommendation and

strategies to safeguard students' digital identities and manage digital footprints. Some
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teachers seemed unaware of these requirements and their implications as

documented in Section 5.4 (e.g., T2's comment; p. 205).

This lack of awareness around safeguarding students’ digital identities may
contribute to a lower level of KDRS, which is an important construct, as KDRS
revealed strong correlations with other constructs in the framework (Section 4.8,
Table 23, p. 169). These include perceptions that students may not be able to use
digital devices wisely. For example, T4 believed in restricting students’ use of digital
devices, particularly smartphones (p. 215). Her concerns were grounded on the
potential misuse of devices by adult (high school) students and the associated
monitoring requirements (p. 219). She mentioned that it is very hard to monitor the
activities of adult students on smartphones. Her sentiment was relevant for students
whose parents' limited familiarity with digital technologies restricts their ability to
guide and monitor their children’s interactions with devices. T4's concern that many
parents, particularly those engaged in manual labour or factory work, lack the
understanding and skills to use or monitor digital technologies highlighted barrier to
parental participations in their children's use of technology. This issue is consistent
with findings from several studies (e.g., Kolovou et al., 2013; Lowrie & Jorgensen, 2015;
McCarthy & Wolfe, 2020) in which parent engagement is considered important in
achieving desired learning outcomes. According to Kolovou et al. (2013) many
parents lack the digital literacy necessary to support their children, stressing the need

for collaboration with teachers to ensure successful technology integration.

Phase 2 data suggests that teachers assumed that students possessed greater digital
skills than did they themselves, highlighting a gap in both teachers' and students'
digital competencies. T3's statement exemplifies this assumption, as students were
seen as proficient in manipulating numbers on Instagram and understanding social
media dynamics (Section 5.2, p. 178). These assumptions may mean that teachers may
not guide students sufficiently around the use of digital tools, such as how to search,
select, and download appropriate content from the internet, or make ethical use of
devices as part of the mathematics curriculum. Ghomi and Redecker (2019)
considered that it is important for teachers to guide students in crucial aspects such
as evaluating digital content for appropriateness, understanding copyright licensing,
and obtaining permissions (Ghomi & Redecker, 2019). DigCompEdu 2.0 recognized
these skills as advanced digital competencies that play a crucial role in students' well-

being in digital environments.
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6.4.4. Impact of socioeconomic factors on teachers' perceptions of

digital resource use

Teachers reported that that students from low-income families may face
socioeconomic barriers when accessing digital resources. Particularly, government
schoolteachers like T2 (p. 214), T4 (p. 214), T5 (p. 191), and T6 (p. 202) considered access
to digital technologies for students of poor and low-income families the biggest
obstacle to using digital resources. Pakistani teachers’ knowledge of students’ social
contexts (parents’ financial capacity and digital skills) and students’ online behaviour
may play a role in shaping their beliefs about students’learning with digital resources
(Jafri, 2022).

Pakistan is suffering from its worst economic crisis and facing the risk of default due
to its external debt obligations (Rana, 2023). This could further constrain parents’
financial capacity to afford digital devices, which may drive teachers to develop

beliefs associated with these evolving social contexts.

The next section discusses the results related to teachers’ knowledge of digital

resources for teaching and learning mathematics in digital environments.
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6.5. KNOWLEDGE OF DIGITAL RESOURCES AND TEACHING (KDRT)

In this section, I discuss the results related to teachers' knowledge of teaching with
digital resources (see Table 17, p. 156). The data collected to address the research
question and SQ3, SQ4 and SQ5 informs this part of the discussion. These sub-
questions focussed on Pakistani teachers’ mathematical digital knowledge of
teaching (MDKT - SDRK, KDRS, KDRT, and KDRC) and linked to their personal and
professional instrumental genesis. Both Phases 1 and 2 involved questions about
knowledge and use of specific mathematics-related digital resources (see Sections
4.6 and 5.4.1). The investigation focused on the use, level of training received and
teachers’ desire to learn and operate various digital resources appropriate for
teaching and learning mathematics. These are important aspects of specialized
digital resources knowledge (SDRK) and reflect on teachers’ KDRT crucial construct

of digital competencies.

Phase 1included nine items (Section 4.6, Table 18, p. 158) related to KDRT. The results
(as shown in Table 18, p. 158) indicate that a limited number of teachers (26%) had
received some form of training for using technology and digital resources (Mean =
3.27). Approximately 63% of teachers expressed varying degrees of uncertainty
(strongly disagreed to neither agree nor disagreed). This suggests that a significant
proportion of teachers may have felt that they lack sufficient training for using digital
resources in their teaching. Teachers also expressed difficulty in deciding which
digital resource to use for teaching specific mathematics topics, as they showed a
moderate agreement (Mean = 4.16,SD = 0.77) with the statement. Notably,
teachers on average reported a high level of competence in writing mathematics
equations and expressions using an equation editor (Mean = 4.28). Teachers
reported varying levels of skills in teaching mathematics using Dynamic Graphing
Software (DGS) across different mathematical domains; Mean scores ranged from
3.65 to 4.12. The teachers' continued to trust in traditional tools as is evident from
their strong belief (Mean = 4.35) in the importance of students using pen and paper
to solve mathematical problems. Teachers reported a positive inclination (Mean =
4.41) towards (creating) videos for teaching. Teachers acknowledged the potential
benefits of specific digital resources in mathematics education and want to enhance
their skills and knowledge of DGS. In summary, these Phase 1 findings suggest

teachers' reliance on other digital resources other than videos is low, but they do
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want to improve their ability to teach using mathematics specific digital resources
such as DGS.

6.5.1.  Challenges in evaluating, integrating, and collaborating for

digital competency

An important finding indicates that due to the abundance of digital resources,
teachers experience difficulties evaluating the quality and appropriateness of
particular digital resources and identifying ways to integrate digital resources into
their teaching and student learning of mathematics. Around 85% of Phase 1 teachers
strongly agreed or somewhat agreed with this statement, indicating widespread
agreement among the teachers. Notably, there was relatively a high degree of
standard deviation (0.77) among the responses (Section 4.6, Table 18, p. 158),
suggesting that some teachers find it more challenging than others. The finding is
consistent with the literature (Albano & Dello Iacono, 2019; Dockendorff, 2020;
Gueudet, 2015; Levinsen & Sgrensen, 2018; Pepin et al,, 2017) that indicates limited
training, and the proliferation of digital resources potentially impacts teachers’ability
to use, evaluate, and integrate digital resources into their teaching. This result fits into
the broader context of this research findings as it reveals a concern shared by the
teachers. Evaluating this finding in conjunction with other findings and previous

discussion, several key points emerge.

First, this finding confirmed teachers' desire to develop and improve digital
competencies which was apparent in Phase 2 data. However, Phase 2 also revealed
limited access to resources, lack of training, and contextual factors like peer pressure
are barriers to implementing this aspiration (Section 5.4). Second, the interplay
between beliefs and practices (Sections 6.3.2.2) indicates that beliefs could influence
teaching practices and the integration of digital resources. Third, the findings
discussed in Section 6.4 revealed a gap between teachers' awareness of the benefits
of digital resources and their ability to implement them, which is a recurring theme.
This gap is exacerbated by challenges such as limited access and inadequate training
(Christopoulos & Sprangers, 2021). With these challenges, teachers find difficulties in
selecting the right resources for teaching and learning mathematics topics (Pepin,
Choppin, et al., 2017).
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Teachers' challenges in this regard may also stem from the lack of a conducive
environment for online collaboration and knowledge sharing. Phase 2 data indicates
limited opportunities for teachers to engage in online collaboration and knowledge
exchange, and so they cannot enjoy the benefits of participation in a community of
practice. The literature on communities of practice (CoP) and collaborative platforms
(Gandolfi & Kratcoski, 2020; Maher, 2020) has shown that accessible technologies,
such as Twitter and Facebook facilitate the formation of communities of practice and
improve collaboration among teachers particularly during the pandemic. However,
Phase 2 suggest that teachers had limited success in using collaborative spaces. They
mostly used WhatsApp groups as a collaborative environment with the limited goals
of sharing ideas and discussing difficulties faced during the COVID-19 lockdown (see
T5's comments, Section 5.3, p. 187) None of the teachers mentioned using other social
media platforms like Facebook and X (Twitter). Literature supports the notion that
collaborative platforms, communities of practice, and communities of inquiry (Col)
provide valuable spaces for mathematics teachers to share insights and access
resources (Anabousy & Tabach, 2022; Trouche et al, 2020). They can collectively
solve problems, which promotes a culture of learning and improvement in the

context of using digital resources in education (Calder et al., 2021).

6.5.2.  Alink between training and digital competencies

Phase 1 revealed correlations (see Table 18, p. 158) between “teachers receiving
training” and teachers' knowledge of digital resources and teaching. For example,
receiving training correlated with the use of equation editors (p = 0.398,p < 0.01),
DGS (p = 0.432,p < 0.01), videos (p = 0.273,p < 0.01), and difficulties in finding
resources online (p = 0.435,p < 0.01). This indicates that teachers who receive
training for using digital resources are more likely to possess the ability to use the
equation editor, DGS, create images and videos for teaching purposes, and may find
less difficulty in making decisions about digital resources online. These results
suggest that training related to digital technologies may improve mathematics
teachers’ digital competencies. This is not only in line with recent literature
emphasizing the role of training in developing digital competencies but also
conforms to the historical emphasis of scholars and practitioners on professional
development, as reviewed in Section 2.3. For example, Anabousy and Tabach (2022),

Clark-Wilson et al. (2020), Crompton (2015), Tabach and Trgalova (2020) and Trouche
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et al. (2018) strongly emphasized the importance of training in developing digital

competencies.

Previous studies that have focused on the role of teachers’ training did not specify
training for the use of equation editors and DGS. Therefore, our findings provide
evidence for the relationship between digital resources like DGS, videos, and
equation editors with training. This is an important finding in the context of this
research because it provides answers to the arguments already mentioned in
relation to the lack of professional training in digital technology. Notably, Phase 1 of
the study further demonstrates that the desire to improve ability (through
professional development) to teach mathematics with DGS was also correlated with
most other aspects; such as finding resources online, equation editors, knowledge of
DGS, images and videos (Section 4.6, Table 18, p. 158). Together. these two results
resonate with the existing literature on mathematics teaching and the relationship

between training and enhancing teachers’ digital competencies.

Teachers preferences for particular digital tools may also be connected with training.
For example, their tendency to prefer the use of videos was identified in Section
4.2.1.2 and discussed in Section 6.4.1). Although teachers reported limited training,
programs may prioritize specific teaching resources and strategies. This argument is
based on the observation that all Phase 2 teachers mentioned videos often during
their responses. They showed preferences for teaching mathematics using methods
introduced during pre-service teachers’ training programs. For example, T6
attributed his teaching preference to his pre-service training, which primarily
focused on activity-based learning rather than introducing him to a wide range of
digital resources (p. 188). These indicators that training only focussed on certain areas
is out of line with Sections 2.3.2, 2.4.1, and 2.4.2, which argues that teachers' training
programs should provide teachers with access to a wide range of resources and tools,
including software, lesson plans, and other professional development opportunities
However, phase 2 findings do not substantiate the assumption that the emphasis on
videos was linked to a concentration of training in this area as T1, T2, T3 and T4

indicated that accessibility was the main reason for the use of videos.
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6.5.3. Equation editors: a tool enhancing teachers’ digital

competencies

. Phase 1 of the study found that 56% of the teachers had used equation editors. Four
out of six teachers interviewed in Phase 2, had used an equation writing tool available
in Microsoft Word for writing mathematics equations, symbols, and notation.
However, these respondents did not know that it was called an equation editor. There
is limited literature which discussed the use of equation editors. One study that has,
is of Junqueira (2006) who compared two groups of student-teachers, found that the
knowledge of equation editors helps mathematics teachers in setting mathematics
tests and examinations for students and use different mathematics learning
software. There appears no prior literature concerning the relationship between

equation editors and the enhancement of teachers' digital competencies.

The teachers’ knowledge of equation editors had positive significant correlations
with DGS, technology-related training, and the teachers' ability to create videos.
Knowledge of equation editors associated with the use of other mathematics-related
digital resources and competencies. Equation editors serve as crucial tools for
accurately representing mathematical expressions, symbols, and notations in a
digital format (Junqueira, 2006). They enable teachers to go beyond traditional pen-
and-paper approaches and engage in a dynamic process of symbol manipulation,
fostering new ways of representing mathematical concepts (Goldin, 1998). The
correlations between equation editors and other digital competencies highlight the
interconnectedness of teachers’ inventive semiotic acts. Equation editors not only
insert different types of mathematical symbols, notations, or text, they can also
introduce and create multiple mathematical equations, which include fractions,
integrations, matrices, and mathematical symbols. An equation editor serves as a
foundational tool that supports teachers in using a range of digital resources and
technologies to facilitate mathematical teaching and learning. Without the
knowledge and proficiency in using equation editors, mathematics teachers may
struggle to convey mathematical concepts and use digital resources that rely on

equation input tools.

From the perspective of instrumental genesis, the use of equation editors can be
linked to both personal and professional instrumental genesis which is the process

whereby teachers” appropriate digital tools and transform them into pedagogical
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instruments (Guin & Trouche, 1998; Tamborg, 2017). We can argue that mathematics
teachers’ mastery of equation editors is an important part of their digital
competencies. Using equation editors, teachers can express signs, symbols, and
notations in a digital format, appropriating the affordances of various digital
resources, including DGS. Both teachers and students can engage in what Goldin
(1998) has termed the "inventive semiotic act,’ (Section 2.5.1.1) a process where they
can explore the logico-mathematical consequences of their creations (Goldin, 1998).
This act of invention goes beyond symbol and notational manipulation; it facilitates
a deeper understanding of mathematical concepts by enabling the construction of
one's own external and internal mathematical representations (Goldin, 1998). This
finding is an important contribution showing the link between mathematics specific
digital resources (equation editors) and instrumental genesis, a vital construct of

digital competencies.

While the evidence from phase 1 points to a widespread usage of the tool, there was
no evidence of training in the use of equation editors and Phase 2 interviews revealed
that teachers’knowledge of equation editors was self-acquired. Interestingly, neither
in the teacher training programs attended by the Phase 2 teachers, nor during their
own student years, were they taught how to use equation editors. There are different
ways of reading this finding. Firstly, it aligns the recurring theme of inadequate
professional development opportunities available to high school mathematics
teachers in Pakistan. Second, this finding illustrates teachers’ self-learning and self-
development efforts. These personal initiatives and self-education have positive
aspects for, as Mabila (2017) argues, self-development is crucial for success in
resource-constrained environments. Mabila contended that teachers “take charge of
their own self-development by identifying areas in which they need to develop and
to seize opportunities that are available to them through various forums” (Mabila,
2017, p. 97). Similarly, Tabach and Trgalova (2019) noted teachers' self-development
efforts and referred to teachers' ability to work independently on and demonstrate
skills in using digital resources. They argued that self-development not only
contributes to their professional profile but enhances their competencies and
confidence. These purported benefits of self-education were apparent in the
findings on teachers’ skills with equation editors during both Phases of the current
study. Findings showed how knowledge of fundamental tools was associated with

teachers' confidence. As teachers feel confident about teaching with a specific tool
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or artefact, they may be on the path of self-developing professional instrumental
genesis (Ruiz-Lopez, 2018). The model of teacher’s educating themselves in the use
of particular tools can also be problematic as it may facilitate a shift of responsibility
to individual teachers and may lead to learning skills that may be not relevant to their
needs. Studies (Kleden, 2015) have shown that without proper guidance, it is likely

that essential knowledge and pedagogical approaches might be overlooked.

6.5.4. Untapped potential of spreadsheets and the influence of

teaching culture

In the Phase 2 interviews three of the six teachers (T3, T4, and T6) mentioned using
spreadsheets, something which was not identified at all in Phase 1. It seemed
worthwhile to investigate the uses teachers make of spreadsheets. Teachers generally
used spreadsheets for administrative purposes (see Section 54.1, p. 206), such as
making timetables and preparing mark sheets. This administrative use of
spreadsheets may have been a norm in the school environments because at school
level, the culture of using a particular resource (tool) for specific purposes plays an
important role in its potential to become an instrument for teaching. As Trouche
(2004) explained, artifacts (or digital resources) always carry a social element: they
are products of social experience. Therefore, for any resource to become an
instrument of teaching in Pakistani mathematics classrooms it requires social
backing or peer support. There are indicators in the findings that this may be the case
for spreadsheets. In particular, female teachers (T3 and T4) mentioned the use of
spreadsheets for making timetables and showed interest in learning more ways to
make timetables using spreadsheets. It is important to note that none of the teachers
mentioned spreadsheets as a tool for teaching mathematical concepts to students.
They appear to be unaware that spreadsheets are not only a tool but a set of various
tools that could be used for doing several mathematical tasks and solving problems
(Guin & Trouche, 2002; Society & 2011, 2011; Trouche, 2004). The issue here is not
resource availability but a lack of knowledge about a resource’'s pedagogical

potential.
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6.5.5. The knowledge gap: Limited familiarity with dynamic
graphing software (DGS)

The use of rich content platforms or applications such as Dynamic Geometry
Software (DGS), where a teacher and students can create, share, and explain content
(Pepin et al,, 2017), was not evident in either Phases 1 or Phase 2. Although the Phase
1 results revealed significant correlations between teachers' self-perceived abilities
to teach using DGS, the study found limited, or no evidence of DGS use in Pakistani
mathematics classrooms. Even during the pilot study (Section 3.4.2), the majority of
teachers asked what DGS were. Most teachers were thus unaware of DGS's potential
and affordances that could enable them to access diverse ideas and help explore any
mathematics concept in detail (Statti & Torres, 2020). This is a significant gap as the
literature on DGS reviewed in Section 2.5.4 provides strong evidence that whether
for teaching complex numbers (Esguerra-Prieto et al., 2018; Maria et al., 2015) or the
dynamic representation of Euclidean geometry figures (Dockendorff, 2020), or
problem-solving (Bozkurt & Ruthven, 2017; Khalil, 2016; Ruiz-Lopez, 2018) DGS
provides various options for calculation, manipulation and visualization of

mathematical expressions.

Furthermore, Phase 2 data suggests that due to a lack of awareness and
inaccessibility, it is unlikely that teachers would recommend DGS to students.
Despite the positive correlation found between students' confidence in doing
mathematics and using DGS for problem-solving that was reported in Phase 1, the
descriptive results of Phase 1 indicated that teachers only somewhat agreed on the
positive impact of DGS on students'learning and problem-solving abilities (see Table
15, p. 152). Teachers tended to believed that mathematics software (like DGS) can
remove the learning opportunities that students can get from drawing graphs using
pen and paper (see Table 15, p. 152). This perception may limit their willingness to
value the potential for DGS provide access to representations that would be very
challenging or “impossible in a pen-and-paper environment, e.g., 3-D graphs of
functions of two variables, dynamic diagrams, including displays which are easy to
share” (Pierce & Stacey, 2010, p. 4). However, when considering that only 9% of Phase
1 teachers and two out of six Phase 2 teachers knew about DGS, their views could be

primarily based on their limited access to and awareness of DGS.
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In Phase 1, the high percentage of missing values (48%) were also associated with
items related to the use of DGS (Section 3.4.5.2, Table 5, p. 117) to solve mathematics
problems. This finding is consistent with teachers’ limited familiarity with DGS,
suggesting that many (91% of the current study’s respondents have weak or no
knowledge of the tool. DGS appeared to be still largely unexplored in Pakistani

mathematics classrooms.

The Phase 2 results about DGS suggest that teachers (particularly in government
schools) have neither resources nor knowledge and experience to use this tool (see
T4's comment in Section 5.4.1, p. 206). Phase 1 of the study found that almost 50% of
the teachers preferred and recommended pen-and-paper for solving mathematics
problems and believed students learn more when they draw graphs and do
calculations using pen and paper. This could be linked to the recurring theme of
preferring traditional approaches to teaching and learning mathematics. However, it
could at least partially be a result of insufficient or inadequate professional
development. The finding that more than 72% of the teachers showed a desire to
learn more about using digital resources for teaching and learning mathematics
further support the view that professional development in this area was lacking. The
Phase 2 interviews confirmed these findings, all six teachers showed interest and
expressed a wish to receive technology-related training specifically for the teaching

and learning of mathematics.

However, the COVID-19 transition to online learning stimulated awareness about the
rich learning opportunities offered by digital resources compared to pen-and-paper
in developing their professional knowledge of teaching mathematics with
technology (Ruiz-Lopez, 2018). Their interest in whether or to what extent digital
resources can contribute to students’' understanding of mathematical problems was
sparked by their unexpected exposure to online teaching and learning
environments. This was supported by self-learning that allowed teachers to develop
techniques for using digital resources (artifacts) as well as domain-specific

conceptual understanding (van Dijke-Droogers et al., 2021).
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6.5.6. Role of teachers’ training and self-learning in digital

competencies

One of the key findings of this research highlights the impact and possible role of
self-learning (self-development) on teachers' digital competencies. Phases 1 and 2
reported that the teachers received little training related to technology. Only 26% of
Phase 1 teachers mentioned receiving some training for using technology and digital
resources and one out of the six Phase 2 teachers (T4) mentioned receiving such
training (MS Team during COVID-19, p. 203). These are grim but important statistics,
considering the role of technology during the COVID-19 and post-COVID-19
scenarios. They are also consistent with the literature that suggest Pakistani
mathematics teachers receive limited professional development opportunities
(Amirali & Halai, 2021; Awan et al., 2011; Halai, 2017; Malik, 2015; Mubeen et al., 2013).
However, the results of the Phase 1 (Section 4.6.1 and 4.6.2) covering teaching
strategies and struggles during the COVID-19 and Phase 2 interviews revealed that
despite limited training and immediate official support, the majority of the teachers
were able to transition to online teaching and learning. Teachers were able to use a
wide variety of online tools, including video conferencing software. Further, 72% of
Phase 1 teachers reported that if required they could teach in a fully technological
(online) environment (Section 4.6.1, Table 19, 161). These findings show teachers’
resilience, but also raise questions about the role of formal training in the context of
teachers' adaptability and resilience during the COVID-19 pandemic. Without formal
support and with limited technology-related training, teachers were able to
successfully conduct online classes and create digital resources for their students

during the COVID-19 pandemic.

