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We show that additive separation of variables for linear homogeneous equations of all orders is
characterized by differential-Stackel matrices, generalizations of the classical Stidckel matrices
used for multiplicative separation of (second-order) Schrodinger equations and additive
separation of Hamilton-Jacobi equations. We work out the principal properties of these matrices
and demonstrate that even for second-order Laplace equations additive separation may occur

when multiplicative separation does not.

I. INTRODUCTION

Our motivation for this study of additive separation of
variables for linear differential equations was the following
example in Ref. 1:

(x1 + X2)(F1 14 + Fpout) — 2{0,u + Fyu) = E.

This equation admits a five-parameter separable solution in
the coordinates x,, x,:
u=(axj + Bx] + yx, — } Ex,)
+(—ax; +Bx; —yx, +6).
The mechanism of separation was puzzling to us until we
realized that the appropriate separation equations are

ou +E/2 —y —2Bx;, —3ax’=0,
3, .u —28  —6ax, =0,
du 4+ —2Bx, +3ax3=0,
du — 28 + 6ax, =0.

The associated “Stiickel matrix™ responsible for the separa-
tion is

1 -1 — 2x, — 3x3
0 0 2 —6x,
0 1 —2x, 3x3
0 0 2 6x,

This is not a true Stdckel matrix since more than one row
depends on a given variable x; (Refs. 2 and 3). Moreover, the
second and fourth rows are the derivatives of the first and
third rows, respectively. It is a nontrivial example of a differ-
ential-Stackel matrix.

In this paper we show that the above example is not
isolated. All additive separation of nth-order linear differen-
tial equations L = E or L = O is associated with differential-
Stickel matrices. In Sec. IT we derive, in the form of a cou-
pled system of nonlinear partial differential equations,
necessary and sufficient conditions that a linear differential
equation admits additive separation in a given coordinate
system. In Sec. ITI we develop the principal properties of the
matrices inverse to differential-Stickel matrices, and in Sec.
IV we find all solutions of the separability conditions and
show that they correspond to differential-Stickel matrices.
Our method is an extension of Eisenhart’s study of true
Stackel matrices.” In Sec. V we comment on the relation
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between multiplicative separation and additive separation
for Laplace equations on Riemannian manifolds, and we
give an example to show that additive separation may occur
for a Laplace equation in a given coordinate system even
when multiplicative separation is absent.

All functions appearing in this paper are assumed to be
locally real analytic.

1. ADDITIVE SEPARABILITY FOR LINEAR
DIFFERENTIAL EQUATIONS

In Ref. 1 the authors introduced a general definition of
additive separation of variables for a partial differential
equation

H(x;u,u,uy,.)=E, (2.1)

in the coordinates X ,...,X 5. Here # is the dependent variable,
u; =0, u, uy =0, 9, u,etc., and E is a parameter. A sep-
arable solution of (2.1) is a solution of the form
u=3Y_,SYx,,E). We briefly review this definition (a
generalization of that of Levi-Civita* and its simple conse-
quences. (See Ref. 5 for a discussion of other definitions of
separability.)

For convenience we suppose H is a polynomial in the
derivatives u,,u,,,... . Furthermore, there is no loss of gener-
ality in setting all mixed partial derivatives identically equal
to zero (since u;, = 0for I #Jif u is a separable solution) and
writing (2.1) in the form

Hx;uu;uy,..)=E. (2.2)

We  introduce the new  notation u;, =u,,
Uriv1 =0gu;,i=12,.., and define n; to be the largest
number /such that du;, H = H,, =0. To avoid discussion of
degenerate cases we require n, >0 for I = 1,...,.N.

