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ABSTRACT

The invariants of the velocity gradient tensor in turbulence offer a compact description of local kinematics and flow topology. For
incompressible magnetohydrodynamic turbulence, analysis of the second and third invariants (Q, R) of the velocity gradient tensor clarifies
how coherent structures are organized and evolve. Extending the same analysis to the magnetic field gradient tensor provides additional
information on the dynamics. In this study, pseudo-spectral simulation is used to obtain the velocity and magnetic field of the turbulent flow,
and analysis of the flow field is conducted through joint probability density functions (PDFs) of the invariants. Furthermore, we explore the
influence of the external mean magnetic field strength, B0. The results show that when an external magnetic field is present, the Q–R joint
PDF no longer maintains the familiar teardrop distribution for the velocity field, and the flow field structure tends to be two-dimensional
with increasing B0. For the fluctuation magnetic field, the Q–R joint PDF takes on a “cigar” shape that becomes more elongated as B0

increases. Moreover, as the strength of the external mean magnetic field increases, the turbulence exhibits enhanced small-scale dissipation
and localization, accompanied by a reduction in the effective dimensionality of the system toward a quasi-two-dimensional regime.

VC 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0311372

I. INTRODUCTION

The evolution of the fluid velocity gradient tensor is crucial for
understanding the kinematics and dynamics of turbulence, which has
been investigated through a simplified Euler model by neglecting sev-
eral unclosed terms in Refs. 1 and 2. The fluid velocity gradient tensor
is related to elementary flow patterns, such as vorticity and shear,
which are collectively referred to as flow topology. The flow topology
can be analyzed and classified by the geometric invariants of the veloc-
ity gradient tensor, see, for example, Refs. 3–5. Studies of the invariants
of the velocity gradient tensor for different types of hydrodynamic tur-
bulence have led to a better understanding of small-scale features.
Perhaps the most intriguing feature is the teardrop shape of the joint
probability distribution function (PDF) of the second and third

invariants of the velocity gradient tensor,6–8 which is typically observed
in both numerical simulations9 and experiments.10

The velocity gradient tensor is defined as A ¼ rv and has the
characteristic equation k3 þ PAk

2 þ QAkþ RA ¼ 0,11,12 where k is
any eigenvalue of A, and the coefficients PA, QA, and RA are the first
three invariants of A. In the case of incompressible fluids,
PA ¼ �TrðAÞ ¼ 0, where Tr represents the trace. The second and
third invariants of Aij are

QA ¼ � 1
2
AijAji ¼ 1

4
xixi � 1

2
SijSij; (1)

RA ¼ � 1
3
AijAjkAki ¼ � 1

3
Tr S3ð Þ � 1

4
xixjSij; (2)
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where x is the vorticity and Sij ¼ 1
2 ðAij þ AjiÞ is the strain rate tensor.

The joint PDF of the invariants QA and RA, as illustrated in Fig. 1,
allows the classification of various topologies.13–15 QA quantifies the
competition between rotation and strain. RA contains two physically
distinct contributions: strain self-amplification, represented by
� 1

3 TrðS3Þ, and vortex stretching, represented by � 1
4xixjSij.

16 They
are closely connected to inter-scale energy transfer in turbulence.17

Moreover, vortex stretching can lead to the formation of extreme
events,18 and amplification of gradients is an essential component of
the energy cascading process.19,20

The roots of the characteristic equation, i.e., the eigenvalues of A,
may be real or complex and are determined by the sign of the discrimi-

nant of A, defined for incompressible flow as DA ¼ R2
A
4 þ Q3

A
27 . The line

DA ¼ 0, known as the Vieillefosse tail,1,2,21 partitions the plane (Q, R)
into two regions with different features of the flow: one is elliptic for
DA > 0, and the other is hyperbolic for DA < 0. When RA < 0, the
topology is stable, and, otherwise, for RA > 0, it is unstable. Therefore,
these two lines, DA ¼ 0 and RA ¼ 0, divide the (Q, R) plane into four
subregions, each corresponding to a different streamline pattern, i.e., a
different flow topology. The four topological structures are as follows:
(1) stable-focus-stretching (SFS), also known as vortex stretching for
DA > 0 and RA < 0; (2) unstable-focus-compression (UFC), also
known as vortex compressing for DA > 0 and RA > 0; (3) stable-
node-saddle-saddle (SNSS), also known as tube structure for DA < 0
and RA < 0; and (4) unstable-node-saddle-saddle (UNSS), also known
as sheet structure for DA < 0 and RA > 0.22–26

