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Abstract

This working paper investigates under which condititragisitionscan
be removed from an automaton while preserving importantt®sis proper-
ties. The work is part of a framework faompositional synthesaf least re-
strictive controllable and nonblocking supervisors fordutar discrete event
systems. The method for transition removal complementgiquie results,
which are largely focused on state merging. Issues conggrinansition
removal in synthesis are discussed, aadirection mapsare introduced to
enable a supervisor to process an event, even though thespording tran-
sition is no longer present in the model. Based on the regiiffsrent tech-



niques are proposed to remove controllable and uncoritiellaansitions,
and an example shows the potential of the method for pragticalems.

1 Introduction

Supervisory control theorjl 6] provides a general framework to compute least re-
strictive strategies to control a givgrant such that its behaviour satisfies a given
specification Synthesis for systems with a large number of components is impeded
by an inherent complexity problem known state-space explosiorA lot of re-
search has been devoted to overcome the state-space explosion pinideaiso

to find more comprehensible supervisors [7,9, 16, 19].

Compositionaimethods seek to avoid large state spaces wstractionand
have been used in verification [1, 3, 6] and synthesis [7, 14, 15].slystem with
a large number of components, it is often possible to simplify individual compo-
nents before composing them with the rest of the system, achieving sighifican
performance improvements. Several ways to simplify components have been in
vestigated in recent years.

Natural projectionis a standard and effective way to compute abstractions,
although strong restrictions need to be imposed to ensure the presenfatiom o
thesis results [5, 17]0bservation equivalendd3] andconflict equivalenc§l?2]
are well-known abstraction methods for nonblocking verification [6],fbusyn-
thesis these abstractions can only be applied in combination with unobservable
events [10, 18], which limits their applicability.

Recently, frameworks for compositional synthesis based on abstraaifons
nondeterministic automata have been proposed [7, 14, 15], in some tases s
ing substantial reduction of the number of states encountered duringesisith
This working paper seeks to enhance these methods by providing meansaoer
transitions This is important, because for large systems, the number of transitions
may exceed the number of states by several orders of magnitude.

Compositional verification typically includes observation equivalence abstr
tion, which allows for transition removal using the transitive reduction [4} b
observation equivalence does not necessarily preserve syntbssits{15]. Su-
pervision equivalenc§r] allows for transition removal, but relies on additional
state labels that make some desirable abstractions impossible. The methafk [14,
avoid event hidinghat may cause problems in synthesis abstraction, but these ap-
proaches make it difficult to remove transitions.

This working paper proposes some concrete means to identify transitidns tha
are redundant for the purpose of synthesis. These methods ai drasdbser-
vation equivalence [13], but are more restrictive because of the toepreserve



synthesis results. It is also shown how to restore the removed transitionatitee
a synthesised supervisor to make control decisions based on a modelmithed
transitions.

This working paper is organised as follows. After the preliminaries in section 2
a framework to support transition removal in compositional synthesis is mexse
in section 3. In section 4, a sufficient condition for transition-removingrabson
is described, and in section 5, concrete methods to remove transitionsvare gi
and proven to be sound. Finally, section 6 demonstrates transition rensonvglau
practical example, and section 7 adds some concluding remarks.

2 Preliminaries

2.1 Events and Languages

The behaviour of discrete event systems is described using eventsngugdges.
Eventsrepresent incidents that cause transitions from one state to anothereand a
taken from a finite alphabeét. For the purpose of supervisory control, this alphabet
is partitioned into the set. of controllableevents and the sét, of uncontrollable
events. Controllable events can be disabled by a supervisor, while tnoitzise
events occur spontaneously. The spet@ahination eventv € X, denotes com-
pletion of a task.

>* is the set of all finite traces of events fram including theempty traces.
A subsetl, C ¥* is called adlanguage The concatenation of two tracest € ©*
is written asst. A traces € X* is aprefixof t € ¥*, writtens C ¢, if ¢ = su for
someu € ¥*. ForQ2 C 3, thenatural projectionPq,: ¥* — Q* is the operation
that removes from tracese ¥* all events not irf2.

2.2 Finite-State Automata

Discrete event systems are typically modelled as deterministic automata, but non-
deterministic automata may be obtained as intermediate results from abstraction.

Definition 1 A (nondeterministic) finite-state automaton is a tugle- (X, Q, —,
Q°), whereX is a finite set of events) is a finite set of states» C Q x ¥ x @
is thestate transition relationand@® € @ is the set ofnitial states

The transition relation is written in infix notation = y, and is extended to
traces inX* by lettingz = z forall z € Q, andz 23 z if 2 > y andy > = for
somey € Q. Furthermorez - meanst = y for somey € @, andz — y means

z % y for somes € $*. For an alphabe® C %, the notation: - y means: % y



for someo € Q, andG > z meansg® > z for someg® € Q°. Thelanguage
of automatonG is L(G) = {s € ¥ | G 3}, Finally, G is deterministi¢ if
|Q°| < 1, andz % y; andz % 3, always impliesy; = vo.

A special requirement is that states reached by the termination evéminot
have any outgoing transitions, i.e.2if> y then there does not existe X such
thaty Z,. This ensures that the termination event, if it occurs, is always the final
event of any trace. The traditional set of marked stat€¥is= {z € Q | z > }in
this notation. For graphical simplicity, states(yt are shown shaded in the figures
of this paper instead of explicitly showingtransitions.

When multiple automata are brought together to interact, lock-step synchroni-
sation in the style of [8] is used.

Definition 2 Let G; = (X1,Qq, —1, Q) and Gy = (X9, Q,, —5, QS) be two
automata. Theynchronous compositiaf G; andG, is

G(l || G2 — <Zl U 22)@1 X Q27_>a Q? X Q5> (1)

where
(z,y) > (2/,y)if o€ 21N, o 512", y Doy
(z,y) R (2 y)if o€ X1\ e, x T2
(z,y) R (x,y))if o € 3g \ 34, ySoy.

2.3 Supervisory Control Theory

Given plant and specificationautomata, theupervisory control theor{16] pro-
vides a method teynthesisa supervisorthat restricts the behaviour of the plant
such that the specification is always fulfilled. Two common requirements ifor th
supervisor areontrollability andnonblocking

Definition 3 Specification’ = (¥, Q,, —x, Q%) is controllablewith respect

to plantG = (X, Qq, — 4, Qg if, for every traces € X%, every stater € Qr,

and every uncontrollable evente ¥, such thatx’ = z andG 23, it holds that
v

r —K.

Definition 4 LetG = (3,Q,—,Q°). A statex € Q is calledreachablein G if
G — z, andcoreachabléf = = for somes € ¥*. G is callednonblockingf every
reachable state is coreachable.

For a plantG and specificatiori(, it is shown in [16] that there existslaast
restrictivecontrollable sublanguage

supCq(K) C L(K) )
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such thatupC(K) is controllable with respect t6' and nonblocking, and this
language can be computed using a fix-point iteration. This result carfdrente

lated in automata form, using an iteration on the state set. The synthesis result fo
an automatords is obtained by restrictings to a maximal set of controllable and
nonblocking states.

Definiton 5 [11] LetG = (%, @, —,Q°) be an automaton. Theynthesis step
operatorO: 2¢ — 29 for G is defined by9s(X) = OE™(X) N O (X),
where

@CC?nt(X):{xeX|x&yimp”esy€X}; @)
OF™(X) = {z € X |z %x forsomet € T} . @)

Theorem 1 [11]LetG = (X, Q,—,Q°). The synthesis step opera®g; has a
greatest fix-poingfpOc = O¢ C Q. If the state sef) is finite, then the sequence
X0 = @, X! = 04(X?) reaches this fix-point in a finite number of steps, i.e.,
s = X™ for somen > 0.

Definition 6 Thesynthesis resufor G = (3, Q, —, Q°) issupCN (G) = Glo:
WhereG\X = <27Q7_>|X7QO N X> with —IX = {(.’13,0',3/) c— | T,y € X}
denotes theestrictionof G to X C Q.

Theorem 2 LetG = (2, Q, —, Q°) be a deterministic automatosmpCN (G) is
the least restrictive subautomaton@fthat is controllable with respect 6 and
nonblocking.