Let the truncated differentiation operator D ; be defined
by

A

DI = ax, + u1,1 au + b + uj',,l a.,.

inp—1"

In Ref. 1 we showed that every separable solution u of (2.2)
satisfies the integrability conditions

H, H, (D.D,H)+H,, , (DH)D,H)
- Hu,‘,,l(‘DIH )(DJHu,',,’) - Hu,',,l(DJH)(‘DIHuJV,,J)
=0, I1<I<J<N. (2.3)
© 1985 American Institute of Physics 1560
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If (2.3) is an identity in the dependent variables u,u , then
we say that {x;} is a regular separable coordinate system. In
this case the separable solutions involve =Y_,n, + 1 inde-
pendent parameters; that is, at a fixed point x° the separable
solutions are uniquely determined by prescribing u(x°) and
the =)_ | n, derivatives u,,;(x°), 1<I<N, 1<i<n,. If the inte-
grability conditions (2.3) do not hold identically then the
separation is nonregular; separable solutions may exist but
they will involve (strictly) fewer parameters than the regular
case. In the following when we speak of variable separation
we mean regular separation. [Note that multiplicative sepa-
ration can easily be treated by the preceding definition since
v = IIY_, TV)x,) is multiplicatively separable if and only if
u = In v is additively separable.]
For Laplacelike equations

H (x;u,u;,uy,..) =0, (2.4)

there is a minor modification of the integrability conditions.
Denoting by F,; the left-hand side of Egs. (2.3) we can state
the integrability conditions for (2.4) in the form

Fy, =P ;H, 1<I<J<N, (2.5)

where P, ;(xx,u,uy ;) are polynomials in u , . If (2.5) is satis-
fied identically in the dependent variables u,u; ; we say that
{xk} is a regular separable coordinate system. In this case
the separable solutions depend on =}_ , n, independent pa-
rameters. For nonregular separation the separable solutions
depend on fewer parameters.

Now we will apply these criteria to determine additive
separability conditions for the linear equations

L=E (2.6)
and
L=0, (2.7)
where
N 1y
L= le ~21 Hy ,(x)u;;, Hgy,, 70 (2.8)
ped i e

Introducing the abbreviation H,=H;,, we can write the
integrability conditions (2.3) for L = E in the form

D,D,L —D,L3,nH, —D,L 3, nH, =0, I#J
(2.9)
where d; = d,, . Equating to zero the coefficients of the de-
rivatives u; ; on the left-hand side of (2.9) we obtain the fol-
lowing necessary and sufficient conditions for regular sepa-
ration:

aIJH'P,P) - aIH(P,p) (9_, 11'1 HI —aJH(P,p) 81 ln HJ = O,

P#LJ, p=1,.,np, (2.10a)
aIJH(-’,j) - aIH(J,j) aJ In HI - aJH'J,j) aI In HJ
=H;;_oInH,-d,H;,; ,, (2.10b)

j=L..n,.
Here I #J, H;,=0. In terms of the linear operators
Ay =08, -0, mH, 8, —3,nH, 3d,,
(2.11)
B,=—-0;,+d,InH,, I#J,

these conditions can be written as
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AyHp, =0, P#LJ,

(2.12)
AIJH(J,j) =BIJH(.I,j— 1),H(J,0) =0, I#J.

[The possibility that L, Eq. (2.8), has an additive term of the
form H (x)u can be treated as a special case of our consider-
ations. Formally Egs. (2.10) are still the separation condi-
tions for L=E where now H,, =H, H,_, =0,
J = 1,...,N, and the index j takes the values 0,1,...,n,.]

Similarly, the integrability conditions (2.5) for the ho-
mogeneous equation L = 0 take the form

AIJH(P,p) =QIJ(X)H(P,p)’ P #£1J,
Auli(.r, a= BIJHlJ, j—n + QIJ(x)IJ(J, A
PI(J,O) =0, I#J,
where Q,; is a function of the independent variables x,
alone.

The two sets of integrability conditions are closely relat-
ed.

Lemma I: 1f the functions { H , , ] satisfy (2.12)and R (x)
is nonzero then the functions {H';, =RH,,} satisfy
(2.13). Indeed

(2.13)

— Q@ =23, InR3; InR
+3d,InR3,InH, + 3, InRI, In H,.

Suppose the functions {H;,}, I=1,..,N, i=1,..,n,
are not all zero and set H,, = 0. Then there must exist some
Iy{K,k) 9/:0 Such that I‘{(K,k— 1) = 0. Let H,'I’n - H(I,i)/H(K,k"

Lemma 2: The functions {H,} satisfy conditions
(2.13) if and only if the functions {H ', } satisfy (2.12), i.e.,

oyH'p,—0,mH;8,H p, —0,InH ;d,H'p, =0,

P#£1J, (2.14)
oyH'y,;, —d,mH"8,H';, -3, InH;3d,H",

=H'y,_ o InH'; —0,H';;_,,

for I #J.