The Phase 2 data revealed two possible explanations for teachers' engagement in
self-learning and exploration of new digital tools. The first explanation is that
teachers demonstrated a willingness to engage in self-directed learning and explore
new technologies independently. Additionally, it is important to consider the factors
that may influence teachers' engagement with informal professional development
opportunities such as self-learning. The Phase 2 data suggest that some teachers may
have taken on self-learning initiatives due to a lack of faith in the effectiveness or
relevance of available professional development programs. The example of T6 who

expressed distrust in teacher training programs by commenting on the lack of
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encouragement for cost-related reasons (p. 188) highlights concerns about the
perceived quality and impact of traditional training initiatives. Second, being isolated
from the social context of teaching, often imposes constraints that teachers
embraced and started using various digital resources to support their online teaching
(see Section 5.6). In contrast to teaching to fit with peer-pressures and with limited
training within the school environment, online teaching provided them (T2, T3, T4)

the freedom to improvise and find solutions.

It can be argued that although teachers have demonstrated resilience in the absence
of formal training during the pandemic, such training could further support and
strengthen their adaptability and resilience. As evidenced by the literature (Anabousy
& Tabach, 2022; Beswick & Fraser, 2019; Moreno et al., 2020; Naidoo & Singh-Pillay,
2020), equipping teachers with relevant knowledge, skills, and beliefs, formal
training can enhance their ability to navigate challenges, integrate technology into

their teaching practices, and adapt to changing educational contexts.

However, considering the context of limited professional development
opportunities and lack of trust in training, the findings suggest that teachers take the
initiative for their own professional growth and acquire digital competencies

through self-learning.

While the teachers’ability to train themselves in using technological tools testifies to
their competence and motivation, self-education cannot be a substitute for
appropriately designed professional development. Programs that are designed to
meet the specific needs and goals of teachers. Such programs are comprehensive
and structured and include. Formal professional development provides teachers
with opportunities to engage in ongoing learning and to interact with peers and
experts in the field. Such interactions allow for more collaborative and reflective
learning (Ramirez-Montoya et al., 2021). A blended or hybrid approach to teacher
training can be combined with opportunities for teachers to engage in self-learning
and explore innovative digital resources. The post-Covid literature (e.g., Calder et al,,
2021; D. Maher, 2020; Syahrin et al., 2023) suggests there is indeed potential for a
blended (or hybrid) approach to teacher training which could enhance teachers’
adaptability and resilience. Correspondingly, this study suggests that a blend of
professional training with self-learning can have a positive impact on teachers'

adaptability and resilience, particularly in the face of unforeseen circumstances such
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as the COVID-19 pandemic. The importance of professional development is noted in
the literature (Section 2.4.2), as is the creative technological adaptations that teachers
made during the lockdown, but there is no research that argues for the blend of self-

learning with formal professional development.

6.5.7. Empowering through self-learning: The case of T2's digital

competencies

The potential for self-learning in the use of digital resources for Mathematics
teaching can be illustrated by a close focus on and discussion of the experiences of
T2, the most experienced government schoolteacher out of six Phase 2 teachers, who
developed his digital competencies during the school closure. Prior to this point in
time, T2, typically follows traditional teaching approaches, which are a combination
of his mathematical subject knowledge, pen-and paper (board and marker), and the
textbook. However, in response to the school closure, T2, a non-tech enthusiast with
no technology background or training, developed the capacity to teach online (see
comments on p. 195 and 217). T2 was flexible and adaptive and overcame challenges
by finding support (through peers and friends) and learned new tools by watching
YouTube videos. His starting point was evidenced in his recall that his first encounter
with a laptop occurred during the school closure. He said that he was so unfamiliar
with the technology that he struggled to switch it off and had to seek assistance from
a friend to figure out the process. Despite these initial challenges, T2's determination
and self-motivation led him on a transformative self-learning journey. His online
learning and teaching skills improved, and he discovered comfort and confidence in
teaching during the COVID-19 lockdown. However, his preference for pen-and-
paper remained intact. The most important part of his transition to online teaching
and learning was using a digital pen. He enjoyed the affordances of digital pen and
whiteboard. This newfound digital skill empowered T2 to deliver engaging and
interactive online instructions, capture his students’ attention and facilitate a deeper

understanding of learners’ mathematical concepts.

6.5.7.1. Mapping traditional teaching to the digital realm

The example of T2 illustrates a convergence of traditional methods with digital
affordances. T2 found a way to map face-to-face teaching approaches symmetrically

in a digital (online) environment. The digital pen became his marker and Microsoft
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Whiteboard resonated with the physical whiteboard. His strong subject matter
knowledge helped him to quickly understand the affordances of digital resources
and support mathematics teaching (see Section 5.4, p. 195). Moreover, T2's
commitment to sharing his experiences led him to find ways to share his developed
content. He created a YouTube channel, where he records and organizes his lectures
for students’ convenience. These efforts show T2's self-learning spree and the
competencies that allow him to create and share content using a digital pen,
structure his lessons and set up learning sessions, activities, and improve
interactions with students in a digital environment. Notably, the main factors
appeared to be motivation, access to the device (ThinkPad), affordances of digital
resources (on-screen writing using a digital pen) and subject matter knowledge,
which helped him to map face-to-face teaching methods to online teaching and
learning sessions. During COVID-19 lockdown, he enjoyed access to digital
technology, made own decisions, which ultimately changed his beliefs about the role

and potential of technology in teaching and learning mathematics.

T2's case serves as evidence supporting our argument that teachers' learning
experiences outside of their social context of teaching can be a transformative
opportunity to learn and develop new skills. T2's experience illustrates how
expanding beyond the usual teaching environment and having fewer constraints can
increase a teacher's knowledge and abilities (Yurekli et al., 2020). By engaging in a
different teaching environment or exploring alternative approaches, teachers are
exposed to new perspectives, challenges, and possibilities (Beswick, 2012; Beswick &
Fraser, 2019). This exposure can challenge their existing beliefs, encourage reflective
thinking, and prompt them to reconsider their instructional practices (Christopoulos
& Sprangers, 2021; Jafri, 2022).

The next section discusses the results related to teachers’ knowledge of digital

resources for teaching and curriculum in digital environments.
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6.6. KNOWLEDGE OF DIGITAL RESOURCES AND CURRICULUM
(KDRC)

This section discusses the results of Phases 1and 2 related to the teachers’knowledge
of digital resources and the role they can play in curriculum and assessment. Phase 1
included five items (see Section 4.7, Table 21, p. 165). The results (as presented in Table
21, p. 165) showed that teachers had low to moderate understanding of digital
resources and their potential for use in curriculum and planning assessments. Fewer
than half of the teachers (43%) consider they can design and organize lessons that
include digital resources (Mean = 4.24, Mode = 4). The same percentage (43%)
reported their ability to locate and search within databases/websites for digital
resources that could be used as curriculum resources. These are relatively low
numbers considering the data was collected during COVID-19, when most of the

teachers were teaching online.

In terms of correlations (see Table 22, p. 167), the two skills (ability to design and
organize and ability to locate and search for digital resources for curriculum design)
showed a positive and relatively strong correlation (p = 0.551,p > 0.01). Moreover,
competencies in designing and organizing lessons correlated with teachers’ skills of
downloading and installing digital resources (p = 0.239,p < 0.01), and skills to
create and evaluate assessments using digital tools (p = 0.510,p < 0.01) (see Table
22,p.167). The correlations also indicated that teachers who include digital resources
in their curriculum were more likely to recommend digital resources for the teaching
and learning of mathematics. Phase 2 revealed similar results for curriculum design
and use of digital resources for assessments (Section 5.4.2). Teachers considered that
they could search and locate content particularly videos for use in their lessons.
However, none of the six teachers mentioned using digital assessment strategies, for
student assessments or creating quizzes/tests. The next section will discuss these

findings in detail.

6.6.1.  The intersection of digital skills and curriculum design

In a digital landscape, the intersection of digital skills (search, download, install,
evaluate and create) with strategic considerations in curriculum design,

encompassing learning objectives, goals, outcomes, and teaching approaches, plays
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a pivotal role (Pepin, Choppin, et al., 2017). This study’s findings suggest relatively
strong connections between digital skills like designing and organizing lessons that
include digital resources (p = 0.551,p > 0.01), locating and searching databases
(p = 0.510,p > 0.01) and creating and evaluating assessments using online tools (e.g.,
Google Forms). Previous studies (e.g., Caena & Redecker, 2019; Redecker, 2017; Tabach
& Trgalova, 2020) have considered these skills important for enhancing curriculum
design. Caena and Redecker (2019) contended that these digital skills can extends
teachers’ ability to adeptly design and organize lessons, navigate databases and
websites, locate relevant digital resources, and download and install digital
applications for the curriculum. In mathematics education, Tabach and Trgalova
(2020) and (Moreno et al.,, 2020) also stressed the importance of teachers' ability to
search for, select, download, install, and integrate appropriate digital resources into
the mathematics curriculum. Pepin, Choppin, et al. (2017) highlighted the
interconnected nature of these digital skills, constituting a valuable addition to
teachers' curriculum design abilities. However, despite the relatively strong
correlation, Phase 1 reveals that only 43% of surveyed teachers considered that they
have these skills. This suggests Phase 1 mathematics teachers may have limited
understanding of how basic digital skills can be employed in curriculum design and

to conduct digital assessments.

Four Phase 2 teachers (T1, T2, T3, and T4) showed evidence of digital skills for
curriculum design and assessment. Moreno et al. (2020) considered these skills
important particularly in teaching models like the flipped classroom, where teachers
are tasked not only with content selection but also with its augmentation through
thoughtful questions and reflections. An example of these competencies was
apparent in the comments of T4 who drew on online sources to supplement her

pedagogical and curriculum goals (see p. 203).

6.6.2.  Teachers' use of digital tools for assessments

There was limited evidence of teachers' understanding and integration of digital
curriculum resources for personalized and interactive learning and assessment. The
findings, consistent with those of Zubairi et al. (2022), showed that Phase 1 teachers
demonstrated only moderate awareness of developments in online assessment tools
enabled by digital platforms like Google Forms (Mean = 4.22). Specifically, while

authors such as Pepin, Choppin, et al. (2017) have discussed how digital resources can
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blur boundaries between pedagogy and assessment, as well as the shift from static
print to dynamic/interactive digital curriculum resources, teachers in this study were
not fully leveraging these possibilities. Pepin, Choppin, et al. (2017) argued that
developments such as assessment in adaptive learning systems and using digital
resources for formative assessment offers new dimensions in assessment form and
function. These factors contribute to the expanding space of interaction associated
with digital resources, enabling personalized learning and diverse forms of
engagement with the materials (Yerushalmy et al., 2017). However, teachers without
the digital skills may face difficulties in designing and selecting appropriate digital
resources due to the ever-changing nature of these resources (Pepin, Choppin, et al,,
2017).

Phase 2 findings further revealed limitations in teachers' abilities to use digital
resources for assessment and addressing students’learning needs. None of the Phase
2 teachers named specific applications for creating or conducting assessments using
digital resources. This aligns with Pepin, Choppin et al’s (2017) argument that
although digital resources provide expanded interactive spaces for personalized

learning and engagement, teachers face difficulties in integrating these resources.

6.6.3. Improvisation of digital assessment methods during the

pandemic

Although teachers did not generally use digital tools for assessment, Phase 2 teachers
implemented improvised methods for digitizing assessments such as sharing
handwritten tests via WhatsApp (see Section 54.2, p. 209). However, these
approaches were aimed at replicating rather than transforming traditional practices.
Although some success was achieved in the short term through these practices
(Gandolfi & Kratcoski, 2020; Pécsova et al.,, 2021; Scully et al,, 2021), the pandemic-
induced solutions cannot be characterized as skilful, strategic digital integration. For
example, Phase 2 revealed that teachers instructed students to photograph
completed worksheets for submission via WhatsApp. This strategy represents a
digitized duplication of paper-based tests rather than purposefully designed digital
assessments as suggested by Pepin, Choppin et al. (2017) and (Yerushalmy et al., 2017).
Moreover, the consistency of strategies across different Phase 2 teachers suggests
that existing skill levels constrained innovative practices. (Pepin, Choppin, et al., 2017;

Pepin, Gueudet, et al., 2017; Yerushalmy et al., 2017) all showed the potential of digital
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resources to enable more adaptive, interactive, and integrative assessments. Features
like adaptive releases, embedded formative checks, and multidimensional analytics
can enhance learning outcomes (Kem, 2022). However, this study found little

evidence that teachers were capitalizing on these possibilities.

These limitations were more evident in the practices of rural government
schoolteachers (i.e., T1, T5 and T6), which is consistent with the finding of Zubairi et
al’s. (2022) post-pandemic report. They also found limited use of online resources
and less use of digital tools for student assessment in Pakistan, particularly among
rural schoolteachers. However, their report was not subject specific. Nevertheless,
other literature, as reviewed in Sections 2.3.4 shows that mathematics teachers in
other countries during the COVID-19 pandemic made innovative uses of online
resources for both teaching and assessment (Ferdig et al., 2020; McAndrew et al.,
2021; Syahrin et al., 2023).

In brief, the emergency response to the pandemic evidenced teachers’ aptitude in
adopting technology when essential. It also revealed a lack of expertise in using
digital applications tailored to unique need, particularly for assessment. Simply
digitizing traditional methods represents an emergent (Hartshorne et al., 2020) but
limited stage of digital competencies (Martin & Grudziecki, 2006). The findings align
with the literature suggesting that teacher readiness still lags behind the possibilities

that digital resources can provide (Dockendorff, 2020; Trouche et al., 2020).
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6.7. EXPLICATING THE INTER-CONSTRUCT CORRELATIONS

As detailed in Section 2.4.9.2, the modified DCTMT framework (see Figure 7, p. 80)

consists of five main constructs:

—_

Personal orientation (P_O)

Specialized digital resources knowledge (SDRK)
Knowledge of digital resources and students (KDRS)
Knowledge of digital resources and teaching (KDRT) and

v b~ W N

Knowledge of digital resources and curriculum (KDRC)

KDRS, KDRT, and KDRC, collectively contribute to teachers professional
instrumental genesis (IG) whereas SDRK is more linked with personal instrumental
genesis (IG). Additionally, the constructs KDRS, KDRT, and KDRC constitute core
components of Digital Pedagogical Resources Knowledge (DPRK). Along with SDRK,
DPRK contributes to a teacher's overall Mathematical Digital Knowledge for Teaching
(MDKT), which brings together the content, pedagogical, and technological

capabilities required in digital environments.

Up to this point, the focus of Chapter Six has been on discussing what Phase 1 and
Phase 2 findings reveal about high school mathematics teachers' digital
competencies in the context of Pakistan and examining these findings in relation to
the pertinent literature. Discussion has included explanation of intra-construct
correlations, that is correlation between distinct items within each construct of the
modified DCTMT framework. Transitioning into the current section, I discuss the
relationships between (inter-construct) the five constructs of the modified DCTMT
framework. 1 calculated inter-construct correlations to understand relationships
across the overarching constructs and their sub-constructs (as shown in Table 23, p.
169). These correlations not only provided overall empirical evidence across the
constructs, but also facilitate understanding of how knowledge and skills defined by
one construct (e.g., SDRK) may relate to another (e.g., KDRT). Figure 16 depicts the

inter-construct correlations of the modified DCTMT framework.
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Figure 16

Inter-construct correlations of the modified DCTMT framework

\ 2
\ 0.24 | y;

Note. Personal IG stands for personal instrumental genesis, Professional IG for
professional instrumental genesis. DPRK is Digital Pedagogical Resources
Knowledge. Whereas P_O, SDRK, KDRS, KDRT, and KDRC are the five constructs of
the modified DCTMT framework.

As shown in Figure 16, all five constructs positively correlated with each other. To
explain this complex interplay between the constructs and sub-constructs, each of
them are visually differentiated by distinct colours. Correlations exceeding 0.6 are
emphasized in red to draw attention to the strongest associations in the framework
and enable quick interpretation. The following sections explicate each meaningful

correlation further.

6.7.1. Correlation between KDRS, KDRT and KDRC

The strong (p > 0.6) positive inter-construct correlations (see Figure 16, p. 262)
between KDRS, KDRT, and KDRC highlight the interconnected nature of teachers’
knowledge domains encompassing digital resources, students, teaching, and
curriculum. This association emphasizes the importance of comprehensively
approaching teachers' Digital Pedagogical Resources Knowledge (DPRK) and being
aware of its correlation with KDRS, KDRT, and KDRC. Studies such as that of (Koehler
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et al, 2013) have emphasized the interconnectedness of teachers' professional
knowledges and competencies. In digital pedagogy, (Mishra & Koehler, 2006) TPACK
framework proposes that teaching with technology requires understanding of the
interplay between technological knowledge, pedagogical knowledge, and content
knowledge. The correlations between KDRS, KDRT and KDRC support this idea and
emphasize that teachers integrate digital resources (technological knowledge) within

their pedagogical and content knowledge (Clark-Wilson et al., 2020).

The strong correlation (p = 0.85) between KDRS and KDRT signifies that teachers
attuned to digital affordances for enriching student learning are likely to be better
equipped to align these resources with pedagogical strategies (Carreira & Jacinto,
2019; Dockendorff, 2020). Based on Rokeach's (1968) idea of centrality, KDRS and
KDRT can be considered central components of mathematical digital knowledge of
teaching (MDKT). The centrality of KDRS and KDRT, along with the strong connection
of KDRT with KDRC, emphasize that understanding these knowledge domains can
play an important part in understanding and developing mathematics teachers’
digital competencies. This is consistent with the literature (Pepin, Gueudet, et al,,
2017; Trouche et al, 2020), which suggests that teachers who integrate digital
resources aligned with curriculum goals are likely to be well-positioned to select
digital resources to align with and augment specific learning objectives. The Phase 2
teachers (T2, T3, and T4) demonstrated these connections between the KDRS, KDRT,
KDRC in practice. They supplemented their teaching with customized videos
targeting student needs during the COVID-19 pandemic (as exemplified in
comments on p. 196, 199, 203). Their approach shows teachers’ personal fluency with
digital tools (SDRK) enabled them to effectively apply digital resources to aid their
teaching (KDRT) in alignment with needs (KDRS) they perceived from analysing the
curriculum (KDRO).

6.7.2.  Factors influencing SDRK

Figure 16 (p. 262) shows relatively weak correlations between SDRK and three of the
four constructs in the modified DCTMT framework. For example, SDRK weakly
correlated with KDRC (p = 0.24), KDRT (p = 0.35), and P_O (p = 0.37). The only
strong correlation of SDRK is with KDRS, which is well aligned with literature such as
Drijvers et al. (2010) and Ruiz-Lépez (2018). (Drijvers et al., 2010) considered that, in
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digital environments, mathematics teachers with adequate personal instrumental
genesis facilitate the instrumental genesis of their students (students becoming
competent with technology). As explained in Section 2.4.9, SDRK reflects teachers'
personal instrumental genesis, whereby teachers use digital resources for their own
subject matter and pedagogical knowledge acquisition (Tabach & Trgalova, 2020).
This self-driven aspect of digital competence then enables a teacher to recognize
more possibilities for learners and may facilitate introducing digital resources to
students in pedagogically meaningful ways (Ruiz-Lopez, 2018). Therefore, while
constructs such as KDRT and KDRC focus outwardly on application to teaching and

curriculum, SDRK emphasizes the inwards cultivation of digital competencies.

Another significantly weak correlation was between SDRK and personal orientation
(P_O). (p = 0.37) which suggests that there may be other factors that contribute more
strongly to an individual's level of SDRK. This study identified factors such as socio-
religious context, perceptions, training, and availability of digital resources playing
roles in shaping teachers’ beliefs about using digital resources. These external factors
likely moderate SDRK levels, irrespective of underlying beliefs. This contradicts
research that highlights personal beliefs as determinants of technology adoption
(Schenfeld, 2011), with perceptions of usefulness driving acceptance (Antonietti et al.,
2022). The weak SDRK-P_O association suggests a possible inconsistency between
conceptual models and the realities of resource-constrained educational

environments such as Pakistan.

The findings suggest beliefs need to be viewed along with other drivers in predicting
personal use of digital resources and understanding digital competencies. Other
factors may contribute, especially in the context of resource-constrained
environments, which may present additional barriers to realizing technological

potential.

6.7.3.  Explaining weaker KDRC correlations

The construct KDRC also demonstrated relatively weaker correlations with two other
constructs. KDRC's correlation with P_O was 0.3, 0.24 with SDRK. Both P_O and SDRK
reflect self-driven perceptions about mathematics and using digital resources. The

only strong (red) correlation was with KDRT i.e., teachers knowledge of digital
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resources and teaching. This critical connection aligns with findings from studies by
Pepin, Choppin, et al. (2017) and Trouche et al. (2018), reinforcing the importance of
curriculum alignment with teaching using digital resources. Nonetheless, other
correlations were under the 0.6 threshold, suggesting potential additional factors

driving KDRC development.