In hydrodynamic turbulence, the joint PDF of (QA, RA) exhibits
a generic feature, that is, it has a characteristic inclined teardrop shape.
This has been observed in the boundary layer,27,28 shear flow,29 chan-
nel flow,30 and even in compressible turbulence simulations,31 which
will also be illustrated in Fig. 4(a). The teardrop shape is elongated
in the second and fourth quadrants, and its tip is located along the
DA ¼ 0 branch. This is suggestive that the turbulent structures favor
vortex stretching and sheet structures. Note that in many visualizations
of hydrodynamic turbulence, the vortex structure appears to be tubu-
lar, but there are sheets between these vortex tubes, where most of the
dissipation is located in these sheets.32,33

The velocity gradient tensor A ¼ rv can be decomposed into
index symmetric and antisymmetric parts

Aij ¼ @ivj ¼ Sij þWij; (3)

where Wij ¼ 1
2 ðAij � AjiÞ denotes the rotation rate tensor. Similarly,

we can obtain their respective second and third invariants

QS ¼ � 1
2
SijSji and RS ¼ � 1

3
SijSjkSki; (4)

QW ¼ � 1
2
WijWji: (5)

Note that the third invariant ofWij, RW , is zero due to the antisymme-
try ofWij.

The (QS, RS) joint PDF characterizes the geometry of the local
strain in the fluid element, as shown in Fig. 2. The second invariant QS

is negative definite because Sij is symmetric. One can also derive that

DS ¼ R2
S
4 þ Q3

S
27 � 0 and therefore the (QS, RS) joint PDF, as illustrated

in Fig. 2, can only be nonzero in the region beneath the DS ¼ 0 line.
When RS > 0, two of the eigenvalues of Sij are positive, and the third
one is negative, which is therefore associated with sheet structures.
Similarly, RS < 0 is associated with tubular structures. Proximity to
the RS ¼ 0 axis indicates that the flow field structure is closer to being
two-dimensional.34,35

The (QW ,�QS) joint PDF (Fig. 3) determines the relative impor-
tance of strain vs rotation. Note that QS and QW are in direct associa-
tion with viscous dissipation ev ¼ 2�SijSij ¼ �4�QS and enstrophy

FIG. 1. Schematic of the partitioning of the QA–RA plane, where these are, respec-
tively, the second and third invariants of the velocity gradient tensor rv.
Topological types of structures found in the different regions are indicated.

FIG. 2. Schematic of the partitioning of the Qs–Rs plane associated with the second
and third invariants of the strain rate tensor Sij. Topological types of structures found
in the different regions are indicated.

FIG. 3. Schematic of the partitioning of the Qs–QW plane, where these are the sec-
ond invariants of the strain rate tensor (S) and the rotation rate tensor (W).

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

Phys. Plasmas 33, 032304 (2026); doi: 10.1063/5.0311372 33, 032304-2

VC Author(s) 2026

 
0
7
 
A
u
g
u
s
t
 
2
0
2
6
 
0
6
:
4
4
:
5
1

pubs.aip.org/aip/php


X ¼ 1
2x

2 ¼ 2QW , respectively. Patterns near the �QS axis reflect
(almost) pure strain motion, i.e., regions with strong dissipation but
negligible enstrophy. Patterns near the QW axis are (almost) pure solid
rotations with high enstrophy but very weak dissipation and tend to be
concentrated in tubular structures. Regions with comparable strain
and rotation rates, i.e., near the QW ¼ �QS line, correspond to vortex
sheets.22,36