The synthesis operatenpC/N performs synthesis for a plant automatGnA
simple transformation [7] exists to transform problems that also involve sp&cifi
tions into the plant-only control problems considered in this working paper.

The result of the synthesis operator is an automatp A/ (G) or a language
L(supCN (G)), which describes the behaviour of a controlled system. In practice
this is implemented as supervisorthat decides which controllable events are to
be enabled or disabled in a given state. In this paper, a supervisor is a map

S: %" —{0,1} . (5)

If S(so) = 0 for somes € ¥* ando € X. then the supervisor disables the
controllable event after observing trace, otherwise it enables. This results in
the following closed-loop behaviouf(S/G) of the plantG under the control of
SuUpervisoss:

L(S/G) ={s e L(G)|S(s) =1} . (6)
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Figure 1: Example of transition removal.

A supervisor can be constructed naturally from a language X*, by letting
Sr(s) = lifand only if s € L. For such a supervisor to be feasiblemust be
controllable [16].

3 Compositional Synthesis

Many supervisory control problems can be presented as a set ofatibgraom-
ponents. Then the synthesis problem consists of finding the least restdotn-
trollable and nonblocking supervisor for a set of plants,

G ={G1,Go,...,Gp}. (7)

Compositional synthesexploits the modularity of such systems and avoids build-
ing the complete synchronous product. Individual componéfitare simplified

and replaced by smaller abstractioHs. Synchronous composition is computed
step by step, abstracting again the intermediate results. Eventually the abstrac
result in a single automatoH, the abstract description of the system (7). Once
found, H is used instead of the original system to calculate a synthesis result that
leads to a solution for the original synthesis problem (7).

Individual componentss; typically contain events that do not appear in any
other component; with j # i. These events are callddcal events In the
following, local events are denoted by the &tand? = X \ T denotes the
non-local orsharedevents. Local events are helpful to find abstractions and are
parenthesised in the figures.

This paper focuses on abstractions that remove transitions from an @atoma
This leads to a problem, because it is no longer obvious how to construpeas
visor from such an abstraction. After removal of transitions it is not dremav a
supervisor can enact control over the events labelling the removedtimass

Example 1 Consider the modular systeth= {G, T’} in figure 1 with®,, = {!v}
where!~ is the only local event. AutomatoH is obtained by removingy = ¢».
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Although H is an appropriate abstraction 6f, as explained below in example 2,
the supervisoiSy = supCN (H || T) disables event in the initial state, and
therefore is not a least restrictive supervisordbfj T'.

To solve this problem, the models (7) are augmented tegmection maphat
contains the information needed to finally implement a supervisor.

Definition 7 A synthesis paifs a pair(G; D), where
e G ={G1,Go,...,G,}Iis aset of uncontrolled plant automata;

e D: ¥* — ¥*is a prefix-preservingedirection mapi.e., a map such that
s C timpliesD(s) C D(t).

Synthesis pairs are a variantsyinthesis triplegl4] that collect all the informa-
tion needed for the transition-based abstractions considered in this wgéper.
The compositional synthesis algorithm manipulates synthesis pairs. Eachypair
resents a partially solved synthesis problem, consisting of the plant rgaddbe
controlled and the redirection maP, which maps each input traceaccepted
by the original plant before all abstractions, to a trace accepted by thentu
abstracted plan§. A solution to the abstracted synthesis probléncan be in-
terpreted as a supervisor for the original plant by taking the redirectigninta
account.

Definition 8 For every synthesis paiig; D), define the represented supervisor
mapSg.py: ¥* — {0, 1} as follows:

_J 1, i D(s) € L{supCN(G));
Sigm)(s) = {0, otherwise. ®)

Compositional synthesis starts by converting a control problem such add7
the synthesis paifGy; id) whereGy = {G1,Go,...,G,} and id: ¥* — ¥* is the
identity map, i.e, ids) = s. This initial synthesis pair is repeatedly abstracted in
such a way that the supervisor obtained from the abstraction remaingiasdtu
the original synthesis problem. To ensure this property, each new sysibair
needs to baynthesis equivalemd the previous pair.

Definition 9 Two synthesis pair§G,; D;) and(Gsy; D) aresynthesis equivalent
with respect to plant, written (G2; D2) ~gyninc (G1;D1), if L(S(g,:p,)/G) =
L(S(g,:p,)/G)- Furthermore(G; D1) and(Go; D2) are synthesis equivalent, writ-
ten (gg;Dg) synth (gl;Dl), if (gg; Dg) synth,G (gl;D1> for every automas-
tonG.



Compositional synthesis terminates orite= {H} consists of a single au-
tomaton representing the abstracted system description. The followingaesu
firms that the closed-loop behaviour obtained in the end is equal to a solation f
the original synthesis problem.

Proposition 3 Let Gy = {G1,...,Gy} be a set of automata. Légx; D) be a
synthesis pair such thé@o; id) ~gynth,g, (Gr; Pk). Then

L(8(g,;p,)/90) = L(supCN (Go)) - 9)
Proof. For (Gp;id) it follows from definition 8 that

S e 1, if s € L(supCN(Go))
(Gosid)\3) = 0, otherwise.

By (6), it follows that£(S g, ig)/G0) = { s € Go | s € L(supCA'(Go)) }, which
implies £(S g, idy/%) = L(supCN (Go)). Then it follows from definition 9 that
L(S(6,:1)/G0) = L£(S g, idy/Go)) = LSupCA'(Go)). 0

(10)

4  Transition-Wise Synthesis Equivalence

Several methods are known to abstract synthesis pairs such that themafnb
states is reduced [7,15]. The abstractions are performed by manipulatistates
and transitions of individual automata, such that synthesis equivalepassisrved.
To allow for transition removal, state-wise synthesis abstraction, which iscap
case of a definition from [15], is augmented by a transition-based comcdpfi-
nition 11.

Definition 10 LetG = (X,Q,—¢,Q°) andH = (3,Q,— g, Q°) be two au-
tomata. H is astate-wise synthesis abstractiohG with respect toY C ¥, if it
holds for all automatd’ such tha®r N Y = @ thatO ¢ € O g7

Definition 11 LetG = (X,Q, —¢,Q°) andH = (X,Q, — g, Q°) be two auto-
mata. H is atransition-wise synthesis abstraction G with respect tof' C X if
for every transition: = y there exist, u € Y* such that:

tPq(o)u

) 2 —nuy

(i) for all automatal” such thats; N'Y = () and all transitionsx, x7) i>|éGHT

(y,yr) of supCN (G || T) it holds that(z, z7) tFalo) (y,yr)-

1© 7



Definition 12 Two automatas and H are state-wise (or transition-wisgynthesis
equivalentwith respect tdY', if G is a state-wise (or transition-wise) synthesis ab-
straction ofH with respect to' andH is a state-wise (or transition-wise) synthesis
abstraction of5 with respect toY.

Although closely related, state-wise and transition-wise synthesis equiealen
are independent concepts. If an abstraction is obtained by transitiorvagras
considered in this working paper, then transition-wise synthesis abstraciplies
state-wise synthesis abstraction in only one direction.

Lemma4 Let H = (X,Q, — y, Q°) be a transition-wise synthesis abstraction of
G = (%,Q,—¢g,Q°) with respect toY’ C ¥ such that-y C —. ThenH is a
state-wise synthesis abstraction(af

Proof. LetY = QU T, and letl’ = (X, Qp, —¢, Q%) be an automaton such
thatSr NY = . To prove thaB g € O 7, it is shown by induction om > 0
that@G”T - XIZTHT = @nHHT(Q X QT)

Base casen = 0. Clearly©¢r € Q x Qr = 0% 4(Q x Q1) = Xpy 1.

