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Summary 

An Euler-Bernoulli beam carrying a mass with rotary inertia is shown in Figure 1. The governing 

equation of motion of the beam can be expresses as 

𝑚̅𝑢̈(𝑥, 𝑡) + 𝐸𝐼𝑢′′′′(𝑥, 𝑡) = [−𝑀𝑞̈𝑀(𝑡) − 𝐽𝜃̈(𝑡)]𝛿(𝑥 − 𝑥0) (1) 

where 𝑚̅ is mass per unit length, 𝐸𝐼 is flexural rigidity, 𝑥0 is the coordinate of the mass location, 

and 𝑢(𝑥, 𝑡) is the deflection of the beam. The overdot represents the derivative with respect to 

time and the prime represents the derivative with respect to 𝑥. 𝑀 and 𝐽 denote the translational 

inertia and rotary inertia of the mass, respectively. 𝑞𝑀(𝑡) and 𝜃(𝑡) are the vertical displacement 

and rotation of the mass, respectively. The mass is rigidly attached to the beam. For the 𝑛th mode, 

the motion of the mass can be written as 

𝑞𝑀(𝑡) = 𝑢𝑛(𝑥, 𝑡)|𝑥0
= 𝑢𝑛(𝑥0, 𝑡) (2) 

and 

𝜃(𝑡) = 𝑢𝑛
′ (𝑥, 𝑡)|𝑥0

= 𝑢𝑛
′ (𝑥0, 𝑡) (3) 

where 𝑢𝑛(𝑥, 𝑡) is the beam deflection for the 𝑛th mode. 

 

Figure 1. A beam carrying a roving mass with rotary inertia. 

When 𝑀 and 𝐽 are small enough, the influence of the mass is insignificant. Therefore, assuming 

the mode shape stays the same after attaching the mass to the beam, 𝑢𝑛(𝑥, 𝑡) can be expressed as 

(assuming harmonic oscillation) 

𝑢𝑛(𝑥, 𝑡) = 𝜙𝑛(𝑥)𝑒𝑖𝜔𝑛𝑡 (4) 

where 𝜔𝑛 is the 𝑛th natural frequency of the beam carrying the mass, and 𝜙𝑛(𝑥) is the 𝑛th mode 

shape of the beam found by solving the following equation 
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𝐸𝐼𝜙𝑛
′′′′(𝑥) − 𝑚̅𝜔𝑏𝑛

2 𝜙𝑛(𝑥) = 0 (5) 

where 𝜔𝑏𝑛 is the 𝑛th natural frequency of the bare beam (i.e. the beam without carrying a mass). 

Substituting Equations (2)-(4) into Equation (1) and multiplying 𝜙𝑛(𝑥)  on both sides and 

integrating over the whole beam yields 

−𝜔𝑛
2 ∫ 𝑚̅𝜙𝑛(𝑥)𝜙𝑛(𝑥)𝑑𝑥

𝐿

0

+ ∫ 𝐸𝐼𝜙𝑛(𝑥)𝜙𝑛
′′′′(𝑥)𝑑𝑥

𝐿

0

=

𝜔𝑛
2 ∫ 𝜙𝑛(𝑥)[𝑀𝜙𝑛(𝑥0) + 𝐽𝜙𝑛

′ (𝑥0)]𝛿(𝑥 − 𝑥0)𝑑𝑥
𝐿

0

(6) 

Considering the orthogonal property of mode shapes 

∫ 𝜙𝑛(𝑥)𝜙𝑚(𝑥)𝑑𝑥 = {
0           (𝑛 ≠ 𝑚)

𝜓𝑛        (𝑛 = 𝑚)

𝐿

0

(7) 

the first term on the left-hand side of Equation (6) can be simplified as 

−𝜔𝑛
2 ∫ 𝑚̅𝜙𝑛(𝑥)𝜙𝑛(𝑥)𝑑𝑥

𝐿

0

= −𝜔𝑛
2𝑚̅𝜓𝑛 (8) 

Considering Equation (5) and Equation (7), the second term on the left-hand side of Equation (6) 

can be written as 

∫ 𝐸𝐼𝜙𝑛(𝑥)𝜙𝑛
′′′′(𝑥)𝑑𝑥

𝐿

0

= 𝑚̅𝜔𝑏𝑛
2 𝜓𝑛 (9) 