Similar categorization can be applied to magnetohydrodynamic
(MHD) turbulence, which is, however, more complicated than its
hydrodynamic counterpart because of the coupling of velocity and
magnetic fields. In analogy with the velocity field, we can also obtain
the corresponding invariants of the magnetic field gradient tensor
X ¼ rb and its symmetric Kij ¼ 1

2 ðXij þ XjiÞ and antisymmetric
Jij ¼ 1

2 ðXij � XjiÞ parts
QX ¼ � 1

2
XijXji and RX ¼ � 1

3
XijXjkXki; (6)

QK ¼ � 1
2
KijKji and RK ¼ � 1

3
KijKjkKki; (7)

QJ ¼ � 1
2
JijJji: (8)

Examining the joint PDF of QK and RK , we can study the geome-
try of the local magnetic strain. The (QJ ,�QK ) joint PDF describes the
relative importance between the strain and rotational portions of the
magnetic field gradient, similar to (QW , �QS) of the velocity gradient.
An important difference is that the Ohmic dissipation eb ¼ gj2 / QJ

is directly related to the rotational portion Jij, rather than the strain
portion Kij.

37,38

MHD is significant in engineering and also in astrophysics, where
it plays a pivotal role in elucidating the dynamics of the solar system and
the star formation process.39 A large amount of work in incompressible
MHD turbulence has primarily concentrated on intermittency, scaling
properties, and isotropy.40–43 There has been a paucity of research con-
ducted on the small-scale structure of MHD turbulence, which is closely
associated with dissipation and the topology of turbulence. In this con-
text, a systematic investigation of the gradient tensors of magnetic and
velocity fields and their invariants can provide valuable insights.

Following the studies in HD turbulence, Dallas and Alexakis22

use direct numerical simulation (DNS) to study the small-scale topo-
logical and dynamical characteristics of decaying MHD turbulence
with different large-scale initial conditions. Their results show that in
contrast to the universal teardrop in HD turbulence, each MHD flow
has a different shape for the joint ðQA;RAÞ PDF of the velocity gradi-
ent. The structures and dynamics at the time of maximum dissipation
depend on the large-scale initial conditions as well. Sahoo et al.44

report that, at large PrM , the magnetic field is more intermittent than
the velocity field, whereas at small PrM , the trend reverses. In a subse-
quent study employing random power-law forcing, they again find
enhanced magnetic intermittency at large PrM and show that such
forcing can markedly modify the morphology of coherent structures.45

Analogous study on the statistics of the velocity and magnetic
gradient tensor was first carried out in space plasma turbulence.46

Before the Cluster mission,47 multi-spacecraft data were inaccessible,
precluding computation of the full gradient. Consolini et al.46 and
Quattrociocchi et al.,11 using the Cluster data in the magnetosheath
and solar wind, analyze the coarse-grained velocity and magnetic field
gradient tensors to characterize the features of the magnetic and veloc-
ity field structures. The results show that the joint PDF of the velocity

gradient invariants (QA, RA) is remarkably similar to that observed at
the lower end of the inertial range of fluid turbulence. In particular,
there is evidence for a significant increase in the joint statistics along
the so-called Vieillefosse tail, which supports dissipation or dissipation
production due to vortex stretching. Further analyses in Ref. 11 show
that the joint statistics of magnetic-gradient invariants depend strongly
on the ratio R ¼ L=gp, where L is the characteristic scale and gp is the
proton inertial length. This scale dependence appears consistent with a
transition in the fluctuation-field dimensionality from quasi-2D at
large scales to nearly 3D at small scales close to gp.