A possible reason behind these weaker correlations may stem from the inherent
complexity of the curriculum itself. The curriculum encompasses diverse elements,
including learning objectives, teaching strategies, and assessment methods. All are
crucial for integrating digital resources into specific mathematics topics (de Araujo
et al., 2017). However, as discussed in Section 6.5.1, The mathematics teachers in this
study did not report that they integrated digital resources into the curriculum, and
they conducted assessments using them. Teachers in both phases acknowledged a
lack of ideas for curriculum design and the difficulty in choosing suitable digital
resources from the abundance of options available online. Trouche et al. (2018) helps
to explain these difficulties as studies have emphasized the need for teachers to have
enhanced design expertise due to the changing nature of digital resources (Pepin,
Choppin, et al,, 2017). As is evident throughout this study, there are also contextual

and situational pressures which influence curriculum choices.

Five of the Phase 2 teachers (T2, T3, T4, T5, and T6) focussed lessons on examination
patterns rather than maximizing learning outcomes and students’ needs (e.g., see T2's
comment on p. 180). This leaves little room for perceiving the importance of digital
resources in enhancing understanding of mathematical concepts. As Mishra (2019)
discusses, skilled integration involves matching digital tools to specific educational

contexts.

It is possible that teachers’ knowledge of digital resources and how to integrate them
into the curriculum is influenced by a wide range of factors beyond those measured
by the framework. Other constructs in the framework, such as SDRK, KDRS, and
KDRT may be more directly related to the use of digital resources in mathematics
teaching and be better measures of digital competencies. Alternatively, KDRC and
P_O may be indirect factors in the use of digital resources in mathematics teaching
and may be influenced by other factors beyond those included in the framework. As
(Partelow, 2023) discusses, sometimes it is hard to include all concepts

(factors/constructs) in the framework.
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6.7.4. The Interplay of personal and professional instrumental

genesis

The correlations between the constructs also reflect association between personal
and professional instrumental genesis. As previously mentioned, personal
instrumental genesis can be referred to as the SDRK construct (Tabach & Trgalova,
2020). It involves constructing and adopting digital tools to become an "instrument
for math work," a resource that enhances teacher’'s own mathematical understanding
and competency (Haspekian, 2011, p. 2300). This is personally motivated facet of
digital competencies centred on building knowledge and skills in using a variety of
digital resources. In contrast, professional instrumental genesis entails taking those
personalized mathematics learning instruments and evolving them further into
"didactical instruments for math teaching” (Haspekian, 2011, p. 2300). This constitutes
appropriating previous tools to serve pedagogical purposes in conveying and
demonstrating mathematics concepts for others. Thus, professional instrumental

genesis can be collectively represented by KDRS, KDRT and KDRC.

The relatively strong SDRK-KDRS correlation (p = 0.82) highlights that personal
instrumental genesis is related to recognition of student affordances. Moreover,
SDRK contributes to the wider set of constructs that constitute a teacher's
overarching Digital Pedagogical Resources Knowledge (professional instrumental
genesis) which enables the purposeful integration of technology into pedagogy
(previously discussed in Section 6.71). The correlations suggest personal and
professional instrumental genesis are strongly linked to each other and are not

independent processes (Haspekian, 2011).

In conclusion, the correlations among the constructs demonstrate the complex
structure of relationships within the components of the framework. This complexity
highlights the need for and importance of a multifaceted approach in developing
digital pedagogies in mathematics education. Standalone competencies can be
productive but insufficient. Coupling personal knowledge and skills with student
teaching and curriculum is essential for optimizing digital tools in practice, enabled

by instrumental knowledge accrual across domains.

266



6.8. CHAPTER SUMMARY

In this chapter, I discussed both Phase 1 and Phase 2 findings. I focused on the
relationships between teachers' beliefs about mathematics education and aspects of
their digital competencies. The discussion highlighted the prevalence of
memorization-centric teaching approaches and the nexus between instrumental
understanding, socio-cultural influences, and religious affiliation. The discussion
showed textbooks, memorization, and problem-solving practices shape Pakistani
teachers' beliefs and there is an impact of resource constraints on how they navigate
these beliefs. The examination suggested that thinking about the use of textbooks is
evolving and changing and that there are also inconsistencies in teachers’ beliefs.
Findings showed that core beliefs about memorization, textbooks, signs and symbols

and are likely central for many Pakistani mathematics teachers.

In addition, I discussed how beliefs about mathematics teaching and learning, access
to and use of digital resources, knowledge of digital resources and students,
knowledge of digital resources and teaching, and knowledge of curriculum and
assessment are all interconnected. While most teachers acknowledged potential
benefits of digital resources, limited personal experience, social context, and barriers
hindered integration. A detailed discussion of the relationship between knowledge
of videos, equation editors, professional development and digital competencies was
also presented. The discussion related to other digital resources showed the
untapped potential of DGS and spreadsheets and the influence of teaching culture

that limited using these resources for professional purposes.

The findings revealed that the pandemic prompted teachers to improvise in their use
of digital resources. Teachers with limited professional support and training shifted
to online teaching and learning. This highlights the crucial role of self-learning in
developing digital competencies. The COVID-19 pandemic ignited both resilient
adaptation and assessment digitization rather than fundamental practice
transformation, pointing to needs for sustained competency scaffolding. The
discussion also confirmed a link between professional development and the
development of digital competencies. Moreover, the divide between urban and rural

teachers in terms of curriculum design capacity was also evident.

267



The digital competencies framework used in this study was useful for understanding
mathematics teachers' digital competencies. Empirical evidence confirmed that the
modified DCTMT framework provided a structured approach to examining the
multifaceted aspects of teachers' knowledge and skills related to personal-
professional use of digital resources. The framework's five key constructs (P_O, SDRK,
KDRS, KDRT, and KDRC) allowed for a comprehensive analysis of teachers' digital
competencies. They proved beneficial in highlighting the interplay between the
constructs and their role in shaping teachers' digital competencies. However, a few
constructs are found to be better predictors of digital competencies than others.
Furthermore, the framework aligns with existing research on the
interconnectedness of teachers' professional knowledge and competencies,
specifically emphasizing the need for digital pedagogical resources knowledge
(DPRK) in mathematics education. The findings further suggest that it might be useful
to incorporate the recognition of contextual factors that influence digital
competencies. Factors could include the availability of resources, socio-economic

context, and access to training and professional development opportunities.
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CHAPTER SEVEN

7. CONCLUSION

7.1. INTRODUCTION

In this PhD study, I examined the digital competencies of high school mathematics
teachers in Pakistan. I wanted to understand what Pakistani high school teachers
think about digital resources and how they integrate them into teaching and learning
mathematics. Employing a mixed-methods approach, I undertook two distinct
phases of data collection. Phase 1 involved an online survey to gather quantitative
data and Phase 2 captured qualitative insights using in-depth semi-structured
individual interviews with teachers. I used statistical analysis to find patterns and
trends in the online survey data. For Phase 2, I analyzed and interpreted semi-
structured interviews using predefined themes. This combination of methods
revealed results that demonstrate the challenges Pakistani teachers encounter,
available opportunities, and teacher viewpoints on integrating technology in their
mathematics classrooms. The findings highlight the complexities of using digital
resources in mathematics education, particularly in the context of a resource-

constrained environment in a developing country.

In this final chapter, I reflect on the importance of this study and how it contributes
to ongoing conversation and initiatives to improve mathematics education in the
digital age. This chapter has six sections (7.1 to 7.6). Section 7.1 is introduction, The
next section (Section 7.2) highlights the main scholarly contributions of this research.
The implications of these contributions are presented in Section 7.3. In Section 7.4, I
make suggestions for future research. The limitations of the research are presented
in Section 7.5, and Section 7.6 provides concluding thoughts about the research

process and findings.
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7.2. MAIN CONTRIBUTIONS OF THE STUDY

This study makes valuable scholarly contributions by illuminating the digital
competencies of high school mathematics teachers in Pakistan, a context marked by
specific cultural, socio-economic, and educational characteristics. The research
addresses crucial gaps in the literature by shifting the focus from students' use of
digital resources to understanding teachers’ digital competencies and their beliefs
about using digital resources in their teaching. This shift is particularly important in
the high school context, where teachers play a pivotal role in preparing students for
tertiary education and everyday applications. Beyond its significance for Pakistan,
this study contributes insights which can inform mathematics teacher training and
professional development initiatives across the mathematics teaching and learning
community. These contributions are set out as follows: Section 7.2.1 highlights the
importance of modification and empirical evidence for the DCTMT framework;
section 7.2.2 outlines the crucial aspects of mathematics teachers’ beliefs about
mathematics teaching and learning; the interplay between teachers' beliefs, access
to digital resources, and competencies in using them for mathematics education is
presented in Section 7.2.3; the challenges posed by training and the resilience
exhibited by teachers, particularly during the COVID-19 pandemic are presented in
Section 7.2.4 and 7.2.5.

7.21. Modification of and empirical evidence for the DCTMT

framework

The foundation of this thesis rests on the Digital Competencies for Teaching
Mathematics with Technology (DCTMT) framework (see Figure 6, p. 75) which was,
identified through an extensive literature review. This framework serves as a
structured guide, offering a comprehensive understanding of high school
mathematics teachers’ digital competencies. The five essential constructs in the
framework (P_O, SDRK, KDRS, KDRT, and KDRC) shed light on the intricate interplay
between these elements and elucidate their combined influence on teachers' digital
competencies. All stages of data collection and analysis in this study align with the
DCTMT framework. In relation to this framework, I have made two significant

contributions.
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First, based on my analysis and understanding of the current literature, I have made
a modification to the framework. I have moved from the term “digital content” with
its potentially restrictive meaning, to “digital resources.” This adjustment enables the
exploration of how teachers curate and create digital resources for specific purposes,
including their competencies in utilizing collaborative and personalized platforms
like social media. This adjustment enabled understanding of the informal resources
teachers generate to complement traditional materials such as textbooks and
highlight the teacher's role in navigating evolving digital content, especially in

challenging scenarios like the COVID-19 pandemic.

Second, this study provides empirical evidence supporting the benefits of the
DCTMT framework. Previously, the framework had been applied only to analyse
policy documents on teachers' digital competencies. There were no studies that used
the framework for collecting empirical evidence. Tabach and Trgalova (2020), the
authors of the framework, recommended its use in empirical studies to assess
mathematics teachers' digital competencies. The findings presented in this study
have filled this empirical void and provided evidence by employing both quantitative
and qualitative methods. The findings revealed that the constructs within the DCTMT
framework are positively correlated. These correlations (see Table 23, p. 169), some
weak and some strong, identify the intricate relationships between different
components of digital competency for mathematics teaching. The correlations
further reveal that teachers’ competence in one area may signify proficiency in
others. Thus, the empirical evidence from this study supports the idea that the digital
competencies of mathematics teachers is a multi-construct phenomenon that

requires a multifaceted approach for investigation.

7.2.2. Insight into the crucial aspects of teachers’ beliefs about

mathematics teaching and learning

With the help of the empirical evidence, I was able to understand different aspects
related to the digital competencies of high school mathematics teachers in Pakistan.
Firstly, my work has provided greater insight into crucial elements of teachers’ beliefs
about mathematics, and their perspectives on teaching and learning. These insights
contribute to the ongoing inquiry into teachers’ beliefs, values, and preferences

about mathematics teaching and learning. I examined seven beliefs about
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mathematics teaching and learning and found that, despite challenges, teachers held
beliefs across the multifaceted dimensions of mathematics teaching and learning.
The identification of central beliefs, coupled with insights into practical pedagogical
approaches, enriches understanding of how teachers conceptualize and implement
their beliefs in the classroom. These beliefs are crucial perspectives when
considering Pakistani teachers’ uptake of digital resources, showing the potential to
use digital resources. Some of the most significant insights are recapitulated in the

next part of this conclusion.

The study showed the prevalence of teachers’ belief in the importance of
memorisation in mathematics learning. Repeated evidence of teachers’ strong belief
in memorizing rules, facts, and formulas, demonstrates that memorisation is a
familiar and well-entrenched pedagogical practice among them. I found that socio-
cultural, religious contexts, and other factors such as examination question patterns
and the “type of teaching” they prompted were reasons for a focus on memorization
(see Section 6.2.1). These findings provided deeper insights into the teachers’ beliefs,

which revealed their relationship with ideas about mathematics textbooks.

Limited evidence exist that examined the relationships between beliefs about the
importance of mathematics textbooks and other beliefs about mathematics teaching
and learning. This study revealed (see Table 12, p. 145) that teachers' reliance on
textbooks and their instructional choices are interconnected. Notably, using
Rokeach’s (1968) concept of central beliefs, in this study, I identified beliefs about
textbooks, memorization, and using signs, symbols, and notations as the central
beliefs of high school mathematics teachers in Pakistan. The finding showed that
these central beliefs have strong connections with other beliefs in teachers' belief

systems.

Not only does this study shed light on the relationship between different teacher
beliefs, but it also highlights the importance of context in shaping beliefs and
practices. The study's focus on a resource-constrained environment provides
context-specific knowledge, revealing how teachers navigate challenges while

adhering to their beliefs.
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7.2.3. Interplay between teachers’ beliefs, access, and competencies

The empirical evidence from this study unravels the interplay between access to
digital resources, teachers' beliefs, and their competencies, highlighting the
dynamics shaping Pakistani mathematics teachers' knowledge and use of digital
resources. Drawing on the data from both research phases, I elaborated on the
various dimensions of teachers' beliefs, which encompassed the role of digital
resources in teaching mathematics, promoting student engagement, fostering self-
regulation, and addressing potential distractions. The study found that teachers hold
positive beliefs about and have knowledge of using digital resources to enhance
students' learning. This contributes to the existing literature on teachers’ beliefs and
provides an additional perspective on the effects of a resource-constrained
environment. The findings highlighted a mismatch between mathematics teachers’
beliefs and their actual access to and knowledge of mathematics-specific digital

resources.

An important contribution of this study lies in the finding that despite knowledge of
personal use of digital resources, teachers consider that they had the limited ability
to make professional use of mathematics-specific digital resources in their teaching
practices. It found that government schoolteachers, who had the least access to
digital resources, face additional challenges due to limited infrastructure and
internet access at schools. This predicament was exemplified by the comment of one
teacher (T5) who said, “neither do we have the facilities, nor do we do the type of
teaching... (here) there are no such things as digital resources” While generally
teachers were constrained by poor resources and other contextual factors from
experimenting with the use of digital resources, the study did indicate increase
access to videos and graphics due to their easy access and availability. Teachers
showed skills in searching, selecting, creating, and using videos for teaching and
learning mathematics. Teachers may have acquired these skills through personal use,
allowing them to use videos and graphics effectively in their profession. However, it
was also suggested that this prevalence of specific resources such as videos could
deter Pakistani teachers from using a range of other useful and innovative digital

resources in mathematics education.
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7.2.4. Link between training, self-learning, teachers’ resilience and

digital competencies

The empirical evidence provides a deeper understanding of the link between
training, self-learning, and digital competencies. This finding is an important
contribution as it reveals an interesting paradox among teachers concerning their
interaction with digital resources. Although, teachers endorsed the importance of
digital resources in mathematics teaching. However, they perceived themselves as
inadequately trained and have limited access to these resources. This highlights a
disconnect, between beliefs and realities on the ground. The teachers are placed in
a situation where the application of what they saw as beneficial was constrained by

barriers.

7.2.5. This coexistence of endorsement and inhibition lead teachers
to use their own initiatives to introduce digital resources. But
the continuity of such efforts needs to be complemented by
formal professional development, mentoring, and a
supportive infrastructure. For instance, the relatively high
knowledge of equation editors highlights skill development
through workarounds and self-learning. However, sole
reliance on self-learning can be unsustainable. Influence of

COVID-19 on beliefs and digital competencies

This study makes a notable contribution to the evolving landscape of COVID-19
teaching and learning literature. The findings (Sections 4.6.1 and 5.6) highlighted the
impact of the pandemic on the beliefs and digital competencies of Pakistani
mathematics teachers. The identification of the pivotal role played by the COVID-19
pandemic in changing teachers’ beliefs about digital resources and enhancing the
development of their digital competencies constitutes a novel insight in the Pakistani
context. The observed increase in use of digital resources during the pandemic
reflects a practical adaptation by teachers to the new educational landscape.
Teachers, (such as T2, T3 and T4), engaged in self-learning, and devised innovative
workarounds to teach mathematics digitally. The positive impact on teachers'

confidence, stemming from the affordances and situational use of digital resources
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during the pandemic, signified an important shift in their digital competencies.
Teachers'beliefs evolved based on firsthand experience, leading to new digital skills.
This study thus contributes new knowledge by documenting how the unique
circumstances of the COVID-19 pandemic served as a catalyst for changing beliefs
and enhancing digital competencies among Pakistani mathematics teachers. The
adaptive strategies such as assessment methods using WhatsApp employed by the
teachers in response to unprecedented challenges, can be improved and used

beyond the pandemic era.
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7.3. IMPLICATIONS

This study’s contributions have several implications for understanding teachers’
beliefs, policy, practices, professional development, and mathematics teaching. In
this section, I first present the implications highlighting the need for leveraging
central beliefs (Section 7.3.1). The implications extend to policy considerations,
emphasizing the importance of policies that support the development of teachers'
digital competencies in mathematics education (Section 7.3.2). Then I present
implications for teachers' professional development, highlighting the necessity of
tailored programs (Section 7.3.3). Lastly, I highlight the implications for teachers and
the need for them to navigate the evolving landscape of mathematics education in
Section 7.3.4.

7.3.1.  Leveraging central beliefs to enhance digital competencies

and teaching practices

This study demonstrates the role and interconnected nature of teachers' beliefs
within the digital competencies’ framework. Based on these findings it is
recommended that consideration of beliefs needs to play a role in the development
of mathematics teachers’ digital competencies. Teacher training programs could
include modules that encourage teachers to reflect on their beliefs regarding digital
resources. This reflective process can help professional development initiatives
aimed at developing digital competencies. Curriculum developers can ensure that
educational materials and resources align with teachers' beliefs and teaching
methods. They can do this by incorporating teachers' feedback into the development
process, ensuring that textbooks and resources address specific classroom needs
and challenges. They may also encourage teachers to try different teaching

approaches, in addition to their traditional instrumental pedagogy.

The findings related to beliefs further indicate that culturally sensitive interventions
are essential, given that socio-cultural and religious contexts influence teaching
practices in Pakistan. Teachers’ central beliefs, including notions about textbooks,
memorization, and using symbols and notations, offer an opportunity for teacher
training endeavours. Findings reinforce the importance of context and the

recognition that teachers' beliefs do not develop in isolation and that beliefs are not
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separate entities. Teacher training programs and ongoing professional development
initiatives need to acknowledge teachers' central beliefs and design targeted
interventions, such as belief-aligned workshops, reflective practice sessions,
collaborative discussions on integrating technology with core pedagogical values,
and mentorship programs, to enhance teaching approaches and use of digital
resources in the classroom. Overall, the implications of the findings reside in the
importance of understanding the interconnection between teachers' belief systems,
digital competencies, and the potential for innovative mathematics teaching

practices in a resource-constrained environment.

7.3.2.  Implications for policy

This study finds that the mathematics teaching and learning environment in
Pakistani schools faces a variety of challenges. These challenges include a shortage of
qualified high school mathematics teachers, resources, poor infrastructure, and a
reliance on traditional teaching methods. These findings have important
implications for education policy, especially in resource-constrained environments

such as Pakistan.

The findings implies that policy needs to focus on improving existing teachers’
professional development setup, teaching methods, teaching resources and
supportive infrastructure. It is argued that improvements in these areas could have
a significant impact on the overall current mathematics education in Pakistan. By
prioritizing and addressing key challenges such as teachers supply, resources, and
technological infrastructure, policymakers can start laying the foundation for

broader changes in the long run.

It is argued that policy needs to acknowledge and build on current practices. While
there is room for improvement and integration of digital resources, it is essential to
build on the strengths of traditional methods that provide value in certain contexts.
Policy can promote blending instrumental and conceptual understanding with
digital resources. The focus of policy can be on creating a balanced learning
environment that equip teachers with the knowledge and skills, allow them to
combine traditional teaching approaches, such as memorization and textbook-

centred pedagogy with the knowledge of using digital resources. Policy can achieve
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this by designing and implementing professional development initiatives that
encourages the use of mathematics-specific digital resources (like DGS) and blend
them with local practices. This blend of approaches can enhance teachers' skills and
capacity and may help them generate their own ideas to integrate technology into

their existing curriculum and teaching practices.

Another policy consideration is promoting a growth mindset among teachers
regarding technology integration. Our findings indicate that teachers have resilience
and a self-learning attitude that could be encouraged to develop digital
competencies. Massive Open Online Courses (MOOCs) like Coursera can facilitate
this development. Access to these platforms can address limited professional
development and promote inclusivity by offering free or affordable access to high-
quality educational content. MOOCs provide courses from global institutions,
enabling teachers to acquire and update skills relevant to teaching and learning
mathematics at their own pace. This approach complements teachers' self-learning
efforts in Pakistan, allowing them to engage, collaborate, and continuously learn from
global academic leaders. MOOCs can enhance collaboration between teachers,
minimizing barriers to peer interaction, and promoting an appreciation for diverse
perspectives, such as those from early-career teachers. However, above all,
policymakers need to address the digital divide and ensure equitable access to
technology and internet connectivity, particularly in rural areas. It is important to
bridge the gap in technology infrastructure and ensure that all teachers have equal

opportunities to access digital resources.

7.3.3.  Implications for teachers’ professional development (PD)

The study findings have several important implications for the teachers’ training and
professional development (PD). Most teachers were dissatisfied with current PD
efforts. They criticized PD programmes for teaching non-specific mathematics
approaches and including limited technology applications. Teachers who were
trained in the last five years (such as T6), noted various issues like teachers being
forced by academic leaders to adopt low-cost or free methods for teaching and

learning activity.