It follows from these lemmas that all sets of functions
{H,,} satisfying conditions (2.13) are of the form
H;, =RH';,, wherethe {H' ;] satisfy conditions (2.12).
In the next section we will show how to find all solutions of

Egs. (2.12).

IIl. D-STACKEL MATRICES

Consider a coordinate set x, ,...,xy and let n, ,...,ny be
positive integers with n = 27_  n,. Let § = (S, ,(x,)) be an
n X n matrix with the properties following.

di— 1
d—XI,.—_l‘ S (xp),
i=12,..,n,. (3-1)

[Here, the rows of S are designated by the index {Z,i}, where
I=1,.,N,i=l,..,n;. The columns of S are designated by
the index / = 1,2,...,n. Thus row (/i) depends only on the
variable x, and is the i — 1 derivative of row (x,1).]

(2) det S #0.

(3) T*W4£0,J = 1,...,.N, h = 1,...,n;, where T= S ',
ie.,

(1) S(I,i),l(xl) =
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> Suasbe)TH =87

I=1

We say that a matrix § satisfying properties (1)~(3) is a
differential-Stdckel matrix (D-Stickel matrix). If
n,=..=ny =1 then § is simply the usual Stickel ma-
trix.2* In order to obtain results about D-Stiickel matrices
that are useful for separation of variables we need to charac-
terize the inverse matrix 7. For this we generalize Eisen-
hart’s study of Stickel matrices.>®

Differentiating (3.2) with respect to x;, we obtain

(3.2)

Z S(I,i+ 1;,1(x1)TI'U'ﬁ + z S(l,n),l ax,TI'(J’j' =0, (3.3)
7 T

where we adopt the convention S, | ;,, = 0. Since S'is non-

singular it follows that
3x,TW’ﬁ = f{ ThEm) _ - s7, (3.4)

where f4"7 is a function and we adopt the convention
TH9 =0,

Now set

T =py pHyy Py =1 (3:5)

In particular, T"V'?=H, ;. We will characterize T in
terms of the “roots” p(, , and the H,, ,. Substituting (3.5) in
(3.4) we obtain

1Py pHup +puy 0rHy
= (i”j)f)(ll.ﬂz)li(l»n,) —Puj-vHy ;81

where p; o) = H,; = 0. For / = 1, Eq. (3.6) reduces to
aII{(J,ﬁ =f(1J'ﬂH(1,n,) — I{(J,j— 1)51,

in view of (3.5). Solving this expression for f{"7H,,  and
substituting into (3.6) we obtain the desired characterization

1 - ] 1
3P, = Puny —Pu o InH,

(3.6)

(3.7)

H, .
Li—1) oy
— 6,

(3.8)
}‘I(J:I)

+ Oiny — Pl - 1)
LJ=1.,N,h=1,.,n,.
At this point we have shown that if .S is a D-Stickel
matrix then the system of equations

A1 Pup = (Pany —Pup)0r M Hy
Hyj—y 8,
H;,
1J=1,.,Nh=1,.,n;, where H; ;, = T/ admits a full
linearly independent set of n vector-valued solutions
(Plip ) = Lo,

Conversely, suppose we are given a set of # nonzero
functions {H|; ;} such that the system (3.9) admits a full
linearly independent set of n vector-valued solutions
{ pi1.,}- Since p; ;=]1, all J, , is a solution, without loss of
generality we can include it in our basis set and assume
Pu. ; = 1. It follows that the n X #n matrix T defined by (3.5) is
invertible. Let S=7 ", i.e.,

n
LA — 81
> SumT U0 =874
I=1

+ Py = Puj—1) (3.9)

(3.10)
It follows from (3.9) and (3.5) that (3.4) holds with
[ = H(I_,nl,) @rHy, +Hy,;_ 1)5{)-
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Differentiating both sides of (3.10) with respect to x, and
using (3.4), we find

S ISy TH =8485~ — fEI85,%.  (3.11)
=1

It follows that d¢.S;;,, = 0 if K #I and 3;S;,: = Sy 4 1
for i = 1,....,n; — 1. Thus S is a D-Stiackel matrix.