Hnat et al.48 use multipoint observations from the European
Space Agency (ESA) Cluster mission to examine the magnetic field
topology of coherent structures in the solar wind. Their analysis shows
that magnetic reconnection, together with turbulent interactions, plays
a crucial role in converting magnetic energy into plasma heating and
dissipation. Yang et al.49,50 and Bandyopadhyay et al.51 use the sym-
metric/antisymmetric parts of the magnetic and velocity field gradient
tensors to quantify the kinetic dissipation in turbulent space plasmas
at sub-ion scales in the Earth’s magnetosheath using Magnetospheric
Multiscale (MMS) spacecraft data. These studies show how dissipation
is clearly localized near strong current sheets.

Zhang et al.52 analyze high-resolution MMS measurements in the
Earth’s magnetosheath and find that dissipation at kinetic scales is
mainly controlled by sheet-like structures, where the straining and
rotational components of the magnetic and velocity gradients are
strongly correlated. Building on this framework, Quattrociocchi et al.53

derive evolution equations for the velocity- and magnetic field gradient
invariants. Their analysis indicates that the balance between magnetic
and hydrodynamic effects differs between the solar wind and magneto-
sheath, marking distinct turbulent regimes. Using a similar topological
approach, Huang et al.54 establish a clear correspondence between field
topology and dissipation. Extending these findings, Xiong et al.55

employ particle-in-cell simulations and MMS observations to show
that a stronger guide field favors the generation of O-type topology

(DX ¼ R2
X
4 þ Q3

X
27 > 0) and increases energy conversion efficiency, sug-

gesting that the mean magnetic field regulates turbulence-driven dissi-
pation during reconnection.

In the context of 3D MHD turbulence, the study of topology pri-
marily concentrates on incompressible, isotropic, and decaying turbu-
lence. However, there has been less study of topology in more general
types of MHD turbulence, such as in the presence of compressibility or
anisotropy. In the latter case, application of an external mean magnetic
field results in the turbulent fields becoming anisotropic and vortex
structures transition from a disordered state to an ordered state with
increase in the applied magnetic field.56 Evidently, the study of the evolu-
tion of the topological structure in this transition is a useful undertaking.

In this paper, an attempt is made to gain insight into the universal
and non-universal features of MHD turbulence by studying the struc-
tures and dynamics of small scales through joint PDFs of the invariants
of the velocity gradient, magnetic field gradient, and related tensors. An
emphasis is placed on effects of anisotropy induced by an external
applied magnetic field of varying strengths. Through this analysis, a clas-
sification of the structures in MHD turbulence is also attempted. The
organization of the paper is as follows. Section II describes numerical
methods, initial conditions, and DNS parameters. Section III describes
the joint PDF analysis of gradient tensor invariants associated with veloc-
ity and magnetic fields. Finally, the Conclusion section summarizes
results pertinent to the structure and dynamics of MHD turbulence.
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II. NUMERICAL METHODS

The governing equations for the simulation of externally driven
incompressible MHD turbulence are

@v
@t

þ ðv � rÞv ¼ �r pþ jbþ B0j2
2

� �
þ ðb � rÞb

þ ðB0 � rÞbþ �r2v þ f v; (9)

@b
@t

þ ðv � rÞb ¼ ðb � rÞv þ ðB0 � rÞv þ gr2b; (10)

r � v ¼ 0; (11)

r � b ¼ 0; (12)

where the velocity and magnetic fluctuations are denoted by v and b,
respectively. The magnetic field is expressed in Alfv�en-speed units, i.e.,
scaled by

ffiffiffiffiffiffiffiffi
4pq

p
with q being the uniform mass density. An external

mean magnetic field B0 ¼ B0ez is imposed along the z axis of a
Cartesian domain ðx; y; zÞ, and its amplitude is measured relative to
the rms magnetic fluctuation (brms � 1) in the initial state. The ther-
mal pressure is written as p, while � and g represent the kinematic vis-
cosity and the magnetic diffusivity, respectively.