Inductive step.Let (z,z7) € éG”T for somen > 0. Itis to be shown that

+1 _ _ n nonb

(@, 27) € Xipip = Omyr (Xfyr) = OFr (Xpyr) N ORI (X 7)-

To see thalw,z7) € OPI.(Xf ), letv € Ty, such that(z, x7) = pgr
(y,yr). From—p C —, it follows that(z, x7) E’GHT (y,yr). Since(x,z7) €
(Q)GHT andv € %, it follows that (z, x7) g\écm (y,yr). By definition 12,

tPq(v)u e i i
° &y (Y- yr). This implies(y, yr) €

éHHT - @T;{HT(Q X Qr) = X As v and(y, yr) were chosen arbitrarily, it
follows that(z, z7) € O (X 7). )
Furthermore, to see thét, xp) € @%T}D(X}}HT), note that(z, zr) € Ogr

there exist, v € Y* such thatx, z7)

means(z, x7) t—“i'@G”T for somet € ¥*. By inductive assumption, it follows that
t . ... . .
(z,27) %XQHT, which by definition impliegz, 27) € O} (X} 7). O

To preserve transition-wise synthesis equivalence after removal afsition,
definition 11 requires the existence of a so-calledirection paththat links the

source and target states of the removed transition. A redirection pattafsition
o . . P .
= % y with respect toY is a pathe 29" 4 such that,w € T*. Using these

paths, the redirection map is constructed to replace the removed transititms by
matching redirection paths. This enables the supervisor to make contisiohesc
about the removed transitions.



Example 2 Consider again the automata in figure 1. Transitign™ ¢, can be
removed from&, producing the state-wise and transition-wise synthesis equivalent
automatorH . From this abstraction, a redirection mBp * — X* is constructed
whereD(as) = !yas forall s € £* andD(s) = s for all s such thaix is not a
prefix of s.

If G in figure 1 is placed in a larger system, say= {G,T'}, then the syn-
thesis pai(G;id) is synthesis equivalent {64; D) whereH = { H, T'}. Although
the supervisolSy = supCN (H || T') obtained forH cannot directly be used to
control the original plantj, this becomes possible in combination with the redi-
rection mapD. As D(«a) = !ya € L(supCN (H || T)), the supervisor computed
for (H, D) will enable the controllable eventin the initial state, in the same way
as a supervisor computed for the original systgm

It is shown in the following that a redirection map as shown in example 2 can
be constructed in all cases where transition removal applied to a compesals
in a state-wise and transition-wise synthesis equivalent abstraction. feirst,
redirection map constructed for individual automata to be used in the caftaxt
synthesis pair, it must be extended to the complete alphabet.

Definition 13 LetX; C ;. Theextensiorof a prefix-preserving map; : £ —
Y] isDy: X5 — 33, defined by

DQ(E) =D (6) (11)
DQ(S)t, if o€ ¥, Dl(Pgl (S)) = 8,,
Dy(so) = andD; (Ps, (s0)) = s't/; (12)
Da(s)o if o ¢ 3.

A redirection mapD; is extended by copying the additional events without
change at the appropriate position into the output stream. The exteRgids
well-defined ifD; is a prefix-preserving map. In the following, if the alphabets are
clear from the context, a prefix-preserving map is identified with its extenaiwch
D1 andD,, are both denoted bip.

For a redirection map to form a synthesis equivalent pair, it must satisfy the
following property of being synthesis-preserving, which is closely rel#estate-
wise and transition-wise synthesis equivalence. A map satisfying this exogirt
can be constructed in all cases where a component is replaced by wisi&ted
transition-wise synthesis equivalent abstraction resulting from transiiooval.

Definition 14 Let G and H be two automata. A map: ¥* — >* is called a
synthesis-preserving redirection mpm G to H with respect téf' C X if for all
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automatal” such thatsr N'Y = () and for alls € (X U Xp)*, it holds that

supCN'(G | T) > (z,2r) ifandonlyif supCA(H || T) 2 (2, 2r) . (13)

Proposition 5 LetG = (3,Q, —¢,Q°) andH = (X, Q, — g, Q°) be state-wise
and transition-wise synthesis equivalent with respecftae 3, and let— g C
—¢. Then there exists a synthesis-preserving redirection map ram H with
respect tor'.

Proof. LetX = QU Y. SinceG and H are transition-wise synthesis equivalent,
for every transition: % y there exists a tracé(x, o) = tPo(o)u wheret,u €

T* satisfy the conditions (i) and (ii) in Definition 11. Then construct the prefix-
preserving mafD: ¥* — ¥* as follows:

D(e)=¢ (14)

D(to') — {'D(t)d(x,o-)’ ifGg S zS :

, (15)
D(t)o, otherwise .

Now letT = (X, Qp, —1, Q) be an automaton such they N YT = (. Thend
is extended t& U X7 by lettingd(x,0) = o forall o € X7\ ¥, and the extension
of D to (¥ U X7)* is given by:

D) =« (16)
. Pz(t) Pg(o’) .
Dlto) = {D(t)d(a:,a), if G —> xr —; (17)
D(t)o, otherwise .

Note that condition (i) in definition 11 ensures tlatPs(s)) € L£(G) implies
Px(s) € L(G). Furthermore, for alk = o1 - - - 0, such thatPx (s) € L(G),

D(s) = d(xg,01)d(x1,02) - d(Xp—1,00n) (18)

whereG PZ(SJ’“) x. It remains to be confirmed th& satisfies definition 14.
Therefore, lets =01 -0, € (XU Xp)*.
First assume thatupCN (G || T) = (z,z7). Then there exists a patf ||

€ T\ 01 T\ 02 On T _ T
T — (ZC07$0) HléGHT (x‘l’xl) H‘GGHT —>|®G|\T (xnvxn) - (wi )
. - . T o
Consider somé: = 1,...,n. If o, € 3, then since(x,_,,z;_,) 16
. — (21,
(z,.,2T) it follows by definition 11 that(z, ,,z7 ) "+ fgLHT (zy,27). If

Ok

or € X7\ X, thend(zy_1,0) = o and (z,_, 2% ;) 107 (z,,z1) as

11



(z_1:2F_1), (z,2F) € Ogyr = Oyyr sinceG and H are state-wise syn-
€

thesis equivalent. Combining these paths for= 1,...,n givesH || T —

d(zo,01) d(z1,02) d(xn—1,0n) .
(zg,2d) O_>|1éHHT (wq,2T) 1—>|2©H|\T —1>|éH\|T (z,,, 1), and this im-
plies by (18) thatupC A (H || T) 22 (z,,27) = (x,27).

Conversely assume thaipCN (H || T') 2 (z,27). Note thatD(Px(s)) =
Px(D(s)) € L(H) C L(G), which impliesPx(s) € L(G). By (18), there ex-
. € d(z0,01) d(z1,02) d(xpn—1,0n)
ists a pathHl || T = (zq, 28 1607 (z,,21) o e
(z,,2L) = (x,27) such thatD(s) = d(xg,01)---d(xn_1,0,). Considerk =

n»'n

1,...,n. If o € %, thenz_1 X 21, and sincel’ does not synchronise on the
events introduced by, this implies(z,_,, 27 ;) Z¢yr (z,,21). Then, given
(:Bk_l,xg_l),(xk,:r{) € Op|r = Og|r, it follows that(xk_l,wg_l) ﬁ)|éG\|T
(2, z;{). Otherwise, ifo, € X7 \ X, thend(z,_1,0%) = o1 and it follows from

A A g .. .y
Onr = Ogr that(z,_;, z{_,) —’%K;)G”T (z,,x1). Combining these transitions
. € o On .
fork = 1,...,n givesG | T = (zq,2}) —1)‘(;)GHT B (z,,2D), ie.,
supCN'(G || T) = (2, 27)) = (2,27). u

The following proposition confirms that a synthesis-preserving redinectiap
can be used to construct a synthesis equivalent pair.

Proposition 6 LetG = {Gy,...,G,} and letH = {H1,Gay,...,G,} where
Gi = (%,,Q,,—;,Q), and letD; : ¥7 — X7 be a synthesis-preserving redirec-
tion map fromG; to Hy with respect toY C ¥; such thatY N ¥y = -+ =
TN, =0. Then(G; D) ~ntn (H; D1 o D) for every prefix-preserving map.

Proof. LetS) = Sg,.p) andSs = Sg,.p,0p), 61T = G2 || - -+ || Gir, @nd let
G be an automaton. It is to be shown thi@t D) ~ynin.c (H; D1 o D) based on
definition 9.

First, lets € £(S1/G). Thismeans € £(G) andD(s) € L(supCN (G1]||T)).