Theorem 1: Let {H;,} (J=1..N, j=1,.n,
3,n; = n) be a set of n nonzero functions of the NV variables
x;. There exists an nXn D-Stickel matrix S = (S, ,(x,))
withinverse 7 = (T***/)such that H , , = T "/ if and only
if {H, ;} satisfies Egs. (2.10a) and (2.10b).

Proof: 1t is straightforward to verify that (2.10a) and
(2.10b) are simply the integrability conditions
(8, py. ) = 810k py, ), K #1, for the system (3.9). Thus if
{H,, ;| satisfies the integrability conditions then (3.9) has n
independent vector-valued solutions and we can construct a
D-Stickel matrix S such that H; , = T "/,

Conversely,ifH,; , = T"“¥/and T ~' = § forsome D-
Stackel matrix S then the system (3.9) admits # independent
vector-valued solutions and the integrability conditions
(2.10) must be satisfied.

We now have a partial answer to the problems posed in
Sec. II. Consider the equation L = E in N independent varia-
bles x,, where

N ny
L= z 21 H(J,ﬁ(x)uj,p

J=1j=
and suppose each of the H; ; is nonzero. This equation ad-
mits (regular) additively separable solutions provided the
conditions (2.10) are satisfied. These conditions imply the
existence of a D-Stickel matrix S such that H; , = T,
The separation equations are evident

U+ 2 Sy plx A, =0,
=4

1<J<N, 1<j<n,, A,= —E.

Here there are n separation parameters A,. The separable
solutions u are obtained by integrating the N first-order ordi-
nary differential equations

up + Y Sy =0.
=1

The remaining n — N equations are redundant since they are
obtained by differentiating the basic set (3.13). The number
of parameters in the solution u is n + 2,1, + 1, in agree-
ment with the prediction in Sec. II. Multiplying the separa-
tion equation (3.12) for », ; by 7 """/ and summing over the
index (/, j) we once again obtain L = E for E= — A,.

The treatment for the equation L = 0 is similar. Sup-
pose

N ny
L= z z H'(M(x)u“,

JS=1=1

(3.12)

(3.13)

where none of the H'; ; is zero-and suppose these functions
satisfy the separability conditions (2.14). Then there is a non-
zero function R (x) such that H', ; = RH|, ,, where the
H, , satisfy conditions {2.10) and, thus, determine a D-
Stickel matrix S. The separation equations are (3.12) with
A1 =0. There are n — 1 separation parameters and a sepa-
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rated solution contains n = 2,;n; parameters. Multiplying
the separation equation (3.12) for u, ; by RT "/ and sum-
ming over the index (J, j), we rederive L = 0, since 4, = 0.

IV. ANALYSIS OF THE SEPARATION EQUATIONS

We do not as yet have a complete solution of the inte-
grability conditions characterizing regular separation for the
linear equation L = E

AyHp, =0, P#IJ,

4.1
AIJ}I(J,j) =BIJIJ(J,j——1)9 H(J,O) =0, I#J,
where
AIJ =a” —‘a_, lnHIaI —al lnHJaJ,
By=—0,+3d,InH,, H,=H,,,#0, (4.2)
|

d; [H(K,k— 1)/HK] = (dx In H, 31H(K,k) +Jd;In HKaKH(K,k) - aIKH(K,k))/HK’ I #K.

If H g ., is known then we can construct H g, _ , from (4.3)
by quadrature.

Lemma 5: Suppose the N nonzero functions H satisfy
A, ;Hp, =0 for P#I1,J,I#J and suppose the function
H ., (fixed K,k )satisfies 4, H x ) = 0,K #I,J,I #J.Then
the N — 1 equations (4.3) are compatible and have the gen-
eral solution

}I(K,k— = ElK,k— 1) +f(k_ ”(xK)HK’ (4.4)

where H g, _,, is a particular solution and £~ ! is an arbi-
trary function of x. The solution satisfies

ApHpg, 1y =0, K#ILJ, I#J. (4.5)

Proof: The compatibility requirement
0 (H ks /Hg)) = 3,(0,(Hgr—1/Hx)), IJ#K and
(4.5) are straightforward consequences of (4.3) and the condi-
tions A, Hp =0, A;;H gy = 0.