To sustain a statistically steady turbulent regime, a divergence-
free forcing term f v is introduced into the momentum equation. The
forcing is applied at the largest scales (i.e., the first two wavenumber
shells k ¼ 1 and k ¼ 2) and injects energy at a fixed rate following a
Gaussian, d-correlated random process.57

The computations are performed in a cube of size ½0; 2p�3 with
periodic boundary conditions. The governing equations are solved
using a pseudo-spectral solver with de-aliasing by the two-thirds rule
and advanced in time with a second-order Adams–Bashforth scheme.
All simulations are started from random velocity and magnetic fluctu-
ations confined to the low-wavenumber range 1 � k � 5. The corre-
sponding initial spectra follow EðkÞ / ½1þ ðk=k0Þ��11=3 with k0 ¼ 3,
which sets the spectral knee. The initial magnetic and kinetic energies
are equally partitioned (Ev ¼ Eb ¼ 0:5), with (almost) vanishing cross
helicity, and all runs employ equal viscosity and resistivity to maintain
a unit magnetic Prandtl number.

We investigate the topological and dynamic characteristics of
forced anisotropic incompressible MHD turbulence under varying
intensities of an external mean magnetic field, B0. The simulation
parameters are summarized in Table I. All runs are carried out on a
10243 grid using a viscosity of � ¼ g ¼ 8� 10�4. The numerical reso-
lution satisfies kmaxgk;v > 1:5, where the Kolmogorov length scale is

defined as gk;v ¼ ð�3=evÞ1=4 with ev denoting the kinetic energy dissipa-
tion rate. The simulation setup follows the method described in Ref. 56.

III. NUMERICAL RESULTS

The dissipative three-dimensional incompressible MHD turbu-
lence eventually reaches a statistically steady state in the presence of an
external force f v . Different external mean magnetic fields B0 are
applied along the z-direction to study the effects on the topological
structure of the velocity field and the magnetic field. Recall that the ini-
tial magnetic fluctuations have brms � 1 in all cases. As expected,
anisotropy increases with increasing external magnetic field.58

Furthermore, increasing B0 leads to a decrease in the relative strength
of the nonlinear coupling and a reduction in the maximum values of
vorticity and current density, thus suppressing but not eliminating the
development of turbulence.59 In this section, we present results from
the joint PDF analysis of the gradient tensor invariants characterizing
the velocity and magnetic fields. All PDFs are calculated using data
from the steady-state periods of the simulations. For each B0, the rv
andrb based PDFs are calculated at the same instant.

A. The topology of the velocity field

The joint PDF of the second and third invariants of the velocity
gradient tensor, QA and RA, is shown in Fig. 4, for cases with varying
values of B0. The color scale indicates the logarithmic values of the
probability density. For the run with no external mean magnetic field,
it can be seen that the joint PDF of the second and third invariants is a
standard teardrop configuration. However, in cases with an external
magnetic field, the joint distributions ofQA and RA no longer maintain
the same teardrop shape. In particular, with increasing B0, the “tail”
along the zero-discriminant line DA ¼ 0 becomes less pronounced,
and the distribution becomes more symmetric about the RA ¼ 0 axis,
since extreme events predominantly occur in the tail of the joint PDF
and are driven by vortex stretching. These trends suggest that velocity
gradient intermittency tends to weaken as the external mean magnetic
field increases. When QA is large and negative, the local strain is high,
which is unfavorable to the formation of vortices. On the contrary,
when QA is large and positive, the vorticity dominates. As the external
magnetic field increases, it becomes less probable to find large values
of QA and RA, i.e., regions of large strain and large vorticity are
suppressed.

As shown in Table II, irrespective of the magnitude of the exter-
nal mean magnetic field, the region dominated by vortex stretching is
larger than that associated with vortex compression in all three runs.
Similarly, the sheet structure is found to be more commonplace than
the tube structure. The percentage of area dominated by the vortex
stretching region (SFS) decreases as the external mean magnetic field
increases. When B0 ¼ 0, the SFS region accounts for 39.0% of the
area, and when B0 increases to 5, the SFS region is reduced to 35.7% of
the area. Nevertheless, the area of SFS domination continues to exceed
the area of vortex compression.