SinceD(s) € L(supCN (Gy || T)), it follows thatG, || T' 2o . SinceD;

©¢y|T
is a synthesis-preserving redirection map, it follows by defin%tion 14 fihat]
T PP ., which impliesD: (D(s)) € L(supCA(H, | T)). Since alsos €
1
L(G), it follows thats € L(S3/G).
Conversely, let € £(S2/G). This meansD;(D(s)) € L(supCN (H; | T))
ands € L(G). SinceD;(D(s)) € L(supCN (H,||T)), it follows thatsupCN (H, ||

T) Dlﬂs)). SinceD; is a synthesis-preserving redirection map, it follows by

12



definition 14 thatupCA'(G1 | T) 2%, which impliesD(s) € L(supCA (G4 [|T)).
Since also € L(G), it follows thats € £(S1/G). O

After removing some transition from a componént € G, by proposition 5
it is possible to construct a synthesis-preserving redirection map, gt
state-wise and transition-wise synthesis equivalence are satisfiedoBgsiion 6
this results in a synthesis equivalent pair. The following theorem combimess th
results and shows that synthesis results can always be preservadeytacing
a component by a state-wise and transition-wise synthesis equivaldracios
resulting from transition removal.

Theorem7 LetG = {Gy,...,G,} and'H = {H,Ga,...,Gy,} such thatG,
andH, are state-wise and transition-wise synthesis equivalent with resp¥ctto
Yysuchthaf N¥y =--- =T N, =0 and—y, C —¢,. Then there exists
a synthesis-preserving redirection mBp from G, to H; with respect toX’ such
that (g, D) ~synth (H7 Dio D)

Proof. This follows directly from proposition 5 and proposition 6. d

5 Transition Removal Abstraction

According to theorem 7, synthesis results are preserved if transitionvedrimoa
component results in a state-wise and transition-wise synthesis equigbitrdac-
tion. This section proposes some concrete methods to construct succthbss,
based on the idea of observation equivalence.

5.1 Observation Equivalence

Observation equivalenaar weak bisimilarityis a well-known general abstraction
method for nondeterministic automata [13]. It can be implemented by simple al-
gorithms, and its application in compositional verification can substantially eeduc
the state space [6]. The idea of observation equivalence is to identifynarge
states with the same future behaviour.

Definition 15 Let G = (X, Qq, — ¢, Q%) and H = (X, Qy, — 5, Q) be two
automata with> = QU Y. ThenG and H areobservation equivalentith respect
to T, written G ~ H, if there exists an observation equivalence relationc

Qo x Qm,i.e., arelation such that

. , _ .
o if 26 ~ 27 andz B¢ ye, then there exist, u € T* such thatry 2%

YH,

13
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Figure 2: H is observation equivalent G, but not a synthesis abstraction.

. . Pq (o
o if ¢ ~ zy andzy > x v, then there exist u € YT* such thateg ! i?g

Yya,
o foreachgy, € Q¢ there existsjz; € Q; such thayg, =~ ¢, and vice versa.

Observation equivalence is tested based on the transitive closure ot#helent
transitions [2]. The number of transitions can be substantially reducedrisjder-

ing only the transitive reduction. More precisely, a transitiof y is observation
equivalence redundand can be removed [4] if the automaton contains a match-
ing redirection path.

Definition 16 LetG = (X,Q, —¢,Q°) andH = (X,Q, — g, Q°) be two auto-
mata withY = QU T and—y C —. AutomatonH is a result ofobservation

equivalence redundant transition remowadm G with respect tdY', if for all tran-

. . tP
sitionsz 5 y there exist, v € T* such that: Q—(‘TQE} y

Proposition 8 Let G = (X,Q,—q,Q°), and letH = (3,Q,—x,Q°) be a
result of observation equivalence redundant transition removal fanith respect
toY C ¥. Then it holds that; ~ H.

Observation equivalence redundant transitions can be removed whgerping
observation equivalence, which in turn ensures preservation of mosbtahhpgic
properties [4, 13]. Unfortunately, this does not include synthesis/atgrice [15].

Example 3 Consider automat&, H, andT in figure 2. The uncontrollable tran-

sition ¢; Lt qs is observation equivalence redundant with respecfte- {3}.
Removing it produced?. In G and H, the uncontrollable everit) leads to the
blocking statey;. With H, blocking can be prevented by disablifigleaving only

the initial state. But with’, the uncontrollable transitiog, Lk g3 produces an
empty synthesis result. The téBtdemonstrates thaf and H are not state-wise
synthesis equivalent sin€gis not a state-wise synthesis abstractiorHof

14



This counterexample shows that in general synthesis equivalence fgaiot
served by removing observation equivalence redundant transitioegtra restric-
tions need to be imposed.

5.2 Uncontrollable Redundant Transitions

In example 3, if the local evert was uncontrollable, then the resultant abstrac-
tion H would be a transition-wise synthesis abstractiorGof This suggests to
interpret an uncontrollable transition as redundant if the local transitiead in
the redirection path are also uncontrollable.

Definition 17 LetG = (X,Q,—¢,Q°) andH = (X,Q, — y, Q°) be two auto-
mata withY = QU T and— ; C —. AutomatonH is a result ofuncontrollable
redundant transition removdifom G with respect tdY, if the following conditions
hold for all transitionse 2 .

(i) If 0 € 2. thenz Sy .

(i) If o € %, then there exist, u € (T N %,)* such that: 2% 4

The transitions present i but not in— g in definition 17 are calledncon-
trollable redundantransitions. These transitions can be removed while producing
a synthesis equivalent abstraction.

To prove the viability of uncontrollable redundant transition removal, it is
shown in the following two lemmas that the method always yields a state-wise
and transition-wise synthesis abstraction. Then it follows by theorem 7 tteati-
rection map can be constructed to give a synthesis equivalent pair.

Lemma9 Let H = (£, Q, — g, Q°) be aresult of uncontrollable redundant tran-
sition removal fromG = (X, Q, — g, Q°) with respect tof' C . ThenG and H
are state-wise synthesis equivalent with respedt.to

Proof. LetX = QU Y, and letT = (37, Q,—, @°) be an automaton such that
YN T = (. Itis to be shown thab g = O -

(i) Firstly, to see thaBgr C O 7, it is shown by induction om > 0 that
Ocr € X = Of7(Q x Q).
Base caseClearlyOgyr € Q x Qr = 0%r(Q x Qr) = X§.

Inductive step Assumeé)GHT C X7, for somen > 0, and let(z, z7) €
O¢|r- It remains to be shown thats, z7) € Xit! = Oy r(X}) =
ORI (XF) N @nHj?‘TD(XpI).

15



To see thatz, 1) € OFH.(X}), letv € B, and(z, z7) Suir Y, yr)-
Since—p C —, it follows that (2, z7) ¢ r (y,yr). Since(z,z7) €
éG”T andv € %, it follows by controllability and by inductive assumption

that (y,yr) € éG”T C X}, and sincev € X, was chosen arbitrarily, it

follows that(z, z7) € O (X}).

Next it is shown thatz, o) € O (XF;). Since(z,xr) € Ogyr, there
exists a path
T\ O o T T
(z, 27) = (20, 79 ) —1’\@GHT —k’\@GHT (zy, 7} ) gléch (Thg1 Thpr) -
(19)
Consider a transitiorfz, ,,z] ;) Q@GHT (z,2]) in (19). Ifo; ¢ %

or 7,y 2>y x4, then clearly(z;_1,2f ) Zuyr (z;,2f), and by induc-

tive assumption it follows thatz, ,,z] ), (z.2{) € Ogr C X}, ie.,
T o] T - (o] .

(z)_1,2_1) —m|T X7 (2,7 ). Otherwisex;_; —¢ z; is an uncontrol-

lable redundant transition, and by definition 17 there exist traces <

(¥, N T)* such thatr;_; tlpﬂ(ﬂ%;u’ z;. SinceXp N'Y = 0, it follows

7 § tPalo)w T ; T A
that(z,_;, ;)  —g¢r (2,2, ), and sincg(z;_;, ;) € Og)r and

t Po(oy)w

t1Po(0y)w € X%, it follows by controllability that(z; ,,zf ;) Ocr

: : : P
(z,,2T). Then by inductive assumptiofr, |, a7 ) " ”(ﬂl);é’g (z;,2]).