It follows from Lemma 5 that for each K we can always
construct functions H , ,, through a step-by-step proce-
dure using the second of Eqgs. (4.1), such that the first of Egs.
(4.1) is automatically satisfied. At each step the solution
H s, _ ) is arbitrary up to the additive term /'~ Yx JHy
and we simply choose one of these solutions. Thus we gener-
ate an infinite sequence {H ), = HY},/=0,1,2,..., where
ny _; =k (but ny is unknown)

A HO =B, H*Y, T+#K, He=HY. (4.6)
The following properties of the operators 4 ., B, will prove
useful:

B F(x)=0, for all I #K

SF (x) = flxx)Hg,

A (fxg)HY) = By (fHE " — f'HY),

where [’ = 9, f.

Suppose there is a smallest finite positive integer m for
which functions f, (xx ) exist such that

(4.7)
(4.8)
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1IN, 1gj<n,, Y n,=n.
7

In order that Theorem 1 can be applied to obtain a D-Stéickel
matrix we must have all H, ; #0. However, we are assum-
ing only that H, 0. Furthermore, it is easy to construct
examples of separable systems where at least one of the H; ;
vanishes.

A more detailed analysis of the structure of Egs. (4.1)
will resolve the difficulty. Suppose we are given N nonzero
functions H, satisfying4,, H, = Ofor P #1,J,I #J.Ourtask
will be to construct a finite set of functions H; , with
H,,, = H, such that Egs. (4.1) are satisfied. (We do not
require that the H; , are all nonzero.) Initially we will not
know the values of the integers n;.

The construction process is based on the second equa-
tion of {4.1), which we can write in the form

(4.3)

mg—1

HZ¥='Y folxg)HY. (4.9)
i=0

Lemma 6: Each H ﬁ,'("" ) g = 0,1,2,..., is a linear condition of
the finite set {H ¢/ =0,..,my; — 1} with coefficients that
are functions of x.

Proof: The proof is by induction on s. The statement is
clearly true for s = 0. We assume it holds for s = ¢

mg—1
(my +1)
Hy* = z g(i)(xK)H[l?'
i=0

Now

myg — 1
(mg+1t—1) (mg + 1) ;
BicHg*™ =AHg" =AIK( 2 g(i)H(Il())
0

myg— 1 ) mg—1
= BIK( 2 g(nH(,‘(+ b— Eo: gl'i)H(Ig) .
0

Hence, by (4.7) there is a function g(x, ) such that
my—1

( 1) ]
HI?K+H- = z h(ii(xK)H(lg’
=0

8i—1 — 8o I<i<mg — 1,
by (xx) = . .
8 — 8o)» i=0. Q.E.D.
Let {#V}, {49}, 1=0,1,2,..., be two sequences construct-
ed by the procedure (4.6).

Lemma 7: There is a sequence of functions
81(xx)g{xk )y, and expressions L, ;(81,82-&i— ;1) With

LiO - 0’ Li,l'—l = 09 and Li+l.j =Li,]—1 +g;—j -L:,J
such that
i—1
%I? = Al{? + z (gi—j(xK) _Li,j(xK))A(Ig)’
j=o0
i=0,1,2,... (4.10)

Any such sequence {g,(xx)} together with { 4%’} determines
a new sequence of solutions {72} of (4.6). The induction
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proof of this result is similar to that of the preceding lemma.

Now let {H'} be the solution sequence treated in
Lemma 6 and consider the relation (4.9). Set A = HY in
(4.10) and choose g,,...,8, _ 1 recursively such that

—Si) =8mg—j —Lmg.sy J= 0,1,....myg — 1.

Then d‘?‘,}" ¥ — 0. We see that there is a solution sequence
{#D} with F7Q,....5 ¢ <~ " nonzero and all further terms
zero. According to Lemma 7 all other solution sequences are
linear combinations of these m; nonzero terms.

Lemma 8: The integer m,, if it exists, is unique.