The proportion of the vortex compression region (UFC) declines
(slightly) in conjunction with the augmentation of the external mean
magnetic field. The proportion of the tube structure region (SNSS)
increases with the increase in the external mean magnetic field. The
proportion of the sheet structure region (UNSS) increases very slightly
with the increase in the external mean magnetic field.

TABLE I. Summary of the simulation parameters under different strengths of the
external mean magnetic field (B0), as determined after statistically steady states are
reached. The quantities ev and eb denote, respectively, the kinetic and magnetic
energy dissipation rates, and brms is the rms magnetic fluctuation amplitude. The
kinetic and magnetic Taylor-scale Reynolds numbers are denoted by Rk;v and Rk;b,
respectively. The parameter kmaxgk;v is used to evaluate the numerical resolution,
where gk;v is the Kolmogorov length scale and kmax corresponds to the highest
resolved wavenumber (equal to one-third of the grid number in a single direction).

Run B0 Grids ev eb brms Rk;v Rk;b kmaxgk;v

W1 0 10243 0.59 1.39 0.88 290 89 1.86
W2 2 10243 0.78 1.07 1.11 295 164 1.73
W3 5 10243 0.81 0.80 1.02 467 166 1.71
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Figure 5 shows the joint distribution function of the second and
third invariants of the symmetric strain tensor, RS, and QS, for differ-
ent values of external magnetic fields. With the increase in the external
magnetic field, the data distribution shifts closer to the RS ¼ 0 line,

indicating that the structure of the flow field gets closer to a quasi-two-
dimensional structure. This behavior is a guide-field-constrained sta-
tistically steady state (quasi-relaxed state) established by the balance
between forcing and dissipation. Turbulent relaxation and self-
organization in fluids and plasmas have been discussed from comple-
mentary viewpoints, including dynamical principles based on entropy
production.60 More recently, Banerjee et al.61 propose the principle of
vanishing nonlinear transfer (PVNLT), which provides a unified path-
way to turbulent relaxed states encompassing both aligned (Beltrami/
Alfv�enic-type) states and more general pressure-supported/pressure-
balanced relaxed configurations. Although PVNLT is formulated for
relaxation after quenching the drive, its central idea—that strong con-
straints can deplete nonlinear transfers and thereby favor more orga-
nized states—offers a useful perspective for interpreting guide-field-
regulated MHD turbulence in statistically steady conditions.

In fact, the solar wind exhibits certain quasi-two-dimensional
characteristics.58,62 At heliocentric distances around � 1 AU, Bieber
et al.63 show that magnetic field fluctuations are well described by a
slabþ 2D superposition, with the 2D contribution being dominant.
Closer to the Sun, recent measurements further suggest that both the
anisotropy and the relative slab/2D weights vary with heliocentric dis-
tance and with solar-wind conditions.64,65 In this regard, the present
results appear to be consistent with the observational data. The proba-
bility of larger negative values of QS increases as B0 increases, resulting
in an increasing number of small-scale structures with high dissipa-
tion. Furthermore, calculating the relevant areas in the figure reveals
that the proportion of RS > 0 is greater, which is related to the sheet
structure of the flow field. We may conclude that a larger fraction of
dissipation occurs in sheet-like structures.

To the same point, Fig. 6 shows the joint density distribution
function of (QW ,�QS) at different external magnetic field strengths. It
is apparent that as B0 increases, the joint PDF becomes more closely
concentrated near the line QW ¼ �QS, again indicative of dissipation
concentration in sheet-like structure, as depicted in Fig. 3.

B. The topology of the magnetic field

For the magnetic field, we see in Fig. 7 that the joint PDF of the
second and third invariants of the magnetic field gradient tensor, QX

and RX , is cigar-shaped and nearly symmetric, although the details
vary with B0. With an increase in the external magnetic field, its shape
becomes elongated, and the relative probability of large QX values
increases.

In Table III, the current tube stretching region is identified as the
upper left quadrant of the QX , RX joint PDF and is the analog of the
SFS for the velocity. It is evident from the data that the percentage of

TABLE II. Proportions of velocity field topology types under different external mean
magnetic field strengths. (Note that the values are rounded, so the total may not be
exactly 100%.)