Combining these paths for all transitions in (19) gives trages, ...,
tr, Uk, ter1 € (2, N'Y)* such that

. T\ t1Pa(o1)ur tk Po(og)uk

(z,27) = (20,77 ) TTH|T|XYE T T H|T X
T\ tk+1w T

(7g, 7)) TH||T XY ($k+1733k+1) )

which implies(z, x7) € ©PR(XF).

It has been shown thét, z7) € O (X7;) N O (XF) = X5
(i) Conversely, to see tha&r C Ogr, it is shown by induction om > 0
Base caseClearly© - € Q x Qr = 0% r(Q x Qr) = X¢.

Inductive step Assume@)HHT C X for somen > 0, and let(z, z7) €
Opyr- It remains to be shown thdt:, z7) € X&' = Ogr(X2) =
O (X&) N @gjﬁ?(xg).
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To see thafz, z7) € OFPL(XE), letv € X, and(z, x1) Zgyr (¥, yr)- If
v ¢ Y orz =y y, then clearly(z, z7) =7 (y.y7), and sincdz, 27) €
Oz andv € %, it follows by controllability that(y,y”) € © 7. Other-

wisez —¢ y is an uncontrollable redundant transition, and by definition 17

there existt,u € (X, N T)* such thatz taly )H y. SinceXy N T = 0,

it follows that (z, 27) tP”—w>),T§L||T (y,y1), and sincetPo(v)u € X7 and
(z,27) € O it follows by controllability that(y,y”) € © 7. In both
cases by inductive assumption, y’) € G)HHT C X@, and sincev € %,

was chosen arbitrarily, it follows that:, z7) € @g’ﬁ‘;( &)

Next it is shown thatz, z7) € @gﬁfg‘?(X") Since(z, z) € éHHT’ there
exists a pathz, z7) L“'(;)HHT. Since—y C —(, it follows by inductive
assumption thatz, z7) % x»,. Hence,(x, z7) € OXTR(XE).

It has been shown thét, z7) € O (X7) N OFIR(XE) = Xgt. O

Lemma 10 Let H = (¥,Q,—py,Q°) be a result of uncontrollable redundant
transition removal fronG = (3, Q, —, Q°) with respect tol’ C ¥. ThendG
and H are transition-wise synthesis equivalent with respedf to

Proof. It must be shown thaty is a transition-wise synthesis abstractionféf
and vice versa. Condition (i) in definition 12 follows immediately from defini-
tion 17. To show condition (ii), leE = QU Y, and letT’ = (X7, Q, —, Q°) be an
automaton such théET NY = 0.

First, let(z,z7) & ‘@GHT (y,y"). By lemma 9 it holds thatz, z7), (y, y") €

Omr- If o ¢ Sorz Sy y, then clearly(z, 27) %7 (y,y"), which implies

o Py (0)Pq(o) . o .
(w,xT) —>|éH||T (y,yT) and(:::,a:T) N —?IéHnT (y, yT). Otherwiser —¢ vy is

an uncontrollable redundant transition, and by definition 17 theregxist (X,N
T)* such thatr tpi)H y. SinceXr N Y = 0, it follows that (x, 27 tPQ—(U%?HT

(y,y"), and sincdz, 2T) € @HHT andtPq(o)u € X7, it follows by controllabil-
t Q(U)u
|®H\|T

(y, 7).
Conversely, letz,27) %

ity that (x, 1)
tFa(o)y
©mT

(y,y"). Thus, in both cases, there exist. € T* such

that(x, z7)
. (y,y"). Since—py C —, it follows that

(l'axT) gGHT (yayT) Also (x7$T)a(y>yT) € (:)HHT = éG'HT by lemma 9,

17



qo0

() @
q1 (!v)
q2 3

Figure 3: H is observation equivalent 1@, but not a synthesis abstraction.

which implies(z, xT) g‘éGHT (y,yT). Then lett = ¢ andu = Py(c), and it

follows that(z, z7) tPQ—(J)‘%GHT (y,y7).

Thus,G and H are transition-wise synthesis equivalent. O

Theorem 11 Let H = (¥,Q,— g, Q°) be a result of uncontrollable redundant
transition removal fronG = (3, Q, —, Q°) with respect tof’ C ¥. ThendG
and H are state-wise and transition-wise synthesis equivalent with resp#ct to

Proof. Follows directly from lemma 9 and lemma 10. O

5.3 Controllable Redundant Transitions

For uncontrollable events, an uncontrollable redirection path guaratnéesition-
wise synthesis equivalence. Unfortunately this idea does not worlofdrallable
events.

Example 4 Consider automatof¥ in figure 3 whereY = {v,!v} and!v is the
only uncontrollable event. Transitiop — ¢ is observation equivalence redun-
dant because afy, == ¢. Its removal results irff. In both G and H, the con-
trollable eventy must be disabled in the initial state to prevent blocking via the
uncontrollable evenitv. However, after disabling, termination is no longer pos-
sible in H, yet it remains possible i6' via gy — ¢2. The testl’ demonstrates that
H is not a state-wise synthesis abstractioii-of

In example 4, the redirection patly 8 ¢, contains the state;, which is
unsafe due to its outgoing uncontrollabletransition. This suggests to disallow
redirection paths with uncontrollable events enabled along them. Howeeer, th
following example shows that this is not enough.
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Figure 4: H is observation equivalent 1@, but not a synthesis abstraction.
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Figure 5: Different redirection paths after the event of a removeditians The
transitions to be removed are marked by double-line strike-through.

Example 5 Consider automat& andT in figure 4 whereY = {~} and!v is the
only uncontrollable event. Transitiap — ¢ is observation equivalence redun-
dant because aj i q2, and its removal results i#. In H || T, the controllable
eventy must be disabled to prevent blocking via the uncontrollable exenBy
disablingy, state(q,, ¢ ) becomes unreachablesnpCN (H || T'), but it remains
reachable isupCN (G || T'). The testl’ demonstrates th& and H are not tran-
sition-wise synthesis equivalent &sis not a transition-wise synthesis abstraction
of H.

The situation in examples 4 and 5 can be avoided by not allowing any control-
lable events on a redirection path except for the event of the removegitian
However, the following counterexample reveals that one more conditioreidenke
to guarantee a correct abstraction.

Example 6 Consider automato@, in figure 5 wherex,, = T = {!g, lv}. Tran-

sition ¢y — ¢3 is observation equivalence redundant becajgs!éa—!‘f q3. Let Hy
be the result of removing the transitigh = ¢3. In bothG; and Hy, the control-
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lable transitiong; = ¢» must be disabled to avert blocking via the uncontrollable
event!lv. Removing this transition makeg unreachable isupCN (H || T'), but

it remains reachable iBupCN (G || T)). The testI’ demonstrates that and H

are not transition-wise synthesis equivalentGais not a transition-wise synthesis
abstraction off .

Example 6 shows that there is a problem with uncontrollable local eadiets
the event of a removed transition on a redirection path. The problem diaepib
there are no further events after the removed event, as in autorfatiorfigure 5.
This leads to the idea abntrollable prefix-redundantansition removal.

Definition 18 LetG = (X,Q,—4,Q°) andH = (X,Q, —y, Q°) be two auto-
mata withY = QU T and—y C —. AutomatonH is a result ofcontrollable
prefix-redundant transition removétom G with respect toY, if the following
conditions hold for all transitions > .

() If 0 € 2, thenz g .

(i) If o € X, then there exists € (Y N X,)* such that: tpi(’% Y.

To prove the viability of controllable prefix-redundant transition removas it
again shown that the method always yields a state-wise and transition-wibe-sy
sis abstraction.