Based on these findings, a number of steps could be considered as follows.
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e Incorporate Teachers' Feedback into PD Design: Teachers' feedback can
reveal shortcomings in current PD programs, allowing for tailored and

relevant initiatives.

e Engage Academic Leaders: Dialogue with academic leaders responsible for
teacher training can bridge gaps between their expectations and teachers'
needs. Interviews or surveys can help understand their perspectives and

challenges.

e Include Digital Competencies in Pre-Service and In-Service Training:
Addressing the discrepancy between advocated teaching approaches and
constraints faced by pre-service teachers can prepare future teachers for

modern digital classrooms.

The approaches including, incorporating teachers' feedback, engaging academic
leaders, and adjusting pre-service training can enhance the digital competencies of
mathematics teachers in Pakistan. Another finding suggests the need for PD focusing
on personal instrumental genesis. Teachers' familiarity with digital resources often
comes from self-learning, leading to a reliance on videos and graphics. PD should
address this by introducing mathematics-specific digital tools, designing interactive
digital lessons, and utilizing technology for formative assessment. Encouraging
diverse use of digital resources can help overcome biases and enhance overall digital

competencies.

The picture emerging from this study of significant self-education initiatives about
digital tools was prompted in the first instance by the realities and challenges of the
COVID-19 pandemic. Teachers mentioned their capacity for self-learning and
resourcefulness in acquiring digital skills. Future PD programmes need to explore
how self-learning initiatives can support teachers in developing their digital
competencies. PD programmes can introduce them to relevant online tutorials,
courses, encourage them to participate in webinars, access open educational
resources, and actively engage with online communities and networks of teachers.
These strategies can help teachers to stay motivated, maintain their well-being, and

effectively navigate the demands of their profession.

In resource-constrained environments, blending self-learning with structured

professional development (PD) allows teachers to learn at their own pace while
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benefiting from expert guidance and peer collaboration. Self-learning could offer
flexible, accessible, and cost-effective training opportunities. Further research is
needed to examine the effectiveness of these blended approaches in developing
digital competencies. Education systems may acknowledge this form of professional
growth, provide recognition, and support, and bridge the gap between self-learning
and formal PD. PD initiatives may combine self-directed learning with structured
institutional support, exploring their long-term impact and identifying strategies for

teacher training.

7.3.4. Implications for teachers

The empirical evidence from this study suggests several implications for
mathematics teachers. The findings suggest teachers have limited resources,
inadequate PD opportunities, and work within their social context of teaching. But
that teachers significantly contribute to shaping this social context. The findings
reveal a tendency among teachers to prefer traditional methods and have limited
opportunities to explore other pedagogical approaches, particularly those involving
integrating technology into their teaching practices. This environment hinders the
creation of opportunities for digital integration in educational settings. Teachers
needs to take actions, decisions, or collective practices, to change and create a social

context that provide more opportunities than constraints.

Constraints, such as peer pressure and traditional teaching methods within schools,
may stem from the teachers themselves. For example, T3, an early career teacher,
hesitated to embrace her potential and expertise in digital competencies. Despite
having a sound understanding of technological tools, she mentioned a lack of
confidence in applying these skills in her teaching practice. T3 hesitated because she
thought she was more knowledgeable than her experienced colleagues. A limited
mindset may stem from a desire to avoid possible conflict with peers. Self-imposed
curbs can hinder teachers’ willingness to try new approaches. From an institutional
point of view, a supportive and encouraging culture of innovation that provides
opportunities for collaborative learning and sharing of best practices can reduce the
impact of peer pressure. From an individual standpoint, teachers can transform their
own teaching approaches through self-learning and development as well as

advocate for reformed organizational cultures that foster more pedagogical
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autonomy, collaborative support, and reduced peer pressure. Instead of waiting for
systemic changes, equitable resource allocation, professional development
opportunities, and supportive leadership, teachers can take steps towards growth
and progress. To develop their digital competencies, teachers must leapfrog

contextual constraints and create a self-empowering environment.

One way in which teachers can recognise and foster their own digital competencies
is through becoming involved in academic research. During the data collection I
faced resistance from teachers about engaging in this research. Research can allow
teachers to stay abreast of the latest development and critically assess and apply
evidence-based practices in their teaching. For teachers, it is important to explore,
evaluate, and use knowledge from current research that align with curriculum goals
and pedagogical approaches. Furthermore, research-based evidence can help
teachers to persuade school leaders of the importance of and strategies for

employing digital resources.
Overall, it is argued that teachers can undertake some of the initiatives for change

themselves. They can engage in more experimentation, embrace risks, and draw

insights from their experiences.
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74. POTENTIAL AVENUES FOR FUTURE RESEARCH

This study's empirical evidence provides comprehensive understanding of the
digital competencies and associated beliefs of mathematics teachers. The
investigation also delineates potential avenues for future research. In this section, I
present unexplored dimensions within the current study's scope and propose areas
that merit deeper investigation. The section starts with the ideas for future research
designed to examine the utility of mathematics-specific digital resources (Section
74.1). Following this, I discuss the feasibility of mixed-methods for the future
research in Section 7.4.2. In the last Section 7.4.3, I explore the complexities of the

digital competencies framework’s constructs.

7.4.1.  Research designed to examine the utility of mathematics-

specific digital resources

A small number of participating teachers knew about mathematics-specific digital
resources like DGS and its potential for teaching and learning mathematics. This

finding has several implications for the future research.

Future research can employ comparative study design to compare the effectiveness,
impact, or outcomes of using mathematics-specific digital resources with existing
teaching methods or resources. In these studies, it would be important to assess the
impact of access to resources and infrastructure on developing digital competencies
in local contexts. These studies can compare several aspects of teachers and
teaching. For instance, I found a gap in competencies of government and private
schoolteachers as well as between rural and urban teachers. Future comparative
studies can be conducted within the same educational context, where different
groups of teachers are assigned to use either digital resources or traditional teaching
methods. Alternatively, research could compare outcomes across different schools

(government and private) that have varying levels of access to digital resources.

Another potential focus for comparative research could be examining the cultural
and contextual factors influencing digital competencies in mathematics teaching
across different countries or regions Research of this nature can highlight the

variations in teachers' beliefs, attitudes, and practices regarding the use of
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mathematics-specific digital resources and inform the development of culturally
responsive strategies for enhancing digital competencies in diverse educational

settings.

7.4.2. Feasibility of mixed-methods approaches for future research

In this study, I used mixed-methods encompassing sequential use of a quantitative
online survey followed by qualitative semi-structured interviews. This approach
enabled both breadth and depth of analysis and provided insights into the
complexity of digital competencies’ constructs. Quantitative data provided a broad
overview of the prevalence and patterns of digital competencies among teachers.
Complementing this the qualitative data offered deeper insights into teachers'
experiences, beliefs, perceptions, barriers, facilitators, as well as unique challenges

that high school mathematics teachers face in using digital resources in Pakistan.

Linking the qualitative themes to pre-identified quantitative constructs also allowed
for triangulation and cross-validation. For example, interview insights on resource
limitations were mapped to survey results on technology access barriers and COVID-
prompted belief changes were connected to measured teacher belief constructs.
Overall, integrating two datasets and analytical lenses strengthened the reliability,
credibility and confidence of the research inquiry. This study demonstrated the
feasibility of using mixed-methods to examine issues in mathematics education such
as digital competencies. It offered a comprehensive, triangulated understanding of
the topic, explored contextual factors and individual experiences, including teachers'

voices.

One major drawback that occurred in this research was that due to the COVID-19
lockdown, I was unable to undertake classroom observations. Teachers were at
home and did not have access to their official documents or lesson plans. Future
research can include classroom observations (including documents) as part of a
mixed-methods approach to gain a deeper and richer understanding of how
teachers integrate digital resources in teaching, learning and curriculum design.
Through classroom observations, researchers can identify challenges and successes,
and explore the specific strategies used by teachers to engage students and facilitate

learning using technology. This rich qualitative data can complement the survey data
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used in this study. This would allow a comprehensive analysis of teachers' digital

competencies and their impact on student learning.

Classroom observations could also facilitate incorporation of students’ perspectives
and experiences, crucial for understanding the impact of digital resources on their
mathematics learning. Researchers can include student interviews, surveys, or focus
groups to gather students’ perceptions of how specific teacher digital skills

contribute to their engagement, understanding, and problem-solving skills.

7.4.3. Future research exploring the constructs of the DCTMT

framework.

Future research can address several key areas identified by the study's findings
related to the constructs of the DCTMT framework (as shown in Figure 7, p. 80).
Firstly, future research could explore the factors influencing the levels of SDRK, given
its weak correlations with three constructs in the modified DCTMT framework.
Investigating additional factors beyond beliefs, such as resource availability, access
to training, and socio-cultural influences, and understanding how these factors

moderate SDRK is essential for a comprehensive understanding.

Secondly, a deeper exploration of the relationship between beliefs, particularly
personal orientation (PO), and digital competencies is warranted. The study suggests
a potential inconsistency between conceptual models and the realities of resource-
constrained educational environments. The study suggests that conceptual models
linking beliefs to usage may have limitations in low-access environments or may
overlook crucial variables. Future research can emphasize how teachers'beliefs align

with or diverge from factors influencing their digital skills.

Thirdly, future research can examine the impact of contextual factors, including
socio-religious context and resource constraints, on the framework constructs. This
involves assessing how cultural and religious beliefs shape attitudes towards digital
technology in education and evaluating the effects of limited resources on the
effectiveness of technological PD initiatives. Inadequate training and PD
opportunities, identified as potential barriers, require further exploration within the

specific context of resource-constrained environments.
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Fourthly, a view of the drivers influencing digital competencies is crucial. Future
studies may investigate factors such as teachers’ personal and professional beliefs
about digital technology, the quality, relevance, and accessibility of training
programs, and external contextual constraints like socio-economic conditions,
institutional support, and infrastructure availability. This comprehensive
understanding could illuminate the multifaceted nature of teachers' digital

competencies.
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7.5. LIMITATIONS

The study's findings should be interpreted with caution, considering limitations that
impact their generalizability. This section addresses these limitations to present a
nuanced understanding of the research. It begins by examining potential limitations
associated with the Digital Competencies for Teaching Mathematics with Technology
(DCTMT) framework (Section 7.5.1). Subsequently, the discussion extends to
encompass limitations related to the broader context, including constraints and
challenges faced, with specific attention to the unprecedented situation of COVID-
19 (Section 7.5.2). Lastly, I highlight potential limitations associated with the personal
biases inherent in my research that may have influenced certain aspects of the study
(Section 7.5.3). This thorough exploration of limitations serves as a critical reflection

to enhance the credibility of the study's findings.

7.5.1. Potential limitations associated with the framework

I modified and used DCTMT framework introduced by Tabach and Trgalova (2020).
While the framework provided a structured approach, its specificity may have
restricted the exploration of aspects not represented by the five constructs of the
framework. This may have resulted in the potential oversight or under-
representation of certain dimensions of teacher digital competencies. For instance,
the framework may not have fully accounted for the influence of socio-religious and

cultural beliefs on digital competencies for the Pakistan context.

Moreover, absence of directional arrows between framework constructs made
inferring or empirically testing relationships/causality between competencies
challenging. Arrows in a framework typically signify the directionality or causality
between concepts, helping to clarify how one concept influences or affects another
(Partelow, 2023).

One significant challenge faced during the study was the inflexibility of the
framework in adapting to emerging trends, such as the COVID-19 teaching and
learning. Frameworks are important research tools typically developed based on
existing knowledge (Partelow, 2023). They are developed in well-resourced settings

that assume consistent access and ideal conditions. However, during the pandemic
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technology and digital practices changed rapidly. The changes, including rapid shifts
in teachers' digital competencies to transition to online teaching and learning and
changing beliefs about technology use, were not anticipated during the development
of the research instrument based on the framework's constructs. As a result,
modifications had to be made to the survey instrument. I had to incorporate
additional items to capture the COVID-19-related aspects. This adaptation allowed
for an examination of teaching and learning strategies during the pandemic.
However, it resulted in an increased length of the online survey, which may have

potentially impacted teachers' engagement and response rates.

[ also encountered challenges in finalizing the items for the construct KDRT
(knowledge of digital resources and teaching). KDRT encompasses a wide range of
teaching aspects in the context of digital technologies. These include, but are not
limited to, familiarity with mathematics-specific digital resources, content curation
abilities, digitized pedagogies, online feedback and support mechanism, digital
citizenship and online safety and digital/online ethics. The multidimensionality of
this construct may require additional items to fully capture the attributes associated
with it. Alternatively, the construct may need to be further divided into sub-
constructs that align with the field of mathematics education and highlight the
integration of digital resources within the discipline. Examples of possible sub-

constructs are provided here:

1. Mathematical Pedagogical Knowledge and Digital Resources (MPKDR): This
sub-construct may focus on mathematics teachers' knowledge and skills
related to the pedagogical aspects of using digital resources in mathematics
education. It will cover the understanding of instructional strategies, the use
of mathematics-specific digital resources, and knowledge of affordances
offered by these resources for mathematical teaching and learning. The
suggested name "Mathematical Pedagogical Knowledge and Digital Resources
(MPKDR)" for the sub-construct aligns with mathematics education and the
integration of technology. It may capture the essential elements related to
mathematics teachers' knowledge and skills in using digital resources for

mathematics teaching and learning.
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2. Mathematical Digital Content Knowledge (MTCK): This sub-construct may
emphasize mathematics teachers' knowledge and understanding of the
mathematical content. It could involve the ability to design, create, modify,
select, adapt, and present digital content that supports mathematical teaching,

considering the specific context of mathematics education.

The existing set of items, although carefully developed, may not capture the entirety

of teachers' knowledge of digital resources and teaching (KDRT).

7.5.2. COVID-19 pandemic

[ started my PhD journey in November 2019, almost three months before the COVID-
19 lockdown in New Zealand. The unprecedented challenges of COVID-19 pandemic
introduced several limitations for my study. I intended to use mixed-methods to
collect data using a survey, face-to-face interviews, and teacher documents to
investigate the digital competencies of high school mathematics teachers in Pakistan.
However, in March 2020, during New Zealand’s first COVID-19 lockdown, I realised
that my data collection efforts would be limited to being completed online. I created
a Facebook page to reach a country-wide target population of mathematics teachers
in Pakistan. While online methods allowed for wider reach and convenient data
gathering, it also posed limitations. For instance, as most teachers were confined to
their homes during the COVID-19 lockdown, they did not have access to their official
documents and artifacts. Teachers’ documents could have provided further context
for and evidence of their digital competencies. Lockdown and travel restrictions also
restricted in-person interactions and observations. Therefore, I had to rely on online

surveys and interviews using the Zoom application.

7.5.3. Personal biases

Throughout the research process, I managed and mitigated potential personal biases.
I ensured that my background in mathematics education, digital resources, and
curriculum development would not influence the selection of research questions,
data analysis, or interpretation of the findings. I scrutinized my biases, assumptions,
and perspectives, particularly during critical decisions, such as modifying
terminology in the mathematics teachers' digital competencies framework. Using the

reflexive diary further ensured continuous self-awareness and transparency
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throughout my research journey. However, despite all the efforts, it is possible that
my own biases and preconceived notions may have influenced the interpretation of

the data.
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7.6. CONCLUDING THOUGHTS

The findings of this research extend beyond the specific context of Pakistan, offering
valuable insights for mathematics education globally. For example, the challenges
revealed in the current study, such as inadequate training and resource constraints
for digital integration, are common in educational systems, especially in developing
and resource-constraint environments. Understanding the influence of socio-
religious contexts, on teachers' beliefs and practices provides a framework for
exploring similar dynamics in other countries. The blended approach for PD, which
combines self-learning with structured in-service and pre-service training, offers a
flexible model that balances autonomy with expert guidance, relevant to diverse
educational settings. Insights into the impact of teachers'beliefs on their use of digital
technology can inform the design of PD programs worldwide. Strategies to address
resource constraints can also serve as inspiration for similar solutions in other

contexts.

The modification of and empirical evidence for the DCTMT framework provided a
comprehensive lens for examining teachers' digital competencies. However, it has
limitations in not evaluating classroom practice. Future research could explore
additional methodologies to gain a more comprehensive understanding of teachers'

digital competencies.

The implications of this study’s findings are far-reaching, extending to policy
development, mathematics education research, and the design of teacher
professional development programs. The resonance of these findings has been
acknowledged through fruitful engagements in conferences and publications,
contributing substantively to the ongoing scholarly discourse in mathematics
education. These conferences and publications provided valuable platforms for
engaging with the mathematics education community and being part of a scholarly

conversation.

The four-year trajectory of this research has not been without its trials, and I extend
my deepest gratitude for the unwavering support received along this arduous path.
Two and a half years away from family, exacerbated by the challenges imposed by

the COVID-19 pandemic, have underscored the resilience required in the pursuit of
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knowledge. Communicating with respondents amidst the pandemic and navigating
the complexities of ensuring the survey reached the right audience presented

formidable challenges, which were met with determination and perseverance.

Looking ahead, my commitment to advancing the educational landscape remains
unwavering. I plan to continue research, collaboration, and investment in
mathematics education. Particularly, 1 intend to delve into further research
endeavours that build upon the foundations laid by this study. Future research
endeavours will unlock layers of complexity surrounding teachers' digital
competencies and their profound impact on beliefs, students' engagement,
problem-solving prowess, and overall mastery of mathematics. This commitment
extends to a broader horizon, where I aspire to shape educational policies that
prioritize the integration of digital resources and the professional development of

teachers, especially in resource-constrained environments.

291



REFERENCES

Agresti, Alan. (2010). Analysis of Ordinal Categorical Data. (2nd ed.). John Wiley & Sons,
Inc. https://doi.org/10.2307/2531302

Akhter, N., Akhtar, M., & Abaidullah, M. (2015). The perceptions of high school
mathematics problem solving teaching methods in mathematics education.
Bulletin of Education and Research, 3A1), 55-77.

Aksakal, N. (2015). Theoretical View to The Approach of The Edutainment. Procedia -
Social and Behavioral Sciences, 186,1232-1239.
https://doi.org/10.1016/j.sbspro.2015.04.081

Alabdulaziz, M. S. (2021). COVID-19 and the use of digital technology in mathematics
education. Education and Information Technologies, 266), 7609-7633.
https://doi.org/10.1007/s10639-021-10602-3

Alam, F., Igbal, K., & Igbal, M. (2021). Comparative analysis of public and private school
sectors: A case study of Karachi, Pakistan. Pakistan Journal of Educational
Research, 42),174-198. https://doi.org/10.52337/pjer.v4i2.421

Albano, G., & Dello Iacono, U. (2019). GeoGebra in e-learning environments: a possible
integration in mathematics and beyond. Journal of Ambient Intelligence and
Humanized Computing, 10(11), 4331-4343. https://doi.org/10.1007/s12652-018-
1111-x

Alberola-Mulet, ., Iglesias-Martinez, M. J., & Lozano-Cabezas, 1. (2021). Teachers’
beliefs about the role of digital educational resources in educational practice: a
qualitative study. Education Sciences, 115), 14.
https://doi.org/10.3390/educscill050239

Ali, Z,, Shah, R., & Ahmad, N. (2023). Determining The Science , Technology,
Engineering , And Mathematics Teaching Capabilities Of Educators In. In Journal
of Positive School Psychology (Vol. 7, Issue 4, pp. 11-28).

Amirali, M., & Halai, A. (2010). Teachers’ knowledge about the nature of mathematics: A
survey of secondary school teachers in Karachi, Pakistan. Bulletin of Education
and Research, 322), 45.

Amirali, M., & Halai, A. (2021). Teachers ' perceptions about mathematics in a socio-
religious context : A case from Pakistan. EURASIA Journal of Mathematics,
Science and Technology Education, 1/A12). https://doi.org/10.29333/ejmste/11434

Anabousy, A., & Tabach, M. (2022). In-Service mathematics teachers’ pedagogical
technology knowledge development in a Community of Inquiry context.
Mathematics, 10(19), 1-17. https://doi.org/10.3390/math10193465

Antonietti, C., Cattaneo, A., & Amenduni, F. (2022). Can teachers’ digital competence
influence technology acceptance in vocational education? Computers in Human
Behavior, 13A0ctober 2021), 107266. https://doi.org/10.1016/j.chb.2022.107266

ASER Pakistan. (2020). Measuring the impact of COVID-19 on education in Pakistan.

Aslam, S., Saleem, A., Kennedy, T. ]., Kumar, T., Parveen, K., Akram, H., & Zhang, B. H.
(2022). Identifying the Research and Trends in STEM Education in Pakistan: A
Systematic Literature Review. SAGE Open, 123).
https://doi.org/10.1177/21582440221118545

Atique, M., Htay, S. S., Mumtaz, M., Khan, N. U,, & Altalbe, A. (2024). An analysis of E-
governance in Pakistan from the lens of the Chinese governance model. Heliyon,
10(5), €27003. https://doi.org/10.1016/j.heliyon.2024.e27003

Awan, R.-N,, Ghazala, N., & Anjum, N. (2011). A study of relationship between

292



achievement motivation, academic self concept and achievement in English and
mathematics at secondary level. International Education Studies, 43), 72-79.
https://doi.org/10.5539/iesv4n3p72

Bakia, M., Mitchell, K., & Yang, E. (2007). State strategies and practices for educational
technology: Volume I - Examining the Enhancing Education Through Technology
program.

Ball, D. L, Thames, M. H., & Phelps, G. (2008). Content knowledge for teaching: What
makes it special? Journal of Teacher Fducation, 595), 389-407.
https://doi.org/10.1177/0022487108324554

Banister, S., & Vannatta Reinhart, R. (2012). Assessing NETS - T performance in teacher
candidates. Journal of Digital Learning in Teacher Education, 2942), 59-65.
https://doi.org/10.1080/21532974.2012.10784705

Barana, A., Brancaccio, A., Conte, A, Fissore, C., Floris, F.,, Marchisio, M., & Pardini, C.
(2019). The Role of an Advanced Computing Environment in Teaching and
Learning Mathematics through Problem Posing and Solving. The 15th
International Scientific Conference ELearning and Software for Education
Bucharest, 11-18. https://doi.org/10.12753/2066-026X-19-070

Baron, J. D., & Bend, M. (2023). In Pakistan, quality education requires a difterent
approach—and more investment.