B0 ¼ 0 B0 ¼ 2 B0 ¼ 5

Vortex stretching (SFS) 39.0% 37.1% 35.7%
Vortex compression (UFC) 31.8% 31.0% 29.6%
Tube (SNSS) 9.5% 12.0% 13.7%
Sheet (UNSS) 19.7% 19.9% 20.9%

FIG. 4. Joint PDFs of the second and third invariants ðQA;RAÞ of the velocity gradi-
ent tensor Aij, normalized by appropriate powers of the mean enstrophy hQW i.
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FIG. 5. Joint PDFs of the second and third invariants ðQS;RSÞ of the strain rate
tensor Sij, normalized by appropriate powers of the mean enstrophy hQW i.

FIG. 6. Joint PDFs of the second invariant QS of Sij and the second invariant QW
of Wij , normalized by the mean enstrophy hQW i. Recall @i vj ¼ Sij þWij .
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points in this current tube stretching region decreases (slightly) with
an increase in the external mean magnetic field. Similarly, an increase
in B0 results in a slight decrease in the percentage of area in the current
tube compression region (upper right, analog of UFC for the velocity).

On the other hand, an increase in B0 leads to increases in the percent-
age of points in the regions associated with (i) tubular current structure
(lower left, analog of SNSS for the velocity) and (ii) current sheets
(lower right, analog of UNSS for the velocity). Considering the current
tube and current sheet regions collectively, their percentage area
increases with increasing B0. Overall, we see that the QX ;RX joint dis-
tribution for the magnetic field is much more symmetric than the
QA;RA distribution for the velocity field, in agreement with Dallas and
Alexakis.22

As the external magnetic field increases, the velocity field progres-
sively becomes more two-dimensional (see Fig. 5), which is markedly
different from the behavior of the magnetic field. The sequence of plots
in Fig. 8 indicates that the structure of the three-dimensional magnetic
field approaches a quasi-two-dimensional state at all values of B0. In
fact, in this regard, the influence of B0 on the magnetic field fluctua-
tions is ostensibly not significant. As shown in Fig. 9, as the external
magnetic field increases, the ratio of its rotational part to the magnetic
strain part changes little and remains in a configuration identified with
two-dimensional sheet-like structure, revealing that Ohmic dissipation
occurs in current sheets.11,22,37 This is quite similar to the joint distri-
bution of (QW , �QS) of the velocity field, except that the dispersion
around the line QW ¼ �QS is greater. This indicates that the current
is closer to a sheet-like character than the vorticity at all values of the
external mean magnetic field.

IV. CONCLUSION

This paper has examined the topology of the velocity and mag-
netic fields in MHD turbulence with the main goal of understanding
the influence of an externally applied mean magnetic field. The meth-
odology is based on the examination of the joint distribution of the
geometric invariants of the respective gradient tensors.1–4 We find that
with an external mean magnetic field, the velocity (Q,R) joint PDF no
longer maintains the tear-drop type distribution that is familiar in
hydrodynamics. Instead, as the external magnetic field increases, this
distribution gradually tends to be symmetric, with less pronounced
teardrop shape.

With the increase in the external magnetic field, the probability
of finding large values of QA and RA decreases, i.e., strong vorticity and
strain in the region are suppressed; see Fig. 4. By comparing the per-
centage of structure in each part of the joint distribution (as diagramed
in Fig. 1), it is found that the presence of tubular structure increases, as
does the sheet structure, the latter less significantly.

Turning to the classification of properties based on the symmetric
strain tensor (see Fig. 2), we find that generally speaking, the structure
of the velocity field gets closer to a quasi-two-dimensional structure as
the external magnetic field increases,59 as shown in Fig. 5. At the same

FIG. 7. Joint PDFs of the second and third invariants ðQX ;RX Þ of the magnetic-
gradient tensor Xij ¼ @i bj, normalized by appropriate powers of hQJi.