Lemma 12 Let H = (X, Q, — g, Q°) be a result of controllable prefix-redundant
transition removal fronG = (3, Q, —, Q°) with respect tol’ C ¥. Thend
and H are state-wise synthesis equivalent with respedt.to

Proof. LetX = QU T, and letT’ = (37, Q, —,°) be an automaton such that
YrNT =0. Itisto be shown tha‘BGHT = @HHT

(i) Firstly, to see thaBgr C Opr, it is shown by induction om > 0 that
O¢|r € Xjj = (@ x Q).
Base caseClearlyOqr C Q x Qr = 0%r(@ x Qr) = X},
Inductive step Assumeé)GHT C X} for somen > 0, and let(z,zr) €
O¢|r. It remains to be shown thats, z7) € Xit! = Oy r(X3) =
ORI (Xf) N ORIR(XH).
To see thatz, 27) € eﬁgﬁlﬁT(X}“;), letv € B, and(z,z7) <7 (Y, y7)-
Since—p C —, it follows that (2, z7) ¢ r (y,yr). Since(z,zr) €

20



éGHT andv € %, it follows by controllability and by inductive assumption

that (y,yr) € éG”T C X}, and sincev € ¥, was chosen arbitrarily, it
follows that(z, z7) € ©%j (X};).

Next it is shown thatz, z7) € @nHO‘f“'TO(Xg). Since(z, xr) € éGHT, there
exists a path

T O o Ty @ T
(z,27) = (20, 79 ) —1’\(L)GHT _%\@cHT (g, 1) R (Thy1s Thpr) -
(20)
Consider a transitioriz, |z} ;) g@GHT (z,,2]) in (20). Ifo; ¢ %

or 7,y Z>y x4, then clearly(z,_;, 21 ) Zuyr (z;,2f), and by induc-

tive assumption it follows thatz, ,,z]" ), (z;,2]) € O¢gr C X}, ie.,
T gl T . gl .

(i1, 2—1) —mr |xp, (21, 7). Otherwiser; 1 —¢ x; is a controllable

prefix-redundant transition, and by definition 18 there exists (T N X,,)*

P (o . .
such thatr;_; iH Yi—1 M}; x;. SinceXr N Y = 0, it follows that

T\ t 7  Palor) T ; T
(T_1,2_1) =y Y Ti—1) —ur (v, 7). Since(x,_,z;_,) €
t
—>|@GHT
(y,_1, 2l ;). Since also(z,_;,2{ ;) € Ogr C X}; by inductive as-

. . T\t 7 Palor)
sumption, it follows thatz, _,,z;_;) —mr X7 (Yi_1>7_1) —H|T X7

(:El,ale). Combining these paths for all the transitions in (20) gives traces
tiy ..oy ti, ter1 € (3, NY)* such that

Ogr andt; € 3% and— 5 C —, it follows that (z,_,, a7 ;)

t1Pa(o1) tpPo(ok)

(x,27) = (T, 20)  ——H|T |x7, *  ——H|T |x7 (T TF)
tpriw
ST Xy (Tens Th) (21)

which implies(z, x7) € ©PR(X 7).

It has been shown thét, z7) € O (X7;) N O (XF) = X5

(i) Conversely, to see tha&;r C Ogr, it is shown by induction om > 0
Base caseClearly© - € Q x Qr = 0%r(Q x Qr) = X2.
Inductive step Assume@HHT C X for somen > 0, and let(z,zr) €

Opyr- It remains to be shown thdt:, z7) € X&' = Ogp(X2) =

OFIH(XE) N OFIR(XE).
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To see thatz, z7) € @g’ﬁ‘}(Xg), letv € ¥, and(z, 27) iGHT (y,yr)-
If v ¢ %, then clearly(z,zr) = (y,yr). Otherwise, sincer € %,
the transitionz ¢ y cannot be controllable prefix-redundant, which also
implies (z, z7) Spyr (y,yr). Since(z,z7) € Oyyr andv € I, it
follows that (y,yr) € O©gr S X by inductive assumption, and thus
(z,27) € OF(XE).

Next it is shown thatz, z7) € @g)H“T'?(X") Since(z, z) € éHHT, there

. tw
exists a patf(z, x7) =5,

assumption thatz, 1) *|xn. Hence(z, z7) € OX2(X2).

It has been shown thét, z7) € O (X7) N OFIR(XE) = Xgt. O

. Since— g C —, it follows by inductive

Lemma 13 Let H = (X, Q, — g, Q°) be aresult of controllable prefix-redundant
transition removal fronG = (3, Q, —, Q°) with respect tol’ C ¥. ThendG
and H are transition-wise synthesis equivalent with respedf to

Proof. It must be shown that is a transition-wise synthesis abstractionrof
and vice versa. Condition (i) in definition 12 follows immediately from defini-
tion 18. To show condition (ii), leE = QU Y, and letT’ = (X7, Q, —, Q°) be an
automaton such that N Y = 0.

First, let(z, 27) i>|éGHT (y,y"). By lemma 12 it holds thdtr, 27), (y,y7) €

Omr- If o ¢ Sorz Sy y, then clearly(z, 27) %7 (y,y"), which implies

o Py (0)Pq(o) . o
(.27) Sig,,, Wy") and(z,2") "T==g (y.y7). Otherwiser “¢ y

is a controllable prefix-redundant transition, and by definition 18 theigsxc

(¥, N T)* such thatx LA P“—(U)H y. SinceXy N'Y = 0, it follows that

(z,27) iHHT (z,27) PL@HHT (y,y7), and sincgz, z7) € O andt € X3,

Pq (o)

it follows by controllability that(z, 27) t—>|éH”T

(y,y"). Then letu = ¢, and

tPq(o)u
[©m|T

(y,yT).
(y,y7). Since—y C —¢, it follows that

in both cases there existu € T* such thaf(z, x1)

Ty O, .
Conversely, letz, z") 167

(z,2T) Sepr (y,y"). Also (z,27), (y,y") € Opyr = Og)r by lemma 12,
which implies(z, z7) % = 60yr (y,y’). Then lett = ¢ andu = Py(c), and it

follows that(z, z7) tPQ—@‘%GHT (,y").

Thus,G and H are transition-wise synthesis equivalent. O
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Theorem 14 Let H = (3,Q,— y,Q°) be a result of controllable prefix-redun-
dant transition removal front¥ = (3, Q, — ¢, Q°) with respect toY C 3. Then
G and H are state-wise and transition-wise synthesis equivalent with resp#ct to

Proof. Follows directly from lemma 12 and lemma 13. g

Controllable prefix-redundant transition removal only allows for locadres
beforethe event of a removed transition. Local events after this event canalso b
considered by adding additional requirements.

Example 7 As shown in example 6, removal of the transitign > ¢3 in G

in figure 5 does not ensure synthesis abstraction because of thetnatiebie !v-
transition in state,. AutomatonGs also has the observation equivalence redun-
dant transitionyy — ¢3 and anlu-transition enabled after on the redirection path

q oy gs. Yet, in this case, thév-transition does not lead to a blocking state,
and the removal ofjy — g3 results in a state-wise and transition-wise synthesis

equivalent automaton.

Automata(z; andGs in figure 5 differ in the target state gf ™ This suggests
to allow uncontrollable events in the second part of a redirection provigedrtay
are local and lead to a target state on the redirection path.

Definition 19 LetG = (¥, Q, —, Q°) be an automaton aril C 3. A path

20 D3 B By, (22)
is aweakly controllableY -pathif o4, ...,0; € T and for all uncontrollable tran-

sitionsz; — y with 0 < I < k andv € ¥, it holds thatv € T andy = x; for
somel < j < k.

A weakly controllable path consists of only local transitions, and furtheemor
all uncontrollable transitions enabled along this path must use local evemts an
lead to states along the path. Imposing this condition on the redirection path give
the condition for acontrollable suffix-redundant transitiomvhich is sufficient for
synthesis equivalence.

Definition 20 LetG = (X,Q, —¢,Q°) andH = (X,Q, — g, Q°) be two auto-
mata withY = QU T and— C — . AutomatonH is a result ofcontrollable
suffix-redundant transition removitbm G with respect tor, if the following con-
ditions hold for all transitions: % .

(i) If 0 € 2, thenz g .

23



(i) If o € 3. then there exists € T* such that: ~2%

is a weakly controllablé&-path.

Hley,andz igy

In controllable prefix-redundant transition removal, there may be unglentr
lable events in all states along the redirection path, but there may be noveo#d e
after the event of the removed transition. In suffix-redundant transigéoroval,
all uncontrollable events enabled along the redirection path must be latéach
to a state along the redirection path.