Beatty, B. J., Merchant, Z., & Albert, M. (2019). Analysis of student use of video in a
flipped classroom. TechTrends, 634), 376-385. https://doi.org/10.1007/s11528-
017-0169-1

Beghetto, R. A, & Sriraman, B. (Eds). (2017). Creative contradictions in education. Cross
disciplinary paradoxes and perspectives. In Creative Contradictions in Education
(Volume 1). Springer International Publishing. https://doi.org/10.1007/978-3-319-
21924-0_6

Beswick, K. (2012). Teachers' beliefs about school mathematics and mathematicians’
mathematics and their relationship to practice. Educational Studies in
Mathematics, 791), 127-147. https://doi.org/10.1007/s10649-011-9333-2

Beswick, K., & Fraser, S. (2019). Developing mathematics teachers’ 21st century
competence for teaching in STEM contexts. ZDM - Mathematics Education, 516),
955-965. https://doi.org/10.1007/s11858-019-01084-2

Biesta, G. (2015). Pragmatism and the philosophical foundations of mixed methods
research. In A. Tashakkori & C. Teddlie (Eds.), SAGE Handbook of Mixed Methods
in Social & Behavioral Research (pp. 95-118).
https://doi.org/10.4135/9781506335193.n4

Borba, M. C,, Askar, P, Engelbrecht, J., Gadanidis, G., Llinares, S., & Aguilar, M. S. (2016).
Blended learning, e-learning and mobile learning in mathematics education.
ZDM - Mathematics Education, 48(5), 589-610. https://doi.org/10.1007/s11858-
016-0798-4

Bozkurt, G., & Ruthven, K. (2017). Classroom-based professional expertise: a
mathematics teacher’s practice with technology. Fducational Studies in
Mathematics, 943), 309-328. https://doi.org/10.1007/s10649-016-9732-5

Bozkurt, G., & Uygan, C. (2020). Lesson hiccups during the development of teaching
schemes: a novice technology-using mathematics teacher’s professional
instrumental genesis of dynamic geometry. ZDM - Mathematics Education, 527),
1349-1363. https://doi.org/10.1007/s11858-020-01184-4

Brien, E. O. (2020). Enhancing 21st century learning using digital learning objects and
multiple intelligence theory: A conceptual model. In £xamining multiple
intelligences and digital technologies for enhanced learning opportunities (pp.

293



19-40). IGI Global. https://doi.org/10.4018/978-1-7998-0249-5.ch002

Cabero-Almenara, J., Romero-Tena, R., & Palacios-Rodriguez, A. (2020). Evaluation of
teacher digital competence frameworks through expert judgement: The use of
the expert competence coefficient. Journal of New Approaches in Educational
Research, 92), 275-283. https://doi.org/10.7821/naer.2020.7.578

Caena, F, & Redecker, C. (2019). Aligning teacher competence frameworks to 21st
century challenges: The case for the European Digital Competence Framework
for Educators ( Digcompedu). European Journal of Education, 543), 356-369.
https://doi.org/10.1111/ejed.12345

Calder, N. (2015). Apps: Appropriate, applicable, and appealing? In T. Lowrie & R.
Jorgensen (Zevenbergen) (Eds.), Digital Games and Mathematics Learning:
Potential, Promises and Pitfalls (pp. 233-250). Springer Netherlands.
https://doi.org/10.1007/978-94-017-9517-3_12

Calder, N., Jafri, M., & Guo, L. (2021). Mathematics education students’ experiences
during lockdown: Managing collaboration in elearning. Education Sciences, 114),
1-16. https://doi.org/10.3390/educscil1040191

Carey, L. B, Sadera, W. A, Cai, Q., & Filipiak, S. (2020). Creating a community of
practice for educators forced to transition to remote teaching. In 7eaching,
Technology, and Teacher Education During the COVID-19 Pandemic: Stories from
the Field (pp. 251-255). Association for the Advancement of Computing in
Education (AACE).

Carreira, S., & Jacinto, H. (2019). A Model of Mathematical Problem Solving with
Technology: The Case of Marco Solving-and-Expressing Two Geometry
Problems. In Mathematical Problem Solving: Current Themes, Trends, and
Research (pp. 41-62). Springer Nature Switzerland. https://doi.org/10.1007/978-3-
030-10472-6_3

Carretero, S., Vuorikari, R., & Punie, Y. (2019). DigComp 2.1: The Digital Competence
Framework for Citizens. With eight proficiency levels and examples of use.
European Union. https://doi.org/10.2760/38842

Chowdhury, S. A., Arefin, A. S. M. S., & Ahmed, F. (2020). Factors behind the
implementation of STEM education in Bangladesh. Journal of Physics:
Conference Series, 15631). https://doi.org/10.1088/1742-6596/1563/1/012064

Christopoulos, A., & Sprangers, P. (2021). Integration of educational technology during
the Covid-19 pandemic: An analysis of teacher and student receptions. Cogent
Education, &1). https://doi.org/10.1080/2331186X.2021.1964690

Clark, R. E. (1985). Confounding in Educational Computing Research. Journal of
Educational Computing Research, 42), 137-148. https://doi.org/10.2190/HC3L-
G6YD-BAK9-EQBS5

Clark-Wilson, A., Robutti, O., & Thomas, M. (2020). Teaching with digital technology.
ZDM - International Journal on Mathematics Education, 547),1223-1242.
https://doi.org/10.1007/S11858-020-01196-0

Coleman, K., & MacDonald, A. (2020). What Are Artists and Art Educators Teaching Us
About How We Can Conceive and Deliver Teacher Professional Learning Into the
Future ? In Teaching, Technology, and Teacher Education During the COVID-19
Pandemic: Stories from the Field (pp. 13-16). Association for the Advancement of
Computing in Education (AACE).

Constitution of Pakistan, 222 (2012).

Corlett, S., & Mavin, S. (2018). Reflexivity and Researcher Positionality Contributors: In
A. L. Catherine Cassell (Ed.), The SAGE Handbook of Qualitative Business and
Management Research Methods: Methods and Challenges (pp. 377-398). SAGE

294



Publications Ltd. https://doi.org/10.4135/9781526430236

Creswell, ]. W., & Creswell, ]. D. (2018). Research design: Qualitative, quantitative, and
mixed methods approaches (Fifth Edit). Sage publications.

Crompton, H. (2015). Pre-service teachers’ developing technological pedagogical
content knowledge (TPACK) and beliefs on the use of technology in the K-12
mathematics classroom: A review of the literature. In C. Angeli & N. Valanides
(Eds.), Technological Pedagogical Content Knowledge Exploring, Developing, and
Assessing TPCK (pp. 239-250). Springer US. https://doi.org/10.1007/978-1-4899-
8080-9_12

Crompton, H., & Traxler, J. (2015). Mobile learning and Mathematics: Foundations,
Design, and Case Studies (H. Crompton & J. Traxler, Eds.). ROUTLEDGE; Taylor
&Francis. https://doi.org/10.1093/elt/ccsO64

Dabbagh, N., & Kitsantas, A. (2012). Personal Learning Environments, social media, and
self-regulated learning: A natural formula for connecting formal and informal
learning. /nternet and Higher Education, 151), 3-8.
https://doi.org/10.1016/j.iheduc.2011.06.002

Dasgupta, C., Magana, A. J., & Vieira, C. (2019). Investigating the affordances of a CAD
enabled learning environment for promoting integrated STEM learning.
Computers and Education, 129September 2017), 122-142.
https://doi.org/10.1016/j.compedu.2018.10.014

Dawn. (2021, April 27). No exams to take place in the country till June 15: Shafqat
Mahmood - Pakistan - DAWN.COM. Dawn News.

de Araujo, Z,, Otten, S., & Birisci, S. (2017). Teacher-created videos in a flipped
mathematics class: digital curriculum materials or lesson enactments? ZDM -
Mathematics Education, 495), 687-699. https://doi.org/10.1007/s11858-017-0872-
6

Dockendorff, M. (2020). How can digital technology enhance mathematics teaching
and learning? In R. Z. Zheng (Ed.), Examining multiple intelligences and djgital
technologies for enhanced learning opportunities (pp. 216-243). IGI Global.
https://doi.org/10.4018/978-1-7998-0249-5.chO11

Doyle, A, Seery, N., Canty, D., & Buckley, J. (2019). Agendas, influences, and capability:
Perspectives on practice in design and technology education. /nfernational
Journal of Technology and Design Education, 291), 143-159.
https://doi.org/10.1007/s10798-017-9433-0

Drijvers, P, Doorman, M., Boon, P, Reed, H., & Gravemeijer, K. (2010). The teacher and
the tool: Instrumental orchestrations in the technology-rich mathematics
classroom. Educational Studies in Mathematics, 752), 213-234.
https://doi.org/10.1007/s10649-010-9254-5

Dundar, H,, Beteile, T., Ribout, M., & Deolalikar, A. (2014). Student learning in South Asia
- challenges, opportunities and policy priorities. The World Bank.

Dunning, J., Bhattacharya, S., Daniels, D., & Dunning, K. (2007). Virtual Learning Worlds
as a Bridge between Arts and Humanities and Science and Technology. Forum on
Public Policy Online, 200A3), 1-23.

Ernest, P. (1989). The impact of beliefs on the teaching of mathematics. In Mathematics
Teaching: The State of the Art (pp. 249-254). Falmer Press.

Ertmer, P. A, & Ottenbreit-Leftwich, A. T. (2010). Teacher technology change: How
knowledge, confidence, beliefs, and culture intersect. Journal of Research on
Technology in Education, 4243), 255-284.
https://doi.org/10.1080/15391523.2010.10782551

295



Ervin-Kassab, L. (2020). Playing with Faculty Kassab 2020. In Teaching, Technology,
and Teacher Education During the COVID-19 Pandemic: Stories from the Field
(pp. 17-22). Association for the Advancement of Computing in Education (AACE).

Esguerra-Prieto, B., Gonzalez-Garzon, N., & Acosta-Lépez, A. (2018). Herramientas de
software matematico para la ensenanza de nimeros complejos. Revista Facultad
de Ingenieria, 2/48), 79-90. https://doi.org/10.19053/01211129.v27.n48.2018.8403

Ferdig, R. E., Baumgartner, E., Hartshorne, R., Kaplan-rakowski, R., & Mouza, C. (2020).
Teaching, technology and teacher education during Covid 19 pandemic: Stories
from the field. Association for the Advancement of Computing in Education
(AACE).

Ferrare, J.]., & Hora, M. T. (2014). Cultural models of teaching and learning in math and
science: Exploring the intersections of culture, cognition, and pedagogical
situations. Journal of Higher Fducation, 856), 792-825.
https://doi.org/10.1353/jhe.2014.0030

Ferrari, A. (2012). Digital Competence in Practice: An Analysis of Frameworks. joint
Research Centre of the European Commission., 91. https://doi.org/10.2791/82116

Festinger, L. (1962). A Theory of Cognitive Dissonance. Stanford University Press.
https://books.google.co.nz/books?id=voeQ-8CASacC

Fletcher-Flinn, C. M., & Gravatt, B. (1995). The Efficacy of Computer Assisted Instruction
(CAID): A Meta-Analysis. Journal of Educational Computing Research, 143), 219-241.
https://doi.org/10.2190/51d4-{613-jghu-9m31

Franz, D., Marsh, H. E., Chen, J. I,, & Teo, A. R. (2019). Using Facebook for Qualitative
Research: A Brief Primer. Journal of Medical Internet Research, 21(8), e13544-
e13544. https://doi.org/10.2196/13544

Gadot, R., & Tsybulsky, D. (2023). Digital Curation as a Pedagogical Approach to
Promote Critical Thinking. Journal of Science Education and Technology, January,
1-10. https://doi.org/10.1007/s10956-022-10016-x

Gaffney, M. (2010). Enhancing Teachers Take-up of Digital Content: Factors and Design
Principles in Technology Adoption (p. 28). Ministerial Council for Education
Australia.

Galvis, H. A. (2012). Understanding beliefs, teachers’beliefs and their impact on the use
of computer technology. PROFILE: Issues in Teachers’ Professional Development,
14(2), 95-112.

Gandolfy, E., & Kratcoski, A. (2020). Coping During Covid-19 Building a Community of
Practice (CoP) for Technology Integration and Educational Reform in a Time of
Crisis. In Teaching, Technology, and Teacher Education During the COVID-19
Pandemic: Stories from the Field (pp. 169-173). Association for the Advancement
of Computing in Education (AACE).

GCI. (2018). Harnessing the power of connectivity. In Global Connectivity Index (Vol. 8,
Issue 4).

Gegenfurtner, A, Zitt, A, & Ebner, C. (2020). Evaluating webinar-based training: A
mixed methods study of trainee reactions toward digital web conferencing.
International Journal of Training and Development, 24(1), 5-21.
https://doi.org/10.1111/ijtd.12167

Gencturk, Y. C. (2012). Teachers mathematical knowledge for teaching, instructional
practices, and student outcomes. The University of Illinois at Urbana-Champaign.

Ghomi, M., & Redecker, C. (2019). Digital competence of educators (DigCompEdu):
Development and evaluation of a self-assessment instrument for teachers’ digital
competence. CSEDU 2019 - Proceedings of the Iith International Conference on

296



Computer Supported Education, (January), 541-548.
https://doi.org/10.5220/0007679005410548

Gleeson, J. (2022). Evolution of Irish curriculum culture: Understandings, policy,
reform and change. /rish Educational Studjes, 414), 713-733.
https://doi.org/10.1080/03323315.2021.1899028

Goddard, A. R. (2020). Remote coteaching norms for teachers of English learners. In
Teaching, Technology, and Teacher Education During the COVID-19 Pandemic:
Stories from the Field (pp. 3-6). Association for the Advancement of Computing
in Education (AACE).

Golden, A. R., Srisarajivakul, E. N., Hasselle, A. J., Pfund, R. A., & Knox, J. (2023). What
was a gap is now a chasm: Remote schooling, the digital divide, and educational
inequities resulting from the COVID-19 pandemic. Current Opinion in
Psychology, 52,101632. https://doi.org/10.1016/j.copsyc.2023.101632

Goldin, G. A. (1998). Representational Systems, Learning, and Problem Solving in
Mathematics. Journal of Mathematical Behavior, 1A2), 137-165.
https://doi.Org/10.1016/50364—0213(99)80056—1

Gonzalez, M. C,, Casillas Martin, S., Sanches-Ferreira, M., & Diogo, F. L. T. (2017). Do
gender and age affect the level of digital competence? A study with univer-sity
students. Journal of Communication, 15, 115-132.

Graham, C. R. (2011). Theoretical considerations for understanding technological
pedagogical content knowledge (TPACK). Computers and Education, 543), 1953-
1960. https://doi.org/10.1016/j.compedu.2011.04.010

Green, J., & Johnson-Whitt, E. (2020). Through the Constructivist Lens: A Vision for
Preparing Pre-Service Teachers for Online. In 7eaching, technology, and teacher
education during the COVID-19 pandemic: Stories from the field (pp. 379-385).
Association for the Advancement of Computing in Education (AACE).

Green, T. F. (1971). The activities of teaching. McGraw-Hill.
https://philpapers.org/rec/GRETAO-2

Gronseth, S., Fu, J., Hebert, W., & Zhang, H. (2020). Connecting Learners Through
Technology in COVID-19: Facilitating Pre-Service Teacher Collaboration During
the Pandemic. In 7eaching, Technology, and Teacher Education During the
COVID-19 Pandemic: Stories from the Field (pp. 179-185). Association for the
Advancement of Computing in Education (AACE).

Gros, B. (2015). Integration of Digital Games in Learning and E-learning Environments:
Connecting Experiences and Context BT - Digital Games and Mathematics
Learning: Potential, Promises and Pitfalls. In T. Lowrie & R. Jorgensen
(Zevenbergen) (Eds.), Digital Games and Mathematics Learning: Potential,
promises and pitfalls (pp. 35-53). Springer Netherlands.
https://doi.org/10.1007/978-94-017-9517-3_3

Guba, E. G, & Lincoln, Y. S. (1994). Competing paradigms in qualitative research. In N.
K. Denzin & Y. S. Lincoln (Eds.), Handbook of qualitative research (pp. 105-117).
Sage.

Guerreiro, S. (ed. ). (2017). Pedagogical Knowledge and the Changing Nature of the
Teaching Profession. In Centre for Educational Research and Innovation. OECD.

Gueudet, G. (2015). Resources at the Core of Mathematics Teachers Work. In S. J. Cho
(Ed.), Selected Regular Lectures from the 12th International Congress on
Mathematical Education (pp. 235-251). Springer International Publishing.
https://doi.org/10.1007/978-3-319-17187-6_14

Gueudet, G., Pepin, B., Sabra, H., & Trouche, L. (2016). Collective design of an e-
textbook: teachers’ collective documentation. Journal of Mathematics Teacher

297



Education, 192-3), 187-203. https://doi.org/10.1007/s10857-015-9331-x

Guin, D., & Trouche, L. (2002). Mastering by the teacher of the instrumental genesis in
CAS environments: necessity of intrumental orchestrations. ZDM - International
Journal on Mathematics Education, 345), 204-211.
https://doi.org/10.1007/BF02655823

Guo, P.J., Kim, J., & Rubin, R. (2014). How video production affects student
engagement: An empirical study of MOOC videos. Proceedings of the 1st ACM
Conference on Learning at Scale, 41-50. https://doi.org/10.1145/2556325.2566239

Gupta, G. (2002). A Handbook of Statistical Analyses using SAS. In The American
Statistician (Vol. 56, Issue 4). https://doi.org/10.1198/tas.2002.s208

Halai, A. (2017). Classroom as a Site for Teacher Learning: Emergence of a Paradigm
Shift in Mathematics Teacher Education in Pakistan. In Professional Development
of MathematicsTeachers, Mathematics Fducation - An Asian Perspective (pp. 159-
168). https://doi.org/10.1007/978-981-10-2598-3_12

Hamilton, E. R, Rosenberg, ]. M., & Akcaoglu, M. (2016). The Substitution Augmentation
Modification Redefinition (SAMR) Model: a Critical Review and Suggestions for its
Use. TechTrends, 60(5), 433-441. https://doi.org/10.1007/s11528-016-0091-y

Harmon-Jones, E., & Mills, J. (2019). An introduction to Cognitive Dissonance Theory
and an overview of current perspectives on the theory. In Cognitive dissonance:
Reexamining a pivotal theory in psychology (pp. 3-24). American Psychological
Association. https://doi.org/10.1177/109821408100200104

Hart, L. C., Smith, S. Z., Swars, S. L., & Smith, M. E. (2009). An examination of research
methods in mathematics education (1995-2005). Journal of Mixed Methods
Research, 1), 26-41. https://doi.org/10.1177/1558689808325771

Hartshorne, R., Baumgartner, E., Kaplan-rakowski, R., Mouza, C., & Ferdig, R. E. (2020).
Preservice and inservice professional development during the COVID-19
pandemic. Journal of Technology and Teacher Fducation, 282), 137-147.

Haspekian, M. (2011). The co-construction of a mathematical and a didactical
instrument. Proceedings of the Seventh Congress of the European Society for
Research in Mathematics Education, February, 2298-2307.

Hassan, N, Zaidi, S. S. Z., & Jafri, M. (2022). Students perceptions of service quality. A
comparative study of public and private sector universities in Pakistan. KASBIT
Business Journal, 151), 35-56.
https://www .kasbitoric.com/index.php/kbj/article/view/152

Hassan, Z. A., Schattner, P, & Mazza, D. (2006). Doing a pilot study: Why is it essential?
Malaysian Family Physician, 12 & 3), 70-73.

Hegedus, S. J. (2010). Appreciating scientificity in qualitative research. In B. Sriraman &
L. English (Eds.), Theories of Mathematics Fducation: Seeking New Frontiers (pp.
381-394). Springer Berlin Heidelberg. https://doi.org/10.1007/978-3-642-00742-
2_36

Hegedus, S., Laborde, C,, Brady, C., Dalton, S., Siller, H.-S., Tabach, M., Trgalova, ., &
Moreno-Armella, L. (2016). Uses of technology in upper secondary mathematics
education. In G. (Eds) Kaiser (Ed.), /ICME-13 Topical Survey (p. 43).
https://doi.org/10.1007/978-3-319-42611-2_1

Heine, S., Krepf, M., & Konig, J. (2023). Digital resources as an aspect of teacher
professional digital competence: One term, different definitions - a systematic
review. Fducation and Information Technologies, 284), 3711-3738.
https://doi.org/10.1007/s10639-022-11321-z

Herrington, J., Herrington, A., Mantei, J., Olney, I. W., & Ferry, B. (2009). New

298



technologies, new pedagogies: Mobile learning in higher education. Faculty of
Education, University of Wollongong.

Hong, Y. Y., & Thomas, M. O.]. (2006). Factors influencing teacher integration of
graphic calculators in teaching mathematics. 7he /1th Asian Technology
Conference in Mathematics, May, 234-243.

Howell, D. C. (2018). The treatment of missing data type of missingness (p. 24).
University of Vermont.

Hulon, S. 1, Tucker, M. H., & Green, A. M. (2020). Virtual Professional Learning for In-
Service Teachers to Support Teaching and Learning in Online Environments. In
Teaching, Technology, and Teacher Education During the COVID-19 Pandemic:
Stories from the Field (pp. 43-46). Association for the Advancement of Computing
in Education (AACE).