TABLE III. Proportions of magnetic field topology types under different external
mean magnetic field strengths.

B0 ¼ 0 B0 ¼ 2 B0 ¼ 5

SFS 35.5% 34.1% 32.7%
UFC 35.4% 34.0% 32.8%
SNSS 14.6% 15.9% 17.2%
UNSS 14.6% 16.1% 17.2%
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time, the probability of larger negative values of QS relative to average
QW increases with increasing external field, as is also evident in Fig. 5.

The overall picture appears to be that the system approaches a
two-dimensional state with increasing B0. It is well known that in the

2D limit of incompressible hydrodynamics, the enstrophy (mean
square vorticity) becomes an ideal invariant and cannot be readily
amplified, due to the absence of vortex stretching in the reduced
dimensionality. This provides a rationale for reduction in the intensity

FIG. 8. Joint PDFs of the second and third invariants ðQK ;RKÞ of Kij , normalized
by appropriate powers of hQJi. Recall Xij ¼ @i bj ¼ Kij þ Jij .

FIG. 9. Joint PDFs of the second invariant QK of Kij and the second invariant QJ of
Jij , normalized by hQJi.
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of the vorticity in the QA, RA distribution. Likewise, two-
dimensionality in MHD implies that vorticity will concentrate into
(typically quadrupolar) structures, generally associated with magnetic
reconnection sites (see Ref. 66). This effect is closely associated with fil-
amentation of electric current density, discussed later.

We may also note that the population of points with RS > 0 asso-
ciated with the sheet-like structure remains larger than that associated
with tube-like structure at all values of the mean field that we used.
Thus, for the velocity field, viscous dissipation is found to be related to
sheet-like structures, an effect increasing with increasing mean mag-
netic field strength.

For the magnetic field, the joint distribution function of the second
and third invariants of the magnetic-gradient tensor, RX and QX , is
cigar-shaped and more symmetric than the corresponding joint distri-
bution for the velocity field. With the increase in the external magnetic
field, its shape becomes elongated, and the probability of larger values of
RX and QX rises. It is found that the tubular structure is increased in
relation to the sheet structure, by comparing the percentage of the struc-
ture in each part. The structure of the three-dimensional magnetic field
in all cases approximates a quasi-two-dimensional condition, and the
external magnetic field has little effect. This possibly surprising result
is apparently due to emergence of local anisotropy relative to the
local meanmagnetic field direction.67,68 Such local anisotropy must orig-
inate in dynamical effects described by statistical measures higher than
second order.69

These findings are consistent with prior analyses that show the
development of anisotropy as the external mean magnetic field
increases.58,59,70 Prior studies have usually focused on the anisotropic
nature of the spectrum. Here, we have instead probed the topology of
the turbulence and have examined the similarities and differences of
the tensor invariants in MHD and in hydrodynamics, emphasizing
how mean magnetic field differently influences the velocity and the
magnetic topology in driven MHD turbulence. It remains to be seen
whether the findings presented here become applicable to observations
in the laboratory or in space plasmas, or whether variation in the
nature of forcing may have additional influences.

Here, we focus on approximately balanced turbulence with nearly

vanishing normalized cross helicity rc 	 2hv � bi
hv2iþhb2i � 0. Nonzero cross

helicity (Alfv�enic imbalance) is known to reduce the effective strength
of nonlinear interactions59,71 and may suppress the production of
extreme gradients; consequently, it can modify the tails and asymmetry
of the joint PDFs of gradient invariants and the associated topology
fractions. A systematic exploration of the rc dependence will be pur-
sued in future work. Similarly, we set the magnetic Prandtl number to
unity in our simulations. However, PrM can influence the strength and
intermittency of extreme-gradient events, and a systematic investiga-
tion of PrM effects is also left for future work.

In general, these findings indicate that as the external magnetic
field strength increases, highly dissipative small-scale structures
become more intense and exhibit reduced dimensionality.
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