It is again shown that controllable suffix-redundant transition remavadys
yields a state-wise and transition-wise synthesis abstraction. Before thaialé5
establishes a key property of weakly controllatileoaths.

Lemmal5 LetG = (3,Qq —¢, Qp) andT = (X,, Qp, —p, QF) be au-
tomata, and lefC C ¥ \ Xp. Furthermore, let ig y beAa weakly control-
lable Y-path. Then for alz” € Qr such that(y,z”) € O it holds that

Ty S T
(.T,ZE )—>|éG\|T (yvx )

Proof. Lets = o1 ---0;. Ass € T*andX7r N Y = (), there exist states
xo, - - ., T € Q such that

(z,2") = (z0,2") Bgyr (v1,27) Bayr -+ Bayr (@e,2”) = (y,27) . (23)
It remains to be shown that this path is@; 7. Let Y = 2, N (S7 \ ) and
Yr ={y? € Qr | z7 L7 y" forsomeu € (YI)*}. (24)

It is shown by induction om > 0 that for all0 < j < k and for ally” € Yr
it holds that(z;,y") € X" = O 1(Q x Qr). Asz” € Yr, this will imply
(z,27) iléGHT (y,zT).

Base casen = 0. Clearly(zj,y7) € Q x Qr = @%”T(Q x Qr) = XY,

Inductive stepLet0 < j < k andy” € Y. It must be shown thatr;, y7) €
X" = Ogr(X™) = OGH(X™) NOFIR(X™).

To see thatz;,y") € OFH.(X™), letv € ¥, and(z;,y") —gyr (2,27). If
v € %, then sincery >¢ x;, is a weakly controllablér-path, it must hold that
v € Yandz; %g z = x; for some0 < I < k. This impliesy” = 27 and
(zj,y7) Sqr (2,27) = (2,97) € X" by inductive assumption. I ¢ ¥,
thenv € S\ L andz = z; andyr —r z'. Then clearly:” € Y7 and
(z,21) = (z4,27) € X™ by inductive assumption. As this can be shown for all

v € By, it follows that(z;, y™) € OFIL(X™).
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Next, it is shown thai(z;,y") € OFIP(X"). Asojii,...,0; € T and

Y7 NY =, it holds by inductive assumption that,

T) Oj+1

(25,5") S ixn - Bixen (w,y") = (w,y") (25)

Sincey? € Yr, there existau € (Y1)* such thatz” =5 y”, and this implies
(y.27) Sqyr (y,yr). Since(y,a”) € Ogyr by assumption and € 7, it
follows that(y,y”) € éGHT- Then there exists € ¥* such that(y, )
and a® g € X" it follows that

tw
W
©¢)r’

(@7.97) 25 xn - Bixn (@ y”) = (") ZBxe (26)
This implies(xz;,y7) € @goﬁ(X”). O

Lemma 16 Let H = (3, Q, — g, Q°) be a result of controllable suffix-redundant
transition removal fronG = (X, Q, —, Q°) with respect tof’ C X. ThenG
and H are state-wise synthesis equivalent with respedt.to

Proof. LetX = QU Y, and letT’ = (37, Q,—, Q°) be an automaton such that
YN T = (. Itis to be shown thabqr = O g -

(i) Firstly, to see thaBgr C O, it is shown by induction om > 0 that
Ocr € X = O%7(Q x Q).
Base caseClearlyOgyr € Q x Qr = 0%r(@ x Qr) = X},

Inductive step AssumeéGHT C X}, for somen > 0, and let(z,z7) €
Og|r. It remains to be shown thats,z7) € X! = Oy r(X}) =
OSf(Xir) N OFR(XT).

To see thatz, z7) € @%‘}ﬁtT(X}EI), letv € ¥, and(x, z7) £>H||T (y,yr).
Since—p C —, it follows that (2, z1) Sgr (y,yr). Since(z,z7) €
éG”T andv € %, it follows by controllability and by inductive assumption
that (y,yr) € éG’HT C X}, and sincev € ¥, was chosen arbitrarily, it
follows that(z, z7) € O} (X};).

Next, it is shown thatz, z7) € G)II;O‘I‘“TO(XI@). Since(z,z7) € é)GHT, there
exists a path

T\ O o T\ w T
(z,27) = (0,20 ) —lﬂ(Z)GHT _kﬁéGHT (g, T} 16¢yr (Thy1 Thp1) -

(27)
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o]

=160 (z;,2]) in (27). If o, ¢ T or
zi-1 S @, then clearly(z,_;, 2] ) Zuyr (z;,27), and by inductive
assumptior(z, 2{') € Ogr € Xjy, i.e., (x_y, 2] 1) Pxn (2,2]) and

. .y . T
Consider a transitiotiz, ,,z;_;)

Po(oy)P , .
(2, 2} ) Q(Uiﬁ(;g (z,,2]). Otherwisex;_; ¢ z; is a control-
lable suffix-redundant transition, and by definition 20 there exists T*

Pqo (o .
such thatz;_; if}; 2z - x; wherez —¢ x; is a weakly control-

lable Y-path. SinceXr N YT = 0, it foll?ws that (z;, ,,z] ) PQ—(UQHHT
(zp.xl) Sy (z,2]). Since(z, 2f) € O g1 it follows by lemma 15 that
(z1:2]) 64, (@paf). Since alsdz,_y,af ;) € Oy it follows that

Pao(o)u Pq(o)u
(ml—17$lT—1) —>|éG||T (IEZ,JI,ZT), and thuqxl—lax,lr_l) _>\X?I (.CUZ,JI,ZT)

by inductive assumption. Combining these paths for all transitions in (27)
gives traces, . .., u; € Y* such that

T) Pa(o1)ur Po(ok)ug (

T\ w T
(z,27) = (9, 70 xp o xy (T ) xn (Tegn Thg)

(28)
which implies(z, z7) € O (XF).

It has been shown thét, z7) € O (X7;) N O (XF) = X5

(i) Conversely, to see tha i+ C Ogr, it is shown by induction om > 0
that®pp C X3 = O (@ x Qr).
Base caseClearly© - € Q x Qr = 0%r(Q x Qr) = X2.
Inductive step Assume@)HHT C X¢ for somen > 0, and let(z,z7) €
Oyr- It remains to be shown thdt:,z7) € Xp™ = Ogr(X8) =
OFPH(XE) N OFR(XE).
To see thatz, 1) € OENL(X2), letv € B, and(z,27) gr (y,y7)-
If v ¢ X, then clearly(z, x7) iH”T (y,yr). Otherwise, sincer € ¥,

the transitionz i>G y cannot be controllable suffix-redundant, which also
implies (z, x7) iH”T (y,yr). Since(z,rr) € Oy r andv € X, it
follows that (y,yr) € ©myr € X2 by inductive assumption, and thus
(z,27) € OFIH(XE).

Next it is shown thatz, z7) € @gjﬁ'?(Xg). Since(z, xr) € éHHT, there
exists a pathz, z7) L‘”@HHT. Since— gy C —(, it follows by inductive

assumption thatz, zr) t—w>|X5. Hence(x,zr) € @gﬁ‘l}b(Xg).
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It has been shown thét, z7) € O (X¢) N OFIR(XE) = Xgt. O

Lemma 17 Let H = (3, Q, — g, Q°) be a result of controllable suffix-redundant
transition removal fronG = (3, Q, —, Q°) with respect tol’ C ¥. ThenG
and H are transition-wise synthesis equivalent with respedf to

Proof. It must be shown that; is a transition-wise synthesis abstractionrof
and vice versa. Condition (i) in definition 12 follows immediately from defini-
tion 20. To show condition (ii), leE = QU Y, and letT’ = (X7, Q, —, Q°) be an
automaton such thalr N Y = 0.

First, let(z, z7) i>|éGHT (y,y7). By lemma 16 it holds thatr, 27), (y,y7) €

Ouyr- If o ¢ Sorz Sy y, then clearly(z, 27) L7 (y,y"), which implies
(z,27) L@H . (y,y") and(z, 2T) Pﬂ(%f'g;w (y,yT). Otherwiser % ¥ is
a controllable suffix-redundant transition, and by definition 20, theistsex € T*

P .
such thatr 29, 2 %y y Wherez ¢ y is a weakly controllablér-path.