Hwa, S. P. (2018). Pedagogical Change in Mathematics Learning: Harnessing the Power
of Digital Game-Based Learning. Fducational Technology & Society, 214), 259-
276.

Intel Corporation. (2011). Digital Content in the K-12 Classroom. Educause Review,
20036202).

International Crisis Group. (2014). Education Reform in Pakistan: Asia Report N257.

Jaffer, K. (2010). School inspection and supervision in Pakistan: Approaches and issues.
Prospects, 403), 375-392. https://doi.org/10.1007/s11125-010-9163-5

Jafri, M. (2020). Teaching mathematics with digital content resources (DCR) in Pakistan.
A review of emerging frameworks in mathematics education research. Bahria
University Journal of Humanities & Social Sciences, 32), 14-38.
https://bahria.edu.pk/bujhss/

Jafri, M. (2022). Influence of the COVID-19 lockdown on high school mathematics
teachers " beliefs about using digital resources. Proceedings of the 44th Annual
Conference of the Mathematics Education Research Group of Australasia, July,
314-321

Jakobsen, J. C., Gluud, C., Wetterslev, J., & Winkel, P. (2017). When and how should
multiple imputation be used for handling missing data in randomised clinical
trials: A practical guide with flowcharts. BMC Medical Research Methodology,
1A1), 1-10. https://doi.org/10.1186/s12874-017-0442-1

Jamieson-Proctor, R., & Carmen, B. (2008). Primary Teachers’ Beliefs About the Use of
Mathematics Textbooks. Navigating Currents and Charting Directions
(Proceedings of the 31st Annual Conference of the Mathematics Education
Research Group of Australasia, 295-302.

Jasute, E., & Dagiene, V. (2012). Towards Digital Competencies in Mathematics
Education. International Journal of Digital Literacy and Digital Competence, 32),
1-19. https://doi.org/10.4018/jd1dc.2012040101

Junqueira, K. E. J. (2006). Student Teachers and Microsoft Word 's Equation Editor.
Interim: Interdisciplinary Journal K1), 38-44.

Kabir, A. (2021). Memorizing the Sacred in the Digital Age.

Kaiser, G., & Konig, J. (2019). Competence Measurement in (Mathematics) Teacher
Education and Beyond: Implications for Policy. Higher Education Policy, 324),
597-615. https://doi.org/10.1057/s41307-019-00139-z

Kalish, C. W., & Thevenow-Harrison, J. T. (2014). Descriptive and Inferential Problems
of Induction: Toward a Common Framework. In B. H. B. T.-P. of L. and M. Ross
(Ed.), Psychology of Learning and Motivation (Vol. 61, pp. 1-39). Academic Press.
https://doi.org/10.1016/B978-0-12-800283-4.00001-0

299



Kalolo, J. F. (2019). Digital revolution and its impact on education systems in
developing countries. Education and Information Technologies, 24(1), 345-358.
https://doi.org/10.1007/s10639-018-9778-3

Kang, H. (2013). The prevention and handling of the missing data. Korean Journal of
Anesthesiology, 64(5), 402-406. https://doi.org/10.4097/kjae.2013.64.5.402

Karakog, G., & Alacaci, C. (2015). Real World Connections in High School Mathematics
Curriculum and Teaching. Turkish Journal of Computer and Mathematics
Education (TURCOMAT), &1), 31. https://doi.org/10.16949/turcomat.76099

Karatas, I. (2014). Changing pre-service mathematics teachers’ beliefs about using
computers for teaching and learning mathematics: the effect of three different
models. European Journal of Teacher Education, 343), 390-405.
https://doi.org/10.1080/02619768.2013.870993

Kelentrié, M., Helland, K., & Arstorp, A.-T. (2017). Professional Digital Competence
Framework for Teachers (p. 74). Center for ICT in Education, Norway.

Kelle, U., & Buchholtz, N. (2015). The Combination of Qualitative and Quantitative
Research Methods in Mathematics Education: A “Mixed Methods” Study on the
Development of the Professional Knowledge of Teachers. In A. Bikner-Ahsbahs, C.
Knipping, & N. Presmeg (Eds.), Approaches to Qualitative Research in
Mathematics Education: Examples of (pp. 321-361). Springer Netherlands.
https://doi.org/10.1007/978-94-017-9181-6_12

Kem, D. (2022). Personalised and Adaptive Learning: Emerging Learning Platforms in
the Era of Digital and Smart Learning. /nternational Journal of Social Science and
Human Research, 0502), 385-391. https://doi.org/10.47191/ijsshr/v5-i2-02

Kerr, P. (2016). Adaptive learning. £LT Journal, 7((1), 88-93.
https://doi.org/10.1093/elt/ccv055

Khalil, M. (2016). Effect of GeoGebra (DGS) aided instructions on grade-12 students’
mathematical thinking and mathematical achievement in analytical geometry
[PhD Thesis, Northern University, Nowshera].
http://prr.hec.gov.pk/jspui/handle/123456789//7260

Khatri, K. K. (2020). Research Paradigm: A Philosophy of Educational Research.
International Journal of English Literature and Social Sciences, A5), 1435-1440.
https://doi.org/10.22161/ijels.55.15

Kleden, M. A. (2015). Analysis of Self-Directed Learning upon Student of Mathematics
Education Study Program. In Journal of Education and Practice (Vol. 6, Issue 20,
pp. 1-6).

Kocdar, S., Karadeniz, A., Bozkurt, A., & Buyuk, K. (2018). International Review of
Research in Open and Distributed Learning Measuring Self-Regulation in Self-
Paced Open and Distance Learning Environments Measuring Self-Regulation in
Self-Paced Open and Distance Learning Environments. /nternational Review of
Research in Open and Distributed Learning, 191), 1-20.
https://doi.org/10.19173/irrodl.v19i1.3255

Koehler, M. ], Mishra, P,, & Cain, W. (2013). What is Technological Pedagogical Content
Knowledge (TPACK)? Journal of Education, 1933), 13-19.
https://doi.org/10.1177/002205741319300303

Koehler, M. J., Mishra, P.,, & Yahya, K. (2007). Tracing the development of teacher
knowledge in a design seminar: Integrating content, pedagogy and technology.
Computers and Education, 493), 740-762.
https://doi.org/10.1016/j.compedu.2005.11.012

Kolovou, A., Van Heuvel-Panhuizen, M. Den, & Koller, O. (2013). An intervention
including an online game to improve grade 6 students’ performance in early

300



algebra. Journal for Research in Mathematics Education, 44(3), 510-549.
https://doi.org/10.5951/jresematheduc.44.3.0510

Lee, H., & Hollebrands, K. (2008). Preparing to teach mathematics with technology: An
integrated approach to developing technological pedagogical content knowledge.
Contemporary Issues in Technology and Teacher Education, 84), 326-341.

Lefoe, G. E., Olney, . W., Wright, R., & Herrington, A. (2009). Faculty development for
new technologies: Putting mobile learning in the hands of the teachers. In J.
Herrington, A. Herrington, J. Mantei, I. Olney, & B. Ferry (Eds.), New technologies,
new pedagogies: Mobile learning in higher education (pp. 15-27). University of
Wollongong.

Leidner, D. E., & Jarvenpaa, S. L. (1995). The use of information technology to enhance
management school education: A theoretical view. MIS Quarterly, 193), 265-291.

Leite, W., & Beretvas, S. N. (2010). The performance of multiple imputation for Likert-
type items with missing data. Journal of Modern Applied Statistical Method’s, A1),
64-74. https://doi.org/10.22237/jmasm/1272686820

Lemay, D. J., Bazelais, P., & Doleck, T. (2021). Transition to online learning during the
COVID-19 pandemic. Computers in Human Behavior Reports, 4,100130.
https://doi.org/10.1016/j.chbr.2021.100130

Lindsay, L., & Whalley, R. (2020). Building Resilience in New Zealand Schools Through
Online Learning. In 7eaching, Technology, and Teacher Education During the
COVID-19 Pandemic: Stories from the Field (pp. 55-58). Association for the
Advancement of Computing in Education (AACE).

Lloyd, G. (2002). Mathematics Teachers’ Beliefs and Experiences with Innovative
Curriculum Materials. In G. Leder, E. Phekonen, & G. E. Torner (Eds.), Beliefs: A
Hidden Variable in Mathematics Education? (pp. 149-159). Kluwer Academic
Publishers. https://doi.org/10.1007/0-306-47958-3_9

Lowrie, T., & Jorgensen, R. (2015). Digital games and mathematics learning: Potential,
promises and pitfalls. Springer London Dordrecht Heidelberg New York.
https://doi.org/10.1007/978-94-017-9517-3_1

Lynch-Arroyo, R., & Asing-Cashman, J. (2016). Using Edutainment to Facilitate
Mathematical Thinking and Learning: An Exploratory Study. Journal of
Mathematics Education, 42), 37-52.

Mabila, J. (2017). A sustainability framework for mobile technology integration in
schools: The case of resource-constrained environments in South Africa.
University of South Africa.

Mabila, J., Van Biljon, J., & Herselman, M. (2017). A sustainability framework for mobile
technology integration in schools: The case of resource-constrained
environments in South Africa [University of South Africal. In 7he Journal of
Community Informatics (Vol. 13, Issue 2). https://doi.org/10.15353/jociv13i2.3313

Maciejewski, W. (2019). Future-Oriented Thinking and Activity in Mathematical
Problem Solving. In P. Liljedahl & M. Santos-Trigo (Eds.), Mathematical Problem
Solving: Current Themes, Trends, and Research (pp. 21-38). Springer International
Publishing. https://doi.org/10.1007/978-3-030-10472-6_2

Maher, C,, Palius, M., Maher, ], Hmelo-Silver, C., & Sigley, R. (2014). Teachers Can Learn
to Attend to Students’ Reasoning Using Videos as a Tool. Issues in Teacher
FEducation, 231), 31-47.

Maher, D. (2020). Video Conferencing to Support Online Teaching and Learning. In
Teaching, technology, and teacher education during the COVID-19 pandemic:
Stories from the Field (pp. 91-96). Association for the Advancement of Computing
in Education (AACE).

301



Mahmood, K. (2011). Conformity to Quality Characteristics of Textbooks: The Illusion of
Textbook Evaluation in Pakistan. Journal of Research and Reflections in
Education, 542),170-190.

Makhdum, N., Makhdum, M., Khanam, A., & Rasool, H. (2023). Effect of using dynamic
graphical utilities on students’achievements and attitudes to enhance
mathematics teaching and learning at the elementary level in Pakistan: Enhancing
and impeding factors. Journal of Positive School Psychology, A1), 106-116.

Malik, M. (2015). Impact of Target Model on Achievement Goal Orientation of
Secondary School Students in the Subject of Mathematics. University of Punjab.

Maria, A., Manuel, J., Santos, D., & Santos, D. (2015). Using GeoGebra To Study Complex
Functions. 12th International Conference on Technology in Mathematics Teaching
ICTMT 12, 2013-2015.

Martin, A., & Grudziecki, J. (2006). DigEuLit: Concepts and tools for digital literacy
development. /nnovation in Teaching and Learning in Information and Computer
Sciences, 54), 249-267. https://doi.org/10.11120/ital. 2006.05040249

Mayer, R. E. (2003). Elements of a Science of E-Learning. Journal of Educational
Computing Research, 293), 297-313. https://doi.org/10.2190/YJLG-09F9-XKAX-
753D

McAndrew, ., O'Leary, J., Cotter, D., Cannon, M., MacHale, S., Murphy, K. C., & Barry, H.
(2021). Impact of initial COVID-19 restrictions on psychiatry presentations to the
emergency department of a large academic teaching hospital. /rish Journal of
Psychological Medicine, 382),108-115. https://doi.org/DOI: 10.1017/ipm.2020.115

McCarthy, J., & Wolfe, Z. (2020). Engaging parents through school-wide strategies for
online instruction. In 7eaching, Technology, and Teacher Education During the
COVID-19 Pandemic: Stories from the Field (pp. 7-12).

McDuffie, A. R, Foote, M. Q., Drake, C., Turner, E., Aguirre, J., Bartell, T. G., & Bolson, C.
(2014). Use of Video Analysis to Support Prospective K-8 Teachers’ Noticing of
Equitable Practices. Mathematics Teacher Fducator, A2),108-140.
https://doi.org/10.5951/mathteaceduc.2.2.0108

Mclnroy, L. B. (2016). Pitfalls, potentials, and ethics of online survey research: LGBTQ
and other marginalized and hard-to-access youths. Social Work Research, 40(2),
83-93. https://doi.org/10.1093/swr/svw005

Means, B., Toyama, Y., Murphy, R., Bakia, M., & Jones, K. (2009). Evidence-Based
practices in online learning: A meta-analysis and review of online learning
studies. In U.S. Department of Education.

Memon, A. B., & Tunio, M. N. (2022). Assessing the Potential of ICT Education at
Secondary Schools in Pakistan: A Comparative Study. PJERE, 10(2), 16-33.

Miller, M. (2009). Integrating Online Multimedia into College Course and Classroom:
With Application to the Social Sciences. Online Submission, 52), 395-423.

Ministry of Federal Education & Professional Training. (2018). NATIONAL
CURRICULUM FRAMEWORK PAKISTAN.

Ministry of Federal Education and Professional Training. (2017). National Education
Policy 2017-2025. GOVERNMENT OF PAKISTAN.
https://doi.org/10.3109/9781420017144.031

Mishra, P. (2014). Talking TPACK with Dr. Punya Mishra - YouTube [Broadcast]. The Ed
Tech Doctor.

Mishra, P. (2019). Considering Contextual Knowledge: The TPACK Diagram Gets an
Upgrade. Journal of Digital Learning in Teacher Education, 352), 76-78.
https://doi.org/10.1080/21532974.2019.1588611

302



Mishra, P., & Koehler, M. J. (2006). Technological pedagogical content knowledge: A
framework for teacher knowledge. In Teachers College Record (Vol. 108, Issue 6,
pp. 1017-1054). Blackwell Publishing. https://doi.org/10.1111/}.1467-
9620.2006.00684.x

Mok, I. A. C., & Clarke, D. J. (2015). The Contemporary Importance of Triangulation in a
Post-Positivist World: Examples from the Learner’s Perspective Study. In A.
Bikner-Ahsbahs, C. Knipping, & N. Presmeg (Eds.), Approaches to Qualitative
Research in Mathematics Education: Examples of Methodology and Methods (pp.
403-425). Springer Netherlands. https://doi.org/10.1007/978-94-017-9181-6_15

Molinillo, S., Aguilar-Illescas, R., Anaya-Sanchez, R., & Vallespin-Aran, M. (2018).
Exploring the Impacts of Interactions, Social Presence and Emotional
Engagement on Active Collaborative Learning in a Social Web-Based
Environment. Computers and Education, 1223November 2017), 41-52.
https://doi.org/10.1016/j.compedu.2018.04.012

Moreno, D., Palacios, A., Barreras, A., & Pascual, V. (2020). An assessment of the impact
of teachers’ digital competence on the quality of videos developed for the flipped
math classroom. Mathematics, 82). https://doi.org/10.3390/math8020148

Morge, S. P. (2020). Promoting mathematics problem solving and collaboration in
synchronous courses. In 7eaching, Technology, and Teacher Education During
the COVID-19 Pandemic: Stories from the Field (pp. 129-132). Association for the
Advancement of Computing in Education (AACE).

Mubeen, S., Saeed, S., & Arif, M. H. (2013). Attitiude towards Mathematics and
Achademic Achievement in Mathematics among Secondary Level Boys and Girls.
IOSR Journal of Humanities and Social Science, 64), 38-41.

Mughal, S. H., Asad, M. M., & Adams, D. (2021). Goals of the national mathematics
curriculum of Pakistan: educators’ perceptions and challenges toward
achievement. /nternational Journal of Educational Management, 351), 159-172.
https://doi.org/10.1108/IJEM-04-2020-0203

Mukaka, M. M. (2012). Statistics corner: A guide to appropriate use of correlation
coefficient in medical research. Malawi Medical Journal, 243), 69-71.

Munoz, J. L. R, Ojeda, F. M., Jurado, D. L. A,, Pena, P. F. P, Carranza, C. P. M., Berrios, H.
Q., Molina, S. U,, Farfan, A. R. M., Arias-Gonzales, J. L., & Vasquez-Pauca, M. J.
(2022). Systematic Review of Adaptive Learning Technology for Learning in
Higher Education. Furasian Journal of Educational Research, 202298), 221-233.
https://doi.org/10.14689/ejer.2022.98.014

Murphy, C., Abu-Tineh, A., Calder, N., & Mansour, N. (2021). Teachers and students’
views prior to introducing inquiry-based learning in Qatari science and
mathematics classrooms. 7eaching and Teacher Education, 104, 103367.
https://doi.org/10.1016/j.tate.2021.103367

Nacak, A., Baglama, B., & Demir, B. (2020). Teacher candidate views on the use of
youtube for educational purposes. Online Journal of Communication and Medja
Technologies, 10(2), 1-9. https://doi.org/10.29333/0jcmt/7827

Nadin, S., & Cassell, C. (2006). The use of a research diary as a tool for reflexive
practice: Some reflections from management research. Qualitative Research in
Accounting & Management, 33), 208-217.
https://doi.org/10.1108/11766090610705407

Nagel, I, Gudmundsdottir, G. B., & Afdal, H. W. (2023). Teacher educators’ professional
agency in facilitating professional digital competence. 7eaching and Teacher
Education, 132. https://doi.org/10.1016/j.tate.2023.104238

Nagle, T. (2020). COVID Notes from the Field: Differentiation in the Digital Classroom.

303



Georgia Educational Researcher, 142),1-3.
https://doi.org/10.20429/ger.2020.170206

Naidoo, J., & Singh-Pillay, A. (2020). Exploring Mathematics Teachers’ Professional
Development: Embracing the Fourth Industrial Revolution. Universal Journal of
Educational Research, 86), 2501-2508. https://doi.org/10.13189/ujer.2020.080634

National Education Assessment System. (2020). How much are our fourth graders
learning at school?

Naviwala, N. (2019). The Inside Story of Education Reform Efforts Gone Wrong Why
Can't Pakistani Children Read?

Ndambakuwa, S., & Brand, G. (2020). Commentary: Many students in developing
countries cannot access education remotely. The university of Chicago Harris
School of public policy. https://harris.uchicago.edu/news-events/news/

Niess, M. L. (2015). Transforming teachers’ knowledge: Learning trajectories for
advancing teacher education for teaching with technology. In C. Angeli & N.
Valanides (Eds.), Technological Pedagogical Content Knowledge: Exploring,
Developing, and Assessing TPCK (pp. 19-37). Springer London Dordrecht
Heidelberg New York. https://doi.org/10.1007/978-1-4899-8080-9

Nordin, N., Badioze Zaman, H., & Din, R. (2005). Integrating Pedagogy and Instructional
Design in the e-Learning Approach for the Teaching of Mathematics.
International Journal of the Computer, the Internet and Management, 131), 9-9.

Nugroho, K. U. Z., Widada, W., Zamzaili, & Herawaty, D. (2019). The ability to solve
mathematical problems through youtube based ethnomathematics learning.
International Journal of Scientific and Technology Research, &10), 1432-1437.

Pajares, M. F. (1992). Teachers’ beliefs and educational research: Cleaning up a messy
construct. Review of Educational Research, 6243), 307-332.
https://doi.org/10.3102/00346543062003307

Pakistan Institute of Education. (2024). National achievement test 2023.

Partelow, S. (2023). What is a framework? Understanding their purpose, value,
development and use. Journal of Environmental Studies and Sciences.
https://doi.org/10.1007/513412-023-00833-w

Pepin, B., Choppin, J., Ruthven, K., & Sinclair, N. (2017). Digital curriculum in
mathematics education: Foundations for change. ZDM - Mathematics Education,
495), 645-661. https://doi.org/10.1007/s11858-017-0879-z

Pepin, B., Gueudet, G., & Trouche, L. (2017). Refining teacher design capacity:
Mathematics teachers’ interactions with digital curriculum resources. ZDM -
Mathematics Fducation, 4945), 799-812. https://doi.org/10.1007/s11858-017-0870-
8

Pettersson, F. (2018). On the issues of digital competence in educational contexts - a
review of literature. Education and Information Technologies, 233), 1005-1021.
https://doi.org/10.1007/s10639-017-9649-3

Pierce, R., & Stacey, K. (2010). Mapping pedagogical opportunities provided by
mathematics analysis software. International Journal of Computers for
Mathematical Learning, 1X1), 1-20. https://doi.org/10.1007/s10758-010-9158-6

Pocsovd, ., Mojzisova, A., Takac, M., & Klein, D. (2021). The impact of the covid-19
pandemic on teaching mathematics and students’ knowledge, skills, and grades.
Education Sciences, 11(5). https://doi.org/10.3390/educscill050225

Potari, D. (2012). The Complexity of Mathematics Teaching and Learning in
Mathematics Teacher Education and Research. Journal of Mathematics Teacher
Education, 152), 97-101. https://doi.org/10.1007/s10857-012-9213-4

304



Puentedura, R. (2006). Transformation, technology, and education.

Qadeer, M. Z., Taj, T, Kakli, M. B., Piracha, Z. F,, Zia, M. A., & Imran, M. (2022). Pakistan
Education Statistics 2014-15 (Issue November).

Rabardel, P. (2002). People and technology: a cognitive approach to contemporary
instruments. (hal-010207). université paris.

Ramirez-Montoya, M. S., Andrade-Vargas, L., Rivera-Rogel, D., & Portuguez-Castro, M.
(2021). Trends for the future of education programs for professional development.
Sustainability (Switzerland), 1313), 1-17. https://doi.org/10.3390/sul3137244

Rana, S. (2023, April 6). Pakistan s Existential Economic Crisis. United States Institute
of Peace, 1-9.