Using Equation (7) and the sifting property of 𝛿 function, the right-hand side of Equation (6) can 

be expressed as 

𝜔𝑛
2 ∫ 𝜙𝑛(𝑥)[𝑀𝜙𝑛(𝑥0) + 𝐽𝜙𝑛

′ (𝑥0)]𝛿(𝑥 − 𝑥0)𝑑𝑥
𝐿

0

= 𝜔𝑛
2𝜙𝑛(𝑥0)[𝑀𝜙𝑛(𝑥0) + 𝐽𝜙𝑛

′ (𝑥0)] (10) 

Therefore, rearranging and rewriting Equation (6) gives 

𝑚̅𝜔𝑏𝑛
2 𝜓𝑛 − 𝜔𝑛

2{𝑚̅𝜓𝑛 + 𝜙𝑛(𝑥0)[𝑀𝜙𝑛(𝑥0) + 𝐽𝜙𝑛
′ (𝑥0)]} = 0 (13) 

The 𝑛th natural frequency of the beam carrying a mass at 𝑥0 can be written as 

𝜔𝑛
2(𝑥0) =

𝜔𝑏𝑛
2

1 +
𝑀𝜙𝑛

2(𝑥0) + 𝐽𝜙𝑛(𝑥0)𝜙𝑛
′ (𝑥0)

𝑚̅𝜓𝑛

(14)
 

To verify the accuracy of Equation (14), the natural frequency of a simply supported steel beam 

carrying a mass with rotary inertia is calculated using the dynamic stiffness method (DSM). The 

dimension of the beam and the mass location are shown in Figure 2. For the beam material: 

𝜌=7850kg/m3, E=200GPa, and 𝜈=0.28. For the mass: 𝜏 = 𝑀/𝑀𝑏𝑒𝑎𝑚  and 𝜑 = 𝐽/𝐽𝑏𝑒𝑎𝑚  where 

𝐽𝑏𝑒𝑎𝑚=1.1307kg∙m2 is the rotary inertia about the central axis 𝑂′ of the beam. 

 

 

Figure 2. The geometry of the simply supported beam carrying a mass with rotary inertia. 



When maintaining 𝜏 (or 𝜑) equal to zero and adjusting 𝜑 (or 𝜏), the relative frequency error is 

evaluated by the ratio between absolute frequency error and DSM frequency result, i.e. 

𝛾 =
|𝜔𝐷𝑆𝑀 − 𝜔𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛(14)|

𝜔𝐷𝑆𝑀

(15) 

Figure 3 shows the variation of 𝛾 against 𝜑 (or 𝜏) plotted in logarithm for the first five natural 

frequencies. The magnitude of 𝛾 is found to be very small when 𝜑 and 𝜏 are small, which means 

the assumption that the mode shape stays the same after attaching the mass to the beam does not 

cause significant error when 𝜑 and 𝜏 are small. In that case, Equation (14) gives very good natural 

frequency estimates. It is worth noting that in Figure 3(a), the magnitude of 𝛾  for 𝜔3  is 

consistently close to zero. This is because the mass is located at the extreme point of 𝜙3(𝑥) 

featuring zero beam rotation. Hence the effect of rotary inertia is nullified. 

 

  

(a) when 𝜏=0 and 𝜑 ≠0 (b) when 𝜑=0 and 𝜏 ≠0 

 

Figure 3. The development of relative frequency error as 𝝋 (or 𝝉) increases. 

Similar equations for natural frequency estimation were found in [1-3], however, no explanation 

is given on the assumption for the approximation. The derivation in this summary addresses this 

issue. Equation (14) offers a straightforward way to estimate the natural frequency of a beam 

carrying a mass, especially for beams with standard boundary conditions of which the mode shape 

expressions are readily available in textbooks [4]. It is possible to generalise Equation (14) to 

consider the situation when multiple masses are distributed on the beam. In addition, Equation 

(14) also explicitly shows how 𝑀 and 𝐽 affect the natural frequency. The effect of a roving 𝐽 has 

been discussed in a cracked beam scenario in [5]. From Equation (14), as 𝐽  is engaged by 

multiplying 𝜙𝑛(𝑥0) and 𝜙𝑛
′ (𝑥0), the discontinuity in 𝜙𝑛

′ (𝑥0) caused by a crack leads to a shift in 

𝜔𝑛, which can be used for crack detection. 
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