SinceXy N T = 0, it follows that (z,27) 2910 (2,97) Sz (u,y7).
Since (y,y”) € Ogyr it follows by lemma 15 tha(z, y7) i)K;)GHT (y,yT).

Pq(o)u
T Q2 "
) [©¢|T

Since also(z,z”) € gy it follows that (z,x (y,y") and thus

Po(o i i
) - )\UGHHT (y,y"). Thus, in both cases, there exist ¢ andu € T* such
tPq(0)u T
—>|éHHT (ya y )

Conversely, letz, z7) i’\@HHT

(
)

(z,z

that (z, 27)
y,yl). Since—py C —, it follows that
(z,27) i>G”T (y,y"). Also (z,z7), (y,y") € éHHT = éG\\T by lemma 16,
which implies(z, zT) iéGHT (y,yT). Then lett = e andu = Py (o), and it

follows that(z, z7) tP”—(UQféG”T (v, y

Thus,G and H are transition-wise synthesis equivalent. O

)

Theorem 18 Let H = (X, Q, —y, Q°) be a result of controllable suffix-redun-
dant transition removal fron¥ = (3, Q, — ¢, Q°) with respect toY C 3. Then
G and H are state-wise and transition-wise synthesis equivalent with resp#ct to

Proof. Follows directly from lemma 16 and lemma 17. g

Both controllable prefix-redundant and controllable suffix-reduhttansition
removal preserve synthesis equivalence. These conditions camrtiéneal to al-
low sequences of local events befared after a removed transition.
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Definition 21 LetG = (X,Q,—4,Q°) andH = (X,Q, — g, Q°) be two auto-
mata withY = QU T and—y C — . AutomatonH is a result ofcontrollable
redundant transition removdtom G with respect tdY', if the following conditions
hold for all transitions: Z¢ .

() If 0 € 2, thenz g .
(i) If o € X, then there exist € (Y N X,)* andu € T* such thatz ﬂﬂf}{
z Sy, andz ¢ y is a weakly controllablé -path.

Theorem 19 Let H = (X,Q,—py,Q°) be a result of controllable redundant
transition removal fronG = (3, Q, —, Q°) with respect tol’ C ¥. Thend
andH are state-wise and transition-wise synthesis equivalent with resp#ct to

Proof. It is enough to show that the removal of a single controllable redundant
transition results in a state-wise and transition-wise synthesis equivaliemau
ton. The rest of the claim follows by induction. Thereforedet, = — yU(z, 0, y)
wherez % y is a controllable redundant transition.

As = S y is a controllable redundant transition, there exists a redirection

P .
pathe Sy 2 (GO y wheret € (2, N )" andz g yis

a weakly controllableéY-path. Consider automat@’ = (X, Q, — ¢, Q°) with
—q = —>GU($‘,O', 2’2) andH' = <Z,Q, —>H/,QO> with — 7 = —>HU(CC,O', ZQ).
Pq(o)

Sincex LG 21 =5 29, the transitiont = 2z, is controllable prefix-redundant
in G’. ThereforeG is a result of controllable prefix-redundant transition removal
from G’, and likewiseH is a result of controllable prefix-redundant transition re-
moval from H'. Furthermore, ag 5¢ 2 LG/ y, it holds thatz % y is a
controllable suffix-redundant transition, afifi is a result of controllable suffix-re-
dundant transition removal fro@’. Then the claim follows from theorem 14 and
theorem 18. O

5.4 Local Selfloop Removal

Selfloop remova[14] is a synthesis-preserving abstraction that removes events
from a system as soon as they only appear in selfloopdl inomponents. Tran-
sition-wise synthesis equivalence leads to a modified version of this atxstrac
which allows the removal dbcal selfloops, i.e., the removal of transitions®
wheres € T is a local event.

Definition 22 LetG = (X,Q,—4,Q°) andH = (X,Q, — g, Q°) be two auto-
mata with: = Q U T and— 5 C —. AutomatonH is a result oflocal selfloop
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removalfrom G with respect tdY, if for all transitionsz 2 y such that € Q or
x # y it holds thatr 5 v.

Local selfloop removal can be considered as a special case of itabifecor
uncontrollable redundant transition removal, by considering empty seqaeof
local events in the redirection path.

Theorem 20 Let H = (X,Q,—py,Q°) be a result of local selfloop removal
from G = (£,Q, —¢,Q°) with respect tol’ C . ThenG and H are state-wise
and transition-wise synthesis equivalent with respedt to

Proof. It is enough to show that the removal of a single local selfloop results in
a state-wise and transition-wise synthesis equivalent automaton. Thef test
claim follows by induction. Therefore let:; = — 5 U (2,0, 2) wherez S¢ x

is a local selfloop.

If o € ¥, thenlett = u =¢ € X}. Giveno € T, it follows thatt P (o)u = ¢
andz 5S¢ z, sox ¢ x is an uncontrollable redundant transition. The claim
follows from theorem 11.

If o € ¥.thenlett = ¢ € ¥¥. Giveno € 7, it follows thattPo(c) = ¢
andz 5S¢ z, sox >¢ x is a controllable prefix-redundant transition. The claim
follows from theorem 14. O

6 Example

In this section, the proposed synthesis procedure is applied to a mamimfigctu
system. The model consists of four machidds, My, M3, and My, linked by
two buffers B, and B,. Workpieces are first processed b#; (s1) and then placed
into By (!f1), then they go taV/s (s2) and are placed int®, (!f2). From By, the
workpieces either go td/s for final processing4s) or to M, (s4) for additional
processing. However)/, has a fault that occasionally sends a workpiece back
to By (re). At any time, M; and B; can be reset by the controllable evest
Figure 6 shows the system layout and the automata model. Evient$,, ! f3, ! f4
and!re are uncontrollable, all other events are controllable.

Compositional synthesis starts with the pgi;id) whereGy = {M;, Ma,
M3, My, By, Bo}. The first step is to calculate the compositiBn || A; shown
in figure 7. Now!f;, rs, ands; are local events, which makes — ¢ a local
selfloop andg, 2> ¢ a controllable prefix-redundant transition with redirection

pathgo i g3 = qo. Removal of these transitions resultsfi. The modified syn-
thesis pair iSG1; D1) whereGy, = {Hy, Ma, M3, My, Bo} andD; is a synthesis
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Figure 6: Manufacturing system example.

preserving redirection map that rediregss™ o andgo =5 go Via ga 2+ 3 =3 o
andqy — qo, respectively.
Next, By || M3 is computed, shown in figure 7. This makgs andss local

events, andys 2 1 becomes an uncontrollable redundant transition with redi-

rection pathgs 1y q 2 1. The new synthesis pair i&2; D2 o D;) where
Ga = {H1, My, My, Hy} andDs is a synthesis preserving redirection map which

| | |
redirectsygs 2 | via q3 s q Y2,

The final synthesis step to compuie>C N (G) explores the state space ®f

By || M3

Figure 7: Some subsystems of the manufacturing example. The transitions to be
removed are marked by double-line strike-through.
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which has 100 states and 290 transitions. This is in contrast to standard mono
lithic synthesis, which explores the same state space using 340 transitiotiis. Bo
the final monolithic and compositional supervisor have 26 states. Howtiner,
compositional supervisor has 63 transitions, while the monolithic supervasor h
81 transitions.

These improvements have been achieved by removing just three transitions
from the model. More savings are likely in larger contexts, particularly in demb
nation with state-removing abstraction rules.

7 Conclusions

It has been shown under which conditions transitions can be removeddro
automaton while preserving compositional synthesis results. Differermitpots

to remove controllable and uncontrollable transitions have been presamigad,
practical example has demonstrated how the number of transitions is redineed.
methods proposed in this paper are not intended to be used in isolatiorgyuiith

be combined with other synthesis-preserving abstraction methods. In the,futu
the authors plan to develop a framework for compositional synthesis thdiines
abstractions that remove states [7, 15] and transitions, as well as rendmjrig
remove nondeterminism.
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