Raza, M. (2016). The Effect of Interactive Sessions on the Academic Performance of
Students in E-Learning Institutions of Pakistan. Pakistan Journal of Distance &
Online Learning, IK1), 47-56.

Reddy, P, Sharma, B., & Chaudhary, K. (2020). Digital literacy: A review of literature.
International Journal of Technoethics, 142), 65-94.
https://doi.org/10.4018/1JT.20200701.0al

Redecker, C. (2017). European framework for the digital competence of educators:
DigCompEdu (JRC107466). In Y. Punie (Ed.), Joint Research Centre (JRC).
Publications Office of the European Union, Luxembourg.
https://doi.org/10.2760/159770

Reich, J.,, Buttimer, C., Coleman, D., Colwell, R, Faruqj, F., & Larke, L. (2020). Whats lost,
what's left what's next: Lessons learned from the lived experiences of teachers
during the 2020 novel Coronavirus pandemic.
https://doi.org/10.35542/osf.io/8exp9

Reisogluy, 1. (2022). How Does Digital Competence Training Affect Teachers’
Professional Development and Activities? 7echnology, Knowledge and Learning,
273), 721-748. https://doi.org/10.1007/s10758-021-09501-w

Renninger, K. A, & Shumar, W. (2002). Community Building with and for Teachers at
The Math Forum. In Building Virtual Communities: Learning And Change In
Cyberspace (pp. 60-95). https://doi.org/10.1017/cbo9780511606373.008

Richardson, V. (1996). The role of attitudes and beliefs in learning to teach. Handbook
of Research on Teacher Education, May, 102-119.

Rizwan, M., & Taniguchi, K. (2022). How to Address the Teaching Challenge in Schools
across Pakistan. Asian Development Bank. https://blogs.adb.org/blog/how-
address-teaching-challenge-schools-across-pakistan

Rocha, K. de M. (2018). Uses of Online Resources and Documentational Trajectories:
The Case of Sésamath. In L. Fan, L. Trouche, C. Qi, S. Rezat, & J. Visnovska (Eds.),
Research on Mathematics Textbooks and Teachers’Resources: Advances and
Issues (pp. 235-258). Springer International Publishing.
https://doi.org/10.1007/978-3-319-73253-4_11

Rokeach, M. (1968). Beliefs, attitudes and values: A theory of organization and change.
Jossey-Bass.

Rubin, D. B. (1977). Assignment to treatment group on the basis of a covariate. Journal/
of Educational Statistics, A1), 1-26. https://doi.org/10.3102/10769986002001001

Ruiz-Lépez, N. (2018). The instrumental genesis process in future primary teachers
using Dynamic Geometry Software. International Journal of Mathematical
Education in Science and Technology, 494), 481-500.
https://doi.org/10.1080/0020739X.2017.1377302

305



Ruthven, K. (2014). Frameworks for Analysing the Expertise That Underpins Successful
Integration of Digital Technologies into Everyday Teaching Practice. In A. Clark-
Wilson, O. Robutti, & N. Sinclari (Eds.), The Mathematics Teachers in the Digital
Era(Issue April, pp. 373-393). Springer London Dordrecht Heidelberg New York.
https://doi.org/10.1007/978-94-007-4638-1_16

Saljo, R. (2010). Digital tools and challenges to institutional traditions of learning:
Technologies, social memory and the performative nature of learning. Journal of
Computer Assisted Learning, 2&1), 53-64. https://doi.org/10.1111/j.1365-
2729.2009.00341.x

Santos-Trigo, M. (2019). Mathematical problem solving and the use of digital
technologies. In P. Liljedahl & M. Santos-Trigo (Eds.), Mathematical Problem
Solving: Current Themes, Trends, and Research (pp. 63-89). Springer
International Publishing. https://doi.org/10.1007/978-3-030-10472-6_4

Sari, W. N,, Samosir, B. S., Sahara, N., Agustina, L., & Anita, Y. (2020). Learning
Mathematics “asyik” with Youtube Educative Media. Journal of Physics:
Conference Series, 147A2), 1-4. https://doi.org/10.1088/1742-6596/1477/2/022012

Saville, M., Beswick, K., & Callingham, R. (2014). The Use of Interactive Whiteboards in
Education. In N. Fitzallen, R. Reaburn, & S. Fan (Eds.), The Future of Educational
Research: Perspectives from Beginning Researchers (pp. 203-216).
SensePublishers. https://doi.org/10.1007/978-94-6209-512-0_17

Sawaya, S., & Putnam, R. T. (2015). Using Mobile Devices to Connect Mathematics to
Out-of-School Contexts. In H. Crompton & J. Traxler (Eds.), Mobile Learning and
Mathematics (pp. 9-19). Taylor & Francis.

Scher, D. (2000). Lifting the curtain: the evolution of the geometer’s sketchpad. 7he
Mathematics Educator, 10(1), 42-48.

Schmid, F., & Schmidt, R. (2007). Multivariate extensions of Spearman’s rho and
related statistics. Statistics & Probability Letters, 7/4), 407-416.
https://doi.org/https://doi.org/10.1016/j.spl.2006.08.007

Schoenfeld, A. H. (2011). Toward professional development for teachers grounded in a
theory of decision making. ZDM - International Journal on Mathematics
Education, 434), 457-469. https://doi.org/10.1007/s11858-011-0307-8

Schoenfeld, A. H. (2016). Learning to Think Mathematically: Problem Solving,
Metacognition, and Sense Making in Mathematics (Reprint). Journal of Education,
196(2),1-38. https://doi.org/10.1177/002205741619600202

Scully, D., Lehane, P., & Scully, C. (2021). Tt is no longer scary": digital learning before
and during the Covid-19 pandemic in Irish secondary schools. 7echnology,
Pedagogy and Education, 30(1), 159-181.
https://doi.org/10.1080/1475939X.2020.1854844

Shah, D., Amin, N, Kakli, M. B,, Piracha, F. Z., & Zia, M. A. (2018). PAKISTAN EDUCATION
STATISTICS 2016 -17.

Shao, M., Kayali, L., Osta, I., Gueudet, G., Pepin, B., & Trouche, L. (2023). Deepening a
conceptual framework in travelling between languages and cultures: the case of
the documentational approach to didactics. ZDM - Mathematics Education.
https://doi.org/10.1007/s11858-023-01471-w

Shiraz, M., & Qaisar, S. (2017). Mathematics teachers’ beliefs and their practices
towards collaborative learning in public and private schools: A comparative case
study. Journal of Educational Research, 20(2), 95.

Shuja, A., Ali, A, Khan, S. S. A, Burki, S. B., & Bilal, S. (2022). Perspectives on the Factors
Affecting Students’ Dropout Rate During COVID-19: A Case Study From Pakistan.
SAGE Open, 122). https://doi.org/10.1177/21582440221097378

306



Shulman, L. S. (1986). Those Who Understand: Knowledge Growth in Teaching.
Educational Researcher, 152), 4-14.

Siddiqui, S., Ahmed, Z., & Kamran, A. (2021). Impact of devolution on education in
Pakistan in the light of 18th amendment: A review article. 7The Government:
Research Journal of Political Science, X.

Siedel, H., & Stylianides, A. J. (2018). Teachers' Selection of Resources in an Era of
Plenty: An Interview Study with Secondary Mathematics Teachers in England. In
L. Fan, L. Trouche, C. Qi, S. Rezat, & J. Visnovska (Eds.), Research on Mathematics
Textbooks and Teachers’Resources: Advances and Issues (pp. 119-144). Springer
International Publishing. https://doi.org/10.1007/978-3-319-73253-4_6

Sierpinska, A., Trgalova, J., & Hillel, J. (1999). Teaching and learning linear algebra with
Cabri. Proceedings of the 23rd Conference of the International Group for the
Psychology of Mathematics Education, 1,119-132.

Sinclair, N, Arzarello, F.,, Gaisman, M. T., Lozano, M. D., Dagiene, V., Behrooz, E., &
Jackiw, N. (2010). Implementing digital technologies at a national scale. New ICMI
Study Series, 13, 61-78. https://doi.org/10.1007/978-1-4419-0146-0_5

Skantz-Aberg, E., Lantz-Andersson, A., Lundin, M., & Williams, P. (2022). Teachers’
professional digital competence: an overview of conceptualisations in the
literature. Cogent Education, A1). https://doi.org/10.1080/2331186X.2022.2063224

Skemp, R. R. (2020). Relational Understanding and Instrumental Understanding. 7he
Arithmetic Teacher, 26(3), 9-15. https://doi.org/10.5951/at.26.3.0009

Stahl, A. N., & King, R. J. (2020). Understanding and Using Trustworthiness in
Qualitative Research. Expanding Approaches for Research, 441), 26-28.

Starkey, L., & Yates, A. (2022). Do digital competence frameworks align with preparing
beginning teachers for digitally infused contexts? An evaluation from a New
Zealand perspective. Furopean Journal of Teacher Education, 454), 476-492.
https://doi.org/10.1080/02619768.2021.1975109

Statti, A. L. C., & Torres, K. M. (2020). Multiple Intelligence Theory in the Digital Age of
Learning. In Examining multiple intelligences and djgital technologies for
enhanced learning opportunities (pp. 1-18). IGI Global.
https://doi.org/10.4018/978-1-7998-0249-5.CHOO1

Stuckey, H. (2013). Three types of interviews: Qualitative research methods in social
health. Journal of Social Health and Diabetes, 0102), 056-059.
https://doi.org/10.4103/2321-0656.115294

Syahrin, S., Almashiki, K., & Alzaanin, E. (2023). The Impact of COVID-19 on Digital
Competence A Case Study of Preservice Teacher Education Students in the
Sultanate of Oman. International Journal of Advanced Computer Science and
Applications, 14(1), 511-519. https://doi.org/10.14569/IJACSA.2023.0140156

Szabo, Z. K., Kortesi, P, Guncaga, J., Szabo, D., & Neag, R. (2020). Examples of problem-
solving strategies in mathematics education supporting the sustainability of 21st-
century skills. Sustainability (Switzerland), 1423),1-28.
https://doi.org/10.3390/5u122310113

Tabach, M., & Trgalova, J. (2019). The knowledge and skills that mathematics teachers
need for ICT integration: The issue of standards. In G. Aldon & J. Trgalova (Eds.),
Technology in Mathematics education (pp. 183-203). Springer International
Publishing. https://doi.org/10.1007/978-3-030-19741-4_8

Tabach, M., & Trgalova, J. (2020). Teaching mathematics in the digital era: Standards
and beyond. In Y. Ben-David Kolikant, D. Martinovic, & M. Milner-Bolotin (Eds.),
STEM teachers and teaching in the digital era: Professional expectations and
advancement in the 2ist century schools (pp. 221-242). Springer Nature

307



Switzerland. https://doi.org/10.1007/978-3-030-29396-3_12

Taber, K. S. (2018). The use of Cronbach’s alpha when developing and reporting
research instruments in science education. Research in Science Education, 486),
1273-1296. httpS://doi.org/lO.lOO7/slll65-016-9602-2

Tayyaba, S. (2010). Mathematics achievement in middle school level in Pakistan:
Findings from the first national assessment. /nternational Journal of Educational
Management, 24(3), 221-249. https://doi.org/10.1108/09513541011031583

Thomas, M. O.]., & Hong, Y. Y. (2005). Learning mathematics with CAS calculators:
Integration and partnership issues. 7The Journal of Educational Research in
Mathematics, 152), 215-232.

Thomas, M. O.]., & Hong, Y. Y. (2013). Teacher integration of technology into
mathematics learning. /nternational Journal for Technology in Mathematics
Education, 20(2), 69-84.
https://www.researchgate net/publication/288132412_Teacher_integration_of_tec
hnology_into_mathematics_learning

Thomas, M. O.].,, Hong, Y. Y., Bosley, J., & Gil, A. (2008). Use of calculators in the
mathematics classroom. Self’ A2). https://doi.org/ISSN 1933-2823

Thomas, M. O.]., & Palmer, J. M. (2014). Teaching with Digital Technology: Obstacles
and Opportunities. In A. Clark-Wilson, O. Robutti, & N. Sinclair (Eds.), The
Mathematics Teacher in the Digital Era: An International Perspective on
Technology Focused Professional Development (pp. 71-89). Springer Netherlands.
https://doi.org/10.1007/978-94-007-4638-1_4

Touron, J., Martin, D., Navarro Asencio, E., Pradas, S., & Tnigo, V. (2018). Construct
validation of a questionnaire to measure teachers’ digital competence (TDC).
Revista Espanola de Pedagogia, 76269), 25-54. https://doi.org/10.22550/rep76-1-
2018-10

Trenholm, S., Alcock, L., & Robinson, C. (2016). The Instructor Experience of Fully
Online Tertiary Mathematics: A Challenge and an Opportunity. Journal for
Research in Mathematics Education, 442), 147-161.
https://doi.org/10.5951/jresematheduc.47.2.0147

Trouche, L. (2004). Managing the complexity of human/machine interactions in
computerized learning environments: Guiding students’ command process
through instrumental orchestrations. /nternational Journal of Computers for
Mathematical Learning, 43), 281-307. https://doi.org/10.1007/s10758-004-3468-5

Trouche, L., & Fan, L. (2018). Mathematics textbooks and teachers’ resources: a broad
area of research in mathematics education to be developed. In Research on
Mathematics Textbooks and Teachers’Resources (ICME 13, p. 385). Springer.
https://doi.org/10.1007/978-3-319-73253-4

Trouche, L., Gueudet, G., & Pepin, B. (2018). Open Educational Resources: A Chance for
Opening Mathematics Teachers’ Resource Systems? In L. Fan, L. Trouche, C. Qi, S.
Rezat, & J. Visnovska (Eds.), Research on Mathematics Textbooks and Teachers’
Resources: Advances and Issues (pp. 3-27). Springer International Publishing.
https://doi.org/10.1007/978-3-319-73253-4_1

Trouche, L., Gueudet, G., & Pepin, B. (2020). The documentational approach to
didactics. In The Documentational Approach to Didactics Multilingual project (p.
12). HAL open science. https://doi.org/10.1007/978-3-319-77487-9_100011-1 .

Umugiraneza, O., Bansilal, S., & North, D. (2018). Exploring teachers’ use of technology
in teaching and learning mathematics in KwaZulu-Natal schools. Pythagoras -
Journal of the Association for Mathematics Education of South Africa, 391), 1-13.
https://doi.org/10.4102/pythagoras.v39il.342

308



UNESCO Institute for Statistics. (2006). 7Teachers and educational quality: Monitoring
global needs for 2015. UNESCO-UIS 2006.

UNESCO Institute for Statistics. (2020, February 28). Pupil-teacher ratio, primary -
Pakistan [ Data. Data.
https://data:worldbank.org/indicator/SE.PRM.ENRL.TC.ZS?locations=PK

UNICEF Pakistan. (2022). Education: Giving every child the right to education. Report.
https://www.unicef.org/pakistan/education

United Nations. (2000). Terminology on statistical metadata. Conference of European
Statisticians Standards and Studies - No. 53.

Us6-Doménech, J. L., & Nescolarde-Selva, J. (2016). What are belief systems? In
Foundations of Science (Vol. 21, Issue 1, pp. 147-152). Springer Science and
Business Media B.V. https://doi.org/10.1007/5s10699-015-9409-z

van den Bogaart, T., Drijvers, P., & Tolboom, J. (2019). Co-Design and Use of Open
Online Materials for Mathematics and Science Didactics Courses in Teacher
Education: Product and Process BT - Technology in Mathematics Teaching:
Selected Papers of the 13th ICTMT Conference (G. Aldon & J. Trgalova, Eds.; pp.
205-222). Springer International Publishing. https://doi.org/10.1007/978-3-030-
19741-4.9

van Dijk, J. A. G. M., & van Deursen, A. J. A. M. (2014). Digital Skills: Unlocking the
Information Society. In Journal of Information Privacy and Security (Vol. 4, Issue
3). Palgrave Macmillan. https://doi.org/10.1057/9781137437037

van Dijke-Droogers, M., Drijvers, P, & Bakker, A. (2021). Statistical modeling processes
through the lens of instrumental genesis. Educational Studies in Mathematics,
10A2), 235-260. https://doi.org/10.1007/s10649-020-10023-y

Verillon, P,, & Rabardel, P. (1995). Cognition and artifacts: A contribution to the study of
though in relation to instrumented activity. European Journal of Psychology of
Education, 101), 77. https://doi.org/10.1007/BF03172796

Wasserman, E., & Migdal, R. (2019). Professional development: Teachers’attitudes in
online and traditional training courses. Online Learning Journal, 231), 132-143.
https://doi.org/10.24059/0lj.v23i1.1299

Wong, S., & Cooper, P. (2016). Reliability and Validity of the Explanatory Sequential
Design of Mixed Methods Adopted to Explore the Influences on Online Learning
in Hong Kong Bilingual Cyber Higher Education. International Journal of Cyber
Society and Education, 42), 45-64. https://doi.org/10.7903/ijcse.1475

Wyylie, C. D. (2011). History of Education Journal of the History of Education Society
Teaching manuals and the blackboard: accessing historical classroom practices.
History of Fducation, 412), 257-272.
https://doi.org/10.1080/0046760X.2011.584573

Yerushalmy, M., Nagari-Haddif, G., & Olsher, S. (2017). Design of tasks for online
assessment that supports understanding of students’ conceptions. ZDM -
Mathematics Education, 495), 701-716. https://doi.org/10.1007/s11858-017-0871-7

Yurekli, B., Stein, M. K., Correnti, R., & Kisa, Z. (2020). Teaching mathematics for
conceptual understanding: Teachers’beliefs and practices and the role of
constraints. Journal for Research in Mathematics Education, 512), 234-247.
https://doi.org/10.5951/jresematheduc-2020-0021

Zengin, Y., Furkan, H., & Kutluca, T. (2012). The effect of dynamic mathematics software
geogebra on student achievement in teaching of trigonometry. Procedia - Social
and Behavioral Sciences, 3[2011), 183-187.
https://doi.org/10.1016/j.sbspro.2011.12.038

309



Zhao, Y., Llorente, A. M. P, & Gomez, M. C. S. (2021). Digital competence in higher
education research: A systematic literature review. Computers & Education,
164(July), 104212.

Zimmerman, D. W, & Zumbo, B. D. (2009). Hazards in choosing between pooled and
separate-variances t tests. Psicologica, 30(2), 371-390.

Zubairi, A., Khalayleh, A., Baloch, I., Mazari, H., Kaye, T., & ... (2022). Pakistan Digital
Learning Landscape Analysis. EdTech Hub, UNICEF.
https://doi.org/10.53832/edtechhub.0093

310



APPENDIX A: LETTER OF INVITATION FOR PRINCIPAL

The Principal,

ABC College, Karachi

Subject: Project Information Statement/Letter of Invitation

Dear Sir!

[ am a PhD student at the University of Waikato, Hamilton New Zealand. I am
conducting research on Mathematics Education. In this study, I am investigating the
“Digital competencies of high school mathematics teachers in Pakistan.” Should you
agree for your school to participate in this research, I request to invite mathematics
teachers to participate by either passing this information to them or giving me the
permission to come and talk to them for half an hour (introduction). I need to talk to
them as one group to explain the project. Teachers will be invited to participate in a
one-to-one interview that will be approximately one hour in length. The interview
will be audio recorded. The overall maximum time required for participants in this
research will be two hours (Introduction % hour, interview one hour, second
interview if required 15 minutes, review of transcript 15 minutes). These interviews
will take place at a time when teachers are available (mutually agreed time) to talk
within School timing. Their interview data is private to them and me only. At the end
of the project, I can provide you with a summary of key findings that might help you

to improve professional development programmes for your teachers.

The role of the school and participating teachers will be voluntary. Your mathematics
teachers may wish to participate or refuse to participate in this research. Participants
may withdraw from the study at any stage until they have approved and returned the
first copy of their interview transcript(s). Anything that teachers say during the
interview will remain confidential. The school and participants’ names will not be
used and individual teachers will not be identifiable in any written reports about the
study. I will anonymise information by quoting pseudonyms for my thesis and
publications. However, I cannot guarantee anonymity in full, but confidentiality will

be rigorously pursued. The data collected from this study will be used for academic
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purposes (writing doctoral thesis, journal publications, and conference
presentations). A summary of the key findings will be available to you at the end of

the research.

I request your support of the research to allow me to engage with the participants in
your school. If you have any queries or you require further clarification about the

research project, please contact on the following:

Primary point of contact (Researcher) Secondary point of contact
Supervisor

Mairaj Jafri (mjll5@students.waikato.ac.nz) Dr Sashi Sharma (Senior Lecturer)
Phone: +64273187067, +923003913917 Sashi.sharma@waikato.ac.nz

This research has been approved by the University of Waikato Faculty of Education
Ethics Committee on 06/04/2020. Approval number: FEDU024/20
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APPENDIX B: scHooL PRINCIPAL CONSENT FORM

I am happy for you to come into the school to recruit participants (mathematics
teachers) for a doctoral research project titled as “Digital competencies of high school
mathematics teachers in Pakistan” Anything that teachers say during the interview
will remain confidential to the researcher. As a Principal, I will not see what
participants said to the researcher. All information about school and teachers will be
anonymized by quoting pseudonyms. However, you will provide a summary of the
findings to school when they are available. I also understand that the data collected
from this study will be used for a doctoral research report, within journal
publications and conference presentations. The overall maximum time required for
participants in this research will be two hours (Introduction % hour, interview one

hour, second interview (if required) 15 minutes, review of transcript 15 minutes).