In general, there is no finite integer m, for which (4.9)
holds. [An example is N =2, H, = 1, H, = exp(x,x,). Here
m, = 1, but m, does not exist.] However, if the H|; ; satisfy
equations (4.1), i.e., if they correspond to a regular separable
system for the equation L = E then the integers m; always
exist and 1<m, <n;. Thus thereis a set of £}_ , m, functions
{£4,2}, 1<j<m; satisfying (4.1) such that H; = 4, , and
each 4, , is nonzero. Using Lemma 7 we can express the
equation L = E in terms of the new functions 4 ; .

Lemma 9:

N ng N my
L= 3% 3 Hgxtge= > Y Awi Uk
KE=1k=1 K=1k=1

where
Ukt Xx) = tgn, Mg+ k

ng—myg+ k-1

+ X

s=1

- LnK — smy — k(xK))uK,s'

(gnK—mK—s+k(xK)

In particular,

OxUp = Ukpop1r 1<k<my — 1

It follows from this result and Theorem 1 that when
L = E is separable then there exists a set of m = 2)_,m,
nonzero functions 4; , and an associated m X m D-Stickel
matrix S such that 4, , = T"V/, where =S ~' and the
separation equations for L = E take the form

Uk + Z Skixxi =0, K=1,.,N,
=1

1<K<N, I<k<mg<ng, A= —E.
There are m separation parameters A,. The separable solu-

tions u are determined by solving the ¥ ordinary differential
equations

Uk, + Z Sk, =0.
=g

The remaining m — N equations (4.11) are redundant, since
they are obtained by differentiating the basic set (4.12). The
highest derivative term in Uy, isug,,__ . 11 50 €ach equa-
tion (4.12) is of order ny — my + 1. The number of param-
eters in the solution u is m + Zg(ny —mg)+1=n+ 1.
We now have the complete solution of the separation of Egs.
(2.10).

(4.11)

(4.12)

V. SEPARATION OF LAPLACE EQUATIONS

Suppose 4, is the Laplace-Beltrami operator on a local
pseudo-Riemannian manifold ¥ . In local orthogonal co-
ordinates x, we have
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N
S, 3;(kH, 3y),

1
Ay =— 5.1
NE 2 (5-1)

where

N
ds=Y H;'dx, h*’=[[H;"
I=1 I

It is of interest to determine the relationships between the
well-developed theory of multiplicative R separation for the
Laplace equation 4 yu = 0 (Refs. 7-9) and additive separa-
tion. Recall that multiplicative R separation in the orthogo-
nal coordinates x; leads to solutions for the Laplace equation
of the form

N
u = [T wlx,),
I=1
where the fixed function R is independent of the separation
parameters. Similarly we can introduce additive R separa-
tion

u= e‘“’"( iv: u‘”(x,)) .

I=1

(5.2)

(5.3)

The following is a straightforward consequence of the prin-
cipal results of this paper.

Theorem 2: If the Laplace equation 4, U = 0 is multi-
plicatively R separable in the orthogonal coordinates x, then
it is additively R separable in these same coordinates if and
only ife 4 e® = cH,,I = 1,...,N, where c is a constant.

In each of these cases a true Stickel matrix determines
the separation; no nontrivial D-Stickel matrices appear.
Note that true multiplicative separation (R =1) always leads
to additive separation.

On the other hand, Laplace equations may admit addi-
tive separation in an orthogonal coordinate system for which
no multiplicative R separation is possible. For example, con-
sider the three-dimensional manifold with metric coeffi-
cients

H|=H2=(x1+x2)5, H3=(x1+x2)4- (5.4)
Then
Ay = (x; + X, [(x; + x,)(01; + 052) — 2(8, + 8,) + 53],
(5.5)

and since (5.4) is not conformal to a Stéickel form metric, no
multiplicative R separation is possible. However, since
ey + x0) " *5u = (%, + Xo)uy 5 + y,)
—2u, tus,)tu, =0, (5.6)
we have
H{=H,;=x+x, Hj=1,
Hyy=Hp, = -2

which satisfies Eqs. (2.10) [or (2.14)] with n, =n,=2,
n; = 1. Thus the Laplace equation admits additive separa-
tion in these coordinates corresponding to a 5 X 5 D-Stackel
matrix. :
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