I have been given the guarantee that this research has been approved by the
University of Waikato Faculty of Education Ethics Committee on 06/04/2020.
Approval number: FEDU024/20

I may seek further information on the project from Mairaj Jafri on +64273187067,

+923003913917 or at the following email address: mjl15@students.waikato.ac.nz

Principal Signature

Date

This research has been approved by the University Of Waikato Faculty Of Education
Ethics Committee on 06/04/2020. Approval number: FEDU024/20.
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APPENDIX C: INFORMATION SHEET FOR TEACHERS

Thank you for your willingness to learn more about this research project. In this
research, I am investigating Digital competencies of high school mathematics
teachers in Pakistan. What they currently do? And what challenges and impediments
might come in the way in using digital resources? I want to know their beliefs, values

and perspectives towards using digital resources in the mathematics classroom.

I would like to invite you to participate in this study for an individual face-to-face
interview that is expected to take an hour. The interview will be AUDIO recorded and
will require a quiet place to conduct within school timing. If required, you may be
asked to answer some follow-up questions via email or phone that can take 15-20
minutes of your time. You will be provided with a transcript of the interview for
review, amendment, and approval to be returned within 07 days. It will take 15 - 20
minutes of your time to read the transcript. The overall maximum time required for
participants in this research will be approximately two hours (Introduction % hour,
interview one hour, second interview if required 15 minutes, review of transcript 15

minutes).

The data collected from this study will be used for academic purposes (writing
doctoral thesis, journal publications, and conference presentations). Anything you
share with me remains confidential. I will anonymise information by quoting
pseudonyms for my thesis and publications. However, I cannot guarantee anonymity
in full, but confidentiality will be rigorously pursued. Interviews data will be archived
for at least five years as per the University Human Research Ethics Regulations. The
audio recordings of the interviews will be kept in a secure location for the duration

of the research process.

During the study, you have the right not to answer the whole or part of any particular
question asked of you during the interview process. You will be given access to your
individual transcript and a summary of the findings from the study when it is
concluded. You can withdraw from the study up until you returned the first

transcripts.

Contacting the Researcher
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For further questions or any concerns about the project, please feel free to contact
either me or my chief supervisor, Dr Sashi Sharma. If you want to contact someone
not involved in the study, you can contact Professor Linda Mitchell from the
University of Waikato. I also request to pass my information and contact details onto

other mathematics teachers who you think can participate in the research project.

Please note, I am looking for 15-20 participants for the study. Mathematics teachers

having knowledge of digital resources will be chosen for semi-structured interviews.

Researcher: Mairaj Jafri Chief Supervisor: Dr Sashi Sharma
Email: mjl15@students.waikato.ac.nz Email: sashi.sharma@waikato.ac.nz
Phone: +64273187067, +923003913917 Associate Professor Linda Mitchell

Email: linda.mitchell@waikato.ac.nz

This research has been approved by the University Of Waikato Faculty Of Education
Ethics Committee on 06/04/2020. Approval number: FEDU024/20.
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APPENDIX D: INFORMED CONSENT FORM FOR TEACHERS

Project title: Digital competencies of high school mathematics teachers in Pakistan

I agree to participate in a doctoral research project led by Mairaj Jafri from the

University of Waikato, New Zealand.

e My participation in this project is voluntary. Participation involves a face-to-
face interview(s).

¢ The interview may last up to an hour. The total maximum time requirement
for me in this research will be for two hours (introduction half an hour, one
hour interview, if required second interview 15 minutes via email or phone,
and review of transcript 15 minutes).

e [ allow Mairaj Jafri to AUDIO record and take written notes during the

interview.

e Idonothave to answer any particular question, I do not have to answer all of
them. I do not have to have a second interview. But I do need to check the
transcript summary for accurate reflection and return it within one week

time.

e [ recognise that if I do not return my copy, the researcher will view it as my
willingness to use it in his study. I have the right to withdraw up until I
reviewed and approved the first transcript. However, you wish to retain data
already collected.

e Mairaj Jafri will also share the approved findings of the research with me.

¢ All information shared with Mairaj Jafri by me will remain confidential.

e My name will not appear, and you will anonymise information by quoting
pseudonyms for thesis and other publications.

e Forany further details Dr Sashi Sharma, the chief supervisor of Mairaj Jafri can

be contacted via email: sashi.sharma@waikato.ac.nz

[ am fully aware of everything that is expected of me during this research. I have had
all my questions answered to my satisfaction, and I volunteer to take part in this
research. I am also issued a copy of this consent form co-signed by Mairaj Jafri. I

understand that the data collected from my participation will be used for academic
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purposes (i.e. thesis, journal publication, conference presentations), and I consent for

it to be used in that manner.

Participant Date

Mairaj Jafri Date

Email : mjli5@students.waikato.ac.nz

Phone : +64273187067 ; +923003913917

This research has been approved by the University Of Waikato Faculty Of Education
Ethics Committee on 06/04/2020. Approval number: FEDU024/20.
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APPENDIX E: INTERVIEW PrOTOCOL

Introduction

I am Mairaj Jafri, a PhD candidate in Mathematics Education at the University of
Waikato, New Zealand. My research focuses on the digital competencies of high
school mathematics teachers in Pakistan. I've designed this interview to gather data
on the use of resources by high school mathematics teachers. Your participation
involves audio recording and note-taking during the interview. You have the option

to skip any questions you prefer not to answer.

[ want to assure you that your identity and responses will remain confidential. The
collected data will be used for my doctoral dissertation and potentially for academic
papers in journals and conference presentations. I kindly request that you refrain
from sharing details discussed during the interview with other teachers or

individuals. Your cooperation in this matter is greatly appreciated.

Personal/Preliminary Information

Date: Start Time: End Time:

Level of Teaching Years of Teaching

Interview Questions

What is your preferred method of teaching?

2. How do you believe students best learn and retain information related to signs,
rules, symbols, and formulas in mathematics?

3. Have you used digital resources in teaching mathematics in the past?
How do you use digital resources for teaching mathematics?

5. What are your beliefs, values and perspectives (orientation) towards digital
technologies and using digital resources in the mathematics classroom?

6. What factors influence you to use digital resources in your planning and teaching
mathematics? What factor(s) influence you to keep using digital resources?

7. While selecting or using digital resources what you are thinking?
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8. Do you apply different types of digital resources while teaching mathematics or
do you think it’s better to stick with one? Like videos, e-textbooks, animations,
graphing software, spreadsheets etc.

9. Did you attend any professional development programme for the use of digital
technology? (Self-funded or funded by the institution) Do you feel a need to learn
more about the use of digital technologies?

10. Have you ever designed and developed digital resources for teaching
mathematics? If yes, please explain the process.

11. What challenges and impediments you might face in the use of digital resources?

12. Please give the main advantages or benefits you have found or feel to be true of

using digital resources in mathematics lessons.
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APPENDIX F: CHANGES MADE TO SURVEY ITEMS BASED ON PILOT STUDY

FEEDBACK.
. Teachers’ response(s) italic / New or Final
tem
Reworded item decision
' . Majority of the participants were unaware of
Dynamic graphing
the term. For final survey the term DGS was  Elaborated
software (DGS) ‘
further explained as e.g., GeoGebra
Unsure about what is meant by ‘practical
activities”in statement 27
Mathematics
.. Please define practical activities
teaching is to
evaluate and share  pea/ world context seems to be unnecessary.
knowledge and ideas, Item
and to discuss a The statement is too long and ambiguous. reworded
variety of practical
yorp Reworded Item
activities and real-
world contexts. Mathematics teaching is to share knowledge
and ideas, and to discuss a variety of real-
world contexts.
Facts! I think there are other things as well
such as formulas.
Learning
o The Statement needs to be rephrased for
mathematics is , Item
o better understanding.
memorizing a set of reworded

facts and rules.

Reworded Item: While learning mathematics,

it is important to memorise rules, facts and

formulas.
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I can design lessons

[ think these two items have the same

using DCR. meaning.
4 Items
I can organize DCR Merged llem. merged
within the lessons I I know how to design and organize lessons
teach. that include digital resources.
Could Item 6 be reworded for further clarity?
The use of digital Does it mean ‘diverts their attention to
resources to teach something else” or “distracts - unsure?”
[tem
mathematics diverts
. Reworded Item reworded
the attention of
students. Digital resources distract the attention of
students from doing calculation
Mathematics is easier Reworded Item
if digital resources Digital resources help students in ftem
are used to solve understanding and solving mathematics reworded
problems. problems.
I can communicate ) ]
. ‘ Here (in Pakistan) students are not allowed to
with students using o , ,
. use digital devices for various reasons, Item
online o _ _ ,
o communication with them using online deleted
communication o
platforms seems unrealistic.
platforms.
o 1t is very early to measure such statements
Digital resources o ,
. because the use of digital resources is at an Item
help in classroom o ) _ o
Initial stage in mathematics teaching in deleted

management

Pakistan

321



APPENDIX G: COMMUNICATION WITH THE AUTHORS OF DCTMT

FRAMEWORK

SM4/2020 The University of Waikate Mail - Interested to use MDKT framework

' Mairaj Jafri <mj115@students.waikato.ac.nz>

Interested to use MDKT framework

Michal tabach <tabachm@tauex.tau.ac.il> Fri, Jan 24, 2020 at 6:41 PM
To: Mairaj Jafri <mj115@students. waikato.ac.nz>
Co: TRGALOVA JANA <jana.trgalova@univ-lyon1.fr=

Dear Mairaj,

Thank you for your interest in our work. Our, as | have developed it in collaboration with Jana Trgalova [cc to
this e-mail]. In fact, we are still developing it together.

| think that a PhD study is a good opportunity to apply both qualitative and guantitative approaches.

| will be happy to follow your work and talk about it, and | am sure Jana is also willing to further hear about
your work and discuss it.

Good luck

Michal [and Jana]

Michal Tabach, PhD
Associate Professor
Head, Department of Education in Mathematics, Science and Technology
School of Education
Tel-Aviv University
naw 7'
1an 'ero
711501 WA ORnn N7 AnD Wi
71'N7 190 na
AAN-TN NO'OTLR
WM AN

[Quoted text hiddan]

hitps://mail. google.comimailiu/ 7ik=00061 46a2 &view=ptisearch=all&permmsgid=msg-fiA 1656586 005507625662 &simpl=mesg-fe3A1656586 .. 11
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APPENDIX H: Etnics APPLICATION APPROVAL LETTER

Te Kura Toi Tangata DivEd Ethics Committee ‘Y I THE UMIVERSITY OF
Division of Education i d ‘nr

The University of Waikato fedu.ethics@waikato.ac.nz I y A‘I KATO
Private Bag 3105 07 8384500 ext. 7870 e T Whare Winanga o Waikato
Hamilton, New Zealand, 3240 www.waikato.ac.nz/education

6/4/2020

Dear Syed Mairaj Hussain Jafri
Division of Education Ethics Application Approved FEDU024/20

I am pleased to advise you that your ethics application for the project entitled
"Investigating knowledge and skills of high school mathematics teachers who use
digital content resources for teaching” was approved by Te Kura Toi Tangata

Division of Education Ethics Committee on April 6th, 2020.

Please be aware that the Te Kura Toi Tangata Division of Education Ethics
Committee must be advised (by memo) of any changes to the details recorded in your
ethics application. Please send any such advice to fedu.ethics@waikato.ac.nz. You

will receive a memo of approval once the change(s) has been considered.

Kind regards

e Ruus

Co-chair

Te Kura Toi Tangata Division of Education Ethics Committee
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APPENDIX I: THE ONLINE SURVEY

THE UNIVERSITY OF

WAIKATO

Te Whare Wananga o Waikato

INTRODUCTION

Thank you for becoming part of this research project. In this survey, | want to know what you think
about using digital resources (DR) (videas, images, dynamic software, digital games, animations,
and mobile applications) in the teaching and learning of mathematics. | will collect anonymized
data from this survey that will be used for academic purposes. If you have any guestions about
the project or your valuable participation, please feel free to contact me at the following email
address: mj115@students.waikato.ac.nz. Please note: This research has been approved by the
University of Waikato Faculty of Education Ethics Committee on April 8, 2020. Approval number:
FEDUO024/20. | also request that you share the link to the survey with other mathematics teachers
who you think can participate in it.

SURVEY - Nov 10, 2020

CONSENT:

| have read and understood what the survey data are for and how they will be used. | understand
that | do not have to submit this form. The data is anonymous and so | cannot retract it once
submitted.

(O Yes. | want to continue

(O No. Thank you and close

General Demographic and Professional Information

General Demographic and Professional Information

Gender

O Male

O Female

Please select the options that describe your professional involvement.
Check all that apply.

[J Government school teacher

D Private school teacher

324



[ Private tutor

[0 Tutor teaching in private academies or coaching center
[0 Online teacher

[J Other:

Please select your Academic qualification.
(O Graduate

(O Postgraduate

() Other

Are you a qualified teacher? (Qualified teacher means you have done B.Ed or M.Ed)

O Yes
(O No

Please select classes/grades/levels in which you are currently teaching mathematics.

Level 8
Level 9
Level 10
Level 11
Level 12
Other

oooogo

How many years of teaching mathematics?
(O Less than 1 year

O 1-3years

O 3-6years

(O 6- 10 years

(O more than 10 years

What types of digital devices do you have access to at work (school) or home?
[J Desktop Computer

[0 Laptop

[] Smariphone

[] Interactive Whiteboard
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[ Digital Notebook/ Notepads
[0 Projectors
[0 Other

Do you have regular access to the Internet?
(O Yes, most of the time
(O Sometime

O No

General Beliefs about Mathematics Teaching

Your Beliefs about Mathematics Teaching.

This section of the survey consists of questions regarding your beliefs about mathematics
teaching. Please choose any options that best describe your level of agreement with the
statement.

Leamning mathematics means exploring problems to discover patterns and make generalisations.
(O Strongly agree

{0 Somewhat agree

(O Neither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

Mathematics teaching is to teach students how to create and assign meanings to new signs,
symbols, and notations.

(O Strongly agree

{0 Somewhat agree

(O Neither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

Mathematics teaching is to share knowledge and ideas, and to discuss a vanety of real-world
contexts.

() Strongly agree

(O Somewhat agree

(O Neither agree nor disagree
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(O Somewhat disagree

(O Strongly disagree

Mathematics lessons should be followed by a critical discussion with students.
(O Strongly agree

(O Somewhat agree

(O MNeither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

Mathematics curriculum textbook is the best medium of instruction and source of knowledge.
(O Strongly agree

(O Somewhat agree

(O Meither agree nor disagree

(O Somewhat disagree

{0 Strongly disagree

Mathematical knowledge is retained more easily if it is acquired using multiple representations.
(O Strongly agree

(O Somewhat agree

(O Meither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

While learning mathematics, it is important to memorize rules, facts and formulas.
(O Strongly agree

(O Somewhat agree

(O Meither agree nor disagree

() Somewhat disagree

(O Strongly disagree

Beliefs about using DR in teaching and learning of mathematics.

Your Beliefs about Teaching Mathematics with Digital Resources.
This section of the survey consists of questions regarding your knowledge and skills for teaching

mathematics with digital content resources. Please select options that best describe your level of
agreement with the statement.
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Please Note: Digital Resources (DR) means videos, images, graphics, digital graphs, info-
graphics, simulations, animations and dynamic mathematics software that can be used for
teaching and leamming of mathematics.

What kind of digital resources do you use frequently in teaching mathematics? Please select from

the following options. Check all that apply.

Videos

Graphics (e.g. digital images, charts, representations)
Digital Graphs

Websites

Animations

Simulations

e-textbooks

Interactive educational games

Dynamic mathematics software (e.g. GeoGebra)
Other

O00o0o0o0ooooo.

Digital resources play an important role in mathematics teaching.
(O Strongly agree

(O Somewhat agree

(O Neither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

Digital resources make mathematics problems and tasks more engaging.
(O Strongly agree

{0 Somewhat agree

(O Neither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

| have lots of ideas about how | can make use of digital resources in the mathematics classroom.

(O Strongly agree
(O Somewhat agree
(O Neither agree nor disagree

(O Somewhat disagree
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(O Strongly disagree

Digital resources help students in self-regulating, understanding, and solving mathematics
problems.

(O Strongly agree

(O Somewhat agree

(O Neither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

Digital resources distracts the attention of students from doing calculation.
(O Strongly agree

() Somewhat agree

(O Neither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

Knowledge of digital content resources and students

Knowledge of Digital Resources and Students.
This section of the survey consists of questions regarding your knowledge of digital resources and
students. Please select any options that best describe your level of agreement with the statement.

Please Note: Digital Resources (DR) means videos, images, graphics, digital graphs, info-
graphics, simulations, animations and dynamic mathematics software that can be used for
teaching and learning of mathematics.

Mathematics students need to know how to use digital resources for leamning.
() Strongly agree

{0 Somewhat agree

(O Neither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

Students should not be allowed to use digital resources until they have mastered the concept, rule
or method.

(O Strongly agree
(O Somewhat agree
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(O Meither agree nor disagree
(O Somewhat disagree
(O Strongly disagree

Digital resources allow students to creatively think about mathematics problems.
(O Strongly agree

(O Somewhat agree

(O MNeither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

Dynamic mathematics software (e.g. GeoGebra) makes students better problem solvers.
(O Strongly agree

(O Somewhat agree

(O Meither agree nor disagree

{0 Somewhat disagree

(O Strongly disagree

Mathematics software removes some learning opportunities for students. (e.g. drawing graph
using pen and paper)

(O Strongly agree

(O Somewhat agree

(O Meither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

Students are more confident in maths when they use digital graphs.
(O Strongly agree

(O Somewhat agree

(O Neither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

Videos about abstract mathematics concepts (e.g. complex numbers) improve student
understanding.

(O Strongly agree
{0 Somewhat agree
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(O Meither agree nor disagree
(O Somewhat disagree
(O Strongly disagree

Your understanding of DR and Teaching

Knowledge of Teaching Mathematics with Digital Resources

This section of the survey consists of questions regarding your knowledge and skills for teaching
mathematics with digital resources. Please select any options that best describe your level of
agreement with the statement.

Flease Mote: Digital Resources (DR) means videos, images, graphics, digital graphs, info-
graphics, simulations, animations and dynamic mathematics software that can be used for
teaching and leaming of mathematics.

| have received training for the use of technology and other digital resources.
(O Strongly agree

(O Somewhat agree

(O Neither agree nor disagree

(O Somewhat disagree

{0 Strongly disagree

There are several digital resources on the Intemet, it is difficult to decide which one to use to
teach a particular mathematics topic.

(O Strongly agree

(O Somewhat agree

(O Neither agree nor disagree

() Somewhat disagree

(O Strongly disagree

| know how to write math equations and expressions using equation editor.
(O Strongly agree

(O Somewhat agree

(O Neither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

| can teach using dynamic graphing software (e.g. GeoGebra, Maple etc.).
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(O Strongly agree

(O Somewhat agree

(O Neither agree nor disagree
(O Somewhat disagree

(O Strongly disagree

| can solve geometry or trigonometry problems using dynamic graphing software.
(O Strongly agree

(O Somewhat agree

(O Neither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

| can use dynamic mathematics software for calculus and algebra.
(O Strongly agree

{0 Somewhat agree

(O Neither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

| teach mathematics better when my students use pen and paper for solving problems.

(O Strongly agree

(O Somewhat agree

(O Neither agree nor disagree
(O Somewhat disagree

(O Strongly disagree

| can create images and videos for teaching purposes.
(O Strongly agree

{0 Somewhat agree

(O Neither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

| 'want to improve my ability to teach mathematic with dynamic graphing software (e.g.
GeoGebra).

() Strongly agree
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(O Somewhat agree

(O Neither agree nor disagree
(O Somewhat disagree

(O Strongly disagree

| know how to use video conferencing (calling) applications (e.g. Zoom, Skype etc.).
(O Strongly agree

(O Somewhat agree

(O Neither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

| know how to screencast (screen recording), share screen and resources during video
conferencing.

(O Strongly agree

O Somewhat agree

(O Meither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

If required, | can teach mathematics in a fully online envircnment (e.g. School closure during
COVID-19).

(O Strongly agree

(O Somewhat agree

(O Meither agree nor disagree

() Somewhat disagree

{0 Strongly disagree

Please tell us little bit about your COVID-19 teaching strategy. What tools you used for teaching
mathematics during COVID-197

Knowledge/skills of using DR in curriculum planning and assessments

Curriculum and Assessment Planning using Digital Technologies
The next section of this questionnaire is consist of questions regarding your knowledge and skills
of using digital resources in curriculum planning and assessments.
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Please Note: Digital Resources (DR) means videos, images, graphics, digital graphs, info-
graphics, simulations, animations and dynamic mathematics software that can be used for

teaching and leamming of mathematics.

| know how to design and crganize lessons that include digital resources.
(O Strongly agree

(O Somewhat agree

(O Meither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

| can locate and search databases/websites containing digital resources.
(O Strongly agree

(O Somewhat agree

{0 Neither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

| can download and install digital applications for teaching mathematics.
(O Strongly agree

(O Somewhat agree

(O Neither agree nor disagree

(O Somewhat disagree

(O Strongly disagree

| know how to create and evaluate assessments using online tools (e.g. Google Forms).
(O Strongly agree

(O Somewhat agree

(O Neither agree nor disagree

O Somewhat disagree

(O Strongly disagree

| recommend the use of digital resources for teaching and learing.
(O Strongly agree
(O Somewhat agree

(O Neither agree nor disagree
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{0 Somewhat disagree
(O Strongly disagree

If you want to mention anything in relation to teaching mathematics with Digital Resources, please
use the space provided below.

Thank you for participating in the survey. You can submit your response by clicking the SUBMIT
button. Clicking on SUBMIT will provide your consent to use this information for academic
purposes. If you would like to volunteer for the second phase (an individual interview lasting up to
an hour) of this research project, you can contact me by email or the phone number given below.
Thank you

Mairaj Jafn

PhD Scholar (University of Waikato, New Zealand)

Email: mj115@students waikato.ac.nz Phone: +64273187067 (NZ) +923003913917 (WhatsApp
Pakistan)
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